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Remarks on Furuta’s extension of the Fuglede-Putnam theorem
to subnormal operators

FHE D REHEPIRFE BER

T. Furuta [3] IX. % Fuglede-Putnam ) £# # subnormal operator D& IR L 7=,

& B A (Fuglede-Putnam)

A € B(H,), B € B(H,) #* normal operator T X € B(H;,H,) # AX =XB £#/%+
operator ¥4+ 3%, 22 % A'X = XB* M T 5.

£ # B (T. Furuta [3])

A € B(H,), B* € B(H,) #* subnormal operator T X € B(H,,H;) # AX = XB %
73 operator ¥ +3%, DX i A'X =XB" RT3,

T, 2L B 2512 bkDARPBPRIAETEZIDESH H», Agn By »° normal T
AngzXoBo K‘j’-%o :.@2:3‘

AO 0 BO 0 XoO
(5 a) m=(55) x=(7 )

132, AX=XBIx

(0 a0 e) -0 o) (T &)

ThH., A'X = XB* 11,

Al 0) Xo 0 (Xo 0\/(B; 0
(5 )00 e) =00 )T =)
xa s, fFREEET 52 (1,1) BEP. LR TIE A Xy = XoBy T, FTORTIE
AjXo = XoB 2 Wb R IZ. Y56 % 0=0 TH 3. L > T Fuglede-Putnam o EH
N, AX=XB Xty A*X=XB*" »Bsh3,
¥z [3] 128135 Theorem B w8 ¥ T.Ando [1] » subnormal operator ? normal
extension 2B+ 53 &ERZ2H WS 2., Theorem B A, Bl Lo r i) Ay, A lX. %
NnEHNn A o normal part | pure part £ 49 By, By 12, F#F 4 B* @ normal part &
adjoint . pure part ¢ adjoint ¥ &t 5 Z ¥ A4 A %, subnormal operator ¢ pure part,
normal part DEHE L HHEIIRIZRT.



E &

A € B(H) #* pure 213 A o reducing subspace M T A|M »t normal ¥ %t 3 3 DAY,
{0} matTharzriuni,

8 C (see [4])

A € B(H) # subnormal operator 2 L, H,(A) = V{A"(A*A — AA*)z;z € H,n > 0},
H,(A) = H,(A)* 2+3, =7 L V Ix, closed linear span £ BB+ 2. ZD¥ % Hy(A)
2. A @ reducing subspace ¥ %t ) A, := A|H,(A) i3 pure, A, := A|H,(A) I normal
xu 3,

A
o A, ¥ A, #Fn ¥ A @ pure part, normal part 25,

ETRBRRAECZEZFHBY

E

A € B(Hy), B* € B(H;) % subnormal 2 L X € B(H;,H:) % AX = XB %7+
operator ¥ 3%, Cox % X i,

(7 o)+ EBI@mE) — e B4

rEXNB, 2L Hy(A), Hy(A), Hi(B), Hy(B*) B EOBEBECHE D2 +3, ko<

AX = XB .
2 )0 0)= (T o) (% o)

A

0
r&#EIT3, 7L A,. B*, 1 A, B* » normal part, A,. B*, & A. B* & pure part
135,

RORIX, LOEHEILELIZTHL S,

% 1.

A € B(H,), B* € B(H,;) #* subnormal T, X € B(H,, H;) »#* AX=XB ##7+2+3%
2 &, WAL T B,
(i) A€ B(Hy) Xi3z B*€ B(Hy) #tpure 51X, X=02%3%,
(i) X % injective 4 51X, B ' normal 2 & 3,
(iii) X # dense range ¥ 3 o4& 5 1f. A 2* normal ¥ % 3,

2/, RO TWS,



£ # D (Furuta, Matsumoto and Moriya [2]).
S € B(H) #' hyponormal T S*(5*S — S5*) = (§*S — §5*)S Ry + 546, S i

subnormal ¥ %t %,

chePipth S(S*S — §5%) = (5% — S§)S* 12w Tid, KDL HER 5.

X2
S € B(H) % subnormal operator ¢ S(S*S — 55*) = (§*S — §5*)S* % #¥i/=+ operator
2332 Siinormal 243

EIOIR I EHE B oRHANBEL O TRIZBR~S, (R, BlotoThs, )

&£ ¥ B » i 81 (T. Furuta).

Ny = A Ap on K1=H1€B(K10H1L)a
0 Ajp

ny=(2 B o k=@ (K0 HY
"\ 0 By

¥ A, B* & normal extension ¥ L,

A A, O 0 00 0 X
- 0 Ap O 0 - . 000 O
A= X 1=
0 0 B; By 000 O
0 0 0 B 000 O
onHleB(KlﬂHJ“) (I(zﬂH )@Hz &1‘%0
ZoY %xAlx, normal ¥ %1
0 0 0 AX 00 0 XB
o A 000 O 000 O
AX =XA =
= 0 00 O 000 O
000 O 000 O
naoTAX =XAvun, Fuglede-Putnam’s theorem X 9
A*X--XA* 3, JotochzitE+T 22,
0 00 AX 0 0 XByy XB
000 ALX | 100 0 0
000 0 I I 0
0 00 0 00 0 0



xR 50T

A*X = XB”,
(1) AI2X =0,
(2) XBlg = O

23,

SEHOGEH TS T. Ando iz k& % subnormal operator @ normal extension |23 % 5%E
HERRBEIZ, [1] TESH XN T3S partial inverse DEHEEZ RN 3,
T € B(H) #* self-adjoint 2 % T » partial inverse T~! 2 R TEHT 3.

T7' :ran T @ker T — H, T7'T =P, T7'(I-P)=0.

7=72L Pix H » & ran T ~ o orthogonal projection ¥ 4%, % 7 densely defined operator
S 7' bounded Zt & # @ bounded extension & S TFHE+.

£ 3 E (T. Ando).
S € B(H) #* subnormal % & IZW@MEYIC A,,S, € B(H) 2 kDL 3 IcEHT% 3,

Ao - 0, So == S,
A, = (Agz-—l + Sn-1Sn-1 — Sn—ls;:-l)l/?a
Sy = ApSn_1AZY,

ERELAYIZA ® partial inverse ¥ + 3. 7. &n>11zxL

AL+ 5,

2

_1571,—1 - Sn—ls:,,—l 2 09

SnAn = AnSn-—l
A,S, 1A Y 13 H £ bounded operator
AR L T

N = Sy Az onHoHoOHOH---

25, /L4 ||S|| @ bounded normal operator ¥ 4 3,



£ ¥ o i 8.
EBBEILtoEMBoifHD o 2RLE TS, EFEHE L)Y

I(iZHi@Hi@Hi@Hi@“‘a (i:1’2)7

Ap = ((A"A— AAY?0): Hi o (H1 © Hi© Hy--+) — Hy,
By =((BB*— B*B)'?,0): H,; ® (H, ®@ Hy ® H, - -+) — H,
2 LT, (1),(2) &9
3) (A*A— AA)X =0,

(4) X(BB*~B*B) =0

i3, Lot (3) 2 EBEB LN (A*A— AA)A™X = (A*A — AAXB" =0 v &
20T XANA*A-AA*) =0 243, Lemma C £ X*Hy(A) =0 240, ko<
H,(A) Cker X* 2zt 5T

(5) H,(A) Dran X
i3, FEERIZ (4) o adjoint k) XH,(B*)=0xz4&n

(6) H,(B*) Cker X

()éo g) + Hu(B7) & Hy(B") — Hy(A) & Hy(A)

rRINS,

2 F X W
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Hadamard BoBEFHEEICBE T 25 5 FHIC>WVWT
btk BFHED LB

1. Golden-Thompson £ o fj&E
Golden-Thompson RZX & W5 0k, Hermite 7% H, K L T
’I‘r(eH"'K) < Tr(eHeK) = Tl'(eleeKeH/z),
% 72 & 52 i —#% @ unitarily invariant norm ||- || it W T %
[N < (e 2R < e e,
BROULD2EVWI BDTH 5.
2R 3ELL Lo Hermite fTHIOBEREI B EhEVIMES S 22, WHIHT 5 —#1k

Rk DLz w., FAE

'I\l.(eH1+H2+Ha) < _;_{Tr(eﬂleffzeﬂs) +T1‘(6ESGH2€H1)}

b, ¥

Tr(eﬂl-i-Hz-}‘Ha) <
< é{’I‘r(eHzlzeHleHgl26Ha)+T1'(€H3/26H16H3/2€H2)+'I‘]_‘(6H1/26H26H1/26H3)}
Ty —MRICFIEL B,

Hy,Hy,...,Hy % nxn Hermite 75 & 9 2. £TORER o OFTHREICHRT
Z2HiITHENS, CHNOEZREHIICAIT 27D tensor BEEZLO0NEHATH A

>

5. i o
,I®-~®I®e(f? RIQ---®1
J

=HEABE, HELERT

N
eH1®~--®eHN=HI®-~-I®e(f’)f®---.®I (1)
i=t ’

L33, IhE log TERT S &

N
j =1 (J)



B, AMELIDHOBAEEECLT, (1) »5EH - HALHERER

N
1
H; Hyn NH:; ¢
ig...0e <.....§ I - -lceVHig...0f 3

BTAH,
REZBECRT oI, 2EE (BEH) 2BELTETMNETINERTERL,
Hadamard 3 (le  BEHZTELOHR) oxE X 5

Xi® - Xyr— Xi0---0Xpy (4)

Hadamard B icBI L T OB bEARNTDOIRKD Schur oFEETH % ([9] BH) :
A, B>0 = AoB2>0. (5)

EF#HH» > Hadamard BiEE R thb s : AoB = BoA £/ A LEAuFHN I &0
Hadamard &2 A @ diagonal 175 &7 5., KO trivial REENEETH % :

I®---I®(A)®“-®I=AOI.
j

IhhooERTEANROER, WK (4) B M, ® - @M, » 5 M, ~® unital, (com-
pletely) positive linear map ®(-) Kk Kah s & TH 5!

@(Xl ®®XN) =X;0---0Xpy.
Unital, (completely) positive map ® — &b 5
log ®(X) > ®(log X) (X>0)

EWv S Jensen IO REXBROIL>07T, (1) RU (2) KD RBH 3:

N
10g(eH10-~oeHN)Z{ZHj}oI (6)
—
B #% i
N
log(e Hr 0. 0e™HN)"1 < {ZHJ-}OI. (7
i=1
7 (3) b o
1 N
eHlo--ooeHNg{W;eNHj}oI (8)

BEPNS.



U ={ unitary 750 &fk } L, UelU 2547 & &&F X &
X(U)=U*XU (U el)

EECE, X — X(U) &3 *— £FH i v, & o unitarily invariant norm B L < %
norm-preserving T& 3.

