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On necessary and sufficient conditions for
L2-well-posedness of mixed
problems for hyperbolic equations 1I

Dedicated to Professor Yoshie Katsurada on her 60th birthday

By Rentaro AceMI and Taira SHIROTA

§ 1. Introduction
We consider hyperbolic mixed problems (P, B,) in a quadrant R, x R% :

Pu=f in >0, £,>0, e R* !,

Biu=0 (j=1,---,1) in t>0,z,=0, ¢ R* !,

fu=uwu, (k=0,1,---,m—1) in t=0, 2,>0, £’€e B*!
where R? ={x=(x/, x,)e R" ; x,>0}, a,=§;, ij=(—i)—aa?, P=P(, x;0, D,)

J

is a strictly z-hyperbolic operator of order m and B,=B; (¢, 2';d,, D,) are
boundary operators of order m;<m. Furthermore P is assumed non-
characteristic with respect to the hyperplane x,=0.

This paper consists of two parts. The first part (§2 and §3) is con-
cerned with constant coefficient problems for homogeneous operators P and
B,. In previous paper [2] we assume that {B;} is normal; that is, m;xm,
if j2%4 and the hyperplane x,=0 is non-characteristic for B,;, However,
when {B,} is not always normal, it will be suitable for our purpose to use
the following

DEeFINITION. The mixed problem (P, B;) with homogeneous initial con-
dition is L*-well-posed with decreasing order v (v=>0, an integer) if and
only if there exist positive constants a and C such that for any f with e *
feEH (R, x R7Y) the problem has a unique solution u with e uec H™ (R,
x R%) satisfying

L= -]
Z S S‘ e—Zat
J+lalgm-1J0 J R}

§C Z SS e—Zat
J+lal<vdo R:‘_

In §2 a necessary and sufficient condition for L?-well-posedness with
decreasing order v is given by the terms of compensating function (cf.

(07 Dzu)(¢, )| dt d
(1. 1)

@Dz f) (¢, x)f dedx .
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Theorem 4.1 in [2]). In §3 we show that under the L?well-posedness with
decreasing order v Lopatinskii’s determinant R (zy, ¢,)#0 for Re 7,>0 and
g, R"! is equivalent to the fact that B, (z,, g,, 4) are linearly independent as
polynomials in 2.

The second part is concerned with variable coefficient problems. In this
part we always assume that {B,} is normal. For initial data U (¢) = (z,,
, -, U, ;) We set up a convenient function space & (£,); that is, U(z)
€% (t,) if and only if w,€e H™ *(R?) and satisfy the compatibility condition

mg
b, D)u,=0 on t=ty,x,=0
293, 0

where
” 5
Bj (t’ x, 5 at, Da:) = Z bj.k (t’ x' > Dx) af-
k=0

DEeFINITION. The mixed problem (P, B;) is strongly L*-well-posed if
and only if there exist positive constants T and C such that for an arbi-
trarily fixed time t,€[0, T') the problem (P, B;) with feH((t, T)x R%) and
U(t) €& (t,) has a unique solution ue E°((ty, T), H*(RZ)N --- NE™ (&, T),
H®(R%)) which satisfies energy inequalities

(1. 2) ault, Was S CUU @+ | 1505, 3 )

(1.3) liele, it < CAU@I+ | 1765, )l )

Jor any telt,, T], where
Mool I = 35105 ) (@, s
IUEIE = 2l (s
W= 33 { 1D5) @) da

In §4 we show the following: If a variable coefficient problem (P, B,)
is strongly L?-well-posed, then each constant coefficient problem arising from
freezing coefficients of their principal parts at a boundary point is L*-well-
posed (with decreasing order v=0), provided that the corresponding Lopatin-
skii’s determinant R(z, 2'; 1,0)%0 on the boundary. Combining this and
results in [1] we obtain a certain characterization of strongly L?*-well-posed
problems with real boundary condition for the case of second order.

