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第 16回偏微分方程式論

札幌シンポジウム

(代表者上見練太郎)

予稿集

SerIes ti 22. August， 1991 



第16凹偏微分方程式論
札幌シンポジウム

下記の要領でシンポジウムを行ないますので、ご案内申し上げます口

代表者上見練太郎

記

1 .日時 1991年 8月 8日(木) ~ 8月 10日(土〉

2.場所 北海道大学理学部数学教室 4 -5 0 8室

3.講演

8月 8日(木)

9 30~10 30 小沢 徹(京大数理研)

Nonlinear scattenng for long range interaction 

11 00~12 00 田沼一実(早大理工)

Asymptotic formulas for the shock wave of the scalar 

conservation law with smooth initial data 

1 3 3 0 ~ 1 4 0 0 * 
14 00~14 30 保城寿彦(筑波大数学系)

On Levi-type conditions for hypoellipticity of certain 

differential operators 

1 5 0 0 ~ 1 5 3 0 詰I} iITI 潔(東工大理)

The global weak solutions on the compressible Euler 

equation with sperical symmetry 

15 30~16 30 * 
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8月 9日(金)

9 30~10 30 四ッ谷品二(龍谷大理工)

界面化学反応の数理モデルについて

11 00~12 00 石井克幸(神戸商船大)

Impulse制御問題に現れる非線型楕円型方程式の粘性解

13 30~14 00 * 
14 00~14 30 佐藤元彦(北大理(院))

特異点のある退化放物型方程式の Neumann問題における

比較定理

15 00~15 30 篠田淳 一(千葉大自然科学(院)) 

多次元多相ステファン問題の周期解の構造について

15 30~16 30 * 

8月 10日(土)

9 30~10 30 小川卓克(名大理)

小薗英雄(九大教養)

2次元 Navier-Stokes流の外部問題の解の減衰について

11 00~12 00 久保田幸次(北大理)

Existence of a global solution to a semi-linear 

wave equation with initial data of non-compact 

support in two space dimensions 

12 00~13 00 * 

* この時間は講演者を囲んで自由な質問の時間とする予定です。

連絡先 北海道大学理学部数学教室

Tel. 011-716-2111内線 2625(新山)
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Non1inear Scattering for Long Range Interaction 

Tohru OZAWA (RIMS， Kyoto University) 

In the scattering theory for non1inear waves， the basic idea is that for 

1arge tirnes the solutions of non1inear wave equations behave 1ike the 

solutions of the corresponding free equations. This is possib1e on1y 

when we can take the point of view that the non1inear interaction has no 

effect for 1arge tirnes， which in turn irnposes restrictive conditions on 

the degree of non1inearities and on the space dirnensions in connection 

with decay rate in tirne of the free solutions. Even in the srna11 data 

setting the conditions often exclude the possibility of scattering theory 

for rnany irnpo~tant equations especially in lower space dirnensions such as 

the (rnodified) K-dV equation， the (derivative) nonlinear Schrるdinger

equat工onin 1+1 dirnensions，七heK1ein-Gordon equation with cubic (resp ・

quadratic) non1inearity in 1+1 (resp. 1+2) dirnensions， and systerns of 

quanturn fie1ds with Yukawa's coup1ing (Maxwell-Dirac， Klein-Gordon-Dirac， 

Klein-Gordon-Schrるdinger，e.t.c.). In fact， rnost of these equations have 

no nontrivial solutions with the asyrnptotic forrn of the free solutions. 

工n this talk， 1 present a new frarnework for the nonlinear scattering in 

the case where the degree of nonlinearities is not high enough to ensure 

asyrnptotica1ly free solutions. The resu1ts given here， together with the 

recent papers [1][2]， give an answer to the third problern of M. Reed. 

We consider scattering for the non1inear Schrるdinger equation 

i8
t
u + (1/2)dU f(u)u ・ (1 ) 

n 
Here u is a [-valued function of (t，x)ε lRxlRH ，ム isthe Laplacian in lRH ， 

and f is an lR-valued function on [. We treat the following two cases. 

(1) The single power interaction in one space dirnension: 

f(u) 入lul2λεR¥{O}， (t，x)ε lRxlR. (2) 

In this case， (1) is derived frorn the electrorn~gnetic wave equation for 

the propagation of a laser beam in a nonlinear mediurn， frorn the Zakharov 

systern for the propagation of the Langurnuir waves in a p1asrna， frorn the 

Davey-Stewartson systern for the propagation of surfaces of water waves， 

frorn isotropic Heisenberg equation for the evolution of classical spins， 

frorn the Ginsburg-Landau model for superconductivity， and so on. 

(IT) The Hartree type interaction in more than one space dimension: 

2 ，-1 
f (u) V長 lul~ ， V(x)λIxl ~， (t，x)ε lRxlRH ， n 注 2， (3 ) 

where 誉 denotesthe convolution in lRn In this case (1) is derived 

-1 



from a mu1tibody Schrodinger equation in the se1f-consistent fie1d 

approximation for a quantum systern of bosons interacting through two body 

potentia1 V. The associated tirne-independent version a1so arises in the 

quantum fie1d theory， especia11y in the Hartree← Fock theory. 

The above exarnp1es (2)一(3) have the fo11owing properties in comrnon. 

( a) 

、t
Jb
 

，t

、

Gauge invariance: f(e
i9
u) 

Homogene1ty:D (t )1f(D (t )U ) 

f(u)， 9 εIR. 

t lf(U )， t >O  ， 

-n/2.1.
' 

~-1 where D(t) is the di1ation operator given by (D(t)ψ) (x) t ψ(t ~x). 

Property (a) 1eads to the conservation of the probabi1ity density which 

enab1es us to estab1ish the we11-posedness of the Cauchy prob1em for (1). 

More precise1y， in both cases (1)一(ll) it is proved that there is a unique 

group of non1inear operators {S(t); t εIR} such that for any kε lNu{o} 

(1) S(t) is a horneomorphism in the usua1 Sobo1ev space H
k 
and is an 

2 
isometry in the L- norm for any t εIR. 

(2) 

(3) 

(4) 

where 

S(t+s) S(t)S(s) for any t， s E IR， S(O) n. 
k 

For any oεH<>， the rnap t ←→ S(t)φis continuous frorn IR to Hk 
k 

For any to εIR and φεH" ， u ( t ) S ( t -t ~ )φis a unique solution 
O 

k¥ ~ T 2/δ(q)rm. mk，q satisfying u εC(IR; H~) n n L~~~\~/(IR; W~'~) and 
o~二る (q) く1

t̂ 
u(t) U(t-t，、)φ- i U(t-τ)f (u (て)) u (て) dて， t E IR， (4) 

Ut 
O 

U(t) exp(i(t/2)ム and u(q) n/2-n/q. 

A crucia1 

f(u) at 

potentia1 

effect in scattering is given by the degree of non1inear term 

u 0， which is measured by the decay rate in t of the di1ated 

D(t)-lf(D(t)u). 工n the usua1 scattering we compare solutions 

u to free solutions U(t)φ+ on the basis of the asymptotic conditions 

lIu(t) -U(t)φ:1:112ー→ O as t ー→±田. ( 5 ) 

We wou1d say that scattering theory for (1) had been possib1e on1y in the 

case where D(t)-lf(D(t)u) ~ t-Yg(u) as tー→∞ for some function g and 
γ>  1. In n space dimensions， this corresponds p > 1+2/n for f(u) 

入iU ip-1and γ>  1 for f(u) V養 lul2with V(x) 入Ixl一γOntheother 

hand J. Ginibre (private communication) proved that (5) is impossib1e for 
-1，...，T->." ...γ  any nontrivia1 solution when D(t) ~f(D(t)u) ~ t rg(u) as tー→∞ for

some g and γζ1. Property (b) therefore shows that the usua1 setting 

of scattering just fai1s for (2)ー(3). 

工n order to state the main resu1ts we use the fo11owing notations. 

wm，p denotes the Sobo1ev space given by 

2-



wm.p {Ijf E LP; 
α mε lNu{ O}. pε[1.田]. 11中llwIn，p=2ict 14m llθψH く田}. 

Here 11，11_ denotes the norm in LP LP(R
n
) and θ α 

αj 
H-18. ， aj=θ/ax~ . 

p J =l J'  J J 

for a multi-index α. Hm• s 
denotes the weighted Sobolev space given by 
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For 0.1 ￠土 εHV.~ we define the phase functions 
斗-

S- by 

s±(t，x)=工logltl・f( ~ +) ( t -1x). t εR¥{O}. 

where denotes the Fourier transform given by 

-n/2 中(ミ子ψ)(!;) (2J1)-1l'''' J exp(-ix'と)ψ(と) d!;. 

We define the unitary operators exp(iS土(t)) by 

exp(iS土(t)) exp(iS土(t.-itマ)) J-1exp(~ilogltl'f(~土) ) J・

Theorem 1. Let f be as in (1) and let kε lNu{o} . Then there is a 

constant ε>  0 with the following properties. 

k.2_TTO.k+2 (1) For any φεRn. ....nHv. .n.~... with 1I~1I::s:: εthere exists a unique 
+田

k.O 
ゆ εH~'~ such that for any 9 モ (1/2.1)

IIS(t)φ-exp (iS . (t) ) U (t)φH=O  (t o)， 
k.O 

(6)+ 

C||S(て)…p(りて)) U (て)久||;4 回 、，J
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k.2_TTO.k+2 (2) For any rt E W"~nH~.n'~ with 
k.O 

φεH"'~ such that for any 9 E (1/2.1) 

|16-llE4ε there exists a unique 
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( 6 ) 

( 7) 

Theorem 2. Let f be as in (ll) and let kε 別u{O}.

with the following properties. 

