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Uniqueness and Widder’s theorems

for the heat equation on Riemannian manifolds
By
Takeyuki Nagasawa

. Department of Mathematics, College of General Education,
Tohoku University, Sendai 980, Japan

1 Introduction

Let (M, g) be a complete Riemannian manifold, and A be the Laplace-Beltrami operator
on M. We consider the uniqueness of solutions for the heat equation

(1) up = Au
on M x{0,T). Equivalently we discuss whether u = 0is the unique solution of (1) satisfying
(2) u(z,0) = 0.

As well known, in case M = R™ with the standard metric, the answer is negative
unless we impose some additional assumption on u. For instance Tychonoff [8] showed the
following result.

Theorem 1. Let M be R”, and u € C(M x [0,7)) be a solution of (1) - (2). If u
satisfies
(3) lu(z, )] < exp{C(1+[2")},

then u=0.

In respect of the square power this result is the best possible.
Subsequently Widder [9] studied the uniqueness of non-negative solution.

Theorem 2. Let M be R™, and v € C(M x [0,T)) be a non-negative solution of (1)
(2). Then u=0. '




Strictly speaking, in [8] and [9] they discussed in case n = 1, however, we can show results in
the multi-dimensional case.

For general manifolds we know the uniqueness of bounded solutions [2, 3, 4]. For example,

~

Theorem 3. Let (M,g) be an n-dimensional complete Riemannian manifold, where
n > 2. We denote by V,(R) the volume of the geodesic ball of radius R centered at
p € M. We assume that there exisi p € M and C > 0 such that

V,(R) < exp{C(1+ R*)}

holds for any R > 0. If u € C(M x [0,T)) is a bounded (weak) solution of (1) - (2),

Lthen u=0. J

Theorems 1 and 3 are apparently independent, however, they have a similarity, that is,
the right-hand sides of growth conditions are in the form of exp{quadratic expression of
distance (or norm)}.

Our aim is twofold. One is to establish the uniqueness result from which Theorems 1
and 3 follow as the special cases, and the other is to study the condition on M such that
Widder’s Theorem 2 is valid.

2 Results

We can show the following. For details see [7].

- ™\
Theorem 4. We assume thal u € C(M x [0,1) satisfies (2) and either

U = Au or Uy < Au, u >0
in the weak sense. If there-exist p € M, k> 2, and C > 0 such that

) Fdv, < exp{C(1+ R?
/BP(M\BP(R)‘“(% Jrdu, < exp{C(1 + R2)}

holds for any R > 0, then u = 0. Here dv, is the volume element of (M, g).
N _




This is our main theorem. We sketch its proof. Without loss of generality u may be
assumed real-valued. Let ¢ € M and ¢ € (0,7,) (To = min{7,1/8C}). Our purpose is to
show u(q,t) = 0. We compute the right-hand side of

0< /T/ sofz(m)exp{g(z, s)tu(z, s){Au(z, s) — ug(z, ) }du,ds
o Jm
by the integration by parts. Here '

d*(q, z)

g(z,s) = a2t - 5 (x € M, 0<s<t, d= the distance function),

and @p(z) is a cut-off function having properties

0 on M\B,(R+1),

or(z) =

1 on B,(R),
0 < pr(z) <1,
|Vr(z)] < 3.

We choose R > max {\/t/él, d(p, q)} and then we get

1 R? t

2 2

. 7)dv, < 36 ——_// 2(a, 8)dv, ds.
/Bq(,/s/@u (2, 7)dv, < eXP{lG 8'6} 0 Bq(R+1)\Bq(R)u (2, )dv,ds

On the other hand, Moser’s [6, Theorem 3] iteration scheme asserts that

t
2ty < C t// Nz, Ndv,dT.
@) C@D [ f o r)duydr

Combining these estimates with our assumption of Theorem, we have

) 1 R , 2
u’(g,t) < 36C(p,q,t)exp {Té — g TC {14 (B+d(p,q) + 1)“}}
— 0 as R — .
Here we use t < 1/8C'. The step by step argument yields our assertion. ]

It is obvious that Theorem 4 implies Theorems 1 and 3. We can obtain the maximum
principle from this result. Assume that u € C(M x[0,7T')) is a weak subsolution of the heat



equation, arnd that its initial value u(z,0) is bounded from above. Let define a function v

by

v(z,t) = max {u(in,t) — jleljl\/)[ u(z, 0),0} .

It is easy to see that v*/2 (k > 2) is a non-negative weak subsolution with zero initial value.
Therefore we have the following fact.

Theorem 5. We assume that u € C(M x [0,7T) satisfies W
uy < Au

in the weak sense, and that u(z,0) is bounded from above. Let v be as above. If there
existp € M, k> 2, and C > 0 such that

v(z, 1) dv <e$c C(1+ R?
/BP<R+1)\B,,(R> (1) T pied )}

holds for any R > 0, then

u(z,t) < sup u(z, 0).
zEM

N /

As an application of the maximum principle to non-linear problems, we can establish the
uniqueness of solutions for the Fells-Sampson equation (gradient flow for total energy of
maps between two manifolds).

Li and Yau [5] established the parabolic Harnack inequality for the heat equation on
Riemannian manifolds. By making use of Theorem 4 and this inequality we can show
Widder’s theorem on Riemannian manifold provided its Ricci curvature decays to —oo
subquadratically.

o ™
Theorem 6. Let Ricy be the Ricei curvature of M, and K,(R) = —Bir(lf)RicM. If
(R

there exist p € M and C > 0 such that

K,(R) < C(14 )

holds for any R > 0, then u = 0 is the unique non-negative solution of (1) — (2).
o ‘ J




In respect of the square power of R, it follows from Azencott’s example [1, §§7.7 — 7.9]
that these results are the best possible.
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Nonlinear Heat Equations Describing
Deformations of a Metric

Nobumitsu Nakauchi

[1] Basic Notations

M : a n-dimensional compact smooth manifold;

g = (gi;) : ametricon M; (¢) = (gi;)7": the inverse matrix;
R, = (Riju) : the curvature tensor of g;

Ricy, = (Rjx) : the Ricci curvature of g;

Scal, = (R) : the scalar curvature of g;

dv, : the volume element w.r.t. g;

Vol,(M) = / dv, : the volume of M w.rt. g.
M

1 Pgu %g;1 gk *ga
Rim = — : - .- : i TADe — rire b
uk 2 { Oz ;0 + 0z;01 0z;01; Oz ;0T t9 b{ ikl i ]k}

: 1 ;0 [09a; | 99ar _ gk : :
e = Zg* aj ak J R. = zIRi_ R = ]kR_ .
1k 2 g { 6$k + am] aiEa ) 7k g 3kl g 9k



[2] A functional
Put
M {g: ametricon M s.t. Vol,(M) = 1}.

This is a family of all metrics on M with a normalized volume. The func-
tional F over M, called total scalar curvature, is defined by

Flg) ¥ /M Sealy dv, .

Fact 1.
{ critical points of F } = { Einstein metrics }.

Fact 2.
The gradient flow of # = Ricci flow & conformal deformation

= R.Hamilton & Yamabe.

[3] Ricci flow (Hamilton’s equation)

Gradient flow equation

dg

5 —2Ric, + Scal,g.



Ricci flow equation (unnormalized)

— = —2Ric,.

Ricci flow equation (normalized)

0 . 2
—5% = —2Ric, + ;L—sgg,

where s, denotes the average of the scalar curvature, i.e.

Scal, d
/M caly dvg

§g = P .
/ dug
M

Transformation: unnormalized <= normalized

gt = P(t*)g*

(%) R
o= [ e are,

where the superscripts “n” and “u” correspond to “normalized” and “unnor-

malized” respectively.

Short time existence

For any initial metric, there exists a solution in a short time.



Long time existence

A “long-time solution” means here the the solution such that the orbit of
this flow reaches an Einstein metric or an Einstein-like metric. For long-time
existence, there are three main results as follows:

(1) (Hamilton [3]):

In case dim M = 3, for any initial metric g, with Ric, > 0, there
exists a long-time solution, and the solution g, converges to a metric of
constant curvature as ¢ tends to the maximum existence time 7.

(2) (Hamilton [4]) :

In case dim M = 4, for any initial metric g, satisfying that the cur-
vature operator of g,, there exists a long-time solution, and the solution
g, converges to a metric of constant curvature as ¢ tends to the maximum
existence time 7'.

(3) (Huisken [5), Margerin [9], Nishikawa [12]):

In general dimension, if the initial metric g, is close in some sense to one
with a constant curvature, there exists a long-time solution, and the solution
g, converges to a metric of constant curvature as ¢ tends to the maximum
existence time T .

There does not exist, in general, a long-time solution: It is impossible to
go beyond the maximum existence time 7" before a “long time”. So we want
to ask:

Question : What occurs in solutions as t — T ¢

We give a partial answer for this question:

—10—



Theorem (Nakauchi [10]). Let M be an n-dim. compact smooth man-
ifold (n > 5). Let g, be a solution of unnormalized Ricci flow equation
such that the curvature operator of the initial metric g, is positive. Let
T( < o0) denote the mazimum existence time. We assume the following
two conditions:

T n
(A) /T—J/M ||Rgt ”5+1dvgtdt < 00 (36 > 0),
where || R, ||2 = giP gjq gk gIsR‘_J_H Ry -
(B) lim Vol, (M) > 0.

Then there exist

(i) aset S of points z;, ...,zx of M
and

(1)  positive real numbers ai, ..., ax
satisfying the following two conditions:

(1) The metric g, converges smoothly to a metric g* on M — S as
t — T, where g* has positive curvature operator.

(2) The measure || Ry | dvg, converges weakly to || Ry« |? dvg +

Y5, by as t — T, where &, denotes the Dirac mass supported at z; .

Remarks.

(1) The integral in the condition (A) is invariant under the scale-chang

().

(2) In condition (A), % +1=21°

is regarded as the “critical

exponent” in the space-time integral, while g is critical in the space integral.



