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第19回偏微分方程式論

札幌シンポジウム

下記の要領でシンポジウムを行ないますので、ご案内申し上げます。

代表者久保田幸次

記

1 .日時 1994年 7月28日〈木)....... 7月30臼(土)

2.場所 北海道大学理学部数学教室 4-508室

3 .講演

7月 28日〈木〉

9 30.......10 30 

ページ

鈴木 費(愛媛大理〉

Suzuki， T. 

Two-dimensional equation -Ll包口 λ包♂2

radial and non幽radialcases 1 

11 00.......12 00 笹掠康浩(名大理)

Sasahara， Y. 

N onstandard harmonic extensions for exterior 

Plateau problem 

13 30.......14 00 * 
14 00.......14 30 Dohmen， C (北大理/Univ.Bonn ) 

Existence and uniqueness of selfsimilar shrinking 

curves for anisotropic curvature flow equations 

4 

15 00.......15 30 山内和幸〈北大理(院))

Yamauchi， K. 

On the extinction time of the motion by 

anisotropic mean curvature 

15 30.......16 30 * 



7月29日(金)
9 30........10 30 Kan， P.T. (Indiana Univ.) 
Hyperbolic conservation laws systems with 
umbilic degeneracy 

11 00........12 00 鈴木龍一(都立航空高専〉
Suzuki， R. 
望月 補(都立大理)
Mochizuki， K. 

Critical exponent and αitical blow-up for quasilinear 
parabolic equations 

13 30........14 00 * 
14 00........15 00 谷山英志(東大数理科学(院))

Taniyama， H. 
On the formation of singularities in the 
curvature欄type畳ow

15 30........16 00 庵原隆雄(京大理〈院))
Iohara， T. 

Benard-Marangoni convection with a free surface 

16 30........17 00 鈴木宏昌(法大理(院))
Suzuki， H. 

Asymptonic con:figuration and stability of stationary 
interfacial patterns for reaction di:lfusion systems in 
higher dimensional spaces 

17 00........17 30 * 
7月30臼(土)

9 30........10 30 櫨 和日子(筑波大数学系)
Dan， W. 

On a local energy decay of solutions of a dissipative 
wave equation 

11 00........1200 小蘭英雄(名大工)
kozono， H. 
山繭昌男(一橋大商)
Yamazaki， M. 

Exterior problem for the Navier-Stokes equations 

12 00........13 00 * 

* この時閣は講演者を罰んで自由な質問の時間とする予定です。

連絡先 北海道大学理学部数学教室
Tel. 011-716-2111内線 2679(小林)
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Existence and U niqueness of Selfsimilar Shrinking Curves for 
Anisotropic Curvature Flow Equations 

Claus Dohmen 
Department of Applied Mathematics， University of Bonn， 

Wegelers紅.6，53115 Bonn， Germany 

This is a joinもworkwith Prof. Yoshikazu Giga， 8apporo， and DI. Noriko Mizoguchi， Tokyo. 

We consider a simple looking ordinary differential equation ofもheform 

u~.，. + u _ a(x) 
吋 +u…一一一口 oin R 

u 
、、l
ノ
ー
i
J'z
、、

with a given positive function a. This equation arises in describing a selfsimilar solution of 
anisotropic curvature fl.ow equations. 8ince x is the argument of the normal n of出eCUIve it 
h狙aturalもoimpose 21トperiodicityfor a(x) in (1) andも0出 kfor existence and uniqueness of 
27rωperiodic soluもions.
To simplify the notation we notice that a 27r-periodic function can be regarded as a function on 

the fl.at tOIUS T := R/2πz. thus we define 

C;(T) = {u E C2(R) I u(x + 27r)ロ也(x)for all x εR，包>O}. (2) 

The physical background ofぬeabove problem is an evolution equation for embedded closed 

cu抑制 {rth>oin R2 (see [Gu]): 
Consider an equation for r t of the form 

V 口 a(x)k， α(x) = s(x)一1(γ"(x)十γ(x)).
where s andγH十γareassumed to be positive， so that the equation is parabolic.γis called the 
surface energy density and s is called the kinetic coe慌cient.
In case a( x) = const. it is well known (see for insもance[Ga1] ， [Ga2] ， [GH] )もhatany initial 
curve extincts in宣nitetime， andもhatthe type of skrinking is asymptotically similar to that of 
a shrinking circle Ct = (九一t)1/2C， where C denotesぬeunit circle centered at the origin， the 
山ne九hもheextinction time and入Cdenotes the dilatation of C with multiplierλIn case of 
more general a (x) it was shown in [80吋ぬatsolu tions s抗isf命炉yin

rt = (t噂一1吟)1げ/2r 
exist班s(x)γ(x)口 const.Then r defined回 theboundary of the so-called W叫忠8hapeW-y， i.e. 

W-y := {x E R21 x . n(y)釘 (y)for allμR}， 
yields a solution r t of the evolution problem. 
Our existence result now shows that 叩 chsel色imilarsolutions 閥抗 forarbitrary positive α(x ): 

Main罫xistenceTheorem. Assume that a is a positive， continuous function on T. Then 
曲目eis a function包 EC~(T) solving (1). 

The proof is based on a-priori estimates and a continuity method. 

-4-



Sketch of the proof. 

Step 1: If one mαxim'Um is bo'Unded from αbove， then all maximαare bounded fromαbove 
and αII minima are bounded from belowby positive constants depending only on the dαtα. 

Consider the following situation:旬 takesa local maximum inγa local minimum in αand is 
monotone betweenα 叫 γ.Esもimatingの)by its m抑 nalor minimal value， multiplying the 
resulting inequality by Ua; and integrating yields 

包(γ?-2A21及u(γ) 三也(α)2_ 2A21n包(α)

包(α?-2Al1nu(α) 三也(γ)2_ 2A11n也(γ).

Thus， if匂(γ)三M，then (3) implies 

-A11n包(α):::;M2， 

(3) 

(4) 

w hich bounds包 frombelow in terms of the data. On the other hand包(α)三mand (4) leadもo

包(γ)2…2A2lnu(γ):::; A2 -2A21n m， 

a硝sam泌n凶lII凶l註出i訂ml叩1

the quadむ主a叫もicte町rmiおsdominant. 

