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Uniqueness and Widder冶 theorems
for the heat equation on Riemannian manifolds 

By 

Tal臼yukiN agasawa 

Department of Mathematics， College of General Education， 
Tohoku U niversity， Sendai 980， J a.pan 

1 Introduction 

Let (111， g) be a， complete Riemannian manifold， and .d be the Laplace-Beltranu ope日 tor
on ]1/[. We consider the uniqueness of solutions for the heat equation 

、hsノ
1
t
i
 

〆，
a.，、、 Utニ .du

on A1 x (0， T). Equivalently we discuss whether u三 ois the unique solution of (1) satisfyin 

(2) u(x，O)三 O.

As well known， in case M ニ Rnwith the standard metric， the answer is negative 
unless we impose some additional assumption on u. For instance Tyド刊cl悶
f、.ollowingresult. 

ThcorC111 1. Let J'vI be R n，αnd u E C(AI X [O，T)) be αsolution of(l) -(2). 1f u 
5αtisfies 

(3) ¥'1L(:r:， t) ¥三 exp{C(l十¥:l;¥2)}，

the71， '1L三 O.

In respect of the square power this result is the best possible‘ 

Sl山 equentlyWidder [9] studied the uniqueness of non-negative solution 

Thco間 1112. Let AI be Rn，αnd '1L E C(J'vI X [0， T)) beα71，on一71，egat附 solution01 (1) 
(2). Then '1L三 O.
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Strictly speaking， in [8] and [9] they discussed in case n = 1， however， we can show reslllts in 
the mlllti-dimensional case. 

For general manifolds we know the uniquer 

Theorem 3. Let (M， g) 6eαη n-dimensional complete Riemannian maniJold，ωhere 
n三2. We denote 6y ち(R)the ωlume 0] the geodesic 6αII oJ rαdius R centered at 
pεM. Wεαssume that there exisi pモM and C > 0 such that 

~(R) ~ exp{ C(l + R2)} 

holds ]or any R > O. 1J u E C(M x [0， T)) is a 607川 ded(ωθαk) soluiion 0/ (1) -(2)， 
then u三 O.

Theorems 1 and 3 are apparently independent， however， they have a. simila.rityう thatis， 
the 月ht-ha吋 sidesof growth conditions are. in the form of exp{ quadratic expression of 
distance (or norm)}. 

Our aim is twofold. One is to establish the uniqueness result fr・omw hich Thcorerns 1 

and 3 follow as the special cases， alld the other is to study the cOlldition Oll Nf such tha.t 
Widder's Theorem 2 is valid. 

2 Results 

We can show the following. For details see [7]. 

Theorem 4. Wθαssume thai u E C(M x [0， T)) saiisfies (2) and either 

Ut = Llu or Ut ~ Llu， u 三0

in the切eaksense. 1] there exist p E 10.1， k 三2，and C > 0 s7/.ch ihat 

JBJH+1)\B~(R) Iいu仇Lパ中巾仇(いい仏2♂民吋川叶川:λj刈叶，t)刈tリ引)川Ik切M切d伯伽dVg~υl 
子pバ(R十1)川¥Bpバ(R)

holds Jorα吋 R>0， then u O. Here dVg is the 7Jolume element of (1H， g). 
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This is OUI main theorem. We sketch its proof. Without 10ss of generality 'U ma.y be 
a.ssumed rea1-va.lued. Let qξ M a.nd t ε(0， To) (To = min{T， 1j8C}). Our purpose is to 
show 'U(q，t) = O. We compute the right-l間 ldside of 

0三fifL(z)位 p{g(い )}'U(い){Llu(叩)-'Us (い)}州s

by the integra.tion by pa.rts. Here 

d?(q，x) g(x，s)= 一一一一 (xεM， 0::; s ::; t， d = the dista.nce function)， 4(2t -s) 
，~ ~ ~.~，一一

and <PR(X) is a. cut-o旺functionhaving properties 

ハH
u

t

E

A

r
E
E』
f

、EE
E

、

一一
、‘‘
.. ，，，， Z
 

〆
'
E
t町、R
 
ω' 

on J1;J ¥Bp(R + 1)， 

on Bp(R)， 

O三<pR(X)三1，

!V<pR(X)!三3.

We choose R > m叶Jfj4，d(川)}. a.nd then we get 

ム(伊)九帆三日付-5)Jlm)lBqJ(い)川
On the other ha.nd， Mose山 [6，Theorem 3] iteration scheme a.sse山 tha.t

'U
2(q，t)三C(q，t) la

t 

Combining these estima.tes with our a.ssumption of Theorem， we ha白.ve

三部C川

→ o a.s R→∞. 

Here we use t < 1j8C. The step by step argument yields our assertion. 口

It is obvious that Theorem 4 implies Theorems 1 a.nd 3. We can obta.In the ma.泊lllum
pnn 
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equation， and that its initial value u(x， 0) is bounded from above. Let define a function v 
by 

山)= max {山)-r川 o}
It is easy to see that vk/2 (k三2)is a non 配 gati刊 1礼reaks山 solutionwith zero init.ial va]ue 
Therefore we have the following fact. 

Theorem 5. Weαssume that u ξ C(lvI x [O，T)) satisfies 

Ut ::;， L1u 

in theωθαk se川 θ3αηdthat u(x， 0) is bounded fromαbo侃 Letv be αsαbo侃 1fthere 
exist pεlvJ， k三2，αndC > 0 such that 

j 山 )kdvg三吋C(J十R
2
)}

R+l)¥Bp(R) 

holds forαny R > 0， then 
u(x， t)三supu(x， 0). 

zελf 

As an application of the maximum principle to non-linear problems， we can establish the 
uniqueness of solutions for the Eells-Sampson equation (gradient flow for total energy of 

maps 1刈 weentwo manifolds). 

Li and Yau [5] established the parabolic Harnack inequality for the heat equa.tion on 
Riemannian manifolds. By making use of Theorem 4 and this ineqnality we ca.n show 

Widder's theorem on Riemannia.n ma.nifold provided it.s Ricci curva.tur・edeca.ys to -∞ 
su bquadrat.icall y. 

Theorem 6. Let RicM be the Ricci curvαture ofM， and Kp(R) = -)I}t RicM. 11 
Bp(R) 

there exist pξM  αnd C > 0 such that 

Kp(R) ::; C(l十R2)

holds Jorα吋 R>0， t抗heβηu三 o臼st品hεuηi吋q匂ueηOηnεegαatzvθSOl1山 Oη of(1リ)-(ρ仰2吟). . 
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ln respect of the square power of R， it follows from Azencottフsexample [1， 337.7 -7.9] 
that these results are the best possible. 
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Nonlinear Heat Equations Describing 

Deformations of a Metric 

N obumitsu N akauchi 

[1] Basic N otations 

M : a n-dimensional compact smooth manifold; 

9 = (gり): a metric on M; (g'J) (g;j ) -1 : the inverse matrix ; 

Rg ( Rijk1) : the curvature tensor of g; 

Ricg ( Rjk) : the Ricci curvature of g; 

Scalg = (R) : the scalar curvature of g; 

dVg : the volume element w.r.t. g; 

Volg(M) = I dvg: the volume of M w.r.t. g. 
JM  

Rijkl ~ f旦土+虫ι fPgと一企Ll+山川一山}
2 lθ♂jaXI θXiθXk θXiaxl θZ1θzk jJL  g j 

1jθgaj θgαkθgjk 1 
Fふ~ gia ~一一十一一一一一}Rk-gSIA3kt，R =gjkRJK-
2 Y l aXk θzjθXa J ' ~~J 一
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[2] A functional 

Put 

M 竺 {g : a metric on M s.t. Volg(M) 1}. 

This is a family of all metrics on M with a normalized volume. The func-

tional :F over M ， called totα1 scαlar curvα如何 isdefined by 

:F(g)七ム制9dVg 

Fact 1. 

{ critical points of :F } 、tI
Q
d
 c
 

・
冒
且V且
aτLU e
 
m
 
n
 

・
唱

aAe
 

a
T
U
 

C
D
 n
 

・冒・
AE
 

r

，、t

Fact 2. 

The gradient flow of :F RiccI flow ⑦ conformal deformation 

R.Hamilton の Yamabe. 

[3] Ricci自ow(Hamilto山 equation)

Gradient畳owequation

月
吋
unwd α
 

戸
しS
 
+
 

H
3
 

C
 
R
 

9血一一
σニ
4ι

θ
一θ
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Ricci flow equation (unnormalized) 

θg 

θt 
-2 Ricg・

Ricci flow equation (normalized) 

。g
θt 
-2Ricg+;sgg， 

where Sg denotes the average of the scalar curvature， i.e. 

S g 

ム氏α[g叫
んdVg

世 ansformation:unnormalized牛キ normalized

(木)
(g=→ψ0 
tn孟 =JtU ψ(t刊¥

where the superscripts“ぜ， and "u" correspond to“norrnalized" and "unnor-
rnalized円 respedively.

Short time existence 

For any initial rnetric， there exists a solution in a short tirne. 

-9-



Long time existence 

A“long-time solution" means here the the solution such that the orbit of 
this flow reaches an Einstein metric or an Einstein-like metric. For long-time 

e垣stence，there are three main results as follows: 

(1) (Hamilton [3]) : 

In case dim M 3， for any initial metric go with Ricgo > 0， there 
exists a long-time solution， and the solution gt converges to a metric of 
constant curvature as t tends to the maximum existence time T. 

(2) (Hamilton [4]) : 

In case dim M 4， for any initial metric go satisfying that the cur-
vature operator of go' there exists a long-time solution， and the solution 
gt converges to a metric of constant curvature as t tends to the maximum 

existence time T. 

(3) (Huisken [5J， Margerin [9J， Nishi此i

In general dimension， if the initial metric go is close in some sense to one 
with a constant curvature， there exists a long-time solution， and the solution 
gt converges to a metric of constant curvature as t tends to the maximum 
existence time T. 

There does not exist， in general， a long-time solution: It is impossible to 
go beyond the maximum existence time T before a ''long time". So we want 

to ask: 

Question What occurs in solutions αs t → T? 

We give a partial answer for this question: 

-10-



Theorem (Nakauchi [10]). Let M beαn n-dim. compαct smooth man-
ifold (n三 5). Let gt be αsolution of unnormalized-Ricci floω eqωtion 
such that the CU7・vαtureoperator of the initial metric go is positive. Let 

T(< ∞) denote the mαximum existence time. We assume the following 
two conditions: 

(A) 1r
T

_óム 11 凡 11~+1州 (ヨ(j > 0)， 

ωhere 11 Rg 112 = 9り jqgkr gl3 Rijkl RpQr3 . 

B
 

/
E
-

jhVOIdM)>O 

Then there exist 

(i)α set S of points X1，…，Xk of M 

αnd 

(ii) positive real numbers α1， ・・・ ， ak 

sαtisfying the following two conditions: 

(1リ) The metかT吋巾i化c 9山tcω07ηZ附t
t → T， where g* hαs positive curvature operator. 

