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Peo T, s 3 E L, Lebesgue I L THiSHER ClE 2 v, 2% ), ThoDRRE
Ak EEOBESAEK pa(z,y) TAVTEDTILETE LV

z v :
G(n,z,y) ;!:/(; da;'/(; dy'pn(z',y') . (5.14)»

NG A—5 —aDEEREIL, 516N G(n,1,1) KT ABEREMGICT L, FFTEER
BDEEIRFE, o TAEHENFEET L EB/ELIL, L L, TXTOREHIE R
WEBRTETIIR W2, oML TCRBTERT 2,

5-2. TEHKEICHT I3 RNETOHE

T, —RREFRBICBIT M & FH
Rb, nHEHE n+1FHOEFHOBER:ZE
Zbo EI6IRTERIC, —EDOLENS TR
EWBILEYD, n BEHOEAEOA LS HAIT.
n+1EFBOEAHOELGBECBEND,
#HoT, TOBEBREEIOANET LFE I,
2 BHOE LB [1/2,1] % [0,1] & O n'h cell (n+1)™ cell
WEEn+1FBOELVHD[0,1/2] x [0,1] &

W THIRDRENETH 5: 6:né&n+1HFHOBERELET AN




Lm&1=u( x [0,1]} ) ( Olnwm) (5.15)

=G(n,1,1) - G(n,3,1) - G(n+1,5,1) .

T)a#1/2, 0<a<1DFE
ZnkE, (5.9) X&D

Tantr = (1 - 20) 4", (5.16)

Elebhs 2Fh, COFREVEE R TEFLRZWESPOHMABEL S, ZoE, X
DEHCHBESING: AEFED n (TEFLE2WEHFE, SFEVoEESE (1 -a)d'0, E
$ 5% aA'DELTHL, LoT, COWWETHL L, —EANEHRT HHEIC (1-a)4 £
ME A DTENDEL, 2L LT (5.16) DMAPELLDTHE, 20, FEIVOFE
G EESOBERAPRL L EPRUOBERLDOTH B, /2, nDEKX (5.15) kL
P2 AHZ XML BW|NEHB L BWAOFNCGIRETE 525, BFEDAR (5.9) DL NVEREn
KT 52O POELAMENEEVKHTEHE LD Do TR, LVEITOREDE VS
MNICKEE N VWD TH D,

AN a=1/2 DFE
ZokE, (511) R D

B 1

Tnjnr = =5 = -E{G(n +1,1,1) = G(n,1,1)} , (5.17)

BOGEERLY, B VEOUENEICL NG ERI SIS, 35IT, 4HTRLI L
ICEZEZTVEETFNVOIHRE DA 1/2 THEDT ((4.10) KT 0#ERSR) . (5.17)

Nid Fick oFERI#FEHLLTWE

Japnt1 = —D{G(n +1,1,1) - G(n,1,1)} . (5.17")

H&@&%H%%#K*Wﬁﬁﬂﬁ@%&ofwéﬁ R RS IR R S E/ A ZhE#RO
FIRREE LT 0L ) RRESELNR S Z L IZEKEY,

AR AL RN
(5.13) RoRBRI k0N 2R S, TR S [K] Fick OEANZHE ).

Jajnt1 = 7— 7{Gn+111) G(n,1,1)}

(5.18)
= D{G(n+1,1,1) - G(n,1,1)} .



5-3. JREE DFEIR

NG A= allft LR ZEFEREIEON, ZRENELLHEBERITBL TS
LR TE, EOREIMPHENIIERLELPEBKT 2RSS 2 O NLEREFOTTO
FROBHRBRZEHT T LV, CHL 32 Tt MEATHEEER ICHE T 2 BBICERL-F
RENLENA ZhEREEZ ., D&M L L T4 ZhBoME CIEEZENOL L) ICH
HEBER 1 — 8k Lebesgue i 2 5 2 T, ROBHEBRE LA, TOER. LENN( A
HADIASA I & 53 Fick DERNCHEV A0 252 VR ICE T ICRTE T 2 BRR Rk &
BT B REFERYCEDNL I BT h ol THIERD L) CHRTE D, 7 Fick
KEEAMH U D FIIC—BETH 5 013 LIBO @ FIRBISH U2 FEICHERNTH 5, 17, £
BN Z RS L B3| 3T LD 200 RS FHICH o C—ib S 3 IS 5,
Teo T, MU B FENCE L TR R L0/ PRI & U TERT 2103 U85 JHIC B TARML
MRS PO HELRTRER L 2V, 20 LS hUESAEABNHTHs L EL LN,
CDEKRT Fick WEPLEL D TH S,

KS = ot —id Fick IREE, [ K] Fick IREEDOWH THRAME hxs =In2 2 & % ((5.5)
RBH), —BH LD KS T Y~k o T Fick iREEL [K] Fick REEXFIT 52
ERTERZVEVIEHRIEONS, FHE, Fik REEQ LELEN M ZhEHR BOM., (G,B)
i, K] Fick RREGLHEHR B ToM (G, B™Y) &, REREICIVFAETHL20,. §
FHRXELVWKS =V b o—%0%, 15 (G,BY)DKS =¥t u¥—it (G,B) DEAD
| fETHBP 630, ¥R (G,B) & (G,B)DKS 2V PO E—E—HTI2DTH5,