1/2 2 

Step 2: Let U E C~ (I) be a solution of (1) on some open interval 1. If包 αttαinslocα1 minima 
an α，sε1，α< s and Ua; changes its sign only once in (α，s)， then there iμsαpositive cωonstαn 
Mo， depending onl旬yon Al' A2' such that 

旬ざ Mo in (α，s) (5) 

provided that s -α<  1r. 
討wetake the equation， multiply by包 andintegrate fromα もos， we derive 

is u; = is u2 -is a( x ) (6) 

De長I血gl(x)出 thea慌nefunction intersecti時 with初inαands and inserting v( x) :ロ包(x)-l(x) 
in the above equation we arrive at 

fT135fd-よ
where J is given by 

J := J: a(x)ー 2J: vl -is山 l(sー α)-2m山川
The Wirtinger inequality on the other hand gives 

is v2 < is v 
provided s-α<π. Thus we arrive at a contradiction， if J is positive. Otherwise 

Al(s一α)fp 52m砿{包(α)，包(s)}・
包

-5-
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This加 pliesm日{包(α)，包(s)}包(γ)三Ad2，where包(γ)is the maximum of u in (α，s). 
However， this inequality and the first inequality derived in Step 1 can hold both only if ei山田
もheminimum of包おもoundedfrom below or the m昔話mumof包isbounded from above by a 

constant only depending on 出edata;ぬiscan be shown easily by an indirecもargument.
Step 3: Let包 EC~(T) be a singlepeak-solution 01 (1)， i.e. the set 01 points not being loca.l 
extrema consists 01 two connected components in T. Then there is a positive constαnt M11 
depending only on Al' A2' such that 

包 < M1 in T. (8) 

We assume withouもlossof generality strict extrema of包・ Considerthe maximal interval [p， q]， 
where包 isconcave. Multiplying the equation by sin(x -p) and integrating yields 

fq. fP+27r Sin(x -p)α(x) Oロ I+ I ---¥ -，r，r ¥ ~~ ? dx 10十1
1J

p 
• J
q 包

(x) -_. -v ム

One can prove that if the maximum包(γ)in [p.q] becomes large， the difference q -p hasもobe 
close toπ; moreover the value of the integral 10 above becomes arbitrarily small. 
On the other hand h has roughly speaking the opposite sign in the sin ・・・・・-function，and u has a 
maximal possible value outside [p， q] due to the ∞nvexity of包there.So h has a certaIn minimal 
absolute value， which gives a contradiction， if包(γ)is too large and thereby 10 too small. 
The a-priori bounds are now an immediate consequence of these three steps: If there exists 
at least one paIr of local mimima with a distance less or equal1l'， then Step 2 estimates u， and 
due to Step 1 all extrema are estimated in terms of this maximum. The situation needed to 

apply Step 2 fails to exist only if包 hasexactly one local minimum， I.e. is a singlepeak solution. 
But inもhiscase Step 3 yields the upper bound; thus in any case u is bounded a-priori by a 

∞nstant only depending on the bounds of a(x). 
Step 4: Continuity Method. 。e貴ne

E:戸= {トU刊εC司伽i訂抑附(何向T町)iZ壬旬 三山 1

and SιT 戸=8(.，汗Tサ):ロToF(吋γ)，where F : E x [0 ， 1] → C~(的 is given by 

γα(x)+(I-r)α。
F(u，r) := 2包一 ao E [A1， A2] 

u 

(9) 

(10) 

and T denotes a line目 compactoperator from C~(T) into itself， given by ω= T(f)， whereω 
is the unique solution of 

一包}a:a:十 w ロ 1 in T. 

A solution of our problem is a量xedpoint of 8T with r = 1. As the a-priori bounds show that 
包担割 no貴xedpoints on the boundary of E， the homotopy invariance yields 

deg (I -81，E，0) = deg (1 -80，E，0). 

The mapping 80， however， is kI附nto have a unique fixed point包024/23thus

1
3ノ
1
i
 

咽

-
A
，，e

・、

deg (I -80， E， 0) = deg (I -80， B8(包0)，0)ロー1

by a standard degree theory result. 

This com pletes the existence proof. 

Concerning uniqueness we unfortunately have to make an additional assumption on α(x ): 

-6 



Uniqueness Theorem. Let a(x) be a positive， continuous andπ-periodic function in R. 
Then the solution of (1) is unique. 

The main tools in proving the result are the uniqueness of the Wul思Shape加工ninimizerof 
a variational problem and a generalization of an isoperimetric inequality by Gage. The latter 
result req山 esthe 11"…periodicity of a( x). 
Let U8 :firsもintroducesome no凶 ion:We denote也earea of a seもAby m(A)，はlele時 htof a 
curve r by L and its surface energy with respect to some surface energy density γby 

叫(r)ロfoL仰 S

Theorem: (see for inst脇田 [DP])
For any closed C2-curve r and any 211"… 

Ff(r)2 - 4m(Wf )m( intr) ;::: 0 (12) 

is valid. Moreover equality holds if and only江r=θWf・

Proposition: (see [Ga3] ) 
Let r be an arbitrary closed embedded C2-curve represented by u and let the surface energy 
density 1 be in C2 and be 1I"-periodic. T註en

rL包(8)2-'_.... m(Wf) 
l 一一-d8> 一一'~~~FJ(r).ん I(8) --:... m( intr) -J 

Moreover eq混乱lity主oldsif and only if r =θWf. 

、、1
J。。

噌，ょ，，，‘、

Proof of the Uniqueness Result. 
Suppose there e:xist two differenもsoluもionsf and包，もhecorresponding curves denoted by r f 
and r制 respectively.Regard 1 as the new surface energy density， allowing of course a Wulff-
Shape W，. As a(x) has not changed， f and u are still solutions of the problem. Calculati時 the
isoperimetric quantiもyin (12) for the solutions， in case of 1 we easily derive 

m(intr，) = m(W，)， F(r，)ロ 2m(W，).

