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On a piecewise linear link isotopy group

Dedicated to Professor Yoshie Katsurada on her 60th birthday

By Kazuaki KoBAavAsHI

§ 1. Introduction

Throughout this paper we shall only be concerned with the piecewise
linear category of polyhedra and piecewise linear maps (for the PL-category,
[see 12]). The purpose of the paper makes a study of a group of order
preserving ambient isotopy classes of (n, &, p)-links L=(S", jCJlS’j‘) in the me-
tastable range.

In §2 we shall define a group SI(n, %, ) of (n, k, p)-link isotopy classes
in the strong sense under n—%=3 (Cor. for Th. 1) and we will intro-
duce a concept of cobordism between (#, k, p)-link isotopy classes. Their
cobordism classes form an abelian group < (n, &, ¢) provided n—%>3 (Th. 1).
In §3 we will introduce a homotopy on the group SI(n, &, ). Then their
homotopy classes form an abelian group & (7, % ) (Th. 2). In §4 we
introduce a group LM (n, %, pr) as follows, called the (n, %, p)-link matrix
group. Let LM (n,k, 1) be a set of (¢ x p)-matrixes of the form

1 1 1
e 22 23 ............... 2[[
Z% e lg ...............
Al Aeeeinnennnnnnn. e

satisfying that 1) 1% is an element of #,(S* *7!)
2) e is the identity element of 7,(S* *') and
3) Z=(—1r+a
Then LM (n, k, p)(n=k+ 3) becomes an abelian group under the usual
sum operation of matrixes. We will study relations between SI(n, %, p),
£ (n, k, p), & (n, k, p) and LM (n, k, 1) under some conditions.
SI(n, k, )= < (n, k, ) provided n—%,>3 (Th. 4): < (n, k, p)= (n, k, p)
provided 2#2>3%4+4 (Th. 5 and 6). Hence we shall obtain the following
main result of the paper.

THEOREM 7. SI(n, %, p) is isomorphic to LM (n, k, p) provided 2n>3k
+4.
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§ 2. The strong link isotopy group and the link cobordism. group.

In the paper a manifold, say M, is an orientable combinatorial manifold.
Then oM and IntM stand for its boundary and its interior.
Let S*, D™ be standard n-dimensional combinatorial sphere and disk and

CJSQ", Lng‘ be disjoint unions of g-spheres and disks of dimension k2. Let
F=1 F=1

I=[—1,1], I,=[0,1] and 4, be a k-simplex. We shall always assign an
orientation to a manifold and we shall consider a manifold pair V=(M, N)
(where the inclusion map NCM is proper in the sense of Zeeman). Ho-
meomorphisms will be orientation preserving unless otherwise stated. Set
theoretic notations such as C, =, ¢, Int when applied to oriented objects
respect orientations. ‘

DerFINITION 1. For the sake of convenience, a locally flat (s, k)-sphere
pair L=(S", L,JJSf) is called an (n, &, p)-link and a locally flat (n, &)-disk pair
j=1

B=(D~, CJD}‘) is called an (n, &, p)-braid for k=0. As we consider links and
J=1
braids, it is assumed that n—%=2 throughout this paper without mentions.

If B=(D*", C)Df“) is an (n+1, k+1, p)-braid, then it is obvious that
F=1

0B=0(D"*, CJD’;“)z(aD”‘“, 0 oD5™) is an (n, k, p)-link. When 0B=L, we
always assurilzé oD% = S*%, j=1j,=.‘12, e,

DerFINITION 2. Let L,=(S", L”J %) be an (n, &, p)-link, i=1,2. We say
L, isotopic to L, if there is a levjefl1 preserving homeomorphism, that is, an
isotopy H of S™x I, onto S™x I, satisfying

1) H(x,0)=(x, 0), zeS™ and |

2) H(j@l . 1)=(jOl %, 1), and written L, L,.

The set of (n, k, p)-links is classified by this equivalence relation into
classes which are called (n, &, p)-link isotopy classes. We denote the set of
these classes Iso(n, &, p).

We can define the same thing for braids and denote the set of (n, &, p)-
braid isotopy classes Blso(n, k, p).
DerFiNiTION 3. Let Li=L,. We say L, strong isotopic 'to L, written

L,=L,, if the isotopy H of Definition 2 satisfies the following condition 2)
instead of the above 2);

2), H( lkj; 1)=( kj’ 1)9 j=1,2,"'a)a'
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The set of (n, &k, p)-links is classified by this equivalence relation into
classes which are called (n, &, p)-link isotopy classes in the strong sense. We
denote the set of these classes SI(n, %, #). We can define the same thing
for braids and denote the set of (n, &, p)-braid isotopy classes in the strong
sense BSI(n, k, p).

DeriNiTION 4. Let L,=(S%, LIJ %) an (n, k, p)-link, i=1, 2,.
J=1

We say that L, is equivalent to L, if there is an orientation preserving
homeomorphism G of S™ onto itself satisfying the conditions ;

” n
1) G(USH)=USE
j=1 i=1
27
2) G|JUSY is orientation preserving.
F=1

]
Throughout this paper we will always assume that G| U .S¥% is orienta-
J=1

tion preserving (or reversing) provided that G is orientation preserving (or
reversing).

We can define the same thing for braids. The sets of (n, k&, p)-links
and braids are classified by this equivalence relation into classes which are
called (n, &k, p)-link types and braid tpyes respectively.

REMARK 1. Two links L, and L, belong to the same link type if and
only if they belong to the same isotopy class by [2].

DerINITION 5. If two links (or braids) say L, and L, belong to the
same link type and if the homeomorphism G of Definition 4 satisfies the
following conslition 1) instead of 1);

1), G( lk.i)= fj’ j=192""s;‘£3
we say L, to be equivalent to L, in the strong sense. The sets of (n,k, p)-

links and braids are classified by this equivalence relation into classes which
are called strong (n, k, p)-link types and strong braid types respectively.

