HOKKAIDO UNIVERSITY

Title BreLfmEMo AN RS VRY VL FRRE
Author (s) LR, #HXER
Citation Hokkaido University technical report series in mathematics, 22, 1
Issue Date 1991-01-01
DOI https://doi.org/10.14943/5141
Doc URL https://hdl. handle.net/2115/5456
Type departmental bulletin paper
File Information 22, pdf

kaido
wo¥ U"/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




i1 6 [l e am
LR s R P A
(Rt E5L O
Thade

Series § 22. August, 1991



o5 1 6 ] 4R 398 0 05 Fe o\ G
LR > W77 A

FROERTY YRy LAERTRVETOT, TENHL BT F T,
R&EHE LR BUKES
il
H B 199148H 8H (K) ~8A10H (1)
S LAY EEHBEEHE 450 8%
oA T
8H 8H (K)
9:30~10:30 N W R
Nonlinear scattering for long range interaction
11:00~12:00 H &E — £ (EREIDD

Asymptotic formulas for the shock wave of the scalar

conservation law with smooth initial data
13:30~14:00 %
14:00~14:3890 ®* Wk F ZE (ABERHEESR)

On Levi-type conditions for hypoellipticity of certain

differential operators
15:00~15:30 ws #OCRITRED

The global weak solutions on the compressible Euler

equation with sperical symmetry

15:30~16:30 *

11

16



8H 9H (&)
9:30~10:30 mMywn & Z (BEaXKETD

FEALFERIEOEIE 7 vic >\
11:00~12:00 £ o = (AR A

Tmpulse 4 & i B4 2 FERR AR 7 5 12 5 o K vE
13:30~14:00 *

14:00~14:30 B oo E bEARE ()

BRADH 2 BAHEHE S EX O Neamann B ic B 3

e v B

15:00~15:3090 % M oE — (FEXEAHE (B)

ZRILEMAT 7 > vEEOABKOEE T >0 T
15:30~16:30 *

8H10H (1)
9:30~10:30 NN BT (AR
ANOE M (JuREE)

2 k5t Navier-Stokes i DA FBE O OREICH> W T
11:00~12:00 AfRH = Wk (JBRE)

Existence of a global solution to a semi-linear
wave equation with initial data of non-compact

support in two space dimensions

12:00~13:00 *

* CORMAEREEZMHACHHWEMORE ST 2 TETT,

S 5 b i a8 R A AR S =
Tel. 011-716-2111 Py 2625 Gl

- 21

- 26

- 31

- 36

- 41

- 46



# 10:
f 11:

i 12:

HOKKAIDO UNIVERSITY
TECHNICAL REPORT SERIES IN MATHEMATICS

T. Morimoto, Equivalence Problems of the Geometric Structures admitting Differ-
ential Filtrations, 14 pages. 1987.

J.L. Heitsch, The Lefshetz Theorem for Foliated Manifolds, 59 pages. 1987.

K. Kubota (Ed.), # 12 EMEM S HIERGALE o~ v E Oy A FRES, 77 pages. 1987.

J.Tilouine, Kummer’s criterion over A and Hida’s Congruence Module, 85 pages.
1987.

Y.Giga(Ed.),Abstracts of Mathematical Analysis Seminar 1987, 17 pages. 1987.

T.Yoshida (Ed.), 1987 4 #5547 7 X + 5 7 1% Colloquium Lectures, 96 pages.
1988.

S. Izumiya,G. Ishikawa (Eds.), “8 555 & #0487 B 504 2 45 5 ,1988.

K. Kubota (Ed.), % 13 Hl{E#M 5 HENGALEK » » 8 ¥ v 4 T, 76 pages. 1988.

Y. Okabe (Ed.), 5 v ¥ 2 v » v R & OIEAH TR, 64 pages. 1988.

I. Nakamura (Ed.), Superstring # i & K3 fiii, 91 pages. 1988.

Y. Kamishima (Ed.), 1988 &£ # %47 7 2 + 5 7 1 % Colloquium Lectures, 73
pages. 1989.

G. Ishikawa, S. Izumiya and T. Suwa (Eds.), “BREM & T OIGA” MAESHMEE
Proceedings of the Symposium “Singularity Theory and its Applications,” 317 pages.
1989.

M. Suzuki, “BiF L THBRHEE R CH L 571987 4 7T bk c o iR 0L, 38
pages. 1989.

J. Zajac, Boundary values of quasiconformal mappings, 15 pages. 1989

R. Agemi (Ed.), % 14 F{E#45 HERNRALE » ¥ ¥ v A FHHE, 55 pages. 1989,

K. Konno, M.-H. Saito and S. Usui (Eds.), Proceedings of the Meeting and the
workshop “Algebraic Geometry and Hodge Theory” Vol. I, 258 pages. 1990.

K. Konno, M.-H. Saito and S. Usui (Eds.), Proceedings of the Meeting and the
workshop “Algebraic Geometry and Hodge Theory” Vol. II, 235 pages. 1990.

A. Arai (Ed.), 1989 FEprsk a7 7 % + 5 7 b4 Colloquium Lectures, 72 pages.
1990.

H. Suzuki (Ed.), # % Z 8k o + £ w v — Topology of Complex Manifolds, 133
pages. 1990.

R. Agemi (Ed.), 38 15 E{R 85 B EARALE » » % ¥ v 4 TE %, 65 pages. 1991.

Y. Giga, Y. Watatani (Eds.), 1990 sEEF%GEL&7 72 F 5 7 M Colloquium Lec-
tures, 105 pages. 1991.



Nonlinear Scattering for Long Range Interaction
Tohru 0ZAWA (RIMS, Kyoto University)

In the scattering theory for nonlinear waves, the basic idea is that for
large times the solutions of nonlinear wave equations behave like the
solutions of the corresponding free equations. This is possible only
when we can take the point of view that the nonlinear interaction has no
effect for large times, which in turn imposes restrictive conditions on
the degree of nonlinearities and on the space dimensions in éonnection
with decay rate in time of the free solutions. Even in the small data
setting the conditions often exclude the possibility of scattering theory
for many impoftant equations especially in lower space dimensions such as
the (modified) K-dV equation, the (derivative) nonlinear Schrodinger
equation in 1+1 dimensions, the Klein-Gordon equation with cubic (resp.
guadratic) nonlinearity in 1+1 (resp. 1+2) dimensions, and systems of
quantum fields with Yukawa's coupling (Maxwell-Dirac, Klein-Gordon-Dirac,
Klein-Gordon-Schrodinger, e.t.c.). 1In fact, most of these equations have
no nontrivial solutions with the asymptotic form of the free solutions.
In this talk, I present a new framework for the nonlinear scattering in
the case where the degree of nonlinearities is not high enough to ensure
asymptotically free solutions. The results given here, together with the
recent papers [1][2], give an answer to the third problem of M. Reed.

We consider scattering for the nonlinear Schrodinger equation
iatu + (1/2)Au = T(uwu. (1)

Here - u is a C-valued function of (t,x) € RXRH, A is the Laplacian in Rn,
and f 1is an R-valued function on €. We treat the following two cases.