(2) The measu何 11Rgt II~ dt匂 convergesweakly to 11 R♂ II~ dvg* + 
zf=1αi OXiαs t → T，ωhere OXi denotes the Dinαc mass supported at xi・

Remarks. 

(1) The integral in the condition (A) is invariant under the sca札le-cl旧悶n

(木).

n n十 L
(2) In co叫 tion(A)， .;:. + 1 =一一 IS時 ardedas the“critical 2 . 2 

n 
exponent" in the spαce-time integral， while i is critical in the space integral. 

2 

1
1
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(3) For any solution gt of the unnormalized equation， the volume 
V 0191 (M) is decreasi時 ast increases. So the limit 1imt→T V 0191 (M) al ways 
exists. 

[4] Yamabe flow 

In his study on COI山口I叫 deformations([15])， Yamabe attempted to min-
imize Yamabe functional on an n-dimensional compact Riemannian manifold 

M (n三3):

Y(u) 
defム(4rillvul|2十 Ru2) 
(ん luI2*}F 

、.，/
唱
E
i

，a，.EZ
、、

( 2*二三三)

for u (手 0)ε W1，2(M)，where W口(M)denotes the Sobolev space whose 
elements and their derivatives belong to L2(M) ， and R is any given smooth 
function on M. 

Yamabe claimed that the i凶mum(called the yiαmαbe invαnαnt) 

μ(M)ゼ inf{Y(u);uEC∞(M)，u 手O}(>一∞)

is always attained. Trudinger [14] found a gap in his proof， and improved it 
when the Yamabe invariant is bounded from above by some (small)ωnstant. 

Aubin [1] showed that if n三6and M is not locally COI品目nallyflat， then 
there exists a mmllll1Zer of the Yamabe function品. Finally， Sd問 n[13] 
proved the remaining case， and Yamabe problem was completely solved. 
The above approach is based on the direct method， i.e. method of conver-
gence of appropriate minimizing sequences. From the viewpoint of calculus 

of variations， it is important to consider a gradient flow instead of such a 

つ心11よ



sequence; the gradient of the functional (1) is 

J A n -1 ̂  _ n __， Y( u) 1 12. -2 __ I 
adY (u) =一一一い一一-=-6.u-Ru十一寸ゴ lul~--~u~

llull;Y in-2llullLf  j 

Since the Yamabe functional is invariant by the multiplication of constants 

to u， we may normalize the norm Ilu11L2.・Set

ιゼ {uE W1，2(M) ; Ilu11L2* = 1， u 手o}・

The gradient of the functional restricted to this normalized subspaceιIS 

given by 

grad (Y Iι)(u)=2(4fjh-Ru +削lulγ-2U}

Thus we have the normαlized yiαmαbe fioω: 

2=4rjAu-Ru+Y(u)lu|アー2 (2) 

We consider the initial value problem for (2) with the initial data: 

u( ， 0) Uoεc∞(M). (3) 

Inoue [6] constructed a weak solution in a Sobolev space for the initial value 
problem (2) and (3). (See Theorem 2.2 in [6].) We show the exIstence of a 
smooth solution: 

-13-



Theorem (N akauchi [11]). There existsαpositive constαnt C(n) de-
pending only on n with the following property: Let M be an n-dimensional 

compact Riemαnnian manifold such thatμ(M) < C(n). Then ]orα吋 mz-
tiα1 dαtα UoεC∞(M) such thatμ(M) < Y(uo) < C(n) ， there existsα 
smooth solution u 0] the initial vαlue problem (2) and (3) ]or t E [0，∞) . 
Furthermore u( ，t) converges to a solution u( ，∞) of the Yamαbe problem 
αs t →∞， 

Remark. we can show that 

(n十 2)2ー 16
C(n) > μ(sn) ， 
一(n+ 2)2 +16 

where sn denotes the unit sphere. Note that， in general，μ(M)三μ(sn)= 
η(η ー 1)Vol(sn)~ ， where Vol(sn) denotes the volume of sn (See Lee-
Parker [8].) 

We show the following result in general: 

Theorem (N akauchi [11]). Let u be αsmooth solution 0] the initial 
va/ue prob/em (2) and (3). Let T be a m α ximum existence time~ Then th日附川e引併r

ε口xzωstα fini“te set S 0ザfpμ02叩ntおsx町1い .一.汁，x九k 0ザ，]M such t品h川川αatu叫(，t) converge臼S 
sm了noωot抗hl旬Yto a smooth function ω on M 一 S αωs t → T. 

Remark. In Theorem 2， we do not assume that Y( uo)三μ(sn).If 
Y(uo) >μ(sn) ， Yamabe solutions may bubble out. 

A
q
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I3low-lIp Sets [0[- Semi 1 inear Parabol ic Equation 

and ASYlIlptotic Behaviors of Interfaces 

Kiyoshi MOCHIZUKI 

Department of Mathematics， Shinshu University 

Matsumoto 390， Japan 

)
 

4
1
1
 
(
 

We consider the Cauchy problem 

8 ts (u) ニ z..u + f(u) in (x， t) N εR" x ( 0 ， T) ， 

μ( ~ι ， 0 ) 二 110( ~ι) R
N 

l n ~/; ε ， (~ ) 

l-，Ihcreθt =θ/θt， z.. is the N-dimensiona1 Laplacian and 8(υ)， f (υ) Hith 

υ 二三 o and μ。(♂ are nonnegative func七ions.

Equation (1) describes the combus七ionprocess in a stationary 

-1 
medium， in Hhich the thermal conductivi七y 8'(u) ~ and the vo1ume heat 

日ource f(u) are depending in a non1irtear Hay on the temperature 8(u) 

一日(1L ( ~!; ， l )) 0 f 1> h e fJl e d i u m . We assume 

(r¥I) s(u)，/(υ) モ c加(1{十 )nC(百十); s(v) > 0， s'(v) > 0， B"(υ) ζ o and 
-1 

f(υ) > 0 for υ>  0; 1im s (υ= ∞ /oB ~ is 10ca11y Lipschi七z
υ→∞ 

continuous in [0，∞) . 

N ¥ 11_ _1 ...N (A2) UO(X):?; 0，さ oand ε B (R") (bounded continuous in R"). 

With these conditions the above Cauchy prob1em has a unique 

N local solutionμ( :;;， t ) 注 o(in time) Hhich satisfies (1) in R"x(O，T) 

i n a ¥.;eak sense. If u(x，t) does no1二 exist globa11y in time， its 

c'¥:isLence Lill!e r is deYined by 
N ( 3 ) 7 二 SUp{T > 0; u(x，t) is bounded in R"x[O，τ] } . 

[n th j只 c8se ¥--Ie say 仁hat u i8 ab~ou-up so~ution and T is 1二he b ~ Ol.J-Up 

t;Lme・

Our main purpose is the s七udy of blow-up solutions near the b10H 

up time. Especially， we are interes七ed in 七he shape of the h~ou-up 

set Hhich lokatesLhe "hot-spots" at 七heb1ow-up time. 1n addition， 

ワ
t
寸
』
よ



since equation (1) has a property of finte propagation， there are 

several interesting suhjects such as the regularity of 七he 'LnteY'fαce 

and its asyrnpto七ic behavior near the blow-up tirne. 

To deal with the finite propaga七ion of solutions and 七he

regularity of interfaces， we require 

(A3) 6(0) 二 f(O) 二 0;J01市了〈 一

υ
)

{

 

υ7 

〆
t
、
百

ρ

F
J
T
/
 

一

υnp 
is bounded near 

υ 二 O.

N (A4) uO(x) > 0 in x εD  and 二 oin x ~ D， where D c R 

bounded convex set with srnooth boundary 3D. 

We put 

N. (4) Ci(t) 二(:1; モ R";U(:E，t) > O}， r(t) 二 θ口(t) 

f'C) 丁、 tε (0，F) . 'j'hcn 1，he interface r is gi ven by 

(5) r = u r(t)x{t}. 。五tくT

Theorem 1. Assume (Al)-(A4). Let u beα孔y lJeαk soLution of 

(J r 0 b i em (1)， ( 2 ) . 
N (1) Then Ci(t) fOY'ms α bounded set in R" lJhich もS

了LonclecY'eαsing 'Lη t: 

( f) ) 口(t1) c Ci(t2) 1:1 t'l く t2・

N (IJ) There exi8t8 α continuous function 9: θDx [0， T)→ R" such 

thαt 

(7) r(t) = {x ご J'( y ， t) ; νεθD} for eαοh t ε[0， T) . 

(111) FoY' eαch t ε(0，7')， clJ(.，t):θD→ r(t) is hicontinuous. 

(IV) 11 JJ， (y，t) ~ D foY' 80me (ν， t) εθDx(O，T)， then vq， (y，t)i8 

L ιP8chitz coγLtinuou8 inνεθD  inαηeighhorhood of y. 

Note that in the case of the porous rnediurn equation 

( 8 ) 
l!ll・ Nθt(u
l/JI1
) = 6.u (711 > 1) in (x，t) E RNx(O，∞) ， 

there are many works studying the interface. Arnong thern Caffarelli 

et al [lJ proved that s(y，t) is Lipschi七z continuous inν， t) εθDx 

(0，∞ in a neighborhood of (y，τ) . To obtain a rnore regularity in t 

口
6
1

，i 



in our case， it seems necessary to know suitable exac七 solutions of 

(1) whose space-time structure reflec七s the mos七工mpor七ant proper七ies

of general solutions. 

Next， r-re resi二rict our concern 七o blow-up solu七ions of (1)， ( 2 ) 

requiring 七he following additional conditions. 

。，( u) 
(/¥5) J1  I~I ゴT-l- cl υ く1 lTv)一一

N 
(1'¥4)' There exists a convex domain D c R" with smooth boundary θ口

such that uO(x) > 0 in x εD  and for any y EθQ， uO(y+sη(ν) )工S

nonincreasing in s > 0， whereη(y) denotes the outer uni七 normal

to the boundary. 

(/¥5) j s knOlm as a blO¥，，-up condi tion (cf.， e. g. [5]). We shall 

r: L凡只只ify the hlow-up solutions by 七he following three conditions. 

(;-¥b) (subljr)car case) f(υ) 二 o(υ) as υ →∞. 

(1'¥7) (asympLotic ljnear case) There exist y， C > 0 such that 

f( u) ζγv + C for each υ>  o. 

(/¥8) (super 1 inear case) There exists a function φ(υ) such 七ha七

( j) (11 ( υ ) > 0， φ . ( IJ) > 0 and φ" ( υ) 二三 o for υ > 0; 

)
 

-
-I
 
(
 
I} .，

 》VA
 

《
ノ
k

、、

(iii) there is constan七s c > 0 and vo > 0 such tha七

f' (v)中(υ) - f(υ)φ ， ( u) 注 Cφ(υ)!t' (υ) for υ 〉 υ0・

Remark. Equa七ion (1) with power nonlinearities 

qリ θtCU1/7Il) 二ムu 十 11P///l in (♂，t) E RNx(O，T) 

s a ti s r i e s (/¥ 1 ) ， (八3) and (/¥5) if 7Il > 1 and p > 1， and satisfies (A6) 

(or (A 7)) i f 1 < ρ < 711 (or 1 < p 三二 m) • (A8) i8 originally intro-

duced in [3] to semilinear parabolic equations. (9) sa七isfies (A8) 

i f・P > !Il・

The blo¥;T-up s8i. 01' u js defined as 

N. ( 1 ()) s二 (:;;εR"; there is a sequence 'n c
 
u
 
s
 

T
 
ハU×
 

，JUE 
z
n
t
 R
 
ε
 

η
 

f
u
 η
 

♂
 

that x → x， t T T and u(x_，t_) →∞ as η →∞} . ηηη  
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Our results are summarized in the following three theorems. 

