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A REMARK ON LINEAR ISOMETRIES OF 4 INTO ™

NoLio OKADA

Department of Mathematics, Science University of Tokyo

§1. Introduction.

We denote by ﬁ( ") (1 <p<oo,neN), R" equipped with £,—norm and by E(n)(C) (1<
p < oo,n €N), C" equlpped with E —norm.
We consider the following;:

For given 1 < p,qg < o00,p # ¢q,n € N, is there an m € N such that E( n) (respectively Z( )(C))
is 1sometrically tsomorphic to a subspace of Eg ™) (respectively Eg )(C)), or 15 there a linear
isometry T : E](Jn) e Egm) (respectively T : E;n)(C) — Egm)(C)) for some me N ¢

The motivation to the above problem is stated as follows. In a book (Summing and Nuclear
Norms in Banach Space Theory by G.J.O. Jameson), it is stated that H := {(z1,22,23,%4) €

K(4) 2] _; zj = 0} is isometrically isomorphic to E( ). 1 was not able to construct a linear

isometry 1" : €§ ) H. So1 asked Professor T. Ito of Musashi Institute of Technology about
it. He gave me an answer that the map 7' : €§3> — H, defined by

(z1,22,23) — (@1 + T3 + T3, 71 — Ty — T3, —T1 + T2 — Ty, —T1 — T + T3)
is a linear isometry, since we have

3
Z |z;| = max |CL‘1 + Oyz9 + O323].
-1 62,03=:%

Moreover he stated that the map T : E(ln) — zﬁ"'l) (n € N), defined by

n 2 3 n
(2)fmr — (21 + 622 + 67 ms -+ +020);  gnoa g0

is a linear isometry, since we have

Zlm]l" ma:X ]$1+9 $2+9( )$3++9(n)ln]
J=1

Later he announced me that the number 2”7 is the best possible, i.e.,

If there is a linear isometry T : /Z(n) — ﬁ( ) , then we have k > 2” L
and such isometries do not exist for complex scalars ie.,

For any m € N, there does not exist o linear isometry T: Egz)(C) — Egg)(C).
Therefore, it seems to be natural to reach the above problem. The results except the above are
summarized as follows.



Theorem A. Let 1 < p,¢ < 00,(p,q) # (1,00),(00,1),p # q,2. Then there does not exist a
linear isometry T : €§,2) — eg’") (m € N).

Theorem B. Let ¢ > 1,9 ¢ 2NN, then there does not exist a linear isometry T : Egz) —
6™ (m e N).

Theorem C. There does not exist a linear isometry T : £&) — E(lm) (m € N).

Theorem D. T': Egn) — &(fn_ur") (n — 1 € N), defined by

L i

1 2 2,1 2.1
(331,352,...73371)%——-) (‘—‘-—T($1+02$2++9n:]}n)7(§) (171,(:9;)4332,...,(5)41[}71)

(8-2n1)% 6;==+1

1s a linear isometry.
Theorem E. Let 1 < p,q < 00,p # q,2. Then there does not exist a linear isometry T :
€y — £M(C) (m e N).

§2. Proofs of main results.

First we show the following:

Proposition 1. If there is a linear isometry T : JAONN Zg) then we have k > 2771,
y 1 ;

Put B := {z = (0;)7_, € E(ln) :0; =1,0; = £1 (2 < j < n)}. Then the cardinality of
E, denoted by card E = 2*1 ||z]|s = n (¢ € E). The proposition is easily derived from the
following;:

Lemma 1. Let z,y € E,z #y. Taket (1 <t < k) such that |Tz||e = |(Tz):| = n. Then we
have ||Ty||lco > |(Ty)¢]. .

Proof. Suppose the conclusion does not hold, then we have ||Ty|lcc = |[(Ty):] = n. Since
z#y, z+y= ()i with o; =0,£2 (1 < j <n), aj, =0 for some jp (1 < jo < n), so we
have ‘

IT(z + Y)lloo = [l +yls <2(n—1).
Since the first coordinate of & — y is zero, || T(z — y)||co = ||z — y|j1 < 2(n — 1). Hence we have
2n = |(Te):| + [(Ty):| = max [(Tz): = (Ty)¢|
= max|(T(z £ y)):| < max || T(z £ y)lloo < 2(n —1),
which is a contradiction.
Secondly we consider the following:
Proposition 2. For any m € N, there does not exist a linear isometry'T : £§2)(C) — ES,?)(C).

Proof. Suppose there is a linear isometry T : EgZ)(C) — EQ)(C) for some m € N. Put
T(1,0) = (a;)i,, T(0,1) = (8;)7,. Then we have |aj|,|8;] <1 (1 <j < m). Take [z] =1
such that arg zg # arg a;— arg f§; (1 <j < m). Then ||(1,2)|1 = 2, but we have

IT(1,20);] = loj + Bjzo| < lej| +1Bjz0] <2 (1 <5 <),
I1T(1, 20)]joo < 2, which is a contradiction.

Now we consider linear isometries T : £§,”) — Kgm) (1 < p,g < oo,p # ¢q). In order to
prove our results, we prepare the following lemma which is checked by using Taylor’s theorem.



Lemma 2. Fora > 0,b+# 0,a > 0 and for each integer j = 0,

1 o B «@ a—kik | __ o a—j—117+1

k=0
Theorem 1. Let 1 < p,q < 00,p # ¢,2. Then there does not exist a linear isometry T :
22— 8™ (m e N).

Proof. Suppose the conclusion does not hold, then there are (a;)7L;,(b;)7; C R such that for
all 21,27 € R,

(el a7 = (Yl + yeal) ™

We may suppose a; > 0 (1 < j < mq), =0 (me <j <m). So 7% al =370, (6|9 =1
Then for large z > 0, we have

Tno‘ m
(@ + 1) =) ez + )7+ D bl
Jj=1 j=mo+1

We may assume Z 1 16j] # 0. By Lemma 2, we have

: P a/p _ gy 4
Jim — p{(w +1) fv}——p,
}:qaq ;= Jim [Z{(amb Y (a2} + > Iyl
’ _7 mo+1
= lim o {(mf’-l—l)q“’—-mq}—o
z—r0o0 pP—1 zd—P o

Moreover by Lemma 2, we have

zh—»oo e 2{2(&,:6—!—6)"—-1: }* lim

z—oo =2

mo q

— q—212

= E (2> a; bj > 0.
Jj=1

Z{ a;@ + ;)" — (a;2)! — g(a;2)?1b;}

Then we get
g _ 5 1 P a/p _ .4
—xlim = {(z? + 1) z%}
— I 1 1 0 by . 1 m .
_xingo[:c%z’ T {Zl(ajfE-F i)~z }+ e Z+1ibj| }
j= j=mg

_{07 {1<p<2,p<qlor{l<p<2 p>gq, m=mo},
0, {1<p<2 p>gq, m>mg}or{p>2}

which is a contradiction. Therefore the theorem is proved.
For the case p = 2, we need two lemmas which are shown by induction and Lemma 2.



Lemima 3. Letq> 1,g ¢ N, mg,m € N (mg <m),a; >0 (1<j<mg),b; ER (17 <m)
such that Y °

i al = Z;n___l |b;1 = 1. Assume that for large 2 > 0, we have
‘ mo m
(2* + 1) =D (ae+b) + Y [b]%
J=1 j=mo+1

Then the following equations hold:

3

Q

al”'h =0 (1>1,0dd)

q g
(l) ag-‘lbé‘ = (Z) (1> 0,even)
1

m

(2) S ble=o.

Jj=mo+1

.
I
-

(1)

NE

.
Il

Lemma 4. Let ¢ =2s+1 (s € N). Assume that for some mo,m € N (mo <m),a; >0 (1<

J <mg),b; € R (1< j <m)such that Z] -1 a] = E;’;l |b;|¢ =1, we have

(22 + 1) =) (az+ b))+ Y, bl
j=1 j=mo+1

for large * > 0. Then the following equations hold:

> afi=0 (1<1<25—1,0dd)
7=1
(3) mo .
Z() - lbl—<?> (0 <1< 25+ 2, even)
= 5‘

(4) Zbu— > Il =o

j=mo--1

Theorem 2. Let ¢ > 1,9 ¢ 2N, then there does not exist a linear isometry T : Egg) —
&™) (m e N).

Proof. Suppose the conclusion does not hold, then there are (a;)72,, (b;)7.; C R such that for
all z1,29 € R,

(|2 + 22?2 = (Zlamwmgl)



We may suppose a; > 0 (1 < j <myg), =0 (mg < j <m). So Z;n__fl a? = ZT=1 |b;|7 = 1.
Then for large z > 0, we have

22+ 12 = (ajz+b)7+ D |b]e.
j=1 j=mo+1

We may assume Z;nz"l |b;] # 0. For s € N, we consider two cases 25 — 1 < ¢ < 2s and
25 < ¢ < 28+ 1. In Lemmas 3, 4, we put [ := 25 4+ 2, then we get

mo q
q q-23—262.s+2 — 2
(o) 2= (1)

In the case of 2s — 1 < ¢ < 2s, we have

(3% 5) = Gorgal= D a2+ Dg-20)g — 2= 1) >0,

+ 1 q.9q q q
. 2 = (= — 1) (= — I = — 0.
| <s+1 Griaty Wy mestlig )<
In the case of 2s < ¢ < 2s + 1, we have

(2% 2) = @rmyela= D292 -1 <0

T 1 q.q g
7\ — 9.9 ... L_ 0.
<3+1> Groizy Vg

Heﬁce, in the each case we get a contradiction. Therefore the theorem is proved.
Now we consider the complex case. For a > 0,b (# 0) € C,a € R, we consider the real
variable function f(z) := |a + bz|® Then direct calculations show that

f'(z) =a|a + bz|*72(|b*z + aReb)

=ala + ba:{o‘Re( - —fb:v )

6]z + aReb
z? + 2azReb +.a2’

=af(z) TE

' 1 a oy __ gl — a1
}1113%) h(|a+bh[ a®) = f'(0) = aa® "Reb.

The following proposition which we state without a proof is shown by using Taylor’s
theorem and Leibniz rule.

Proposition 3. Let a > 0,b (# 0) € C,a > 0, then we have for each integers j > 0,

; 1 e : a—k o
i (o + 0817 = Do 0 Haudt) = ey,
=0
where o
co =1, ¢ =aReb, ¢ = —2~{(a — 1)(Reb)? + (Imbd)?},

(k + Vepss = (o — 2k)Reb e + (o — k + 1)[b|%cr_y (k> 1).
By Proposition 3, we easily get the following:



Lemma 5. Fora > 0,b (#0) € C,«a > 0 and for each integer j > 0, we have

J

1 . .
lim -—————~—-—{|aaz + bla - Z(am)a""”ck} = aa_]~16j+1,

z—o0 po—Ji—1 P
==(}

where o
co =1, ¢ =aReb, ¢ = ?{(a — 1)(Reb)? + (Imb)?},
(k + 1)ekt1 = (o — 2k)Rebeg + (o — k + 1)]b]2ck~1 (k>1).

By the almost same methods as in the real case with Lemma 5, we get the following:
Theorem 3. Let 1 < p,q < 00,p # q,2. Then there does not exist a linear isometry T :
#(C) — £{™(C) (m e N).

§3. Some concrete linear isometries.

(1) Egz) is not isometric to &(12), but T': £g2) - 223), defined by
1 1 1 8

1
o) = (o G g7~ Ggr > (8)

B

)

is a linear isometry.
2) T: 62 —s 289 defined by

o
o

1 4 4
(z1,22) — ((10)2; (z1 +22), (10) —(z1 5”2)’(_5') a:1a(”5">

)

is a linear isometry.

(3) T: 62 — £{% | defined by
(z1,23) — (almlv + aszg,a121 — Asa, A%y + 12, A2T1 — A1T2, A3T1,A3L2),

where a; = 37 /(420)%,a, = 1/(420)%, a3 = 2/(420)%, is a linear isometry.
(4) T : £ — 019 defined by

(z1,22) — (@121 + a222,01T1 — a222,a2%1 + a122,A2%1 — A1T2,A3T1,A3L2),

where a; = 1/(1512)15, ay = 3% /(1512)10, a3 = 2/(1512)10, is a linear isometry.
(5) T : £2) — 0019 defined by

(z1,29,73) = (611(931 + 6229 + 0323),a02; + asTr, aa%; — A3Tk, A4T1,
0420 0473)1 ¢ s =

where a; = 1/(140)8,ay = {(18)% + 23}7/(560)%, a5 = {(18)3 — 23 }7 /(560)%, a, = (6/35)%,
is a linear isometry.

(6) T : £52(C) — £(C), defined by
(21, 22) V— (a121 + G372, 0171 — G223, 0271 + 10122, 0221 — 1a127),

where a; = (3% 4+1)7/2,a; = (37 — 1)% /2, is a linear isometry.
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£ K-#  Hhalin
11777 N =¥ =1 =1

1 F

PLFiE RDoss itk B3IRDFEEIC & » T inspire SNicdbDTH %,

Theorem D([1, Theorem 2]). Let G be a LC A group and G its dual group. Then
a continuous function ¢ on G is the Fourier-Stieltjes transform of an absolutely
continuous measure if and only if , whenever ¢ > 0, there is a compact set K
and § > 0 such that, for any trigonometric polynomial p = ¥ ¢;;, the relation

Iplleo <1, fxc | p(2) | dz < 8 imply | Zeio(y) [< e

A%xF 4 Y TER &, %> W8 Banach 3. span(P,) = A OB ZEM A* O
hTod, OBRFEALT 5. span(Ps) OMAESIK Q@ = Q(A) BVIROFHZR
T & &, B (quasi-topology) & &I & 5 :

()0 U(VU € Q).
QVU,VeQIWeqQ: WCUNV.

HWCHA R > TR RAEEE - 20 > THSIC &> TREMDOEKI
HRIEFBA %o

G, Oy FOEHRHEERREE o A

Ve> 0,0 €Q:| > cio(p) |[<e (Vp=)_cip; €l)

i=1 i=1
EHldEE, Q-EBELFV. TDXHIRb0D2E%E C(Dy;,Q) TRIT I EILT
5o CDEE, C(04;Q) BEARARERTHREZMEFES. 2@

Q<Q = C®,4Q) CCO4Q)
BE D LD
4 A OIBER A* OB O span(D,) ~DHIR I & B FE OEER%E
Qo= Qo(A) &5 %, Wik Qo HESIK

U(ml) AR mn;e) = {p € Spa’n(@A) :l p(mz) I< € (Z = 1’ --'an)}7
(z1,.,Tn €EAyn=1,2,....¢ > 0)
LEETH D span(Py) LOBMIHETH B,



2 U OWTOW DhDFER

L T BzeAweHLl T, & TEO Gelfand ZHeERFT &K L,
A={i:z€ A} LB, ROBEREE 2,

Theorem 1. (i) If @ is a quasi-topology on span (®4) such that A C C(®4;Q),
then @ < Q.

(ii) A = C(®4; Qo). .

Proof. (i) Let @ be a quasi-tolology on span(®,) such that A C C(®4;Q).
Suppose that Qq < Q. Then there exists U(z1,...,Tn,€0) € Qg such that

ViUuMw%m) (1)

for every V' € Q. Since each Z; is Q-continuous by hypothesis, we can find a quasi-
neighbourhood V; € Q(i = 1, ..., n) such that

| p(2:) [< e (2)

for all p € V;. Then take a quasi-neighourhood V; € @ such that V; CV;N...NV,.
By (1), we can find an element py € V, \ U(z1,...,2,; €). Then | po(z;) |> € for
some z; because pg & U(z1, ..., 2,; €0). But since py € Vo C V;, we have | po(z;) |< €0,
a contradiction.

(ii) For each z € A, set #(p) = p(z) (Vp € span (®4)). Then A = {7 : z € A}
is a linear subspace of (span (®,4)), the linear space consisting of linear functionals
on span (®4). Also A separates the linear functionals in span(®4). Therefore we
see that A coincides with the set of those linear functionals on span(® 4) which are
continuous for the A-topolgy (cf.[2,p.62,3.10]). Let ¢ be a complex-valued function
on ®4. For any element p = 377 ; cip; of span (®4) , set 6(p) = Y7eq cio(p;). Then
7 is a linear functional on span(®,). If o € C(®4;Qo), then & is continuous for the
A-topology and hence we can find an element z of A such that & = %, so 0 = 7.
Conversely, we can easily see that every Z(z € A) is Qo-continuous on span(®,).

Q.E.D.