(I) The single power interaction in one space dimension:
f(u) = alul?, 2 € RN{0}, (t,x) € RxR. (2)

In this case, (1) is derived from the electromagnetic wave equation for
the propagation of a laser beam in a nonlinear medium, from the Zakharov
system for the propagation of the Langumuir waves in a plasma, from the
Davey-Stewartson system for the propagation of surfaces of water waves,
from disotropic Heisenberg equation for the evolution of classical spins,
from the Ginsburg-Landau model for superconductivity, and so on.

(I) The Hartree type interaction in more than one space dimension:

1

f(u) = Velul?, v(x) = alxI %, (t.x) € RxR™, n > 2, (3)

where * denotes the convolution in Rn. In this case (1) is derived



from a multibody Schrodinger equation 1in the self-consistent field
approximation for a quantum system of bosons interacting through two body
potential V. The associated time-independent version also arises in the
gquantum field theory, especially in the Hartree-Fock theory.

The above examples (2)-(3) have the following properties in common.
ieu)

(a) Gauge invariance: f(e = f(u), 6 € R.

(b) Homogeneity: D(t)_lf(D(t)u) = t_lf(u), t > 0,

n 1

2 —
"2yt x)
Property (a) 1leads to the conservation of the probability density which

where D(t) is the dilation operator given by (D(t)¢¥)(x) = t

enables us to establish the well-posedness of the Cauchy problem for (1).
More precisely, in both cases (I)-(I) it is proved that there is a unique

group of nonlinear operators {S(t); t € R} .such that for any k € Nu{0}

(1) S{(t) 1is a homeomorphism in the usual Sobolev space Hk and is an
isometry in the L2 norm for any t € R.
(2) S(t+s) = S(t)S(s) for any t, s € R, S(0) = 1.

(3) For any ¢ € Hk, the map t +— S(t)¢ is continuous from R to Hk.
(4) For any tO € R and ¢ € Hk, u{t) = S(t-to)¢ is a unique solution
satisfying u € C(R; H) n n Li/)g(Q)(IR; w¥ 9y and
0<6(q)<1
t
u(t) = U(t—t0)¢ - i f U(t-t)f(u(t))u(t) dr, t € R, (4)
t

0
where U(t) exp(i(t/2)A) and 8(q) = n/2-n/q.

A crucial effect in scattering is given by the degree of nonlinear term

f(u) at u = 0, which is measured by the decay rate in t of the dilated
potential D(t)—lf(D(t)u). In the usual scattering we compare solutions

u to free solutions U(t)e, on the basis of the asymptotic conditions
lu(t) - U(t)¢iH2 — 0 as t — o, (5)

We would say that scattering theory for (1) had been possible only in the
case where D(t)_lf(D(t)u) ~ t Yg(u) as t — = for some function g and
Y >1. In n space dimensions, this corresponds p > 1+2/n for f(u) =
,llulp—1 and v > 1 for f(u) = Velul? with V(x) = alx1" Y. oOn the other
hand J. Ginibre (private communication) proved that (5) is impossible for
any nontrivial solution when D(t)_lf(D(t)u) ~ t_yg(u) as t — o for
some g and Y £ 1. Property (b) therefore shows that the usual setting
of scattering just fails for (2)-(3).

In order to state the main results we use the following notations.

Wt P denotes the Sobolev space given by



m,p _ p. _ a% . € Nu{o € [1,=].
w {¢ € L7 I¢lym,p zlalﬁm I ¢Hp < ®}, m {0}, p [1,=]
o .

Here H'Hp denotes the norm in LP = LP(R™) ana 8% = ngl ajJ, aj = 8/8xj,
for a multi-index «. H™'®  denotes the weighted Sobolev space given by
B8 - woe gt il o= 1 ixt D Ea-a™ P, < @), mLos e R

0,1 . . *
For ¢i € H we define the phase functions S by
+ - -1
ST(t,x) = + logltl-f(,)(t "x), t € R\N{0},
where =~ denotes the Fourier transform given by

§(E) = (B9 (&) = (20 ™2 | exp(-ix-£)¥(g) dE.
We define the unitary operators exp(isi(t)) by

-1

exp(iS,(t)) = exp(is®(t,-itv)) = # ~exp(¥ilogltl-f($,))%.

Theorem 1. Let T be as in (I) and let k € Nu{0}. Then there is a

constant g > 0 with the following properties.

(1) For any ¢+ € Hk’anO’k+2 with II$+IIm < £ there exists a unique
¢ € Hk’o such that for any 6 € (1/2,1)
. -0
HS(t)qﬁ—exp(lS+(t))U(1:)g1>+|lk,0 = 0o(t ), (6),
+o 4 1/4 —g/2
([ istos-exptis, (v i, ar) T - 06™F) as v — e (D),
t W’
(2) For any ¢_ € R R R Ig_Il_ < & there exists a unique

$ € Hk’o such that for any 6 € (1/2,1)
IS (1) ¢-exp(iS_(£)IU(D)e_ I, o = OC(1t1™%), (6)_
t 4 1/4 ~0/2
(I Is(t)¢-exp(is_(T))U(TI¢_II", dt) = 0(1tl ) as t — -o. (7)_
— 0 W ’
Theorem 2. Let f be as in (I) and let k € Nu{0}. Then there is a
constant g > 0 with the following properties.

k'anO’k+2 k,ZnHO,k+3

(1) Let ¢+ € H for n = 3 and ¢+ €

Suppose that there is ¢ € (0,1/(n-1)) such that "$+"p(a)"$+”p(—o)
where p(x0) 1is given by p(zxo) = 2n/((1%0)(n-1)). Then there exists a
K,0  Such that for any 8 € (1/2,1)

for n = 2.
< g,

unique ¢ € H



0

IS(t)é-exp(iS, (£)V(LIS N, o = O(t "), (8),

e 4 174 -0/2,
(I HS(r)¢—exp(iS+(t))U(t)¢+H 4 o dr) = 0(t ) as t — 4w, (9)+
t W
(2) Let ¢ € Hk’anO’k+2 for n = 8 and ¢ € Hk'anO'k+3 for n = 2.
Suppose that there is o € (0,1/(n-1)) such that [lé_lI (o)”é—" (—0) < &
k.0 p b
then there exists a unique ¢ € H such that for any 6 € (1/2,1)
IS(t)g-exp(iS_(£)IU(L)6_ I o = 0C1t1™ %), (8)_
t 4 1/4 _a/2
(I IS(t)é-exp(iS_(T))U(T)¢_I 4 o dt) = 01t ) as t — -=.  (9)_
— 0 w ’

By Theorems 1-2, the modified wave operators Wi is defined as maps
¢ — ¢ from Bk to Hk'o, where Bk is the domain of W:t given by

+
{¢ € Hk’ano’k+2; I#l_ < e} in the case (I), for example. The Cauchy

problem for (1) is solved so that the asymptotic behavior of solutions is

described as (6), or (8), when the initial data are in the ranges of W,_.

Moreover, we see: (A) W, are injective and isometries in the Lz norm.
(B) W, are continuous from Bk' to Hk'O

the associated weighted Sobolev space. (C) Under the evolution S(t),

, with Bk topologized from

Range(W,) are asymptotically orthogonal to every bound state for (1) .

0.,2,0

(D) W, have the intertwining properties: S(t)W+ = W+U(t) on B 'nNH

Our modified wave operators Wi have some properties analogous to
the modified wave operators of Dollard type for the Coulomb scattering.
First, W:t intertwine the interacting dynamics and the usual free dynamics
as described in (D). Secondly, the modification of the wave operators
has no contribution to the asymptotic behavior of the probability density
both in the position and momentum space. Lastly, the asymptotic motion
of solution of (1) is closely approximated by the solutions W, of

iatwi + (1/2)Awi = f(éi)(—itv)wi.

