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Lectire

Distortwn Hunction and boundory ialues pf)’ab/é‘n? Oﬁ;a/r
?,uasz'COn.—,[ovma/ map/n;',f;gs

by
J. Zoybc

It (s well krown that a /(‘96(&2‘5[('0177[07“/?7(_‘2/ mapping //(-gc)
of a Jordon domorw G onto anotker Jordern domeoss G
can be extended as o homeormorpbism of theer cleswres Thewm
we  may oa__t/,f/')az[ I, /(;95 m‘app/‘)?yvo%) o Jordan dormarn G
onto another Jordan demarn &' has homecmorphic extension
OIE thetr closwres cohweh generafes a. ‘5(Jn5—,<7/rese/rwh\9 homeomor-
“phism o;L the ,bouna"a‘f‘y G onto Zhe boundary &’

In  view o{' nvartance o;ﬁ gaasz‘ron/ofrma/' ma/a/omys urder
co;/n/ocsfiz'on cwi'th  conformal magping Zhe boundeary c'ofl’PS/OODO/F’/)-
ce  problem 7[70/)" planar gc  mappings L€ Zhe prchlem 0]2
charc:c#er[z;hg the (nducee! homeomasphism o}[’- f/r@-om[o //rG'_
can be mreduced, offer sultoble conformal ma/&:/oz:")\gy b Zhe
case G=G= Y ='jz: TIm 270} and adrmuts cm Fhs /'am?ﬁ'cub/‘f
case a very simple and e/e\paozﬁ solutibr . 7 hHep the boundory
cowesf'oondénc‘e /s determired/ by o rmowotone  comdizwos 744/7014'0'7
P s thi sens thal b mopp (o) onto (F£i).0), where f=F,
but F /s anm k=g.c crecidorm omphism 0/[ H. Tt s su /f('c/émi"‘/y,
to  consider the case where f is sffnb/ly Locmeasihg Leinction
which  satisdies 7f(-°0)=—°° ,f[+°°)=+°°. AC‘co/rd}’ng Lo Bear[:'ng
and th-}oms [2] 1,73 can be extended 4o an actomon phisim
OT-CIH which s K—c}c in H, } and only z]ﬁ there exists o
constant e =g(k) scech that
4. {;(xmfl_—f(x)
s - fix) - p0x-t]

&OV Al x, 420,
The tuncdion 7€ tohich Sa-[z's;//-es //l} (s /T€7[€fr€o/ 1o be _g)-c?uDS/S/'/mmL"~

()

<

toric funclion , cohh  derm s e o /1/9[1}7\703 [47 .
._.7_



Becouse of Mori's distandion theorem 4] {./Jcé'func}/”on ¢ =g(k)=expliik).
Then we may consider a class of ~eal #ncrzz‘oﬁs which ore:
continuous  and  stricHy  (neaeasing  funchions salisfying Zhe condition

(1) wibtout any conneckons with guasiconformal mappings
(see,[sj].‘ I/t has been proved by T Vaisdla thal the problem
of exislence of a boundary extension for all gc moppings
f—‘ o & =6 between n-dimentional Jordow clomais. When they
are. cj,umtcowﬁ*m% et}ufv‘iéé"l{f to the wmt ball B I'?j nz2z.
Bid unicke do the planar cose, even a Jorolaw olormain GCR”
‘hOmecmowP\mt lo the wnit ball B" s not h‘ecesa‘r‘/’[y.
c)u,us{ccmd-owm%’eqLu’vg(ewP to B" when w3 3. Scme ex‘am/OJEs
ot arwus_ia:m:[-ovvﬁaj EPPIIYS wi'thout bouv)oLdv\\j extensions
6—Qv Jervdan dowmsins were  sbhteined \oxj Kuosalo (Pn’v\a}e
CO 1 cotr o )

The necessi"i’-\/ ol~ J:»]Be condibion (1) was obtatned loy Ccmsidew'n\?
the moo[g/es ozﬁ C}uadm"[av[@rals' arrz"_s;'ng %ro,w + b'\/ o//'sll;,,gu;_kh{nﬁ
g_o\,\,w Po{vrks o the beoundavy, where one ¢ al the /hylz'n/'}y_
There ore, however, two O”?G'-F&P’DlmeJ‘QV’ com]LeurmL«bms L'mvolv:"ny
point on  the \o»oundar\y/ zibe_c}qudm’/ar[era[ ond o /ou/_vc'/ureo/
Jovdan olomedn with 4o o/,';s/mgw'sbeo/ por'mLs own the bo_unc/ouy
curve , ¢f. [2], p 7D, Therefore e oty .exloem/-. thot +he
boundary COﬁF&SdOC’WdG_HC& 8enerafec/ by gc Cld)LDmor/O/w;si'n
with one ﬁ){ed inferior  port may be descoibed! n therms
of choraclerisiie CO”][O”mUJ ",,,,,mn,bm}o/[ Lhe latter C'Ohaltgumoééﬂ
which s the barmonic measure . This s cycu}le nadural
when the FrTOlO)€m OQL the b&umdaw\t/ values 1S convclered
QEgv unit dise. el ws  note ;”/7@»[ /n the case of fhe upper
ka%»lot&ne ‘we  can make any pocn Z eH o O[z"xec/ Fsml OJZ
the 7& extension worthoudt changing  ¢he ,éouna/ay .lc:o?‘reﬁfonc/éhce
This can be dore b\/ cCwmn pCsing (F-w"#? o sultable aWMhe
M&TF-\'V)\? S'[w) = aw+bw , avb=1, la)> 1] Ow[ H, 4hed

L\ee/‘\os Pae EFC{V\J—S C’i} (1% \/W\c,waw\ged,
_8__‘



D;{)f event Q‘e.}\'n{ Fiowns p% _qw&’>'\' s ‘am vreknc ‘VEW J»«'o'ms .

J§ woe  stavk %vom the de}«'m{i{o\q o&»gquxs{‘sx\’mme\-vx'c
Somchion obtelned oy Beuvrling awd Ahifovs in 4956 buk
wwiPaour  Phe  wawme - LoVcl  Loss \nmteoduced b'\}‘ Kei{vxaos (v
1965 ) then we wave

D&%\V\\\WO Vi ( B-A)
/As slr.rv\'c"ttj L\vxcfrws{\ng Co\?»l—t\muuows _&wﬂ.&«‘om ? w\é’ff\'nﬁ
the ~eold Q/L\Ae ow ko H—sdtg s calol Ao be $-9s, l'f 42 gleco

= ‘\“%S‘ ) "(?
. g(x‘w\:\ - 3(x) _ o
(4) Ag" = :‘?(x) - @(y—i’) =3

\r\o\,ch &agv QM 7[\%>O ) S~ %S. dA\,R.@.Q-\SL&—\.‘O\/\

Thrs class o(} OQ«Mc,«h‘ons can also be chavaclerized .b>/
cerlacn  com puciness aomo)oer_/y (see [27).

The Prro,aerh’es of C}wsalsymmejtm'c fundiens porallel rather
closely those Of- g,btaSttcn&cNmal mar:p{h\c}s. Howevcr,i‘hey have scme
sho‘f\r[—r,owf"‘gs not  sharved by c}/waskonqtorrmd mﬂf;“’SS . But
bhe ivmpardance of Wslséjmme}m@ 5«4}»/1,(;;{0»'15 to the Hﬂeovd OJ.
WS\'COV’LB-C\’YM\BX maf}ofn(«js can hok be 'oversim&ed. We may Hatnk
o} +Hhew  as U§ A~ dimendconeal (5},4: m@)o')o{wﬁﬁ, (UEOV J,jqe P.mo;oer~1L1és
see [47 ). -

Awo\—\/xev 'c(e/srl'n{'l—fo\/y os, ﬂ,s &«Ancitohsl weas ;Med_ loy"k'.P Go)a//aerg?]
w1974, He  show _H-vcu,'l‘ (B-A) cowd;{/;tb:h ; /rerq,[ﬁ[ e 39»99:*&511'.2&an:'1
0¥~ cowvexif\/~cowmovii‘\/ condition . and  that ta‘)e_ can weaken the
asjunqpfcbns ‘w  the deﬁ}m}[t‘a/? O))' c/uaﬂS‘/mm@f’*y 5";‘]'7"0[!’66”'”[(:.7
ot eud aLwL&n.'ng the class QDQ sueeh gﬁwmc«h‘ons, Then he wuse
Ha's do  prove that the class c.f qs fumc)ﬂbws (s closee! under
the f-owwwa'ﬁfom OQL Sums | QPPNOPN{Q{G Prvocluc-LS ,covwhocs({t‘ons,

g _



T his éo/c/bé’/-g'5 cfev/zh/fzbﬂ can. be siated s ;7@_—)[/'_0(,05_

DE’}—L'{)\("{'(‘OH (6—)
Let /[) be nonconstant  function a’e/[z'hec/'. an R. Then # /s A
on- R L,F "awdl D\'ll,:j )'"F

~g3

(5} | 7€ I's  lineaw )

G
3

k) theve exist some A N '/2L< A< A such that
| SRR 1 ) ’b ‘
@ Vpe) ¢ 0000 foea = £ "5 )20 fo) « N ey

holds .‘.}onr M %, X ) Xq L ¥Xq (@(m‘#&] with A= "1,1]e/l/~ This
new  wnuwber A Loue  cal m(d\gcx'm)c Adclabelion .

