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A GENERALIZATION OF THE MORITA-MUMFORD CLASSES
TO EXTENDED MAPPING CLASS GROUPS FOR SURFACES

NARIYA KAWAZUMI

Department of Mathematics, Faculty of Sciences,
Hokkaido University, Sapporo, 060 Japan

ABSTRACT. Let X, 1 be an orientable compact surface of genus g with 1 boundary
component, and I’y 1 the mapping class group of ¥, 1. We define a bigraded series
of cohomology classes m; ; € Hzi”"j_z(l‘g’l;/\j Hi(Yg1;7)),2i+5—-22>1,4,720.
When j = 0, the class m;1,0 1s the i-th Morita-Mumford class [Mo][Mu]. It is proved
that A7 (g1 A" H1(34,1;Q)) is generated by m; ;s for the case r + 5 = 2 and the
case g > 5 and (r,s) = (1,3). Especially the Johnson homomorphism extended to
the whole mapping class group by Morita [Mo3] has an implicit representation by
the classes mg 3 and mg ami,1 over Q.

INTRODUCTION

Let g > 2,r,n > 0 beintegers. Let X7  denote a 2-dimensional compact oriented
C*° manifold (i.e., compact oriented surface) of genus ¢ with r boundary compo-
nents and (ordered) n punctures. The group of path-components FO(Diﬁ‘_F(E;J. )
is denoted by T'? . (or M7 ) and called the mapping class group of genus g with
r boundary components and (ordered) n punctures. Here Diff 7 ( 37 ) denotes the
topological group (endowed with C*° topology) consisting of all orientation preserv-
ing diffeomorphisms of 2% - which fix the boundary components and the punctures
pointwise. When n = 0, we drop the indices: ¥, , = E?]y,., Fyr= I‘g,r and similarly
By = B0y, [y = T ;. Throughout this paper we denote by H1(2j ) the first
integral singular homology of the space X7, on which the group I'[?, act in an
obvious way provided that s > r and m > n.

By the eztended mapping class group we mean the semi-direct product

Lo = Hy(Bg0) @ I'7

The purpose of the present paper is to define a bigraded series m; ; of cohomology
classes of the extended group f;, which is a generalization of the Morita-Mumford
cohomology classes of the group I'y, and to investigate the ones of lower degree.
In §1 we prepare a theory of cohomology of pairs of groups, which 1s essential to
the construction of the classes in the succeeding two sections. The E,-term of the

1991 Mathematical Subject Classification. Primary 57R20. Secondary 1415, 20J05,
57R32, 20F36.
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Lyndon-Hochschild-Serre spectral sequence of the group I/?g; with respect to the
normal subgroup H;(X, 1) is given by

q .
EPT = HP(Ty 15 \ H'(Zg1))-

So the classes m; ; induce cohomology classes m; ; of the group I'y 1 with values
in A"HY(Z,1). When j = 0, the class m;4q 9 is the i-th Morita-Mumford class
[Mo][Mu]. In §4, in order to see the non-triviality, we evaluate the classes myg o,
my 1 and mo3 and prove that H™(T, 1; A" H1(2,,1;Q)) is generated by m; ;s for
the case r + s = 2 (Proposition 4.1, Theorem 4.3, Corollary 4.5) and the case g > 5
and (r,s) = (1,3) (Theorem 4.4). Especially the Johnson homomorphism extended
to the whole mapping class group by Morita [Mo3] has an implicit representation
by the classes mg 3 and mg ams 1 over Q.

The author would like to express his gratitude to Prof. S. Morita and Prof. A.
Kohno for helpful discussions.

Conlents.
§1. Cohomology of Pairs of Groups.
§2. Mapping Class Groups.
§3. Construction of Cohomology Classes.
§4. Fvaluations.

1. Cohomology of Pairs of Groups.

In this section we define cohomology groups H*(G, H : M) of a pair of groups
(G, H) in the most naive sense. Denote by C*(G; M) the normalized cochain com-
plex of a group G with values in a G-module M.

Let G be a group, H a subgroup of G, and M a G-module. We denote by
H*(G, H; M) the cohomology group of the kernel of the restriction map

res : C*(G; M) — C*(H; M)
and call it the cohomology group of the pair of groups (G,FH) with values in the

G-module M. Since the restriction map res is surjective in the cochain level, we
have a cohomology exact sequence

(1.1) - - H"YH;M)— HY(G,H;M) — HY(G; M) —~ HY(H; M) — -- -,
In a natural way the cup product
U: H* (G M"Y H*(G,H; M") — H*(G,H; M' @ M")

is defined.
Let I¥ 4 G be a normal subgroup satisfying the condition

(1.2) HE = G.

Then we have the following Lyndon-Hochshild-Serre (LHS) spectral sequence [HS].
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Proposition 1.3. There is a spectral sequence converging to H*(G, H; M) whose
B, term Is given by

EXT = HY(G/K; HY(K,K N H;M)).

It should be remarked how the quotient group G /A acts on the cohomology
group H*(K, K N H;M). Since K is a normal subgroup of G, the group H acts on
the normalized complex C*(K, I N H; M) by

(h-e)m1y--eyan) = h(e(h  arh,...,h 2, b)),

where h € H,c € C*(K,KNH; M) and z4,...,z, € K. For any element h ¢ KNH
consider a homotopy map

®=9¢,:C"K,KNH;M) - C" (K, KNH;M)

given by
n—1 )
(Pre)(z1y- -y @) = Z(—l)]c(asl, cesi by R by AT Y, 1),
3=0

This map is well-defined and satisfies a homotopy equation
(d®p +@pd)c=h-c—c (Vec C*(IK,KNH;M)).
Hence the subgroup KNH acts on the cohomology group H*(I, KNH; M) trivially.
From the condition (1.2) and the Second Isomorphism Theorem we have a natural
isomorphism
G/K=H/KNH.

Thus the quotient group G/ acts on the cohomology group H*(IK, I N H; M).
Let M, My and M3 be G/K-modules. Suppose

Z, ifq=n,
(1.4) HYK,K 0 H;Z) :{ a=n
0, if ¢ > n.

Then the spectral sequence (1.3) induces a homomorphism

(1.5) m: HP(G,H; M) — HP "(G/I{; M),

which is called the Gysin map or the fiber integral. As usual we have
(1.6) m(uU ™) = (mu)Uv € HPYI ™G/ My @ My),

for u € H?(G, H; My) and v € HY G/ K; My).
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2. Mapping Class Groups.

From now on we consider mainly the mapping class groups I'y ; and F}_],l‘ First we
remark that the surface E;_l is obtained by glueing the surfaces ¥ 1 and ¥ , along
the boundaries. So the diffeomorphism of ¥ 1 is naturally extended to that of 3 ;.
The infinite cyclic group Z acts on the surface 5j , by rotating the puncture and
fixing the boundaries pointwise. Similarly this action is extended to that on %}

1
in a natural way. Thus we obtain a natural homomorphism I'; ; x Z — F;’], whigc.h
is injective (see [I] §5). In the sequal we regard the group I'y 1 X Z as a subgroup
of I‘!]]’I through the injection. Especially we may consider the cohomology group
H*(F;}l,f‘gyl X Z; M) for an arbitrary I‘;’l—module M. By forgetting the puncture

we obtain an extension
(2.1) 1= m(X,1) — I‘;’l i I, — L

Next we prepare a cycle induced by the "fiber” n1(¥, ). Choose a usual sym-
plectic generator system of the fundamental group =1(%,1):

a1,0a9,...,0g,b1,b2,...,by.

The loop on the boundary induces an element of m1(%, 1)
n P 9 1. . 1 g ———] __1
w = Hi:l [azbz]’ [a'l7 bl] = a’lbzaz bz .

We identify the group Z with the subgroup generated by w in 71 (%, 1), and consider
the cohomology group of the pair H*(n1(24,1),Z).

Following Meyer [Me], we construct a normalized bar 2-chain [%, 1, d] as follows.
For 1 < j < 4g let w; = a; 1, b; 11 be the J-th generator in the element w, and

w; = wiwy - wj; = a1by ---w;. Let wy = 1. We define
4g g

(2.2) (S0, 0] = [w;1|w;] — Y ([asla: ™"} + [b:lb:7']) € Ca(m(3g1)).
=1 =1

Lemma 2.3. For any trivial m;(3 1)-module M, we have

H® M, if % =1,
B (r1(Sg1), Z; M) = { M, =2,

0, otherwise,
where H = H1(5,1;Z) & Z*9. The evaluation
< [8p1,0] > H*(7y(5y1),Z; M) — M

is a well-defined isomorphism.

The first half of the lemma follows form the exact sequence (1.1), and the second
from straightforward calculations.
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Now let M be a T’y ;-module. The condition (1.2) is satisfied for our case G =
F;,l-. H=T,1xZand K = 71(2,1). It follws from Proposition 1.3 there exists a
spectral sequence converging to

q* (I‘gl, g1 X Ly M),
whose F, term is given by
HP(T 1 H@ M), ifx =1,
HP(Tg1; HYm(Bg01),2; M)) = HP(Ty; M), if * = 2,

0, otherwise.
Hence it induces a Gysin exact sequence

S HTYD, M) - HUYY D, HQ M
g, g,

— HIH(T gl,ar MYS HY(T, ;M) —

9,1

Here the homomorphism 7 is the fiber integral introduced in (1.5).

The Gysin sequence splits as follows. The identity map 1z : Z — Z generates the
cohomology group H'(Z) = Z. Regard 1y as an element of I'(I'y; x Z) through
the natural projection I'y 1 X Z — Z and denote by 6 the image of 1z under the
connecting homomorphism 6*:

g :=6*(1z) € H*(T gl,af‘;l, Z).
Since < 6,[%,1,0] >= —1, we have
(2.4) = ~1¢ H(Uy1;7%).