& T, Hermite 175 ZJJ.V___lffj Fasd Vel cxiAbtcs s :

Licds->7T (6), (8) » 5
N
log(e1(V) o... 0 eHN(V)) > ZH] (V)

kU .
1 . -
{C_Hl(v) o...og_HN(V)}“"l Z {_N_ZC—NHJ(V)} 1

BELNE., Indbs

sup e @) o ..o BN > ([F1(V) 5.0 BNV > HGELH;'(V)“ - Hezjii 2,
Uel

Rk (7) & k&I T D majorization O K% F - ¢

[eZi= Hi || > ||tZien Hitel |

> sup ”{G—HI(U) 0---0 e—HN(U)}—ln > ”{e—H1(V) 0.0 e-*HN(V)}—l”
Ueu

1 - “NH;(V) -1 — 1 g —NH; -1
ZII{Nze Fl H{Nze A

PESHhE, IhoikteddE—->50 Golden-Thompson BIRERK & 722 ¢

Theorem 1.

sup [|ef:@) o ... 0 HND)|| > |25 Hi|, (9)
Uel
y 1
le7=2 55| > sup f|{e™ M) 0.0 N > {3 e MY (10)
UeclU s
J=1



PN HLNEBFICRDODEIIBVEEEZH »TW5SE

N
o1 aHj\Nja _ SN H;
i 3oy = S

N
1 oH: o N .
H{ﬁze HiyNle|| N |leZi=Hi||  (a]0).
i=1
TGl T

N
1 - N
Ii E : —aHj\=Nfa _ X, H;
aleanl{_Nj_le } g4~ i=1 J,

1 & . N .
II{WZG““H’}‘N/“H A leXi= T (o] 0).
ji=1

—% (8) BT (10) 5

N
oaH\(U) ., .. aHy(U 1/ 1 aH;\Nfa
su e o] oe < || — i
UeIL)l “{ } ” = ”{N j§:1:6 } “

N
—aH(U) . —eHNU) ~1/a 1 —~aHj 1 ~N/a
su e o) o) > 14— 7
UEB%H € } ll—'H{Pr;ife } I

THH5DT, RPWNETHEHMNIHS W
Theorem 2.

bt {erB1 @ o 0 @B/ a| N [|eZ5=1 Hi|| (o | 0)

kv
— - —l/a N i
sup [[{e™ "M o0 em2 NI 2 leXim | (o | 0)

R D ILD.

(11)

(16)

(17)

(18)



2. Johnson-Bapat F#8
2 ® Hermite H K fTHlE VW3 HRIBBEEERL LS., COHOERRIEL L T3]
KE STV 3,
Hermite H o EE#E A\j(H) WwobkEWhHLLEBEMF T B LT 5
A(H) 2 Ag(H) > - 2 An(H).

¥ 72 majorization LB L TROELBEZEHES :

H>Aé%
¢:$ j=1 j=1 j=1
i=k i=k j=1 j=1

Majorization KB L THIONTWVWBES>DPOEARKNBREEHICDWTRNE S (BLLRB

2] Z#) :
(Schur) H > Hol, ZhHh o

ﬁ)\j(eH”)zf_[Aj(eH) (k=1,2,-- ,n). (19)
i=k j=k

(Araki-Hiai-Petz) ([1], [8] 2H)

log(ef/2eXef/?) v H + K,

HA(eM zH (eM/2eK %) (k=1,2,-- ). (20)

2 o @O positive definite 0175 A, B 8B Zhhiz & &, AoBoEEEE A B*hFh
OEEED & OO majorization B% & L'Clzt/}\’?)ﬁl]bﬂ“cmé 2T AB & AY2BAl/?
2 similar T 305, FEEHHEELEL

X (AB) = X;(AY2BAYYY >0 (j=1,2,-- ,n)

TharIElicEERTS.



(Bapat-Sunder) (Oppenheim F#8 D fi# gk [5])

[ %(408) > T[N @AN(B) (k=12 n)
i=k i=k

—%, HHABERELTCRBHSTTWS:
(Weyl-Horn)
[Tyx@B) =TI 5@A(B) (k=1,2,---,n).
i=k i=k
Licd- T, ROFE R Bapat-Sunder 0 R (21) oKX B &K 5:
Theorem 3. (Johnson—Bapat T 48 [10] o fFHR)
=k i=k

j
(k] A=ef,B=ef 4 3.
log(Ao B) = log(eH ) eK)
> {log(ef) +log(e™)} o I
=(H+ K)ol by (4)

IhhoHEI

3

[T x40 B) > TT As(et#+5)

i=h

<
1l
o

Aj (eH) by (19)

v
=

.
1l
o

A; (eH12eE 12 by (20)

.
1]
ol

v
.SF‘

); (AB).

L
1
o

I
.Eﬁ

(21)

(22)

Bapat-Sunder 0 R IZERIc N {§# 0 Hadamard D E & Ic¥hiE & ©v 5 5, Theorem 3

HHEKETH2BPOBAIBHRBEERTH 5.

Thoerem 3 D EEHA & 5. 4, B> 0 o3t LT geometric mean A#B BEH &N 3:

A#B = A1/2(A~1/2BA——1/2)1/2A1/2 — B1'/2(B~1/2AB—1/2)1/231/2.



B S ic

[AiB AﬁB]ZO’ [AiB AﬁB]>O

T&H B 5 Schur OREE (5) L D IRBH 3!
AoB > (A#B) o (A#B). (24)

bH)—oBRHMOEEREMEL S
(Hiai-Petz- Ando)([8], [4])

n

HA(A#B H =1,2,---,n).

J :
—7% Theorem 3 » 5
1T 2 ((A#:B) o (44:B)) H (A#B)*  (k=1,2,---,n),
i=k ::

THEEPL, ROL>%E (23) ORENBELN S

Theorem 4.

ﬁ/\j(AoB ﬁA(A#B (k=1,2,-- ,n). (25)
i=k i=k

5 I transpose (cBid 3 k&% R~ 2. Hermite 7%] B o transpose BT i3 &EH %
complex conjugate IcZ X 7o D IR ST W,

Theorem 5. . .
[[r@oB) > J[Ai(4B") (k=1,2,---,n). (26)
it diagonal 2% % &
log(BT) oI = (log B)Y oI =1log(B) oI
3 &M S Theorem 3 EEBBICLTHA.

(26) ck=n D& Fiedler [6], [TfickvREN TV S,

MX (3] BZEashTh S, G Visick 5 [l BZohTEk. zofcly, ABHE
W2 E #7285 < Theorem 3 & ¢ Theorem 5 I W TW 3,
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1. Labvodoion
Hilbert ZPAH# 5 H oo X BREMAEA 2L 2, ®
3R 18 PR 1t

at
U=t

7 &%5%\% 2,k BBt [ow)>H t{Eo. w2
1eD(A) b tzo R L, SHA=00) v )t % BT
E, 2 DA = dE 7 X BB 5 0, DIA) o PZ X=D(R) =
—FErtstE s 3 (X tAr®Xx <% 3= v LY nEAS %
2). 20t bEsht Xro2h arE S=1sw) tzo]
1153 04 50 &4}

{—-—.—-.0\“&) + Aud >0 |, 0<LEdm

() Clers) a=SDSEdA |, Ye X 4,520 )

@) Sa=9, Yae X ;

G) (&% o AeX 1227 L 2, 42> 500X BT KB

@ lsoa-swylla la-4l, ¥, 4eX, tzo0
ghteL, 35 02

oy = Qf(sm)

e B, R L, ) S atBHEoED TR .

-, Sg swfoloa(wytml QM?VNYJ e, Xt Bonath 2R E



"L ES LT v s, KXo d&rh gkl 2ihar’
B=1Tertest v, ), Dol Nb#tHrdtats X 2o
mmmexpavatue Stdqrovp & w ) AT, 2 TR A B ) B men
O e TR I I SV S D)
LR e — 18 % Banac 2o BN T3, 4 ubt,
Ut S oA ¢ 2 Bomach EAA L L, {pa)t
C@VV)MWMwﬁm%VmeMATiimumsm vk ed vz,
XKoo b ITaiteSy Rati,
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5522 EfEFTHID CP completion 122U T
wH o (EELRO

G =W¢8 %, HEDEE Y & BOHESE £ 25O n OFRULERS S
7&95. FRHHLL YV = {1,---,n}, &€ C {(,]) : i,j € V} ELT, & 35EH
(A)(1,1),--- ,(n,n) €&, (B)(i,j) €E=>(j,i) € £ AT HDTH 5.

n KITHNCB T, (4,5) € £ 185 (4,7)-BSrWHEE LT 34751% G-T5 1751 &
W, RGN RAS— (HBWE H EOFFBIEIERR) OE4T75(D completion
IZ DWW TiE Dym, Gohberg [2], Grone, Johnson, S4, Wolkowicz [4], Paulsen, Power,
Smith [7] £ OWFENDH 5. HIALIE, AH T —EEHMCdD G-HHITFIE, £D
HEE LT B0 6% 5N 5 &F/MTFINT X TEMD & & G-HSIEETI & &
N3 D%, Grone 513 G-E4IEMEFTHID positive completion IZ DU TIRER L7z,

ZEF ([4, Theorem 7]) ¢ ZFRIEEM 57 L35, ZOEE (RAT—ZBHLFITH
D) G-E5IEMEITFHID positive completion HRF D7D DMEA4344-E G A chordal
THBIETHB. T TG D chordal THB &L, XD 4 LLED cycle 39X
T chord 23 DZ & TH 5.

WiT B(H) % EV~UL b2 H EOFRERAIERBROLE, M, = B(C") &L
T, M, OEHEM Sg %

Sg = {[aij]?,jzl €M, :(i,j5) ¢ E726Ida;; =0}

TEDS. @ = [T;lg (Tij € B(H)) & G-HH1TFIE L, Sg © Ma(B(H)) ~DEH
Ag % As([aij]Yjmy) = [aiT55]3 =1 (72720 (i,5) ¢ € 725 (i,5) Bd 0 £9°3)
TEYHD S &%, Paulsen O IIIRAFEH L7z,

ZEH ([7, Corollary 1.3]) 8434751 ® A" positive completion % D72 DME+47
KM ER A DTBLEMETHBIETHS.

LIF Tl Paulsen 5DZBEA LU T C*-H O LOREFREHEHIITH
DERL34THID completion =EZ 5.

1. CP completion & 757

A ABAEAE b C* f, CB(A, B(H)) % A © B(H) ~DRAEREGROLMH
&35, BINT CB(A, B(H)) DIEEBLHC b §-8A4T51% 52 5. CB(A,B(H))
DICHE RS H D n AT [@:5] B8 G-EB534T51 [pijlg @ CP completion TH 5 &1

(i) (Z,j) e oif pij = Gij;
(i) A DFTEEBSITED n RITHID C*-RE Mo (A) S M,(B(H)) ~DEH
18] : [as;]7 j=1 = [645(@i)]T j=1 DVEEEMESH




ERBEXEND.

2K T — D& EREFICLUT, G-E1T5 & OEE LI ka» 5/ o 5&E/N
TTHTRTCRBEEMETH B EE @ % G-HOTEEMITIIE D . G-EFTHIH
CP completion % 278 ST Nid G-EA5BLEMHEITIITH 5 4%, #HIT—RITIT K
AL U, AN NTO G-E4 552 IEMEFTHIN CP completion 262K H 7075
7 G RO 5.

EH1.1. G #BRBEN TS T7ET 5. TDEE CB(A,B(H)) OtEBEFIZHD
TRTOD G-E5358 L EMEITFIHY CP completion & & D72 DMLEA3FMHIE G BN
chordal THBHZ & TH5.

SERRIIIR DA RE 1.2, 1.3 & Grone L DOEEDEMN OB B I ENTE .