Therefore F(r f? -4m(W， )m( intr，)ロ oand so intr， = W，. In case of r u the area is s叫l
the same， 80 the surface energy is 

rL 包(8)2-'_ '- m(WJ) 
F(ru) = I -~~-:\ d8;::: 一一一~I ~F(ru) = F(ru) ん 1(8)--:... m(intr u) 

by the above Proposition. Therefore intru = W" which immediately yields 1ロ包.

Remar註. The problem (1) w拙 alsostudied in [Ga3] and [GL]. However，ぬeyhaveもoassume 
that a is smooth in orderもostudy a related parabolic partial differential equation. Our proof is 

more direct and require8 only boundedness of a. 

-7-
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百yperbolicConservation Laws 

Systems 習ithUmbilic Degeneracy 

Pui Tak Kan 

IUPUI， Indianapolis. USA 

Abstract 

We present a compactness framewor主 theoremfor the convergence of approximate 

solutions to general 2x2 systems of nonstrictly hyperbolic conservation laws. 

These systems are relevant in applications in multiphase flows in porous media. 

magnetohydrodynamics. and elastici ty. We apply this framework theorem to a 

canonical class of quadratic 2x2 systems that are nonstrictly hyperbolic at 

isolated points in the state space. We prove the convergence approximate 

solusions generated by the vanishing viscosity method， the Godunov scheme， and 

the Lax Friedrichs scheme. As a direct consequence， we obtain the existence of 

global weak entropy solutions to these systems with arbitrarily large initial 

data in L ~ Our proof uses compensated compactness and involves a very detailed 

and complicated analysis of the wave curve geometry and the singularities of 

solutions to a highly singular generalized Euler-Poisson-Darboux type equation. 
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ON THE FORMATION OF SINGULARITIES 

IN THE CURVATURE TYPE FLOW 

HIDESHI TANIYAMA 

Department of Mathematical Sdences 
University of Tokyo 

o. INTRODUCTION 

二つの桔を持つ物質がIRnを満たしているとする。このとき、時期Utにおけるニ相の
境界をr(t)であらわす。系金体のポテンシャルエネルギーがHn-1(r(t))に比例するよ
うな問題について考えよう〈ここでHn-1(r(t))はr(t)のn-l次元ハウスドルフ榔
度)0 r(t)が滑らかな超曲面のとき、ポテンシャルエネルギーを 4最も速く'縮めるの
は、 r(t)が

ー，ノ
司
自
品n
u
 
，，t

、
V=H 

を満たすときである。ここでVは趨曲面の法線方向の速度、 Hは平均曲率。特にn=2、
即ち境界が曲線で表されるときには満たすべき方程式は

(0.2) V=k 

となる。〈この方程式は curveshortening equationと呼ばれる。)
この方程式の解については次のことが知られている。

Theorem 0.1. ([GaH][Gr1]) 

(1)任意の滑らかな閉曲線に対してそれを初期曲線とする (0.2)の時間局所解が唯
一つ存在する。
(2)任意の滑らかな単純閉曲線は(古典解の範顕で)有限時間内に 1点に縮む。 1
点に絡むまで解曲線は常に単純。
(3) (2)で1点に縮むときに解曲線の形は円に近づく。

一方、系に異方性がある場合、即ち、系のエネルギーが

I j(O)ds 
d γ 

で表される場合を考える。(ここでγは滑らかな境界、 8ε81は接線方向の角度、 αは
81上で与えられたある関数。)これを最も速く減少させるのは、曲線が

(0.3) V = (1(0)十f吋O))k

F
h
d
 

τ
i
 



に従って動くときである。
他方、]R3内のν軸に関して回転対称な (0.1)の解曲面と w平面の交わりによってえ
られる曲線は

V口 k十1sino
Z 

を満たす。
この2つの場合をふくむ一般化した方程式

V = F(x， y， 8， k) 

の解についてTheorem0.1のような結果を導きたい。

1.定式化

F = F(x，y，8，k)は]R2X SI X ]R上定義された関数で次を満たすものとする。
[F1] 3入>0 入-1ミFk這入
[F2]ヨμ>0 IF(.，.，.， 0)1詮μ
[F3] 3μ> 0 IFxl + IFyl + IkFol注μ(1+ k2) 
[F4J F(x，y，8，k)口 -F(x，y，8十71"，-k) 
このFをもちいて(0.2)を一般化した方程式

(1.1) V = F(x，ν，8， k) 

を得る。この方程式の解の性質を求めよう。

Remarks. 

(1) (1.1)は放物型方程式の一種である。実際、 U= u(x， t)のグラフが(1.1)をみた
せばuは

Ut=V存立F(x，u， arctan Ux， uxx/(l +ゆり2)

をみたす。
(2) [F1]は(ある意味で〉一様放物性を表している。
(3) [F4]は解が曲線の向き付けによらないことを意味している。即ち、ある曲線族
が解なら、向きを逆にしてえられる曲線族も解である。

2.交点、の数の非増大性

上にみたように(1.1)は〈少なくとも時間局所的には)周期境界条件を持った放物型
方程式であり、その結果、最大値原理〈の一種)から得られる次の重要な性質を持つO

Lemma 2.1. (交点の数の非増大性)γ1(t)，γ2(t)を(1.1)の相異なる解とする。その交
点の数をz(t)とすると、以下がなりたつ。

(1) t > 0に対してz(t)は有限
(2) z(t)は単調非増大
(3) t = toで、z(t)がへることとγ1(to)，γ2(tO)が接点を持つことは同値。

このLemmaは次のかたちでっかうことが多い。

F
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Corollary 2.2.γ1 (t)，γ'2(t)は端点を持つ曲線で(1.1)の解とする。

(1)γ1(0)，γ2(0)の交点はひとつ
(2)γ1 (t)，γ2(t)は少なくとも 1点で交わる
ならば、 γ1(t)とη(t)は1点で正の角度で交わる。

このことから、(1.1)の特殊解から、一般解の性質を導くことができる。特に

o = F( x， y， B， k) 

の解、即ち、(1.1)で動かない曲線の性紫を調べることが重要になる。
Curve shortening equationは、さまざまな非常によい性質を持っている。しかし、
それらの性質を一般の方程式(1.1)に拡張することは必ずしもたやすいことではない
( [Gr2]等〉。そこで、その打開策として、ほしい性質を交点の数の議論に翻訳して一
般の場合に拡張するという手段を使う。例えば

