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Existence and Uniqueness of Selfsimilar Shrinking Curves for
Anisotropic Curvature Flow Equations

Claus Dohmen
Department of Applied Mathematics, University of Bonn,
Wegelerstr.6, 53115 Bonn, Germany

This is a joint work with Prof. Yoshikazu Giga, Sapporo, and Dx. Noriko Mizoguchi, Tokyo.
We consider a simple looking ordinary differential equation of the form

u¢,+u~ﬁ(f)=o in R (1)

with a given positive function a. This equation arises in describing a selfsimilar solution of
anisotropic curvature flow equations. Since z is the argument of the normal n of the curve it
is natural to impose 2w-periodicity for a(z) in (1) and to ask for existence and uniqueness of
2w-periodic solutions.

To simplify the notation we notice that a 2x-periodic function can be regarded as a function on
the flat torus T := R/27Z. thus we define

C3(T) = {uv € C*(R)|u(z + 27) = u(z) for 2ll z € R,u > 0}. (2)

The physical background of the above problem is an evolution equation for embedded closed
curves {I'¢}:>0 in R? (see [Gu]):
Consider an equation for I'; of the form

V =a(n)k, a(z) = B(z)71(7"(2) + ().

where # and v" + v are assumed to be positive, so that the equation is parabolic. 7 is called the
surface energy density and f is called the kinetic coefficient.

In case a(z) = const. it is well known (see for instance [Gal] , [Ga2] , [GH] ) that any initial
curve extincts in finite time, and that the type of skrinking is asymptotically similar to that of
a shrinking circle C; = (1, — t)'/2 C, where C denotes the unit circle centered at the origin, the
time t, is the extinction time and AC denotes the dilatation of C with multiplier A. In case of
more general ¢(z) it was shown in [Son] that solutions satisfying

T = (t,— )T
- exist if #(z)v(z) = const. Then I defined as the boundary of the so-called Wulff-Shape W, i.e.
Wy = {z € R?|z-n(y) < 7(y) forall y € R},

yields a solution I'; of the evolution problem.
Our existence result now shows that such selfsimilar solutions exist for arbitrary positive a(z):

Main Existence Theorem. Assume that ¢ is a positive, continuous function on T. Then
there is a function u € C%(T) solving (1).

The proof is based on a-priori estimates and a continuity method.



Sketch of the proof.

Step 1: If one mazimum is bounded from above, then all mazime are bounded from above
and all minima are bounded from below by positive constants depending only on the data.
Consider the following situation: « takes a local maximum in 7 a local minimum in « and is
monotone between a and 7. Estimating a(z) by its maximal or minimal value, multiplying the
resulting inequality by #, and integrating yields

w(y)? - 242Inu(y) < u(a)? - 243Inu(a) (3)
w(a)? = 241Inu(a) < u(y)? —24;Inu(y). (4)
Thus, if u(v) < M, then (3) implies
—A;Inu(a) < M?,
which bounds = from below in terms of the data. On the other hand u(a) > m and (4) lead to
u(7)? — 2451 u(y) < Ay — 2410 m,
1/2

as a minimum of u can only take values less or equal A4,
the quadratic term is dominant.

Step 2: Let w € C2(I) be a solution of (1) on some open mterval I. Ifu attains local minima
ina,f €1, a <p and u, changes its sign only once in (a, §), then there is a positive constant

Mg, depending only on Ay, Ay, such that

. So u(v) is bounded from above, as

v < Mo in(a,f) (5)

provided that f — a < w.
If we take the equation, multiply by u and integrate from o« to 3, we derive

‘/;ﬁui = Lﬂu2~Lﬁa(z). (6)

Defining I(z) as the affine function intersecting with # in o and 8 and inserting v(z) := u(z)—1(z)
in the above equation we arrive at
B B
[ws[w- (7)
[2 4 a

where J is given by
8 8 8 A
Ti= [Ca@ =2 [ o= [ (P> 4i(p- o) - 2max{u(e) w(p)} [ u.