(3) For any solution g, of the unnormalized equation, the volume
Vol, (M) is decreasing as ¢ increases. So the limit lim;_, 7 Vol, (M) always
exists.

[4] Yamabe flow

In his study on conformal deformations ([15]), Yamabe attempted to min-
imize Yamabe functional on an n-dimensional compact Riemannian manifold

M (n > 3):

n—1 2 2)
def /M (471 — 2”VUH + Ru

Y(u) = z
U, )

(7 = +75)
T on—2

for u(# 0) € WH3(M), where W12(M) denotes the Sobolev space whose
elements and their derivatives belong to L?(M), and R is any given smooth
function on M .

* Yamabe claimed that the infimum (called the Yamabe invariant)

p(M) 2 inf{P(u); u € C=(M), u # 0} (> —o0)

is always attained. Trudinger [14] found a gap in his proof, and improved it
when the Yamabe invariant is bounded from above by some (small) constant.
Aubin [1] showed that if n > 6 and M is not locally conformally flat, then
there exists a minimizer of the Yamabe functional. Finally, Schoen [13]
proved the remaining case, and Yamabe problem was completely solved.
The above approach is based on the direct method, i.e. method of conver-
gence of appropriate minimizing sequences. From the viewpoint of calculus
of variations, it is important to consider a gradient flow instead of such a



sequence; the gradient of the functional (1) is

2 - 1 *
grady (u) = Tull? {47" Auw — Ru + M'“lz _ZU}-
L

n— 2 [[ul72

Since the Yamabe functional is invariant by the multiplication of constants
to u, we may normalize the norm ||u[| ,. . Set

de
£ {fuew2(M); lull,. =1, uz0}.

The gradient of the functional restricted to this normalized subspace [ is
given by

n..—

; Au — Ru + y(u)|u[2‘_2u} i

grad (y|£> (u) = 2 {4

Thus we have the normalized Yamabe flow:

Ju n—1 9% 2
50 n_QAu—Ru+y(u)|u| u. (2)

We consider the initial value problem for (2) with the initial data:

u(,0) = up € C*(M). (3)

Inoue [6] constructed a weak solution in a Sobolev space for the initial value
problem (2) and (3). (See Theorem 2.2 in [6].) We show the existence of a
smooth solution:



Theorem (Nakauchi [11]).  There exists a positive constant C(n) de-
pending only on n with the following property: Let M be an n-dimensional
compact Riemannian manifold such that p(M) < C(n). Then for any ini-
tial data ug € C®(M) such that p(M) < Y(ug) < C(n), there erists a
smooth solution u of the initial value problem (2) and (3) for t € [0, 00).
Furthermore u( , t) converges to a solution u( , 00) of the Yamabe problem
as t — oo.

Remark. we can show that

(n + 2)? — 16

Cln) 2 (n + 2)? + 16

p(S™),

where S™ denotes the unit sphere. Note that, in general, p(M) < u(S™) =
n(n — 1) Vol(S"), where Vol(S™) denotes the volume of S* (See Lee-
Parker [8].)

We show the following result in general:

Theorem (Nakauchi [11]).  Let u be a smooth solution of the initial
value problem (2) and (3) . Let T be a marimum existence time. Then there
exist a finite set S of points x4, ...,z of M such that u( ,t) converges
smoothly to a smooth function w on M — § ast — T.

Remark. In Theorem 2, we do not assume that Y(ug) < u(S™). If
Y(uo) > p(S™), Yamabe solutions may bubble out.



References

[1] Aubin, T., Equations différenticlles non linéares et probléme de Yamabe
concernant la courbure scalaire, J. Math. Pure Appl. 55 (1976), 269-296.

[2] Aubin, T., Nonlinear Analysis on Manifolds. Monge-Ampére Equations.
Springer-Verlag, New York, 1982

[3] Hamilton, R., Three-manifolds with positive Ricct curvature, J. Diff.
Geom. 17 (1982), 255-306.

[4] Hamilton, R., Four-manifolds with positive curvature tensor, J. Diff.
Geom. 24 (1986), 153-179.

[5] Huisken, G., Ricci deformation of the metric on a Riemannian manifold,
J. Diff. Geom. 21 (1985), 47-62.

[6] Inoue, A., On Yamabe’s problem — by a modified direct method, Tohoku
Math. J. 34 (1982), 499-507.

[7] Kobayashi, O., Orn Yamabe’s problem (in Japanese). Seminars on Math-
ematical Sciences No.16. Keio University, 1990

[8] Lee, J.M., Parker, T.M., The Yamabe problem, Bull. Amer. Math. Soc.
17 (1987), 37-91.

[9] Margerin, C., Pointwise pinched manifolds are space forms, Proc. Symp.
Pure Math. 44 (1986), 307-328.

[10] Nakauchi, N., Concentration behavior in solutions of Hamilton’s evolu-
tion equation, preprint.

[11] Nakauchi, N., Heat equation approach for Yamabe’s variational problem,
preprint.

[12] Nishikawa, S.; Deformation of Riemannian metrics and manifolds with
bounded curvature ratios, Proc. Symp. Pure Math. 44 (1986), 343-352.

[13] Schoen, R., Conformal deformation of a Riemannian metric to constant
scalar curvature, J. Diff. Geom. 20 (1984), 479-495.



[14] Trudinger, N., Remarks concerning the conformal deformation of Rie-
mannian structures on compact manifolds, Ann. Scuola Norm. Sup. Pisa
22 (1968), 265-274.

[15] Yamabe, H., On a deformation of Riemannian siructures on compact
manifolds, Osaka Math. J. 12 (1960), 21-37.

YAMAGUCHI UNIVERSITY, JAPAN



Blow—up Sets for Semilinear Parabolic Equation

and Asvmptotic Behaviors of Interfaces

Kiyoshi MOCHIZUKI
Department of Mathematics, Shinshu University

Matsumoto 390, Japan

We consider the Cauchy problem

(1) 9,6(u) = au + 7(w) in (z,¢) € R'x(0,1),
: - _ Co H
(Z‘) u(\’/}yo) - Ulo(:/,) in x € R ]
where at = 8/8¢, A is the N-dimensional Laplacian and B{(v), Ff(v) with

v = 0 and uo(x) are nonnegative functions.

Equation (1) describes the combustion process in a stationary
medium, in which the thermal conductivity B’(vu)_1 and the volume heat
source f(u) are depending in a nonlinear way on the temperature 8(u)
= Blulw,t)) of the medium. We assume

(A1) Blu),7(w) € CT(RNCIR, )5 B(vw) > 0, 87 (v) > 0, B"(v) < 0 and

Flu) > 0 for v > 0; 1lim () = =; foB~1 is locally Lipschitz

Yoo
continuous in [0,«).

N)

(A2) uo(x) > 0, = 0 and € B(R (bounded continuous in RN).

With these conditions the above Cauchy problem has a unique
local solution u(z,¢) = 0 (in time) which satisfies (1) in RNx(O,T)
in a weak sense. If u(z,t) does not exist globally in time, its

existence time 1 is defined by
(3) 7 = supi{x > 0; u(xz,t) is bounded in RNx[O,r]}.
[n this case we say that u 1s a blow-up sotution and F is the bilow-up
time .

Our main purpose is the study of blow-up solutions near the blow
—up time. Especially, we are interested in the shape of the bilow-up
set which Jokates the "hot-spots" at the blow-up time. In addition,



since equation (1) has a property of finte propagation, there are
several interesting subjects such as the regularity of the interface
and its asymptotic behavior near the blow-up time.

To deal with the finite propagation of solutions and the

regularity of interfaces, we require

(A3) B{0) = F£(0) = 0O; fO Bdg { o; ETE%%E%ET 1is bounded near

v = 0.
(A4) uo(x) >0 in z € p and = 0 in % & D, where D c RN is a

bounded convex set with smooth boundary aD.

We put
(4) Q) = tu e Ry wiw,t) > 01, T(¢) = 8n(e)
for ¢ € (0,71). Then the interface " is given by
(5) r= u T{¢t)x{t}).
O<t<T
Theorem 1. Assume (Al)~(A4). Letl u be any weak sotution of
probtem (1),(2). (I) Then Q(t) Fforms a bounded set in RN which is

nondecreasing in t:
(6) Q(tl) c Q(tz) if bty < i,

(IT) There exists a continuous function #: dDx[0,T) - RY such

(7) r{e) = {z

tl

Fly,t); yv € 8D} for each t € (0,7).

(I1I) For each t € (0,7), #(-,¢): 8D - I'{t) is bicontinuous.
(IV) 7f #{y,t) & D for some (y,t) € 8Dx{(0,7), then $(y, L) is
lipschitz continuous in y € 8D in a neighborhood of vy.

Note that in the case of the porous medium equation

(ul/m)

(8) 2 = au (m > 1) in (z,t) € RNx(O,w),

¢

there are many works studying the interface. Among them Caffarelli
et al [1] proved that #(y,?) is Lipschitz continuous in (y,¢) € 8Dx

(0,o) in a neighborhood of (v, ¢). To obtain a more regularity in ¢



in our case, 1t seems necessary to know -suitable exact solutions of
(1) whose space-time structure reflects the most important properties
of general solutions.

Next, we restrict our concern to blow-up solutions of (1)}, (2)

requiring the following additional conditions.

]

B (v)
(AD) fl o cdv < o,
(A4)’ There exists a convex domain D < RN with smooth boundary a8g

such that uo(x) > 0 in z € D and for any y € 89, uo(y+sn(y)) is
nonincreasing in s > 0, where n(y) denotes the outer unit normal
to the boundary.
(A5) is known as a blow-up condition (cf.,e.g. [5]). . We shall
classify the blow-up solutions by the following three conditions.
{A6) (sublinecar case) f{(v) = olw) as v - .
(A7) (asymptotic linear case) There exist y, ¢ > 0 such that

flv) < yv + ¢ for each v > 0.