Thus, from the property (1.6) of the fiber integral =, the sequence splits. Conse-
quently we have

Proposition 2.5. For any I'y 1-module M, we have an exact sequence
0— HIYYD, s H@ M) — HTP(I 1,00, ;s M) ™ Hi(Tyq; M) — 0,
which splits as follows:
HOPT) 00, s M)y =H"™" (D, s HQ M) @0V HY (T, 15 M),

On the other hand, taking the semi-direct product of the extension (2.1) and the
L', ;-module Hq(X, 1;Z), we have an extension of groups

P —

(2.6) 1—m(Xy1) T

ifvﬁl.

1 1
9,1 g,1

In a similar way to the fiber integral w1 we obtain the fiber integral

o HUTL

g,1°

Ty1 X ZyZ) — HY X(Vy1; 7).
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3. Construction of Cohomology Classes.

For the rest we often abbreviate
H .= H](Eg,l:’ Z) == Hl(Egvl; Z)

The isomorphism on the right-hand side is the Poincaré duality, which is T', -
equivariant. We remark this H plays a different role in the sequal from the subgroup
H in the preceeding sections.

Denote by - the intersection form on H = H4(3 ;7).

Choose a simple curve [ on El 1 connecting the puncture to a point on the

boundary. Define a 2-cochain &; € C? (F :Z.) by

9,17
(3.1) Oi(uryi,uay2) ==yl = 1) -uy, ur,us € Hy i, 7 € P;,la
and a 1-cochain w; € CY(T'} 1; H) by
(3.2) wiy)=yl—-1cH, yely,,

where we remark 3l — [ can be regarded as a closed curve on X, 5. A straight-
forward computation shows the cochains w; and w; are cocycles. On the other hand,
if v € I'yy x Z, the curve [ — [ is homotopic to a curve in the boundary 9%, ;.
Hence vyl — [ =0 € H. Thus we have

(3.3) oy € 2° (F | [,1 % Z; Z) and w;€ Z*T} |, Ty1 x Z; H).

g,1» g17

To study the dependence of the cohomology classes [w;] and [w;] on the choice of
the curve [, choose another simple curve ' on X} g1 connecting the puncture to the
boundary. The cycle v = I' — [ on 2;71 may bc regalded as an element in H. So
we have

(3.4) wy —w=dv e CHYT gl,H)
When we define a 1-cochain ¢, € Cl(f‘;) by
eo(uy) = (1) -u, we Hyyelh,
we have
(3:5) Wy — @ = dey.
Let e € HQ(F;; Z) be the Fuler class of the central extension
1% Ty =T, — 1

The class e may be regarded as a cohomology class in H*(I'} ,I'y 1 X Z;Z) in an
obvious way. From (3.4) and (3.5), if ¢ + 7 > 2, the products

Sl € HP (T

g,1?

Fg,l X Z;Z) and

i
el € HPHI(Ty 1, Fgq x 2 \"H)
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are independent of the choice of the curve I. We denote them by e'&7 and e'w?
respectively.

Recall HP(I‘;,I; A? H) is the ED?-term of the LHS spectral sequence of I:; with
respect to the normal subgroup H. Since we have

51(“1,“2’)’2) = wl(’)’z) !

for Yuq,us € H and 5 € F;yl, the class [w] € H'(T}

g1
induced by w; € }12(F},115

m; ; and m; ;. Consider two extensions of groups
Z’J l’]

'y 1 xZ; H) is equal to that

f‘; x Z;Z). Now we can define the cohomology classes

(2.1) 1o m(Bg1)—Thy o r,—1
(2.6) 1o m(8g) =T, ST 1
‘We define

m; 1= Wg(eiwj) € H2i+j“2(Fg,1; /\]H)

——

(3.6) o o o
m;; = m(e’w!) € H¥* P 4T, 3 Z)
forz,7 € N. Here m and m are the fiber integrals introduced in the previous section.

Clearly mj 1,0 and Mit10 are equal to (the image of) the i-th Morita-Mumford
(tautological) class e;(= &;) € H**(I'y;Z) [Mo][Mul:

(37) mi+1,0 = mi+1,g =e€; € Hzi(Fg,] ] Z)

Remark 3.8. Let F,_1 be the dressed moduli of pairs of compact Riemann surfaces
of genus ¢ and holomorphic line bundles of degree ¢ — 1 on the surfaces. The
space JF4_1 is aspherical and its 7y 1s equal to f’; As is known, the Lie algebra
of holomorphic differential operators "near S!” has an infinitesimal and transitive
action on the dressed moduli F,_; [ADKP]. The m;;’s have their origins in the
equivariant cohomology of 7, _; under this action [Kal].
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4. Fvaluations.

The purpose of this section is to evaluate the classes mj g, m1,3 and my3 and to
prove that H™ (I 15 A" H1(2,,1:Q)) is generated by m; ;’s for the case r +s = 2
and the case ¢ > 5 and (r,s) = (1, 3).

Denote by Q the symplectic form on H induced by the cup product:

g o
Q::Zai@’bi*bi@aie/\‘H’

=1

where {a;, b;;1 < 1 < g} is (the homology classes induced by) a symplectic generator
system of the fundamental group m1(%, 1) as in §2.

Proposition 4.1.
2
my 9 = m(w?) =2Q € HU(I‘g,];/\ H).
Proof. It suffices to show that

< LLJ2, [Eg,la a] >= 2Q

Here [3,1, 0] is a 2-chain introduced in (2.2). Since w(wy;) = 0, we have

g g
<w[By1,0] >= Y w1, w) = Y (W (a0 ") w?(bi, b))
3=1 i=1

g
:Zai/\bi—(ai+bi)/\ai—(ai+bi-ai)Abi+aiAai+biAbi

=1
g
:Zai/\bi—bi/\ai = 242,
=1
as was to bC Sh.OVVIl. D

Next we study the classes my ; and mg 3. In [Mol] and [Mo2] Morita proved
3
(4.2) H'Uyy; H) =17, and H'(Tyq; \ H) =27

where we denote H = Hq(X, 1;Z) as before. Our results are

Theorem 4.3. The class my 1 gencrates the group HY (T q; H).

Theorem 4.4. Ifg > 5, the classes mg 9my 1 and my 3 generate the group H! (Tyos
AN H @ Q).

The rest of this section is devoted to the proof of the theorems. As was shown
by Harer [H], if ¢ > 3, we have H*(I';1;Q) = Q and the class my ¢ = ¢; generates
it. Hence in the case r + s = 2 the groups H"(I'y 1; \* H ® Q) are generated by the
classes m; ;'s. Consequently
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Corollary 4.5. If g > 3, the group H?(f;; : Q) is isomorphic to Q* and the classes
1mo 2, M1 and mq g form its free basis.

The first half of the corollary has been already shown by Arbarello et. al.(JADKP)]
85).

To prove the theorems we endow the surface ¥, with a Riemannian metric. Fix
a sufficiently small positive real €. Let w : STY; — ¥, be the unit tangent bundle
of the surface $,. Denote by D? the unit disk in C: D? := {z € C;|z| < 1}. We
define a disk bundle D, over ST, by

Dy = {(v1,22) € ST, x By;dist(w(vy),22) < €},

The first projection induces its projection p; : D, — ST%,. The disk bundle is
trivial through the projection

ST, x D* = Dy, (v,2) = (v, Exp gy (€zv))-

Here we use the (almost) complex structure induced by the given Riemannian
metric.
Consider a &, ;-bundle

pr1: Y, (i=STYy x ¥y —int D) — ST,

induced by the first projection. The fundamental group m(ST%,) is embedded
into the group I'y; through the classifying map ¢ of the bundle p; : ¥ — ST,
and is identified with the kernel of the forgetting map I'y ; — I'y:

1—m(STS,) 5Ty — Ty — 1.

Since the spaces &,, STS,, Dy and Y, are all aspherical, we drop the notations
71(+) in the cohomology groups.
The identity map 1y € Hom(H, H) induces a cohomology class

1y € HY(S,; H) = Hom(H, H).

By abuse of notation we denote also by 1y the pull-back w*(1y) through the
projection w: STY, — X :

1y =w'(ly) € HY(STS,; H) = Hom(H, H).

In [Mol] Morita proved the following theorem (see also [Mo2] p.81 1.4 ff).

Theorem 4.6 (Morita).
HY(D,y i H) = 7.

Furthermore a crossed homomorphism k : I'y 1 — H represents a gencrator of the
group HY(ST%,; H) if and only if the restriction of k to m(ST%,) 1s equal to
+(2 —2¢)1y:

(k) = (2= 29)1y € H(STZ,; H).

Asfor N*H = A\ Hy(3,1; H) he proved the following ([Mo3] Theorem 5.1, see
also the proof of Corollary 5.7). Let ky be a generator of the group H'(T'y 15 H).
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Theorem 4.7 (Morita). If g > 3,
3
H(T, \ H) =282

The class 2 A ky and a class he named 2k form its free basis. Furtheremore their
restriction to 7 (ST3,) are given by

FQA k) =H2—29)Q A1y € HY(STS,; /\3}1),
F2F) =20 A1y € HN(STS,; N\ H).
Therefore our theorems are reduced to
Assertion 4.8.
(1) H(man) = —(2—29)lp € H' (ST H)
2) Fmos) = 69 A 1y € HN(STS,: N\ H)

In fact, (1) implies Theorem 4.3 by Theorem 4.6. So we have mg gmq,; = +20Q A
kg. From Theorem 4.7 the class myp 3 has a representation my 3 = af2 A kg + b(2k)

for some integers a and b. Since H(STZ; /\SH) =H®® /\3H is Z-free, we have
—6 = +a(2 — 2¢) + 20,

and so b = —3 mod (g — 1), while ¢ — 1 > 4. Thus we have b # 0.
This completes the proof of Theorems 4.3 and 4.4 modulo Assertion 4.8.
Let M be a 7 (ST%,)-module. By excision we may consider the map

§* L HA(Y,, Y M) = H* (ST, x B4, Dg; M) — H*(STS, x Y45 M),

The fiber integral py, : H*(Yy, 8Y,; M) — H*7*(STY,; M) decomposes itself nto
H*(Y,,0Y,; M) 5 H* (ST, x Sy, Dy M) ™ H*2(STSy; M).