Then there is a 

constant ε>  0 

k.2"TTO•k +2 -"___ _ __--'..1 ~ TTk.2_TTO.k+3 (1) Let φ+εH'" -nH~ . --- for n ミ~ 3 and rþεHH'~nH~'" 
~ 

for n 2 
+ 

Suppose that there is σε(0.1/(n-1)) such that 1I ~."-f_\II~.II_{ _¥ ~ε ， 
+"p(a) "Y+"p(-a) 

where p(:tσis  given by p(:ta) 2n/((1:ta)(n-1)). Then there exists a 
k.O 

uniqueφεH"'~ such that for any 9ε(1/2.1) 
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11 S (t)ゆ-exp(1S+(t))U (t )ゆ+lIk.O 0(t-
9
)， 

1/4 
11 S (τ)い刷出+(℃))U(て)o+ι 田由) =O(t ) (J: (x) 11 S ( -r: ) o -exp ( i S + ( -r:) ) U ( -r: ) o + 11 ~4 ，(X) d -r: ) -'-1 "-< 0 ( t -9/2 
t W 

(8)+ 

as t ー→+田 (9)+ 

(2) Let φ 
k，2_TTO，k+2 εH"'~nH~'''.~ for n 二:!: 3 

k，2_TTO，k+3 and oεH'" ~nlr ，.. - for n 

Suppose that there is a ε(O ，1/(n-1))such that |16-lip (U )116← IIp (一σ)ζε，
k，O 

then there exists a uniqueφεH"'~ such that for any 9ε(1/2，1) 

IIS(t)φ-exp(iS_(t))U(t)φ一II
k
，O 0(ltl-

9
)， ( 8 ) 
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By Theorems 1-2， the modified wave operators W土 is defined as maps 
k，O ...1...~_~ nk φ土←→ φ from B~ to H~'~ ， where B" is the domain of W~ given by 

k，2_TTO，k+2 {中 εHH'~nHv ， H.~. 11中11~~ ::::;:ε} in the case (1)， for example. The Cauchy 
(X) 

problem for (1) is solved so that the asymptotic behavior of solutions is 

described as (6)+ or (8)+ when the initial data are in the ranges of W+. 

Moreover， we see: (A) W+ are injective and isometries in the L
2 
norm 

k "k，O ...~~1... nk (B) W+ are continuousfrom B" to H"'~ ， with B" topologized from 

the associated weighted Sobolev space. (C) Under the evolution S(t)， 

Range(W+) are asymptoticallY orthogonal to every bound state for (1). 

D
 
W 
+ 
have the intertwining properties: S(t)W+ W+U(t) on 

0_，，2，0 B-nH 

Our modified wave operators W土 have some properties analogous to 

the modified wave operators of Dollard type for the Coulomb scattering. 

First， W土 intertwinethe interacting dynamics and the usual free dynamics 

as described in (D). Secondly， the rnodification of the wave operators 

has no contribution to the asymptotic behavior of the probability density 

both in the position and momentum space. Lastly， the asymptotic motion 

of solution of (1) is closely approximated by the solutions w~ of 

i8
t
w
z 
+ (1/2)dW

z 
f(~z)(-itマ )wz '

In the scattering with long range potentials V， with the interacting 

dynamics given by the unitary propagator exp(-it(一(1/2)ム+V)) we usually 

associate the modified free evolution given by the solution w of 

i8
t
w + (1/2)dW V(-itマ)w.

The substitution x by -itマ in 七he potential term is common both to 

the linear and nonlinear case. UnfortunatelY， this is not enough for the 
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present nonlinear case and it is our clairn that the nonlinear potential 

f{u) rnust be rnodified as f{O+){ーitマ throughthe introduction of Oz・

It is a sirnple rnatter to see how the standard rnethod breaks down in 

(r) and (IT). The standard theory is carried out by solving the equations 
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工f the procedure is to work， the integral in (10) should 

But this is irnpossible since every nontrivial solution 

of (1) does not decay faster than the free solutions and the integrand 
-1 

decays like O( Itl~) at best. The very sarne situation happens in the 

Coulornb scattering， where Cook's integral diverges logarithrnically. 

Our rnethod depends on solving another integral equations around 

rnodified free evolutions v， instead of U(t)φin order that the + ------- -.-"+ 

equations could have convergent integrals. Rather than (10)， we consider 

+田

u(t) v~(t) + i U(t一て)(f(u(て)) u (て) 一 ( i 8 _ + ( 1/2 ) b. ) v ~. (て)) dτ (11) 
J τ 士一 Ut

for suitable v+ which give a nice cancellation of the divergent part of 

f(u)u. To this end we introduce the following approxirnate solutions v+・

v+(t) 
，-n/2 exp(iS-(t))U(t)M(-t)φi H/~exp(iS一 (t) )M(t)D(t)長+

・4回
(12) 
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turn out to satisfy (1) up to the rate 

of the divergent terrns f(v+)v+ and 

because of the exact cancellation 

i t l-1f(4±)(t-1x)V±from iatV±-

by a contraction argurnent on the 

t -ー+土∞，

Then， (11) are solvable near t 土∞

space defined as a closed ball centered at v+・ The space-time estimates 

of Strichartz type are essential in this step. The solution u， defined 

for large tirnes. behaves like v~(t) as t→±∞，  and extends to all 
+ 

tirnes by means of S(t)， and then ゆ in the theorems is given by 

u(O) It. The rest of the staternents of the theorerns follow by proving 

vz(t) ~ exp(iS~(t))U(t)φ+ as t ー→ 土田 Detailswill be given elsewhere. 
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Asymptotic formulas for the shock wave of the scalar conservation 

law with smooth initial data 

早稲田大理工 田沼一実

次のスカラー保存則方程式の初期値問題を考察する口

、、E，ノー-
J'

・1、

(いf(包)x= 0 
u(x，O) = uo(x) 

ここでf(u)εC2(R)，1"( u) > O > 0とする。

t > 0， x εR， u(x， t)εR  

エントロビー条件を課す。

E
 

ヨE>O;
u(x +α， t) -u(x， t) / E 

三で α> 0， t > O. 
αE  

初期値 uo(x)が有界可測関数のとき(1)(E)を満たす弱解 u(x，t)が一意的に存在するO さらに u(x，t)は

各 t(>0)をとめる毎に Z について局所的に有界変動である。(cf.Smoller[2]) 

一般に初期値が十分なめらかであっても、解は有限時間内で不連続となる。そこでt>Oに対し u(x(t)-

0， t) > u(x(t) + 0， t)が成立する点 x(t)を shockpoint 、曲線 Z ニ x(t)を shockcurveと呼ぶ。(条件

(E)より、不連続点 x(t)では常に u(x(t)-0， t) > u(x(t)十 0，t)となることが示される o ) 

t* = inf{t > 01ヨx= x(t) such that u(x(t) -0， t) > u(x(t) + 0， t)} 

x*二』B102(t)

とおく o

Lax[l]による解の表現式を応用することで、(υ)平面での2つのグラフ z= uo(y)， z二 (f')-l(デ)

によって固まれる領域の面積を比較し、 t三fでの x(t)，u(x(t) -0， t)， u(x(t) + 0， t)の各値を図形的に

求める方法が与えられる。この図形的方法と漸近解析とを組み合わせることで、次の各定理が導かれる口
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亙里1. (shock CUIVeの発生)

次を仮定する。

(Al) Nと5，uo(x)εCN+1(R)， f(u)εCN+2 

(A2)ヨm;吋(x)>Ox<m， u~(m)=O u~(x)<O x>m， 

ヨァ>m; (J' 0 uo)"(x) < 0 m壬x< r， (J' 0 uo)吋r)= 0， (J' 0 uo)"(x) > 0 r < x 

(A3) (J' 0 uo)(3)(r) > O. 

このとき shockcurveは

( (1'ouo)(r) 1¥  
(xヘf)=lT -l  

¥. (J' 0 uo)'( r)' (J' 0 uo)ヤ)J

より発生し、 t-→t*+ 0において以下が成立する O

[~l 
x(t)ニ x*十乞Ck(t-t*)k + O((t -t*)平)，

k=l 
N-2 

u(x(t) -0， t)二旬。(r)+ L Ak(t -t*)き+O((t -t*)与I)，
k=l 
N-2 

u(x(t) + 0， t) = uo(r) + L Bk(t -t*)f + O((t -t*)与1)・
k=l 

ここで係数 Ck，Ak， Bkはuo(x)のx=rでの高階微係数と f(u)のuo(r)での高階微係数より定められ

るO とくに、 Ak+ Bk = 0 (k:奇数)， Ak = Bk (k:偶数)，

C2 = 

du~(r)(J' 0 uo)'(r) 
Cl二 1'0旬。(r)， A1 = v ~~ ，I(J' 0 uo)(3)(r) 

-3{(J' 0 uo)'(r)p(J' 0 uo)(4)(r) 4f(3)(uo(r)){'l以r)}2{(J'0 'l川'(r)}2

10{(J'o 町)(3)(r)p 5(J' 0 uo)(3)(r) 

この定理により shockCUIveは f まで有界な高階微係数を持つ一方、その両端の値 u(x(t)-

0， t)， u(x(t) + 0， t)は、 (t，u)平面では t= t*に上下から接しているという状況が示される。

以下簡単のため f(O)= f'(O)二 Oとする。
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立里互ニ(shockcurveの相互作用)

旬。(y)εCN+1(R)，f(u)εCN+2(R) (N三1)に対し次の条件を満たす点 (Xc，tJが存在すると仮定する口

(C1) (y， z)平面で2つのグラフ z= (F)-l(中)と z= UO(y)は、 n+1個の点U二 P川…，Pn+l (Pl < 

P2 <・・・ <Pn+l川三 2)で交わる。(下図参照)

(C2) Di Diをそれぞれ yε [Pi，Pi+ll上で2つのグラフによって囲まれる左と右の領域とすると、すべ

ての i;1三i三n!こ対し IDil=IDiIが成立する口(ここで ID Iは領域Dの面積を表す。)

ぐn;:;3)

九
グ

K、、

ぷ::.Uo'Y) 

このとき以下が成り立つ。

〆み(fγ(子)

(1) n本の shockcurve Xl(t)， X2(t)，…，Xn(t) (t三九)は 1点 (Xc，tc)で交わり、 1本の shockcurve 

X(t) (t三tc)となる。

(2)各 shockcurve及びそこでの解の値は tcの近傍で次の漸近表示を持つ口

N 

X;(t)二 Xc+乞ck(t-tc)k十O((t-tc)N+l)， 

N 

U(Xi(t) -0， t) = UO(Pi) +乞AjJt-tc)k + O((tーし)N+l)，

N 

U(Xi(t)十0，t) = UO(Pi+l) + L BUt -tc)k + O((t -tc)N+l)， 

t-→ tc -0， 1 < i < n. 