REMARK 2. Two links belong to the same strong link type if and only
if they belong to the same strong isotopy class by [2].

DerINITION 6. The standard (n, k, p)-pair is the pair [ ]=(D", (JD?)
=1

such that there is a commutative diagram

U D% ? s A T
Jj=1

D« (A* < I)x I *!
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where B is the proper embedding satisfying B(Dj) = 4" x {—1 + pfl{l}’

j=1,2,---,¢ and s is a canonical homeomorphism.

An (n, k, p)-link L is trivial if L is equivalent (or equivalently equivalent
in the strong sense) to the boundary of the standard (n+1, 2+ 1, g)-pair and
an (n, k, p)-braid B is trivial if B is equivalent (or equivalent in the strong
sense) to the standard (n, k, p)-pair. We shall denote both the trivial (#, &, ¢)-

link type and braid type by 0. Let L=(S", OSﬁ) be an (n, k, p)-link and
i=1

B=(D", UD") be an (n, k, p)-braid. I D:icS% j=1,2,-,p, D*CS* and

D*NSt=D% j=1,2,---, 4, then we call B is contained in L, denoted by
BOL.

Similarly if B=(D~, U Dk) is another (n, %k, p)-braid, then we say B is
contained in B(BcB) if DjCIntD j=1,2, -, ¢, D*cInt D" and DN D%
=D j=1,2,---,p. Let L,=(S5", US’;) be (n, k, p)-links, i=1,2 and B;=

(D, UD3j) be an (n, &, p)-braid. We will denote Bs——LlﬂLz if Drc.S~,
n 3ja J 1 2 0 S{“zﬂSzj— (]¢l) U—D”ﬂ D3j and
CJ % 1nduce orientations on U Df, which are opposite to one mduced from
= =1
jﬂ
U S3;
J=1
REMARK 3. If B=(D", U D% is a trivial (n, &, #)-braid, then there exist
i=1
an orientation preserving homeomorphism H of D* and a commutative

diagram same as Definition 6 ;

u
U D*

x 1
J=1 j=1

x 0
lc o le .|
D D (4F x I) x Im=*-1

where (D7, CJ ﬁ’j) is a standard pair. Joining B( LpJ D% each other by simple
- F=1

2 1—

p+1’ r+1

and let the resultant complex be X. Then 4*xI X and hence (4*x1I)

x [""*\(Xx0. Hence D" is a regular neighborhood of H 's(X x0).

arc A% x [ 1+—=— ] in 4*x I where 4* is the barycenter of 4*

LemMa 0. If L=(S" u t) and B=(D", U D%) are both trivial (n, k, p)-
J=1
link and braid respectwely such that BC L, then the complementary braid
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L—B=(S"—Int D*, U (Si—Int D)) is also a trivial (n, k, p)-braid.
=1
Proor. Let []=(D"*, CJ D%*Y) be a standard (n-+1, £+ 1, p)-pair such
j=1
that

O D~§‘+1 B Ny a2 &
J=1
- l x0
= S
D+« (A/c+1 xI)x Ir—%1

is commutative. Since L is a trivial link, there exists an orientation pre-
serving homeomorphism H of S* onto 95" such that H(S%)=aD%",

J=12 - p
Furthermore we may suppose that BH| L#J D% is properly embedded in
j=1

4*x I where 4% is a face of 94*"'. We construct a complex X in 4*x 1

same as Remark 3. Since B is a trivial braid, using Remark 3 D~
and H 's((4*xI)xI"*') are regular neighborhoods of H's(Xx0) mod

Lj (S5—Int D%) in S™. Then there is an ambient isotopy of S” moving D"

=1

onto Hl's(4*xI)xI"*7') keeping H 's(Xx0)U U (St —Int D%) fixed [6,
i=1

Th. 1]. The end of isotopy throws (S*-— Int D", O (S%* — Int D%)) onto

H's (ﬁ(U@A"“)xI” k-1 ﬁ(U 04%+1) % 0), which is trivial, where 84%*'=a45*"
—H(D%) (Dj) Hence L—B is tr1v1a1
LEmMmA 1. Let B,=(Dg, U %), 1=1,2 be trivial (n,k, p)-braids. If

B,=B,NB,=aB,NdB,=(D;", L'J 51 4s a trivial (n—1, k—1, p)-braid such

that DnnDn_aDnnaDn Dn 1 Djanj'—aD{cjnanj"Dsj > J= 1’ 2’ Tt M
then B,UB, is also a trivial (n, k, p)-braid.

Proor. Since B,;, i=1, 2, 3 are trivial braids, there are homeomorphisms
H,;, i=1,2,3 of D; and commutative diagrams

L#J ij LI‘J ﬁfj i=1, 2 and CJ O D

i=1 3=1 J=1 i=1
1c H, lc lc: H, 1(:
Dy —— Dy | Dyt 2 Dy

o

where (D7, U Df) i=1,2 and (D77, LIJ D% are standard pairs.
i=1
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We may suppose that Dy '=9DyNoD; and Di'=0DfNoDf, j=
1,2,---,¢ and H;=H,NH, Hence we obtain the following commutative
diagram,

” HUH PR ‘3 Uﬁ
U (DS U D)~ U (Dl U Dfj)——— (4t x U < 1)
Jj=1 ‘D3j Jj=1 ng_]
1 : x 0
(1) IC HUH, _ <~ 51U,
D U D3 » DY U D% —(dExDyx I" 1 (ds < I)
ot o771 w Jn—%-1,

If 45N 4f is a common (k—1)-face of the boundaries, there is a homeo-
morphism 4f U 4 — 4%, [11. Lemma 1}.
So there is a commutative diagram

(4> I)U (4 x I) - A4t x T
: ax
(2) x 0 1><0
(e D) I"#=1 (4 x I) x [*~41 « P (4 Dx I+t

where a: 4 U 4 — 4* is a natural homeomorphism and where 1 is the identity
homeomorphism. From (1) and (2), B,U B, is a trivial (n, &, y)-braid, complete
the proof.