FOFEEE Qy A= C(P4;Q) 2FifcdBiHOP TR/ NOSDTH B T &
EEELTVB, HoThbLl, A=C(By;Q) 2ilirad Qo £ v E iz A2
Rohhid. 213 Theorem 1-(ii) 2L VBB T2 EVA D, COX I BEAD
Sk 5 &, Theorem D REBRRTHBEIEICEZILTEEEE2FELTW S,
EE. Doy =G EZA.GOav s M EAEE K ROEH >0 LT

-

Uxe={p € span(&) : [plloe < 1, [ | p(e) | do < }

EFEHEL. Qe=Q(LYGR) 22D & >3R7 U OFTNTORETHIF, TS H Q.
it span(G) b O #EIHH & 72 v . Theorem D i

(ZY(G) =C(24Q.)



BEROT-S I EEEREL TV S £ H—Mic Qo(LY(G)) < QLY G)) TH 3 4. K
DEED 5.
#(G) = 0o & Qu(L*(G)) < Q(TH(G))
BEROILDIEBbh b,
5Q1=0Qi1(A) 2 A O/ VAP SEPNIBEME LT B, M

Qo < Q1 and Q1 = {Uc}eo (Ue={p € span(®y) : [Ip[la- < €})
THbo

Lemma 2. The following three conditions are equivalent:

(1) #(I)A < oo,

(i) 3U € Qo : |Ip|

(iii) Qo = Qu.

Proof. (i)= (ii). Suppose that #®, = n < oo and &, = {¢1,..., o, }. Since
the hull-kernel topology on ®,4 is a T;-topology, for any i(1 < ¢ < n), we have
ﬂ;;l,#iKer(pi $ Keryp; and so there is an element z; € A such that ¢;(z;) = 6;,.
Then '

p=p(z1)p1 + .. + p(T0)0n

forevery p € span(®,). Put M = max;g;c, ||@i|la« and consider.a quasi-neighbourhood
U(z1,...,z,; 1/(nM)) in Qo. Then a simple computation implies ||p||4+ < 1 for any
(ii)«<(iii) . Sraightforward.
(ii)=>(i). Assume that there is a quasi-neighbourhood U(z1, ..., 2,; €) in Qg such
tha ||p|la+ < 1 for every p € U(zy, ..., Zn; €0). Then we have to show that #® 4 < oo.
Suppose not. Then we can take mutually distinct points ¢, ..., Pp41 in ®4. Then
there is a non-trivial vector (ai, ..., @py1) € C™*! that

al(Pl(mi) + "'an+1§0n+1(mi) =0

for all 2 = 1,...,n. We can without loss of generality that a, # 0. As obseved in the
proof of (i)=-(ii), we can choose an element e € A such that

”6“ = 17@1(3) # O, and (,02(6) = .,.= (pn+1(e.) = (.
Let ¢; = -—-—L—~ali‘ue) for each 2 = 1,...,n+ 1 and set py = c101 + ... + Cryp1Pns1-

Then po(z;) = 0 forall i = 1,...,n and so p € U(z1, ..., Tn;€0), hence ||po||lar < 1
by hypothesis. However we have ||po]|la+ >| p(e) |=[ c11(€) |= 2 , a contradiction.
Q.E.D.

A C* Bic>WT s RDoss OEBEFEUO I EBWVWR B, Q ZBFFa v/vy
b Hausdorff 2R, Co(Q) 2B ERTEr &3 Q FoERMBERET 5, 72,
Deyn) = 92, (Co(R2))* = M(Q), the measure space on {2
LEXB. G Qoa vy VRHEE K RUEH e w3l T,

Vie={p €span(®@): ol <1, [ d|p]< e}



LREHEL. Q.= QCo(Q)) 22D XD Vi, OFRTOKRET 30 %7 L | p|
BRIE p 02EGHE2FKT. COLEHL I Q. i span () LOBMEME LB DR
@ﬁ:‘j@b)fﬂzbﬂﬁo

Theorem 3. Co(Q) = C(P4;Q.) -

Proof. Let 0 # f € Co(R2) and € > 0. Set K = {w € Q 1| f(w) [< €/2}.
Then K is compact. Also set § = -z-mf-“—; and let p be any element of Vi 5. Then
p=3",¢,,, for some ¢i,...,c, € C,wi,...,w, € 2. Note that | p |= X, | ¢ | bu;-
Therefore

lZC:f(wz) I<I X af(w) | +1 2 cif(w)]

wi€K widK
< 3 lallfle) 1+ 3 lell fe)]
<Uflleo 2 Teil+5 3 lei
wiEK wig K

€

<l [ dlpl+5lIoI < S+ =

Consequently, f € C(Q; Q.).

Conversely, let f € C(€;Q.) and € > 0. Then there exists a compact subset
K and § > 0 such that | =%, ¢;f(wi) |< €/2 for all p = 30 cibu; € Vi Set
K. ={w e Q| f(w) |> ¢}. Then K. C K. Actually, if not, then there is an
element w € K.\ K. Since w € K, we have | f(w) |> ¢. But since w ¢ K and
18] = 1, it follows that ;- d | 6, |= 0(< 6) and hence §, € Vi, so | f(w) |< €/2,
a contradlctlon Therefore K, must be compact and so f € C’O(Q) Q.E.D.

3 HERD L — subspace & HRHITH

T b, BAHOHMEEELLHEKIZ, BHEICES 7 RDoss ODEEHICH % .
COFEBIBLLEBICROL D i—M{bEn b, T OFEHIZE R.Doss[1], Theorem 2
DAEHZRLACEERCHAETE %o

Lemma 4. Let G be a LCA group and G its dual group. We denote by M(G)
the measure algebra of G, and suppose i is a non-zero positive measure in M (G).
Then a continuous function ¢ on G is the Fourie-Stieltjes transform of a measure
which is absolutely continuous w.x.t. u if and only if , whenever € > 0, there is a
compact set K and é§ > 0 such that, for any trigonometric polynomial p = > Y
the relation ||plle < 1, i | p(2) | du(z) < 6 imply | X cio (%) |< e.

AIER O L-subspace EBIMIMHOMBEEE RS BERBREREBRTE L

E# 1. M(G) @ closed subspace M ©. pe€ M,v € M(G) 2. v | pu| &
5. VEM Th3b0% M(G) ® L-subspace & & 8,



E&E 2. Q%:spané@?%%flﬁé:?‘%o
Q 75 L-type < (1) U C {p €spanG: |plls <1}. (VU €Q)
(i) VU € Q,36 > 0: {p € spanG : [|pllo <6} CU. (ie. @ < Q1)

Q@ 7? translation invariant < Qi, = {yV : V € Q}is a quasi-topology equvalent
to Q for each y € G, where 4V = {Zci(v: +9) : Dy € V]

& ® Theorem 5. & Lemma 4. X W E B ICFTFIHTE 5,

Theorem 5. Let M be a non-zero L-subspace of M(G). Put Qu be the set of
all U(K, u,€) = {p € spanG : ||pllec < 1, [ | P | dp < €} with K a compact set of

G, p€ M*,e> 0. Then, we have
(i) Qs is a quasi-topology which is of L -type and translation invariant.

(ii) M = C(G;Qu)

Theorem 6. Let G be a LCA group and G be its dual group. Suppose that @ is
a quasi-topology in span G such that Q is of L- -type and translation invariant. Then
there exists an L-subspace M of M(G) such that M = C(&;Q) .

Proof. First, we show that each element of C(G; Q) is a Fourier-Stieltjes trans-
form of some v € M(G).

Let 0 € C’(é’ Q) . Then there exists U € @ such that p = 3 ¢;y; € U implies
| Zeio(y:) [< 1. Since Q is of L-type, there exists 6 > 0 sucht that U 5 {p €
spanG : ||p|les < 6}. Then for each non-zero p = ¥ ¢;7y; € span( we have 6p||p|le €
U, and hence § | ¥ cio (%) | [|plleo < 1, that is | ¥ cio (%) |< ||plloo/6 , which implies
gEM (G) by Bochner-Schoenberg-Eberlein theorem.

Next, we put M :={v : ¥ € C(G;Q)}, and show that M is a closed subspace of
M(G). To show that M is a subspace is easy. Let v be in the norm closure of M
and let ¢ > 0. Then there exists p € M such that ||y — v|| < ¢/2. Choose U € Q
such that p = ¥ ¢;y; € U implies | ¥; cii(7:) |< €/2. Then p =3 ¢;v; € U implies

| S catr() [<I D20 = a)(w) |+ Do) [S e/24€/2=¢

Thus we get v € M.

Finally, we show that if ux € M* and if v € M(G) is absolutely continuous w.r. .
i, we have v € M. Since Q is translation invariant, we have yu € M for each v € G,
and hence pu € M for each trigonometric polynomial p.

Let Cyo(G) be the space of continuous functions with compact support on G, and
let g € Cyo(G) and € > 0 arbitrary. Then we can choose a trigonometric polynomial
pe such that [ | g — pe | dp < € (some argument is necessary to reduce this fact,
but here we omit them.) This implies by the above arguments that gu € M. Since
Coo(G) is dense in L*(G, 1), we have fu € M for each f € L(G, p). If we take the
Radon-Nykodym derivative Z—: as f , we obtain f € M as desired. QED.



4 [4]#E

T4 Banach B8 A FOEMEAE T © Gelfand 8 T 0 th%: M(A) L35 & &,
BI(A) = C(@4Q)) E7BL 57 A% BSE-BEWS, BB, HRE. ~— 7 1 B,
A O ES 1 BSEETH 3 (cf[3]) o HicHfiiy BSE-BIE A=C(D4;Q1) &
RBo BEoT QA POLER. C(Q)=C(D4;Q1) &R B M 075 Qe = Qs
BE DI >DT. Theorem 3 &—HT %, ALUBSEFH 2 voe7 b AHRE G 2
gHmchrniL. INGQ) =C(G;Q) Thaicbhrhbid. Q. <@ TH5
CEMBBIEREND, FhRCROBBHESHARACRESN %,

BHEE 1. Theorem D 2620 EREENTE 2D ?

E B B SE-Bffhic & A= C(94;Q,) 2723 W Banach BidiRiLd 3o
EE, A H B, T vy PARBELEO PB (1<p<oo) . EEOES LD -
%\¥ﬁN¢:&$+Lk+zm}L@¥ﬁ%ﬁ£ﬁ%5f%é(dMDo%af‘

Rig 2. FEl@OTH Banach B A K LTV L >ERA= C(D4;Q1) 25 -
LBEETEED?

BRI

BIEE 3. (E2 O Wi Banach B A LT, A= C(D4Q) 2T BROE
PMAEBEETE P25 L. FRTHEZNRMAL?
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1. B

BARRICE, SOf& - 507 M RENTREOHZELOEEEL D DHONE FE
LT3, EOXIBFBICE >THEEE D DRREIEIADTHA I, ZOMEHDT
DI, BOEAICE L TRER EFVABRICEO TEERILHER &R UMEREE o
HREZEITEERBENCETH S, CNETIZ, a7 MEEEHOER LTV 28IERFR
C FNERIIBOTREEEIHHREEZ SO ENHHIN TS, ZOWER, IERERMR
SHBRII DN TR U Matano [6]DFIUSIEIUE 5. ZDH, Mierczyiiski & Polatik [7]
BN FFRISH U, £ LT, Takie B EEBOIERISH UT—RAMICE L. £HET
i, ChoDBEBRESSIT—RLT B EEDIS, ChETEIICERAINTOHHMEORE
FERORETLERS L U BRFRORENETRBOMTICHT 2 A% 52 5.

FFFIL, HARFORE B5%RLO*RAWFETHS.

2. EHR

X RIEFEHIEHEZEM, 3hbb, (B) FEFpHEE (L) 2 b Oo5MIEEEREd 5. X ©
EEDTE u,v I U, CHODRKRTHR uAv BEELT, B (v,v) » uAv : X xX - X
BB THIEEETS. X OF#HE d TEL,u v D uév Zu<v EET.

T 3E (T1)~(T3) #&H7cd D(T)C X o X ~DOEHEET 3.
(T1) NEFPREME (u < v = Tu < To).
(T2) et (ORI un — Ueo IS U, w < T(%eo), YW € Neen{Tun | 7 > k} V5K
3L).
(T3) AR THBRDIYE (T u < Thu ZATCTERS {Tu}) 3G RS b

G id X Ol T 2BEE I TREIAEREE T 5. B v Gx X - X B X Lo#
G DIEITH B EW, v DT g 7(g,) 15 G 5 Hom(X) ~DERBEHTHS =
ETHB. TIT, Hom(X) it X 5 X ~ORMERAARDELSLERT 5. BE4HE
LT B0, v(g,u) = gu, £72,9(g9,") =g EEL. B G ITROEEEZEBL.

(GL) JEFRFFME (u < v = gu < gv, Vg€ G).
(G2) B T Low#tk ( gTu = T(gu), Vg € G, Yu € D(T)).
(G3) B G 1L TH 3.



T D4R v PHE (BE) 2bD &I,
(E)T OFEE v<uiZxtl, 5 6> 0 BFEAELT gv < u, Vg € Bs(e)
MY DIETHB. 72120, Bs(e) 1d G ODHfLIG e D 6-LBEEETHDET B, Ee,
X D6 u B
gu=u, VgeEG

ZAITT EXIT, w BB EDDEND.

B2 ()T OFBH u VT HARETHB LR, EED e> 01t LdHD 6§ >0 PFLELT,
d(u,v) <8, v<u Z2BHITEED ve X ITHL du,T"v) <e¢, Vo € NPRYILDIET
Hb.

(i) T OFRBE v DRETHD &, EED € > 0 1tLH3 § > 0 BEELT,
d(u;v) < § ZAHITHEED ve X IZHU d(u,Trv)<e, VR e NDBRYILDOIETHS.

EE. —ROEHZERD S EHEMNOFEHEOARTHRISH LTH (i) OREHOERII TS
5. IhiR)v7) 7REREIESNABETHS.

IRDFERER”T.

.

(2.1) Ju T, VgeG

ZHICT T OWHE (E) 2D OTHRELAER @ i, MEFHEE b .

(FERH). 277, % 6> 0 DFELT,

(2.2) 9T =71, Vg€ Bs(e)

DL 2HEEERS. B G ORHEE M %
M={geG|gu=1}

LEDD. BEH M HHEST, BT e 2500 0EBELTHS. —H, (22) &1,
g € M IiZxtL,
99T =1, Vg€ Bs(e),

TRDB, Bi(e)M C M. Thid M BHREATHHEILERLTNS. B G ITEETH
B0, M =G. LIcd->T, 7 i3tz .



I, EATL 6> 010U Th, (2.2) PO ILNEREEERS. CDEE, G DHEAL
76 e IZWRT 55 {9,} T, 0.2 # %, Vn € N AT HDONENS. T5L, FneNIC
LT,

I TANT < g, U, g, UANT <TW
WAL, X 61U, RGE (T1) &b,

T(g.TAT) < T(g,T)ATT = g,TAT< T,

T™ Y g T AT) S T™(gnBTAT) < -+ < T
E153. ST, TR THEETHENS, {T™(gT A T)}men HERT, D, TOMED
D(T) IZEENBEIIC{g.} ZELEVDELTEL. (T3) 25, {T™(g T A W) }men {EPCRFIT
H5. ZOBRE T ERTE, T <T™(g.TAT) E(T1) &9,
T, < T™ (9,7 A ).
ERXTm—00 EUT, T4, <%, 2% 5. —H, (T2) L9,

Ty = lim T (g, 7 AT) < T( lim T™(g T A ) = Ty

MDD, WAL, T8, =%, DD, U, T OFREHETHS. & n L, G OS5
g6 M, &
M, ={g€G|gu, <}

LEDD. A M, FHEESTHETHS. Fio, M, JHEETHHS. £, bBDge M,
IHLT gu, =T ET5E, %, <TAFELL TS0 5,
U= g, < gu
ERRY 21 ICFETS. Tbb,
M, ={g9 € G| gu, <7}

B, HIWHE (E) #Hcd i EE gu, b T OFRBETHEZ ENS, M, ZHEST
HBEZEDDLMNSE. LIt -T, G OEEEIS M, =G. 2D, EFED ge G EneN
LT,

(2.3) g, <.
TR THRETHAEMNO,n—00 EFTEET, -0 T, (23) BT -0 &LT,

gu<u, Vged.



g%x g tIZBEMRT,
2Ey,

ZDEHITLT,
T=g%, YVg€G
NESNS. BlLEX Y, FEANEHTE]. O

3. J&A
LOEEBEEAT S LICLVROBBERS.

3.1. J&AMl 1. R* EOMBEOFKEHER
(3.1) V = f(n,Vn)

EEZDH. JIT, n SHEON A& BB RV, V ki O S & B R OFE
R HEXG.L) IMBWETH 5 L2 RET 5.
BEMEZER X LB T:D(T) - X %

X ={{T,D)|T(CR") 3ERHES, D(CR"\T) ik oT #gtra %7 MES T,
T(I', D) = (T1,D1)

EEDB. ZIT, (T4, D;) B¥HA%&M: Ty =T, Dy = D %5729 (3.1) D55 (ref. [1], [3])
TERY. K, BEEE 4 1E, N X POV TBEEE B ITHL,

d((T,D),(I",D") = (D, D7) + H(DUT, D’ UT")
LD EZETA.