Theorem 2. Assume (Al)， (A2)， (A4)'， (A5) and (A6). 

1 i OIJ-Uρ soiutLon of (1)，(2). (I) Theη 

( 11) N 5 = R"， 

Let u he α 

αnd the 1.1αν 01 1i01.1-uP is unilorm iηGαch compαct set K 01 R N. 

(12) lim inf u(x，t) 二∞.
ti[x・εK

(11) Assume fuy・Lher (A3) and (A4). Then the support ~(t) 01 

N 
u(x，t) gr01.18 to Rαs  t i T， in other 1.1ords， 

(13) lim inf IvCf， (y，t)I =∞. 
ttTνεθD 

Theor-em ~3. メ¥ssu1lle (Al)， (A2)， (A4)'， (A5)αηd (A7). Let u 1eα 

blo~-Up soiution οf (1)， (2). We choose R > 0 so thαt γ is the 
γ 
N. pf'ιlLC /，ρaL eigenuaLμ正 0/ ム ιn β(3/<..) = {:J;εR"; I ~J; I < 3尺} lJith zero 

Y 

Diric:hl，ef， c:oηcli t L 0η 5uρpose thαt D in (A4) is 'iηciuded iηβ(尺γ)・

Thei凡 lJe hαυθ 

( 14) 5 コ B(R
y
)， 

じL'lLcl 11 }jloι7S Uρμn ;， J 0 Y'71l /; y in each C0711Pαc t SG  t of B (lJY)・

rheorell1 4. ASSU7n8 (A 1) ， (A2 ) ， (A4 ) ， ，( A5 ) ， (A8)αnd the loLL01.1iηg 

N 
(八9) 6UO(:;;)+/(110(:ι) )注 o in the distributioη sense iηR". 

Let u 1eα 1iolJ-Up soLution 01 (1)， (2). (1) Then 

(15) 5 c 万.

(11) Assu711e lurther (A3)αηd (A4). Then the 3upport ~(t) of 

μ( :;;， t) remαins 10undecLαs t i T， in other 1.1ords， 

(lEi) lirn sup Ist(ν， t) I <∞. 
t i T yE三θ刀

仁υr-ollary 5. Assume (Al)， (A2)， (A5)， (A8)， (A9)αncL the 10LiolJ'Lηg 

(A4)" 110 (~d = Uo ( r)， 1.7hey・e r 二 Ix 1; Uo ( r) > 0 in 0 ~二 r く R ， αnd

二 o iη r 二三 !?; u;'(r) く o 'Ln 0 く r く R. 
O 

LeL 11 二 μ(1'， t) 1eα 1/，07・]-UP soiution 01 (1)， (2). Theη 
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(17) S = {O}. 

We are based on comparison and reflection principles ・ The ma工n

proof is done by reduction to ab3urdity. To do 30， for Theorems 2~ 

3， a nonblow-up result to the Diriclet ploblem in a bounded domain 

plays a key role. For Theorem 4 and Corollary 5， we can follow the 

argument> of [3] (see also [2]). In ca3e N ニ 1，more precise resul七S

have been done i.n [7] (cf.， also [4]). 

As for the details of the above resul七s，see [6]. 
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On Stabilities of Difference Solutions 

for a Degenerate Parabolic Equation 

YUN-GANG CHENヲYOSHIKAZUGIGA AND MITSURU HONMA 

Department of Mathematics， Hokkaido University 

In this article， we consider the stability of a difference analogue to吐le

initial value problem of a nonlinear degenerate parabolic equation 

、11ノ
1
1
i
 

/
r
a
t
¥
 

町 二 lV'uldiv (/，~ ，V'u ~， l i 
\(l V'ulσ 十 ð)~ ノ

(tヲx)εQ= (0ぅ∞)X [RN 

with the initial data 

(2) u(O， x) = uo， Z εIRN 

Hereヲdis a constant with dζ0， and V'uニ (UXρ ・・・パlXN) is七hegradient 

of u(t， x). 

The equation (1) can be cha時 edinto 

、、，J
ノ

1
 
1
1よ

/
'
E
t

、
Ut =玄 αpq(V'u)UXp

where 

(3) 
lV'u(c V'ulσ-2¥ 

αpq αpq(Vu)=(6-)  
(lV'ulσ+ d)士¥

pq
lV'ulσ 十
d'-"XpOTXq)'

P?q=If--?N 

つ
δワω



and dpq is the Kronecker delta. 

We now state our di宜'erencescheme 伽 (1)(or， its another form (1')) 

as belowヲ with N 2 for simplicity. Denoting by X and Y the spatial 

variables in 1R2ゥweshall use notations X j and Yk to denote the spatial 

coordinates of the net points here and hereafter. The di百'erenceanalogue 

to (1) and (2) is given by 

U~十 1 _ U"!' 
jk '-"jk 

T =L αpq(Du九)DLuroヲ
(4) 

p，q二 1

n=O?1ヲ2γJうk=Oヲ士1ラ士2γ ・・ ; 

イk二 UO(Xjぅ仇)ヲ jぅk= 0，士1ぅ士2ヲ・

In (4)ヲwehave introduced the following notation for conver 

Notation: 

T> 0: increment of the time variable t; 

9
u
 
'n 

t
I
 
zn 

n th time step; 

mesh sizes of X and Y directionsヲrespectively;

tn二 ηァ:

(Xj，Yk) = (jhlぅkh2): net point in 1R2， j， kニ Oヲ士1，士え

U"!'，: jk. approximate value of the difference solution to u(tnヲZjヲYk);

D'l仇 =(DzU7kヲDυu九)ε!日2，where Dx ujkニ (U7十1，k-uj_l，k)/(2h1)
and Dy'l仇二 (ulk十1-uj，k_l)/(2h2) are the approximations to 

ux(tn， XjヲYk)and Uy(tn，Xj，Yk)， respectively (both are central differences); 

DiIU7k二 (uj+l，k-2ujk十 Uj-l，k)/hi，

D~2 U九二 (u?，k十1-2u九十 uj，k_l)/h~ and 

DL U7k=(U7+IA+1-U7-I，k十1U7+I，k-1十 uj_l，k_l)/(4h1h2)

are the approximations to Uxx， Uyy and Uxy at (tn， X jぅYk)，respectively; 

A
q
 
つ山



U7JO二 Our1十(1-O)U九ヲ linearcombination of uj:1 with 'l仇 for

oι[0ヲ1]. The difference equa七ion(4) is explicit for un+1 if 0 = 0， while 

implicit if 0くo~ 1. 

Put b九=IDu九1/(1Dujklσ十 b)l/σ. Then for the coef日cientsin (4) 

it is easy to get 

α12二 α21， α11α22-ai2 ~ 0; 
0ζαpp ~ b九ζ1，p=1，2; 

0ζb九ζα11十α22《2b7kζ2

since 0ζb九ζ1

As a suf日cientcondition for the stability of the nonlinear difference 

equation (4)ヲweget the following 

THEOREM. The dif[erence equation (4) is stable if either 

(5) 1
1よ
ど
U
¥

A
H
V
 

/ミ-一
2

or 

、、t
j
po 
/
'
e
t
¥
 

入ζ1
、4-80 

when 
41
一つ山
くAυ 

/
九
守
、
ハU

holds true， where 

入=三T十二 >0
hi h; 

lS a constant. 

REMARK: It is worthwhile to note that the stability condition here is 

independent of b. 
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On the local energy decay property for the elastic wave equation 

with the N eumann boundary condition 

MISHIO KAWASHITA 

Department of Mathematics， Faculty of Science， Kochi University， 
Kochi 780 JAPAN 

Abstract 

Let n be an exterior domain in Rn いさ3)wi th smooth and compact 
boundary f. We set 

A(ox)包=LαijθXiOXj叫 包=1(包1，u2，・・"包叫)

wl町 eajj are n X n matrices whose (p， q)-components αipjq are ofもhe
form 

aipjq - 入OipOjq十 μ(OijOpq十 OiqOjp).

We consider the isotropic elastic waveequation with the Neumann 

boundary condition nじじι口(μ何仰附A刈仰刷(伊似θω)ト一Jイ叫0可的の制7わω川)μ川u叫(
N(o，九'X)u包(t，xり)= 0 0叩n 

u叫(0，x) = ん(いx)，θ仇t仰刈包叫(伊o，xり)=1ん1(いx) on 

(N.P) 

Her町eN(伊OX)is the COI悶 malderivative of A(ox) ， 
that is， 

N(ゐ)包(x)= L Vj(X)向jθ'xju(x)lr，

= '(ν1 (x)， V2(X)，…，Vn(X)) is 
ou ter normal vector to n at x εf. We assume 

Rx!1， 

Rxf， 
!1. 

that the Lame constants入andμare independent / / _ n 
of the variables t and x and satisfy ぷ勺 | 

入十 Zμ>0 and μ> 0， 
n 

/ 

which imply that the energy form associated with the operator A(九)is 
positive de五nite.
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Under tl凶 assumption，Iwashita and Shibata [6] examine the ana-
lytic continuation of the resorve此 S1品 ataand Soga [13] develop the 

scattering theory obtained by Lax and Phillips [8]. In [13]， it is shown 
that for any initial data 10， ft and any bounded domain D the local 
energy for the soIution of (N.P) in D n fi 

E(い包叫，D仰，t中 ; j { f士:α勿ωjqaXj包町q(ιい川Zり)θ九仰z
L. J Dnr2品jム，q=l

+Ia凶(t，x)12}dx.

decays as t tends to in:fini ty (i.e. }im E(包，D，t) = 0 holds). We would 
t-+oo 

like to examine more precise properties of the local energy decay. 

PROBLEM. Wllet1悶 tlleproblem (N.P) lIas uniform rate of tlle local 
energy d ecay. 

DEFINITION. We say tlIat tlle problem (N.P) llas tlIe uniform local en-
ergy decay property of strong type wlwn for any bounded domains D 

and Do， tlIere exists a bounded， continuous and non-negative valued 
function p( t) defIned on [0，∞) satisか]n

∞
 

<
 
ed ，a
 
，α
 

q
F
U
 ，，， pa 

∞
 
f
I
j
s
 

∞
 
p''''fo 

，d
 
n
 
a
 

∞
 

<
 
，G
 

q白，，， 、l
J

S
'
u
 pa 

∞
 
f
I
j
o
 

suclI tlIat 

E(包，D，t)三p(t)E(包，fi，O) for any t三0

lIolds for aげ solutionof (N.P) witlI an initial data 10， ftε Co(Donfi). 