N 

X(t) = Xc + L c山 -tc)k + O((t -tJN+l)， 
k=l 

N 

U(X(t) -0， t) = UO(Pl) + L Ak(t -tc)k + O((t -tc)N+l)， 

。。



N 

u(x(t) + 0， t) = UO(Pn+l) + 2: Bk(t -tc)k + O((t -tc)N+l)， 
k=l 

t-→ tc十o.

係数 cLAk，B1は、 U二Pi，Pi+lでの UO(y)の高階微係数と匂二 uo(pd，UO(Pi+1)での f(包)の高階微係数

から決定される口さらに係数 Ck，Ak， Bkは、 γ=Pl， Pn+lでの uo(吋の高階微係数と U二UO(Pl)，UO(Pn+l) 

での f(u)の高階微係数から決定される口とくに各 shockcurveの主要項の係数 Ci，Clは下図の各弦の

傾きに等しい。

i(u) 

Cf 

(?1.=: 3) 

ぇ
f
ρし

u 
uo(包) L(g(Pa ) o l.(g( ~ ) uo(向)

最後に初期値が compactsupportの関数としたときの時刻無限大で、の shockwaveの挙動について

調べる。

主盟三ρ→+∞での shockwave) 

次を仮定する O

(Al) Suppuo(y) = [c， d]かっ UO(y)>0 y モ(c，d)

(A2) uo(y)εCN+1([C， d])， f(u)εCN+2(R) (Nど1)，かつ旬以c+o)>oo

rd 

M = I UO(ν)dy 

とおく口このとき十分大きな tに対し shockcurveは1本となり、 tー→十∞において以下の漸近表示

が得られる口

N 

x(t) =乞Ckt1一九 O(t一与よ)，

十 9-



N 

u(x(t) -0， t) = L Ak cf + O(C与1.)， u(x(t) + 0， t) = o. 

ここで係数 ck，Ak，は uo(y)の y=Oでの高階微係数と f(u)のu=Oでの高階微係数より定められる。

とくに、

=何玩

， jC3)(0)11-f 
Cっ=Cートー一一一一一一一一一-
"' ~， 3f吋0)

A1ニ晶
O

一戸

め
一
卯
立川
jv

二
羽一一つuA 
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ON LEVI-TYPE CONDITIONS FOR HYPOELLIPTICITY 

OF CERTAIN DIFFERENTIAL OPERATORS 

Toshihiko Hoshiro 

lnstitute of Mathematics， University of Tsukuba， 

lbaraki 305， J apan 

The object of this talk is to give necessary and sufficient condiもionsfor ( 

C∞-) hypoellipticity of operators of the form: 

、、，，，，，
ー，
i

〆
S

目、、 P=D;+α(x)D; +b(x)Dy， 

(Dx = ~θ1θ 一一 D 一一一)x - i ax' .L/y - i ay" 

in R，;y， under the assumption 

(2) (i) α (x) and b(x) are real一valued C ∞ 五白mction由S

(i伊仰11吟iリ)α (仰例0の)= 0 and α叫(x)> 0 for x # o. 

It is known that P is hypoelliptic in七hecase where b( x )三o.Gn蜘 1[4] 
proved that ifα(x) vanishes to finite order on x = 0， and Fedii' [1] proved th抗

even though it vanishes to infinite order (in addition to (ii) of (2)， he assumed 

thatα(x) =ゆ(X)2wi吐1ゆ(x)εc∞).Our interesもhereis devoted to considering 

conditions on b( x) for the hypoellipticity when a function α(x) satisfying (2) 

-11一



were given. Concerning this problem， several authors have studied. See for 

example， Grusin [4]， Gilioli and 官eves[3] ， Menikoff [10]， [11]， Yamamoto [18] 

andS田 uki[17]. In particular， the following example was given by Menikoff [11] 

In the case where α(x) = x2k and b(x) = bxl(b -1-0， real cons七ant) it holds 
that (i) f > k -1 then P is hypoelliptic (ii) f = k -1 then P is hypoelliptic if 

and only if b avoids a cerもaindiscrete set of Vall附(伊iii)f < k一 1then P is not 

hypoelliptic. 

This example immediately su即 ststhat the magnitude of b( x) ( compared 

with that of α(x) ) governs the hypoellipticity (企omsuch observation， the title 

of this talk is named as in the Cauchy problem). How開 r，M叩 koff'sproof relys 

on the knowledge of the asymptotic behavior of transcendental functions， and 

so 1もseemsthat his method cannot be applicable to the case where bo出 α(x)

and b( x) vanish to infinite order on x = O. The purpose of our work is to point 

out a principle behind Menikoff's example and， by applying it， we shall give 

some conditions for hypoellipticity of P withα(x) and b(x) being not出 sumed

to vanish finitely. 

In addition to (2)， we assume that 

(3) (i) b(O) = 0， 

(ii)α(x) and Ib(x)1 are non-decreasing for 0 < xくd.

Set 

B(x) = sup b(z)2(x -z? 
OくzくZ

Then we have the following: 

Theorem 1. Suppωe (2)却 d(3). Moreover if 

(4) limsuD主主2-∞
zlO Yα(x)一一

thθ11 P i8 110t hypoel1iptic on x = O. 
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The assumption (4) says that ， in some sense， the magnitude of b( x) is too 

large. Observe that the supremum of the function b(z)2(x -z)2 (0 < z < x) 

attains in the point where x -z = b(z)/b'(z). Thus the assumption (4) follows 

from 

( 4') nu 一一
、り一分
主
的
m
M
W
 

b(Z)4 
(ii) lims叩一∞

~-!-O-r b'(z)2α(z + b(z)/b'(z)) 

This explains the case (iii) in Menikoff's example. Moreover we have 

Example 1. Let α(x) = exp( -1/lxlσ) and b(x) = exp( -1/lxIT). Here σand 

T 訂ep回 itiveconstants. If σ> r， then (4') is satisfied， andもhereforeP is not 

hypoelliptic. Theorem 2 below can show that P is hypoelliptic in the counter 

case (whereσ三r).

Example 2. Let α(x) = exp( -2/lx¥σ) and b(x) = IX¥-T exp(-1/¥xlσ). Easy 

computation shows that， if r >σ+ 1， then (4') is satisfied. 

Next we give a su伍cientcondition for the hypoellipticity. Insもeadof (3)， 

we assume here that 

(5) (i) b(O) = 0， b'(x) f-0 for x f-0， 

(ii)α(x)/Ib(x)¥ is non-decreasing for 0 < xく 8and non-increasing 

for -8 < x < o. 

Theorem 2.恥 assume(2) and (の.Moreover suppωe tbat tbere exists a 

constant C witb 0 < C < 2-7 .3-2 sucb tbat 

(6) 
b(X)4 
-一一一三Ca(x)， 
b'(x )2 

for -8 < x < 0 and 0 < x < 8. 

-13-



Then P i8 hypoelliptic. 

The assumption (6) says th抗 themagnitude of b( x) is small( the form of 

(6) seems reasonable compared with that of (ど)(ii)). Also Theorem 2 can be 

extended to a dass of operators which depend on variable y， by introducing the 

notion of operator-valued pseudodifferential operators. Cf. Grusin [5]， Sjるstrand

[16] or theorem 3 in Hoshiro [8] (配ealso Morimoto [13]). 
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The Global Weak Solutions on the Compressible Euler 
Equation with Spherical symmetry 
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(July， 1991) 

Department of Liberal Arts 

Osaka Industrial University本
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Department of Information Sciences 

Tokyo Institute of Technology料〈

1 Introduction 

The compressible 3-D Euler equation is given by 

1

・E/
t
E
i
 --4 

/
1
‘、

Pt十¥7(ρU)= 0， 
ρ( Ut 十 U.¥7U)+¥7p=O，p=α2pヲ

where p， u and p are the density， the velocity and the pressure respectively， 
and a is a positive constant. If the叫 utionsof (1.1) is spherically symmetry， 
(1.1) becomes 

Pt +占(仏)r 0， 
P ( Ut 十 U Ur) + Pr 0， 

where r = Ixl，ρ= p(r) and u(x) = (x/lxl) u(r). 
Let戸 r2ρ.Then we get 

(1.2) 

ん十(戸U)r 0， 
α2ん 2α2

Ut十 UUr+一τ一
ρr  

from(1.2). We shall study (1.3) in the region 

、、.，，，
q
d
 

-Eよ
r'aE

‘、
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(1.4) r > 1. 

(1.3) can be reformulated in Lagrangean mass coordinates by using the 
transformation， 

T t， e lT削)
We get 

(1.5) 。μ
7

一一一一

戸
P

、
-

i

!

