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Maximal nonnegative boundary value problems for

symmetric hyperbolic systems

by
Taku Yanagisawa

Department of Mathematics, Nara Women's University

Abstract. The problems discussed below concern mainly
the existence and regularity of local solutions in time
of various initial boundary value problems for quasilinear
symmetric hyperbolic systems. It is well known that, if the
dissipative effects are neglected, many physical phenomena
arising in (classical) mathematical physics are described
by these problems. Further, most of basi¢ boundary conditions
for such physical systems that the Euler equations for com-
pressible fluids, the shallow water equations, the equations
for ideal magnetohydrodynamics, and so on, are "maximal non-
negative"”. This fact is one of the reasons why we study
maximal nonnegaitive boundary valie problems for symmetric
hyperbolic systems.

Now we present our problems more precisely. Let § be a
bounded domain in R® with smooth, compact boundary 8RQ. Ve

consider the following initial boundary value problem.

n *
ay, AO(t,x,u)atu + T alct,x,wou = £¢t,z,w in [0,TIxR,
ji=1

(1) UEM(x) on [0.TIxeq,

2



(1)3 u(0,x) = uo(x) for xeq.

Here the unknown u=u(t,x) is a vector-valued function with m

0

components and takes values in a convex open set GcRm; A~ and

Aj, j=i,---,n, are smoothly varying real mxm matrices defined
on [0,TIXQ%0 with values in R™; f is a smooth function on
[0,TIx@%0 with values in R™; M(x) is a linear subspace of R"
depending smoothly on x€3(. We assume
Condition 1. A0<t,x,u) is real symmetric and positive definite
for (t,x,u)€[0,TIxQx6. Aj(t,x,u), j=1,°+°,n, are real symmetric
for (t,x%,u)€[0,TIXAXE.

We write 8,= a/at, Qj= a/axj, i=1l,---,n. Let v(x) =
(vl,---,vn) be the outward unit normal to 8Q at x. Define the

n

boundary matrix as Av(t,x,u)= 2 Ath,x,u)vj. Put N(t,x) =
=1

ker AU(t,x,u). Then we also assume
Condition 2, M(x) is maximally nonnegative in the sense that
for (t,X)€E[0,TIX8Q and u€M(x)NG the followings hold. :

i) <Av(t,x,u)v,v> = 0 for each veEM(X),

ii) dim M(x) = the number of nonnegative eigenvalues of
A,C(t,x,0) counting multiplicity.

Condition 3. For (1,x)€[0,TIx8Q and ueM(x)nN®, dim N(t,x,u) is
constant on each component of aR.

Under these conditions, we will show the local in time

existence and regularity theorem for (1)1_3. Moreover, we want

to discuss the well-posedness of (1)1_3 and mention several

related open problems.



ExaMPLE oF ZERO VIscosITY LiMIT FOR Two DIMENSIONAL

NoNSTATIONARY NAVIER-STOKES FLOWS WITH BOUNDARY
JtEEERKE WHMEH

Zero viscosity limit Ol % Q= {z € R%j|z| <1} bW THZX 3.

uy —vAv” + (v, V)u’ + Vp” = f7,
(NS) diva” =0 in Q x°(0,T),

’ll»”laﬂ =0, uvlt=0 = u'é,

T+ (T, V)E+ Vp =7,
(EE) divz =0 in @ x (0,T),

- nlog =0, ¥i=o = Uo,

ciT m= (:;).co (NS), (EE) 0f& LTRO X582 47 DbDEELD.

cos @

—si 2
u (2,t) = i‘i_(_";zﬂ ( smﬂ) , pP(nt) = -—/ -(_g_o;_)__?g_g_,_t_)_ dp + constant.
? p

cos@

a(z) =z = 27 ("Si"") | B(=) = — / Z6) 4, 4 constant,

T ()i s OBEBERREL p=9(r) BLU ¢* =¢’(nt) 3, > E%2F T b0
&ET 5.

@) #) = [ ool) dp
here w € C((0,1]) with E= (fnl pwt(p) dp)t/? < co. E iz

lbt:"‘(%‘), for0<»<1,0<t< o0,
(3) ¢r Ir:ﬂ = 0, "/’Ir:l =0 forO0<t< 00,
Pli=o = pp(r) for0<r<1.