LemMma 2. Ler B,=(Dy, UDL) be (n,k, p)-braids such that B,NB,
J=1

=0B,NaoB,= (D}, U DY is a trivial (n—1, k—1, p)-braid. If B, is trivial,
7=1
then B,U B, is equivalent to B;.

Proor. Using [11] we may suppose that the homeomorphism a of
Lemma 1 is satisfying the condition

1) a:4tUdi—4d;

2)  al|odf—Int (4f N 4f)=identity.

Then by Lemma 1 we obtain the commutative diagram,

_ UDj i . () b, Pe AEx T
~ ~ ax1
0 DU Dt 2T (Bt U B PO s x DU <)
C l — x0
DruDz U H, rf);‘UDﬁLUSZ (45 I)x In=* U (df x I) x Ir—*1
l (@x1)x1

H, N
~ py : by —— 2 (45 I) x I+
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Hence we may define H=H,'s,(ax1x1)(s,Us,) " (H, Uffz)
Let B=(D~, CJ D’;) be an (n, k, p)-braid and B=(D"*", U D} ) be a trivial

(n—1, k—1, p)- brazd such that BcdB. Since B is a tr1v1al braid there exist
a homeomorphism H of D*! onto D*™' and a commutative diagram

" [ B

U D! Di Y — s A1 T
i=1 i=1

lc H lc 5 lxo

o~

Dn-—l D‘n—l (Alc——l X I) % In—lc—l

We construct a complex X in 4*!'x I defined as Remark 3.
Let N be the second derived neighborhood of H 's(X x 0)U GD§‘ in D~
i=1

Since the complex H's(X x0)U 0 Dj is collapsible, N is an #n-ball [12. chap.
i=1
3].: And the inclusion OD§ C N is proper.
i=1

LEMMA 3. The braid C=(N, U D%) is trivial.
J=1
Proor. Let N, be the second derived neighborhood of D} in D, j=
1,2, .-, p. Then N;CN and N, N UD’*—D’c If D"\\Dy; and (D}, D*) is an

unknotted ball pair for any n-balls D" Dp and k-ball D*, then (D, D) i
also an unknotted ball pair (see [5. Cor. 10]).

Since N\\N; and (N,, D% is an unknotted ball pair, =12, - p [5,
Cor. 10], (N;, Dj) is an unknotted ball pair for j=1,2, ---, .

And since it is obviously that U DY is split each other in N, C=(N, (JD’;)
i=1 i=1
is a trivial braid.

LEmMmA 4. Let B,=(Dy, U i) be (n, k, p)-braids, i=1, 2, and B,= (D3,

L’) Di)=B,NB,=8B,N 3B, be a trivial (n—1, k—1, p)-braid. If B, is trividl,
then B,U B, is equivalent to B,.
Proor. Let []=(D"Y, U D% ") be a standard (n 1, 4—1, p)-pair. Since

B; is trivial there exist a homeomorphlsm H:D;y'——D*!' and a com-
mutative diagram,

O Di u e B gixr
=1 j=
%0
lC H l s 1
=1 Drt (4F 1 x I)x [*=%1,
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Let X be a complex in 4*7'x I defined as Remark 3.
Then (4%~ x I)x I"#\4*'x INX. Hence D 'U U DE\H's(X x0)
51

U U %. Let N be a regular neighborhood of D;™'U U D% in Dp. Then
J=1

N collapses to XU U Dzj Hence B=(N, U Df) is a trivial (n, &, p)-braid by

Lemma 3. Then by Lemma 2,B,UB is equlvalent to B by homeomorphisms
G: D} U N—N such that G(D4UDY)=Df;, j=1,2, -+, p and G|aN—Int D}
=identity. Hence B,UB, is equivalent to B, by extending to the homeo-
morphism G : Dy U Dy — D by taking the identity on Dj—Int N, completing
the proof.

LemMa 5. Let L=(S*, () S%) be an (n, k, p)-link and B,=(Dy, U D5),
i=1 i=1

i=1,2,--¢,m be trivial (n, k, p)-braids. ]f each B, is contained in L and
disjoint from each other (that is Dijﬂ =¢, DyNDr=¢ for i#p) then
there is a trivial (n, k, p)-braid B= (D" D") such that B, BC L for each
B,. |

Proor. Since B, -+, B,, are disjoint from each other, there is a trivial
(n, k, p)-braid B,CL such that B, B, ---, B,, are disjoint from each other.
Let B,,.,=L—Int B, then B,,., is a locally flat pair. Since B, is the trivial
braid, 0B,=9B,,+, is a trivial (n—1, k—1, p)-link. We take a trivial (z—1,
k—1, p\-braid B=(D"", U D% in 9B, such that Dj'cadDg, j=1,2,---, 4,

D**coD;. Then there are a homeomorphism H of D* onto D" and
a commutative diagram,

O Di p

i=1

ﬁ,/;—l A5 1 T
1
x 0
lc & 1o, |
Dn—l Dn—l (A/c 1% I) < In—/c——l
We construct a complex X in 4*'xI as Remark 3 and let N be

a regular neighborhood of H's(X x0)U U D%, in Dp,,.
j=1

TCx

Then the braid B=(N, U Dt .y, is a trivial (n, &, p)-braid by Lemma 3 which
is the required braid. o

LeMMA 6. Let B, be trivial (n, k, p)-braids, i=0, 1, 2, such that B, B,
c B, B,=(Dzg, U DE). Then there is an automorphism G of D such that
G(Dy)= Dy, G(jl=)1{,3) and G (D)= D{;,. Furthermore G is isotopic to the identity



