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Spectral Properties of Subhomogeneous Operators

Toshiko Oguiwara
Ochanomizu University

1 Introduction

The Perron-Frobenius theorem, concerning the properties of eigenvalues
and eigenvectors of square matrices whose components are nonnegative, has
been extended and applied in various ways. It was generalized to a positive
linear operator on a Banach space by M. G. Krein and M. A. Rutman [1],
H. H. Schaefer [2], S. Karlin [3], F. Niiro and I. Sawashima [4]. In the
interest of mathematical economics, nonlinear extensions have been obtained
by H. Nikaido [7], M. Morishima [8], T. Fujimoto [9], Y. Oshime [10] [11] [12].
Many of them have been studied in an n-dimensional Euclidean space.

We have extended their results to a nonlinear mapping T' on an infinite
dimensional space, introducing the notion of indecomposability for a nonlin-
ear mapping on an infinite dimensional space. We consider the eigenvalue
problem of an order-preserving mapping on a positive cone(a closed convex
cone with vertex at 0) of a strongly ordered Banach space F(an ordered
Banach space with positive cone having nonempty interior).

We reported spectral properties of a class of positively homogeneous map-
pings at last seminar(at Hokkaido University on 1992.1).

In this paper, we deal with a more general class of subhomogeneous map-
pings. Applying the results of positively homogeneous mappings, along the
argument of Y. Oshime for a finite dimensional space, we treat the eigenvalue
problem of a subhomogeneous mapping 7.

2 Notations and assumptions

Let E be an ordered Banach space, that is, a real Banach space provided
with an order cone E, (a closed convex cone with vertex at Q such that
E, N(—E;) = {0}). We assume that £, has nonempty interior (we call such
a space a strongly ordered Banach space) and dimE > 2. Let (E,)¢ denote



the interior of Fy and (E;)? the boundary of E,. Note that (E.)°\ {0} is
not empty, which follows from dimE& > 2.

For z,y € E we writez > yifz—y € (By),z>yifz—ye E, \ {0},
and z > yif z —y € E,. For z € F we say z is strongly positive, positive,
nonnegative if and only if z > 0,z > 0,z > 0, respectively.

We assume order-preserving norm on F, namely,

0<z<y implies [z]| <]yl
For e > 0, e-norm can be defined on E as
|zlle = inf{m > 0| —me < z < me},
because of closedness of E,
|z|le = min{m > 0| —me < z < me}.

Note that e-norm is well-defined and equivalent to the original norm.
Let T be a mapping from E, into itself. We consider the following as-
sumptions:
Al:(compact) T is continuous and the image of a bounded set by T is
relatively compact, ‘
A2:(positively homogeneous)

T(\z) =XTz  forany A>0,z2>0,
A2':(subhomogeneous)
T(Az) <XTz  forany A>1,z>0,
A3:(order-preserving)
z<y implies Tz <Ty.

An order-preserving map T is also called monotone or isotone.
For z > 0, we denote

E,={y>0]|3A>0,y < Az}.

Note that B, = {0} if and only if =0, and B, = Ey if and only if = > 0.



A4:(indecomposable)
{(0}SE,_,CE, implies Tz-Ty¢E,,.

This is an infinite dimensional extension of indecomposability defined by
M. Morishima [8], where E = R", B, = R} = {(z1,---,z,) € R* | z; >
0,0 < ¢ < n}. It is also a nonlinear extension of indecomposability found
in M. A. Krasnosel’skil [6] and order irreducibility for a linear operator in-
troduced by H. Nikaido [7]. Furthermore, under the assumption A3, when
T is a bounded linear operator, T is indecomposable if and only if T is irre-
ducible [2], semi-non-support [5]. Strongly order-preserving mapplngs(x <y
implies T'z <« T'y) are indecomposable.
We denote

VP(T) {\| Ais an eigenvalue of T'}

= {\| Tz = Az for 3z > 0},

and for each p > 0,
B, ={z 2 0] ||zl < p},

S, ={20] el = o},

_ [ sup{A| XeVP(Ts,)} (VP(Tis,) # 0),
A"(T)“{ T we@e S

where Tjs, means the restriction of T' on 5,.
We denote the set of eigenvectors in S, corresponding to A,(T') by X(p),
that is,

_ [ {z €S| Tz =A,(T)a} (Ap(T) > —00),
xp={ €T (o1 = o)

Thus we define a set-valued mapping X:(0,00) = E,. Throughout this
paper the symbol —+ is used to indicate the domain and the range of a
multivalued mapping.



3 Spectral Properties of Positively Homoge-
neous mappings

In this section, we assume that T: E, — E, satisfies A1, A2, A3. We
denote
IT|| = sup{[[Tz|| | z € Bi}.

Lemma 3.1 ||T|| < +oo, JL%IIT”II% exists and satisfies JL@OHT"]I% < |7

Denote r(T') = lim |T"||*, as in the case of linear operators. We have
obtained the follwings.

Theorem 3.2 Suppose that T: E, — E, satisfies the assumptions Al, A2,
A3 and r(T) > 0. Then r(T) is a mazimum eigenvalue of T

Theorem 3.3 Let T satisfy the assumptions Al,A2, A3 and A4. Then r(T)
is a positive eigenvalue of T' having strongly positive eigenvectors uniquely up
to a multiplication by a positive constant. Moreover there is no other eigen
value.

4 Main Results

In this section, we assume that a mapping T:E, — E, satisfies the
condition A2’ generalizing A2 and consider the eigenvalue problem using the
results in section 3.

For each positive number p > 0, let us define the mapping 7, from E,
into itself as
T,z =

{ ﬂgﬂT(]—lﬁﬂw) (z>0),
0

First we note the relation between T' and T,.

Remark 4.1 Let T satisfy the assumptions A2', A3 and p > 0 be fized, then
T, satisfies A2,A3 and

T,z <Tz  for|z| < p,
Tix=Tz  for|z| =p, (1)
Tox >Tx  for|z| > p.



Moreover, if T satisfies Al then T, also satisfies Al, and if T satisfies A4
then so does T, .

Proof. See the proof of Y. Oshime [11] for the first half of the statements.

We only show the last two statements.

First we prove that T, satisfies A1 when T satisfies Al in addition to
A2', A3. Let {z,} be a sequence in Fy which converges to o € E,. Then,
if £ # 0, T,z, converges to Tpdro obviously. If zg = 0, ||z,]| converges to
|zo|| = 0. In case z, # 0,

bl 22y Lol

Tox, =

Hence ” ”
Tn
|T,zn|| < =— sup ||z]|.
p »

z€
This also is true if z, = 0. Since T(B,) is bounded, T,z, converges to
0 = T,(zo) as z, — 0 = z. Thus T}, is continuous. Next let K be a bounded
subset of .. Then, for a sufficiently large M > 0 such that K C By,

T,(K) CTy(Bar) = col {0} U ZT(S,)}

Because %T(Sp) is relatively compact, co{{0} U %T(Sp)} is also, and hence
so is T,(K'). We have proved that T}, has the property Al.

Now we prove that T}, satisfies A4 if T satisfies A2, A3, A4. Let 0 <z < y
such that {0} C E,_, C Ey. In case z = 0, we can see y # 0. Then

Ty = |lyl|T( W),

T
and by the indecomposability of T', {0} C E sy-0 & By implies

Ilyll

Hence

_ P
Prtew 3 Tp9) = 77



Then we obtain E, Z T,y.

We prove the case = # 0. Since ”i“ > 1, we have
T g — llyll Iz
Ty=Toe = ST == T )
Ilwll [ I |
> %nw@ AER
llwll (P o
o TG = Tt
While {0} C Boery-rere G By implies

p
T TP E —rkre — =FE Y-z
(g =77 # B
because of the assumption A4. Hence we obtain T,y — T,z ¢ E,_,. O

For two mappings T,S: Ey — E,, we write T' < S if Tz < Sz for all
z2>0.

Lemma 4.2 Let T satisfy A2',A3. Then
pl
Tpl < Tp < —;Tpr when 0<p< p,.
Proof. When z = 0, since T,z = T,0 = 0 for all p > 0 we have
/

Ty =T,z = %Tl},rx =0,

where 0 < p < p’. Then we show the case z > 0. Let 0 < p < o, then

_ =l lzll el P,
“x“pTﬂu" T e
Izl A oy —7a
SR P



and

llmll Ilfvll
To = “AT(Era) < B2
” ol o7
p’ =]l
= —T ' T.
LT -
We obtain the desired inequality Ty < T, < %'-Tpr. O

Lemma 4.3 Let T satisfy the assumptions Al, A2, A3, then the following
statements are equivalent :

(i) VP(T) is not empty,

(ii) V.P(T},) is not empty for some p > 0,

(iii) VP(T,) is not empty for any p > 0.

Proof. ((iii) = (ii)). It is obvious.
(i) = (ii)). Let X be an eigenvalue of T' with the eigenvector z > 0. Since
by (1) Tjjo = T on Sy, we have

=Tz = T”m“:v.

This means that A is an eigenvalue of Tjj,). Therefore we may choose p = ||z||.
((i) = (i)). Let A be an eigenvalue of T}, for some p > 0 and = > 0 be the
corresponding eigenvector such that ||z|| = p. Then again by (1) we have

=Tz =T,

which shows that A is an eigenvalue of T'.
((if) = (iii)). Assume that V P(T},) is not empty for some p > 0. Since T,
satisfies A1, A2, A3 from Remark 4.1, applying Theorem 3.2 we have

( p)—AO( )EVP(Tp)

First we prove the case r(T,) = 0. Let z, be the eigenvector corresponding
to r(T},). Then, from Lemma 4.2,

{ 0="T,x, > Tyz, when p’ > p,
0=T,x, 2 ETyz, when0<p <p.



This means Tyyz, = 0 = 0-z, for all p’ > 0, that is, VP(T,y) 3 0 for all o’ > 0.
In case r(T,) > 0, since again from Lemma 4.2

r(T,) < &r(Ty) when p</y,
r(T,) < r(Ty) when 0 < p' < p,

we thain
T(Tp/) > 0 (Vp’ > 0)

Consequently, applying Theorem 3.2, we can see that V.P(T},) is not empty
for all p/ > 0. O

Theorem 4.4 LetT satisfy the assumptions Al, A2/, A3, and have a positive
eigenvalue. Then,
(1) Ap(T) is an eigenvalue of T and 0 < A,(T') = Ao(T},) for each p > 0,
(ii) A (T) is a continuous, nonincreasing function with respect to p > 0,
(iii) for each p > 0, X(p) is nonempty and compact ; furthermore, p —
X (p) is upper semicontinuous.
In particular, 13{51 M(T) =00 if TO > 0.

Proof. The statement (i) is clear from Theorem 3.2, the proof of Lemma, 4.3
and the fact that T' = T, on S, where T}, satisfies A1, A2, A3. Further, we
can see

M(T) = Xo(Tp) = (T}).

On the other hand,

p/
r(Ty) <r(T,) < ’;T(Tp') (0<p<p),
follows from Lemma 4.2. Combining these properties we can show the con-
~ tinuity and the fact that A\,(T) is nonincreasing with respect to p > 0.
Hereafter we prove the statement (ii). The statement (i) shows that X (p)
is not empty for any p > 0. Since

X(p) ={z 20| Tz = \,(T)s} NS,
X (p) is bounded and closed. On the other hand, ,\_,,q(:q"SX (p) = X(p), which

implies that X (p) is a compact set because 7" is a compact mapping.



Let p, — po > 0(n — o0) and z, € X(pn). Then, since {z,} is bounded,
{Tz,} contains a converging subsequence, of which the limit we denote by
zo. The continuity of A,(T) in p implies

Tx,.
Ty, = iy 20 (nj — 00).

