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A General Class of Infinite Dimensional Dirac Operators
and
Infinite Dimensional Analysis

Asao Aral

Department of Mathematics, Hokkaido University, Sapporo 060, Japan

We present a general framework for infinite dimensional analysis, which is given by
a quintuple {E, H, u, K, A} consisting of a real locally convex topological vector space E,
a real separable Hilbert space H densely and continuously embedded in £ (we denote by
H. its complexification), a probability measure pu on E, a real separable Hilbert space K,
and a densely defined closed linear operator A : H. — K, such that H reduces the self-
adjoint operator A* A. Let AP(K.) be the p-fold antisymmetric tensor product (A°(K.) =
C). For each p, we first define a de Rham type operator ds, : L*(E,dp; \?(K.)) —
L*(E,dp; \P*1(K,.)) satisfying d4 p+1da,, = 0. The Laplacians associated with these de
Rham operators are defined. Some decomposition theérems of de Rham-Hodge-Kodaira

type can be proved concerning these de Rham operators. In terms of the de Rham operator

hifted to the Hilbert space
NE, K) = L*(E, dp; ®;24 A” (K.)),

we define operators of Dirac type in A(E, K). Moreover we generalize these Dirac operators.
In application to physics, the general class so defined gives a unified description for some
supersymmetrié quantum field models such as Wess-Zumino models. We discuss also the
path integral representation of the Fredholm index of the Dirac operators restricted to the

“even forms”.
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Diffeomorphisms of C,0

~ SEPARATERIX FOR CONFORMAL
TRANSFORMATION GROUPS OF C,0 —

IsA0 NAKAI

Department of Mathematics
Hokkaido University
Sapporo 060 Japan

The topology of germs of holomorphic diffeomorphisms of at the origin
is regarded from many different view points such as the moduli of differ-
ential equations [4], the projetive holonomy of singular 1-forms [5,12], the
nonisolated singularities of map germs [15], the groups generated by in-
volutions [18] and algebraic correspondences. Recently II’yaashenko and
Shcherbakov [9,17] pointed out that solvable groups acting on ,0 possess
special topological properties. The purpose of this paper is to investigate
some topological properties of orbits. A separateriz X(G) for a group G of
germs of holomorphic diffeomorphisms of , 0 is a union of finite jordan arcs
with the end 0 such that generic orbits are dense or empty in each connected
component of — X (G) nearby 0. We prove the existence and uniqueness of
the separaterix for nonsolvable groups. Extending the method we prove the
topological rigidity theorem which asserts that topological and holomorphic
classifications are the seme for generic group actions.

In this paper we consider pseudogroups I" consisting of diffeomorphisms
f:Uf0— f(Uf),0 of open neighbourhoods Uy of the complex plane
respecting 0. We call the group I of the germs of those f € I" the germ of
I', and call I" a representative of Ip.

Let I" be a pseudogroup and I} the germ of I''. We say that I" and
I'" are topologically conjugate (respectively holomorphically conjugate ) if
there exists a homeomorphism (resp. holomorphic diffeomorphism) h :
U,0 — h(U),0 of open neighbourhoods of the origin such that Uy C U, U, C
h(U) for f € I'lg C I'" and a bijection of ¢ : I' — I'" inducing a group



isomorphism of their germs at 0 such that Uy = h(Uy) and ho f =
o(f)oh hold for f € I'. We call h a linking homeomorphism ( resp. linking
diffeomorphism ). We say that the germ Ip, I} are topologically ( resp.
holomorphically ) conjugate if they admit representatives, which are so.

We say that a subset A C is tnvariant under I' if f(ANUy) = ANf(Uy)
for all f € I'. We call a minimal invariant set an orbit. The orbit containing
an z is unique and denoted O(z), which is the set of those f(z) with z €
Us,f € I'. Let By denote the set of those z € Uy such that ) (z) — 0
as n — oo, where f(®) stands for the n-iteration fo---o f. If f has the
identical linear part (flat at the origin), By U By is a neighbourhood of
0. The basin B is the set of those z for which the closure of the orbit
contains the origin. We can show that the basin is an open neighbourhood
of the origin if an f € I is flat.

The separateriz X(I") for I' is a union of disjoint closed smooth real
analytic curves in B — 0, which possesses the following properties.

(1) X(I") is invariant under I"
(2) The germ of X'(I') at 0 is a union of finite curves

(3) Any obrit is dense or empty in each connected component of By —

0— Z(I).

(4) Any subunion of the connected components of ¥(I") does not pos-
sesses the above properties.

The purpose of this paper is to prove the following theorem.

Theorem 1. (The separaterix theorem). If the germ Iy of a pseu-
dogroup I' is non-solvable, then I' admits a unique separaterix X (I"). The
germ of the separaterix at the origin is a disjoint union of smooth real
analytic curves, which have all disjoint tangent directions. Assume that
the domains of definition Uy, f € I' are contained in a neighbourhood U
of the origin. For sufficiently small U, the germ of X (I") at the origin is
determined by the germ Iy, and denoted X(I}).

The theorem is proved by a microscopic observation of the orbit structure
nearby the origin. More precisely we observe the local dynamics at a z € By
defined by f(=m) g(m) f(n)
m = 0,1,,... with a sufficiently large fixed n. When f, g are respec-
tively i-flat, j-flat(f(z) = 2z + az'T' + .-+ [g(2) = z + bzt + ---) and



1 < j, the dynamics is convergent to the identity as n — oo but a suit-
able real scalar multiple A, (f (=n)g () — id) is convergent to a holomorphic
vector field denoted x(f,g) defined on By. By defintion the trajectory
passing through z is arbitrary closely approximated by the orbit of type
fEMgm) f(m) (), m = 0,1,2,... with a sufficiently large n, so the vector
field x(f, g) is a time-preserving topological invariant. When the germ I§ is
non-solvable, I admits many dynamics of this type, which generate dense
orbits nearby z. The separaterix theorem is proved by this local density of
orbits.

When I is topologically conjugate with a I'’, the linking homeomorphism
h respects those holomorphic vector fields as well as the orbit structure. By
the topological rigidity of generic pairs of holomorphic vector fields, we
obtain the following theorem.

Theorem 2. (Topological rigidity theorem). Assume that pseudogroups
I',I" are topologically conjugate and the germs Iy, Iy are non-solvable.
Then the restriction of the linking homeomorphism h : By — Bp: is a
holomorphic or anti-holomorphic diffeomorphism respectively whether h is
orientation preserving or not.

By a recent result by Cerveau and Moussu [4], holomorphic classification
of non exceptional groups acting on ,0 coinsides with the formal classifi-
cation. This together with the topoological rigidity theorem suggests that
topological properties are determined by the formal conjugacy classes.
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Hyperbolicity in the Hénon map
Atsuro Sannami

Department of Mathematics, Faculty of Science
Hokkaido University, Sapporo, 060, JAPAN

A fdscinating and important problem is to understand the possible se-
quences of bifurcations by which a horseshoe is created. A paradigm is the
Hénon family f,,

!

g = a—2>+by
y = z
with parameters a and b. Let
By, = {(z,y) € R*: f%(z,y) is bounded, as n — +oo0}

be the union of the bounded orbits. It is easy to show that B is contained in
the square Q@ = {(z,y) € R?: |z|,[y| < K = [1+[b] + /(1 + [b])? + 4a]/2}.

As shown by Newhouse and Devaney and Nitecki, there is a region H of
the parameter plane containing at least the set {(a,b) : @ > (5 + 2v/5)(1 +
b*)/4}, for which By, is a horseshoe. By a horseshoe is meant a hyperbolic
invariant set on which f,; is topologically equivalent to the shift ¢ on 2%, the
space of doubly infinite sequences of 0s and 1s (for a € 2%, (o(a)); = a;y1)-

Using a technique which appears to find most periodic orbits of given pe-
riod, Biham and Wenzel [BW] found large intervals in a for given b for which

the numbers of periodic orbits of all periods up to 15 appear to be constant,
but not all equal to their values for the horseshoe. This suggests that f,
is structurally stable in such intervals. It is conjectured that on many such
intervals By is a hyperbolic Markov shift. A Markov shift is a generalisa-
tion of a horseshoe. It is an invariant set on which the map is topologically
equivalent to the shift o on a space % of doubly infinite sequences of symbols
from some finite alphabet A with only certain transitions between symbols
allowed.

In the colloquium, an evidence supporting the above conjecture was pre-
sented, and some of the proposed Markov shifts were given explicitly. This
result complements results of [CGP] on parameter intervals where the non-
wandering set appears to consist of a Markov shift plus some attracting



periodic orbits ( see discussion in [AAC](§5.2) ).