(A8) (superlinear case) There exists a function #(w) such that

(i) @(w) > 0, " () > 0 and ®"(w) > 0 for v > 0;

(ii) flm Fil

(idi1i) there is constants ¢ > 0 and 7 > 0 such that

Fvrelv) - e (v) = eo(v)d (v) for v > v,.

Remark. Equation (1) with power nonlinearities
(9) at(ul/m) = au o+ uP’™ in (g, t) e RYx(0,7)
satisfies (Al),(A3) and (A5) if m > 1 and p > 1, and satisfies (A6)
(or (A7)) it t < p < m {or 1 < p < m). (A8) 1is originally intro-
duced in [3] to semilinear parabolic equations. (9) satisfies (AS8)

1 > m.
The blow-up set of u is defined as

{x € RN; there is a sequence (xn,tn) € RNX(O,T) such

—

<

"
1

that £, o Es tn T ¥ and u(zn,tn) - ®© as 71 - ©}.



Our results are summarized in the following three theorems.

Theorem 2. Assume (A1), (AZ), (A4)’,(AD) and (A6). Let u be a
blow—up sotution of (1),(2). (I) Then

and the way of blow-up is uniform in each compact set K of RN:

(12) lim inf u(z,t) = .
vl zek

(T1) Assume further (A3) and (A4). Then the support Q(t) of

ulz,t) grows to RN as 't T T, in other wordé,

{(13) Lim inf 12(y,¢)1 = =.
i y€dD

Theorem 3. Assume (A1), (A2),(A4)’,(A5) and (AT). Lat u be a

btow-up sotution of (1),{2). We choose RY > 0 so that v is the
principatl eigenvatue of —A in B(BRy) = {z € RN; lzl < 3RY} with zero
Dirichtetl condition. Suppose that D in (A4) is inciuded in B(Ry).

Then we have

(14) S o B(Ry),

and U bltows up uniformiy in each compact set of‘B(Ry).
Theorem 4. Assume (Al), (A2),(A4)’ ,(A5),(AB) and the Ffollowing
{A9) Auo(w)+f(u0(w)) =2 0 in the distribution sense in RN-
Let u be a btow-up sotution of (1),(2). (I) Then

(15) S ¢ D.

(IT) Assume further (A3) and (A4). Then the support Q(t) of

ulz, t) remains bounded as ¢ v T, in other words,

(16) Tim sup 180y, )1 < .
LTy yeadl

Corollary 5. Assume (A1), (A2),(A5),(A8),(A9) and the Ffoitowing
(A4)" uo(z) = uo(r), where r = lxl; uo(r) > 0 in 0 < r < R, and
= 0 in r =2 R; ué(r) <0 ih 0 < r < R.

Let u = ulr,t) be a bitow~up sotution of (1),(2). Then



(17) S = {(0}.

We are based on comparison and reflection principles. The main

proof is done by reduction to absurdity. To do so, for Theorems 2~

3, a nonblow-up result to the Diriclet ploblem in a bounded domain

plays a key role. For Theorem 4 and Corollary 5, we can follow the
argument of [3] (see also [2]). In case N = 1, more precise results
have been done in [7] (cf., also [4]).

As for the details of the above results, see [6].

References

(1] L.A.Caffareli, J.L.Vaquez and N.I.Wolenski, Lipschitz continuity
of solutions and interfaces of the N-dimensional porous medium
equation, Indiana Univ.Math.J. 36(1987), 370-400.

[2] Y.-G.Chen, Blow-up solutions of a semilinear parabolic equation
with Neumann and Robin boundary conditions, Hokkaido Univ. Pre-
print Series in Math. #65 1989.

[ 3] A.Fricdmann and B.McLeod, Blow—up of positive solutions of semi-
linear heat equations, Indiana Univ.Math.J. 34(1985), 425-447.

[4] V.A.Galaktionov, Asymptotic behavior of unbounded solutions of
the nonlinear parabolic equation ut:(uou$)$+ u0+1, Differents.
Urab. 21(1985), 1126-1134.

[5] T.Imai and K.Mochizuki, On blow-up of solutions for gquasilinear
degenerate parabolic equations, Publ.RIMS,Kyoto Univ. to appear.

[6] K.Mochizuki and R.Suzuki, Blow-up sets and asymptotic behavior
of interfaces for quasilinear degenerate parabolic equations in
RY, preprint 1990.

[ 7] R.Suzuki, On blow-up sets and asymptotic behavior of interfaces

of one dimensional quasilinear degenerate parabolic equations,

Publ .RIMS,Kyoto Univ. to appear.

—21—



On Stabilities of Difference Solutions

for a Degenerate Parabolic Equation

YuNn-GaNc CHEN, Yosuikazu GIGA AND MiTsuru HONMA

Department of Mathematics, Hokkaido University

In this article, we consider the stability of a difference analogue to the

initial value problem of a nonlinear degenerate parabolic equation

(1) utzlvumiv((lvuzié)%), (t,2) € Q = (0, 00) x RN

with the initial data

(2) u(0,z) = ug, z c RY.
Here, ¢ is a constant with 6 < 0, and Vu = (ug,, -+ ,uy, ) is the gradient
of u(t,z).

The equation (1) can be changed into

N .
(1) W= ) apg(V)ug, .,
P,q=1
where
(3) l ,
|Vu |Vulo~
— V 5 T T b
Clpq apf]( ) (IV'U,IU + 6)%- ( Pq Ivula _I_ 6 pu Q>
2,9 = 17 : 7N



and 0,, is the Kronecker delta.

We now state our difference scheme for (1) (or, its another form (1))
as below, with N = 2 for simplicity. Denoting by z and y the spatial
variables in R?, we shall use notations z; and yi to denote the spatial
coordinates of the net points here and hereafter. The diflerence analogue
to (1) and (2) is given by

ntl _on

U
B LA z apg(D ujy) Dy, u n+0

(4) T prg=1
n=0,1,2,---; g k=0414+2 --;
u?k:uo(xj,yk), 3,k =0,4+1,+2, .

In (4), we have introduced the following notation for convenience.

Notation:

7 > 0: increment of the time variable ¢;

t, = n7: nth time step;

hi, he: mesh sizes of = and y directions, respectively;

(z;,yx) = (Jh1,khy):  net point in R?) j,k=0,+1,+2 ---;

ul:  approximate value of the difference solution to u(t,,z,,yx);

Duy = Dy ufy, Dyuly) € R%, where D, uiy = (ulyg g —uji 1)/ (2h)
and  Dyufp = (ulpyy — ulp ;)/(2hy) are the approximations to
Uy (tn, T;,Yx) and uy(t,,x;,yx), respectively (both are central differences);

D%l unk = (“;L+1,k - zu?k + “?—1,k)/h%>

D3, ufp = (Ul pyy — 200y Ful )/ h and

D12 (“]+1 bpl — U1 kg1 — Uiy g1 T “?—1,k~1)/(4h1h2)

are the approximations t0 Uz, Uy, and wug, at (t,,z;,yx), respectively;

— 04



u;",j 0 = 0’11,72_ T4 (1 - 0)u3y, linear combination of u?,j !

with u for
0 € [0,1]. The difference equation (4) is explicit for u™** if 6 = 0, while

implicit if 0 < 8 < 1.

Put 6%, = lDu;‘kl/(l DuZ|” + §)'/7. Then for the coefficients in (4)
it is easy to get

a1z = dz1, ar1G2z — ajy = 0;

0 < ap, gbyk <1, p=1,2

0 < b < ann + age <207, <2

k
since 0 < b;?k < 1.

As a sufficient condition for the stability of the nonlinear difference

equation (4), we get the following

THEOREM.  The difference equation (4) is stable if either

5 —<0<1
or
(6) A< —1 when 0<0< -
4 — 86 2
holds true, where
A=t — >0
hi = h;

s a constant.

REMARK: It is worthwhile to note that the stability condition here is

independent of 4.
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On the local energy decay property for the elastic wave equation
with the Neumann boundary condition
MisHIO KAWASHITA

Department of Mathematics, Faculty of Science, I ochi University,

Kochi 780 JAPAN

Abstract

Let Q be an exterior domain in R® (n > 3) with smooth and compact
boundary I' . We set

A(ax)u: Z aijaz.'axjuy_ u:‘(ulyum"'vun)

i,j=1

where a;; are n X n matrices whose (p, ¢)—components a;p;q are of the
form

tipjg = AbipBiq + 1(8ij8pg + bigbip)-
We consider the isotropic elastic wave equation with the Neumann

boundary condition

(A(8:) — 87 )u(t,z) =0 in Rx,
(N.P) N(8:z)u(t,z) =0 on R xT,
u(0,z) = fo(z), 8u(0,z)= fi(z)

Here N(9,) is the conormal derivative of A(9:) ,
that is,

N(ax)u(w) = Z Vi(-”’)aijaxju(w)lf'l

ij=1

where v(z) = *(v1(z), vo(x), -+, vn(x)) is the unit
outer normal vector to 2 at z € I' . We assume
that the Lamé constants A and p are independent
of the variables ¢ and = and satisfy

2
Ad+—p>0 and p >0,
n

which imply that the energy form associated with the operator A(d;) is
positive definite.



Under that assumption, Iwashita and Shibata [6] examine the ana-
lytic continuation of the resorvent. Shibata and Soga [13] develop the
scattering theory obtained by Lax and Phillips [8]. In [13], it is shown
that for any initial data fo, f; and any bounded domain D the local
energy for the solution of (N.P)in DN Q

B D=3 [ (Y aipiade,ua(t)ug(0)

2 . =
£,0,7,9=1

+10u(t, )} d.

decays as t tends to infinity (i.e. tlim E(u,D,t) = 0 holds). We would

like to examine more precise properties of the local energy decay.

PROBLEM. Whether the problem (N.P) has uniform rate of the local
energy decay.

DEFINITION. We say that the problem (N.P) has the uniform local en-
ergy decay property of strong type when for any bounded domains D
and Dy, there exists a bounded, continuous and non-negative valued
function p(t) defined on [0, 00) satis{ying

/ p(t)l/2 dt < oo and / / p(t)1/2 dids < oo
0 0 3

such that
E(u, D,t) < p(t)E(u, 2, 0) for any t > 0

holds for any solution of (N.P) with an initial data fo, fi € C°(DoN ).