Here the latter fiber integral p;, is the usual one induced by the first projecion
p1: STE, x ¥, — STY,. Thus we have

: . w3
'my g = p1jt(ew) and  Fmgg = prgT(w”).
Now we have

7 (e) = po*e’ € H* (ST, x %y, Z)
7 (W) =py*ly — pi*ly € H'(STS, x 345 H),

where py 1 STY, x 3, — ¥, is the second projection and

¢ =e(T8,) c H (S, Z).
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Since e'ly € H*(X,; H) = 0, we have
may = p1gT(ew) = pupe e’ )(p2 1y — 1" 1)
= —(pup2"e' Ny = —(2—2¢9)1n.

On the other hand, since (1g)* € H® Eg;/\BH) = 0 and py,p2*ly € H(STS,;
H) =0, we have

P W) = (p 1y — pi* 1) = 3" (L)) * Ly + 3(po* L )pr (1)

and
117 (@%) = =3(p1p2 (L))l + 3(prpe™ 1) (1n)? = =3 < (1y)*,[8,] > 1u,

where we denote by [X,] € Hy(%,;Z) the fundamental class. From a similar calcu-
lation to Proposition 4.1 follows < (14)%,[%,] >= 2§. Therefore

t'mog =p1g (W) = —6QA1y.
This completes the proof of Assertion 4.8 and so those of Theorems 4.3 and 4.4.

Remark 4.9. The crossed homomorphism & = %21: Ty — —;-/\BH in (4.7) 1s
the Johnson homomorphism extended to the whole mapping class group by Morita
[Mo3]. Hence Theorem 4.4 implies the Johnson homomorphism k is represented
by mg3 and mgamq 1 over Q. The author, however, doesn’t know the explicit
representation of k by mg,3 and mgamq 1.
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Two-generator discrete subgroups of Isom(H?)

containing orientation-reversing elements

ELENA KLIMENKO AND MAKOTO SAKUMA,

Abstract. Let f and g be elements of the isometry group I'som(H?) of the hyperbolic
plane H?, and assume that one of them is orientation-reversing. We determine when the
group < f, g > they generate is discrete; in particular, we obtain the classification of such
groups. This enables us to determine the ranks of the extended triangle groups. As an

application to knot theory, we determine the tunnel number one Montesinos knots.

The main purpose of this talk is to give an answer to the following problem.

Problem A. Let f and g be elements of the isometry group Isom(H?) of
the hyperbolic plane H?, and assume that one of them is orientation-reversing. Let

G =< f,g > be the group they generate. Then when is G discrete?

The corresponding problem for two-generator subgroups of Isom™(H?) =
PSL(2,R) has a long history, and there are numerous papers on this subject (see
[G, GM, Kn, Mt, P, R] and references therein). As is noted by Rosenberger [R]
and Gilman [G], many of these papers seem to have errors and omissions, and a
Asatisfaétory solution was given only recently by Gilman [G] following the geometric
arguments of Matelski [Mt].

As for PSL(2,C) = Isom™(H3), the problem is far from being completely
solved. The remarkable J¢rgensen’s inequality [J]| gives a necessary condition, and
some special cases are studied in many papers (see [Kl1-4, Ms2, MS] and references
therein). In particular, the result of the first author in [K11] contains the solution for
a special case of Problem A, since Isom(H?) is a subgroup of Isom™(H?).

On the other hand, as a consequence of the second author’s joint work [MSY]

with K. Morimoto and Y. Yokota on the tunnel number problem in knot theory, it
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was observed that some extended triangle groups are generated by two elements even
though their geometric ranks are three [MSY, Proposition 4.1]. This generalized
an observation of Kaufmann and Zieschang [KZ] on the gap between the geometric
ranks and the (group theoretical) ranks of extended triangle groups. Further, a partial
answer to Problem A is announced in [MSY].

In this talk, we report an answer to Problem A using the geometric arguments
of Matelski [Mt]. As a consequence, we obtain the classification of two-generator
discrete subgroups of Isom(H?) containing orientation-reversing elements (Theorem
A). In particular, we determine the ranks of the extended triangle groups (Theorem
B). As an application to knot theory, we completely determine the tunnel number

one Montesinos knots by combining the above result and a result of [MSY] (Theorem

Q).

1. Notation and statement of results

Definition 1.1. (1) The ectended triangle group < p,q,r > is the group

with the presentation
<pgr>=<z,y 2zt =yt =2 = (zy)? = (y2)' = (2z) =1>.

This group is isomorphic to a discrete subgroup of Isom(H?), Isom(E?), or Isom(S5?)
generated by three reﬂections. z, y, and z according as (1/p) + (1/ q)+(1/r) is smaller
than, equal to, or greater than 1. where (1/p) + (1/q) + (1/r) < 1.

(2) The triangle group [p, ¢,r] is the normal subgroup of the reflection group

< p,q,r > consisting of the orientation-preserving elements. It has the presentation

[pvq’r] =< a,b,c|ap =W =" =abc=1>.



Definition 1.2. Let G be a group generated by two elements. Let {f, ¢}
and {f’,g'} be generator systems of G.

(1) {f,g9} and {f',¢'} are said to be Nielsen equivalent if there i1s an iso-
morphism from the free group generated by the symbols {f, g} to that generated by
the symbols {f’,¢'} which induces the identity map on G. This is equivalent to the
condition that {f’,¢'} is obtained from {f, g} by a Nielsen transformation (see [LS]).

(2) {f,g} and {f',¢'} are said to be ertended Nielsen equivalent if {f',¢'} is
obtained from {f, ¢} by a finite number of Nielsen transformations and the following
operations: If f has a finite order n, then transform {f, ¢} to {fE, g} with1 <k<n

and (k,n) =1 (see [R]).

We explain the plan of our solution of Problem A. Let f and g be elements of
Isom(H?), G =< f, g >, and assume that one of them is orientation-reversing. Then
we may assume [ is orientation-treversing and g is orientation-preserving. (If both
generators are orientation-reversing, then we can replace one of the generators by
their product fg without changing the Nielsen equivalence class.) Thus the problem

is divided into the following eight cases according to the geometric types of f and g.

g

1 reflection elliptic

2 reflection parabolic

3 reflection hyperbolic disjoint axes
4 reflection hyperbolic intersecting axes

5 ghde-reflection elliptic

§ glide-reflection parabolic

7 glide-reflection hyperbolic disjoimnt axes

8 ghde-reflection hyperbolic intersecting axes

In each case, we can find an order 2 element, say R, of Isom(H?) such that RfR =
f~! and RgR = ¢g~!. By geometric arguments based on Poincaré’s theorem using

this element, we can determine the discreteness of G. In particular, we obtain the



following classification of the 2-generator discrete subgroups of Isom(H?) containing

orientation-reversing elements.

Theorem 1.3. The following is the complete list of 2-generator discrete
subgroups of Isom(H?) containing orientation-reversing elements. Each group in the
list has only finitely many two-generator systems up to extended Nielsen equivalence.

<2,q,7r> (q¢#0 (mod 2)),

<3,3,r> (r#0 (mod 3)),

[2;2,r >=< a,z,yla® = 2% = y? = (zy)* = (azay)" =1 > (r £0 (mod 2)),

[p;q >=< a,z|a? = 2% = (aza™lz)T =1 >,

[2,m>=< a,0,z|a” =22 = (a2 =azalz=1> (r #0 (mod 2)),

M <r>=<f,z,ylz? =y* =Bz ly = (Byf~'z) =1 >,
P(p,q) =< BBy =By ) =1>,

K(p) =< o, Bl(ef af)? =1 >,

Z&1s, D(p).

r,
o

L&

<K

J

[2:2.0> fp;q> f2,;> Mo(p} P(pa) Ki(p)

Convention 1.4. In the above, p, ¢, and r are possibly co or co. Here,
oo and o, respectively, correspond to a cusp and an open boundary of the quotient
orbifold. We regard o > oo > n, nfoo = nfco = 0, oo = 0 = 0 (mod n),

oo/n = oo, and co/n = 5o for any positive integer n.

We can easily determine the ranks of the non-hyperbolic extended triangle

groups, we obtain the following:



Theorem 1.5. The extended triangle group < p,q,r > is generated by two
elements if and only if one of the following conditions are satisfied up to permutation
of the indices:

(1)p=2and ¢ #0 (mod 2).

(2) p=gq=3and r Z0 (mod 3).

Remark 1.6. (1) A weaker version of this theorem was also obtained by R.
Weidemann [W] by using the small cancellation theory.

(2) The ranks of Fuchsian groups had been determined by [PRZ]. In fact,
they showed that the rank of a Fuchsian group G is equal to the geometric rank of G
provided that G is not equal to [2,2,2,7] with r odd. Here the geometric rank of G
is the minimal number of generators which arise from convex fundamental domains

of G.

In the following section, we explain the solution of the simplest Case 1 of

Problem A. For the treatment of the remaining cases, please see [KS].

2. f is a reflection and g is elliptic

Put A = Fiz(f) and b = Fiz(g). G is discrete only if the rotation angle of
g is a rational angle. So we may assume that g is a rotation about b by 27/q, where
q is the order of g. It should be noted that this does not affect the extended Nielsen
equivalence class of the generator system {f,g}.

Case 0. Suppose b lies on A. Then < f,g > is a dihedral group D(q) of
order 2gq.