#78 1.( cf. Ei and Yanagida [2], Giga and Yama-uchi [4]) & S0EERPFEBIIALET
H5.

(GERA D). WEEIC XV EEET 5. B OMERTFERECEEL bOIEFE Lic & T 5.
ZhE S EET. OF 0, B (S, SONE) I3EE T ORENRHSET 3.
=2/ X DIt (F,D), (I",D') L,

r,D)<(I,DY<=DcCcD »> Durcbul



AN EEZ, IOIKHG %
G ={g.|aeR"}
EREDB. T, g, 1T
3., D)=T+ae,D+a)={(z+a,y+a)|zeT,y€ D}

EERT B, T3 &, &M (T1)(T3), (G1)~(G3) HBicdxh, TSI, (S,SOAE) FHE
(E) 252 LD TIASH T B HEK (3.2) OROUEIZ ENSRES. &L, (5,8
DOWER) X (2.1) 2HcTdh o, EEEBEALT, WL DI EPbME. TibD, F
TEEICBAUTARELZVFE. O

3.2. AR 2. @B

{utz Uge + f(u, ) -0 < T < 00,

(3.2)
v = dvg + g(u,v) —o00 << 00,

DHEATHEAEZZ S (d RIEOES ). HFER (3.2) W HBRFRTHS &,
fu<0, gu<0
HHITIETHS. EC,
(u(t,z),v(t,z)) = (§(z — ct), P(z — ct)) (ciTEE)

DG TEN BIRERE ¢ OBATHMEE L 32
FERR, (3.2) DHEEE ¢ OEATINE (7,7) 1o U, BEMEZERT X LB/ T %

X = {(@+ w1, 7+ wz) | wi,w, € LP(R)},

T(u(z),v(z)) = @1(u(z + ¢),v(z + ¢))
EEDB. FtZL, [P- )LL) X OFEHEERINI DO EL, {9,) BHERK (3.2)
DEDLHWERT LT 5. FHLY, (T,7) BT OFRBHRTHB.
TR (7,7) WHEETH 3 &id, w WIEWN (resp. FERA) BBET 7 HIERD (zesp.
JEHEIN) BT H A & TH 5.

18 2.(cf. Kan-on [5]) REMEATRMIHATSHS.

(REEHD A &), REXEITERE (T,7) PEFTEALNETS. Z0&E, EF X i

(u1,v1) < (ug,v2) <= us(z) < ua(x), v=) > vo(x) 2. z



BANEFEEEZNT, G %
G={g.]aeR}

EEDDH. ZIZT, g, 1E

ga(u(z),v(z)) = (u(z — a),v(z — a))
%7, +5&, R (3.2) OBOWEL Ex AT, &4 (T1)—~(T3), (G1)-(G3) AEkY
b, $, (7,7) REEHE (B) & (21) 25T 2 ENRES. LT, EBEBRA LT, (T,7)
it G DIERICELTARZEERS. T7ibb, 7 & 7 REFNFhERBERELOFE. Lk
DT, BHIATHAS. O

SE R
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JER[#E [P-Z22[] D isometry KD W T

BB EEET - HIIE—

0. Imtroduction

1<p<oo,p#2 &7 5. Banach B, HHWAEE [B] O T, £ KU [7(0,1) Lo
RN OBERBRR TS,

T :f» — {7, onto linear isometry
= Bl(a’o,);
a:N—C, |a(n)|=1
o : N — N, bijective map

(T2)(n) = a(m)a(o(n), =€ L.

Lamperti B7[HIBIE O [P-22[ L O REERHERAR OMBE%L, o-algebra OREOSE
T, ch b, Al#i 7 von Neumann RICHBEL & IP-Z2E0BESTHB LESC
BTE 2. FHMR%Z von Neumann IR ICABEL 72 IEW# LP-22[H o ] 0 SRR S RREEVERI R IC
D\ T, Broise, Russo, Arazy, Katavolos, Tam E2 U5 % ), Yeadon [Y1] € X o TZ
DEERZLECRES L.

Theorem (Yeadon, 1981).
(M;,7;), i =1,2, semifinite von Neumann algebras and traces,
T:I*(Mq, 1) — LP(My,73), linear isometry
= 3w, B, J);
w € Mg, partial isometry,
By MyNJ(M,), positive selfadjoint,
J : My — M, Jordan *-isomorphism,
T(e) =wBJ(e), =z € LP(Mq,m)0 My,
w*w = J(1) = s(B),
1i1(z) = Tz(BpJ<33)), > 0.

—H, ®EV 27 -HROEBC I ), FERL EE LAY von Neumann BBICHEE L AT
# [P-ZBRORERS 7 & e, Haagerup [H] ([Te]d A &), FA-#H, Hilsum, &, Terp %



KX B ODhDHERDER, chibick > TR 22ME, (E%E & i von Neumann B
¢ p K LTH) R-CHRCHEESFHERRAML 252 L2RbH TR .

AR E IR L 2 v» von Neumann RICHEE L 2IEF# IP- 222 5 BoE#EOE D
1, EHRDOBE A b IE central Wk 3 & 9 AIEFHRMEDEEY, #il 2 (X Radon-Nikodym
derivative 238 % 72, £ H D von Neumann 3 & IEF[# [P- 2B O B \» 72 I8 O FHIK
BELIIK W, L wi Tt hbELECEDNS.

% i3, Haagerup OIEA# [P-2%H 5. £DTRAR TS AL, 2HD von Neu-
mann MICFAEL T AR, LICHEREZETH > T, BAMOWILERERAR
2%, 2B D von Neumann ROEHZHF-o T\ 5.

Haagerup @, fE&E® von Neumann IR M KCAIBEL 7 FE0[ [P-Z2fICBY 3 5 AN ER
BblhHd b, oo ¥ M EOD faithful normal semifinite weight, {07 }icp % o CET 5 €
VaS—-HUREBELT L. BEBEN =M, R EETE, 700, =€7"1,58 € R 21
7e 3 —&M & faithful normal semifinite trace 7 2 N LWFET 2. € C,0,,s eR I
WVEHTH 5.

Haagerup @ LP-Z2[E 1L C D {race r ICBHT S WHIWVERIR 2 b & 2 22k & LCEB A
hWa. N CNBEL &, MERERBE D OMEAR o #r-THICH B L I, HED §>0 K
U, W eeN & |lae]] <o D 7(l—e) <6 ZHWiTIICBMIBT LERS, T
BIVERISR &4k N (2520% Hausdorff AH «-BRIC R 5.

WHVER 6,,8 € R 13 N EosHfE «HERBCHAKIEE NS, 0<p < o KL,
Haagerup @ LP-Z2fH] X,

L*(M;p0) ={a € N 0,(a) = e *Pq s ¢ R},

LEZIND (weight o THART BT R R E T IP(M) EET) .
M E® normal weight ¢ KL, N ED ¢ @ dual weight % $ TEL, ¢ ® r BT
% JEA[# Radon-Nikodym derivative %



EERT. p € Muy & b T8l BV ILD, ¢ — hy & M, b LHM) O L~DIR
AR BICHRER & hv, LY(M) LD positive linear functional tr %

tr(hy) = ¢(1), ¢ €M,

CLEBETDL. trll 7 RERDIIDTHS. 0<p<oo lCHLT, [P(M) D (¥) J r4lT,
llall, = tr(|a]P)*/?,a € IP(M) L EEENB. 1 <p<oo D& ¥, [P(M) [ Banach 224
Eib,

<a,b>=tr(ab) = tr(ba), a€IP(M), be I{(M), 1/p+1/g=1

KEoT LP(M)* = IW(M) TH5. BHIE a=ule| € PM) IHLT v € M 2D
la| € LP(M)y 25T ¢  Jordan 3 a =ay—a_ € LP(M),, IKFHLT ay,a_ € LP(M);
LR ERERLLS.

IR, M;,i=1,2 13 o-HRE T 5.
[W] TRRERERTB.

Theorem 1.
T : IP(My; po) — LP(Ma;g), onto, *-preserving, linear isometry

= 3J : My — M, onto Jordan *-isomorphism, J(s(a)) = s(T(a)), a € I?(M1;¥0)sa-
C LT, s(a) Ik support projection & 7.

 DFEE R, Clarkson DAREXDEZHILFM L, Dye © projection orthoisomorphism &
EHZH - TSI B.

Theorem (Kosaki, 1984).

a,be IP(M) L/ LT,

la -+ bll,? + lla = 8, = 2(all,” + [18],7)
& ab® =a*b=0.



Theorem (Dye, 1955).
J 1 (M1)proj. — (Ma2)proj., onto, 1 to 1, ef =0« J(e)J(f) =0,
My & L-ERRD 2R R

= J [t onto Jordan *-isomorphism (DfilfR).

Theorem 1 KK X 9, My LI, %9 & pgoJ~ ! D 2O faithful normal state 235 5. 1y
(resp. poo ™) KKBIT B BERTHE Ny, = M2 X, 60 R (resp. No = Mz X_,0r-1 R) &K
L, Ny, (tesp. Na) % canonical trace ICB¥ 2 L¥(R,H) LOFHIVERAREAEE T 5.
L*(RyH) box=2VEfR v %

(uﬁ)(t) = (D (SDO °© le) ;D¢U) —t £(t)v S LZ(R, %)7 teR

ERED, k(a) =uwau*,a €Ny 8L k3,9 2D pgoJ ! ~D state DEHICEHHE L 7,
Nyo B3l Ny D E~DEKE s-isomorphism TH b, Ny, b Ny D_E~D+-isomorphism
R ICHEEE h, & OHIBRIE LP(Ma;he) 2D LP(My;p0 0 J1) D _E~D positive linear
isometry T® 3 (cf. [W; Lemma 2.1, Lemma 2.2]).

—7%, ®V a7 —HOERRO—FEE» D,
PRI A P X W i

b, (My,R,0%0) & (MR, 0""’°°J_1) &, #ZHIC Jordan #-isomorphic TH Y, J
DUIETHB L 5K N, b Ny DE~D Jordan #-isomorphism J 28 —BIHEET 3. C
TC, Ny =My xpeo R X i, J BN, b Ny ®L~D Jordan -isomorphism ICHLIE
Eh, J O LP(My;p0) ~DHIBRE LP(My;00) 2D LP(Mzjpoo J 1) O _E~D positive
linear isometry T3 % (cf. [W; Section 4]).

~

CDX5 I, IP(Mi;pe) 22b LP(Mg;ehe) O _E~DEEHER % positive linear isometry 8~ 10J
BEBbh B, T 28 positive TH 5 L &, KA OMER T=~"10J #RFCLLES.

2.

Moproj. & M O projection £tk & 55 & &, p: M5, — [0,1] BZHRIMBEHHERHE
H5eEH,

(1) Wet9) = pe) +uF), e f € Mpros, with cf =0

(2) p(1)=1
BT L THo k.



Theorem (Christensen [C], Yeadon [Y2], Maeda, ~ 1985).
B Mpros. — [0, 1], HERIMIEH HESSHE,
M d L-EME S 28/ ek

= o e MY 5 w(p) = (p), P E Mproj.-

ROBREEOEE OET 2, H2BORKNRTHELELDNS.

Theorem 2.
p: M.y — [0,00),
(1) plag) =ap(p),0 >0
(2) pnlom(n#m),? 3 pn = p(3 Pu) = 30 p(@n)
3) ple) <llell
(4) llea —¢ll = 0= p(en) — p(p)

= Tz e My ; p(p) = p(2), ¢ € My

EUF, T & positive &7 5.

B (Mu)ss — (Ma)es & hy()? = T(h, ') I & > TEET 5.

T ODHEEHEDOEH O RS v M, B OIEREERTCETH 5, FED ye (Ma)4, |yl <1
KL, py(p) = Ble)(¥), ¢ € (M1)e,y B L, Theorem 2 £ 9,2 =2, € My H—
BICHFELT pylp) = ¢(2), ¢ € (M1)s4. FEEBD 0,9 € (My)uy CHLT, K2R S;
Ble+¥)(y) = py(p+9) = (p+¥)(=) = @(2)+9(2) = py()+py(¥) = Ble)(¥)+B(¥)(y) =
(B(¢) + B(¥))(w). #->T B EIMENTD Y, (M1), 2D (M), DE~D positive linear
isometry ICH#AIR & 1, transposed map ‘8 & M, 2D M; D _E~D positive linear isometry
T®%. [K;Theorem 7] & positivity & Y {8 £ D % D25 Jordan #-isomorphism & b4,
Kz183;

J(s(p)) = s(B(p)) = s(p 0 'B) = (B) H(s(9)), ¢ € (Mi)us

coLE s(p), pe (M1)e,+ & Mipsoj. ekErbicdhb,J= (tﬂ)_l R5. b,
Radon-Nikodym derivative ® (CbeZ b LTH»32) EHMASEICL Y, T =7 1o
8 5.

VI LRDISCERS,



Theorem 3.
T : I?(My; po) — LP(M3;o), onto, positive, linear isometry,
J: My — My, Thm. 1 @ Jordan *-isomor.,
2 LP(M2; o) — LP(Ma;p0 0 J71), state BLD 22 2 @ #-isomor.( DHIRR)

:}T:k'loj D LP(Ml;gag) ~DHIRR.
XL, J & J OBk RIKE.

x
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1 RITEHERDHELERBCDONT

WRERFEEE AN

1. AXRAFER: BARANFRICEBOCTEEZLEEETH 2 0MESGBIEIC DNTEZ
5. 2 2T, Logistic B Lp(z) = Rz(1 — X) % Tent B Ty(z) = A(l— |22 —1]) I
Lo TRBENS 1 IRFTTHFRIIDONTEZATAHLD.

g BAXE [0,1]) S [0,1] BENOEH o DROFHEHILTHELEE ¢ 28
T & .

(1) [0,1] DA E ¢ DFEFELT, ¢ i [0,c] TEEEFHEM, [c,1] TWEH
H5.

WD T BB T

%{!
0

%), Logistic B4 Tent SHRIIHEIERTH D, c=1/2 ThH5.

() R =4 OKD Logistic 542 (3] & A =1 QKD Tent BHIINAHIETH D, Ly &
Ty %453 FHER b 13 h(z) = sin’(rz/2) TH B (ie. Ly=hoTyoh™1) |

Z DF, FIHAESEE (sensitive dependense on initial conditions) IZDWNTIRDFIINNF A
5.

(%) 2DDFEMH Ly, Ty BT, BIEE 0 OEAZEKL 0,1] NOEEOWIAEICH LE
DOHIEIZXE [0,1] THETHE0ZDHHO—HEHEIZRIT 5.

(1) Ty iIZB W TIEHZ D47 D 13 Lebesgue HIEIZH LT—H#TH S (D(z) = 1).

(2) Lg ITHBOTIEZ D5 D 1F Lebesgue MBI LT TR (D(2) = 1/my/2(1 — 2)).

Z ZCHIHEAMESGBIEEIC DT A RITFERICBIT S 1 DOESHE AR5,

EF: BAE o DOIHMESBMHEE AR DO S IZIROEMH AR U TWBETH S.
(x%) IEDO# 6 PEELTEED z & 2 DEEOERSE U 2L

| " (2) —"(y) |> 6
EWRByelU En>00NEETS.
L OWEMESBHE IS LA A NERERE SINENSCR TR LS.

EEHA GRIBEMH) o = Ly iolcl:U o =T DB ROBEHKDIID. FED f €
L0,1] SIEMERERL ¢ € 110, 1], /0 (x)dm=1 12T

1

b [ f(e"(@)e(e)dm = [ f(a)im



EWBE. ZIT,m i o illTA3RENMETHS.

(E) (1) f(z) = 2 OFF, ZZIIPHIME « O47 ¢ 12U T o™(z) D [0,1] TOHFED
SEEE O RRIR AR

(2) f #%(0,a] DYFHEBEIEL xpo,o) DRFELIIHIAES T € ITH LT o™(z) 3 [0,0] I
&9 BIEREDBEA R LTS,

(3) [0,1] @ Lebesgue I da (& ¢ =11 OAZEMETH %, [0,1] OFEIHEES b 2
h(0)=0,h(1)=1 DK, P =hoTyoh | T} LAFEHELETDH

i [ f(o(2))E(x)dm = / " f(h(z))dm

n—eco fo
ThbB. P =Ly @B#7
tin [ fER@)E@)dm = [ foint(E)de = [ f‘”ﬂ‘é‘:’;}“

&5
(4) HBESMEIZ DIV T — FPEAZE DY, )b T — FHE—RICEBRESHEEZER L0,
B p=a+0, (zel0,1), 0 iXEEHE) &35 + 3[0,1) ETIVT— I
TH BN, HSNIEEEHITIEE L.

