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Geometric百九TaveEquations 

J alal Shatah 

Couran七1ns七i七ute

1n this survey we will report on some recent developments on the Cauchy problem for 

some geometric wave equations. The model that we have in mind is the harmonic map 

problem， which is the study of maps from space-time into complete Riemannian manifold“ 

s. This problem was considered by many authors such as D. Christodoulou， J. Ginibre 

and G. Velo， M. Grillakis， A. Shadi Tahvildar-Zadeh， S. Klainerman and M. lvIachedon， 

T. Sideres and myself， to name a few. 

1n general for a complete Riemannian manifold (N，g) and a map U: JRn+l→ N we 

consider the Cauchy problem 

Dαθαua = 8αθαua十rbc(U)θαllbδαUC ロ O

U(O，X) = UO(X) 

δtU(O，x) = U1(X) . 

、、，，
J

4
1よfl
、

where r are the Chris七ofelsymbols of the metric g. 

We will mainly discuss a reduced problem which is referred to as an equiva.riant map. 

These maps arise when the target N is rotationally symmetric product manifolc1 c1efined 

by 

N = [0， ct*) X Sk-l 

where ct*巴JR+U{+∞}.On N we have polar coordinates (仇χ)巴[0，ct+) X Sk-l and the 

metric in these coordinate systems take the form 

ds2口 dct2十Q2(ゆ)dXn

where G(O) 口 0， Q'(O) 口 1， and dX2 is the standard metric on Skトト“帥叩一→剛

nates (t， r，ω) on JRT叶 1equivariant maps are given by 

(t，円ω)→(ゆ(t，r)，x(ω)) 

where x(ω) is a harmonic polynomial of degree .e > 0， i.e. the restriction of a ma.p from 

JR-→JRk where each component is a harmonic homogeneous polynomial of degree R. For 

these maps the Cauchy problem is 
-1-



十九一千いよf(ゆ)口 0
ct(O， 1')口れ(1')

8tゆ(0，r) = CTl(r) 

Theorem. The Cauchy problem (2) wi凶 initialdata 

手足 Hn/2 CTlεH(π-2)/2 

has a unique local solution on [0， Tつforsome T* > 0: 

ctEL∞([0， To]， Hn/2) n Lq~(拘 ， To ] ， liV<7，q) 

TheorelU. (n=2). Let the fundion G in equation (2) satisfy the condition 

G(s) + sG'(s) > 0 for s > 0 

Then the Cauchy problem with smooth initial data has smooth solution for a.1l time. 

(2) 

Theorem. Let φbe a smooth solution in two space dimensions， with五niteenergy initial 

data， Eo， then 
C(Eo) 

ICT(い)1三一万一
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Decay and Global Existence for Nonlinear 
Dissipative Wave Equations 

Mitsuhiro N akao 

Dept. of Math.， Coll. of Gen. Educ.， Kyushu Univ. 

1 Introduction 

1n this lecture we treat some nonlinear wave equations with the so-called dissipative 
terms， and we presellt some results cOllceruillg the decay property alld the global 
existence of solutiuons which are d引かedthrough the effect of the dissipatioll. 
Whell we are illter・estedin the global existellce for・thenOlllillear evolution equations 

the following two spirits are generally very useful: 
(1) Monotonicity of問山1側 term司 global叩 tenceof ωeak山 tioll.
(2) [ Decay estimate印刷1data ] ==? global切 stenceof strong or smooth 
solution. 
Fur illustr・ationlet us consider a very simple and typical example. 

Example 1. 

( 叫一tγベ一Jム匂叶十叫附川川川十叶州刑|μ川u叫咋作la臼
u(忽，0刈0的)=包o(い例m吋)，川包t(忽，0刈0的)コu町l(X)aは 包叫i弘θf!= 0， 

where n is a bounded domain in Rn. 
By the monotonicity of lul日包 itis well known tl凶 theproblem admits a weak 
solu tion u E L∞([0，∞); L臼+2nHf)nW1，∞([0，∞);L2) if 110巴Hfn La+2 ( Stra出 S
[38].) Fl凶 her，if 0 <α 三2j(N-2) and the illitial data is smooth the solution 
lS um伊 ealld smooth (cf. Sather[34]，W.v.Wahl[38]). For・theabove resu1ts the 
dissipative term does 1l0t make any contr・ibutioll.

Wl川 aboutthe case α> 2j(N -2) ? To get a smooth叫 utiollfor this case 
we can use the decay estimate: 

E(t)寸(1I1lt(t) 11川|日(t)112) + ~ [Iul叶 2dx:S CE(作一切>0， (1) 
α十L:Jf! 

which is derived due to the effect of the ter・mUt. 1ndeed， this estimate together with 
a standard argument implies that the pr・oblemadmits a global smooth solutioll if 
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the data ('l.to， 'l.tl) satisfy a certain s1l1allness condition. Si1l1i辻lara拙s悶 J
lllor問 generalo侃rstrむr叩:0時 e白rω凶悶a剖紅r‘i抗t“le部s( cf.P.Raぬbinωl叩OWl抗tz[34]， A.Matsulllura [13]， 
Y.Ebiha.ra. [3，4]，S.Kla.iner1l1a.n [11]， Y.Sl山 ata.[38]， J .Sha.tah [37]， A.Mila.:l.li [13]， 
S.Ka.washillla. and Y.Sl曲a.ta.[10] M.N aka.o [20，25] etc.) 
In this lectur・ewe a.re inter・estedin S01l1e nonlinea.r wa.ve equa.tions which ha.ve 
the dissipative tenns in 1l10re delicate situa.tions thalJ， the exa.lllple stated above. 
The first equation we consider is the one with a nonlinear dissipative ter1l1 a.nd the 
second one is the case of degener・atedissipative ter1l1 . These are IIutial boundary 

value problellls in a bounded dOllla.In， while we treat in the final section the Cauchy 
proble1l1s in the whole space. 

2 Nonli目。arDissipative Ter臨

The first problelll we consider is the following: 

J Utt -.d..u十ρ(叫)十f(u)= 0 in [0，∞) x n， 
(P.1) ~ l u(x，O)コ包o(x)，叫 (x，O)口 Ul(X)and ulan = 0， 

where we take for si1l1plicity p(吋=1叶rvand f(u) = lulo<u. 
Since our dissipative ter1l1ρ(叫)is nonlinear aは f凶 herp'(O) = 0 (if r > 0) 
the dissipative lllechanis1l1 should be very delica.te. In A1l1erio a吋 Prouse[l]it is 
proved tl凶 z.imぃ∞E(t)= 0 in the case f(u)三ounder a certain restriction on r， 
while we have proved the following preciser resu1t. 

Theorem 1 Let f(u) = O. The叫 theproblem hωα unique sol'uUon包(t)in the 
clαss G([O，∞)j Hl) n G1([O，∞)j L2) n Lr+2([O，∞)j Lr刊)for each (包0，Ul)ε Hf x 
L2， satisfying the decαy prope吋ν:
(1) If 0 < r ::; 2/(N 2)， then 

E(t)三{E(otr/2十G(t-1)+} -2/r三Go(l+ tt2/r. 

(2) If 2/(N -2) < rand(uo， Ul)ε H2 n Hf x Hf， then 

E(t)三G1(1十t)-2/ヘ

ωhe問 G1denotes αco仰 tα叫 depe吋
Fz包tr吋、，therη、， '1.切iρJeh α 旬悦et抗hαω t 
(3) 'if -1 < r < 0 and (匂0，Ul)εH2 n Hf x Hf， then 

E即附(t例t吋)= f ~ι 十付t)ド伊ο糾仰仲1叫坤伸+判什rψ.
) G1(ρ1 十tの)2可州/パ爪((N… 砂 'if N と5a仰7ηtd (μ4 一N)/(N 一2幻)< r < O. 

-6 
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The proofs of (1}，(2) and (3) in the above theorem are given in Nakao[16J，[24J 
and [25]ヲ問pectively( see al叫23]).Fl'・omthis theorem we klloW that the decay 
pl'opel'ty of the叫凶onsof the problem (P.1) Is ce山 i功rmOl'e delicate than the 
case ρ(りこり・ For・relatedwo市 seeA.Hal'aux and E.Zuazua[6]， E.Zuazua [42]. 
Fol'・ latel'‘ cOllvellIencewe explaill bl'iefl.yもheidea of the pl'Oof. 
Mu1tiplyillg the equatioll by Ut alld integl'atillg we get 

lt+叫削十110い11μ凶U叫Utr+2勾t
Next， mu1tiplying the equatioll by U and illtegl'ating we get 

ff 2 ll| v川川叫的刷8吟)112 dゐs=吐土伊川州附tバρ仏削(t仇川tむωi)川
(t壬t1壬tら2三t+1り)， where 11 . 11 denotes the usual L

2 
1l0rm. 

