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On Riemannian manifolds satisfying a certain

condition on the curvature tensors

Dedicated to Professor Yoshie Katsurada on her 60th birthday

By Kazunari YAMAUCHI

§ 0. Introduction

If a Riemannian manifold M is locally symmetric, then its curvature
tensor R satisfies

(*) R(X,Y)R=0 for any tangent vectors X and Y,

where the endomorphism R(X, Y) operates on R as a derivation of tensor
algebra at each point of M. As a converse problem, there is a following
conjecture by K. Momizu ([1]).

CONJECTURE. Let M be a complete, irreducible Riemannian manifold
with dim-M=3. If M satisfies the condition (*), then M is a locally sym-
metric space.

For this conjecture, K. Nomizu gave an affirmative answer in case that
M is a complete hypersurface in a Euclidean space ([2]). P.J. Ryan gave
an affirmative answer in case that M is a complete hypersurface in a space

of constant curvature ([3]). Furthermore there are some results in this
direction.

In this paper we shall prove the following theorems

THEOREM 1. Let M be an n+ l-dimensional Riemannian manifold
satisfying the condition R(X,Y)R=0, and M(dim-M=5) be a hypersurface
of M whose curvature tensor satisfies the condition (*) If M satisfies
L =2(=constx0), 1<i<n, then M is a space of constant curvature, where
R and R are curvature tensors of M and M respectively, and 2, is a eigen-
value of A, A is a field of symmetric endomorphism which corresponds to
the second fundamental form h, that is, h(X, Y)=9(AX, Y) for tangent
vectors X and Y.

THEOREM 2. Let M be 3-dimensional Riemannian manifold whose

curvature tensor satisfies the condition (*). If the scalar curvature K of
M is constant, then M is a locally symmetric space.

I should like to express my hearty thanks to Prof. Y. Katsurada for
her kind suggestions and many valuable criticisms.
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§1. Proof of Theorem 1.

The following is a purely local argument. Let U be a neighborhood
of a point €M on which we choose a unit vector field £ normal to M.
For any vector field X and Y tangent to M, we have the formulas of Gauss
and Weingarten

P.Y=PVyY+h(X,Y)¢E,
Pig=—AX,
where 7 and F denote covariant differentiation for M and M respectively.
Using these formulas we have the following equation
R(X,Y)Z=R(X, Y)Z—(AXNAY)Z+{:h) (Y, Z)—(F+h) (X, Z)}¢,
where, in general, XAY denotes the endomorphism which maps Z upon
9(Z, Y)X—g(Z, X)Y, g being the Riemannian metric of M.
At a point €M, let {e,, &, --€,} be an orthonormal basis of the tangent
space Tx(M) such that Ae,=le;, 1=i=n.
LeMMA: If A,=2A=const, then (F h)(Y, Z)=0.
Proor. (Fxh)(Y,Z)=X-h(Y,Z)—h(FVxY,Z)—h(Y,VxZ)
| = X-g(AY, Z)—g(AV:Y, Z)—g(AY, VZ)
=X-9(AY, Z)— gV x(AY)—(VxA)Y, Z)—g(AY, V xZ)
=g9((F:A)Y,Z).
On the other hand, we have
FrA)Y =V (AY)—AFxY)
=VxAY)—FV Y
=XAY+WY—-FY
=0.
Hence it follws” that
FPzh)(Y,Z)=0.

In the following computation, assuming that any two indices in 4,7, &, [,
have not the same value, we have

: (R (ei, e;) f?) (s €;)e; = [I? (es, €,), R(es, e,)] e;,—R (I—é (e, €;) €, e,) e,
—R (e'i’ R (€5 €5) ez) €;
= R(e, e;) (R (€;, €)e;— 22(0,,€,— 0 je,)>
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—Rle,;, e,) (R (e;, €5)e;— A (0,6, — 5“-6]-))
—R (R (€5 €5)€;— A2(0s,6;— 0y0e;), e,) e;
—R (ei, Re;, e;)e,— 22(0, 6, — Buej)) e;
= R(e,, €)(Rlen, )€;)— 2R5u(3, 0,—d0re))
—R(e,, &)(Rle, €,)e;) + R, (0,16,—b.ve,)
+2(Rle, €)e,— 2(0uei—duey))
—R(Rles €)) e, &) e,— R,y (8,s6,—b1e,)
— 2 (R (e, €)e;— 1(0,56;— 5jje,)>
—R <e¢, R(e;, e)) él)ej + 2R;; (0, €,—045e,)
= (R(es €5) R)(e,, ) €;+ XRuzue; + 2(Riu—Rjp)e,.

Hence we obtain

lzR.;le == O >
2 (Rwa—Rtjjz) =0 s
2 (Rriil—Rrjjl) =0 (r=1,j, l).

Under same computation, we have
(R (eg, e_,)R) (ek, el) €; = <R (ei, ej) R> (ek, el) €;— Zsz'tklei _ ZZngle,, .

Hence we obtain
ZZRch/cl =0 ’
2Ry =0,
2R, ;=0 (r+i, 7, k,1).
From the above results we have
Rwu =0,
Rz‘jjz =0,
R, = Ruu (p;tz@ .
The sectional curvature 2(X, Y) for the plane spanned by X and Y is
given by

g(R(X, Y)Y, X)
(X, X) g(Y> Y)—(g(X, Y))Z'

o(X,Y)=

Let X=a’e;, Y=0’, then using R,;;=0, R;;;;=0, we have
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5 (@P- SO 0(X, Y) = g(Rla'e, pe;)bes, d'e,)

= 5P LE-n.

. J=1
Hence it follows that
PX,Y)=¢p

Therefore M is a space of constant curvature since the sectional curvature
P(X, Y) does not depend on the direction.
§ 2. Proof of Theorem 2.

Now we can see that there is an orthonormal basis {e, e, e;} at each
tangent space of M such that

(2. 1) Ros=a, Rugz=0b, Rpy=c,
otherwise zero. From (2.1) we have
R(e;, ;) = Ry j55e./\ ey
From the following relation ;
(R(ew €)R) (er, &) =[Rlew €,), Rlex, €)]—R(Rles, e))er, @)
—R(ex, Rlew, €))e,)

we find that it is zero except in case that k=i, and /=17, j(=j). For this
case we have

(R(ew, €)R)(€e €) = Ropis(Run—Rau)es Nes
Thus we see that condition (*) is equiya/lent to
(2.2) Riyes (Rmz_émz) =0
From (2. 2) we have

alc—b)=0,
b(c—a)=0,
clb—a)=0.

We consider the following two cases
I a=b=c
I1. a=b=0, cx0

In case of I, clearly M is a space of constant curvature.
In case of II, we obtain
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R12=R13=R23=R11=O:
Rzz = R33 = stza .

From the Bianchi’s identity, we have

VIR1k+VzR2]C+V3R3k - %VkK.

Let us put 2=3. Then we have V;R;;=F;R,,=0.
Putting £2=2, we have V,R,,=V,R;;=0.
From the Bianchi’s identity we have

VlRllcji + VZRij'$ + V3R3kji = V‘ZRj/c - VjR‘ik .

Put j=k=2 and i=1, then V,R,=V ,R;;=0.
Hence it follows that
VJRik = 0

Therefore M is a locally symmetric space.
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