TORE TED LD BHIHHE 2 1S LTh ¢ Ol {p™(z) :n=1,2,---,N} D5
THARETEY N ISHLUT—EEML S ) TARL, IEICEL > TREEHEETELNE
ZFEIRLTH 5.

(s)

%) (a) (b)

QL aF 4w 2EROBFInnGm,. (a) 1CEORY
CsEL. XM 1000 iAEILTH B, (b) 107 EINEDEL.

Fu F B & 2 EPo iR [0,1) N (a) 10°H
Y EL, XML 1000 2L ThHhBNT, ¥soal

1/‘/—%3;=0.1 By 2eh. (b) 107 GOWYEL, 152303
0.01fiL & d,

KU A4 XA (EB5LAE, BHEBRM #3F) 9H



EFHEADOERIZ BETA2HAENED LI BHHBTH->Th, ¢ ICLD n BIREED
HHEOBEEIZN DO —EDMHEIZETL ] L0 HFEEBRTNE. ZOWEITH HEE
CCHIMESIEME S I OBEER LTS, COBBASMHEICDNT THEZDEILR)L M2
BMANDOER] EWOIHETEZ TR,

2. HER|: NEROEXKRBARD XD LIEFTEET 5.
(1) X/ [0,1] 25 [0,1] ~DELHERIE 1272 L
(To€)(z) = £(p(2)), €€ L*[0,1]
ET 5.
(2) Xpouy VAR [a,b] DRFHERISET 5.
(3) X [0,1] EoE#EREHER Cl0,1] 1ITx L
ap(f)(z) = f(e(z))
ET5. ZOW, a, i C0,1] O +-HOERIEHTHS.
(4) [0,1] EOBERAMBAR f iZDT Mg = fE, €€ L0,1] &9 5.
(5) ¢ MEIERIBEHORE, EIL-VL MER  L20,1] LIiICES%EEEERAEIRD X 9 I2E
®TX5.
Vi=M jmMy T, Vo= M My, Ty
I I T, ¢ 1% Lebesgue HIEIZX 93 Radon-Nikodym derivative T 5.
(6) C[0,1] 75 B(L*[0,1]) ~DREFERE
(m(£)E)(2) = f(=)é(z), &€ L%[0,1]
&9 5.
EDEEGEDEITIRDEFD LD 3.
EEL. ([2) W+ WV =1, VVi=WVi=My .-
()7 (a(f)) = Var (V" + Var (F)V5

()W = aVi + bV, Wy = Vi +dVs, | * °

e d €elU(2:C) &F5&

m(ap(f)) = War(H)Wy + Wor (£)W5.

EE 1O (2) HROBEEFMETH 5. [EED ¢ € L20,1] 1 L

< w(ap()EE>=<m(NVIEIVIE> + <n(fV7E| Ve



CRAT SRS

"1 1
" . S - 2
[ et 16@) P = [ @) | (56 P et [ S (@) I do.
PE- THHAMES A € I UT o BIRERORERIT V- VEVE, (i € {1,2}) 23
B EITIRFET S,
FH2. (2) o=T1 OBE

1 1
VA, V4 R
" ‘1+¢§ J” J—
ETBE, ROWHEART [2[0,1] DEE {e,)2, HIEFET 3.

V,, W=

Wlen = €2n-1, ern = €9n, (n Z 1)

HRIZ Wier = e THY, 1 W, ODEARY MV TH B, ZHE  Walsh Type OEE
ETEIEENHR S,

FEH 2 FOEEA GRESME) PROILDFENMRO L DICUTHERAENS.
(i) FEED f e L*™0,1] &BE%L € € L2[0,1], I T
1 1 .
L re @) 1¢@) P o= [ @) | (W5 WaWie)e) | de.
(i) € = T2 bver EFTHUTHAREM KIS/ LT

K
| €= éer ||<e.
k=1

(—Mﬁ%mnkﬂbfDW-M@W@:qﬂgkgm.
1
01 [ e o) P do = [ f@)de 1< 2 f oo+ | T ll)e +€2).
0

(B (1) THA2UHMES RIS L, €0 n MREBOGHRIZED L HITE B ] &) R
RIS U, R RBICHN 285 EEHIEAER VI,V HE0E W, W, O EIL~UL b2
Bl EDERARE L TCOMEIFEINS.

(2) E&C (1) KB 2 ER - FREBEE SR V1, Vo BEHIERER o 2% o(c) = 1 Ok, FipHE
YERFZEEL D, B(L*0,1]) D4 C*-8 ( Cuntz Algebra[l] ) Z2&THETHA. 6> TH
BT Cuntz Algebra @ EIL~UV P ZEMANOEHRARLELIZEIRCTHS.

EZ BN
[1] J.Cuntz, Simple C*-algebras by isometries, Comm. Math. Phys. 57(1977), 173-185.

[2]S.Kawamura, Covariant representations of one-dimensional unimodal maps, (in prepa-

ration).



[3]S.M.Ulam and J.v.Neumann, On combinations of stochastic and deterministic pro-
cesses, Bull. Amer. Math. Soc. 53(1947),1120.

[4]P.Walters, An introduction to ergodic theory, Spriger-Verlag, GTM 79(1982).



Gaussian Estimate OILIRIZDULNT

FORER R FE A
BE B

ERIZE 5 Gaussian estimate &1, R™ ORRES Lo L2 TR TEHRS
Nie Co-HBHIRT B b D TH T, ZhHVbd3 Gaussian Semigroup 12
FoTENOHIZONDLWVWIFEERTHOTHS. ERICEREZIRA
% 7= ®IZ—J Gaussian semigroup (Xi% Heat semigroup) DHE A5 1A%
5. 1> 0,z € R® {ZxF LT Gauss %

_ 1 =P
EEL, R® Lo f(z) XL T

G f(z) = {/ Glz-y,t)f(y)dy (t>0),
(t=0)

LBLE, {GWipo HEED 1 < p < oo KHLT LP(R") LD Cy--5%
ZEDD. TN Gaussian semigroup THDHA, L, BIZ {G{t) o &
FEe L &3 LA(R™) EOEEEERTHILLL, LP(R") ETEZD
DFL {Gp(t)}tZO EELZEIZTB. {Gp(i)}tzo @Eﬁk"?ﬁ%‘i[xp(ﬂn) o
Laplacian A, TH 5.

3T, QCc R™ 2BERETHLE, I2(Q) LD Co-FE{T()}i0 B
Gaussian estimate A3 &1L, HAHEE b,c>0 T .

[T fI < GOl (0<t<1, fe Q)

EFRETHLOBREETHIEEED. 22T, ERAEBTIE L2(Q) ¢ L2(R™)
EHT|f| I Got) BMER L T AFITEE. {T(t)}i>0 #° Gaussian estimate
EHIZLTOIUEEAUIEED 1 < p < oo KX LT LP(Q) £D Co-HEf
{Tp(t)}t>o EED, & p (KT DEEITAEV M consistent, DF Y EFRIMD

HBEE BT DRI S ERIEE L.

Z @ Gaussian estimate & & 72§ HHUC OV THRAL 2 DOER TR EHER
MOz, —2iE Ovhabaz [5] ICE D H DT, FHOMATEICETH LD
TH5:

Theorem A. (Ouhabaz [5]) {T'(t)}:>0 #% Gaussian estimate &7z LT\
MIE 1 <p< oo IZRFLT {T,(#) }i>0 T angle w/2 OFEITHHEREE 227



t 95 —Di% Arendt [1] KX B H DT, {Tp(t) >0 DEMIEMSE 4p DA
7 MDD p BT BREMHEICOWVTDORERTHD. poo(4p) 13 Ay DANT b
D oR BETHEFHRAEFT bOLTH L, TOBRIROL HITHERD
ns:

Theorem B. (Arendt [1]) {T'(t)}s>0 #* Gaussian estimate & Z 7z L T 4L
T1<p<oolZxfLT pOO(Ap) Hp otk bRWERICRS.

Arendt OFEEIT Gaussian semigroup B HIZOWTERIEARD A7 b
ND p- I %R LTz Hempel-Voigt [2] O—iX{t.TH 5.

—7, KRFRFEDOR)I FIL, Voigt [6] @, positive semigroup DRT
Vi M L ABEIEROBAA T, BRI EHOMITELRENT (B
B . BB OO EARZREAS & LT 1IRITLO Poisson semigroup
{W,(t)}t>0 % positive potential TIEE) L TH LD ¥EE LTI TH L EE
Fehdle. 22T, (W) hso KRR TEXLND [P(R) £ Co-HET
H5 -

W) f(z) = /(m +ﬂﬂwd% (t> 0, f € LP(R))

L#*%, Poisson semigroup (X Gaussian estimate %72 E2RNZ & B 00D
DT, Ouhabaz DEROHMEICA S ARVEE TR EREBLNDHE
MHAHEIZHEE L7-. Poisson semigroup @ positive potential (= kL % 1EE)
TELNERE (T o X T F] S W@)|f| (L2 TEZTWT, Wa(t) D
RbDICHEIZ W(t) LBV #7279 OT, %7 Lb Gaussian estimate T
2 Th, KWVEEE GO {(Wp(D) o CENDIMALNDHHR LT
120 AR 72 B, W HTET Theorem A 3 L—x{baicbif TH 5.

ik, Theorem B IZx L TH, #473 L1 Gaussian estimate {7z L
TV Th, [IVWEEZ L ORE] TENLIME b2 8 bIEE Uk
RS SO Z EERIFELTL LV TRV e Bbhs.

L2(R) T Poisson semigroup DERMEREN —(—A)12 THDHLWHIE
REBUILKER, ZRKRTH10OEE, RO T Theorem B O—ILANELY
MO LR,

Theorem. (Miyajima [4]) a # 1/2<a <1 725%& LT, L}R) LD Co-
HEE{T (1) hiso 1D DEE b, ¢ > 0 (2% L TROFMERMICT LTS

IT(t) f] < cexp(—=b(-=A)*D)|f], (0<t<1, feL*R)).

TDOEE {T(M)}hso 3E 1< p< oo IKXFLT LP(R) LD Co-¥RELFHFEL,
FOEFRIERATR Ap IKOWT peo(4p) 1 p LI BRVWES LD,



FERAIE Arendt [1] OFE%E modify TIUTIVDOTH D23, ML (4] &
RTCIEZEV.
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1 Polynomial Zero-finding Algorithms

FHEXOBOEPEE KD ZFETIVTY XLOEINT, —a— b EEFSHED
BOLNHOELTHONTS. THOBEE f(2) 15 LT

&

JVf(Z) =z — -;I—(é%

%, fO=a— b EBREFL, Niz)=2 ERBEERDEENHITIVITY X LTHS.
SULDZHEAIIH L TD=a — b VEET, WBEORUFIKKLIcEE, 3740
BN DR SICPER LS E. T2 LTS LTHRAEIRDET I EIcL-T, &
WKPCREE2 2 EWAETHSIN? ZO I EMBIL UL NFIEEITIES 2 L HES.
PE->Ts TOTITY XLMWZEAITH UTEDRED 7 Efficiency ” /20?7 &
WO MENEZ 6N B,
19 8 54FiC S.SMALE &3 (7)) T
7 ZIEROFEERD 5" generally convergent purely iterative algorithms 7 (3FFES 207
&) fRE ( Problem 10 ) &3 H L7,

Za— bR, SWULEOZEROBAIZIZZOTIVITY) LTI,

2 4% C.McMullen([3]) 2% 3RZEHROBEITIIH LTI Y XLk, /4R
YU EDEERITIIZD LI LT NI Y XLWFELZNI EE LD Lz, 5121989



#1213 C.McMullen & P.Doyle([4]) 13 5 RZBIEAKITH LT 7 tower of algorithm ” ZfF-
foo TOTITY XAFARE I 6 RUEOZHEMIT/O U THRICHEERD L DT
3N EBR U

—JFa— b UEEAVRT B LD REERARM IS S0 BMES 5 B,
ZHAUCE LT D S.SMALE 3332 ([7)) T

” Find more systematically the set of polynomial whose Newton’s map has periodic sinks,

not fixed and thus fails to generaly converge ”

& [RE (Problem 6 ) Z#H Lo T &5 7EZIEIN%A ” bad polynomial ” &FE3%,
Z DMEDBRD IzDIZ, " relaxed Newton's Method 7

&L RN

DR "Newton Flow, N, 7 EDORHEEF~NS &9 Problems in discrete versus
continuous Newton’s algorithms” ([8]) DWFFEITHN T 5,

& 72 S.SMALE 333 ([7]) T
" What is the probability that Newton’s method will converge for a random choice of
initial point? For a given polynomial?”
&) fRE ( Problem 7 ) 21 H U7z,

199 241 S Sutherland 12 & > TR®D 2 DOFEIRE T iz,

Conjecture 1  Let f; be a bad polynomial of degree d. Then there is a one-parameter
family of polynomials {f}ochc1 which are bad for the relaxed Newton’s method Ny g, .
Further more as A — 0, the corresponding flow N, tends to a flow Ay, which has a

saddle connection.

Conjecture 2 Let { be & polynomial of degree d with all its roots in the unit disk, let

a be a root of multiplicity m for f, and let A %), () be the immediate attractive basin of



a for the map N, ;. Then the intersection of the set
A= ] Ax*u(a)
0<h<m
with any circle of radius 3 < R contains arcs whose total length is at least 27 R/cd, where

c is a constant not depending on «, f or d.

ZOFE (EEESROIROMRE) 123 U TORRGRIFERE LT
1. h=1(=a— M) OBAIT. S.Sutherland ( [10] ), Nishizawa & Fujimura([5],
[6]),
2. 0 < h <1 (relaxed Newton’s method) DA, H.Kriete([1]) ¥ 5,

2 FHOIBICDOWT

757 ZINVEEERE S DEESOEEED LD ITFHET 2N DN TORERETRT (
Nishizawa & Fujimura([5], [6]) )o
T, dIREERELTRO L S NBEAEEZ B,

p(z) = 2 b ag 0z Foag (Ja;] < 1)

ZD&HIEEEXDIEA centered 73 Py(l) EinvHo TOEEZIEADIRIIE T, BEaf
DO¥E2OMEICEENS, X HIC Lucas DFHIZL->T p/(z) =0 DR b ZIEXOIR
OMFEICEEND,

p & ¢ WEEAT, ¢(z) = p(az +b) DEEZ2—bPERN, EN Tz az+0b1C
Ko THEHBZITIL 5D T, Newton %W T 5 EXITIFED I DL Py(1) iIZE 3 5 centered
WEEADAEZEZNET 3 TH 5,

2.1 EEFHOME

Manning [2] & Sutherland [10] O#ER% 0T, £IED Newton AR D EEERD IR
DTN DFEAEZL B, I TOEEHDIEEIZ. FEAEZHO. 38 R O Eich.G
ARFBIR o OEFESHICT SITDIE0EXHMHOFEED I &2 XTI &EITT 5,



Newton BLIZx LT 1R a OERSE B(a) I$HE#EETH S Z EH 5N TS ([9))0
& - T, Riemann OBALEEE L O HEAE D 75 B(a) ~0 % o I2BT &5 12BN
WA FIBENS Do CNEFNT, Npe) E7 TV arlk M 2#EICT B ENT
&5,

I\T]B(f,\)
B(a) —— B(a)

i Ti

D — )
A
M(z) = 26 [] L5
i=1 1 — iz

M(z) 130 ZRE AT S E LTS, BAIMHLED &, & ERFENATIR & U TR,
T o BART B(a) 20 free critical point Z&FE M EE M(z) = 22 IT72 5,
IRD & 9 73 Manning 12 & B A[HLR =HE Z 5,

— R — Ly h Ly —
C,oo «—— C,0 «—— D, —— B(a),oo — C,

£ l M'(£)= M(:)l lN[B(O) ld;l z

,00 «—— C,0 —— D¢ — B(a),co —— C, 0
R M 2

72720 Ly ¥ Ny @ oo 1Z81F 5 Shroder BT DME. Ly 13 M(z) D £ IZk

~

1£3

Q)

log(=—7~)
F 5 Shroder BIROFBROM. F /e R(z) = 2067@ ThH b,
ZITS AAHEE Lyoho Lif o RN EBEL W= STH(V) EFAUE. W kY
log(357)

Tlog(M(€))

IZ78 5,

2.2 EEMHOIEZEHNS

Z O TIHR o OEESE B(a) OMERE S TOEARFI TOxIBERS OlEZE T oFF
flizd sl &ICLoT. $ROEAERD B Z LIZT 5,

9. B Ly O LD Bla) D oo O TOHDOBET = ‘/;—1: T, R
FHoTL ADT, EWEN 1A 88T 5 &) BERFREEL I ENTE S, ZOR
WAV = AROT7 =25 AERMIZE D, Z2D modulus 1T W OHENSEE T



TS eae) E75%, ([10] @ Lemma 3.2) Zhx &7 5 — VD" opening modulus” &
LE RN

ROEHEFIETDT =25 X Ay DRI DIRE %KD 5 & DTREFILKRDOT F
WNARILELEHDTH B,

FE1 T % C/(Z®Lr) ERAMA L —5 2. A% LOBKTT iCGEN5 modulus
Am DT =27 AET S,
ZDEE A DEROMOERHIIPE LD
2k exp(m/2m)
1+ exp(m/m)
THbB, 72720, k=min{l, (1)}

LOEHITLY ROEHER 5,

B2 (F M) OFRBEETEEE, Bla) i, T &by FOA L € Bla),
(ltel = R>2(d +1)/(d — 1)), T &
(R —2)
3d(1+4/(M'(€)))

OHAEEL,
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DOUBLE LAYER POTENTIALS OF LP-FUNCTIONS
FOR A BOUNDED DOMAIN WITH FRACTAL BOUNDARY

Hi1sAKO WATANABE

Ochanomizu University

1. Introduction

Let D be a bounded smooth domain in R? (d > 3). The double layer potential
®g of g € LP(OD) is defined by

(1.1) Bg(z) = - /a (VN = 1) m)a(s)do ),

where N(z — y) is the Newton kernel, n, is the unit outer normal to 8D and o is
the surface measure on 8D. The function ®f is harmonic in R4 \ 8D and has a
nontangential limit at o-almost every boundary point.