So, in the following, we assume b does not lie on A. Let R be the perpendicular
to A through b, and let R be the line intersecting R at b with angle w/q. Then we
have f = A and ¢ = Ry R, here we denote a reflection and its axis by the same symbol.

Put G =< f,g,R >. Since R? = 1, RfR = f, and RgR = g~', G is a subgroup



of & of index at most 2. Hence G is discrete if and only if G is discrete. Note that
G =< A, R, Ry > and (f,g) = (A, RyR).

Case L. Suppose A and R; do not intersect. Then, by applying Poincaré’s
theorem to the region bounded A, R, and Ry, we see that G =< 2,q,r >, where
r = oo or & according to whether A and R, share a common end point or not (cf.
Convention 1.4). In this case, we see (A, R, Ry) = (z,¥, z), By using the fact that G
is a subgroup of index at most 2 and is generated by f = A =z and g = Ry R = zy,
we can see that G = [¢;r > with r = oo or .

Case II. Suppose A and Ry intersect. Let o be the triangle bounded by A,
R, and Rp. Then, by an argument of Matelski [Mt], we can see that G is discrete if
and only if one of the following two conditions holds. (Note that R is perpendicular
to A.)

(IL.1) The angle between A and R, is a primitive andle, say «/r, and hence,

G < 2,q,7 >, where (A, R, By) = (z,y,2). By calculation, we have

~ <y=2z> ifr=0 (mod 2),
Hl(G/G):\_—J{ if r 20 (mod 2)

Hence, we see

{ lg;7/2> i r=0 (mod 2),
G=

<2,q,r> ifr#0 (mod 2).
(IL.2) o is as illustrated in the following figure and G2<2,3,7 > withr 0

(mod 2), where (A, R, Ry) = (z,y,z2z). From this, we have G =< 2,3,r >.




Conclusion 3.1. The following is the complete list of discrete subgroups of

Isom(H?) generated by a reflection and an elliptic element.

<2,q,7> (¢#0 (mod 2), r <o),

pg> (p<o0), D(p) (p< o)

4. Application to the tunnel number problem in Knot theory

Let K be a knot in $%. The tunnel number ¢(K) of K is the minimal number
of mutually disjoint arcs {m;} “properly embedded” in the pair (83, K) such that
the complement of an open regular neighbourhood of K U (U7;) is a handlebody. vIn
other words, t(K)= (the Heegaard genus of E(K))-1, where E(K) is the exterior
S% — N(K) of K. In the above, if the arc system consists of only one arc, 1t is called

an unknotting tunnel for K.

Example 4.1. Any 2-bridge knot has tunnel number 1. In fact, the upper
tunnel 7 in Figure 4.1 (a) is an unknotting tunnel. From the fact that a core C' of
53 — K Ut consistes oftwo meridian circles and an arc joining them, we see that the

tunnels p and p' in Figure4.1 (b) are also unknotting tunnels for K, which are dual

to T.




Proposition 4.2. The rank of the knot group G(K) = m(S° — K) Is at
most t(K) + 1.

It is an important problem whe@r the idntity rk(G(K)) = t(K)+1 holds or

not.

A Montesinos link K = M(b; (1, $1), -~ -v, (atr, Br)) with r branches is a link

in S3 as illustrated in Figure 4.2 (a). Here r, b, o; and ; are integers such that r > 0,

o > 2, and g.c.d.(a;,3;) = 1. A box | B/a|stands for a rational tangle of slope 8/«

(see Fig. 4.2 (b)). If we forget the chart on the boundary, a rational tangle is merely
a 2-strand trivial tangle as illustrated in Figure 4.2 (c); we call the image of the arc

7 in Figure 4.2 (c) in a rational tangle the core of the rational tangle.

b
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The following proposition, which reflects the fact that the pair (S3, K) has
the structure of a Seifert fibered orbifold, relates the Montesinos knots to the reflection

groups (see [Z], [BuZ, Chapter 12]):

Proposition 4.3. The link group of K = M(b; (a1, 51), - ,(ar,B:)) has a

natual epimorphism to the reflection group < ay,ag, - ,0p >

By using this fact, the following classification theorem of the Montesinos

knots 1s obtained:

Proposition 4.4. (1) Suppose r = 2. Then K is a 2-bridge link S(p,q) of
type (p,q), where p = |bajas — @182 — aaf1| and q is an integer relatively prime to
p. In particular, K is a trivial knot, if and only if bayag — a1 By — Sy = £1.

(2) Suppose r > 3. Then K is not a 2-bridge link, and it is classified by the

Euler number

e(K)=b—> Bi/ai,
=1

and the vector

V(K) = (:Bl/ala Tt 1ﬁr/ar) € (Q/Z)T
up to cyclic permutation and reversal of the order.
In [MSY], the following result was proved:

Theorem 4.5. Let K = M(b; (a1, B1), - » (e, Br)) be a Montesinos knot
(not a link) with r branches. Suppose K has tunnel number one, then one of the
fo]lowing conditions holds up to cyclic permutaion of the indices:

(1) r =2.

(2)r=3, a1 =2,and ap = a3 =1 (mod 2).

(3) r =3, Bo/ar = f3/az € R/Z, and e(K) = £1 /(0 az).



Conversely, if the condition (1), (2), or the following (3’) holds, then K has

tunnel number one:

(3)r =3, Bofas = F3/az =+1/3 € Q/Z, and e(K) = £1/(3vy).

The second part of this theorem follows from Example 4.1 and Figure 4.3.
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In [MSY], we proved that the condition given in the second part of the above
theorem is not a sufficient condition by using Yamada’s quantum invariants of spatial
graphs. However, we can now obtain the complete determination of the tunnel number

one Montesinos knots by combining Theorem 1.5 and Theorem 4.5. Namely, we have:

__.3§3f4



Theorem 4.6. A Montesinos knot K = M(b; (a1,81),- -+ , (o, Br)) has tun-
nel number one, if and only if one of the following conditions holds up to cyclic
permutaion of the indices:

(1) r =2.

(2)r=3,01=2,and ag = a3 =1 (mod 2).

(3) r =3, ﬂg/ag = ,6’3/a3 & Q/Z, and G(K) = :tl/(alag).

The tunnel number one non-hyperbolic knots were completely classified [MoS];
and recently, Bleiler [B] announced that a non-hypebolic knot K has tunnel number

one if rk(G(K)) = 2. Thus the following problem remains:

Problem 4.7. Let K be a hyperbolic knot with rk(G(K)) = 2. Then, is
t(K) = 1?7 More generally, let I' be a two-generator, discrete, torsion free, cocompact
or of cofinete volume subgroup of Isom(H?), and let M be the quotient space. Then

is the Heegaard genus of M equal to 27
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RIEMANN H®OIEREKIZDOWT

HirosHice SHIGA
W T HRERFE B

1. INTRODUCTION

REHE ClEARE Riemann 16 EOARE Riemann HORBFPFEHHRZEMNEZE 2L 5, ¢
Zbt, HRRAEO base surface B 852 5N TBY, FOKE p e B 2 fiber & L THERH
(A & 4 713 B L8722 > T T Lv2) @ Riemann 1 S, AL, S, 75 p 1ZEL T
FEEFIERNT depend LT A EWHIRILZHE R 5. Base surface XU fiber @ surface A%t
VAU Z: & . FOMBUIFRBE L nZ PO N T WA, R TIEZ DEBEHIIZ oW T
ELEY D,
—fiz ho &9 RIERIRIE (EFA2S) base surface 25 fiber @ moduli ZEf~DIEHIE %
kﬁ,fﬁ)’(ﬁ’é B, EEEEL LA LICX 5T, base surface DR ETH 2> S fiber D% A & 3
T —ZBEA~DIFRIES L | monodromy & MHEi s base surface DRAFENPS ¥ A v I 25—
BV T —BEAOWRHOM E LCEIT 52 L4k, T74b5, B=H2/T 8 (g,n) o
Riemann 1 (fi# g ® compact Riemann 55 n HOHEBRWTH D) T base surface,
52 5Nz ERIEO fiber @ Riemann W45 (¢, n B ThHo/o 428, ERFm H? 25 %
Ae3Iag—28 T(g,n) ~OFEHEUNEHR O &L B2xERTI7v /AR T oy fiag
—ET 2T Mod(g',n') ~O¥EFT x (monodromy) 2L L T, {LHED v € T 123 L T

O(v(2) = x(N(B(2)) 2z €W

BT B (ZOEE, & OWY JFiE Mod(g',n') DIEFH v —EMTH 5, )
B TR/ & 91, AkE Tk,

M B Lo (¢',n') B Riemann HOERIRETRAPGERHZ b OO FHIE Lo

VI RIEEE 2 AR, INE EOSEMEE T ERGEOBBEHE L VO Bl b #HET b,

COXS W B W CTEELRREHE RIS OPY A b 3 25— 2R OIRITIIIE & 2 OB
DM ThH AL, 543 2T 2ME HREBERE 21> TB Y, Bers slice ¥ IFITh 5 154
AL o C, L 45 Riemann Mx kY 7 v 7 2806 PSL(2,C) ~OXRBZEM T, B
DD F DIEDATEGRED B 72 B ERSZEFOTNICA L. # LT, ZOERS 2L ) W TEh s
B (b-group) 122> Twh. DL ERDIEPMOENTVD

Proposition 1 (Royden[2]). 1 v 325 —Z/MTIE Kobayashi Hi#lEL Teichmiiller i
AEESE L.