Combillillg these we Call derive the followillg diffel'ellCe illequality fo主thecase 
o < r :::; 2f(N -2): 

8匂Pt壬8芸削E(S)1
什 /2:::; Co(E(t) -E(t十1)). (5) 

This implies the desired estimate (2). Here， we note that to del'ive the above 
(5) we have used the ir問 ualities:

fHAif 
11包 IILr+2:::;C 11 ¥7u 11 (6) 

alld 

11叫 II:::;CII包tlIu+2・ (7) 

For the proofs of the estimates (2) alld (3) we must use ， instead of the Illeq'l叫ities
(6) and (7)， the following 01悶，respectively: 

11 n IIu+2:::;1I ¥7n 11
ト 811sU 11

8， {} = (r(N -2) -4)f2(r + 2)， (8) 

alld 

11 Ut 1\ :::;11 叫I\;+~I\ ¥7叫1¥1¥8，{}ロ (-Nr)f(4-(N -2)r). (9) 

We could extelld the above l'esu1ts for abstl'act llonlilleal'・ evolutiollequatiollS 
(cf.[17]) alld also discuss on the decay prOpel'ty of the problem (P.1) above with 
ρ(ν) l'eplaced by a mOl'e general 0即 p(t川)s吋 1that ko{1十t)8tlvlr

十2<ρ(t，v)v:::; 
k1(1十t)82Ivlr+2.See Nakao [18，19] and Y.Yamada [41] whe四 S吋 1a genel'al case 
is treated when 0くr< 4f(N -2). Now， using the idea of the pl'oof of Theorem 
1 we call prove the global existence of stl'Ong solutions of the pl'oblem (P.1) with 

f(u) = Iula叫 α>2f(N -2) (note that the case 0 <α:::; 2f(N -2) is much 
easiel' alld no problem OCCUl'S concerni時 theglobal existence of strong sol凶ions).
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Theorem 2 Let f(u)コ lul臼u.

(1) Assume that the follow仇9cond-itions αre sαtisfied: 

fα.) O<r三2j{N-4) (0 < r <∞'ifNロ 3，4)，

作) 2j(N-2)<α< 2j(N 4) 

αnd 

作) (4…N)α十2> 2r・

The叩η'" ther，問巴 E口忽i必st白sa c白er:吋1;α'l印'lr仇n包π叫bおo'uηded0叩pe印ηset S C H2 丹H; × Hf CωOη匁叫.tωαmη':lη，タg 
(卯0，0刈0的)s'uch t品hαωt f07'、(Uo，'l包町ι九1)E S t抗h巴prob陥le巴em
'/，7η1， the clαss 

W2，OO([0，∞); L2) n W1，∞([0，∞);Hf)nL∞([0，∞); H2nHi) n W1，吋 2([0，∞);Lr+2). 

(2) Ass包m巴thatthe followi吋 co吋 -itionsαresαtisfied: 

fα.) -1 < r < 0， 

(b) 2j(N -2) <α < 2j{N -4) 

αηd 

(c) (4 -N)α十2>-rmα忽{(N-2)，2(1 +r)-1}. 

Then， the sαmeαssertio丸山仇 μ)just abo問 holds.

For the proof of Theorem 2 see N akao [28]. 

3 Degenerate Dissipative Term 

In this section we treat the initial剛boundaryvalue problem for the quasilinear・wave

equation of the form: 

( Utt -d'iv{ヮ子伝言}十α(X)Ut= Oin[O，∞) x n. 
(P.2) < 
-- ~ 

¥1':十l'I7u

1 u(x，O)口旬。(X)，Ut(X，O)= u1(x)andulao = O. 

Whenα(X)どEO> 0 it is well known that if (uo， 'lL1) belongs toHm+1 x Hm， m > 
Nj2十 1and satisfies a certain compatibility condition and a smallness condition， 

8-



thell the problem (P.2) admits a ullique global solution 7L( t)εCm+1-i([0，∞);Hi n 
Hf)，.i = 1γ. . ，m. + 1.( See Matsu凹 na[13]， Shibata [37]， T.Nishida [32] ， Milani 
[14] and T.Kato [8] etc.) 

Here， we are interested in the case α(x)どoalld val山hess0l11ewhere in !i. 
Mor・epr・ecisely，we l1lake the following assul1lption. 

A. α吋(忽) ど0， α ( 忽吋)> 0 α .e. 忽E!ia出叩n

l一土一す百d白x<∞ for問 nep， 0 < p < 1. 
Jo 1α例r

、、a

，Jnu 
噌
S
ム
，，a
E

‘、

N ote that our assul1lption allows thatα(忽)vanishes on any N -1 s油l11allifolds
ill !i幽 1nour situation the decay property of E(t) is very delicate. To see tlus let 
us cOllsider・thelillear equation: 

Utt - su十α(X)Ut= O. 、1
1
J

噌

E
ム

唱
E
ふ
，，E
E

‘、

USillg the illequality 

11 Ut(t) 112三(レ-Pdx)両(レ(x)1叫 12dx)尚 11叫(t)112h (12) 

we can apply the idea of the proof of Theorel11 1 to prove 

E(t) :::; Cm(l十t)-2mp/N， (13) 

where Cm is a constant dependi時 on11 'lLO IIHm+1十11包ll1Hm
Thu問us，the decay rate of E(t) depends on p as well as the 間 gularityof the 
solution itself， and hence it is very delicate. Now， our resu1t on the ex:istence and 
decay for the quasi1inear equation reads as follows. 

Theorem 3 Let αε Cm(百)α吋 let(uo， 'l川 EHm+1 X Hm w-ith m. s'uch that 

m>2+1αnd (2m -N -l)p > N (14) 

and let the compαt'ibil'ity cond似onof the rルthorder be Sαtisfied. 

Then， the problemαdr叫 sα uniq'uesolution u(t) in the clαss: 

n Ck([O，∞);Hm+日)n Cm+1([O，∞); L2)， 

sαt'isfy'ing the向'.eq'ual-ity(13) pro'v'ided thαt (uo， 'lLl) 'is smαII inαce巾 znsense. 

The proof of Theorel11 3 is given in Nakao[29]. 
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4 Cauchy Problems 

1n this section We consider・someCauchy pr・oblems. The first one is a typical 
semilinear equation with a linear dissipation: 

j匂 tーム包十Ut十lulo<uロ oin [0，∞)×RN， 
(P.3) ~ 1 u(x，O) =包o(x)，叫(x，O)= U1(忽).

If -D..1t is r・eplacedby -D.. u十λu，入>0， in theequation above it is easy to prove 
that the energy E(t) decays expOl悶
叫 u悦1“tions.But， for our problem the decay property of E(t) is more delicate an 
hen恥l陀ce1凶e白問悶.万e出sti担ng.Our result for the problem (P.3) reads as fol1ows. 

Theorem 4 (1) Let (UO，U1)εH1xL2 and 0 <α< 4/(N -2). The叫切ehαve
E(t)三Co(l十t)-1，ωhereCO denotesαconstα叫 depend'ing0η111to IIHl十 111t1IIL2. 

(2) Let 1 ~ N三3，4/N <α三2/(N-2) (4/N <α<∞ザ N 口
1，2)αnd (包0，U1) E H1 n Lr x L2 n Lr， 1壬T三2.Then，切eha've 

E(t) ~ C1(1十tt
1-N(1/r-1/2)/2，

切hereC1 is αconstant dependi旬。ηE(O)αnd11 Uo lIu十 11匂1lIu・

(3) Let 3三N ~ 6， max{4/N，2/(N -2)} <α< 4/(N -2) 仰 d
(包0，1t1)E H2 n Lr x H1 n Lヘ1~ r ~ 2. Then，ωe h仰 e

E(t)三C1(1十t)-1-N(1/r-1/2)/2，

切hereC2 is αconstαnt dependi吋 on11包oIIH2nu十 11包1IIHlnu. 

For the proof of existence a制nduniqueness under our condi抗ti白onon αsee Stl主:a凱uss

[伊37円]， P.B胎rer白nn
of the above theorem iおsgiven by combining the LP -LP' estimate for the linear 
equation with the energy method used in the pr・oofsofTheorems 1-3. For details see 

S.Kawa必 lna，拭Nakaoand K.Ono [9]. See also R.Racke [35] for related estime山 s
for the linear equations. Note that Theorem 4 does not requir・eany smallness 
conditions on the initial data. 
Fi凶 lywe consider (P.3) with 1叫o<ureplaced by -Iulo<u or士川α+1;weca11 this 
problem as (P.3)'. For such a problem we can use an idea of 'modi長edpote出 al
wel1' to get the fol1wing: 

Theorem 5 Consider (P.3) ':三 (P.3)'u成hlulo<u replαced by土|旬10<+1or-I.ztlo<u. As-
s'um.e that 4/ N ~α < 4/(N -2)αnd 

K(uo)三 11V'uo 11 2 -11包0112:!と0

nu --4 



αη;d 
IJ2a-Na+仰E(0)Na-4 さ ε~ 1.