Remark 1. Usually， we say that the problem (N.P) has the uniform 
local energy decay property when for any bounded domains D and Do， 
there exists a continuous and non-negative valued function p( t) de:fined 
on [0，∞) satisfying )im p( t) = 0 such that E(包，D，t) ~ p(t)E(包，fi，O)

t-+oo 

holds for any t主 oand any solution of (N.P) with an initial data 
10， ftε Co(Do nfi). 

Remark 2. In the case of the scalar-valued wave equation with the 

Dirichlet or the r、~eumann boundary condition or the elastic wave equa-

tion with the Dirichlet boundary condition， if the obstacle R n¥fi satis-
:fies a non-trappi時 conditionin some sence (e.g. the obstacle is convex)， 
then the uniform local energy decay property in the sence of Remark 1 

holds. Furthermore， we can be taken p(t)回 p(t) = C exp( -O't) (α> 0) 
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for n is odd， p(t) = C(1 + t)-2(nー1)for n is even (cf. e.g. Vainberg 
[14]， Mor包wetz[10， 11]， Ralston [12]， Kapitanov [7]， and Iwashita and 
Shibata [6]). In particular， these initial boundary value problems have 
the uniform local energy decay property of strong type in De:finition if 
the obst配 leis non-trapping. Hence， the uniform local energy decay 
property of strong type is not a meaningless condi tion. 

For the problem (N.P)， t1悶eis the interesting phenomenon， or the 
existence of the Rayleigh surface wave which seems to propagate along 

the boundary， and it does not occur for the cases of the problems stated 
in Remark 2. In particular， in the case of the half space in Rt， the 
Rayleigh surface wave is represented explicitlyand it is shown that its 

energy concentrates near the bound町 aR~ as t tends to in:finity (cf. 
Achenbach [1] and Guillot [2]). Hence， we can expect that the local 
energy does not decay uniformly. Indeed， Ikehata and Nakamura [5] 
show tl叫 theproblem (N.P) does not have the uniform local energy 

decay property if r is the uni t sphere in R 3 • They also prove more 

precise resu1ts， however， they essentially use the fact that the boundary 
is the sphere because they represent the solution of (N.P) by 凶 ngspecial 

functions. Hence， it seems that we do not use their methods in the case 
of the general smooth and compact boundary. Thus， our result is a 
generalization of Ikehata and r、Jakamura'sone. 

THEOREM. 

Tlze problθm (N.P) does not have tlze uniform local energy decay 
property of strong type. 

It is well known tl叫 thetotal energy E(叫 n，t) of the solution包(t，x) 
of the problem (N.P) is conserved and if the space dimension n is 
odd then the Cauchy problem for the operator A(θx) -ai satis五回
Heygens' Principle. Hence， the Morawetz argument due to Morawetz 
[11] is available for the problem (N.P). Thus， we can show that if 
(N.P) has the uniform local energy decay property， then we can take 
p(t) = Cexp(ーαt) (α> 0)， which implies that 
COROLLARY.汀 nis odd， tl1en the problem (N.P) does not 11ave tlw 
uniform locaJ energy dec包yproperty. 

We shall prove Theorem by contradiction. The procedure of the proof 

is as follows. 

Step 1. We denote the outgoing (resp. incoming) Neumann operator 

denoted by T+ (resp. T一).First， we can prove that the Neumann 
operators have the following estimates， which are key resu1ts for the 
proof of Theorem. 
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PROPOSITION 1. If tl1e problem (N.P) l!as tlze uniform local energy 
decay property of strong type， then we obtain 

111士IILl(Rx 1')三clIT土f土IIL1(Rx 1') 
for any 1土 εCr(Rx r) with T土f土 εCgo(Rx f)， 

where c:r(Rxr) = {1εC∞(R x r) I there exists tlεR  suclz tlzat 
f(t，x) = 0 for土t< t1 }. 

Step 2. On the other hand， however， in the elliptic region the Neu-
mann operators are the五rstorder classical pseudo-differential operator 

on R x r of real principal type. Hence， we can construct the asymp-
totic null solution of the Neumann operator T+ (， that is， the function 
g satisfying that T+g = O(k-1)， where k is the wave number)， and its 
principal part does not vanish. 

Step 3. But， using the estimate obtained in Step 1， we can show that 
the principal part of the asymptotic null solution must be zero， which is 
contradiction. 

In the aboveprocedure， if we can construct an asymptotic null solution 
described in Step 2 in the time interval (-00，∞)， then it is not di:fficult 
to perform Step 3. But， the construction of the time global asymtotic 
null solution does not seem easy， and this causes the main di伍cultyfor 
the proof of Theorem. 

In our case， however， we can construct an asymptotic null solution 
in the time in tervalト九，To]for any fixed九>0 by using the Maslov 
method originally due to V.P.Maslov (for the Maslov method see Maslov 

and Fedoriuk [9] or Ichinose [3， 4]). Furthermore， that asymptotic null 
solution is su:fficient to prove Theorem， because we can carry out the 
time global construction of the principal part of that solution. Noting 

the methods of the construction of the asymptotic solu tion， we can pa-
rameterize the principal part by (5， x)εR  x f. We denote the principal 
part by W(s，x)εC∞(R x r). Using the estimate in Proposition 1， we 
can get the followi時 estimateof w( 5， x)， a吋 itis available to acco叫 lish
Step 3. 

PROPOSITION 2. If the problem (N.P) lzas tlze unj{orm local energy 
decay property of strong type， then we lzave 

I IW(士5，x)12dVRXr 
J [to+2，To -2] X l' 

三CoI Iw(士5，x)12 dVRx1' 
J[to+t山 +2]x1'

for any to， To E R with to <ー2，Ito-11 <九，
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where dVRxr is the volume element ofR x r and a constant Co depends 
only upon r，入 andμ.
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A minimizing problem for a functional with a characteristic function 

SEIRO OMATA (KITAMI INSTITUTE OF TECHNOLOGY) 

1. Introduction 

There are some results obtained by H.W.Alt， L.A.Caffarelli and A.Friedman about functionals 
with a variab1e boundary(See [1] and [2].). 
Their pro b1ems are as follows: for u : 0 → R，O仁 Rぺconsiderthe functional: 

恥)=L←(j州
where Ln is n dimensiona1 Lebesgue measure and Q( x) is包 givenmeasurab1e function with 0 < 
Qmin三Q(x)三Qmaxand X denotes a characteristic function and O(仁 Rn)is an open and 
connected domain (may be unbounded) with Lipschitz boundary. Here and in the sequel we denote 

{xεn; u(x) > o} == O(u > 0)， and χu>O is the functIon of the set O( u > 0). In [1]， the case 
F( t) = t， and in [2]， it was treated the case F(t) belongi時 toC2，1[0，∞)， with F(O) = 0 and 
0<  c三安三 Cand 0三市詳三 C.They pro凶 thatif Q( x) Is Ho1der continuous， rough1y 
speaking， the free boundary 11 nθ11( u > 0) is a C1，β-cur刊 inany compact subset of 11， provided 
that u is a minimizer of 1. These resu1もsare applied to solve the Jet problem and the Cavitationa1 
flow prob1em(See [3-7] and [1l]). 
We extend theIr reS1山 ([1]and [2]) to the following non1iI附rproblem. Consider the mini【

mizing prob1em: 

的)= L (aij(u)Di 
under the same assumption forχand n as in [1] and here Q is assumed to be a positive constant 
(We used summation COI附 ntio吋.We need some furtlter a呂田I叩 tionfor the coefficients aij(z): 
αり(z)be10時 sto class C∞ with respect to z， and satIsfies the following ellipもicityand bounded 
conditions， 0 <入jcj2三αり(z)ふむ三 Ajcj2for all c εRn一{O}，moreover [a吋z)]， the derivative of 
[α吋z)]with respect to z， is positive definite. We call this the strong one sided condition. 
Under these assumptions， we find a minimizer In the function set K， where K {uξ 

L~c(11)j \7u ε L2(11) ， u = UO on 5}. Here UO is a given function with UOεL己cen)，¥7uoεL2(口)，
and 0 :S; UO :S; sup UO < +∞， and 5 is a subset of θn with a positive n -1 dimensional Hausd位置

Q 

measure. 

We show that if 0 is 2 dimensiona1， the free boundary of the minimizer J is a C1，βcurve ln 
any compact subset O. 

2. Regulari ty of a minimizer 

The existence theorem is a direct conclusion of the 10wer semicontinllity of the functional J 
llnder an assllmption J( UO) <∞(see [1].). The bOllndedness of a minimizer is obtained in the same 
W札.yas in [1]， using the test f1山 ctionu + mi叫5叩 UO- u， 0) and u -min( u， 0). 

Q 

We can treat u by the method of Ladyzhenskaya and Ural'tseva and obtained the Ho1der 
continuity of a minimizer. 
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T阻 O阻 M2.1. Ifu iおst保he悶eml血R1m由e町r巳， t凶h悶ent凶11悶e悦r目eeぽωX1S拙tおSα>0 de叩pe佃ndi昭 O叩n0， such thi1t uεC白(0)，
where 0 is i1 subdomain w110se closure is compactly contained in O. 

By the theorem above， O( u > 0) should be an open set， then u satisfies the fo11owing eqllatio町

I (-a'J(u)DiUDJ<p-ν(U)DiUDJ'l叩 )dLπ=0 
JD.(包>0)¥ ムノ

for a11 ( εCcr({u> O}). (In the sequel， we denote left hand side Lu.) By using this equation， the 
higher reg1l1arity can be easily obtained (see (12] and (14]). In other words， u ξC∞(O(u > 0)). 
Since 0壬J(u-εじ)-J(u) for V( εCcr(O)， (三 oand ε> 0， we have Lu三oin Omegα. 

From this equation， we cannoもobtainfurther regularity results by llsing usual methods. To obtain 
the Lipschitz continuity we should use the method of Alt-Caffarelli-Friedman(see [2]). 

T田 O回 M 2.2. Let u be a m1Rlmizer， and cllOO田町モ oa出 trarywith dist(xo沿い=0))く
さdist(xo，θ0)，then t1lere is a constant C = C(n，入，A)such t1lat 

u(xo)三Cdist(xo，O(uニ 0)).

By usingもheLipschitz continui旬 ofthe miminum， we have a nondegeneracy theorem. 