D (8) O P(rt) it L T

(4) ¢”(rt) = ¥(r, vt)



LB REL Y

W@ = B (D) o= -o,

P cosf

v\ 1 )
w,(r) = (ﬁ‘l;):_(l.). with EY = (/ pwl(p) dp)t/? < co.
0
i, ot uf = w,, @h(r) =[5 pwu(p) dp L7235,
HRRX (3) OBFOFHELO>VTH

TueoreM 1 ([1]). ¢4 € C***([0,1]) for 0 < a < 1. Then there exists an unique
solution ¥ € C*(Q) of (3), which satisfies 1(0,£) =0 for 0 <1t < co and

()] + | / $2(1,7)] + 2l (1,8)]
< C(llwyllL20,1), T) for (r,t) € [0,1] x [0,T] except (»,t) = (1,0),

where Q = {(»,t) € [0,1] x [0,00) ; (r,t) #(1,0)}.
Theorem 1 X VRO GEHEEE.2E 5.
THEOREM 2 . For the solution 1 in Theorem 1, we define w* and p” by (1) and (4).
Then (v”,p”) is an unique solution such that
uw’ € C*Y(D) and p” € C*'(D),
u?, Av”, V(rotv” € L*((0, oo);Lz(Q)),
t-|Vu’| < C(|lwyllza(o,1), T) for (2,t) € 892 % [0,T],
here D = {0 < || < 1,0 <t < o0}.
Zero viscosity limit ol 3R cEHE L S5Nh 3.
THEOREM 3 (M, —‘JII,%). Assume that ||u§ —%||gaq) — 0 and v3/%|| 1ot u§||gaq) — 0

as v — 0. Then for any but fixed T' > 0 we have

sup ||v”(t) —4||paa) =0 as v —0.
0<t<T
DN

[1] Matsui, S. Example of zero viscosity limit for two dimensional nonstationary Navier—

Stokes flows wit boundary.



Existence of (nfinitely many Solutions for o perturbed
elliptic equation with exponentiol growth
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SINGULAR DEGENERATE PARABOLIC EQUATIONS
WITH APPLICATIONS
TO GEOMETRIC EVOLUTIONS

Masaxi OHNUMA
AND
MoTo-Hiko SaTo

Department of Mathematics, Hokkaido University, Sapporo 060, Japan

1. Introduction. We are concerned with a degenerate parabolic equation of form
uy + F(Vu, Vi) =0 in Q= (0,T) x L, (1.1)

where {2 is a bounded domain in R™ and T' > 0. The function F(p, X) is allowed to have

singularities when p belongs to finitely many half lines £; of the form

i={ng; 1>0}, @eR"\{0}, i=1,--- ,m.

As explained later such an F naturally arises in a level set approach of motion of phase
boundaries. Here u; = Ou/8t, Vu and V*u denote, respectively, the time derivative of «,
the gradient of  and the Hessian of v in space variables. |

Our first goal is to establish a comparison principle for viscosity solutions of (1.1). If
F has singularities only forv p = 0, a comparison principle is established in [5] assuming
that F can be extended continuously at (p, X) = (0,0) ; See [11] for simplification of the
proof. (The paper [6] includes corrections of technical erroxs in [5], [11]).

Although we still appeal to Crandall-Ishii’s lemma [7], the method in [11] or [5] does
not apply to our setting because F has singularities other than p = 0. By a clever choice
of “test function” we shall prove a comparison principle under assumptions on the value
of semicontinuous envelope of F at (ugi,vg; ® ¢;), p > 0, v € R, where ® denotes the

tensor product.

AMS Subject Classifications : 35K 22, 35K65, 82D35 .
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2 SINGULAR DEGENERATE PARABOLIC EQUATIONS

Our second goal is to apply our comparison results to geometric evolutions. Let T'
denote the hypersurface expressed as the boundary of a bounded open set D, in R™ (n = 2)
at time ¢. Let n denote the unit exterior normal vector field on T’y = 8D,. Let V = V (¢, 2)
denote the speed of T'; at # € T'; in the exterior normal direction. The geometric evolution

of I'; studied in [2], [3] is of the form

~ B(n) ( Z bz (ap, (")) * C)’ (1.2)

where H is positively homogeneous of degree one, 3 is a positive function on a unit sphere
5™ 1in R™ and cis a constant.
A level set approach is to regard I'; as the zero-level set of an auxiliary function w :

(0,T) x © — R of the evolution equation

o tmee (4() (- S ve(1- T ) + 270 =0

1 [ &H _
A(p)“ﬂ(—z—o)<apiap,( ”)> P

B(p) = —[7(}_:%7!?1-

(1.3)

p

Here § is taken so that T'; stays in Q for ¢ € (0,T’) and u is taken so that « > 0 on D; and
u < 0 outside I'; U D;.

A fundamental analytic question related to (1.2) and (1.3) is to construct a global in
time unique generalized solution {I';};>p for a given initial data I'y. Chen, Giga and Goto
[5] have adapted the theory of viscosity solutions to construct unique global generalized
solutions to the eqﬁation (1.3) when S is continuous and H € C?(R™\{0}) is convex
not necessarily strictly convex. Moreover, they proved the zero-level set T'; of u of (1.3)
is determined by T’y and independent of initial value of w. This yields a global unique
generalized evolution té (1.2). Nearly at the same time Evans and Spruck [9] carried out
this programme in a slightly different way and only for the mean curvature flow equation.

For the history of level setva,pproac‘h as well as its recent development we refer to [1],
[4] and references therein.