Remark 1. Usually, we say that the problem (N.P) has the uniform
local energy decay property when for any bounded domains D and Dy,
there exists a continuous and non-negative valued function p(t) defined
on [0, 00) satisflying tl_lgl() p(t) = 0 such that E(xu,D,t) < p(¢)E(x,, 0)
holds for any 1 >0 and any solution of (N.P) with an initial data
fo, 1 € C§°(Do NKY).

Remark 2. In the case of the scalar-valued wave equation with the
Dirichlet or the Neumann boundary condition or the elastic wave equa-
tion with the Dirichlet boundary condition, if the obstacle R™\{ satis-
fies a non-trapping condition in some sence (e.g. the obstacle is convex),
then the uniform local energy decay property in the sence of Remark 1
holds. Furthermore, we can be taken p() as p(t) = C exp(—at) (o > 0)



for n is odd, p(t) = C(1 + t)72*~D for n is even (cf. e.g. Vainberg
[14], Morawetz [10, 11], Ralston [12], Kapitanov [7], and Iwashita and
Shibata [6]). In particular, these initial boundary value problems have
the uniform local energy decay property of strong type in Definition if
the obstacle is non-trapping. Hence, the uniform local energy decay
property of strong type is not a meaningless condition.

For the problem (N.P), there is the interesting phenomenon, or the
existence of the Rayleigh surface wave which seems to propagate along
the boundary, and it does not occur for the cases of the problems stated
in Remark 2. In particular, in the case of the half space in R3, the
Rayleigh surface wave is represented explicitly .and it is shown that its
energy concentrates near the boundary GR?,_ as t tends to infinity (cf.
Achenbach [1] and Guillot [2]). Hence, we can expect that the local
energy does not decay uniformly. Indeed, Ikehata and Nakamura [5]
show that the problem (N.P) does not have the uniform local energy
decay property if I is the unit sphere in R3. They also prove more
precise results, however, they essentially use the fact that the boundary
is the sphere because they represent the solution of (N.P) by using special
functions. Hence, it seems that we do not use their methods in the case
of the general smooth and compact boundary. Thus, our result is a
generalization of Ikehata and Nakamura's one.

THEOREM.
The problem (N.P) does not have the uniform local energy decay
property of strong type.

It is well known that the total energy E(u,,t) of the solution u(t, x)
of the problem (N.P) is conserved and if the space dimension n is
odd then the Cauchy problem for the operator A(8,) — 07 satisfies
Heygens' Principle. Hence, the Morawetz argument due to Morawetz
[11] is available for the problem (N.P). Thus, we can show that if
(N.P) has the uniform local energy decay property, then we can take
p(t) = Cexp(—at) (o> 0), which implies that

COROLLARY. If n is odd, then the problem (N.P) does not have the
uniform local energy decay property.

We shall prove Theorem by contradiction. The procedure of the proof
is as follows.

Step 1. We denote the outgoing (resp. incoming ) Neumann operator
denoted by T (resp. T~ ). First, we can prove that the Neumann
operators have the following estimates, which are key results for the
proof of Theorem.



ProprosrTion 1. If the problem (N.P) has the uniform local energy
decay property of strong type, then we obtain

N/ E e rxry < CIT™F* L2y
forany fEeCPRxT) with T*f* e CPR xT),

where CP (R xT) = { f € C®°(R xT")| there exists {; € R. such that
f(t,z)=0for £t <1 }.

Step 2. On the other hand, however, in the elliptic region the Neu-
mann operators are the first order classical pseudo-differential operator
on R x I of real principal type. Hence, we can construct the asymp-
totic null solution of the Neumann operator TV (, that is, the function
g satisfying that T+g = O(k~!), where k is the wave number), and its
principal part does not vanish.

Step 3. But, using the estimate obtained in Step 1, we can show that
the principal part of the asymptotic null solution must be zero, which is
contradiction.

In the above procedure, if we can construct an asymptotic null solution
described in Step 2 in the time interval (—oo,00), then it is not difficult
to perform Step 3. But, the construction of the time global asymtotic
null solution does not seem easy, and this causes the main difficulty for
the proof of Theorem.

In our case, however, we can construct an asymptotic null solution
in the time interval [~Tp, Tp] for any fixed Tp > 0 by using the Maslov
method originally due to V.P.Maslov (for the Maslov method see Maslov
and Fedoriuk [9] or Ichinose {3, 4]). Furthermore, that asymptotic null
solution is sufficient to prove Theorem, because we can carry out the
time global construction of the principal part of that solution. Noting
the methods of the construction of the asymptotic solution, we can pa-
rameterize the principal part by (s,z) € R x I. We denote the principal
part by ¥(s,z) € C®°(R x I'). Using the estimate in Proposition 1, we
can get the following estimate of ¥(s, z), and it is available to accomplish
Step 3.

ProprosITION 2. If the problem (N.P) has the uniform local energy
decay property of strong type, then we have

/ llll(:lzs,a:)l2 dVR <1
[lo+2,To'—2]XF
< CO/ I\I’(:l:s, :17)]2 dVR xr
[to+5,to+2]xT

for any 5, To € R with 49 < —2,|to — 1| < To,



where dVg xr Is the volume element of R xI'" and a constant Cy depends
only upon I', X and p.
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A minimizing problem for a functional with a characteristic function

SEIRO OMATA (KITAMI INSTITUTE OF TECHNOLOGY)

1. Introduction

There are some results obtained by H.W.Alt, L.A.Caffarelli and A.Friedman about functionals
with a variable boundary(See [1] and [2].).
Their problems are as follows: for u:  — R, Q C R™, consider the functional:

)= [ (#(apy+ QMo )",

where L™ is n dimensional Lebesgue measure and Q(z) is a given measurable function with 0 <
Qmin < Q(¢) < Qmaz and x denotes a characteristic fanction and Q(C R™) is an open and
connected domain (may be unbounded) with Lipschitz boundary. Here and in the sequel we denote
{z € @ u(z) > 0} = Qu > 0), and xu50 is the function of the set Q(u > 0). In [1], the case
F(t) = ¢, and in [2], it was treated the case F(t) belonging to C*1[0,00), with F(0) = 0 and
0<e< %—f < Carnd 0 < ﬁ%ﬁ—f < C. They proved that if Q(z) is Holder continuous, roughly
speaking, the free boundary QN 9Q(u > 0) is a C1# -curve in any compact subset of 2, provided
that v is a minimizer of I. These results are applied to solve the Jet problem and the Cavitational
flow problem(See [3-7] and [11]).

We extend their result ([1] and [2]) to the following nonlinear problem. Consider the mini-
mizing problem:

J(u) = /ﬂ (aij(u)D,-uDju + QQXu>O> dL®,

under the same assumption for x and € as in [1] and here @ is assumed to be a positive constant
(We used summation convention.). We need some further assumption for the coeflicients a%(z):
a'7(z) belongs to class C® with respect to z, and satisfies the following ellipticity and bounded
conditions, 0 < A[E[* < a(2)&:¢; < Al¢]? for all ¢ € R* — {0}, moreover [@¥ (2)], the derivative of
[a*7(2)] with respect to z, is positive definite. We call this the strong one sided condition.

Under these assumptions, we find a minimizer in the function set K, where K = {uv €
LE ()|Vu € L3(2),u = u® on S}. Here u® is a given function with u° € L (), Vu® € L2(9),
and 0 < u® < sup u° < 400, and S is a subset of 90 with a positive n — 1 dimensional Hausdorfl
measure. “ '

We show that if Q is 2 dimensional, the free boundary of the minimizer J is a CY# curve in
any compact subset 2.

2. Regularity of a minimizer

- The existence theorem is a direct conclusion of the lower semicontinuity of the functional J
under an assumption J(u®) < co(see {1].). The boundedness of a minimizer is obtained in the same
way as in [1], using the test function v + min(sup u® — u,0) and u — min(x, 0).

Q

We can treat u by the method of Ladyzhenskaya and Ural’tseva and obtained the Holder
continuity of a minimizer.



THEOREM 2.1. If u is the minimizer, then there exists o« > 0 depending on 2, such that u € C*(f),
where §) is a subdomain whose closure is compactly contained in §2.

By the theorem above, Q(u > 0) should be an open set, then u satisfies the following equation;
g 1.
/ (—a.” (u)D;uD;p — —a‘J(u)DiuDjucp) dL™ = 0.
Q(u>0) 2

for all ¢ € C°({u > 0}). (In the sequel, we denote left hand side Lu.) By using this equation, the
higher regularity can be easily obtained (see {12] and [14]). In other words, u € C°(Qu > 0)).

Since 0 < J(u — ) — J(u) for V¢ € CP (), ¢ > 0 and € > 0, we have Lu > 0 in Omega.
From this equation, we cannot obtain further regularity results by using usual methods. To obtain
the Lipschitz continuity we should use the method of Alt-Caffarelli-Friedman(see [2]).

THEOREM 2.2. Let u be a minimizer, and choose zo € Q arbitrary with dist(zo, Q(u = 0)) <
dist(zo,0%2), then there is a constant C = C(n,\,A) such that

u(zp) < Cdist(zo, 2(u = 0)).

By using the Lipschitz continuity of the miminum, we have a nondegeneracy theorem.