Us{ng another Cc'n/o’rma[ tovarant which s harmome measure
of an open subare of fa, KiayilsI(1986) gives o defin/tion
OS’ S C?ov Poe  unit  cinde J§ fr/_) denole fhe ba.mu[o‘vj
o¥ e a;m\'f disc & aind CVUP' é (s ow au\lbmon’ph/sm o’?f OQVA/
te a sense-preserving homeomorphim ol fra onda ihself . TP o
ls 9n epen  subarc o$ OQrAlfhew 1ol il stand fov the

havvwioviic wmeasure LJ CO, A, A) :

De)—f»'\ keon (K)
We 3ay Hhat ,; t's c}j o VAN L.YF ownd OVLL&:} (‘7@ i-lfleve_je)r’té 7L5 :
a constont M osuch o Hielb CFOV“ any Fiql_,',r" oL o ola OJ‘} d('gjbl'nl* adjacent

o pev: _s'u):iow-cs'o,} é?v/_\“ worth e?uﬂl e scre o )= Vda] we have
5) EEIL /] fedy)) <01

vnth M >

\



As an application of this new characlenzakin of guasisymwmelrc
Ywiwl{oms for unit cinvele e has oblan o new cholvschevizalion
o{, qwm“ccﬂéles Ln therwns og- harmonic imeaswie.

ln 1968 s Qc\;jara’ and J. k'e[[‘nc\:]o§[%oé‘rrco/ucea/ ano/loer,buv[ 71;11‘710
COmpJv{ca}ed defP(m‘J—a'ow Of} 7@1313{7;/»«“/\@,3«1\7 Jo  build up a ,oammeJ—nc@[
/veprresevﬂuh”ow o§- ?s &Wmc\{oms, |

3? we  dewnote b\}. C(O; 1,00 ) 3"”9—‘ extended z—PLawe minus
the three poinds 0,1, and by 2z =z(w) we dende fhe familiar
eWptic  modular funclion | which muaps  the upper hqlq[—;olane H
onto  C(0,1,>°) then the hyperbolic density ecz) 1n C(g1,20) i5
L'nvonr‘a.'oiinﬂxj deq[\’ﬁec/ b)' qu ‘/TE(,OJ—L‘OV)

¢2)1dz] =ldwl/Imw |
The h\/)oevboﬁu'c. distance ir ((O,i,cc)'zfs then C/C’]L.(;’)ed o5
(2, 2,) = z"nvﬁ 55‘52)]&21
: : ¥ ;
wheve the !‘Vlo[fmum 's daken over all ares. p /'O/‘}nzr?j'?f and 2, ¢
C‘ ( O) 1 1'3‘) UEC’Y thGCL) £1’7€ lﬁfté‘aﬁqaj l/) as nm ea’n/;7\7 .

Su.,a)pos& now  thak UZ‘ZCX) (s & :ev;se-—dq/rese.»w'ng aulomo‘/)olm‘_qmo](

(TVL& n’ea.[ ,?4‘»'19‘ Le,{' Xq € ¥ & Xy clnc[ u, = 7[)()(1'} Il":_/tIZ';‘ SL’LL

Ky —x2

O:(OGIX‘IIXL|X}) = - x4
| . s ~ Uz -
@ :(%,W'll(//z,lr{;) = Lq — g

Cﬁ‘vebm k(2 | ; we say ‘Hf]o(_‘r K' s admis <1 ble ‘j_gw QE‘ [:,‘/?
Ql
: .
(4)  “legk = ) gCI9n £ log | |
’L-O" ',\S,)‘ Y’.\L < X24& Ya l?VL:L I(: l ‘r".'[ )'(’ - | ™M ax. ,;.[1 ./& ,[LC/A'QV) ‘r_,/] “][Qﬁ
—11—



Sovce a and a’ are nego/;l’ve, Uf.od siree  the negal‘/’lfé /rea/ ax}‘s ‘s
Q@ 3eode$/‘é Line U(’OV ihe hyperbo&'c dons[}y :n (o, 4 o=), condition
4 Vo ec;u{v‘o/\zeﬂy o

U <

It (s eabtj to  show Hrok

lﬂ(mT’

§ (a0 =
| /“'( v—‘“)
wheve  pu(7) | ocxer | dencles as wsual confowmal modulus of the
wnib disc & slit along the weal axis from o do . This funchion
Mo e continuous, stricHy decreasing OC.,mcLLon el Lrmits o gl 0 and
o o 14 NesPeCL’wefﬁ_

Delipition ((A-K)
A .s}/rfc'{—ld ;‘nczreas;‘n\zz/ . condiruous func»lf'on Vp mepeping rhe
weal Dine onbo chself 15 scud A be K-gs, g there exish K K21
k=w‘0€ K t"vf v .swztz‘sj{es the condihon (5) y%r a2l Xi<x.g x5 .

[ his a’é,/zh[ﬁbw b/rm\gs ws  Some ao/ranzlajia,.bo)»/ever JE s r)z;v/-

easy Jo work wath L,

W hen us/'nj ancther COO}CQ:Tma[ (nvariant, which s a madzfz‘ed
cross - makio, we (ntroduce a news chavactenzalion o;- c;wsn'sy mmeinj
s'havinf] all the greup fﬁoda?rh'es, [hke in Fhe case .of .7.ua5/'(on}mma
meppiags . Lel us pote thod the @mm oﬁ@) (ndicates that
the diffeully with (B-A) definition s mequirement thatla-xylsx
4. This observochon thal cross-mahos of this dype are cerfarn
cvoss- vokio leads wus o new J(‘,&«V\\\:LUA oa- t}uqu;bw\w\e/&wﬁ
o Us faooé &—w Hoand &0 A as weld



The main result

A Suppose now that X41%5,%X3,X, are points of the real line R
or the unit circle ¢ =2034A, which are positively ordered. Then,
consider the expression®

(6) [x1.x2,x3,x4l = {[(x3-x2)/(xj-x1)] : [(x4-x2)l(xrx1)]}i.

THEOREM 1. The expression defined by (é) is invariant under
a homography and its values range over (0,1) for each group of

four positively oriented points XqeXyrXq X, from the real line

or the unit circie.

Proof. When using the well-known decomposition of a homo-
graphy, we can easily see that it is invariant under a homography
in both of the cases considered above. As for the second part of
the proof, we may confine ourselves to the case of real and
positively ordered x1,x2,x3,x4. Then there exists a homography
of the upper half-plane onto itself such that these points go onto
x;,xi,xé,m. Since

() (x3-x2)/(x3—x1)] 2 Dlxy~x,) [z mx,)] = [(xg-xi)/(x:;-xi)] '

we can see that the values of the last expression belong to the
interval (0,1), which completes the proof.