H
U
M
P
-

qhH

、，d

N
ρ
:
α
 

十

+

N
h
N叶

Letυ 1/戸.Then after changing T to t， 

、、lノρo 
t
E
i
 

，，S
E

‘、 叫十(ヲ)x = 
2α2 

1 + Ir~υ ((， t)d( . 

Here we shall consider in t三0ヲZ 三othe initial boundary value problrm 
for (1.6) with the following boundary values. 

(1.7) u(x，O) = uo(x) ， v(x，O) = vo(x) ， for x > 0， 

(1.8) u(Oヲt)= 0， for t > 0， 

where both uo(x) and υ。(x) are bounded functions of bounded variation， and 
υ。(x)三8> o. We shall show that (1.6)， (1.7) and (1.8) have global weak 
solutions. We use the Glimrr山 d品i耳長ere佃n町lC白escheme [山1可]and も仕出heideas of [2] and 
[3]. 

2 The di百'erencescheme 

We shall use the difference scheme which was used in [2]. 

y = {(mヲn); m 0，2，4， ・・.， n 1，2ヲ3γ・・}， 
(2.1) A=  II [(mZ，(m+2)Z)xnh]m:eυenヲ

(m，n)εY 

ワ
i
1
i
 



where ljh wi1l be determined later. We choose a point { α mn即肌7冗，} ι A rand白omly，ヲ
and 1凶etα向m冗 二 (恥Cm即山Z口7
Mesh lengths 1 and h are chosen so that ljh > lj(inf内， for any given 
T > o. We shall show later that there exists a b > 0 such that inf v1 > b > o. 
For 0三t< h， ml三x< (m + 2)1， m: odd， we define 

u1(x， t) 叫(xパ)十 U1(x，t)t， 
りI(X，t) =叫(x，t)， 

(2.2) 

where u~ and vb are the solutions of 

(2.3) 
ハU

'
=
 

nu 

z
 

=
パ
t
J
lノ

?:α
一
り

民

/
l
l
¥

一

十

叫

M
U

with initial data 

、、，E
，，，、、
B
E

，J

4
a
i
1
Eよ

十

十
m

m

 

/
1
1
J
l

、

<

>

 

z

z

 

、、B
E
ノ、lfqム

ヲ
十

1
1ノj
m
h
 

f
l
、、
/
1
‘、

n
u
nり

υ
υ
 

r
t』
J
E
t
k

一一z
 

nu 
u
 

、、l
/

、、l
j

q
L
 

'
十

、、，，，，，d
h
v
 

/
l
、、
/
1
1

n
u
n
u
 

u

u

 

r
i
J
1
1
1
 

一一、
I
EノZ
 

凸

υu
 

ーl
j
44 
ワ
M

and 

(2.5) 
2α2 

1+ZZ州 2j-1)1) x 21 

For 0三t< h， 0三x< 1， we define u1 and v1 as (2.2) where u~ and vb 
are the solutions of (2.3) with initial boundary data 

U1(x， t) = 

(2.6) 

(2.7) 

u(x，O) = uo(l)， υ(x，O) = υ(0，1)， x > 0， 

u(O， t) = 0， t > 0， 

and 

(2.8) U1(x， t) = 2α2 

Suppose that u1 and v1訂 edefined for t < 吋.For nh豆t< (n + l)h， 
ml三x< (m + 2)1フm: odd， we defin 

(2.9) 
u1(x， t) = u~(x ， t) + U1(x， t)・(t-nh)， 
v1(x， t) 叫(x，t)， 
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where u& and vb are the solutions of (2.3) with initial data (t=r判

(2.10) 

I uιI(Cm山L口7
o(xり)= t :1咋(C

m山 ηh一0)，， 
f vl(cmn，叫-0)， 
。(x)ニ i内問山nh-0)， 

x < (m + 1)1， 
x> (m + 1)1， 
x < (m十1)1ヲ
x> (m十 1)1， 

and 

(2.11) 
2α2 

U1(x， t)二 m+1

1 十 ~j~l vl(匂3ー 1n，nh-0) x 21 

For 尚三 t< (n十l)h，0三x< 1， we de:fine ul and vl as (2.9) where u~ 
and vb are the solutions of (2.3) with initial (t二 nh)boundary data 

(2.12) u( x， 0) 

(2.13) 

and U1(x， t) is as (2.8). 

U
I
(C1n，nh -0)， v(x，O) = VI(C1川 nh-0)， x > 0， 

u(O， t) = 0， t > 0， 

3 Main Results 

By computing the variation of Riemann invariants， We obtain the follow-
ing Theorem. 

Theorem 3.1 Fo1' αny T > 0， the va1'iαtion of ul αnd vl is bounded uni-
fo1'mly fo1' h αnd {αmn}. Thei1'叩pe1'αnd10ωe1' bounds， especially positive 
10ωe1' bound of vl，α陀 αlsounifo1'mly bounded. 

日Tealso have the following Theorem. 

Theorem 3.2 Fo1' αny interval [Xl， X2]ε[0.∞)， ωe get 

(3.1) 
flul(山)一 ul(x，t1) I十 Ivl(山)一川1)I dx 
:::; M.(Iら -t1 I + h)ヲ 0三tl，t2 < T， 

ωhe1'e M depends on T， X1αηd X2・

Q
d
 

-
E
i
 



Let hn = T /n and hn/ln = {j < 8. Consider吐lesequence (u1nヲりIn)(η二
1，2，.. .). Then by Theorem 3.1 and Theorem 3.2ヲtl悶 eexists a s山 sequence
which converges in Lfoc to functions (u，v). We can prove tl凶 u(x，t)姐 d
v(吋)are the weak solutions of initial boundary value problem (1.6)ヲ(1.7)
and (1.8) provided {αmn} is suitably chosen， namely， they sati均 theintegral 
identity 

(3.2) 
foT fo∞加(ぞ)九十 rfα工、 lr ゆdxdt

十foOOuo(x)仇 O)dx=。ラ

(3.3) foTfo∞時ー叫ω +10勺州
for any smooth functionsゆand'It with compact support andゆ(0，t) = O. 
Thus we get our main result. 

Theorem 3.3 Suppose uo(x)αばりo(x)αrebounded functions 0 f bounded 

variatio叫 αndthere existsαpositive constαηt 80 such that vo( x )どん>o. 
Then for αny T > 0)ρ.6))ρ.りαdρ.8)have w印 ksolutions 問
{ (x， t); 0 < t < T， 0 < x <∞}. 
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界面化学反応の数理モデルについて

飯田雅人

山田義雄

四ツ谷晶二

(阪大・理)

(早大・理工)

(龍谷大・理工)

31. Introduction 

In the present paper we investigate the asymptotic behavior. of 

solutions for parabolic systems closely related wi七ha chemical interfa-

cial reaction model which is considered in Yamada and Yotsut組 i[5]. 

Let 1 and 1 denote the intervals (0，1) and [0，1] respectively. Con-

sider the following problem for unknown functions Ui = Ui(X， z) (i = 

1， 2， 3 and ( X， z)ε1 x [0，∞)) : 

(1.1) 

(1.2) 

(1.3) 

(1.4) 

where 

βu; β2U; 
-(z)」=一寸
θz 8x"1.， 

芸芸-制 =R凡丸削州州i(伊判(い何附u叫1
一....
法(l，z)=O，
Ui(X，O) =仇(X)三0，

R九1(例u叫1，川，U2匂2，川，U3匂3)= kん1R均o(い匂町1，刈A包句2，刈u仏

Rん2(例u町1，川，U2向2，川川u均3)= kん2R品o(い匂1，川，U2句2ヲu均叫3け)，

R3(いU1，川u句2，川川u匂3)= 一kん3RO(いU1，川u均2，川uρ 

(X，z)ε1 X (0，∞)， 

z ε(0，∞)， 

z E (0，∞)ョ

Z ε1， 

RんO(何u叫1，川包匂2，川，U3匂3)= (似u叫1♂n1u刈u句2n2ーが3)s(U1， U2， U3) 
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with positive constants ki (i 1，2，3)姐 dpositive integers ni (i 

1，2，3)，αi(X) (i = 1，2，3) are given functionsヲand供(i= 1， 2， 3) are 

given nonnegative initial data. 

The above problem， which we call (P)， models chemical reactions 

on interfaces. Such a model has been proposed by Kawano et al. [3]. 

They put 

αi(X) = Ci(l -x2) (i = 1，2，3)， 

RO(Ul刈2A)=U向 - U3 
1+U2+uIU2' 

i.e.， s( Ul， U2， U3) =一一」
1 +U2十 141U2?

where ci (i = 1，2，3) are positive constants. As to the derivation of (P)， 

see also Appendix of [5]. 

Taking account of the chemical backgroundヲweimpose the fo1-

lowing conditions on αi and R (i = 1， 2， 3) : 

(A)αiεC∞(乃， αt三oon 1 and αi > 0 on [0，1). 

(R.1) There exist an open subset U of R 3 and a positive constant 

OR such that 

UコトOR， O R]3 U [0，∞)3， 

s(Ul， U2ヲU3)εC∞(U)and s(UI，U2，U3) > 0 on U. 

(R.2) There exists a positive constant CR such that 

-I: Ri(Ul， U2川山勾ー1三CRI:U?P
i=l i=l 

for all (UlヲU2，U3)ε[0，∞)3 and pε[1，∞). 
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32. Main results 

Our first theorem is concerned with the existence， uniquenessヲ

regularity and positivity of solutions of (P). 

Theo:renl 1. In addition to (A)， (R.l) and (R.2)， assume that 

ゆ=(ゆ1，ゆわゆ3)satis五es

ゅεL∞(1)3 and ゆ三oon 1. 