Our results are of interest not just for the Hénon map, but also for all
problems involving formation of a horseshoe (or any Markov shift). They
indicate that on the way to becoming a horseshoe, the maximal compact

mvariant set may go through phases corresponding to hyperbolic Markov
shifts.

(This result is a joint work with M.J.Davis and R.S.MacKay [DMS].)
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Algebraic Cycles on Algebraic Varieties over Number Fields

Wayne Raskind (joint work with J-L. Colliot-Théléne)

Let X be a smooth, projective algebraic variety defined over an

algebraic number field k. The i-th Chow group CH(X) is defined to
be the quotient of the free abelian group on the (closed, reduced
and irreducible) codimension i subvarieties of X modulo divisors
of functions on codimension i-1 subvarieties of X. When i=1 this
is the usual Picard group Pic(X) of divisors modulo linear
equivalence. The structure of the Picard group is well-known: it
is an extension of a finitely generated group (the Néron-Severi
group) by the group of k-points of an abelian variety (the Picard
variety). In particular we have the following deep theorem:

Mordell-Weil-Néron-Severi Theorem: Let k be a field which is
finitely generated (as a field) over its prime subfield. Then the
group PicX is a finitely generated abelian group.

The functor CH! is representable by a group scheme of finite
type over k (the Picard scheme) and thus behaves in a very
predictable way when one changes the field k. For CH! (i>1) this is
no fonger the case and the structure of these groups can depend
very much on the field k. When k is the complex numbers then the
Chow groups can be "uncontrollably large”. The philosophy of
Bloch is that the smaller the field k the better behaved the groups
CHI(X) should be. In particular, we have the following conjecture
due to Bass and Bloch:

Conjecture; Let X be a smooth, projective variety over a number

field k. Then the groups CHI(X) are finitely generated for all i.

Very little is known about these conjectures. It is not even
known whether the torsion of these groups is finite. In my talk I



shall describe some recent' work on this last question and
(hopefully) outline the proof of the following theorem:

Theorem: Let X be a smooth, projective variety over an algebraic

number field k and assume that HZ(X,04)=0. Then the group
CHZ (Xtorsion 1S Tinite.

Corollary: For "most” surfaces X of geometric genus zero over
number fields the group CHZ(X) is finitely generated.
The meaning of "most” will be made precise in the talk.
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History of the invariant problem and full reducibility for SL;(C)

A. Borel

Let G be a group and o : G — GL(V) a linear representation of G by invertible
transformations of a finite dimensional complex vector space V. Two natural problems
were already investigated in the 19th century for certain classes of groups.

1) The “Invariant problem” (IP). Is the algebra Ig of G - invariant polynomials on V
finitely generated ? [ If so, more precise questions can be raised, such as finding an explicit
generating set, and defining relations between its elements, but only the first question was
discussed. |

2) “Full reducibility” (FR) : Has any G - invariant subspace in V a G - invariant
supplement, for any V' 7

This talk centered on the contributions to these problems for G = SLy(C). In fact,
this being a test case for complex semi - simple Lie groups, the more general case was
also alluded to, but the main ideas were explained for SLz(C). Even so, the history is
somewhat surprisingly complicated, in part because various authors were not always aware
of the work of others. In some cases, this was a blessing in disguise since it led to new
proofs and interesting combinations of independent ideas.

FR for SL,(C) was announced by E. Study in 1893, proved algebraically by E. Cartan
(in 1894) and algebraico - geometrically by G. Fano (1896).

The idea of averaging over a finite group to form invariants emerged clearly in 1896.
A. Hurwitz (1897) introduced integration over certain compact groups (SO, SU, ) to that
effect and solved IP for SO,(C) and SL,(C).

2b years later, I. Schur combined this approach with the theory of characters of finite
groups and extended the latter to the groups previously mentioned. In 1924, H. Weyl

put together this work and Cartan’s theory of semi - simple Lie algebras and proved FR



and IP for these. The arguments were trancendental. In 1931 the physicist H. L. Casimir
introduced the “Casimir operator” generalizing the “monent of momentum” and in 1932
used the latter to give an algebraic proof of FR for SL,(C), generalized in 1935 by B. L.
v.d. Waerden. That was the first algebraic proof in the general case. It was thought at
the time that Casimir had given the first algebraic proof for SL,(C). Even Cartan seemed
to have forgotten that his Thesis already contained one.

Various more recent contribution by J. H. C. Whitehead, R. Brauer, Rashesky and N.
Bourbaki were also mentioned, as well as corresponding developments in positive charac-

teristic.
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INFORMATION DYNAMICS AND ITS APPLICATIONS

Masanori OHYA

ABSTRACT

Various physical or nonphysical systems can be
described by states, so that the dynamics of a system is
described by the state change. One of essential characters
of a state is expressed by its complexity. Complexity such
as entropy is a key concept in Information theory. We call
the study of the state change together with such
complexities "Information dynamics", which is a kind of
synthesis of dynamics of state change and information
theory.

Let an input dynamical system and an output dynamical
system be described by (&, 6 o) and (d,5,0), respectively.
Here 4 is a set of all objects to be observed and © is a
set of all means getting the observed value for each element
A in 4, and ( describes an inner evolution of the input
system. Same for the output system (4,5,0). Thus

[Giving a mathematical structure

to input and output triples

= Having a theoryl
A map providing a bridge between two systems is called a
channel if it sends a state of the input 'system to that of
the output system; [ : & 2 &. There exist several channels,
whose properties specify the character of two systems.

Let us give some examples of (I) an input system,

(I1) a transformation system (channel) and (III) an output
system.
(1) Causal System: (I) x € R ; (II) x = £(x); (III) x(t)

= $1 (x), where $1 is an evolution (semi)group generated by
f.




(2) Signal Transmission: (1) coding a causal signal x(t)
to {(xXn}) by e.g., sampling theorem with cut off; (II) some
transformation yn = f(Xn) for any n; (III) interpolating or
decoding {ynl} to y(t).

(3) Continuous System: (I) probability space (), F, M); (II)
Markov kernel A; (III) probability space (L, JF 1) with u =
JeA(o, Ydp.

(4) General Quantum System: (I) Cx-triple (4, G ); (II) a
channel is the dual map A* of a completely positive map
At d >4 (11D Cx-triple (4,5,0) with ¢ = A¥¢.

Once input and output systems are mathematically fixed
and a transformation rule (channel) is given, we next
consider some complexities of the state associated with the
systems, which are a corner stone of information dynamics.
The first complexity is one for a state itself: For a state
®, the complexity seen from a reference system .3 ¢ G is
dented by C3 (). The second complexity is determined by both
input and output states ¥, % or an input state ® and a
channel [, so that it is denoted by T? (¥;¥) or T3 (p;[),
which is called a transmitted complexity from ¥ to ¥ or [¢.
Typical examples of these complexities are entropy and
mutual entropy playing essential role in several fields.

[Definition] Information dynamics is a dynamics
described by a set (&4 6, .3,0;4,5,3,0:1 ;¢ (9), T8 (p;1)
and some relation R among elements of the set.

Therefore, for systems of interest, we have to

(1) mathematically determine &, G, .3,0:4,5,3,0;

(2) choose [ and R;

(3) define C3 () and T3 (9;[).
By setting the above (1)-(3) in general quantum systems, we
can apply general frames to several topics such as optical
communication, fractal theory, molecular evolution.
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On Exterior Problem for the Incompressible Flow

Hideo Kozono

Department of Applied Physics, Nagoya University

" This work 1is done by H.Sohr at the_University of Paderborn

in West Germany and myself.

Abstract.

n

In an exterior domain & in R with smooth boundary 3%, we

consider the Stokes equations:

(S) -Au + Vp = 0, divu=0 1in L, u =0 on 39.
Let 1 < g < @ and Nq be the set of all generalized solutions
cA@TLA(Q)  of (8) satisfying

{u, p} e m

J IVu(x) - Al%dx < o,
Q

where A 1s an nxn-matrix with Tr.A = 0. In particular, Ng =
{{u, p}t € Nq; J [Vu(x) 19dx < «}. Then we get the following
Q
result:
THEOREM. (1) Let 1 < g sn/(n-1) for n 23 and 1 < q < 2

for m = 2. Then dim N, = n’- 1, dim Ng - 0.

(2) Let n/(n-1) < g < @ for n 2 2. Then dim Nq = n®+ n - 1,

(3) Let n = g = 2. Then dim N* = 3, dim Né = 0.