THEOREM 2.3. For any p > 1 and for any 0 <κ< 1， t11ere is a constant C，二 C(η川)， such t1lat 
for any bal1s Br with radius r contailled in 0， 

~(~ f川 P dz三Cκ impliesu = 0 in BJ<T' pIOvided that u is a mulimizer. 
T¥IBrl JB

r 
- ) 

3. ][dentification of the differential qu 

Our aim of this paper is now to prove that the free boundary of a minimizer，θO( u > 0)二
Onθ{xε0; u(x) > O}， becomes loca11y the graph of a C1，白-function (αξ(0，1))). Firsも， we will 
show thatθO(u > 0) is an (n-1)-dimensional surface in some weak sense(See [16].). For this， we 
will introduce the following Radon measure: 

入(D)= sup I l-a'J(帆 uDJ伊一;r(帆叫叩 )dLπ
vεCJ(D)，I>"I壬1JD \~ J 

where D is an arbitrary open set， which is compactly contained in O. On this Radon measure入，
the fo11owing fact is proved in [2] and [15]: For any Borel measurable set E cθO( u > 0)円D

cHπ-l(E)三Id入壬 CH抱一l(E)ヲ
J]i) 

、‘.，
F
'

t
E
i
 -
q
J
 

，，，a
，、、

where c and C depend OI咋 onD. In particular the left i附 qualityof (3.1) indicates the local 
finiteness of the free boundary with respect to the n -1 dimensional IIausdorff measure. From 

this fact， we can concludeもhatthe台eeboundaryθ口(u> 0) is the (n-1)-dimensional surface with 
loca11y finite perimeter in O(See [9].). Moreover (3.1) shows that the RadoIl measure入isabsolutely 
continuous with respect to Hπー1LθO(u> 0). Th回 weobtain the fo11owing representation: 

I (-a'J(帆 uDJV-;印刷DiUDJU<P1 dLn = I <pqudHn-1 for all <p E C;'(O) 
JD. ¥ ム J JθD.(包>0)
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where 
入(Bp(x))

q包(X)= 1・
p→oIIπ-l(Bp(x) nθfl(u> 0)) 

Now we introduce the blow up of the minimum u: 

um，xo仲士(XO+ Pmx) 

(Xεθfl(u > 0)). 

(Pm → 0). 

Without loss of ger悶 alit)らbyan adequate change of coordinates， we can assume α'J (0) = 8'Jα(0). 
We can show that the blow up limit uxo achieves the minimum of the following functional which is 

relatedもothe Laplace-equation: 

r (1.-1- 12， Q2¥π  
I(ω) = I ( 1 \1ωI~ +一一χ>0) dLn. (3.2) 

JBR(O)¥α(0)切/
Moreover， for a.e. X。εθfl，the blow up limit uxo is represented by a following linear function: 
uxo(X) = qu(xo)Jα(0) max( < X列島(XO)>，0). Thus we get the next equality， or so-called Identifica 
tion:仇三ぷ市Q a.e. θfl(u>O) 

4. Blow up limit of a minimizer (n=2) 

In this section， we will mention the blow up limit in the special case n = 2. Since the blow 
叩 limitof a minimizer包Xois represented as (3.2)， we can proceed in the same way as in [1]. 
As the first step we geもthenext equality using the notion of the blow up limit: 

lim _1¥1u(x)l=兵空 ( 4.1) 
z→xo，u(x)>o' v'α(υ) 

for Xoεθfl(u>O). 
Secondly we obtain the following estimate which holds only in the case n = 2: 

1 r (ハ2¥十
I ( ~，ー- l¥1ul2j :::;ー-

Ln(Br(u > 0)) JBr(包>0)¥α(0) 1 . ~I) ~ log~' 
(4.2) 

where u isもheminimizer of the functional J and Br is a sufficiently small n-dimensional ball 
contained in fl with the center on the free boundary. 
From (4.1) and (4.2)， only in the case n = 2 we conclude that for all Xoεθfl( u > 0)，もhe

blow up limit of a minimizer uxo is the haU plane solution. 

5. Regularity of the free boundary 

We can sllOw that all free boundary points have their normal vector a.e.IIπ1 In this section， 
we will show the Holder continuity of the normal vector of the free boundary. The notion of 

non-homoger剛山 blowup plays an essential role of this proof. (See [1-2].) Her町 weneed some 
definitions for non-homogeneous blow up. 

DEFINITION 5.1. Letσ0，σ+ε (0，1] and T > O. We say that the minimllm u belongs to F(σ0，σ+; T) 
in Bg(O) witlz Iespect to en， ifu satisfies followi時 conditions.

u(X) = 0 in Bg(xnどσoe)，

の)ど兵ラ((-Xn)一口)in Bg(九<ー叩)，
vα~U) 

!日|主主守(1十T)in Bg 
ゾαlU)

Using the method in [2]， we obta担 thefollowing theore眠 animprovement of the plus flat肘 5S
condition. 

-35 



T皿 OREM5.2. Let (! < 1 and σ<  min(古川o(n，入，M))，and satisfyi時(!<σ， then there exits 
C = C(n，入，M) suclz that uεF(σ，1;σ) in Be w・r.t.νimpliesU εF(2σ，Cσ;σ)inB5Wl.t.ν. 

DEFINITION 5.3(NoN-HOMOGENEOUS BLOW日).Let UkεF(σk，σk; rk) in Bek(Yk)， wlzere {σd 
お asequence which is chosen σk→ o as n →∞ and (!k <σk for a1l k and rk = O(σA). Then we 
define 

f:(x)二 sup{XnI(θkX，σk{!kXn)εd{ Uk > O}}， 

f;;(五)= inf{ Xn I({!k X，σk {!k Xπ)εθ{Uk > O}}. 

Using Theorem 5.2， it is easy to see that there is a subsequence such that 

f:= lims叩 f十(z)= limi型fjー(z).
J-→o Jー+U

z-→z z-→Z 

Using f defined above， we can show the following lemma which is essential for the improvement 
of zero flatness condition. 

LEMMA 5.4. Let Uk be tlze sequence of non-homogeneous blow up which satisfies tlze following 

conditions; UkεF(σゎσk;rk) in Bek(Xk) wょ t.νkand (!k = o(σk )，九二 o(σi)， tlzen we have 

14 r12 [AVrf(言)ー尺十三 C (x-εBt(0)) 
wlzere Br is a n -1 dimensional ba1l and A Vr f(X-) is the average of the integratioIl of f onθBr(否).

Combining theorem 5.2 and Lemma 5.4， we can easily obtain that f εco，1(Bt(0))and fOE 

all 0 > 0， there exists a positive number C(J such that f(苦)壬 l・百十 50T Eε Br(O) for some 
Tε[ C()， 0] and l is the vector in Rηー1with IlJ三 c(n).Using these facts， we immediately follow the 
next lemma， the improvement of zero flatness condition. 

L印刷A5.5 (1昨 ROVEMENTOF ZERO FLAT阻 SSCONDlTIONS). 

For a1l 0 > 0， there exists a positive number C() and σ() such tlzat If U ε 
Bp wょ t.v， (for Vσ 三σ()，Vr三σ。σ2，Vp三c(吋Tt)，thenuε F(Oσ，1;r)in 
(for some戸ε[C()P，Op]，ジwit1zIv -vl三c(n)σ).

Using the iteration method， we obtain the theorem. 

THEOREM 5.6 (IMPROVEMENT OF ALL FLATNESS CONDITIONS) 

F(σ，σ; r) in 
B戸 w.r.t.v 

For all e > 0， there exists a positive number c() and σ() such that If UεF(σ，1;r) in 
Bp W.I. t. v， (for Vσ 三σ()，Vr三σ。σ2，Vp三c(n)ri)，then U εF(Oσ，0σ，02r) in B戸 w.r.t.ν
(for some戸ε[C()ρ，tρ]，v with Iv -vl三c(n)σ).

Finally we can show the conclusion of this paper， by using theorem 5.6 and the well-known 
method by Federer([8]). 

THEOREM 5.7 (REGULARITY OF THE FREE BOUNDARY). 

Let D be the arbitrarily fixed subdomain compactly contained in 0， then there exists a positive 
number σo(叫 α)> 0， such that U εF(σ，1;∞) in Bρ(Xo)仁 D w.r.t. v， (Vσ 三σoand Vρ三σoσま)
implies tl凶 thereexists positive number v(xo)，s = s(n)， C = C(n) such that 

(X -xo)， v(xo)) Iり IX-xol附 (XEBt(xo)nθ{U>サ1((X-xo)，v(xo))1 ~ ~σ ρ 

This immediately follows that Free Boundary is a C1，βsurface. 
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On The Mean Curvature Flow of "Thin" Doughnuts 

KAZUSIU AHARA AND NAOYUKI ISHIMURA 
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There has recently been much interest in mean curvature丑owor curve 
shortening. The form of the problem is as follows: Let M be a compact 
oriented manifold without boundary and assume that Fo : M →R叶 1
smoothly immerses M as a hypersurface in R叶 1.Then we want to五nd
a family of smooth immersions F(x， t) with correspondi時 hypersurfaces
Mt = F(・，t)(M)such that 

(立F叫 -H(x，t) . N(x， t) 。t
F(xヲ0)= Fo(x)， 

、‘，，ノ
4
1ム
〆
''s
、、

where H(x， t) is the mean curvature and N(x， t) is the outer unit nor 
mal at x E Mt. Equation (1) is parabo1ic and so the theory of partial 
differential equations ensures the existence of solutions for some short 

time interval. We therefore study the long-time behaviour. 

When M is a convex hypersurface in R n十1for n三2，G.Huisken 
[H] showed that (1) has a solution on五nitetime interval a吋 thatthe 
M;s shrink to a point. While M.Gage a吋R.S.Hamilton[GH]， in the 
corresponding one dimensional problem， proved that if M is a smooth 
convex plane curve then the equation (1) shrinks M to a point within 
五nitetime. Later M.Grayson [Gl] generalized the result of Gage a剖n
Ha但m泊I註副i江1抗tonso that the convexity assumption c 剖1.be removed. But he also 

showed [G2] that the same ge即 ra1izationdoes not necessarily hold in 
higher dimension; the convexity assumption in Huisken's theorem cannot 

be discarded. 

The aim of our talk is to discuss the behaviour when M is an embed-

ding of a 2-torus Fo : T2→R 
3 such that M is rotationally symmetric 

about the z-axis and represented by 

Fo(u，ゆ)= (f(吋cos仇f(u) sin仇g(u))ヲ

where u E Sl is a parameter modulo 27r and 0 ::;ゆく 27r.We then call M 
a doughnut. There are two sectional curvature on the doughnut. One is 

Q
d
 
qa 



a meridional sectional curvature km， a curvature of the generating curvc. 
The other is a latitudinal sectional curvature k1， a curvature around the 
axis of revolution. At五rstthinking， the effect of km is rather dominant 
than that of k1 (we then call M "thin")， then M shrinks to a circleヲand
the effect of k1 is rather dominant than that of km (we call M "fat円)ヲ
then M shrinks to a connected surface with singularity on the z-axis. 

These conjectures are strengthened by a computer simulation but the 

analytical proof has not been obtained. We here consider the刊hin円 case

and show analytically that it really shrinks to a circle. To be precise we 

prove 

THEOREM. Suppose M satis五estbe followi時 assumption(A)フtbentlle 
mean curvatureBow slrrinks M to a circle witbin五nitetime. 

(A) There exists a positive constant t SUcll tbat f( u) > tぅ
and km >早昼

DE町F刊、

dougbnut. 