_ In view of the invariance of [x1,x2,x3,x41 with respect to
a homography, we may replace the disc by the upper half—plane and,
without any loss of generality, confine ourselves to the case of
this half-plane. Then the boundary correspondence is determined by
a strictly increasing continuous function £. Thus we can prove

THEOREM 2. Suppose that F is a X-quasiconformal self-map-

ping of the upper half-plane onto itself, which preserves the point




at infinity and whose boundary function is denoted by £. Then, for
each group of four positively oriented points 0Ky Xg X, from the
real line R

D) by by kg g%y 1) S LE(xg)  Elxy) £ (x5) £ (xg) ]
S¢K( [x“'nxz rx3 lx4] ) r

where ¢ (t) 1s the distortion function on the interval (0,1} de-
fined as ¢K»(t) = u.m‘l (%A:.(t))’. ‘The function u(t) denotes, as usual,
the conformal modulus of the unit disc slit along the real line from
0 to t and is strictly decreasing with the limits ® and 0 at
0 and 1, respectively. |

Proof. Let F be a K-quasiconformal mapping of the upper
half-plane v which presetves the point at infinity and let --ca‘h::-:1 <
< Xq <x3 <x4 S be the givep four point}s»of the real line. Then
. the upper half-plane together with these four points form a guadri-
lateral D ’-—-U(x.l ,xé ,x3,x4) with ‘a-sid'es as <X, ,X,> and <X X,
mapped by F onto D'= U(f(x1) ,f(le ,f(x3) ,f(x4)) . By the definition
of K-gdasiconformal mappings,

(3) %— M(D) S M(D') S KM(D),

where M(D) denotes the conformal modulus of the quadrilateral D.
Let h1 ‘and h2 be homographies of the upper half-plane onto itself
such that h1 (x4) =h2(f(x4)) =, Then
= =2 - ‘ -
(9 M(D) = M(hy (D)) =% f({Thy (x50 -h,y (xp) 1 /10y (xg) —hy (x40 1)
2 v ‘ 2 _ :
and, similarly,

to) MD*) =2 n(I£x,) ,E(x,) ,Elxy) £lx,)]).
When introducing these expressions to (8), we have
(1) 3 wllxg %y .g,%,1) S ROLEG) ,E () £ x) ,£0x,) 1)

SK p‘([xo‘ Ix21x3'x4])0

1

By composing ({4) with p ' we arrive at (7).

Now, suppose that £ is a strictly increasing continuous func-
tion of the real line R, which satisfies the inequality (7) for
each —w<x1 <x2«x3<x4$m. Let us put Xy =x-t, Xo =X x3=x-t,



and Xy =2 t>0. Then, by (6) we have

(12) bk (315) S 1//1+ [EURR-E (o) 1 /LF Goet) =£ () 155 o (1)

by which

-2, 1 -2 1
¢, (—) - 1S [E(x)-£(x-t)]/[E£(x+t)-£(x)] S & {(—) - 1.
K /2 1/K° 5

Since ¢£% (-/l-) -~ 1=A{(K), then
2

(13)  xgrp S L€ 0x+t) ~£(x) 1/ 1€ (x) £ (x=£) ] S A(R) .

It means that £ 1s a A(K)-quasisymmetric function in the sense of
Beurling and Ahlfors. Such a function can be extended to a K'-quasi-
conformal mapping of the upper half-plane onto itself, where K°
depends only on K.

Let us denote by N(K) the class of all continuous, strictly
increasing functions £ of the real line R onto itself, which
satisfies the inequality (7) for each group of four positively
oriented points x1,x2,x3,x4 with a constant K> 1.

Remarks

The trivial consequence of this definition is that if:
{(a) f‘l € N(K1) and f2 € N(KZ) . then f1°§ f2 € N(K.| Kz) :
1

(b) f£cN(K), then £ '€ N(K);

(c}) FfEN(R) and f{=) ==, then £¢ N(p} with p=2A(K);

3
(d) fen{p), then £ e¢N(K), where K3min{p?, 2p-1};

-1

3
(e) FfcN{(p), then f '€ N(p®), where p'sA(min{p?, 2p-11});

{£) f.'eN(p1) and f2€ N(pz), then f10f26N(p'), where p'Ss

3 3
s Mmin{p?, 291-1} -min{pz, 2p2-1}).

Another fact is that the total collection of quasiSynunetric func-
tions remains the same under either Definition (R-Alor (¥). It fol-
lows from the observation that X(f), as the infimum of all numbers
K for which (# holds, remains finite if and only if p(f) <=,

Now it is easy to note that we have other advantages which are a
consequence of our definition. Some of the problems which are very
important in the investigation of the class N(p) have trivial
solutions when investigating the class N(K). Several properties

—15—



of the function of the class N(K) are immediats conseguences of
the well-known propertiles of the distortion function ¢K(t). More-
over, the investigation of the class N {K) uhehher on tha real lines
or on the unit dizcle makes no difference.
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On the Yamabe Problem

by

Patricio Aviles!

Abstract: Ve give an account of the Yamabe problem in Riemannian manifolds.

A basic question in Riemannian geometry is whethér a Riemannian manifold
(compact with or without boundary or complete) may be conformally deformed 10
achieve constant scalar curvature. In the case of compact manifolds this is
known as the Yamabe Problem because Yamabe claimed in 1960 to have proven the
result. In the late 60’s N. Trudinger found a deficiency in Yamabe’s original
proof, namely the following. We consider the conformal deformation of the
form g’ = ¢4/(n_2)g and assume the scalar curvature of g’ 1is constant,

then ¢ > 0 satisfies the equation
(1) 4(n - 1)/(n - 2)Ad + B¢ = cg(8*2)/(n2)

To solve (1), Yamabe used the variational method, he considered the

functional for 2 < q ¢ tﬁ%%y,

Partially supported by an NSF grant.



_ n-1 i 5 2 -2
@) 340 = s [ e« | RGoSalel
wvhere 2 < q (N = rﬁ%%y and ¥ is the manifold into consideration. He then
considered bq = inf Jq(¢) for all ¢ > 0, ¢ # 0 that belongs to Hl(M).
Then Yamabe proved that for 2 < q < N, there exists a C* strictly
positive function ¢q satisfying

O = S RO

1
[y

all

He then claimed the inequality |[¢ || < clig ||, which will show by
‘ ‘qqn qql ’

letting q - o that ¢q are uniformly bounded and hence we can let q - N
to achieve the result. However for the sphere the inequality is wrong. In
the negative case‘pq < 0 Trudinger [T] overcame the mistake. In the
positive case, kq > 0, the problem is more difficult.

Aubin in the late 70’s showed one important case of the Yamabe problem by

examining the local geometry. His result can be stated as follows.

Theorem 1 (Aubin [Au]). If ¥ (n 2 6) is a compact non-locally conformally
flat Riemannian manifold, then (1) has a C® nontrivial solution with
c > 0.

The remaining cases were open for several years, until R. Schoen [S1] in
1984 by a delicate study of the global geometry solved them. His theorem can

be stated as follows.



Theorem 2 (Schoen [S1]). If | (n = 3,4,5) is any compact manifold then
(1) has C* nontrivial solution with ¢ > 0. The same holds if n > 6 and
¥ is a locall& conformally flat Riemannian manifold.

In the case of manifolds with boundary, the main difficulty in
understanding (2), when q = N, is that the conformal change has to be
compatible with the boundary conditions imposed. A set of natural boundary

conditions were studied recently by J. Escobar [E]. His result reads as

follows. Consider the functional

Qg(¢) = 90

2 2 .2 12 2
Jyve® + iy wehyav + B2 [ ndPae
2
(J ¢ n-2 dv) ©
¥

where dv and de¢ are the Riemannian measure on ¥ and the induced
Riemannian measure in @ with respect to the metric g, R is the scalar
curvature of M and h is the mean curvature of M. Let qg(m) be then

defined by

(1) = int{Qy(¢), 4 # 0 € (N}

Then it is shown that by proving that the infimum is achieved (when M is not

conformally equivalent to Sf with its standard metric)

Theorem 3 (Escobar [E]). Any compact Riemannian manifold with boundary and
dimension 3, 4 or 5 is conformally equivalent to one of constant scalar
curvature where the boundary is minimal with respect to the new metric. When

n>6 (i) there exists a non-umbilic point at &M, or (ii) the boundary



is umbilic and M is locally conformally flat, or (iii) the boundary is
umbilic and the Veyl tensor does not vanish identically, the same holds.

It is natural then to study solutions of (1) with higher ihdex‘(that is
no minima solutions). Schoen [S2] has been recently studying the structure of
this space. For equations somewhat related to (1) Bahri and Coron [BC] has
obtained a nice existence result of solutions with higher index.