(1)閉曲線γが凸一→任意の直線とγの交点の数は2以下
(2)曲線がzのグラフとして表されるー→任意の垂直な直線とその曲線の交点の数
は1つ
(3) luxl ~ L-→傾きが土Lの産線と U のグラフとの交点の数は1つ
という具合にである。このような議論により [GaH]や[Gr1，2]のアイデアを一般の場
合に拡張してやることができる。

3.主結果その 1

上のLernrna2.1を駆使する事によって、 Theorem0.1(2)に対応する次の結果が得ら
れる。

Theorem A・")'0を浪2内の任意の滑らかな単純閉曲線とする。このとき、 γ。を初期
曲線とする(1.1)の解は時間無限大まで存在するか、さもなければ有規時間内に1点に
縮む。

Theorem 0.1(3)に対応する〈弱む、)結果として次がいえる。

Theorem B.解が1点に縮むときその曲率は下からおさえられる。したがってその
形は凸に近づく。

Fが特殊な形のときにはより強い結果がいえる。

Theorem C. F = F( B， k)とする。このとき任意の滑らかな単純閉曲線は有限時間内
に1点に縮み、途中で凸になる。

4.解曲線の極限形

(4.1) V口 α(B)k

の解が1点に縮むときの形について考える。解は原点に縮むとしておく。 Curveshort闇
ening equationの場合には解の形は円に近づくことがわかっている (Theorem0.1(3))。
このことは方程式に異方性がないことのみからきているわけではない(例えば奥方性の
無い方積式v= k1/3は任意の楕円の形を変えないまま一点に縮める〉。むしろ、 curve
shortening equationの selfsimilarsolutionが円しかないことによるのである。

ヴ
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De措置lition.(selfsimilar solution) 1点に縮むとき形を変えない(4.1)の解をselfsimilar
solutionとよ五九

(4.1)の解γ(t)をスケール変換することによって、守(r)を次のように定める。

守(T)zJ(でγ(t)
2(T -t) 

1_ T -t 
γ=--1ー庄 司一一一一2 口 T

すると、守(γ)は次の方程式の解になる。

(4.2) V口 α(8)k-xsin8 + ycos8. 

selfsimilar solutionは次のように特徴づけられる。

Lemma 4.1.γ(t)が(4.1)のselfsimilarsolutionであることと、守(t)が(4.2)の停留
曲線であることとは同催である。

一方、

Lemma 4.2.閉停留曲線は十分たくさん存在する。

から、比較関数がたくさんあることになる。 Lernma2.1をうまくつかってやること
で次の評価をみちびくことができる。

Lemma 4.3.任意の (4.2)の単純閉曲線解守(γ)に対し、ある M>m>Oが存在し、
次がなりたつ。

守(r)C {p E ll~? 1m < Ipl < M} 
このアプリオリ評価から一般論を使って、次の結果を得る。

Theorem D. 
ω(守(0))C {(4.2)の単純間停留曲線}

このことは解曲線の極眼形は関単純 selfsimilarsolutionの集合に含まれることを意
味している。
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ASYMPTOTIC CONFIGURATION AND STABILITY OF 
STATIONARY INTERFACIAL PATTERNS FOR 
REACTION DIFFUSION SYSTEMS IN HIGHER 

DIMENSIONAL SPACES 

Hiromasa SUZUKI 

Department of Mathematicsヲ

Faculty of Science， 
Hiroshima U niversity 

Morphology of finα1 patterns in phase transition are usually simple ones: only one 
phase dominates the whole domain (nonωconserved) or it is decomposed into simple sub-
domains (conserved) after coarsening process. This is due to the tendency to mi泊出ze
the area of interface. However， if there is a microscopic constraint to the system， the 
final pattern becomes much richer and has in general a variety of morphologies from 
lamellar to labyrinthine patterns. Block copolymer is one of such materials where two 
monomers (say， A and B) are connected at some point (constraint)， and this is respon-
sible for the formation of very fine and complicated structures depending on the ratio 

of composite monomers in the process of micαE令 pha酪sesepa町，ra凶，tio佃n[悶司引[問埼刻[ドl司斗.Lμocallyeach

mor 
connectivity does not allow them tωof，おor口rrr波mala紅;rg酔edomain consisting of only one monome位E 
(和non叫10侃ca必i五ityけ).As one of the phenomenological models， it is known (for instance， [1司)
that such fine patterns can be given by solving the following stationary problem: 

。コ ε2ムu+ f(u，り)
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where u is the order parameter indicating A-rich or B-rich ph出e，v represents the nonlocal 
e宜'ectdue to connectivity， e:(~ 1) corresponds to the interfacial thickness and D(~ 1) 
is proportional to the square of the polymerization index (namely， the length of block 
copolymer) which is usually quite large， and f(u， v) is a cubic nonlinearity (typically of 
the form u -u3 - v)， and n is a smooth domain in RN (N 2:: 2). Note that the sec∞on 
equation of (1.1) can be solved uniquely with respect to V orthogonal to {constant} 
Substituting this into the first equation， we have a scalar problem for u with nonlocal 
term. It is anticipated that many other phenomena could be described by similar models 

on δn. 
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to (1.1)， since the basic mechanism creating a variety of patterns is due to the competition 
between local dynamics and nonlocal effect. In fact similar patterns are observed in liquid 
crystal， magnetic thin film， and so on. The arguments in this note is valid to slightly more 
general system: 

Ut = e2ムu+f(u，v) 

。n (1. 2) 6叫ロDムv+g(u，v)

δu dv -..-
dn dn 

where 8 is a nonnegative constant. Note that the stationary problem of (1.2) includes 
that of (1.1). Although the precise assumptions for (f， g) are delegated to [8]， they紅 e
qualitatively the same槌(1.1).A naive approach to find nontrivial patterns of (1.2) is 
to consider the limiting c邸 eeither e t 0 or D t∞. For the latter case it is known (see 
何回)that the resulting equations become a scalar equation with a constraint of integral 
type and it is unlikely to have a stable complicated pattern for such a system， since there 
are no stable multi-layered solutions even in 1D case [可.On the other hand we know 
very litt1e about the former case in higher space dimensions， since it has been regarded 
to be extremely di自cultto find the first approximate stationary solutions in the limit of 
εt O. Especiallly we are interested in the behavior of the asymptotic configuration of the 
interface p:. The aim of this note is to answer (at least partially) the following question. 

on θO. 