As an application of the above theorem, we obtain the

following generalization of the Stokes paradox:



Corollary. There is no solution u of (8) in. the

class

J IVu(X)quX < o for 1 < g s n/(n-1), n 2 2 such that
Q@
00
u(x) = u as Ix] » o,

o0 . . Il
where u is the non-zero constant vector in R .

We can also apply this theorem to the solvability of the in-

homogeneous Stokes equations and the Navier-Stokes equations.




Singularities with maximal depth

by Lé Dung Trang.

In this lecture we introduce the notion of rectified homotopical depth of a singular complex analytic space
due to A. Grothendieck in SGA 2, Théorémes de Lefschetz locaux et globaux, Masson and North-Holland
Pub., 1968. Let X be a complex analytic space and let ¥ be a complex analytic subspace.

Definition. The space X has homotopical depth hdy(X,z) > n at z along Y, if there is an open neigh-
bourhood U of z in X, such that for any y € Y N U, there is a good neighbourhood V of y in X such that
the pair (V,V — Y) is (n — 1)-connected.

Of course, the integer hdy (X, z) is the maximum of the set of n as in the definition above.

We recall the definition of good neighbourhoods (due to D. Prill). It can be done in the framework of general
topological spaces:

Let Y and Z be topological subspaces of a topological space X, we can define:

Definition. A neighbourhood U of Z in X is called a good neighbourhood of Z with respect to Y, if there
are subsets (Uqy)aea which satisfly the following conditions:

i) The family (Uy)aca is a neighbourhood basis of the Z in X;

ii) Each pair (Us,Uq — Y) (a € A) is a deformation retract of (U, U —Y).

Suppose that Z = {z}, X is subanalytic and embedded in RY. There is ¢ > 0, such that, for any ¢,
€0 > € > 0, the intersection X M B(z) of X with the open ball B¢(z) of RY centered at z with radius € > 0,
is a good neighbourhood of z in X with respect to Y.

Now we can define the rectified homotopical depth of a complex analytic space X at a point z € X.

Definition. We say that the rectified homotopical depth rhd(X,z) of X at the point z is > n, if, for any
analytically closed subspace Y of X, there is an open neighbourhood U of z in X, such that the homotopical
depth of X NU at any point of Y NU along Y NU is > n— dimY.

Of course, the integer rhd(X,z) is the maximum of the set of integers n as in the definition above.

The rectified homotopical depth was introduced by Grothendieck to get the best level of comparison for the
homotopy type of a projective variety and its hyperplane sections. In particular A. Grothendicck conjectured:

1. Let V be a projective variety and V N H a hyperplane section, then the pair (V,V N ) is (n — 1)-
connected, with n = rhd(V) := inf ey rhd(V, z).

2. If V is non-singular at = then rhd(V,z) = dim,V.

3. If Z is defined by k equations in X, then for any z € Z, we have rhd(Z,z) > rhd(X,z) — k. Then if
(X, z) is a complete intersection we have rhd(X,z) = dim. X.

These conjectures are true and are proved by using the following result which allows us to calculate the
rectified homotopical depth:

Theorem. Let X be a reduced complex analytic space and z be a point of X. Let & = (X;)ier be a
Whitney stratification of X. The following conditions are equivalent:
a) rhd(X,z) > n;
b) for any i € I, such that the point z belongs to the closure of the stratum X;, the homotopical depth
hdx (X) is > n —dimX;.

In particular, from this theorem, the conjecture 2 above is trivial.

It is easy to see that we always have rhd(X,z) < dim;X. We say that X has maximal homotopical depth
at  if rhd(X,z) = dim,X.



In the same way as above we can define the rectified homological depth (resp.the rectified rational
homological depth) and spaces with maximal homological depth (resp.maximal rational homological depth).

Following M. Goresky and R. MacPherson we define the complex link of a Whitney stratum. Let X be a
complex analytic space. We consider a Whitney stratification § = (Xi)ier of X. We set dimX; = d;.

Theorem. In the space of linear projections of CV onto C¥+! | there is an open dense sct Q, such that, for
any p € 82, there is €g > 0, such that, for any ¢, ¢g > € > 0, there is a, such that, for any o, ag > a > 0,
the projection p induces a map pg of U := Be(z) N X N p~ (Dy(p(z))) into the open ball V := D4 (p(z))
and there is a closed complex hypersurface A of V, such that py is a locally trivial fibration over V — A.
Furthermore the homotopy type of the general fiber L; of this fibration is an analytic invariant of the germ

(X,z).

We call complex link of X; in X the homotopy type of the general fiber £; of the fibration obtained in the
preceding theorem. On can show that it does not depend on the choice of z € X;.

It will be convenient to introduce the normal slice N; of X; in X, by considering the cone of £; at z. We
have the following theorem:

Theorem. Let X be a complex analytic space and = be a point in X. Let § be a Whitney stratification of
X. The following conditions are equivalent:
a) rhd(X,z) > n;
b) for any stratum S which contains z in its closure, the pair (N, L) of a normal slice and a complex
link of S in X is (n — dimS — 1)-connected.

From this theorem it 1s immediate that:

Theorem. Let X be a complex analytic space and = be a point in X. Let S be a Whitney stratification of
X. The following conditions are equivalent:
a) The space X has maximal homotopical depth (resp.maximal homological depth, resp.maximal
rational homological depth) at z;
b) for any stratum S which contains z in its closure, a complex link £ of S in X has the homotopy
type (resp.the homology type, resp.the rational homology type) of a bouquet of spheres of real
dimension n — dimS — 1.

The proof of this theorem is based on the:

Lemma. A (d—1)-connected CW-complex E of dimension d has the homotopy type of a bouquet of spheres
of (real) dimension d.

It leads to a generalisation of Milnor theorem for complex analytic functions with isolated singularity.

Definition. We say that a complex analytic function f defined on X has an isolated singularity at the point
z, if there is a Whitney stratification S of X and an open neighbourhood U of z, such that the restriction
of f to the strata of S has rank 1 at any point of U — {=}.

Theorem. Let X be a complex analytic space and = be a point of X. Consider a complex analytic function
f defined on X and suppose it has an isolated singularity at . Then if X has maximal homotopical depth
at z, a general fiber of f at = has the homotopy type of a bouquet of spheres of real dimension dim, X — 1.

We shall say that a space X has the homotopy (resp.homology, resp.rational homology) Milnor property
at z if for any complex analytic function f defined on a neighbourhood of z in X which has an isolated
singularity at =, a general fiber of f at z has the homotopy type (resp.the homology type, resp.the rational
homology type) of a bouquet of spheres of real dimension dim, X — 1.

We can prove:



Theorem. A space X has the homotopy (resp. homology, resp. rational homology) Milnor property at z,
if the complex link of {z} in X has the homotopy type (resp.the homology type, resp.the rational homology
type) of a bougquet of spheres of middle dimension and the complex links of the strata of dimension > 1 of
a Whitney stratification of X which contain z in their closures have the homology type (resp.the homology
type, resp.the rational homology type) of a bouquet of spheres of middle dimension.

In particular the constant sheaf Qyx is perverse if and only if X has maximal rational homological depth.
Therefore it is also perverse if X has maximal homotopical (resp.homological) depth.



Classification of germs of contracting maps and

classification of compact complex surfaces

GEORGES DLOUSSKY

University of Provence

The study of Hopf surfaces is based on the classification of germs of invertible contracting

holomorphic mappings, i.e. of germs
f:(€*0) - (C?,0)
which are invertible and s.t. Df(0) has eigenvalues a,b satisfy
0<l]e|<|B <1

the following theorem gives normal forms of these germs i.e. the simplest elements of the

equivalence classes by the equivalence relation

(*) f~f < 3p:(C?0) — (C?0) which is invertible and of = f'p



On Intrinsic Measures of Complex Manifolds

SnosHIcHI KOBAYASHI

University of California, Berkeley

We give a brief survey of intrinsic measures on complex manifolds. Since the publica-
tion of [3] and [6] in 1970, some progress has been made on the subject. However, intrinsic
measures are much harder to work with than intrinsic metrics. So the results obtained so
far are not as extensive as the results on intrinsic metrics. Since the first Chern class of &
manifold is represented (up to a constant factor) by the Ricci form of a Hermitian metric
and since the intrinsic measure seems to be closely related to the Ricci form, the intrinsic

measure may possibly play some roles in algebraic geometry of complex manifolds.
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RESURGENCE des FLEUUES

ast

Cet épilogue est 1'histoire d'une rencontre: celle des idées de F. et M. Diener avec
les idées de J.Ecalle. Le cadre en a été le séminaire "Résurgence et analyse non
standard” organisé avec F.Diener a Nice en 1988-89, avec comme impulsion initiale les
questions de F. et M.Diener sur les développements asymptotiques des “"fleuves”. Dans leur
apparente simplicité, ces questions ont été pour nous tous un extraordinaire "révélateur”, a
la fois des possibilités de la théorie d’Ecalle et de 1'insuffisante maitrise que nous en avions.
Les Tignes qui suivent sont le reflet des discussions passionnées entre participants du
séminaire, et des explications qu'Ecalle nous a prodiguées sous forme de lettres, échanges
téléphoniques, conversations et exposés au séminaire parisien de F. et M.Diener.