THEOREM 2.3. For any p > 1 and for any 0 < x < 1, there is a constant C, = C(n, k), such that
for any balls B, with radius r contained in 2,

1
1 1 v _ . . _ ' o
r <|B | / up) dz < C, implies u = 0 In By, provided that u is a minimizer.
T g B,

3. Identification of the differential ¢,

Our aim of this paper is now to prove that the free boundary of a minimizer, 9Q(u > 0) =
QN a{z € Q;u(z) > 0}, becomes locally the graph of a C1:*— function (o € (0,1))). First, we will
show that dQ(uz > 0) is an (n-1)-dimensional surface in some weak sense(See [16].). For this, we
will introduce the following Radon measure:

A(D) = sup / (—a” (w)DsuDjp — —d"(u)DiuDjwp) dar®,
pECH(D)lpl<1 ID 2

where D is an arbitrary open set, which is compactly contained in Q. On this Radon measure A,
the following fact is proved in [2] and [15]: For any Borel measurable set £ C 9§2(u > 0)n D
cH™ ' (E) < / dX < CH™Y(E), (3.1)
E

where ¢ and C depend only on D. In particular the left inequality of (3.1) indicates the local
finiteness of the free boundary with respect to the n — 1 dimensional Hausdorfl measure. From
this fact, we can conclude that the free boundary Q(u > 0) is the (n-1)-dimensional surface with
locally finite perimeter in £(See [9].). Moreover (3.1) shows that the Radon measure X is absolutely
continnous with respect to H»~1|dQ(u > 0). Thus we obtain the following representation:

. 1 ..
/ (—a‘](u)Diungo - ——d”(u)DiuDjutp) dL" = / g dH"™1 for all p € C(N)
Q 2 89(u>0)



where

oy A(By(z))
w@) =l s s oy &€ >0

Now we introduce the blow up of the minimum u:

1
um,zn(z) = ‘p“u(ﬂ?o + pmT) (pm — 0).
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Without loss of generality, by an adequate change of coordinates, we can assume a*/(0) = &/ a(0).
We can show that the blow up limit u;, achieves the minimum of the following functional which is

related to the Laplace-equation:
2

w=[ (190 + 25050 ) 2" (3:2)

Moreover, for a.e. zog € 92, the blow up limit u,, is represented by a following linear function:
ey (1) = qu(T0)/a(0) max(< z,vy(zo) >,0). Thus we get the next equality, or so-called Identifica-
tion: g, = /a(0)Q a.e. 9N(u > 0).

4. Blow up limit of a minimizer (n=2)

In this section, we will mention the blow up limit in the special case n = 2. Since the blow
up limit of a minimizer u., is represented as (3.2), we can proceed in the same way as in [1].
As the first step we get the next equality using the notion of the blow up limit:

—— Q
lim Vu(z)] = ——
z—»zo,u(z)>0| ( )] m
for z9 € 9Q(u > 0).

Secondly we obtain the following estimate which holds only in the case n = 2:
1 Q> A
S, 2|l ) <= (4.2)
L"(B,(u > 0)) /B, (u>0) <“(0) log >
where u is the minimizer of the functional J and B, is a sufficiently small n-dimensional ball
contained in 2 with the center on the free boundary.

From (4.1) and (4.2), only in the case n = 2 we conclude that for all 3o € 9Q(u > 0), the
blow up limit of a minimizer u,, is the half plane solution.

(4.1)

5. Regularity of the free boundary

We can show that all free boundary points have their normal vector a.e. H™~*. In this section,
we will show the Holder continuity of the normal vector of the free boundary. The notion of
non-homogeneous blow up plays an essential role of this proof. (See [1-2].) Here, we need some
definitions for non-homogeneous blow up.

DEFINITION 5.1. Let 0q, 04 € (0,1] and 7 > 0. We say that the minimum u belongs to F(oo,04;7)
in B,(0) with respect to e, , if u satisfies following conditions.
U(SII) =0 in Bg(xn Z UOQ):
Q
a(0)
[Vu| < @ (1+7) in B,.
Va(0)

Using the method in [2], we obtain the following theorem, an improvement of the plus flatness

condition.

u(x) > ((_zn) - U—Q) in Bg(mn < "U+Q);




THEOREM 5.2. Let p < 1 and 0 < min(%,ao(n,A,M)), and satisfying o < o, then there exits
C = C(n, A, M) such that u € F(o,1;0) in B, w.r.t. v implies u € F(20,Co;0) in Bg wr.t. v.

DEFINITION 5.3 (NON-HOMOGENEOUS BLOW UP). Let ug € F(ok,04;7) in By, (yx), where {01}
is a sequence which is chosen o, — 0 as n — oo and g < oy, for all k and 1, = O(o}). Then we
define

FH () = sup{z.|(or 7, 0r 0k 2s) € D{ur > 0}},
f7 () = inf{z, (047, 0k 042 € D{ug > 0}}.
Using Theorem 5.2, it is easy to see that there is a subsequence such that

[ = limsup ff(z) = ]jmi%f f]-_(z).
3—0 I
osn z—zx

Using f defined above, we can show the following lemma which is essential for the improvement
of zero flatness condition.
LEMMA 5.4. Let u; be the sequence of non-homogeneous blow up which satisfies the following
conditions; ux € F(or,0k; ) in By, (zx) w.r.i. vy and gr = o(ok), 7 = o(0}), then we have

1

[ Svs@-r@e<e @eno

where B, is a n — 1 dimensional ball and Av, f(T) is the average of the integration of f on 0B,(T).

Combining theorem 5.2 and Lemma 5.4, we can easily obtain that f € CO'I(B%(O)) and for
all @ > 0, there exists a positive number ¢y such that f(Z) < [1-7 + %9? T € B,;(0) for some
T € [cg,0] and [ is the vector in R*~! with |I| < ¢(n). Using these facts, we immediately follow the
next lemma, the improvement of zero flatness condition.

LEMMA 5.5 (IMPROVEMENT OF ZERO FLATNESS CONDITIONS).

For all & > 0, there exists a positive number cg and oy such that If w € F(o,0;7) Iin
B, w.r.t. v, (for Vo < 04,Y7 < 090?,Vp < c(n)T%), then w € F(0o,1;7) in By w.art. v
(for some p € [cgp, 0p],7 with |7 — v| < c(n)o).

Using the iteration method, we obtain the theorem.
THEOREM 5.6 (IMPROVEMENT OF ALL FLATNESS CONDITIONS).

For all & > 0, there exists a positive number cy and op such that If v € F(o,1;7) in
B, w.rt. v, (for Vo < 09,Y7 < 090?,¥p < c(n)T%), then u € F(00,00,0°r) in By w.r.t v
(for some p € [cop, 0],V with |7 — v| < c(n)o).

Finally we can show the conclusion of this paper, by using theorem 5.6 and the well-known
method by Federex([8]).

THEOREM 5.7 (REGULARITY OF THE FREE BOUNDARY).

Let D be the arbitrarily fixed subdomain compactly contained in 2, then there exists a positive
number oo(n, @) > 0, such that u € F(o,1;00) in B,(z0) C D w.r.t. v, (Yo < 0o and Vp < goo=)
implies that there exists positive number v(zo), f = f(n), C = C(n) such that

(o =00 v150))

This immediately follows that Free Boundary is a C%# surface.

C
< p—;;|a: T (1: € Be(zo) N a{u > 0}).




[1]

REFERENCES

H.W.Alt - L.A.Caffarelli, ”Ezistence and regularity for a minimum problem with free bound-
ary”, J. Reine Angew. Math., 325 (1981), pp.105-144.

H.W_Alt - L.A.Caffarelli - A.Friedman, ”A Free Boundary Problem for Quasi-Linear Blliptic
Equations”, Ann. Scuola Norm. Sup. Pisa CL. Sci. (4) 11 (1984), pp.1-44.

H.W.Alt - L.A.Caffarelli - A.Friedman, "Asymmetric jet flows”, Comm. Pure Appl. Math.
35 (1982), pp.29-68.

H.W.Alt - L.A.Caffarelli - A.Friedman, "Jet flow with gravity”, J. Reine Angew. Math., 331
(1982), pp.58-103.

H.W.Alt - L.A.Caffarelli - A.Friedman, ”Variational problem with two phases and their free
boundaries”, T.A.M.S. 283, No.2, April (1984), pp.431-460.

L.A.Caffarelli, A Harnack Inequality Approach to Regularity of Free Boundaries Part I”
REVISTA MATEMATICA IBEROAMERICANA, 3, No.2, (1987), pp.139-162.
L.A.Caffaxelli, "A Harnack Inequality Approach to Regularity of Free Boundaries Part II: Flat
Free Boundaries are Lipschitz”, Comm. Pure Appl. Math. Vol. XLII (1989), pp.55-78.
H.Federer, ”Geometric measure theory”, Springer-Verlag, 153, Berlin-Heidelberg-New York,
(1977).

E. Giusti, "Minimal surfaces and functions of bounded variation” Birkhauser (1984).
M.Giaquinta, ”"Multiple Integrals in the Calculus of Variations and Nonlinear Elliptic Sys-
tems”, Princeton University Press 1983.

M.Giaquinta, "Topics in Caluculus of Variations”, Lecture Notes in Mathematics, 1365,
Springer- Verlag (1989).

D.Gilbarg - N.S. Trudinger, "Elliptic Partial Differential Equations of Second Order, 2nd ed:i-
tron”, Springer-Verlag.

M.Gritter - K-O.Widman, ”The Green Function for Uniformly Elliptic Equations”, Manusc-
ripta Math. 37 (1982) pp.303-342 ‘

O.A.Ladyzhenskaya - N.N.Ural’tseva, ”Linear and Quasilinear Elliptic Equations”, Academic
Press (1968).

S.Omata, "A Lipschitz Estimates for ¢ Free Boundary Problem for Nonlinear Elliptic Equa-
tions”, preprint.

L.Simon ”Lecture on Geometric measure theory”, Proceedings of the Centre for Mathematical
Analysis Australian National University volume 3, (1983).



On The Mean Curvature Flow of ?Thin” Doughnuts

Kazusnt AHARA AND NaoYUKI ISHIMURA

Department of Mathematics,
University of Tokyo,
Hongo, Tokyo 113, JAPAN

There has recently been much interest in mean curvature flow or curve
shortening. The form of the problem is as follows: Let M be a compact
oriented manifold without boundary and assume that Fjy : M — R™!
smoothly immerses M as a hypersurface in R*"!. Then we want to find
a family of smooth immersions F'(z,t) with corresponding hypersurfaces

M, = F(-,t)(M) such that

d
5 F(w:t) = —H(z,)- N(z,1)
F(.’l?, 0) - FO($)7

(1)

where H(z,t) is the mean curvature and N(z,t) is the outer unit nor-
mal at z € M;. Equation (1) is parabolic and so the theory of partial
differential equations ensures the existence of solutions for some short
time interval. We therefore study the long-time behaviour.