The Wirtinger inequality on the other hand gives

B B
/ v? < / vz
o o

provided f — a < . Thus we arrive at a contradiction, if J is positive. Otherwise

A(B - o)

< max{u(@), ()



This implies max{ u(a), u(8)}u(v) > A1/2, where u(7) is the maximum of » in (a, f).
However, this inequality and the first inequality derived in Step 1 can hold both only if either
the minimum of u is bounded from below or the maximum of % is bounded from above by a
constant only depending on the data; this can be shown easily by an indirect argument.

Step 3: Let u € C2(T) be a singlepeak-solution of (1), i.e. the set of points not being local
estrema consists of two connected components in T. Then there is a positive constant My,
depending only on Ay, Ay, such that

2 < Ml in T. (8)

We assume without loss of generality strict extrema of u. Consider the maximal interval [p, ¢],
where u is concave. Multiplying the equation by sin(z — p) and integrating yields

0= / +/p+27r sm(zu—(:))a(a:)dz — L4 L.

One can prove that if the maximum u(vy) in [p.q] becomes large, the difference ¢ — p has to be
close to 7; moreover the value of the integral Iy above becomes arbitrarily small.

On the other hand I; has roughly speaking the opposite sign in the sin —function, and » has a
maximal possible value outside [p, g] due to the convexity of u there. So I; has a certain minimal
absolute value, which gives a contradiction, if u(y) is too large and thereby Iy too small.

The a-priori bounds are now an immediate consequence of these three steps: If there exists
at least one pair of local mimima with a distance less or equal 7, then Step 2 estimates u, and
due to Step 1 all extrema are estimated in terms of this maximum. The situation needed to
apply Step 2 fails to exist only if u has exactly one local minimum, i.e. is a singlepeak solution.
But in this case Step 3 yields the upper bound; thus in any case u is bounded a-priori by a
constant only depending on the bounds of a(z).

Step 4: Continuity Method.

Define

E = {vECg(T)]%—SvszMinT}. (9)
and Sy := S(.,7):=T o F(.,7), where F : E x [0,1] — C3(T) is given by

_ra(z)+(1 - r)ao,

F(u,7) = € [41, A7) (10)

and T denotes a linear compact operator from C{(T) into itself, given by w = T'(f), where w
is the unique solution of
~Wge +w = f in T,

A solution of our problem is a fixed point of S; with 7 = 1. As the a-priori bounds show that
% has no fixed points on the boundary of F, the homotopy invariance yields

deg (I — S1,FE,0) = deg (I — Sy, F,0). (11)
The mapping So, however, is known to have a unique fixed point ug = aO/ thus
deg (I — So, E,0) = deg (I — Sp, Bs(up),0) = —1

by a standard degree theory result.
This completes the existence proof.

Concerning uniqueness we unfortunately have to make an additional assumption on a(z):



Uniqueness Theorem. Let a(z) be a positive, continuous and w—periodic function in R.
Then the solution of (1) is unique.

The main tools in proving the result are the uniqueness of the Wulff-Shape as minimizer of
a variational problem and a generalization of an isoperimetric inequality by Gage The latter
result requires the r—periodicity of a(z).

Let us first introduce some notation: We denote the area of a set A by m(4), the lenght of a
curve I' by L and its surface energy with respect to some surface energy deunsity v by

B = [ 1(s)ds.

Theorem: (see for instance [DP])
For any closed C2—curve I and any 2w—periodic surface energy density f € C? the inequality

Fs(T)? — 4m(W;)m(intl) > 0 (12)

is valid. Moreover equality holds if and only if I' = 8Wy.

Proposition: (see [Ga3])
Let T be an arbitrary closed embedded C2—curve represented by u and let the surface energy
density f be in C? and be w—periodic. Then

Lu(s)? m(W))
o 7)™ 2 m(imr) !

Moreover equality holds if and only if I' = W,

——F(T). (13)

Proof of the Uniqueness Result.

Suppose there exist two different solutions f and u, the corresponding curves denoted by I';
and T',, respectively. Regard f as the new surface energy density, allowing of course a Wulff-
Shape Wy. As a(z) has not changed, f and u are still solutions of the problem. Calculating the
isoperimetric quantity in (12) for the solutions, in case of f we easily derive

m(mt].‘f) = m(Wf), F(I‘f) = 2m(Wf).

Therefore F(I's)? — 4m(W;)m(intls) = 0 and so intl'; = W;. In case of I', the area is still
the same, so the surface energy is

Lu(s)? m(Wy)
F(8) ds 2 m(initly,)

by the above Proposition. Therefore intI', = W, which immediately yields f = u.