In the scattering with long range potentials V, with the interacting
dynamics given by the unitary propagator exp(-it(-(1/2)A+V)) we usually

associate the modified free evolution given by the solution w of
iatw + (1/2)Aw = V(-itv)w.

The substitution x by -itv in the potential term is common both to

the linear and nonlinear case. Unfortunately, this is not enough for the



present nonlinear case and it is our claim that the nonlinear potential

f{u) must be modified as f(¢,)(-itv) through the introduction of $, .

It is a simple matter to see how the standard method breaks down in

(I) and (I). The standard theory is carried out by solving the equations
+ oo
u(t) = U(t)¢i + i f U(t-t)f(u(x))u(x) de (10)
t
for given ¢i. If the procedure is to work, the integral in (10) should
converge in L2. But this is impossible since every nontrivial solution

of (1) does not decay faster than the free solutions and the integrand
decays. like O(I‘CI—1

Coulomb scattering, where Cook's integral diverges logarithmically.

) at best. The very same situation happens in the

Our method depends on solving another integral equations around

-+

modified free evolutions v instead of U(t)¢, 1in order that the

equations could have convergent integrals. Rather than (10), we consider
=+
u(t) = v+(t) + 1 I U(t-t) (f(u(t))u(x) - (18t+(1/2)A)v+(r)) dt (11)
+ & +

for suitable v, which give a nice cancellation of the divergent part of

f(u)u. To this end we introduce the following approximate solutions v_.

-n/2

v, (t) = exp(iST(L))UEIM(-t)$, = i "/ Zexp(isT(t)IM(tID(t)é,,  (12)

I

exp(ilxl2/2t). v, turn out to satisfy (1) up to the rate

where M(t)

O(Itl—z(logltl)z) in L2 as t——a tw, because of the exact cancellation
of the divergent terms f(v,)v, and Itl_lf(éii)(t_lx)vi from  18.v,.
Then, (11) are solvable near t = = by a contraction argument on the
space defined as a closed ball centered at v,- The space-time estimates
of Strichartz type are essential in this stepT The solution u, defined
Tor large times, behaves 1like v,(t) as 't — %o, and extends to all
times by means of S(t), and the; ¢ 1in the theorems 1s given by
u(o) = ¢. The rest of the statements of the theorems follow by proving

v,(t) ~ exp(is (t))U(t)¢, as t — =x=. Details will be given elsewhere.

References.

[1] N. Hayashi, T. Ozawa, Modified wave operators for the derivative
nonlinear Schrodinger equation, preprint RIMS-746, 1991.
[2] T. Ozawa, Long range scattering for nonlinear Schrodinger equations

in one space dimension, RIMS-731, 1990, Comm. Math. Phys, to appear.



Asymptotic formulas for the shock wave of the scalar conservation

law with smooth nitial data

BffEAELI HEA—%

XD ZH 5 —RENGEXOYIHHEEREEEE S 5,
us + f(u), =0 t>0,  €R, u(z,t) € R
W { u(z,0) = uo(s)
T f(u) € CHR), f'(u)>6>0 &7 3,
v e - ERT,

(B) IE >0 u(z+a,t)—u(x,t)s_ltz
a

P vo(z) BDEFRATHBIHO & & (1)(B) 27295590 u(s, t) BB HET %, & 51 u(z, 1) &
FH1>0) ZLEDEB/IC s WHOWTEHMNICHEREINTH %0 (cf. Smoller[2])

—RCHIHES 28D 5D TH->Td RITHEREBIN TS L1850, 2Tt > 0 XL u(z(t)—
0,t) > u(z(t) + 0,1) BEKIL T B R =(¥) ’e“: shock point | Hiff £ = z(t) % shock curve &IF3, (45t
(E) £ v, Filifi z(t) TREIC u(z(t) —0,1) > u(z(t) +0,t) EHBABIEBRENS, )

t* = inf{t > 0] Iz = =(¢) such that u(z(¢) — 0,1) > u(z(t) + 0,1)}

7= A0

EB<o

Lax[1] 1 & BIROKBEAIEHT 5 ST\ (y,2) FHTO2°07 57 2 = w(y), 2= ()" (5
- THENBAMOERZILE L, t > ¢ TD 2(2), u(=(t) - 0,1), u(z(t) +0,1) OF{EZ KK I
Kb BHEPFLOND, & OREHH SIS ZHAGbE B & T, ROBREENBLE,MN B,



B 1 . (shock curve OFEAR)

REWRET 5o

(A1) N > 5, up(z) € CN*Y(R), f(u) € CN+2

(A2) Fm; ul(z) >0 z < m, ug(m) =0 up(z) <0 £ > m,

I >m; (flou)(z) <0 m<z<rt, (flouw)(r)=0, (fou)(z)>0 <z

(A3) (f' 0 ug)®)(r) > 0.

Z D & & shock curve &

_ (f'ou)() -1 )
(frouo) () (f" oug)(r)
IOFEEL L —+0 CBWTLITHKIALT %0
B3

s(t) ="+ ) _ et — ") +O((t -
k=1

(z*,t") = (1’

)7,

N-=2

w(z(t) = 0,8) = ug(r) + > Akt — )7 + O((t — %)
k=1

N-1

2 )7

N-=-2
w(a(t) +0,4) = uo(r) + Y Belt — )2 + O((1 = )% ).
k=1

T CCHREL ek, Ak, B 13 uo(z) @ o =7 TOSMEHEBAEE f(uv) D uw(r) COFBMBRLDED SN

Bo &I, Ap+ Br =0 (b3, Ax = Br (k:E%0),

o= Fow(r), A = YUY o w)(r)
(f" 0 uo)®)X(r)
U o wY (NP e u0)V(r) 4/ un(r){up(m)} (S 0 wo) (1)}
’ 10{(f" 0 uo)®)(1)}? 5(f" 0 uo)®(r) '

COEMIT XY shock curve 1 t* F TCHRABESWMEGEEEZFE>—F. £omig O u(z(t) —
0,1),u(z(t) +0,t) . (t,u) FEHCR t=t" KETHOBELTVBREWIRAENPREN S,

DITtH Dz f(0)=f(0)=0 &4 3%,



I 2 .(shock curve DI HIER)
uo(y) € CNYYR), f(u) € CVYAR) (N > 1) o3t LIRDEAEZ 72915 (ze, 1) BEAET 5 ERET Do
(C) (y,2) FiliC2 205 57 2= ()71 (%) & 2 = uo(y) B n+ 1D y = p1,p2, o Pugr (11 <
o < o0 < Ppyr,n > 2) TR B, (FHEH)
(C2) D; D; 2xnvEh y € pi,pip1] EC2o00 57k CHEFNZLELAOMBETZE,
TOG1<i<n L | Di|=| Dy | BERITS 30 (S CT | D| Gl D omikizEd. )

Y
‘\3
= U (
(n=3) 4
< 3=(f')*(£:2)
IO L ELITFAED o, ‘e

(1) n KD shock curve £1(t), z2(t),...,2,(t) (t < ) 3158 (zeyte) TRDD., 1 AD shock curve
o(t) (t> 1) &85,

(2) 2% shock curve RO % & TOREDEIL te DIFETROFITETREH 5.