When M is a convex hypersurface in R™ for n > 2, G.Huisken
[H] showed that (1) has a solution on finite time interval and that the
M|s shrink to a point. While M.Gage and R.S.Hamilton [GH], in the
corresponding one dimensional problem, proved that if M is a smooth
convex plane curve then the equation (1) shrinks A to a point within
finite time. Later M.Grayson [G1] generalized the result of Gage and
Hamilton so that the convexity assumption can be removed. But he also
showed [G2] that the same generalization does not necessarily hold in
higher dimension; the convexity assumption in Huisken’s theorem cannot
be discarded.

The aim of our talk is to discuss the behaviour when M is an embed-
ding of a 2-torus Fy : T? — R? such that M is rotationally symmetric
about the z-axis and represented by

Fo(u, d) = (f(u) cos ¢, f(u)sin ¢, g(u)),

where © € S is a parameter modulo 27 and 0 < ¢ < 2. We then call M
a doughnut. There are two sectional curvature on the doughnut. One is



a meridional sectional curvature k,,, a curvature of the generating curve.
The other is a latitudinal sectional curvature k;, a curvature around the
axis of revolution. At first thinking, the effect of k,, is rather dominant
than that of k; (we then call M ”thin”), then M shrinks to a circle, and
the effect of k; is rather dominant than that of k,, (we call M fat”),
then M shrinks to a connected surface with singularity on the z-axas.
These conjectures are strengthened by a computer simulation but the
analytical proof has not been obtained. We here consider the ”thin” case
and show analytically that it really shrinks to a circle. To be precise we
prove

THEOREM. Suppose M satisfies the following assumption (A), then the
mean curvature flow shrinks M to a circle within finite time.
(A) There exists a positive constant € such that f(u) > e,

and k., > %Eﬁ

DEFINITION. When the assumption (A) is satisfied we call M a ”thin”
doughnut.

We sketch the idea of the proof. We consider the generating curve C
of M. k,, 1s nothing but the curvature of C. We regard the equation
k., satisfies as the perturbed equation of the plane curve shortening one.
Then the method of Gage and Hamilton [GH] can be applied and we
conclude that as long as the area enclosed by the curve C is positive
the equation (1) has a smooth solution to determine a hypersurface.
Although the calculation is complicated the discussion well proceeds
under our assumption.
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)N CERTAIN INTEGRAL EQUATIONS RELATED TO NONLINEAR WAVE EQUATIONS

HIROYUKI TAKAMURA
Department of Mathematics, Hokkaido University, Sapporo 060, Japan

§1. Introduction

In this talk I shall discuss the global in time existence of solutions for integral equations
related to the Cauchy problem for nonlinear wave equations. The results stated here are
joint works by prof. R.Agemi, K.Kubota and me. For details of the proof, see [1].

In order to describe integral equations we introduce some notations. For a function

o(=,t) of (z,t) € R™ xR, we define, dividing into two cases of odd or even space dimensions,

iz #(z +7w,0)dS,  (n=2m +1),

Jiei<1 i/%il—t ¢ (n=2m),

where dS,, stands for the surface element of the unit sphere in R*. When ¢(2) is indepen-

M(ple,r;t) = {

dent of {, we denote M(p|z,7;t) by M(p|e,?).

We consider the integral equations for scalar unknowns u(z,t) of the form

(1.1) u(z,t) = v(z,t) + L(F(u))(2,t), (2,t) € R x [0,00),
where
(1.2) L(P(w))(=, 1) = A, /0 (t — )M (F(a)|2,t — 75 7)dr.

Moreover, v and F are given functions and A, is a given positive constant. Note that L is
a positive linear operator.

We now specify the constant A;, as follows;

1 2

A, = —— (=2 , = ———— (n= ,
= 2)wn (m m+1), A = Donms (n 2m)

where w, stands for the measure of the unit sphere in R*. Let f(z) and g(z) be given

functions with compact support. And let v = vg(=,t) be a unique solution to the Cauchy



problem for a linear wave equation
8 vo(z,t) — Avo(=,1) = G(z, ), (2,1) € R™ x [0, 00),

vﬂ(z’ 0) = f($)7 0{00(5,0) - g(m), S Rn:

(1.3)

where

G(z,t) = 2(m — 1) A, M(F(f)|z, ?).

Then we find that a solution u(z,t) to the integral equation (1.1) is a solution to the

Cauchy problem for & nonlinear wave equation of the form
07 u(z,t) — Au(z,t) = Flu)(z,t) — H(z,t), (=,t) € R® x [0, 00),
u(z,0) = f(=), Oiu(=,0) = g9(=), z € R",

(1.4)

where

H(z,t) = 2m — 1)A, /0 M(8(P(w))|2, t — 75 7)dr.

The uniqueness of solutions to the Cauchy problem (1.4) follows from Appendix in (5].
Note that G and H vanish for n = 2 or 3.

When F(u) is of the form A[u[’ (4 > 0), F. John [4] has proved the global existence
of solutions to (1.4) in three space dimensions provided p > 1+ /2 and initial data are
small. R.T. Glassey [3] has also proved the same results in two space dimensions for
p > (3+ V/17)/2. Moreover, Y. Choquet-Bruhat [2] has studied the global existence in the
Sobolev spaces for higher dimensions.

Let pp(n) be the positive root of
(1.5) (n—1)p*—(m+1p—-2=0.

Then it follows that 1 < pg(n) £ 2 for » > 4 and the equality holds only for n = 4. In order
to show the global existence of a C'-solution to the integral equation (1.1), we require the

following hypothesis (H), on F:

F(s) is of class C* with Holder exponent 6 (0 < 6 < 1) and F(0) = F’'(0) = 0.
(H) Hence there exists a positive constant 4 such that

|FU)(g)] < Alalp—i (G=0,1)for p=1+68> po(n); |s| < 1.



Note that, for » = 4, a hypothesis (H);, stated below, holds and hence (1.1) has a global

solution of class C2.

F(s) is of class C? with Holder exponent § (0 < & < 1) and there exist
(H)2 positive constants p and A such that po(n) < p <2+ 6 and
[PO(s)] < Alsfr~ for |s| S 1,0 5 < p.

We note that a typical example F(s) = s% for n = 5 satisfies (H); and the condition
p > po(n) guarantees the integrability of a function s~?9("?) over [1, 0o),where

n—1 n+1
(1.6) q(n,p) = ——p———

Moreover we find the global existence of solutions to the nonlinear wave equations (1.4)

provided some derivatives of f and g are small.

§2. Statement of Main Results
Throughout this t‘a.lk we assume 1 = 4. In order to state main results we introduce
the following norm for u € C°(R™ x [0, 00)) with supp u C {(=z,t) : || =t + k};
@) ll= sp (0N )
(=,t)ER™X[0,00)
where » = |z| and k is a fixed positive constant. The function N(s) of s € [1,00) in (2.1)

is defined by dividing into three cases. For the odd dimensional case, we set
(2.2) N(s) =s"™?) il p> po(n).

For the even dimensional case, we first set

8(1("'71’) if po(n) < P < 2n_

n—1)
s(n—1)/2 2n
(2.3) N(s) =9 fgazny T P=3:2,
s(v /2 5f p> I

When n = 2,3, the above norms are essentially the same ones as in [3], [4]. However,
in order to discuss the solution to the equation (1.4), we need another function N(s) for
the even dimensional case. For a fixed number § which satisfies

1 n—1

(24) o) =1 T2

A




we next set

(2.5)

{ 89 ?) if  po(n) < p < 2 (7+ 2L,
N(s) =
A p2 (g np).

We here give some remarks on the above norms and relations between p, q(n,p) and

g- First of all, since

2 _ n+l 2n
— ] ) 2 a4+l
q = q(mn,p) if and onmly if pzn—l(q+ 5 ),
n—1
2
2 < q(n,p) if and only if p> ;L-—ii—"

we know that the norm (2.1) with (2.5) is weaker than that with (2.3). Next, the factor
(t+742k)(»=1)/2 in (2.1) indicates the decay rate of a solution vg to (1.3) in its support and
N((t —»+2k)/k) is closely related to the decay rate of vg inside of the solid characteristic
cone {(z,t)|r < t — k}. Finally, since (1.5) and (1.6) imply q(n, p) > q(n, po(n)) = 1/po(n)
for p > po(n), we know that pg(n,p) > 1,pg > 1if p > pe(n),q > 1/pa(n).

For each. j = 1,2 let X; be a Banach space defined by

X; ={ue Cj(R” x [0,00)) : supp u C {(=,t) € R® x [0,00) : 7 S &+ k},

|1D3|] < oo for |af < j}

equipped with a norm [[uf|x; = 37, |<; ||D3ul|- Now we state our theorems.

THEOREM 1. Assume the hypothesis (H);, where j = 1 or 2. Then the integral equation
(1.1) is uniquely and globally solvable in X;, provided v € X; and ||v|| does not exceed a

certain positive number which depends on A, k, n, p and §.

This is proved by using the following a priori estimate and the classical iteration

method by Picard.

LEMMA 2.1. Let L be the linear integral operator defined by (1.2). Assume that u €
C°(R™ x [0,00)) with supp u C {(z,2) € R* x [0,00) : 2] £t + %} and ||u|| < co. Then



there exists a positive constant C depending only on n, p and q such that

(BE) IL([[")I| = CK?|[u|”  if  p > po(n).

REMARK 2.1: When n is even, the basic estimate (BE) does not hold, if N(s) = s? and
q > (n —1)/2. Besides, if n = 3 then (BE) coincides in essence with (50a} of John [4].