F(T,) = A F(T.) = F(T.)

Remark. The problem (1) was also studied in [Ga3] and [GL]. However, they have to assume
that e is smooth in order to study a related parabolic partial differential equation. Our proof is
more direct and requires only boundedness of a.
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Hyperbolic Conservation Laws

Systems with Umbilic Degeneracy

Pui Tak Kan

IUPUI, Indianapolis, USA

Abstract

We present a compactness framework theorem for the convergence of approximate
solutions to general 2x2 systems of nonstrictly hyperbolic conservation laws.
These systems are relevant in applications in multiphase flows in porous media,
magnetohydrodynamics, and elasticity. We apply this framework theorem to a
canonical class of quadratic 2x2 systems that are nonstrictly hyperbolic at
isolated points in the state space. We prove the convergence approximate
solusions generated by the vanishing viscosity method, the Godunov scheme, and
the Lax Friedrichs scheme. As a direct consequence, we obtain the existence of
global weak entropy solutions to these systems with arbitrarily large initial
data in L Our proof uses compensated compactness and involves a very detailed
and complicated analysis of the wave curve geometry and the singularities of

solutions to a highly singular generalized Euler-Poisson-Darboux type equation.
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ON THE FORMATION OF SINGULARITIES
IN THE CURVATURE TYPE FLOW

HipESHI TANIYAMA

Department of Mathematical Sciences
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0. INTRODUCTION
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ASYMPTOTIC CONFIGURATION AND STABILITY OF
STATIONARY INTERFACIAL PATTERNS FOR
REACTION DIFFUSION SYSTEMS IN HIGHER

DIMENSIONAL SPACES
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Department of Mathematics,
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Hiroshima University

Morphology of final patterns in phase transition are usually simple ones: only one
phase dominates the whole domain (non-conserved) or it is decomposed into simple sub-
domains (conserved) after coarsening process. This is due to the tendency to minimize
the area of interface. However, if there is a microscopic constraint to the system, the
final pattern becomes much richer and has in general a variety of morphologies from
lamellar to labyrinthine patterns. Block copolymer is one of such materials where two
monomers (say, A and B) are connected at some point (constraint), and this is respon-
sible for the formation of very fine and complicated structures depending on the ratio
of composite monomers in the process of micro-phase separation [3][2][15]. Locally each
monomer moves in a random way and tends to segregate each other (bistability), however
connectivity does not allow them to form alarge domain consisting of only one monomer
(nonlocality). As one of the phenomenological models, it is known (for instance, [11])
that such fine patterns can be given by solving the following stationary problem: :

( 0=¢c?Au + f(u,v)
in
du ov
=0 = .
L 3, o on 90

where u is the order parameter indicating A-rich or B-rich phase, v represents the nonlocal
effect due to connectivity, (& 1) corresponds to the interfacial thickness and D(> 1)
is proportional to the square of the polymerization index (namely, the length of block
copolymer) which is usually quite large, and f(u,v) is a cubic nonlinearity (typically of
the form u — u® — v), and § is a smooth domain in RY (N > 2). Note that the second
equation of (1.1) can be solved uniquely with respect to v orthogonal to {constant}.
Substituting this into the first equation, we have a scalar problem for v with nonlocal
term. It is anticipated that many other phenomena could be described by similar models



to (1.1), since the basic mechanism creating a variety of patternsis due to the competition
between local dynamics and nonlocal effect. In fact similar patterns are observed in liquid
crystal, magnetic thin film, and so on. The arguments in this note is valid to slightly more
general system:

((u =e?Au+ f(u,v)
in €,
(12) bv; = DAv + g(u,v)
Ju Ov
o= .
e o on 9Q

where § is a nonnegative constant. Note that the stationary problem of (1.2) includes
that of (1.1). Although the precise assumptions for (f,g) are delegated to [8], they are
qualitatively the same as (1.1). A naive approach to find nontrivial patterns of (1.2) is
to consider the limiting case either ¢ | 0 or D 1 co. For the latter case it is known (see
[6][4]) that the resulting equations become a scalar equation with a constraint of integral
type and it is unlikely to have a stable complicated pattern for such a system, since there
are no stable multi-layered solutions even in 1D case [7]. On the other hand we know
very little about the former case in higher space dimensions, since it has been regarded
to be extremely difficult to find the first approximate stationary solutions in the limit of
e | 0. Especiallly we are interested in the behavior of the asymptotic configuration of the
interface I'*. The aim of this note is to answer (at least partially) the following question.