This note is the supplement of our previous papers [1] and [2].
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§ 2. Necessary and sufficient condition

In this section and the following we consider constant coefficient pro-
blems (P, B;) with homogeneous initial condition. Here P and B, are homo-
geneous operators. '

We take Laplace transform in ¢ and Fourier transform in x and
#(z, 6, 2) and #(z, 0, x,) denote the Fourier-Laplace image of u(¢, 2/, z,) with
respect to (¢, x', z,) and (¢, =') respectively. By the assumption on P the
number /(m—1) of roots A (z,s)(A;(z, ) of P(r,0,)=0 in A which have
positive (negative) imaginary part, is independent of (r, 6)eC, x R"!, where
C.={reC; Re >0). ‘

Taking now Fourier-Laplace transform the problem (P, B;,) becomes
formally to the boundary value problem of ordinary differential equations
depending on parameters (z, ¢)eC, x R*:

P(c,0,D,,) é(z, 0, z,) = f(r, 0, z,) in z,>0,

(2.1) i
By(z,0,D, )% (r, 0, 2,)=0 (j=1,---,1) on x,=0.

Let R(z, 0) be Lopatinskii’s determinant ; that is,
R(z, o) = det (B, (s, 0, 2 (=, 0)))/ IL (45 (z, 0)— 2t (=, o))
>k

and R;(r, 0, x,) be the determinant replacing j-column in R(z,¢) by the
transposed vector (exp(ix,4 (z,0)), .-+, exp(iz,df (r,0)). Then R(r,s) and
R;(z,0,x,)(j =1, ---,1) are analytic in (r,0)e C, x R*. If R(, 0)#0 for
some (7, )€C; x R*, then it is well known that for any feCy(R,) the
problem (2.1) has a unique bounded solution z€C>(R,) which is written
by the form

Lo 1 (> e f(3) 1 (=
2.2 o z)= o L ot Ay S Gl s, 7, 0) fls) ds

where

G(xn’ S, T, 0) = —j

L, Ry(z, 0, x, B;(r,0,2) _ia
=1 I(Q(z-, o) >S[‘ P((z', o, 2)> e da

and I'=1I'(r, o) denotes a simple closed curve in the lower half i-plane
enclosing all the roots ;(z, o).

Let ¥, be the set {(z/,¢)eC.x R*'; |c'|*+|¢’|*=1} and Z, be its
closure. Furthermore let V be the zeros of R(z, ¢) in €, x R*! and V’ be
VN, V" and V° denote the complement of V' and V in 3 + and C,
x R~ respectively. Then we obtain the following
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THEOREM 2.1. Suppose that Rz, o) is identically not zero. Then the
mized problem (P, B;) is L*-well-posed with decreasing order v if and only
if the following condition is satisfied :.

For every (ry,00)€(Z+—2,)UV’ there exist a constant C(zq, 60) and
a neighborhood U (g, ao) such that

(2. 3) ]I(DﬁnG)(xn, s, 7', d')| £ (Hy(8>0), L*(2,,>0)) < Clzo, 00) (Re ')
for any (', a)eU(z;, a)N X NV and k=0, 1, ---,m—1, where

- | 2 gie>0, 22500 denotes the operator norm from Hjy(s>0) to L*(x,>0).

Since the proof of the theorem is accomplished by the almost same
cosiderations as those in Theorem 4.1 [2], we show only different points.

(I) SUFFICIENCY (EXISTENCE OF SOLUTIONS). Let S be the set {ce R™';
{R(r, o) is identically zero in z}. Then S is a null set with respect to
Lebesgue measure in R"™' because V is so'in €y x R In what follows
we assume ¢&.S and for (r,0)€Cyx R, , (z',d') denotes (p7'z, p~'o) where
p=(jc|*+ o]t

LeMMA A. There exists an analytic extension G(r,o) in t€C. of
G(x,, s, t,0) as an operator from Hi(s>0) to L*(x,>0) such that G(z,o)f
e H™ ' (x,>0) for fe Hi(s>0) and

|05, (G (e, )l ce,om
@4 <C(eh, ap) (Rec) = 04 3 007 |(DLF) (5) ds)?

for any (zy, 0;) with R(z,, 65)=0, (z, o) with (', ¢')e U(zs, ag) N(C'y x R*7') and
k=0,1, ---,m—1. Here C(t, a;) and U(z, ay) are the same ones in Theorem
2. 1.