We sketch the idea of the proof. We consider the generating curve C 

of M~ km is nothing but the curvature of C. We regard the equation 
km satis五esas the perturbed equation of the plane curve shortening one. 
Then the method of Gage and Hami1ton [GH] can be applied and we 
conclude that as long as the area enclosed by the curve C is positive 

the eq1:凶ion(1) has a smooth solution to determine a hypersurface. 
Although the calculation is complicated the discussion well proceeds 

under our assumption. 
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IN CERTAIN INTEGRAL EQUATIONS RELATED TO NONLINEAR WAVE EQUATIONS 

HIROYUKI TAKAMURA 

Department of Mathematics， Hokkaido University， Sapporo 060， Japan 

~1. Inhoduction 

In this talk 1 shalI discuss the global in time existence of solutions for integral equations 

related to the Cauchy problem for nonlinear wave equations. The results stated here are 

joint works by prof. R.Agemi， K.K凶 otaand me. For details of the proof， see [1]. 

In order to describe integral equations we introduce sorne notations. For a function 

so(~ ， t) of(~ ， t) ε ~n X~ ， we define， dividing into two cases of odd or even space dimensions， 

(ん1=1so(~ 十 1'W ，t)dS，ω(π =2m十 1)，
M(sol~ ，1' jt) = { 

l ~ド山ι問t引恒伯l巨凶三~1情 iidtい…(作πド一=斗叫2m川m叫)
where dSωstands for the surface elernent of the unit sphere in )Rn. When so( a) is indeperト

dent of t， we denote M(少la，1'; t) by M(少la，1'). 

We consider the ir山 gralequations for scalar unknowns 包(~，t) of the form 

(1.1) 包(a，t)=旬(a，t) 十 L(F(包))(~， t) ， (a，t)ε日叫 x[0，∞)， 

where 

(1.2) 判F(包伽

Moreover，旬 andF are given functions and An is a given positive constant. Note that L is 

a positive linear operator. 

We now specify the constant An出 follows;

A=1(π=  2m + 1)， 
(π-2)ωn 

A=2(π ニ 2m)，
(n -1)ω叶 1

whereω乱 standsfor the rneasure of the unit spl悶 eln月九. Let f(a) and g(a) be given 

functions with cornpact s叩 port.And letψ=旬。(a，t) be a unique solution to the Cauchy 
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problem fo:r a. linea:r wa.ve equation 

(1.3) 
87旬。(a，t)-6均 (a，t)= G(a，t)， 

旬。(a，O)= f(a)， 8tvo(a，0) =g(a)， 

(a， t)ιIRn x [0，∞)， 

aEIR耳 7

whe:re 

G(a， t) = 2(m -l)AnM(F(f)/a， t). 

Then we fInd tha.t a. solution包(a，t)to the integ:ral equation (1.1) is a solution to the 

Ca.uchy p:roblem fo:r a. nonlinea:r wa.ve equation of the form 

(1.4) 
87包(包，t)ーム包(包，t)= F(包)(a，t) -H(包，t)， (包，t)εR叫 x[0，∞)， 

包(a，0)=f(a)，8t包(a， 0) = g( a )， aモRぺ

where 

H(a，t) =恥 -l)An1t M伶(F(包)))a，t一判T
The uniqueness of solutions to the Cauchy problem (1.4) follows from Appendix in [5]. 

N ote tha.t G and H vanish for n = 2 or 3. 

When F(包)is of the form A/uIP (A > 0)， F. John何hasproved the global existence 

of solutions to (1.4) in three space dimensions provided p > 1 +ゾ玄 andinitial data are 

small. R. T. Glassey [3] has a1so proved the same results in two space dimensions for 

p> (3+ゾ17)/2.Moreover， Y. Choquet-Bruhat [2] has studied the global existence in the 

Sobolev spa.ces for higher dimensions. 

Let po(π) be the positive root of 

(1.5) (π_ 1)p2 _ (η+ l)p -2 = O. 

Then it follows that 1 < po(π)三2for犯と 4and the equality holds only for n = 4. In order 

to show the global exIstence of a C1-solution to the integral equation (1.1)， we require the 

iollowing hypothesis (Hh on F: 

F(s) is of cla.ss C1 with Holder exponent d (0 < d < 1) and F(O) = F1(O) = O. 

(H)1 Hence there exists a. positive constant A such that 

IFU)(s )1三AlslP-i(j = 0，1) for p = 1 + d > po(η)， /01三1.
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N ote that， iorπ= 4， a hypothesis (Hh， stated below， holds and hence (1.1) has a global 

solution oi class C 2
• 

F( 8) is oi class C2 with Holder exponent 5 (0 < 5 < 1) and there exist 

(Hh positive constants p and A such that po(π)<p<2十5and 

IF(i)(8 )1三AI8IP-iior 181三1，0三j<p. 

We note that a typical example F( 8) = 82 ior n三5satisfies (Hh and the condition 

p > po(π) guarantees the integrabil均 oia iundion 8-pq(吋)over [1，∞)，wh目 e

π-1 n+1 
q(n，p)= ~p一一一.2 ~ 2 (1.6) 

Moreover we五ndthe global existence oi solutions to the nonlinear wave equations (1.4) 

provided some derIvatives oi f and 9 are small. 

32. Statement of Main Results 

Throughout this talk we assume π三4.In order to state main results we introduce 

the iollowing norm íor 包 εcO(~n X [0，∞)) with supp包 c{(~， t) : I~I 三 t+k}; 

t 十 T十 2k'ffl_1¥1"，r，t-1'十 2k
11包11= sup [(' '-1' "'''')<π1)/2N(h )|包(~，t)l] 

(~， t)ε lI.'I nx[o，∞)応
(2.1) 

where l'三 I~I and k is a五xedpositive constant. The function N (s) of 8ε[1，∞) in (2.1) 

is defined by dividing into three cases. For the odd dimensional case， we set 

(2.2) N(8) = 8Q(n，p) if p > Po(η). 

For the even dimensional case， we first set 

if Po(π)<p<Jfu 
(n-1)/:I 

if 2叫
(2.3) N(8) = ~ :~;(山) p=乱ー1'

s<耳ー1)/2 if 2n 
p>叫ー1

When η 二 2，3，the above norms are essentially the same ones as in [3]， [4]. However， 

in order to discuss the solution to the equation (1.4)， we need another iundion N(s) for 

the even dimensional case. For a fixed number q which satisfies 

(2.4) <
 

<二一州
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we next set 

(2.5) 
(sq(n，p) if po(n)<p<三τ(否+守主)，

N(s) = { 
l sq if p三三I(百十守主).

We here give some remarJ四 onthe above norms and relations between p， q( n， p) and 

q. First of all， since 

80nd 

、‘•• 
，，
 PA
 
n
 

、同

d

h

<

 

4
1
一

<
ご
二

2

一q
π

一

n十 1
if 80nd only江 p"?， 一一(否十一一)n-1 U'  2 

if 80nd only if 

we know th80t the 1町 m (2.1) with (2.5) is weaker th80n that with (2.3). Next， the fador 

(t十7'+2k)Cト 1}/2in (2.1) indicates the dec80Y rate of a solutionψo to (1.3) in its support and 

N((t-7'十2k)/k)is closely related to the decay rate of均 insideof tl日 solidcharaderistic 

cone {(a， t)ll' < t -k}. Finally，自ce(1.5) 80nd (1.6) imply q(n，p) > q(π，Po(η)) = l/po(π) 

for p > Po(冗)， we know th80t pq(n，p) > 1，pq > 1 if p > Po(π)， q三l/po(η).

For each j = 1，2 let Xj be a Banach space de:fined by 

Xj ={包εσ(IRn x [0，∞)) : supp包C{(a， t)εIRn x [0，∞) : 7'壬t十 k}，

IID:包11<∞ forIα|三j}

equipped with a norm IIullxj = 2:lal~j IID~包11. N ow we state our theoren此

THEOREM 1. Assume the hypothesis (H);， where j = 1 or 2. Then the Integral equation 

ρ.1) is uniquely 80nd globally solv8oble in Xj， provided vモXj80nd IIvll does not exceed a 
certain positive number which depends on A， k， n， p 80nd q. 

This is proved by using the following a priori estimate and the classical iteration 

method by Picard. 

LEMMA 2.1. Let L be the 五nearintegra1 op目 atordefined by (1.2). Assume that包 ι

C
O
(lRn x [0，∞)) with supp包亡 {(a，t)εIRnx [0，∞) : lal三t+ k} and "叫1<∞・ Tllen
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tbere exists a positive constant C depending only on π， p and q sucb tbat 

(BE) ¥¥L(¥包¥P)11三Ck211叫¥P ii p > po(π). 

REMARK 2.1: When n is even， the basic estimate (BE) does not hold， ii N(s)二 sqand 

q> (η-1)/2. Besides， iiπ= 3 then (BE) coincides in essence with (50a) of John [4]. 

THEOREM 2. Assume tbat 1 εC=+3(日叫)， g εC=+2(lRn) and supports of 1 and g are 

contained白 {zεIRn: ¥a¥三時.Fnrtbermore， assume tbat F E C=十1(1R)and F satisnes 

tbe inequality in (Hh・Lettbe norm (2.1) be given by (2.5) witb否=(π-3)/2 in even 

space dimensions. Tben tbere exists a unique solution包 εX2to tbe Caucby problem (1.4) 

provided \D~ 1¥ (¥α|三m+ 1)， \D~g\ (¥β|三m)and \D~F(f)\ (¥γ¥ ;;; m -1) are sufficient1y 

small. 

REMARK 2.2: In the theorem 2， the number否=(π-3)/2 is the maximal decay rate for 

the solution Vo to the li町 arwave equation (1.3) in the solid characteristic cone {( z， t)ε 

附 x[0，∞) : ¥z¥ < t -k}. 
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Blow-up of solutions to nonlinear wave equations in two space dimensions 

y
 

B
 

Rentaro Agemi 

1. Introduction 

The present paper is concerned with blow-up of solutions to the initial value problem 

for nonlinear wave equations of the form 

、l
，ノ

4
a
i
 

守

aA
J
1
‘、

of包(a，t)-s.包(a，t) = tJt!側 (a，t)+bθtU(a， t)!P， 

包(a， 0) = f ( a ) ， tJt包(a，O)= g(a)， 

gε IRn， t ど0

aEIRぺ

whereα， b and p are certain constants such that (αル)キ(0，0)and p > 1. We also consider 

the equations of the form 

(1.2) of旬(り)-s.旬(a，t)= IαtJtv(a， t) + btJ;ψ(り )!P.

F. J ohn [2J has proved in the case whereπ= 3 and p = 2 that the classical solutions 

to (1.1) blow up at五nitetime provided f and 9 have compact support and satisfy 

、、.，，，，qo 

T
E
i
 

f
a
z
‘、 k3川 da三0，
where 

(1.4) hp ( a) = g( a) -Jαf(a) + bg(a)JP. 

Applying the above results to the equation (1.2)， he also proved that a C3-so1ution旬 to

(1.2) blows up at finite time if initial values句作，0)，tJtv( a， 0) and 8;り(a，O)have compact 

support. 
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On theo叫the白r}印

theMi担nkωowski王ns叩paceand proved the global in time ex垣IS坑tenseoi solutions to nonlinear wave 

equations oi the f，あor口m1 

(1.5) 07旬(z，t)-a匂(z，t)=F(θ内 V;n吋.