N
ni(t) = g+ Y ch(t — 1) + O((t — to)¥ ),
k=1

N
u(zi(t) = 0,8) = wo(pi) + Y AL(t — te)* + O(( — 2V H),
k=1
N
u(zi(t) +0,1) = wo(pi+1) + 3 Bt — 1) + O((t — 1)V +),
k=1

t—1.—0, 1<i<n.

N
2(t) =z + Y an(t — 1) + O((t ~ 1)V,
k=1

N
u(z(t) = 0,1) = uo(p1) + > Ax(t — t.)* + O((t — 1)V 1),
k=1

_8*



N
w(z(t) +0,8) = uo(Pns1) + 3 Be(t — to)* + O((t — to)¥ ™),
k=1

t — to+0.

Bk, AL, By .y = pi, pie1 TO uo(y) OEBEMIRIE v = wo(p:), vo(pi+1) TO f(u) OEREBIRIL
D OREEND o & HITHREL cky Ak, Br 131 Y = p1, Por1 T uo(y) OEBERRE & v = uo(p1), vo(Prt1)
TO f(uv) OEBMGEKD» SIRE SN S0 & 1T shock curve O EEHOHRE ¢, ¢1 R TFTROKRED
fHECFEL WV,

fow)

|
|
|
1
i
|
1
|
|

N 1 ] w
UO(T'Z,) ua(@) ° Ual) uo ﬁ,)

IR ICHIHAE HS compact support ORI & U7z & & OEHIMIE A T D shock wave DEHF)ic >\ T
FRB,
FEH 3 .(1 — 400 T shock wave)
RERET %o
(A1) Suppuo(y) = [c, d] 22> uo(y) >0  y € (c,d)

(A2) uo(y) € CV¥I([e, d]), f(u) € CY*2(R) (N > 1), > uh(c+0) > 0,

M = /Cd uo(y)dy

EBL, COEEFSHRER t I L shock cutve (31 AKEED, t — 400 KWBWTRTO@IERR
BELNB,

N
p(t) =3 o 175 + 0T,
k=1



N
w(z(t) = 0,6) = S A 77+ 07 3),  w(z(t) +0,8) =0.
k=1

O CCHREL ek, Ak, B uo(y) © y =0 TOGEREBMIREE f(u) O uv=0 TCOEBBBREIVED SN B,

& < ZC\
o = J2OM, A = ,/]3,—](‘{)),
e oy FOOM _ —2/®)(0)
R YT 2730y
e DA

1] P. D. Lax, Hyperbolic systems of conservation laws, I, Comm. Pure Appl. Math., 10(1957
Pp )
537-566.

[2] J. Smoller, Shock waves and reaction-diffusion equations, Springer Verlag, New York, 1983.



ON LEVI-TYPE CONDITIONS FOR HYPOELLIPTICITY
OF CERTAIN DIFFERENTIAL OPERATORS
Toshihiko Hoshiro
Institute of Mathematics, University of Tsukuba,

Ibaraki 305, Japan

The object of this talk is to give necessary and sufficient conditions for

C*—) hypoellipticity of operators of the form:

(1) P = D + a(z) Dy +b(z) Dy,
10 190
(Do =~5- Dy = 755),

in Riy, under the assumption

(2) (i) a(z) and b(z) are real-valued C*° functions,

(i) a(0) =0 and a(z) > 0 for z # 0.

It is known that P is hypoelliptic in the case where b(z) = 0. Grusin [4]
proved that if a(z) vanishes to finite order on = 0, and Fedil [1] proved that

even though it vanishes to infinite order (in addition to (it) of (2), he assumed

that a(z) = ¢(z)? with ¢(z) € C*™ ). Our interest here is devoted to considering
conditions on b(z) for the hypoellipticity when a function a(z) satisfying (2)



were given. Concerning this problem, several authors have studied. See for
example, Grusin [4], Gilioli and Treves [3] , Menikoff [10], [11], Yamamoto [18]
and Suzuki [17]. In particular, the following example was given by Menikoff [11]
: In the case where a(z) = z% and b(z) = bz%(b # 0, real constant ) it holds
that (i) £ > k — 1 then P is hypoelliptic (ii) £ = k — 1 then P is hypoelliptic if
and only if b avoids a certain discrete set of values (iil) £ < k — 1 then P is not

hypoelliptic.

This example immediately suggests that the magnitude of 8(z) ( compared
with that of a(z) ) governs the hypoellipticity (from such observation, the title
of this talk is named as in the Cauchy problem). However, Menikoff’s proof relys
on the knowledge of the asymptotic behavior of transcendental functions, and
so 1t seems that his method cannot be applicable to the case where both a(z)
and b(z) vanish to infinite order on = 0. The purpose of our work is to point
out a principle behind Ménikoﬂ' ’s example and, by applying it, we shall give
some conditions for hypoellipticity of P with a(z) and b(z) being not assumed

to vanish finitely.

In addition to (2), we assume that
(3) (1) 5(0) =0,

(i) a(z) and |b(z)| are non-decreasing for 0 < z < 6.

Set

B(z) = oilzlgx b(z)*(z — 2)%.

Then we have the following:

Theorem 1. Suppose (2) and (3). Moreover if

msu B(x) = 00
(4) 1 N8P :

then P is not hypoelliptic on ¢ = 0.



The assumption (4) says that , in some sense, the magnitude of &(z) is too
large. Observe that the supremum of the function b(z)%(z — 2)? (0 < z < z)
attains in the point where £ — z = b(z)/b'(z). Thus the assumption (4) follows

from

, L bE)
) Q) limpes =0

b(z)*
@7 alz+ b))

(i) hmsup 7

This explains the case (ii1) in Menikoff’s example. Moreover we have

Ezample 1. Let a(z) = exp(—1/|z|?) and b(z) = exp(—1/|z|"). Here o and
7 are positive constants. If ¢ > 7, then (4') is satisfied, and therefore P is not
hypoelliptic. Theorem 2 below can show that P is hypoelliptic in the counter

case (where o < 7).

Ezample 2. Let a(z) = exp(—2/|z|?) and b(z) = |z|~" exp(—1/|z|”). Easy
computation shows that, if 7 > o + 1, then (4) is satisfied.

Next we give a sufficient condition for the hypoellipticity. Instead of (3),

we assume here that

(5) (i) B(0)=0,8(z) £0 for z#0,
(11) a(z)/|b(z)| is non-decreasing for 0 < z < § and non-increasing

for —6<z<0.

Theorem 2. We assume (2) and (5). Moreover suppose that there exists a

constant C with 0 < C < 277 - 372 such that

b(z)*

©) Py

< Ca(z),

for —6<z<0and0< z<é.



Then P is hypoelliptic.