§6. Khaa

LENA ZRERIIBWC, 1) BECHILT 2 BRHHNLEEE - F PBESAEBOR
BEEFOEENZPVELTELNR, #0057 527 9 VR ERBEHICHET 5 Stieltjes FE9
WEVERTEDL LRV §) BRUES FV 5D C LI X ) 22—k 7% P E BiIRRE s
BFICRER T, B2 Fick OBAICEE) b OBEETHD I LRR L. 2 NEENAC
REB T, AT HBREOEFRER, THELNFEAEFET L e ERLTE S
DCHb, DS, 757 7 VERFREBPEELRE2IH- Twi,

FFOMBEROBHBRIC OV T, RBEA T AW L 2OBEDS 15 3 v 7 ZHAHEH
MTHBIH DT, SRBEHET 0L A > THELMIC (W) BETH20T
Hb, COYEDRBENUBBEE—FDOT7 T 74NV HIIEMENLTWDEEEZ LT ENT
5,

FERREBIIOVWTR, =20 VICEHT 5 EERICE - TG AMICER I NT
BoOEVO—EIEHEATEDOT, $XRTDOENVHAOHAEDRE—TL VXY, S EHED FH
WHIP S BRBIT AL 910k b, 2%, —L vV ESM e R e WIEEFHEERECILT
Y VASAEEERIIC R B,

PEDEZENIL, —fRICH H 4 ABURFERIC BT 2 ATEERFEEERE OB IR
BEGSEELREEL WL LR,
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e A 5 — S

AE T 2V NFERICET 2 FENRERHSESC O OWTOMAZ GEEPIK )
MAd 5. FMEchEnomX el cEHEown,

0. Ihoic

FREHE L EESTVEVL S LI, i, HHROKES 2 WIEWEBHRER
ELTEMENE &I, v iESR (cell(ular) dynamics) EWAHAEESELNLSE XS
WKIE->TCT&f, dDELTHE, IhideviiELr — < b~ (cellular automaton) &MU
BoaINTEbDEEUTH

UGS — Py v, KCHSsNTWA KDL, von Neumann SHOHAERD E 7TV
ELTCHEALALSDOTHY, A— 2 bvONEPSORWHIROESNS 5. i, 1
0 HEFIIC, Wolfram R CNEEMROEFNVE L TR T L L0V EALS, avbEa—
SHEBICIDEAORPEIIRL, £/, S30MGIBELTCWSE. zodiicly, 7572 4
g ZE & of, v U bt oEEEE oD, bV o WHFET S 6 D, BGHREW
SDOPHEEL H 5. '

g, INEHRLTC, MHFO-I TR, KEHOBS, &5W0wiE, Ham i AEN
HBZoNTWEBEULEMBISES, V¥R 452 70 FERE LAY, H2HME
EFNVHBERDIS, HBAHET ALK L TWA, Carman 15 (PomauxiE) , &4
OREEHSE (1Y /7 A RERBEMIK) BERZFTOREHTH S, COLIBHELOT RS,
VS~ b b v EIFERELTCR S EWINERAET AT E T,

—h, BEELTE, B IEERE, EHEEL SN EROR BB TH
N, 2L SIC—BBEBOTEROEHILET R TV I¥RTH B, DT~z kS
o, BNV IIHZRE—RE, HB30VIE, ZRTOEENFERICBWTCY 7 b Al S E S
Thbh, COoBLA»S, 195 05L&y, 2rffEd— < b ryOWRE G, 20D
WRBIEE - <, &<, ERBEOED S O MH I EE V.

bR ks, BEE S —FEEMITELOBEHILIZ T NTe Vv I¥ERTH O, HLH,
WH, HAmOHTERBERICH>VWCEOKHKEREOTABAFETH v, Thikic, @Eilo
FORE L IRYT 0SB 2 5 A 2 BN R AR O MRS TR S D — %, W0 RO
fEATIZIR T, ToZHE 292 - RmOMERTLLEHIELVOPEIRTH 5.

I, 2oficbBELIELN AR E2HAL 5.



1. %%, Bk &bl
PR ERBRECIR~E & LT, &9, WEWEWET, TOoE#REFL L.

EFH1. WOs5-2085 2 6hizE k5.
GRESA (P14, A= {0, 1}, 72720L, 0, 1R FoRH.
HBHVWE, TOHME) ,
- L (P20, 1IRGHFL=%8=5Ho4K) ,
X=A" ¥, *OWPHESL
(2F 0. L LokFidsE x
B5Zb0, O2KEX &
L DR SES A
BzZE. L=%&0L7T, A= {—1, 0, 1} )
AFoRFEEOAICIDERFTD, AICEEELZERT
WA, A= {—1, 0, 1}, £=1 (X1, Xo, X1) )

(x), BETFRIKADILX &
<.)

Ef

XL ZNEHE~NOFEZR T, t xOF i BENBKROL I KRFEFLEE, BTL LoV

(£ x) 1= 1 (X101, §EA) (iel)

ok x, 2t DRMEMS (local map) &WI,

kofld, REMNEELHD. A—bxbrELTCh, I¥EHRELTH, BEEHRT -
el QBT NTH->TWEbDTH %,

WI.A:Z/ZZ:{O,I}(O+0:1+1:O,1+O:0+1:1),L:Z
A= {—1, 0, 1}, f (X-1, Xp, X1) =X _1+X%x,, 2DFb,

(7 xX) (=X i1+ %X -1

BIZE, xBx =0 (x#0), Xo=1D&E, ¢ ZHEDERLIEHITE TV &, KD
=D 1IDOEDIT, 1 oDy —rBEHRKENS,
o 1HERT C X AEHRRER, IhEEA sy —vELT, 1 BHSICHIBES
i, BARy — v RHEd s & MAEHBET 260 N2 &8s (K2 2H) .
T, v¥BEBILoNdE, vyv=0 x%EldxiE, x,, x DEEZRD>NIE,
Xiw1=YV i~ X1 (i2>21), X(1=y =X+ (i <0) . g ~T