Does (1.2) hαsαn e-fiαmily of stαtionary layered solutions with smooth interfiαce re up 
toε=  O? 

The answer is obviously a鼠rmative，since we know plan征 andsphericallayered solu-
tions (see [14][12]).百oweverthose domains have very special geometries， i.e.， rectangles 
and spheres and it is not a priori clear that such smooth interfaces persist up to ε口 ofor 
generic domains. It turns out that the answer is negative for generic ones under several 
hypotheses derived by the formal asymptotic analysis (matched asymptotic expansion 

(MAE) procedure). In fact we have the followi珂 result(partially announced in開)

MAIN THEOREM 

(a) (Radial Symmetry) Suppose thαt (1.2) hasαn e-f，αmily of rT附 hedasymptotic solutions 
with compαct smooth interfiαces re of dimension N -1 up toεo  and that the C1_ 
matching condition holds， then rO must beαsphere. 
(φb) (仰Non同 x泊18抗te恥 e)More印O

HYPOTHESIS The nonlineαr elliptic problem 

Dムvo十g(h_(110)' vO) == 0 in RN¥nt， 

ー θh
vo = v* αnd ~ニ詰 constαnt

011 
on rO =θot 

hαs only radiαlly symmetric solutions，ωhere u ロ h_(v) is one of the stαble branches of 
f(u， v) = 0αnd 11 is unit normα1 vector to rO
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Then (α) implies that the reduced problem hαs no solutions for generic domαins 0，αnd 
hence there does not existαssociated←fαmily of mαtchedαsymptotic solutions. 

REMARK Recently， the hypothesis in M，αin Theorem (α) was removed ([5]). 

One of the key i時間dientsfor the proof of Main， Theorem is the Serri山 result[1ヰ(叩d
its generalizations) for the over-determined Poisson equation. The above non-existence 
result is not a dissapoiting result and， in fact， it suggests an important thing about the 
behavior of the interface as e↓O. Namely， if some stationary pattern of (1.2)出 stsup to 
ε= 0， but does not have a smooth limi ting interf配 e，then the con:figuration ofthe interface 
must become fine and complicated出 ε1O. In order to understand the morphology of the 
complicated patterns， it seems necessary to apply an appropriate rescαling to blow up the 
degenerate situation since there are no well-defined asymptotic limit of interfaces in the 

original framework. We shall also touch several points in this important direction， That 

is， we attempt to understand the Main Theorem from a positive point of view， applying 
MAE method to the rescaled system to (1.2) and itslir附
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On a Local Energy Decay of Solutions 

of a Dissipative Wave担quation

筑波大学数学系檀和日子 (Wakako Dan) 

筑波大学数学系柴田良弘(Yoshihiro Shibata) 

This study is concerned with a local energy decay property of solutions to the iniもial

boundary value problem of the dissipative wave equation : 

r Utt十UtームU=o
(D) { U出。
l u(O，x) = uo(x)， Ut(O，x) = Ul(X) 

in n and t > 0， 
on r and t > 0， 
in n， 

where n is an exterior domain in an n-dimensional Euclidean space IRn， whose boundary 

r is a C∞ and compact hypersurface. Below， ro > 0 is a五xedconstant such that 

。CC Bro = {x E股nIlxl < ro}. (nC is the complement of n. ) 
In the case of usual wave equation， the local energy decays exponentially fast if n 

is odd and polynomially fast if n is even at least under the condition that n is non-

trapping (cf. [9]， [10]， [11]， [16]). This is reasonable from a physical point of view 

because the energy propagates along the wave fronts， so that the motion stops after 

time passes unless the wave front is trapped in a bounded set. 

In the case of dissipative wave equation， the energy propagates again along the wave 

front. Moreover， the trapped energy also decreases in virtue of the dissipative term 

Ut， so that we can expect to get a local energy decay resu1t without any geometrical 

condition on n. In fact， Shibata [14] proved the following theorem. 

Theorem 1.1. Assume that n ~ 3. Let R > ro and let u( t， x) be a smooth solution of 

(D) such that supp u(O，x)， supp Ut(O，x) C nR = {x E n Ilxl < R}. The叫 thereexists 

44 
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a constant C > 0 depending on n and R such that 

AムμμnjJ(b|叫州(ο仏川t，
壬c h t ) -n ( l E A | れ (0， x )12dx +¥| ζ II 符小引仰u叫耐(卯川0

where δ211 ロ:δ!αlυ/θ21 ・・・ a~:: ， α 口 (α1 ， • •. ，αn) and Iαl口 α1十・・・ ÷αn・

The purpose of this study is to extend and improve the above resu1t as follows. 

Theorem 1ム Assumethat nさ2.LetR >Toand uoEHJ，R(0)叩 dU1 E L主(D)，

where 

L~(D) 口 {f 巴 L2 (D) 1 supp f c DR}， 

HJ，R(D) = {f E H1(D) I supp f C DR' f = 0∞r}. 

Let u(t，x) be a weak solution of(D). Then， there exists a cons白ntC depending ∞n 

and R such that 

AムレレJJ{i 叫州(t仏川t，
壬α刊C(ο1+付刊t吟)γ→ぺη{Lか!μu町1バ巾州(いω似Zり刈)1向2匂d♂け十 2玄=LI附勾伽恥u均叫仰0バ(μx)1向2匂切刈d白吋Zサ) 

υ""αi壬1""

Compared with Theorem 1.1， our resulもremovesthe smoo七hnessassumption on so-

lutions of (D) and includes the case n = 2 as well as the case nど3.