On a piecewise linear link isotopy group 87

with an isotopy G, te[0, 1] which keep 0D}, O oD§; fixed.
j=1
PrOOF. Since B, is trivial, there is a commutative diagram,

»®

ID({}

) LA
=1

J
x0
lc H ,LC s l
v D” (4x < I)x I* %1,

B ——
o

J

27 27 . v
Let A_’;+1(F>=AkX|:~1+—;z—_iT_€, ""1+ #_{-1 +$:|CA}CXI, ]—1, 2,"', ‘Lt, O<6
2

Sm. Since BH(Df)c B(Int D% CInt 4%+ (e), i=1, 2, there is an auto-
morphism %; of B(D%) such that k,8H (D%)=BH(D{;) and k, is isotopic to
the identity which keeps B(dD%) fixed, by [2. (I). Th. 3].

Then k; can obviously be extended to an automorphism K, over 4%*!(e)
so that K; is isotopic to the identity by an isotopy which keeps 045" ()
fixed. Hence there exists an automorphism K over 4*xI so that K is
isotopic to the identity by an isotopy which keeps (4, x I —jL"Jl Int 451 (e)) fixed
and K|Int 45 (e)=K,.

We can extend K to an automorphism G over (4% x I)x I**! by G(xz, £
=(K(x), t) for xed*x1I, teI"*' which is isotopic to the identity and keeps
(4* x I— U Int 454 (e) x I** fixed. Let G=H"'sG. Then G is the required

=1
automorphism which is isopopic to the identity.

LEMMA 7. Let L=(S*, U S%) be an (n, k, p)-link and B, B, be trivial
i=1

(n, k, p)-braids sucn that B,, B,C L, B;,=(Dy, O %), 1=1,2. Then there is
J=1

an automorphism G :S5*—S8" such that G(Dy)=Dy; and G(D})=Df, j=
1,2, -, p. Furthermore G is isotopic to the identity by an isotopy G,.
Proor. We may assume that B, and B, are disjoint, otherwise, using
Lemma 5 and 6, we make them disjoint. Then by Lemma 5 there is
a trivial (n, &, p)-braid B,=(D;, U Dt)c L such that B, B,CB,. By Lemma
=1
6 there are an automorphism G of Dj and an isotopy G, which can be
extended to the whole of S” which is identity outside of Dp.
The extension is denoted by also G, G, respectively. Then by the
choice of G and Lemma 6 it can be easily checked that they satisfy the
conditions of Lemma.

LemMmA 8. Let B,=(D7, LﬂJ 5 1=1, 2, be (n, k, p)-braids and B;= (D37,
i=1
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Dé‘j W=0B,NoB, be (n—1, k—1, p)-braid.

n C=

Let Di=Df,UDj§;, and D*=DyUD;. Then (D7, ¥ D% is an (n, k, p)-
J=1

braid.

Proor. Let U be a triangulation of D™ such that pairs of subcomplexes
U, of U cover D}, i=1,2,3. Let x be a point of UD" It xeDj—Di;t,
the pair (St(x, D*), St(x, D%)) is flat. If wxeD%;, then (St(x, D), St(x, Dj))
=(St(x9 D{l) St(x )) (St(x DZ) St(x’ 2 ))7 Where (St(.il‘, D?)? St(x, lej»
N (St(x, D), St(x, Dzj))—(St(x Dz, St(x, D)), which is flat because B; is
locally flat. ‘

Then by Lemma 2 (St(x, D), St(x, D%)=(St(x, D} U Dy), St(x, Df; U Df))
is flat. Hence B,UB, is an (n, &k, p)-braid.

Similary the following is proved.

Lemma 9. Ler B,=(Dy, }’J ) be (n, k, p)-braids such that DN
1

=anj="—a gj’ l=1’ 2’ s D{‘ﬂD;‘=8D1=—aD2 -
Let St=DfUDg, j=1,2,---,p, S*=DyUD; be k-, n-spheres. Then

(S*, U SE) is an (n, &, p)-link.
i=1

LEmMa 10. Let B=(D", j[] DY) be an (n, k, p)-braid and L,=(S", j(j S&),
=1 Z1
i=1,2 be (n,k, p)-links such that L,NL,=B. |

Let St=(S5USE-Int DX, j=1,2, -, ;. Then (S*, U S%) is an (n, &, p)-

J=1
link.

Proor. Let xeS%t I xeSEH— D% i= 1,2, then (St(x, S™), St(x,S%))
=(St(z, S*), St(x, S¥)) which is flat. Suppose that xedDj. Since L; and B
are locally flat pairs, the pairs (St(x, S*), St(x, S7;)) and (St(x, D") St (x, DY)
are flat. Since (St(x, S™), St(x, SE))=(St(x, S*—Int D), St(z, —Int D%))
U(St(x, D*), St(x, DY) and the intersection of the summand is (St(x oD™),
St (x, dD%) which is flat, (Stx, S*—Int D*), St(x, S§;—Int Dj)) is flat by
Lemma 2, i=1, 2. Since the pair (Sz(x, S*), St(x, S%) = (St(x, S} — Int
D™, St(x, St,—1Int D%)U (St(x, Sg—Int D), St(x, S§—Int D)) and since the
intersection of the summands is (Sz(x, D), St(x, 9D%)), (St(x, S™), St(x, Sj))
is flat by Lemma 1. Hence L is an (n, &, p)-link.

LemMmA 11. Let B=(D7, jo D% be a trivial (n, k, p)-braid and H is an

=1

orientation preserving automorphism of D" such that H (D) =Dj j=
1,2, -, . Then H is isotopic to the identity.