Then，the陀 ex'istsα間付'ueglobal sol'ut'ion包(t)'In C([O，∞);HつnC1((0，∞);L2) 
，sαt'isfy'i吋

IIUt(t)112 + IIVu(t) 112三C(1+ t)一1

For a proof of Theorem 5 see M.Nakao and K.Ono [29]. Whell 4/N >α> 0 we 
call derive all estimate for・thelife spall ，this method being appl五icablealso to the 
equat討ionswi抗thOl
a制S1均n(伊仰2勾)，(伊例3町)of T引heo悶 114 we can improve the decay estimates fot (P.3)'as in 
Theorem 4. When -su is replaced by -s1叶入(x)uwith入(x)どKo{1十Ixl)-8we 
can discuss on the decay and global existence of (P.3) or (P.3幻)'even i迂f叫 iおs問 placed
by 1101 
K.Ono [伊30時].For・related works see a叫ls印oT.Mo叫tね凶a沿i[15司]and 1瓦仁a北剥kita川iおs11曲 araan 
Tamamura [何7門]ト. 
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On the Regularity of Solutions for Some 

Semilinear Schrodinger Equations 

8.Doi土居伸一(京大理)

o. Introduction 

The aim of this report is to explain the results of the study on the regula:τity 

of solutions for so四esemilinear 8chrodinger equations with quadratically growing 

principal symbols. More precisely we prove the propagation of 'conormal， regularity 

and也抗 ofwave front sets with respect to the weight V1 + IXl2 + 1c'12 for those 
equations. We also show that the decay of the initial values implies the smoothness 

as a corollary . 

Now we wi1l explain the background. 8ince the end of 70's there have been a lot 

ofworks on propagation.and interaction of (micro-local) si時山ritiesfor nonlinear 

hyperbolic equations (see the references in [Be]). The五rstgeneral resu1ts are due 

to Bony [Bo]， who introduced the pa町r削a紅吋di笠能er民ren回en凶1

weight .)1 + 1c'12 )・

On the other hand it is known that (line町)8chodir伊 requations corresponding 

to the w州 ltゾ1十Ixl2十1c'12adrr削 hesimi凶 reatment加山stri州 hyp的 olic
equations (see， for example， [He]). 

80 it is natural to consider the regularity of solutions for such semilinear 

8chrodinger equations by developing the corresponding paradifferential calculus. 

There are many works on the relationship between the regularity of solutions 

and the decay rate of the initial values for linear or semilinear dissipative equations 

([Ka]， [HNT] ， 

1. Preliminaries 

Notatiorは件口 m砿 {O，t} (t巴R).Z十口 {O，1，2，.・.}. 

z口 (x，C') E Rd X Rd， (x)口 (1+ IxI2)t， (と)= (1十1C'12)t，(z) -:-(1 + IzI2)t. 

w
h
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D口 (Dl，...，Dd)，.a = (θ1，... ，ad)均=指令

For k E Z+， 0 < r < 1: ct = {u E Ck(Rd) :θαuEL∞if lal主k}，

c;; = {u E cg : sUPx，hERd I包(x+h)一旬(x)I/lhlr<∞}， 
ct+r = {u E ct :。α包εc;;if Iα1= k}. 
L2口 L2(Rd)，(・3・)= (" ')L2， 11・11= 1I.IIL2. 
BSロ {uεL2: (x)Su E L2， (D)SuεL2} (sミ0):Hilbert spaces. 

BS = (B-s)' (s三0):dual spaces. 

For locally convex topological vector spaces X， Y， L(X， Y) is the space of all 

continuous linear operators合omX to Y， and L(X) = L(X， X). 
For a Frechet space r c c∞(R 2d) and an i叫erval1， Cω(1; r) is the set of 
all p E C(1; C∞(R2d)) such that {p(t，.，.)}ωis bounded in r for every com pact 

subset J of 1. 

Definition 1.1. Let m， p， d E R. For p E C∞(R2d) 

P E r;，o iff for allα，βI â~âf p(z) I 5:. cαβ(zrト plαj十151βi，zER2d;
P E rm iff for all α，s I â~âf p(z) I三Cαβ(z)m-Iα1-1βi，zεR2d; 

P E r+ i茸forall α，s I â~âf p(z) I 5:. cαβ(z)<m-IαHsDヘ zE R2d. 

Further put r一∞=n叫 RI九 (cf.[He]， [Sh]， [自ら， Chapter 18日

Remαrk. For -1 < p壬1，-1 5:. d < 1， d 5:. p， r;，o is a good symbol class. We 
know the boundedness， the product formula and the adjoint formula. 

Definition 1.2. Let rどO，pE C∞(R2d)-PErR1(T)ifaM only iffor all α，s 

|θ'~âfp(z) I 5:. Cas(z)m-1αj十(1βi-T)+，Z巴R2d

2. Applications to semilinear Schrodinger equations 

Consider the following semilinear Schrるdingerequations: 

(2.1) (at + iH(t) )u(t) = f(t， u(t)) in V'( (0， T) X Rd) 

po 
噌
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with匂巴 C([O，T]i S') and f(t， u(t))εC([O， T]i S'). We assume 

H(t)口 h(t，x，D)， h口 ho+九1+ h2， 

h2 E C旬([0，T];r2)，h1 EC切([O ， T];r~) ， ho E Cω( [0， T]; r~); 

i.e. hj巴C([0， T]i C∞(R2d) ) 

1 ô~ô? h2(t， z) 1 :::; c，αβ(Z)2-1αHβi， Z巴R2d，055tfST，

lô~θI? h1(t， z) 1 :::; c，αs (z)(川 α1-1βi)+pZE R2d，05t 5R  

lô~θI? h2(t， z) 1 :::; C，αβ z E R2d， 0ざt:::;T， 

h2 and h1 are real valued， 

f(t， () E C([O， T] x C) is holomorphic wふ t.(， f(t，O)詰 O.

Let χts(y，7]) = (X(t， s， Y，η)， B(t， s， Y，η)) (t， sε[0， T]， Y，η巴Rd)be the solution 

of 

(2.2) ド(t) = '¥l eh2(t， x，と)，ルu
c(t) = -'¥lxh2(t，x，C)，ご(s)口 η.

We fix a solution of (2.1) u satisfying 

(2.3) u E C([O， T]; Bμ)， sup Ilu(t)lIcr <∞，μ> 0， r > 0 
。くtくT

throughout this section (see Appendix A for the existence of such solutions). In 

this case f( tパL(t)) E C([O， T]; Bμ) and so u(t)εC1([0，T];Bμ-2). 

Rem α 仇 There is p 巴C包切バ~([べ心([O ， T];rマti1，ぷ7け‘う))depending on u such that f(t 川(t)) コ

p(t， x， D)u(t)， 0 :::; t :::; T. 

Theorem 2.1. Let k 豆町 Sε[O，T] and {乃H'=lC Op r1 and suppose 
pI匂(s)E Bμwhen 111 :::; k. Then 

P(s，・)IU(・)E C([O， T]; Bμ) when 111 :::; k. 

Here 1 = (i1，.・・ 3ち)， 111 = j， il，...， ij E {1，.・・，N}，pI 口乃1 ・・ •Pij) Pi(S， t) = 

σ(乃)(χst(x，D) ). 

可
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Corollary 2.2. Let s E [0， T]， k E N， k :::;r and let J C [0， T] be an interval. 

Suppose there exist匂，匂， cE C1んI;ri)，j口 1，.・・dand入(t)εC(J)such that 

d 

入(t)('T})= 乞(α.j(t，y， 'T})Xj(s， t， y， 'T}) + bj(t， y，η)Yj) +仰，y，'T}) y，ηE Rd， t E J. 

日州s)巴町en(謬)九山
Coroll町 Y2.3. (1) Let s E [0， T]， let J C [0， T] be an interval (s ~ J) and 

suppose 

IX(s，t，y，'T})1ミC11'T}1-C21yl-C3， y，ηE R
d， t E J 

with Cj > O. Then Corollary 2.2 is applicable with入(t)= 1. 

(2) Let s E [0， T]， let J C [0， T] be an interval (s E J) and suppose 

1 X(s， t， Y川)-yl三It-sl( C11η1-C21yl -C3)， y，ηE R
d， t E J 

with Cj > O. (If 1¥7 ch2(s， x， C")I三CIC"I-C'lxl -Cぺthenthe condition is satis:fied 

for small J). Then Corollary 2.2 is applicable with入(t)= t -s. 

Definition 2.4. For v E S'(Rd) W FB8 v is the subset of R2d¥{O} de:fined出

follows: Zo = (xo， C"o)手WFB'匂 ifand only if there exists pεrO such that p = 1 
in a conic neighborhood of Zo and that p(x， D)v E BS. 

Theorem 2.5. A制 meh2(入z).=入2h2(z)for入三 1，Izl ~ 1. Then for 

μ<ν<μ 十 T

χ~S( W FB" u(s)) = W FB" u(t)， t， sε[0， T]. 

Here χ~S is de:fined si凶 la均 asXts with h2 modi:fied to be hOll1ogeneous of degree 

two. 

Appendix. Lemmas on semilinear Schrodinger equations 
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Assume for allα，β83θIOf(t，()巴C(Rx C)， ( = x十iy，f(t， 0) = o. Let 
H(t) be the operator appearing in Section 2. Consider the Cauchy problem 

(A.l) 
(仇+iH(t) )u(t)口 f(t，u(t))in D'((O，T) X Rd) 
包(0)= Uo・

Lemma A.l. Let s > ~. For every Uo E BS there is a solution u E C([O， T]; BS) 

satisfying (A.l) with T口 T(lIuoIIB8)> O. 

Lemma A.2. Suppose uεC([O， T]; BS)， s > -r， rどO，supoQgiiu(t)liq<

∞and that匂 satis:fi.es(A.l). Ifuo E BT，7 > s， then u E C([O，T];BT). 
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Low Energy Asymptotics for Schrodinger Operators 

with Slowly Decreasing Potentials 

中村周 東京大学数理科学研究科

我々は、次の形の Schrるdinger作用棄を考える。

H=ーム十V(x) on L2(Rd)， V(x)，...， consιIxrρ 部 Ixl→∞.