Does (1.2) has an e-family of stationary layered solutions with smooth interface T° up
toe =07

The answer is obviously affirmative, since we know planar and spherical layered solu-
tions (see [14][12]). However those domains have very special geometries, i.e., rectangles
and spheres and it is not a priori clear that such smooth interfaces persist up to e = 0 for
generic domains. It turns out that the answer is negative for generic ones under several
hypotheses derived by the formal asymptotic analysis (matched asymptotic expansion
(MAE) procedure). In fact we have the following result (partially announced in [9]).

MAIN THEOREM
(a) (Radial Symmetry) Suppose that (1.2) has an e-family of matched asymptotic solutions
with compact smooth interfaces I° of dimension N — 1 up to € = 0 and that the C*-
matching condition holds, then T° must be a sphere.
(b) (Non-existence) Moreover assume the following Hypothests:

HypotHesis The nonlinear elliptic problem

DAwvy + g(h-(v),v0) =0 in RV\OF,
dvg +
v = v* and 5 = constant on Ty =0Q;

has only radially symmetric solutions, where u = h_(v) is one of the stable branches of
f(u,v) = 0 and v is unit normal vector to I°.



Then (a) implies that the reduced problem has no solutions for generic domains Q, and
hence there does not exist associated e-family of matched asymptotic solutions.

REMARK Recently, the hypothesis in Main Theorem (a) was removed ([5]).

One of the key ingredients for the proof of Main Theorem is the Serrin’s result [13] (and
its generalizations) for the over-determined Poisson equation. The above non-existence
result is not a dissapoiting result and, in fact, it suggests an important thing about the
behavior of the interface as € | 0. Namely, if some stationary pattern of (1.2) exists up to
e = 0, but does not have a smooth limiting interface, then the configuration of the interface
must become fine and complicated as ¢ | 0. In order to understand the morphology of the
complicated patterns, it seems necessary to apply an appropriate rescaling to blow up the
degenerate situation since there are no well-defined asymptotic limit of interfaces in the
original framework. We shall also touch several points in this important direction. That
is, we attempt to understand the Main Theorem from a positive point of view, applying
MAE method to the rescaled system to (1.2) and its linearized eigenvalue problem.
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On a Local Energy Decay of Solutions

of a Dissipative Wave Equation

BPURARSFHFES # MHEF (Wakako Dan)

PFMARFHFR SRH  B5L (Yoshihiro Shibata)

/.

This study is concerned with a local energy decay property of solutions to the initial

boundary value problem of the dissipative wave equation :

Uge + U — Au =0 inQandt >0,
(D) u=0 onT and ¢t >0,
u(0,z) = uo(z), u(0,2) = uy(z) in Q,

where §) is an exterior domain in an n— dimensional Euclidean space R", whose boundary
I' is a C*° and compact hypersurface. Below, ryp > 0 is a fixed constant such that

Q¢ C By, ={z € R" | |z| < rp}. (Q° is the complement of . )

In the case of usual wave equation, the local energy decays exponentially fast if n
is odd and polynomially fast if n is even at least under the condition that € is non—
trapping ( cf. [9], [10], [11], [16]). This is reasonable from a physical point of view
because the energy propagates along the wave fronts, so that the motion stops after

time passes unless the wave front is trapped in a bounded set.

In the case of dissipative wave equation, the energy propagates again along the wave
front. Moreover, the trapped energy also decreases in virtue of the dissipative term
ug, so that we can expect to get a local energy decay result without any geometrical

condition on . In fact, Shibata [14] proved the following theorem.

Theorem 1.1. Assume that n > 3. Let R > ry and let u(t,z) be a smooth solution of

(D) such that supp u(0, z), supp u(0,z) C Qr = {z € Q| |z| < R}. Then, there exists



a constant C > 0 depending on n and R such that

/QR{iut(t,g;)P + Z Iagu(i,w)lz}dm

leef<1
<ca+i{ Y [1omue)tde+ 3 [ jozuo,2)Pds ),
|a|<3 @ |e}<4 Q
where 9%v = 91*ly /921 ... 02 o = (ay,... ,an) and |a| = a1+ + qn.