Proor. Let us call the lemma proposition B(n, k, pr). By proposition
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L(n, %k, 1) we shall denote the similar proposition concerning with a trivial
(n, k, p)-link L. The proposition B(n—k, 0, ¢) is trivial. In the first place
let us prove that the proposition L (nz—1,%.—1, ) implies the proposition
B(n, k, pt). Let H be an automorphism of D" such that H (D% = D% j=
1,2, -, p.

Then 0H is also an automorphism of 8D* such that 0H (8D%) =oD",
J=1,2,---, . Then by L(n—1,k—1, pr) 0H is isotopic to the identity, that
is, ther is a level preserving homeomorphism G :9D"x I,— D" x I, such
that G (x, 0)=(0H (z), 0), G(0D%, t)=(D% ¢), j=1,2, ---, p and G(x, 1)=(x, 1).
Let us define a homeomorphism a:9(D" x I,)—ad (D" x I,) be taking a|D"x0
=Hx0, alodD"xt=G|oD"xt, tel, and a|D"x 1=identity.

Since B is a trivial braid, BxI,=(D"xI, OD;foo) is also trivial.
J=1 -

Hence there is a commutative diagram

I "o ﬂXl
U D x I, U D% x I, (4% < I)x I,
J=1 F=1

lCX1 H lCX1s><1 ‘lXOXl

D" x I,——— D" x I, — (A< I)x I" %1 x I,
where 1:1,—1, is the identity map. Let Di=y,+0D% j=1,2, .-, where

¥; is an inner point of D% Then we may assume that (yj, %)=P(<A’“, —1

ﬂ2+j1 ), %) where 0=H '(sx1)(x0x1) and 4* is the barycenter of

45 Let p: (A xI)x I"* ' x [,— (4 xI)x [*"** x I, be an automorphism

defined by p((ﬁ’“, £), £, %):((ﬁfc, ), b, el pl(x, 8),

Ly ty)=(sx 1) "HaH (s < 1) ((x, &), &, t;) for any ((x, t,), &, t;)e d(4* x I) x I~ *?
1

< 1)) and p((y, 8), &, 2,) = A <(_'/i"“, t), 7>+(1 — ) ((sx1)"*HaH (s x 1)) (=, t),

t29 t4) prOVided ((y9 tl), t29 t3> = 2 ((jka tl), t29 ';'—)_‘_(1—2) ((x’ tl)a t29 t4)' We deﬁne

a homeomorphism K:D*xI,—D"x 1, by K=H '(sx1)p(sx1)'H.
Then K is a required isotopy. Next, let us prove that the proposition
B(n, %, ¢) implies the proposition L (n, %, p).
Let H be a homeomorphism of S* such that H(S%)=S% j=1,2, -,
By virtue of Lemma 5 and 6, it is assumed without loss of generality

that there is a trivial (n, &, p)-braid B(D", Cj DY)c L such that B and H(B)
5=1

are disjoint. Then again by Lemma 5 and 6, H is isotopic to an automor-
phism G of S* such that G|D"=identity. Since L and B are trivial, L—

> for any tel, t,el” %71,
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Int B is a trivial (n, &, g)-braid by lemma O.

Then by B(n, k, ) we may construct an isotopy K between G|S*—Int D"
and identity on S*—Int D" which keep 9(S*—IntD") fixed. Then G is
isotopic to the identity on S™ and so H.

DerINITION 7. Let (S*,S*!) be a standard sphere pair, (i.e, an un-
knotted sphere pair) and let S*—S"'=D2UD?. Choose thin cylinders
D} x D’ embedded in S*,j=1, 2, -, # satisfying

1) (DyxDHN(U(SHUSHCSEUSE, j=1,2, -, 1

2) (Dyx DYNSEH=0x D (Djx DN SE;=1x Df where D;=[0, 1] and

3) % induces an orientation on 0xD; which is opposite to one
induced from Dix D% and S% induces an orientation on 1x D% which is
opposite to one induced from Djx Dj.

Since Sf;Ud(D}x D)U S —OxInt DiUIxInt D% is again E-sphere S,
(n, k)-sphere pair L=(S", U S’}) is also an (n, &, p)-link.
J=1
Let [ be strong (n, &k, p)-ltnk type containing L. We define the sum to
be [=1I,+1,.
LEMMA 12. The sum defined as above is well defined under n—k>3,

so that the set of strong (nm, k, p)-link types SI(n, k, pr) from a commutative
semigroup with 0 (the trivial type) provided n—k=>3.

Proor. Since n—k=3, d(Dix D%, j=1,2, -, ¢ are embedded locally

flatly in S”. Then by Lemma 10 L=(S", U S%) is an (n, k, p)-link. We must
Jj=1

prove the sum is independent of a choice of (1) the embedding of Djx Dj;

(2) representatives L,.
(1) Let D}x D% be another cylinders is S?, j=1, 2, ---, p satisfying

1) (DJXDk)n(U(S kj))c kUSécj, j=1,2,"',[,!

2) (.DjX.D)ﬂSlj—-OXDk and

3) (Dix D%)NSLH=1xD% where Dj=[0,1].