For the Cauchy problem of the dissipati刊 waveequation (i.e. D 畏n)，A. Matω 

sumura [8] studied the decay rate of 叫凶∞s.His argument was bωed∞ the concrete 

representation of solutions by use of the Fourier transform. When D is bounded it is 

well-known that the energy of solutions decays exponentially fast. Indeed， this fact is 

easily proved by a standard energy method combined with Poincare's inequality. Since 

D is unbounded in our case， we cannot use Poincare's inequali句T. And also， because of 

the boundary， we can not use the Fourier transform. Our method is based on a spectral 

analysis to the corresponding stationary problem with parameterλ 

Fhu 
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Putting Ut =叫 letus rewrite the problem (D) in the following form : 
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To consider A to be dissipative， we introduce a space H D(口).For any open set 0 C ~ぺ

Go( 0) denotes the space of all G∞functions on 1足nwhose support is compact and 1ies 

in 0 ( in particular， such functions vanish ne町 theboundary of 0 )， L2( 0) a usual L2 

space on 0 with norm 11.110 innerproduct ( ， )0 and H8(0) a usual Sobolev space of 

order S on 0 with norm 11 '118，0・ 11. IIk，n will be denoted simply by 11 . Ik Likewise for 

1I'lln and ( ， )n. Then， we put 

4 δuθU ， _"  
HD(口)={u E Htoc(0，) 1 Vu = (一一 一一)E L~(0，)， U = 0 )c\U~J I V W - ¥OXlヲ・・・ 'δX

n 

on r， 

ヨ{Un}C cg<'(n) S.t. IIV(un -u)lI-→o as n→∞}， 

where Hloc(0，) = {u巴1)'(0，)1 u E H1(0，R) VR > ro}. Then， an underlying space for 

A is 

行={ [~ ]1 u E HD(0，)， v E L2(n)} 
We know七hat冗 isa Hilbert space eq凶ppedwith the innerproduct 
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Then， A has the following properties. 

Proposition. (1) A is a closed operator. (2) A is a dissipative op町at侃

(3) 冗(1-A)口行. (4) D(A) is dense in冗

Lumer and Phillips theorem [13， Chapter 1， Theorem 4.3] imp1ies that A generates 

a GO se部 igroup{T(t)} on冗.
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Since A is dissipativ町 T(t)is a Co semigroup of contractions， so that IIT(t)11 ::; 1 

Vt;:::: O. Let αbe a positive number. We have the following .expression : 

T(t)x 
寸 rα+iω

J:忠ゐムJλt(入l-A)九 d入 forx E D(A2) 
(cf. [12， p.295] or [13， Chapter 1， Corollary 7.5] ). By a lemma due to F. Huang in [4， 

31， Lemma 1] (also see [7])， we have the following lemma. 

Lemma. For any α> 0 and x Eチi，put 

g(ω)口 11((α+ω)1-A)-lXIIχ. 

Then g(ω) E L2(]R) and 
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By virtue of the above lemma， we can deduce that the high frequency part. decays 

sufficiently fast， so that the rate of decay is determined by the behavior of the resolvent 

in a neighborhood of入=0， which is investigated by use of a perturbation method. In 

fact when n三3，by use of the fact tl凶(入I… A)-lin ]Rn is continuous up to入=0， we 

can construct a parametrix near入口oas a compact perturbation from (入I… A)…1in 

]Rn. But， when n口 2，(入1-A)-l in ]R2 behaves like log入near入=0， so that the idea 

lnもhecase that n 主3does not work at all. When n =ェ2，our strategy follows Borcher路S 

and Va町叩r口rn出1

by use of a single layer po七entialand a double layer potential and using the properties 

of Bessel functions we can inves 七tigatethe behavior of 七吐heresolvent in a neighborhood 

of入口O.A key is that the integral equation on the boundary obtained by use of single 

and double layer potentials has no singular terms in七hekernel with respect toλAsa 

resu1t we can deduce that (入1-A)-1 behaves 1ike C1十Czllogλ
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EXTERIOR PROBLEM FOR THE NAVIER-STOKES EQUATIONS 

小磁英雄(名古屋大・工)・出崎昌男(一橋大・酪)

Introd uction. 
Let n be an exterior domain in 1艮n(nど3)，i.e.，a domain having a compact com-
plement 1A.n¥n， and assume that the boundary θn is of class C2+μ(0 <μ< 1). 
Themoもionof吐leincompressible fluid occupying n is governed by the N avier-8七okes
equations: 

(N -So) 
(仁じ-Ll~叫一tω叫…ρ叶山山山十れ判刊一'11ω川lρ川) • '¥1…  
d出lVω 口 o in n， 
山口o onθn， w(x)→o as Ixl-→∞， 

where ~ρ z ω(x) 口(叩I(X)，・・・ ，'11ペx))and π 口71"(x) denoteもheunknown velocity 
vector andもheunknown pressure of the fluid at point x E n， respecもively，while F = 
F印削(いωZり)=口(仰F巧叩7xp仰(いωZ吋)川)iλんtιω山叫，j戸削，j=1，炉州片口吋叫1，い日. n 舟F'/ ""n 角F'!'

deno も“出ingも廿出heex もer口rnτ宮nalforce. The n.rs 七purpose of もhis article is to show the existence， 
uniqueness and regularity of solutions初 (N-So) for a larger class of e}巾 rnalforces. 
Our method is based on the functional analysis， i.e.， the Lr -theory for the linearized 
equations to (N -So)， i.e.， the 8tokes equations: 

(S) 
(一71"= div F in n 
div w = 0 in n， 

ω=0 onδn， ω(x)→o as Ixl→∞， 

plays an important role for our approach. To solve (N -So) inぬeclass '¥1w E Lr(n)， 
we have to res七rictourselvesもothe case r口 η/2which sもemsfrom the nonlinear 
sもructureω.'¥1ω.It should be noted that註lenorm 11'¥1叫ILψisinvariant under 
such change of scaling as ωλ(x) =入w(入x)for each入>O. On the 0もherhand iも
is known that (8) has a unique solutionωwith '¥1ωε L r (n) if and only if r satisfies 
n/(n -1) < r < n. Unfortunately，ぬemosもphysicallyrelevant case n = 3 is excluded 
because n/2 = n/(n -1)口 3/2is the critical power for the unique solvability of (8). 
Thus the me出odof linearization makes no contrib凶ionto solvability of the nonlinear 
equations (N -So) in the class '¥1w E Lnj2(n) for n = 3. To overcome this di館culty，
we introduce a larger class '¥1ωE Lp，q(n) and show仕mt(8) has a unique solu七ion切
in Ln，∞(n) with '¥1w E L号，∞(n)，where Lp，q(n) denoもesthe Lorentz space over n. 