The Yamabe problem in noncompact Riemannian manifolds is in general a
very subtle problem which seems to have been posed for the first time by Yau
[Y] and Kazdan [K] . One reason that makes the problem very non-standard is
the fact that the interplay between the structure of the manifold at infinity
and the analysis needed to solve the problem is very unclear. For instance if

we consider the Sobolev quotient

_ n—2
16) = 4 i} [ 1wy < [ ndany([ @102

H¢
and defined g = inf J(g) for all ¢ >0, ¢ #0, ¢ € B (M), the necessary
embedding and compactness theorems are not available, and even if they were
the necessary analysis to solve it in the positive case seems difficult.
In collaboration with R. McOwen [A-H0,I] we have studied the negative
case in a general complete non—compact Riemannian manifold. This reduces to

study the semilinear elliptic equation

(4) 4 2:1 Agu‘— u(1+2)/(n-2) _ g,

where Ag and R denote the Laplace-Beltrami operation and scalar curvature

respectively for the Riemannian manifold (M,g), with dim M = n > 2.



Our results are close to best possible and they summarize as follows.

Theorem 4. If (M,g) is a complete Riemannian manifold with mon-positive

scalar curvature R satisfying

(5) R(x) € —€ < 0

for x e M\ lo, vhere HO is a compact set, then there is a complete
conformal metric g with scalar curvature R = -1.

Suppose now that B vanishes at infinity. Even if R <0 on M, it
may not be possible to solve (4). Indeed Ni in [N] comstructed metrics g
in R™ which are uniformly equivalent and conformal to the Euclidean metric,

with R < 0,

R(x)| = 0(IxI™5) x| 2«

and £ > 2. If g were conformal to g with R = -1, then g would also
be conformally Euclidean. Then we write g = 242 45 find

4 2:1 kv _ o(n+2)/(n-2) _
in R%; hence v =0 (see [AvI]).

Thus some negativity condition on R is required to achieve R = -1. It

is natural to impose

(6) R(x) ¢ -0r(x) ¢ for x e M\



vhere 0 < £ <2 and r(x) is the geodesic distance to a fixed point x, in
the interior of HO. This condition is indeed sufficient, at least if we add

an assumption (also matural) on the Ricci curvature
. ~2a

(7 Ric (v,v) 2 Cr(x) ““,x € K

wvhere v =ag— at x (whenever defined).

Theorem 5. If (M,g) is a complete Riemannian manifold with non-positive
scalar curvature R(x) satisfying (6) and Ricci curvature satisfying (7)
where 0 ¢ e <1 and 22 <€ <1+ a, then there is a complete conformal
metric g with K= —1.

An important observation is the fact that unrestricted non-negativity of
the scalar curvature R in HO in the above two results is not possible. 1In
[A-¥0,I] we have given an example that shows this fact. 1In general if ome
allows unrestricted non-negativity of the scalar curvature R on compact

positions of H we have

Theorem 6. If (M,g) is a complete Riemannian manifold so that the conformal
Laplacian, -A + (n - 2) / 4(r — 1)R has negative first eigenvalue for zero
Dirichlet conditions on some compact set. Then there is a conformal metric g
vith K = -1. Noreover, g is complete if (5) holds for x € ¥ / M, where
B, is a compact set or if (6) and (7) hold with 0. < a< 1 and
26 < £ <1+ a.

It should be pointed out that it is possible to comstruct a complete
Riemannian manifold so that there are not:complete conformal equivalent

metrics of constant scalar curvature (of any sign). Therefore the Yamabe




problem is in general false in complete Riemannian manifolds. As. it was

pointed out earlier, to find reasonable good topological conditions which
guarantee the existence of a complete conformal metric of constént positive
scalar curvature seems to be a very difficult problem.

There is one basic and important case of the Yamabe problem in complete
Riemannian manifolds which has recently been studied for both signs of the
scalar curvature. It can be described in the following way. Let (M,g) be a
compact manifold. Let T be a closed set in M and consider the complete
manifold (l\F,é) é = 6_25. vhere § is the regularized distance to T.

Then building upon the earlier work of Loewner and Nirenberg [LN] in the

standard sphere the author and McOwen showed the following.

Theorem 7 ([A-M0,II]). Suppose (M,g) is a compact Riemannian manifold of
dimension n > 3 and let T be a closed smooth submanifold of dimension d.
Then there is a complete conformal metric to é on H=¥ \ T with constant
negative scalar curvature if and only if d > (n - 2) / 2.

The corresponding result for positive scalar curvature, which is, of
course, a very different theorem has been studied by R. Schoen [S3] in the
caSe of the standard sphere S". His surprising result can be stated as
follows.

Let u> 0, ue C°S" -T) nLP(S") and suppose u satisfies

(8) Lu + &Q}%l WP =0 in 27(5Y)

where p = %72—%, Lu = Agou - 21§:2l u, g denotes the standard metric on

sh,



Theorem 8 (Schoen [S3]). There are closed sets T - (of Hausdorff dimension
< 9—5—2), vhich includes for example Cantor type sets~of Hausdorff dimension
less than E—%—Z; a collection of finite number of points etc., so that the
metric g = u4/(n_2)g0 defined a complete Riemannian metric of constant
positive scalar curvature, where u is a solution of (8).

Other very interesting results have been obtained by Schoen and Yau [SY].

I shall finally mention that from a more analytical pdint of view the
problem of understanding metrics "at infinity" is related to the study of the
singularities of positive solutions of scalar equations. That is, let
B={xeR" :|x| <1, n>3} and let T be a closed set contained in B.
Suppose u € C®(B\T) is a non-negative solution of the semilinear elliptic

equation

An important and difficult problem is to understand the behavior of u in T.
This is in general a quite difficult problem which is only understood in the
case that I is a single point, that is when u has an isolated singularity.

The main known results can be stated as follows.

Theorem 9. Let u € C°(B | {0}) be a non-negative solution of the semilinear

elliptic equation

bu+ul=0 in B | {0}.



Then u has a removable singularity at {0} or

(n-2
@ Bl ) - ¢

vhen q = i—g—i, see Aviles [Av II}.

A
(b) lim |x|2/(q“1)u(x) _ 2(n - 2% (q - —2 )3

Ix[~0 (qa - 1) n-2

n+ 2

n
vhen —5 < qQ < 5,

see Gidas and Spruck [GS], and Aviles [AV,II].
(¢) If q-= %fz—%, then

u(x) = (1 + 0(1))¢(Ix]) as [x[ -0

n-2

e

vhere ¢(r) = #p(logr) / , 02D > - % (A= 2

) vhere ¢, are

solutions of

n+2

) - CFHh @« F 2 (@) =0 o<t

see Caffarelli, Gidas and Spruck [CGS].
I would like to close this note by mentioning that we have recently been
studying the case in which I' is not a single poiht; The results will appear

in a forthcoming paper [AV,III].



Acknowledgment

I would like to thank the Japan Association for Mathematical Sciences for

their kind support which made it possible for me to visit Japan, in- particular

Hokkaido University. I would also like to thank Professor Y. Giga for his

kindness and many attentions to me and my family.

[AV,1]

[AV,II]

[AV,IIT]
[A-¥0,1]

[A-¥0,1I]

[Au]

[BC]

[C6S]

[E]
(&

References

Aviles, P., Phragmén-Lindeléf theorems for nonlinear elliptic
equations II, Arch. for Rat. Mech. & Analysis Vol. 97, No.
2?1987), 1412170.

Aviles, P., Local behavior of solutions of some elliptic
equations, Commun. Math. Phys. 108(1987), 177-192.

Aviles, P., 1In preparation.

Aviles, P., & HcOwen, BR., Conformal deformation to constant
negative scalar curvature on non—compact Riemannian manifolds, J.
Diff. Geometry, Vol. 27, No. 2(1988), 225-239.

Aviles, P., & HcOwen, R., Complete conformal metrics with negative
scalar curvature on compact Riemannian manifolds, Duke Hath.
Journal, Vol. 56, No. 2(1988), 395-398.

Aubin, T., Nonlinear analysis on manifolds, Honge—Ampére
Equations, Springer-Verlag, New York Heidelberg, Berlin 1982.

Bahri, A., & Coron, J.E., On'a nonlinear elliptic equation
1nvolv1ng the critical Sobolev exponent; the effect of the topology
of the domain CPAN Vol. 41 (3), (1988), 253-294.

Caffarelli, L., Gidas, B., & Spruck, J., Asymptotic symmetry and
local behavior of semilinear elliptic equations with critical
Sobolev growth, CPAN Vol. 42 (3), (1989), 229-334.

Escobar, J., The Yamabe problem in manifolds with boundary,
Journal of Differential Geometry, to appear.

Gidas, B., & Spruck, J., Global and local behavior of positive
golutions of nonlinear elliptic equations CPAM 4(1981), 525-598.