NIy

Thus from this we have

=19 = A zo
Mo(T) 0 TP NG (T)

This shows that as n; = 00, Zn; = 55 (T) € X(p). Hence we have proved

that a compact-valued mapping X (p) is upper semicontinuous in p > 0.
Let us turn to the last statement. Let 70 > 0. Then, foreach 1 > p > 0
and = > 0 such that ||z]| = 1, we have

1 p 1
Tx = -T(7—z) > -T0,
= e 2 5
TOI! |7°0]]
T2z > T,(=T0 I T T0) > T0,
P (p )2 (HTOII )2 70
n lITOH" 2 |Toj"*
TPQI Z p( pn 1 TO) “"‘p——'—'—TO
Thus we have
T
r(T,) = lim HT””n = lim sup ]]T”a:”'" | O”
n~+00 P
Consequently
I,H(I)l M(T,) = Ipii’(l)l r(T,) = oo. a

From Lemma 4.2, 4.3 we can see that under the assumptions A1, A2', A3,
if 0 is an eigenvalue of T" and there is no other eigenvalue, 0 = A,(T") € VP(T)
and a closed set X (p) satisfies X (p) = pX (1) for any p > 0.

In case where T is indecomposable, more detailed properties can be
shown.



Theorem 4.5 Let T satisfy the assumptions Al,A2',A3,A4. Then T has
an eigenvalue and VP(T) = {A\,(T) | p > 0} F 0. For each p > 0, Tz =
M(T)z > 0 if and only if x > 0 satisfies A\,(T) = No(T), z € X(||z])).
Further the following properties hold :

(i) X(p) is a singleton for each p > 0,

(i) 0 € X(p) €« X(p') when 0<p</p,

(iii) p — X(p) is a continuous mapping from (0,00) to E, .

Remark 4.6 Under the assumptions of Theorem 4.5, if T' satisfies the stronger
condition :
T(Az) < XTz (YA >1,z> 0),

then A\,(T') is strictly decreasing with respect to p > 0.

Proof of Theorem 4.5. Since by Theorem 3.3, for each p > 0, T, has a
unique eigenvalue A\g(T,) = A,(T) > 0 with the strongly positive eigenvec-
tor which is unique up to multiplication by a positive constant, X(p) is a
singleton and X (p) > 0 for each p > 0.
Before proving the statement (ii) we show the following property (ii)':
(i) 0 X(p) < X(p)) when 0<p<p.
Let 0 < p < p'. Assume that the inequality X (p) < X(p) is not true. Then

X(p) < MX(p'),
where M = || X (p)||x () > 1. Since T satisfies A2/, A3,

M(T)X(p) = TX(p) <TMX(p)
< MTX(p') = MA(T)X(p').

Hence A (T)
X(p) < M - X
(o) = M7 (#)-
By the definition of X (p’)-norm it must be that
A (T)
M<M-. ——-——-——-.
2o(T)

Therefore we have

M(T) < M\ (T).



On the other hand, from Theorem 4.4 A\,(T) is a nonincreasing function of
p > 0, then we have
M (T) =2 (T).
If X(p) 75 MX(p'), {0} _g_ EMX(p’)»X(p) g_ E+ 1mphes
Eux(p)-x() 2TMX () =TX(p) < MTX()—TX(p)
= A(T)(MX () — X(p)),
which is a contradiction. Then X (p) = MX(p'). But
p =X ()| = MIIX(p) = Mp" = Mp
implies M < 1, which contradicts that M > 1. We have proved the property
i),

Now we prove the property (ii). Let 0 < p < p. 0 < X(p) < X(p')
follows from the statement (ii)’ and the fact that p = || X (p)|| # | X (0")]| = '
If the inequality X (p) < X (p') is not true, then, by the indecomposability
of T,

Expy-x() 7 TX(p")=TX(p)
= M DX(E) = MT)X ()
< MM (P) = X(p))-
This is a contradiction. Hence X (p) < X ().

The continuity of X (p) in p is clear from Theorem 4.4 (iii) and the fact

that X (p) is a singleton for each p > 0. O

Proof of Remark 4.6 Let 0 < p < p' be fixed. Assume A\, (T) = Ay (T) = A
X(p) < X (p') follows from Theorem 4.5. This inequality means || X (p)]|x () <

1. Tn case X(p) = [ X(0) L) X (), TX (p) = T(IX (9) (s X (') implies
AX (p) > 1X (0)llx ¢y TX(F) = MX (D)l x ) X (),
which is a contradiction. In case X(p) < || X (p)||lx() X (o),
Eix@)ixonxe-xe 2 TUX0)xe)X () —TX(p)
> [ X(0)lxpTX(0) —TX(p)
= MIXO)xe)-X (o) = X(0))

‘also implies a contradiction. Hence, A\,(T) # A\y(T). Since A,(T) is non-
increasing with respect to p > 0 from Theorem 4.5, we have proved that

M(T) > A (T). O
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MATRIX YOUNG INEQUALITIES

T. Ando

Let p, ¢ > 0 satisfy 1/p+ 1/¢ = 1. We prove that for any pair 4, Bofn xn
complex matrices there is a unitary matrix U, depending on A4, B, such that

UM|AB™|U < |4 /p+ |B|*/q.

1. The most important case of the Young inequalities (see [1] Chap. 2) says
that if 1/p+1/¢g =1 with p, ¢ > 0 then

lab] < |a|?/p + |b]?/q for a,beC. (1)

In considering a matrix generalization of (1), order relation < should be defined
in accordance with positive semi-definiteness; A > B for Hermitian A, B means that 4 — B
is positive semi-definite. In particular, A > 0 means positive semi-definiteness of 4. Let
us write 4 > 0 when 4 is positive definite. |4| should be understood as the modulus

|A] = (A*4)1/2,
A direct matrix generalization of (1)

|[AB| < |AlP/p +1Bl*/q

does not hold in general. If A, B > 0 is a commuting pair, however, 4B > 0 and via

simultaneous diagonalization, it is proved that
AB < [A]?/p+B|'/q.

Recently Bhatia-Kittaneh [2] established a matrix version of (1) for the special

case p = ¢ = 1/2 in the following form.



THEOREM (Bhatia and Kittaneh). For any pair A, B of n x n complex

matrices there is a unitary matrix U, depending on A, B, such that
U*|AB*|U < |A]*/2 + |BJ*/2. (2)

In the present paper we shall extend this result to the case of general p. The
proof of Bhatia-Kittaneh is based on the special situation that [A[* = A*4 and |B|® = B*B
while our proof is based on pinching inequalities for the map X > 0 — X7 with r > 0 (see

Lemma 2).

2. THEOREM. Let P, ¢ > 0 be mutually conjugate exponents, that is, 1/p-+
1/q = 1. Then for any pair A, B of n x n complex matrices there is a unitary matrix U ,
depending on A, B, such that

U*|AB*|U < |AP/p+|B|*/q. (3)

Before going into proof, let us present some alternates of the assertion. Since
each Hermitian matrix is unitarily similar to a diagonal matrix with its eigenvalues on the

diagonal, the assertion is equivalent to the following system of inequalities for eigenvalues;

where, for a Hermitian matrix X, A;(X) > A(X) > -+ > A (X) are its eigenvalues,
arranged in decreasing order.

If A= V|A| and B = W|B| are the polar representations of A and B respec-
tively, with unitary V, W then '

|AB*| = W||4] - |B||W*

and

A(IAB*) = Ac(14

JBl]) (i=1.2,---,n).

Therefore, by replacing A and B by |A| and |B|, respectively, it suffices to prove (4) only
for A, B > 0.

3. Now let us enter a proof of (4) for 4, B > 0. Fix & and let us prove
Me((BAPB)'?) < A(l4l /p +1B1*/q). (5)

Since

M ((BA2B)?) = A ((AB2A)/?),



by exchanging the roles of A and B if necessary, we may assume that 1 < p < 2, hence
2 < g < 0. Further by considering B + &I with ¢ > 0 and taking limit as ¢ — 0, we may
assume B > 0.

Write A = A;((BA%B)Y2) and denote by P the orthoprojection (of rank k)
to the spectral subspace, spanned by the eigenvectors corresponding to X;((BA%B)Y/ )
for ¢ = 1,2,--- , k. Denote by @ the orthoprojection (of rank k) to the subspace M =
ran(B~!P). In view of the min-max characterization of eigenvalues of a Hermitian matrix

(see [1] Chap. 2, §26) for inequality (5) it suffices to prove
AQ < QAPQ/p+QBIQ/q. (6)
By definition of @ we have
B™'P=QB™'P and PBQ = BQ,

which implies
PB™'Q =PB'! and QBP=QB.
Now it follows from these identities that
(QB*Q) - (B~'PB™Y)=QB*-(QB~'PB'Q)
=QB?.B~lpB~!
=QBPB™' =Q,

and similarly

(BT'PB™!)-(@B*Q)=Q.

These together mean that B~*PB~! and QB*Q map M onto itself, vanish on its ortho-

complement and are inverse to each other on M.

4. For a proof of (6) we need some lemmas on the map X > 0 — X7 with

r > 0.
LEMMA 1. Let 0<r <1. Then 0 < X <Y implies X" <Y".
LEMMA 2. Let () be an orthoprojection. Then for X >0
QX"Q <(QXQY i 0<r<1,
and

QXTQ > (QXQ) if 1<r<2.



See [3] and [4] for the proofs of these lemmas.
Let us return to the proof of (6). First by definition of P we have

(BA®B)Y? > AP,
which implies, via commutativity of (BA*B )1/ 2 and P,
A% > XB71pB~L
| Then by LEMMA 1 with » = p/2 we have
AP > \P(B~1pB~1)P/2,

hence

QAFQ > \P(B1PB~1)P/?,

Since B~!PB~1 is the inverse of QB2Q on M, this means that on M
QATQ 2 W(QB*Q)™P/. (7)

To prove (6), let us first consider the case 2 < g < 4. Then by LEMMA 2 with
r = ¢/2 we have

QBQ > (QB*Q)*/%. (8)

Now it follows from (7) and (8) that on .\

QAPQ/p +QBIQ/q
> XP(QB*Q)?% [p +(QB*Q)"/*/q.

In view of the Young inequality for the commuting pair, A - (QB*Q)~%/? and (QB%Q)'/?,

this implies

(QAPQ)/p+(RB'Q)/q
>A-(QB*Q)7/?- (QB*Q)'/* = )@,
proving (6).
Let us next consider the case 4 < ¢ < co. Let s = ¢/2. Then 0 < 2/s < 1 and

g/s = 2. By LEMMA 2 with r = ¢/s we have

QBQ > (QB°Q)*/~. (9)



On the other hand, by LEMMA 2 with r = 2/s we have
(QB°Q)** 2 QB*Q,
and then by LEMMA 1 with r = p/2

(@B°Q)/° 2 (QB*Q)*?,
hence on M
(@B*Q)"° < (@B*Q)™""*. (10)
Now it follows from (7), (10) and (9) that

QAPQ/p+QBIQ/q
>N (QB*Q)™?*/p+(QB°Q)**/q.