The assumption (6) says that the magnitude of b(z) is small( the form of
(6) seems reasonable compared with that of (4')(ii)). Also Theorem 2 can be
extended to a class of operators which depend on variable y, by introducing the
notion of operator-valued pseudodifferential operators. Cf. Grusin [5], Sjostrand

[16] or theorem 3 in Hoshiro [8] (see also Morimoto [13]).
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1 Introduction
The compressible 3-D Kuler equation is given by

pe + V(pu) =0,

(1.1) . o
p(us+u-Vu)+Vp=0, p=2a‘p,

where p, u and p are the density, the velocity and the pressure respectively,

and a is a positive constant. If the solutions of (1.1) is spherically symmetry,
(1.1) becomes

1
pot % (rpu), = 0,
p(u +uvu, ) +pr =0,
where r = |z], p = p(r) and u(z) = (z/|z]) u(r).
Let p = r? p. Then we get

(1.2)

pr + (ﬁu)r =0,
a?p, 2a

U + uu, + ~

(1.3)

from(1.2). We shall study (1.3) in the region



(1.4) r > 1.

(1.3) can be reformulated in Lagrangean mass coordinates by using the

transformation,
r=t, ¢= [ prtydr.
We get
~ ~92 _
pr + p Ug = 07
1.5 . 2a*
(15) v v =

Let v = 1/p. Then after changing 7 to t,

Vi — Uy = 0 5
(1.6) (a2 ) 2a®
u + | — ) = z .
v z 1 + fO U(C7t)dc
Here we shall consider in ¢ > 0, z > 0 the initial boundary value problrm
for (1.6) with the following boundary values.

(1.7) u(z,0) = ug(z), v(z,0) = vw(z), for z >0,
(1.8) u(0,¢) =0, fort >0,

where both ug(z) and vy(z) are bounded functions of bounded variation, and
vo(z) > & > 0. We shall show that (1.6), (1.7) and (1.8) have global weak

solutions. We use the Glimm’s difference scheme [1] and the ideas of [2] and

[3].
2 The difference scheme

We shall use the difference scheme which was used in [2].

Y:{(m7n); m:0,2747"'7n:172737"'}7
(2.1) A= ] [(ml, (m+2)) x nk] m : even,
(m,n)eY



where [/ h will be determined later. We choose a point {a,,, } € A randomly,

and let a,,,, = (cpmn,nh). We denote u! and ' the approximate solutions.

Mesh lengths 1 and h are chosen so that {/h > 1/(inf v'), for any given

T > 0. We shall show later that there exists a § > 0 such that inf o' > § > 0.
For0 <t < h,ml <z < (m+2), m: odd, we define

ul(z,1) = ul(z,t) + Ul(z,t)t,

(22) Wa,1) = vh(o, 1),

where uf) and v(l) are the solutions of

vy — u; = 0,
with initial data
| uo(ml), _J wvo(ml), z < (m+1)l,
@)= { iy, 5= o, 251
and \
(2.5) Ul(z,1) = 2

mEL ) .
1+ Y2 vo((25 — 1)) x 21

For 0 <t < h, 0 <z <[, we define u' and v' as (2.2) where v} and v}
are the solutions of (2.3) with initial boundary data

(2.6) u(z,0) = ue(l), v(z,0) = v(0,1), =z > 0,
(2.7) uw(0,t) = 0, ¢t > 0,

and

(2.8) Ul(z,t) = 2a*

Suppose that u' and ' are defined for ¢ < nh. For nh <t < (n + 1)k,
ml < a2 < (m+2)l, m: odd, we define

ul(:z;,t) = ué(a:,t) + UI(:L',t) - (t —nh),

(2.9) vl(a:,t) = v(l)(w,t),



where ) and v}, are the solutions of (2.3) with initial data (t=nh)

o (z) = { u(cpn,nh —0), z<(m+1)]

(2.10) u!(Cmyan,nh —0), > (m+1)],
' vol) = { v (Cmn,nh —0), < (m+1)l,

v (emizn,nh —0), > (m+1)l,

and

(2.11) Uz, t) =

2a*
mt1 :
1+ EJ=21 ’UI(Cz]'._l n,TLh — 0) x 21

For nh <t < (n+1)h, 0 < z < [, we define u' and o' as (2.9) where u;,
and v}, are the solutions of (2.3) with initial (t=nh) boundary data

(2.12) u(z,0) = u'(cin,nh —0), v(z,0) = v'(cin,nh —0), z > 0,
(2.13) u(0,t) = 0, t > 0,
and U'(z,t) is as (2.8).

3 Main Results

By computing the variation of Riemann invariants, We obtain the follow-
ing Theorem.

Theorem 3.1 For any T > 0, the variation of u' and v' is bounded uni-
formly for h and {an,}. Their upper and lower bounds, especially positive
lower bound of v', are also uniformly bounded.

We also have the following Theorem.

Theorem 3.2 For any interval [z, 2] € [0.00), we get

gy G )]+ 1) — o) | de
M- (|t —ti ]+ k), 0<tyty <T,

where M depends on T, x1 and 5.



Let h, = T/n and h, /I, = 6 < 6. Consider the sequence (ul“,vl") (n =
1,2,---). Then by Theorem 3.1 and Theorem 3.2, there exists a subsequence
which converges in L} to functions (u,v). We can prove that u(x,t) and
v(x,t) are the weak solutions of initial boundary value problem (1.6), (1.7)
and (1.8) provided {a,.,} is suitably chosen, namely, they satisfy the integral
identity

e a’? 2a?
(3:2) /" /000 ut (_v—) P T TG ¢ dwdt
+ [ uolw)d(z,0)ds =0,

(3.3) /OT /Ooo vipy — uth, dzdt + /000 vo(z)¥(z,0)dz = 0,

for any smooth functions ¢ and ¢ with compact support and ¢(0,%) = 0.
Thus we get our main result.

Theorem 3.3 Suppose up(z) and vo(z) are bounded functions of bounded
variation, and there exists a positive constant by such that vo(z) > 6o > 0.
Then for any T >0, (1.6), (1.7) and (1.8) have weak solutions in

{(z,t); 0<t<T,0<z <00}
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§1. Introduction
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In the present paper we investigate the asymptotic behavior of

solutions for parabolic systems closely related with a chemical interfa-

cial reaction model which is considered in Yamada and Yotsutani [5].

Let I and I denote the intervals (0,1) and [0,1] respectively. Con-

sider the following problem for unknown functions u; = ui(z,z) (i =

1,2,3 and (z,2) €I x[0,00)):

(1.1)
(1.2)

(1.3)
(1.4)

where

82 U;

ai(ﬂi)—aj = W,
8u,(0 z) = R;(u1(0, 2), u(0, 2), us(0, 2)),

3u1

(1 z) =0,
u,(:v,O) = ¢i(z) > 0,

Ry (u1,ug,u3) = ki Ro(ur,ug, u3),
Rz(ul,u-g,u?,) = kgRQ(Ul,UQ, ’u,3),

Ra(uy,us,u3) = —ksRo(u1, ug, us),

(z,2) € I x(0,00),
z € (0,00),

z € (0,00),
zel,

R()(ul,'u,g,u?,) = (u1n1u2n2 - U3"3),8(u1,u2,u;;)



with positive constants k; (i = 1,2,3) and positive integers n; (i =
1,2,3), a;(z) (: = 1,2,3) are given functions, and ¢; (¢ = 1,2,3) are
given nonnegative initial data.

The above problem, which we call (P), models chemical reactions
on interfaces. Such a model has been proposed by Kawano et al. [3].

They put

a;(z) = (1 —2*)  (i=1,2,3),

Uiy — U3
RD(u17u2au3) = 1 + g +’U,1’U,2,
1

i-e'7 ﬂ(ul,uz,U3)= 1+U2+U1U2’

where ¢; (i = 1,2, 3) are positive constants. As to the derivation of (P),
see also Appendix of [5].