Since there is an automorphism f;; of S% ¢=1,2, j=1,2,-.-, # such that
fo;(D% =D and since f;; is isotopic to the identiiy by [2 (I)], we may suppose
that 2) (Dix %NSEH=0xDj

3 (DyxDjNSy=1xDj
by an isotopy extended on the small neighborhood of U (SUUSZJ)
Next since D}x D% is a regular nexghborhood of the arc DY mod 8D},

there is an ambient isotopy G of S™ which keeps 0O (St,U S%;) and such that
J=1
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. ~ # . .
G (D x D% = Dy x D% provided n—%>=3. Hence L =(S" U S%) is ambient

isotopic to the link L =(S", U S") in the strong sense where S%=S%Ua(D}
x D% U St —OxIntD"leIntD"
(2) Let Li=(S U %), i=1,2 be other representatives of [, satisfying

U SleInt D% and U Szjclnt D*. And let l’k)}xﬁ’;,j=1, 2, ---, ¢ be cylinders
=1
1n S” satisfying 1) 2), 3) same as Definition 7.
*
Then L=(S* ().8% is an (n, & p)-link by Lemma 10 where S:=SY,
J=1

* * * * X *
UoDjx DY USE—0xInt DEUL x Int D% Since L; and L, i~— 1, 2 are strong
isotopic, there is an amblent isotopy F' of S” such that F ( =S8k, i=1,2;

j=1,2, -, p. Let F(Dix Df)=D}x D%, then L=(S", UF(S")) (S, G§k) is

also an (n, &, p)-link strong isotopic to L Where St =Sk U a(D}x DU SE—0
x Int B5U 1 x Int D~

Then L is ambient isotopic to L by [12] provided n—%.=3. Hence i
and L belong to the same strong isotopy class /.

Consequently, the sum /,+/7, is well defined. The commutative and
associative laws follow from the definition of sum and Lemma 7.

And the trivial type is cleary O.

DEFINITION 8. Let / be an (n, %, p)-link type with a representative

(n, k, p)-link L=(S", U S%. We say [ is link cobordant to zero, written [~0,
J=1 _

if there exists an (n+1, 2+ 1, p)-braid B=(D"*, U D% such that aB=L,
j=1

that is aD"'=S% j=1,2, ---, ¢ and D' =S~
Clearly the definition is independent of the reprsentative L.

We define the link type —/ to be represented by —L=(—S5%, U (—S%)
i=1

where L=(S", U %). Let [, be strong link types, i=1,2. We say [, is link

cobordic to I, ertten li~Il, if I,—1,~0. The link cobordant is a symmetric
relation provided n—%.>3.

LEMMA 13. Let n—k>3 and let 1., I, be strong (n, k, p)-link types such
that [,~0. Then I,+1,~0 zf and only l,~0.

Proor. Let L,,——(S" S%), i=1, 2 be representatives of /,.

Choose thin cyhnders DjxD’;- embedded in S™ same as Definition 7,
then L=(S~, 0 S%) is a representative of /,+/, by Lemma 12 where S5=3S};

J=1
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Ua(Dj; x D USE—0xInt D5U 1 x Int DA,
In the first place, suppose l,~0. Same as Definition 7 we may suppose

U S@CD" and U D2, Since /,~0 and [,~0 there are (n+1, k+1, y)-
braids B,=(D"", u Dif") such that 8B,=L,.

And we may suppose U Dff*c D™ and U Dif'c D*** where Dy*'N.S”
=D% and D*M'NS*=D~. We push Dijnt D’j‘, 7j=1,2,---, ¢ in Int D**!
slightly. Then B=(D", U DEY is an (n+1, k+ 1, p)-braid using Lemma 8

such that 0B=L where D"+1 Dty D x DiU D, and hence [, + [,~0.
Next, suppose that [, +/[,~0 and l~0 Then there are (n+1, k+1, p)-
braids B=(D"", U DY and B=(Dp*, U DffY) such that 9B=L=(S,, US’;)
J=1 =

and 6§1=L1=(Sn, U S{“j). We suppose D**'N Dptl= S" and DN D =S,

j=1,---, p. Since USUCD" we may suppose UD"’“‘CD{‘;’1 where Dt
i=

1
=Dy'ND;. Then L=@DUDY, U(ShU@ED)xDj)—1xInt DY) is

||C1:

an (n, k, p)-link strong isotopic to L2=(S,,, U S%).  Clearly o (D**'u Dp*,
i=1
0 (D5 uDEY) =T
J=1
Hence 7,~0.

- LEmmA 14. For any strong (n,k, p)-link type [, [—I~0 provided
n—k=3. '

Proor. Let an (n, &, p)-link L=(S,, U S%) be a representative of / and

B a trivial (n, %, p)-braid (see the first part of the proof of Lemma 5),
(L—IntB)xI is an (n+1, k+1, p)-braid.

Then (L—IntB)xI)=(L—IntB)U@BxI)U(—L—Int(—B)) where (L
—Int B)N(@Bx1)=0B, (—L—Int(—B))N(@BxI)=—0B. Since BU@Bx I)
U(—B)=0d(Bx1) is a trivial (n, &, p)-link, d((L.—Int B)x I) is a representative
of /[+0—! by Lemma 12. Since (L—IntB)x1I is an (n+1, k+1, p)-braid,
we have [—[~0.

-

THEOREM 1. Link cobordism is an equivalence relation between strong
(n, k, p)-link types under n—k>3. Link cobordism classes form an abelian
group L(n,k, p) under the sum operation. The identity element 0 of
L (n, k, ) is the class of the strong link type 0. For a link cobordism class
L containing a strong link type l, the inverse — L is the class containing —I.
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Proor. By Lemma 14 link cobordism is reflexive. It is clearly sym-
metric. To prove transitivity suppose that ,—Zl,+1,—l;=(l,— 1)+ ,—[;~O0.
By Lemma 14, /,—[,~0 hence Lemma 13 implies /,—1,~0, proving transi-
tivity and the link cobordism is an equivalence relation. Next suppose that
li~1, and l,~I,. Since (L+0L)—0+ L) = —1)+ ([,—1,)~0, L, +1,~1l,+1, by
Lemma 13. Hence the sum is well defined. Since the sum operation of
link types is associative and commutative and since the inverse exists by
Lemma 14, this complete the proof.

CoroLLARY. When n—k =3, the commutative semigroup of strong
(n, k, p)-link types become a commutative group under sum operation.

(We also denote this group SI(n,k, p)). For a strong link type | with
a representative L, the inverse —1 is the type containing — L.