Que tous en soient ici remerciés.

0.- PRESENTATION du PROBLEME.

Tracés par un ordinateur (cf. [AG]), les portraits de phase des champs de vecteurs
dans le plan R? présentent génériguement des concentrations infinies de trajectoires; en
violation apparente du principe de Cauchy d'unicité des solutions d'une équation
différentielle. Ces trajectoires qui tendent a "canaliser” toutes les trajectoires voisines ont
été appelées fleuves par F.et M. Diener, qui ont découvert et étudié systématiquement e
phénoméne [D] .

La Fig. 1 est I'exemple favori de F. et M. Diener : extrait de [AG], c’est le portrait de
phase de 1’équation de Liouville Y' = Y2 - X . On y voit trés nettement deux tupes de fleuves



partant a 1'infini vers la droite :

1°)  une trajectoire asymptotique & Y = X , d'ol semblent "surgir” une infinité de
trajectoires qui s'en écartent tres rapidement ("fleuve répulsif”) ;
2°)  une "confluence” trés marquée, asymptotique & Y = - /X , de trajectoires s'attirant

mutuellement ( "fleuve attractif” ).

Fig. 1
Portrait de phase de 1'équation de Liouville Y = Y2 - X

On peut s’étonner qu'un phénoméne aussi frappant et aussi répandu (cf. [D]) soit resté
si longtemps inapercu des géometres. Sans doute est—ce parce que le géométre, "sachant” que
par un point ne passe qu'une seule trajectoire, s'arrangera toujours pour que son dessin
n‘entre pas en contradiction avec ce principe. Pour ouvrir les yeux sur le phénomeéne des

fleuves il fallait donc 1'innocence de 1'ordinateur, ou de disciples de G. Reeb.

Considérons maintenant un autre type d'innocence, cetui d'un étudiant du 16" cycle

universitaire, et proposans lui Vexercice suivant :

Exercice : Résoudre 1'équation Y' = Y2 — X sous forme de développement en série de



puissances demi—entiéres décroissantes de X .
Habitué a ce que tout exercice posé par le professeur admette une solution, 1'étudiant ne sera

pas étonné de trouver une solution unique (4 la déterminationde X'/2 prés) :

y=x"?+ 1 5 )

4X 32)(5/2

Si c'est un bon étudiant, il se dira peut-étre que (0) n'est qu'une solution particuliére
parmi une infinité d’autres non exprimables sous cette forme. S'il maitrise parfaitement le
livre "Calcul infinitésimal” de Dieudonné, il soupconnera peut-étre que la série formelle
(0) est, pour X'/2 =X, un développement asymptotique de 1a trajectoire que nous avons
appelée "fleuve répulsif”, et pour X'/2 = — /X un développement asymptotique des -

trajectoires groupées sous 1'étiquette "fleuve attractif”.

C'est alors que le maitre intervient pour lui révéler que la série (0) est divergente
(cf.[D3]), et pour poser sa
QUESTION : Existe—t—il un procédé de "sommation” permettant, & partir de 1a seule donnée
de 1a série (0), de reconstruire toutes les solutions de 1'équation différentielle ?

Nous allons montrer qu'a condition de se restreindre a des "bassins” convenables au
voisinage de 1'infini, 1a réponse est oui, précisément parce que la série est divergente.



IA\‘ A . I’\ro\v\or\r

Oh, ck&tag nzoﬂg\' on_ o¥ aN)ocLoAZn\A, 6<;L‘Lh'w) % \'nqm\mejh%,

To el cncwonn  choochuzibon preo 8 om g/‘ (P anl
Q>‘r°%horm‘nf& R shomes o Heven \o¥ e Y%qmtu
A %m&u\c meckcjl'on Achame. A & dames (01
\)m{ O Al mg) Y- (X) {R }JosC$&> b @ %njl MJY, X
E}i:?\ MJ:[; %}nm,q,tut eelabions Ro R, ... Ry @'}A:%c% e %&Q—
() R, = §(’~t)0t) \ x GX} B oo (L‘aﬂomQ reeltion B
(o) %1 cach OC)JEX e n clermon (m)33€R¢ Puolds
%1 {XQQ{ o L
Gy Focad buipe 0= Rig=d ad deoead
fodx <DC’3>€ QR e Cmneaihq’e‘% oJ[) e et {72\("(;1)@‘3;)
{Sa)z) GKRJ-\E doos  vol jﬂru-& Oh (X)S) omd U v&%{z&
Jd Ty
| T oteqonn L\P-V w ealled Y weamlve,  of
‘LLL cvysou‘oit'ok ! Achi;J Y T 5)
Y 8 o gives wociibion ademe itk Vhe
FJE) )/Oég)d )Ré{_ A L\\ouqdm&zq oh Tugeuv\.
o% Y % b fwto\mj)fu) vw\re\% m&gmuﬁa‘ok p 1. C{)ommrﬂ&m'
bﬂ;ﬂffl @0 eialnol ALLAMM B rmmtv) colned e w\ﬂ\
Lo 01? Y
jﬁL c[«vuag L{zq{\‘ow Pu B‘QLM t {L"UYYV}, .,]Q Fa’ta\mt%
v 0-]9 FomJ[«\'Cue:m olewest %’L e 6cLﬂ~ruU> oA <At 1n
Al e }»%mmﬁo\@% ovad. Q~)>a%mmq2;% V@FULJ&L W&%(m{
o IQ‘GUF account u:? Al ru'xu{ );&qu\ o - J(A/uij aeq,

fmqwn;:tvus



a M‘(m%mu{ progeen v hacachaization oﬁ’y (P o Q-
To%ho'm{aX schtmes im Levra G]E Fcaqmtm5 %{Mﬁ a_
colieabion  of e achame by A
e IR wsbane Yo svmen ety e Dibeimingd g&
“\L u@dt\'oh,b e 5¢LLM, aa awn w&u){jlti ow  We o give
a WF&Q% ﬂaamtma charadiizabon £ e o
qephs T Op . This wendl e filly pret By
A. Moon \Ua’\\\/\& ah;urwl MJDQLOJL
'Mo.,g_ this agpronch OV Slpechiny and He addle
L\a’\m C,[\C\m cJuu‘-zmQ ‘{)Qw, a))bbc/\'ﬁ:\tt'ob\ IS(,\«ILYYLLQ 0¥ Hmw{:ian
%’VM 'u«biz Fammmdi%

_ Raernensy

1. E.Bm\nm‘) T Fk A%&th‘a Gﬂ‘mgmghdc& T.) Aﬁ&oc{a‘hob\,
S chamen , P)e»a)'amch 4924

2. A E Bwwo S AM Glan A Newmaion | Dickance
R%k@m @mr&) %ru’uam Nerilagq . A9%9

3, A A Iwmr\l“) SV S&Tcm{euwf ) A L‘«»q‘;1ou£:b(2q ol 0&;
Jch amoocaJv'ov\ ‘bLImZh‘LQJD o# H»Unfliﬁqw %vmsa 3
Math.  Sec. f QJ}QFM Ch appear),



FUCHSIAN GROUPS AND 3-MANIFOLDS
ABSTRACT

AnpDrEW J. CASSON

Any group T of orientation-preserving homeomorphisms of the circle S also acts
naturally on the 3-manifold T of positively ordered triples of distinct points of 5.
P. Tukia showed that I is a discrete convergence group in the sense of Gehring and Martin
if and only if the projection w : T — T'/T' is a covering map. It is well-known that T is
_topologically conjugate to a Fuchsian group if and only if, in addition, T'/T is a Seifert
fibered space.

THEOREM. Every discrete convergence group acting on S! is topologically conjugate to a

Fuchsian group.