In view of the Young inequality for the commuting pair A - (QB*Q)~/* and (QB*Q)'/",

this implies

QAPQ/p+ QBQ/q
> X (QB°Q)™M* - (QB°Q)'* = \Q,

proving (6). This completes the proof.
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Functions with a unique mean value and amenability

Yuji Tekahashi

Hokkaido University of Education, Hakodate

Iet G be a locally compact group with a fixed left Haar measure A and
let IP(@G) (1< p £ «) be the associated Lebesgue spaces. A subspace S of
L°(G) is said to be admissible if it contains the constants and xf for each
feS and x e G (where L is the left translate of f by X, Xf(y) = f(xy)
(ye@G). If fe ﬁw(G), let Sf denote the smallest admissible subspace
containing f. We say that f e ﬁ”(G) has a unique left invariant mean value

if LIM(Sf) is nonempty and there exists a constant ¢ such that m(f) = ¢
for each m e LIM(Sf). (For an admissible subspace S of ﬁm(G), LIM(S)
stands for the set of left invariant means on S, i.e., all me S¥ with
m2 0, m(1) = 1, and m(xf) =m(f) (xe G, £ e S).) The set of functions with
a unique left invariant mean value is denoted by U(G). Note that U(G) is
always closed under scalar multiplication. Recall that if G is amenable as
a discrete group, then U(G) coincides with the sum of the constants and the
norm closed linear span of {f - Life 17(G), x e G} ([7]). In particular,
U(G) is closed under addition for such a G. Recently Miao [U4] proved that
if U(G) is closed under addition, then G 1is amenable, thus answering a
question raised by Rosenblatt and Yang in [7]. The following. was posed as an
open problem in [4] : Is U(G) closed under addition if G is amenable ?
The purpose of this talk is to give many examples which show that the answer
to Miao's problem is negative.

Recall that a compact group G is said to have the mean zero weak

containment property if there exists a net. {ga} in

12(6) = {f e 1°(@) : fg far = 0}

such that  ||gyJl, =1 for all o end lim |g, - g, =0 forall xe@ (6.

The negative answer to Miao's problem is a direct consequence of the following

result.

Theorem. ILet G be an infinite compact group and suppose that U(G) 1is
closed under addition. Then G has the mean zero weak containment property.



It is well known that if an infinite compact group G is amenable as a
discrete group, then G has the mean zero weak containment property ([51]).
Some examples of compact groups which do not have the mean zero weak containment
property can be found in [1, 2, 3, 6, 8]. For example, SO(n) (the special
orthogonal group) does not have the mean zero weak containment property for
n > 3. Therefore our Theorem implies that the set of functions on S0(n)
(n> 3) with a unique left invariant mean value is not closed under addition.
This resolves Miao's problem [U4] negatively.

As a consequence of the Theorem we have the following. This gives a
number of examples which show that the answer to Miao's problem is negative.

Proposition. Let G1 be an infinite compact group that does not have
the mean zero weak containment property and let G2 be an amenable locally
compact group. Then Gl X G2 is an amenable locally compact group for which

U(G1 X G2) is not closed under addition.
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Injection of shifts into contractions

=T JERE (#HE)

Bv~v b ZER EO (BRI fERR T, To L, XTh =ToX £722 1 331 fEAHR X 85
TdalEeT < ,TeROL, EAZ X PSS CPBREEE2 > icEns s, 71 < T
L& SEH2LEORM Y 7 FMERARE (e (SR)2)=2h(2), he H?) & L,1<n< o0 XL
T, S=50S0 05 (nHOEM) £33, I TE, eV MERLEOR/IMERRT &
Bl 7 MERRS, OBE S, < TAELS. UTF, S/MERRT k2= ) —BA% /B0
L35 55 f(#0) € HPRMWLT, f(T)=0 L BIHWMEAZTD 7 521 CoTEbLEN
5. Wi, AMERART KW LT, dLXS=TX LB 28 XBEETERLE, T EC T
B5. i, T¢CooiE, S(=51) <TTh5IERMSNTWS. 7, Apostol-Bercovici-
Foias-Pearcy[3]([6]) IX(RDIEREZFTH L/ dLo(T)C D ={2: |z2| <1} TT ¢ Co 73 513,
Se0 =T ThH 5. .

FIMERZRT IR LT, sr =sup{n: S, QT} EBL. FTBARCENS, TeCo & kr =0
Thb. Ef, ks, =n, E5I, T < S ERBFMEARTIRHLT, kr =nTh 5 EBHS
s ([7,[8]). Alexander[1] i&, f/MEART KX LT, Tl fi(T)e; = 0&1B3H® 0
B f1, o, S fi = fa= o = for=0IK[BBELE, n fHORY b xq, 39,..., 2, 13 T-
analytically independent T % & FE#E L, ROERESF A /2 kp > n & T-analytically indepen-
dent TH 2 nfHO~N7 PV s1, T2y, Tn BHEET 2. COBREME-T, T = (7(;1 %" ) D&
&, kr =Ky, + K, ZIRT EDBTES. - T,

SR 1. BUMEFIRT 55T = (Tl Tz

0o T
kr=nTdh5.

HxidmiEl OEHZLAIC kr < 00 ERBFIMERZT BH 250 E3hH ST
R ERH EOR/IMERZ TR LT, MT)={z € H: T"zs — 0 strongly} i1 T®
FARERAZEMTH 2 MIT)=HELRBBEE, TiZ7 5 R Co. DIERE, £ M(T) = {0} ¢&

3%, TR 52 CLOMARTSBESEbNS. —ROR/MERERTE, T = (Tl D1 ) on

), T € Cy, T < S, EZHLEINBREHIE,

0O T,
H=MT)d MT), Ty € Co., To € Cr. EZF{LEND. %12, 7 5 R Co, C, Cop (0, =
0,1) & Co = (Co.)*, C1 = (Cr)*, Cop = Co. NCETEHENS. Cy C CopTH5B. %1z,
T < S BAFMERZTIRY 52 CpoThHbl ltAEETS. TE€CIIKHLTS, Seo <T T
HBIEBHMONTWENRS, LT ¢ Co BOW, /MEAR T X+ 3 LcEX W=
kD, Seo < T, HiT, k7 = 00 TH BT EBSH 5. FE-T, TeCol LTV T € Coid,

T, T
T = ( O1 232 ) y Th € Coo, T2 € Cro, E=FfLENB. DL E, LD Alexander OF5R X
2

D, kT = Ky + K7y DSELD L.
ROFEB, 7 5 R Cop DFMERRII LT, @1 OFBKOIL> T L ERT.

FEB1.TeCyphoTgCyisoid, fCT’:OO'C_‘ZBZ{-

TEH1E7 52 A OR/MERRORERAEBMIC >V T ORRLROBEL 2 LvBESN 3. {F
BOfe HO wld LT [If(M =flle TH5 & &, H/MERRT X7 52 A DIEFIHTHB &



Ebhd. £, fI/MEART ORZEHSERMM i3 LT, (1) (A = TIM)Y*k(X) =0 () € D), (i)
Vaep k(A) = M %723 conjugate analytic function k : D — M BEET 3 & &, M iF full
analytic TH B LE . Chevrea,u-ExneriPearcy[fi] i, full analytic invariant subspace %* & > g
IMERIRZBEM T /. WE, THEE 1 OREE®K/2$ET5. TeCo THahid, bLTEA
72 50, T™ I {full analytic invariant subspace %> ([4]). —H4, T € A 72 5F, Apostol DR
[2] &> To(T|IM) 20D (£ LT TIM ¢ Co) LBRBAREMATEEM BEND. 8- T, EE 1
BRROWEL 2 LviEohs.

e 1. f/IMEFRT OIBAERFZT™ #5 full analytic invariant subspace 2271 51, So <
TThs.

FEBH. M z=T* @ full analytic invariant subspace, k(A) % (i) (A — T*[M)*k(X) = 0, (ii)
Vaep k(}) = M %73 conjugate analytic function &3 3. k() & conjugate analytic T 3
P55, 0<r<1TIFLT, X: M- H?%2(Xo)(A) = (z, k(r))) K &> TEHTES. OEE,
&M (i), (i) 2 5 X W injective T, XT3 =rSX %2§ilcd I &Woh 3. 22T, Th = PuT|M
(Ppq & M~ orthogonal projection) &4 %. #t- T, r(S|(ran X)~)* < Ty. oL [3](%
7oid [6]) DEER XD, Seo < T2 218 3. T D& &, Sz.-Nagy-Foias @ lifting thoerem % {#- T,
S0 =T ZIRTHTEB.

WE 2. o(T) 8D, T ¢ Co 73 BIE, k7 = 00.

SER. Mobius ZH (T — oI)(I — aT) ' 2EA 3 2 Eick 1, o(T) 120 % & % 72\ BIEES SR
KEFha &L Tkw CDE&E EREDn It LT, T idn-th root A 28>, fEFHR A XFE/NME
A% B i similar TH 0, RET ¢ Co LVFMERKZB B¢ CoTHBI EWHh 5. - T,
S<B, LT, S" X B" T 5. T = A" 13 B" i similar TH Y, S® REEE n OFfllv 7 b ¢
BBME, Sn<T £33,

Ric7 7 X CroDRE/MERZZEAL 5.

2. T € Cro o kr < 0 5, (1) o(T) = D, (ii) 0o(T) = 8D, (iii) dim ker T* < k.

Or(2z) ZH/MEFAZR T OFRHEHK L T 3. O7(2) XD := (ran( — T*T))” & 5 D, := (ran(l -
TT*)) ~Of/MERH#HZEME I & 2EAKRMEO E2-BHTH 3. (1) T € Co & Or(2): iso-
metric a.e. on 8D, (ii) T € Cgo & Or(z): unitary a.e. on D MEK VI D. A, r(z) =
(I — 07(2)07(2)*)? (2 € 8D), Ry = M,|[(Aur*(D.)” &3 3. 2T, [3(D,) kD, icfl
R EBNY FVIEL? B/, M, i3EERE 2 i & 3 L2(D.) LD multiplication operator &3 3.
2 =% —{EEZE Ry 12T @ minimal coisometric extension D2 =4 Y —F4 ez =45 Y —[E{E
THD, T(D2=% Y —HEK) O*-residual part &IEiEH 3. Kerchy[5] i, sup{rank A,z (2) :
z € 0D} > n (n < ), i.e. Ry ® multiplicity »n Pl ERSIE, S, XTTE3EERLT.
Tr={z: Aur(2) #0} &BK.

WE.(5]) MMEART e LT, Prp = Iy & B 2 KEAREBAEMM BEET 5.

3. T'=T @Tg, T.€ Cilo&d 5. b L, I‘Tl n I‘T2 BaR— 7 RIE0 R ‘5@3":, KT = 00.

FEH. #E S L0, LW LT, Tryum; = I'ry &R BKEIRERDERM; BELETS. @
B2 X0 o(TM) = D, oo(TiM;) = D ELTEV. o0&, TIM; RKENTH 25
5, dim ker(T;|M;)" = 1. &7z, rank A, pyu(2) < 1ae. THB. To = T|(M1 & M) =



(TiM1) & (TIM2) &5 5. ZDEE, 0(Ty) =0D, 2L T, dimker T} = 2 ¢k 3. Tpickd
UTHiRE 3 2~ C, 'y v = I'n, LR BKEIREHDZEBN 28 5. dim ker(ToJNV)* < 1Th

35, IR0 € D RE/MERRTIN: 0OBEETH 3. f->T, PriToVN: € A, REL
D Tq NTp B~—2 JIEEO0 #2255, 1ank A, 7, (2) = 1ank A, M, (2) + tank A, 7 m,(2) < 1
a.e. fit- T, FHHERIEICSE 4 % regular factorization It > W TORERE X v, PN_LTOINJ‘ € Cyo. [4]
ORNBEEEL LD,k =00, LT, k7 =00 218 3.

4. T €Cpo &d5%. 555EE(CID) ki ié:&&:;nﬂ%Pﬁ’C@T(z) Ha=p Y- 5k,
K =00 TH 5.

T To= (T —ol)J—-al) ' &BL. k7 =k, TH 5. RELD, bBoeDAEE-T,
Tz, NT_z, REEO & TE 5. #- T, B3 XD, k1,0(—Ts) = 0. Krye(—Te) = k7o + Koty T
%Z}?ﬁ‘%,'lﬂfp = KT, = O0.

