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Classification of germs of contracting maps and

classification of compact complex surfaces

GEORGES DLOUSSKY

University of Provence

Introduction:

The study of Hopf surfaces is based on the classification of germs of invertible contracting

holomorphic mappings, i.e. of germs
f:(C*0) - (C%0)
which are invertible and s.t. Df(0) has eigenvalues a,b satisfy
0<|a] <] <1

the following theorem gives normal forms of these germs i.e. the simplest elements of the

equivalence classes by the equivalence relation

(*) f~f' < 3Jp:(C?0)— (C?0) which is invertible and ¢f = f'p

Theorem 0.1: If f: (C%,0) — (C?,0) is a germ of mapping such that Df(0) has eigen

values a,b with condition

0<la| < b <1
then there exist an invertible germ ¢ : (C2,0) — (C?,0), an integer m € N* and £ € C s.t.

g(z) = po fop z) = (az; +£z3*,bz;) and (b™ —a)t = 0.

These normal forms give immediately geometric properties of the primary Hopf surface

assoclated to g, for example the existence of elliptic curves, and it is shown in [11,12] that



if we replace ¢ by ¢ = (¢1, #2) where ¢; € C[[z1, z2]] and ¢ has a formal inverse, the formal

classification and the convergent classification are the same.

Definition §.2: Let S a complex manifold of dimension n

1) Let X = dB™ the sphere of radius 1 in C* and f : (C*,%) — S a germ of a
holomorphic map from a neighbourhood of ¥ to S which is biholomorphic on its image.
We shall call such a germ a spherical shell and we shall say that f is a global spherical
shell (G.S.S.) if S\ f(X) is connected.

2) Let ¥ be a smooth real compact hypersurface of S, X is called a strictly pseu-
doconvex hypersurface (S.P.H.) if there exist a neighbourhood N of ¥, and a strictly
pseudoconvex function ¥ of class C? on N such that ¥ = {¥ - 0}. We shall say that ¥ is
a global strictly pseudoconvex hypersurface (G.S.P.H.) if moreover, S\¥ is connected.

3) AS.PH.3X C Sisthe boundary of a Stein space, if there exists a neighbourhood

N of 3, an open embedding
t: N X

in a complex space such that i(X) is the boundary of a relatively compact open set.

Remark: This last condition is sufficient to show that 7(X) is the boundary of a relatively

compact open Stein normal space.

Now suppose that S is a compact surface of the VIIg-class of Kodaira 1.e. S is a
minimal surface with first Betti number b;(S) = 1. Suppose moreover that b2(.5) > 0, and
consider the following conditions:

i) S contains a G.S.S.

ii) S contains a G.S.P.H. which is the boundary of a Stein space

iii) S contains a G.S.P.H.

We have i) = ii) = iii) and i) = i) by [8]. Till now there is no example of a compact
minimal surface satisfying b((5) = 1 and b;(S) > 0 and not i), nevertheless there exist
S.P.H. which are not the boundary of a Stein sp>ac‘e (see [4,13]).



The basic construction: Denote by B, := {z € C?| ||z|| < 1+¢€},B := By = B*.

Denote by 7 =1I; ---II,, : B® — B, the composition of n blowing-ups over the ball
B, in C? and o : B — B! a holomorphic mapping defined on a neighbourhood of B,

biholomorphic on its image, and
A, = B\ o(B_,

Since ow defines a biholomorphic mapping between neighbourhoods of ¥ = §B and (%)
we obtain by gluing these neighbourhoods a compact surface S(II,o) which admits by

construction a G.S.S.

f(IL, o) : (C*,3) - 5(11, 0)

If (4i)icz is an infinite sequence of copies of 4,, we may glue A; with A4;;; thanks to
oll to obtain the universal covering space (5’, @,85) of § = S(II,0’) with an automorphism

g: 5§ — S which sends a point z; € A; on the same point z;¢; of 4;,41.

Theorem 0.3 [7]: If S contains a G.S.S. f : (C?,X) — 3, there exists (I,o) and an

isomorphism a« : § = S(II, o) such that the following diagram is commutative

S
f
/
(€2, ) la
N
f(L, o)
S(11, o)

In order to obtain surfaces S(II,o) without exceptional curves of the first kind we
suppose in the following that:

1) I = II; ---1I, is the composition of n blowing ups over 0 € B? s.t. for every
i > 2,11; is the blowing-up of a point 0;_y € C;_; and C;_; : ;% (0;-2)

2)o(0)=0, € C,..



Now, F = Ilo is a non invertible contracting mapping from B? to B? and it can be
easily seen that the holomorphic structure on the surface associated to (II, o) depends only

on the germ F : (C%,0) — (C%,0)

Problem: Classify all such germs by the equivalence relation (*) or more simply by the

formal equivalence, and find normal forms.

I) Surface containing a global spherical shell with positive second Betti number

The following proposition show that the rational curve of the universal covering space
have a canonical order induced by the order of creation in each annulus 4,, that for each
curve C, all the curves C' > C may be collapsed on a point of C, and so on S, if n = by(5),
there are n families of G.S.S. The following construction is independent of the choice of a
G.S.S. |

Propositiom 1.1 [1]: “Intrinsic collapsing of the universal covering space on a curve”
1) For every compact curve C C S, there exist (Sc, pc) where Sc is a manifold with

one end denoted by oo, and

is an isomorphism from S\p;'(0¢) on S¢\{0¢} such that C := pg(C) is an exceptional
curve of the first kind.

2) We have an order relation on the set of the curves of S

([ the existsIIg, : Scr — Sc which is the composition
of blowing-ups uniquely determined by C and C' such that
S
C<C & 4
vd N\
S'Cl —d S'C

HC,
_ i3 commutative °

We denote by C + 1 (resp. C — 1) the curve which follows (resp. preceedes) C.



3) For every C, there exists a unique isomorphism Ug+" : S — §C+,, such that the

following diagram

is commutative.

Definition 1.2: We call the family

Feo == Hg+n“g+n : (S'Crﬁc) - (5’(;,'60)

the family of germs associated to S.

Lemna and Definition 1.3 [1]: We have for every C

0 < [trDFc(0c)| < 1
This number is independant of the choice of C therefore we call the number
tT(S) = tTDFc(ﬁ(;)

the trace of S

It is easy to see that if in a sequence of n blowing-ups = = II; ---II,, we want that
C} = —4 then necessarily C; = —2. More generally if we want that C? = —(k + 2),
necessarily C7 = -+ = CZ = —2. After such a sequence, we can blow up a géneric point or
repeat such type of sequence. If n = b;(.5) the sequence of self-intersections of curves in S

is periodic of period n. That is the reason why we introduce the following notations:

Notation: If (C;);cz is the sequence of rational curves of the universal covering space

S of S, ordered in the canonical way we denote by

o(S) = (a:)icz = (~Cf)icz



the sequence of opposite self -intersections of curves.

We call the sequence 83 := (k+2,2,---,2) a singular sequence and ry :=(2,---,2) a
e — e’

k-1 k
regular sequence. A period of a(S) can be written uniquely up to a circular permutation

‘as

0 Om—1

where o; = 8y, or o; = 7y, and if o; is regular, o;; is singular (mod. m).

We denote
a(S) :=(00 - 0m-1)
- j4n-1
on(S) == z a;
i=j
We have [1]

2n < 0,(S) < 3n

the sequence a(S5) determines completely the intersection matrix of rational curves of S [1

or 9]

Definition 1.4: A minimal surface with n = b3(S) > 1 containing a G.S.S. is called

generic (or parabolic) if ¢,(S) = 2n and is called of Inoue-Hirzebruch if o,,(S) = 3n.

We have:
Proposition 1.5 [1}: S is generic if and only if ¢7(5) # 0

I1) Inoue-Hirzebruch germs and Inoue-Hirzebruch surfaces

A _construction of Inoue-Hirzebruch surfaces:

A germ F =1lo =1II; - - - II,,0 gives a L.H. surface if and only if
i) For2<i<n 0;is the intersection of 2 rational curves
ii) If 0, = ¢(0) = C NCy, 01 belongs to one of the strict transforms by 7 of ¢~ 1(C,,)
or " 1(Cy).



M. o H(Ca)
s -3
6 (Ce

We call a such germ of mapping a germ of I.H. We associate to F' = Ilo the surface of
LH. S(II, o) and we choose the numbering of the rational curves in the universal covering
space such that if a(S) = (a;)icz, we have a; = —C?.

Denote by A’ and A" the matrices

AI — AII —
0 1 1 1

We associate to F' the matrix

A(F)=A;--- A,
where

A i e =2
A =
A" if a;_1 > 2

Theorem 2.1 [2]: Let F = Ilo a germ of mapping of Inoue-Hirzebruch and let

A(F) = (p q)

be the matrix associated to F’. Then F is isomorphic to the germ
H,: (C%0) — (C%,0)
(z1,22) — (175,2123)

where a = a(5).

Theorem 2.2 [2,3]: 1)Let sand S’ two surfaces of I.H. such that b;(S) = b,(S’). The

followihg conditions are equivalent
i) S is isomorphic to S’

i) a(5) = a(5')



iii) S and S’ have the same intersection matrix.

2) The Inoue-Hirzebruch surface are those constructed in [6] denoted by S, and S,.

Remarks: 1) The theorem 2.1 gives the normal form of the germs of L.LH. and shows
that the formal classification is equivalent to the convergent classification.
2) If S is not supposed to contain a G.S.S. but has b5(.5) curves which form one or

two cycles, S is an L.H. surface by [9]. See [10] for more general situation.

ITI) Germs and surfaces of trace different from zero.

Denote by CZ?  the formal neighbourhood of 0 € C? ie. CZ, = (0,C|[[zq,22]]). We
say that two endomorphisms F, F' : C2, — CZ_ are formally isomorphic if there exists an

automorphism ¢ : C2, — C2, such that

Fé = F

Lemma 3.1 [1]: Let F anf F' two germs formally isomorphic then the formal neigh-

bourhood D and D' of the union of the rational curves are isomorphic.

Example 3.2: Let Ny(z1,22) := (t"2125,t22) with 0 < [t|] < 1. We have N; = Ilo
where o(z1,22) = (zl,tzz)b and w(u,v) = (uv™,v). The surface associated to IV is the Inoue

Surface S57'. The curve {z; = 0} is invariant by NV and gives an elliphic curve in S57.

Theorem 3.3 [1]: Let F = IIs : (C?,0) — (C?,0), where 7 is composed of n blowing-
ups and t = trDF(0) # 0.
Then :

1) F is formally isomorphic to N;. In particular F has an invariant formal curve.
2) The following properties are equivalent
i) F is isomorphic to IV,

ii) The invariant formal curve of F is convergent

The complete classification of germs with trace # 0 has been obtained by Enoki:



Theorem 3.4 [5]: Let F =1lo : (C?,0) — (C?,0) where 7 is composed of # blowing-ups

and ¢t = trDF(0) # 0. Then there exist complex numbers ay,--- ,a, s.t. F is isomorphic

to the:germ

n
Ei(z1,22) = (" 2127 + Za;tizg,tzz-)
) i=1

Corollary 3.5: If n =1 there are 3 classes of germs :

N(z) := (tz122,tz2) Inoue surface
G(z1,22) = ((21 + a)tzz,tz3) for any a # 0 “generic case”
H(z1,22) = (2122,21) Inoue-Hirzebruch surface.

For a proof see also [9]: A direct proof can be obtained by deformation of germs.

Example 3.6: If ¥ satisfies #71G¥ = N then there exists a # 0 s.t.

¥(z) :=(az1 +a Z z;'t"k(h_l)/z, z3)
B>1

¥ is never convergent since |t| < 1.
This example shows that when the trace is # 0 formal equivalence does not imply conver-

gent equivalence.

Conjecture 1: If F = o then F is isomorphic to a germ

Fi(z) =lo

where w = II; ..., is composed of the blowing-ups
7 : (w,v) = (ww+a;-1,v) or (¢',v') = (v +ai_1,v'v') 1<i<n—1ando(z1,22) =

(z1 + an,tzz)

Conjecture 2: If two germs with vanishing trace are formally 1somorphic, then they

are isomorphic.



12.

13.

REFERENCES

. Dloussky G., Structure des surfaces de Kato, Mémoire de la Soc. Math. de France,

Nouvelle série no 14 (1984).

. Dloussky G., Sur la classification des germes d’applications holomorphes contrac-

{antes, Math. Ann. 280 (1988), 649-661.

. Dloussky G., Une construction élémentaire des surfaces d’Inoue-Hirzebruch, Math.

Ann. 280 (1988), 663-682.

. Dloussky G., Colmatage de surfaces holomorphes, preprint.
. Enoki 1., Surfaces of class VIIy with curves, Tohoku Math. J. 33 (1981), 453-492.

. Inoue M., New surfaces with no meromorphic functions II., Complex Analysis and

Algebraic Geometry, Iwanami Shoten Publ., Tokyo (1977).

. Kato Ma., Compact complez manifold containing “global spherical shells”, Proceeding

of the Int. Symp. Algebraic Geometry, Kyoto 1977, Kinokuniya Book Store, Tokyo
(1978).

. Kato Ma., Compact complez surfaces containing global strongly pseudoconvez hyper-

surfaces, Tohoku Math. J. 31 (1979), 537-547.

. Nakamura I., On surfaces of class VIIy with curves, Invent. Math. 78 (1984), 393-443.
10.
11.

Nakamura L., On surfaces of class VIIy with curves II, Tohoku Math. J. (to appear).
Reich L., Das Typen problem bei formal-biholomorphen Abbildungen mit anziehendem
Fizpunki, Math. Ann. 178 (1969), 227-250.

Reich L., Normalformen bikolomorphen Abbildungen mit anziehendem Fizpunkt,
Math. Ann. 180 (1969), 223-255.

Rossi H., Attaching analytic spaces to an analytic space along a pseudoconcave bound-
ary, Proc. of the conference on complex Analysis, Minneapolis 1964, Springer-Verlag
(1964), 242-256.