[K]
[LN]

[N]

[s 1]
[s 2]
(8 3]
[8Y)

[1]

[Y]

Kazdan, J., Prescribing the curvature'of a Riemannian manifold,
Amer. Math. Soc. Providence, BRI 1985.

Loewner, C., & Nirenberg, L., Partial differential equations
invariant under conformal or projective transformations,
Contributions in Analysis Academic Press, New York 1974, 245-272.

Ni, V.-H., On the elliptic equation Au + k(x)u(n+2)/(n-2) =0,
Indiana Univ. Math. J. 31(1982), 493-529.

Schoen, R., Conformal deformation of a Riemannian metric to
constant scalar curvature, J. Diff. Geometry 20(1984), 479-495.

Schoen, R., In preparation.

Schoen, R., The existence of weak solutions with prescribed
singular behavior for a conformally invariant scalar equation, CPAM
41(1988), 317-392.

Schoen, R., & Yau, S.T., Conformally flat manifolds, Kleinian
groups and scalar curvature, Inv. Math. 1988.

Trudinger, N., Remarks concerning the conformal deformation of
Riemannian structures on compact manifolds, Ann. Scuola Norm. Sup.
Pisa 22(1968), 265-274.

Yaﬁ, S.T., Seminar on differential geometry, Problem section,
Annals of Math. Studies No. 102, Princeton University Press,
Princeton, NJ 1982.

Patricio Aviles

Department of Mathematics ,
University of Illinois at Urbana-Champaign
Urbana, Illinois 61801



»O%ﬁ’gu,e, ./Eat]%:j =2y 7
Jm #4=

(47 s2z #)

E“'

oy

S PETEF D IEN =it T B
Fbou,Du, D) =0 o Q2
- BG.,u, D) = © en Q0
YAELB. 22T, Q <RV FHIER, w:Q > R I3 FAe
157, F v Bz SEIEEEL L T% Du=(22% . 24
u = (Fufmion)) o g Ta NREREGN 0 215 ¢
SV 7 A h 7. Fl,a, pu, D*v)=0 2" 7% [ % 7753 L id
X, Y eg", X<y asm FhrnpX)>Flrp 7
AKX E D2k EEeFE T A AL, XY i, <X£,3><k9)
Ve e RV LT LT A VL 22 2 T HAB BB F I Bl Duo
' olhigue T'HH R
2 € o2 » t 3 (/n(x), DPE(%,r,p)> >0
P YL 2T H L B, wl) 2 x=HITH Q o rki
= B E N bt b,
Crand L & Lims 1= &> T B N3 4o 1= 35 BF = vivcoer
et bismn o — %,7’:37&_ l=> w7 >R i‘ﬁ% #\ f%} 54 I-.

(1)

EZE: fRvdoN A (RE (Q1-2), (B 1-3), (F -4 ) » Fe
Sz N BX WL .
()  # B\ awdooclution 7' 1~ A\ M:f?&sw&cﬁ;m * 52"

27 £ U em (2.
Giv ) o BF we CQ) s\ 737 F A,

R T B IT S,
(2.1) Qi A

(Q.2) 22 @ (! 952 795 4



B 1) B e CURYx ®x &BY)
(B2) Ve Vzeol T Lz, 2 0d 1% U A LRZ,
P 7?= 3, r,+) & Cifi(Uxip“),
ar) <« eU 7513, (ng), pr?(x,/o» >4
Ciir ) C >0 #' £ kT,
N A 2 N
[BOLp) |VID B Co | VIDEBGH <
i A y . A - o A _——g-—_—
/'D/o/’g(\ ) Vi, DBl < C //Df, Bl ¢ EETEER
e 7 2,
B3 re Bl rp) 13 dF=8 00 HE < 5 5,
(= 1) Fe ClOxRxRY xg").
(£ 2) A>o A ERT e /E(z,r‘,lb,)()—/\l‘ /33f¢§¢/2

~

()42 2 % 4.
(F.2) m € (e, 0) (mis)=0) A" LHh T,
1, Kvest, —aGg)<C5)ca(ZT) woa
Fla,r, p. X) — /C_(;f/‘l’, /)f~7j)>- ~m(/'{"7/[@b/+7)+0(/2";'/2)
e T %,

F. %) 02 »FfE V b me Cloa) (m(s) =) s\ L hZ,
xeVo 5@, |[Flinp,X) ~Flx, r, g, 1) <mlp-gle IX-YU)
Lg%,



WE LT (Bk. 3])
)-8 0;%2% o Lo o 2REEY

Ter Bl Are o VBB = 53 ot>/~
Roismon (B 1= F{]’g’é \ﬁu%?“%‘f&&ﬂé}tlm?
B o ok LM TS (T
S0 HFREBRFB) ki< ( neguden pot =13 ) Q9 TF
W%@MW 2IEnY ST %‘]'531#1
HOJ\MAMM D le o o WW% Gl Ao
Tv';o) SR Y] 3 LT=
w7 T4 B34 13 T 1 end o o 81
’%,L_/ Tww»w Iz 333 WM—&G’&L’V\M
n'#‘ifg; R o B o w3 (= SF7 9 )2
LS W R S0B3IMIz I THNDD 7T 202 178) %
'%\ 2 CUAE %M&Wl?%/ﬁﬁ Mt 1 3R,
»AE ﬁemm,%l\m/ b/z«m/&’r 3,
»o‘r‘ﬁ/&z » Bo9R T Baie ¢ BB ranT
A I o it At
AT Tl BY3T, |
YM_BWMML’\ 'L@LH—EMJ e VIR ER L
1 o 51734t v, confrinid Bold Hooy AL T
¢77~’93[§ 1% 9 Zéi'% 1 6] AT3 Trem 2 Bl 5
Dé = [§, 1w 3371 NS o) 47272% Lzﬁ]/\S eid
W3 %amiﬁ . Bwnid,




;2/\7(;/ ﬂ)/7\/17/71r/7“ O

BITHEREDHEREE + # 2o

KE= a2 -9 —I—MIzF VIR PO TRBERBRLOKZERESH DT,
@ Princeton REICHEFAAIHIR(19304£ 2 H23HAEN) L W I RBEHEBBE SN B,
19BEE R BET A E— ABKREHBHAL THS MHEAK] L0 HiTHNo. 78Iz
HRBRIE THMERARELCED] LETETy e/ 2BWRHBLHSRZENIID
MBMEL->TREZh, —BHEFRALEHE (FW) I 245X 60 (WEXSH
oo That—LTELETEY) . TOHDIBAD—X R THHIETWEE
&k L&dS, BL, EEHLEBOHRRIAUIH SPEZRIBRFEOSRMELBEID
WTHRZHMSERBERETH Y, TOHRDETHALRE LORE LW, Rl
BREWS FROMBIZOWMA B3R5, HRKEMHT BRLHOBEE] 205 bO XS
5. 2EVBEROER - FHERRECRBRTEROAR. @h&0 XVFHEND DR
TREEOIERLIFERYE2/BBB/BILELITH L. Ch3PHETR S, BREE
BEDAVENRYP OB EDNETHA IR, BETHRETH S, B - Kk
cFERELVS EREBRR - B BB EE L ANE. TR0 X ) 3
mbﬁrui5ﬁ55oﬁrvwv$ﬁ@;5u&mmﬂmwamowr§5aew;
TOMEEEDEEDOHTRITARDIDTHELZL., HOREAPGRESILWHIBETH
%, TLT. BLOBEEBMEO X WHDIZLES L WS RFETEvarad
BIRARBZLNTEL S, R, CORDFUESa Y ETR, TLTSHMHE
DEETH, oL HART. £LVBEH0DLIBbh B, |

MNEDOF FRA AL LT, ¥CHhTHRAEAEOFELZIIIZVWATEI S, HH55
BEEKR TR THY o R0 SKATHY s o, ECTHRR DDA



ACBFADLTBIT UL, BEABTALBESLEVDT, DOIZHE 58 THIE
KRBT &itlilz. ECT. AAPBREL LT, [BHIZIZVWSHIZ Y
R BRI, HESDEOREN. >BIROE 5, B < THENVER Fbh-> TR
ERBREV, WSSERATHYINPRYEBESS. T3 UERDEDYICHFERE
DHEZRERETV, |

SRR ARBIEGRRABTH DL Bbh 3K, KEERY~DETL L THEKIED
5,

PLESSRIZ DAt [AERRKERRN 0] O—E3TH D, X TEM. HBERk
iR GRAERKBERTTHARE) SEARBIBEINE L%, RRBFE U THEK
REONTETORFOEDEMR, BRADYERE CHEZIT SRhBEPVAER HI
HREREMBL VLRI L THEN, ThTREERRCROEVEELTSHS
RBOTLES> %] LEDAT MR, BLACTHHMY EHA. | T52 THHEIN
¥ Tz,

2l (1—zm) = f:la.(n)x."