If D is a domain with fractal boundary, then n, and o can not be considered and
(1.1) is not defined. But in [W] we introduced the double layer potentials on such
a domain. In the paper it was assumed that D C B(O R/2) and 8D satisfies the
condition (u), i.e.,

(u) There are a positive Radon measure p on 8D and positive real numbers g3,
v, Tp, b1, bp such that d —1 <y < B < d and

(1.2) bir? < w(B(z,7) N OD) < byr”

for all z € 8D and all r < 1g, where B(z,r) stands for the open ball with center z
and radius r in RY. ;

Using the fact that an a-Holder continuous function f is extended to a function
E(f) on R? such that £(f) is a C°°-function in R¢\ 8D, we defined, for an a-Holder
continuous function f on 8D, the double layer potential by

(13) w4 = [ (VD) VN =)y
for z € D and
(1.4) f(z) = ~ /D (VoE(F)(w), Vo N (z — v))dy

Typeset by ApS-TEX



for z € R?\ D, where

1 — ifd>3
o= { T |

mme if d =2

and w, stands for the surface area of the unit ball in R¢.

Then we saw that @ f is harmonic in R4\ 8D and & f is extended to two continuous
functions on D and R?\ D, respectively.

On the other hand A. Jonsson and H. Wallin assumed in [JW] that a closed set
F is a (-set, i.e., the condition (u) is satisfied for v = @ and dD = F, and proved
that there exists, for p > 1, a continuous extension operator f — £(f) from a Besov
space AP(F) to a Besov space A}(R?), where o = A — (d — 3)/p,

s (F) = (s evriy: [[ I u0pauiy) < oo)

|z —y|Ptee

with norm
Wl = (/ mpdﬂ)l/p i (/ Iflixg-;lggsz d#(m)dﬂ(y)>l/p

|z = y|d+pr

= ([1swpar) ™+ ([ LT 1))

In this paper we will define the double layer potential for a LP-function on the
boundary of a bounde domain D in R? (d > 2) in case the boundary of D is a §-set
(d-1<p<d).

We note that, if D is a bounded Lipschitz domain, then 8D is a (d — 1)-set, and
if 0D consists of a finite number of self-similar sets, which satisfies the open set
condition, and whose similarity dimensions are g, then 8D is a O-set (cf. [H]).

Let o > —(d—1) and f € AB(OD). Using an extension operator £ similar to
that in [JW], we define the double layer potential @ f of f by (1.3) and (1.4).

Furthermore let z € 8D and 7 be a positive real number. We define
T-nontangential approach regions in D and in R?\ D as follows:

and

with

(1.5) I'y(z) ={z € D: |z — 2| < (1+7)d(z, D)}
and
(1.6) I'*(z) ={x e R*\D: |z — 2| < (1 + 7)d(z, 8D)}.



Under these notations we give the following theorem.

Theorem. Assume that D is a bounded domain in R? (d > 2) such that 8D is
a B-set. Furthermore assume that I':(2) N B(z,7) # 0 and ['¥(z) N B(z,r) # 0 for
every z € 8D and for everyr < €. Ifp>1,0< f—(d—1) < a < 1, then for every
f € A2(8D) the double layer potential ®f defined by (1.3) and (1.4) is harmonic in
R\ 8D and
lim  f(z) = Kf() + 2 £(2)

z—z,2€Il% (2)

and

lim  8f(x) = Ki(z) ~ 3 ()

z—z,xz€l(2)

at p-almost every boundary point z, where K is a bounded operator from AE(8D)
to LP(p) defined by

(17) K1) =5 [, (VEDW, TN~ )y

-5 | (VED@). Vol =)y,

2. Extensions of boundary functions

Hereafter we assume that D is a bounded domain in R® such that the boundary
is a (B-set satisfying d —1 < 8 < d.
Fix a positive Radon measure y on 8D such that

(2.1) birP < w(B(z,7) N D) < byr?

for all z € D and all r < 7. » .
To extend f € LP(u) to be a function on R%, we use the Whitney decomposition.
More precisely, let G be an open set in R%. A cube Q is called a k-cube if it is of
the form

[27F, (1 +1)27F] x - x [la27%, (1 + 1)275],

where k, l1,--- ,lg are integers. We denote by Wi(G) the family of all k-cubes in
G and set W(G) = U _ _Wi(G). The following theorem is well-known (cf. [S,

Theorem 1 in Chapter 6]).

Theorem A. Let G be an open set in R%. Then there exists a family V(G) =
{Qr} of cubes in W(G) having the following properties:

(i) UeQx = G,

(ii) int Q;N int Qr =0 (5 # k),

(i) diam Qi < d(Qk,R?\ G) < 4diam Q,



where int A, diam A and d(A, B) stand for the interior of A, the diameter of A and
the distance between A and B, respectively.

Fix a positive real number 7 satisfying 7 < 1/4 and choose a C*°-function ¢ on
R4 such that

(2.2) ¢=1onQo, supppC (1+n)Q, 0<¢<1,
where Qg is the closed cube of unit length centered at the origin and (1 + 1)Qo
stands for the set {(1+n)z: z € Qo}.

We simply denote by V = {Qy} the family V(R?\ 8D). Further let ¢(*), I;, be
the center of Qi and the common length of its sides, respectively. For each k pick
a point a(*) € OD satisfying d(Qg, 8D) = d(Qx, a*)) and fix it. Set

_ z — gt®)
(z) = zqub( -

and

— g(k)
#ie) = 2= - M)
Let p > 1 and f € LP(u). We define

. 1 *
Eo(f)(z) : ; 1(B(@®, i) </B(a(’°),nlk) f(z)du(z)) ¢k ()

if z € R?\ 8D and &(f)(z) = f(:c) if £ € 8D. Choose the greatest integer m
satisfying D C 2=+t Q, and define
E(f)(z) = &o(f)(2)p(27 ™).

Then we see that £(f) is a C*-function in R?\ 8D and supp £(f) C 27™+1Q,,
where supp £(f) stands for the support of £(f).

Hereafter we assume that D C 2-(m*+1)Q, Cc B(0,R/2). Then we see by the
assumption (2.1) that
(2.3) bsrP < w(B(z,7) N OD) < byrP
for all z € 8D and all r < 4R.

Lemma 2.1. Let {B(a'®,7/2%) N 8D}; be the collection of all surface balls
corresponding to the k-cubes Q; € V. Then each boundary point z 1s contained in
at most N of {B(a®),1/2%)N 8D}, where N is a natural number independent of k.

Using this lemma, we can show the following lemma.

Lemma 2.2. Letaa>0,p>1,8 € R and f € AL(0D). If p(a—1)+d—pF+pé >
0, then

([1vemnwraw aDr‘de)”p < el Fllp



3. Nontangential limits

In [W] we gave the following lemma.

Lemma B. Let 8, k be positive numbers satisfying d— 8 > 6 andd—38—k > 0.
Then

[ oDy ly = iy < ert o
B(z,r)
for every z € 8D and T > 0.

On account of Lemmas B and 2.2, we can show the boundness of the operator
K.

Lemma 3.1. Letl1>a>f—(d—1) and p > 1. Then the operator K defined
by (1.7) is bounded from A%(dD) to LP(p).

We can estimate the nontangential maximal function as follows.

Lemma 3.2. Suppose o > ﬁé(d— 1) and f € A2(8D), and define, for z € 0D,
(21)*(2) := sup{|®f(2)| : = € I'(2) N B(z,«0)}

and

(®f)**(2) := sup{|@f(2)| : € I7(2) N B(z, co) -

Then
1@F)*llp < cllfllpe and [[(2F)*llp < cllfllpe

Lemma 3.3. Let f € A2(8D). Then there exists a sequence {fn} of Lipschitz
functions on 8D such that

Wfn— fllps =0 asn— o0
for each positive real number § < a.

4. Proof of Theorem

Finally we prove our theorem.

Let f € A2(OD) and choose § satisfying § — (d —1) < § < a. On account of
Lemma 3.3 we can choose a sequence {f,} of Lipschitz functions on D such that
| Fn = fllp.s = 0. For fr we have, by [W, Theorem],

(4.1) lim__ ®f(a) = K fal2) + % £(2).

Tz, €



Since || fn = fllp,s — 0 and ||Kf, — Kf|| = 0 by Lemma 3.1, we can choose a
subsequence {gi} of {f,} such that

(42) lim gi(2) = f(z) and im Kou(2) = Kf(2)
p—a.e z€0D. Set
Fy ={2€8D:|f(z)| = 400 or |K f(z)| = +o0}

and denote by Fy the set of all points z € 8D at which (4.2) do not hold. Put
F = F; U F5 and

Ey={ze€dD: limsup |®f(z)— (Kf(2z)+ f—(;-)-)] > b}

z—+,2€1 (2)
for b > 0. Note that for z € 9D \ F
25 () — (K 5(2) + L2 < (27 — g0)@)] + [0 () — Kegu(2) — £,

+ (g — () + 2T,

If z € Ep \ F, then, by (4.1),

b< Bmsup [B(7 — g4) (@) + K (S — 90 (2)] + 317(2) — gu(2)],

z—2z,2€0(z)

whence, together with Lemmas 3.1 and 3.2,

p(Ep \ F)
< % (./E,,(@(f — g5))*Pdu + . |K(f *gk)]pd#-{-.;. 5 I *gk]pd;u>

Ca
< 2 - ol s

As k — 0, we see that u(Ep \ F) = 0. Since pu(F) = 0, we conclude that y(Ep) =0
for every b > 0. Thus we have the conclusion. |
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5k BH (a) let(x) - et (y)| s Ix -yl T&Hbv. &L y=2x
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ARERXDY 4+ 2 2 7IVEEERR
BHIXSE B3ER AR XK

1 Introduction

—DDAEREEFET IETRILDDET. ZOFETIE, B<CASNTHEARE
REFNCH - T, TN EHEICT 5 O NBREK T LET. RFEROBLK THW
FEETHEALZEIRBNOTL & 9D

AEXDOPTHERSNZ ORI, ZHOMILTHE X T, LBEOXMEIZL S
D, B, 175, MBEWERA R TY. RO, HOBE OIER, 175 OIEEEMEME I
L BNEFE, RRUZE DIRTC free 3—ffb & U TOERZEDIEF TY . #BETH~SN 54
3, IhoicdbB U TERD B E T

INSEHNBRERZHRICT 5 L9 NESEBROLRS (FF, element) 321
Zh, BRIEDL, SZi-F0EE, ROZ0 50 Joeen /2 3BAENLEKRTY. IRREN
5RITEBSIEIL G & T A RETRKTTN, FON O E#EPL UThREICHES
Z EIFH ST

1.1 : EiFFEE>AFES

a,bZO::>EL———-2{——1222(a_1+b“l)-IT.

1: B SRS
a b

ZDOAERZIROEEEZBD 5 EHETY . Mil7E 51, switch 2B U7z (on) EE
T3 switch 2B 7z (off) [HEE L O SEROMNAICEHENE L TCOET. BARR

TETa =08 b = 0 DBAIC RSB D TEES TN E S 1T A £ 358 ks
A TR L b D% - DR TELT NS SRR LET. LIFRETS




i, BET 2T RIVF DB /NS 785 £ 5 IRIREEAEIRT 523 (Maxwell DR
) 15 T, switch 2B U7z (on) KFO-GEIEILEL O switch ZBAU 7z (off) BrD & Ak
PAVNES B 9. T, COARIEREFE LT, LOZOOFEANE SN EEMN
5009, b, CORFROEBIIAEXEZBHICLTOET.

1.2 [ty

a,bzosﬂ%—b >> \/EBZQ(a—l—i-b-l)"l.

FEOAERICE LU T, EWFEE 2Rl EE & s L D EBMAFEE E BT D AR
Ea7—T7. kL, LO XD REF|EIFI O @ H OEEmREEMICHESSHhE 5720
TITE B AEE T EDHRBOENISNTNET. £2T, TOREEFHIC
T AL HNERMEBOEETZHE LU TIDOHELEDLT.

$59°, switch EW) DI, BT 32 ETHRL, 00 &0 EDZDDfliEHLZED
HE2 LS5 WaEIEISaERB UET. switch b - EBABMAERAEDOHRKSE]
ZARPLERICE &R 5 2 S TERAE (bridge) 59 5FICLE T . bridge DF O
FIZSHEGLS A E U CA B DMED W ab &1 5 L HITHZRB 759 b, D OHH
BERDET. _

2: TP

a l b

Co

b [ a

2 Analysis

2.1 ZinFEEE

switch ZHEPL ¢ CEZ M - BEKRBIROEHIEILEFE T RIS BRALHEND
DET. BETIIRO LI E IR FREIBOERIZE > TEREIZFELET.



K 3: el

2¢o 2¢o

X 4: Z# 2 °

= 260




X 6: Z5He 4

2.2 ZEH(@EMEDORRE

a,b,c > 0252 CTH 4, K5 P=imFEEE UTEMILELIITHESLTL &
3 .

FE.  a,b,c> 05252 TK 4, B 5 W=WFEEE UTHEMIES L9 Ik,
fRAEXTHS.

BREFICE L TR I OFEZIR{HONTED,
ab
a+b+c
KUZEN% cyclic 1T shift XB7-5F 3 RKOEEHFE T

Jr A

3 Synthesis

3.1 ARIKIOHE
R Tk~ 7z R ZE#UT & - T, bridge DA RIS E Yk 4. BEIEROE
B TELTHS &, ARIEIT f(a, b, c0) 1

z+y _Qab—l—(a—{—b)co
2 - d+b+260 '

f(a7 b') CO) =2z +

3.2 REFEHEEZBICE
T > THEARDT f(a, b, co) DEATFE L TITIZ,
fla,b,co) = Vab, BB, co = Vab
EIBELURD T b DIZELSEE K 272D TY.



3.3 EiiTFE > RS> BTG oo

bridge D& BARPI AT FE A 5 2 BT ED element coMFEL7ZD T, IRO=
SOEKIZIEICAKS I RIVF—2EE L, KD ZAREE BICT 5 EBRRE H
RISV ET.

B 7 SRS

8: HefrEig

a l b
o \/ﬁ o
b —L 1
B 9: BT
a [ b
o o0 o]
b | a

3.4 RfFIEHEZELY 5O

520D bridge DEITHETS element WEHASEHH TH -7 &I, BAFEELLT
AIROBEZEOIREI SN S0 9. oI, BAFBEESZRETT 51T



R OBIENLETY.

ag = 2(a“1+b”1)_1,
ant1 = f(a,b,a,), (n=0,1,2,...).

RO, ag? HIEE - T ay, ag,a33€D image =72 DTT.