Taking account of the chemical background, we impose the fol-
lowing conditions on a; and R; (i =1,2,3) :

(A) a;€C®(), a;:>0 on I and a; >0 on [0,1).

(R.1)  There exist an open subset U of R? and a positive constant

Or such that

U D [—6g,6r)° U0, 00)°,
Bur, up,uz) € C(U) and f(u1,ug,uz) >0 on U.

(R.2)  There exists a positive constant Cg such that

3 3

2p—1 2

— E Ri(uy,ug,u3)u;T~" < Cr E u; P
i=1 =1

for all (uy,us,u3) € [0,00)% and p € [1, 00).



82. Main results
Our first theorem is concerned with the existence, uniqueness,

regularity and positivity of solutions of (P).

Theorem 1. In addition to (A), (R.1) and (R.2), assume that
¢ = (¢1, P2, ¢3) satisfies

¢ L®(I)® and ¢$>0 onl.

Then there exists a unique solution u = (u1,ug,us) of (P) such that

(i) we (T x(0,00)),

(i)  (1.1) is satisfied for every (z, z) € I x (0,00),

(i)  (1.2) and (1.3) are satisfied for every z € (0,00),

(iv)  (1.4) is satisfied in L*-sense, i.e. ll_li% llu(-,z) — ()| = 0.
Moreover u has the following properties :

(v)  wu is nonnegative and bounded on I x [0, c0).

(vi)  wu satisfies the law of “mass conservation”, i.e.,

1 1 )
21) plhut e+l Dasly =By ze 0,00 (=1,2)

where
1 1 .
(2.2) E; = —l¢aaill, + Il dsasl,  (6=1,2),
]"z k3
(vil)  the positivity of u;, us and ug is assured by that of E; and

By, ie.,

u; > 0,u3 >0 and uz3 >0 on Ix (0,00), if Ey >0 and Es >0,
up >0andug=u3 =0  on Ix (0,00), if E1>0and E; =0,
ug >0 andu =u3 =0 on I x (0,00), if Fy=0and Ey >0,
uy=u=u3 =0 on I x (0,00), if Fy =0 and Ey =0.



In the study of asymptotic properties of (P), we should
note (2.1). Therefore, the stationary problem (SP) associated with
(P) will be written in the form of algebraic equations for u®

= (uf°, uf°, uf°) € R®

(2.3) u® > 0,
(2.4) Ry(u™) =0,

Concerning (SP), we get the following theorem.

Theorem 2. Suppose that (A) and (R.1) hold. Then there exists

a unique solution u™ = (u$°, u3°, u3®) of (SP). More precisely,

uf® > 0,us° > 0 and u$® > 0,

(2.6)
if B >0 and Fy > 0,
upP = G101, > 0 and u® = ug® =0,
(2.7) llaa];
if By >OandE2=0:
?=M>Oandwf°=u§°=0,
(2.8) [|azly
if By =0 and Es > 0,
uflbozuoo:uoo:o’
(2.9) : ’

ifE1:0andE2:O.

Now we are ready to state results on the asymptotic behavior of

solutions for (P) as z — oo.



Theorem 3. Suppose that (A), (R.1) and (R.2) hold. It follows
that

lim u(-, z) — u™||,, = 0.

Theorem 4. Suppose that (A), (R.1) and (R.2) hold. It follows

that
lim || DD, uf|,, =0

Z=+00

for all nonnegative integers t,j with (2,7) # (0,0).

Remark 2.1. The rates of the convergence stated in Theorems

2 and 4 are all exponential.
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Viscosity solutions of nonlinear elliptic PDEs
associated with impulse control problems

KATSUYUKI IsHUI

(Kobe Univ. of Mercantile Marine)

§1. Introduction

In this article we consider the following nonlinear elliptic partial differential equa-

tion (PDE) with implicit obstacle:

(1.1) { max{—Au+u — f,u— Mu} =0 in £,

max{u — g, u — Mu} =0 on 01,
where € RY is a bounded domain with smooth boundary 8 and M is the nonlocal

operator defined as follows:
Mu(s) =1+ inf{us +£) | £ € RN,z 1 ¢ € T).

The equation (1.1) is associated with the impluse control problem, whose state is gov-
erned by stochastic differential equation with implusive jumps and whose value function
has implusive costs.

Concerning the existence and uniqueness of solutions of (1.1), see A. Bensoussan -
J. L. Lions [1] and B. Perthame [5] etc. They obtained them by assuming that there
exists a subsolution u satisfying u £ ¢ < Mu on 9Q. Without this assumption B.
Perthame [6] showed the existence and uniqueness of viscosity solutions.

Our main purpose is to get the comparison principle and existence of viscosity
solutions of (1.1) by applying the results in H. Ishii - P. L. Lions [3] and M. G. Crandall
- H. Ishii - P. L. Lions [2]. We emphasize that by these methods we can treat the
nonlinear PDEs Vof the type (1.1) whose principle parts are in some classes of general

(possibly degenerate) elliptic operators.



§2. Assumptions and Definitions

We make the following assumptions.
(A.1) © € RY is a bounded and convex domain with smooth boundary 5.
(A2) f,g € C(R)and f, g =0 on Q.

Let O be a subset of RY. For any function u : O — IR U {—00, 400}, we define the
function v*, u, : O — R U {—o00,+00} by

u*(z) = limsup{u(y) |y € O, |y — 2 <7}, w,=—(-u)"
For each z € O, we set
75 ule) = { (0, X) € RY X8V | uly) < uli) + (py —2)
1, )
Fa(X(y— )y =) Folly —a") 205y —a

and J(zg’_u(:c) = —Jé”L(—u(:c)). Here $V denotes the set of all N x N real symmetric
matrices and (-,-) is the Euclidian inner product in R"Y. We denote by fé’—Fu(ac) and
J%5 u(z) the following sets:
Tt u(e) = {(5, X) € RY x8Y| (2, pus Xa) € 0 x RY x5
such that (p,, X,) € .7(29’+u(xn) and
(n,u(Trn), P, Xn) — (z,u(x),p,X) as n — 400},
and I u(z) = — IG5 (—u(z)).
We give the definition of viscosity solutions of the nonlinear degenerate elliptic

PDEs including the nonlocal operator M:
(2.1) F(z,u, Du, D*u, Mu) = 0 in €,

where F is a continuous function on  x R x RN x $V x IR satisfying the degenerate
ellipticity condition:
F(z,r,p, X +Y,s) < F(z,r,p, X, s) forallz € Q, r, s€ R,
peRY, XY €8V and ¥ > O.



Definition. Let u be a function defined on Q.
(1) w is a viscosity subsolution (resp., supersolution ) of (2.1) if u*(z) < oo (resp.,

u.(z) > —o0o ) on Q and
F(z,u*(z),p, X, Mu*(z)) £ 0 (resp., F(z,u.(z),p, X, Mu.(x)) 20 )

forallz € Q, (p,X) € jé”Lu*(m) (resp., (p,X) € jgz’_u*(m) ).
(2) w is a viscosity solution of (2.1) if u is a viscosity subsolution and supersolution of

(2.1).

§3. Main results
Our main results are stated as follows.