Proposition 2 (Shiga [3]) f AR A={2zeCllz| <1} 256513 27— 2H
~NOFEMEZRET AL, fRER OA HIZEAEEL E 25 non-tangential limit # b5, L
b FOEFEIL accidental pambolzc PR WAERERCH L. BIC, FOFESY A
a7 -ZROBEFICH B EE, 2B L (totally degenerate group) EHN A,
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2. MONODROMY

TR 7z &9 1z, Riemann O ERFRICH L T monodromy #38e$ 255, ElLZo -
W LFEZAHIEFAMLNTWA (KD IEMEICIE, monodromy @Hﬂﬁiﬂ?ﬁ‘lﬂﬂfjﬁﬁa)ﬂﬁiﬁi(}%
WhH) o Thbb,

Proposition 3 (Imayoshi-Shiga[2]). Riemann i B Lo (¢',n’) B® Riemann 1
DB CRFFEANLZL OB D52 5N TwAETh, 22T &, &y H? - T(¢',n) #*
FNSHIIHIET HIERIEER, ERBER xq1, x2 : T — Mod(g',n') Z %D monodromy &

o b L, X1 = X2 ‘&%sz@l @2 ThbHo

L 72255, Riemann HH®IEAIEICBWT, #® monodromy DHENIFENTH B T &
Bbhb, I C, mHIZ monodromy xy OfEE LTHIAE Mod(g',n') DEHEEIED L9
LHE Ao TWhheER b,

Theorem 1. x(I') i& Mod(g',n’") DMMAEL irreducible subgroup TdH %

T TCEY 2T =R irreducible TH 5 &1k, FOEBOSHEOEEDICIH LTIl
DARZEL (RE MYy 712 %) ED surface EICHInZawnwZ & &§5, 35 & Ivanov
DIEREP S, BHHIRDZ ERG9 5,

Corollary 1. x(T') {3473 hyperbolic modular transformation % &tr,

77, y(I) OREEHCHLCTEHE D LS Tuawng, [1], [5] Ok, 791>
BT A6 L R L b 5RO RE S

Corollary 2. x(I') i& non-Abelian Td 5.

TEH ORI Introductlon THET7 A I 29 —2EHoE s Ed o T -l orbit
DR E L TIH 5N A b-group DELEPLIFLNA,

Remark. Theorem 1 B X Corollary 1, 2 128\ T base surface (Z4:9 L b FRE T4
<TH &L, Green B %724 Riemann 16 (7 v 7 A8 " OB TOEH ATV T
FigZ b o) Thiud kv,

3. HOLOMORPHIC FAMILIES OF RIEMANN SURFACES

(g,n) #® Riemann M moduli % M(g,n) &35, Be M(g,n) iZxL T, BL
» (¢',n') B Riemann WO ERRCRIIEETL S OOMEE n(B, (¢',n') £ELZ &S
T ho Floy M(g,n) OEbGRE K IS LT

N(K,(g',n")) =sup{n(B, (¢",n")); B € K}

EB <,
4, K 7 moduli 22 M (g,n) W® compact &35, §5&, K IZ&EN5H Riemann
i B® "W AR BARTHE. TOL)FELY A€ 27 —HEEDP/PMRIEHETSH 5 &)
ZEh5, B LORiemann HOIERIEDSH UL, %@ monodromy (&I % 517 5. 5,
[moduli ZEFNDIERIEZEOHIE moduli ZBOBFITEOP V] ZEPohb. 20 L)
LEGENORD DA



Proposition 4. K %% M(g,n) @ compact £67% 513, N(K, (¢',n')) < co.

Base surface B Ofiff ¢ =0 0L Zl2id b o L EWHRPHBON L, ¢ =0 OEHIEHRE
1912 Riemann MOH) & 13 punctures OF X2 X > TRE S LA, puncture iE base surface
Eo (IS WATEEE 52 A5, MER (base surface D47 covering TO)
T OGRS S b, F72, base surface @ punctures (2817 5 2D X 9 Ll
RO ZE)E Picard OKEH D O BRI TR W D005, K, compact Riemann
WOABRBBEEOMBFHIOMEIC 2 A, £2C, INTFNMTHILICL > TRE1G5.

Theorem 2.
N(M(g,n),(0,n)) < co.

F i KB (g,n,n') 2o T N(M(g,n),(0,n)) Z LALFHETAZ LD TE L, SHIC
KD LIz, WL ORI L A IR BEHIE S R S .

Corollary 2. HN(M(g,n),(g',0)) T fiber %%k g’ & hyperelliptic Riemann 175
7 A RIEE W% Riemann HOFEMEOEEKEHObT O DL T DL,

HN(M(g,n),(q',0)) < co.

Lod ., W o@#Ed BARRICEHIS 5 2 L5k 5,
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Some approaches to Galois image in braid groups

(FABHHE~D Galois BB OB OKE X D_LF~DRIH)
A % (FRET)
1995 42 6 J1 14 H

AFEE T, FHAEFE~D Galois F#ELTH A7 Galois REDOBEDRHEF T K& X DY
ficonwt, P! T 2855 BT 2 REEDFER N Ly FP@%%’?VCHF@T%’)%AVC
B3 2 HE ORI DRAADHEFFTH o

1. P\ {0,1,00} #bHF % GaLOIs £H & GROTHENDIECK- TEICHMULLER ft GT'

X =P'\ {0,1,00} &3 2, X(C) ONHMEEREE m (X(C), +) R 2 O FHEE F
EFEITH Y, By, 0FTR Iy = (v,y,z|zyz = 1) #EET 2R, 2,9,z 85FKx 0,1,00 %
—{al b ?‘éié%i%b?‘i S ICF—HHESD. Q@ LoRBIFEARR vrl(XQ, ) Ik Fy ORlG
BRoefiAE Fy dRBTH B, Q ETEZINERD homotopy H52475

(1) 1 — m(Xg,#) — mi(Xa,#) — Gg — 1
(Go = Gal(Q/Q) It Q Difisst Galois BE) #H: U, Thd b EHKRIC Calois FH
(2) ox : Gg — Outk,

#1585 (Out [ZAEE R ﬁ)Chﬁ%ﬂf%ét&#ﬂofméoGQ®W%H$?J
DT 2 KEFEOILEIAE R 2 ROD T, 8 ox(Gg) & AN E CIRTEE

(3) Out’ I, = {0 € AutF2|a(:1:) ~ ot a(y) ~yt, o(z) ~ 23N e A )} /Int 7

(~ & Iy HCOER) K@ Eh e Out'ly, OBTICKH Ly o(e) =27, 0(y) & y* (m 1 F
DT [y = U%fﬂmiéﬁﬁ)&&5l5tfmﬂéﬂwﬁiﬁﬁ—ummh6(
AREDFLL & LT tangential base point” or LT & ICHIS) DTy

a(z) =zt 0(y) = fy' [, oz )::gzkg‘l}

(4) Q 2 { : NeZ ' feiygely)

#1850 THICKD Go OFER (N ) € 2 x Iy Ic X VBT bhBo N GRS
BT B YD AR ABEETD 5,

Galois &% (A, f) € 27 x ! oSHE-CRA T &
C D st LEAER S LTV 3 ERIZKRTH 5,
. Galois 8 ¢x(Go) X+ R 58 GT (Grothendieck-Teichmiller ) K& Eh 5,

o(z) =2, 0(y) = [ [ (Ve 25, f—f(w)eﬁz’)}

(5) GT = {a € AutF; b (1)), (i)

1) f(zy)fly,z) =1
an@$)mﬂ$)WTWWszl(CCKA:2m+U
(111) Ps AT f(iElz, xza)f(msm 5545)]“(3351, $12)f($23a $:34)f($45, 5651) =1



Py RO z;; OFFDFO T BT R~ 2,
n>3 &L P LoERE n AOIBFMEEEOFEEEY My, $E<,

(6) Mon = {(p1,-- -, pa) € (P)"[pi # (i # )} /PGL(2)

(ccic PGL(2) i3 1 ks e Lt P kEH L AwtP! ~ PGL(2), ) RRCHERFID 3 &
Hx0,l,c0 CBIFTEICLY,

(7> jw(),n =~ {(p‘h R 7pn) € (Pl \ {07 1’ Oo})n_3|pi # pj(i # .7)}

EmBo FRIC Moy = P*\{0,1,00} = X TH%, C LTELBLLEHR n—3 K%
BRATH b NAWEREE P, = m(Mon(C),*) & n ZKtOIREMAMH A MEEE £ o HuD
THOLBEEFERTH Y, 2RKOMOEM KA =; (1 > 1,7 > n) THEEKINS, filx
Ay Py I Py = by x Iy & (e Iy, BREE n DHEHHE). Q _LoRIEAE
mi(Mon(Q), *) & P, ORIETRSERL P, 2FRBEcH 5, X O & FERIC homotopy H5¢E
||

(8) 1 m(Mon(Q), %) — m1(Mon(Q), %) — G — 1
Zﬁ)rQ E%Km@ GalOiS %ﬁ%% Z).o

Go OVEFIES 2;; OHERT 5 KEROIFIEL RO, T X 5 RAVECERS bk 55
SEER Out’ B, BIEL 18 ¢u(Go) 1k Out' P, L& i %, )

L EEEND T EbERAEH Mo — Mo, BREF b0 TNDBDLEIET 548 Py —
P, GEAROMAY | KRN S C 2 ICHST %, Bic Out'Pyy — Out’P, #BlEEC b,
SOTL—H & C%&@%Jﬁ(ri ©n &—‘ﬁljﬂéo

0n IC X% Galois 2% i bEHIT 2 7201Cy My, OEFOMBHECERT %0 MOAN

BAICEY n YATEE 6, 25 Mo, CVERIL, ThBDEES 6, Outl, kX >Ty W
AL G, 23 Out P, Btk Out' P, HEfIL T3, Mo, ~DOVERIE Q LEFEI 5D
T G OVER 2 HHRTH B, Ll EALRDBI %155,
(10) Gg— -