AEBLTa(l)~a(50) < B0 E THEa () FHELTHOTE THREREL, £
nme%ﬁ%@&vmoJ%@ﬁttah~@tvéumotﬁ;6ﬁltwat@?
bx. x2. x%. xt. - OHREBSKRACETROOGNBHOF LN & &% & OME
HTHY, AR a3 ECLIEMBATHIILOS FREBEL /2, 26668 TH
. EHANSBOEREC LI ECLRREL ST, EEEEFERESREENYVD
SHEDIZATHHBP, PMEORREFEORBEIRELGDLWIHEVEETER
B, B, (@=5 0 (Vovvo¥— XREEHIERS) AL, ETO
A a(@miz2enT

(S a@? )/ C(s—11)
n=1

HEBERSICHUTEREKTH D L WO HENIIGEEH ABBRIC X > TR N/
CEEMET D,



SIS AL 2 B A0S 54« R3S

?é%q<

L |

[TFPFEIA2ECA

AU A .di' B B ) -
A 2* t(det ) %-+(Bf _ 2»)“ ¢
-/#;" =34 o TR /)ft-*;azf'

D= e we =2 Rebss G B>,

[ 2 u,
u= CLQF QK' ?5/("2)+CL€ < i‘é_(i-)

i hoo PUHAFEE =0 aTe. feR &7

/4|P,_'fg, , )
= ea, Lo

ce’[?):?cz CJ-[P()?__)‘

-y Kc-fé'(J ~ A (K +2) t0,
Caﬂ(P‘-)'—‘Cu”L )( ¢

(2P, tA. )(Kt4t) ~(AF t8,)
‘>’,/? r - “A)E t(2-AtB.)spo oH b1y,

i, =2-r

(P)~C°( 5, A +£)( B -0, f‘é-H) Fu}
2P +A)( 4 +1)

,4[“‘ o «7
‘¥ %J [;Br*' 13 ~(,4 4)( J ) @

CulF: )

k-(—(




{

| (4] ffff' o ](J}j (-fff;fw/
d‘?[ ?(Fl ’F+—-][uL

2 =@ 1" (f@m?iﬁcﬁlﬁf?%ﬁgiw’;gﬂ‘( D 4
g 448 D 1~ iHAF ZATHIG 1@ e #4810 d
coatF (M 4G Mok ey

T 7. ) ;5/%) 6 | G E TR
4‘,?(~~/ —(L&L)L NN %(41] : L/?«' TITE/SL

EC ) YTy

¢ (x), ¢, () ~
- ~ = gz[ (l, m“c;> “(
Y ), ¢ ()

e* 2
0, 67 (T3 (= - —
g% I (2353 _— / -
\S—S(“‘Z, '{‘z) — 941(9) /J 2/
—0 —6 7 Pu



0 Elpza'%l(x Cl( CL), -f
Eﬂ(g/ S . 0 Lt l(\/
TSl T8

C(LCO‘ C2.|
o s R 2(R-R) >0
O1“f§c1l‘“)

—35—



, S 1Y/ B | SR— 1
| @;(2)6 L P, +( Ly E)/C:_.)
4 (
| =3 (2l¢e j
S ¢ Coer
I _
( D) -] é— Al Cl) %’ﬁf;
= = D ‘ = g e - |
<=1, g?e,(%) S Ger

pE "':‘\,\_1(5(’;) X

/\ (?II‘K” ﬁ, i

S

(Lir)=( "ok o) Lk Aaee /
\Jz)‘/h@/fm@“f(f“ﬁ M YL

( @;‘ j@’f € H((fﬁ// /L(f;, K, R, ) }
N

= d/:Im(nt)_
z

/

(C,I




T l{ e(ﬂ/ Q:gf—e .cj'c“.c —;/Tr;ﬁ f ﬁ
_ fC’(C/ Lf ~p<C TL< {’T‘@j
H'(E Aee, K,;p,,zl)) = H‘(on, Uit Mee o ki) )
=C({U. Yt Ap ;q,f;,fm) “ay

| =[ect[-F - crq”se/
=M, w.a,mgm o (6,10, € t(v"/

2 ’
iett( ’g-—sc"(‘céﬁ'—ej

:Y?a ?7/@ ‘/z/ , V.UV,

K_l o4 =1 v '
2 cﬂ.(g): > Cfc(ﬁ') 2 v Cct =t 2)
Az <o

[ Bot 312
y (6 [ i
Ba5 () (5)= T w2 T
#(5)

ACRSAORTE AT




K [
ﬁ Pe_we > g
¢c' (g) (- @ ﬁ%
‘ _ : Gl | I =Jy
L+ ¢ v | ‘ |

0= CEAL™ e 5 ) rennenn )
P(KL') v “

CL'?(- z)

B ATAHT (=i

- du U -
$(1 i t(c-ceve)d]dt —abuso

il N ;":o(:5(¢w{')g$ﬁf/3
E:(F‘(@ b’cl'f)/ f("‘TF[H‘4~C/ /7‘~ﬁ~C}2-C/'?)

fll ‘e Coa~b
(F— _ ( F—(‘q, b, (tath-c;(~ 7)/ (1~3) S (c-a, C-bs 1+ C~a—4 [~
[ =

F, =E [ [ r)teerg )
RHE a1




fL(2 7{(/

.......... | [

§_l"' F(lfﬂ Cl*(-/) C,2~ -C/, )?) Q”F/fb{f-ﬁtb c, (- [)

ND

%‘Cf*l)eaff(’..,_()“%{(f) :&ﬂ:}%/f ({o\f})

'

EC{.MQW ? Z:'l 2 (

/A)O, A| Bo, F g@»g,_T)'Ct (Dl‘letlr/(

4, ((~§) F(‘cst,c~6"/+c~4~4.'/~;
7/

A A o
B, £ ponandie 73 (a .

+ —
i"

) H((;‘/ Q/Lf)

(B~ tn) = wifa, -0~ ¢t,) (nce)




de 2y (a1] 99

;L&;‘(,QS be Wee Moy o4y Wa/‘c \»Cu_aMS\,M
ofo e 9/£ LwLomomb/(w;c, %md(zom A

o LA}SL\/\,’OP\, S awal ’Q\,Ov\J\tw% we S mek\kom
Mk\ov\,\/\r\'ona - (FO'L M‘l ¥ e UO‘S ) x>0,xe g )

T oA Mo bk e \'>\i‘ Y o). W e \Wone \Tk

- Mniom Micontmn v e kaﬁ(o;(, \‘)OLVX\A,VWOL) A .
OMC_, o& ‘TE\L—&-\)\/\A— \/\,o-o% 0& \’(% \LOLNM:coﬁ \‘\/\LI‘\WMM
%Qf\w)\,(,\,v\ Jgoi\, \"Rz»(; M o{) U\rwu\, ‘Oz) \NO‘QOWOJ\/W(_
:%wvub\;ow oA Ui ol\nlz\»;w < @K‘WOV) Urrrtnn k‘i :

L. _Sby'\xbdkm%m (el Rad JZMAMQ A e
k\f\,o-o& gOU) onie o Har M"Xvwb/{'otc, LONL

‘X\L‘ﬁ d’{ \DQ, \/('\.t/ )\NV\% 0{) AU\MAA o& \’\AD/KO/\MOJ\/YV(’M:C.
-&mv\z}m VA AGanne \\f\.o.,o\m.,l/{\ S \L(_D:{\-\(:—& \»\\;,,_}) :
&\X/\L‘&Q)\AA« g: % %Lmn)?\w L%«h)‘éb&,&}
T&’\b(ﬁ(vvvw %\A Nowlo\ o{)_ol\/\dLQ\,b "Q %b Lo) *£vo

VY=Y %;Lo\ R V) —\—oh, OMOS\: <o . Nong JZ.QE- v %o/‘?‘g
e malls

Propronehkzion. Ve oremmn. M av ol omda s Yoo
a;l/\l_,,(}‘l\.\;:% W‘Vv\./’\f.v_\__ég 'O\L,'\’U\/V\A_;/vbid) W&
Q/LMMQQ:M ) X \A/o\',uv\/t;o‘/(’; §g_f»\[/wgwo/€