#78 1.2. ([8, Proposition 2.6]) (7, K) %= A OFR, V € B(H,K) % IL~Ib b ZERH
H D EILAL M2 K ~ OB FHIAEHRT n(A)VH 1 K THETSH b0 LT
5. T;j(1,§ =1, ,n) %= 7(A) OH#F n(A) OIEAFEEL LT p;; € CB(A,B(H))
% pij(a) = V*Tin(a)V TEDB. TOEE 8([a;;]7 1) = [wij(aip)]} =y TEES
Mo (A) D M (B(H)) ~DEf & BRETEMETH S EE [T]F, € Ma(B(K))
WETH B LI3FETSH 5.

A 1.3. [pijlg (pi; € CB(A,B(H))) % G-E21T751L9 5. ZDLE A OFIA
(m,K), fERAEREV € B(H,K) Tr(A)VH N K THREELLZHD, BLU T;; € n(A)
PWEFELT

pij(a) =V*T;n(a)V, a€ A, (i,j)eé&

EMNT 5.
2. functional matrices @ CP completion

Z Z TR E & UTH RIS BT D G-T534751D CP comple-
tion ITDWTEET 5. BIBILEEIEE BT b DESHMTFNISH LTI, CP completion
& positive completion IIFETH B I DD 5.

R 2.1 pi; € AY(i,j = 1,---,n) £TB. JOLEIERH [pij] ¢ [aijlfm €
My (A) = [pij(aij)} j=1 € M, DIEMEL S, SEEIEMETH 5.

EIE LD —RIEZ EDERD LD, RANTIRO BT 5.

G188 2.2. pi; € CB(A,B(H)) (i,5 =1, ,n) 18 URIZE W I FIE:
(1) ® = [pi;] : [aj]F j=1 € Mn(A) = [pijaif)]?jimn € Mn(B(H)) 25E4IEME;
() Ty : [ai]F o € Mu(A) = 32705y pii(aij) € B(H) D5E4IEME;
(i) ®© :a € A [pij(a)l?;oy € Ma(B(H)) H¥TEATEAE.
(RERA) (i) < (ii) DART. (i) = (). B 0: Mo(B(H)) — B(H) % [ai]F,0; —
ST TEDBE 0 EFATEMTHS. T [ =00 FHATEETH 5.

i,j=




(i) = (1). e (6,5 =1,---,n) & M, OFHERNTFIBEMETS. ZDEE Mu(A)
& AR M, BER [ai5]7 0y = Yj =1 @i ® e WL DR—HENE. 5K

Mn(.A) — Mn(Mn(A)) % [aij]?’jﬂ = [aij ®ez-j]§"j=1 VCEM)ZJ 3:, L &i?ﬁﬁm’ﬁjﬁ:f%
D,® =T ®idn)or E8B. LichioT o IBATEMTH . (FHK)

F23m>1&EL, 95 A My (4,j=1,---,n) ZERBEEHRETSE. 0L
BB [pij] : Mn(A) —» Mp(My) 28 m-TEME7 513, BLFHETH 5.

(REFA) 6 : M,(Mp,) — My, [ 3BEEEZNS [ =00® : M,(A) » My, & m-IE
ETHB. —RIZ C*-RED S M, ~D m-TEEERIITETEMIEN S Iy 1TEEIE
EERD, Lich->TafE223G) = (1) &0 & BRLEMENRS. (FER)

F23Tm=1&BLEME21 IEONS. —F, EEREHNFRRITTOEEIC
BIRERS. ‘
F24m>1 &0, 05 My —BH)(E,j=1,--+ ,n) ZHERBEERETS. 2O
EEBMH [pi;] : Mp(Mp) — My(B(H)) 2% m-IEfE7E 5, SEEEETH 5.

(FEH) M, 5 C*-{A~D m- EMERARETERTS S L0 2 EERVT, @
R 2.2 (iii) = (i) 2HEAT 3. (GK)

257 G =(V,€) It L Ma(A) OWAZERM Sg(4) %
Sg(A) = {[aij]zr'tj_—_-l € M,(A): (1,j) ¢ €7 ‘BGfaij = 0}

TEDD. G WEHT S TTHB I EMDS So(A) BHBEE TS D, M,(A) DEAE
Ted b, WRIT G-EAFTHI @ = [pi;]g (pi; € A*) WKL, Bl Ag : Sg(A) — M,
I's : S5(A) —» C 2zhzh

A ([ai]7 j=1) = [pij(@i)]] j=1s

To([aij]fj=1) = D wij(ai),  [ai]f i1 € So(A)
7,7=1
TEDS. TIZT(,])¢€ DEXIR ‘Pz’j(az’j) =0 &9 3. ZO&EHFFRENEE
Z2 AT b2 G-E434T7512% CP completion ZRF D720 DEMITONTIRDFEEN R
5h3.

B 2.5, = [pijlg (i € A7) % G-HAATFIET B &%, REEICFME:
(i) @ #° positive completion % HD;
(i) Ag : Sg(A) — M, WIEfE;
(ii) I'p : Sg(A) — C MIEAE;
(iV) A OFEH (W,IC) ENRT MV &, b, €K DEEFE LT, (27'7) c £ 1L
pij(1) = (n(-)€j, &) EMTB.



(REBR) (iii) = (iv) OHTT. T's DEMETH B &5 &, Krein OFEEN S M,(A) L
DIEDPEIS I's T, A € Sg(A) IS L T'p(A) = T'p(A) E753 b DIMEET 3. T
IZ Gelfand-Naimark-Segal #EEHEEZH 5 &, M,(A) OFEHR (p,H,) & £ € H,
DEEIELT T's(A) = (p(A)E,€), A€ Mu(A) 1253, e (i,j=1,--- ,n) % M, ®
FEAERIFTHI BN & LT H, OBISZEM K % K = p(1 ® e11)H, TEDS. KiZ A
DEBL (1,K) ERZ PV &1, b €K % 7(a) = pla®en )|k, & = p(1® ex;)€ T
BB, ZDEE (1,5) € EWHLTIE a®eij € Sg(A) THEMS

pij(a) = I's(a @ e;j)
= Ip(a®eij)
= (p(a ® e;;)¢, €)
= (m(a)€;, &)
E72D, pij(a) = (m(a)é;, &) 2185, (FEH)

3. Completely bounded multipliers

2. DEE RT3 7% NEED Fourier (D completely bounded multiplier @
BT S, UT G 2RI/ VB, CX(G) % G OB C* s 5. Gk
DR T, G D=5 Y —FFL (m,K) & {n € KIZED p(z) = (n(2)¢,n) (z € G)
EFEHEINS bDODEME B(G) TEDLT. B(G) 1T G LOEREEHOLE P(G)
OIS E—89 5. B(G) 1T C*(G) OIIER C*(G)* LR—HEEh, ZOF—
WO/ ONBPH /NVLICED, G L&EFITEDEICEI L T Banach ¥ &785.
o G OEEMZER (), LYG)) & g,h € LHG) i2& D u(z) = (Mz)h, g) (z € G)
EEDLEINLEH v DLEE AG) TEDT &, A(G) i B(G) DA T T7TIVER
%. A(G) % G @ Fourier RELE PRI A(G) OPHZEMIL G OF von Neumann
REVN(G) LR—HEENh5.

G LD ¢ H% A(G) @ multiplier TH 5B &I, FFED u € A(G) IZHL pu €
A(G) &5 HDE V). COBEHISTEELD, ¢ IZXBBNTEIT A(G) LOF
REFAERFE LSS, A(G) © multiplier ¢ 2% completely bounded multiplier T
% &L, o ODHBEIEAR M, BRVN(G) LOBLARGEHELZ LEED. AG)
@ completely bounded multiplier D&% MyA(G) THEDT. —IT B(G) C
MoA(G) TH 5.

B B(G) OTeE B DTN DN TERT 5.

W 3.1, Aij Bij € My (iyj =1, k) &F5. SO S5 [A5),_y, [Bislk s
yAN Mk(Mn) ICBWTIEER S ['I‘r(A,-iji)] e M, BIETHD. ZZTTr i rL—
REFRDTF.

#fE 3.2. p;; € B(G)(4,j =1, - ,n) &£T 3 & &, KITEOICFE:



(1) lpis] : Ma(C*(G)) — My HYIESE;
(i) Mo MBS = € G B(2) = [pij(2)]f oy VEEME ZIT S PEEMTHS
i, EEOM>1 & FED 2y, , 2, € G I UITH [@(m;lmj)]y,lj=1 c
My (M) DNIEICH S E X A0S,
(ili) [Myy]: Ma(VN(G)) = Mo (VN(G)) N5E4TEAE.

(REM) (ii) & (i) OARY. (i) = (ii). & k > 1 IH U [M,,,] 28 k-FEETH 5
ZEERT. SORBITE, ar,- - ank € VN(G), b1y €n € L2(G) 1234 LATHI

A= [(Mcp,-j(ai(p_1)+ian(q—1)+j)€n(q—-1>+ja€n(p—-1)+i>] 1<iign

1<p.g<k
DS My(M,) TIETH B LERBIETHTHS. TITay = ey arsAz,) (s €
C, X, € G) TR LT LU, HLOFFIEER M,(Az)) = plz)\(z) ZFHOTE
i g ol
A = [Te(Ai Bg,i) .0 150 <n s

<p.ig<h
Aij = [‘Pij(m:l‘”r’)]:?r'zh
B(P,i),(Q:j) = [(fr,n(}?—l)-i—z’aér’,n(Q“l)-H')]Tr’:l
EB. RELD [Aij]?,j:l € M,(M,,), [B(P’i)’(q’j)]%éi;’,’éi € Mpr(Mp,) $IEZN
SHE 31 LD A RETHAEZ &0%bd5.
(i) = (i). k21, 21, -,z € GIZHL [‘Pm(“’s_l""t)]ig;-'t%’; INIETLD T &&
5. RZ MV ECLHG), [lla=1%&D, 011, ,ap, €C ETF 5.

pij(e7 es) = (Mo, (MaT e)) MA@ e A5 1)E)
726, €= /\(:E;I)f, Ne; = as,,-fs EBl &

1,1 a1

1<4,5
1<3,t
Ak, n Ak,n

<[‘Pij($;1$t)]

IAIA

M, M1
= <[Mlpij] ® idy ([Ast]f,tzl) ) > >0
Nk,n Nk,n

L1535, ZIT A € My(VN(G)) RESHEST Moyle,) OIFIES=DT. (FHK)

RICZEBREG M, (pij € MoA(G)) ZBENC b G-ERH4TF148 CP comple-
tion b DI DOEMEEZ S, — B M, DRETEMTHBZEE ¢ € P(GQ)
THBIEDPEETH B &6, G-EE1TH [M,,;]¢ 7% CP completion & D73



5 pij € B(Q) £33 Ebd 3. Lich->TEHE 2.5, 8 3.2 K DIROEE
=85, _
EH 3.3. [My,; 16 (ws; € B(G)) & G-HTHI &9 5 & &, IRIZAEWICF/E:
(i) Myl WREFHREMS M, 12X 5 CP completion % HD;
() ® = [pi;]lg M positive completion % & D;
(ifi) Ag : Sg(C*(G)) — M, DEMHE,
(iv) I's : Sg(C*(@)) — C HIIEAE;
(v) G Da=F ) —FH (m,L) EXT MV &, b, e K DEHELT, (4,5) € €
WX U pi() = (w(:)€;, &) T 5.