Then there exists a unique solution U = (U1，U2，U3) of(P) such that 

(i) Uεc∞(1 X (0，∞))3， 

(ii) (1.1) is satisfied for every (x， z)ε1 x (0，∞)， 

(iii) (1.2) and (1.3) are satis五edゐrevezy z ε(0，∞)， 

(iv) (1.4)おsatis五edin L1semepi.e.lipillu(・，z)ーゆ(・)11= O. 
Moreover u has the following properties : 

(v) u is nonne，伊tiveand bounded on 1 X [0，∞). 

(vi) u satisfies tl1e law of “:mass conservation"， i.e.， 

。1)tiiui(?Z)αi111寸11U3 ('， z)句111=ι 代 [0，∞) (i =叫

where 

(2.2) ι=え11仰ill1+え11仰 31 (i = 1，2)， 
(vii) tl1e positivity of U1， U2 and U3 is assured by that of El and 

E2， i.e.， 

U1 > 0， U2 > 0 and U3 > 0 on 1 X (0，∞)， if E1 > 0 and E2 > 0， 

Ul > 0 and U2三均三o on 1 X (0，∞)，汀E1> 0 and E2 = 0， 

U2 > 0 and U1三均三o on 1 X (0，∞)， if E1 = 0 and E2 > 0， 

U1三 U2三 U3三o on 1 X (0，∞)ヲ ifE1 = 0 and E2 = O. 
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In the study of asymptotic properties of (P)， we should 

note (2.1). Therefore， the stationary problem (SP) associated with 

(P) will be written in the form of algebraic equations for u∞ 

=(tf，uF，uF)εR3 : 

(2.3) 

(2.4) 

(2.5) 

u∞>  0， 

広一一u
 

句一

h

n
U

一

=

¥

 

勺
/

E

U

附
叫
ん

(i = 1，2). 

Concerning (SP)， we get the following theorem. 

Theorem 2. Suppose that (A) and (R.l) hold. Then there exists 

a unique solution uCX) = (ul' u2， u3') of (SP). More preciseJぁ

(2.6) 
u1 > 0， u2 > 0 and u3' > 0ヲ

(2.7) 

if E1 > 0 and E2 > 0， 

i!ゆ1α1111
1=I〉 OanduF=uf=O， 
11α1111 五 υ

if E1 > 0 and E2 = 0， 

||仇α2111
U2=i〉 Oandu?。=U30=03
11α2111 -~ ---~ -1  -.1 

if E1 = 0 and E2 > 0， 
(2.8) 

(2.9) 
uT=tqo=uF=09 

if E1 = 0 and E2 = o. 

N ow we are ready to state results on the asymptotic behavior of 

solutions for (P) as z →∞. 
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TheoreUl 3. S叩posethat (A)， (R.1) and (R.2) hold. It follows 

that 

J込11匂('，z) -uooll∞=0. 

Theorenl 4. Suppose that (A)， (R.1) and (R.2) hold. It follows 

that 

見 IID/D/ull∞=0

for all nonnegative integers ふjwith (人j)-:/= (0，0). 

Remark 2.1. The rates of the convergence stated in Theorems 

3 and 4-are all exponentia1. 
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Viscosity solutions of nonlinear elliptic PDEs 

associated with impulse control problems 

KATSUYUKI ISHII 

(Kobe Univ. of Mercantile Marine) 

31. Introduction 

1n this article we consider the following nonlinear elliptic partial differential equa-

tion (PDE) with implicit obstacle: 

、、l
ノ

マ
aム

寸
E
ム

，r
'
E
t

、

(max{ーム叶u-μ -Mu} = 0 
max{u -g，u -M吋=0

in nヲ
on θ口?

where n E ]RN is a bounded domain with smooth boundaryθn and M is the nonlocal 

operator defined as follows: 

Mu(x) = 1 + inf{u(x +と)I c E (1R+)NヲZ十cE n}. 

The equation (1.1) is associated with the impluse control problemヲwhosestate is gov-

erned by stochastic differential equation with implusive jumps and whose value function 

has implusive costs. 

Concerni時 theexistence担1duniqueness of solutions of (1.1)， see A. Bensoussan 

J. L. Lions [ド凹1]and B. Pe白rt仏h即a

exists a subsolution旦 satisfying旦壬 g ~ Mli onθn. Without this assumption B. 

Pertl 

Our main purpose is to get the comparison principle and existence of viscosity 

solutions of (1.1) by applying the 間 u1tsin H. Ishii -P. L. Lions [3] and M. G. Crar 

-H. Ish凶11刈i詰i一P.L. Lions [2]. We emphasize that by these methocls we can treat the 

m 凶 near PDEs of the type (1.1) whose principle parts are in some classes of 巴g酢伊‘で百e臼n即le白町r、

(possibly degenerate) elliptic operators. 
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32. Assumptions and Definitions 

We make the following assumptions. 

(A.1) s1 E ]RN is a bounded and convcx domain with smooth boundaryθS1. 

(A.2) JヲgεC(S1) and J， 9孟oon S1. 

Let 0 be a subset of ]R N. For any function u : 0 →]Ru {-∞ヲ+∞}， we dcfine the 

function u*， u* : 0 →]Ru {∞ヲ+∞}by 

ピ(X)= li曳sup{u(υ) I y E 0， Iν-刈<r}ヲ u*= -(-u)* 

For each x E 0， we set 

め (x)= {(p，X) E ]RN X $N I u(y)壬的)+ (p， y -x) 

十炉(ν-x)，y-x)十o(ly-x12) as 0ヨU→ x}

and ib'-u(x) = -J~+(-u(x)). Here $N denotes the set of a11 N x N real symmetric 

matriccs and (.，.) is the Euclidian inner product in ]RN. We denotc by局+u(x) and 

必-u( x) the following sets: 

1JJ+ u( x) = {(p， X)ε]RN x$NIヨ(xn，PnヲXn)ιs1x]RN X $N 

such that (Pn， Xn)ε必十u(xn)and 

(xn川(xn)，Pn，Xn)→ (x，u(x)ヲp，X)as n→十∞}う

and 必-u(x)= 芯+(-u(x )). 

We givc the dc五nitionof viscosity solutions of the nonlinear degenerate clliptic 

PDEs including thc nonlocal opera.tor M: 

(2.1) F(ヱヲu，Du，D2uヲlvlu)= 0 

。n 
where F is a continuous function on s1 x ]R X ]RN X $N X ]R satisfying the degeneratc 

e11iptici ty condi tion: 

F(x，r，pぅX+ Y，s)壬F(xヲr，p，)(， s) for a11 x E s1ヲ円 sE]Rヲ

PEEN，XヲYε$N and Y三o.
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Definition. Let u be a function de五nedon n. 

(1) u is a吋scositysubsolution (resp.， supersol凶 on)of (2.1) if u*(x) < ∞(記事フ

ll*(X) >一∞)on n and 

F(xヲll*(X)，pぅX，Mu*(x))豆o(resp・，F(x，ll*(x)，p，X守Mll*(x))ミo) 

for al1 X E n， (p， X)εJJ，+♂(x) (resp フ (p ， X) ε J~'-u*(x) ) 

(2) 1l is a viscosity solution of (2.1) if 1l is a viscosity subsolution and s叩 ersolutionof 

(2.1 ). 

33. Main results 

Our main results are stated as follows. 

Theoren1. 3.1. Assume (A.1) a凶 (A.2).Lct 1l andυ be， respective1ぉaviscosity 

subsolution and a supersolution of (1.1). If u and v satisfy 

(3.1) max{ll*-gぅ1l*- M u*}壬oand max{v* -gぅv*-Mv*}きo onθn， 

then uキ三三九 on n. 

Theorem 3.2. Assume (A.1) and (A.2). Then there exist a uniquc viscosity 

solution 1l E C(口)of (1.1) satisfyi昭郎吋1l ιu -M u} = 0 onθn. 

In what follows we mention the sketch of the proofs of Theorems. 

Proof of Thcorcm 3.1. We assume 1l (resp・う り ) is uppe白r(r町es叩p.う， 10¥¥刊 r寸)s問悶CαI凶1

tinuous on n. We use some perturbation of viscosity subso1ution. For each m E INう

llm = (1 -1/m)u -1/m is a viscosity Sl山 olutionof the no凶 nearPDE: 

(3.2) 
(mx{-A 十um-f-M}+Lo

m 

叫llm 一仰~m -JI，lllm}十ド。 。n 
on θQう
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In order to prove Um <υon n for all m E 1N， we shall suppose the contrary.ヲ i.e.，

Sl町"f(Umo一り二 θ>0 for some mo E町.We take z εn such that ()ニ Umo(Z) υ(Z ). 

Then by (3.1) and (3.2)， we may consider Z εn. 