The purpose of this study is to extend and improve the above result as follows.

Theorem 1.2. Assume that n > 2. Let R > ry and ug € H&R(Q) and u; € L%(Q),

where

L3(Q) = {f € L*(Q) | supp f C Qr},

Hip(Q)={f € H(Q) |supp f C Qr, f=0onT}.

Let u(t,z) be a weak solution of (D). Then, there exists a constant C depending on n
and R such that

/ﬂ () + 3 10%u(t, o) }de

le]<1

<ca+)™{ [ P+ 3

/ |agu0(m)|2czx}.
o<1

Compared with Theorem 1.1, our result removes the smoothness assumption on so-
lutions of (D) and includes the case n = 2 as well as the case n > 3.

For the Cauchy problem of the dissipative wave equation (i.e. £ = R"), A. Mat-
sumura [8] studied the decay rate of solutions. His argument was based on the concrete
representation of solutions by use of the Fourier transform. When 2 is bounded it is
well-known that the energy of solutions decays exponentially fast. Indeed, this fact is
easily proved by a standard energy method combined with Poincaré’s inequality. Since
) is unbounded in our case, we cannot use Poincaré’s inequality. And also, because of

the boundary, we can not use the Fourier transform. Our method is based on a spectral

analysis to the corresponding stationary problem with parameter A.



Putting u; = v, let us rewrite the problem (D) in the following form :

alo]=[a A1)

To consider A to be dissipative, we introduce a space Hp(2). For any open set O C R”,
C§°(O) denotes the space of all C* functions on R™ whose support is compact and lies
in O ( in particular, such functions vanish near the boundary of O ), L?(O) a usual L?
space on O with norm || - || innerproduct ( , )o and H*(0) a usual Sobolev space of
order s on O with norm || - ||s,0. || - ||r,e Will be denoted simply by || - || Likewise for
I . lo and ( , )o. Then, we put

aiu)ELz(Q), u=0 onT,

Ou
HD(Q) :{U‘ € Hlloc(‘Q) , Vu = (%7 )

d {un} C C5°(Q) s.t. |V(up —u)|| »0asn— oo },

where H} () = {u € D'(Q) | u € H'(Qr) VR > ry}. Then, an underlying space for

i loc
H={ m |ue Hp(@), veI*(Q)}.

We know that H is a Hilbert space equipped with the innerproduct

u w
([2]-[2]), = wmo+ o
The domain of A is

by ={[y] erialy] en)
{[s] enivemm, sverm)

Then, A has the following properties.

Proposition. (1) A is a closed operator. (2) A is a dissipative operator.

(3) R(I-A)="mH. (4) D(A) is dense in H.

Lumer and Phillips theorem [13, Chapter 1, Theorem 4.3] implies that A generates
a C° semigroup {T'(t)} on H.



Since A is dissipative, T(t) is a Cy semigroup of contractions, so that ||T'(¢)|| < 1

Vt > 0. Let a be a positive number. We have the following expression :

atiw
T(t)x = lim —j—r—z- . (A — A)"xd)\ for x € D(A?).

(cf. [12, p.295] or [13, Chapter 1, Corollary 7.5] ). By a lemma due to F. Huang in [4,

§1, Lemma 1] (also see [7]), we have the following lemma.

Lemma. For any o > 0 and x € H, put
g(w) = [[((a + 1) — A) x|

Then g(w) € L*(R) and

Jim g(w)=0,
| atwyds < Dixl

By virtue of the above lemma, we can deduce that the high frequency part decays
sufficiently fast, so that the rate of decay is determined by the behavior of the resolvent
in a neighborhood of A = 0, which is investigated by use of a perturbation method. In
fact when n > 3, by use of the fact that (Al — A)~! in R" is continuous up to A = 0, we
can construct a parametrix near A = 0 as a compact perturbation from (A — A4)~! in
R™. But, when n = 2, (\I — A)~! in R? behaves like log A near A = 0, so that the idea
in the case that n > 3 does not work at all. When n = 2, our strategy follows Borchers
and Varnhorn [2] mainly. Expressing the resolvent of the stationary problem near A = 0
by use of a single layer potential and a double layer potential and using the properties
of Bessel functions we can investigate the behavior of the resolvent in a neighborhood
of A = 0. A key is that the integral equation on the boundary obtained by use of single
and double layer potentials has no singular terms in the kernel with respect to A. As a

result we can deduce that (Al — A)™! behaves like C; + Cz/log A.
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EXTERIOR PROBLEM FOR THE NAVIER-STOKES EQUATIONS