9,{:_;_\_9_6\/_\5» b )l""/‘/Q" ok

T WO



Diviiam Mworn b q ¢ M of orden \o.j\’e\_ﬁw«_
T goqgr
N\.}_\ﬁ_f\ )\_g\A{ﬁY_\\\)) Ln b,
B3 mok Veomne dirionn v ALTY wos oA olas
Theonm = A & Wonlion  Tlok ;4
L) € "D‘s(‘ﬂ NEIE g'(o)j)::TL\{ ) b) L6 €
L/\O#h‘*""L\SVB Ve o
€Ly = fr Lol ,N) )
A9 sl amd Tolo) =ly-er) -
CPNE-I %‘Qv'kwham o(o s \:'L-c,ol\,v& vt ol
\M%o%o@ﬁ\w%. MV(;{)\A\; 2—&&4“1)‘\”

IV“ZO

/\ .
%"Mkl) ('/lAS ) ‘&’M\L"-v (\S/ %ML'X) ) Ui ea

| %Qwﬂﬁ, Do Lo\ om 'og) ,
F('lf&} - é’&'wb\)jw _ Z ‘_ISM)()\\W“LP |
rwdlp) 2o )
Mg on o S ’Q’\W— akzeol Ao lulz oan
o, Tl 1)=0-

(o1 &.\vw Yo ton Sa\r’}( TN \-—\U\J\M ‘(\)ob&ew/\_
Made . Ra. 30, Yol - o3,
R. R €RARD ‘ _
T b de Mu\,\)“, KQMNMJ:(ML QOARO\-QAL
STRASBOUR S  Faowr .

bb

—41—



Lo - Drach— Vansiot TERE20T
Rekks K AT &

PcL'on(Q Vé AT % ANEEES ,F?I;; HH WY %Lﬁ ;AR ’%(/ﬂ'fx/ﬁ ﬁ%g ft,?é";
L FHImiETs PIRAY

— YO FRRA.  Lwo B Rt CEMMYA Golia M LR IRI3
It A,

THICARIT, Lo UT42-97) 1BAABNHER 0 Galrio 1250
YA AR RIBRR TI L LA e o i, —fLa) i £k
KR nIEZRC H3IA M3 Al 7 0 ITR OB TE T ) 5805
WIE G T, T2 Ny BALk mot LaBFER | Lo TR A
Ant. B L0IEEGA La AR RENITVE T,
75720 Drach U§71-19¢1) 1% Lo 0% 0 BIR A oHE.
L ULAR oA % k1%, BARET 7 wiedh, X 1470 B 33290 4"
% {, ¥ar 3% 3 5 12 F) cor) GARAE FTALF AV A
SMENAFRIECH 3. Vool (/865-1752)13 20 Drack,
ORIn Y ot FLRETDI — L B UL, Vi oI
Droch nAx%r) ILARLTY . (B, AEAtd 1+ L odd it
{OTH338. Bk 3O - 20 T4, T LAt T,
Lo n®F VRT3 LIRETS.

— R YLRDSITE 1y 1= [T AL AR )L ATR L 044 A
VIR DIGA O Galria 3R (AR Picond- Vool 5354 it

_42_



SR, Klr[cww/i baylﬂ‘m]Z LiX LI YT
BADCION B B0 FR 3G 0 FLA oA 0 324 A
2% 11§z TLU,CJ {80, Lmﬂ R AR @ ST IE TR
(AUEREATR) VA6 523 ¢ Kolelion 3~ 203, ve 3 A
Qodvio Y& n MER: b AR~ ILLE <- 717)3/(Eﬁlzz\lfl%#7i
N I BT Galoig TRK 13 T L7 0),

$0— OFIRRB. AT, $R Guloc AN N T8 T 24,
TEKTHCH, 208 Bt A szﬁ/;m@% T E it
TN

BIRAB 153725 o BA ML, hifiAs JFE . RIA
A0t /R0l —feofRRAEAiTu, %okid
fh-oPARABE M L Al th TR E, FEPOFS O Fh—
0 PFEARA B iRl kT 13 ERT U H. 214« DIRE T34HR
TR A3, | |

PARRA O BT e 7 372 L EF AR R A F ), =
) FRRE AL ATIAn Ramann | Fuda So{fewgéa
Crwm 23 B ERT R @/{I%/ Fy 4% /?E’/Jfffw?
Wmowm] AR A LT ID 1’5707’”?@/‘3 L 3SR Tk
Lo s s 3 AR TEER O Galous ZEBA FT) s K LA
CHICE-H S RIE Drack 11 Paonbé A43 175"” 4%
,M’ﬂf’ﬁ'ﬁﬁf‘z‘tﬁ Qq/m;{f/f%@f{iﬁ/ YHiIIl F ‘Z,-*ﬁA
TEIC AT T3 RREEBALT [ (2 ROAMH Galitg TE
(FA3 0 FREFAOT EINT, 40 h 331 5y T Dradg



TAF T BT T30 T ek B3 FIRRH 3,
Klchin 3 % 0 B3R 13, — AL PIRRA . BME LT
ARABET LT FPS Gd 38 1102, A/ 5FAT 7 /2 1%
Spoc LAL, Mhs LFE)EC T HALIE tRE T3, ik BEME
¥ L SHAB AN EF e ot |
F\RRC. 144/ R EALINMB 13 B 3007}

— R o F\RRA Bl L o5 o8 AL 274 3
IR ENCN O PN BB TH 3.



T4 E/AR ¢ 8 EA AT
REEKT IR TP
1. h74 F//J7\"l?‘ 75 % B {B(t)‘)‘ teR { a 9% %)
M B - ABO TSisws ZBEyRiu 7R
B AR T 3. HEROAR S
C) =epl-1130] 3eE,
T HY E : teet ﬂ*ﬂ%(m’ilﬁ'\. |

BARAY o, Ra sy ans.  pr EYeogBEL R

A <A 3>
3lo r (Y M) 8 £7AL /AR tE, ()= LCEM)
2% ) E T94F /42 MIBDK (Ri3 77y X IRAR)

v S

2. B BT 49w E — E o REs AYE .k 5o
Bx (1330 =-n3ll VieE)EBE TvHyrd Eo @E S
Er miAG OE) v FF ) VhEE0 RBAf =5
sz'E<:‘c{Jv>3. ( H. Yoshi yaw=)

}mw((f'm s g*‘ r ML

7 3R ?":/A»=/A . Ve OE)

2o s RT7AL /AN e — D ez, OE) = Le2¥
"R o b ZF(T" A5



C AT B e vy e S U U

3. AR $8w) & koAb /R HIDE 2 XK
Matem 1733, o7 BO teR, o ZthX w5 RARY
(704 “aemormalizalim” ¢ FFaav ) 14 (1) 59 R3% 2
W er, AR R TIB (L) sy D8 NG

)t G (L) < (1L5)° Selobor £16) &
~5, Bt ro Schuwnly TH R o {axiz

(S) ¢ (Lv) ¢ ()
=53 BILAR LB Vs el

4. C.OMAApr C,Jr/wz'w A B v B H e 3 ahyteas

2 v
¥, = —— - apg *
EPY: 1ty au M %t
N ) ) (5)* + 9 opixxnn,t (i.ﬁiéis‘ké_
Zi_iﬁi D U;,t - :9;¥3t-'- Qtf';s 4 IEli3\d7 aih&z&ajﬁn, 77H
i) Mumber eperalov N':j?)_:ato(/f 3 1 3y e 2K
FRX 7 Tor v IRT LN 1T AFEOTITS R

) Le”wﬁ' P GCWF,QM,L'M A4=j(atou-)z 1 13 15 5 4% (&7
AN EL T H Y

~ 3t C N ’
Cﬁ*w&16W&JBWM1- 3 ‘AbmlﬂﬁE%Zt@,»erW%~
/Moodune T tt_3;.7fd 3] Uili]i%z_f'l 2, TR ea ZZEI?] P\ By 3,
[x @)
1] P Lévy, Problémes concrets d'analyse fonctionnelle, Gauthier-villars, 1951

(21 . Hida, Analysis of Brownian functionals, Carleton Math. Lecture Notes, no.13
Carleton Univ. 1975.