Li()b(l/f//e Sum/aaes

B - (k)

0. T T NI RW KXo B KT AL I 21T TE S,
(M,9) ¢ WRA =y 3atF 1, EcCU(TM) 5277
T3 — }%’j%//\ Iy, (EQ)=5pa)t, Nevm ) £ e (7 M)
e 50 ) e LN — AR 2 B 13 Peisson bracke? {7 £ =0
2 fﬂ%é 2"9(7?‘/“» = 7’/%’1’0/’)_ L L3P AL 7y nE O
4% A, A ) co ndtasEdlrT sl 17 24
¥h'a TIHE v 7 bk 7/‘307!%"1%52 T A FD
% ) {fi 5T HE Ty B2, L T AP —5F 5 of, T o Arbrewise
1t B v FTEILA I AR T

A< e Yy Bz (1)) #’/‘/7”- VOl e 1Ty
Kb fibrewice [ LneanTy 2 =453 < B4 73 EE 7 s 415
7:z/7m/9" IS U ARG el 5y ced & 3(F 191,)

2’7ﬁ/ﬂ AT F oo ulru b 55 5 4o ) ze A 015 19
i A A o HE O 1Y &Y ErT AT 750, 0 21 7o S e
“hi 2 A< Tk I FHz 2oL T At B3 naa
B AR o )z B ) NI DB G IZ B IR T Aibrewice 1z 274 9
MR BT 2 FIFETI -t A5 REHRS AL %Y
ST TVICOF Ty BF et [5 B n ) fibrevise = 270 FL AR
T RIIDTNA-FRR A, A AR W w50 2 1T
LV 7evn, 3T AZ o n =2 Y W23 oL 023 17) 39 n-2 O
BE19 V30 TR B AE s ThT RACH) Tl Bz
YUY T ) VY 7y ) e i A 53 Hhs- 3 %{.ﬂé 2 5 B0
A AR k) W e ST E R B L G- TR 0 B 5~ 523
ey N>y o BbH | 9 B 61 0k v A Y 7, P e 0 2



Fa) mo Rt ST LT B Lu G-l AV IR A AT

%! 9L TC D I’%//”\l _
VRA AV ICTE H At S, S e oo T2 Tg g FeCTS)
;3 793 Joml (S.9, F) vEa s sy tan FAJ, Fe

FAA= Gy TAF Y E e T,
i) 1B, 7} =0
W) Foi= Flrrs 1 Ypes piar 22 DARG A
) TFue k7S E o WA LT OG0 40 vose R, 1T fitpenrise [z
.74 B4 0 2%
G @)1y A 10 0 (ATA) G ) AT 2 S w0
:‘\LszZfﬁ_bi L2 u3 P €5 ch/L//'l')@’/T,\’)Il
i)y, & REr,
€ HZ23 e R LA NN T,

j ("Da,r})bu,x[l-])‘ ,70 D) Zf‘l_/f% 2 U (U7}/O"“ 3&‘74 |2 v 3 &
J3C 1.0 NI E TR (L,on) ¢ MR fw), Lo & Fi555 12

— ? iz 2 ¢
N 3 "
A6 5 —h)F,

%:L~,fl(l,)”r7[»[)éLl)(47C,74)(»/ ;0 %,xljfﬁub/

v a7y ]

ngip dh L A7 Am R g didiun) € gy 308 (5,9, F)
(avwob) Nob b % 372t T

Q>0 455wl (S; 9, 7)) U= 2) o B 50 « 1
%Y wemehy ¢ (5,0,) 2(5, 5,) v K)o, 5eR 9 F ¢
Foer) T = r P rSE, - N2 gy eI EZ Y, #HRL 0

75

zo HEIL Y ES AT 0 TR s ARG 2 YONIVELE e



Nie¥H T A58 L PHAEEACS T
N ={reS | Fr=rE, fnome rep )

2 ES g I A -HIE v LT R e s b,

SRR N = R Ea#aN 1 D aQlmd v &H3
#N 2o aeA 1N SIS e dffes v ) coRd N CL B H—
PAMD ¥ L. sv — 255 12 572 Lo, L5 L Noft P —p &
AT e Cul(Pe) =4 Pisn) (Ctemds 22%353) A =2 k3 g
S 13 RP* 1 Affer. T tovtvey % v 3 ¢ AN =4 O Chee s23F 5
#AN =0 N vwd ia S 11 A 8 700 L s diffess [

%&B/ﬂ R A 0E TR R Fic O By T U1 Tl &2

797 Y. AT S o ST diff 7y B (7/\/:9637%/2\) 3

ST ELES . o >0 RIHZ L, R
/> — /
T=R/T | Tz (d,0o)2 * (0. 4)7

Y T W GuG) D ) w2 TR T 9 bt b
vr Ri=T/iLt) Ay T RAREE LA FHy

Bl (e.o) 0 (8 0 Wty Ve & A (- ent) ¢
r) el Y R 7 ST dfes 1= 73 fl) (5 2) T REL
o B &0 O E 2 Eka bt L gy AaTEN £ T

j "J;; (-t) = 'f;(t) / -fi//(o) > 0 . 7£(" (c)= ;7{ (é‘/ :‘0
)Y t£0, % mdoaz) D Ft7r Do Ui+,2) )
L4 ), (0 = Ld, T (_H%/
==L, (Rt = ~Thle fAt+ )

S U W)= Dh 0t ey 540 AR € A7



ZNk7
Hiu) % = oy ?zz

A7)+ £ (n)
o %75 T—7R < 2k ReoCV 255 R

(éz Hl(x,)frﬁ[lbl)(d?(,l7pllfj ) h o=

7R L
o CTKIB 4w EE L, (R F) 13 100 Bk %)
FAL S He Ty 408 (i, f) 0 G T QL2 5 25y

47ﬁ‘ Co(l/a(“/f//7z°/ t (///,ﬁL/ 75/, Zz} élf\ /2;)7& 7"%322 ‘E-/ %L:}

. of - . .
c2o ¢t 1/;6-{0/ = (i 2) 5%, 7 7/‘10)?707/%//‘5[0) () D sy 5

A N/ I AN VIV IS SR B
) Pi= coli, " Rilet)= of; (2= 20)  (i=12) )

(2) p;=Ccd, 4, (cf/:75~(‘7’75‘) UIZJ):(H)/KZ,/)/

rzo)LC(i ?/l 6)}11/&4%3\ I/é_ 7l

FW3 Fa BN 7 O RBEH C )7 L i

(SV9,F) 0 FlEE o B 2 177 | o i 547 < [ ]

TR Y E IR TR T) Teie £02 IS SN 0 FL o
ALK FT) BEZHE 5 o7 (48 1) v B oL ops
éﬁ)'l 7o Th D

P DY D (5, B) 0 Y BRI 05 0w )
Rl/ L) = { (9,‘%)/) E iz 7o 3 45 2T A g %33
TR e (o) PREC . AW, 40 2 SR AR S [TE W< -
LA ThE LAl TR T A0 TS5 f < K] 9 £ ¢
YA



/A,mr\, A1) (4o )
() | AU~ A1) (e [T)
Al A (D) (H00%)

oA A o, 2L (is,2) T

B, — : b. ;
'(,zjwdf )(:[Miq’/f

. / 2

237y, Br=2m £ XA (ic,r) b [T
fl)=(f)emtt,  fL) = P
CFIC (R, f ) EQ o Tay, YT D (ST G F ) T

13% . BRI AcAc] e Tl BE | o Wab tE L
bi>by>by >0 ¥ 12 Bz (bi—=bo)/(b—b,)

A= [h —(h-b)t" A= [boy (4,-4)T

eI AP ET bbb 0 HAD S ET (of Hingerdery £ T )
AT =k e tira-t) ¢ g te e Fy A D es T

'Ti?i Ll" PG(O/') t)aﬁ;(/ , Q4 0 KK Ailt) . Dt/ (71,9 5w f oy

t*) ¢ A LTy B ATERT GhLa) VEIC T 42k
53 oyl B O e L 11 B ¥r L7 7 AT YE D[]

A& (BHO/‘)QT"?-ELL AT=1 Liria) oed AT Y9
hiD 0 T4 v Cor - IT% o ER AL NG d e B 2T 59115 sy 2
&N W mea 20T TS T Y )]

N

pas i (59, F) 2 s & RPY, b9a, D2 HY o dipr 7z #5
0D 4 lﬂﬂu W, v Ty Adk ) A TEU R v {’ng T 3



of o R AT B m

~ /I~

BIRC  F v e wed (mwEo) T BN 143 ¢ o LT
v 43 Towz (S.§5) o TIvF 52 0/p ¢ EFHIRDY L7437

o e b (4 F) B T2 4w 0 %E 1 8 e
Rwéel , o v [t (p72)PeW + pi=0 fame L5600 v EREPRN-S]

(® w722 Yt )

5. MRAOG A

Nas v Wip o 124 714 g 19 B TRy 11y )0 Wt op
o AV 7= PR G 0 BE 9 ’/"7’7?’Vﬁ3¢§ 12 29 i 73 1o )2 0
Ho7hta v 23907 AB P B 5 T (wilk z?/%/ﬂ/;?zf?)@

B) B FH A FANE Sh 0T FT e Db

G:!t) 3 = Z 6,)n~': —[—’— (’7(}‘4[9(,,,} ‘_7[[()(;/]-4}(/')‘

DTV (N, %) R AT A TEE fite:) Cisisn) iy "iﬁi/%?&z
TH N AN A1) > n&m) > - >7£ Ca) S wAy R, (¥
LA ECOZLARG P e S0 253 2K v
no Ay )T |
—:%%fi‘_ | (/3/5//1/
o) 1)

h o . — .
1 lY B Fl=o X h. . =92FE (En zzm#u/%‘/éﬁ()
by J o ];/ j

T HRT R P05 e BT Fo Qe nxn 577 (4 )1
VFRAC hny 530, - .30 AT dF A~ ndF, 70 > F 7

CTARV @] QT s 1 ALY A 2k g T LE EH 2 e,
Tl B T U h A0



B ] peR c@EL, Us toafk, jt UL -2
I T eCTY) (i) el ROFH T A X T e F
() By (1254n) 13 A dbre £ ~ABRL Ty QR 0 PIRY By A

=2 F

- /

W) {Fe, 7y} =0

¥Ms

s

Ur) T, -, 7, 17 # dihre £ 22573 ¢ LT F) 0 37 Bu THE

SnCT p 9 D)0 A FEEH (X, -.0,) ¢ NAB) ) —F L bi ()
s-eh T a) dlli)go d o) (by)7= (7)) T3¢

2

Fo= Th 5T 2E=IT, ey gtz cu [

SN L45&/2 LT N23 e I3 F/ )T 1< 5075 1L) TT 5 O
G s A3 2 G i) 1o A Bre 201 15 %05 8v 2
L Bm A A O TR o T e < B8 T Ly,

AT A g PTEE R ) 0 Tin LT )3 Ak e ST o
749 7 ) T AHRN TFI. K >0 T = TR/ 2)

;‘j.

(n=zzx b=32) Yu, T roRI o, (15<n-1) ¢

Ly -
Q}()C) = (%, X/'P/j %, = ”1/'7// Xype, = Xn ) L1sj<n-7)
= F %5 F) eir; oo o=l v 7y, 0]
, :

G % o, 0, > BXNdAD I ¥ T

RS T/6 e AR T G o BE SNy ST

Afer. V. BRIE F T o T/ ot 70

FVEH < oo B fiow) (Ii<n) = 147 (b)) © 527919
T L) A (b)) b LAYV ey E Ay g
VRZOBE NG ) ciE Ve, mldd Bt vE)
L ISR N A W A B



FA 9 Teo HEeTA
3,1 EV\; 6;)”-[ T)- (’}L(7[/v)’"fn*(ql"))~d,{l;l

2 (Ao
2 5 L Tt R Ve T/6=S" £n )-2rird TE T
Z TNT) £a opendenac 4 P 2 A G Tk 72 B FL

-1

Ry o= = (1<) %)
J - T T J
h’-LrJ(ﬁ" ﬁJ) h/?/c (4—7;)
0TS o CHBt g3 30 AR
4 W AT, 27 7, (o /}#HQ /33 f?%\ 1

GoR)In g, T, t 1w Glmce o> <6 e
Fh1r T/G7 13 VL2590 TBD O BAE i 7Y YAy
G/z<¢ll,{ D vfgj/'al‘” TG =Sk TE 20 AL 2
%A/zl b) s 9L FF Lbdto T YAT S F 4 o £z

2T« ML 0 T4 « F-8H B #FE 0 D OEE -
@% SAhTI 2O MO E v BB 0TI Lo et BB

A aTia 174 « %5 7 19 %mif%%& T et [
(A A

A IO, 7H I IHBEThE ST 1- Wi ol
Co-UE OFAL B o (1EH B 9> 0ak i V) BT

OT I IRA BRI CIRAL T 57



,Q-e7[e//em ces
Y_’] A Besse , /V’éni'{"/t"/s’ ﬁ//rf m/az 7uwf@5/¢s‘ Ggre cﬂa;e(/} §]9r/"h;er /77()('

[)_1 G,DGV{)DILX, Lego’ns Su)y /zi '7/1éorie 7énc5m/€ r/€§ g‘[z/’,[aceg/

Livre VI B CAe/fez. /772, New Sork.,

EBFJ k1S Welopabe ) 07»7/’/&7‘6 [ﬁe}/&ééi/é‘?‘/ b/?}io ?ezvzla/d‘ //zr/us' m §/hmc71/"(\c
S‘Pﬁ.Leg ) Aoll/ 5‘7(;4&[)@5 n ?ul‘e’, /767%, 3 (/75}// sod ~ /‘2/&:’

l}:] /( kf/oAdl’ﬂ/ Cow/yacf Z;anz/z‘//c S‘u/ﬁ%a(,e5 , P/g/r/nf'



On Intrinsic Measures of Complex Manifolds

SuosHICHI KOBAYASHI

University of California, Berkeley

§0. Introduction

We give a brief survey of intrinsic measures on complex manifolds. Since the publica-
tion of [3] and [6] in 1970, some progress has been made on the subject. However, intrinsic
measures are much harder to work with than intrinsic metrics. So the results obtained so
far are not as extensive as the results on intrinsic metrics. Since the first Chern class of a
manifold is represented (up to a constant factor) by the Ricci form of a Hermitian metric
and since the intrinsic measure seems to be closely related to the Ricci form, the intrinsic

measure may possibly play some roles in algebraic geometry of complex manifolds.

§1. Definition and basic properties

Let B™ be the unit ball in C* with the invariant volume form g defined by

H\/_dz AdZ

FEa- nzn i L

with respect to the natural coordinate system z = (21,---,2™) of C™.
Given a complex manifold X of dimension n, we define an intrinsic pseudo-volume
form U% by setting
(#), = inf(f 1) (o) for @€ X,

where the infimum is taken over all holomorphic maps f : B® — X which send the origin
0 to # and are non-degenerate at 0.

By allowing f : B® — X to be meromorphic, but holomorphic and non-degenerate at
0, in the definition above, we obtain another intrinsic pseudo-volume form, which will be
denoted ¥, (see [11}).

Then



THEOREM 1.1. Let X and Y be complex manifolds of dimension n.

(a)  For the unit ball B™,

m

H= ‘I’%“ = ‘I'B")
(b) I f:X —Y is holomorphic (resp. meromorphic), then
froy SW  (resp. fPUY S WYR);

c If v is any pseudo-volume form of X such that f*v < p for all holomorphic (resp.
p I _ v P
meromorphic) mappings f : B® — X, then

vS ¥y (resp. v S UR);

(d) vy < ¥y

(e) KHx: X — X is a covering projection, then
b =2*0%  and UF =",
(f) Both W% and ¥ are upper semi-continuous.

The last statement can be strengthened as follows. Let M be a complex manifold
of dimension n + 7, S a complex manifold of dimension 7, and = : M — § a surjective

holomorphic map of maximal rank » everywhere. Set
X,=x"1(s) for sc8.

Then each X, is a complex submanifold of dimension » in M. We consider {X,} as a
family of complex manifolds parametrized by s € S.

Let VM denote the subbundle of the tangent bundle T M consisting of vertical vectors,
i.e., vectors which are annihilated by x; it is a vector bundle rof rank r over M. Let V* M
be its dual bundle, and A»™V* M the bundle of (n,n)-forms along the fibers.

The intrinsic pseudo-volume form ‘I”J‘L of X,, as it varies with s € S, defines a (possibly

discontinuous) section of A»™V* M.



THEOREM 1.2. As sections of A*™V* M, both {‘I’_’J}'},Eg and {‘I’;'},ES are upper semi-

continuous on M.

Although ¥¢ < W% in general, the equality holds in some cases. In such cases, we

write ¥y for ‘I’} and 9.

THEOREM 1.3. The equality ¥F = % holds in the following cases;
(a) X is Stein;
(b) X is hyperbolic.