AEZHE (BEBKR - T) - NHES (—EX - )

Introduction.

Let {2 be an exterior domain in R®(n > 3),i.e., a domain having a compact com-
plement R™\Q, and assume that the boundary 9% is of class C?*#(0 < u < 1).
The motion of the incompressible fluid occupying € is governed by the Navier-Stokes
equations:

 —Aw4w-Vw+Vr=divF in Q,

(N — S) divw=0 in 9,
w=0 on 09, w(z) =0 as |z| — oo,
where w = w(z) = (w!(z),--- ,w™(z)) and 7 = () denote the unknown velocity

vector and the unknown pressure of the fluid at point z € , respetlztively, while F' =
; . . 1 oF} 8Fp
F(z) = (F}(2))i,j=1, ,» is the given tensor with div F' = (3_j_, rrraRRRE D=1 72)
denoting the external force. The first purpose of this article is to show the existence,
uniqueness and regularity of solutions to (N — Sp) for a larger class of external forces.

Our method is based on the functional analysis, i.e., the L™-theory for the linearized
equations to (N — Sp), i.e., the Stokes equations:

—Aw+Vr=divF in QQ,
(S) divw =0 in €,

w=0 on 09, w(z) =0 as |z|— oo,

plays an important role for our approach. To solve (N — Sp) in the class Vw € L"(2),
we have to restrict ourselves to the case r = n/2 which stems from the nonlinear
structure w - Vw. It should be noted that the norm ||Vw||zn/2 is invariant under
such change of scaling as wy(z) = Aw(Az) for each A > 0.  On the other hand it
is known that (S) has a unique solution w with Vw € L7(Q2) if and only if r satisfies
n/(n—1) <r < n. Unfortunately, the most physically relevant case n = 3 is excluded
because n/2 = n/(n — 1) = 3/2 is the critical power for the unique solvability of (S).
Thus the method of linearization makes no contribution to solvability of the nonlinear
equations (N — Sp) in the class Vw € L™/?(Q) for n = 3. To overcome this difficulty,
we introduce a larger class Vw € L, ,(£2) and show that (S) has a unique solution w
in Lp,0o(2) with Vw € La (92), where L, ,(£2) denotes the Lorentz space over Q.
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The second purpose of this article is to show the stability in L, oo(2) of our sta-
tionary solution w of (N — Sp). If w is perturbed by a, then the perturbed flow v(z,t)
is governed by the following non-stationary Navier-Stokes equations:

(%t)-uAv-{—v-Vv—l—Vq:divF in Q,% >0,

(N =81 <divv:O in Q,t>0,
v=0  on 00,t>0, v(z,t) =0 as |z| — oo,
[ v(2,0) = w(z) +a(z) for z €.

We show that if the stationary flow w and the initial disturbance a are both small in
the common space L, o(£2), then there is a unique global strong solution v of (N —S;)
such that v(z,t) — w(z) with definite decay rates as t — oo. Let w and v be solutions
of (N —S5p) and (N — Sy), respectively. Then the pair of functionsu = v—w,p=q—7
satisfies

(%—E:-~Au+w-Vu+u-Vw+u-Vu+Vp=0 in 2, > 0,
(N — 8" <divuzO in Q,t>0,

u=0 on 00,t>0, u(z,t) =0 as |z| — oo,

\U|t=0=a-

Thus our problem on the stability for (N — Sy) can now be reduced to investigation
into existence of global strong solutions to (N — S’) and their asymptotic behaviour.
To solve (N — S') globally in time, we need to establish the L, ., — L™-estimate for
the semigroup e~*£, where £, is an operator defined by

L.=A,+P(w-Vu+u-Vuw).