ROEM: (V') WVEE 3.3 DBFFHEEENVICRETH S L) I LIFERICTERS
ns:

(i) My,;]g W VN(G) LOZEFRERIZEL S CP completion Z .

KB, R TBEICH VTR FPENELWZ ENRENE. BRI /37 MG N
amenable (resp. inner amenable) T#H 5 &id, L®(G) LOKRE m T, F£ED f €
L=(G), z € Gz U m(of) = m(f) (resp. m(y-1fz) = m(f)) L7025 bDOWEET
BEEEND. TIT o f(y) = f(2y), o1 fo(y) = fle7lyz) THB. gxXTOaAY
X7 EE, APREE (4FICTIHE) 13 amenable TH B, £ d T OBEREE, amenable
753 inner amenable T# 5. —HEREIEIIX U T, amenable THB I & &
inner amenable Td 5 = SIZA%ETH 3 [5].

FEF 3.4. G A\ amenable, ¥ 7213 unimodular, inner amenable @ &%, FH 3.3 O
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Pij = ’l/),;j THh D, THIAE IOl zc G — [1/)ij(:c)mj=1 € M, DIEEE
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Pointwize Ergodic Theorem For Order Preserving
Mapping

Yumiko Takeuchi
Nippon Steel Corporation

1 Introduction

Recently, pointwise convergence of “nonlinear average” of mappings in
LY(E, i) has been studying (see [2], [4] and [5]), and interesting ergodic theo-
rems for the average were obtained. One of them is an ergodic theorem by M.Lin
and R.Wittmann [4]. Their result reads as follows; Let T be an order preserving
, order continuous, L' norm decreasing, L> nonexpansive and positively homo-
geneous mapping on L!(E, u) of a o-finite measure space, let A, f is defined by
Sof =F, Suf = f+T(Sn-1f) (n €N) and A.f = 255, (n € {0} UN), and
let 1 < p < co. If T has no invariant functions except 0 in LP(F, u), nonlin-
ear average A,f of T converges to 0 almost everywhere for any f € LP(E, u).
The other is R.Wittmann’s pointwise ergodic theorem [5] which says that for
an order preserving, integral preserving, positively homogeneous and L* non-
expansive mapping on L*(E, u) with p(E) < oo, and for any f € L*(E, 1) the
above average A, f of T' converges to an element of L!(E, 1) almost everywhere.

In this paper, we investigate the almost everywhere convergence of the aver-
age Anf of T for the case that the mapping T on L!(E, i) of a o-finite measure
space has a strictly positive invariant function. Our result (Theorem 3.1) in-
cludes R.Wittmann’s ergodic theorem, and is applicable to more generalized
mappings. And we give an example of a mapping (Example 3.4) which is not
integral preserving, but which satisfies all the assumptions of our theorem.

2 Absorbing sets, invariant sets and a maximal
ergodic lemma

Throuhout this paper (F,p) is a o-finite measure space, and L'(E, u) is
simply denoted by L' and L'(E,p)y = {f € L*|f > 0} by L}. And ex-
pressions involving measurable functions or sets have to be understood in the
almost everywhere sense. We write (fV g)(z) = max{f(z), g(z)}, (f A g)(z) =
min{ f(z), g(z)}, and fy = fVv 0, f- = f A0 for measurable functions f, g.



We also use the shorthand notation {f > 0} for {z € E|f(z) > 0}. Next we
define the relevant properties for a mapping 7" on Lﬁ_ ; T is said to be order
preserving if

f>2g9 = Tf>Tg (f, ge L)

T is called integral preserving on L} if

[rid= [ sau s ey,

Note that an order preserving mapping which is integral preserving on L% is
nonexpansive on L1 ; see [3]. T is said to be positively homogeneous on L} if
T(af)=aoTf (f€Ll, «20).
From now on T will always be an order preserving mapping on L!, and we
put
F(T)y ={ke LL|Tk =k}

and
SF(T)y =F(T)+n{k e Lilk > 0 (a.e.)}.

A measurable set A C E is called absorbing with respect to T, if Xp\ aT'(Xa f) =
0 (Vf € LY), and is called invariant with respect to T, if SF(T); # 0
and Xk € F(T)y+ (Vk € SF(T)4+). In ergodic theory, absorbing sets and
invariant sets play an important role.

LEMMA 2.1 IfT is integral preserving and positively homogeneous on L% ,
and SF(T)y+ # 0, then the following three conditions are equivalent:

(i) AC E is absorbing ;
(i) A C E is invariant ;
(i) 3ke SF(T)y s.t Xake F(T)y .

PROOF.  We will show that (iii) implies (i). We set E, = AN {k >
1/n} (n € N), then we have 0 < Xg, < nXak. We first assume that f € L} is
bounded i.e. there exists M > 0 such that 0 < f < M. 0 < Xg,f < MnX4k
implies 0 < T(Xg, f) < MnX4k because T is positively homogeneous on L}
and X4k € F(T)y. Hence Xp\4T(Xg, f) = 0 holds for any » € N. Since T is
nonexpansive on L}, we have Xg\ 4T(Xaf) = 0. If f € L is arbitrary, setting
fm = fAm (m € N), we have Xp\ 4T(X 4 fm) = 0 for any m € N. Therefore we
obtain XE\AT(XAf) = 0. O

REMARK 2.2  The last part of the proof above which shows that (iii)
= (i) holds if T' is nonexpansive and positively homogeneous on L, and
SF(T)y #0.



For T and any f € L' we define
Saf = sup S;f (ne€NU{co}).

0<i<n

PROPOSITION 2.3 Let T be nonezpansive on LY and T0 = 0, and let
there exist hy € Lﬂr such that T(ahy) < ahg for any o > 0. Then, for any
feL' and D ={S% f =0}, we have

Jim [I7T(2Xpho) ~ Xphol| = 0.
PROOF. Weput Sy f = 0, then f = S, f=T(Sj—1 f) > S; F=T((S25)1) (0 <

7 <n). Hence f > S*f—T((S:f)) (n € N) holds, and (S} ) < fr+T((S:f)+)
follows. Since T is norm decreasing on L}, we have

ITU(S70)4) + F = (SRD+ N S NTUSEAON + Fe = NS+ < M F+ -

Therefore

1(S25)+ = TSR < 201741 (1)
We set gn.: = (S*f)4 Athg for any n € NU{co} and ¢ > 0. Then (1) implies
llgn.e = T((S3F)+) Atholl < 2[|f+ (2)

forn € N and ¢ > 0. Since gnt < (S5 f)+ and gn+ < thy, we have
Tgn: < T((S75)+) Atho. (3)
Using (1) and (2), we have
1T gnell = IT((S5F)4+) Atholl — 4l f4 |-
Because of (3),

NT((Spf)+) Atho — Tgn < 4] f4 |- (4)
Together with (2), we obtain
lgn,t = Tgn sl < 6[[f4+|| (n€N). (5)
And therefore
19oc.t = TGoo,tll < 6| f4ll (> 0). (6)
Because Xpgoc: = Xp(thp), we have
1 1
719506 = tXpholl = || 7X2\Dgoo - (7)
Hence we have
) 1
Jim =X\ pges.tl| = 0. (8)



Because of (6) and (7),
1 1 6
IT(Xpho) = Xphol| < 2[|7X5\Dgooutll + I £+l

1
Therefore lim ||?T(tX pho) — Xphy|| = 0 follows from (8). O

COROLLARY 2.4 Let T be nonezpansive and positively homogeneous on
LY, and let SF(T); # B hold. Then the set D is absorbing for any f € .

PROPOSITION 2.5 Let T be integral preserving and positively homoge-
neo}z:s on LY, and let SF(T)y # O hold. Then, for any invariant set A of E,
we have

/’XE\Ade#S /XE\AfdM (f e L}).

PROOF. Since A is absorbing by Lemma 2.1, T(Xaf) < XATf for any
f € L. Hence we obtain the above inequality. O

The following theorem is a maximal ergodic lemma for order preserving map-

pings.

THEOREM 2.6 Let T be an order preserving mapping on L' and let A be
a measurable set of E such that

/XAngp, < /XAgd;L (Vg € LL).

Let further there exist ko € SF(T)4 such that nko € SF(T)4 for everyn € N.
Then, for any f € L' and D = {S* f = oo}, we have

/ Xafdy > 0.
D

PROOF. Since (Tf—k)y <T(fVk)—kfork € SF(T); and any f € L*,
we have

/ XA(Tf — k)4dp < / Xa(f — K)pdp. (9)

Setting D, = {S:f >k} (n € NU {o0}), we will prove first that

/ Xafdy >0 (n€N). (10)

n

As shown in the proof of Proposition 2.3, we have f > Sk f—T((S5f)+) (n € N).
Thus :



Xp.f £ Xp,(Snf)+ —Xp . T((Shf)+)
= Xp {(Spf)+ — Kk} = Xp, {T((S1f)+) — k}
< {GShN)+ — kYl —{T((Snf)+) — k}+-

Integrating this ineqality on A and using (9), we obtain (10). Since D, T D
we have

/ Xafdu > 0. (11)
Do

Applying (11) with & = nky, the assertion follows from {S* f > nke} | D. O

3 Pointwise ergodic theorem

For an order preserving mapping T on L1~ we define a mapping T on L' by
setting Tf = —T(—f) (f € L'). And define S,,, S* (n € NU{oo}) analogously.
And we denote L} U (—L}) by L.

THEOREM 3.1 Let an order preserving mapping T on L' of a o—finite
measure space satisfying the following;

(i) T is nonezpansive and positively homogeneous on LY.

(ii) There exists ko € SF(T)+ such that
T(f +tho) = Tf +thy (Vf € L, Vt € R). (12)
And let there ezist an order preéerving mapping TOA on L' satisfying the follow-
ing;
(i) T is integral preserving and positively homogeneous on LY.
(ii) T < Tp on LY andT > T; on “L}i-'

Then, for any f € L', the average A,f of T converges a.e. to an element of
L.

PROOF. Let f € L' be given. We assume
p({iminf A, f < limsup A,f}) > 0.
Since kp > 0, there exist «, § € R such that

,u({limninf Anf < aky < Bky < limsup A, f}) > 0. (13)

Because of (12), we have S,(f — Bko) = Snf — (n+ 1)Bko and Sn(aky — f) =
(n+ 1)aky — S, f. Hence

E = {S%(f — Bko) = 00} D {limsup A, f > Bko},



and
E ={S (aky — f) = 0} D {liminf A,,f < ake}.