In the definition of ‘I”J‘( and ¥¢ we could use the polydisk D™ and its invariant volume
element instead of (B™, ). However, in order to have the following product formula (see

[4]), we have to use (B™, p) with the specified normalization for e

THEOREM 1.4. For two complex manifolds X and Y, we have

Ut oy =05 ATE  and WP, =T ATE

From this product formula, we obtain

o/ —1dz AdF
‘DDn = 211, z /\ i
,Hl (1- [

~ /—1dzi AdZ
‘I’(Dm)n = 2n H

23| log |27]2)2
g

i=1

§2. Examples

We consider a few simple examples.

Ex.1. ¥¢e=0.

Ex.2. ¥¢yxx = 0 for any complex manifold X. (use Theorem 1.4 and Ex.1).

Ex.3. If the group C acts holomorphically on X, then ¥% and ¥7 vanish at any point
z that is not fixed by C. (Imbed B™~! into X transversal to the C-orbit through , and
apply (b) of Theorem 1.1 and Ex.2 to the induced mapping f : C x B*~! — X).



Ex.4. (See [4]). Let
X = {(z,w) € C%; |zw| < 1}.

Then ¥x = 0 on X — {(0,0)}, but ¥x > 0 at (0,0). (The first half follows from Ex.3
applied to the C-action t : (2, w) — (e‘z,e"*w), t € C).

Ex.5. LetY be the space obtained from D x C by blowing up its origin. Then
¥y = 0.

(The problem is to show that ¥ x vanishes at the exceptional curve. This can be achieved

by considering the following two C-actions:

b (5ym) > (2, ct),
t:(z,w) = (z,tz +w).
The first (zesp. second) induces a C-action on Y with one fixed point, namely the point
on the exceptional curve corresponding to the direction w = 0 (resp. z = 0)).
Let X be as in Ex.4 and p : X — D x C be the map defined by p(z,w) = (zw, w).
The map p collapses the complex line C x {0} to (0,0), and X can be realized as a domain
in Y so that C x {0} becomes part of the exceptional curve. Since ¥x > 0 at 0, Ex.5 is

not as trivial as it looks.

Ex.6. For each s € D, let
X, ={(z,w) € C% 2] <1, |zw] <1} U{(z,w) € C%; |2| < |s]}.
with the understanding that
Xo = {(z,w) € C%; |2| < 1, |zw| < 1}.

Then

22|z|2dz Adw A dz A dw

o = U [l

& > —————dz A\d dz 0.
( XD)(O,WQ) = (1 + |w0|)2 z Adw A Z/\dw

—24—



On the other hand, for 8 # 0, ¥x, vanishes on {(z,w); |z| < |s|}. This sharpens an
estimate in [4].
Ex.7. For each s € D, let

X, ={z€C; |zs] < 1}

Then ¥x, = 0 while ¥y, > 0 for s # 0.
Examples of compact manifolds are harder to construct.

Ex.8. Let T be a complex torus of dimension n. Then ¥z = 0. Let ¢ be the involution
of T sending ¢t € T to —t. The quotient space T'/¢ has 2?™ singular points corresponding
to the fixed points of ¢, and # : " — T'/¢ is a double covering ramified at these singular
points. Let X be the complex manifold obtained by blowing up the singular points of
T/¢. Then, ¥ vanishes except possibly at the exceptional divisors. We do not know if
it vanishes everywhere on X. We do not know the behavior of ¥% on X. When n = 2,
X is called the Kummer surface associated to the torus 7. The Kummer surfaces form a
dense subclass in the space of K3 surfaces. We can ask if ¥ vanishes on a K3 surface X

except possibly along a closed analytic subset.

Interesting examples of compact complex manifolds X with non-trivial ¥ are pro-

vided by algeraic manifolds of general type, which will be discussed in the next section.

§3. Algebraic manifolds of general type.
Let v be a smooth pseudo-volume form on an n-dimensional complex manifold X. In

terms of a local coordinate system z!,---, 2™ of X, v can be written as

v=V ][] vV=1(d A dZ),
i=1

where V is a (locally defined) non-negative function. The Ricci form Ric(v) of v is defined
by

Ric(v) = —dd®log V = 2v—1)  R;de? AdZ*,
where

O?log V

Bk = =0z



We note that Ric(v) is defined only where v > 0. We say that Ric(v) is negatively
bounded if it is negative (i.e., (R;z) is negative) and if

_ (Ric(w))" _

n nl(n+1)*v — ¢ <0.

If it is negatively bounded, we can normalize v (by multiplying it with a positive constant)

so that K, < —1. Then the generalized Schwarz lemma says:
v < p for every meromorphic f: B™ — X.

From this and from (c) of Theorem 1.1 we obtain

THEOREM 3.1. If a complex manifold X admits a pseudo-volume form v with negatively

bounded Ric(v), normalized so that K, < —1, then

An example satisfying the condition of Theorem 3.1 is provided by an algebraic man-

ifold of general type. The following characterization is due to B.Totaro.

THEOREM 3.2. A projective algebraic manifold X is of general type if and only if it admits
a pseudo-volume form v with at most holomorphic degeneracy (i.e., v is locally of the form

v = a®%w, where a is a holomorphic function, w is a volume form and q is a rational

number) such that Ric(v) < 0.
We note that in this case Ric(v) = Ric(w) is defined everywhere.

THEOREM 3.3. For a projective algebraic manifold X, consider the following conditions:
(a) Its canonical bundle K is ample;

(b) It admits a volume form v with Ric(v) < 0;

(c) ®% >0 everywhere;

(d) ®% > 0 everywhere;



(a') It is of general type;

(b') It admits a pseudo-volume form v which is positive outside an analytic subset A
and has negatively bounded Ric(v) (outside A);

(') ¥R > 0 outside an analytic subset A;

(d') ¥% > 0 outside an analytic sutset A.

Then we have the following imlications between these conditions:
(@ — (@ — (9 — (I

! ! ! !
(@) — () — () — (d)

The vertical implications are all sharp. The equivalence (a) < (b) is due to Kodaira.
We do not know if any of the other horizontal implications is an equivalence. Theorem 3.2
does not quite say (b') — (a'), but it comes very close to it. The three conditons (a'), (b')
and (c') are bimeromorphically invariant. But it is not clear if (d') is also bimeromorphi-
cally invariant.

The group of holomorphic automorphisms of an algebraic manifold of general type
is known to be finite, [10]. Example 3 in the preceding section shows that the group of
holomorphic automorphisrﬁs of a compact complex manifold X is discrete if ¥% > 0 on a
nonempty subset of X. In particular, (d') in Theorem 3.3 implies that the group of holo-
morphic automorphisms is discrete. Since we are unable to prove any of the implications
(d') — (') = (¥') — (a') at the moment, it would be of some interest to find out if any

one of (¥'), (¢') and (d') implies that the antomorphism group is finite.

§4. The volume element induced by the intrinsic metrnc.
Let X be a complex manifold of dimension n. We define a function F% on the

cotangent bundle T7* X by setting
F3(A) =sup||f°A|] for AT X,

where ||f*A|] is the length of the cotangent vector f*A € T*D measured by the Poincaré
metric of the unit disk D, and the supremum is taken over all f € Hol(D, X ) with z € f(D).



For some A we may have F3()A) = co. On the other hand, we always have
Fx(A\) >0 for 0£X€eT,X.
We can also easily verify the convexity property
Fx(A+p) < Fx(A) + Fx(p).
We define a dual pseudo-norm Fx on T, X by setting

FPx(v)= sup |A(v)| for wveT,X.
Fp(2)<1

Then Fx(v) is always finite and
Fx(v+v') < Fx(v) + Fx(v').

Thus, Fy is an upper semicontinuous Finsler pseudo-metric. It is the double dual of the
usual intrinsic infinitesimal pseudo-metric Fy. For details, see [8].
For the unit disk D, Fp = Fp is the Poincaré metric. For any holomorphic map
f:D — X, we have
f*Fx < Fp,

and Fy is the largest Finsler pseudo-metric with the property above.

Using Fy, we define a pseudo-volume form Qx on X by
Qx(ENE) =inf(Fy(v1) - Fx(vy))? for e€te AT, X

where the infimum is taken over all possible way to write £ = v; A---Av, with vy, -+ ,v, €
T»X. Then Qx 1s an upper semicontinuous pseudo-volume element. Since f* ﬁ’y < ﬁ’X for
every holomorphic (or meromorphic) map f : X — Y, correspondingly f*Qy < Qx for
every holomorphic (or meromorphic) map f : X — Y between two manifolds of dimension

n. For the unit ball B*, Fg= is the ordinary invariant metric (i-e., the Bergman metric),

and Qp» = p. Hence,



It follows that if X is hyperbolic so that Fx > 0, then ¥§ > 0. In particular, if X is
a compact Hermitian manifold of negative holomorphic sectional curvature, then ¥y >
0. This raises the following differential geometric question, (see the comments following
Theorem 3.3). Is the canonical line bundle of a compact Kahler manifold with negative

holomorphic sectional curvature ample ?



10.

11.
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Symplectic double groupoids of (az + b)-groups !

Sk AT (BRHIAE - )

FIZAT:

Lagrange JJ% PR o Befy
Hamilton 1% SRR DB
symplectic manifolds
4 — Rk
Poisson manifolds
( —fiik
JEBT Lie A&
(Jacobi manifolds, bundles)

A. Weinstein, M. V. Karasev @ (F§H,. 1 72?) §{22Hi#¥ (symplectic groupoid) i€ & % &, Pois-
son manifold {X symplectic manifold ®HIC lagrangian submanifold & LTH Y A F LT\
5 LT & B (cf. Symplectic creed: Everything is a lagrangian submanifold!).
ROEBEHRICE S -

fi 1) Poisson manifold {X\»>C% symplectic manifold DHWCHL DAY % 57 ([UEE%
ELCY — o 3 ME (EH) ol & 7 MoELR % S T symplectic geomety =

Poisson geometry )

fal 2) IUY A% L7 Poisson manifold Ol A& % ¥ 23 symplectic manifold o H1C & o
CBRS % 57

1) 16 28 2 137 B85 Poisson manifold (eg. S? x R with 7 = (1 4 12)(volg2)™"

) &3 LT symplectic groupoid %V 7\~ (cf. Weinstein[11])2. % € TR % 5 [

1) ¥ A % Poisson manifold %% symplectic manifold & HHCHL D jA 2 77

C & TR ICEHRH & Poisson manifold (az + b)-group ICoWTRHIEE 1/,2) B L <528k

LIS ZfEREFBN L 7.

11990 47 A 23 Hic [8] % 3ic DTPRRE.

2% P. Dazord[1] i symplectic leaves @ cohomology ¥i#»& symplectic groupoid i ® obstruction
2P L.




& : Symplectic groupoid DEFLDEE D :

FZE 1 (Weinstein[10], Karasev[4]) Symplectic groupoid & {X#J§{4y groupoid K& %
fifi 2 7c symplectic manifold (M, Q) -C, symplectic & groupoid @ 2 D DRFEE IR OEMT
HFFLTWD C &% ERT 5: Fepho graph I MOMOM (= M x M x M with Q9 Q60Q)
® lagrangian submanifold T3 5.
A4y groupoid & XIRDOFHD C &

e differentiable manifolds M, ) (= space of units),

e submersions «a, f: M — @),

o embedding e: () - M with aoe =12d. and foe =1d. (i.e., € is the section of o and

B)
o WOMICEFR S Rk

m:{(z,y) € M x M| f(z) = a(y)} 3 (z,y) »z-y €M
e the inversion : M >z — z7t e M,

o T WIHESRHOb T (z-y)-z=2z-(y-2)
l—¢oa(z) ZLT z7'-z=c¢c0p(z).

T-T

5 1 Symplectic groupoid 2] (—3F) fEra A& mil: Rk Q @ canonical symplectic R )
7z cotangent bundle T*Q {& o = # = bundle projection, € = the zero section, m = fibre-

wise addition % 3§ % 3D Q L@ symplectic groupoid TH 5.

Symplectic groupoid OxEFED b EFHE N 5 EARME:
1. £(Q) & M @ lagrangian submanifold T5H 3.

2. () 1T « 2% Poisson map T 8 %% anti-Poisson map 7 % Poisson KSR —E Wik E 5.

Y (2) 22 L, ZOMEE S ROPEY 2 kD, TRHBRIICGEN L2 1) ¢H 5.
RS &:

f1) 5% bz Poisson manifold (@, ) EiC symplectic groupoid %, JEAME 2 D FERE
TFE X 117z Poisson 55 237c® Poisson M« & —¥3 5 X 5 ICVEIL B 7

& CARBIBED Do I OTREERIRD X 5 IWEIER X 3 %5k o 7.

1) ¥AARFEED Poisson manifold 25 symplectic groupoid #3735 757



fIE L) ~Da 2 v b
1. Zero Poisson manifold icx} LT ld463 symplectic groupoid 254F74EF % (cf. £l 1).

2. Symplectic manifold 3§ L Ti&443 symplectic groupoid 23474E3 % ($l\» groupoid?,

or fundamental groupoid).

3. Pre-quantizable symplectic manifold i€ R #Ef# L {5 b5 Heisenberg-Poisson
manifold*iC%F U symplectic groupoid Z3474EF % (cf. Weinstein[13]).

Poisson manifolds @ category OHIIC Poisson Lie groups @ subclass 233 5.

EF 2 (Drinfel’d[2]) Lie group G @ Poisson FEE238E5M & (3 G OFGESLAL Poisson
map TH 3% & %. Poisson tensor DELEECIX

7(ab) = (1) (b) + (T'ry)m(a) a,be G

AL % & & SRIEM Poisson 155& % i 2 7z Lie group % Poisson (Lie) group & PEIE 5.
ek Poisson Hi&ik U —28d g @ dual space g* I Lie algebra {55 % R0 X 5 AT
¥ % (Lie bialgebra). n % difi§ Lie Bf G @ w(e) = 0 % % bi-vector field & § 5.

| | #AEcHEE | SAcE |

7 G — N*TG N Poisson
7 G — Nig 1-cocylce of Ad-rep.®

demr: g — Aig 1-cocycle of ad-rep.®

(demr)*: g% — NPg* Jacobi £

G* %V —5 g* OYiEE Lie group & 33 G* Wi 72— 3EHM Poisson i« 23 g @
Lie algebra #5&E% E0 5 X S WAHET 5. (G, ') % (G, 7) © dual LIS

il 2 Lie-Poisson R (F53K):
G % Lie group &3 %. Lie-Poisson K & X ZREK g _ LokciEz I v b Poisson Fillo

T &
6F 6H
HYa(p) = or My
{F7 }:i:(#) :t<'u’[6,u’6,u]>
ChiL g* OINEICB L CRENTH 5. (9% {, }+) i (G,zero) @ dual Poisson Lie group

ThH5D.

3z,9)  (z,w) = (z,w) if y=2z

*Poisson tensor is defined by 7 = twg, where t € R

G — A%g, I'(ab) =T(a) + Ads - T'(b), Ad, - (z Ay) = Adaz A Ad,y.

Sy:9 — A%g, v([u,v]) = ady - 7(v) — ady - y(u), ady - (2 AY) = (aduz) Ay + z A (adyy)-



%1 2 @ Poisson manifold I 1") ZElF &

il 3 Lie-Poisson {5 symplectic groupoid & LT cotangent bundle T*G #155%. {H
L, groupoid & X 1 o i & 35T A 5. Source ,&U: target maps X G @ right and
left actions @ equivariant momentum maps T3 %. Right translation iIc X > T T*G &
9" X G ®R—{7 5% & &, LD groupoid il coadjoint representation @ transformation
groupoid’ £ Db DTH 5.