THEOREM 2. Assume that f € C™1t3(R"), g € C™*"*(R™) and supports of f and g are
contained in {&¢ € R™ : |2] £ k}. Furthermore, assume that F ¢ C™"'(R) and F satisfies
the inequality in (H),. Let the norm (2.1) be given by (2.5) with § = (n — 3)/2 in even
space dimensions. Then there exists a unique solution u € X, to the Cauchy problem (1.4)
provided | D% | (|af < m+1), |D8g| (18] < m) and |DYF(£)| (|7] < m — 1) are suffciently
small.

REMARK 2.2: In the theorem 2, the number § = (n — 3)/2 is the maximal decay rate for
the solution vg to the linear wave equation (1.3) in the solid characteristic cone {(z,t) €

R™ x [0,00) : |2] <t —k}.
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Blow-up of solutions to nonlinear wave equations in two space dimensions

By

Rentaro Agemi

1. Introduction
The present paper is concerned with blow-up of solutions to the initial value problem

for nonhnear wave equations of the form

1) Ou(z,t) — Au(e,t) = O¢lau(e,t) + bOyu(=,t)F, ecR*, t>0
1.1
u(z,0) = f(z), 0Gu(z,0)=g(z), zcR",

where a,b and p are certain constants such that (a,b) X (0,0) and p > 1. We also consider

the equations of the form

(1.2) 8iv(z,t) — Av(z,t) = |adiv(e,t) + bOZo(z, 1)P.

F. John [2] has proved in the case where n = 3 and p = 2 that the classical solutions

to (1.1) blow up at finite time provided f and g have compact support and satisfy

(1.3) ho(z)dz > 0,
where
(1.4) hy(2) = g(z) — |af(z) + bg(=)IF.

Applying the above results to the equation (1.2), he also proved that a C3-solution » to
(1.2) blows up at finite time if initial values v(z, 0), 8;v(=,0) and 8?v(z,0) have compact

support.



On the other hand, S. Klainerman [4] [5] has established the Sobolev inequalities in
the Minkowski space and proved the global in time existense of solutions to nonlinear wave

equations of the form
(1.5) 82v(z,t) ~ Av(z,t) = F(Ou, Vu).

More precisely one can prove the followings (also see F. John [3], Chap. 3). Let F'(w) be

a smooth function of w = (wg,ws, -+ ,w,) such that
(1.6) |D*F(w)| < AlwP~lol for  p > |af,jw| <1

Then there exists a unique global solution to (1.5) provided initial data with compact

support are sufficiently small and

-1 1 1
(1.7) LS e p> 2o
n—1

The results stated above show that the number p = 2 is critical for the equations (1.2)
with b = 0 in three space dimensions.

The aim of the present paper is to show thai the number p = 3 is critical for the
equations (1.2) with b = 0 in two space dimensions. More precisely we prove the following

theorem and its corollary.

Theorem. Let 2<p<3ifbXx0and1<p<3ifb=0. Morecover, let u(=,t) be
a global C?-solution to (1.1) with initial data f € C*(R?) and g € C?*(R?). Then u(z,t)

vanishes identically provided f and g have compact support and satisfy

(1.8) f(2) >0, hy(e)>0 for =zc R2.

Corollary. Let2<p<3ifbXx0andl <p<3ifb=0. Moreover, let v(z,t)
be a global C3-solution to (1.2). Then v(=,t) vanishes identically provided initial values
v(z,0), dv(z,0) and 82v(z,0) have compact support and satisfy

(1.9) v(z,0) =0, 8v(2,0)>0 for =zeR.



A key of the proof of Theorem is to derive an integral inequality for a nonnegative

function U(r) of the form
(1.10) VrU(r) > C / VAU(M)PdA,
where ¢ and C are positive constants. The integral inequality used in [2] is as follows.

rU(r) > C / "AU(V)A.

c

To derive the integral inequality (1.10) we use the positiveness of Riemann function in
two space dimensions and the fundamental identity for iterated spherical means (F. John
[1], p.81). We associate with a function ¢(z) of ¢ € R™ its spherical means at the origin

with raduis 7

1
1.11 5(r) = — rw)dS,.
(111) 6=, [ etroris.

where w, and d5, stands for the surface area and the surface element of the unit sphere

in R™, respectively. The fundamental identity is

1
—~ / / p(r¢ + pw)dS.,dS,
Wy l(‘l:l lwl:l

(1.12) 2wy —1 a (n—3)/2
::;aza;zjgjglzl_r‘Ah(P,A;T) B(A)dA,

where

(1.13) h(p, A7) = (p" — (A =)' (A +7)" = p*).
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Asymptotic Behavior of Solutions to Semilinear

Diffusion Equations of Volterra Type

Yoshio Yamada

Department of Mathematics, Waseda University

1. Problem

This lecture is concerned with the asymptotic analysis for
some reaction-diffusion equations with time-delays which are
represented by Volterra integrals. Especially, my interest lies
in studying what kind of serious effects are brought about by
the presence of time-delays. | will take a simple example from
mathematical biology.

N

Let Q be a bounded domain in R with smooth boundary 9%.

Let u = u(x,t) (x € , t > 0) satisfy

u, = dAu + au{l - ou - (1l-o)k*u} in @ X (0,»),
(P> u = 0 on O% X (0,»),
u(-,0) = u, =0 (& O in @,

where a and d are positive constants, o is a number

satisfying 0 <€ o < 1 and the convolution k#*u 1is defined by

i
kKxu(t) = I k(t-s)u(s)ds.
0

It is assumed that k is a smooth nonnegative function on (0,«®)
such that both Kk and tk are integrable over (0,®). We
normalize Xk so that fg kK(t)dt = 1. We also assume that uO

is a nonnegative L (2)-function.



Problem (P) appears in population dynamics. In such a
model, u represents the population density of some species and

its growth rate, obeying the logistic law, is affected by a

memory effect. Typical examples of Kkernels Kk are given by
(K.1) k(t) = % e /T,
(K.2) K(t) = 1o te M1,

TZ

(When k is given by (K.1), a similar problem to (P) appears in
a nuclear reactor model.)

It is very easy to establish the existence and uniqueness
of nonnegative global solutions for (P). Moreover, it is

possible to show that every solution u of (P) satisfies

lim u{-,t) = 0 uniformly in Q,

tow
if a < dAl, where ll is the principal eigenvalue of -A with
the homogeneous Dirichlet boundary condition. Therefore, 1 will

concentrate myself on the study of asymptotic behavior of
solutions of (P) in the case a > dkl.
2. Preliminary results and related works

Suppose that there are no time-delays in (P); that is, o =

1. It is well known that, if a > dAl , then every solution u

of (P) satisfies

Iim u(-,t) = @ uniformly in 8,
to

where @ is a unique positive solution of

(SP) dAge + ap(l-¢) = 0 in & and u = 0 on af.



(Such ¢ exists if and only if a > dll.) This fact implies
that the unique positive steady-state @ is a global attractor
for (P) when there are no time-delays. Here it should be noted
that the corresponding stationary problem (SP) is the same even
if time-delays are concerned.

By the above consideration, cur problem is closely related
to the following question;

"Do the time-delays give any influence on the stability of
@ 7"
1f the Neuman condition is imposed on the boundary, there is a
pretty lot of information on this question; say, stability of
¢, destabilization of ¢ and Hopf bifurcation (e.g., [11, [2],
{41, [51). However, the Dirichlet boundary condition is
concerned, the level of understanding seems very poor because
the stability analysis of ¢ requires delicate calculations. As
far as I Kknow, there are few works except for Schiaffino and

Tesei [3]1, in which they have proved that ¢ is a global

attractor for (P) if o > 1/2.
3. Global attractivity

Before stating results, define the Laplace transform k(p)

of K by

K(p) = f e Plxtrdt.
0

When Kk is given by (K.1) (resp. (K.2)),

ki(p) = 1/(1+pT) (resp. k(p) = 1/(1+pT)2).

Theorem 1. Assume that there exists a positive constant o



such that

(%) o + (l-a)Re k(in) = c¢ for all n € R.

0

Then every solution u of (P) satisfies

Fim u(-,t) = ¢ uniformly in Q.
e

Remark. (1) For general k, Re k(in) = -1; so that (%) is
satisfied if o > 1/2. This implies that Theorem 1 extends the
result of Schiaffino and Tesei.

(2) If k . is nonnegative, non-inecreasing and convex, then
Re k(in) > 0. Therefore, such a kernel (including (K.1))
satisfies (%) if o > 0.

(3) If k is given by (K.2), then (%) is equivalent to

1/9 < o0 < 1.

Theorem 2. Let o = 0. Suppose that BRe k(in) =2 0 for
all n € R. Then
sup fluct)l < .
t>1

Moreover, if dk/dt € Ll(O,m) and Re'{R(in)_l} p:3 Cl for

all n € R with some cy > 0, then the same conclusion as

Theorem 1 holds true.

Remark. When kX ig given by (K.1), Theorems 1 and 2

assure the global attractivity of ¢ for every O < o < 1.

4. Local stability

The abstract theory for the local stability of ¢@ asserts

the following: ¢ is asymptotically stable (in a suitable



totopolgy) if, for o with Re pmu =2 0, the "characteristic

problem”

[n - dA - a{l-(l+o)@-(1l-ocDK{m)e}lw = 0 in Q,
ccpP
w = QO on 9%,
has no non-trivial solutions. The abstract theory for Hopf
bifurcations can be also developed. However, the analysis of

(CP) is very delicate; so that it is not so easy to get any
substantial results about the stability of ¢. When k is

defined by (K.2), we can show

Proposition 3. Define X by (K.2). For 0 <o < 1/9,

/aT el < 2/2 ,

J1-o0 + /1-9«

then ¢ is asymptotically stable.
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On one dimensional nonlinear thermoelasticity

By
Yoshihiro Shibata

Institute of Mathematics, University of Tsukuba, Ibaraki 305, Japan.