B 10: 2 DL a3

Fumio Kubo
Department of Mathematics, Faculty of Science
Toyama University, Gofuku, Toyama, 930, JAPAN
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151 ® c-numerical range OERIH>WVWT

m o0 B (BAEK H)

VRV MER H LOFRBIEIEHE T O numerical range W(T) &
¥(T) = {(Tx,x): xeH, Nxll=1}

TEEIN, EETEHMELONMERE BB ERE{AENT VS, Halmos & 1967 FEOD
ZEohc, HETH LOKES!:

We(T) = {;fi-' (Txj,x;): {x33 & H oD orthonormal k-tuple}
BMEAEELZNA?2E VO HEL2ERLTVS, T D k-nunerical range W (T) OWE .
BiIc T BiT5loB&. Goldberg and Strass HFR LV ERK T I

FHEH . O k-numerical range OHENRE AP L E-T, BEO—BILEHh
7 numerical range REFE I h, WEOHBREIL T3,
ZZTCl\ c-nurmerical range @ boundary O— 2 DR 2VWTHER S,
E#E: Ae M) n x 0 HHIOREK, c=(c1,...,cn) € £ wH L
Ho(h) = { = oy (hxyux): (xiyxa) = 8 45)
a=t

= {tr([cJUAU): U unitary} : c-numerical range

fetZ2Us [e] WHAEEN c=(c1,...,cn) THHEWNAFTIH 2RI,
iy C A€ Ma(l) WL,

Wc(A) = {tr(CUTAU): U wunitary} ! C-numericalrange

Wc(A) @ survey & C. K. Li [1] 2RCT&Vv, BHZOHIIKIZIZ L D open
problem Bif - TW 5,

ROBRE I MO TW B,
Theorem A (Westwick, 1975) c=(ci,...,cn) € R" O & % ¥, (A) & convex.
Theorem B A€ Mo(f) D& %,

Weer o2y (A) = (o1 = c2)W(A) + co-trh  (REFIE)

72ot2 L, W(A) & classical numerical range.



Theorem C (Li, Sung and Tsing, 1989)

c=(C1,...,Cn)ERY THD c1Z....Z¢n

A @ hermitian part A + A" /2 OBEAHEE2Z A1=Z....ZAa
n "

@ = Z cjAn-j+1, B = T cjdj

471 i

4
1}

ReWo(A) = Wo( A+A7/2 ) = [a’ﬂ] .

Theorem A & Theorem C & ¥ c=(c1,...,cn) € R OBEEHK, W (A) 2V a2y THEHR
T%%, AEREOHNER AV 2 OfEMIREY, c=(c1,c2,c3) &€ R®, B& M(C),
acl O &%,

Wict,c2,e2n (a®B ) = conv {(Wie1,c20(B) + a ca)U(Wicz,car(B)
+ a2 c1)U(Wica,e12(B) + a c2)}

RBHEZEZRAL, S6RKROFHERIL T, BE Mu-1(f) D& %,
Weet,...,.om(Ca®B ) =conv U{¥co(1r,...,00-11(B) +acomy: o0& Sn}

F U Se i (c1ye..rcn) OHFBETH 2, COTFHR FCRPERE LVEH S,
SORROEHOBY Lo & RIEWE Nis,

Theorem 1 c=(ct,...,cn) € R*, A & Ha (D)

A=A @Az, At € Mk(C), A2 ¢ Ma(C), k+m=n

4

Wo(A) = conv U {FcO(1y,.... ¢ O (ky) (A1)
+ WioO (k+1)y...,00 (k+nr(A2)? O & Sn}

FEWH I Theorem C &9
max {Rez @ z€ W (At ®DA2)}
= maX {Ae W0 1y, ..,c0 (k) (M )+ RN O (k+1y, ..., 00 (k+myy (K2)! O € Sa}
MREN, T & theorem A &H 5 Theorem 1 MIEHH I h 3,

Theorem 1 OISHE LTFCHRKR 2O, MU 1986 ERZhTHMIRFBERINE
KO Bebiano & C. K. Li OEMTH 5,



Theorem D (Bebiano, 1988 and Li, 1986)

¢ = (c1,...,cn) & R"
C1 = +vvs = Cm

Cm,+1 = e = Cm)_
Cmi,__\-l-l = ... = Cny +“l+"'+m]’ , Bito2t. .. tHp=N
Z = ;—11‘ c;(Aej,e;) = tr([c]A) & 3BW.(A) D non-differentiable
point (z & We(A) @ corner) T %
—>
A= Al@....@Ap, A € MmK(m) Tho
i:v
Z = Z Cm, + ... +n tr Ax

[

Corollary ¢ = (C1,...,¢Cn) W ITRTREFEULIBVEHO n-tuple

b=
o

Mn () & non-reducible matrix

M (M) B—RHEVH3»FLRBEZLCH2B0 pEMEHE
Remark a) 3L A © size s B = 2 T, 2 ci F ¢; TH3 i, | BELET B L
% ¥.(A) BAHEZD O,
b) 3L A © size s B =1 THHHh T c1=....=ch DL E T.(A) &—
MOBML K5,
Theorem 2 (Nakazato, Nishikawa and Takaguchi)

c=(c1,...,cn) & R", A€ M. ()

ze AU & 3W.(A) © non-differentiable point
NN
We(A) &, z OBET, z REOERIBIERTDH S
FEH: A =0 @... @A)
( A1,.... 4 &9 XT non-reducible )

155X 57 unitary U BREAE T B, Theorem 1 &V

P
WG(A) = conv U {El W(ca(mk_‘ 1), ..., ca(mh))(Ak): o & Sn}



Corollary &0
BERD WO, _+11,..., 00 mo(A) B—HMEVBAPERLRBESLIHHE
EhBMEMBRTHIL L. BRKRO Lemna 2EHIThE IV LB B,

Lenma
Bt, B2, ... ,Bn BRO_ZLZMHZHETS ¢ OhDa v 7 VHWYESTD o
i) &% B WHAKZ2b-
ii) & OB; WEAEZrBEorisliii
W, K=conv{BiU....UBaU{p1,....,pn}} &9 3,

CDLE dL z e 3K A IK ® non-differentiable point TH 3% 5\ KA
B Y Lo,

i) z e{ptye...,Pn} TH2 z ¢ conv {B1U....UBn}
ii) UledoT, z OFHT V(W) B, z NEOERRBBERTD 3,
iEH: BL zee 3K 1556, 0(0)5’)0)‘5‘50)\\‘3”3175\"63550

[) zg=1tz1 + (1-1t) 2 (0<t<)
z1, 22 € [(BB1)U...U(3Ba)U{p1,...,pn}] N 3K

M) ze e [(3B1)VU...U(3Ba)] N 3K
m) Zg é{Pia---,Pn}n aK
C09B 1) CRPBVABVRS, #HR 0) BEV LBV EHRRIIE LIV, &
NEBDOULEATHENRI T EBELI BBV,
Theorem 2 DFERP SROMEZBRTH5—20Z P 2ESPBLAR Y,

E: HEFEEHE ¢ OB O compact convex set X E¥FAMKE X, 75 A ® c-numerical
range We(A) KB N2

References

[11 C. K. Li, C-numerical ranges and C-numerical radii, to appear in Linear and
Multilinear Algebra.

[2] H. Nakazato, Y. Nishikawa and M. Takaguchi, On the boundary of the

c-numerical range of a matrix, to appear in Linear and Multilinear
Algebra.



BEE&OEREDIELZ D order & norm
X - EFHF KiE B

Z DOEBIBIIFDIE K AEE BT RICHhz-TO ERE#EE | EH-72507T, %
ggég@%i TIZRBZELTOIRNWD B HENAT TOWEDOBRAE T TORRD
HTH 5.

1. F5E LUV DEZEDZR M, %/ {nxn (R 750£E} &35, Matrix
unit E;; 2> TEITH X e M, ZUTDOLIICHEKRT S :

"

X =[]l =Y &iBij.

t,j=1

ERONGEE M, — My, OMEF R ¥ RUBIEEROEKDLT 2R L(Mn, M)
ICIRS. " BN L0 U BT BRI U(E;) (1,7 = 1,2,...,n) TIXTHh

ADT :
9] Y [9(B)] € Man

EEZD. FIE T — [U] T L(Mp,Mp,) & My BE—EINEH, BRI
T Mpm 137 2 VM, @M, ER—EEN5. Fiz My, 13 C™ OEIEEHD

BETH B, C FERTHEICED My m © {n x m 7751044 } EA—E
N5,

BB U € £(M,, M,,) 25 Hermitian TH 5 = EAT(X*) = ¥(X)* for all X € M,
TREETIDITURTH D, ¥ O positivity ELT3EBHEDOLDEEZL 5.

¥ N positive &) ¥(X) > 0 whenever X > 0.

¥ %% completely positive &Ly, ¢ My, (k=1,2,...,N) 2’1

N
U(X)=) YXYy forall X € M,
k=1

¥ 7 strongly positive &4 g <DLeM,,0<FreM,(k=1,2,...,N) 2"HD
N
U(X) =) tr(XD)F; forall X € M.
k

Theorem 1.
(1) ¥ positive <=> [(¥(E;;)u,u)] > 0 in My for allu € C™
> tr([¥] - (X ® X*)) > 0 for all rank-one X € M, .

(2) U completely positive <> [¥] > 0 in My,



e tr([¥] - (X ® X*)) > 0 for all X € My, m.

(8) ¥ strongly positive <= [¥] = Zi};l Dy ® Fy
for some 0 < Dy € M,,0 < Fy, € M,.

N SOEBERITE UTITH (Y] %, (1) weakly positive definite, (2) positive
definite K Uf (3) strongly positive definite &3S

L(M,,M,,) DL T3>0 ik
p_ s {positive BEDE&K}, Py = {completely positive D2k },

Py et {completely positive B D44k }
THEZB.
Theorem 2.
(1) P_ OFCeEE (dual cone) = Py,
(2) Py O xEE = BH4BEH P,
(3) Py OGEE = P_.
2. Majorant & € P, W5 Z S/ (Hermitian) ¥ @ completely positive

majorant &Sl @ + U RO & — ¥ 2HIT completely positive THBZ EThHB.
ZDEE

EBL &, By, P, 1FHIT completely positive T
=0, +P,, V=0, —&, (Jordan BI5f#)

&75%. [E#HRIC strongly positive majorant & f positive majorant HEFHX
ns.

0, f 751,00 DELLHDEE, BHFH T O norm || U], %

def 12(X)|ls
U3y = Max ———"—
I H( N b ”X”a
TREFKT 5.
Problem 3. o,8 21,00 DELLNET B,
P
sup inf{—-—-—~“ Iz Nl o S 'Po}

v @ |[¥(a,p



RO & RFERIEE PP ICbEZ L.

3. {0 modulus ¥ 3EMBRTHEH [¥] X nm x nm OFTFITHSDT, 1751
([¥]* - [@])Y/? EHETE, TNDG(ZRBITELE ¥ O modulus WL |¥] &
£ gL

def
[1e]] = |[¥]].
¥ 7% Hermitian @D &%, |¥| 13 ¥ O completely positive majorant T 3.
Theorem 4. ED U € L(M,, M) iZLTh
1] {l(o0,000 < 7/ ¥]| (00,00)-

ZDEHE n i3 best possible.

Theorem 5. £ED ¥ € L(M,,,My,) I LTh
1] l(oo,1) < 27]1¥]|(c0,1)-

CHhIZEEXROFERKICIVEBEINIZETHS. ZOFEH 2n 3FIZ n £TH
ETELLTFHEINAIDEIZH ST,

modulus |¥| IZIROFELRT optimal L HDTH 5.
Theorem 6. ¥ 78 Hermitian T @ INZ D completely positive majorant 74 H

1] Hl(co,00) < N@ll(oor00)s N 1E] Hloo,1y) < NIl (o0,1)-

positive £ H DITEER NPT U
Theorem 7. positive 73 U {ZXf U Tl completely positive majorant ® T

12l(c0,1) < 21 ¥]|(00,1)

DHLDOhH 5.

4. Strongly positive majoraht Strongly positive majorant IZ2 Tld mod-
ulus @ & 5 75 HRISBERENIZND T, strongly positive 78 & D Z21E D 3 fI&En
O LWHENBETH 505, FREMICIILTOL S BHHELZ SO UHMRY ST,

Lemma 8 ((h=20D&%)
A B " . iy .
B* A positive definite => strongly positive definite.

INEED LEBITIRINTS



Theorem 9. positive 7& U [T LTI strongly positive majorant ® T
1@l¢o0,00) < (27 = D)[[¥][(00,00): [|®l(0,1) < (27 = D[ ¥l (e0,1)

DHDOMNHB. ZOEH 2n-11E (m>n OEXE) best possible TH 5.

= DFEEF—ED Hermitian U IS LT MO IO D ETFRENDH, £/1Z
CETIEH - TR, BREOLBLUTORATHS :
Theorem 10. Hermitian ¥ (I3 U T strongly positive majorant @ T

Hq)”(O0,00) < \/7—1—(211 - 1)“‘1’HOO,00)7 H@”(OO,I) < \/7_1,(271 - 1)”‘1’”00,1)
DHEDNH 5.
5.0 lapy ®FE |- (1,1 WEENS.
Theorem 11. ¥® Hermitian ¥ 1IZ3 L TH completely positive majorant &) T
12D a1 < nll¥la,
DB D, Fiz strongly positive majorant 2 T
18P|(1,1) < (27 — D][¥]|(,1)

DHLDONH 5.

N STOFHEZEE > T || - [|(c0,00) BT L TOEEHMPHFSNS.

6. || ll(1,00) PIZE  HFHI7 strongly positive 5 Og ZFZ5 :

0o(X) %! tr(X)fm (X € Mp,).

TIHB [O] WHALITH (identity matrix) I 785 HDTH 5.

Theorem 12. ED U s LTH @ < n|w 1 00) @0 1T modulus |¥| @ completely
(1,00)

positive majorant T
12ll(1,00) = 2l ¥l (2,00)-

ZNDSELBITIRNTS

Theorem 13. E® Hermitian ¥ X LT modulus |¥| 13E D completely ma-

jorant T
12 1,000 = 2l ¥l (1,00)-

Strongly positive majorant {ZB8 U TIZIRINNZ B :



Theorem 14. @ Hermitian ¥ 156 LTH & & (2n — 1)||¥)|1,00)@0 FZD

strongly positive majorant T

12ll(2,00) = (27 = DI ¥]l(2,00)-

7. ¥T5(D order DIFENDHEIER M, TOD weakly positive definiteness 1ZF-D <
P_

order % > &FEIZ 9. Theorem 9 OFEEDICHEIZTROFE L1 5 .

Theorem 15. Hermitian 7% A€ M,,,, 2\

P P
I>A>0 = nl>A>—-(n—11I

INERMERZEDELT :
Theorem 16.

- P-n-1 -
I>A> TI = A positive definite.

Strongly positive definiteness I DU TIIIRDIEL D 3LD.
Theorem 17.
n—1

I>A>- I—= A strongly positive definite.
n ,

8. 175D norm OREEANDEAR My, ITI3FTFIDOZEM & U T spectral norm KU
trace norm 233 5. Theorem 13 OEBRIZ

tr(A- (X @Y))| <[ X2 - [IY]l2
NG ~RTD rank-one X,Y € M, ,, 125D I Thid,
[Alle < n
ENH T ETHADT, ZTNOIHEELUTIRNTS
Theorem 18. EDF7% A€ My, IS UT X € M, Y;, € M, (k=1,2,...,N)
\fC$

N N
A=)X®Y: RO D (Xl - [IYellh < nllAj;
k=1 k=1

EHIZT DD B.

II- s 1<B8 U Txdiing 2 f3RiE Theorem 5 WHHBIROHDTH 5.
Theorem 19. EDF75] A€ My, ICRH LT X € M,, Y2 € M, (k=1,2,...,N)
‘("»

N N
A .—_—;Xk@)Yk RO ;nxkum-lmnm < 2nf|A oo

ZICTHONH 5.



Weighted norm inequalities for some
singular integral operators

tEERE  EEE  REEE
eEEERE  HES AR

12 FX

BRIARE T = {2 |2| = 1} LOERLI N Lebesgue FIE dm(e) = dt/2r IZDOWTH
BoRBEE F OREES S5 &
1 z
SF(¢) = E/Tzi(:—)?dz (ae. (€T)

LB, analytic projection P & co-analytic projection P_ 2

Py =(I+8)/2, P.=(I-5)/2

(1 HMESMEHR) LEDD. LP = [P(m) i Lebesgue 22, HP = H?(m) I& Hardy %2
Mz®Rd. T LOFFAMEBEY W e L' 20T,

Fllw = { ] 17Pwam}

DEBRTH B K57 Lebesgue ATHIEHN f O2AP 5725 Hilbert 22M%E L2(W) TEL,
ZDREMEE f D weighted norm £V, W % weight B WS, ZAZHEAOMEZ
p TETL, pc L)(W) PEDILH, pi&k L2(W) ORTID I IVAIZDONT dense TH
5. YT, ae IZEBRL, T LD Lebesgue AIHIEIOAEEZ 5.