Thus (13) implies .
pENE)>0. (14)

Because E is absorbing with respect to T by Corollary 2.4 and T(ngo) <
Xgko as shown in the proof of Lemma 2.1, we have T(Xg\gko) > Xz gko-
Since T < Tp on L} and Tj is integral preserving, we have ko € SF(Tp)+ and
T(Xg\gko) = Xg\gko. Then E\E is invariant with respect to Ty by Lemma
2.1. By Proposition 2.5 and T' < Ty on L}, we have

/X_E;ngu < /X:p;_gdu (geLl).
Therefore, by Theorem 2.6, we obtain
/E_Xﬁ(f — Bko)dp = 0. (15)
Since T' < Ty on L%, we obtain
[ xatea = f)an > 0 (16)
by replacing T" by T, f — Bko by akg — f. Then we have
(@=6) [ a2,

ENE

this contradits a < 8 because of (14). Hence A, f converges a.e..
Weset f* = lim A,f, (f+)" = lim A,(f+), (—=f-)" = lim A,(—f-)andde-
note the average of Ty by (Ag)nf. Using Fatou’s lemma, we obtain

Jsdn < [reyde <timint [ an(tan
limninf /(Ao)n(f+)d,u = /f+dp, < oo

IN

JU-dw < - [(fydn < —timsup [ An(~1-)an
< —timsup [(Ao)a(~f-)dp = [ f-du < oo

Therefore f* belongs to L'. This completes the proof. O



COROLLARY 3.2 LetT be integral preserving and positively homogeneous
on LY, and let there exist kg € SF(T)4 such that

T(f + thy) = TF + thy (¥f € LVt € R). (17)

Then, for any f € L*, the average A, f converges a.e. to an element f* of L*.

Further we have
[ au= [ sn,

Anf converges to f* in L' norm, and f* is an invariant function with respect
toT. ‘

PROOF. By Theorem 3.1, it is clear that A, f converges to f* € L! a.e..
We define L' (ko) by {f € L*|f+tko € LL,3t € R}, then T is integral preserving
and positively homogeneous on L*(kg). For an arbitrary f € L!, setting f..=

fAmky € L' (ko) and f,, = f V (—mkq) € L*(kg) (m € N), we have

/ Ladn= / Tf du< / Tfdp < / TF mdp = / Tdu.

Because lim [f du= lim [F,.dp= [fdu, weobtain [Tfdp = [ fdu. And
m—roc ¥ I M~ 00
therefore T is nonexpansive on L*, hence we have

|T(ef)—aT fl| < IT(af)-T(af JHIT(af, )T l+|aTf, —oTfl <2[ /-1 I
As m — oo, we obtain T(af) =aTf (¢ >0).
Setting nlingc Anf =f * and n.l—l—->nolo AnFo. =7, we have fr<f< 7"

Since A,f < An(mky) = mky and A,f,, > An(—mko) = —mky (n € N), by
Fatou’s lemma, we have

/im*dp, > limsup/Animdu = /I_md/,l,
and

Hence we obtain [ f*dp = [ fdp. Setting fm = (f Amko) V (—mko) (m € N)
and lim A,fm = fF, Anfm converges to f* in L' norm because [A,fm| <

mkqy (n € N). Therefore the norm convergence of A, f follows. Since we have

n-+ 2 1
T(A,f) = A, — ,
(Anf) | +1f — 1f
the last conclusion is followed as n — o0. O



REMARK 3.3 Corollary 3.2 and R.Wittmann’s ergodic theorem [5, theo-
rem 3.8] are equivalent. Because T is integral preserving and positively homo-
geneous on L! as in the proof of Corollary 3.2.

The following example of T satisfies the assumptions of Theorem 3.1, and
however, T is not integral preserving.

EXAMPLE 34 Let £ =R, p be the Lebesgue measure, and 0 < o < 1.
For any f € L' we define

T = { 1 -a){f(@)V f(-2)} + A f(z) A f(-2)} (220)
f(z) A f(-2) (z < 0).

Now we set
= { VI G20
T f@) A f(=2) (2<0)
and
ko € L' such that ky > 0 and ko(z) = ko(—2).

Then all the assumptions of Theorem 3.1 are fullfilled, therefore it is showed
that the average A,f of T converges a.e. for any f € L!.

The same is true of the case of F = (—a,a) for some a > 0. In this case,
since T' is not integral preserving either, R.Wittmann’s ergodic theorem [5] is
not applicable.
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Representation of Convex Operators
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§1 INTRODUCTION

Let X, Y be real topological vector spaces and assume that Y is also an order complete
vector lattice. An Operator F': X — Y is said to be convex if the domain of F' (denoted

by D(F')) is a convex set of X and
F(Az + (1 - A)y) < AF(z) + (1 - ) F(y),

for all z,y € D(F) and A € (0,1). By L(X,Y), we denote the space of all continuous
linear operators of X into ¥. An element A of L(X,Y) is called a subgradient of F' at
z € D(F) if A(ly—1z) < F(y) — F(z) for all y € D(F). The set of all subgradients of
F at z is called the subdifferential of F' at z and denoted by 0 F(z) . Furthermore, the
conjugate operator F* and F** are defined as follows. For A € L(X,Y),

F*(4)= \/ (A(=z)~ F(a)),

z€D(F)

D(F)={AeLX,Y)| \/ (A(z)-F(z)) exists},
z€D(F)

where \/ denotes the lattice supremum in Y. Since X can be identified with a subspace of

L(L(X,Y),Y), we restrict the domain of F** to X, and

F*@)= \/ (A=)~ F*(4)),

AED(F*)

D(F*)={z e X | \/ (A(z) — F*(A)) exists }.
AED(F*)



F* and F** are also convex operators. For a real valued convex function f, it is well
known that f satisfies f** = f if and only if f is lower semicontinuous (Fenchel-Moreau
theorem). Moreover f is continuous at an interior point « of D(F'), then f is subdifferen-
tiable at z, that is 0f(z) # 0. For the generalized theory of convex operators, we need the
extensions of these fundamental facts. In [8] and other papers, some sufficient conditions
for these facts are given. However, they require some strong assumptions concerning the
relation between the order structure and the topological structure of ¥ for example. Our
‘purpose in this report is to give another approach to investigate convex operators by using
convex integrands. In §2, we deal with the case of X = R? and some basic results shall be
shown. In §3, we shall extend these results to the case where R? is replaced by an infinite
dimensional Banach space. Though we still need some assumptions,‘ they shall free one

from the need to consider the order structure of Y.

§2 RESULTS IN FINITE DIMENSIONAL CASES

Let (Q, X, ) be a o-finite complete measure space and let S(2) be the space of finite
valued measurable functions on Q. f and g of S(Q) are identified if they differ only on a
set of p-measure zero. With the usual ordering, S(2) is an order complete vector lattice.
In most cases in applications, the range of convex operators can be regarded as subspaces
of S(2) for some measure spaces ). Therefore it is not so restrictive to consider only the
class of convex operators whose values are in S(Q2).

A function f: X x Q@ — R U {+o0} is called a convex integrand, if for each ¢t € Q2
the function f(-,?) is convex. A convex integrand f is said to be proper, if for every ¢ € (,
f(,t) # +oo. It is convenient to say that a proper convex integrand f has a constant
domain, if D(f(-,t)) does not depend on t € Q where D(f(-,¢)) = {z € X | f(z,t) < o0}.
If a proper convex integrand f has a constant domain and f(z,-) is measurable for each

z € X, the operator F' : X — S(Q) which acts according to the formula

(F(2)(®) = f(z,1), (a.e.t € Q), (1)

is convex and D(F) = D(f(z,-)). Conversely, if there exists a convex integrand f satisfying

(1) for a convex operator F', we call f a representation of F'. In this section, we consider

—44—



only the case of X = R%. We have in this case the following fundamental theorem without

any assumptions.

THEOREM 1. Every convex operator F : R? — S(Q) has at least a representation.

By the conjugate of the convex integrand f, we mean the integrand f* on X* x Q
defined by

(="t = sup {<z%,2>—f(,1)},
.'DED(f(,t))

where X* is the dual of X. The biconjugate integrand f** is given by
7 (z,t) = sup  {<z%,z > —f"(a%, 1)},
s*€D(£*(,1))

for € X. If f is a proper convex integrand, then so are f* and f**. A proper convex
integrand f is said to be normal if for each ¢ € Q, f(-,¢) is lower semicontinuous and f
is B ® ¥ measurable where ‘B denotes the o-algebra of Borel subsets of X and B @ %
is the o-algebra in X x  generated by the sets B x S with B € B and S € ¥. In
[1],[5],[7], one can find some different ways to define the normality which are all equivalent.
Normality ensures in particular that for every measurable function z : @ — X, the
function t — f(¢, z(¢)) is also measurable, and it is extremely important in applications.
Moreover, it is known that if f is normal then so are f* and f**. Note that for a convex
operator F', the representation of F' is not uniquely determined, and F does not always

have a normal representation.

THEOREM 2. If a convex integrand f represents a convex operator F' : R — S(Q), then

f* and f** are normal representation of F* and F** respectively.

REMARK: L(R¢,S(Q)) can be identified with S(02)¢ by corresponding (1, - ,@4) €
S(Q)% to A € L(R%, S(Q)) with A : R 3 (21, ,24) — Yoo, @ip; € S(Q). Hence
we can consider R? to be a subspace of L(R?, S(Q)), and the domain of F* in Theorem 2
is restricted to R?. For ¢ = (1, ,94) € S(Q)¢, we can prove (F*(9))(t) = f*(p(1),1)

for almost every ¢t € .



By Theorem 2, we obtain the following two theorems.

THEOREM 3. A convex operator F': R — S(Q) satisfies F** = F' if and only if f** = f

for some representation f.

THEOREM 4. A convex operator F : R — S(9) satisfies F** = F if and only if F' has a

normal representation.

To end this section, we shall give a generalization of Fencel-Moreau theorem. For a

convex operator F': R — $(2) and for z € D(F), denote
Sp(z) = {o € S(Q); | F(U) C F(z) — ¢ + S(Q)4, for some neighborhood U of z },

where S(Q) 4+ = {p € S(2) | ¢(¢t) >0 for almost every t €  }.

THEOREM 5. Let F': R — S(f) be a convex operator and take a point € D(F). Then
F**(z) = F(z) if and only if Sp(z) # 0 and \ Sr(z) = 0.

The condition given in Theorem 5 is considered to be a generalization of the notion
of lower semicontinuity for convex operators. By birtue of Theorem 2 and Theorem 3, we

can give a simple proof of this theorem.

§3 INFINITE DIMENSIONAL CASES

Convex integrands on infinite dimensional spaces has been studied in many papers
([1], [6]). The properties of normal convex integrands stated in §2 are all valid in infinite
dimensional cases. However, there are usual problems of the multiplicity of topologies and

dualities. We shall use some continuity conditions to prove an extension of Theorem 1.

THEOREM 6. Let X be a separable reflexive Banach space and let F' : X — S(2) be a
convex operator. Suppose that for every z € X, t-€ 0\ Q(z), (u( Q(z)) =0), and € > 0,



there exists § = 8(z,1,€) > 0 such that ||z — y|| < & implies |(F(z))(t) — (F(y))(¥)| < e

Then F' has a normal representation.

The condition of F' in Theorem 6 is considered to be the continuity with respect to the
topology of almost everywhere convergence in S(£2). Let (X, ) be the set of all convex

operators F' : X — S(Q) satisfying the continuity condition in Theorem 6.