Lie group G @ cotangent bundle T*G {X 2 BE¥f{® symplectic groupoid Fii&E % 5. Lﬁé 3
Z W4 X double groupoid %L L, *fhx3 % Poisson Lie group (I E WIC dual TH 5. Bl E
DFID LIFFICEBIN T D 5 RO (THE) 2ELTH 5.

[Mlid: 45 Poisson Lie group & % ® dual (b LAEEA b BT % {E L <) & symplectic dou-
ble groupoid #§FD0 57

- @Fnﬁ%%iquﬁ&& b ODOPTRDHHETH Y, L bl (semi-simple) T (az +
b)-group DA ICHEER L T H .

Fik: (az+b)-group OFIFEEM Poisson Fi (63 L b dual TA& < & B) i symplectic dou-
ble groupoid % #5D.
IR T, LUF (az + b)-group & F4 M R? CRHEEARCHEL bR B DL L L
(21, 22) - (¥1,92) = (z1 + y1, e Pyy + e 2ay)

bLe=0%hb, AT —ABTHY, cA£0 40, e LCREICHS.

F 3 (az + b)-group DIEER Poisson HEEF 2 THE 9. Fex OEZHAIX 2 RIGE 2D, &
T D 2-vector field {X HEIIC Poisson tensor TH 5. HE - T, multiplicativity condition

w(ab) = (T4,)x(b) + (T'ry)7(a) a,bed

720 R e DI v EHEOFHIC X 5T

“z,a)- (y,b) = (z,ab) if z-a=y




wind 1 (1) 3/ERY Poisson BHGEIKICRE %:
{.’171, .']72} = '2? sinh E;l + k2$2 (k17 k2 ﬁ%ﬁ )
(2) FEEY Poisson K% group automorphisms® T % & FEITIKCH 2 b 5:

{(0,0)},  {(k1,0)|ky # 0},  {(ky,k2)|k1 € R}y, (k2 #0).

(R2,(0,0)) @ dual i (RZ,(0,¢)), (R% (k:,0)) @ dual it (R} ,(c,0)), LT
(RZ,(0,k2)) o dual {X (RZ,,(0,c)) TH3.{HL ki, ky # 0.

(3) 3 Poisson k&% diffeomorphisms O 6w 5 CHIIF 5 & [FfEEHI zero & non-
zero @ 2 D@ Poisson K& 720 TH 5°.

fiH 1(3) i Poisson manifolds @ category @ H1"C non-zero JEEM Poisson H§iEIX & U T
HoHEE5. M, (2) KX b EENRZE Poisson Lie groups @ category O TIIEL < &
WCEbDD. ELR CENT BBHBEREHH DT

e

1. r-matrix'72» b 85k X 1 % IEPH Poisson HEE X {21, 22} = Z—kI sinh(cz,/2) IR 5, {H
c
L, (¢ #0).

2. Drinfel’d[3] ®FEHC non-degenerate' 7 b DIk
2k .
{z1,22} = — sinh(cz1/2) + kazy (ko # 0)
TH5B.

3. (R2%,(0,ks)) @ double Lie algebra'?{x gl(2,R), (R2,(k1,0)) ® double Lie algebra
TPERIR x b3 TH B. € CT, hs I 3 Kt Heisenberg Lie algebra, ki - k; £ 0.

8{ n=a

Yo = psinh(ca:l/?) +qzs (p,q BB q # 0)

Bz yy = z2, Y2 = —%mlﬁ(czz), {81, 0(t) = sinh(t/2)/(t/2).
2

TOW {z1, 22} = kowy <= {y1, 12} = -2—§—lsinh %

Wy /\2 gl w(a)=Tler —Trer o€ G BHIHWIICHEENTH 5. Hic, w25 Poisson tensor
i BB D534 [r, v) 42 g @ adjoint-action TARZETH 3 € & FFC [r,r] = 0% 6l 7 d3EEN
Poisson #ii# 5% 5. [r,r] = 0 X classical Yang-Baxter equation &[] U, 225 r % r- 75l LIES. {H
L, [, ] i Schouten bracket.

Ulie 5 E demr: g — A’ g %8R LEA N 9 — g — A° 8 28 nondegenerate @ & & (FFR 4 KLl BT
w0 dBAk).

2Double Lie algebra (5I#+ Manin triple) & X{K® Lie algebra BiE% Ko g grocd : g grik
g ® g D subalgebra, T LTEE € §,p € §¥ I LT [€, p] = €g- (1) — pg(8)-



2 BBCROMELEH>Tw3 :

R U2 pt Qo = —da; Adoy —dzy A day
allf alz) = (z1+ 2274/2, 35 exp(—2z3/2))
R? B(z) = (z1— z224/2, T2 exp(z3/2))
6(113) = ($1,$2,0,0)

(-yh = z1—Y2ya/2(= y1 + 7234/2)
(z-y): = z2exp(ys/2) (= y2exp(—23/2))
(z-y)s = z3+ys ’
(x-y)a = zgexp(z3/2)+ z3exp(—ys/2)

7! = (z1, 29, —T3, ~4)

RO B BEITMIF OB EZEL 2 € & & LICIEZER® Poisson B #2578 (4R C)
FTEHEEHE LTI NSG. -

a2 (M, Q),(Q,n),a, 8, m,t) % symplectic groupoid &3 5. d L ¢: (Q,7) — (', )
23 Poisson diffeomorphism €35 % % b X (M, Q) ZIRIC X - T (Q', n") @ symplectic group-
oidd TH 5.

(M, Q) o =poa, p=¢pof,

all B m' = m, =1,
@) % (@) &=cop
il 2 & i 1 (3) # _bTul<7z double groupoid picture ICEH L CRD 25 -
1. 4 Poisson (az + b)-group i€} L symplectic groupoid 23474E3 5.

2. 4% non-zero FEM Poisson i & zero Poisson B IC LT symplectic double group-
oid fF4ET 5.

Fx DFREEFER XD 2DICX 2 DD non-trivial symplectic groupoids D32 bk %
symplectic double groupoid 23:AHFETH 5.
Hamilton-Jacobi fEiICc X b,

EH 3 (az + b)-group R* OFEHY Poisson K&

{fﬂlafﬂz} = T2, {373,334} = T4



1CxF URIHIC R 7z symplectic groupoid &, ZRCH% % symplectic groupoid (R*, ) 2> HAK
% symplectic double groupoid 234F4E3 5.

Az) = (z3+ z224/2, x4 exp(—z1/2)0(z224)),
p(z) = (z3 — 2224/2, 24 €xp(21/2)0(2224)),

5’($3,$4) = (0,07.'1:37.’174),
x—l = (_'7:17"—:1:27‘7"37 .174),
(z*y)1 = T+ o

(z*y)e = 0(zo34 + yoya){z2 exp(~41/2)/0(2324)
+yz exp(1/2)/0(y2y4)},

(z*y)s = 3 —1204/2,

(z+y)s = zqexp(y1/2)0(zo24)/0(zoz4 + Yy2ya) -

RIFHH OB - 3~ (X dual symplectic groupoid % Vi3 —#y A 51 ( Weinstein[12]) %H1-
Twa. LAL, £ local theory TH 5. KW AFSR %182 1IN b 2D s5EH0TET
H595.

51 BefE - group OIEHED graph % Cp EE L. Co ik G ® G O G d coisotropic submani-
foldPcH 3. C:=(axaxa) () tEL.ClE M®&MO M @ coisotropic submanifold
THD. LETCH hbikESD (e x e xe)(Co) %5 foliated manifold &3 5. ZiX M @
Mo M o lagrangian submanifold ¢35 . —fiic, T DZE[E]73 embedd X NCRDDER
graph TH 5 2ELTHR V. 5 > T 2IERIFIASESTT ORHTH 5.

B9 Bel : C IEIRD 2 DO by, hy ICE T C = k1 (0) N b1 (0) 25E% 5T b.
hi(z,y,2) = (@14 z2w4/2) + (41 + y204/2)
(o1 + z274/2),
hao(z,y,2) = y2exp(z1/2+ 2234/2 — y3/2)
+a2exp(—y1/2 — yaya/2 — 23/2)
—p oxp(—23/2).

KD R? x Cinb RY ~ORPISFMHEGREEL X5

s,t,u,v,w) = (z,y,z): = exp sXp, 0 exp t Xy, (u,v,w) .
1 2

BB D L~ TOEF - V @ Poisson tensor 7 &tk m € \* V. #5320 W 2% coisotropic & ik, W
DI Ae2EE] WO % isotropic TH B, e, <m, WOAW? >=0



y =z ET 5. BWRHRICBIIL TR D55
Ty =29=0, z3=ys3+ y2y4/2, Tq4 =Yg eXp(—y1/2)9(yzy4)-

b L L 2P L\ groupoid OIFLLED 7 5 7&[’9@'; C:I’Lfoy&i source map DX T TH 5.
FlRERIC, z = 2z L EWT, target map OFEHE LCR%1H 5 -

N1=92=0, ys=az3— 1132934/2’ Y4 = T4 exp(z1/2)0(z224).
ch bk R = {(0,0,z3,24) | 23,24 € R} ~® submersion #» projection T#H 5.
A ASHTIC X - T

{As, M0} = =Xy, {Aams} = 0, s} = 0,
{Appst = 0, {Aypa} = 0, {ps,pa} = pa.
“155.
FoBEERAR A, ¢ & FIEH source, target map &35 symplectic groupoid 25% LF%E'?‘
% 7 OIE, IEZEEIICIES Poisson S % HiET 2 e B T B,

B3 BFE ¢ A p R X 7 groupoid * Rt e v, 2o¢, Ao s fEL X 5. Hib,
p(z) = My) BBRUDOT, v *y = z &% groupoid BEEDTHEL “+” 2R T EZ LIRFEL
£9. 2532 e Fx1k 6 HoEREE5 -

M) =Mz), ply)=n(z), wuz)=Ay).

BRI I
(e + 50) = (20 +=5) =0,
240(2224) exp(_";—l) . $40($2$4)exp(~%) =0,
(2= 75 = (1~ 5) =0,
240(z27) exp () — vl (w24) exp() = 0,
(o= =5 = (s + 55 =0,

z40(x224) exp( B ) ya0(y2y4) exp(——) =0.

2 DWREYFHE, BIRBEEDLLEVIREDPYRENVEIRENDT I I CEAN. FCTT T 71C
EXscchnbor x> LEET 3.

ho= 21— (z1+ ),



B = i) W DT gy /D),
f3 = 23— ($3 - yzi)a

Ja = 240(z224) — z40(z2z4) exp(yy/2),

fs = (25— w2$4) (ys + yZ—?M)

Jo = wabl(eara) exp() — vablyaya) exp(—3).

Birek 6 HOLRfr =--- = fe = 0 23 groupoid K% T 5 T & X EMANNY L% Bk
WICHEDR DD C EICE D WE b, F7c, £ b differential 25 1 RMPNLTH b, & w
443 coisotropic, i.e., IFED 77 7 3 lagrangian TH B C E bl b s . Bl ik b
7 /1€ symplectic groupoid 23ERET & 7. Hi[H 2 DD groupoid HEEAIAFT 5 C & b EED
AL S

{hi, £33 = 0 mod(fy, fay-- ., J6) THBC &b, L C the graph of new groupoid multipli-
cationTH 5 C L TR 5

[##]

1. H.—J . Lul5] &, fEE 0BG complete Poisson Lie Ff* {3243 symplectic double group-
oid o ¢ R 1L %&.

2. H-J. Lu & A. Weinstein[7] IC X % &, complete # {3 L 7 W o Bidifi Poisson
Lie £ % 444 symplectic double groupoid % §§D.

3. Szymczak & Zakrzewski[9] {&, Heisenberg BEDIEIEHI KR T 7 v REE 2 & THARD,
Wb EATOET Y REEICH L symplectic groupoid #RERE L 7. (BUF [9] @ Ab-
stract 7~ 5|fH: A geometric quantization procedure is applied to the resulting
symplectic pseudogroups and a wide class of pre-C*-algebra with comultiplication,

corresponding to qﬁantum deformations of the Heisenberg group is obtained.)

14 infinitesimal dressing transformation %% complete ’C'Zb 5T L%KHDB. (G, ) % Poisson Liefif L L,

TG — TG & 7(o)|o":=n(o',0) L3 5. g* left — T*G' 5 TG & Lie alg. anti-homo. g* rlght ™G 5
TG X Lie alg. homo. T$ %. € D4 image element % left (or right) infinitesimal dressing transformation

(dressing vector field) Ev= 9.
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Geometric construction of canonical stratification of smooth

mappings: The canonical stratification of jet space

Isao Nakai

Hokkaido University

Let (N,d),(P,8) be real analytic manifolds with subanalytic
stratifications. We construct a canonical stratification for
generic proper o smooth mappings of N to P refining the
stratifications 4, % by a purely geometric method without the use
of Thom-Mather calculus. We prove also the topological stability
theorem for smooth mappings of stratified manifolds.

Canonical stratification for smooth mappings has been one of
fundamental tools in the singularity theory of mappings since it
was initiated by Thom f17,18,19]7. The stratification was
constructed by Mather [10] for generic smooth mappings by using his
differential calculus with the preparation theorem for smooth
functions in a series of papers. However no further advanced
studies on this method have been developed since ever.

In this note the method of universal jet section due to Fukuda
[2,3] plays allover role of Thom-Mather theory to Construct‘ the
canonical stratification of jet space. And it realizes the idea
due to Thom, which goés back three decades to the papers [17,18]
where the singularity theory of smooth‘mappings was initiated.

The rough idea of our construction can be seen already in the
papers [17,18], where Thom showed a program for a topological
stabilization (determinacy) theorem for map germs as well as

varieties , and he introduced many original ideas such as the use



of Malgrange's preparation theorem, Thom-Bordman symbols, regular
stratifications, the isotopy theorems (Theorems 1,2 [181),
including a certain universality of the jet section denoted SJk
(Lemma B) in this paper. And in the final section of the paper
[18] he indicated a sketch to construct a canonical stratification
of jet space by the stabilization procedure.

Although the idea presented by Thom [18] 1is realized by our
results on the whole, we need to follow an apparently different way
to prove the various properties and obtain the generality for
mappings of subanalytic stratified sets. We view the Dbasic
program briefly in a slightly simplified form. For simplicity we
discuss the canonical stratification of thé infinite jet 'space
J(R™,R®) of mappnigs of (R™.4) to RP with a semialgebraic
stratification 4.

Consider the unfolding F : R"™ x Jk(Rn,Rp) » RP x Jk(Rn,Rp)
defined by F(x,z) = (fz(x),z) with the polynomial representatives
fz of =z. Using the stratification theory of  semialgebraic sets

due to FKojasiewicz [8], construct a "natural" stratification of F

refining 4 x Jk(Rn.Rp)

Fo: R® x JXRMRP) g — RP x JX(@R™,RP) ¢,

which 1is AF—regular at generic points. Identify the k-jet space
Jk(Rn;Rp) with the diagonal sets of those (x,z) € Rn X Jk(Rn,Rp),
(y,z) € RP x Jk(Rn,Rp) with x, y the source and the target of =z.
Define the semialgebraic stratification Q'R of the k-jet space by
the "stratification type" df Qn , gp of the germs in the diagonal

sets, 1in the source and the target, in other words, by the

"stratification type" of polynomial representatives fZ of the Jjets

Z in Jk(Rn,Rp). (This is constructed locall and stepwisely from



the strata with smaller codimension.)