このような作用素に対する一つの興味深い問題として、エネルギーがOに近い領域、つまり低エネルギー

での散乱の解析があり、解の局所減衰の問題と結び付いて研究されてきた。特に、 p>2の場合は、ポテ

ンシヤ JレV(x)はveryshorもrangeであると呼ばれ、 Ho口…ムの摂動として解析できることが知られて

いる。(例えば、 Jensen-Kato[JK]を見よ。)

一方、 0<p<2の時はポテンシャ Jレγ(x)はslowlydecreasingであると呼ばれ、 veryshorもrangeの

場合の解析の方法は全く適用できず、低エネルギーでの解の挙動が異なる事が予想、される。 Yafaevは、ポ

テンシャルが slowlydecreasingであって、しかも正の場合を考察し、 H-1が適当な重み付き L2_空間の

間で有界になる事を用いて、 (H-Z)-lのz→ Oでの漸近挙動を調べた ([Y1])。

ここでは、半古典極親のアイデアを用いることにより、 Yafaevの結果より精密な結来が得られることを

紹介する。また、ポテンシャJレが負の場合にも、(適当な条件のもとでは、)類鉱の結呆が得られる。

ポテンシャルが正の場合: ポテンシャル V(x)は、次のような仮定を満たすとする。

仮定 A (i)V(x)は Rd上の実数値関数であって、 0<p<2なる pが存在して、任意の多重指数 αに

対し、

I(訪日叫
を満たす。

(ii) lEの実数6が存在して、 xE Rdに対して、 V(x)三o(x)-Pを満たす。

(iii)正の実数 E とRが存在して、 Ixl> Rならば、 x.θV/θx(x)三…elxl-P を満たす。

仮定Aの下では、よく知られているように、レゾルベントの境界備がlEの実軸上で存在する。すなわち、

γ> 1/2ならば、

(x)-1' (H -λ土 iO)-l(X)-1'三 li!-!.1(x)-1'(H-λまた)-1(X)-1' E B(L2(Rd)). 
ε!o 

定理1 V(x)は仮定Aを満たし、 γ>1/2十p/4とする。すると、

sup II(x)-1'(H-λ念iO)ー1(x)-1'II :s c <∞. 
0く入:::;111 11 

さらに、 (x)-1'(H -A土iO)-l(x)-1'は入=0の近傍でHolder連続である。

また、レゾルベントのぺきについても、次のような結果が得られる。
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定理2 V(x)は仮定Aを満たし、 k乏し γ>max(k -1/2， k(1/2十p/4))とする。すると、

sup II(x)-'(H一入土 iO)-k(x)-'II ::;α<∞ 
。く入く111 11 

さらに、 (x)-'(H-λ土iO)-k(x)-'はHるIder連続である。

さて、(少なくとも形式的には)(H一入土iO)一1のk階微分は k!(H一入土iO)-k-1だから、上の結果は

(Hーλ土iO)-lの微分可能性を意味している。

系3ψが怨

注意lHのスペクト jルレ分解を E(υωλ均)と書くと、 E'(υ入均)= (伊2π)γ一1(収(H一入一iω0)γ一1一(H一λ+iぬ0)γ一1)なの
で、系3より、 ψが急減少ならば ψE'(入)少は入に関して C∞ー級関数であることがわかる。 HIま非負だか

ら、 λ<0の時は勿論E'(入)コ Oであり、任意の k三Oに対して、(長)kI{JE'(O)少な Oとなる。これは、 H
のスペクト Jレ関数は、入がOに近づく特急減少している事を示している。実はさらに、 exp(一γ入一(1/P-l/2)) 

のオーダーで劣指数的に減少していることもわかる。

これらの結果は、 Jensen-Mourre-Perry[JMP]の方法と組み合わせることにより、 Schrodinger方程式の

解の局所減衰に関する次の結果を導く。

定理4 仮定Aの下で、任意の γ>β>0に対して、

II(x)-'円 (x)-， 11 ::; C (t)一β tεR
注意2注意1の最後に述べた劣指数的評価に着目すると、局所減表についても、同様の劣指数的評価が得

られることが予想される。実際、熱方程式の解:e-tHについては、 γ>0が存悲して、住意の R>0に
対して、

IIF(lxl ::; R)e-tHII ::; Cexp(ーγt(2-P)/(2+p))，t > 0 

となる事が判る。しかし、 Schrodinger方程式の解については、ポテンシャルについて、もっと強い仮定

(解析性など)が必要と思われる o

証明には、次のようなアイデアを用いる。入 >0を考えるエネルギーとする持、座標変換 x=入-l/py

を行うと、(形式的には、)

(H -λ土iO)-l=入ー1(_g2ムg十円(y)-1土iO)一1ロ入一l(H入-1土iO)-l，

ただし、 9 λ1/p-1/2、竹(y)=λ-lV(入-l/Py)、 となる o9をプランク定数とみなせば、 Hλ はプランク
定数を含む Schrodinger作用素の形をしているop < 2なので、入→Oの持g→ Oとなり、エネルギー O

の近くでの問題が、ょにネjレギ-1での Hλ の半古典握設の開題に変換される。そこで、半古典経限のテク

ノロジーを用いる事によって、我々の定理を証明することができる。

ポテンシャルが負の場合: ポテンシャルが正の場合は、ポテンシャル力は、大体、粒子を外に押し出す方

舟に働くので、上に述べたような一様な局所減衰が得られるのは自然なことに思われる。一方、ポテンシャ

Jレが負の場合は、ポテンシヤJレ力は粒子を押し止める方向に鵠くので、局所減衰はポテンシャ Jレが無い場

合よりも悪いことが予測される。しかし、レゾルベントの境界値の評価に関しては、以下のような仮定の

もとで、ポテンシャルが正の場合と同様の評価が得られる。

ここでは、解析を易しくするためにプランク定数 11.> 0を導入し、 hが十分小さい、つまり半古典的領

域で考える。このとき、 Schrるdinger作用素は、 H= _t~2ム + V(x)の形を持つ。ポテンシャルは次の仮

定を満たすとする。

噌
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i反定B (i)γ はRd上の実数値関数であって、 0<ρ<2なる pが存在して、任意の多重指数 αに対して、

I(訪日V(x)1~ Ca (X)-p-I日xE Rd 
を満たす。

(ii)正の実数 6が存在して、任意の zに対して、 V(x)三-8(x)-Pが成立する。

(iii) 

叫lV(x)1勺Z21(z)i三μ2
xeRdυ広|

定理5 ポテンシャJレV(x)が仮定Bを満たすならば、 lio> 0が存在して、 0<Ii ~ lioしかも、γ>1/2+ρ/4 
ならば、

。:1RIll(z)→(H一入土iO)-l(叶1~C< ∞ 
が成立する。さらに、

(x)-'Y (H -0土iO)-l(X)-'Y 三 l.i~(x)- 'Y (H一入土iO)-l(X)-'YεB(L2(Rd)) 
λ10 

が存在する。

注意3 定理5の最後の主張は、 (x)-'YE'(+O) (X)-'Y三 limλ10(x)-'Y E'(λ) (x)-'Yが存在することを示して
いる。一般には、 E'(+O)= 0とは限らない。実際、 1次元の場合には E'(0) =f. 0である事が知られてい
る ([Y2])。従って、一般には γがいかに大きくても、 11(x)-'Y円 (x)-'YIIは高々 o(r1)でしか減衰し
ない。

証鳴のアイデアは、ポテンシャルが正の場合とは全く異なる。作用素Loをおこ(-V)-1/2 Ho( -V)一1/2

とおけば、(形式的には、)

(H -0土iO)一1= (Ho -(-V)土iO)-l=(-V)一1/2(Lo-1土iO)-l(_ V)-1/2 

となる毒事に着目し、 Loに対する散乱環論を構成することによって、 (H-z)一1の z，....， Oでの挙動を解析

すること治宝できる。

文献

[JK] Jensen， A.， Kaも0，T.: Spectral properties of Schrるdingeroperators and time-decay of wave funひ
tions. Duke Math. J. 46， 583-611 (1979). 

[N] Nakamura， S.: Low energy asymp七oticsfor Schrるdi明日roperators with slowly decresi時 potentials.
Preprint， University of Tokyo 1993; To appear in Commun. Maもh.Phys. 

[Y1] Yafaev， D. R.: Specもralproperties of the Schrodinger operator with a poもentialhaving a slow 
falloff. Functional Analysis and its Applications (S臼ldovMath. Inst.) 16，47-54 (1982) (English 

translation， 1983) 

[Y2] Yafaev， D. R.: The low energy scattering for slowly decreasing poもentials.Commun. Maもh.Phys. 
85，117-196 (1982). 