ProoF: Let E be a countable dense subset of X. We can assume that E is midpoint
convex, that is, 2,y € E implies %(m +y) € E. By D, we denote the set of all rational
number of the form A = 7% € [0,1]. Foreach z,y € Fand A€ D, Az+ (1—A)y belongs
to E and by the convexity of F,

(F(Az + (1= Ny)) () < AF(2)(#) + (1 = A)(F(y)) () (2)

holds for all t € Q\ Qi (z,y,A) where Q1(z,y,A) C Q is y-measure zero. Take the union
of Q1 (z,y,)) over all z,y,€ E and A € D, and denote it by Q3. Then u(Q22) =0 and
(2) holds on Q\Q; forallz,y € E and A € D. Hence if we define f(z,?) on E x Q
by f(z,t) = (F(z))(¢) for z,y € F and t € Q, then f satisfies

f(/\wa_(l“)‘)y:t) S)‘f(m1t)+(1_)‘)f(y7t) (3)

forallz,y € B, A€ D, and t € Q\ Qy. For arbitrary 2 € X and € > 0, take Q(z)
and § > 0 as in the continuity condition. If y € ENVj(z), then |(F(z))(t) — f(y, 1) <e
holds for t € 2\ (Q3 UQ(z)), where V5(z) denotes the §-neighborhood of . Hence for
each t € O\ (R UQ(z)), f(-,t) is bounded on Vs(z) N E, and by (3), this implies the
uniformly continuity of f(-,) on Vs(z). Thus we can define f(z,) on X x 2 by the usual
way of taking limit. f is obviously a convex integrand, and for every z € X, we can take

a sequence {z,} of E which tends to =. Again by the continuity condition of F, we obtain

(P(@))() = lim (F(za))(2)
= Lim f(zn,?)

n—+00

= f(z,1)



for almost every t € ©, and this completes the proof.

In the infinite dimensional cases, the definitions of F** and F** depend on the meaning

of L(X, 5(2)). Under the hypothesis in Theorem 6, we define L(X, S(Q)) as the set of all

linear operators satisfying the continuity condition in Theorem 6. Then we can get the

following fundamental result.

THEOREM 7. Let X be a separable reflexive Banach spaces. Then Theorem 3 and Theorem
4 remain valid for F € F(X, Q).

that

Since the representation f obtained in Theorem 6 is normal, we have by Theorem 7

THEOREM 8. Let X be a separable reflexive Banach space. If F € §(X, (), then F satisfies

F**

=F.
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Functions with Lipschitz condition

S.Koshi ; Utsunomiya University

Non-linear operators on Banach lattice with Lipschitz condition are studied by Prof. I.
Sawashima. I attended her lectures on this matter two times at Hokkaido University in the
last term of 1992 and at Keio University in first term of July 1993. I am quite impressed.
I find that even if in the case of finite-dimensional spaces it is not well known .

After that, I studied these topics and found out theory of functions with Lipschitz

condition is quite related to convex analysis. I hope these consideration will be some
progress to convex analysis theory. In this short note, I will state some results.

Let F be a normed space with real scalars. A real valued function f is said f has
Lipschitz condition if there exists some positive constant C' with

() | flz) = f(y) [SCllz-yl for z,y€E.

It is easy to see that totality of functions having Lipschitz condition ( x ) constitutes a
Banach space with the following norm

I £ 1l sip = sup (MBI oty ) 1| £(0) |

This space is denoted by Lip(E). The totality of f € Lip(F) with f(0) = 0 is a closed
linear subspace of Lip(E). This space is denoted by Lip(F)o. Lip(E)o is with codimension
1 to Lip(E).

Then we have the following theorem in the simplest case :



Theorem 1 Lip(R)o is isometric onto L (R).

Proof. Let f € Lip(R)o. Then f is absolutely continuous. Hence

flay= [ £ty
for derivative f' of f.

Then we have

| fllzip = esssup{| f'(¢) |,t € R}

f — f' is one to one and linear.

Next, we shall consider the case of R™. We only deal with the case of n = 2 in the
following, since the case of n > 2 is same as n = 2.

Let f = f( z,y ) be a two times continuousely differentiable function. Let § be with
0 < 0 < 2r. We shall consider the partial derivative of f at (a,b) along the straight line
between (a,b) and (a + tcosd, b + tsinf) for t € R . Then we have the following :

Lemma 2

df (a + tcos, b + tsind)
dt

= fz(a,b)cosld + f,(a,b)sind.

Lemma 3

Maz{f,(a,b)cost + f,(a,b)sin;0 < 0 < 21} = /f2(a,b) + f2(a,b)

Lemma 4



I fllLip = sup{\/fZ+ f2}.

We shall consider the Banach space Lo,(R?)x Lo, (R?) with the norm

(k) |(f,9)|l = esssup{+/f? + g2}

for f,9 € Loo(R?).

Let (f, g) be pairs of bounded 2 times continuousely partial differentiable functions on
R? with f, = g,.

The totality of such pairs of functions is a normed linear subspace with the norm (*x).
The completion of such linear subspace is denoted by S(R?).
Then we have :
Theorem 5
Lip(R?), is isometric onto S(R?).

Next, we shall consider another type of functions on R? . Let f be a function on R?
satisfying Lipschitz condition with the following conditions :

[ #@bdo+ [ (e, p)dy = / * fla,y)dy + [ fa,d)d
o’ B b s’
for all (a,b) and (c,d) €R2.

The totality of such functions f is denoted by P(R?).

By the usual calculation, feP(R?) if and only if



fm(a7b) = fy(a7 b)
for all (a,b)eR2

Then, if we change variables z,y to another vavriables u,v with

g — "
Tr—y
=0
2
Hence we have :
_0f0s  0f 0y

_0fdz  Ofo0y

fo(z,y) = 5250 T o 0.

It means that
f(z,9) = f(=",y')

whenever z — y = 2’ — y’ or { is constant on the line y = z + v for all v.€ R.

Hence we have :
Theorem 6
P(R?) is isometric onto L (R).

Let E be a normed lilnear space. Similary, we can define P(E) as same as P(R?).



Theorem 7

P(E) is isometric onto Le,(R).

We can discuss these theorems in arbitrary normed linear space and relationship between
convex analysis and functions with Lipschitz condition.
We shall list up these consideration in the following titles without any explanation and

these results will be stated in another paper.

(1) Subdifferential

(2) Duality theory ( in the sense of convex analysis)

(3) Applications to non-linear operator theory.



Periodic Solutions for Curve Evolution Equations

Norixo MIZOGUCHI

This is a joint work with Prof. Giga of Hokkaido University.

We consider the quasilinear parabolic equation
Up = uz(uza: +u— f) in K, (1)

where K = (R/27Z) x (R/TZ) with T > 0 and f is a positive function on K. The

purpose of this paper is to prove the following result.

Theorem 1. If f is a positive continuous function on K with f; € C(K) such that

27 i
flz,t)e®de =0 for all ¢, (2)
0
then there exists a positive solution u € ﬂ WPZ’I(K ) of the equation (1) satisfying the
p>1
condition _
27 e’l(L'
—dz = .

/o nEx) z=0 forallte R (3)

We remark that the assumption (2) is necessarily satisfied provided that there is a
positive solution of (1) satisfying (3). In fact, multiplying u~2e' with (1) and integrating
over (0,27) yields

If u satisfies the constraint (3), f must satisfy (2).

Our main result yields the existence of a periodic-in-time solution (up to transla-
tion)for an evolution equation of curves whose normal speed equals the curvature minus
a given time periodic function depending on curves through its normals. Let {I';} be a

smooth one parameter family of closed, embedded curves in a plane bounding a bounded



domain. Let n denote the inward unit normal vector field on I';. Let V denote the nor-

mal velocity of T'; in the direction of n. We consider an equation for I'; of the form
V =k —q(n,t), (4)

where k is the inward curvature and g is a given function. The equation (4) is an example
of curvature flow equation with anisotoropy ([13]). If I'; is convex, one can parameterize
T'; by a Gauss map by introducing 6,0 < § < 27 such that n = (cosf,sinf). The

evolution of curvature k is expressed as
by =K (Vog + V)

if we use f— cordinates ([13]). Applying this identity to (4) yields an evolution equation

of curvature
ky =k (kg + &k — (Qoo + Q)) with  Q(0,t) = g(cosb,sin 0,1), (5)

where k and Q are 27— periodic in . We next recover (4) form (5). For k a curve

parametrized by the Gauss map is given by

f sing ¢ coso
Z(G,t)——-( o me‘,— A md(f)

If k solves (5), then integarating by parts yields

%? = ((k—Q) cos 0—(ke—Qp) sin 0—(k—Q)s=0, (k—Q) sin 8+ (ks —Qg) cos 0 —(ke—Qs)|e=0)-

Translate Z by

Xoft) = (f (k= Q)0 7)dr, [ (ha = Qo)(0, 7)),

so that new curve X (0,t) = Z(6,t) + Xo(t) fulfills

0X : 0X
V:n-—m——(cosﬂ,smﬁ)--@?—k-%



We thus obtained the curve
Iy ={X(6,t):0<0 < 2r}

satisfying (4). The equation (4) and (5) are equivalent through X. However to be I'; is
closed we need X(0,t) = X (2x,t) which is equivalent to the constraint

e o
o k(0,t)

If we set u = k,z = 0, this is nothing but the constraint (3). Since the condition (2) is
automatically satisfied for f = Qg9+ @), Theorem 1 yields a periodic-in-time solution I';
( up to translation in space ) of (4).

We also note that f is a positive function if and only if the Frank diagram of ¢ is
strictly convex ( see [12] ).

The initial value problem for (5) with ¢ = 0 was derived in [9] and extensively studied
by Gage and Hamilton [11] for the curve shortening problem. Since a circle shrinks to
a point in a finite time for the curve shortening equation (4) with ¢ = 0, the curvature
may blow up in a finite time. Blow up profiles for convex immersed curves were classified
by Angenent [2] based on a result of [1] under the self-similar growth assumption for
curvatures. There may happen that curvature growth is faster than self-similar rate. Its
asysmptotic profile is studied in [2] via (4) with ¢ = 0. Recently, more precise profile is
obtained by Angenent and Velazquez [3] by studying (4) itself. The iunitial boundary

value problem for higher dimensional version of (1) with f =0
uy = u?(Au + u)

in a bounded domain with zero boundary data was studied in [8] and [10] for positive
initial data. The existence of blow up phenomena depends on the first eigenvalue of
the Laplace operator with zero boundary condition. These authors studied whether a
solution blows up and they estimated the size of blow up sets. However it seems that

there are no results concerning the periodic problem for the equation (1).



We make use of the Leray-Schauder degree theory to show this theorem. The exis-
tence of periodic solutions for semilinear parabolic equations was obtained by the degree
theory in Esteban (6], [7], Hirano and the second author [14] and so on. But constract-
ing homotopies to solve the equation(l) is more difficult than that in the above papers
because the equation (1) is degenerate and our desired solution should satisfy the con-
straint (3).

We shall select desired solution by introducing a kind of penalty method since not
all solutions satisfy the constraint (3). Explaining heuristically, for small € > 0, we

consider the penalized equation
wp = U2 (Ugg + u + % ~f) K. (6)

For a solution u of this equation, we observe that the condition (2) implies

d 27 eil‘ Im it
—— —dz =€ / € dz
dtJo u 0

by multiplying (6) with u=2¢*® and infegrating over (0,27). Since u is periodic in time,

this implies that u satisfies the constraint (3). A penalty method is adapted in various

evolution equations to introduce constraints of solutions. For example, it was used to

constract a solution u satisfying a constraint |u| = 1 for the harmonic gradient flow

equations in Chen [4], Chen and Struwe [5] and Keller, Rubinstein and Sternberg [15].
We introduce the following approximate equation

u? €

Uy = (u+ €°)(Ugs + (u + 2)? (u+ &(u)

-}f)) in K, (7)

1 . ) ) .
where — < n}in f and £ is a smooth increasing function on R such that
m 49
((s)=s+¢&> foralls>me

and

max(s + €%,me) < £.(s) < Cmax(s +e*,me) for all s > 0.