) (Outbpg)@js —} (Outbp5)65 E— (Outbp4)64 - Outbﬁg ~ Aut*FQ

BTy Aut*Fy, o Galois 213, &TH n > 4 L2owT (Out'P,) ofgicéin
5o n=4"TD Gt (52X X = Moa ~D &4 OVERRZ Klein OPUILHIC X 57T
Hb Gy BEET 5 DT, FHIT Gy i) 2~ 0B (1),(i1) 235 n =5 TD Gs- 45
Pt (i) 2YEHN B0 KLy n > 5 T (Out’ Py )S+ — (Out'B,)5 R4scdH 3
TEBHONTHBEDT, n>6 OFibikEalERRRE A v,

n =05 bIEBZEM (i) NERCH ASZHE L Ro>Twab T &k, filtration 1T X 5 K
FOKREXHRRLC ETHILbIS,



2. FILTRATION {C X 2B DN E & (RS oM

COMBTCcRERE | oG %2EL250C, I, P, £ AR | 5Bt d o &3
Z){OFz(m)}le % Py oREHDAIE T B,
(11) Fo(1) = Iy, Fy(m 4 1) = [Fa, Fo(m)] (m > 1)
BHEM gr™ 1y = Iy(m)/Fa(m + 1) ZHERAERER Z- i Gl = @, g™ Kl
HARIC Lie BROFEERA D, z = xAmod Fy(2),y = y mod F,(2) 23453 % HHA Lie IR &
Bo CHICHEELT, @ = Out'ly, OBABH {(m)}mzo K TED Bo (~ 1k Fa(m)
DI X 53H%)
(12) O(0) =0

d(m)={o¢€ Authla(x) ~ z,0(y) ~, o(z) ~ z}/Int Fy

T3¢ {O(m)}lnse DEEFRDHEARY, O0)/0(1) ~ Z'y m > 1 EXLT gt™P =
®(m)/®(m + 1) BARAEKEBE Z;- #E. Grd = @, g™ WWXHRIC Lie RO
EBAD. gr™Fy, g™ ® ORIC O W TRAKXBFHbI TS,

px :Gg — ® ILXo>T, o filtration #5|FKF,

(13) Go(m) = Gal(Q/Q(m)) = ) (®(m))
Z5LT Q) = Q) EDFUMERDE {Q(m)} s AEE B0 THIE | DHNRBKT
Hbo g"G = Ggo(m)/Go(m +1) = Gal(Q@(m +1)/Q(m)),G = Bpn121™G L EL &
K& Lie BROUEG
(14) G — Gr®
%155, BIEIOMWERD X5 CEWEY 5,

% m lcxt L Galois D K& & r,, = rank 120G R IRERY X

T o OFHMAIEE A Galois BRI T A C Ik > Ty B2 b oYL Grd of
MEPRELARSC2CE- T Rxb b, £ m : ZF > 3 et Ligik | [EH
bH:F 5 Soulé JC EFFEXN AIEEHAARIC 0, € g1™G BFAE LS BIC my_1 #£ my O
(Ol 3 (O s Omi] - |] £ 0 2B T EHEL DIEEPITGHRE WS, Thick D
Ti)’b@%%%éo

FH. Galois Lie E% Gl o, (m: T >3) BnERTI2EHE LeTRThH A5,

L2 ORHER g™ ® ICDWT GT O 3 RIFICHET 5 5ok 23l 7o 33 B D FE
BRI EoTRbN S, /DE Vv m ICH LTREEDOFMUHA B Ly rm 2SRTEX
NTW3, T EOTFRICEHT %, Fiic, GT @ 3 &0 55 (1),(il) oHr®HikL
(iil) Zi7z X R b DRFIET B T &by T D Gy WMERKERICH AT H b,
Galois @DOFHUMICHE* 52 T3 T ¢ BEETNEC L TH 5B,




3. MEHESUICATEET 5 GALOIS FHIC O Ww TR

Q EEFmINAEMEIER F * BEL, Q- FAEA O 2FHe LTH-oT C = I\
(O} 245, Q Lol | HABE m(Cor) R 2 OEME | 8 F, < 57 F =
(z,y,z|[z,y]z = 1) WIRWT, z,y 2% homology BEDIEEIC, = 23 O %—[E Y § BEIC,
Kasfhad b L5 ICA—HTE 5, C AT % Galois 7H,

(15) oo : Gg — Outm(Ca, *)

DR 2 PERT 5 KEREOLBELED D 05 b & R Out'n (Cg, +) CHEER
5o D Galois BOKE X% LA LFHET 201 P! 0> T I TD X 5 Al %
TTE .

n>2 &L L _LoARS n RoOlEFAEEE O TBEICORIEREY (RIc) B, &¢FEC
50

(16) En={(p1,---.pa) € E"|pi # p;(i # 1)} E
RRCRFIOREF O WBFc ey,

(17) By o2 {(pa, -y pa) € C"7Hpi # pi(i # 7))
EHhb, FIC by =C TH5B, K n cxt L Galois 228

(18) on : G — Out'm (Ea(Q), %)
REFEI N D,

(1) fEECRR & o AL Eic k) {£1} x &, 28 E, KVEF L, féoT P! o2
[FIERIC Outlmy (B, (Q), ¥) W& TVERT %0 B, ~DOVERR Q EEFESNEC L2 b,
Galois 8 ¢.(Gg) & {£1} x &, OB EFHTH D, 1 HETEh 54 & e TRDRS
#1825,

(19) Gg — - — (Out’m (E5(Q), *)){ﬂ}fﬁs s (Out’my (B (Q), +)) 1 &2
i :n>1 kil
(Out' 7y (B g1 (Q), #))FI*Gntt 5 (Out’mry (£,(Q), *)) 1% Cn

HEHTH 507

d LEes X, L, (n>3) #F % % C & T Galois RICH I B deftbx Holdcc &
A%, CORWICS L CRIED X 5 A& Lie BOAHHEIC L 282825,

1995 £ 5 A 16 H %




3IXRTLEHE O HEEGAARD 7 & G5

R A
B REFEH LF B F

Hgy, Hy T8 g DNV VIR (3-ball 12 g-fHD 1-handle ZH G L CHER SN A
SRR 3RTUEHAE) L LEd, HyUH; % 3 RITEKIED Heegaard 3L L&
To TIT,
3%%&@L@ﬁ%%ﬁo§ﬁﬁﬁ5&@@}

&y = Difft(0H
! {¢€m( F ”)@W%:¢t&5%®ﬁﬁﬁﬁé

GABDOREEILOVWTWL O ool b xHBELE T, £33, TORRIARER
EaoTwET, Thbb, AOEHIRENELL
%EA. gg ‘i40@7ﬁ p,LU1,p]2,912 b:iofﬁi;ﬁ:éﬂ%o

HL, ZRHDOTE . KOMOBIZ L CE#S DL DDTT,
(1) p: cyclic translation of H,
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(2) w;i: twisting a knob of H,

(4) 8;;: sliding of H,
BRI oT h; DHLETLE5,

Ay i
\\\\’h_‘_—’—// E“

Eg D m(Hy,*) “OVERDHET 5 BARGEHER B : £, — Out(m(Hy,*)) BdHY
T T, ARICLT, BARGEHERE " : £ - Out(m (H},*)) BiTid, g: & —
Aut(H (Hy;2)) 2D S ZEPFHAET T, 22T, Ky = kera (resp. K = kera*) %
B OWVT, XD PR T

EHB. Ky (resp. K) & Hy (resp. H}) L ball-twisting \Z £ > TEK SN 5, HIZ,
CORRGARER TIE 7V,



F72. I, =ker B BRI OWTIE, ROZEFGPYET

EH C. I, & Hy LO ball-twisting & HY LO ball-twisting 12 & > THER SIS o 3]
2. I, = E,N(0H, LD Torelli $F) DB LD,

HL. Hy (resp. H}) LD ball-twisting L I ZRDOFRIC L TERSNDLBDTY (B &
3 KILERENZHOA TNz 3-ball T, Hy ® Hy EDOZD Y D FORDERICT: > T D
bDELEF, B LICHEIEE (r,0,0) 75, [ 11cBWTi, 0B N H, (resp. OB N HY)
7L {(1,0,0)|n/2 <0 <m0 < <2r} TRIN, M2IZBVWTE, BN H, (resp.
OBNHY) M. {(1,0,p)0 <8< 7/hor3n/4 < <m0 <p<2n} TRINDERIZAS
TWHbDE LIZKE, Hy (resp. H}) LD ball-twisting & &, MEECTRD & 5 IZFR
SNDBDTT, (720, ¢ EHH/NASVIEOER)

(r.6 {(r,9,<p+27r(1—r)/e'), 1-e<r<i1
—
T’ ’(P) (T,G,Qp)’ OSTgl—-C,
——
\_ii/
N/

B4 = 2
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GALOIS ACTIONS ON BRAID TYPE GROUPS
HORBCRFATIIEETNT « Bk [’

ABSTRACT. kot v 7 #f EEERITTER) 25, RECYAEATE (rIssfdises)
~ERT % C b iia RECESIRE LT (FICHERTE & LR = o bl % 2
A HETROVEBIC D WCHH L 7

1. INTRODUCTION

1.1, FO=EEsk (SR Fas— f: F - B % (Bz Z8#EZHEFD) =
LH—ZEREELET, (B BEREC, Za0 fiber (RIS, ) B kic—S b ®
B, 2 o fiber # Xo = f N bo) & LETw Xo FIC DI 20 #HY EFo ©
e, m(Xo,zo) — m (Fzp) OBESEXEELET L, KOXSKLTE) Fud—
2

pr/B - T1(B,by) — Outmwi(Xo, o) := Autmi(Xo, 20)/Innm (Xo, zo)