This implies, by results of G. Mess and P. Scott, that every closed irreducible 3-
manifold M such that xy( M) has infinite center is a Seifert fibered space.
The theorem was proved by Tukia in each of the following cases;
1) T/T is non-compact,
2)  all torsion elements of T' have order < 3.
To complete the proof, let I be a discrete convergence group on S* such that M = T'/T'
is compact and I' contains an element e of order m > 3 (chosen to have rotation number
1/m). Define E : S - T by E(z) = (z,ez,e 'z). Then C = nE(S') is a simple closed

curve in M, and C = 7 YC) = | gE(S') is a countable union of circles in T. The
ger
remaining steps are as follows.

1) C is a “positive braid” in T’ 22 S x R? in which each pair of components has exactly
two crossings.

2)  The pair (T, C) is homeomorphic to (S* x R?, §1x discrete set).

3) If N =M)\C x D? then m,(NN) has infinite center.

4) N is Seifert fibered (follows since N is a Haken manifold).

5) M is Seifert fibered (with C as an exceptional fiber).
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Singular perturbations in foliations

GIKO IXKEGAMI

1. Introduction

The system which we want to study here is suggested by the equations of the form

¢ = f(z,9),

0=g(=,v),

(1.1)o

2 € R™,y € R™. Many types of solutions of (1.1)g have been studied by considering (1.1)o

as the limit of

z = f(931y);

ey = g(=,y),

(1.1),

for € — 0. For the type m = n = 1, there are the works of J. LaSalle, A.A. Andronov and
others. For the case m — 2 and » = 1, there are works of E.C. Zeeman, E. Benoit, and
others. For general m and n = 1, there is the work of N. Levinson. For general m and =,
there are the works of L..S. Pontryagin, F. Takens, and E.F. Mishchenko and N.Kh. Rozov.

As a generalization of the Eq. (1.1),, we consider a vector field 25/5. Here, Ze, € €
[0,€0), is a vector field on a manifold M, which is a generalization of the equation: ¢ =
ef(z,y), ¥ = g(z,y). The limit of Z,./e for ¢ — 0 exists only on the set ¥ of points
where Zg = 0, (in the case of (1.1)g, ¥ is the set of points where g(z,y) = 0). But, by
a perturbations of Z, 3 becomes a discrete set. To avoid this, we assume that the vector
field Zg is tangent to the leaves of a codimension m foliation F on M. F can be considered
as a generalization of the product structure R™ x R™. This vector field Zo tangent to F
is a generalization of the equation y = g(=,y) in (1.1),. For the family of vector fields
{Z.} and the foliation F, as above, the pair {{Z.}, F} is called a constraint system. After
the definition of the solution for a constraint system we will define an admissible solution,
which has some useful properties. These definitions are motivated by F. Takens’ definitions

of constrained equations solutions. As a generalization of the fibre bundles in his situation,



we consider foliations. He considered a function M — R which played a similar role to our
vector field Z, tangent to F.

Before the description of our singular perturbation theorem, we must introduce the
previous results. We show generic properties G0, G1, and G2 for the vector field Z,. GO
assures that the set of equilibrium points ¥ of Zg is a manifold. Glisa regularity condition
of the derivative of Zp on . G2 assures that ¥ has a stratification S, which is stratified
by the number of zero-eigenvalues and the number of pure imaginary eigenvalues of the
derivative of Z~0[I,p at p € 3. Here I, is a plaque of F containing p. GO0, G1, and G2
are generic properties. The property G3 assures that the manifold ¥ is in general position
in the foliation F with respect to the Thom-Boardman singularity. The set of Z having
property G3 1s dense in the space of vector fields on M which are tangent to F. The
saddle-node bifurcation and the Hopf bifurcation are well known as typical codimension
one bifurcations of equilibra. We show where these bifurcations of ZU|LP appear for p € ¥
in the language of the stratification & and Thom-Boardman’s stratification. We determine
the qualitative structure of Zo near the point p where a saddle-node bifurcation occurs:
In the case that ¥ has condimension one (i.e. » = 1), it is trivial to see that the jumping
path leaving a fold point exists uniquely. We show the uniqueness and other properties of
the jumping path for the general n 2 1.

Main results concern with the structure of the orbits of (1.1)g or the slow orbits of
(1.1).(e — 0) on a neighborhood of the fold points (0%,); of X, and with the singular per-
turbation for admissible solutions which is a generalization, in some sense, of N. Levinson,
L.S. Pontryagin, and N. Fenichel.

There is an example of a constraint system in the theory of LC-network perturbation
of electrical circuits (G. Ikegami). In this theory, there is a foliation F (not necessarily a
trivial product structure R™ x R™) and a one parameter family of vector spaces, {Z.} such

that Zg is tangent to F.
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% SEDOER A =SNH{£f20) A-=SN{fs0y& B & A W Ve(e>O&
A Wd Ve(eco) W AaRMEE»S
X(A:)=1+(~1)"+tdeg(df), X(A-)=1-deg(df)
WY D

ST AW Morsel sn OISR Taft ¥ T & 2 W E M UL AR 4 .

X TCTRRCEMBFOBALEZLTCAHALS . f:1(R2,00 —>  (R,0)N
THMBMEFELPEEHET ST 5. (x,y) 2R2 O HETOEER g=x2+y?
EBLE 1 E (0B EEK IO O EED
5. Z(O& ¥ Fukuda-Aoki-Sun (1986) W XV O FEEMIER I L .

FEB: £ 1 (&> FHL D OEERTOMEE = 2deg(f, D
HU j= 3¢g,f)/3(x,y)

COEM L Szafraniec(1988)I0 &k » TR D &k H> W Bk h 2.

FHC: f:(R",0)0—>(R" 1,00 HHELAERS S &T 4. g (R,0)—>
(R,0) ¥ f ' EbmPHAOELEFRLBZOLE XD MIKY .

be = FLOE (g>0YD Ik F &8 4 @ ik > O [

b- = FU & (g<oydD ol &R A O & H K 2 o [



Bk
be - b- = 2deg(f,]).
B U j=det(3g/9x,3f/3X), X=(X1 ,...,x ) RPOEHTOEER.

g=X1 24+, . +%,°D & X It Aoki-Fukuda-Nishimura(1987) & & » T £ 1'(0)

DRMBEEORAXNE U T, g=x1?,8=x10D & & Nishimura-Aoki-Fukuda
(1989 & » T 1 (x1,0)D x4 # parameter& U EDO R 2 kT T 54
I & U T Szafraniec Wz H5xoh . AW ZIOoLAE

by - b = 2{x(f ' (eXN{g20}y)-x(£ T (eIXN{g=s0})}
EHTEBREN EulerilOERGF AL LEHBILHIELRT S

CCTHUBEBFWERS. £:(R1,00—>(R,00 ZE%HZEF, (A, x,
LX)k R OFEEHTCTOEERET S, Z0& X

TTHD: R{A,x}/(Ff,0f/9%1 ,...,08f/0x%x0) DEWRRXTCEIKET 5 &,
~sENn(—edM U X (£ Y (ed)N{A20Y )Y -x (£ ()N (A0} )} ~
= deg(f,9f/9%1 ,...,3f/93%n)

B3 f: (R 2,0)—>(R,0) WHULUTWH, x,y,21,...,20 )% R*?
DESTOEERE U T, g=gx,y) X UT j=00f,8)/3x, & H L.

TME: R{X,y,2)/(f,j,3f/821,...,9f/%z:,) BERERATERTET 5 &,
—sgn(-e)" {x(f 1 (e)N{g20y)-x (£ 1 (e)N{gs0}))
= deg(f,j,df/9z1,...,0f/92n)

Iher2RBOANEEMBI S EbAETDH S .
FHELEEBDRERENAEAEE L TET.

Ml . Lido#dlgeH—mesWe 3MEeERY L.