More precisely one can prove the iollowings (also see F. John [3]， Chap. 3). Let F(w) be 

a smooth iundion oi w二(切O，Wl，'"，叫

(1.6) IDα F(切)I~AI切IPー|αior p> 1α¥，1切|三1.

Then tl悶 eexists a unique global solution to (1.5) provided initial data with compact 

support are su由cientlysmall and 

(1.7) 1. e. 
n十 1

p>一一・
n-l  

The results stated above show that the number p二 2is critical ior the equations (1.2) 

with bニ oin three space dimensions. 

The aim oi the present paper is to show that the number p = 3 is critical ior the 

equations (1.2) with b = 0 in two space dimensions. More precIsely we prove the iollowing 

theorem and its corollary. 

Theore乱 Let2三p三3ザbキ0αnd1 < p三3ザb= O. Moreovel') let包(z，t)be 

a globα1 C2-so1ution to (1.1)仇thinitial dala f E C3(1R12) and 9 εC2(1R12). Then包(a，t) 

vanishes identically p1'Ovided f and 9 hαve compact s叩portαηdsatisf世

(1.8) f(a)三0，hp(a)三oior a E 1R12 • 

Corollary. Let 2三p::;3ザbキoand 1く p三3ザb= O. MOl'eovel') let句作，t) 
be a global C3 -solution toμ.2). Thenψ(吋 )vanishes identically pl'O吋dedinitiα1 values 
匂(a，0)， 8t旬(a，O)απd8;旬(a，O)hαve compαct support and s atisfy 

(1.9) り(a，O)= 0， 8tv(a，O)三oior a E 1R12. 
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A key of the proof of Theorem is to derive an integral inequality for a nonnegative 

function U(1') ofthe form 

、‘.，
J

凸

u
t
E
A
 

t
E
A
 

，，
t
、、

';:;:U( 1')三cl' ~刷Pdλ，

where c and C are positive constants. The integral inequality used in [2] is as foIlows. 

州)三 C1rλU(入向
To derive the integral inequality (1.10) we use the positiveness ofRiemann function in 

two space dimensions and the fundamental identity for iterated spherical means (F. J ohn 

[1]， p.81). We associate with a function <p(a) of a ε[R1n its spl悶 icalmeans at the origin 

with raduis l' 

、tf
噌'・
A

噌

zi
噌

aム
，，
 •• 

‘、 仲)=74ly吋
whereω乱 andd8ωstands for the surface area and the surface element of the unit sphere 

in [R1へ respectively.The fundamental identity is 

(1.12) 
去1(1んん|ド同二=11w，んん|ド同二ゴ1少何仲+句叩ρ仰ω仏必

句 rp十?

二 hW
n
-=_?J λh(p，λ; l' )Cπ-3)/2長(入)d入，

ω冗(21'ρ)n-2lp-Ti

where 

(1.13) h(ρ，λ;1') = (l一(入-1'?)((λ+1')2-l).
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Asymptotic Behavior of Solutions to Semilinear 

Diffusion Equations of Volterra Type 

Yoshio Yamada 

Department of Mathematics， Waseda University 

1. Problem 

This lecture is concerned with the asymptotic analysis for 

some reaction-diffusion equations with time-delays which are 

represented by Volterra integrals. Especially， my interest lies 

in studying what kind of serious effects are brought about by 

the presence of time-delays. 1 will take a simple example from 

mathematical biology. 

N 
Let Q be a bounded domain in ]R" with smooth boundary e)Q. 

Le t u = u (x， t) (xεQ， t > 0) satisfy 

U
t 
= dムu + au {l -αu - (1-α) 1ヤl<u} in Q X (0，∞) ， 

(p) u = 0 onθQ X (0，田)， 

u(・， 0) = Uo注 o 寺 0) nu n
 

-可'品

where a and d are positive constants，αis  a number 

satisfying 0 s:αs: 1 and the convolution k*u is defined by 

s
 

d
 

、‘ノS
 

〆，、、u
 
、，ノs
 

'すも
f
'
k
 
k
 

i
t

ハu

n
t
i
l
oリ一=-

、、.'，
'
す
し

〆f4

‘、、u 
山水平

『

kK
 

It is assumed that k is a smooth nonnegative function on (0，ω) 

such thal both k and tk are integrable over (0，∞) . We 

，、(x)

normalize k so that J
O 
k(t)dt = 1. We also assume that Uo • u 

is a nonnegative L∞(Q)ーfunction.

-
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Problem (P) appears in population dynamics. In such a 

model， u represents the population density of some species and 

its growth rate， obeying the logistic law， is affected by a 

memory effect. Typical examples of kernels k are given by 

(K. 1 ) k C t) 
1 -t/T 
e 
T 

CK.2) k ( t) = 一一 te-t/T 
T
2 

CWhen k is given by CK.l)， a similar problem to (P) appears in 

a nuclear reactor model.) 

lt is very easy to establish the existence and uniqueness 

of nonnegative global solutions for (P). Moreover， it is 

possible to show that every solution u of (P) satisfies 

1 i m u (・， t) = 0 
t→∞ 

uniformly in Q， 

i f a ~二 d入可 where λ is the principal eigenvalue of -~ with l' ....，，~~ --1 

the homogeneous Dirichlet boundary condition. Therefore， 1 will 

concentrate myself on the study of asymptotic behavior of 

solutions of (P) in the case a > d入1

2. Preliminarv results and related works 

Suppose that there are no time-delays in (P); that is， α=  

1. It is well known that. if a > d入 then every solution u ..."-/....1 

of (P) satisfies 

1 i m u (・， t) =φ 
t →∞ 

uniformly in Q， 

where ~ is a unique positive soluLion of 

CSP) d~~ + aψ (1-ψ) = 0 nM n
 

・
市

1 and u = 0 on 8Q. 
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(Such くp exists if and only if a > d入 This fact implies 1 . 

that the unique posltive steady-state ~ is a global attractor 

for (P) when there are no time-delays. Here it should be noted 

that the corresponding stationary problem (SP) is the same even 

if time-delays are concerned. 

By the above consideration， our problem is closely related 

to the following question; 

"Do the time-delays give any influence on the stability of 

~ ?" 

1 f the 1¥Jeuman condition is imposed on the boundary， there is a 

pretty lot of information on this question; say， stability of 

cp， destabilization of cp and Hopf bifurcation (e.g.， [1]， [2]， 

[4]， [5]). However， the Dirichlet boundary condi tion is 

concerned， the level of understanding seems very poor because 

the stability analysis of ~ requires delicate calculations. As 

far as 1 know， there are few works except for Schiaffino and 

Tesei [3]， in which they have proved that ~ is a global 

attractor for (P) if α> 1/2. 

3. Global attractivity 

Before stating results， define the Laplace transform k(p) 

of k by 

長(P)=Ie-ptk(t )dt. 
υO 

When k is given by (K.l) (resp. (K.2))， 

k(p) = l/(l+pT) (resp. k(p) = 1/(1+pT)2). 

Theorem 1. Assume that there exists a positive constant Co 
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such that 

(*) α+  (1-α) Re k ( iη) ~ Co for al1ηε 民.

Then every solution U of (P) satisfies 

lim u(・， t) = <p 
t→∞ 

uniformly in Q. 

Remark. (1) For general k， Re k<iη) 2 -1; so that (*) is 

satisfied ifα > 1/2. This implies that Theorem 1 extends the 

result of Schiaffino and Tesei. 

(2) If k is nonnegative， non-increasing and convex， then 

Re 瓦On) > O. Therefore， such a kernel Cincluding (K.l)) 

satisfies (*) ifα>  O. 

(3) If k is given by (K.2)， then (*) is equivalent to 

1/9 く α く1.

Theorem 2. Let α=  o. Suppose that Re k(in) 注 o for 

all nεIR. Then 

sup 
t >] 

IIu(t)1I <∞  

Moreover， i f dkl d t εL1(o，m) and 1
1
A
 

C
 

注、巳I

唱
E
A

、BJn川
.
司

E〆.‘、、
、
r
k
，，、.、日しR
 

for 

allηE iR with some c. > 0， then the same conclusion as 1 ~， 

Theorem 1 holds true. 

Remark. When k is given by (K.l)， Theorems 1 and 2 

assure the global attractivity of φfor every 0 ζαζ 1. 

4. Local stabilnty 

The abstract theory for the local stability ofφasserts 

the following:φis asymptotically stable (in a suitable 

刈
斗
ム
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t 0 t 0 p 01 gy) i f， f 0 rμwi  th Re μ 2: 0， the "characteristic 

problem" 

[μ- d，0. - a{1-(1+α)ψー(1-α)kCμ)ψ}] w = 0 in Q， 

(CP) 

w = 0 on 8Q， 

has no non-trivial s01utions. The abstract theory for Hopf 

bifurcations can be a1so developed. However. the analysis of 

(CP) is very del icate; so that i t is not so easy to get any 

substantial resu1ts about the stability of ~. When k is 

defined by (K.2)， we can show 

Proposition 3. Define k by (K.2). For 0 ~α S: 1/9， if 

jaT 11ψ11∞ く
2./2 

♂石+江て百石

then ~ is asymptotica11y stable. 
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on one dimensiona1 nonlinear thermoe1asticity 

By 

Yoshihiro Shibata 

工nstituteof Mathematics， University of Tsukuba，工baraki305， Japan. 

In this note， 1 wou1d 1ike to report recent works by the auther and R. Racke， 

Bonn University ([3]， [5])， concerning a globa1 existence of sma11 and smooth solutions 

to one dimensiona1 non1inear thermoe1astic equations in the case of a bounded reference 

configuration. Let us reca11 the equations of one dimensiona1 non1inear thermoe1asticity. 

Let Q (0， 1) be a unit interva1 in one dimensiona1 Euc1idean space A， which is 

identified with the reference configuration R. The thermoe1astic motion is described 

by the deformation map: xεQト→ X(t，x)εAand the abso1ute temperature T(t，x)εA of 

the materia1 point of coordinate X(t，x)， where t denotes time variab1e. Then， the 

equations of ba1ance of 1inear momentum and ba1ance of energy are given by (cf. Car1son 

[1] ) : 

(B .M) p 門X~~ S + p門b，
，-K tt x • K ' 

2， ，"" 
(B. E) (ξ+ (PR/2)X~)t = (SXt)x + qx + PRr， 

where we use the fo11owing notation: The subscripts t and x denote differentiations 

with respect to t and x， respective1y. PR is the materia1 density. The b and r are 

specific body force and heat supp1y， respective1y. For simp1icity， 1 assume that PR 

1 and that b r = 0， be1ow. E is the specific interna1 energy. q is the heat f1ux. 