BEFEENET: m(B,bo) DILy BEL bt Ly thdfy € mi(X, ) ~OFE
HARKCEELET. ¥5. v B OETTDOT, Thicii- < fiber 25 ICZETE L
TVEFT, XC, fORL—REnb, FOHDHET CHoTy ZOEHEy IC—3
Ly #5 @R X VIBRETEN) oy ¢ 323308B0%d, 358, Lk Xk
D zo PGS &I SR T LR, e fiber DEF K> Ty £ fiber T, ¥
&z o fiber 2 D3P Y BRSNS LCELARERETCE T, (i
BEL Wi, gElAs E—WHEZEH - Co ) YOUWAEZ 1 € Xo 2B ADE,
COEPI X 5Tl 1y = IG5 Xo LoD M E KX NET, C
5 LT, '
71 (Xo, o) — m(Xo,21); o+ &1

ﬁ;ﬁi:_:?\g&fé %l/ﬁf Lfto

DLy zo b ag ~D Xy NWTDIHE pyr —2 & D

T (Xo,21) — m1(Xo,%0); €1+ Poré1poi
FEFLTC, AL D
pr/p(7) € Autm (Xo, z0); &0 Po1é1por

BEDDOIET p DBLY HIClk m (Xo, zo) DTLHR LD LMT 5 HHERD b ET 0
T, pF/B (')’) ﬁ:;gr’%mﬂ IIlIl’/Tl (Xo, ilig) @m@amﬁi);ﬁb ij_ﬂ;\ Outh(X(),IL'Q) D
TLELCR—FICEED, €/ Vul —EKH¥E225C b2 Ed,

WA ZETEE LE Licdds BRAMICIBUICRD X 5 ICEFR I E T,

Xg—*F—*)B

1



2 B I
b A E YRS
(11) 1—>7I'1(X0,1E0) —+7r1(F,x0) —’71'1(]3,b0)—> 1

BEONET. (EORMHEEEELE Lo ) v € m(B,bo) ¥ &ilick b 4 €
w1 (F, z0) WIFB EFC (ETwS & v =pui?) -

pr/p(7) € Aut(mi(Xo,20)); Lo v'éor’ "

EEFLET. (m(Xo,wo) 3 T — 2 AR R—ZOIAPFO IR CH 5 € & &4l
50 COEFTLE—HFT 2L E, oy L LB FTHEFE—[AfHICE - Tn
LCeRURTHET, )

b BT o BHERZED b 71 (Xo, zo) DT 237Z0H 0 300 HFHH
CRIBRNCE & LT ppyp(y) € Outmy(Xo, 20) &3 4K well defined ¢, BEERTNIC
5 ARG CTErDONET,

EOEREBMIEGW CT b, RO OEFELT

1—-1I—-T—-G—1

LT p: G — Outll REFINE T,

1.2. =2F55Y - REIEAHOE S, Grothendieck oA L. Lok 5 2%
FHUCHICE D RS NG, Bl TRXF— ] onsa) —. IEER SRS
22308 b0 CRTEFELN, LEZERAF—ACEERD X 5 ZEEBD Y 9,

() TR A LT, 2how TBI) & LTh DR ¥ —2 SpecA 3B 5,

(i) fEEOAF— LB LD L5 b DFEIZTHOETDOL bhd,

(iii) 2F—LORNCIHHIREREIN T, A3 — L OBERD B,

(iv) 2F—LHHClt, WA WS RMWEL Wil & s X b — R L DHFRE & AR
DLTE &\ 5 PR eI b,

(v) AF—LofflcE” 74 N—RIpER TS,

(vi) Pl BERREESHARE S AR F—b LB En, TS & FiloEk
BHEOFEFMC oML & —8T 5,

Bz lE, ABIKK ok %, SpecK BGRAF—Lo—flc, 8ESE—HTHY, *
DED LK BD > TwEF, KREWEHA K 251850 5 SpecK a5 &
Wwin, AF—A X OB & T BITHWEI O X ~OHOT LR vwnET,

REIEEABOERDIRLE IV EL bNF TN, RO X 5 AR *HEbB %7,

(1) CGEAMAED?) X ZiliihR¥—L4, z #XTOMIMEDO—D & L b &,
RBOIEARTE 779 (X, 2) BEFRE N B o

(i) GTRZRIERRE) X BEREA L D 5 RS EEko T3tk RBEH %
b (Wl iE Q CERS N IBIEIBE AR bIE, = OB FEARR IR
DBEFNHATD 7 (X, z) % profinite SHE2 LB b B, o Ty TOEE
AR G ERNHOHAR 23 2 UE R v, )

LT, RO E Lok DEBO X LET. DE D, QR&TELET,

254 bl G ICH Ly £ profinite 52fiifk G = G g limy G/N. € Cic N i G oIEH
WSBECHHAIE b Oh 2 TES. G/N CHESAIRE whT, Szl o cliis 2 5 &y G ia v
7 MhAEifc A 5o



MK - IE Wif~o 7 v 7 olEH 3

(i) (BERWERIEARR) K %24, Q% K 23080k ET 2. K > Qi
Ty BRI z - Spec) — SpecK #AEF %0 (Ebbd—HEGE, o
3 BESIS SpecQ OFHARE W, K — QI BHo I51FREL tExbh
o) COEE, ROGHENARFITLRED %o

7 (Speck, ) = Gal(K/K),

coic K3 Qco K ofREGHE, Gal(K/K) &7 v T (Speck d—sa
Ao, EHEAREEHPICR bR WO RETT A, LA RICHEERNHEES A -
TnBE DT, AWML, L THEXLLLED D Edio —F, BAMISIE,
AP T, L EC A Y T3, BEHEE. BiWETkcohEwn
T—f] EBBReEET, )
(v) 79X, ®) iy B & NARZER e b AR 2 X 5 RBR R e
(v) b E—ZRRVIOED (kD) Yo,

1.3. AR 7RE. V 2k K Eo GEM1) @iffEeRR Stk e LEd, 95 &,
AF—bLTnH &
V — SpecK

BB AL—AEMEEDY FFT. BICcws &, K%V hboeHiidkeEz 5
T %o ) ChD, BENCGER e b —H A XA—R e X—2 ' — B OFHEICT,
B = SpecK Loy % e 3 eid. K ORBEHU K #—D2kdb 5k, Thb
H by : Spec K — SpecK #IRH BT LICE IR Y EBAs 77 A= Xl 771
N—RY

XO il 14

I |

SpecK — SpecK

CEYEZLNETH, 2AF—LOBFTOT 7 AN—TOEFEPD, Xo=V =V ®
K, $#bb, VoOEks Kt Y piATRONSHRAV KR ET (wb® 5
PREAIER) o wo:SpecK — V #MMWR LT 5 &\ 4% I ¥ —52aRyl

(1.2) 1— w‘l””(f/,a:o) — W(lllg(V, z5) — wflg(SpecK, bg) — 1
PEONRET, 75 &, BLITRRFERERC L > T, £/ Fri—
PVIK : ﬂiﬂg(SpecK, by) — Outwflg(f/, z0)

BELNET, COEBRZ, AH e TEBRLFELZD LT, ZORN Gal(K/K) &
WHSELBDHE (1) HuThTdhsct, oMM V 2 HESH A E g
b B IR L7 (V, 20) &\~ 5 % UHD B B HE0 profinite 55k 717 (V, 20)~ TH %
CEFEHRLTCEEE T,

Hhl, FF — BlerlLTsection s : B — FHEEHdE, (Bt oy zy
section FICIE-> T3 C & ICLT) WEeRI(1.1) B LT, Out TlZA < Aut
~DFRY

pr/B.s - T1(B,bo) — (I, 2o) — Autmi(Xo, zo)
EE D FF (Gllosk. AP oo inner VEF % EHRAH 71 (Xo, o) WFIBRL
b o) o

3Gal(K/K) ixiic, K ofkd LToBETHED 5 b K LchEHclERT 3 b ookd . K i

s AR CHTERIEIC = v o2 7 VIR AR S & Gal(B/K) = v~ Ve (94 profinite §f)
CAZCEITEET, '



4 AR

[FERIC, AFa TERETH, section ZZHIIE Out TH L Aut ~DVERHZ 2 b
To COHE, section BV Lo K A ki ag R b ¢ Cilibh ¥ d . C DD
FHE SR BIRA & TSSO SIECHET 9205, FECCTHIE TR EE X
L 7( @VC"’,E”% L i -j_o

2. KR - W~ v TR OVEH

2.1, HUELRSIC 3 5. M AIET —~ A Hli# Fy (2o Hlife) &3R4
CREOZEAE LT, V=P —{0,1,00}/Q BBV FFe COLE, HuTHH

PVQ: Gal(@/(@) — Outﬁ';

(75 1% Fy @ profinite 5508E) 1 H <~ & € & CREBSICE D FF.  (Belyi[lo
—fkic, V AFERREEARE S b D, = v 7 P ChvwEdR E oSBT A O B9 )
cOB% ., il EEAE DRSO b bd Cwnwe 2 CF, Belyiick b,
Aut ~OFH BT . .