Here P, is the projection operator from L"(2) onto L,(Q2) and A, = —P,A denotes
the Stokes operator. To treat L, as such perturbation of A, as the Ly o — L'-
estimate remains to be obtained, one required smallness of either || Vw/||3 or that of the
quantity sup,cq |z||w(z)| + sup,cq |z|?|Vw(z)|. Making use of the special structure
w-Vu+u- Vw of the perturbed convective term together with div u = div w = 0, we
shall remove such an assumption on the derivatives Vw. Indeed, we shall establish
the Lp o — L™ estimates for e~*£r only by assuming that w is small in L, c.

§1 Results.

1.1. Existense of the stationary solution.

Let us introduce some function spaces. For 1 < p < oo, H;(Q) denote the closure
of C§°(2) with respect to the norm ||V - ||,; || - ||, is the norm of the usual L? space.
Since Q is an exterior domain, H +(£2) is larger than the usual Sobolev space H 2(9).
By real interpolation, we define H} () by H} () = (H},(Q), H} (Q))s,q, where
1<po<p<pi<ooand0<é<1satisfy 1/p=(1-6)/po+6/p; and 1 < q < 0.
Note that for 1 < ¢ < o0, H 1 4(9) is the closure of C§°(2) with respect to the norm
IV - llp,q Of Lp,¢(Q); (-,-) denotes the duality pairing between L, ,(R2) and Ly (%),
where 1/p+1/p' = 1,1/¢+1/¢' = 1. (-,-) denotes the duality pairing between
H;,,q,(ﬂ)* and H;,,q,(ﬂ). Our results read as follows:



Theorem 1. Let p and q be as

(i) n'<p<n,l<g<oo,

(ii) p=n',q = o0.
Then for every {f,g} € H}, ,(Q)* x L, (), there is a unique pair {w, 7} € H} () X
L, 4(R) such that

{(Vw,v¢)-<7r,dfv $)=(f,¢) forall ¢ € Hy (),

divw=g in ,

holds.

Theorem 2. (1)(existence) Let n > 3. There is a constant § = §(n) > 0 such that
if I € Ly 0o(R) satisfies || F||p 00 < 8, then there exists a pair {w,n} € H_l%’oo(ﬂ) X
Ly (82) of the solution of (N — Sp) in the following sense:

1 (Vw, V) — (- Vé,w) — (r,V¢) = —(F,V¢) forall § € C$(),
(1) {divw:O in Q.

(2)(uniqueness) There is a constant k = k(n) such that any pair {w, 7} € H %’w(ﬂ) X
L3, (R) satisfying (1.1) with
[wlln,c0 < &

is unique.

(3)(regularity) For n'(= 7%5) < r < 0o, there is a constant 0 < §'(n,r) < é(n)
such that if F € Ly (Q) N L, 00(R) satisfies || || oo < ¢, then the solution {w,r}
of (N — Sy) given by the above (1.1) has the additional property

Vw € Lg,00(2) N Lr,00(§2); 7 € Lg,00(2) N Lr,00(€2)-

Remarks. (1) For the assertion on uniqueness, we do not have to assume the small-
ness of ||Vw||z o but of the weaker norm ||w||,,co-

(2) For the assertion on regularity, the smallness for || F ||, is not necessary, which
is closely related to the invariance of the norm ||Vw|| 3 oo under such change of scaling
described as above.

1.2. Stability.

We shall next proceed to stability of the flow w obtained by Theorem 2. Let
L7 is the closure of C§°,, with respect to the L™norm || |[|.. L" stands for the
usual L"-spaces over 2,1 < r < co. Note that L™ = L,,(2). It is known that
Ll ={ue L";divu=0 inQ,u-v=0o0n d0}. Recall the Helmoltz decomposition:

L™ = L] & G"(direct sum), 1<r < oo,

where GT = {Vp € L™;p € L} (Q)}. P, denotes the projection operator from L”

loc

onto L7 along G". The Stokes operator A, on L7 is then defined by 4, = —P,A



with domain D(4,) = H>"(Q)N Hg”;, where Héj’; is the closure of Cg7, with respect
to the HV"-norm ||¢||g1.r = ||¢|l- + [[V@|-. By real interpolation, we define L7¢
by L7? = (L7°, L1 )4, where 1 <79 <7 <711 < 00 and 0 < § < 1 satisfy 1/r =
(1—0)/ro+6/r1 and 1 < ¢ < co. Then it follows that