Typeset by AM8-'IE;X 
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The second purpose of this article is to show仕lesもabilityin Ln，∞(n) of our sta-
tionary solutionωof (N -So). If w is perturbed by a， then the perturbed fl.ow v(x， t) 
is governed by the following non-stαtionαry Navier-・Sもokesequations: 

22-AUH-vu+Vq口 divF in n， t > 0， 
δt 

(N _ S1) ~ div v = 0 in n， t > 0， 
U口 o onδn，t > 0，り(x，t)→o as Ixl→∞， 
v(x，O) =ω(x) +α(x) for x εn. 

We show that if the stationary fl.ow切 andthe initial disもurbanceα 紅 eboもhsmall in 
the common space Ln，∞(n)，もhenthere is a unique global strong solution v of (N -S1) 
suchもhatv(x， t)→切(x)wiもhdefinite decαy rates部 t→∞.Leもωandv be solutions 
of(N ・-So) and (N -S1 )， respectively. Then the pair of functions u詰 υ-w，p詰 q一作
satisfies 

生-.6.u十ω.¥7u + u . ¥7w + u . ¥7u十¥7p = 0 in n， t > 0， 
8t 

(N -S') ~ div u口 o in n，t > 0， 
u = 0 onθn，t > 0， u(x，t)→o as Ixl→∞， 
ul日口α.

Thus our problem on the stability for (N -So) c加 nowbe reduced to investigation 
into existence of global s位ongsolutions to (N -S')加 dtheir asymptotic behaviour. 
To solve (N -S') globally in time， we need to establish the Lp，∞-Lにestimatefor 
the semigroup e-tLr， where ιr is an operator defIned by 

乙r詰 Ar十Pr(凹・ ¥7u+ u . ¥7w). 
Here Pr is the projection operator from Lr(n) onto L~(n) and Ar ローPr.6.denotes 
the Sもokesoperaもor. To treaも乙ras such perもurbationof Ar as仕leLp，∞_ Lr_ 
estimate remains to be obtained， one required smallness of either 11¥7切11号orthat of the 
quantity sUPxEn Ixllω(x)1 + supxωIx121¥7叫x)1. Making use of the special structure 
w.¥7u十u.¥7w of the perturbed convective term together with div u = div w = 0， we 
shall remove such an assumption on the derivatives ¥7w・lndeed，we shall establish 
the Lp，∞ -Lr estimates for e-tLr only by assuming that w is small in Ln，∞・

31 Reslllts. 
1.1. Existense of the stationary solution. 
Let us introduce some function spaces. For 1 < p <∞， 1I~(n) denote the c10sure 
of co(n) with respect to the norm 11¥7 . IIp; 11 . IIp isぬenorm of the 出 1叫 LPspace. 
Since n is an exもeriordomain， 1I~(n) is larger than the usual Sobolev space H~(n). 
By real interpolation， we defIne 1I~，q(n) by 1I~，q(n) 詰(1I~o(n) ， 1I~1 (n))e，q， where 
1 < po < p < Pl <∞and 0 < B < 1 satisfy l/p口 (1~ B)/po + B/Pl and 1 :::; q三∞-
Note出品 for1 :::; q <∞， 1I~，q(n) is the c10sure of co(n) with respect to the norm 
11¥7 . IIp，q of Lp，q(n); (・，・)denoもesthe duality pairing beもweenLp，q(n) and Lpl，ql(n)， 
where l/p + l/p' = 1，1/q十 l/q'= 1. (・，・)denotes the duality pairing between 
HL，q，(0)*md HL，q，(。).Ourresults read as foliows: 
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Theorem 1. Let p and q be as 

(i)が <p < n， 1 < q三∞，
(ii) p = n'，q口∞.
Then for every {j， g} 巴 H~，，q' (0，)* x Lp，q(n)， there is a u凶1
Lp，qぷq〆(0，)such t拍hatb 

{~…ω 一 (11"，divゆ)口(fゆ) for a11叫 q，(n)，
div w = 9 in 0" 

holds. 

Theorem 2. (1)(existence) Let n三3.There is a COI凶 ant8 = 8(n) > 0 such拍M
ifFεL号，∞(0，)satisfies IIFII号，∞話 8，拍enthere exists a pair {ωバ}eHj∞(0，)x 
L号，∞(0，)of凶esolution of (N -So) inめefollowing sense: 

、l
sノ

可
1-
• 宅
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/
E
K
 

(mw)一(切川)一同)口-(F，¥7ゆ) 伽叫d何m々仰 (ρ例Q町)
divω =口コo in n. 

(2，勾~)(川(l作u山1

L号，∞(0，町)sa剖詰iおs~かがY凶i担n噌g(ρ1.1り) with 

11ωIIn，∞S:k 
lS umque. 
(3)( regulari ty)め'rn' (= n~l) < r < ∞， there is a constant 0 < 8'(n， r) s: 8(n) 
suchめatif F巴L号，∞(0，)n Lr，∞(0，) satisnes IIFII号，∞s:8'， then the solution {ω，π} 
of (N -So) given by the above (1.1) has the additiona1 property 

V切 εL号，∞(0，)n Lr，∞(0，)， π巴L号，∞(0，)n Lr，∞(0，). 

Remarks. (1) For the assertion on uniqueness， we do not have to assume the sma11-
ness of lI¥7wll号，∞ butof拍eweaker norm IIwl/n，∞・
(2) For the assertion on regularity， the smal1ness for IIFllr，∞ is not necessary， which 
is c10sely related toぬeinvariance of the norm lI¥7wll号，∞ undersuch ch加 geof sca1ing 
described as above. 