Sk

K.Aoki, T.Fukuda & T.Nishimura: in "Topology and Compuler Science"”
Kinokuniya 1987, 347-363

V.1.Arnol'd: Funct. Anal. Appl. 12 (1978), 1-14

T.Fukuda, K.Aoki & W.Z.Sun: Kodai Math.J. 9 (1986),179-187
T.Nishimura K.Aoki & T.Fukuda: Archive for Ral. Mech.& Anal.
108 (1989) 247-265

Z.Szafraniec: Kodai Math. J. 11(1988),78-85

C.T.C.Wall: Topology 22 (1983), 345-350



1914 20 /5B

{

5’/ @ Mmr}/m Gauss @ ﬁ’ 9 /)ﬁ: ﬁ%/ﬂ ﬂiﬁ ‘©
KM, 0 —Cmmjam DR A -~ T

RACH 17 9% w4l 5
b NT Mako Gauss &5 X e Bl7 . % 155
N
) r/(t,S): % ‘{4~Lt) ln\ (S) , Lh<s<t <t
SMASNEERLE A TERRS DN S E2
t
(z) X = j{ {% 14.1«);4~(f)j o~{u) 4B (w) R R
elcn v (o), ot
N

(3) clt) = 2

o=

fi0 i)
) > 0
fit) bty

. vy ~ .
EmELTie.  gm= - = Gl9k) e dySor 1f 4 f, A3 RETY
1R A W) B ] 6o,

hAih o Al A @0 %14 1. WIS (KNL0-Lomgern ) FHEA

W AN ) = mb) &+ e dBU) bt <ty

pXA 35, v B) = AAXrssty= 4 B) - T 7 me) i



N p a b A b
(5) mit) = % 'ﬁ' () Jt Ji 19 alu) ABle) = 2; ji‘/u) )t ke 1) A X4
t

= _()mXH) t J{ it w) Xiw) du ’

=903 g a i) et YEQM}'?F’X L dd

. S
ket = b0 =) BWNZ 1 by bsofds

{
) N , N )
- = F o /
oLt) % ]‘1 B b1t t) S lw= (:Zl 44‘ w5 baltyw) n

mLM 2% Elamdbw)=0 (Ys<t) @, EN0T
$1d 9 dmolk o v 3550 155, L

/ /
h):= /o) >0 [e= (K6)/ ) >0 (czm)

0T, AT ER 25 o 2T B FRAT, EF <t ko k"j
sjre,r TH D

| /N v
n (35 hw) = Pc(f‘)}é (4, b, tes<t,

PN e RIS A B IE M n G A4S e ) R EwiT,
fwsnd vt 2 b, L, & Yyt (7)01?1’?5/3\\ 7 %/p(nﬁ’ 149
2.V EED | |

oot BATA o2 R A el hed BF (c0) rBfl ek
306 1. T3k LAK

At W
(3) RU‘) - g Cie ¢ >0 %Co = | D<Ay < == <A <Ay
’og= / Y

{=1 )



Lo FHMIZBA « 10 kM 0- [owt/‘e,uﬂv THA (ned m) = of 53)
t
(1) AU = & dBW) + dt (-pw Uw+j Yit,w Dwda + 50 (o) o,

i T3 (o) cedhh W)mfij%f7%<ﬂﬁﬁ§ﬂjn;%ﬁéiJ@\éﬁv@%ﬁ
Boya i cal jis slips €ilaT BHYE oot i
My < pa < < < Ay Ty {/m-ﬁ;‘ o @O e AT /<'MO~L@»\j»wm datot
103 exfwnu'ﬂ vk (L2))

DIl wen g B - Rodone B (00t LERY g 7
BUOIREDSL B ofi < L85 « €8 (405, =43 4r % 20t
AR SOk XTI TS & KM 0 -Langeom ke
e ko v Crle A0SR e4] RBA LR N2l
mtlrn,

%m@mm@kﬁ%ﬁﬁ\m%%wamwﬁ%uua£W%H%HWﬁ%J5
AR /- F & Bonv B0 FY a5y 1546718 V/ZMJJT,%@% £ 35, TF %
KR T B et Lt

REFCRTNCESS

() HodF fHord, vozER e RPHELE Grr)
HJfwﬁy&wﬁﬁﬁJﬁdﬂﬁﬁmﬁqﬁmwﬁmmVWww@?ﬁﬁémi
e Pailuatv, - dsipalion, thesves | J Fac. Sec Un, MJD 1) 28 (I, 6] 3,
033 T Aignshi, G (R,h)-JW ey ) 5)~Lomgeun tszmq wsorinteld ol o Mmy
Qayss o pross , Lol 30 (183), 137-(]o .
(1] L Ohake O a wowe e«zmghvm wociated with /m(’k'fm erroys for o Sﬁ'{mﬂj Gausspun
fros &MCMMOMhMQMJMMMM%Ww_ﬂO”UJMﬂ%,%ﬁ&%@,
(59 Obade A uoue , The oy of KHLD -Lovuune epeitins wd s plicatons 6 dobe
anelysic (1) 2 Cansal wndlysis (1)t sgpear.



The Nonlinear Schrodinger Limit and the Initial Layer
of the Zakharov Equations

YosHio TsuTsuMml

Department of Mathematics
Nagoya Umniversity
Chikusa-ku, Nagoya 464-01
Japan

In the present note we consider the nonlinear Schrodinger limit and the initial layer
for the Zakharov equations:

(1) i%f{—FAE:nE, t>0 2zcRV,
1 9%n B ) N
(2) FEE—ATL——AlEl, t>0, z€R )
(3 BO,2) = Biola), n(0,2) = no(e),  grn(0,2) = m(0,2),

where E(t,x) is a function from R x RY to CV, n(t,z) is a function from R} x RY
toR,A>0and 1 £ N £ 3. (1)-(3) describe the long wave Langmuir turbulence in a
plasma (see [24]). E(t,z) denotes the slowly varying envelope of the highly oscillatory
electric field, n(¢,z) denotes the deviation of the ion density from its equilibrium and
A is the speed of the ion sound. The Zakharov equations (1) and (2) are derived from
the coupled system of the Maxwell equations and the fuid dynamics equation through
the physical approximation in [24], but they are still complicated. So, in [24] Zakharov
claims that (1) and (2) are reduced to

(4) i%—tE— +AE =nE, n=-|E

as A — co. (4) is just the nonlinear Schrédinger equation and it is thought that when
A is sufficiently large, we can adopt (4) instead of (1) and (2).

The problem whether this limit process can be rigorously justified or not seems very
interesting and important from both mathematical and physical points of view. Es-
pecially, in the non-compatible case of ng + |Fo|? # 0, the initial layer phenomenon
occurs: that is, the singularity appears near ¢ = 0 as A — oco. In my talk, I would like
to state the results concerning the rate of convergence of solutions for (1)-(3) and the
formation of the imitial layer, which have recently been obtained in collaboration with
Tohru Ozawa, RIMS, Kyoto University.
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Rational functions in topology and geometry
M. A. Guest

Let P — S* be a principal G-bundle, with c3(P) = —d, where G is a compact simple
Lie group and d is a non-negative integer. Let 44 be the space of (smooth) connections

Vin P — S*. The Yang-Mills functional is defined by
YM: AR, YM(V)= / IF(9)|)
S

where F(V) is the curvature of V. The critical points of Y M (“Yang-Mills connections”)
are the solutions of the equation

(1) d*F(V) = 0.

It is not easy to find solutions to this equation. However, the critical points of Y M which
are absolute minima (“Yang-Mills instantons”) turn out to be the solutions of the simpler

equation
(2) +*F(V) = F(V).

Let Z, be the subset of A, consisting of solutions to (2). The “based gauge group” G is
the group of all automorphisms of P — S* which are the identity over oo € S*. This
acts freely on Ay and on Z4, and the submanifold M, = Z;/G of Cqy = A4/G is called the
moduli space of (framed) G-instantons of charge d over S*.

All these concepts extend to principal G-bundles P — M* where M* is a compact
oriented Riemannian manifold of dimension 4. Since the work of Donaldson (1984) we
know that the corresponding moduli space My (M*, G) is a fundamental object which
reflects deep properties of M* and G. However, we shall be concerned mainly with the
simplest case M* = 5* G = SUs; even in this case the moduli space My = M4(S*, SU,)
is quite non-trivial!

The first interesting examples of SU,-instantons on S* were obtained by the “t Hooft
construction”: given a collection {q1, ..., qq} of distinct points in R*, it is possible to write
down an explicit solution of (2). Shortly afterwards (1978), Atiyah, Hitchin and Singer
showed that M4(S* G) is a finite dimensional manifold, and computed its dimension.
For example, dim M 4(S*, SU,,) = 4nd. Then (1978) Atiyah, Drinfeld, Hitchin and Manin
gave a linear algebraic description of all the solutions to (2) (the “ADHM construction”),
for the compact simple classical groups.

What can be said about the space My? For d = 1, it is known that there is a diffeo-
morphism

My 2 S0 x {z € R® | |]z]| < 1}.



For d = 2 (see [Hal,[Hh],[Au]) there is a homotopy equivalence

MQ/SUQ ~ G"'Q(RS).