A,mAEZREND, 0D Fov~— s flgEE L, T = {z€0D: 0<arg(z)< 7} &9 3. HIEF
dp = dA + xpdm & & - TE % % cyclic subnormal operator S, 13658 4 ORMG %R/

BREE, —OF/MERZTICOWT S, < T &2 +5&BE25% 5.

EH 2. TZR/IMER#F LT 2. 55 |a| <1ie LT, T — al: not Fredholm %> dim ker(T —
al) <005, S < T.

Uchiyamal[8] i, IROF (2) DT I L, S0 < T =< Seo TH B & & %7 L 2. (rank(l — T*T) <
co DIFAR, [7) TRENTWVE.)

F ()T < S0 125U, Seo < T'; P T, T'i3 Soo I quasisimilar T& 3.

(2T €Cotds sL, [-T*THFL—22 35 2Tdimker T = 0072 51, Ti Seo
iT quasisimilar ©& 3.
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BSE Banach modules

Sin-Ei Takahasi

Abstract. We introduce a class of Banach modules which
are module version of BSE commutative Bnanach algberas
considered by the author and O. Hatori [4]. A Banach module
which belongs to such a class are called BSE. Every multiplier
of a BSE Banach module over a commutative Banach algebra
A can be characterized as a continuous vector field on the carrier
space @4 of A which satisfies a Bochner-Schoenberg-Eberlein
typ inequality. We give typical BSE Banach modules with
respect to C*-algebras and convolution algebras and further
give several related results.

Let A be a commutative Banach algebra with carrier space ®, and X a
Banach A-module. For each ¢ € @4 let M, be the corresponding maximal
regular ideal of A and set

X¥=8p { MX + (1 -e)X},
where sp denotes the closed linear span and e, denotes an element of A
with ¢ (ey) = 1. In this case X* does not depend on a choise of eq and it is
a Banach A-submodule of X. We define X =X/ X*and x"(¢) =x + X¥
(QPE @y, xEX). Let[IX,= WQA X be the class of all functions G

defined on @4 such that o(¢) € X for each ¢ € P5. An element of

II X is called a vector field on ®,. The space II X becomes an A-
module under the module multilication defined by

(20)(9) = P(a) O(@) (a E A, ¢ € @y, o€ [1 X,).
Set

X, ={0€ T Xy:[ 0= sp lo(@)] <},

b
Then [T X, becomes a Banach A-module under the sup norm || ||.. For

each ¢ € @, we define

Tyx) = x(9) (x €X).
In this setting a vector field 0 € [T X, is said to be BSE if there exists a
positive constant 3 such that

21000 | =8| 2 e



for all finite number of @1, ..., @; € P, and the same number of f; €
(Xg)*s s £.€ (X)) and the infimum of such B is denoted by || O |gsg.
Here (Xg)* denotes the dual space of the Banach space X,. Moreover set

IMpseXy= {0 €I X,: o is BSE}.
In this case we have lollx=|o|sse for each o] X,, and hence

HBSEX cIT’ Xg . Also we can see that HBSEX becomes a Banach A-
module under the BSE-norm I |sse-
We next introduce a concept of continuity for vector fields. To do this,

set
- @g)@A {CP} * X(p ’

and let T be the natural map of @5 x X to IIX, defined by
| @, X) =(9, xN9) (9 € Py, x EX).
Let @, x X have the product topology and give IIX,, the quotient topology

with respect to 7. In this settting we say that a vector field 0 € [ | Xy is
continuous at @o € Py if the map: ¢ —> (¢, o(@)) of D4 into 11X, is
continous at ¢g. Also 0 € [T X is said to bc continuous on @, if it is
continous at all @ € ®,. Let us denote by H X the class of all continuous
vector fields in I X and set

b
1%, = Hxnﬂ&,
I peeXo = MpseXe N I1X,

Problem 1. Is H;SEXQP a Banach A-submodule of HBSEXq; ?

An A-module homomorphism of A into X is called a multiplier of X. We
denote by M(A,X), or simly M(X), the class of all multipliers of X. M(X)
becomes a Banach A-module in the obvious way. In this case we have the
following representation theorem which is a generalization of the Helgason-
Wang representation [1, 7].

Lemma 1. (i) If T € M(X), then there exists a unique vector field T* on
@, such that (Ta)" = aT” forall a € A.
(11) The map: T — T" is an A-module homomorphism of M(X) into

H X » the kernel of the homomorphism being equal to
{TEMX): TAC Q) X%}.
PpE D

b
(iii) If cpsélg | g || /T @ll <+, then MAX) © IT Xy » Where MY(X) =
A
{T": TE MX)}.



If {e)} is a bounded net in A satisfying the condition hin P(xey) = (%)
for every x € X and ¢ € ®,, then we call it a bounded weak approximate

identity of A in the sense of Jones-Lahr (cf. [2]). For each x € X, define Tya
= ax (a € A), so that each Ty is a multiplier of X. Then we have the
following

Lemma 2. (i) X" CM*(X) N [TpeX, and x* =(Ty)" for each @ € @,
where X" = {x": x € X}. .
(ii)IfAhasa boundgd weak approximate identity in the sense of Jones-
Lahr, then MA(X) C [I5eX - ~

Then we have the following diagram:

. b .
I 1 Xo

be
HBSEXfP H X0

/

[T5eXe MA(X)

XI\

Definition. A Banach A-module X is said to be BSE if M"(X) =
[
HBSEX¢‘

Remark 1. Let M(A) be the multiplier algebra of A. Then the Helgason-
Wang representation theorem asserts that any element T of M(A) can be
representated as a continuous complex-valued function T" on ®,. Let
M"*A) = {T": T € M(A)}. Also denote by Cggg(P,) the set of all
contiunous complex-valued functions on @, satisfying that there exists a
positive constant {3 such that for every finite number of complex numbers

€1, - » €y and the same number of @4, ..., @, in @, the inequality



3% @) | <B| 3 e

holds. We say that A is a BSE-algebra if M"(A) Cgse(®Py). The well-
known Bochner-Schoenberg-Eberlein thorem asserts that the group algebra
L*(G) of a locally compact abelian group G is BSE. But commutative C*-

algebras, the disk algebra and Hardy algebra on the open disk are also BSE
(cf. [4]). If further A is BSE, it is a BSE Banach module over itself.

Remark 2. Suppose that X = A. Then for each ¢ € @, and x € X, we
have X¥ = M, and so X, = A/Mg = C, the complex numbers. Therefore
Xp*= C*= Cand th)(x) X +Mg = @(x) (Vx EX). Hence the BSE-
inequality on a Banach module represents the classical BSE-inequality on a
commutative Banach algebra.

Suppose next that A = C. Then @4 = {ic} and hence X'¢ = {0}, where
ic is the identity map on C. Therefore X, = X, m; (x) = x + {0} = x
(VxEX), X=x"=]1 X and (X )* = X*. Hence the BSE-inequality
represents | £(x) | =[x |gse | £ ]| (Vx €X, VI €X*), so by the Hahn-
Banach extension theorem, we obtain || x ||gsg = || x| (Vx €X).

Consequently, the BSE-inequality represents the fundamental inequality
[ ) | =[x [ f]] (VxEX, VI EX*) on the functional analysis.

In [6] the author gives the following typical BSE Banach modules.

Theorem 1. (i) If A is a commutative C*-algebra and I is a closed ideal
of A, then I is a BSE Banach A-module and A is a BSE Banach I-module.
(11) If A is a quasicentral C*-algebra and Z is the center of A, then A is a
BSE Banach Z-module.
(iii) If G is a compact abelian group, then C(G), M(G) and LP(G)
(I=ps=+ °°) are BSE Banach L'(G)- modules.

(iv) If A is a commutative C*-algebra with discrete carrier space, then any
Banach A-module is BSE.

Problem 2. What is a commutative Banach algebra over which any
Banach module is BSE?

Remark 3. Let G be a compact abelian group and X a Banach L'(G)-
module. For each Y € G", the dual group of G, let Xy ={yx:x € X}. Then
Liu-Rooij-Wang [3] have obtained that 6 € [] X, can be extented to a
multiplier of X if and only if there exists poslitive constant [ such that

" Z cio() | =P “ i; Cifi IILl(G)
forall ¢y, ..., cp, €C and yl, wesYn E G". A better analogy with the
Bochner-Schoenberg-Eberlein theorem would be obtained if in the above
inequality one could replace the L'-norm by L™-norm, but this change would




make the theorem false, as one sees from the example X = C(G), o(y) =Y
(VY €G"). However this trouble can be taken away in our viewpoint.

The following result gives a characterization of BSE vector fields which
is similar to one obtained in [4].

Theorem 2. A vector fieldo € [] X is BSE if and only if there exists
a bounded net {x)} in X such that w*-lim (x;\)"(m) = 0(p) forall p € (PA.

The above theorem suggests that any BSE vector field can be regarded as
an element of X** the sccond dual of X.

Theorem 3. Let X be either M(A) or a commutative Banach algebra
which contains A as a closed ideal and assume A has a bounded weak

‘approximate identity in the sense of Jones-Lahr. Then H BSEXg becomes a

Banach A-module and it is isomorphic with Cggg(®,) as Banach A-

modules.
In particular, if A is a BSE-algebra, then X is a BSE Banach A-module.
The converse is true whenever A has a bounded approximate identity.

Corollary. Let Gbea locally compact abchan group. Then the
measure algebra M(G) of G is a BSE Banach L'(G)-module.

Probelem 3. In the noncompact case, are Co(G) and LY(G) (1 =p = +%)
BSE Banach L*(G)-modules?

Let S be aset and ¢ (S) the set of all complex-valued function a on S
such that [|a||; =s§S | a(s) | < + ». Then ¢ '(S) is a commutative Banach-

algebra under the pointwise operators and the norm || [|;. The following
result is similar to one obtained in [5].

Theorem 4. Let S be a set %nd X a Banach ¢ (S) -module. Then
X" C T pepXo CMAX) = TT'X, .

Probelem 4. (i) For any Banach ¢ (S) -module X, does X" = II;SEXqc
holds? '

(if) What is a commutative Banach algebra A such that X* = [T 5sX
for every Banach A-module X?
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Bifa v,y FE D conjugation RE T E L -BERZER oW T
wH A bk - #2)

G%i2Bitav,s &, dz % G Lo (AE&h#) £ERE Haar flE &
L, IP(G)(1<p<oo) 2 DRIECEY 2@% D Lebesgue R & ¢ 3. &
reG il {z} oibEE C(z), G otk Z(G) THFbT. +18b b
C(z) = {y € G:ay=yz}, Z(G) =(\;cq C(a).

I1<p<Looictl G [P(G) Lod#fiakE m, %

mp(2) () = f(z~M2)A(2)'/?, @t €G, f € [P(G)

TEDS. CCTARGOEYaI—HBTHS. ZDEH%E conjugation
RHEER. & mp(z) & LP(G) LoSHEREAKTH D, fic m 13 Hilbert
= L2(G) koa=5y)—KRBHEB 5.