1.2. Stability. 
We shall next proceedもostability of the flow ωobtained by Theorem 2. Leも
に isthe closure of C，品， wiぬ respecもtothe Lr-norm 1/ Ilr. Lr stands for the 
usual Lr -spaces over 0" 1 < r < ∞. Note that Lr = Lr，r(n). It is known that 
L~ = {u E Lr j div u口 oin n，u'ν= 0 on θn}. Recall the Helmo1tz decomposition: 

Lr 口 L~ ffi Gr( direct sum)， 1 < rく∞，

where Gr = {¥7pεLrjpεLioc(否)}.Pr deno七esもheprojection operator from Lr 
O凶oL~ along Gr. The Sもokesoperator Ar on L~ is then defined by Ar = -Pr.d. 

句
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with domain D(Ar) = H2，r(n) n H~:; ， where H~:; isもheclosure of C.品 withrespect 
to the Hl，r -norm 11ゆIIH1.r口 11ゆIIr+ 11¥7ゅIIr・Byreal interpolation， we define L'jq 
by Lr;;q = (L~o ， L~l )o，q， where 1 < ro < r < rl <∞and 0 < 8 < 1 satisfy l/r = 
(1 -8)/ro + 8/rl and 1 ::; q三∞.Then iもfollowsthat 

L2qz{ueLT，q(0);div U 口 oin n，u.ν= 0 on an} 

and that the Stokes operaもorA is also well-defined on L'jq with出edomain 

D(Ar，q)口 {uGLPhVJuε Lr，q(n)，j = 1，2， ulθn = O}. 

On the stationary flow， we impose the following assumption: 

Assump抗on1.ωis a solenoidal vector neld on 0， with切 Ian = 0 in the class 

ωGL2，∞nL∞ヲ VωELr • 

for some r* with n <九<∞.

Remαrk. Take ro so that 九 <ro <∞.IfFEL号，∞(n)nLro，∞(0，)saもisfiesIIFII号，∞ 5
o'(n， ro)， then Theorem 2(3) and the Sobolev embedding H1，r. C L∞yields a solution 
切 of(N -80) saもisfyingAssump七ion1. 
Now we define an operator Br on L~ for 1 < r ::;九 by

Bru詰 Pr(切 .¥7u十u.¥7ω) Wlもhthe domain D( Br)口 H;，;.

It should be noted that if ¥7ωE L r• and if 1 < r ::;九 thenwe have u . ¥7ωε Lr for 
u E H~:; and hence Br is well-de五nedon H;:;.Then ムisintroduced by 

ιγ 口 Ar十Br， 1 < r三九 Wl七hdomain D(ム)= D(Ar). 

On the initial disturbance αin (N -81) we impose七hefollowing assumption. 

Assumption 2. The initia1 disturbanceαis in LZ，∞. 

Our resu1ts on stability of ωnow read: 

Theorem 3. (1) Let w and αsatisfy Assumption 1 and Assumption 2， respectively. 
There is a positive number κ=κ(n，r*) such that if 

(1.2) 11ω11π，∞::; I'b， 11αIIn，∞::; I'b， 

then there exists a strong solution u of (N -8') with the following properties. 

(i) u E BC((O，∞);L2，∞) n C((O，∞); D(Ar.)) n C1((0，∞);LP); 
(ii) du/dt +ムJ 十Pr.(U.¥7u) = 0， in L~. ， t > 0; 
(iii) u(t)→α weakly * in L::'∞ as t 1 +0; 
(iv) (uniform estimate) 

lIu(t)lIr ::; Ct一号(士一+)， n<T5T* 

for a11 t > 0 with a constant C depending only on n， r and 九・
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(BC(I; X):the set of bounded and continuous functions on the interva1 1 with va1ues 
in X) 
(2)( uniqueness) There is a constant k = k( n， r *) such出atany solution u of(N -S') 
satisfying the above propertiesω4りwith

limsupt号(士一合)lIu(t)lIr.:S; k 
t!+O 

(1.3) 

ρ
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The more rapidly spacial decay at infinity of the initial disturbanceα( x ) is assumed， 
the sharper asymptoもicbehaviour for u(t) as t →∞ is obtained: 

TheorelTI 4. For n' (= n~l) < p < n，凶ereis a constantぇ(n，r*，p):S;κ(n，凡)
(κ(n，九):the constar泌in(1.2)) such that ifαELZ，∞n L~ and if 

11αIIn，∞壬伝，11ωIIn，∞:S; K， (1.4) 

首henthe solution u given by Theorem 3 has the following additiona1 properties: 

u(・)and ttvtA(・)E BC([O，∞); LP); 

lIu(t)lIl = O(t一号(トわ) t →∞. 

Moreover， for every q with p:S; q < n， there is a constant Fi. = Fi.(n，r*，p，q) such that 
if we assume in addition to (1.4) that 

as p:S;l:S;r* for 

lIalln，∞:S; Fi.， 11ωIIn，∞三九

then there holds 

11¥7叫t)lI，= O(t一号(ト十)ーを) t →∞. 

Remarks. (1) Theorem 3 shows that L~'∞ is the c1ass of stable stationary f10ws加 d
that it is the same c1ass as that of initia1 disturbances. Up to the present， there is a 
simi1ar result to the above one wi出 theassumption that 

as p:S;l:S;q for 

sup Ixllw(x)1 + SllP IxI21¥7w(x)1 
xEf.! xε。

is sma11 enough. On the other hand， our results have c1arified that出eassumption on 
Vωis superf1uous. Moreover， the space L~'∞ is larger than the c1ass of functions such 
that sUPxEf.! Ixl仰い)1<∞・ Theorem4 has improved a1so the results on L2嫡stabi1ity
for weak solutions with homogeneous boundary condition at in五nity，i. e. ， ω(x) 一~ 0 

as Ixl→∞. 
(2勾，)Since t凶hθ S問θ'ml括gro叩 {いe一-tぱζ勺}t之o is not strongly c∞ont“伽iな知加m幻1ωω i如nL 2 ， ∞ぺ，Wi閑ec加 noω 古

V開e町ω'ri~砂Y 吋 e凶古凶hθ臼rour s01凶 onu satisfies 

5おけ(士ーがIlu(t)11九 =0
This is the reason why we impose the condition (1.3) on the uniqueness. 
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