Let <<1>( x， y) be a function de五回dby 

φ(x，y) = umo(x) -Ix -zI4 υ(?/)-LlzU|2 on n x n 

and let (xs， Ys)εn x n be a maximum point of <<1>(xヲy). From the i即 quality()壬

争(xs，ys) and the sぞmicontin叫

and v(νs) asε → 0: 

xs，Ys→Z， umo(xs)→Umo(Z)ヲり(決)→υ(Z)， 112E-LI2→o. 
ε 

Thus we can consider XsヲysE n. Morcover there exist Xεヲに ε$Nsuch that 

(~(い♂ E 快ω叫川)，川ヲJλXs寸Eう)ε斗芯十川

一そ!(GJ ?り)豆~(三 三幻)~壬4!引(二-/) (υI 二ιid伽伽ω叫e臼m削仙n凶凶1吋而t“
itym川抑山叫川n巾州i江川X刈) 

We remark that ((xε-Ys)/ε十41xs-zl2(xs -z)ヲXs十Zs)εζ，+umo(xε) (Zs = 41xs一

Zl2 I +8(.1;ε-z)@(xs-z)). Hencc usi時 thefacts that Umo andυare viscosity s山 solution

of (3.2) and supersolution of (1.1)， respectivelyヲweobtain the followi時 i田 q1叫 ities:

四郎{ーか(Xs十Zε)十 Umo(ι)一f(xε)川 o(九)-Mumo(L)}+13
/1ιO 

max{ -trl二十υ(νε)-f(υε)パ(νε)-l¥!fυ(υε)}註O

From these inequalitiesぅweget a contradiction. Therefore we have Um ~υon n for a11 

m E 1N. Letting m一→∞ぅ weobtain the resu1t.国

FTOOf of Theorcm 3.2. It is easily secn that there exist a viscosity subsolution 'Q. 

and supersolution U of (1.1) such that max{ど一仏ピ-Mピ}壬oand max{弘一仏弘-

1¥，{U* }三 0うrespectivelyon θn. 
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Wede五nethe set S and the function 1l as the following: 

S = {1l : viscosity subsolution of (1.1) I max{ 1l* - 9， 1l* - Mll*}壬oonθn}， 

ll(x)ニ S叩 {υ(x)lvES} (xEn). 

We observe that Perro出 methodcan be used (cf. M. G. Crandall -H. 1shii -P. 1. 

Lions [2]). Therefore we obtain that 1l is a viscosity solution of (1.1) satisfying 

(3.3) max{ll* -9，♂ -Mll*}豆O on θn. 

On the other hand， using the barrier argument we get 

(3.4) max{ll* -9ぅ1l*- Mll*}きO on θn. 

Hence it follows from Theorem 3.1 that 1l* = 1lニ t九 onn and thus 1l E c(n). Then 

(3.3) and (3.4) yields max{ 1l - 9， 1l - M吋=0 onθn. Theorem 3.1 also implies the 

uniqueness of viscosity solutions of (1.1) satisfying the boundary co吋 ition.園

For the detail， see the author [4]. 
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Generalized interface evolution with the Neumann boundary condition 

YOSHlKAZU GIGA甫)AND MOTO-HIKO SATO*) 

1. Introduction. 

We are concen吋 withgeometric evolution (e.g. motion by mean curvature) of interfaces in 

a smoothly bounded domain n( c R叫)whose boundary lJo， perpendicularly iI巾 rsectswith 
interfaces. In [12] the second author extended a level set approach introdl悶 dby Chen-

Giga-Goto [1] and EvaI怯 Spruck[3] to this type of the Neumann problem and obtained a 

unique global weak solutions for the initial value problem provided that 0， is convex. This 

note reports that the convexity assumption oi n can be removed. The details and proo色
will appear elsewhere. 

One of key ingredients is the comparison principle for the Neumann boundary value 

problem ior singular degenerate parabolic equations. For the Neumann problem this prin-

ciple is :first established by Lions [10] for the Hamilton-J acobi equations. For nor叩 19由 .r

degenerate elliptic equations the compa.rison principle is established by Ishu and Lions [9]. 

See also [8] for mo:re geI悶 aloblique boundary conditions. However， their a暗 umentdoes 
not apply to si時由.requations. In [12] the second author obtained the comparison prin-

ciple for our problem assuming that n is convex. His method appeals to the idea of [6] by 
regarding lJQ as space in:finity. Unfodunately， the choice of test functions does not apply 
to general domains. In this note we construct test iunctions by using local coordinate 

patches near lJQ so that they apply to general domains. 

In [7] Huisken COI凶dersthe interface intersecting perpe吋 icularlywith lJo， and moving 

by mean curvature. He cons!ructed a global smooth evolution of interlaces when n is a 
cylindical domain D x R and the initial interiace is the graph oi a smooth iunction on D， 
where D is bounded. Although our theory presented below assumes that n is bounded， it 
can be extended to cylindical domain D x R provided D is bounded. The motion by mean 

curvature with right contact angle at lJn arises回 asingular limit of a reaction-diffusion 
equation with the Neumann condition [11]. 

牟)Department of Mathematics， Hokkaido University 
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2. Co:mparison principle. 

We here present a simple and typical version of our comparison principle rather than 

stating its general form to avoid technical complexity. We consider an evolution equation 

of the form 

(1) 

(2) 

叫+F(V包，V2包)= 0 in Q = (0， T] x U 

θ包/8v= 0 on S = (0， T] x 8u， 

where 8/ 8v denotes the outer normal derivative on 8nj叫={}包/8t，V包=grad包V2包
denotes the Hessian of u in the space variables. We list assumptions on F. 

(F1) F : (R乱¥{O})x 5乱→R.is continuous， where 5n denotes the space ofπ ×πreal 
symmetric matrices equipped with usual ordering. 

(F2) F is degenerate elliptic， i.e.， F(p， X + Y)三F(p，X) for all Y三O.
(F3) -∞ < F*(O， 0) = F*(O， 0) <∞ where F* and F* are the lower and upper semicon-
tinuous relaxation (envelope) of F on R耳 x5'ヘrespectively，i.e.， 

FAp，X)=Eninf{F(q，Y);q#o，lp-q|三町IX-YI壬ε}

and F* = -( -F).. Here IXI denotes the operator norm of X 邸 aselfa勾ointoperator 
on Rπ. 

THEOREM 1. Let 0 be a smoοth1y bounded domrun in R n . Suppose tbat F satisfies 

(Fl)イ'F3).Let包 and旬 be，Iespectively， viscosity sub-and supeIsolutions of (1)イ2).If 
u*(O，a)三v*(O，a)， tben u*三v..on Q. 

A definition of a viscosity (sub) solution for the Neumann problem goes back to 

[10] where the Hamilton-Jacobi equation is studied. We recall a definition of viscosity 

subsolution of (1)ー(2)for the reader's convenience. We refer to [2] and [8] for nonsII叩llar

equations. Any function包 :QUS→ Riscalled a viscosity subsolution of(1)-(2) ifu. <∞  

on QUS and if， wheI問 erゆεC2(QUS)， (t， a)εQUS and (ピーゆ)(t，a) = maxQus(u*一世)， 
one of the following holds 

(3) 

( 4) 

仇(t，a)十九(Vlt(t，a)， V2ゆ(t，a))三0

(8ゆ/8v)(t， a)三o and a E 80. 

For example a function包(t，a) = -2t -lal2 a viscosity subsolution (actually solution) of 
(1)ー(2)with 

(5) F(p， X) = -trace((I -p Q9 p/lpI2)X) 

on an annulus 0 in R 2 although 8u/8v三omay not hold on the inner circle of 80， in 
usual sense. One should be careful the meaning of (2). 

n，ムqJ
 



3. Test fllJrD.ctions. 

The basic strategy of the proof of Theorem 1 is to find a parabolic super 2-jet of 

ω(t， a， y) =包(t，a)-v(t，y)

at a point where u. > v.. This idea is the same as in [6] and we also apply the Crandall-
Ishu lemma (see e.g. [2]). Since it is di冊cultto compare boundary condition (4)， we take 
a barrier 恥 arthe boundary to avoid to handle (4). This idea is found in [12]. 
For ε， 6，γ> 0 we set 

争(t，a，y)=ω(t，a，y)一曹(t，a， y) 

曹(t，a， y) = 3(a， y)/ε+ B(t， a，y) 

B(t， a， y) = 6(少(a)+ so(ν)+2β)+i/(T-t). 

Here少EC2(0) is a ‘barrier' function of dn satisfying: 

-β ミミ rp < 0 in 0， 
ν( a) = V rp( a ) /1 V rp( a ) 1 

so = 0 on dO with a constant 

and IVrp(a)1三1 on 80，. 

β>0 

If3 εC2(0 X否)satisfies following conditions， the method of [6] applies to establish 
Theorem 1. 

(C1) 

(02) 

(C3) 

(04) 

(C5) 

3(a，y)どcola-yl4 with Co > O. 

13:D十3yl三clla-yl¥ 13"，1， 13yl三c2Ia-yI3.

(Eaa十Egg+E抑 +3yy 1 :::; c31a -y14. 
13:D:D1，13吋 1，13y"，l， 13官官1:::; c41a -yl. 
(ν( a )， 3"， ( a， y))三o for a εdn， y E 0， 

(ν(ν)， -3y(a， y))三o for y E dn， a巴Q

provided that la -yl is su凱cientlysmall. 

Here ( ， ) denotes the inner product in R叫. If 0， is convex， then 3(a， y) = la -yl4 satis五回
(01)-(05). However， for nonconvex 0" this choice of 3 violates (05). 

1EMMA 2. There exIsts :3 satisfying (C1)イC5).

Sketch of the proof. For each α ε 80， there is a local coordinateχ晶 =(χ1・・・ ?χ耳)
such that χ九(♂)= dist( a， dn) for a E n. Let仇 bea cu t-off function supported near 
αε dO so that dψa/ dv = 0 on dn. We set 

Aa(a， y)ニ ψ品(a)れ(Y)Iχα(a)-χ品(ν)14.
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Let 'lto be a cut-off function supported outside the boundary. We set 

Ao(a， y)二世。(a)仇(y)la_ y14. 

One can take五nitelymany {αk}i=l so that the sum 2.: Ak satisfies (C1)-(C5) provided 
hニO

that la -yl is su茄cientlysmall. Here Ak二九 withα=αk.We set 

S(a，y)=ρ(Iaーyl)laージ14+ (1ーバla-yl)) 2: Ak(a， y) 

with a cut-off function p(σ) supporied away from σ=  O. One observes that S satis五es

(C1)-(C5). 