LT 1<p<oolp+l/g=1¢cd5. ZE A, (G) % u(z) =
2 ome1{Tp(2)hn, gn) (hn € LP(G), gn € LUG), 3202, || hn lpllgnlly < +c0)
LEDEBDZIIN G LORERERK votblds. 22T () & LP(G)
& LYG) oM %FEbd. C0L & u€A (G)dsvak

]| 4., =inf{lehnllpHgan: = (mp()Rn, gn }
n=1

n=1

TEDB I LicLD Ar,(G) it Banach ZEf &5 3.

toggcm, oRboic Go [P(G) LoEBE L3RR N, (5B
Ap(2)f(t) = f(z™M), 2,1 € G; f € LP(G)) #AVTEoh 3 EM%E 4,(G)
THRHT. u€4,(G) s vabEBR

||l 4, :inf{ZIlhanHgan: = (A (2)hn, gn) }
n=1 n=1

TEDS. co& & A,(G) rEE (w)(z) = u(z)v(z) TEDH B &ic kD
Banach R &7 2. 2/ Ay(G) ic>wTid Herz, Eymard 1wk h £ < 0
MEBZTERCWS. 2T Ay(G) ik Fourier R¥ LIz D Thh, G
BEEO & s i3iEn G Lok L ( ) ® Fourier ZH DL Eic—% 4+ 3.



Z] A,(G) OBEICODVWTRIRDOI EBH SO TWS.
(1) A,(G) ot RERETO0L%2 G Lo#EGEHEMTH 3.
(i) 4,(G) 13 G oBEENBET 5.
(i) A,(G) PEBMEBE 52D OBE+IERAER GBIV s+ THS
ETHB.
(iv) H» G oFBABETH2EE A (Q)|y =A4,(H) BRIT 5.

1. %20 A, (G) o,
BHic Ap(G) Lo LBOT T Ar (G) 0BARWBHBE I O WTEERT 5.

@i 1.1. (i) A, (G) otid G Lo—#HEHRESEKTH 3.
(ii) Ar,(G) 25 G OB HEENET B D OBEFHRER Z(G) = {e} &7
528ThB. F1c A (G) ot Z(G) 0 BBABE L —FEEE 5.

L. (i) w(z) = (mp(2)h, 9) € Ar,(G) (h € LP(G), g € LY(G)) i3t L

|u(az) — u(z)| = [(mp(az)h, g) — (mp(z)h, g)|
= [(mp(2)h, 7(a™")g — g)]
< |IBllpllwg(a™1) g — gl

Tho, BB 2 nz) PREBETHEIED S v OF—BEBEESD M
5. E—#EREICOVWTOREB. £ COEHDP S u € 4, (G) 251 4y,
Ug € Ar (G) (e €G) LR B ESEBichbhr 5.

(i) e € Z(G) &9 5& Ala) =1 & mp(a)h = m(e)h, h € LP(G).
k- T ula) =ule), u € Az, (G). £/ (i) OEHOEE LD u(za) = u(z),
u € A, (G), z €G.

e Z(Q)={e} £43. cot s acG\{e} L ula) =0, ule) #0
TRVWEIRZ u €A (G) DELEEVAETHTH 3. RELD ab#ba &1
2beG e, al\Ua=0 ¢33 &2B boavry bEEU BEET 3.
o s & u(z) = (m(z)xv,xv) B & ue Ay (G) T u(a) =0, u(e) # 0.
(RE#)



i 1.2. G % [IN]-group @ & & A, (G) REHBEEE S >. W Ar,(G) 23
EHEHE 27 518 G i [IN]-group ©5 3. & ¢ G 28 [IN]-group ¢ &
BERBfiitoa vy PEEU TINTO 2 € G el eUzs~ ! CcU &
RBELOBEETHLEELS.

iLfH. G % [IN]-group & L, U % e o3 v,ey viEE U © 22Uzt = U,
r€G &BBrbnEd 3. CobsE (U %2 U o Haar fllFFE LT u(z) =
U= Ymp(z)xu,xu) 8L Eu(z)=1,2€G &3,

B Ay (G) BEMEE lg 260 F 3. —fiz Ar,(G) & {ma(z): 2 €
G} tHRK &t % von Neumann 43 9 © predual ©b 2 & & BHo>h T
W3, lg it MEOERREZERL, Lin-T L G) o 0 THRVWHEK
B o {fal) BEELT S (ma(a)fa, fa) =1, 2€G 5 3. &
2T Schwarz ORZEREHA VB & (m2(2) fn, fn) = ||ma(2)|]2]|frll2, T 72D B
mo(2)fn =fan(z€Gn=1--- N)%2EB2. koT m OEFATRER 0T
BOBMAEES S s G [INl-group Th 2 2 ENFETH B C &b
HEBEONE. (FK)

EE.()H%2 GoMBAIWETS. Co&&—ficid A (G)|lg C Ar (H)
RERIZ LB V. EE A (G)lg C AL (H) 351 Hoduly Z(H) & Z(G) i«
EENZIEBMETHE. FHRGE L) L20TFHILBELINSB.

(i) A, (G) @—Micit (GoBBEILD)BTHLTVWARE L. il G =

HERTTE b OHBHEBEO L & AL (G) RETHALTWR W &2, M 3 (i) %
FAWTHEHT 2 ENTES.

Ap(G) & Ar(G) 0BEBKRIEDVWTRIROZ LD 3.

i 1.3. (1) G avry + Bl Ar(G) C 4,(GQ) TH D, &5 u €
Ar,(G) w3t U ulla, < |lulla,,-

(i) Z(G) 253 v ey P TV S A (G) (N 4p(G) = {0}

(iil) G 2 BHBDO L & Ar,()42(G)={0} TH 21 DDUE+HELER
TRTO a€GicWL Cla) 5 ERESTHBIETH 5.



M. () MA,(G) & 4,(G) oRMBOEMET 3 &, —fi A,(G) C
MA,(G), |lulla,, <llullma, (u € 4r,(G)) TH 2. —F Gsa vyt
Ex A(G)=Ar(G)THD, 2D/ VA b—KT B EmS () BEONG.

(i) Ax,(G) o Z(G) o Lc—EfEZ & 2 TH 5 & & 4,(G) @
TRERET 0 EBZMEBTHE LD ST S®.

(i) C(a) BER L2 a € G WEHET S & &, B u(z) = (m,(2)8,,6.) =
Xc(a)(2) & Ar, (G) 2 A(G) kBT 5. EE A,(G) 5 45 B 1T B BOE
TRTCELIEHLHLLTH B.

Hicd T aeGicxL Cla) BEBESTHZEL,T %2 £2(G) LoF
RBHIEAEZET Tr(y) =), y€G 23+ b0ed 3. 5L T8, #0
L1825 acEBHEETDZILETEHE, TRTDO yeCa) XL

Tbyay—1 = T'ma(y)ba = Ao (y)T6a,

EoTFNTD y€ Cla) iU T = Aa(y)T6, &7 %25, Cla) »EFRLE
BThEBlEbL I T6 B 2(G) BT s FET 3. LichoT
T=0 —fic Ar,(G)NA2(G)={0} &7 22 & & 7y & Ay © intertwining
FERD 0 1B C & BEBTH3 55 An(G)A(G) ={0) &5 5. (&
#*)

2. Inner amenability & 22/ A, (G).

Banach ¥ A,(G) o# 4 BHE X G ORIEY (amenability) & 2 i
fRLTwaenmonTnd. UTFCTRER A, (G) 2FwT G inner
amenable Th 37 ODMBE+HEMEEEZ 3.

C*R¥ L*(G) LokE m T+ ~TD a € G f € L¥(G) L
m(Too(a)f) = m(f) L7 % b DBHEET 5 & & G i inner amenable T 3
EFENS. T TOBERE, EIESE I inner amenable T3 3 25, GL(n, R),
SL(n,R) (n > 2) i3 inner amenable T7X . inner amenability i > T I ¢
RAREOHBR I SHEE L TEFER4 OWREREBELILTWS.



feIYG) sl IP(G) LoBRBBAERR 7,(f) 8L A, (G) ko
ERBEAR »(f) #2nzh

ﬁAﬂMQ%{Lﬁ@N%ﬁﬂhwd% h € I¥(G), g € LU(G),
B(flu=F*u, u€idr(G)

TEDS. Co&E ||nO ST O LIl B> e hbr 3
BE 21 fel'G), f>0¢33%. Co&sHK
[1,00] 3 p = log ||, (f)]|

BB TE 3. i [T (HI=flli €782 1<po<oco BEHETHIE, T
RTD I<p<ooil ||T(Hll=IflL &% 5.

EFH 22 8 1<p<oo it LIROZBREVICEETS 3.

(i) G i3 inner amenable T& 3.

(i) Ar,(G) DD % v b {Ua}aecr T sup, [ualla,, <+oo &z &>
OBRFEELT, EHE KK, T8bLE GosFxToav»~ s bPEE&DE
T—#c Imau, =1 KD ILD.

(i) 8o feIHG), £ 203U (Pl = 1.

(v) Bl 7,(f) o J, £(z) de (f € TH(G)) # BUP(C)) EoR RAFABE
IR %

o B(IP(G)) & LP(G) LoBERBEERAZLE D> { 3 Banach Zfi%
zhd.

M. (i) = (il). G 2% inner amenable ® & % f, >0, ||fuli=1, €l &3
98 LNG) D%y b {fatacr THhE—# i lim, H7r1(a:)fa fall=0&713
bOBHELET B EBHLNTVS. by = fil? € IP(G), ga = f/7 € LU(G)
EBE, ua(z) = (1p(2)ha, ga) EED B & ua € A7 (G), ||ualla,, <1 TH
D, &5 ua(z) — 1] = [(mp(2)ha; ga) — (has 9a)| < ||7p (2)ha — hallp, &3
5. CCTCHRALBORNEG 0 REE—RICNET 225, 20 {u} KD 3 b
DTHAHI EBDLI S



(il) = (ili). f € L'(G), F2 0L |Iflh < (Al 27 F. {vataer %
(il) 2@ 3 Ar,(G) @ % » b & 5. sup, [[talleo < sup, [[ualla,, <400
X0, % v+ {fruataer CL®(G) i& o(L>®, L) fi# T ||flhle i INET 3
CEBb?B. Lied>T M =sup,||ualla,, &8 &, LNG) oxh 5%
¥ 5 L*(G) LoBRBIBNBEHO T LY & RS ||ullo < |lulla,, (ue
A (@) 25 |Iflh S Mlln(H)ll 2853, 2T f% f*x-xf (nfll) T
BEnABs Eicry |fli S MY |w(f)| £%5 3. koTn—ooo LT
IFll < NIl 28 5.

(i) = (iv). HE 2.1 ofioFERELY f€ LY G), f>0rxL ||flL =
IT(All cov, HicwE 21 x0 |[flh =) tb3. co%ke
VAT AZARERNLS, TTo f € LNG) el | [, f(z)dz] <
[T ()l £ B eMbB. Lich> TEZ T,(f) — Jo f(z)dz 3 v A
= AT (f) : f € LYG)} Lo B REBNEE £E% L, & > < Hahn-Banach
DEED 5 hit B(LP(GQ)) £EIIENSS.