In physics there is also the possibility that H is not convex as studied in [2], [3]. If

H is not convex, the equation (1.3) is no longer parabolic and not well-posed. It seems
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to be natural to consider the convexification H when H is not convex. The problem is
that the convexification H of a function H may be no longer C? away from zero even if
H is smooth. So the equation (1.3) may have singularities other than at Vu = 0. Our
comparison theory does apply to (1.3) with H = H provided that H is singular at most
finitely many directions and that the derivative of H is locally Lipschitz outside zero. Once
the comparison principle is established for (1.3) with H = " y we can adapt the theory in
[6] of constructing global unique generalized solutions of (1.2) with H = H.

‘Angenent and Gurtin [3] solved such an equation (1.2) with H = H for n = 2 at least
locally if each normal of initial curve (with corners) lies in the direction that the curvature
of H = 1is positive. Our theory app]ieé to their setting. Moreover we allow that normal
of initial curve lies in the direction that the curvature of H = 1 is zero.

In Section 2 we shall establish a comparison principle on a bounded domain for the
equation (1.1).

During this work is prepared we learned that a comparisom theorem for nonsmooth
interfacial energy is obtained by Giga [12] when the interface is a graph of a function
on R. After this work was completed, we learned a recent work of Gurtin, Soner and
Souganidis [13] closely related to ours. They also proved a comparison principle for (1.3)
with H = H, but the proof differs from ours. They also proved that generalized solution
is consistent with solutions of Angenent and Gurtin [3].

2. Comparison theorem. Let  be a bounded domain in R™ and let T be a positive

number. We consider a degenerate parabolic equation of form
ug + F(Vu,V2a)=0 in Q= (0,T) x Q. (2.1)
Fori=1,---,m let £; be a half line in R™ of the form
£ ={ngi;n =0}, where q,---,qm € R"\{0}.
We list assumptions on F = F(p, X).

F:(R™\ U £;) x §* — R is continuous,

i=1

(F1)

where S™denotes the space of real n x n symmetric matrices.



4 SINGULAR DEGENERATE PARABOLIC EQUATIONS

F is degenerate elliptic, i.e.,

(F2)
F(p,X+Y)< F(p,X) forall Y >0.
(F3) —o0 < Fo(pagi,va: ® ¢;) = F*(pgi, —vg: ® ;) < +o0
p>0rvr>0 2=1,---,m,
(F4) —o0 < Fy(0,0) = F*(0,0) < 400,

where F, and F* are the lower and upper semicontinuous relaxation (envelope) of F on
R™ x S™, respectively, i.e.,
F.(p,X) = lilrginf{F(r, Y)ire (B*\|J4&), Ip—rl<e&|X -Y| < e}
i=1

and F* = —(—F),. Here |X| denotes the operator norm of X as a self-adjoint operator
on R™; ® denotes a tensor product of vector in R™.

The assumption (F1) allows the possibility that (2.1) is singular at Vu = 5¢; (i =
1,--- ,m). The equation (2.1) is called degenerate parabolic if (F2) holds.

We recall one of equivalent definitions of viscosity sub- and supersolutions of (2.1) (cf.
[8]). A function u : Q@ — R is called a viscosity sub-(super)solution of (2.1) in Q if v* < o

(resp. u, > —o0)in Q and
74+ Fu(p,X) <0 forall (r,p,X)e€ Pé""u*(t,m),(t,z) €Q

* 23— 2y+
M ? —_ ] ? ] *
(resp. 7+ F*(p, X) > 0 for all (1,p,X) € Py~ u.(t,2), (t,2) € Q). Here Py~ denotes the
parabolic super 2-jetin @, i.e., 77(22’+u(t, z) is the set of (7,p,X) € R x R™ x §™ such that

1
u(s,y) Sult,2) +r(s—t)+ <py—2>+5 <X(y-2)y-z>
+o(|s—t|+|y—=*) as (s,9)— (t,2) in Q,
where < , > denotes the Euclidean inner product; similarly, ’Pé’_u = ~’}7¢22'+(—u). For
U =(0,T) x D, the set

8,U = {0} x DU[0,T] x 8D

is often called the parabolic boundary of U. We are now in position to state our main
comparison theorem. We often suppress the word ”viscosity”, except in statements of

theorems.
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Theorem 2.1. Suppose that 2 is bounded domain in R™ and that F satisfies (F1)-(F4).

Let u and v be, respectively, viscosity sub- and supersolutions of (2.1) in @ = (0,T) x 2.
Ifu* < v, on 8,Q, then v* < v, in Q.

[1]
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COREDFT, W 2D DIEHBEZELONS,, (EERIZ. A=0 3%
EHT)

Bl1) 24 9 F¥7 - ¥—u (A=0)

min{max{L*u* — f¥ uF — M*(z, u(z))},u* — N*(z,u(z))} =0

BL. LFv = —afus s, + bFv,, + ko, M¥(z,r) = min{r? + g% (2)|5 # k},
N*(z,r) = max{ri + k¥ (z)|j # k}.

#l 2 ) Weakly coupled system

LRk + Y Ml — fr =0

1=1
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