FESRRICIX, Hardy, Riesz, Gaposkin ZEDWIFEDE, 1960 FDFX [4] T Helson-Szegd
(FEFRNZIZFT TR weight BB W IZDWT weighted norm TF ¢

ISfllw <Clifllw  (f€p)

EWRET fIEEURWERRER C PEET-OOLEHAFFL W e HS TH S
EWSELRERERLE. EEL, HS ik ue L® D

W=e"" |v|<7/2—¢
B T EEE R u,v L e > 0 BEETILOR W 02D SRIKELR

9. HS & Helson-Szegs WL > CHBAINE. ZOEEIX Helson-Szegs DEE L IFEH
TFHERAORHADBH B, =EL, oI

Su(¢) ~ [ vdm=ii(()  (CeT)

T

WX TERIN, v OHEFMERIC2>TN 3. 1973 FOFX [5] T Hunt-Muckenhoupt-
Wheeden & weight BS W T W-1¢ L' D



W (@) (W) (a) <v  (la] <1)
WY o TERFELRWERR « PHEETSZ W O2FPOREEAE A, TRTLE,

Ay =HS

BRRD DI L BRI, 2L, W ILBEABIFIR D = {z;]|z| < 1} ~D W D Poisson
ZHAIZ K B harmonic extension £33 1980 FEDFX [6] T Koosis I& weight BIE W IZ
AU T weighted norm TEX :

12+ fllo < fllw— (f € )
BWIZT fITHRE LRV weight B U, U # 0 BEET 2D OLE+H5MHHE

Wlell

THAHI L% Adamyan-Arov-Krein OF A FFE2HANWTCHRLUE. ZOFEMHIE Koosis DRE
B & N FHEERRO Kolmogorov DEMLBHE LTS, o,fec L £THLE,

a+f a—pf
3 I+ 5 S
XREBEMEAR L IFFZN, Gohberg-Krupnik [3] ZIX UDHIESHAEZTHh TV 3.
CDFEHTHRLRXZOEARICONT, RO 4DD weighted norm TER % Hilbert 28
- BDF@E & Cotlar-Sadosky O lifting ¥ [1] ZHWTHET 5.

Sup = Py + PP = (a— f)Py + fI =

() [1Sasfllw < Clifllw
(1) I Sapfllw = 6|l fllw
(I11) I Sapfllo < |1 fllw
(IV) ISasfllw 2 || fllu

CCT, fep, CL 6 FIHBIRRIEQOER, U & W I weight B3 TCH 3.

NHEa=1,=0FR a=1,=-1 DLEI, BRR C PEETD weight W i
Helson-Szegd [4] I Lo THRET Nz, —,D o, f IZ DWW T Nakazi-Yamamoto [8] &
Yamamoto [13] I& C =1 LR B L ED weight W ZHWED, BHTHS. 257528
C, Gohberg-Krupnuk % Feldman-Krupnik-Marcus 7= S, , @ L* (W) I BT B1EH
£/ NV LADOFTHIDFHERO—EA2EATHE. ZRIEHUTSEIZ—BOD o, g I220VT,



BB C BEETH=DD weight W ZHETHLVWIHEEMETD. ZOFEHETIE,
ZOBEEZEIRD, ZOMIE C =1 OBEXLVIERIC simple TH S.

(INEW=10DLZ%E, §>0PEFELETS o, & Widom [11] & Devinatz [2] IZX2T,
W € HS...Helson-Szego BIEDEAE... D& HiX Rochberg [10] IC K> THREZ . —i%
D W DFEX, Sup & So_p OEITH (IT) OFERRHET 5L ZFI, Yamamoto [12]
& Nakazi [7] IC X2 TENZNHEPNE. Yamamoto DFERIX p =2 DL ED Rochberg
DOFEREZZTM Nakazi ODZFHIE—ED p,1 < p < 0o T Rochberg DENEZL. ZDFHE
WClk po2 DEEL, 5., DFEREER 3.

IINiEa=1,=0FkEa=1,0=—-1 QLERZ, TR\ U PEETD W i
Koosis [6] ICKk o THEZ . ZOBETCE—BRER o, IZDONWT W ZRET S.

(IV) ZFZRECHREINEILERD. oW =W DL E, U = |of?W L UTHDILD
B, ZOBHETEZITRVEED o, IZDONVTH W ZHET 3.

(I) & (II) DBE, HS ORODIZ HS, ... weighted Helson-Szegd class ... ZES. T
Cr=la-8]/|la-PBllo CHD. a=1,=0FEda=1,=-1DLEr=1T
HS = HS, £72%. BRLIE Ay, ... weighted A, class ... ZBAL, HS, & A,, OER
EMHETS. r=1DLE HS, = Ay, & Hunt-Muckenhoupt-Wheeden [5] i & > CRERH
Ihizh, BB oBLX HS, = A,, 2—BNICIZGEHTERPoE. HS=A, 2
Muckenhoupt & weighted norm TEXZZEH U LER, EELHATERWI L
WIDREZLDARIZESTHEASBN TS, HLIIhPHEERSIE, R HS, & A,
DOERZED D LFHELIFARDILWBTEDLEFELTVNS.

2% Weighted Helson-Szego & Weighted A,

re L PD0<r<1&7%. weighted Helson-Szego class HS, &iX u € L* D

W=et, |v|<7/2,

r?e* < ycosv, e * < ycosv

BRI T REUETTHE u,v LERRER y PEETDILIR W O2EDPORIELE
KT, #oT, BL We HS, &5

r*W < yePcosv D Wl < ye Pcosv

BELD 32D, B, o) <7/2 &0, BUOBEBIITHRITH B, weighted A; class Ay, &
& riw, w-te L' D

(W) (@) W) (a) <y (la] < 1)
BT o KIKELRWERZR y PEET L5 W O2EPr o5 RE52KT.



rrel®, 0<r<1, 0<r'<1&7 5.

(1) Ax,D>HS.DHS

(2) WeHS B6E W, W-ell

(3) r/r'eL* &b HS, C HS,

4) r/r, rjre L 2biX HS,. = HS,

(5) rltel> bl Ay, =A, = HS = HS,
(6) Azo=HSo

HS, BWETHEHIZ, HoLERLDTW B, 2EHTS. W e B, LIk log € L!

rPWo, Wyt e L D Wi=¢", vl < /2.

CDLE, HS, DB, DHS. BbbH, rlc [ DLE HS,. =B, = HS Thb.

BliRE1| () HS=HS B rtel>d?
(b) EARriZDWT Ay, = HS, P? CHhIZERLRHETH 3.
(c) YARrIiZDWT HS, =B, »»?

EE1 (1) LROBEDRZ. 1T r = (U/W)? OBEEZEZLDL, 5260200
weight B W & U,U # 0 IZDWTROEMH (1) &b (2) BEIISB.

1) 1Py fllo < Cllfllw - (f €p)
L5 fIRELRVWERR C BEETS.
(2) U(@(W) (@) <y (lal <1)

(=L, Wl I') 243 o ik LRWERR 4 BEET 3.
BE2| LOZFH (2) CEAREAHRAHIMZZE (1) BEPNEP?
Z OREIX Muckenhoupt ZIC K> TR UHTEZ BN, BEL (b) LEMETH S.

3% Bounded singular integral operators

AERX (1) & (1) 2ZHETS. B2 o=1,=0FkEa=1,4=-121L
C Helson-Szegd DFEHE [4] R T. FH3E a=1,0=0F2E a=1,=-1&LT
Koosis DEH [6] BT

EXE2 o,f € L™, W I weight BB T5. ZDLE,

() 1Sapfllw < Clifllw  (f €p)

Lind fICRELRVWERR ¢ BEETZEOOLBELAEMEE W e HS, £k
(@a—P)W =0 LRBZLTHD. ZZCr=|a—bl/|a— o -



ZDEEDFEAICIE, Cotlar-Sadosky OEBOMIC, S, 5 DEFHMEL S, 50 DERMEDN
FEHETH B L, TT LCEAMED HY/? BEITERTH D) 2D Neuwirth-Newman
DOEBEFES.

rel®0<r<1, Wik weight B, rWw 20 23 5. ZOLE,

IrPfllw < Clifllw  (f € p)
b fIKFELRWERLR C PEETIEOOBETFEHEI W e HS, THD.
EHE3 a,BEL® a—pB#0, Wk weight BBEE T 2. ZODLE,

(I11) 1Sasfllo < llfllw  (f €p)

LB f KT LR weight B U T (a - U £ 0 LRD2BDOVPFET 2DOLE
TRFFEI W e I THB.

COEHEDIERIX, Koosis DEHZFHE->THTEDD, EH2Z[EoTHTES.

4% Bounded below singular integral operators

FER (I & (IV) 2BHET 2. SRARDBETHFEHFESZTORVE, BESFE
+AE&HDEZ HS, & B, DETHS. HS, DB, CHBH, HS, =B, LRDBMPEDI P
Ebron (BEL (c) . ess infla— B >0 ROIX HS, = B, B SEELIIHEL
N EEZD. We HS DL E S, 5 7 bounded below 5L S, _s  bounded below
&2BDT, Yamamoto [12] & 2T, oL BRVWLETAEEBELNDY, FHARK
ZHERLUTHWARN. Yamamoto [12] OfERIE Widom-Devinatz-Rochberg DSR2 R L
TWb. BBSIZChETCIIHEINEZ LI RPoED, simple BRBB+HEHGESZ
TV, ZOFRHIERLORGFLEBINZRETHD.

|EE4 a,B € L=, W i weight BB, (a — )W £0&T3. L

(1) [Sasfllw = 6llFllw  (f €p)

LD fIEELRY 6> 0 BEETHR5IE, FRD 0 < e < 6 IZ0 U TROBEFRAZE
W9 D inner B Q LRBUEETH t ¢ L! DEAET 5.
e2 —aff
€2 — ap|
ZZCr=|a-8]/]|la- Bl THY, 2 —af, o & pi& L* T invertible THSH. LD
BIRAT, HS, ORDDIZ B, £ T3 LHEHRIEL.

=Qe! D Wele HS,

Z DEBDFEIZIX Cotlar-Sadosky DFEHEDARIZ, H? E@%{@ inner-outer MEEE2MES .



EE5 o, € L, W iZ weight BB, (a—B)W £0 &7 3. ZOLE,

(IV) 1Sasfllw = 1fllu  (f €p)
23 fITHEE LR weight BB U C (a —B)WU #£0 LR D2HOFFEET 2/=DHDL
B+AEHEROBIRRERETIEM ¢ & EREREM t ¢ ' PHEETHZLTHS.

af i{c+T) o) el 1
— = e L.
|| laB|W

ZOEBOFEIICIE Cotlar-Sadosky DEEDAIZ, Koosis D7 AT FEES.

FEH AT ess infla—F] >0 DEEE (2 — af)/|e* — af| ORDDIZ, FEEDXSI
aB/|ap| BHi> TR CRRNRIIT 5.
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Eigenvalues of matrices with given block upper triangular part

Katsutoshi Takahashi (Hokkaido University)

We consider the possible eigenvalues (characteristic polynomials) of 2x2 block matrices

J\f)(:[)f(1r g]a

where A € C™*", B € C™*™ and C € C"*™ are given and X € C™*" can be any matrix.
(CP*? denotes the space of all p x g complex matrices.) In the case when n =1 or m =1,
the possible invariant polynomials of My was determined by Gohberg and Gu [2]. Clearly,
if n + m (not necessarily different) complex numbers Ay, ..., A4 are the eigenvalues of
My for some X, then "™ A; = tr A+ tr B. Theorem 1 below gives the case when this
necessary condition is also sufficient.

A pair (5, R) of matrices S € C"*" and R € C™**™ is called full range (or controllable)
if Y74 Im(S'R) = C™. Let Z, denote the set of all n—tuples {Ay,..., A,} of complex
numbers (with repetitions allowed).

Theorem 1. Let A € C**", B € C™*™ and C € C™*™ be such that the pairs (A, C)
and (BT, CT) are full range and assume that AC +CB is not a scalar multiple of C. (For
a matriz N, NT denotes the transposed matriz of N.) Then, for {\1, ..., Anym} € Zntm,
there exists X € C™*™ such that Ay, ..., Anym are the eigenvalues of Mx if and only if
SEm N =tr A+ tr B,

Note that if the pairs (A, C) and (BT, CT) are full range and AC + CB is a scalar
multiple of C, i.e., AC + CB = dC for some complex number d, then C is invertible. So
Theorem 1 can be applied to a triplet (4, B, C) such that (4, C) and (BT, CT) are full
range and C' is not invertible, in particular n # m.

For the case when the matrix AC + CB is a multiple of C, we have the following.

Proposition 2. Let A, B and C be n X n matrices satisfying AC + CB = dC for
some compler number d and suppose that C is invertible. Then, for {\1,..., Aan} € Zay,
there exists X € C™™ such that Ay, ..., Ao, are the eigenvalues of Mx if and only if there
ezists a permutation T on {1,...,2n} such that M. + Arnyi) = d, 1 =1,2,.,n.

For the proof of Theorem 1 we need the following results:

(i) (Fillmore [1]) Suppose that S € C™*™ is not scalar. Then, for {A,..., A} € Z,,
there exists an invertible matrix P such that P~'SP = (s;;) has diagonal entries s; =
Ai (2=1,2,...,n) if and only if 37 ; A\, = tr S.

(ii) (Wonham [3]) A pair (S, R) of matrices S € C™*" and R € C™*™ is full range if
and only if for each {Ay, ..., An} € Z,,, there exists F' such that the eigenvalues of S+ RF
consists of A1, ..., A,.

Proof of Theorem 1. Let us prove that the condition 7™ \; = tr A-+tr B is sufficient.

=1

For F € C™*", let X = FCF + FA — BF. Then we have

I 017'[A C1[I 01 _[A+CF C
F I X B||F 1|= 0 B-FC|



Thus it suffices to show thal there exists F' € C™*” such that
d(A+CF)={)\,..., A\,} and o(B — FC) = { i1,y Angm}-

First suppose that C is invertible and so n = m. By assumption C™*AC + B is
not scalar and tr(C~*AC + B) = £2, );. Hence it follows from the above result (i) of
Fillmore that there exists a matrix G such that

o(CTAC+ B —G) = {1,y A} and 0(G) = {Ansty s Azn}-

Then the matrix F = (B — G)C™! is the required one.
Next suppose that C is not invertible. Let r = rankC (> 1) and take invertible
matrices P and ) such that '
roa-[§ 1]

where I, is the r x r identity matrix. We write

All A12

-1 _ Bn Bm]
PTAP = [ Ay Ap ’

| ad @rmo=[5) B

where the matrices Ay; and By; are of sizes (n —r) X (n —7) and (m —r) X (m —r),
respectively. Since the pair (P~1AP, P~1() together with (A, C) is full range, it follows
that (Ay1, Ag) is full range too. Similarly, (BL;, B) is full range. Hence, by the above
result (i) of Wonham there exist G € C"™*("™) and H € C™ %" such that

J(All -+ A12G) = {)‘1‘—{—17 weey )‘n} and U(Bll - HB21) = {/\n+7‘+17 ceny )‘n-’f—'m}

Moreover, in case r > 2, we can choose G and H in such a way that S = (Ag; — GA2) +
(Bag + By H) is not scalar. Thus we can apply the result of Fillmore to obtain a matrix

D € C™*" such that
0(A — GA1s — D)= {1, ..., A} and o(Baz + BarH + D) = {Ant1, -0, Anir b

(In case r = 1, we take D = Ay, — GAj; — Ay.) Take matrices K € C™* (") and
L € C™= %" for which the matrix

0 L -
F:Q[K -D]P '
satisfies

I 017" s I 0 A + A1,G A
[G I] P (A+CF)P[G 1]“"{ T AZZ—GXZ—D]
and
I H17' 54 I H By — HB 0
[0 1} Q (B'FC)Q[O 1]:[ "By Bzz+BZIH+D]'
Then F is the required matrix and the proof completes.

For a general (A, B, C), there are invertible matrices P € C**" and @ € C™*™ such

that A 0 B 0
-1 _ 2 -1 _ 1
P AP_[AM Al]’ @ BQ“{Bm Bz]



and 0 o
~1 .
P CQ_[C1 0],

where (A, C1) and (BY, CT) are full range pairs. Thus, for each X € C™*", the matrix
My is similar to

A, 0 0 0

Yo ¥ B 0 |

Y Yo By B

where Q!X P = [ );1—22 )],;11 ] , so that the characteristic polynomial of My can be written
as

det(AT — Mx) = det(M — Ay) det(A — By) det (AT — | 37 51)

1

Moreover, using the Smith form of the matrix polynomial [\ — A, C], we see that the
characteristic polynomial of A, is the product of the invariant polynomials of [A] — A, C],
in other words, it is a greatest common divisor of all minors of order n of [AI — A, C].
Similarly, the characteristic polynomial of B, is a greatest common divisor of all minors

of order m of [\] — BT, CT]. Thus we have the following.