EEDH. AL, t 341 O LE~NDERTHS.
X 5,
X = -10110110110110 -+ - -
DAL,
T X = - - 10110110110110 -+ - --=x
ERD. xWEr i LULTATEAThD, —kic, MBlphEAoh/icsE, pAWHEx AR
Hed &, pRAMMNOBEABALTFZ2 B ESGIFEH L ETEE W,



X1. HAR»~y—v

X = 000000000001000000000D00 -
TXxX=--00000000001010000000000 -
T x=--00000000010001000000000 -
T?x = -00000000101010100000000-
T'Xx=--00000001000000010000000 -
TfX=--00000010100000101000000 -
T°%=--00000100010001000100000 -
T'X=--00001010101010101010000 -
%X =--00010000000000000001000 -
T X -00101000000000000010100 -
T''x=-+--01000100000000000100010 -
(INMAE27r -V LETE, 35757 7y VIESBELSNS. )
WopE, EeALEBRHTH .

2. A= {0, 1}, L=%Z, A= {(—1, 0, 1},

f (x-1, Xg, X,) =1 (X1 Xox,=111)
0 (% Dfth)

COEEEF, x= (x,) OO BN, tx2dEmic, £HA1 2920 BHLTw

&, HlE,
-00000000 -
bL, 0126 NIE, DED,

T x> -

D COMmPBIRMEATETH B,

X = - -11111111 -

oy, tx=x &5,

i, ARG 2HOALTROA TS 5.

A2,

X -111111101¢t11111101111111-
T X = -11111100011111000111111 -
T?x = -11111000001110000011111 -
T¥x = -11110000000100000O0O01111 -
T'x = -111000000000000000001 11 -
T%x = -110000000000000OO0CO0OOO0OCOCOT1 1 -

T BBMBIEXEN LTV DT, WilEROIRBE EE
Wy IR DR OB & i & ¥

COBPIBZHWE S OTH B,
ABH I EWRHRS. &7, d@EFEIFREL TR, KO
55DTH 5.

dx,/dt=1-x



2. 1<, 1 BERECEEGD sy — ik (. =0)

.......... P P DS |
......... R VU U PSRN DI SRR S|
........ TR P N U IR DI |
....... (U U P T U U DUUUUE DS U DI
...... P ST N S DI DI D B
..... U T U PO U FUU DI DRI DI SRR DS & DR
U U S SN DUNE DU S DU SRR 1.1, . 1. 111, 1.1
SRR T O O T O O O T O O DO 111111111,
L 1 Lo 1.1..1
I Lol 1ot .. 1...11.1
T P 1o 11 .1 ... 1.1.111. . 1. .
T P PR EA U P P SO B S S O |
...... AU DU DU DU DI DI DI DN T SO |
..... O T UI DU DU B BN DO & DU & B0 5 DO
T D 1...11..11..11..111.111. 111. 111.
T T U P 1.1.11111111111111.1.1. 1. 1. 1. 1. . 1
1o, 1o ool 1o 111
A Lol (PP T DU 1ol 11..
R U P (P & PO P 1ol 1111,
1.1 1111 111111 1. 1. ... R P P 11
1.1 .. ... oo, U T DU SR B 1....1111
R TS 1.1..... 1101111 1 L 11 11,11, .11
TS TE T N TS VTR TRt SR S VU PO S SO TROR SRR S S S A A 8
1. ... £.1.1.1.1.1. 1. 111111111111 111 11 1. 1 1L 1
1.1..... 1o 1o U T U 111, ... 1.1
TR T U P Lol ... o111 11.11...1.1.
R T PU 11, 111111 ... 111, 111. 1. ..
U PN U U PR 1.1.1.1. ... 1. ... 1.111. 1. .. 11. 1. 1. 1. . 1. 1
1.1 1. ... 1o... .. loeen.. U TR U TR U D U 5 S P 1. ..
....... 1...1.1....1.1.. ...t 11, 1111, 11 11 .. 111
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..... 1. .. 1.1.11 1. 1.1, 1111 1. 1. 1. 1. 1. 1. .. 1111, 111111111,
(DT P § BRI 1ol L1t 11 11



2. 7 b &RV EG (lledlund D xEH)

WV HFEREER L TEEBEWR O Z 5,
BREASA (WIAE, A= {0, 1}, LITTR, TV7 s~y FEHT D),
1% F L (Plz2E, L=%2=8Ho2k)
At (%0, LEORFREEx = (x:), SBFHIiIKAD
TTX 52 7bD)

LIERFTHirrs, 20 i3 BaEimrd s, B2, L= o, TOFITHEE
KOZEW o b SERENE. o EE, () ¥ 7 FEFEh3.

(UX){:X[-}-I
(B 748,
XxX=....0010101000011101110 -~ -
850,
cx=-+--0010101000011101110~+ -+ )

7 o RAYFEDONEREEZ DL ENHKL, £, ATOBBOESE XN T P ARE,
o FED, '
g X=X
g lod I ol, o X LIHIBRLAED IR (X, 0) 2FZAHE6TES. D
UL TC, EHFER. bHWVWIEL Bic, y7 FEwa. chicifLle, X=A"Th3
CEAEMARLAAVE i, 7y 7 b (full shift) EWH I LT B,
LIFcid, L=ZOEE0HL%EZLD,

NIEARIE, HBMCEERIRZ2EHEVERE 2o 0 /1%% (M, h) &, 7T,
HENFERICE--TERTCEZEBHMON TV S, ERITHESR (M, h) %I 58
I, @URESHER (X, ) E58r : X—=>MT, ro=hov ZiicddDrEHFH,
Wipkd 5o bicky, Zoirr L0 EREENFEROMTCEESE 0B EEFET
H 5.