Proor. If ¢,&S and R(zry, 0,)=0, then 7, is an isolated point in C,.
In virtue of (2.3) and the relations (D} G)(x,, s, 7, 0)=0* """ (D} G)(Px,, Ps,
', a') (=0, 1, ---,m—1), we obtain for feH;(s>0) and g€ L*(x,>0)

(57 (D%,G) (s 5, 7, 0)£19) s, §(2) 1y 50
=|(e@)dz,{; P+~ (DL, G) (P, Ps, ', o')f(s)ds]
=|erm (T 9P T mdxf; (DE,G) (%, 5, 7', ') f (072 5) |
2.5) <P g 2l resoll|; (D, G) (x5, 75 0) (07 5)ds| e, 50

< P4mHClrh, ) (Rex') o0 (5507 7 DL (07 )}
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= Clei, o) (Rez) ™ 07 454 lg | s s ( L 7 1D5S (071 5) 2 s

= Clzt, ai)(Ret) ™ 0 g e, 50 (L0 71D ) (5)|* s}

where (z,5) with (7/,d')e(r, a))NV'*°NY,.. In particular, it follows from
above that, with some C(z,, ay),

|(J5 (D2,G) (@ 5,7, 00) £(5) ds, 0(2) 5|

= Clzo, 00| f |z 19| 222,500
in a small neighborhood of z,, Hence <§: (D., G) (x,, s, 7, 6,) f(5) ds, g(xn)) Lz, >0)
has an analytic extension in €,. By Riesz theorem and (2.6) there exist

operators Gy(r, g,) (#=0,1, ---, m—1) from H(s>0) to L*(x,>0) such that
G(u(z, o) f, 9)z*w,>0 is analytic in €, and

(Gele 002 0) 1 sy = (1 (DE,G) (s 5,7, 00 £(5) s, 9(2)) 2o

for 217, In virtue of Banach-Steinhaus theorem there exist uniform
derivatives

(2. 6)

(GG 0 =lim i (Galeth o—Cule, o)) in £ (Hils>0), L*(2,>0))
dr a0 h »

such that
L (Gale 00 £, 0) e sy = ((g— Gy ) 00 g)
This shows that G,(r, ¢,) is an analytic extension in €, of Dz G)
(x,,, s, 7, 6,) as an operator from Hj(s>0) to L*(x,>0) and ||G,(z, o) f]| L2, >0)
is the same bound as (2.4). Since

(=1)*(G (0, 0015 DE,0) 1 5
—tim(=11([" G (@ 5, 7, 00 £15) s, (D%, 0) ()

Ll

L% (z,,>0)

L*(z,>0)

= lim (So (D G)(x,, 5, T, 00) f(s)ds, g (xu)>

T—'fo

= <§k (‘Z'o, Go)f; g)z’(z >0)

where G (z, 6))=G,(z, 0;) and geC? (R.). Dg (G (e, 00) f) is in L*(x,>0) and
equal to G,(zy, 0o)f. This finishes the proof

Let us set

L*(z,,>0)
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PSSO O e f (z, o, A) 1 ~ A
(2.7) @ (1, 0,°2,,). 5 Sﬂw Plr.o D di+ 5 G(z, 0) f(z,0,5)

where feCy(R,x R2). Then by Lemma A and the method of the proof
of Theorem 4.1 in [2] we have the following
LemMa B. d(r,0,7,)(c&S) is a solution in H™(x,>0) of (2.1) and
satisfies | ‘

lia(z, -, M- < C(Rer) 2V f(z, -, I,

2.8 ~ R 0
(2-8) N (z, -, iz, < C(Ret) 2| f(z, «, M2 (Rez=>0)

where
hate, - W = 5| oo 1(D2,0) (0 )P
Let us set
wlt, ) = (T}r)_S:Su i(c, 0, z,)dode  (a>0)

where feCy (R, x R%) and 4(r, 0, z,) is defined by (2.7). Then by Lemma
B u(z, x) is a solution of the problem (P, B,) which satisfies e-” ue H*( R,
x R7?), (1. 1) and

go 5 [ e |(Dotu) (¢, ) de da
i+ialsmd R xR7

(2.9)
<Cc ¥ § e (3! Daf) (b, D) de dc.
: F+lalSv+1 n

R xXR7
Ci(R,x R?) is dense in Hi"(RyxRi). By (1.1), (2.9) and the limit
process we obtain a solution u(¢, x) for fe Hy*'(R. x RY).