In this note, I would like to report recent works by the auther and R. Racke,
Bonn University ([3], [51]), concérning a global existence of small and smooth solutions
to one dimensional nonlinear thermoelastic equations in the case of a bounded reference
configuration. Let us recall the equations of one dimensional nonlinear thermoelasticity.
Let @ = (0, 1) be a unit interval in one dimensional Euclidean space R, which is
identified with the reference configuration R. The thermoelastic motion is described
by the deformation map: x € € }— X(t,x) € R and the absolute temperature T(t,x) € R of
the material point of coordinate X(t,x), where t denotes time variable. Then, the

equations of balance of linear momentum and balance of energy are given by (cf. Carlson

[11):
(B.M) ppX.. = S, * ogh,
B.5) €+ p/DX), = (BK)_+d_+ ppr,

where we use the following notation: The subscripts t and x denote differentiatiomns
with respect to t and X, respectively. Pr is the material density. The b and r are
specific body force and heat supply,irespectively. For simplicity, I assume that PR =
i and that b = r = 0, below. & is the specific internal emergy. q is the heat flux.

S is the Piola-Kirchhoff stress tensor. According to 2nd Law of Thermodynamics and

Coleman's theorem [2], T make the following assumptions.



Assumptions (1) There exists a so called Helmholtz energy function ¢(F,T), which

is real-valued and in dm(G(B)), such that

il

(A.1) S = (X _(t,x),T(t,x)) and & = e(X_(t,x),T(t,x)) where
(A.2) S(F,T) = (3y/3F) (F,T), e(F,T) = y(F,T) - T(3¢/3T) (F,T) (F=X_),

6(®) = { (F,1) e R” | [F-1] + |1-1/] < B, T > T,/2 }.

TO is a positive constant denoting the natural temperature of the reference body R and

B is another positive constant. Moreover, I assume that
2 2 2 2 2
(A.3) (B7Y/OFTY(F,T) > 0, (37 Y/ATT)(F,T) < 0, (d7¢/3F3T)(F,T) # 0 for (F,T) € G(B).
(2) There exists a positive function Q(F¥,T) € dm(G(B)) such that
(A-4) 4 = QK (£,%),T(t,%))T,_(£,%).

And then, (B.M) and (B.E) are rewritten as follows: for t > 0 and x € Q,

' =
(B.M) X, S(XX’T)X’
' 1.2, _
B.E)' (XD +3X) = (SX,DX)_+ (QE_DT)_.
If you use the entropy: N(F,T) = -(3¢/3T)(F,T), (B.E)' can be rewritten by:

(B.B)" TIN(X,D), = (QX_,D)T)_.

In fact, multiplying (B.M)' by Xt implies that %(Xi)t =S X

e Using the constitutive

relations (A.2), you have the identity: e(Xx,T)t = TN(XX,T)t + S(XX,T)XtX, Since

- " ] 1 -
(S(XX’T)Xt)x S(XX’T)XXt + S(XX,T)XtX, (BfE) follows from (B.M)' and (B.E)'. Obviously,
(B.E)' follows also from (B.M)' and (B.E)",

Put u=X-xand 6 =T - TO. As boundary conditions, I consider here the following



four type: for t > 0 and x = 0 and 1,

(D.D) u=0and 8 =0,

(D.N) u = 0 and BX = 0,
(N.D) u = 0 and‘G =0,
(N.N) S =0 and ex = 0.

Since S can be represented by using the Taylor expansion as follows: 5 = § +

lux
Nle , (N.D) is equivalent to what S =0 and 6 = 0 at x = 0 and 1. In (N.N) case,

in addition to (A.1)-(A.3), I assume that
(A.5) S(l,TO) = 0,

In other cases, you may assume without loss of generality that (A.3) is valid. 1In fact,

you can consider:

®.Mm" X, = [SE,T - SO, TN,

instead of (B.M)' if (A.5) is not satisfied. But, in (N.N) case, if you consider (B.M)"
instead of (B.M)', vou must consider the boundary condition: S(XX,T) - S(l,TO) =0

-at x-=-0-and-1-instead-of- (N.N). Since it is inhomogeneous, in general you can not
expect to get the decay properties of solutions to linearized equations, and then

the global existence theorem can not be expected in general.

As initial conditioms, I put

(I.C) X(0,x) = x + uo(x), Xt(O,x) = ul(x), T(0,x) = T. + eo(x) for x € Q,

0

where ugs Uy and 80 are given functions. In cases of (N.D) and (N.N), we assume that

1
(A.6). f u, (x)dx = Q.
0 1



In fact, if you integrate (B.M)' under the boundary condition (N.D) or (N.N), you have

Jl 1
X (t,x) dx = J u, (x) dx.
o °© o !

Since I expect that Xt(t,x) + 0 as t >, (A.6) is needed. Since' X does not appear in
v 1
(B.M)' and (B.E)", if we put X' = X - (J ul(x)dx)t, then X' and T satisfy (B.M)',
0
(B.E)", boundary conditions (N.D) or (N.N) and

1

(I.c)? X'(0,x) = x + uo(x),‘Xé(O,x) = ul(x) - f ul(x)dx, T0,x) =T

+ 6,(x).
0 0

0

. 1
Moreover, you have f Xé(t,x)dx = 0. So, (A.6) is not an essential assumption.
SN : g ‘ ‘

Now, let us discuss the equilibrium state. 1In all the cases, X = x and T = TO

are solutions for initial data: Uy = uy = 60 = 0. In cases of (D.N) and (N.N),

integrating (B.E)' om (0,t) x Q, you have
1 1.2

1.1) {e®X _(t,%x),T(t,x)) + X (t,x)} dx = c(u,,u,,6,) where
0 X 27t 0’71’70

1 v
1 2
co(uo,ui,eo) = jo {e@@ + ué(x),TO + eo(x)) + Eui(x) }dx, ué = duO/dx,

as long as the solutions exist. If you expect that Xt -+ 0, Xx -> &x:énd T » im,

X and T being constants, letting t - o in (1.1), you see that X, and T, should satisfy:
(_l.2.a) (Xoo’Too) = C(ho,ulyeo),
(1L.2.b). (Xm,Tx)'e G(B). .

In (N.N) case, in addition to (1.2,a) and (1.2.b), what S = 0 at x = 0 and 1 implies

the condition:
(1.2.¢) S(xm,Ix) = (.

On the other hand, if you consider the map : (1, T) € G(B) }— e(1l,T) € R in (D.N)

case andbthe map : (F, T) € G(B) |— (S(F,T), e(F,T)) eimg in (N.N) case, respectively,

—60—



the implicit function theorem tells you the unique existence of (KQ’T«) satisfying
(1.2) provided that 1n0(x)|, lul(x)l, {eo(x)l-are sufficiently small, especially
X =1in (D.N) case. Because, (aw/BT)(l,TO) = - TO(Bzw/aTz)(l,To) # 0 in (D.N) case

and the Jacobian 3(S,e)/9(F,T) is equal to
- Ty 2p/AT) (1,70) (3%9/3F%) (1,1) + Ty (/3R (1,10)% # 0

under the assumption (A.5) in (N.N) case.
I shall say that X and T will be global smooth solutions if X and T satisfy (B.M)',
(B;E)' for t € (0,°) and x € Q, one of the Boundary conditions: (D.D), (D.ﬁ), (N.D)
and (N.N) for t € (d,m) and x = 0 and 1, and the initial condition (I;C) for x € Q,
and if X and T belong to C°([0,%) x ¥ and (X(t,x),T(t,x)) € G(B) for all (t,x) e
[0,0) x Q. |

Roughly spéaking, I got‘thé fdllbwiﬁg theorem.

Theorem, If initial data Uy, 0, are sufficiently small and smooth and satisfy

1”70

the suitable compatibility conditions, then there exists a unique pair of global smooth

solutions (X(t,x),T(t,x)). Moreover, they have the following asymptotic behaviours:

(D.D) Xt(t,x) + 0, Xx(t,x) +~1, T(t,x) ~ TO ‘ as t +~ o for x € Q;

(B.N) ‘Xfét,x)“+ 0, Xx(t,x) 1, T(t,x) > T as t » o for x € Q;

(N.D) Xt(t,x) -0, Xx(t,x) -1, T(t,x) ~> T0 as t + o for x € Q;

(N.N) X (t,x) -0, X (£,x) =X, T(t,x) > T as t + o for x € Q.
t X ©a [=5] ettt ——

Remark. (1) The theorem was proved by M. Slemrod [4] in cases of (D.N) and (N.D),
by R. Racke and the auther [3] in (D.D) case and by the auther [5] in (N.N) case.
(2) 1In case of Cauchy problem, according to the results due to Dafermos and Hsiao,

Quart. Appl. Math. 44 (1986), 463-474 and Hrusa and Messaoudi, Arch. Rational Mech. Anal.



111 (1990), 135-151, for large initial data the smooth solutions blow up in finite time.
From this point of view, the smallness assumption is mnecessary to get the global existence

theorem.

Roughly spoken, if E(t) denotes a typical energy term, the Lz—energy decay method
used by Slemrod [4] tries to prove an estimates of the type: E(t) < const. E(0)
(uniformly on the interval of local existence) directly by differentiating the
differential equations with respect to the time variable t and the space variable x,
multiplying in L2 with appropriate derivatives of the solutions and performing partial
integrations. These partial integrations are possible in the case of the boundary
conditions: (D.N) and (N.D) studied by Slemrod {4], but they lead to ill—behaﬁed
boundary terms in the cases of (D,D) and (N.N). So, after Slemrod's work in 1981,
the problem for (D.D) and (N.N) was open about 10 years. Again very roughly spoken,
the methods in [3] and [5] comsiders the inequality: E(t) ;:const.E(O)exp(f; V(s)ds),
which is obtained for a local solution using Gromwall's inequality, with V involving
lower order derivatives of the solutioms. The integral is shown to be bounded
independent of t with the help of the decay properties of solutions to the linearized
problem. And the decay properties can be shown by using the spectral analysis to the
corresponding ordenary differential equations with spectral parameter to the linearized

equations.
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