Theorem 3.1. Assume (A.1) and (A.2). Let v and v be, respectively, a viscosity

subsolution and a supersolution of (1.1). If u and v satisfy

(3.1) max{u* — g,u* — Mu"} £ 0 and max{v, — ¢,v« — Mv,} =20 on 99,

then u* < v, on §2.

Theorem 3.2. Assume (A.1) and (A.2). Then there exist a unique viscosity

solution u € C(Q) of (1.1) satisfying max{u — g,u — Mu} = 0 on 9.

In what follows we mention the sketch of the proofs of Theorems.

Proof of Theorem 3.1. We assume u (resp., v ) is upper (resp., lower) semicon-
tinuous on 2. We use some perturbation of viscosity subsolution. For each m &€ IN,

Um = (1 —1/m)u—1/m is a viscosity subsolution of the nonlinear PDE:

1
max{—At,, + Uy — fum — Muy, 4+ — =0 in Q
m

?

(3.2) {
max{t, — ¢, tm — Muy,}t+ — <0 on 012,
m



In order to prove u, < v on §2 for all m € IN, we shall suppose the contrary, i.e.,
supg(tm, — v) = 0 > 0 for some mo € IN. We take z € Q such that 6 = un,,(2) — v(2).
Then by (3.1) and (3.2), we may consider z € {.

Let @(z,y) be a function defined by
4 1 2 ARV ]
O(z,y) = tm,(z) — & — 2" —o(y) — 5|z — ¥l on §x{
€

and let (z.,y.) € © x Q be a maximum point of ®(z,y). From the inequality 6 <
®(z.,y.) and the semicontinuity of t.m,,, v, we have the behaviors of z, ye, Umg (T ),

and v(y.) as e — 0

1
TeyYe — 2, umo(xs) - umo(z), v(y,;—) - v(z), g‘-’l?e - y€‘2 — 0.

Thus we can consider z., y. € 2. Moreover there exist X., Y, € $V such that

1 - 1 _
(20— 0 X0 ) € T ) b = 1) (2o w72 ) € B otwo),
31 O X 0] 3¢ I I
¥ < e < e _ . . a o )
e(O I>:(O ~Y€>:s<—f I) ( I = identity matrix )

We remark that ((ze — ye)/e + 4|z — z|*(xe — 2), Xe + Ze )€ jé”Lumo(:L'E) (Z. = 4|z, —
2|214+8(z.—2)®(z.—2)). Hence using the facts that u,,, and v are viscosity subsolution

of (3.2) and supersolution of (1.1), respectively, we obtain the following inequalities:

‘ 1
max{—tr(Xe + Ze) + Umo (@) — f(2e), umo(Te) — Mup,(z)}+—=<0
my

max{—trYz + v(ye) — f(ye), v(y:) — Muv(ye)} 2 0
From these inequalities, we get a contradiction. Therefore we have u,, < v on Q for all
m € IN. Letting m — oo, we obtain the result.

Proof of Theorem 3.2. It is easily seen that there exist a viscosity subsolution u
and supersolution i of (1.1) such that max{u*—g¢,u* —Mu*} < 0 and max{u, — g, Uy —

M.} = 0, respectively on 9512



We define the set & and the function u as the following:
S = {u : viscosity subsolution of (1.1) | max{u* —¢g,u* — Mu*} <0 on 9Q},

u(z) = sup{v(z) |v € S} (z € Q).

We observe that Perron’s method can be used (c¢f. M. G. Crandall - H. Ishii - P. L.

‘Lion

(3.3)

s [2]). Therefore we obtain that u is a viscosity solution of (1.1) satisfying

max{u* — g,u* — Mu*} <0 on Of.

On the other hand, using the barrier argument we get

(3.4) max{u, — g,uy — Mu,} 20 on Of.

Hence it follows from Theorem 3.1 that u* = © = u, on Q and thus v € C (ﬁ) Then

(3.3)

and (3.4) yields max{u — g,u — Mu} = 0 on 9. Theorem 3.1 also implies the

uniqueness of viscosity solutions of (1.1) satisfying the boundary condition.

For the detail, see the author [4].
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Generalized interface evolution with the Neumann boundary condition

YosHIKAZU Gica®) AND MoTo-Hiko Sato*)

1. Imtroduction.

We are concerned with geometric evolution (e.g. motion by mean curvature) of interfaces in
a smoothly bounded domain (C R"™) whose boundary Q2 perpendicularly intersects with
interfaces. In [12] the second author extended a level set approach introduced by Chen-
Giga-Goto [1] and Evans-Spruck [3] to this type of the Neumann problem and obtained a
unique global weak solutions for the initial value problem provided that 2 is convex. This
note reports that the convexity assumption of {} can be removed. The details and proofs
will appear elsewhere.

One of key ingredients is the comparison principle for the Neumann boundary value
problem for singular degenerate parabolic equations. For the Neumann problem this prin-
ciple is first established by Lions [10] for the Hamilton-Jacobi equations. For nonsingular
degenerate elliptic equations the comparison principle is established by Ishii and Lions [9].
See also [8] for more general oblique boundary conditions. However, their argument does
not apply to singular equations. In [12] the second author obtained the comparison prin-
ciple for our problem assuming that 2 is convex. His method appeals to the idea of [6] by
regarding 9§} as space infinity. Unfortunately, the choice of test functions does not apply
to general domains. In this note we construct test functions by using local coordinate
patches near 02 so that they apply to general domains.

In [7] Huisken considers the interface intersecting perpendicularly with 0 and moving
by mean curvature. He constructed a global smooth evolution of interfaces when 2 is a
cylindical domain D x R and the initial interface is the graph of a smooth function on D,
where D is bounded. Although our theory presented below assumes that 2 is bounded, it
can be extended to cylindical domain D x R provided D is bounded. The motion by mean
curvature with right contact angle at 02 arises as a singular limit of a reaction-diffusion
equation with the Neumann condition [11].

*) Department of Mathematics, Hokkaido University



2. Comparison principle.

We here present a simple and typical version of our comparison principle rather than
stating its general form to avoid technical complexity. We consider an evolution equation
of the form

(1) s+ P(Vu, V) =0 in Q=(0,T] x Q
(2) Ouffv =0 on S=(0,T] x 09,

where §/0v denotes the outer normal derivative on 8Q; u; = du /8¢, Vu = grad u; Viu
denotes the Hessian of u in the space variables. We list assumptions on F.
(F1) F : (R™\ {0}) x 8™ — R is continuous, where S™ denotes the space of n X n real
- symmetric matrices equipped with usual ordering.
- (F2) F is degenerate elliptic, i.e., F(p, X +Y) < F(p,X) for all Y > 0.
(F3) —oo < F,(0,0) = F*(0,0) < co where F, and F* are the lower and upper semicon-
tinuous relaxation (envelope) of F on R™ x S§™, respectively, i.e.,

F.(p,X) = lirgllgnf{F(q,Y);q #0,lp—q| <&|X -Y|<e}

and F* = —(—F),. Here | X| denotes the operator norm of X as a self adjoint operator
on R".

THEOREM 1. Let ) be a smoothly bounded domain in R™. Suppose that F satisfies
(F1)-(F3). Let u and v be, respectively, viscosity sub- and supersolutions of (1)-(2). If
2*(0,2) < v,(0,z), then u* < v, on Q.