(II) NECESSITY AND UNIQENESS OF SOLUTIONS.

Lemma C. Suppose that for fixed 7,€C, {B;(to, 0, D, )} is normal in
a bounded open set DC R and R (7, 0)x0 for o€D. Let i(o, x,) be
a function whose distribution derivatives in z, up to m belong to L*(D
x R,). Then the problem (2.1) has the following uniqueness property ; that
is, if for any (o, x,)€Cy (D x R,) whose support in ¢ is contained in D

(P(TO’ g, Dxn)ﬁ" ¢>L’(D><R+5 =0 b
(BJ(TO’ g, Dxn) i xn=0>L’(D\ =0 (.]= 1, R l) >
then #=0 in L*(Dx R.).

To prove Lemma C we may use the dual problem.

A
xnzo’ SP
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LemMma D. Suppose that {B(ro, 00, D, )} is not normal and R(r, 60)%0.
Then there exist a point (%, &, sufficiently closed to (t,, 0,) and a normal
set {B;(7, 0,D,)} in a sufficiently small neighborhood D (3, such that
Lopatinskii’s determinant for (P(%, o, D, ), Bj(%o, 6, D, ))) does not vanish in
D(&,) and (P(%y, 0, D, ), B,(%,, 0, D, )) and (P(7, 0, D, ), Bj(zo, 6, D, ) (6€D(5,))
have the same solutions.

Proor. Let us set

’

™3
B,(r,0, D, )= Eobj,k(z', o)D; .

Here we may assume that m;<m; and bj',,,g (z, ) is identically not zero in
a neighborhood of (z,, 6,). Furthermore we may assume that R(z, ¢)%0 in
a neighborhood of (z,, ;). We carry out the following two processes in this
neighborhood : First if bj,m; (7o, 3o)=0 then there is a point (7, &, closed to
(70, @) such that b;,/(7,, 0)#0 in a neighborhood of . Thus we replace
B;(z,, 00, D,,) by bj,m;(%o, o) B,(zo, 0, D, ). Second, after the first process, if
mj;=m; then we replace B; or B, by B;,—B,. Remark that in these pro-
cesses it is invariant that Lopatinskii’s determinant does not vanish. Hence,
after each process, it does not occur the case that B, and B, (j#k) are
monomials in D, of same degree. Therefore Lemma D is obtained by
carrying out successively these processes from B; of highest order in D, .
To prove the uniqueness let #(z, ¢, x,) (Ret>a) be the Fourier-Laplace
transform of a solution « of (P, B,)(f=0,e *ucH"(R,x R%). Then for
an arbitrarily fixed point z, with Rer,>a the two equations in Lemma C
are valid for any &(o, x,)eCy (R ' x R,). From the proof of Lemma D we
see that the set Q of all the points (%, 5,) with ReZ,>a satisfying the con-
clusion in Lemma D is almost everywhere equal to {r; Rer>a}x R™.
Therefore it follows from Lemma C that #2=0 in L?(Q x R,), which implies
that for some a'(a’'>a) #(a’ + iy, 0, x,)=0 almost everywhere in (3, g, x,).
Now we prove the necessity of Theorem 2.1. First, in the proof of
theorem 4.1 in [2] pp. 142-144, a sequence {(z,, g,)} may be replaced by
{(z, )} where the conclusion of Lemma D is satisfied for each point (7, &,).
Here it may be assumed that if p— oo,
(Re#,y*1(|(D& G) (., 5, %, 5

O
£ (H ((8>0),L*(z),>0))
because [[(Df G) (&, s, 7, 0)|| 2 @ye>0),(z*m,>0 1S continuous in (z, o).

Second we use Lemma C in order to show the inequality in lines 7-10
in [2] p. 143. Thus we may prove our assertion as we have done in [2].
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§ 3. Lopatinskii’s determinant

In this section we prove the following

THEOREM 3.1. Suppose that a constant coefficient problem (P, B,) is
L’-well-posed with decreasing order v and R(z, o) is identically not zero.
Then R(z,, 00)#0 for (t4, 00)€C: x R, _, is equivalent to the fact that B, (z,,
60, A)(j=1, -+, 1) are linearly independent as polynomials in 2.