Proor. It is sufficiently to show that /—/ becomes the class containing
a trivial link. By Lemma 14 /—/~0 and using [10. Th. 7] I—! is the class
containing a trivial link provided n—#%=3.

Complete the proof.

§ 3. The link homotopy group.
DEFINITION 9. Let / be an (n, %, p)-link type with a representative
(n, k, p)-link L=(S™ ng];) and O be a trivial (7, &, p)-link type with a repre-

roo . % .
sentative L,=(S", U S%). We say [ link homotopic to zero, wtitten [~0, if
i=1
there is a map
]
G: U S < I,—>S" satisfying
J=1

1) G( 3‘,,0)=S’;, J=L12 ., p

2) G( gj’ 1)=~§’ J=12,-, p and

3) G(S&, NG (S, t)=¢ for any t€l, and i#j.

We say that [/, is link homotopic to [l,, written llr’iflz, if ll—lzriO. When-
ever n—k=3, the link homotopy is obviously well defined and an equivalence
relation between strong (n, &, p)-link types and the set of strong (n, &, p)-link
types are classified by this equivalence relation into classes which are called
(n, &k, p)-link homotopy class.

By the sum operation given by Definition 7, the set of link homotopy
classes form a commutative semi-group with 0 provided »—£=3 (link homo-
topy class containing the trivial type). #We now prove the existence of
inverses.

LeEMMA 15. Let I be an strong (n, k, p)-link type. If l is link cobordant
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to zero, I is link homotopie to zero.
Proor. Let L=(S", U S) be a representative of /. Then by the as-
sumption there exists an (n+41, 2+ 1, p)-braid B=(D"*!, U D% such that

dB=L. We take a trivial (n+1, k+1, p)-braid B=(D"*, U D%y such that

BcB. Then Di+t —1Int DA =aDi* ! x I,=S%x I, and D”“—Int Drti=gDrt
x I,=58"x I,= aD”+1,<I =S”x I, where S*=oDm+!

Although U S"xIOCS x 1, is not a level preserving, it is a proper
embedding ¢ such that ¢ (S% 0)=8D%"'c (8", 0) and ¢(S% 1)=S5c(S”,1). And
we may further suppose that ¢(SYt, £), (53, ), -+, g(S%, ¢) are contained in the
same set (8™ ) for some %I, Let p S x I,— 8" be a projection onto the
first factor. We define a map G: U St x I,— 8" by G=pg. Then G is

the required homotopy between [ and 0.
Hence we define the inverse of the link homotopy class containing I by
the class containing —/. Therefore we obtain the following.

THEOREM 2. The set of (n, k, p)-link homotopy classes forms an abelian
group by the sum operation provided n—k>3. We call this group (n, k, p)-
link homotopy group and denotes H (n, k, p).

'§4. The structure of L(n, k, p), H(n, k, p) and the related results.

It is obviously that L (n, &, 1) is equivalent to knot cobordism group
defined by [11].

Hence the following is obvions.
THEOREM 3.

L(n,k, 1) = {0} if n—k=3 ' [13]
= {0} if n—k=2, n=even [8]

= infitely generated if n—k=2, n=3 [1]

n>>5, odd [8].

THEOREM 4. The group Sl(n, k, p) is isomorphic to the group L (n, k, p)
provided n—k>3.

Proor. If a strong (n, k, p)-link type [l is equivalent to the trivial type,
it is obvious that / is link cobordic to zero.

Conversely [/ is link cobordic to zero, it is equivalent to the trivial type
provided n—%.=3 [10. Th. 7]. And there is a natural homomorphism of
SI(n, %, pr) onto L(n, k, ). Complete the proof.
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Denote by V4,87 %! the Wedge of spheres Sp=t-1\/ ...\ S2=41,
Given an (n, &, p)-link L=(S", U S"-) there exists a map ¢ of \V4_,S3~%1

in the closure of the complement X of U S% in S*(i.e. X=85"— U S%) whose

homotopy class is well defined by the condltlon g(S77 %1 is homotoplc in

X to an (n—k—1)-sphere 9D} * which is the boundary of the fiber of
a tubular neighborhood of S% and with linking number +1 with S%

LemMMA 16. If n—k>3 we obtain the isomorphism =m;(V 5877 *71)
=7r,(X) for i<n—2 induced by g.

Proor. Using Alexander’s duylity theorem (see [9]), we obtain
H.(X; Z)y=H((St; Z)=|Z7 %2 if i=n—k—1
=1
0 otherwise.
And H,(X)=Z since X is connected and

H,_ ,(X)=G where G is some abelian group, for example G=Z if p=2.
On the other hand

H (V585747 = (

Z+ - +Z  i=n—k—1
Z i=0

0 othersise.

Hence H(X)=H,(\V4-,S77 %) for i=<n—2. Since both X and V4.,S77*!
are simply connected provided n—% >3, ¢*: 7,(V45.,87 % )—m(X) is an
isomorphism for i<7—2 by the theorem of J.H.C. Whitehead (see [9]).

LEmMA 17. Let L=(S* U S%) be a homotopically trivial link. Then
Jj=1

L belongs to a trivial link type provided 2n=3k+ 4.

Proor. By Lemma 16, X is (n—k—2)-connected. Since L is a homo-
topically trivial link, S% is homotopic to a point in S*— U S for all j.

i+J

Since (n—k—2)—(2k—n+2)=2n—3k—4>0 and since 2n=3%k+4 implies
n—k=3 for all positive integers n, k, using Zeeman’s Unknotting Theorem
[12, Chap. 8], the link L is ambient isotopic to the trivial link for 22=3%+ 4.

THEOREM 5. There exists an zsomorphzsm between £ (n,k, p) and
& (n, k, p) provided 2n>3k+ 4.