4. Interface evollltIon. 

We remark that the theory in [1] and [4] can be extended to the motion of interfaces 
intersecting perpendicularly with 80. The next lemma is fundamental to establish global 

solution for the initial value problem of (1)ー(2)by Perron's method. 

LEMMA 3([12]). Assume the hypotheses of Theorem 1 concerning F. Suppose that F 
is geometric. Then for 'Uoε C(O) there are viscosity sub-and s叩 ersolutions包ー，包十巳

C([O，到 x0) of(1)イ2)with包土(0，a) =包o(a). 

Although our theory applies to general interface equations as in [4]， we state ou 
results 0叩nl匂y:fjあorthe motion by mean curvature just :fjあorsimplicity. 

THEOREM 4. Let Do be an open set inO. Let包oε C(O)satisfies Doニヤ;句作)> O}. 
There is a unique viscosity solution 'UεC([O，∞) x 0) for (1)-(2) with (5) for arbitrary 
T > 0 such that包(0，a) =包o(♂).The set D = {(t， a);包(t，a)>O}お determinedby Do 
and called a generalized evolution by mean curvature with initial data Do and the riglzt 

angle boundary condition. 

REMARK 5: In [4] D(t) is determined by Do and ro = {包o(a)= O}. It turns out D(t) is 
completely determined by Do as shown in [5]. 

REMARK 6: If we take S as sketched in ~3 ， we need 03，1 regularity of 80. However， by 

taking χmore clever way， we only need C2 regularity of 80 to establish Lemma 2. 
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多次元多相ステファン問題の周期解の構造について

篠田淳一

千葉大自然科学

o.序
多次元多相ステファン問題はエンタルビー包を用いて次のように表現される:

(1) 叫ームβ(包)ニoin Q = 1 x O. 

ここで Q はRN の有界領域，その境界80=I'は滑らかとし， 1は区間を表すとする.以

下では Tを与えられた正定数とし，Tを周期とする周期問題を考える.

例えば，境界rがl'= 1'0 U 1'1' 1'0 n 1'1 =日となっているとき，

β(包)= go on 1:0 = 1 x 1'0， 

。β(包)
o一+p(a)β(包)= gl on 1:1 = 1 X 1'1 
un 

なる混合境界条件を考える.ここで go，gl， Pは与えられた関数で p三0，gi(t十T，a)= 

gi ( t， a) (i = 0， 1)を満たすとする.この場合には Damlamian-Kenmochi[2]によって周

期解の存在，漸近安定性なと、の結果が得られている.

また，h(t+T，a) = h(t，a)のとき，境界条件が非斉次ノイマン条件

(2) 
8s(包)
ーで一一 =h on:E = 1 x l' 。η，

の場合には Haraux-Kenmochi[3]において，劣微分作用素を用いて周期解の存在，構造等

の結果が述べられている.

本講演では， A必i辺注ki-Ke佃nn凹lmo閃chi吐i-S仙h由i而no吋da[1凹1月]， S伯hin

g(t + T， 忽肌， ~ο) = g(t ， 包肌， ~ο) を満たすとき'非線形ノイマン条件

(3) 
。s(包)
8n 十g(t，a， s(包))= 0 on 1: 

に対する周期解について述べる.以下では，システム {(1)，(3)}を問題Pと呼ぶことにす

る.

1.仮定と準備

β=β(1'):R → Rは次の条件を満たす.
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β(1') 
(4)β は非減少，リフ。シ、ソツ連続関数でβ(0)= 0かっ limin{一一 >0を満たす.

17'1→∞ 

また 9= g(t，a，と):R.xrxR→ Rに対しては次の (5)rv(9)を仮定する.

(5)全ての M 三0に対してある正数Cg(M)か存在しては1，lel三M を満たす全てのご，
rとほとんど全ての (t，a)εR xrに対して

Ig(t， a， 0 -g(t， a， e)1三Cg(M)1と-el.

(6)全ての tεRに対してg(・，.，0εL70C(R;L2(r)).
(7) M1三M2なる定数 Ml'M2が存在してほとんど全ての (t，a)εR xrに対して

g(t， a，β(Mt})三 0， g(t， a，β(M2))三o.

(8)ほとんど全ての (t，æ)εRxf と全ての~ E Rに対して

g(t十 T，a，と)= g(t， a， ~). 

(9)ほとんど全ての (t，a) E R x rに対してg(t，æ ，~) はとに関して単調増加である.

簡単のため記号の約束をする • H = L2(n)とし，その内積とノルムをそれぞれh.)，ト|

で定義する.更に V= H1(n)に対してはその双対を(・，・)で定義する.

次に弱解の定義を述べる.

定義1.J仁 Rを有界閉区間とする.包 :J→ HがJ上問題 Pの弱解であるとは次

の(10)，(11)を満たすことである.

(10)包はJからHへの弱連協調数で'uE L∞(Jxn)日W1，2(JjV')かっβ(包)ε L2(JjV). 
(11)ほとんど全ての tE Jと任意の zE Vに対して

(u'(t)， z) + (Vβ(包(t))，Vz) + I g(t，.，β(包(t)))zdr= o. 
Jr 

定義 2.J'をRの任意の区間とする.このとき，包:J'→HがJ'上問題Pの弱解で

あるとは Jc J'なる任意の有界閉区間 Jに対して包がJ上問題 Pの弱解になるとき
をいう.

定義 3.J' = lto， t1]または [to，∞)とし包oεHとする.包:J'→Hがコーシー問題

CP(旬。)の解であるとは包がJ'上 Pの弱解でありかつ包(to)=包oを満たすことをいう.

また包 :R→HがT-周期解であるとは包がR上の問題Pの弱解で任意のtE Rに対

して包(t+ T) =包(t)を満たすことをいう.問題Pに対する T-周期解の全体をPTで表

わす.

まず最初に CPい。)に対する結果を述べる.
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定理 1(cf. [4，5，7]).任意にtoεRを与える.このとき (4)rv(7)のもとでM1三均三
M2 を満たす任意の包oξL∞に対して J= [to，∞)上 CP(包0)の弱解包が唯ひとつ存
在し

M1 :::;包:::;M2 a.e. on J x O. 

また後のために次の定理を用意しておく.

定理 2(cf. [1，3]). h εLfoc(R.j L2(r))は Rxr上 h(t+ T， a) = h(t， a)で、更に
J: Jr h(t， a)drdt = 0を満たすとする.このとき次の (i)rv(iv)が成立する
(i)任意の α。εRに対して T-周期解ωか存在してんω(O，a)da=α0・
(垣)ω をR上のシステム {(1)，(2)}の弱解とする.このとき ωが T-周期解であるた
めの必要十分条件は ωεL∞(RjH)となることである.

(温)ω11ω2をんωl(O，a)da三んω2(0，a)da...(*)を満たすR上の T-周期解とする.
このとき

β(ωd三β(ω2) a.e. on R x O. 

特に(本)において等号が成立するときはん((a)da= 0を満たす'EHが存在
して

ωl(t，a)-ω2(t，a)='(a) a.e.onRxO. 

(iv)システム {(1)，(2)}の [to，∞)上の任意の弱解包に対してT-周期解ωか石荘して

包(t)-ω(t) ---->. 0 in H asπ→∞， 

s(包(πT+・)→β(ω) in L2(0， Tj V)asπ→∞・

3.結果

定理 3.(4)rv(8)のもとでωεPTが存在して

M1 :::;ω:::; M2 a.e. on R x O. 

以下では (4)rv(9)を仮定する.このとき以下のことが結論される.

定理 4.全ての ωbω2εPTに対して次の (i)rv(五i)が成立する.

(i) g(.，.，s(ωd) = g(.，.，β(ω2)) a.e. on R x r. 
(叫んωl(O，a)尚三んω2(0，a)daならばs(ωd三s(ω2)a.e. on R x O. 
(温)んωl(O，a)daくんω2(0，a)daのときんωl(O，a)da< aO <んω2(0，a )daを満た
す任意の α。εRに対してωεPTか手証して αoニんω(O，a)daとなる.
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注意.(9)を除くともはや定理4は成立しない.また (9)を仮定したとしても一般には

いεPT}は全順序集合にはならない.

例1.0 = (0，2)とし
4

・iTO
り

T

I
l
t
-
-

一一
、h
f
T
 
r
・1
d
y
 

7' 2: 1， 
0<7' < 1， 
l' ::; 0， 

g(t，a，c) = 2e -cとおくと ω1(t， a)三 0，ω2(t，a)= a +χR+(a-1)-1はそれぞれT-
周期解となるが定理4を満たさない.

例 2.β は例 1と同じとし g(t，a，c)三 Oとする.このとき，閉区間 [0，1]に値をとる Q
上の任意の可視l関数ω(t，a)三 ω(a)はT-周期解になる刺l国序関係は持たない.

定理 5.toξRとし包を [to，∞)上の問題Pの任意の弱解とする.このとき ωεPT
か存在して

β(包(πT+・))→β(ω) in L2(O， Tj V) asπ→∞. 

4.証明の概略

定理 3"， 5を証明するに当って次の二つの命題は重要である.

命題1.i = 1，2に対して包O.iεL∞(0)とし，更に叫を CP(包o，dに対する有界閉区
間 J= [to，lt]上の弱解とする.このとき 8三tなる任意の 8，t ξJに対して次が成立す
る.

I(包l(t)一包2(t))+1日(n)三I(包1(8)一包2(8))+ILl(n)・

命題 2.{包O，n}はL∞(n)の有界点測とし包0，耳はある包oにHで弱収束しているとす
る.このとき J= [tO，ll]上の CP(包O，n)の弱解 h はJ上の CP(包0)の弱解包に次の
意味で収束する.

(1) 'Un は包に L∞(Jx 0)で汎弱収束し，W1，2(Jj V')で弱収束する.