From Theorem 3.1 we obtain immediately

CorROLLARY 3.2. Under the assumptions of Theorem 3.1. and the
normality of {B;}, R(r, 0)#0 for any (z,0)eC,.x R* .

PROOF OF THEOREM 3. 1. R(zy, 00)#0 for (z,, 6,)€C, x R* is equivalent
4

to the fact that B, (z,, 6o, 2) are linearly independene modulo IT (1— A3 (o, a5))
i=1

as polynomials in 2. Hence the necessity is obvious.
Let us set By(o, 7, )= 2, b;,(r, 6)2*. Since B,(,, 0y, ) are linearly inde-
k

pendent, the matrix (b,,(z, ¢)) has rank /; that is, there exist (%, .-, &) and
a neighborhood U/(z,, 0,) in €, x R*' such that
(3.1) det (b,.4,(r, 0); 1 ¥ 1, -, 0)#0 in Ulzy, 00).

Using (3. 1) we can construct a function v satisfying
(3. 2) BJ(T, g, D-’C,,_)vlzn=0=gj (j=1, ...,l)

for any g,€C and (r, 0)€U(zy, 0). In fact, if v(z, g, x,)= )L‘_, g, (t, o) 2in (k1)1
h=1
then (3. 2) becomes to

4
hzzzlbj,kh(fa 0>vkh (T’ 0)=gj (j=1’ T l)'

In the rest of this section (z, ¢) are considered as parameters and belong
to Ul(zo, 00) N V°, where Uf(zy, 0o) is assumed, if necessary, sufficiently small.
Let «;, be a solution of the Caucly problem :

P(z,0, D, )u, = P(z, 0, D, )(pv) z,>0,
D u; =0 (=0, -+, m—1) xn%O
where e C3(R,) with ¢ =1 0<z,<2™") and ¢ =0 (x,>1). We consider
the problem : ‘
P(z,0,D, )u= Pz, 0, D, ) (pv—pu,) x, >0,
B,(r,0,D, )u=0 (j=1, ---, D) z,=0.
Since f=P(z, 0, D, ) (¢ (v—u,))€ C5’(x,>0), the problem has a unique solution:



On necessary and sufficient conditions for L2-well-posedness of mixed problems 145

_ 1 (= & f(r,0,2 1 ("
u(r,o,x,)= o Sﬁm Pl o ) di+ = So Gl(x,, s, t,0) f(r,0,s)ds

= 771 (T, g, xn) + 772 (T) a, xn)'

Since |P(z, g, A)2>C (Rez) (|z|*+ |o|2+ ||}, we obtain for some con-
stant C(z,, 6)>0

(3.3) 7, (z, o, xn)”Hm“(xn>0) < C(re 00)l| f(z, o, xn)”£’(ﬂ=,,>0) .

Furthermore it follows from the assumption and Theorem 2.1 that for
some constant C(z,, 69)>0

(3. 4) . (z, o, Zp)|l 22@y>00 < C (70, 00)ll f(z, 0, xn)”ﬂz(znw) .
From (3. 3) and (3. 4) we have ‘

(3.5) e (7, &, )|l 222,500 < C 20, G| f (7, 0, Za)ll g, >0 -
If we put w=¢v—opu,—u, w is an L*solution of

P(r,0,D, )w=0 z,>0,
B,(z,0,D, )w =g, (=1, ---, 1) x,=0.