A k-jet =z 1is said to be sufficient if there exists a

neighbourhood U of z in the k-jet space such that the restrictions

of Q'Q to the preimages Hilk(U)’ k £ @ by the natural projections
PR JQ(RH,RP) - Jk(Rn}Rp) are induced from 9'k. ~ Call the
smallest of such Kk the order of sufficiency TfTor =z. Denote by Z%

the set of non-sufficient k-jets and denote by Qk the restriction

k

of &' to the complement of Zk. Then 9k+l extend the preimages of

9k by the projection ofvthe jet spaces successively for k = 1,2,...
and define the stratification ¢ of the infinite jet space of

finite type (locally defined in finite Jjet space) off the

projective 1limit X - of Zk, which 1is a refinement of the
stratification of J(Rn,Rp) induced from . It is proved that the
codimension of Zk increases to infinity and hence the codimension
of 2 is infinite.

We call the resulting stratification ¢ the first canonical

stratification. The stratification ¢ is locally but not globally

semialgebraic since the order of sufficiency for jets in connected
strata may not bé bounded (see Proposition 5.1). The above mathod
is genéralized for subanalytic 4 in §§4-6.

For real analytic manifolds N, P and a subanalytic
stratification 4 of N, the canonical stratification ¢ of J(N,P) is
constructed by glueing the above local models for coordinate charts
of N, P with the RL—equivalencé (Theorems 3, 4).

The stratification ¢ possesses the following property. Let
f: N - P be a smooth mapping (or map germ) such that the jet
section Jf: N -» J(N,P) is multi tratisversal to ¢ and does not meet
z. Then f admits the canonical A_.-regular and B-regular

f

stratification refining o



#*
f : N, yf n f f*gf — P, f*yf
where 9f = Jf_ly refines 4 and fﬁyf is the direct image of yf
defined similarly to that in sheaf theory. Topological stability

of such proper f follows from that of the,canonical stratification
and the second isotory theorem.

We first construct the restriction gt of ‘9 to the set of
transversal Jjets (correct + transversality condition in the terms
used in [18]), of which the complement has codimension > n (§84-6),
and extend it to ¢ as follows. The restriction Qt is

semialgebraic and defined in a finite jet space by the construction

in §84,5, which we call pre canonical stratification.

It is remarkable that the geometric construction induces the
RL-invariance and the S (= contact)-invariance (Theorem 3) of the
canonical stratification which were proved for R", RP with trivial

stratification by Mather [9] using deep calculus with the

preparation theorem. By a argument using the universal jet
section, we can show that if a germ of unfolding F = (fu,u):
Rn+s,(x,o) > RP'®,(y,0), u € R® has a jet JE(x) in ¢, then

JF(x,0) is in pre canonical stratification Qt of J(RH+S,RP+S) and
the natural incluions R™ e R™°, RP ¢ RP'® are transversal to
"canonical" stratifications of F and‘ induce those of fo" This
together with the RL—invariance gives the S-invariance, since the
contact equivalence relation is generated by the RL-equivalence. and
the equivalence fo ~ F of unfoldings of arbitrary dimensions.

Consider the inclusions
FERERP) ¢ FFR™MLRPMY) ¢ ... ¢ KRM™S,RPYS) ¢ ... defined

by the trivial suspension (unfolding). By the S-invariance pre



canonical stratifications of Jk(Rn+S,Rp+S)

induce stratifications
¢(s) of J(R™,RP) off a subset ¥(s) with codimension > n + s for s =
1,2,.... These ¥(s) fill up the complement Zt to form the first
canonical stratification ¢.

The stabilization. theorem in [18] gives, roughly stating, a
natural stratification of generic map germs and a decomposition of
infinite jet space of finite type by stratification
(topological)-type of map germs. This leads to the first step
toward a geometric construction of a canonical stratification of
jet space.

Fukuda constructed a. canonical Whitney A-regular

stratification for unstable map germs by a certain stabilization

procedure (the first stabilization) of jets using the universality

of SJk and Mather's canonical stratification, and he proved the

stabilization theorem with the isotopy theorem with "carpeting
function" (see [18]). although the quest for the canonical
stratification was abondoned.

Independently of this tautological 1link of Thom-Mather theory
and the various works following after Thom's original ideas,
Varchenko - [21] had already given a similar stabilization theorem
for map germs by using the stratification theory of varieties.
However it is not clear that his stratification gives natural
stratification to lead the topological stability theorem for global
mappings.

The purpose of this note is to generalize  the method used by

Fukuda to construct canonical stratifications of all map germs as

it was originally introduced by Thom [17,18]. In our construction
the universality of SJk replaces allover role of the universal

unfolding used by Mather. This method unifies and generalizes the



above individual results.
To achieve the Whitney B-regularity for the-stratifications of
mappings in  our geometric construction, we apply a  further

stabilization procedure, namely the second stabilization (8§5).

The full account of the proofs of the results will appear

elsewhere.

§ 1. Stratification of global mappings

In this note manifolds are paracompact, real analytic,
possibly with corners (see §8), stratification are locally finite,
subanalytic: locally a finite union of differences of images of
proper analytic mappings; and regular means the ‘Whitney
B-regularity unless otherwise mentioned. The supports of
stratifications (the closure of the union of strata with positive
codimension) are assumed to be compact for simplicity. The
readers are suggested to refer to the book [4], the paper [10], and
for subanalytic sets, the paper [6].

We say families of mappings fu,'gu:(N,d) - (P,8) of stratified

manifolds with the parameter u in a manifold Q are topologically

conjugate (topologically equivalent) if there exist continuous

families of homeomorhpisms'(pu of (N,d), ¢u of (P,8) and a » of Q

such that wuofuzg for all u. We say a family fu is

A(u)owu

topologically ¢trivial 1f it 1is topologically conjugate with a

trivial family fﬁ such that fﬁ =‘fu for an uo € Q. We say an f €
e}

Cr(N;P) is topologically stable if the topological equivalence

class O(f) is a neighbourhood of f in the Whitney topology, and T

is homotopically stable if there exists a neighbourhood # of f such




that any family g, * 8y = f within 0 is topologically trivial.
0

A stratification of a mapping f:N - P is a pair (QN,QP) of

stratifications of N, P such that f restricts on each stratum X of
9N to a submersion into some stratum Y of QP. When N, P are

initially stfatified by 4, #, we suppose that QN, ¥ refine 4, B

P
respectively. We say 9N as well as the pair (QN,QP) is Af—regular
if the following condition is satisfied : if a sequence yi in a

stratum Y € QN is convergent to an x in another X € 9N and ker

d(le)y is convergent to a subspace T ¢ TxN’ then ker d(le)X c T.
i

This regularity condition says that roughly the fibers of f are

"almost parallel” in a certain sense so that T possesses an analogy

of the cbvering homotopy property respecting the stratifications.
For a stratificaion 4 of N and a mapping f : N = P, we define

the singular point set Z(fld) to be the set of those x in strata X

of 4 where the restriction of f to X is not a submersion. If 4 is
Whitney A-regular, Z(fld) is closed. The main global theorem is
Theorem 1 (Topological stability theorem). Let (Nn,d), (Pp,%) be

subanalytic stratified manifolds and assume the supports of 4 is
compact. Then there exist a positive integer k = k(N,d4,P) < o« and
an open dense subset F in the proper ct mapping space C;r(N’P)’ k +
1 < r in the Whitney topology with the following properties. For
any ct smooth family fu in ¥ parametrized by u in a manifold Q, the

map F = (fu,u) : N X Q- P x Q admits a Cr—k smooth, A.-regular and

F

Whitney B-regular stratification (¥ ) refining 4 x Q, 3 X

NxQ ° nyQ »
Q such that the second projection of P x Q onto Q is a stratified
submersion. And the singular point set X(F|4xQ) is the union of

the strata X of ng (F) embedded in strata C of & with positive

Q



codimension in C and the strata of 4 with dimension < p. In
particular mappings in % are homotopically stable with respect to 4

and & by the second isotopy lemma [4,10,19].

Subanalytic subsets admit subanalytic stratifications. So we

obtain

Corollary 2 (Topological stability theorem for mappings of
subanalvtic sets). Let X ¢ N', Y c¢ PP be subanalytic subsets of
real analytic manifolds and X compact. Then there exists an open
dense subset F c C;r(N,P) such that c” smooth fTamilies
fu: N-=P, u €Q in % admit c” smooth AF—regular and B-regular

stratifications (¢ ), F = (fu,u), and X x Q, Y x Q are

NXQ'gPXQ

unions of strata, and the second projection of ng onto Q 1s a

Q
submersion. In particular f in ¥ are homotopically stable with
respect to X and Y : any family fu close to the trivial family

fﬁ, = i is conjugate with f&' by continuous families of

homeomorphisms of N, P respecting X and Y.

The above theorem follows from the local properties of pre
canonical stratification of jet space in Theorems 3,4 together with
an elementary argument of the transversality of multi jet sections.

§ 2 Pre canonical and the first canonical stratifications

Let 4, ® be stratifications of manifolds N, P. We say map

germs f: N,x =» P,y and g: N,x' - P,y' are RlL-equivalent with

respect to 4, 3 if there exist germs of real analytic

diffeomorphisms ¢: N,x - N,x', ¥: P,y =» P,y' such that o¢(d4) = 4 ,



Y(B) = B and @-T = goyy. We define the S-equivalence relation of

map germs of (NXRS,MXRS) to (Pst,ﬁxRS) for s = 0,1,... to be
generated by the RL-equivalence relations with respect to o X Rs, 3
X RS and the relation F ~Y(Fu,u) of unfoldings

F: Nx R° - P x R® ,

(Fu,u): N x R°*' 5 p x RS+t , u € RY
with FO = F and arbitrary t > 0. By definition the S-equivalence
class of an unfolding (fu,u) : N x RS » P x R® is determined by
that of fo: N » P. It is worth to note that the S-equivalence

relation coincides with the contact (X-) equivalence defined by
Mather when the stratifications are trivial at least for X-finite
germs.

We say germs of stratifications (d,x), (d4',x') of manifolds N,

N' are S-equivalent if the germs of 4 X RS,‘ B X RS at (x,0),

A

(x',0) are real analytically diffeomorphic for some positive s and

A

S

We say r-jets =z, z' € Jr(N,P) are RL-equivalent (respectively

S-equivalent) if they are represented by c’ smooth germs which are
RL-equivalent (resp. S-equivalent) 1in the above sense with real
analytic diffeomorphisms.

In fhis >note we assume that the restriction of f to the
singular point set is finite-to-one for map germs f : N,x - P,y as
well as global mappings. This condition is satisfied when f 1is
multi transversal with respect to a stratification of N,x, for
example the trivial stratification or the canonical stratification

1

gf = JT (gt)

representative ¥ : U » V defined on open neighbourhoods U, V of x,

in Theorems 3, 4. Such a map germ admits a

y such that the restriction TIX(¥ld) is proper, finite-to-one and

(Tld) n T—l(o) = x (or empty). The image T(Z(Tl4)) is then



closed and its germ at y 1is independent of the :choice of  the
representative, so denoted f(XZ(fild)). By Theorems 3,4, if Jf is
transversal to the canonical stratification ¢, Z(fld4) is a union of
some strata of yf such that, on each stratum of gf , T restricts to

an immersion.

The direct image f*yf for such map germ f is defined to be the

germ of partition of P at y characterized similarly to those of

constructible sheaves as follows. The germ Yy. at y' of the

strarum Y € f*yf containing y' is® the 1intersection Yy, =
N f(XX,). Here.XX, stands for the germ at x' of the stratum

f(x")=y"

X containing x', on which f restricts to an immersion.

In this paper J(N,P) denotes the infinite jet space and m:

J(N,P) - Jk(N,P), bt Jk(N,P) - JQ(N,P) denote the natural

Ko
projections. We denote the project nk(i) of infinite jets Z by zk
The topology of J(N,P) is projectively induced by the projections
-
Definition A stratification % of complement of a subset X c

J(N,P) is of finite type if there exists an upper semicontinuous

function 0 < Kk (possiblly k = « on %) called the order of ¢ with

the following propérties.

¥, ¥ are k-sufficient : for any Z € J(N,P) there exist a

neighbourhood U of zk(z) in Jk(z)(N,P), a stratification ¢' of

complement of a subset X' c¢ U and a function k' on U such that the
restrictions of ¢, >, k to ni%z)(U) are respectively induced from

', ', k' via &«

k(z)"
We call the r-jet term z° of an infinite jet % a
sufficient r-jet if k(%) < r, and define k(z') by k(7). We denote




also the project of the germs of ¥ to r-jet space simply by the ¢
‘and zr é g. By the abdve sufficiency condition the transversality
of jet sections Jf to a stratum X at a jet 7z makes a sense for
ck(Z)+1 '

smooth mappings as their k(Z)-jet sections are C1 smooth.

Then we say simply, Jf is transversal to X in this paper without

references.

Theorem 3 (Pre canonical stratification) Let (N,d), (P,8) be
subanalytic stratified manifolds. Then there exist a subanalytic
subset Zt c J (N,P) of codimension > n + 1 and a subanalytic
stratification gt of the complement of finite type, which possess

the following properties.

(1) ¢ , %, are RL-invariant : Let z, Z' be sufficient r-jets and

t t

RL.-equivalent. Then k(z) = k(z") 3 r and the equivalence induces

a real analytic diffeomorphism of r-jet space which sends the germs

of Qt , Z._ at z to those at z'.

t
(2) gt is partially S-invariant : Let =z, z' € Qt be sufficient
r-jets and S-equivalent. Then the germs of gt at z , z' and 4 at
the sources, 2 at the targets of 2z, z' are respectively

S-equivalent.

(3) Let fu : N,x » P,y , u € R® be a ¢* smooth unfolding with a

sufficient jet z = JrfO(X) in a stratum X of gt , k(z) < r and let
F = (fu,u) - N x R® - P x RS. Then the family of jet sections JF
= (Jfﬁ) N X RS - J(N,P) 1is transversal to 9t at (x,o0) and the

induced stratification QF = jF_l(Qt) is a Whitney regular Cr—k(z)

smooth stratification refining 4 X RS. The singular point set

Z(FIAXRS) is the union of the strata X of ¢, embedded in some C X
f



RS , C € 4, with positive codimension in C Xx RS and the strata C x

RS with dimension < p. On those strata F restricts to immersions,

and the images are in general position, i.e. F is multi transversal

r-k(z)

with respect to QF . And F admits the following C smooth,

AF—regular and B-regular stratification

. . *
(i) F: 9, nFFYg — F¢

The direct image F*QF is ‘transversal to & x‘RS and the transversal

intersection

T . ® s S

(ii) F : QF NnF (F*.‘}’F n 3xR°) — F*QF n xR

is AF—regular and B-regular. Denote jF_l(X) = X(F). The

restriction FIF(X) is an immersion, X(FI4xR®) n F_lFX(F)) = X(F),
and X(F), FX(F) are the strata containing (x,0), (fo(x),o). The
second. projections of the stratifications  in (ii) -onto R® are
stratified submersions and induce the stratification

f . 9

u £ n 3

L4
N fu(fu*g’f n %) - fuﬂyf
u u u

of fu on the fibers N x u, P x u for each u € .RS {see also

Proposition 5 for the property of the order k).