TNy 7 P TROVESNFRORENREORIRD 7 52 CTh 5.

FF2. SWENER (X, o) Benvazvy b, b0k, Ry 7 rThb &,
bHIEEEKp &, HEAVOHSESEWICL - T,

X=X (W)
M {X:<X;) : (Xl, X i+1, -, X[vl-p)e W}

FEINDLZIEEZVY, WAEFDOGSIESEE WS,

XL, p=1o=wirary ey PBEiervay T b EVS,

3. X={x=(x;) :x(Xx+:=00, 01, 10}

DEx, (X, o) Bl 1WMEHAKWEWIEHECKEI Va7 7 FThAH.
— s, T a7 T MICEBWT, p>1DEEICE, BEEpOHEEZTNLT Ry b &



HT, 2%, AP2HOTCAEEZLDLI LI, ¥ XToOenva 77 Fdp=10DH
Githash s,
GBI DEZICI T, BNVIFZORMEBR I 2D ABICHWIRESA R, LERLN
W, 1 A3EE, bV, 2AESGICNYET I ENHRS.
COXIREHABSGIEE SR TCBCE, U Tk, ™ HEN” REIR VBRI
L5,

T, Hiera ez b (X, o) B, TV7 7~y PAZRTHAES, MEXRGWEL
LEETHEMT T 7EMWINT S, Fi, CO757OBETHIMEFIEER S I EbTE
%.

prs. kex) A= {0, 1}, W= {00, 01, 10} kb, 7357 &ZzDEET

FIMIZR~_—oDkHiciid. (MOEHKHIEBEBELTWAIE, 0REBELIVWI &EEH
9. )

0 1
g;//é\\\ o 01 1]
f\\a//l 1 L1 0

DEHILHEHZEEE, XOx= (x) Blors7o o, HMEOEXO®EICHR S

N (o

BB, THMEiLra 77 b (X, 0) OBEITHE WD,

EC, AHOARBITAS 5.
i, XD HENEE (i, BlorT ) ~OE# T,

To=07t1, DFD, T (ox) =0 (7t x)

it R, Y7 FPEWETH B LWV,

ROEMO FiRBEAEL S 205, GEVBERZEMHOMHE & « 0o ER» SE LI
Mz lTthsb.

FHE1 . (Hedlund) oS HFRICBWT, v 7 b FAMREESE T I VIERTH
L. eIk L,
s, Y7 FOBORMEREABRFB vV IFERTH S,

FAEMH. E, BETE/ X D VIIESROFE %
(tx) =1 (Xivy, JEA) (iel)
EDEDP T P EAHIE I EERIEL TV S,
XT, tHhEREBOLE, TAT Ny ballHW LT, L
{x=(x:) 1 xp=a}
Dric k pMBEZELL L. CORGUHIESE, »o, MEETELL 5, BRSPS H



Thbd. AT, HEMNHZEROMMOERIC LD, HroHTH2ELEE, & 5EHEM
DRFRETOERLE T THRELELETH L. L-T, TOEREOIKBFAEAOEESAN LTI
W,

(tx) =1 (x5, &)

EZAT, tRy 7 MVEAEWMTH T D,
(v x) = (o't %),
= (to'x)
=1 ((U‘X) i, ie A)
=1 (X(+y, j &)
(REMED D) .

196 040 oFEHE, o NFEROMOEMOBUMNFE VI FEMED S &0l b
Ntk sd. [ETYE i(ﬂﬁ)ﬁ%&tf@%i%hﬁﬁf&émb,10@ 5 i A
ELTBy, CZoFETOERIGHESE Kk L L, TNEENT L ERARED

BTl iiuvwo tHigEds 5 .tt,%@¢mbﬁint/7417 DS HRIZ DT
b0, UFTHHWE I ERKBEZDT, MALLED.

EFES. %J$+(Y,o)ﬁ%%vwa7y7r(x,o)@,%%ﬂ»ﬁﬁ%f
KEBHBICBE-CnWBEE, D& D,
Y=1X

LtEaANB EE, WENFR (Y, o) &V 74 v (sophic) ThHBHEWVWW, (X, o)
(Y, o) O, =T THEHE NS,

V74w 7% (Y, o) KBWTR, ECTHEBELLIEDS, svavgE (X, o) %
Hfiera s vy b OBEE, AL NEROBNEEETET HAA L2 HEAICNS C &
WT&ED., TOLET (X, o) ZHEZ 737 TRALTHL &, wANFERORINEH {13
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Usually, simple linear threshold elements are adopted as neuron models for the arti-
ficial neurocomputing. Although such simple neuron models have been useful to derive
some fundamental principles in the artificial neurocomputing , there exists criticism from
the viewpoint of physiology that real neurons are far more complicated than such over-
simplified models. In fact, the existence of deterministic chaos was confirmed experimen-
tally with squid giant axons and other biological neurons. Moreover, it was also verified
that nonlinear dynamics producing the nerve chaos can be understood in the framework
of nerve ODE like the Hodgkin-Huxley equations and the FitzZHugh-Nagumo equations.
These results clearly showed that characteristics of real neurons are not so simple and
static as linear threshold elements , but more complicated and actually chaotic.