22-



STABILITY OF STANDING WAVES FOR TH忍

GENERALIZED DAVEY-STEWARTSON SYSTEM 

MASAHITO OHTA 

Department of Mathematical Sciences， University of Tokyo 

1. INTRODUCTION AND RESULT 

In the present paper we consider the stabi1ity of standing waves for the 
following nonlinear Schrらdingerequation: 

(1.1) iUt十d.U+αlulp-1u十bEl(luI2)u口 0，t三0，x εRn， 

where α， bど0，1 < p < 1十4/(n…2)，n口 2or 3叩 dE1 is the sing叫ar
integral operator with symbol 内(と)口白/leI2，と E]Rn. 
The equation (1.1) has its origin in fhωmechanics where， for n = 2 and 
p = 3， it describes the evolution of weakly nonlinear water waves that travel 
predominantly in one direction.問oreprecisely， (1.1) is the n-dimensinonal 
extension of the generalized Davey-Stewartson system in the elliptic-elliptic 
case， namely 

(いいいlulp-1叶 b1uvx=0，
Vxx十μVyy= b2(luI2)x， 

where入，μ>0 (see [5]). 
Bya伽 ndingwave， we mean a solution of (1.1) with the form 

u( t， x) 口 e~ωtψω(x) ，

where ω> 0 and r.pωis a ground state of the following stationary problem: 

( -ム世十ωゆ…α|ゆIP-lψ-bE1(1ψ12)ゆ=0， x E ]Rn， 
(1.2ω) ~ I _ TTl 

lψE HI(]Rn) ， ψ~o. 

Before stating our result， we introduce some notations. 

Sω(υ)=11vuih 竺ju12--LiuiP十~ -;  f Ivl2 El(lvI2)dx， 
21Vl2 P十l'-'P十1 4 } 

Xω= the set of solutions for (1.2ω) 

出{ゆεH1(畏n): S~(ゆ)= 0，ゆiO}， 
Gω 口 theset of ground states for (1.2ω) 

={ψEX，ω:S，ω(ψ) 5: S，ω(ψ) for all ψεXω}. 

Typeset by .AM8-'I悼

-23-



Remark 1. Cipolatti [3] showed that ifα三0，b > 0， 1 < p < 1十4/(n-2) 
and n = 2 or 3， then g，ωis not empty for any ω巴(0，∞).

Assumption (H). We assume that there is a choice ψωξ 仏 suchthat 
ωI-+'Pωis a C1 mapping from the interval (0，∞) into H1(lRn). Moreover 
whenもhespace dimensions n. = 2， we assume that 

(1.3) l'Pb = I'Pω12 for any ψεGω・

Remark .2. Clearly， the condition (1.3) is satis:fied if the ground state of 
(1.2ω) is unique， that is， for the above 伊仙
(1.4) 9ω= {eiOr!げ ω:() E lR， y E lRn}， 
where (ryv)(x) = v(x-y). Here， we remark that due to the i町 ariancesunder 
translation and mu1tiplication by eiO， the following relation always holds. 

{ eiOry'Pω: () E lR， y E lR n} C 9ω・

Remark 3. For the uniqueness of ground states， it is known that when 
α> 0 and b口 o(pure power case)， the ground state of (1.2ω) is unique for 
1<p<1十4/(n-2)(see [7]). However when b =f. 0， we do not know whether 
the ground state is unique or not. 

Definitio払 Weshall say that the standing wave uw(t)口 eZωthisstable if 
for any ε> 0 there exists 5 > 0 with the following property: If Uo巴H1(lRn)
and the solution u(t) of (1.1) with u(O)口 Uosatis:fies lIuo -'Pw 11 Hl < 5， then 

sup ip.i lIu(t)一ψIIHl<ε. 
o<tく∞伊ヒνω

Otherwise， Uw is said to be unstable. 

Remark 4. The above de:finition of stability is the same a加st也ha叫tin [2， The叩e
orem II.2埠]but slightly d必ifferentfrom that i泊n[凶4].ト.If t出hecondition (1.4め)holds， 
those de:finitions are equal. 

Remark 5. The unique local existence of H1 solution for (1.1) was estab-
lished by Ghidaglia and Saut [6] : If α， b三0，1 < p < 1十4/(n-2) and 
n = 2 or 3， then for any UoεH1(lRn) there exist T > 0 and a u泊quesolution 
u(・)E C([O， T); H1(lRn)) of (1.1) with u(O)口 Uo・Furthermore，u(t) satis:fies: 

(1.5) lu(t)12 = luol2' 

(1.6) t'(u(t)) = t'(uo)， 
for all t E [0， T)， where t' is de五nedon H1(lRn) by 

t'(り)211VtylJ--Lluif-fjiul2EI(14)dz.
p 十1'-'P;-.L 4 J 

Cipolatti [4] proved that if αと0，b> 0， pと3and n = 2 or 3， then ψω 
is unstable for any ωE  (0，∞). However， to our knowledge， we are aware of 
no resu1ts concerning the existence of stable standing waves for (1.1). Our 
resu1t is the following. 
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Theorem 1. Under Assumption (H)， ifα，b> 0， 1 < p < 1 + 4/n and n口 2
or 3， then there exists a sequ佃 ce(ωk) such thatωk > 0，ωk→o andψωk lS 
stable. 

Remark 6. When α> 0 and b口 o(pure power case)， it is well known that 
if 1 < p < 1 + 4/町 thenal1 standing waves are stable， and if 1 + 4/n :::; p < 
1十4/(n-2)， then al1 standing waves are unstable (see [1， 2， 12]). 

Rema沈 7.Recently， in [9] the author studied the double power nonlinear 
Schrらdingerequation: 

(1. 7) iUt 十 ~U+ lulp-1u十 lulQ-1u= 0， tさ0，x E IRn， 

where 1 < p < q < 1 + 4/(n -2) and nど2，and showed the fol1owi時 result
by the same argument as this paper: Let九 bea ground state of 

(1.8ω) 
(一仙ゆ-1ψIP-lゅーi仰ーい，x E lRへ
ゆ ε H1 (lRn) ， ゆ ~O.

立p< 1 + 4/n， then there exists a sequence (ωk) such thatωk > 0，ωk→G 
and恥kis stable， and if q > 1十4/n，then there exists a sequence (九)such 
that九→∞ and九k is unstable. 
Since E1 is the singular integral operator of order zero， when n = 3， under 
the same assumption as Theorem 1.1， there is a possibility that there exists 
a sequence (φk) such that 九→∞ and拘 kis unstable. 
On the other hand， in Theorem 1.1， we do not know whether there exists 
a positive constant Wo such that ψωis stable for any ω巴(0，ω0)'For that 
matter， the author showed the fol1owing result in [10]. Consider the equation 
(1.7) in the case of n = 1， q口 2p-1and 3 < p < 5. Let九 bea solution for 
(1.8ω). Then there exist positive constants ω1 andω2 such that恥 isstable 
ifωε (O，Wl)' and unstable ifωε(ω2，∞). 

This paper is organized as fol1ows. In Section 2 we五rststate Theorem 
2， which gives a sufficient condition for吐lestability. Next we prove The-
orem 1 by using Theorem 2. We should mention that Theorem 2 is based 
on the ideas of Shatah [11]， who studies the case of nonlinear Klein-Gordon 
equations with local nonlinearity within the framework of the radial1y sym-
metric functions.廷owever，since (1.1) is anisotropic， we need to remove the 
restriction of radial symmetry in the argument by Shatah [11]. Therefore， we 
use the concentration compactness principle due to P.-L. Lions [8]， following 
Cipolatti [3]， instead of the compactness of radially symmetric functions. We 
often use the two conservation laws (1.5) a凶(1.6).
In what fol1ows， we omit the integral variables with respect to the spatial 
variable x， and we omit the integral region when it is the whole space IRn. 
We denote the norms of LQ(lRn) and H1(I史π)by 1. 1 Q and 11 .11 Hl， respectively. 
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2. PROOF OF THEOREM 1 

In this section we prove Theorem 1 by using the following Theorem 2. 

Theorem 2. Assume tbat n口 2or 3 and (瓦)bolds. Let d(ω) = Sw(ψw)， 
0<ω< ∞• H d"(ω。)> 0， tbenψω。isstable. 

We define the following functionals on H1 (~n): 

T(υ)ロ l¥7vli，
..Ll b r 

九(υ)=一一iujpl十一 IIvl2El(lvI2)dx一一Ivli，p十l' 'P;-~ . 4 J 
1 1 

Pω(υ) 口(~ -~ )T(υ) -Vw(υ)・

We note that 

(2.1) SA)=jT(U)一九(v)

立時)+~Ivli ， 

Pw(v)口九(U)-;T(U)(2.2) 

Lemma 3. Assume tbat n = 2 or 3 and (H) bolds. 

(1) ~ω(ψ) = 0 for all ψEX，ω (Pobozae内 identity)，
(2) d'(ω) = tlψωli， 
(3) d(ω) = inf{~T(~): ゆ E H1(~n) ， ψ i= 0， ~ω(ψ) 三 O}.

Proof of Theorem 1. Let rj5ωbe the ground state of 

Since 

(一仙ωψ 一 α1~lp-1~= 0， XεRぺ
ψ 巴 Hl(~n) ， ψ~O.