Theorem 3. Let A € C™", B & C™™, C € C™™ and {M,...; Antm} € Zptm. Let
a(X) (resp. B(X)) be the (monic ) greatest common divisor of all minors of order n of

[Al — A, C] ( resp. of order m of [AI — BT, CT)) and let

s

a(NB() = [T — -

i=1

(a) When AC + CB is not a scalar multiple of C, there exists X € C™*" such that
Ay ey Anam are the eigenvalues of My if and only if there exists a permutation T on
{1,2,...,n+m} such that

n-+4+m s
)\T(i) =u; (1=1,2,...,8) and Z Ars) = trA-+tr B — Z,ui.

i=s+1 i=1

(b) When AC+CB = dC for some comples number d (in this case we have n+m—s =
2rank C), there exists X € C™ ™ such that Ay, ..., Auym are the eigenvalues of Mx if and
only if there exists a permutation 7 on {1,2,...,n +m} such that

)"r(z) = s (Z = 1,2, ...,5) and /\T(s—l-i) -+ )\T(S_H..Jr_i) =d (2 = 1,2, ...,7’),
where r = rank C.
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a7 FEEFEDOF. and M. Riesz®FEHic-H0 T
IR P AR o 1

Brummelhuis ( [ 1] ) ldmetrizable compact group _F®F. and K. RieszBIDiETH
B Z =%, #E#EE [ 8] TBrummelhuis® & % #E5R % compact grouplic#iik L7z, T C
Tlid. ZOERE2 LI DVUBL LEREEHE LW, KA compact groups L. Z«%
K ®dual object&: 4%, M (K) % K_kodbounded regular measures DZER& L.
my% K _k®Haar measure &9 5%, Z (K) £Kdcenterk L, GCZ (K) 2KOD
closed subgroupd § %, o €E Xz LT, U@ ZoicfEL. H, ZRHZEME L TH
-, K®Dcontinuous irreducible unitary representation& 4%, 95 & Shur's
lemmalc D B v : 2= G " TKD (1) 2T b0RERET 5,

(1) 0% = (x, v (o)) I. (x€G, 0EXK)
BL. IigH, Foidentity operator, £t €M (k) icxfL T, « ~ % y DFourier
L g5, i.e., 0 EXx. & nEH LWL T,
<p (o) E, 1> = S«<UQE, p>du (x).
L., U = D,UYD,, X, D,ldconjugation on H,o LT, spec (u)
= {oeZx:u (o) # 0} &b,

E#H (i) ECZ«: Riesz#& & M. (K) CL' (K)o,
fBL. Me (K) = {#EM(K) : spec (u) CE},
(ii)  0<p<eo.
ECE«: A (p) -4 & 0<3%g<p, %¢>0 s-t-
I, =c||flle for f&dy (K).
BL.J: (K) = {feJ(K) :spec (f)CE} T, T(K) &

K _Fdtrigonometric polynomials® ZEf,
EE]. EC¥«: BIR&ES = E : Riesz &4,

K #icompact abelian group®3Z4 &. Riesz#E4. A (p) —HEASEFERBICER XL
B, DERIE (6] %R T) Brumnelhuisic k - TE LRIz,

FHA ([1, Theorem 3.2] ) .
K #metrizable compact groupt L. Z (K) idcircle group T %*closed subgroup
ELTELET B, TL Ty ACE IR (1), (ii) 29 L9 2,

(i) "meZ (2T ), {0€A:7 (o) =m} FHRES,

(ii) {7 (o) : 0EA} BHZIEBWTTIAR,



CnExr, ueM(K), spec (g) CA = p<mg.

E#E2.  [1, 3.4 Remark] T. EHADOLH (i) . b- LHVKROEHE
(i)' THEHALGNSCEMEHSITL B,
(i)' "mez, {c€A:7 (o) =m} EA (1) —%4,

(8] T, HEEHERITIWAEKXKDL S ICHIEL -,

EIB ( [8. Theorem 3.1] ) .
K #compact groupd L. Z (K ) ldcompact abelian group G *closed subgroup
ELTEULET B, ACEIRD (1), (1) =g &d 5,

(i) YoeG ™, (€A :7 (0g) =w) THBES,

(ii) {7 (o) : 0 €A} 3G " icHf BRieszhd,
nEx, peM(K), spec (g) CA = p<mx

B RIERM LS 2EREM > ORI N, (G, X) 2{EEHRELT 5,
7272 L. Gldcompact abelian group, X. Xlidlocally compact Hausdorff space.
0 x% X b Dquasi-invariant Radon measuret 3%, M (X) #X LoHREAMED
ZEL. N (o0x) = {LEM (X)) : A% u<ox for A€EL'(G) } &BKL,
ZLT. tEM (X) 2720 L Ty g®spectrun® s p (£) =N {h~ 7' (0)
hel (g) } Kk EFET S, 7270 T (g) = {heEL(G) :h*xu=0},
FHEBRXROEM (1) 2> T/RIN i,

M (I) ([8.Cor. 1. 11).
LtEM (X) o ECG ™ :Riesz84, sp (). CE, # (lul) <z (ox) o
= JIA SN
fetil, w : X=X,/ Gldcanonical map,
L = A.Finet and Tardivel-Nachef I BTIx DIEREB -,
EFE (I1) ([3, Theorem 4.10] ) .
tEN (0x) o ECG ™ :Riesz#4., sp () CE,
= /_L<<Uxo

COFEM (1) 25 & FHEBRKOL I ITIERTE %,

EHC. K, GREMBDEBDET S, ZLT. ACEidRD (i), (ii)



i d £ B,
(i) "weG™, {cEA:7 (0) =w} E I B HRieszte s,
(ii) {r (0) :0€EA}Y EG ™ icHif BRieszES,

CnEEx,. teEM(K), spec () CA = p<mx.

FEFE3.  K#compact group& ¥ 5, $5&, S«DA (1) —H4ERieszEd
(cf. [ 1. 3.4 Remark] ) TH B0 5., BHCOEM (i) BROEBTEENA S
N5,

(i)’ YweG ™, {cEA:7 (0) =w) EA (1) —#H4,

EE4. FHE (1) &FH (D) BFMETSH %,

-

- G #compact abelian group. H %*compact -groupd L. K=GBH &4 3,

E% G~ DRiesz&EA. FA2 X DRieszES ¢ T5E,. EXFIIE(EG " XZ,) ©
RieSZﬁEgT&%«:
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Type constants and Clarkson's inequalities for L: (X)

S AR LRI R IE R S
[ 15 B FUNTERZF R TFE
IRk JUNTZERFTEHER

T

H%

Definitions and notations
Let X be a complex Banach space with dim X=1, 1= p=2 and 1 = s= p'
(1/p + 1/p' = 1).

Clarkson's inequalities : X is said to be of (p,s)—ClarkSon—type if for all

x and y in X
(CT (6. s1) (Mxty 15+ lIx-y §s)v7s = 22<(llx lI°+ ly II®)7r.

Remarks. (1) Every Banach space X is of (1,s)-Clarkson-type for all s.
(2) If X is of (p,s)-Clarkson-type, then p=2 and s =p'.
3

(3) If X is of (p,s)-Clarkson-type, then it is of (p,r)-Clarkson-type for r<s.
(4) Clarkson proved that L, and Lo+ are of (p,p')-Clarkson-type.
(5)

5) X is of (p,p')-Clarkson-type iff X' is so.

Type inequalities : X is said to be of (Rademacher) type p, 1=p =2, if there

exists a constant M > 0 such that for all X:,Xz,....,Xn in X
E”ZJ I"J'XJ” = M ( 2 lea-li")”" s

where E denotes the expectation, and r; = r;(t) are the Rademacher functions
(r;(t) = sen(sin 29t), 0 =t =1 ).

By the inequality of Khinchin-Kahane, it follows that X is of type p iff for

every s (some s) there exists a constant M such that for all xi,x2, ..., Xn in X
(TT (5. &) (Bl Zs raxs =) =M (25 lxsll®)7® .

The smallest-constant M satisfying the above inequality is said to be type p
constant, and denoted by Tp (s) (X). It is easy to see that Tp(s) (X) =1 for all



X, and if Te sy (X) = 1, then X is of (p,s)-Clarkson-type and s = p'.

Main results.

Theorem 1 (cf.[4]). let 1 <p = 2and p=s = p'. Then X is of (p,s)-
Clarkson-type iff it is of type p and To(s) (X) = 1. In particular, X is of
(p,p') -Clarkson type iff it is of type p and To o) (X) = 1.

Remark. It can be shown that if X is of (p,s)-Clarkson-type for some s = 1,

then X is of type p (and even p-uniformly smooth).
Let (Q, X, w) be an arbitrary measure space and let L:(X) be the usual
Banach space of X-valued r-th Bochner integrable functions; we shall write L:

instead of L:(X) if X = R or C.

Lemma 1. If X is of (p,p')-Clarkson-type, then it is of (t,t')-Clarkson-type
for t < p.

Lemma 2. If X is of (p,p')-Clarkson-type, then L:(X) is also of (p,p')-Clarkson
type for p=r =p'.

By Lemmas 1 and 2, we have

Theorem 2. Llet 1 <p =<2 and 1= r=o. If X is of (p,p')-Clarkson-type, then
L: (X) is of (t,t')~-Clarkson type, where t = min{p, r, r'}.

Since R and C are of (2,2')-Clarkson-type, we have
Corollary 1 (Clarkson[l]). L. is of (p,p');Clarkson-type, where p = min{r, r'}.
Corollary 2. Lp(Ls) is of (t,t')-Clarkson-type, where t=min{p,p',q,q'}.
Remark. Since Sobolev, Besov and Triebel-Sobolev spaces are isometric to sub-
spaces of Lp(Lq), Corollary 2 generalizes the results of Cobos [2], Cobos and

Edmonds [3]. More generally, we can prove that L, (Lq(:---(L:)) is of (t,t") -
Clarkson-type, where t={p,p',q,q4',....,T,T'}.



Theorem 3. Let 1 < p =2 and dim L,
(1) Let 1 = r < oo, IfL:(X) is of (p

X is of (p,r)-Clarkson-type; and so L:(X) is also of (p,r)-Clarkson-type.

(2) If Lo(X) is of (p,1)-Clarkson-type, then it is of (p,p)-Clarkson-type, and
so Lp(X) is of type p and Tp (m (Lo (X)) = L.

(3) If Lo (X) is of (p,1)-Clarkson-type, then it is of (p,p')-Clarkson-type,
and so Ly (X) is of type p and Tppy (Lp- (X)) = 1.

= 2.
f (p,1

,1)-Clarkson-type, then p =r =p’' and
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On some Banach algebras with involution

S.Koshi ; Hokkaido Institute of Technology

1 Introduction

Let K be a locally compact space and M?(K) be a Banach space of all bounded complex
measures on K . If K is a locally compact group, then M®(K) becomes a Banach algebra
considering convolution as product of algebra. Harmonic Analysis on this algebra was
investigated for many years and it is successful to extend many results about real numbers
to arbitrary locally commpact Abelian cases. But, if K is not group, convolution is not
defined in many cases. Hence it is a problem how we construct Harmonic analysis in this

case.

Almost 20 years there are many contributions about various kinds of convolutions on
measure algebras and unified theory on measure algebra is going to glow up to sufficient
style. It looks like now this theory will be applicable for many branches of analysis. Above
all measure algebra induced by orthogonal polynomials is considered by many mathemati-
cians and there are many remarkable results around these topics. In this note we shall
explain the fundamental part of the theory.

2 Hypergroup
Let K be a not necessary group and locally compact space. We shall consider
M*(K)
i.e. a set of bounded complex measure on K. If there is a convolution on
MYK)
and furthermore there is an involution

r—T

in K and it becomes a Banach algebra by total variation norm, then we call K to be a
hypergroup if the following conditions are satisfied :



(1) (g, v)—pxv is a bilinear, non-negative,weakly continuous map as

MY K)x M*(K)—M*(K)

(2)

€z * €y

is a probability measure with compact support for every z and y € K, where e, is a point

mass at z.

(3) there exists an element € of K such that e * e; = e, * e, = ¢, for every z €K and
€€ Support(e, * ey) if and only if
zT=y

(4) The map K x K — ®( K) defined by ( z, y) —e, * e, is continuous by Hausdorff-
Michael topology, where ®(K) is a set of all compact subsets in K.

It is clear that K is a hypergroup if K is a locally compact group and convolution is
defined by the usual way.

If K is a hyper group, then we can define the fundamental operator called translation
operator in the following way:

T*fy) = [ F(2)ex * &)d(z)

where f is a continuous function on K with compact support.

If e;*ey =eyxe; forall z and y € K, then K is called commutative. In the following
we assume that K is commutative.

It is known that there is a Haar measure wg in K in the sense :

wr(T°f) = wr (f)
forall z € K.

Wy

is unique except positive constant.



We shall define convolution of  and v in M b(K) as follows :

prv= [ [Th(y)p(dz)v(dy)
for heC*(K).

In order to consider the dual of K , we shall consider a continuous function y of K. x
is called a semicharacter of K if

for z,y € € K.
A semicharacter y is called character if it is not identically zero and bounded with
hermitian property in the sense that

We denote K* to be a set of all character of K. Then K* becomes a hypergroup as it is
known in the case of group. It is known also that K* is compact if K is discrete and K™ is
discrete if K is compact. In this case it is known also that K and K™ are in dual position
to each others i.e. Pontrjagin duality principle is valid.

The topology of K* is defined as same as group cases.

3 Polynomial hypergroup

Let us consider polynomials of d-dimensional complex plane C(zy, 23, ..., 24).

Let K be a countable set corressponding to a family of polynomials Py in one-to-one way
with discrete topology. Let { Py, k€K } satisfy the following condition (P,0) :

Let K, be a vector space generated by polynomials P, of the family { Py } with degrees
below than or equal to n

(P,0) all P, with degree below than or equal to n constitute a basis in K.

Under this condition, we can write uniquely as follows :

P,'.Pj - Z Ci,j,kPk-
k

Hence we can define convolution of point mass as follows:

(P,l) €, ¥ €; = Zk Ci5,kCk

By the rule of (P,0) , and if there is an involution mapping in Kand K can be considered
as a hypergroup, then we call K to be a polynomial hypergroup. Hence, it is not sure that
K is a polynomial hypergroup even if K satisfy (P,0). In many cases, the condition that



K is a polynomial hypergroup is quite restricted. It is clear that My(K) is an algebra by
the rule of (P,1). In any way it is difficult to define involution in K.

We shall consider the following in the case that K is a polynomial hypergroup.

1. What is a semicharacter of K.

2. What kind of spaces is homeomorphic to the dual of K.

3. What is involution of K.

Theorem 1 A semicharacter y of a polynomial hypergroup K is determin ed by an
element z such that

Xz(k) = Pi(2).

Theorem 2 Let K be a polynomial hypergroup by the family { P; } satisfying (P,0).
Then the dual hypergroup of K is homeomorphic a subset of d-dimensional complex plane
such that

K* ={x.:2 € C%| Puz) | <1,P-(z) = Py(z)fork € K}

Hence
K*

is homeomorphic to a compact set in C¢.

Theorem 3 Let { X1, X2,..., X4 } be one dimensional polynomials which are corre-
sponding to elements of K. For the involution of hypergroup K ,there is an correspendence
¢ {1,2,....d} — {1,2,...,d} such that z; = z4().

By this rule, we can determined whole rule of the involution of the hypergroup.

Next,let a family of polynomials satisfying (P,0) and these polynomials are assumed to
be an orthogonal system with respect to an measure 7 of C¢. The family of polynomial is
denoted by {Px;k € K} . Then we have the following theorem:

Theorem 4 Kisa hypérgroup if and only if the following conditions are satilsfied:

(P,2) there exists some zy € C? suh that Py(z) = 1 for all k € K.

(P,3) For every k € K, there exists an element k_ € K with Py = P-.

(P,4)

/ PP Pdr >0  for all kjleK

In the following , I will show an example of a polynomial hypergroup.
A family of the following polynomials depending to o and f.

PP (2) = (=1/2)/(a + 1)1 = 2) (1 + 2)Pd* [dz*((1 — 2"+ (1 + 2)**F)

The system of such polynomials is called Jacobi polynomial and the hypergroup induced
by Jacobi polynomials is called Jacobi polynomial hyergroup.



The condition that it becomes a hypergroup is the following:

(a,B) € R?

and
a> B> -1 (a+B+1)(a+f+4)>(at+6)> (a—p)’ (o’ +2ap+ p —5a 58 —30)
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Correction In Hokkaido University Technical Report Series 35 In Mathematics

We should read “LP-convergence of an extended stochastic integral, 11" by
Toshitada Shintani in p56 ~ p61 as the following :
p56 — p60 — p59 — p58 ~+ p&T — pbl.

IEERFHFARGE  Series 35 DIERE

P56 ~ p61 OFBBLBED [ LP-convergence of an extended stochastic integral,
1] BROBFTHATT S0,
p56 — pB0 — pb9 — pb8 — pbT — pb1.