A definition of a viscosity (sub) solution for the Neumann problem goes back to

" [10] where the Hamilton-Jacobi equation is studied. We recall a definition of viscosity

subsolution of (1)-(2) for the reader’s convenience. We refer to [2] and [8] for nonsingular

equations. Any function u : QUS — R is called a viscosity subsolution of (1)-(2)if u* < oo

on QUS and if, whenever ¢ € C*(QUS), (t,2) € QUS and (v* —¢)(t, 2) = maxgys(u*—d),
one of the following holds

(3) $e(t, z) -i—F,,(ng(t,z),Vng(t,z)) <0

(4) (0¢/O0v)(t,2) <0 and = €.

For example a function wu(t,2) = —2t — || a viscosity subsolution (actually solution) of
(1)-(2) with

(5) F(p, X) = — trace((I — p ® p/|p|*)X)

on an annulus  in R? although §u/8v < 0 may not hold on the inner circle of 9 in
usual sense. One should be careful the meaning of (2).



3. Test functions.

The basic strategy of the proof of Theorem 1 is to find a parabolic super 2-jet of

w(t,z,y) = u(ta z) - ’v(t,'y)

at a point where u* > v,. This idea is the same as in [6] and we also apply the Crandall-
Ishii lemma (see e.g. [2]). Since it is difficult to compare boundary condition (4), we take
a barrier near the boundary to avoid to handle (4). This idea is found in [12].

For €, 6, v > 0 we set

®(t,z,9) = w(t, 2, y) - ¥(i,2,9)

¥(t,z,y) = E(=,y)/e + B(t, z,9)

B(t,z,y) = 8(¢(z) + ¢(y) + 26) +7/(T — 1)
Here ¢ € C?(Q) is a ‘barrier’ function of J satisfying:

—B<e<0 in , =0 on §N withaconstant [>0
v(z) = Vp(z)/|Ve(z)] and |[Ve(e)]>1 on 9.

If & € C*Q x Q) satisfies following conditions, the method of [6] applies to establish
Theorem 1.

(C1) E(z,y) > colz —y|* with ¢o > 0.

(C2) Bo + By < erfe — yl* |2, [By] < el — 9.
(C3) [Eaa + Eay + Eya + Eyy| < c3lz — yl*.

(C4) 1E2als [Eay s [Eyals [Eyy| < calz —yl.

(C5) (v(2),Bx(2,y)) >0 for z2€0N, yeQ

(V(y), ~Ey(2,9)) <0 for ycdN, z€Q
provided that |z — y| is sufficiently small.

Here (, ) denotes the inner product in R™. If Q is convex, then E(z,y) = |2 — y|* satisfies
(C1)-(C5). However, for nonconvex 2, this choice of E violates (C5).

LEMMA 2. There exists E satisfying (C1)-(C5).

Sketch of the proof. For each a € 89 there is a local coordinate x, = (x, -+ ,x™)
such that x™(z) = dist(z, 8Q) for = € Q. Let 9, be a cut-off function supported near
a € Q so that 9, /0v = 0 on Q. We set

Aﬂ'(z’ y) - ¢a(z)¢a(y)|Xa(z) - Xa(y)|4'



Let 1 be a cut-off function supported outside the boundary. We set

Ao(z,y) = o(z)do(y)|z — y|*.

L
One can take finitely many {a,}5_; so that the sum ) A, satisfies (C1)-(C5) provided
k=0
that |z — y| is sufficiently small. Here A, = A, with a = a;. We set

E(z,y) = pl(lz — gz —9* + (1 —p(lz = 9])) D Au(=, v)

k=0

with a cut-off function p(o) supported away from o = 0. One observes that = satisfies

(C1)-(C5).

4. Tmterface evolution.

We remark that the theory in [1] and [4] can be extended to the motion of interfaces
intersecting perpendicularly with €. The next lemma is fundamental to establish global
solution for the initial value problem of (1)-(2) by Perron’s method.

Lemma 3([12]). Assume the hypotheses of Theorem 1 concerning F. Suppose that F
is geometric. Then for ug € G(Q) there are viscosity sub-and supersolutions u_,u, €

C([0,T] x Q) of (1)-(2) with uy(0,2) = up(z).

Although our theory applies to general interface equations as in [4], we state our
results only for the motion by mean curvature just for simplicity.

TuroREM 4. Let Dy be an open set in Q. Let ug € C(Q) satisfies Dy = {=;uo(2) > 0}.
There is a unique viscosity solution v € C([0,00) x Q) for (1)-(2) with (5) for arbitrary
T > 0 such that u(0,2) = uo(z). The set D = {(¢,2);u(t,z) > 0} is determined by Dy
and called a generalized evolution by mean curvature with initial data Dy and the right
angle boundary condition.

REMARK 5: In [4] D(¢) is determined by Dy and Ty = {ug(z) = 0}. It turns out D(¢) is
completely determined by Dy as shown in [5].

REMARK 6: If we take E as sketched in §3, we need C3! regularity of Q. However, by
taking y more clever way, we only need C? regularity of (2 to establish Lemma 2.
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(4) B 3IEWD, VT vy kBT B8(0) = 0 Ao 111? ing 2 (:) > 0 A7

Flog=gt, =8 :BRxT xR - R IFLTIHIKD (5)~(9) 2ET 5.

(5) &TD M > 016 L THBIEE C,(M) WEELT ¢, |€'] < M %l d4Th ¢,
£ LIFEAERTD (t,2) eR xT ITHLT

|g(t, 276) - g(t, zaﬁl)l < CQ(M)|£ - €'|

(6) 2TCD ¢t € RISXHLT g(-,-,8) € L2 _(BR; L3(T)).

loc

(1) My < M, 1355880 My, My DAL TR EAERTOD (t,2) c R x T 1L T
g(t,=,B(M1)) <0, g(t,=,8(Mz)) > 0.
(B) FEAERTD (t,2) cR xT ERTD e R IHLT
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HBEF T CT BEAMEEOGRMAXE J IOH LT v 2SN T FE P OFRIc/s 3 E X
AN,
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QCR) BEERHEECEORRIN BB OITHEZET S, Qr =02 x(0,T) i©
BOTKROYBHESRMEEEEE X 5

(0
B—?—Au—i—u-Vu-l-VP:O, n Qr,
(55 < div u = 0, n Qr,
u=0, on 9 x (0,7T),
\ ult:O = a,

CCWHE~N7 P v ou = (ur(z,t),us(z,t) BELTEN p=p(z,t) BARMEHK. a =
(a1(z,t),a3(z,)) B A SR HBETH 5,
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(1) w € C([0,T); L7 (2)) N C*((0, T); L7 (1))

(2) u(t) € D(A) fort >0, Au € C((0,T); L2(2))

(3) v kKORZM 129,

(A-N.S) dt

d
= Aut Pu-Vu) =0, 0<t<T,
u(0) = a.



i PR LA(Q) 5 L2(Q) ~olEZRHE, A= —PA, (D(A) = {u € H2(Q);u|sq =
0} N L2) it Stokes fEM# %% b 3o

FEH. e € L2(Q) 945, & E (0,00) Lo (N.S) 0ikff u h—BHIELET 30
HiIC u BIROMWE Zii72 7,

(1) (smoothness) u(t) € C*((0,00); D(A%)) 2L 0<a <1,
(2) (decay)
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