The Leray-Schauder degree is computed in a small and a large ball in C(K) , respectively,
which implies the existence of a positive solution of (7). We seek for a solution of (1) as
a limit of solutions of (7). In the limiting procedure, a priori upper and lower bounds
are required. To do that, inequalities of Harnack type in time and space directions play

a crucial role. We refer to [12] for details.
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The Dirichlet problem for the heat operator
in non-cylindrical domains

HISAKO WATANABE

1. Introduction

Let 2 be a bounded C'-domain in R*® and set
.QTZ.QX(O,T), ST=3QX(0,T).

E.B.Fabes and M. N. Riviere proved a Fatou type theorem for the heat
operator in [FR]; If 1 < p < 400, then for each f € L?(Sr) there exists
a function g € L?(S7) such that the double layer potential u of g is
calotic in {27 and has the limit f(P), nontangentially on the hyperplane
t = 11, at almost every point P = (p, 1) € St with respect to the surface
measure of Sp.

Moreover in the case p > 2 it has been known that this result is still
valid even if {2 is a bounded Lipschitz domain and an approach region
is replaced by a parabolic nontangential one (cf.[F'S], [B1],[B2]).

In this report we consider the initial-Dirichlet problem for the heat
equation in a bounded non-cylindrical domain. '

More precisely it is assumed that a bounded domain D in R™*! lies
in the strip 0 < t < T and 8D is the union of three closed sets, Bp,
Tp and Sp, which satisfy the following condition (I), (II) and (III),
respectively.

(I) Bp is given locally at (z,,t,) € Bp by t =0.

(IT) Tp is given locally at (z,,t,) EIp by t =T.

(III) Sp is given locally at (z,,t,) € Sp by a Cl'-function ¢ such that
the spatial gradient of ¢ and %% are a-Holder continuous in the space
variables and §-Holder continuous in the time variable.

Furthermore, we assume that D satisfies the following conditions:

(d1) The set

I, =Dn{(z,7): z€ R"}

is a domain in the hyperplane t =7 foreach 7, 0 < 7 < T,
(d2) There exists a simple continuous curve in I connecting some

point of Bp to some point of Tp along which the ¢-coordinate is nonde-
creasing.



In this domain we consider the initial-Dirichlet problem

8
Au—-8—1:=0 on D,

w=f onSp,
#=0 on Bp.

If Sp is locally represented by a function ¢ such that DZ¢ and Dy¢ are
a-Holder continuous, then it is known that the above initial-Dinchlet
problem has a unique classical solution on D for all functions f on Sp
such that

7(X) = (V)] < eg6(X, 7Y

for all X, Y € Sp and for some positive real numbers cf, A (cf. [F,
Theorem 7, p.65]). Recall that the parabolic distance 6(X,Y) is defined
by
§(X,Y) = (lz = f* + |t — s])*/%,
for X = (z,¢) and Y = (g, 5)-
We intend to solve the above problem for a function f € L?(s), where

o is the surface measnre of Sp. For this purpose we introduce a mixed
layer potential kernel

(1.1)

1
B(X,Y):=—{V,W(X —-Y),N,} - 5W(X —Y)N,
Feg ]2
=)
- 2(4.n-)u/2(t - s)n/2+1

({y -, Ny) + (5 - t)Ns)

ift > s and k(X,Y) = 0 otherwise, for X = (z,¢) € R*™ and ¥ =
(y,8) € 8D, where

sp(-lh)
W(X)=W(z,t) = { (drt)n/? HE>0
0 otherwise

and (, ) is the inner product in R*® and (N,,N,) is the unit outward
normal to 80 at Y.

Using this kernel, we define a mixed layer potential, for f € L?(o)
and X € R**1\ Sp,

(12) $5(X) = f K(X, V) (Y)do (Y).



To study the boundary behavior of the potetial ®f, we consider a
patabolic approach region at Z = (z,3) € Sp

EZ)y={X=(@tebD: (z—=2,N,) >36X,2)}.

Using these mixed layer potentials and estimating them by parabolic
maximal functions, we will prove the following theorem in §5.

Theorem. Letp > 1 and f € L?(c). Then there exzists a function
g € L?(c) such that the mized layer potential u = ®g satisfies the heat
equation in D and

Xalé,rf}(epu(X) =0 forallZ € Bp\ Sp,

1 = - t st Sp.
Xﬁz};(rgfn(z)u()() F(Z) for o — almost every point Z € Sp

Remark. In this report we considered the initial-Dirichlet problem
for the heat operator L. But our method is useful for more general
parabolic operators L, for example, the uniformly parabolic operators
L. By using the fundamental solution of L instead of W and introducing
adequate kernels correponding to k(X,Y), one will obtain similar results
to our theorems for the uniformly parabolic operators.

2. Estimates of the kernel k

We denote by (z,1) a point X in R*Y, where 2 = (21,22, , Za)
= (z',z,) are space variables and £ is the time variable. We consider
the heat operator L defined by

8
L=A~—
at
and the adjoint operator of L defined by
8
L'=A+—.
D

Let £2 be a bounded piecewise smooth domain in R**! and w, v be
smooth functions on {2. Using the divergence theorem, we obtain

(2.1) L(uL"v — vLu)dedt

= / {(xVv — oVa), N;) +vwoN, }4S,
an



where V indicates the n-dimensional spatial gradient operator. If Lu =
L*v =0in §2, then (2.1) implies

(2.2) fa (@Yo —vVa), ) + N} X =0

Tt is well-known that, for (z,,%,) € R**1 and the function W defined
in §1, the function v(z,t) = W(z, — z,{, — t) is a C®-function in the
half space t < t, and L*» = 0 in this space. Furthermore v = 0 in the
half space ¢ > ,.

We see that the kernels W and %k defined in §1 have the following

properties.

Lemma 2.1 (a) W(X —=Y) < c6(X,Y)™™ for all X, Y € R,
(b) |V, W(X = Y)| < (X, Y)"™" and [V, W(X — )|

< eb(X,¥) " forall X, Y € R, X £,
(c) |R(X,Y)]| < e8(X,Y)*" "1 forall X,Y € Sp.

Lemma 2.2. Let0< B8<1and X =(z,4), 2 =(z,t3) € Sp. If
Y =(y,8) ESp, Y#X,Y # Z, then
lk(X>Y) - k(ZaY)l
< e8(X, 2)P (§(X, Y)* P71 4 §(Z,Y) A7),

3. Paraboelic maximal functions

Let us introduce a maximal function with respect to parabolic cylin-
ders in R™, instead of balls. More precisely for X = (z,t) € R" and
r > 0 we denote by C,(X) the bounded cylinder

{Y=(s):YER": |[y—z[<r, |s — | < #?}

and call it a parabolic cylinder. Let f € L}, _(R"®). We define the
parabolic maximal function by

Mf(X) = Sup{m fc 0N 7 >0,

where |C,(X)| stands for the measure of C,(X) with respect to the
n-dimensional Lebesgue measure.

We see that the same covering lemma as the lemma on p.9 in [S]
1s also valid for parabolic cylinders. Using this we obtain the following



estimate for the parabolic maximal function by the analogous method
as Theorem 1 on p.5 in [S].

Lemma 3.1. (a) For f € LY(R™) and b > 0 we set
Epp={X €R™: Mf(X) > b}.
Then there exists a constant ¢ such that
B4l < F1£1L,

for every f € LY(R™) and b > 0.
(b) Let p > 1. Then there exists a contant ¢ such that

Ml <eifll, for every f € L*(RY).

4. Estimates of layer potentials
Recall that, for f € I?(o) and X € R*T1\ Sp,

DF(X) = - / (V,W(X — ¥), Ny} {(Y)do (¥)
and
55(X) = - f W(X - Y)}(¥)do(¥).

To study the boundary behavior of the functions Df and Sf, we
consider parabolic approach regions at Z = (z,%5) € Sp

I2y={X=(zt) €D:{z—2,N:) >n8(X,2)}
and
Ire(2) ={X =(z,t) e R***'\D: {v — 2, N;) > n6(X, 2)}

for a positive real number 7 satisfying 7 < 1.
Let v be a function defined on R*T1\ Sp. We set

(©)7(2) = sup{|o(X)| : X € [}(Z) N B(Z, )}

and

(v):*(2) =sup{|v(X)|: X € I, (Z)NB(Z, e}



for Z € Sp and ¢ > 0.
The layer potentials Df and Sf are estimated as follows.

Lemma 4.1. Let f € L?(c). Then there exist positive real numbers
¢ and € such that

NP < clflly,  IPATN, < cllfll,

and
WSHElly < elfllg, NSHT N < dlfllp

where ¢ 15 a constant independent of f and

I, = (| u(Y)lpda(Y))w .

Let us now introduce another kernel A defined by

h(X,Y) = —{V, W (X — Y),N,) = W(X - YN,
= k(X,Y) - -;-W(X ~Y)N,

for X = (z,¢) € R* and ¥ = (y,9) € 8D, if £ > s and A(X,Y) =0

otherwise.
Furthermore we set Ip = Sp UBp.

Lemma 4.2. The kernel b has the following properties:
(a) If X € D, then

/ WX, V)dS(Y) = 1.

Ip
(b) If X ¢ D, then
/ R(X,Y)dS(Y) =0.
Ip

(c) If Z € Sp \ Bp, then

/ MZ,Y)aS(Y) = .

Ip



We next introduce operators A and K™ which map the family of all
Borel measurable functions on Sp into itself. We define, for X € Sp

K(X) = [ MX,1)1()do(¥)

if it 1s well-defined and K f(X) = 0 otherwise. Similarly we also define

E*§(Y) = / K(X,Y)(X)do(X)

if it 1s well-defined and K™ f(Y) = 0 otherwise.
Then we can prove the following lemma.

Lemma 4.3. Letp > 1. Then K is a compacr operator on L? (o).

Using the operator K, the estimate in Lemma 4.1 and the properties
in Lemma 4.2, we have

Lemma 4.4. Letp>1 and f € L?(¢). Then

: o 1
Xaz,l)lfrgr,,(z)q’f(x) =Kf(Z)+51(Z)

for o-almost every point Z € Sp and

i - 1
X~+Z,1}(H€11‘,§(Z)(I)f(X) =Kf(Z) - §f(Z)

for o-almost every point Z € Sp.

Moreover we have

Lemma 4.5. Letp > 1l and f € L?(0). IfKf+%f =0, then
f=0.

5. Preof of Theorem

Finally we prove our theorem.

Let f € L?(s). Since K is a compact operator on L?(¢) by Lemma
4.3 and K + %I is injective by Lemma 4.5, there exists a function g €
L?(s) such that

1
(K+5Dg={.



Lemma 4.4 yields

. — g 1 J—
x5 2900 = (K + 5D0(2) = 1(2)

for o-almost every point Z € Sp. Moreover 1t is obvious that ®g satisfies
the heat equation in D and

X—-»lé,n}}eD Pg(X) =0 for every Z € Bp \ Sp.