A pvyg : Gal(Q/Q) — Autly
T, o € Gal(Q/Q) iIcHf LT
oz Xy (e, y) X O f, (2, y)

LT HOREBHDZT LRI oTnET, T, z,y & Fy OB BHEI0. X(U) €
7% ML (— D= EHIC o RUTECVERT 2 5) . folz,y) & o (ke
LTo) & FHoD 50CF . Belyl Offikr by o v (x(0), fo(z,y)) BEHTH
T LD ET,

(x(0), fo(z,y)) & T(IL), (1), (V) ¥4 2 ABHR] & v 5 E L WillaE ba R
PR E fic T C e 3br ) 9. (TP EM e <IHE ¥9, Drinfeld[5].
Deligne[4], BHR[7] £, ) ChboOBUER%#ET (0, f) € Zx [Py, Fy) Kk o Tk
OEECTG 2 Ty © H CRZRAA% Grothendieck-Teichmiiller #f & FFOF GTchbb
L9, b Gal(@/(@) — GT 723, GT kKl Drinfeld[5] @A FHEIC X >
T quasi-Hopf quasi-triangular category I & 2% (77w 7H#f & (33T 7x) A0 23
b, HRCHDHERE B, (n > 3) @ profinite 5Efi{k B, WVEH L £3 (C oJBcik[8).
Appendix Z8) o SR, B TELILS

Gal(Q/Q) — GT — AutB,

B TN Z 2R 275 Q LoZk V oI e TEE] b8 bh 3 T & 23
FFEEdo. 8, Ve LTT 774 v o n AoEEEMT &5 & oM
WSEARHAEEN E 2 Y. V k2% section # & % (J35 I i tangential point)
&\ ST B pyjg R EEOME 5 Z B C L AEIATE £ (FHE - BA[E8)

e A B EUCE AR e Wi T, (x, f) T3 Ccd A F v TRAR LT by
SEABEDR R —eBEL T b A, T 774 vRBU X ko n @ oliize
B FonX 3BV E Lo FonX 3 X LOHREZHIEFn it e P25 T 5%
Alcko kS cEsEshiEd. X LofFRE nmoeYa 74l bric X? (X
Dofoa ¥ —omElg) T, [HEZ L] LI 57c0IChyper diagonal A =
{(z1,...,2n)|2; = z; for some i # j } &, HFTEHT 2 OISR S, (B
BoAnEz) clloTRONET : Ip,X = (X" — A)/S, TFo 7 (FonX, o)
Iy X B7 774 ViR (0% WEEEFEH) Thhd o5 0 n ARHAHE X 0
genus AL SRR & X OIEARA D Z Uik b T3, cow, ot
BRSOy~ I a THOVERIR, & BB~ ~oVEflic—83 2, X o
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FAEE o I W~ 9 v T OVER

HARPERY ~OVERE pxy TIHT 5 T LR E N, IEH & LT Belyl o BistEEHlo
— SRR D IE L7 [9]o

SHFEETLE (0b h) ONED S bOPF L WL, A oME & L, Artin
Wa & oZc & BORRTT LY {8 Dynkin BHEC &1, Artin £ &'l
LR S TR D Y F T ChedEAliE s LTd > Q Lok (Brieskorn[3] 2
H) 2V &3228, LEOIST AT e TR () CTERLWICET S C ERR
FreTdo (VKD A, ROBCBHAHEEE 2 b 9, ) FLwviEk, Ak
DnCEEETOP TN EBWET, (Fwood, T4, PFESYTcrETEFTT
ELDbhbhnwdT, ) COSKROETELTMICT % &, G ¥ HFFHMY —
M HE2HIET 2—200 0 2 S RE. W % H CVEfT 27 4 A8 (RREmR
eAaZ) L, HogEgc, (1UA0) W orxclHEIND X9 A b0k
DtFgpe& (H-D)/W tLc<Habhid, (FETFdK, VArEBT| B Y
ANFECH 57D Do ) , ‘

BRI, H/W BHREE V= 74 R cBlcdb sttt ¢
DEEARE Dynkin BIGICHINT 24558 (FHLTE A D 5 WG HEHIRES & WHiEh 3
i _EOWSTREE) o RNZIE %5 4. (H — D)/W B TERE SO A v fiber
L ETo (Ro{ESRD, B4R, b Grothendieck 23fE4E765 £ A ICTF4E
L7 T &, Brieskorn{2] 283 L% Ulco )

COFEFRIE HRREY = 7 4 iR E R o2l o3kt~ 7 v TR, Th
EFNBEMLFEFOWTWELES S & \»H Grothendieck B2 & H-CHBIBRZEW ) @
EEbhEd, (CoBBE. Pl gBZEERoFE[1] KW EL CwEd, KUTE
LoH « B - BREOFHHCWT Y E52, o FREEHE. fE. ©75E, W
iy fRE. =R, HEE—, fh, o x OBEEORSERIC Y Y IRIERLCWET, )
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3RTSHEOFRBEEICWT 39-FAES L Atiyah O 2-framing ICDWT

HIK®E R FL

0. #Ef

3RO XD bR — < Y EERE M3 29 RER i, Atiyah,
Patodi, Singer [3] I B W THOCKE L AR FEDO AT F Vi v TEsk s
Nz, [B] TRENTWDE I, MOpAERIE MESRE LT 4 X5E
Ik WIZ Hirzebruch OfEGER 2 @A L 2BOFFE L LTRIRTE %,

FEH. (Atiyah-Patodi-Singer [3]) W% =2 82 F ClRIE S bz 4 K0 —~

VERAAT MEERELTHEHDL, 22O MORL TE M < [0,1] KHFEEREHET 2,
O, p(M) BRATHZ bNLD:

n(M) = %/w p1 — SignW.
7272 prid ) — % UEHEDH— Pontrjagin JE3 T, SignWid W OIF 5 Tdh %,
PFcirtNeg(M) OB EEZXD I LT 5,
Bl1 - 3KkIuERE SCOEZUHERT RIS T - AZEE L, n(S%) =0.

fil 2. (Atiyah-Patodi-Singer [4]) S3OBEZEMi & L CD 3KIu bV » XZE L(p, q)
Dn-AE a0l

p—1

2L 0) = 3 cot( ) cot(2m) = —ds(a,p),
k=1

THZbND, 127201, s(q,p) ¥ Dedekind sum TdH 5,
—Ji. Atiyah [2] KW T “2framing” &V I EEFEA SN, TREEAL
72 3 RICEARE MOBENYF VO 245 TH % 2T MO Spin(6) /S F L& LTD

HHtOFE E-HOZ L TH D, TNHDOPTHICRKA %7z § 2-framing
ty ® M@ canonical 2-framing & IFF 5

1
gpl(QTW, tar) = SignW.

ZTC, p(QTW, i) W WOBRTH D MDEHIME % 2-framing Ly T52 5
LI & D g B4 Pontrjagin B TH %o

¥ 7= 2-framing o ® “difference degree” XD & H W EHT 5,

1
dlesiy) = §p1 (2TW, &) — 3SignW € Z.



Z #id 2-framing «® canonical 2-framing ty 25 O T N A BHE T2 D d D
T b,

1. BREEICHET 29-FF=E
KOWRAREZ Do n - M- MEnE) TV HEET S,

M — " 9T M

SR

M —s M

FEL.FE D) TN Thbd, OB, ROTERES,

BE1 . 3 KTCHMEOAMBI T b AL O TR B OF 1L, M, T
£ 4 @ canonical 2-framing D § N & L TR CTE %

~ 1
U(M) = n?](M) + gd(ﬂ'*tA[;tM) (T*tM ity DY T b )

Fric . BRI S SOARE AR B o M i L R ba(BT) = 0 & %
Do (M) & d TS 5 2 ENFRAMEIEE S,
B3, EHERFE T 5 p BHE S° — Lip,q) Wl # T2 &, 30
canonical 2-framing tgs D73 p DA BRKOFFOVEH THRE Ch % B4 5F
¢’ =—1(modp) ThHbI Vbbb,
2. B b —F X O difference degree

3KTUEREE LT, JICEH —F A M, ix LCid, difference degree %
BRI T & %, ik golf & T4 & NI, OG5 M, 0Pk

0——7Z — Mg J— Mg — 1
REZD, TIT, My, ={(p,0) :p €M, a: M,D 2 —framing} TdH b, T
DI, section s : My — My, s(p) = (¢, t,) (¢ € My, t, : My @ canonical
2-framing) % AT, T OHLILKD canonical 2-cocycle &

c(p, ¥) = s()s(P){s(ep)} " (o, % € M)

LT B ([2,[5])e S AUIESHEIE M OTC o, p L. TABILE o TER
% 2 D0 2-framing s(p)s(¥) & s(pyp) O 3RILEHAR My LT OREH D2 X



WERLIDTHDL, O, BIE—5 A M, OFBHEE Myn — M, 13T L
TROERERFS,

RH2. p € MK L, fo: Myn — My% n BHH LT 5 & difference degree
BRATHEZ N5,

n—1

d(fu"tpiten) = D clp, 9¥).

k=1
Wi, 24X 0, B —J AT - AEFROLAFRFOLNL,

TEI. € M, BEBEIL m DTG E+ Do T BRE =5 A Myn (1<n <
m) @n—z:g{‘%n(Mlpn) ‘ié(ﬁf‘%“i rD nb o

n—1 m-—1
(Mpn) = % {ZC(so,sok) - % > C(so,sak)} :

k=1 k=1
7273 Ly Mo DR o % LT 2 10 S RIS AR SHZO L, ~OFER 255 il
b b L) RE,OFGE . STOFERT LOREEPOFLINDLbDLET S,
5l 4 . Hyperelliptic involution ¢ : 3, — ¥,.
My> =5, x St — M, LT, EEEDBEBIT g(M,) = 0 559,
BIS. F—FANVE N (g =1) DA,
canonical 2-cocycle ¢(yp, 1) & Meyer @ signature cocyle 7(p, 1) ODRGRNP G|

n—1

d(fn*tastan) =3 (A, A*) (A€ SL(2,Z)).

k=1

INEHAWTSL2,Z2) DABMEBOIL (2% 1, |trd] < 2) LT, £
WLz b =T ANV E VO AREZEERDDZEDNTED,

(1) trA =1 (fi#6). A= ( (1) ‘11 )
§(MA) = —0(Mps) =~ 5, 0Mgz) = (M) = 3, 7(M5) = 7(Me) = 0.
mnA:MﬁﬁﬂA:(?—§>

N(Ma) = —1(Mas) = =1, n(Mg2) =n(Mas) = 0.
@Mm:—uﬁﬁ&A:(zlzf)

DMR) = —n(Mas) = 5, n(Ms) =0.
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