By definition an S-equivalence <c¢lass of an unfolding F =
(fu,u) : N xR® » P xR® at (x,0) 1is determined by that of fo at x.
By the S-invariance, the germ of Qt(N X RS, P x RS) at JF(x,0)
induces a germ of stratification of J(N,P) at Jfo(x) denoted H*gt(N
X Rs, P X RS). These germs for s = 1,2,... glue up to extend the
gt(N,P) to the stratifications ¢(s) successively and define the

first canonical stratification ¢ in the following theorem.

Theorem 4 (the first canonical stratification of jet space) Let



(N,d), (P,8) be subanalytic stratified manifolds. Then there
exist subanalytic stratifications #(s) of finite type with order kS
of complements of subanalytic subsets Y(s)c Jw(N,P) with
codimension > n + s + 1 for s = 0,1,... , which possess the

following properties.

(1) (#(0),>2(0)) is pre canonical stratification. The order ks is
increasing on s, and on a neighbourhood of a sufficient jet z of

¥(s+1), Z(s+1l) in k (z)-jet space, the inclusion holds

s+1
Y(s+l) € n&l (z)k (Z)(Z(s))
s+1 S
And F(s+l), ks+1 extend the stratification and the function

induced from ¢(s), ks respectively on a neighbourhood of z for all

sufficient sets z and s = 0,1, ...
(2) (i) ¢¥(s), Z(s) are RL-invariant : Let =z, z' be sufficient
r-jets and RL-equivalent. Then ks(z) = ks(z') and the germs of

A}

¥(s), ¥(s) at =z, z', 4 at the sources, 3 at the targets of z, =z
are respectively real analytically diffeomorphic.

(ii) 9(s) are partially S-invariant : Let r-jets 1z, z' be

S-equivalent, z € ¢(s) sufficient. Then z' is also a sufficient
r-jet in an ¥(s+t), 0 < t and the germs of ¥(s+t) at z , z' and 4

at the sources, % at the targets of =z, =z are S-equivalent

respectively.

(3) If a family of jet sections JF = (Jf ): N x R® » J(N,P) of a
Crsmooth,family fu: N,x - P,yu , u € Rt meets transversal to #(s)
at sufficient jet z for (x,0) and k(z) + 1 < r, then the properties
of the stratification in Theorem 3, (3) holds (except for the final

paragraph on k-sufficiency).



(4) The projective limits of X(s), ¥(s), as s tends to infinity,
give a (pro-locally subanalytic) subset ¥ of J(N,P) with infinite
codimension and a (locally) subanalytic stratification ¢ of the
complement of finite type with the order k which is infinite on X

by Property (2).
(5). ¢ is S—invariant : Let Z, Z' € ¢ be S-equivalent infinite jets.

Then k(z) = k(z') (= k) and the germs of ¥ at zk, z'k, the germs of

A}

4 at the sources, % at the targets of Z, .z' are respectively
S-equivalent. In particular ¢ 1is. 1oca11y' analytically trivial
over P when % is trivial, and ¢trivial over N ><'P if 4 is also

trivial.

(6) Let ¢™ denote the union of the strata of ¥ with codimension <

n. Then ¢2 is of finite type and the set T of those 7 € ¢ such

~

that, for any representative f of Z, the jet section Jf is

transversal to 9“ (hence to ¥) is an open dense subset of J(N,P).

On the set T, ¢ restricts to give pre canonical stratification

9t(N,ﬂ,P,$).

We call the above stratification ¢ in (4) the firat canonical

stratification. The statement (5) follows from the partial

S-invariance (1), (ii).
8§ 3. Preliminaries and Lemmas A, B.
For a smooth map germ f : Rn,x - Rp,f(x) let rif denote the

Taylor polynomial mapping of f of degree ¢ at x.

Let m, q be positive integers. The m-universal q-jet section

—76—



% RM™ J4R".RP) —  JYR",RP)™

is defined by _J%(x), 000 = (%Erag)) . For a

subset XY of Jk(Rn,Rp), k < 2 let (Rn—*)m—A(Rn)m X nii(Z) denote

3

the fibre product of the bundle over R™ with the fibre (an—X)m -
H_l

2k
A(Rn)m-being the generalized diagonal set of (Rn)m. We denote the

A(Rn)m on x € Rn‘and the projection of () onto the sources,

restriction of qu to the fibre product by qu

lLemma A (due to Fukuda [2,3D) If k + m(g+l) < & , then qu is a

submersion for any submanifold % c Jk(Rn,Rp).

Lemma B (The universality of qu due to Fukuda [1,21 and Thom
[i1sh - Let fu : Rn,xu - Rp,yu , u € R® be a ct smooth family
of map germs and ¢ = k + m(q+l) < r. Then there exists a Cr_ﬂ

smooth family of sections

n,m n,m -1, .k,
9 5 DT @HT g (0, ()
_ ) .
qu(xu,...,xu) = (xu,...,xu,J fu(xu)) of which the second factor
is 1invariant under the premutations of the sources (Xl,...,Xm) €

(Rn)m, such that the following diagram commutes,

I R x 7L (R™,RP) » TR, RPHY™

(R™)™ Q= (Q
(i) = RHT x R®

§ 4. The first stabilization



1l

let 2 € % and k k (z ) the sufficient order for ¢
(o) a+1 a a o a

p3 at 7 . We construct a germ of a stratum X, € ¥, in terms of
a+1l o} A t

. 2 ~ .
-jets at z, = HQ(ZO) with an 2 > ka'

We first assume that N = Rn, P = Rp‘ with trivial
stratifications. The construction falls into ' the steps - of
induction on the hiefarchy‘ of the strata. Namely assume that

there exist a semialgebraic subset Za+ c J(RD,RP), 0 <a+ 1 <op

1

with codimension = max{0,n-p} + a + 1 and a semialgebraic
stratification ga of the complement of finite type (for definition
see the paragraph before Theorem 3) by strata with codimension 0
and max{O,n-p} + i , i = 1,...,a which possess the properties in

Theorem 3. We then seek to construct a stratum XA (possiblly a

union of disconnected components) open dense in each connected

component of X sing Ea+ of codimension max{0,n-p} + a + 1.

1

We define 9a+1 by the union of Qa and those strata, and define Za

a+l

+2

by its complement (for the details see §5). Here sing Y denotes
the set of those y € Y where Y is not an analytic submanifold of
maximal dimension. (sing Y is semialgebraic for semialgebraic Y.
For subanalytic Y, see Tamm [15].) The induction begins with the

set % of singular (non-full rank) jets in Jl(Rn,Rp) and

max{1l,p-n+1}

the complement ¢ , and Stops when ¥ is constructed. We
max{0,p-n} p

then define 9t = yp

From now on we denote ka = ka(zo) and z, = nka(zo) Let gaU
be the stratification of the neighbourhood U of zO off Zé+1U in the
ka—jet space, from which 9a and 2a+1 are respectively induced on

-1 2 Q '
nka(U). And let gaU , Za+1U’ denote the pull backs of gaU‘ and
2a+1U by the projection nﬂk of 2-jet space onto k-jet space. We
k
. . a ' : '

begin with a connected component Xa+1U of Za+1U sing Za+1U of



codimension max{0,n-p} + a + 1, and construct the subanalytic

k
[ . Q -1 a .
stratum XAU in the preimage Xa+1U = nQ ka(Xa+1U)' (Here z, 1is not
ka
necessaily contained in the component Xa+lU but in its closure.)

And we show that those XiU glue together to form a global

subanalytic stratum XA in infinite jet space.

1,8 2
Let Xa+lU Xa+1U

)

a+1U such

n

be the set of those jets z € X

that

2

(1) gaU is Whitney regular over X§+ on a neighbourhood of =z

1u

(This can be omitted, and the regularity may be replaced with the

regularity condition for Lipschetz triviality in [12].)

, k
(ii) for any representative f of =z, the jet section J af is
ka
transversal to X and
a+1U
(iii) f | Xa+l(f) is an immersion
k k
where X (f) = (J ) 2 (X 2 ).  We see that 'x¥ _ is defined by
a+l a+1U0" " : a+1u
a condition on ka+1 jets, and by the transversality theorem due to
R 2 . Q 1,9
Mather (Theorem 6.1 [9]), codim Xa+1U < codim Xa+1U Xa+1U'
Let Y =Y, x ... X Y be an m-fold fibre product of strata
1 P P m
R R
ka
Yi of gaU (Yi are possiblly Xa+1U 1tself).» By the RL-invariance

Yi are locally trivial over Rp, so the Y is smooth and by Lemma A

the universal jet section

—ka n m 1.9 ka n p.m
mJ : (R-%)"-A X, Xa+1U — J “(R,R™)
is transversal to Y for an & = 2(Y) = ka+ m(ka+1). We define the
stratum X!l open dense in lXjl by |
AU a+1U



. 2. 1.8 )
(iv) XAU_ Xa+1,m

— 1.9 _
; B ( Xa+1,m ’ (mJ

Here B(V,W) denotes the closure of the set B(V,W) of those x € V

where W is not Whitney B-regular over V,'1X§+] o denotes the set of
1,8 |

those (X,...,x,z)re (Rn')m X Xa+1U (x‘being the source of z), which
1,9

is naturally identified with Xa+1U , and Y runs.over the finite

set of fibre products Y satisfying one of the following conditions

k
. . _ B a

(1) (accessible) codim Yi = max{0,n-p} + c; > z C; < a+l , Xa+1U
c Y.

i

ka B
(2) (weakly accessible) 2 < m, a+l < % Ci Xa+1U c Yi and any
partial sum X' N is strictly smaller than a + 1
ka ka
(3) (Weakly accessible) m = 2, Yi = Xa+lU , cj < a + 1, Xa+1U C
Y., , i=
j J
The order 0 = Q(zo) used in the above construction is defined

to be the maximum of £(Y) for those Y, and all connected components

ka
Xa+lU

of X! e 1U

aely ~ Sing p3

§ 5. The second stabilization and the global strata

We can show that when germs f have jets jets in XiU , T admit
the canonical A—regular'stratifications (gf N f*f*gf , f*gf). We

[}
AU

further in a higher jet space of order ' > 0 in the same manner as

now impose the B-regularity on 1t stabilizing the jets in X

the first stabilization.
We begin the secdnd, stabilizatioh, with the pre image XiU =
-QV Q A

-1 g . ] .
RQ'Q(XAU) and define the germ of the stratum XU open dense in XAU



g’ A 2 2

at an ('-jet z, ( HQ,Q(ZO ) =z € Za+1U ) by deleting
"non—stabilized" jets from X&U (The order £' is a function of
the f-jet Zg . )

The polynomial representatives fzﬂ' of 0'-jets zﬂ € XiU

restrict to proper and finite-to-one mappings on the singular point

sets Z(fzﬂ'ld) when fzﬂ' are restricted to suitable neighbourhoods

A

of the source and the target of zﬂ because fzﬂ' admits the A- and

Af—regular canonical stratification with the properties in Theorem

3. So the canonical stratifications for fzﬂ' are semialgebraic and

the totality of those form a semialgebraic canonical stratification

. . _ , _Q,' . n Q'
) of the unfTolding F = (fZQ , 7z )T R Ox XAU -

respectively in the
ZQ Q2 )

-Q"

#*
(9F nF F*yF , F*QF
2’ [ [

P PR .
RY x X Define the diagonal sets XAS , XAt

AU”
source and the target of F by the sets of those (x,

I [

€ Xpu
These sets are naturally identified with XAU'
-Q"
Z

O

), (y.z

with =z X, y being the source and the target of 2z
2 Define the germ X%

at by

Q' B ﬂ' = .le' ® = v *
(v) XU = XAU B( XAS , QF N F F*QF ) B( XAt , F &

and define the germs of Z§+2U at zg by the union of the complement
" .

. a
of Xy 1In Xpy a+1U"
L0 o . e ) i v
of 9a+1U at z by the union of  the pull back of gaU to #'-jet

r)

L L for all connected component X Define the germ

A

U

These QQ and ZQ define the stratification ¢ and the
a+1U0 a+2U a+l

in infinite jet space on a preimage of a neighbourhood

space and the stratum X above defined.

subset X
a+2
. 27
of ZO by T[Q'

The order k (z ) for ¢ at z 1is defined to be the '
a o a o

+1 +1

used in the above construction.

To make the construction explicit at this stage, it is worth



to present here an. alternative way. The equivalence of these

definitions is discussed in the following remark.

k v
let ¥ = (mj a)_1(Y) c (RMH™ x XiU be as in the first

stabilization and consider the strata Y(F) = P(Y) c R™ x XQ ,

AU
p [ . ot . . n,m
FY(F) ¢ RY x XAU of the above stratification of F, where P : (R)
A '

n [
X XAU - RV x XAU

The germ of stratum X

is given with the projection onto the first R™.

2 is the set of those zﬂ € XQ for which
U AU .
Y(F) is regular over Xis , FY(F) is regular over Xit

-Q'

respectively

on neighbourhoods of =z for the strata Y accessible as well as

weakly accessible to X (see Conditions (i) - (iii) in §4).

k k k
Consider the strata XA(F) = (J aF)_l(XAa) , FXA(F) (7 2F

k ' )
denotes the family of jet sections J afzﬂ', ZQ € XiU ) of the above
canonical stratification of F. Theorem 3 applies to the germs of

F at (X,z!l 2 ) to say that the

_— [

) € XA(F) (x being the source of =z

stratification is regular over XA(F), FXA(F) at (x, ), F(x,z" ).
It is easily seen that this implies the regularities used in the
second presentation of the stratum.

The above construction uses the indefinite £'. The 2' 1is
given by the various ULojasiewicz inequalities, and bounded and
semicontinuous with respect to the 2-jet Zﬂ. Here we observe that
the resulting strata are independent of the ¢' in the following
remark.

To show the independence of the stratum of the order 2' above

used, let Qz > Ql = 0' and consider two unfolding Fi with the
Qi ;
parameter spaces XAU and the stratifications
(9. N F?F. ., F. g ). Theorem 3 tells that if the
Fi i i= Fi i# Fi



stratification is regular for i = 1 then it is also for i = 2.

Conversely assume the regularity for i = 2. The natural
Q [} 9 [}

. . n 1 n 2 p 1 2

inclusions R X XAU c R X XAU , R X XAU c R x XAU are

respectively transversal to the stratifications of F2 on the source

and the target, and induce the stratification of Fl' Thus the

regularity holds for i = 1. This proves the independence.

By the above independence and the upper semicontinuity of the
order ' , the germs of the stratum X%' above constructed glue up
together to give a global stratum X of finite type in the infinite
jet space.

Let k be the order for the resulting stratification gt

Then we obtain

Proposition 5.1 The order k for the stratification gt(Rn,d,Rp)

is bounded on the fibres of the projection of J(R™,RP) onto R™ x RP.

Proof. Define the action p of positive numbers a to J(Rn,Rp) by
wo(ox o, JI(x ) ) = JH{ A(f—f(Xo)) + Tix)) Hx))

By the RL-invariance the stratification (yt,zt) and the order k is

invariant under this action. Let Oy denote a jet of a constant
o
map f = Yo at Xy - Then, by the upper semicontinuity, the order k
is bounded by k(Oy ). ' (Note that the ZO is not necessarily
o

ka

contained in X but in X’ in the first and second
a+1Uu a+1Ul

stabilizations. So the construction proceeds replacing zg by the

jet O

Yo



By the proposlition we obtain

Corollary 5.2 The order k is bounded if N = R™, P = RP and the
support of o is compact, and then, the stratification is globally

constructed in a finite jet space.