Thus we see that u = ®g is the desired function. QE.D.
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Ergodicitly of Lipschitz dual operators

By
Ikuke Sawashima

Department of Mathematics, Ochanomizu University

Let F be a Banach space with the scalar field ® = C or R and let E’
be the dual space of E. We define the Lipschitz dual EY of E as
the space of all Lipschitz continuocus functionals on E with the
value 0 at 0. Addition and scalar multiplication in E* are usual
addition and scalar multiplication as functions on E and the norm
Ix® . in E* is the Lipschitz coefficient of x%,i.e.,

Ix® i, = sup {|x* (x) - xt(y)|/lx - ylhyx # y) for xt e E®.
It is clear that E* < E* and Ix*l = lx lo.

Let T be a Lipschitz continuous opearator in £ with T0 = 0. Then we

define the Lipschitz dual operator T* of T in E® as an operator that
maps each element x* in E* to the composite of T and x*, i. e.
T x" (x) = x*" (Tx) for x & E .

The restriction of T to E* is denoted by T*ig.. T* 1. maps E° to E®.

In this report, I will give some ergodic properties of the Lipschitz

dual operators.

1. Properties of Ef¥ and T!

We will summerize the most important properties of the Lipschitz
duals, those we reported in [5].

Proposition 1. The Lipschitz dual space E* of E is a Banach Sspace
and the dual space E' of E is a closed subspace of E*.

Proposition 2. The closed unit ball in the Lipschitz dual space
E* is o(EY,E)-compact and the dual space E'of E is a o(E*,E)-closed
subspace of E%.

Proposition 3. Let T be a Lipschitz continuous operator in E with

TO0 = 0. Then



(1) the Lipschitz dual T* of T is a bounded linear operator in E*
and

(2) IThe = 017%0 = §T%1ce. 10,
where IV is the usual norm for bounded linear operators,

2. Ergodicity of the Lipschitz dual operator

Let L{(E) be the set of all Lipschitz continuous operators in £,
each of which maps 0 to O. It can be proved that L(EF) is a Banach
algebra with wusual addition, scalar multiplication, composite of
operators and the norm | ..

Let § be a Hausdorff space with respect to a topology T and
S$», n = 1,2,..., be a sequence in a compact subset of S. Further let
~hbe a free ultrafilter of N, that is, ;fibe a maximal filter including
all subsets {n; n 2 m} m = 1,2,.... Then we define the filter limit

of {s»} for s, denoted by 7- Fh-lim s,, as follows;
- A -lim s, = (\ F e;; [closure of {(s0,; n € F}1.

Since S is a Hausdorff space and {s»} 1is in the compact set,
- -1im s» is determined as an element in the compact set. The
cluster set of {(s»} means the intersection wof all closures of sets
{spy m s nty, m =1, 2,.... It is easily proved that, for everf free
ultrafilter fﬁ , T- S -1im s» is determined as an element in the
cluster point of {s,} and, inversely, every cluster point of {s»} is
the filter limit of {s»} for a certain free ultrafilter of N [11].
Hereafter, the topology o(E® ,E) is simply denoted by w'. Let (T}
be a sequence of operators in L(E). If sup IT,Iu< ®, {T»} is said
to be norm bounded and 1f, for every x € F and x* € E-, x" (Tnhx) is

convergent to a scalar as n > o, {Tr»} is said to be a weak Cauchy

sequence. The wh-cluster set of {IT»"x"} is the intersection of all
wi -closures of sets (I»"*"x 3 m ¢ n}, m =1, 2,..., which is denoted by
Cl(Tr*x ).



Lemma 1. Let Thn, n = 1,2,..., be operators contained in L(E). If
there exists an element x* & E% such that sup IT,%x*l. < o , then

(1) for every free ultrafilter F, wi- Sh -lim T,%x" exists in
Cl(Ta®"x"),

(2) Cl(T,"x")is represented as the set of the filter limité of

{T-*x"} for all free ultrafilters of N with respect to w',i.e.
Cl(Totx") = { W= -1im Totx*; Fhis a free ultrafilter of N }.

Proof. Notice that any closed ball in E¥ is w'-compact by
Proposition 2. Then (1) and (2) are clear by the fact for filter

limits, which is mentioned before.

Lemma 2. Let {(Tn} be a norm bounded sequence of operdators
contained in L(E). Then

(1) for every x* € E¥, Cl(Ta:*x®) is a non empty w'"-compact set,

(2) {Th} is a weak Cauchy sequence if and only if, for every x',

Cl{(Ta®x") consists of one and only one element.

Proof. Since I1T,0l. = §Ts®l by Proposition 3,(1)is clear by Lemma 1.
Let Cl(T,®*x") consists of one and only one element yPx. for each.
x° € E'. Then w'-S -1im To"x" = y"». for every free ultrafilter # by
Lemma i. Hence wh-lim To%x" = py¥x» for x* & E*, which means that,
for every x € E, x  (Trx) converges to yhy. (x). Namely, {T»} is a weak
Cauchy sequence. To show 'only if' part of (2), let {(I»} be a weak
Cauchy sequence of operators of L{F). Then, for every x° € E° and
x € FE, x (IT,x) converges to a scalar, which is denoted by Px" (x). Thus

|Px* (x) - Px* (y) | lim |x (Tax) - x" (Toy) |

]

A

sup I1T» helx - ylhlx b,
Hence, Px° is Lipschitz continuous and Px' (Q0) = O. It follows that
Px* & E' and wi-lim T»%x" = Px*. Therefore, by Lemma 1, Cl(Fr"x")

consists of one and only one element Px" .



Thecrem 1. Let T and Tn, n = 1,2,..., be operators contained
in L(E) and satisfy the following conditions (i) and (ii) ;
(1) (T»} be norm bounded.
(ii) for every x in E, Trx - TnTx be o(E,E" )-convergent to 0 as
n > o,
Then, one and only one of the following cases happens;
(1) Tox  converges weakly to 0 for every x € E,
(2) there exists a nonzero bounded linear operator P in E* such
that
(a) Pxe® # 0 for cirtain xe° € E°,
(b) Ple+ maps E° into F(T%"), where F(T") denotes the set of all
fixed points of T®.

Proof. I1f Cl(Th®x") consists of only O for each elements x° & E*,
then the case (1) happens by Lemma 2 (2). If the case (1) does not
happen then there exists an element x*s € F° such that
Cl(T,"x"9) contains at least nonzero element y%as. Hence, by Lemma 1

(2), there exists a free ultrafilter EF@ such that

wh- e-lim Th¥x'a = y%a # O.
Put :
Px* = wi'- Plo-lim Th* xt for every x* = E®.
Then it can be proved easily along the way to the proof of Lemma 2,
that Px% & E",
IPx* e & sup ITo e lix® |
cand linearity of P, since the process of taking the filter limit of

scalars keeps linearity and modulus. Therefore P is a bounded linear

operator from FE%* into E%, To prove that Px* is a fixed point of
™, we need Condition (ii). Let x* = E-. Then, for every x € K,

lim {Th¥x  (x) = To"x" (Tx)} = 1lim {x' (Tax) - x* (InTx)} = O,
whence

Fo-lim (To'x' G0O) = Fo-1im (Totx (TX)}.
Therefore

Px' (x) = Px' (Tx) = T*Px’ (x),



which shows that P is an operator from E* into F(T%).

Remark 1. The <c¢ondition (i) in Theorem 1 is equivalent to the
following condition;
(i) for each x° = E', there exists a positive number Kx. such that
ITo*x* L ¢ Kx« for all ﬁ = 1,2,....
Because, if T satisfies (i°) then, by the principle of uniform
boundedness , sups 1Th%je«1 < .®, By Proposition 3 (2), T satisfies

Condition (i). That Condition (i) implies (i”) is obvious.

Remark 2. Assume the same with Theorem 1, but substitute the
the following <condition (ii") for Condition (ii) and add the
condition (iii);

(ii") for every x € E and xt e F', x"(To.x) - x®(T,-Tx) converges

to 0.

(iii) F(T") « F(Tn®*).

Then, for each free ultrafilter,& , an operator P defined on E® as
PxP = wht=_A -1im Tn¥x®

is a bounded linear operator from E® onto F(T%).

We will apply the Theorem 1 to the Cesaro-mean of 7. Denote the
Cesaro-mean of 7 and T% with
Mp = Ma(T) = (I + T + . . . + T7°1)/n,
Mo (T®) = (1L + 7% + , . . % TW7-13/n,
Then we have that
(Mo (T)X e = Mo (T* D)),
M - M- T = I/n + T7/n ,
Mo (TR Y= My (T*HT* = I/n +C T"")/n.
Using Theorem 1 with T, = M, (T), we have immediately the following

Theorem 2;

Theorem 2. Let T be an operator contained in L(E) and satisfy the
following conditions;

(i) sup IMs L { o> |



(i1) for every x in E, (T"x)/n converges weakly to 0 as n > <o
Then, ene and only one of the following cases happens
(1) M, converges weakly te 0,
(2) there exists a nonzero bounded linear operator P in FE" such
that
(a) Pxg* # 0 for cirtain xe* = E*,

(b)Y Ple+« maps E* into F(T%).

Theorem 3. Let T be an operator contained in L(E) and satisfy the
following conditions;

(i) sup M (T")] < @

(ii) I«Trx)/nl = 0 for every x € E.
Then, there exists a bounded linear operator P in E%, which has the
following properties;

(1> P =T'P =PI%, P2 =p,

(2) the range of P coincides with TF(T%),

(3) Px* & CLWM (T*)xH)

c wl'-closed convex hull of {(T")x" :n = 0,1,...}.

Remark. If T is non-expansive then T <clearly satisfies the
conditions (i) and (ii). If
sup {((IIM+0T0he+ .. +0T7-1YL)/n} < oo,
then sup M, (T"HYII < oo,
Condition (ii) is equivalent to a condition that, for every x* = g%,
((T")"x")/n converges to 0 in w*-topology. Because, the functional e®

defined as e®(x) = lxl is an element of E".
Proof. Let A be a free ultrafilter of N. Then, for each x* = g%,
wi~ Hh -lim M. (T")x* exists in Cl1(M,(T*)x*)> by Condition (i) and

Proposition 2. Define an operator P as

Px* = wi-F -1lim M, (T®)x!" for x" € E*.



Then P is an operator in E* and P clearly has property (3). Since

| (M, (TP )XY = Ma (T*OTH x®) (x) |

[¢x*/n - (TR7x%)Y/n} ()|

[x* (x)/n - x* (T"x)/n|

A

Ix”(x)/nl + |xt (T7x)/n|

iA

Ixt e (Ix/nl + <7 x)/nl,

(Mo (TP IXY = Mo (TE)TH x"} w!-converges to 0 as n » ® by Condition (ii).
And (M, (T*H)x® - T8M, (THH)x*) also w“—conﬁerges to 0 as n > «. Because,
T and M, (T") are commutative by the linearity of T%, Hence, for

each xBe ER,

wt= 2 ~1im M, (T" )x"

1]

wh= A =1im TYM, (T* )x®
wh- A -1im My (TR )T x®

which implies the first equality of (1) and Px* & F(T%) for all
x* e F". For every y* & F(T*), <clearly holds M, (T*Hry* = y¥.

Therefore, the range of P coincides with F(7%) and P2 = p,
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