Furthermore, by (3.5) and the construction of v and w%,, we see that for
some C/(z,, 60)>0

3.7 e (z, 0, 2250 < Clo 00) 3 01

(3. 6)

On the other hand, if R(r, ¢6)#0 then the problem (3. 6) has a unique solu-
tion in L?(x,>0) which is written by the form

3.8) wie, 0, z,) = 3 Km0l g,

Now we arrange the roots 1] (z, ¢) into g-groups {Af.(z,0¢) h=1,2,.--, k'}
(=1, -+, @) in a sufficiently small neighborhood U/(z,, ¢,) such that 23, (z,, o,)
= .o =% 1 (20, 3o). Let us set

Ten (5, 0, 2,) = exp (i, 41, (z, 0)) ,
1 1
7Flc,k('z-’ g, xn) = (ixn)hkls dﬁl ce dah—zs 0{L_2 s 01;—2 €xXp (ixnglc,h (T, g, 0)) dah—l’
0 0
1
B.I;’h(f, 0') = Sodal deh—2S {L_z 01;»2( ?—131) (T, o, gk,h(f, g, 0)>d0h——1 s

01,1 (7, 0, 0) = 2E1(z, )+ (L2, 0)— 2Ls (2, 0)) B +

e (27&_,7:(7’ 0)—12—,1;—1 (T, 0')) 61 0r_r (hZZ) .



146 ' R. Agemi and T. Shirota

Then we have

......

R, o)=| - e .|/ 40
B{CJC’(?’ 0—) ...... 2!: & (‘L', 0')
= R'(z, 0)/4(z, o),
Bf'l (T, 0') """ 7"/::,1 (77 g, xn) """ Béc’l (T’ 0')
Rj (‘L’, o, xn) — e e e eeiaes . / A(T, 0)
Bl,.c,k/ (T? 0) """ Tlc,lc’(?, o, xn) """ Béc,/c’(?_.’ 0)
= Rj(z, 0, 2,)/4(z, o)

where 4(z, 6)#0 in U(zy, 0,). If follows from (3 8) that

_ 5y A"z, 0) )
w (Ta o, xn) - g”(jé R, (‘Z', 0_) gj Tk,h (7'-7 o, x'n)

where A%”* is a cofactor of R'(r, ¢) with respect to B%*(r,e). Since
Ti.a(z, 0, x,) are linearly independent, it follows from (3.7) and the same
method in [2] p. 146 that for some C/(z,, 6o)>0

Sty

(j=1,---,I, k=1,---,q andh=1, ---, k).
By the definition of A%*(z, ) we have

R'(z, 0) = da(%?%?%) .

Hence it follows from this and (3. 9) that for some C(z,, ¢4)>0
R (z, 6) > C(z, 09) .

In virtue of the continuity of R(zr, ¢) we conclude that R (7, 65)>0.

< C(To, 0.0)

§ 4. Necessary condition for L?*well-posedness
(The case of variable coefficients)

In this section we consider variable coefficient problems (P, B;). Here
coefficients are smooth and constant except a compact set in R**.
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Let (P° Bj).., be a constant coefficient problem arising from freezing
coefficients of their principal parts at a boundary point (¢, 2/, 0) and R (¢, 2’ ;
7,0) be Lopatinskii’s determinant for the problem (P° BY),.), Then we
have the following

THEOREM 4. 1. Suppose that a variable coefficient problem (P, B,) is
strongly L*-well-posed and R(t, 2’ ;1,0)%0 for any boundary point (t, x', 0).
Then each constant coefficient problem (P°, BY), ., is L*-well-posed (with
v=0).

Proor. First we shall show that for an arbitrarily fixed boundary
point (z,, x,, 0) (0<¢,<T') the problem (P°, Bty with f=( and initial data
Ut)=(uo, thy, **+, Un_1) (0K, <T) is strongly L*well-posed. Here u,c C3(R?2)
for 2=0,1,---,m—1. By the assumption there exists a unique solution
v,€&%(t, T), H*(R7)N --- N E™((t, T), H°(R™)) of the problem (P, B;) with
/=0 and initial data V,(¢)=(vo,., V1. ***» Um-1,.) Which satisfy energy inequa-
lities (1.2) and (1.3). Here v;,.(x)=¢*u,(x'—x5) e, x,¢7"). Let us set u,
(5, 9)=v.(to+e(s—t), xg+ ey, ey,). Then u,(s, y) becomes a solution of
the equations :

fOI‘ se [tl, tl + €¥1 (T_' to))
P(ty+e(s—t), xo+ey, ey, ; e 10, e D) )u=0 in ye R,
4. 1) B;(ty+e(s—t), xg+ey’; 60,6 'D,)u=0 (j=1, ---, )
‘ in y,=0,yeR"",
with initial data (s=4¢,)
O u, =" vy, (Tt ey, eyn)
=u(y) (£=0,1,---,m—1) in yeR%.