This holds also for semialgebraic 4 in R" as lojasiewicz
exponent for semialgebraic sets 1is bounded. See also the next

section for the case of non-compact d.

Finally Let N, P be real analytic manifolds and {Ui}’ {Vj} be
coordinate open neighbourhoods. The first and the second
stabilization procedures are compatible with analytic coordinate
changes of the source and the target, so the stratifications of
J(Uj’vj) glue up and give a global stratification 9t of J(N,P) of

finite type. By Corollary 5.2 we obtain

Corollary 5.3 The order k is bounded if the support of 4 ¢ N

is compact.
§ 6. Non trivial 4, %

For non trivial subanalytic stratifications A4, 2,
subanalyticity replaces the role of semialgebraicity 1in the
previous sections.

First we show the reduction to the case of trivial 3. Let 4,
% be subanalytic stratifications of N, P and let Qt(N,d,P) be the

stratification with the properties in Theorem 3 for trivial 3.



Then by the RL-invariance (Theorem 3 (2)), ¥ 1is trivial over P, so

t
the set F of mappings f of N to P for which Jf is transversal to Qt
N & (in other words f IJf—l(Qt) is transversal to 3) is open dense
in the mappings space. Since the strata of Qt are locally defined
in k-jet space, the transversality at x € N depends only on the
k(Jf(x))+1-jets of f at x. We denote the set of those transversal
k+l1-jets by @0, which is subanalytic and open dense in gt by the
density of 7. We define Qt(N,d,P.%) by the restriction of gt to
0, and Zt(N,d,P,%) by its complement. By the density of ¥, codim
Zt exceeds n.

By the RL-invariance (Theorem 3 (2)), it 1is enough to
construct for N = Rn, P = RP and subanalytic stratification d4 of R™.
The construction uses the same induction as in §8§4-6. So assuming
that there exists the stratification ya of the complement of 2a+1
refining>d , we construct the strata X open dense in the connected
components of smooth parts of Za+l n C , C € 4 with codimension
max{0,n-p} + a + 1.

The first stabilization remains the same form as for
trivial 4.

In the second stabilization we use the orders given by
Lojasiewicz exponents of the various tangent spaces of the
stratification of the unfolding F with the parameter space Xi.
Those orders are similarly defined for semialgebraic 4 by the
well-known result due to lojasiewicz [8], and the stratification Qt
is constructed in a finite jet space. For subanalytic 4, those
orders are given by the genéralization of the exponent for

subanalytic sets due to Bochnak for subanalytic sets due to Bochnak

and Risler {11.



§ 7. A generalization

The essential conditions used in our construction 1in the
proceeding sections and the proofs of the invariances in

Theorems 4,5 are the subanalyticity of ga s 2a+1 as well ‘as the

independence of the singular point set sing'Za+1 from the choice of

local coordinates of N, P. Now define singl Za+1 to be the set of

those z € X where % is not a Cl smooth submanifold of
a+1l a+l

codimensioh_lnax{O,n—p} + a + 1. Clearly this set is invariant

under Cl smooth coordinate transformations of jet space hence also

under Cka(Z)+l smooth coordinate transformations of N, P. By Tamm
[15] it is known that singi Za+1 is subanalytic when Za+1 is so,
and then we can define the stratum X open dense in Za¥1 - singi
Za+1 by the same stabilization procedures in §§4,5. Denote the
resulting pre canonical stratification by 9% . By the above
invariance of singi 2a+1 and the RL-invariance of the stabilization
procedures, the stratification 9% is 1invariant undér Ck+i smooth

local coordinate transformations of &, B, where k is the order for
9t. This 1nvariance suggests to generalize the notion of
subanalytic stratified manifolds as follows.

We <call a subset X ¢ M of a Cr smooth manifold 1is

locally subanalytic if there exists a coordinate open covering {Ui}
of M such that each intersection X n Ui is Subanalytic. And then
we suppose that the coordinate system {Ui} is fixed and that of
Jk(N,P) is induced from those of N, P. Let (N,d), (P,8) be pre
subanalytic stfatified ct manifolds, and {Ui}, {Vj} the coordinate
systems. By the above invariance the stratification

gt(Ui,dlUi,Vj,%IVJ) glue together by o transition function if k(z)



+ 1 £ r for all jet z € J(Ui,Vj) and all i, j. (The order k

depends only on 4.) If 4 has compact support and szdIUi are

semialgebraic, the order k is bounded and we allow finite r. For
general 4, we require r = w,.

The resulting stratification gt of Jr(N,P) possesses
properties similar to those 1in Theorems 3, 4. The 1important

difference arising here is that the strata are locally subanalytic

and Cl smooth but not real analytic.
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Rigidity Problem for Fiber Spaces of Abelian
Varieties

Masa-Hiko SAITO

Hokkaido University and The Johns Hopkins University

§0 Introduction

Let us fix a smooth connected quasiprojective variety .S over C. A fiber
space of Abelian varieties (resp. curve) over S is a pair (f : X — S, L)
consisting of:

(i) a smooth quasiprojective variety X,

(ii) a smooth projective morphism f from X to S with connected fibers,
and

(iii) a relatively ample line bundle £ on X,
such that for every s € § the fiber X, = f~'(s) is an Abelian variety (resp.
curve). Moreover we always assume that there exists a section s : § — X
of f.

Let g be a positive integer, and let A,(S) and C,(S) denote the sets of
isomorphism classes of fiber spaces over S of principally polarized Abelian
varieties of dimension g and curves of genus g respectively.

Arakelov [A] showed the following finiteness theorem for fiber spaces of

curves.

Theorem. Asuume that S is a curve and g > 2. Then the number of
non-tsotrivial fiber spaces in C,(.5) is finite.

(Here we say that a fiber space f : X —— S is isotrivial if the fibration
is locally constant.) This theorem is the so-called Shafarevich conjecture
in the funciton field case. In this report, we will try to generalize this
finiteness theorem to A,(5). (For the case of fiber spaces of polarized K3
surfaces, see my joint work [S-7Z] with S.Zucker.)

The proof of this theorem is divided into two parts:



(i) Proof of Boundedness: ie. C,(S) is a.quasiprojective variety, in
particular, it has only finitely many components,.

(ii)Proof of Rigidity: i.e. a non-isotrivial fiber space has no deforma-
tions with fixing the base space S, so that each component of C,(5) is of
dimension 0.

In case of Abelian variety, Faltings [F] proved the boundedness of A,(S)
by bounding the degree of the Hodge bundle. He also calculated the local
deformation of fiber spaces by means of Variaton of Hodge Structure on
R!f.Z. Moreover he gave an example of non-rigid fiber space of Abelian
varieties which has no isotrivial factors.

On the other hand, Noguchi [N] showed the boundedness of the moduli
spaces Hol(.5,I'\D) of holomorphic mappings from S to I'\D, where D is
a hermitian bounded symmetric domain and T' is a torsion free arithmetic
subgroup of Aut(D). By using the Torelli theorem and the surjectivity of
the period mapping of Abelian varieties, we can deduce the boundedness
of A,(S) from the Noguchi’s result.

In this note, we shall mainly discuss the rigidity problem for fiber spaces
of Abelian varieties, in particular, we will try to characterize the non-rigid
fiber spaces of Abelian varieties. The details will be published elsewhere.

§1 Fiber spaces of Abelian Varieties and VHS.

Let (f : X — 5,L£) be a fiber space of abelian varieties of relative
dimension g over S. Then we have a polarized Variation of Hodge Structure
(abbreviated to VHS) of weight 1 over S as follows:

(i) V := R'f.Z; a local system of free Z-module of rank 2g,

(ii) F* = f*‘Q}Y/S: a holomorphic subbundle in V ®z Os of rank g such
that |

FloF ~V@gz0s,

(iii) a flat skew symmetric bilinear form

Q:VxV -7
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defined by the formula

Q(u,v) = / wAvAei(Lyx,)

K]

for u,v € V,. This satisfies the Riemann-Hodge bilinear relations:
Q(F, F') =0,
and for 0 # u € F*,
—1/(27v-1)Q(u,u) > 0.

We moreover assume that £ gives a pricipally polarization, i.e. Q induces
the identification of V with its dual, i.e. V* ~ V. If we denote by VH;(S)
the set of isomorphism classes of principally polarized VHS of rank 2g of
weight 1 over S, we have a natural transformation

® : A (5) — VHL(S).
Deligne [D] showed the following

Theorem 1.1. The map ® induces an isomorphism between Ay (S) and

VH!(S).

Let A, = A,(pt) denote the moduli of pricipally polarized Abelian va-
rieties. [t is well-known that

Ag = SPZQ(Z)\HQ

where

H, ={Z ¢ M,(C)|Z =* Z,ImZ >> 0}
is the Siegel upper half plane of genus g, and
Spag(Z) = {y € GLpy(Z)|"yJy = J}

0 I,

WlthJ:<_Ig 0

). We can write an element v € Spy,(Z) as:

v (4 p)ecm@
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such that A*B=B.*A,C*D=D-'C,A*D - B-C = I, The action
of Spay(Z) on H, is defined by the formula;

’)/:Z~—»(AZ-{—B)-((]Z’—}—D)*1

for v as above. (Note that A, has quotient singularities if g > 1.) For
[fl=(f:X — 5,L) € Ay(S), we get a natural holomorphic mapping

my: S — A,

which has a lifting i : 55— 'H, where S denotes the universal covering of
S. Let us denote by Hol(.5, A,)" the moduli space of holomorphic mappings
from S to A, which has a lifting to S. Then from the standard argument
of the period mapping and Theorem 1.1, we have the following

Theorem 1.2. ‘
A (S) ~ VH (S) ~ Hol(S, A ).

§2 Boundedness theorem of Noguchi.

We shall review a result of Noguchi in [N]. Let D be a symmetric
bounded domain, and I' a torsion free arithmetic subgroup of Aut(D)°.
Then Noguchi [N] proved

Theorem 2.1. The moduli space Hol(S I'\D) of the holomorphic mapping
from S to I'\D is a smooth quasiprojective variety.

This theorem is highly non-trivial, because S and I'\'D may be non-compact.
The key of his proof is the fact that I'\D is hyperbolically embedded into
its Satake compactification in the sense of Kobayashi.

Though I' == Sp,,(Z) has torsion elemnets in the case where D = H,,
using the same argument in [N] or [S-Z], we can show a boundedness

Theorem 2.2. The moduli space Hol(S, A,) is a quasiprojective wvariety
with at most quotient singularities, and so are A,(S) and VH;(S’).
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§3 Deformation of VHS.

Let (f : X — S,L) be afiber spacein Ay(5) and (V,F", Q) the polarized
VHS over S induced from it. Setting Vg := V ®z Q, we obtain a Q-VHS
over S. The endomorphism algebra of Vq is defined to be

E = End(Vq) = H°(S, End(Vq)),

where End(Vq) denotes the local system of flat endomorphisms of Vg. A

for all local flat section u,v € Vq it satisfies the condition
Q(au,v) = —Q(u, av).

Let Erg_dQ(VQ) denote the local subsystem of End(Vq) which consists of
all skew flat elements. Then End(Vq) forms a Q-VHS of weight 0, and

EndQ(VQ) becomes a polarized Q-VHS of weight 0, We moreover set

In [D], Deligne proved the following importaﬁt

Theorem 3.1.

(i) The endomorphism algebra E of Q-VHS is a semisimple algebra and
has a natural Q-Hodge structure of weight 0.

(ii) The center Z of E is of type (0,0).

On the other hand, Faltings [F] showed the following

Theorem 3.2. The local universal deformation space of (f : X — S§,L)
with 5 and L fized is 1somorphic to

(EQ ®q C)~"'/finite group
as a germ of complex spaces.
Corollary 3.3. A fiber space in A (S) is rigid off

(ER @q C) M = 0.
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§4 Endomorphism algébra of Q-VHS.

Let Vg = (Vq,F',Q) be a polarized Q-VHS of weight 1 over S, and
E = End(Vqg) the endomorphism algebra of V. We moreover assume that
Vq is irreducible as a Q-VHS. Let Z be the center of E and a a non-zero
element of Z. Then by Theorem 3.1, (i1), the kernel of a is also Q-VHS,
and hence ker(a) must be zero because of the irreduciblity of Vq. This
implies that Z must be a (commutative) field. By the Deligne’s theorm of
the semisimplicity of the action of the monodromy group on VHS, we can
write Vg as the direct sum decomposion

Vo =MV1)" @ @ (V)"

where V; are irreducible local systems of Q-vector spaces which are not
mutually isomorphic. If we set D; = End(V;), by Schur’s lemma, D; is a
division algebra. Then we have

E= End(VQ) = ]\/Ill(‘Dl) S---D Mt(Dt)v
while the center Z is a field. Hence we have

Lemma 4.1. An wrreducible Q-VHS Vq is primary, i.e. it has a direct
sum decomposition

VQ = (Vl)@

where Vy 1s an irreducible local system. Morecover we have
E = M,(D)
where D = End(V,) s a division algebra.

Let s be a point of S, and consider the fiber V = V¢ ,. The polarization
Q induces an involution * on Eby the adjoint action, i.e.

Q(au,v) = Q(u,a"v).
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By the same argument in [D] (4.4.7), or [S-Z] (2.4.1), one can show that
Tr(a*a) >0 for 0 #a € Z.

From the Albert classification of fields with positive involutions, we have
the following

Lemma 4.2. Let Z denole the center of the endomorphism algebra E of
an irreductble Q-VHS. Then Z 1is v

(i) a totally real number field and * = id, or

(ii) e quadratic purely imaginary extension over a totally real number
field and * = complex conjugation.

§5 Non-Rigid VHS of weight 1.

Let Vg = (Vq,F',Q) be an irreducible Q-VHS of weight one, and write
it as
Vq = (V41)*,
and set D = End(V,) and Z = Center of D as before.

By using a Deligne’s theorem in [D], we have the following

Theorem 5.1. Notation being as above, assume that Vo has no non-
1sotrivial Q-subvariation of Hodge structure, Z 1is totally real, and

(E®q C) "' #£0.

Then we have

E — M,(D)

where D 1s a quaternion division algebra over Z with

DR~ My(R) x -+ x My(R)xK x---xK.

n d—n

Here K denotes the Hamiltonian and 1 <n <d =1[Z:Q)].
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Corollary 5.2. Let k denote the rank of V, as D-module. Under the same
assumption of Theorem 5.1, we have

rankqVq = 4dlk

with d > 2.

§6 Examples of Non-Rigid VHS of weight 1.

Deligne [D] proved that if a fiber space of abelian varieties has no non-trivial
factors and relative dimension g < 3, one has E®q C = (E ®q C)*?, so it
is rigid. On the other hand, in [F], Faltings gave the following example.
Let Z be a real quadratic number field, D a quaternion algebra over Z
such that
D®qR ~ Mx(R) x K.

We can construct a non-isotrivial polarized Q-VHS Vq over a modular
curve S = I'\'H; with the endomorphism algebra E ~ D. It is easy to see
that ‘

(E®qC) " =C,.
but

(EQ ®Q C)ﬁl’l = 0.

So the associated fiber space of Abelian varieties has no non-trivial defor-
mation with fixing S§ and the polarization £. Note that nonzero elements
of (E ®g C)™ "' are corresponding to the deformations of the fiber space
with fixing S but changing the polarization £. The deformed fiber space
may not be algebraic.