/い12E1 (IvI2)伽口fσ1附

(2.3) 

for all υ巴Hl(lRn)， where :F is the Fourier transform on ~n ， wehave 

1 1 ω  
九(九)三(一一一)T(恥)+-ib12--LibY守口o.2 I't'w 12 P + 11't'w Ip+ 

Here， we have used Pohozaev's identity for the equation (2.3).針。mLemma
3 (3)， we have d(ω) :::; ~T( rj5ω) for allωE (0，∞). 
Moreover， since 九(x)ロ ω1/(p-1)仇(、ρx)，we have T(九)= wCiT(手1)，
here α=コで..L_!!二主>1. Therefore， we have 

1J-1 2 

(2.4) d(ω)三;JT(仇)withα>1おrallω巴(い)

ρ
h
u
 

円
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日ere，if dぺω)~ 0 in (0，φ) for some 心>0， then d'(ω)どd'(φ)in (O，W). 
Furthermore， since it follows from (2.4) that limω→o d(ω)口 0，we have 

σ仰附5め) d(恥(いω←lWρωVVdd仰F
We  remark that d'(φ) > 0 from Lemma 3 (2). Thus， (2.5) contradicts (2.4). 
Therefore， there exists a sequence (w k) such thatωk > 0，ωk→ o and 
d代ωk)> O. Hence， Theorem 1 holds by Theorem 2. ロ
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ON THE SOLVABILITY OF PHASE FIELD EQUATIONS 
WITH CONSTRAINTS 
佐藤直紀 (千葉大自然科学)

1. Introduction 
This paper is concerned with a no凶 nearparabolic PD Es of the following forms (1.1)ω(1.2): 

au θω 
ー+一-6.u = f(t， x) 
θtθt 

in Q:口(0，十∞)x 0， 1
1ノ

噌

g
ム
• 噌

E
A
，，a
E

‘、

uf竺-κムω十s(ω)+g(t，x，u川)ヨo in Q 。t
with lateral boundary conditions (1.3)-(1.5) and with initial conditions (1.6): 

(1.2) 

U 口 hD(t，x) on ED := (0，十∞)x rD， 
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一η

円
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on EN :ロ (0，十∞)x rN， 

(1.3) 

(1.4) 

nu …
一ω一n

noτ

。
on E:口(0，十∞)x r， 

u(O，・)口 uo，ω(0，・)口 ω。 in O. 
(1.5) 

(1.6) 

廷ere0 is a bounded domain in RN (Nと1)with smooth boundary r口 θ0，rD is a 
compact subset of r with positive surface measure and r N := r¥rD;αN IS 為的I日 egative，
bounded and measurable function on r;ν> 0 and κ> 0 are constants; s is a ma:ximal 
monotone graph in R x R such that there e:xists a proper I.s;c. convex function s on R 
satisfying aβ= s in R x R and 

β(r)とαolrl2 for all r E R， (1.7) 

where as denotes the subdifferential of s in R andαo is a positive constant; g is a function 
defined on R+ x 0 x R x R such that 

(gl) g口 g(t，x，乙η)is Lipschitz continuous in (乙η)on R x R with uniform Lipschitz constant 
L(g) with respect to (t， x)巴R十 x0， i.e. 

Ig(t， x， c，η)-g(t，x，c，丹)1三L(g){lc一計十|η一号I}

for all c，と，η7汚ER and a.e. (t，x)εQ; 

(g2) g(・，"乙η)ε Lfoc(R+;L2(0)) for each 乙ηER.

Moreover， we suppose for the data hD， hN， f and αN that 

(山記出仇(伊仇仇(R+;Ht(ムR+;μ;
(1.8) 

αN巴L∞(r)，αNどoa.e. on r. 

For simplicity we denote by (P) the system (1.1)-(1.5) and by (CP) (口(CP;uo，なゆ the
Cauchy problem for (P) with initial condition (1.6). 
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It is the purpose of this paper to discuss (CP)， which is called the phase品eldmodel 
(cf. [6，2，5]) with cons紅白帆 froma view-point of the theory (cf. [1，7]) of s山 differe凶 alsof 
convex functions in a Hilbert space. 
This paper is a part of [4]. 

2. Subdifferentials associated with (P) 
Let us consider a Hilbert space V := {z E H1(n); z = 0 a.e.on rD} with norm 

Izlv:口 {1¥7仇)+トIzl2州，

and denote by V* and ( ・7 ・) the dual space of V and the duality pairi時 between V* a剖叩n
V， r問especti討vely.Then， identifying L2(n) with its dual space by means of the usual inner 
product 

(い):寸叫
we see that 

V C L2(n) c V場

with compact injections. 
Let F be the duality mapping from V onto V* which is given by the formula: 

(Fv， z) = '-¥7v. ¥7zdx + IαNvzdr for叩 yV，zεV， 
Jn Jf 

It is easy to see that V* becomes a Hilbert space with inner product (・3・)*given by 

(v， z)* := (v， F…lZ) (= (z， F-1ゆ

訴ow，consider the product space 

X:ロ V*x L2(n) 

Then X becomes a Hilbert space with inner product (・?・)xgiven by 

([ el，問]，[e2'ω2])X :口 (e1，匂)*十V(Wl，W2) for any [ei，wd E X (i口 1，2)

Next， given two boundary data hD and hN， choose h:ムー則的 suchthat for each 
t>o (仰)= hD(t) a.e. on r D 

I ¥7h(t). ¥7zdx + 1αNh(t)zdr口 LhN(t)zdr for all z E V. 
Jn Jf Jf 

Also， using h and s， for each t ど0，introduce the following proper 1.s.c. convex function 
甲子 onX: 

; l e 一ω叫叫ゆ|児応:b2附 ; !W附川v恥刊ω叫|住2bい2汽叩(仰附Q
4血，山 Jn1 

〆(U)= ~ if U口 [e，w]巴L2(口)x H1(n) with s(ω)巴L1(n)，

十∞ otherwisej

n
u
d
 

q
L
 



denote by θザthesubdifferential of tpt in X. 

Theorem 2.1. (Damlみ出初ωKenmochi-Sato[3]) Let t三0，[eぺωつεX and [e，ω]巴
D(8ザ).Then [eぺωつεδザ([e，ω])ザandonly if condition (αjαnd (b) belowαre sαtisfied: 
(a)♂= F(ε-ω -h(t))， that is， e一ω…h(t例tの)εVαη 

(いe常ヘ，z)斗)= I マ(いe一ω 一h(t肋tリ)リ). マzdx 十 l α N(いe一ω … h(t例tリ))μzdr fμor α llz 巴V; 
J[I， Jf 

(b) there existsαfunction c E L2(0) such that c E s(ω)αょ on 0， 

v(ωぺz)口 κI¥7ω.¥7zdx+(c-e十ω，z) forαII z E H1(0). 
J[I， 

Moreo問、，for Ut = [ei，叫]εθザ(Ui)with Uiロ [ei，叫]εD(δザ)(i口 1，2)

(U; -U;， U1…U2)X 口 l(e1-ω1)一(ε2ー ω2)112([1，)十 κ1¥7(ω1ー ω2)112([1，) 
(2.1) 

十(6-6，ω1一ω2)

ωhereふ巴 L2(口)is as αny funciion c in (b) for each i口 1，2.

This theorem is originally due to Visi凶 n[9]. Accordi略 toit we see that (P) can be 
reformulated回 anevolution equation in X of the following form: 

(E) U1(t) +θザ(U(t))+ G(t， U(t))ヨ0， in X， t三0，

whe町悶叫川E目川刈川eU川U川(ωt)= 与何抑附(t例川t吟)

G(t仰川h叩例，U川(t吟))口ベ斗[ト…イ刊州パ即刑肌(t例t)仏吋)，け7Jぶや初;主か炉(令何仲州巴吋仰刑(t仲t)一ω州州(tωtの)+村g(t，'，e(t) 一ω(仰い)))] 
3. The case g(t， x， u，ω) = -u-l(t，x) 
In this section， let l be a function in Ltoc(R+; L2(0)). For simplicity， we denoted by (Po) 
the system (1.1)ω(1.5) with g(t， x，叫ω)= -u -l(t， x) and by (CPo)(=(CPo; Uo，ω。))the 
Chauchy problem for (Po) with initial conditions (1.6). Now， let us recall some results on 
(Po) obtained in [3]. 