{31 T, Hida and K. Saito. ed., Bielefeld Encounters in Math. and Physics, BiBog
400/89,



Blow-up of 1t Solutions

for the Nonlinear Schrodinger Equation

Yoshio TSUTSUMIL
Faculty of Integrated Arts and Sciences, Hiroshima University

Higashisenda-machi, Naka-ku, Hiroshima 730, Japan

In this note the author introduces the results concerning
the blow-up of solutions for the Cauchy problem of the nonlinear
Schrodinger equation, which have been obtained in collaboration
with Takayoshi Ogawa.

We consider the Cauchy problem for the nonlinear

Schrodinger equation:

(1) i %% = - Au - Iulp—lu, t > 0, x € R%,
(2) u(o,x) = uo(x), x € R™.

The equation (1) is of physical interest, because it
describes the self-foucusing of the laser beam for n = 2 and p =
3 and the collapse of the one dimensional soliton in the plasma
for n = 1 and p = 5.

Recently, many mathematicians have been studying the
behavior near blow-up time of blow-up solutions for (1)-(2).
Most of these results are considered in the framework of;Hl(Rn).
Nevertheless, the blow-up of solutions for (1)-(2) was showed
only in the framework of Hl(Rn)an(Rn;lezdx).(see R. Glassey [J.
Math. Phys., 18(1977), 1794-1797} and M. Tsutsumi [SIAM J. Math.

Anal., 15(1984), 357-3861). When we consider the existence and



non-existence of global solutions . in time for (1)-(2), Hl(Rn)
seems to be more natural than,Hl(Rn)an(Rn;lxlzdx),

We have the following two theorems.

- Theorem 1. Assume that n > 2 and 1 £ p < min {5 , %}%},
Let u, € Hl(Rn) be radially symmetric and let. the initial energy
_ 2 _ _2 p+1 : B
EO = HVuOHLz_ D+l HuollLp+1 < 0. Then, the solution of (1)-(2)

in Hl(Rn) blows up in finite time, that is, for some finite T >

0, ll'vu(t‘)-*lle 5> @ (t - T).

Theorem 2. Assume that n = 1 and p = 5. Let u, e'Hl(Rn)
and let the initial energy EO be negative. Then,
the solution uf(t) of'(l)-(z)'in Hl(R) blows up in finite time,

that is, for some finite T > 0 H%%(t)HLZ - o (t - T).

Remark. (1) The unique local existence theorem of
solutions for (1)-(2) is already established by Ginibre and Velo
[J. Funct. Anal., 32(1979), 1-711. 1If u, € gL (RY), for some T>0
there exists a unique solution u(t) of (1)-(2) in
C([O,T);Hl(Rn)) satisfying two conservation laws of the L2 norm

and the energy:

Hu(t)HL2‘= HuOHLZ )
. 2 2 g p+l
IIVu(t)lILZ p+1 flu(t) p+l E,-
L
Moreover, T = = or else T < @ and lim HVu(t)HLZ = o,

t=T
(2) It follows from the uniqueness of solutions in Hl(Rn)

that if u, eHl(Rn)is radially symmetric, the solution u(t) is



also radially symmetric.

(3) The advantage of considering the. blow-up problem in
Hl(Rn) is the following. The upper bound of the>bloW—up time T
obtained in the previous papers depends on HuOHHl, EO and

0L
of T depending only on HuOHHl and EO.Y

lIxu,ll; 2, but the proofs of Theorems 1 and 2 give the upper bound
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The structure of non isolated singularities of morphisms
Isao Nakai Nagasaki Univ.

Map germs f, g: Cn,O - Cp,O are topologically equivalent if
there exist germs of homeomophisms ¢@ of (Cn,O), ¥ of (Cp,O) such

that ge = yf holds. When f has non isolated singularities along

l(O) the fibres f—l(u) infinitesimally nearby f_l(O)

1

the fibre f
detefmine a rich geometric structure on f ~(0), the so-called
generalised web structure. For such a structur the topological
rigidity theorem for webs aplies 1in some cases and says thatb
topological type of f determine holomorphic type of the fibre

#1(0) as well as 'the web on it. - This phenomenon makes a

f
remarkable contrast to the fact that functions f: C*,0 - C,0 with
isolated singularities are topologically determined by their
monodromy of vanishing cycles.

To eXplain_ the web structure for map germs, consider, for
example, the pinching map f: C3‘ - C3 defined by f(x,y,z) =
(x23+yz, X, V). The map is linear with x, ¥y, f—l(O) = Z-axlis,
finite-to-one off f_l(O), and the preimages f_l(C) of curves C
(possiblly singular) passing through the origin in the target are

1

three-curves meeting f ~(0) at three points. Those are depending

only on the tangent direction v € P2 of C at the origin and

denoted DV. These DV are all linearly equivalent as diviéors and
form a "linear system" L = P2 of degree 3 and dim 2 on the fibre
f_l(o) = Pl (For general pinching map we obtain subvariety W in a
linear system). The geometry of this linear system is called the

generalised web geometry of f.

The morphism ¢: f_l(O) - LY (dual of L) is defined by the



dual ¢(z) = sz of the projective line HZ = {D_ €L | x € DV}, and

\%

conversely the image @(f_l(o)) c LY generate the "foliation" by
the dual lines H_  paramatrised by.z € f_l(O) on L, the so-called
3-web, for which topological equivalence implies holomorphic
equivalence (provided thé web in non-hexagonal) (the rigidity).

The structure above explained is interpreted to the'following

blow-up dyagram with the centre fﬂl(O) and the origin

=
A

TR A () — o0
where T is the strict transform of f. From the diagram we
extract the divergent part
14 ' T

£r0) —— fro) x P —— P2 - L

from which we seek to detect the structure of the non isolated
singularity of f concentrated at the fibre.

In é general divergent diagram Fﬁ— £, defines a double
fibration (foliation) % on the intermediate space and the direct

imageS'f*? , g*? are defined sheaf-theoreticall. The generalised

web structure is nothing but the geometry of the direct images.

In the seminar talk, some relations of the web structure of
mappings to the various geometries such as algebraic geometry,
dunamical system, holomorphic group action on (C,0) etc will be

also explained.
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(A.1) ai'qu = ap'i‘jq = ajqip , 1,jypP,q = 1,...,0.

n
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seett. WHMED translation KEHERHF SO S  (Shibata-Soga [41).

(A.3) Z alJE;IEJ has eigenvalues of constant multiplicity.
Lj=
)

Gii) 20T, Eaijgigj- @Iﬁ]ﬁf@’é A1(€)j<v weeg xd(g) &4 3, >\i(€) )]
FEIEZEMN® projection 2 P;(E) &93, (A.1) ~ (A.3) &

(A.4)  Every slowness surface {&: ‘)\‘i(g) = 1} is strictly convex.
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Quasilinear Reaction—Diffusion Systems

Herbert Amann

We discuss a variety of examples of reaction—deffusion systems, which are all taken
from various fields of applications. The common feature of these examples is that they
all involve systems of parabolic differential equations, which are either strongly coupled
~ or highly degenerate. We indicate how these examples can be considered as concrete

realizations of abstract differential equations of the form

i+ A(uu = f(u) (%)

in suitable Banach spaces. Finally we indicate the difficulties in solving (*) and the tech-

niques which are used to overcome these difficulties.



On Tests for Stability.
R. Raudmann,
For quasimonoton increasing C1-vectorfunct10ns f in R" (and even- for
:2r§fgenera1 functions) the loca1dasymptotic stability of a critical point
(") S5 % = f(x)
can- be checked by an O(ns)?step calculation, 1f we use that a real 'Z-matrix

is positively stable if and only if it {s of monotone type.

In the case of a Lipschitz-continuous quasimonotone increasing vector-
function f on RN , the flow-invarfance with respect to (*)of axes-paralle)
closed rectangles [a=,at] c RN is equivalent to 0 s f(a~) and f(a*) s 0.

For a continuous quasimonoton increasing vectorfunktion f on R", the global
asymptotic stability of a critical point %x* of (*) follows from the suffi-
cient condition that x* is situated on a Cl-curve X(s) @ RN, which (in the
componentwise ordering of Rh) {s strictly increasing from ~ » to « and on

which _ ‘
0 < f(X(s)) for X(s) < x*, and f(X(s)) < 0 for x* < X(s)

holds. By the well-known comparison theorems, these results also apply to
weakly coupled quasimonoton increasing parabolic systems.