On the other hand, the endomorphism algebra of direct sum of two
copies of the above Q-VHS is

E = M,(D),
and it is easy to see that

(E®C)™ ~C'> (EQ®q C) ' ~C.
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So Q-VHS VQ ® Vq has one dimensional non-trivial deformation as a po-
larized Q-VHS over S. The relative dimension of the associated fiber space
is 8.

From Theorem 5.1 and with a little more argument, we can prove the

following

Theorem 6.1. Let (f : X — S, L) be a fiber space of abelian varieties with
no wsotrivial factors and relative dimension g < 4. Then we have

(EQ@ C) ! ~0,

and so the fiber space 1s rigid.
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A relation of CF'T to the theory of genera

Yuji SHIMIZU
Mathematical Institute,
Tohoku University

1 Introduction

In this article, I report on a recent study on the connection between the bo-
son Fock space in conformal field theory (CFT') and the complex cobordism
ring [KSU3]. This is a joint work with Toshiyuki Katsura (Ochanomizu
Univ.) and Kenji Ueno (Kyoto Univ.). "

In this Introduction, let us illustrate a consequence of our results. It is
a phenomenon related to the Todd genus.

Todd genus appears usually in the Hirzebruch-Riemann-Roch theorem
[Hix] :

(X, E) = ch(E)VTd(X) - [X].

Here ch(€) is the Chern character of a holomorphic vector bundle £ on a
non-singular projective algebraic variety X of dimension n. The right hand
side of this formula means that the class in (say) the cohomology ring of X
is evaluated against the fundamental cycle [X].

Todd class of X is defined in the following way :

n 61‘
rax) = ll— =
=1
— ZTdk(CI;"';Ck)-
k>0

Here ¢;’s denote the Chern classes of the tangent bundle of X and 6;’s are
their Chern roots :

[[a+6&)=14+c 4+ +ca
=1
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Then T'dj, becomes a homogeneous polynomial in ¢;’s of total degree k& with
1espect to degc; = 1.
Explicit form of T'dy is known ;

1 1 1
Td, = 2°h Tdy = E(ci +¢p), Tds = 5212

] .
Tdy = —o(~ch+acfes +3¢ +cres —ca), .

Let us introduce another set of variables ¢,’s :

1+ Z 7t = exp(Z(—l)i+1tizi).

i>1 i>1

1 2 1 3
eg. c1 =11, Cp == Etl — 19, c3 = gtl — T2 + 13,

1 1
Co = —1F = 424y 4 tyta o+ 12—ty -
4= ot 212+13+22 1,

Now calculate log T'd(c) in terms of t;’s. Plugging these relation into the
following :
logTd = Tdy+ (Tdy— 5Td?)+ (I'ds — Td1Tdy + $Td3)
+(Tds — 5Td} — TdyTds + TdiTdy — +Td}) + - -,

we finally get the following :
1 1 1
logld=—t; — —tp, +0— —1t4+---.
o8 21 TV T et

We have included the term O to indicate that each term of degree i becomes
a multiple of ¢;.
In conclusion, we have the relation :

Td(c) = exp(Z(—l)iHbiti)

>1
. 1 1 1
with b; = 2 by = 17’ bs = 0, by = — 753,

We remark that b; equals the coeflicient of ¢; in T'd;.

We will state that this relation is valid for any muliiplicative sequence in
§4. We might say that this is a tip of iceberg of relations among CFT and
several branches of mathematics. The connection in this case comes from
(the boson Fock space in) abelian CFT.
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2 Theory of genera

Let us briefly recall what is a genus.
A genus with values in a commutative ring A with a unit 1 is a ring
homomorphism

w: MU — A.

Here M U™ denotes the complex cobordism ring.
Assume hereafter that 4 is a Q-algebra. Then ¢ is equivalent to

@:MU&:MU*®ZQ—>A.

This in turn is equivalent to the following formal power series :

L,(2)=>" E(P—:——l—lzn € A®[2],
n>1

since we know that
MUg = Q[P,P?, .. ]

according to a theorem of Milnor. Here P™ denotes the cobordism class of
the complex projective space P*(n > 1,P? = 1) and they are algebraically
independent.

This power series £(z) would be the logarithm of a 1-dimensional formal
group law, cf.[Haz]. It is related to a multiplicative sequence K(c,z) =
K (3 ,,>0 cn®™) via ils characteristic power series Q(z) by the formulae :

Qz) = 55— K(1+2) = Q(2).

(2)
The multiplicativity of K is just equal to the fact that K is a group
homomorphism of A(4) = 14+2A[z] considered as a group by multiplication.
For all these material, we refer the reader to [Hir,MiSt,0O].
We remind you some examples.
Example 1) (Todd genus)

z

:1-e’z

, £(2) = —log(1 — 2), o(P")=1.

Q(z)

2) An elliptic genus is a genus whose logarithm is given by the elliptic
integral of the following form :

z  dt
E(z) = / \/m;
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associated to the elliptic curve given by the equation y? = R(z) = 1-26z2+
4
ext.

Then we have :

Q(2) = ——, p(P™) = Py(6//)e"?, (P 1) =0,

z
snz
where snz is Jacobi’s sine function and P,(z)is the n-th Legendre polynomial
a\" n
(= ahar ()" {2 = "),
Remark that for § = ¢ = 1 ¢ reduces to the signature. This notion was
introduce by Ochanine in order to answer a conjecture of Landweber and

Stong. In the context of quantum field theory, Witten reinterpreted it as an
index of a certain Dirac operator on loop spaces, cf.[La].

This is a partial stimulus to the sfory below. But before we state it, we
need to explain a little bit about CFT.

3 Conformal field theory

We only intend to recall relevant part of abelian CFT.

Conformal field theory is a kind of 2-dimensional quantum field the-
ory with conformal symmetry. It was initiated by Belavin, Polyakov and
Zamolodchikov in 1984 and involves representations of the Virasoro Lie al-
gebra L :

d
L= C[z,z"l]d— ®C-c,
z

where ¢ is in the center of £ and the other bracket is given by

d d o ' /\ 4 1 o111
The elements L, = —z"“% provide usual generators found in the literature,

cf [TK].

In 1987, Friedan and Shenker gave a formulation of CFT in terms of
vector bundles (of conformal blocks) with integrable connections over some
moduli space of Riemann surfaces. Segal gave a different approach to CF'T
using the notion of modular functors in 1988. A rigorous mathematical
model of CFT was given, for exémple, by Tsuchiya, Ueno and Yamada for
the so-called Wess-Zumino-Witten model. In the last model the symmetry
involved is an affine Lie algebra (called “current algebra” in the physics
literature). It is an example of non-abelian CFT.
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Here we recall a geometric model of abelian CEFT.

We wish to realize representations of the Virasoro algebra £ as spaces
of global sections of some line bundles in a manner similar to Borel-Weil
theory. 7

Even though there is no group corresponding to £ in the algebraic sense,
half of £ does correspond to the group Aut(C[z]).

Following a suggestion by Manin (and I suppose) together with this fact,
Beilinson and Kontsevich independently introduced the notion of dressed (or
extended) moduli space of algebraic curves ME;OO), cf.[BeSc,KNTY] Its C-
valued point is a triple X = (C, Q,t) of a projective smooth algebraic curve
C, a closed point @ of C, and a formal local parametrization ¢ : (;)C,Q o~
Cl~]-

It is not so difficult ot see that the tangent space at a point X' can be
expressed as follows :

T MG = C(2) o] H(C,00(+Q)).

This means that M(goo) might be considered as an infinitesimal homogeneous
space of Virasoro algebra (with central charge 0).

Then it is known that this infinitesimal action of £(c=0) on ME,OO) hifts
to an infinitesimal action of £ on the determinant line bundle I. This L is
the pull-back by the natural projection ME,OO) — M, of the one L on M,
associated to the theta characteristic /2 on the universal family C — M,
. I = det R, (QY?).

A representation of £, called the boson Fock space, Hy can be realized
geomtrically inside HO(M(QOO), J:J) Algebraically it is the space

Cli, t2, - J[u, Y]

with the action of £ given in terms of differential operators of order < 2 in
infinitely many variables ¢;’s, cf.[KSU3,§2].

This indicates that ME,OO) can be embedded in a projective space of
infinite dimension.

Actually this can be carried out in 3 steps : a) Krichever’s construction,
b) Plicker embedding, ¢) bosonization.

The first step a) gives a map M(goo) — GrassC((z)) by

X =(C,Q,1) — H(C,0V%(xQ)) — C((2)) via t.
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This comes from the consideration of commutative subrings of the ring of
differential operators of one variable, cf.[Mu,Sh].

The second step b) is an analogue of usual Plicker embedding in infinite
dimension. Even though we don’t recall the fermion Fock space F or its
completed version F here, we note that F is a semi-infinite wedge product
of the space C((2)), cf.[KNTY,KSU1].

The third step c) is an isomorphism F =~ Hr (thus F ~ Hp also)
cf.[DJKM,TK] and means roughly that exierior algebra and symmetzic al-
gebra become equivalent in infinite dimension.

We temark that the pull back of the tautological line bundle on P(Hr)
by the composition

M) 2, GrassC((2) - P(F) - P(Hy)

is equal to L, cf.[KNTY]. Remark also that the theory of quasi-periodic
7-functions using Jacobian theta functions provides us a section of L.

A consequence of bosonization is a natural Z-basis of Hro {x\(t)} con-
sisting of Schur polynomials. Recall that elemenatry Schur polynoinials are

defined by
Z pa(t)2™ = exp(z tn2™)
n>0 n>1
For a partition A = (Ay, -+, Ag), Ay > -+~ > Ay > 0, we put

xa(t) = det(pa—its ()hciz<e =2 Aa(p)-

It is known that x (%) is the character polynomial of the finite dimensional
representation of GLy with highest weight A (for sufficiently lazge N).

A final remark is that the above abelian CFT (at least except 7-function)
can be constructed over Z (or Z[Z]). In the process we have to replace the
original bosonization by an arithmetic variant, cf.[KSU1,2].

4 Relation of MU* and Hry

In this section, we present a basic relation between M U™ and Hryo giving
rise to the phenomenon at the beginning. ‘
In this section, we consider the boson Fock space (of charge 0) over the
field Q : '
Hro = Qft, 12, ).
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Let us introduce the ring of universal Chern classes :
Ch* = Q[C],Cz, .- ]

The comparison between MU, and Hy g is done so that we can compare
the natural pairings : Chern numbers and the one used in the theory of KP
equations. The definitions are as follows :

Ch* x MUG — Q:
(P(c),[M]) = P(c)[M] = degree dim M part of P(ci(M),co(M),---).
for P(c) = P(ci,c2,---) € Ch* and a complex manifold M .
Hrp x Hro — Q: (f(1),9(1) = f(9)g(t) i=o0
for f(t),¢(t) € Hrpo, and we put

g 190 1 0

52 19 . .
(8t1’28t2’ ’natn’

).
Then we can state our first majn result.
Theorem 1 The following ring homomorphisms
K: MUG — Hro: P" 0 pa((n+ 1))
KT Ch* — Heg: e (<1)pi(—t) = ()

are isomorphisms which preserves the pairings recalled above. Here p,, is
the m-th elementary Schur polynomial in §2 and kt = (kt1, kia,--) for k =
n+ lor — 1.

This Theorem is verified by a direct calculation.
Remark 1) The correspondence KT can be rewritten as
KT+ 3 i) = exp(3(=1)42),
>0 >0

which is used in Introduction.

It is in this form that KT is originally found. Similarly K was given
quite explicitly at first. ‘

2) Morava has a different view-point of the cobordism ring [Mo]. He
and the author developped a way of generalization of the elliptic genus
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using Krichever’s construction in §3 and projective connection on a Riemann
surface [MoSh].

Z-structures
We can compare integral structures with respect to K and KT, Tet us
consider the following Z-subspaces :
Ch*(Z) = Z[Cl, Coy ] CcCh”
HT,()(Z) — Z[tl,'tg, .- ] C HT,O
Ho(Z) = Z[pa(2),p2(1), -] C Hrp.

As to the space Ch*(Z), it is easy to see from the definition of KT that
KT(Cn (2)) = Ho(2).
Therefore we conclude that
K (Hro(2)) = MUNZ) = {z € MUQ;(P(¢c),z) € ZforVP(c) € Ch*(Z)}.

But to determine the image K(MU™), we have to use a theorem of
Bukhshtaber-Shokurov [BuSh]|, which in turn relies on a theorem of Hattori-
Stong, and a result relating our K and a map appearing in [BuSh]. The
result is

K(MU*Y = Z[r (1), 72(t), - - ] 0 Ho(Z),
()= 3 ——p (=i + 1)),

o<l T

For detail, cf.[KSU3,§4].

Let us move on to our second result.

Definition Let T be a multiplicative sequence with coeflicients in Q.
Put
rr(t) = K1(T(e, 1)),

and we call it the 7-function associated to 7". So this is an element in Hrg.
After some experimental calculation, we arrived at

Theorem 2 1) 77(t) = exp( ;51 (—1)11b;t;), ‘
where b; 15 the coefficient of ¢; in the polynomial T;(cy,- -+, ;).
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2) t7(t) has the expansion of the following form :

re(t) =1+ Y > Ax(a)Ax(c),

n>0 A

where A runs through all the partitions of n, and a;’s are defined by Zizo(—l)iaizi =
1/Q(z), Q(z) being the characteristic power series of 1.
For the proof, we use the theory of Schur functions as developped in [Li].

Applications
By this theorem, the calculation of (Hirzebruch type) genus can be done
in the following way.

T()[M] = exp(Pips (1 E )P (t) le=o
= pM(bIJ _%2_) T (_1)i+1%};) o )
where b;’s are as in the part 1) of the above theorem and pas(t) is defined
by I(([M]) = pM(i).
The part 2) of the above theorem provides us an interpretation of the

r-function 77(t) in the context of KP-equations, cf.[S,SN].
The expansion in the part 2) of the theorem implies

m7(t) = det(D(c) - * D(a)),

where we put

P1 P2 P3
D(p) := 1 p1 po P3
0 1 m P2 D3
1 P1 P2 P3

This is nothing but a definition of the 7-function associated to the frame
D(a) up to minor modification, cf.[SM], as we now explain.

A 7-function (in the formal category) is an element of Hr o satisfying
the so-called Hirota’s bilinear equation.

The totality of 7-functions has a structure of C*-bundle over a generic
open cell of the Grassmannian Grass(C((z))), cf.[S,KNTY §1,4]. A r-function
can be represented by a frame ¢ (a Z X Z<g-matrix) for the corresponding
subspace of C((z)). It is given as the determinant 7(¢,t) = det(*éo - £(1))
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(cf.[KSU3,§5] for its meaning), where & is the reference frame (6i41,5)e7Z 167 <o
and £(7) = exp(2,>1 tnA™) - { is the time-evolution of £, A = (6;41,5); ;c7-
Because of the identity

‘60 - exp( D taA™) = D(p),
n>1
we have 7(£,1) = det(D(p) - &).

If we allow minor changes in the time-evolution : A — —A ¢ +— —1%, then
D(p) changes into D(c) under the identification kT, and 77(t) can be seen
as a 7-function in this sense.

Finally we remark that these functions 77(¢) for varying 7' form an orbit
of the group '

1+0,'C[0;"]

on Grass(C((z))). In other word, the time-evolution of 7p(¢) is just the fiber
over the constant operator 9, of the natural projection from the set of wave

operators to the set of Lax operators in the theory of KP-equations. For the
detail, see [KSU3,§5].
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