Even if the deterministic chaos in the real neurons can be well described by the nerve
ODE, these equations are too complicated to be adopted as constituent elements for large-
scale artificial neural networks. It 1s a lesson we have learnt from deterministic chaos that
complicated phenomena can be not rarely explained by simple deterministic dynamics.
From this motivation, a simple neuron model with chaotic dynamics, which can repro-
duce the nerve chaos qualitatively, was proposed on the basis of physiological properties

of relative refractoriness and a continuous stimulus-response curve at the axon hillock of



the neuron. Further, the chaotic neuron model is generalized as a fundamental element
of “chaotic neural networks” to investigate spatio-temporally chaotic neurodynamics and
its possible functional roles in artificial neurocomputing[l]. The model of chaotic neural
networks is a natural extension of conventional discrete-time neural network models like
the McCulloch-Pitts model , the discrete-time Hopfield networks and multi-layer Per-
ceptrons because the model of chaotic neural networks includes the conventional neural
networks as specidl cases by adjusting values of its parameters. In other words, we can
easily introduce chaotic dynamics into the conventional neural networks toward studies
of computational abilities of deterministic chaos in artificial neural networks.

The model of chaotic neural networks can produce abundant spatio-temporal dynamics
through nonlinear interactions among component chaos. For example, the spatio-temporal
dynamics allows a neural network to move chaotically over constrained but rich fractal
structure in the phase space without getting stuck at local minima. This ability has
been applied to dynamical linking of patterns stored with synaptic weights of superposed
covariance matrixes in associative memory networks and also to dynamical searching for
approximate solutions of global optima in combinatorial optimization networks. The
model of chaotic neural networks can be further extended to (1)“transient chaotic neural
networks” with transient chaotic dynamics which realises a kind of deterministic simulated
annealing called “chaotic simulated annealing” by controlling the bifurcation structure
from strange attractors to an equilibrium point[2] and to (2)“ asynchronous chaotic neural
networks” with which analog time intervals between action potentials can be analysed in
relation to possible coincidence detection of cortical neurons and utilized for temporal
coding and processing[3,4].

Nonlinear spatio-temporal dynamics of networks composed of chaotic elements with
high potential of computation is an attractive research subject not only as models of
biological neural networks but also as models for chaotic parallel distributed processing

which is classified as one of a new generation of artificial analog computing.
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1 B

DNANSSH A ALATHE., E PO DNABMHAIZ Ko TRE|ICHETZ LT3, DNA EE
. CONRTFALBHHRE U TIHEPERSEORKLEROAE L% 5 DNA 2
U Tl NGB 277 50 SEHEDHIEHE Jellereys, A.(1985) k. Z DX D ¢ DNA
BEEDOMMATN 1% 3 x 1070 LT3, O HEE. HATHEWEEREIHHEX
e FrUWEIMOBEPHARDPERS TEHO R L N )V CEBOHFIT/INED
T3 FIMCTVEHEDOYROIZINEZOMAFTE NG T ECTLHHT 2
CETCHADD1IRE) THBHBE WD,

AR THEFAO 1] THhsHEE., TRITHEGD SEINE DNA DBEED
HDTHRVWIEREEHTHD 1] 2REKT2LHMINTWS, CORBEBFEDSTV
EDOXAAT 4 7L > THASIN, FEHHNE., ., RELSEEEYROAL L Z
DEIICHMBLTED, BHICKREREZEZS5 I TV, ZTOHBIELVLWOTH A
5# AN AR TEHASO 1) BAREKTZ20DICOVWTERT 3,

SIZEERFIE UTHBHFATO_EEER2FEE T2 LI0L>T. DNAEEIZSE
WEBETERVWODOH DI L EIEHNT 5. mBIZ. O SHEMRMEAZNDH %
tﬁhf%&?%o

2 Match-Binning /%

DNA HEE =2 0 R
H,: the crime sample is from the suspect
H,: the crime sample is from the other person
DELLEPET—HIETNTIRET 50 JITEH>T—FE LT, BRUKBEZ HW
THEINDRA LRGP EHHKET 220 DNA @ fragment length %5 2 5, D&
DI —&
( z1, x2 ): fragment length of the suspect
( y1, y2 ) fragment length of the crime
THhodo — k> o<z y <y c‘ib“(ia<(1)
BfrofEEcld. a3t H,& Hy OREIE. Match-Binning ¥4k & Kidh 32 0E D &
IRBANTHEI bR TWS,

*JLARBH




(D) zy F oy, T2 2y £ yy = H EWRAE
(2) 2y =y, POz =y = H,EWRET %0 UL L. B the other person @
fragment length 2% (yy, yo ) & — BT 2 Wi D H 2, 22 ¢ O ATHEM: 2 R £ M1z 31
figssHMT, 5
(1) 3 &, B HAAEMHD fragment length DF—=FN—=2%FH L. fragment
length D i Z2FR %, DEI
(i) 2OF—=FR=PE TV HF AN~ AEMHILEZE & I hEAD fragment
length ( 7, Z, )  fragment length of the crime (y;, yy) & BT AL Z BT 3,
A5 BEfR 20
% 3 F D fragment length DR (yy, 9o ) & — BT B HERK
= 2P[Zl =Yy, L= .7/2[111](2)
= QP[Zl = ?JllHﬂP[Zz - yzlﬂl](B)
PoKR® B, DNAFELED A1) LEIOMEOZ L TH D,