Theorem 3.1. (cf. [3;Theorem 2.2]) Let 0 < T < 十∞.Then αcouple {叫ω}of func-
tions u : [0， T]→ V* andω: [0， T]→ L2(0) is αsolution of (Po) on [0， T]，ザandonlyザ
the function U := [u十肌ω]: [0， T] ----+ X satisfies that 

U εC([O， T]; X) n wiど((0，T]; X) 

tpO(U)εL1(0， T) 

αηd 

U勺)+8ザ(U(t))ヨj*(t)

山川UJqe内 T;X)
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The solvability of (CPo) is stated as follows: 

Theorem 3.2. (cf. [3;Theorem 3.1]) Let 0 < T < +∞• Assume thαtμりイ1.8)hold 
αnd l εLtoc(R+; L2(n)). Thenωe hαve the folloωing stαte仰向:

(1) 1f the initial dαtα satisfy 

tAoeV*，ωo E L2(n)山thωoE D(s)α.e. on n， (3.2) 

then (C九)ロ(CPo;j， l; hD， hN; Uo，ω。)αdmitsoneαnd only one solution {叫ω}on [0， T] 
such thαt 

au'巴L2(0，T; V*)， au E L2(0， T; H1(n))， (3.3) 

tu' E L2(0， T; L2(n))， tu E L∞(0， T; H1(n))， (3.4) 

aw' E L2(0，T;L2(口))， ts(ω)巴L∞(0，T; L1(n))， ac E L2(0， T; L2(n))， (3.5) 
ωhere c is the funciion in condition (zωu3) aη 

aれ九九uω1J巴L ∞ (伊0? T ; H 1刊(n)リ). (3.6) 

(2) 1f the initial dαtαsαtisfy that 

( 句rい川…一一イ4州州h川仰刷(卯例0的)
(3.幻.7)

ω0ε H1(n)山ths(ω。)E L1(n)， 

then the solution {叫ω}of (CPo) = (CPo; j， l; hD， hN; Uo，ω。)hαs the reg山 rityproperties 
u' E L2(0， T; L2(n))， u巴L∞(0，T; H1(n))， (3.8) 

ωI巴L2(0，T; L2(n))， s(ω) E L∞(叱T;L1(口))， c E L2(0， T; L2(口))， (3.9) 

ωεL∞(0， T; H1(n)). (3.10) 

4. Phase field equations with constraints 
Our main result is stated as follows. 

Theorem 4.1. Assume that (1.り，(1.8)，(3.2)αnd(gl)-(g2) hold. The叫 forαnyT > 0， 
(CP)αdmits one αnd only one solution {叫 ω}on [0， T] such that 

(川町)日(0，T; H1(n)) 
( 4.1) 

tu' E L2(0， T; L2(n))， tu巴L∞(0，T; H1(n))， 

tttljIε L2(0， T; L2(n))， ts(ω)巴L∞(0，T; L1(n))， t九ιL∞(0，T; H1(n))， (4.2) 

ac E L2(0， T; L2(口))， (4.3) 

ωhere c is the funciion in condition (ω3) '. 1n particulαr，ザtheinitial dαtα Uo andωo sαtisfy 
(3刀，then 

dε L2(0， T; L2(n))， u E L∞(0， T; H1(n))， (4.4) 

ωfε L2(0， T; L2(n))， /J(ω) E L∞(0， T; L1(n))，ω巴L∞(0，T; H1(n))， (4.5) 

とεL2(0，T; L2(n)). (4.6) 

宅
E
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q
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REGULARITY FOR WEAK SOLUTIONS OF 

ELLIPTIC PARTIAL DIFFERENTIAL 

EQUATIONS OF SECOND ORDER 

KAZUHIRO KURATA 

GAKUSHUIN UNIVERSITY 

1. INTRODUCTION AND主主AINRESULTS 

We consider the following elliptic equation of second order: 

(1) Lu詰 -div(A(a)Vu(a))+ c(a). Vu(a) + V(a)u(a) = f in O. 

耳目eA(a)口 (αij(a))is real-valued， c and V are complex-valued a.nd A(a) 
satisfies 

(2) 

的j

for some入巴 (0，1].We assume 

(A) IVI， Ic12，J E I<!;>C(口).

Here we say V E I<~OC{O) if limr→oη{V; r; Od口 ofor each compa.ct 
subdomain 01 with 01 c 0， where 

(3) 
rf{y)1 

η(f; r) = sup I 
xERn JBr(x) la -yln-2 
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2 KAZUHIRO KURATA 

and η(f;r;G) =コヮ(fXG;r) and χG is the charaderistic function of G and 
Br(x) = {y E Rn;lx -yl < r} for r > O. We say u E Hloぷ1)口 {uE 
LfoAO); ¥7uεLfoc(O)} is a weak solution of (1) in 0， if u satis五es

ω L主的j山十c.¥7<t十川dx=Lfゆdx
for everyゆEC:'(O). 
Tho時houtthis paper we denote by C( n，入，η)the constant depends 
only on n，入， and the modulus of functionsη(lVI;・)a.nd 1]( c12; .). Since we 
are only concerned with local properties of weak solutions， we may assume 
that 0 is bounded and η(IVI; r; 0)，η(lcI2; r; 0)， and η(f; r; 0) tend to zero 
as r→ O. For simplicity we use the 1叫 aion1](g; r) =η(g;r;0). 

Theorem 1. Suppose (2) and ASSUMPTION (A) and let u be a weak 
solution of (1). Then u is continuous in 0 and there exist constants 
ro ro(n，λ，η)，C = C(n，入，η)> 0 and non-decreasing functions ω(s) 
and ωJ (s) satおかi時 lim8→oω(s)口 O，lims→oωJ(s)口 osuch that 

(5) 
lu(x)一川三ベ円》4今今今恥削削)11μ川川11μM州i作川川仙仙u叶叶仙恥いIILい!ιILOO∞

十CωJ(宍出)
for every 0 < r < ro with B8r(Xo) C O. Moreover 1¥71l12 E I<;:C(O) holds. 

Theorem 2. Suppose ASSUMPTION (A) and c， V are realωvalued. Then 
for nonnegative weak solution of Lu = 0 there exist constants C， ro > 0 
such that 

(6) maxu < Cminu 
Br ・・ Br

for 0 < r < ro with B4r C O. 

We a.lso consider the Schrodinder equation with singular magnetic長elds:

(7) Tu = -(¥7 -ib(x))2u(x) + V(x)句作)口f in 0， 

where i = V=I， b(x) = (bj(X)).i=l is real-valued a.nd V(.x) is complex-
valued. If we apply Theorem 1 to this Scrるdingerequation we must impose 
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REGULARITY OF WEAK SOLUTIONS 3 

dtu bGI4ぺ0).However we can show local bounded肘 ssof weak solutioIl 
of (7) without this additional condition. We sa.y u E HJ~AO; C)口{~t ε 
Lfoc(O; C); "¥1u E Lfoc(O; Cn)} is a weak solution of (7) in 0， if u sat.is:fies 

(8) かベ
for everyゆEC~ (0; C)， whereゆisthe complex conjugate ofゆ.We also 
write HLc 口 HJ~c(O; C) for simplicity. We denote by VR the real part of 
V and use (ぬ)一=max( -VR， 0). We also useゐfdx出向んf(x)dx， 
where IAI is the Lebesgue measure of A. For local boundedness of weak 
solution of (7) we have 

Tlleorem 3. Suppose IVI， Ib12， f 巴 f{~OC(O) and let u be a weak solution 
of (り• Then u E L~c(O) and there exist constants 1'0 = 1'o(n，η)，C = 
C(n，η) > 0 such that 

(9) lIullLoo(Brρ(310)) :::; C (え(31
0

) 山 )IUη(f;
for every 0 < l' <.1'0 凶thB2r (xo) C 0， where 1'0 depends on n， p， 
η(IVI; .; 0) and η(lbI2;・;0) and C only on n， p and 1]((則一;・;0). l-Vhen 
f = 0， we have 

(10) lIullLOO(丸山))ベム P
 

s
，，
 噌E

¥、1
I
t

，/
z
 

，a
 

p
 

M
U
 

for every 0 < p <十∞.

Since -("¥1 -ib)2u = -su十おも(x)."¥1u+idiゆ (x)u+ Ib(x)12u， as an 
immediate consequence of Theorem 1 we have 

Corollary 4. Suppose V， Ib12， diゆ，fE f{~OC(O) and let u be a附 ak
solution of (り• Then u is continuous in 0 and l"¥1ul2 E f{~OC(O). 

Remark 1. If we assume somewhat stronger condition V， Ic12， f モkk;(0)
for some-S > 0， then Theorem 1 yields Holder continuity for weak solutions 
of (1). Here we say 9 E f{出(0)if 

、.，f-，.ゐ
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4 KAZUHIRO KURATA 

for every compcat s由 domain0' of O. We remark that K~刀(0) c K~OC(O) 
for d > 0 and that i汀fg巴LC
some d> O. 
Theorem 1， 2 and Theorem 3 generalize the previous results of [LU]， 
[AS]， [CFG]， [S札[HK].The property IVul2ε K~OC(O) in the statement 
of Theorem 1 was first shown by Donig [Do] for wea.k solutions U of 
Lu = -su十 Vu = 0， V E K~OC(O) and was genera.lized to general el-
liptic equations (1) in [K叫，2].

Remαrk 2. If b E Cι(0) and V， f E K~ペロ)， one ca.n show loca.l bound-
edr悶 sof a distributional solution of (7)， that is u， l' u巴Lfoc(口)and u 
satisfies (7) in the distributional sense. Beca.use we can use Kato's inequal-
ity directly (see [則).We prove Theorem 3 by using Kato's inequa.lity， 
but for an a.pproximated solution. Since a loca.l bounded distributiona.l 
solution u belongs to H]よAO)(see e.g. [HS，Lemma. 2.2])， u is a wea.k so-
lution. Applying Corollary 4 we can conclude tha.t u is continuous a.nd 
IVul2 E K!:C(O) even for a distributional solution of (7). 

Remαrk 3. In [HS] Hinz and Stolz proved the local boundedr悶 sof distri-
butional solution u of (7) with u E Lfoc(O) and Vuε LtL3(0) under the 
assumptions V εLfoAO)， (V)長 ε K~OC(O) and Ib12， divb巴Lfoc(O).But 
we do not know continuity of solutions under this conditions. 