Furthermore it follows from (1. 2) and (1. 3) that u, satisfy

lize, (5, Mim-1,e < CHU @)1,

(4.2) .
late (5, ilim,e < CNU @)]lom,

B<s<t,+e (T —¢))

where
e (s, W, = lae(s, Yo+ 2655, 2l

and |u (s, )|, denotes the norm obtained by replacing |a|<% in definition of
L2 (s, iz by |a|=£k. Therefore, by (4. 1) and (4. 2), there exists a weak limit
u(s,-) of a subsequence of {,(s,-)} in H™(R?) as ¢—>0 such that «(s, v) is
a solution in &°(z, T), H*(R)N - NE™((4, T), H*(R7:)) of the problem
(P°, Bj),.;y and satisfies the energy inequalities
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Iu(s’ ')]m—l < Cl U(tl>lm—l s
(s, ) < ClU @) -

Since R (%, z5; 1,0)%0 the problem (P° Bj),., has a finite propagation

(4. 3)

speed (See [6]). Hence the problem (P°, Bj),, ./, has a unique solution. Using

Poincaré lemma and the finiteness of propagation speed it follows from (4. 3)
that for any s (4,<s<7T) ‘

(4. 4) L2 (S, Moy L CENU@)|Ims

where C(s) depends continuously on s and propagation speed. Thus we can
define an operator G(s, #;) from initial data U(4)eCy (R%)™ to the solution

u(s, y).
Next we shall show that the problem (&, B))q,.; with feCs((0, T')x R%)

and zero initial data is L*-well-posed (v=0). Let us set
u@@=YG@@F®&
0

where F(s)=(0, -+, 0, f(s, x)). Then (¢, x) becomes a solution of the problem
(P°, B)), =y such that, by (4. 4),

(4. 5) lu(t, Mo <C@Of e HMede  (O<e<T)
By integrating (4.5) from 0 to 7" we obtain for some C(7)>0
(4. 6) [Thae e ae <o (s laae.

Therefore the problem (P, Bj)., ., with feC7((0, T) x R%) and homogeneous
initial-boundary conditions has a unique solution u€ H™((0, T") x R%) satisfying
(4.6). Only this fact is used in the proof of the necessity of Theorem 4.1
in [2]. Thus the proof is complete.

Finally we consider mixed problems of second order :

P = 63——2;} a;(t, x)0,0.,— Zn] A1 (2, X) 0 y0s, + first order term,
=1 F, k=1
n—1
B=23, — 2b;(t x)0,,—c(¢, 2')0, + h (¢, X)
im1

where f} a;(t, x)&,6,>0 for any non zero vector £€ R™ and all the coef-
k=1

ficients are real valued.
Combining Theorem 4.1 with results in [1] we obtain

THEOREM 4. 2. Suppose that R(t, 2’ ;1,0)x0 on the boundary. Then
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a wvariable coefficient problem (P, B) is strongly L*-well-posed if and only
if each constant cgefficient problem (P°, B°), .. is L*-well-posed (with v=0).

ReEMARK. Let (P° B’ denotes (P° B%,., for a fixed point (¢, &/, 0).
Then the following statements (I), (II) and (III) are equivalent :

(I) (P° B is L*-well-posed.

(ILI) Lopatinskii’s determinant for (P°, B°) does not vanish in C, x RB"™!
and (P°, B®) has no supersonic speeds.

(III) a,.c+a,=0 and the quadratic form H (o)= (@,.c+a,) (@,.e—)
— 2(au,c + a,) (@.,a —a,D)(a,,b + D) —(a,, + a2)(a,,b +Dd)? is positive. semi-
definite, where "

n—1 n—-1
e = Z Ajr0;0 b= a,;0;,
iz=1 =1
n—1 n—1
a=jz:aj0'j, b=2bj0'j (UER”‘——I).
-1 i=1

The equivalence (I) and (III) has been proved in [1] and other equiva-
lences are proved by using results in § 2 of [1] and [6].
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