(In general, G acts on Mg(M*, G), although the action is not necessarily free.) For general
d, it is known that M, is connected (see [Tal]), and it is known thatmy My = Z /27 (see
[Hul). However, it is not very easy to get this kind of explicit topological (or geometrical)
information about M, from the ADHM construction.

A different way of obtaining topological information about My is suggested by Morse
theory. We have a functional Y M : C; — R, whose critical points are the Yang-Mills
connections, and for which M, is the set of absolute minima. This can be compared with
another, simpler, situation. If P, Q) are two points of a Riemannian manifold M, we have
the energy functional E : QM — R on (a component of) the set of smooth paths from P
to (. The critical points of E are the geodesics connecting P and @, and of course the
shortest geodesics constitute the absolute minima of E. It is a classical fact that Morse
theory applies to E. A simple consequence of Morse theory is that if M,,;, denotes the set
of minimal geodesics (in a fixed component ), then the induced maps H; M,,,;, — H; QM in
homology, and 7; Mpyin — 7:Q2M in homotopy, are isomorphisms for 7 < n, where n+41is a
lower bound for the index of any non-minimal critical point. For example, if M = S™ and
P, (Q are the north and south poles of the n-sphere, then (5™),i, = S™~! and we obtain an
inclusion S™~! — Q5™ which induces isomorphisms in dimensions less than 2rn — 3. This is
the “Freudenthal Suspension Theorem”. Now, the classical Morse theory does not apply
to Y M in the same way that it applies to E, but there are some formal analogies betwen
the two situations. In the version of the Yang-Mills equations for a principal G-bundle
P — M? where M? is a compact oriented Riemann surface, Atiyah and Bott made this
analogy very precise. This suggests a basic principle:

APPROXIMATION PRINCIPLE: My(M*, @) should approximate Cq(M*, @) in homol-

ogy and homotopy, up to some dimension which increases with d.

In the case of £ : QM — R, this approximation principle is valid and it allows one to
study QM by studying the simpler space Mpi,. In the case of Y M : Cy(M*,G) — R the
emphasis is switched, as it is C4(M*, G) which is simpler than M 4(S*, G). In fact:

PRrOPOSITION [AJ]. The space Cg(M*, ) has the homotopy type of Q3G = Map}(S?, G).

Here, Mapj3(S®, G) denotes the set of smooth (or continuous) maps f : $* —+ G such that
f(o0) = e (the identity element of @), and such that in 713G =2 Z the class [f] corresponds
to d. Note that 3G is connected, and that m;Q3SUs =2 7,SUy =2 14 S? = Z /27, so the
approximation principle is at least consistent with the information given earlier on M.

The first work on the approximation principle for SU,-instantons on S* was done by



Atiyah and Jones [AJ]. They established a commutative diagram

I
M(l R Cd ~ 9353

TT HT
CuRY) —2  qig

where I is the natural inclusion and T is the inclusion of the ’t Hooft instantons. The
map F is the “electric field map”, well known to topologists, which takes a configuration
{ay,..., a4} of d distinct points in R* & H to the function H — H, ¢+ %(q—a;)™'; this
extends to a continuous map of degree d on $* = H U co. The map H is the composition
Q454 ~ QIHPY — QIHP™ = Q4BS® = 0353, It is elementary that H induces a
surjection in homology groups H;, and it is a well known theorem in topology that E
induces an isomorphism in H; for ¢ << d. Hence (from the diagram):

THEOREM [AJ]. The map I : My — Cy induces a surjection in homology groups H; for
1 << d.

Thus, the philosophy of the proof is to identify a subset Cyz(R*) of M, whose topological
behaviour is better understood.

Atiyah and Jones conjectured that in fact the map I induces isomorphisms in H; and
m; (for 7 in some computable range), i.e. that the approximation principle holds for
SU,-instantons on S*. (It should be noted, however, that the above diagram gives no
information about homotopy groups, as mCy = Z/2Z whereas m; Cy3(R*) is the braid
group on d strings.) This conjecture has still not been proved, although several attempts
have been made, which have resulted in considerable progress. In fact, by analysing the
gradient flow of the Yang-Mills functional, Taubes has given an analytical proof of the
“stable” approximation principle for any M* and G (see [Ta2] for a precise statement).
A topological proof has been given by Graveson [Gr], in the case M* = S* G = SU,.
In this case, the “expected” range of isomorphisms is 7 < d. The main evidence for this
was provided by Boyer and Mann [BM], who showed that H, Mg has a product structure,
which permits the construction of various non-zero homology classes. As a consequence,
the approximation principle cannot be valid in general beyond 7 = d.

Atiyah [At] and Donaldson [Do] obtained the following remarkable description of the
map I : My(S*, G) — Cq(S*, G) (at least for G a compact simple classical Lie group):

THEOREM [AT],[Do]. The map I : M4(S*,G) — C4(S*,G) is homotopy equivalent to
the natural inclusion J : Hol}(S%,QG) — Map(5?, QG).

Here we use the notation Map,(S?,QG) for the space of smooth maps f : $* — QG
such that [f] € mQG =2 m3G =2 Z corresponds to d, and Map;(S?, QG) for the subspace
consisting of maps which satisfy in addition the basepoint condition f(oco) = e (where e is
the constant loop at the identity element of ). Similar definitions apply to Holy(5%, QG)



and Hol};( 5%, QG), using holomorphic maps instead of smooth maps; the complex structure
of QG being used here will be explained later. The identification of Cq(S*, G) ~ Q3G
with Map’(S?,QG) = Q3(2G) is elementary, but the identification of My4(S*, G) with
Hol}(S?,QG) uses the twistor description of instantons as holomorphic bundles.

This reformulation is useful only if one has a good understanding of QG, of course.
Fortunately, the theory of loop groups (see [PS]) provides such an understanding. Sur-
prisingly, QG behaves very much like a compact complex manifold; it 1s closely analogous
to the familiar finite dimensional “generalized flag manifolds” such as CP™, Gr(C") or a
complex flag manifold. In particular, holomorphic maps 5% — QG are, in a certain sense,
given by rational functions.

The Morse-theoretic principle is supported by evidence both from Physics and Mathe-
matics, not merely by comparison with the energy function £ : QM — R. A significant
picce of mathematical evidence comes from the theory of harmonic maps of a Riemann
surface M? into a compact Kahler homogeneous space G/H (see [EL1],[EL2]). One has
an energy functional E : Map(M?,G/H) — R, [ — [, [|df||?, whose critical points are
by definition the harmonic maps M? — G/H, and for which the absolute minima (in a
suitable connected component of Map(M?%, G/ H)) are the holomorphic maps. A compar-
ison of the harmonic maps problem with the Yang-Mills problem is given in [Bo], which

illustrates why the former may be considered as a simple “model” of the latter. In the
case G/H = CP™, the approximation principle is valid, by the following theorem of Segal:

TuEOREM [SE1]. The inclusion Holy(S?, CP™) — Map,(S?, CP™) induces isomorphisms
in homology groups H; and homotopy groups m; for ¢« < (2n — 1)d, and a surjection for
1= (2n — 1)d.

Regarding compact Kahler manifolds G/H other than CP™, progress has been made
essentially on a case by case basis (see [Gul,[Ki],[MM1],[MM2]).

We shall discuss the approximation principle for SU,-instantons on S*, starting with
the reformulation of Atiyah and Donaldson, then using the method of Segal.

Let ey,...,e, be an orthonormal basis of C*. Let H be the Hilbert space L*(S', C") =
< Xej|i€Z,j=1,...,n>,and let H; be the subspace < \e; [1>0, 7 =1,...,n >
The group QU,, acts naturally on H by multiplication, and we have a map from QU,, to
the Grassmannian Grass(H) of all closed linear subspaces of H, given by v — ~H; =
{vf | f € Hy}. Tt is easy to see that this map is injective. Regarding the image, one has:

THEOREM [PS]. The image of the map QU, — Grass(H) is the subspace Gro.(H) of
Grass(H) consisting of linear subspaces W which satisfy
(1) \ W CW,
(2) the orthogonal projections W — Hy and W — (H4 )t are respectively Fredholm
and Hilbert Schmidt, and
(3) the images of the orthogonal projections W+ — H, and W — (Hy)*+ consist of
smooth functions.



Moreover, ify € QU,, and W = vH, then deg(detvy) = dim Hy /WNHy—dim W/WnH,.