Example 1. We cannot expect in general Holder continuity under As-

SUMPTION (A). Let u(x) = l/(1ogりへα>O，r口 Ixl.Then u is a. wea.k 
叫山吋-s叶 Vu= f in B1口 B1(O)with V =球部ヲEK!:C(Bd， 
f=;ぷ ε K~OC(Bd. u is∞I帥 uousbut not Ho蜘 co山町S

Example 2. Let V引(作例z吋)い口河主戸 a刷n凶1吋db削(い例z吋)=斗b刷(1

芯τ?.T h e n k l b 1 2 5 KJJ ( B 1 ) ・Hence Theorem 1 implies c∞O伺侃n山l
weak solution of 一dωtωU叫(A(x吋)V匂吋)十b. マU+VU 出 f E K~OC(Bd ， Theorem 3 
implies local boundedness of weak solution of Tu = f. However since 
d印 btj. K~OC(Bd ， div b = br十 b!l子よ口苅恭一河長官， we ca.nnot 
apply Corolla.ry 4. Note that since Ibl口 Ib(r)1tj. K~苛l(Bd ， the result of 
[CZ] cannot be applied. 

We prove Theorem 1 by using some globa.l integra.bility of the Green 

function of L and the mollified Green function of Lo = -div(A(吋V) 
(Theorem 4， Lemma 4 below ) as in [Ku1，2] (cf. [CFG]). 
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REGULARITY OF WEAK SOLUTIONS 5 

Finally we give comments on different approach on this regularity prob明

lem. There exist.s an approach due to Simader， which Is simple in the sense 
of using the Green function of the principal part Lo = -div(A(a)マ)， but 
only give partia.l results on our problem in the case b 手o.For this ap-
proarch see [Ku2， Appendix]. For a probablistic approach see [AS]， [CFZ]， 
[CZ]. Especially Cranston and Zhao [CZ] proved Harnack's inequality for 
L = -.6. + b. ¥7 + V under V， Ibl2 E K~OC(O) and an additional assumpt.ion 
Ibl E K;:.tl (0) (see Example 2). 
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D開 tabilazationof laye:r solutiol1s in chemicall'eactionふ

M随時制uMimura， Masaharu N乱.gayama
K unimodu Sakamoto 
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Fa.c叫i.yof Science， Hiroshima University. 

Cl諸国icallyre配 ti時間ddiffusing systelns have been providing us wiも11a great dea} 

of spatiかtempora1pa，ttern forma.tion phenomema. Moreover， i.he recent years have Seell 
a renewed intel'est凶 dissipa.tivestructures in chemica.l systems. This interest .is mainly 

due to the development of open spatial r回 ctorsby gou工psin Texas悩ldin Bordeaux. 

We世 e，here， in加工estedin nonlinea，[ rea.ction-diffusIon models ba.sed upon chlorite-
iodide :rea.ctions performed in the Coue杭eflow reador with continuous fl.ow抗irredtank 

r.eactors ( CSTRs )抗 theends [J J. Followi碍 theworks by DeKepper et.al.問[3]，E]ez幽
garay a.nd Ar:neodo [1] proposed the followingもYteof reaction-diffusI 

ru/創 立 m附叫2U切u/附 2可予トいい[台ト川川Uト川ベ吋イ-F(尺(

δv/δ尉t== Dθ2v/8必a;2一包十α
t > 0， ~ E (0，1) 、E

，，，，
1
4
 

，，I
‘、

which exhibits chaJ:a.cterist.ic features of the chloritゃiodidereaction. Boundary conditions 

are Didchlet ones : 

{ ~いいu叫吋(t山t
旬(t，l)口 α向1，v(t， 1)口 sl= F(α1)' 

(2) 

The most important feature of the Couet旬fl.owre乱ctorIs出叫 thedi:ffusion ra.te D 

制ldthe boundary values α0， so， etc. are controlla.ble par叫neters.The diffusion rate D is 
controlled by changi.ng the roもa.tionspeed of the inner cylinder of吐leCouette flow reacto!， 
while the boulldary values are controlled by ca.refully mainta.ining chemical com.positiollS 
of the CSTRs. Elezgaray and Arneodo [1] display val'ious numerical si出向，tionresults 
for differellt values of these pa四 meもers，which ag!ee with experilnental results. In thei.τ 
experhuental a.nd nmnerical results，叫ea，dystates of. sharp Internal t.ransition layers a1;e 
observed fo:r: 脇田IIε>0 and these states destabilize回 thediffusion rate D is varied， 
giving rise to osc出品ingla.yers. When the pa.ra.meter D is furthel' cha.nged， the amplitude 
of the oscill抗Ionsgets bigger and the oscilla.ting lJ1anner becomes euatic. 
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The purpose of our work i5 to lna.thema.tica1ly understa.nd the destabi1iza.もionmech-

anism of the layer solutions of (1)(2)問就 theonset. To set up a stage， we assume the 
following pxoperties for the nonlinear function F( u) : 

(1) The fundion F ( u) Is smooth a.nd ha.s a local m同 mumVM品 'U~ UM and a local 
minhnum Vm 叫 u;;;;;: Um with UM < Um • 

(2) F'(u) > 0 for U < UM叫 du>υ州制dF'('U.) < 0 for UM < Uく um.

(3) Let U ::;; ho(v) be the inveIs~ of v = F(u) Ior U > Um， and h1(v) the inverse of 
V口 F(u)foτ U < UM. For. v E [l.Iml VM]， define J(吋by

刷 ;;;;;:lぷ::::;;:;;:) [かu十トト岨刊白 (3) 

Th出 thereis a凶 que♂ E(Vm， VM) such that J(v"')巴 o.
Note that J'(v) ::;; hl(V) -ho(ν) < o. 

The quali右前iveproperもiesofもhefuncもionF in thc above are jusもifiedby 吋lecarefull 

studies of DeKepp目的.札 [2][3].

1n order to長xthe situation fUI時ler，we choose the parametelsα3α0， etc. ill the 
following wa.y : 

α1くん('1.1*)< 'l~m. く α< ho(♂) <α0・ (4) 

Under those conditions in the above， we have 

Theorem. 1. Fol"在>0 s幻mηMα:nt.品her内‘噂ee回xistおsαtω仰opμfαzr問‘刀αmete肘ifaαmばi/yo.ザIfst拘ead命ystate 
solu叫仰lt巾tれzω.

of width O(ξc-) neαT a well-defined point x口 ;v"'(e，D)ε(0，1).

The sもab出古yana1ysis for U(x; E， D) is extremely delicate剖 thefollowing吐leorem
m占cates.

Theorem 2. The7'6αreαconstant 6 > 0 and a critical value D( c) E (DOl D1) 
such that the !i肘 α酎吋巾、イi必zα叫ti叩07ηl0ザ'1(ρ1)(2，勾jαr、別判o引仰t匂6げndU(x何芯町;げξ，D)h凶αsα umque pαir of ( comple:c) 
eigenvalueoρ(E， D) ~ PR(e， D)がPI(E，D)ωith PR > -8 satisfyin 

(a)ρR(e， D) < 0 fOT D > D{c-)， ρR(ε，D(ε)) ;;;;;: 0， and 内 (1:，D) > 0 for D < D(e). 

作)8PR(E， D)/8DID担D(E)~ O( E-1)く O.

作jρI(E，D(é)) 日 O(ç---/~).

口同
d
q

、υ



Remal'ks. (1) The order est，in.凶 esin Theorem 2 (b) (c) clea.ry show tl国 thedest品目
bilization of U(町(;，D)もhrougha. Hopf-bifurcation ca.n.n叫 beca，ptured by in出eSll1.g叫叫
lirnit E 1 O. This situatiol1 is in 5h拭 Tcontraおも toもhecase described in the remark (4) 
below. 

(2) Even if the par羽田旬r9α0，α1 etc. are chosen differently from (4)， we 抗出 have
results analogous to也osein Theorems 1叩 d2_ 

(3) The fact that the占官時ionra.tes oi u a，nd v乱reexactly equal is not eS5e叫乱1to 

obtain such resuIts as in Theorellli雪1and 2. One orLly needs to require that the diffusion 
rates of u and v are of the sa回eorde工

(4) Proble:ms related to (1)(2) we印刷出ly田dby Nishiura and Mi即日比 Their.l110del 
i5 described by 

(du/説 E…2十円(u)]
t > 0， :v E (0， 1) 

8vj8t = [)2vI8'Jj2 -U十α
(5) 

where the parameter 1" is of order 0(1)硝正叫 O.The pr.oblem (5) h加 thefea，ture that 

there a.re sulコstantia1differeces both in diffusion and rea.c主ionrates. It w剖 shownin 
開制 theproblem (5) h抽出吋叫lyof solu tions wi出叩凶er:nal壮制itionla.yel' 
alld that仕lesolutions undergo a耳opιbifurcation桔 theparameもe:t'T decreases_ 1n our 

problem， however， 'T = t! and the bifurcatioll P町ameteris the diffusion rate. 
(5) The problem (1)(2) has a wider ra，珂eof applical泌 tythan it appe世ふli'ore:x:ample， 
a combustion model on a su自cientlylong recta.ngula.:r dom.吋IIcan be， at least formally， 
brought to a problem oi the 5品開 type出 (1)(2).時間 cur:rentlyinvestigating this 

problem. 
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