(iv) = (i). €% M >0 % | [, f(z)dz] < M||%, ()], f € LNG) %
To0ELT B L, BHic fFELNG), F>20wredL ||flh < M|T(H)]. co& =
(i) = (i) oW @B LT |[flh STl 72 2. & > wcHiE 2.1 &
0 |[flle = llm(NIl, Lizts-> < | g fz)dz| < |7, f e LHG). ccT
HREFABEY m2(f) = [ f(z) de % B(LY(G)) 2kt hif b 0% ¢ &%
K. cozs L¥(G) oxn%x L*(G) LoBEEREEZE LT BIAG) ot &
BRTE M) =o(f)(f €EL®(GR)) TFEE 2ERETNBEE m 28 T OFE
FATRER [©(G) LORETEH 3 EBMEATY 5. (FEK)
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N—5 1 -2 i O
# b8 A Gk

f A% BAR7AHE D ko Hardy ZER H' @ norm 1 O TH B & &
S*'= { g€H': |lgll=1, £/g=0 a.e. on T=8D }
EBL o WABWATL £ IZDWT S BEDX I BESTH B0 IEHRECEETS 5,
LS R ohsEFEE Y BAEKEE OEROESE LTERS L . BRER
BEELTELALNE, THRbE.
heLT(T) D& &,

La(e) = §_7 gle'h(e')dt/2m  (g€H')
LERTDHL. T€H D&E S ={g€H": [lgll=l, L. (@ =1} EEINBDTH%,
F/o, COREITIE. Toeplitz fEAHRE DMLY | TRIGIREEE OO DI ENH 5,
EC.H @ norm 1 OB £ BEZoNiEE, S KOWTORDOEESEZLSND
(1) S'={f} &BBLENHBN? b LT, L T WEDLHIBEFKRD & &2
(2) S' OERRTZ NI FVEDBERIRITERZDIIEDLHIBREEN?E/, TDEE
S* BT 3BT N TEHBIICOD DB ER T I ENTESN?
(3) S*' DT B~ bNVESERRITERBOREDLHIREEN? o, FDLE,
S' BT BRI b0 P RBT B LB TEDM?
PIT. (1) i&20WTilRR5, (2) 20T, [6], [TIEZBHEINI W, /2. (8) oWV T
i [2],[3] b5,

St={f) Bk o&&. T & H D exposed point &EFEIEILB, £ &% exposed point T
HBEX £ 13 H OBAIERD extreme point 7 5H 5, deleeuw-Rudin DEEE([1], 1958)
lIck® 1% outer function 'C‘&‘)% &G 5E, €T f B B @ outer function T
HHEELL/T] A ball(H') D exposed point &3 DL f H4ERI?S outer function T
HBHEELEIEILIRD, CDXIHE outer function FWAWARERTEELRRERTH D -
strong outer function (cf.[7]) &#» rigid function (cf. [9]) EDEFIENTWEHDT

$3o LITTid. strong outer function EWAIEEEHWS I LT 3,
FRLL,
f : outer & £/||f|] 2% H' DHAERD extreme point
f : strong outer & £/||f|] 45 H' DEAIERD exposed point
S fe't) = gle'’) ae t BEDIUDEE., f~g &K
Z&litgas.
g€lH', f~g = g/f i constant function

£ % strong outer T BLRMEIINANAS LAISNTWAR, THEHMOES b &H DHIFED
BlrohtTns,



strong outer function T\ outer BEEKDH

A, f(z) = (z-a)® ,a€T,
B. f(z) = (1-q9)% q(z) non-constant inner,
C. f(z) = (qu +q2)? with q., q. inner, q.+q; = non-constant outer
D. f(z) = q1*qz2, qu, 4 inner with Im [q.qz]=0on T
, Q1+tqz  non-constant outer
V) A, (zma)’~-az

B. (1-9)®~-q

C. (aqi+qz)®~ q.q.

D. qi1tqz ~ -i (QL'QZ)

PLEDOBIL OIRD &350 5
(A) Jg(z) €H': f(z) = (z+a)?g(z) = f : not strong outer
(B) 3g(z) €H', Iq nonconstant inner: f(z)=(q+1)%g(z) = £ : not strong outer
(C) 3g(z) €H', Fqi, q. inner with q.+q. non-constant outer, f(z)=(q.+qz)*g(z)
= f : not strong outer
(D) dg(z) €H', Tqi, qe inner with Im [q:q2]1=0 on T, q.+q. non-constant outer

: T(z)=(q.1+q2) g(2)
= f{ : not strong outer

ﬁﬁ%i o A, (B), (C), (D) E&2OWTHIBEALGTEH?

(A) E. Hayashi oF#1 ([2])
(o) ~Wa Z"Vq

f(z) = (1+B)®>, B(z) = I — with
n=1 |w.| 1-Waz
o 1= |wl? .
z = o for each ¢ €T
n=1 | 1~aw, | 2

(B) a Conjecture in [9]
(C) B4 5, H Helson [3]
(D) B3I 4 3. T.Nakazi [8]

(B) £\ WPERALT 5 ETFEINTWIS, %&is‘(ﬁmﬁ%ﬁxén% CEBSB T
([5]). BIF. ZoBofERFEIC>WTDONS,



(B) ODRBIDHRK
F.F(2) ZROEIICTERT 5. T8bE ar = exp (i/k?) k=1,2,3,.... IHLT

© (z-ag)(1-T«z)
F(z)= I (z €D={z: |z|<1})
k=1 (z-1) (1-2)

DEE.
(i) F(z) 1% analytic on C\ {1}, F(2)=0 on T\ ({1},

(ii) Im[log F(e'*)] 1 Llog'L class IZEd 5%,
PE-T. log F(z) €H'(D) EIB F(z) i outer 785,

1 1 1
K2 > ™ - Ex > W+8k+l

Ric . ERT {e) = 1)
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oo
k=1,2,... EREITEICED. Q= Y (1K 24 UK +82) &L,
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EBog>0 on TN{l), g€L (D), log g€L'(T) THBo,

BRI g VT, 2FHET 50

2 lt+
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Uniqueness of a Farthest Point in a Bounded Closed Set
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§1. Statement of the problem and preliminaries

“Suppose a bounded closed subset C of a Banach space E and a point © € E
are given. Then does there ezist a point z in C which is farthest from = 2 When
is such a point unique?”

This is our problem, and before introducing our results, we would like to note
the following facts about this problem. Let R? be equipped with supremum
norm and let C' be its closed unit ball. Then there exist infinitely many farthest
points in C from every point of E. On the other hand, if R? is endowed with
Euclidean norm, then (s,t) € R? has a unique farthest point in the same set
C if and only if st # 0. This observation shows that the geometric nature of
the underlying Banach space F is involved in the uniqueness problem, and we
can expect the uniqueness only for “almost every” point in E.

The notion of the subdifferential of a convex function is crucial in the proofs
of our results. We begin with the following definition of a convex function
associated with a bounded set.

DErINITION 1.1. For a non-empty bounded closed set C' in a Banach space,
we set fo(z) :=sup{|lz~y||yeC}.
REMARKS. (i) fc(z) is a convex function of z and is uniformly Lipschitz

continuous with Lipschitz constant 1.
(i) fo(z) = fp(z) holdsif c6C =T3 D.

(iii) z is a farthest point in C from z defy €C and ||z - z|| = fo(z)

We recall that z* € E* is called a subgradient of a continuous convex
function f on F at ¢ € E if

(z",y — =) < f(y) - f(z)



holds for all y € E. The set of all subgradients of f at z is called the
subdifferential of f at z and is denoted by 8f(z). For any z € E, 0f(z)
is non-empty. Moreover, df(z) = {z*} for some z* € E* if and only if f is
Gateaux differentiable at € E with its Gateaux derivative being z*.

On the other hand, for z € E and for each y € E the (right hand) directional
derivative d¥ fo(z)(y) = lmyo{fc(z + ty) — fo(z)}/t exists and defines a
sublinear functional of ¥y on E. Moreover, the following equalities hold:

Ofc(z)={z* € E* | (a*,y) < dtfo(z)(y) forall y € E}, (1)
d* fo(z)(y) = max{ (z*,y) | 2" € 8fc(z)} (y € E). (2)

§2. Existence results on farthest points
The existence problem of a farthest point has been investigated by several
authors, for example by Edelstein, Asplund, Lau, and Panda—-Dwivedi.

DerinNITION 2.1. (Lau) For a closed bounded set @ # C C E, define D(C)
by
D(C):={z € E|Vz* € 0fc(z) inf(z*,z—z) = - fo(z)}.
zeC

THEOREM A (Lau). D(C) is a dense Gg-set in E and in case C is weakly
compact every ¢ € D(C) has a farthest point in C from z.

ProrosiTioN 2.2. Let C be a non-empty bounded closed subset of a Banach
space E. Then G(C) = E holds if and only if C is a singleton.

DEFINITION 2.3. We say that a Banach space E is a Kadec space provided
that each sequence {z,} in E which is weakly convergent to z with ||z,| — ||z||
is actually norm convergent to z.

THEOREM B (PANDA-DWIVEDI). Let E be a reflerive Kadec space and let
C be a non-empty bounded closed subset of E. Then every © € D(C) has a
farthest point in C.

§3. Uniqueness results on farthest points

As to the uniqueness, we obtain the following results.



PrOPOSITION 3.1. Suppose that E is strictly convex and that C is a non-
empty relatively weakly compact subset of E. Then each point z € D(C) has at
most one farthest point in C.

THEOREM 3.2(reflexive case). Suppose that E is reflezive and strictly convex
and let C' be a non-empty bounded closed subset of E. Then each z € D(C)
“has at most one farthest point.

If we further impose a condition on Banach space F, we can prove both the
existence and the uniqueness of a farthest point from each point of D(C).

DEFINITION 3.3. A Banach space F is called strongly convex provided it is
reflexive, Kadec, and strictly convex.

COROLLARY 3.4. Suppose that E is strongly convez and that C is a non-
empty bounded closed subset of E. Then each point of D(C) has a unique
farthest point in C'. In particular, if E is a Hilbert space, then for a non-empty
bounded closed subset C of E, each point of D(C) has a unique farthest point
in C. '

Moreover, there exists a possibility of finding a dense Gs-set Dg(C) other
than D(C) such that each 2 € Do(C) has at most one farthest point in C'.

PrOPOSITION 3.5(non-reflexive case). Let E be a strictly convex Banach space
and let C be a non-empty bounded closed subset of E. Suppose that fc is
Giteauz differentiable at x € E. Then x has at most one farthest point in C.

DEFINITION 3.6. A Banach space E is said to be an Asplund space [resp. a
weak Asplund space] if it satisfies the following condition:

For each continuous convex function f defined on an open convex subset D of
E, there exists a dense Gs-set G in D such that f is Fréchet [resp. Gateaux]
differentiable at every point of G.

THEOREM 3.7(non-reflexive case). Let E be a strictly convez weak Asplund
space and let C' be a non-empty bounded closed subset of E. Then there exists
a dense Gs-set Do(C) in E such that each point © in Do(C) has at most one
farthest point in C.

THEOREM 3.8(non-reflexive case). Suppose that E is smooth and let C # @
be a relatively weakly compact closed subset of E. If C is not a singleton, then
fc is Gateauz differentiable at every z € D(C).



§4. Effect of G; property

THEOREM 4.1. Let E be a strictly convez weak Asplund space and let C be
a non-empty weakly compact subset of E. Then there exists a dense Gj-set
D*(C) in E such that each point z in D*(C) has a unique farthest point in C'.

THEOREM 4.2. If C is a non-empty bounded closed subset of a strongly convex
space E, then there exists a dense Gg-set D*(C) in E such that each point x
in D*(C) has a unique farthest point in C.

§5. Proofs

ProrosITION 5.1. Let C be a non-empty bounded closed subset of a Banach
space E and let x € E. Then the following assertions are equivalent:
(i) = € D(C);
(i) inf d*fo(z)(z - =) = —fo(2);
z€coC
(i) For any € > 0 there exist a A € (0,1) and a z € coC such that

fe(@ =AMz —2))—eA< (1=A)||z ~ 2| (3)

Proof of Proposition 3.1

Since the proposition clearly holds if C is a singleton, we may assume that C
is not a singleton. Now take an z € D(C). Then by Proposition 5.1, for any
sequence {e,} C (0,1) with &, | 0, there exists a sequence {#,} in ©6C and
{An} in (0,1) such that

fc(:l: + )\n(zn — (I:)) - fc((L‘) < —)\nfc(w) + epAn:

Since C is weakly relatively compact, €6 C is weakly compact by the Krein—
Smulian theorem. Hence we may assume that z, is weakly convergent to some
z € @C by virtue of the Eberlein-Smulian theorem. We may also assume that
z = 0 and fc(0) = 1 without loss of generality (by scaling and translation).
Suppose that z = 0 has a farthest point y in C. Then ||y|| = fc(0) = 1 and
for each n € N we get

”?/ - /\nzn” S fC()\nzn) <l- A'n. + En/\na

and hence
ly = Anzall = Iyl < =(1 = €n)An.