(2)β(包n)はβ(包)に L2(JjH) n L;oA(to，lt]j V)で収束し，L2(Jj V)で弱収束する.
(3) g(・ハβ('Un))はg(・ハβ(包))に L2(JjL2(I'))で収束する.

特に s(包叫)がs(包)に収束するときは β(包叫)は β(包)に L2(JjV)で収束する.ここで
s(z) =んf;(aJ) s( l' ) d1' da ， z εHである.

まず定理 3は不動却型を用いて証明することが出来る.しかし(1.1)が仮定されて

いるならば次のような構成的な証明か可能である.即ち M1を初期値として [0，∞)上の

弱解包をつくる.包(πT+・)がCP(包(nT))の解であることに注意すると定理1と命題 1

により ω(t):=lim包(πT+t)が存在し，この ωが実際凋期解になっている.
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定理4についてはまず上の証明からある凶巴PTか石濯して山三 min{ω1，ω.Jとな

る.定義 1により， zニ 1，2とほとんど全てのtE [0， T]に対して

(ω~(t) -wHt)， 1) + I (g(t， .，β(ω.(t))) -g(t， .，s(ωi(t))))dr = 0 
Jr 

が成立する.[0， T]で積分すればg(t，a，.)とβの単調性により Rxr上 g(・， .，β(ω事))= 

g(.， .，s(ωi) ).よって(1)が成立する.(2)については沼里2よりわかる.また(3)にっし、て
は定理2と(1)により h= -g(・山β(ωd)に対してシステム {(0.1)，(0.2)}の周期解ωが
存在して α0=んω(O，a)ぬとなる.再び，沼里2により RxO上β(ω1)三β(ω)三β(ω2)
となり，それゆえ Rxr上 h= g(・パβ(ω))を得る.これにより ωε PTとなり (3)は証

明された.

最後に定理 5を証明する.まず最初に α0:=lim I包(nT，a)ぬか存在することに注
叫→∞ Jf1，

意する.一方，命題 2により β(包(πT+・))は L2(0，Tj V)で相対コンパクトであるから 3

部分列い(η"T+.)}と切 εL∞(0)が存在してβ(包(町T十・))がβ(切)に L2(0，TjV)

で収束する.切は R上の問題Pの周期解となり aoこんω(O，a)daを満たす.定理3の
(2)により β(ω)はα。から)意的に決まるのでこの wが求めるものである.
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2次元 Navier・Stokes流の外部問題の解の減衰について

小薗英雄 九州大・教養

小川卓克 名古屋大・理

31導入と結果.
o (仁1R2)は非有界領域でその境界θQは滑らかで、あるとする口 Qr= 0 x (0， T)に
おいて次の初期値境界値問題を考える

(N.S) 

生-su + u. ¥lu + ¥lp = 0， in Qr， 
8t 
div u = 0， in Qr， 

u = 0， on 80 X (0， T)， 

ここに速度ベクトル u= (U1(X，t)，U2(X，t))および圧力 p= p(x，t)は未知函数、 α=

(α1 (x， t)，α2(Xパ))は与えられた初期値である O

ここでは αモL;(O)Iこ対する (N.S)の大域的強解の存在とその t→∞での漸近

挙動を調べたい。。が IRn(n三3)の外部領域の場合は弱解の L2-normおよび強解の

LP-normの代数巾による減衰が得られている (Borchers-Miyakawa [1]， [2]、Iwashita

[8]) 0 n = 2のときは Ilu(t)IIL2→ Oのみが知られている(Masuda [11])口

定義.αεL;(O)とする。 U が (0，T)上の (N.S)の強解であるとは次の(1)，(2)，(3)の条

件を満たすことである

(1)匂モC([O，T); L;(O)) n C1((0， T); L;(O)) 
(2) u(t)εD(A) for t > 0， Au εC((O， T); L;(O)) 
(3) uは次の式を満たす。

(A-N.S) (hu+P(川吋=0， 0 < t < T dt 
u(O) =α. 
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ここに PはL2(O)から L;(O)への直交射影，A三一Pム，(D(A)= {uεH2(O); UlθQニ
O} n L;)は Stokes作用素を表わす。

定理.αε L;(O)とする口このとき (0，∞)上の (N.S)の強解 U が一意的 lこ存在する。

更に uは次の性質を満たす。

(1) (smoothness) u(t)εC1((0，∞);D(A臼))ただし O三α<10 

(2) (decay) 

(1.1) 
-4'hu 

'
-
g
h
U
 

、y
一o

q

L

e

a

-

A

 

'
'
'
d，r
 

t
i

、、

一

宮
一P4
4

h

汁

l
a

一

a
7
s
u

，7b
 

J
-官
、

/

.. ‘、

o

o

 

r
t』
〈

E
t
t

一一P
 

1
・
/

4
'
u
 
，，・・
z

、
M
U
 

for 2 ~ p <∞， 

for p =∞; 

(1.2) 
-4ι 一ghu
-o 

、IJ
i

u

v

臼

1
4

一
一

E

7

b

a

7

b

 

/--、，，
l
t

o

o

 

-
E
E
J
E
s
t
 

一一つ“
1
l
J
 

E
T
b
 

/
-
E
‘、
引
帥

日

A
 

0<α<1 

α=  1; 

(1.3) 
何

札

1

6

b

 

ρ

o

 

q
d

，E且

一

2

切
a

払
.

1a

一

，T
b

a

T

t

u

 

/--、，，
a

・1

0

0

 

r
t』
t
1
1
1

一一P
 

、、.，，
r

I
'
u
 
/--、
-
M
U
 

2~p< ∞， 

p=∞; 

(1.4) IIAau(t)lb =o(tーαー10石t)， 0<α< 1， 
出 1→∞.

32準備.
定理の証明には以下の補題が重要である口

補題 1.ε> 0 0 < 8 < 1/2. u， v E D(A1/2) n L∞とする口

=キ II(A+ε)-15 P( u. VV)1I2三CdIIA 1/2-dUlb IIA 1/2v1l2 

ただし Cdは ε，u，vlこよらない定数。

注意

。が外部のときは Aが有界な逆を持たないことに注意する。

補題 1により次のような双線型作用素 Fd(・3・)が定義できる

Fd(u， v) = w-li出(A+ε)-15P(u. V吋 u，v E D(A1/2) n L∞ 

このおを densityを用いて D(A1/2)上に拡張したものに対して、補題 1より以下が

得られる。
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補題 2.

(1) IIFo( u， v)lb三CoIIAl/2-OuIl2I1Al/2VI12' u， V εD(Al/2) 
(2) (れ(u，v)， Aoct) = (P(u. ¥7v)，ゆ)for u， v εD(Al/2)，ゆεD(AO)

(3) Ao Fo( u，り)= P(u. ¥7りforu， v E D(Al/2) n L∞ 

補題 1の証明は正値自己共役作用素の分数巾 lこ対する Heinzの不等式に注意すると、

(2.1) II( -d. +ε)-O P(u. ¥7り)Ib三Coll(_d.)1/2-OuIl211( -d.)1/2vIl2 

を得れば十分である (Kat仁トFujita[9]参照)0 (2.1) は-ð.+入の ~2における基本解の積

分表示を用いて示される口

次の補題は U と也の L∞評価を得るのに用いられる。

補題 3. u モD(A8/2)(1<: s三2)とする。このとき 2<:p<:∞に対して

Ilull∞三 C8Pl/2ーβ/2SIIAl/2UII~-β(1lulb 十 IIAS/ 2Ulb)β

(ここで uE D(As/2)， s = 2s/(2 + p(s -1)))ただし C8は Sにのみよる定数日

補題3は n=2における Gagliardo-Nirenbergの不等式

Ilullp三Cpl/21Iull;/pII \7ull~-2/P uεHJ(O)， 2壬p<:∞

と

Ilu//∞三 Cs/lull~-α lI ull孟8 u E HS(O) 

(ただしα=2/(2十p(s-1))および

lI¥7ulb = IIAl/2ulb uε D(Al/2) 

により得られる。

3定理の証明の概略

強解の存在を示すにはつぎの iterationscheme 

lu(t)=A 

川)= e-tAa -lt A1一九一(叫h 川 i)仇
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に対して、 Aの分数巾、 A日 (0 <α< 1)を作用させ、非線型項を補題 2により評価

する口

Kj，臼三 suptCiIlA臼Uj(t)1I2 
Oくt<T

とおけば、次を得る。

Kj+1，臼三 Ko，白十 C1-，Bh一民1-，)Kj，γー1/2Kj，1/2・
したがって

kj(T) = m砿 {Kj，，-1/2(T)，Kj，1/2(T)} (j = 0，1，・・・)，

Fγ ニ C1ーγmax{B(1/2，1-γ)， B(γ-1/2，1 -i)} 

とおけば

kj+1壬ko+ s，(kj )2， 

を得て、んが小さければ kjが有界列であることがわかる。ほぼ同様にして Uj+1-Ujを

評価して叫が収束列であることがわかり極限 uが解になることが示きれる。

さらにエネルギ一等式

Ilu(t)11い21.11日 (1")11ト 11αII~

と apnon評価

IIAêU(t)ll~ 三 IIAê α II~ exp(CêllαII~) 0<ε< 1/2 

によりこの解が大域解となることが示せる。

解の減衰はまず Masuda[11]の結果より

lIu(t)1I2→o t → 0 

が得られることに注意する。それにより IIA臼U(t)lb= O(t一α)が得られ Gagliardo-
Nirenbergの不等式より LP減衰が得られる口

次に解の L∞評価は補題 3に

IIA1/2U(t)1I2 = 0(t-1/2) 

を用い p= logtと選ぶことにより得られる。
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