This is known as the “Grassmannian model of QU,”. (Similar models exist for other d-
ifferentiability classes of loops — see [PS].) This theorem is proved by showing that the
(unbased) loop group AU, = Map(S',U,) acts transitively on Gro(H ), with isotropy
subgroup U,. It follows easily from this that the complex group AGI,(C) also acts transi-
tively; the isotropy subgroup is the subgroup AT GI,(C) consisting of loops which are the
boundary values of holomorphic maps {) | |A\| < 1} = GI,(C). Thus QU, = AU, /U, =
AGI1,(C)/ATGI1,(C). This is analogous to the description of the ordinary Grassmannian
Gri(C™) as a homogeneous space either of U, or of GI,,(C). Hence, like Gr(C"), the

loop group QU, acquires a natural complex structure (as a quotient of two complex Lie
groups).

DEFINITION. The algebraic loop groups of U,,Gl,(C) are defined (respectively) as:

QaigUn = {7y € AU, | v(}) is polynomial in A, A1
A Gl (C) = {y € AGLL(C) | Y(A),v(A)™! are polynomial in A\, \™"}.

Similarly one defines ,,U, and A:lgGln(C). Then the following Grassmannian model
for Q.1gU, may be deduced from the theorem (see [Pr] for a self-contained exposition of
this):

COROLLARY. Under the map QU, — Grass(H), the image of ..U, is the subspace
Grag(H) of Grass(H) consisting of linear subspaces W which satisfy

(1) AW C W and
(2) N*H, CW C A"*H, for some k.

Moreover, if v € Qg U, and W = vH,, then deg(dety) = (1/2)/(dim \""H, /W -

The importance of Q..U is that is a “good approximation” to QU,, in particular it is
homotopy equivalent to QU,, (see [Pr],[PS],[Mi2]), yet it is much simpler, being the union
of a sequence of finite dimensional complezr projective varieties (indexed by k). A similar

statement holds for €,1,5U,, and 2SU,,.
Mitchell [Mil] and Segal [Se2] introduced the following subspaces of Gray(H ), QajgUn:

DEFINITION.

(1) Fr, ={W € Grass(H) | Hy CW C X *H, ., \W C W,dim W/H =k}

(2) My, = {v € QU,, | ¥()\) is polynomial in A\, deg(dety) = —k}

From the theorem, it is easy to see that Fj is mapped diffeomorphically to My under the

identification QU,, — Grag(H ). But one should not use this identification too casually, as
Iy and M}, reflect quite different properties of the loop group.



As Q,1,S5U, is equal to the identity component of Q4,U,, it is clear that

QargSUn = || MMt
k>0

We call this the Mitchell-Segal filiration.

We can prove the following generalization of Segal’s theorem [Sell:

THEOREM. The inclusion Hol}(S2, Fi) — Map;(S?, Fy) induces isomorphisms in homol-
ogy groups H; and homotopy groups m; for ¢ < d, and an isomorphism for + = d, where *
indicates any basepoint which is not a singular point of Fy}.

This gives immediately another proof of the theorem of [AJ] on SU,-instantons on S*.
In fact, we obtain a result in homotopy as well as homology, and the range of dimensions
can be made more precise:

THEOREM. The map I : My — Cq4 induces a surjection in homology groups H; for ¢ < d.

ProOF: Consider the following commutative diagram, in which all maps are the natural
inclusions:

Hol}}(5%,Q5U,;) ——— Mapj(S?,25U3)

I I

Holy(5%, Fi) —— Mapy(S2, Fy)

The right hand vertical map is an equivalence in homology and homotopy up to dimension
2k — 2, as F} can be shown to be the 2k-skeleton of Q5U,. The previous theorem says
that the lower horizontal map is an equivalence up to dimension d. Hence, by taking k
large, we see that the upper horizontal map is surjective in homology and homotopy up
to dimension d.

It seems quite likely that this can be refined to give a proof of the Atiyah-Jones conjec-
ture.
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HARMONIC MAPS OF COMPLETE MANIFOLDS
Seiki Nishikawa

Mathematical Institute, Tohoku University, Sendai

In this lecture, I will discuss some recent progress on the existence of harmonic maps
between complete noncompact manifolds. The following results and related matters will

be explained.

1. Let M = (M™,g) and N = (N™,h) be Riemannian manifolds with metrics g =
S gijde'de’ and h = Y hagdy*dy®, respectively. A C® mapping v : M — N is called
a harmonic map if the tension field 7(u) = T?Vdu of u vanishes identically. In local

coordinates, this means that » satisfies the nonlinear elliptic system of second order:

B du” 4
(1) Avt+ ) rﬁv(u) 531 579" =0,

1,5,8,7

where {I'g_} are the Christoffel symbols of N and o =1,--- ,n
The equation (1) is in fact the Euler-Lagrange equation for critical points of the total

energy functional

E(u) = / e(u)(z)d=
M
where the energy density function e(u) is defined by

; (9u OuP
e(u) = —|du|2 2Egm,ﬁ( 6:]

In 1964, Eells and Sampson [ES] proved that if M and N are compact without bound-

ary and N has nonpositive sectional curvaure, then any C! map f from M to N can be
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deformed to a harmonic map by solving the corresponding parabolic system defined on

M x [0,00), with initial condition f:

d OuP du .
— — Yy = — @ - g¥
(A t)u E I‘ﬁw(u) 2 3.9

u(z,0) = f(z).

(2)

The analogous version for compact manifolds with boundary was proved by Hamilton {Hj.

2. In a recent paper [LT], Li and Tam proved that if M is a complete noncompact
Riemannian manifold with Ricci curvature bounded from below, N is a complete noncom-
pact Riemannian manifold with nonpositive sectional curvature, and the initial map f is
of bounded energy density, then there is a unique solution of (2) on M x [0, o).

To this date, not much is known for the questions of convergence to a harmonic map
as time approaches infinity and of behavior of solutions near the ends of M. Based on
their existence theorem, Li and Tam [LT] studied the boundary value problem at infinity
for harmonic maps between hyperbolic spaces and obtained that given any C® map from
the infinity sphere S™! of the hyperbolic m-space H™ to the infinity sphere S*~ ! of H"
whose energy density is nonvanishing, there exists a harmonic map from H™ to H™ which
realizes the given boundary map. The case m = n = 2 was also proved by Akutagawa [A]

by a different method.

3. Harmonic maps between hyperbolic spaces are closely related to the geometry
of constant mean curvature spacelike hypersurfaces of Minkowski space. For instance,
Akutagawa and Nishikawa [AN] proved the Lorentzian version of the classical Weierstrass-
Enneper-Kenmotsu representation formula concerning constant mean curvature surfaces
in Euclidean 3-space. Moreover, by studying the Gauss maps of constant mean curvature
spacelike hypersurfaces of Minkowski space, Choi and Treibergs [CT]| constructed many

examples of harmonic maps from H™ into H™. In particular, they proved that for any closed
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set containing an interval in the infinity circle S* of H?, there is a harmonic diffeomorphism
from H? to the interior of the hyperbolic space convex hull of the set.
It is very interesting to prove this by solving (2) with the corresponding asymptotic

boundary data.
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2. WROBEZER EDORPIR

C i g > 0 DA Riemann i & 3 5. B, % C _L® m > 1 {#DONERFA
Jonk moOBCEZREE T 2. p=(p1,....,0m) € B G2 bNEF, Cp #
C DM p1y..., Pm €15 5 real blow-up &3 5. ¢ ’E?’E?ﬁﬂéﬁiﬂffﬁ Lie ﬁ?“@ﬁﬁﬂ
ThwHh Z(GQ) #FFobn e ¥5. PG=G/7(G) %04l 3 5.
A ZEf] X Kt L€, X OHEARNEE X 20 PG ~o fifEFE R oL 6{
BEROBE % Re(X) 2R WHZROH [ X - Y #BH 5 & KEMIC
%‘f Rg(f) Rg(Y) — R(;(X) ﬁgﬁgi 5. @]\Eﬁ% L aC’p e Cp VC;@LT%
¥ 58 r = Ra(t): Ra(Cp) — Ra(0C,) #F %%, 0C, ~ St x...x 5" (m
) TH2hb Re(0C,) ~ Ra(SY) x ... x Ra(SY) TH 5. Ra(S) Ik PG
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K LT, 0 ko rfiber ¥ Ra(p;0) £3ET. T FBHRICESE symplectic
ZREEE LY. RIC p € By, )AL T Re(p;0) #3s. T4 b bk
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AR TH 5.

| i Poisson ZEK Re(n; 0) EDREPIFZROREE ls: Rg(m;0) — B,
wRET 558D [EE Hamilton SEAGR % RS
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