Taking a ¢ € 9|| - ||(y), we obtain from the above inequality
=A@, 2n) < —(1 — €p)An
and hence
(py2n) > 1 —¢y.

Since €, | 0, we obtain (p,z) > 1 which implies (p,2z) = 1 and |[z|| = 1 on
account of ||z]] £ 1 and [|¢]| = 1. On the other hand (p,y) = 1 clearly holds,
hence (p,y + z) = 2.. Consequently ||y + z|| = 2, and hence we obtain y = 2
by the strict convexity of E. Thus we have proved the uniqueness of a farthest
point from z. B

Proof of Proposition 3.5

We may assume that C is not a singleton. Let y, 2 € C be farthest points from
z and let ¢ be the unique element of dfc(z). Then ||¢|| =1 and

(g, —y) = llz—yll = llz - 2[| = (p,z - 2).
Therefore |
Iz —9) + (z — 2)|| = (@, (& — y) + (z — 2))
=lz -yl + llz - 2|

holds, hence & — y = z — z by the strict convexity of F, whence y = z. |

§6. Example

For a non-empty bounded closed subset C' of a Banach space E and a point
z € E, far(z,C) denotes the set of farthest points in C from z. far(C)
denotes the set of points in C which are farthest from some point in F, i.e.,

far(C) := Ugegfar(z,C).
ExaMPLE 6.1. (A) Supposé that E = [ (over the reals) and C = {z € E |
llz|| € 1,z > 0}. Then

extC=expC ={0}U{z e C||z| =1}, (a)
far(C)={z € Clllel =1}. (b)

For z € E, we define the positive and negative part z* of z by z* = (£z) V0,
respectively. Then as to far(z,C),

®’ (513 > O)
far(z,C) = { {z~/||="||}, (z~ #0) (c)
{zefar(C)|zLz},(z>0 but not z >0)



holds, where z > 0 [resp. z > 0] means that every component of z € E is
nonnegative [resp. positive]. Moreover,

DC)={z€eE|z" #£0}. (d)

(B) Suppose that E = L2[0,1] (over the reals) and C = {f € E | ||f]| < 1,f >
0 a.e.}. Then

extC=expC = {0} U{f € C ||l =1}, ()
fax(C) = {f € C | Il = 1}. ®)

Let f* be the positive and negative part of f € E as in (A). Then as to
far(f, C),

‘® (f>0ae.)

far(f,C) = ¢ {f~/1IF 11}, (f~#0) (8)
{zefar(C)|zL f},(f>0butnot f>0 ae.)

holds, and we have

DIC)={feE|f #0} (h)
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Perron-Frobenius TEHONT A KL 7ERITA~DIGH

BEROKZK -H HE BEET

§1. F¢

HRRZOLSBORR LT, BEERLICBNTY, 77 7 ZIVIEEOTIR
WAWBRBEEOBHICEIL > TND, TOT T T FMCONT, EORBOER
fLp—2L LT, "NTARNTRTEYSH D, AR F I ENTHDIV -V
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D &Riciev Moran OFIEESLN [4] 2T HOMRLEETHS, TOLIR
HEHLA SR ZOMHEURTE» D BES AT ARV IRIEERDB I EHNTES
[2]. LU, —ROBEDA YA KA TRTERD S C LIZES TRV, V.
Drobot and J. Turner (XJIEEDTTFIICxd B Perron-Frobenius MOFEEH % HV
T, Moran OFEE&EMGERET L5722, iﬁlzﬁ@%ﬂ%ﬁé%@»& 2 RIS
ZRDTWS [1].

T ZCik, V. Drobot and J. Turner OH¥EEREBEIWT, R OHCHHLET
2V, HEBEDOMIBEDONT APV TRITEERD BFELCONTHRS, EL
T, THiZ Moran OBIEERMGERTC SRWEEROBTY, HIROFEMENE
WIXHEHTE 3.

k EHDIEE S > EBEFIEM B CERE ps #BAL, BE r+1 OEFIEH
BT oBBES FItL, ThbBESh B OBSEE 4(F) L Fb



BEISNEZITH Y EE25, T HOARY PAVERE A, ZAVWT, HEREZEM
(B9, ps) DUAIES A(F) DI R RV TR log 1 %o THB T LTS (fviE
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§2. AT LXE(H
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B = {a=(0) 5y | aye{1,2,,k}}
B = l:iE,g“)'
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B ne NU {0} T, B o™ B - B9 L P,iE{® - E{Mu{g} %
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Andé’s matrices of normal extensions of subnormal operators
and their applications

=3 il HEBEMNAE BER

pure operator, subnormal operator 2% ® Xk 5 K EHK T 20, 727 L, H it complex Hilbert
space, B(H) % H ko bounded linear operator ® £k &4 %,

£

A € B(H) # pure & it A © reducing subspace M © A|M 25 normal & 72 2 & @ 5, ‘
{0}oaschbzrcerwd, £k S B(H)» subnormal & i3 H % &% Hilbert space K
& normal operator N € B(K) LT S=N|H £ 32 &% w3,

S X N
0 T*)onK—HGBH %

S © minimal 73 normal extension &4 2%, @& & N i3 Sic kb unitary [ﬁ]ﬁ@ﬁ!ﬁk
T—BILEL B, £-T T d Sicky witary EHORKT—FILE L 5,

W%, S € B(H) % pure 72 subnormal operator, N = (

J. B. Conway [2] itk D EHEE 10
E_#

S € B(H) % pure 73 subnormal operator &3 2& &, Lo T % S dual &EH 3,
LT S2T &%, S*% self-dual subnormal operator &\ 5,

LFosE#» 513, subnormal operator S 35 % 514 & &, % ® normal extension N
B, EOEI3RLOEBEPR. DHEBV, LAL, RERTEEOEE Hickn, S
» 5 B&#ic S o normal extension N 3, operator matrix & L<cH A 5h 3, '

H I o self-adjoint operator T' it U ran T @ ker T 75 H ~ @ densely defined
operator T % T T =P, T I - P)=0 CEHT %, 27 L. Pix Hp clran T
~ o orthogonal projection & U, clran T {3, T o range @ closure &4 3,

@ T71 % T o partial inverse & #E 3s, % 7= densly defined operator S #s bounded 71
& % . %o bounded extension 4 F LTS S TtE 4, ‘



KD ERE
S € B(H) % subnormal operator &4 %, IRDORX & b, An, S, € B(H) 2 BN ES
T 50

Ao = 0, So - S,
An = (Ai-1 + 55 _15n-1 — Sn—lsfzq)l/z;
Sn = AnSn_lAzl,
275 L. A7 3. A, o partial inverse &4 2, co& &, &£ n>1letL.
Ai»l + S5, 1501 —SpaS,_, >0,
SnAn - AnSn-—l
bi‘\ fﬁl’[ l.a AnSn—lA;:l ‘i\ ﬁﬁ&fi%o z LT H@-H @H@H@ . _ta.) Opel'ator

(S 4 \
Sl A2
N = 52 A3

\ )
i3 . bounded normal operator & 759, s VAt ||S| £ZELwvwe oF b, Nz, S ® normal
extension & 73 % o

Lo S © normal extension N it %9 L % minimal &7 23 b i cidiz v, Stampfli [4]
i%. subnormal weighted shift ® minimal normal extension # 5% #:, Lm L. KEDE
A > T. —fi% 0 subnormal operator ® minimal normal extension 3B 5Hh 3,

S € B(H) % normal ¢\ subnormal operator, A,,S, 2 XBEOFEE TR b D &
T2, CoeE, En2liexl,

clran S, clran A,

c
<

clran Apy41 clran A,

BRI T 20 chdp, En>1idl, cdran A,y 55 clran A, ~® operator Anpi
% Apyy OHIRE LTESTE, clran A, 5 clran A, ~o operator 5, % S, 04| &
LTESBTED, ¥/, cltan A; 25 H ~@ operator A1 % A 0&RE LTESRT 30



E

S € B(H) # normal ¢ # \» subnormal operator, A,, S,, }1“, S. % FTRRfbDES
3, cntE, HOclranA; ®dclran A, @clran A3 @ -+ L @ operator

(s A )
Sl A2
o= Sy As

it. S © minimal normél extension & 72 %,

COEROIBEELT, ROBRER%E 4, S € B(H) % pure % subnormal operator,
zLT

A = (§"S—S55*)"?|clran(S*S — 55,
B := S*|clran(S*S — SS").

L34 5&, A& Bit S o unitary invariants @ complete system 2+ 2o &. o F
DIRO C EBHISHhTW B, ([5])

S, S’ € B(H) #% pure i subnormal operator, # LT A, A", B,B' 2 LD X5 cED 3,
@& & clran(S™S - 5'S"™) » 5 clran(S*S — 55*) A @ isomorphism U SEE L T

U"AU = A', U*BU = B’
ERBEBLE. SE S URABEE B,

to A BEEwT., So dual ofFfFIEREBEoh, LT A BEHVWE S 0FF
KEDB, Bohi,

T H
S € B(H) * pure 7 subnormal operator, # L T

A = (58S~ S5)'?clran(5*S — $5*),
B = S*|clran(S*S —SS*).

£33, RORL D, By Fy € B(cdlran(S*S — S5%)) # BRMMICERT 3,

El = A: Fl - B)
E, = (E121—1 + Fr:—an—l - n-lFr:—l)I/Z)
F, = E,,F,,_.IE;l,



212 L. B 12, E, o partial inverse &4 2, co&&, & n>1ixdl,
B+ FryFay = FaiFri_y >0,
Foby=E Frq
BRI L B FaaE7 g, R ENZ. CoEE, £ n>1iexdil,

clran F,, clran E,,

Cc
clran E,4; C clran F,

BRI T D0 £oT. & n>1ligxtl., clran E g 2 5 clran E, ~® operator En“ %
Ent1 OHIBRE LTCESR TS, clran B, » 5 clran E, ~o operator F.% F, DEIFRE L
CTEHTED, & &, Sit, clran By @ clran E; @ clran E3 @ --+ E o operator
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Generalized Interpolation in Finite Maximal Subdiagonal Algebras
Kichi-Suke Saito (Niigata University)
1. Introduction

In [157, Sarason studied the theory of generalized
interpolation in H” over the unit circle and proved two classical
interpolation theorems due to Caratheodory and Pick. In fact, the
generalized interpolation is an operator dilation. In this note, we
introduce the notion of generalized interpolation in finite maximal
subdiagonal algebras in the sense of Arveson in [1].

Our setting is the following. Let 2 be a von Neumann algebra
with a faithful normal tracial state <t. Let H  be a finite
maximal subdiagonal algebra of bl with respect to d and T,
where ® 1is a faithful normal conditional expectation of 3 onto
the diagonal of Hm. We define the noncommutative Lz—space
assoclated with =t by Lz(ﬂ,r) and let Hz be the closure of H
in Lz(ﬂ,t). For every a € U, we define operators La and Ra by

LaX = ax and RaX = xa for X € Lz(ﬂ,t). Put L) = {L_} and

a’aell

R(U) = {R},eq0

{Ra}aEHm’ respectively. We now consider a two sided invariant
2

respectively. Further, set B+ = {La}aE[Hoo and m+ =
subspace of HZ which is of the form WH for some unitary
operator W in H . Let K be the subspace HZGWHZ. The orthogonal
projection in Lz with range K will be denoted by PK' For any
operator A in £ or R , we define the operator SA on K by

+ +

SAf = PK(Af), f € K. When an operator T on K can be written SA



for some A in ﬁ+ or m+, we shall say that this operator A

interpolates T. We now set B+(K) = {8 A € B+} and ﬁ+(K) = {8

A’ A’
A € m+}, respectively. Then, we show that ﬁ+(K) and ﬁ+(K) are
weakly closed subalgebras of B(K) (cf. Theorem 2.11).