L0 ={u € Ly 4(Q);divu=0 in Qu-v=0 on 00}
and that the Stokes operator A is also well-defined on L}? with the domain
D(Arq) = {u € L7 Viu € L, 4(R),§ = 1,2,ulsq = 0}.
On the stationary flow, we impose the following assumption:
Assumption 1. w is a solenoidal vector field on Q with w|sq = 0 in the class
weL>*nNL>®, VwelL™
for some r, withn < ry < 00.

- Remark. Take g so that r, <o < 00. If F € Lz oo(2)NLyry,00(S2) satisfies IFll3 00 <
§'(n,70), then Theorem 2(3) and the Sobolev embedding H''™ C L yields a solution
w of (N — Sp) satisfying Assumption 1.

Now we define an operator B, on L7 for 1 <r <r, by

By = P(w-Vu+u-Vw) with the domain D(B,) = H(}”;.

It should be noted that if Vw € L™ and if 1 < r < r, then we have u - Vw € L" for
u€H 3; and hence B, is well-defined on H 3,’;. Then L, is introduced by

L,=A,+ B, 1<r<r, withdomain D(L;)= D(A4,).
On the initial disturbance a in (N — S;) we impose the following assumption.
Assumption 2. The initial disturbance a is in L.
Our results on stability of w now read:

Theorem 3. (1) Let w and a satisfy Assumption 1 and Assumption 2, respectively.
There is a positive number k = k(n,r,) such that if

(1.2) [wlinco < &5 Nlalln,co < &,

then there exists a strong solution u of (N — S') with the following properties.
(i) u € BC((0,00); Ly>°) N C((0,00); D(4,,)) N C*((0,00); Lg:);
(ii) du/dt + Lr,u+ Pr,(u-Vu)=0, in LI, t>0;
(iil) u(t) - a weakly*in L} as t| +0;
(iv) (uniform estimate)

lu@|, < Ct~ 3G9, n<r<r,

for all t > 0 with a constant C' depending only on n,r and ry.



(BC(I; X):the set of bounded and continuous functions on the interval I with values
in X)

(2)(uniqueness) There is a constant k = k(n,r,) such that any solution u of (N —5")
satisfying the above properties (i)-(iv) with

(1.3) limsup t 2 =70 |u(t)|l., < k
t|+0

is unique.

The more rapidly spacial decay at infinity of the initial disturbance a(z) is assumed,
the sharper asymptotic behaviour for u(t) as ¢ — oo is obtained:

Theorem 4. For n'(= =%:) < p < n, there is a constant &(n,rs,p) < k(n,7«)
( k(n,r.): the constant in (1.2)) such that if a € L»*° N L? and if

(1.4) [wlln00 <&s  llalln,c0 < &,

then the solution u given by Theorem 3 has the following additional properties:
u(-) and t3Vu(-) € BC([0,0); LP);
lu(@®)|: = O(t_%(%"})) for p<I<r. as t— oo.

Moreover, for every ¢ with p < ¢ < n, there is a constant & = &(n,r«,p,q) such that
if we assume in addition to (1.4) that

[wllneo <&, llalln,co < &,

then there holds

1 1

IVu@®)|i = 0t~ 3G-D"%)  for p<I<q as t— oo

Remarks. (1) Theorem 3 shows that L is the class of stable stationary flows and
that it is the same class as that of initial disturbances. Up to the present, there is a
similar result to the above one with the assumption that

sup |z||w(z)] + sup |z[*| Vw(z)|
z€N €N

is small enough. On the other hand, our results have clarified that the assumption on
Vw is superfluous. Moreover, the space L™ is larger than the class of functions such
that sup,cq |z||w(z)| < co. Theorem 4 has improved also the results on L?-stability
for weak solutions with homogeneous boundary condition at infinity, i.e., w(z) — 0
as |z| — oo.

(2) Since the semigroup {e~* };>o is not strongly continuous in L™, we cannot
verify whether our solution u satisfies

This is the reason why we impose the condition (1.3) on the uniqueness.