E1D) HWOLRVWODELLPRAGICHETZRE DD B RN,

H2) &y <y EOFERE2HEIRTLE RS 20N,

¥ 3) Hardy-Wienberg ZRET 5. TOWELD Z, & Z,0MuiENiErN 3,
R PlZy =y |H RO PlZy = yo|H] DEET —F R—=2AD 5 RD D, 721 =1%
BE T Tl =262, 1,—301 T P[/1 — 262|H,] = 0.0385, P[Z, = 301|H,] = 0.0231
CHEEZINTWD, RB-EBEEETEE 2 TR~ Z{ﬁb)ﬂﬁ(gbflﬁib

il G 1 = 0.0385 x 0.0231 = 8.8 x 10~*

EINTW 5,

3 Match-Binning /&IZXT 3 5 i3

3.1 EAAFAAEE®RZRI BV

M CcRELSIC DNABEDMH AR I EENTVWEDE., F—IXR—=IN55
HLIZHIH U — AD A D fragment length #* crime sample @ fragment length & — %
THMRERDOI L TCH D, —EEHETHEIOMEZ LMD LHIC 88 x 10*E BEid -
TWbo P UTZEEE T Terime sample BB —FH Db DT H DM RITMD TH
INTH Ho Lo T IO crime sample & suspect Db DU THEH b 2y L HEH
LTW3 A, ZofRiE, ELWHEROMRIIZR D 2. RERS,

(i) flt U7z — A D A D fragment length 7* crime sample LAL @ fragment length &
—H T EHEED 107OFT—F —THVADIPHTH D, 2F D LIE 10 DA —F —
DEHERDPOFELTH>TC. COMADPT I X I0*DPRLTHMNTHEZES D
EVWSDRAMETH D, COZLZHEMTZEZDORA 2 ML THIERE] TH D,
BHRKIHHIZE SN TEZ LD,

(i) TR 172eml WD ERIZH UT TEB R 172cm. K E 65kg. Bk, AR &, B
WER) CVS3ERE—-ALUTHAFTENADPEVLSIICEDN %, Lido &5 &b
AZBEALUCHEENICHMITLIE OB BROMATN 1 10104 —F =L 50T H
DA% LPLEDS, ZOHO TENE ) DUEIICRE - =l &, A H
EWERIZHE->TLE S 20L& THERIT2eml VWS KEHROAH THE 172em.
RE 65kg. B, ARIE. WEEM) CWOERELD OB LAGNWHAFRN 12D
CEEHEMTH D, CHITMEERFITH B, TERE ) PR TEHOEEELI BT R



WEOIRGERE IS H B, C0EE, THE 1T2cm. KE 65kg. Bk, LR &, IRE
EH] LWV BRICHED S ARAIZRENICHEES 28 v, 8 3HEEDOR
BEWEOELT, Db od Lido MM AT A2 RD B & ZDORH O
AN ITE 10O —F—THH 2%, W

) PX D COW|MECE TEHHZDO—1 QAN IDBH DL >THERETD
ZET. ZOEE%Z Nerime sample ¥ suspect DZF N E —BT 2 HFRMDBE N L0
SR OBWE T AT HDDH 5. EFSOEEEN 7S, Lnws LS hHlEss
ZRIZWhEZARAUHRE FORWICEZSHWLI HRETH S,

E4) BPTHMEERD 12 (DEDHEMTCEMN T2 ERY) THEIA V&
TEASENFEMAGDLE S (DE D 18HERITTHEITE) &, 22 TWH AN
=0.5x05%...x05 LEIEIN. COBIKIZETHLPDO DA —F—Lixb, UL
B, COLIRBEEEE o EL@MNIZEERNWCEEENTH B,

3.2 HEBEDESR

ESIKEA & B fragment length O #E . fragment length(bp) BEEHI D % —H —
ZAARICIA CERE 2D, 100bp (B0 200bp) 2250 —H— OB B (mm)
ZJE L. BEEE & fragment length(bp) O BIR 2 /R IR E KD, TOEHER %
AL AR OB IEE (mm) 2 5 2 @ fragment length(bp) Z ¥ 3 %, BEEHO
WMEE. HYRERBEEZE D RETEH., 2O LD LLFME N fragment length
O—HEFHYRIEZ DT CHBINTHSD, BIbH 6 ULDEREEH 66K L
Tloy —y] > 6 TR oy —ys| > 6 = H; ERESI NS, HEATHK., BAEDEE
CHDICEhrbsd, ThEBEELTWSE, BEEU EOBEEEZEDIZ,». —HO
TRBLE T, 8 5% 10 KD fragment ULPE =7 )V ETEDHOPZ RV E WS
KHd > T, LD fragment ZHELTT —F X=X ZERT BICIE. HETE0L
DHOTNVETCERPUWEZTDORINERSRVWD. CO & EMB R HEEREE D=
DPOHREDEL D, SVWHBANEKDOENLZHERICLRY RERNTVYFDBAL
Ndo ZEREICHESWTINSOFREZANFET % &, fragment length (bp) i& 2bp %
4bp METE L THERZREI RV, I Z@EiE T, ~ D0 fragment length 2
FELTHEND 10bp BEUTRSUDELOEZD TCTERSBEDEDOERICT &
RWTTRENED D 5 BT Nz,

IO DMERER. crime sample B L U suspect sample DEIEIZH LTH 4R
FLTWREEZRTRIE RS RV, B, ZBEECHEHINERERTE. ko
K2R T—=FDBEZLERTW S,

1. (Bets o #rfiEimn)
WA FNV R
119mm : 259.6216p 136mm : 297.523bp

120mm : 261.658bp  137mm : 300.0006p
121mm : 263.716bp  138mm : 302.509b6p



2. (16 @ 1,10,1 DEBEIH)