S is the Pio1a-Kirchhoff stress tensor. According to 2nd Law of Thermodynamics and 

Coleman' s theorem [2]，工 makethe fo11owing assumptions. 
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Assumptions (1) There exists a so ca11ed He1mho1tz energy function中(F，T)，which 

00 

is rea1-va1ued and in C-(G(B))， such that 

(A.1) s s(九(t，x)，T(t，x)) and Eε(X__(t，x) ，T(t，2ωwhere 
x 

(A.2) S(F，T) (3中/3F)(F，T)，ε(F，T) 中(F，T) -T(3中/3T)(F， T) ( F = X )， 
x 

G(B) {(F，T)εJR2 I IF-11 + I T-T
O 
Iく B，T > T

O
/2 }・

T
O 
is a positive constant denoting the natura1 temperature of the reference body R and 

B is another positive constant. Moreover， 1 assume that 

(A.3) 
2. ， ~_2 ，，_ _， ， ~2. ， ~_2，，_ _， ，_2 

(3 中 /3F~) (F， T) > 0， (3 中/3T~) (F， T) く 0，(3中/3F3T)(F， T)チofor (F， T)εG(B) . 

(2) 
C回

There exists a positive function Q(F，T)εC(G(B)) such that 

(A.4) え=Q(XX(t，x)，T(t，x))TX(t，x).

And then， (B.M) and (B.E) are rewritten as fo110ws: for t > 0 and xε~ ， 

(B.M) ， 
t
 

十
」
X
 
S(X玄，T)x'

(B .E)' 
L_2 

(ε(X__，T) + -::;x:)~ = (S(X__ ， T)X~L_ + (Q(X__，T)T_J 2-'t't '-'.'x'~'-'t'x 

If you use the entropy: N(F，T) ー(3中/3T)(F，T)，(B.E)' can be rewritten by: 

(B .E)" TN(xx，T)t=(Q(XX，T)TX)x-

1，_2 
In fact ，multiplying (B.M)'by xt1IIIP11es thatE(Xt)t=sxxt・ Usingthe constitutive 

re1ations (A.2)， you have the identity:ε(X__， T) ~ TN (X__， T) ~ + S (X__， T) X~__. Since 
x'~/t ~"'''x'~/t 

(S(X__ ， T)X~)__ S(X__ ， T)__X~ + S(X__ ， T)X~__ ， (B.E)" fo110ws from (B.M)' and (B.E)'. Obvious1y， x' ~/x.'t -v'x' ~/.'tx' 

(B.E)' fo110ws a1so from (B.M) ， and (B.E)". 

Put u X -x and e T - T~. As boundary conditions，工 considerhere the fo110wing 
O 
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four type: for t > 0 and x 0 and 1， 

(D.D) u = 0 and 8 0， 

(D.N) u = 0 and e o x ~， 

(N.D) u 0 and 8 0 x ~) 

(N.N) S 0 and e O. 
x 

Since S can be represented by using the Tay10r expansion as fo110ws: S Slux + 

N
1
8 ， (N.D) is equiva1ent to what S 0 and 8 0 at x 0 and 1. 工n (N.N) case， 

in addition to (A.1)ー(A.3) ，工 assumethat 

(A.5) S(l，T
O
) = 0司

In other cases， you may assume .without 10ss of genera1ity that (A.5) is va1id. 工nfact， 

you can consider: 

(B .M) " X =[S(XXJ) ー S(l，T
O
)]X

tt 

土nsteadof (B.M) ， if (A.5) is not satisfied. But， in (N.N) case， if you consider (B.M)" 

instead of (B.M)'， you must consider the boundary condition: S(X__，T) -S(l，T，，) 0 
x u 

at xOand1-土nstead--of (N. N). Since it is inhomogeneous， in general you can not 

expect to get the decay properties of solutions to 1inearized equa士ions，and then 

the globa1 existence theorem can not be expected in general. 

As initia1 conditions，工 put

(工.C) X(O ，x) x + u" (x)， X. (O，x) u， (x)， T(O ，x) T" + 8" (x) for xεQ， 0'.'/' .'t'~'.'/ ~l'''/' ~'~"'/ ~O VO 

where u"， u， and 8" are given functions. 工ncases of (N.D) and (N.N)， we assume that 0' -1 _.-- ~O 

n
u
 一一x
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工nfact， if you integra七e(B.M) ， under the boundary condition .(N.D) or (N.N)， you have 

X
 

J
U
 

1
，J
 x
 

rk ーム
U
 

1

4

0

 

r
p
i
i
l
J
 

詔

X
 

噌

G、‘，JX
 ，
 

和・・』，，革、
が
L
X
 

ーム

nu

p
g
g
'
1
1
2
2
d
 

8ince工expectthat X~(t ， x) + 0 as t +∞， (A.6) is needed. 8inceX does not appear in 
t ，1 

(B.M) ， and (B.E)"， if we put X' X 四 (1 u， (x)dx)t， then X' and T sa七isfy(B.M)'. 
JO 山

(B.E)"， boundary conditions (N‘D) or (N.N) and 

，1 
(I.C)' X'(O，x) = x + un(x) ， X~(O ， x) = u，(x) 四 u，(x)dx，T(O，x) 君 T"+ 8，，(x). 0'''.1' -'t'~'.' .1 ~1''' .1 1_ ~1'.'.I-'" ~，~，...1 .0 VO 

JO 
，1 

Moreover， you have 1 X!(t，x)dx O. 80， (A.6) is not an essentia1 assumption. 
JO 

Now， 1et us discuss the equi1ibrium sta七e. 工na11 the cases， X = x and T 需 T
O

are s01utions for initia1 data: û  u. = 8̂ = O. 工ncases of (D.N) and (N.N)， o ~1 VO 

integrating (B.E)' on (O，t) x n， you have 

，1 ，-r. .1-.2 
(14) io k(xdt，x)J(t，x)) +吉丸(t，x)}dx盟 c(u

O
，u
1
，8
0
) where 

r1 ，- 1 ，， 2 
cO(u
Oぺ，80) 器 Jo

{ε(1 + uO(x)，T
O 
+ 8
0
(x)) + 1u1(x)~}dx ， Uo = duO/dx， 

as 10ng as主hes01utions exis七. 工fyou expect that X~ + 0， X.. + X.. and T + T_， t ..x 

X~ and T_ being constants， 1etting t +∞ in (1.1)， you see that X._ and T_ shou1d satisfy: 
00 00 

.(1.2.a) (X..，T_J 君 c(un ，u.. ，8 I'J 0''''1'VO 

(1.2.b) (入。，L)GG(B). 

ヱn (N.N) case， in addition to (工.2.a) and (1.2.b)， what 8 = 0 at x = 0 and 1 imp1ies 

七hecondition: 

(1.2.c) 80らJ∞)= O. 

On the other hand， if you consider the map (1， T) E G(B) ト→ ε(1，T)E A in (D.N) 
2 

case and the map (F， T) E G(B) Iー← (8(F，T)，E:(F，T)) E Æ~ in (N.N) case，respective1y， 

n
U
 

F
O
 



the implicit function theorem te11s you the' unique existence of ()いに)satisfying 

(1.2) provided that I.uo(x) 1， I u
1 
(x) 1， 19

0 
(x) I are sufficient1y sma11 ， especially 

2. .__2 
310=工in(D.N) ~ase. Because， (ô~/日) (1， TO ) 間四 TO(ô~~/ôT~)(l ， TO) チ o in (D.N) case 

and the Jacobian o(8，ε)/o(F，T) is equa1 to 

2..__2 ，，~ _ ，， _2..__2 ，，~ ，_2 
叩 'TO(ô 中/'ðT~)(l ， TO)( 'ð中/'ð F.)(l ， TO ) + TO('dゆ/'dF'dT)(l，T

O
) チO

under the assumption (A.5) in (N.N) case. 

工sha11say that X and T wi11 be globa1 smooth solutions if X and T satisfy (B.M)'， 

(B.E)' for t E (0，∞) and x E Q， one of the boundary conditions: (D.D)， (D.N) ， (N.D) 

and (N.N) for t E (0，∞) and x 出 oand 1， and the initia工condition(工.C)forヌ E Q， 
2， . _ -::-; 

and if X and T be10ng to C-([O，∞) x Q) and (X(t，x)，T(t，x)) E G(B) for a11 (t，x) E 

[0，∞) x Q. 

Rough1y speaking， 1 got the f611bwing theorem. 

Theorem~ If initia1 data u~. u 1 • 9_ are sufficient1y sma11 and s滋oothand satisfy 
一一一一一一一 0' ~1' VO一一 一一一一一一一一一一ここと出土ム

生主 suitab1ecompatibi1ity conditions，生豆旦忠区芝盟主主主 a盟詰盟但誌延弘治弘主艶旦h

solutions (X(t，x)，T(t，x)). Moreover，主注工主盟主主主主 fo工10wingasymptotic behaviours: 

(D.D) X..(t，x) + 0， X__(t，x) + 1， 宝(七，x)+TO as t +∞ for x E: Q; 
t' x 

(]}.N) X:t ft ，x)】守 O，xx(七，x)+l， T(七，x)+ T as t +∞ for x E Q; 。。

(N.D) Xt(t，x) + 0， Xx(t，x) +し T(t，x) + T
O 

as t +∞ for x E Q; 

(N .N) xt(t，x)+O ，X (t，x)+X ，T(t，x)+t as t +∞ for x E Q. 
X ∞∞  

Remark. (1) The theorem was proved by M. 81emrod [4] in cases of (D.N) and (N.D)， 

by R. Racke ahd the auther [3] in (D.D) case and by七heauther [5] in (N.N) case. 

(2) 工ncase of Cauchy prob1em， according to the resu1ts due to Dafermos ~nd Hsiao， 

Quart. App1. Math. 44 (1986)， 463四 474and Hrusa. and Messaoudi， Arch. Rationa1 Mech. Ana1. 

T
t品
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111 (1990)， 135-151， for large initia1 data the smooth solutions b10w up in finite time. 

From this point of view， the sma11ness assumption is necessary to get the globa1 existence 

theorem. 

2 
Rough1y spoken， if E(t) denotes a typica1 energy term， the L~-energy decay method 

used by Slemrod [4] tries to prove an estimates of the type: E(t)手 const.E(O) 

(unifDrm1y on the interva1 of 10ca1 existence) direct1y by differentiating the 

differential equations with respect to the time variable t and the space variab1e x， 

2 
mu1tip1ying in L-with appropriate derivatives of the solutions and perform土ngpartia1 

integrations. These partia1 integrations are possib1e in the case of the boundary 

conditions: (D.N) and (N.D) studied by Slemrod [4]， but they 1ead to i11-behaved 

boundary terms in the cases of (D.D) and (N.N). So， after Slemrod's work in 1981， 

the prob1em for (D.D) and (N.N) was open about 10 years. Again very rough1y spoken， 

the methods in [3] and [5]…iders the i問叫ity; E(t) 手 const ・ E(山中 (J~ Vωd仏

which is obtained for a 10ca1 solution using Gronwa11's inequa1ity， with V invo1ving 

10wer order derivatives of the solutions. The integra1 is shown to be bounded 

independent of t with the he1p of the decay properties of solutions to the 1inearized 

problem. And the decay properties can be shown by using the spectra1 ana1ysis to the 

corresponding ordenary differentia1 equations with spectra1 parameter to the 1inearized 

equations. 
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