ProoF. There is a natural mapping w of £ (n, %, ¢) onto & (n, &, p)
such that it maps a link cobordism class containing a strong link type [ to
a link homotopy class containing /. The mapping @ is a homomorphism
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because o ([L,]+[L)=w([L,+L)={+1}={l}+{l.} where[ ] and { } mean

cobordism class and homotopy class respectively. Next we will show  is
I3
an monomorphism. Since /,~/, implies /;,~I[, by Lemma 15, it is sufficient

to show that llrz-'l2 implies /,~[,. Since ll—lzin, the strong link type
[=1,—1, is homotopically trivial. Hence / is a trivial link type by Lemma
17 under the condition 22=3%k+4. Hence /,~/[,. Therefore w is an iso-
morphism.

DeFINITION 10. Let LM(n, k, pr) be set of (ux p)-matrixes A of the

form A=(e 2 23 --ooceeeeenens A, | satisfying that
2% e 2:23 ............... 2;2:
QLB e, ,2;;_1 e

1) 2% is element of z,.(S**71)
2) e is the identity element of x,(S* *7?)
3) A= (,Zj) where e=(—1)""*%
We call this matrix (n, &, g)-link matrix. Then LM/(n,k, ¢) becomes
a group under the operation * such that

e 2y A3 e A |*[e K} K} ------ K!1=[e 2%-K} ----- Kl

2 2
By e Z KieKj - K2 B goeennenns 2. K2
AL Ay weeeeeens Ay e Kt Kgveenn. K e yIEY AT e

where - is the operation on x,(S" *°'). Hence LM (n, &, 1) becomes an ad-
ditive group under the usual sum operation of matrixes because r,(S* *71)
is the abelian group under n=%+3. We call it the group of the (n,k, p)-
link mairixz and denote also LM (n, &, p).

THEOREM 6. There is an isomorphism between % (n,k, p) and
LM (n, k, pt) provided 2n>3k+4 and there is an epimorphism of & (n,k, ¢)
onto LM (ny-k;p) provided 2n>3k+3 and n—kz3.

Proor.*r First we will show that there is a map of & (n, &, ¢) onto
LM(n, &, p). Let L=(S" U S") be a representative of a link homotopy class

{1} contalmng a strong (n k p)-link type I, then S¢¥CS" defines an element
2% of m (S** N=x,(S"—S% ({#j) under the condition n—%.=3 and Lemma
16. Then S%cS™ defines an element A} of 7,(S" * )=x,.(S*—S%) under the
same conditions and 2}=(—1)""*2% by [12. Chap. 8].

And we define e for i=j formally. Let I =(S", U §%) be another rep-
. 5=1
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no ~

resentative of {/}. Then L~L and S% defines the same element of z,(S" *71)
as 2% corresponding to S% Hence L and 7. have same (n, k&, p)-link matrix
and this map is independent of the representative of {/}. Converely let

A=le At ----ee-ee AL be a given element of LM (n, k, pr). We shall
2% e 22 ......... Zf‘
AL Ay e 2::_1 ) e

construct a (n, k, p-)link L having a given (n, %k, p)-link matrix. Let L,
=(S7, US%), 1=1, 2, ---, ¢ be trivial (n, &k, p—1)-links and g, : St—(St— U S7)),
F#i F#+

i=1,2, .-, # be continuous maps such that g,(S%) represents the element 2}
of 7,(S?—S%) for i>5 and the identity e for 7<j.

Since 7,(S7— U S5)=xn,(\V S2 %) for p<n—2 provided n—k=3 by

J+e F#+2
Lemma 16, there exist embeddings f;:S%—(S7— U S#) homotopic to g,
F*+e

i=1,2, ..., p provided 22=3%k+3 and n—k=3 by Irwin’s Embedding Theo-
rem ([7], [12]). Hence L,=(S?, U S5UL:(S%)) is an (n, &k, p)-link such that
F#%

f:(S%) represents the element 25 of #,(S” * )=, (S7— U S%) for ¢>j and e
I J#L

for i<j. Let I, be a strong (n, k, p)-link type containing L, constructed
above. We construct a connected sum S*=%S7, i=1, 2, ---, ¢ satisfying
STNSt = (S?—-JEQ:S;% Ufi(S::ci» N (ST —j*9+1S§+1j Uf;:+1<Sf+1,¢+1>> =D7, 1,2,---,p—1
and S7NS%=¢ if j#7i+1 or i—1.

Let I=0;+1,+ --- +1,. Then it is obviously that ! is a strong (z, &, p)-
link type having a given (n,k, p)-link matrix A. Hence there is a map
% (n, k, p) onto LM (n, k, ) provided n—%2=3 and 22=3%k+3.

Furthermore it is easy to show that this map is a homomorphism.

Next we will show that the epimorphism defined above is an isomor-

phism provided 2n=3%k+4. Let E=(e e ---+-+-+---- e| be the identity of
€ € e ;.... e
e e oooooooooooo e

LM (n, k, pp) and L=(S", L“J S% be a representaitve of E constructed as above
under the conditions n—j/ezlgB and 272=3%k+3. Since Sfeceen (S; * )=n. (S
—S% for any j#i provided n—%=3 and since g,;:rk(S’}"“'l)=7r,c(j\;{¢S§"‘“1)
=7m:(S*— U S%) using Lemma 16 and [4] under the condition 2n=3%k+4,

*cee nk(g:’f—jng’;). Hence for any i, S% is homotopically trivial in S*— U .S%

ey

and hence L is homotopically trivial link. Therefore & (n, &, )= LM (n, k, r)
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provided 2n=3k+ 4.
From Theopem 4, 5 and 6 we obtain the main result.

THEOREM 7. SI(n, k, p) is isomorphic to LM (n, k, ) provided 2n
>3k+4.
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