TUANZN ICVARRN
119mm. : 259.621bp  136.5mm : 298.75Tbp
119.5mm : 260.637bp  137mmn : 300.000bp
120mm. : 261.658bp  137.5mm : 301.251bp

WECODLEBHHEDEZDTTHIRLTWED, 5 LEZerEETCIT.
CNZIRIZHTA VYOI EE DT (21,29) = (y1.y2) = (262,301) L LTW3, #E
ZERT DL (31,72) = (260,303) : (vi.y2) = (262,299) TH B BHH R RIIEEE T
TRV, BIEHTHEMUELDIC. BIEBREZHRENICODPEZ T, 20 LD ke
M2 HERICANTEARMOHRZ T DIRWIE D B2t i A ER T S,

3.3 T—HIR—-—RADEFEMHE

THAAN® fragment length D7 —8 X—2 | ZERTZ L LT =#EECIXNEGHE
BRER -0 65 AO AP X N fragment length DPEIE I W 7= o H 4 O FEH
EAHTH 2D £DFT —FH X=X D fragment length DO FiE. A—D 5% (ACT
P 2) CRAPBERIKT IV —TBHERK LT fragment length O340 L AiRICHET 2 (B
A ZFMED p < 0.001)0 COZEPLWLEDPRESICAHAHOIIRE. HEDOZRY
MEREEZTOREEZBI RS> TEPRITAEEHEOGEWTF - X—TZ 50
AN

4 ZYBE—DDAHKE

BT LI LI, ARAENRBEBEDS D ICEP b, Thi2BEHT 3
DEERUOHRZTO ECEMNRERDTH D, KEITIEL, Y RAEE LT, &
EEREESFAELTELA,. LEOMEZAH L TERAMOHRE2ITS R ERRT
%o RIHIE T &IEHIC

H,: the crime sample is from the suspect

H;: the crime sample is from the other person

e LTHEL, _

7 —4 &, fragment length of the suspect (x), fragment length of the crime(y)
BT = R=2 & UTBMEINZMEN (2= (21,22, ,2m) ) TH Do TDFT—
BTSN T H» HEWET I, SOF—IBHLNEEVWI RO FT H,T
HHMRE, HTHHMR2ILBTINEL N, DXV P(H,|z,y,2)/P(H|z,y,2z) D
RESZFHHINIE L Ve ZOEPRETNIEBB EWIEE the crime sample is from

the suspect” TH 2 HERMEDPKE WV, L IATROHEADRLT S -
P(Holz,y,2) ,  P(Holz)
P(H:|x,y, z) P(H]z)
2
I P(z,y|H,,z)

P(‘T7 yIHlag)



FEHHERKEIFTAELE XEN SR TH L, LOTFAPsHsrREISITLELL O
EBREFTNIEBE ETWIELE ‘the crime sample is from the suspect” TdH B EAR DK
o
UTFCHELELRLEZRDZEDORFETIVIEDOWTCEET D, WE., BERER
TFVALT 2 7= DBHIE x,y IS5 2 HEREHE
X = (Xq, Xy) ( fragment length of the suspect)
Y = (Y1,Y:) (fragment length of the crime )
e LT
Xi=pm+e Xo =1+ e
Yi=po+ € Yo = po+ €
EBLe T g, 6,6, BHIRERZRT ANV RIERER TR 24 F(z/o,)
RS L fisEd %o O
COETIWVCIE Hy, Hy EZhzh
Ho oy = po Hy:opy o
EXRIND, &C 5Ti@@¥u/ufﬁf5jb7f:%$ P(Holz,y,z) PEZUNZEDEHICE
H, (BX® H, ) EEIXIFRZTRINLEVWIT RO 20D uy, puld. 8R4
Gllp—0))o) IR AW fEREMTH D EMET %, ZORRDHICET S
WTERRARAS ZEEFEALC 2 TEIWTT I 22T %, HMEESAEEEF O
RERBE o, ODHETH D, THIER—ARZHELHELRTHIEHE TSR
Vo O, 2T RIZEEAE LTH Lo
ST, EoBMATE HO T THE p=p = pldo i G((p—0)/0) IS DT\
T xbyPRENEEZEDOLER
Lﬁi%/fﬁ;/ﬁﬂm #Nwllﬂﬂ% “yaa %

J, Oy T, g

T xyPRLENEEEOLER

Ty — [y — fig —0

o, o

f%i%héoph%#BthL LM@b?i%op®ﬁb%%W CAERL®

HEFETHICEHERZEDRLTHESNDT — &Lﬁom(ﬂ@M&r TR B

%% T%<M£#%% LW ERAEET—F 2ELICZ R L ORI ERS
KRS L UCESAfoEmEEHE T LIE L W,

W 5) BHIEE ¢ e aiﬁgﬁ)v%%ﬁbfiﬁl?%%%f&%>7b>69€[55’%636;t$ﬁ
BDH 2 eI N D, HEZHRAEENT I BAFTCERVWOTHEERTE
UCHMEZ2E Uz (e, 6) & (€, ¢,) ORI SIEEMEIC RS RV ER S,

H6) THEETIE. MMTHEA T, HEMEELTKRD D NEHE ADKE
—DF=HTCH D, EOTHEADEEZ I0ORKFEHRVELIEL CHEHEOW S X
WHETAERE2PETCRBIRETH > 2,
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Wit B 52 EMULMOERZZTOFZHRMELY TIVY A LEICH H, FlhEL T
YR FMATEMNICEAT 2EBEEORMICHB 2R3 X5 0 v)7a Rk E
ERHEAOIDOAREMICAEDINT I ETH LS. FITOBAEENTH B HE Jli %
2 LN EAT BERETTCHIT NN 2T ALTHHEMITERKS %,
AR TEERENTFHMATRMOICENLT ZETTEHLLS, PA7L58CFHTX
WOERS . B ECLEESICHfERICED . WMy sk ErasfEd iy &
2T LDWEEIT >,