Further, it is easy to check that B+(K) commutes with m+(K).
Conversely, if H® is an analytic crossed product determined by a
finite von Neumann algebra and a #-automorphism, then we prove that,
if T 1is a bounded linear operator on K that commutes with m+(K),
then there exists an operator A in £ such that T = SA and NITI
= lAl (cf. Theorem 3.2). That is, £ _(K)' = R _(XK) and R _(K)' =

ﬁ+(K). In 84, we prove the genelarization of Caratheodory-Fejer

Theorem as an application of Theorem 3.2 (cf. Theorem 4.1).
2. Interpolation in finite maximal subdiagonal algebras

Let 3 be a von Neumann algebra with a faithful normal tracial
state T. First, we recall the definition of finite subdiagonal

algebras of .

Definition 2.1. Let H~ be a subalgebra of M containing the
unit and let @® be a faithful normal expectation from 3 onto D
(= HmnHm*). Then H~ is called a finite subdiagonal algebra of o
with respect to ® and <t in case the following conditions are
satisfied: (1) H+H~* is o-weakly dense in iaA;  (2) o(xy) =
¢(x)®(y), for all x, y € Hw; (3) T = T.

O

Let H be a o-weakly closed finite subdiagonal subalgebra of



il with respect to ¢ and T. By [3, Theorem 7], then H” is
maximal among those subalgebras of U satisfying»(]) and (2) éf
Definition 2.1. We shall denote the noncommutative Lp—spaces
associated with # and <t by Lp(ﬂ,t), 1 <p < o, For 1 £p < =,
the closure of H~ in Lp(ﬂ,r) is denoted by HP and the closure
of M; = {xeH”: @(x) = 0} is denoted by Hg. We refer for the
properties of HP and Hg to [9, 10].

We denote the operators in the left regular representation of

A  on Lz(ﬂ,t) by L x € U, and those in the right regular

X’
representaion by R_, x € . Put £ = {L s x € Uy, R = {R_: x € U},
ﬂ+ = {LX: X € Hm} and m+ = {RX: X € Hm}, respectively.

Definition 2.2. Let M be a closed subspace of Lz(ﬂ,t). We
shall say that T is: left-invariant, if B+W c M; left-reducing,
if P2M c M; left-pure, if M contains no left-reducing subspaces;
and left-full, if the smallest left-reducing subspace containing M
is all of Lz(ﬂ,t).-The right-hand versions of these concepts are

defined similarly, and a subspace which is both left-invariant and

right-invariant will be called two-sided invariant.

In this note, we consider a two-sided invariant subspace @ of
Hz which is of the form LWHZ (= WHZ) for some unitary operator w
in H”. At first, we study the interpolation for LWHZ. Let K Dbe
the subspace HZGLWHZ of Hz. The orthogonal projection in Lz(ﬂ,r)
with range K will denoted by PK. Then, for every a € Hm, the

operators SL and SR is defined by
a a



SLaf = PK(Laf) and SRaf = PK(Raf), f € K.

When an operator T on K can be written as S for some operator

A
A in ﬂ+ or X,, we shall say that this operator A interpolates
T.
Proposition 2.3. If A € ﬂ+ and B € R+, then SASB = SBSA'

We now put £+(K) = {8 a € Hm} and m+(K) = {SR a € Hm},

La a

respectively. Since K is semi-invariant as in the proof of
Proposition 2.3, ﬁ+(K) and m+(K) are subalgebras of B(X).
Further, we define the map ¢ from H” onto Q+(K) by ¢(a) =

SL , a € H”. Then we have
a

Proposition 2.4. The map P from H” onto £+(K) . is a

homomorphism with kerg = wH™

Lemma 2.5. Let x € Hl. Then, for every n € N, there exist two

2 _ 2 -2
elements Yo and z, e H such that x = Y,z Hynﬂz £ n
and ﬂznug < n~2 + "Xul‘ Further, if x G'H%, then we can choose the

2
element z, such that z, € HO.

+ Ix
n’ =l

Lemma 2.6. Let f € Hé. Then, for every n € N, there exist two

elements g , h € K such that ﬂgnﬂg < Il + nnz, thﬂg

n*Z and t(afw*) = (8 a € H . Conversely, if g, h € K,

< Hfﬂl +

L gny hn)y
a



then there exists an element f € H such that t(afw*) =
(SLag, h), ae€H.

o0

Proposition 2.7. The natural isomorphism % of H /WHQ onto

ﬁ+(K) is norm preserving.

Proposition 2.8. For any a € Hm, there exists an element b €

H” such that la + wbll = lla + wH Il.

By Propositions 2.7 and 2.8, we have

Corollary 2.9. Let T € B(K) such that T = SL for some a €
: a
H”. Then there exists an element b € H  .such that T = SL and
b
Tl = Ibl.

Proposition 2.10. The natural isomorphism @ of IHOD/MHOo onto
ﬁ+(K) is a homeomorphism relative to the weak=s-topology on ]Hm/W]HOo
and the weak operator topology on ﬁ+(K).

Theorem 2.11. ﬁ+(K) is a weakly closed subalgebra of B(K).

3. Interpolation in analytic crossed products
Let M be a o-finite finite von Neumann algebra. That is,

there exists a faithful normal tracial state ¢ on M. Let LZ(M,¢)

be the noncommutative Lz—space associated with M and ¢. For every



X € M, let QX (resp. rX) be the left multiplication on LZ(M,ﬁ):
that is, Qxy = Xy (resp. ry = yx). Put 2&(M) = {QX: X € M} and
r(M) = {rX: X € M}, respectively. Also, we fix once and for all a
*-automorphism o of M which preserves ¢$. Then there 1is a
unitary operator u on LZ(M,¢) induced by ®. To construct a
crossed product, we consider the Hilbert space iz defined by {f:

7z — LZ(M,¢): > Hf(n)ﬂg < «}, where -1 is the norm of LZ(M,¢).

2

nez
For x € M, we define operators LX, RX, L& and R(S on Lz by the
formulae (LXf)(n) = QXf(n), (Rxf)(n) = ran(x)f(n), (Laf)(n) =

uf(n-1) and (Raf)(n) = f(n-1). Put L(M) = {LX: X € M} and R(M)
- {R: x € M}. We set £ = {LOD, Ly} and % = {R(M), R} and
define the left (resp. right) analytic crossed product B+ (resp.
m+) to be the o-weakly closed subalgebra of ft (resp. R)
generated by L(M) (resp. R(M)) and LB (resp. R5)' Let En be
the projection on Lz defined by the formulae (Enf)(k) = f(n), if
k = n, and 0, if k # n. We also define the integral SH(T) =

Ile—ZHint
0

Bt(T)dt, T € &8 or R, where {8 is the dual action

t}teR
of {an}neZ' Furthermore, we define Hz = {fELZ: f(n) = 0, n < 0}.
We refer to the reader to [6, 7] for discussions of these algebras

including some of their elementary properties. Putting ¢ = ¢'80,

then ¢ 1is a faithful normal tracial state on f£. Thus we have

Proposition 3.1. Q+ (resp. m+) is a finite maximal subdiagonal

algebra of £ (resp. R) with respect to g, and ¢.

0

As in 82, we take a unitary operator W in D+ such that WHZ



is two-sided invariant. Put K = HZGWHZ. The orthogonal projection
in Lz with range K will denote by PK’ Then, for every A € B+ or
m+, the operator SA is defined by

SAf = PK(Af), f € K.

Then our goal in this section is the following

Theorem 3.2. If T 1is a bounded linear operator on K that
commutes with m+(K) (resp. ﬁ+(K)), then there exists an operator A

in B+ (resp. m+) such that T = SA and HITH = [All. Therefore,

8. (K)' = R (K) and R _(K)' = £, (K).

To prove this theorem, we need some notations and some
preliminaries. For a positive integer r, lzr denotes the direct
sum of Lz with itself r times and put Hzr = H2$H2$'--$H2 (r
times). If A € B(Lz), then A is the operator on lzr defined

by A(fy,...,f.) = (Af,,...,Af ). Put £. = {A: A € £} and £, =

{A: A € 8+}, respectivelyu Since Qr is isomorphic to £®1 on
L2®Cr, the commutant of Qr is isomorphic to ﬁ@Mr (=Mr(m)), where

Mr is the algebra of rxr-matrices. We put Mr(ﬁ+) = {[Aij]: Aij €

m+, 1 <1i, J <r}.

We now study the form of invariant subspaces under Qr+ in lzr.

That is, we say that a closed subspace I of Lzr is Qr+—invariant
if Br+m c N. Let N be an ﬂf+—invariant subspace of Lzr. Put § =
%eﬁam and L(M)r = {ﬁX: X € M}. Since I is L(M)r—invariant, the

orthogonal projection P% onto ki is contained 1in L(M)r' =



(L(M)el)' = L(M)'®Mr. Then we have
Lemma 3.2. EO(L(M) ®Mr)EO = (R(M)®Mr)EO.

Let % be an Qr+—invariant subspace of Lzr. Then we shall say

that N is pure if n L Dy - {0}. As in [13, Theorem 3.1], we have

n=0
the following theorem. The proof is similar, but we prove it for

8
completeness.

Proposition 3.4. Let 1 be a. pure ﬁr+~invariant subspace of

n=0 of partial isometries 1in

Lzr. Then there exists a sequence {Vn}

m®Mr with mutually orthogonal ranges such that N = X QVHHZr.

n=0

We put K_ = KOKé:---®K. The orthogonal projection in ILzr with

range Kr will denote by PK . Then, it is clear that Kr =
r

HerWHzr. Further, for every A € B(L2)®Mr, we define the operator
SA on Kr by

SAf = PK (Af), for every f € Kr'

r

Then we have the following lemma and the proof is routine and will

be omitted.

Lemma 3.5. If T is an operator on K that commutes with

m+(K), then T commutes with SA for all A € Mr(m+).



We put §+(K) = {8 A E ﬂr+}. Then we have

A:

Proposition 3.86. Let N be a closed subspace of Kr that is

w0

invariant under §+(K). Then there exists a sequence {Vn}n=0 of

partial isometries in Mr(m+) with mutually orthogonal range such

that N = 2 @S_ K_.
n=0 Vn r

4. Caratheodry-Fejer Theorem

In this section, we generalize the Caratheodry-Fejer Theorem to
analytic crossed products as an application of Theorem 3.2. We
consider two-sided invariant subspace Lsnﬁz (= RBHHZ ) of Hz. Then
put K = HZGLSHHZ. As a generalization of Caratheodry-Fejer Theorem,

we have

X € M, we define the

Theorem 4.1. For every XO, Xl, ce, n

operator T on K by

T = s .
K
(kgOkaL(S )

Then ITI < 1 kif and only if there exists an element A € B+ such
that T = SA and Al < 1.
Remark 4.2. We identify LZ with the tensor product

£2(2)®L2(M) of QZ(Z) and LZ(M). Then LX and L6 have the



following matricial representations:

2 0
2
L ~ b:¢
X QX
0
and
0 0
u O
u O
Lﬁ - u 0
0 u
Let XO, le Xz) s
T= 8§ has
(kgOLx Lak)
k
-Qx
0 0
QX u QX
1 9 0
2 u® 2_u 2
X9 * %0
Q% ut e QX
n 0
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