% % % Z 464 5 B %@‘&Kﬂbfv7»?4AK%WT§%&%N§—y@
P AU VAT LT EFETRICE s T, Th3&EbbicwLTr7ray X
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X 1. Walking patterns and their phase transitions: walking velocity
is gradually increased (a), and walking velocity- is gradually decreased
(b). In both cases, the walking pattern changes at the arrowed point
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i 2 Time difference between front and hind legs when walking
velocity gradually increases or decrcases. Filled squares and open
F{rcles represent time differences at increasing and decreasing veloc-
ities, fcsp_cctively. This hysteretic phenomenon suggests that pattern
organization of this model system occurs due to synergy of the
subsystems
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4] 3 Energy consumption of muscle contraction using muscle
properties. The open squares, open circles, and filled triangles represent
gait 2, gait 2, and gait 1, respectively. The parabolic curves are fitted
with simulation data by the least squares method. The curves intersect
at the phase transition point, and the lower energy pattern is realized
at a certain walking velocity.
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Abstract

This paper studies the essential dynamical structure that arises in two different classes of learning
of the sensory-based navigation, namely skill-based learning and model-based learning. In skill-based
learning a robot learns navigational skills for a fixed navigational task such as homing, while in model-
based learning a robot learns a model of the environment, then conducts planning on the model to
reach an arbitrary goal. We formulated that the former is achieved by learning the state-action
map, and the latter does by learning the forward model of the environment, using recurrent neural
learning scheme. The analysis of the dynamical structure from the coupling of the internal neural
dynamics and the environment showed that generation of the global attractor is crucial for both
learning cases. Ixperiments were conducted using a mobile robot with a laser range sensor, which
verified our assertions in a simple obstacle environment.

1 Introduction

Recently, many have discussed how the knowledge should be represented internally for a mobile
robot that navigates based on its local sensory inputs. Conventionally, the navigation problem has been
approached in rather straightforward manner. A global representation formula is employed: a robot
builds an environmental map, represented in global coordinates, by gathering geometrical information as
it travels [2]. Although a variety of methodologies has been proposed in this contexf, potential problems
still remain, especially in robot localization. The localization is not always robust enough in the noisy
environments of the real-world since there exist gaps between the knowledge of the global map and the
immformation provided by the local sensory inputs. The problem to consider is how the task knowledge
can be represented as intrinsic [3] to the robot, and how such representations can be obtained through
its behavioral experiences.

Others [7, 13] have developed an alternative approach based on landmark detection. In this approach,
the robot acquires a graph-type representation of landmark types. This representation is equivalent
to a finite state machine (FSM), as a topological modeling of the environment. In navigation, the
robot can identify its topological position by anticipating the landmark types in the FSM representation.
This scheme enables the robot to acquire the internal model of the obstacle environment by a local
representation scheme. It is, however, considered that the representations by the FSM are still “parasitic”
since symbols manipulated in the FSM are in the arbitrary shape regardless of their meaning in the
physical world. A crucial gap exists between the actual physical systems defined in the metric space and
their representation in the non-metric space, which makes the discussion of the structural stability of the
whole system difficult. .

This paper addresses the above problems by using the dynamical system’s approach [1, 4, 10], cx-
pecting that this approach would provide other effective representational. The approach focuses on the
fundamental dynamical structure that arises from coupling the internal and the environmental dynamics
[1]. Here, the objective of learning is to adapt the internal dynamical function such that the resultant
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dynamical structure might generate the desired system behavior. The system’s performance becomes
structurally stable if the dynamical structure maintains a sufficiently large basin of attraction against
possible perturbations. The most advantage of this approach is that we are able to conduct structural
analyses of the system by fact that the internal representations, embedded into attractor dynamics, share
the same metric space with the physical environment.

We investigate two classes of task learning, namely skill-based learning and model-based learning. The
skill-based learning aims to ensure that a robot will acquire skills (represented as a state-action map)
for a fixed navigational task, such as homing or cyclic routing, under the supervision of a trainer. In
the model-based learning the robot learns the internal model of the environment rather than the direct
state-action map so that the robot may adapt flexibly to different goal tasks. An important difference
between two is that, in the former approach, the action is determined in a reactive way just by looking
up the map while it is determined in a deliberative way through mental simulation of the model in the
latter approach. We study how the state-action map or the environmental model can be represented by
means of neural dynamical functions. Then we will explicate the conditions that each learning scheme
should satisfy from the view point of dynamical systems.

2 Navigation Architecture

We review the navigation architecture [11] which is applied to the YAMABICO mobile robot [14].
YAMABICO can obtain the range image, covering a 160 degree arc in {ront of the robot, by a laser range
finder in real-time. .

In our formulation, maneuvering commands are generated as the output of a composite system con-
sisting of two levels. The control level generates a collision-free, smooth trajectory using a variant of
the potential field method [5}-—i.e. the robot simply proceeds towards a particular potential hill in the
range profile (direction toward an open space). The navigation level focuses on the topological changes
in the range profile as the robot moves. As the robot moves through a given workspace, the profile
gradually changes until another local peak appears when the robot reaches a branching point. At this
moment of branching the navigation level decides whether to transfer the focus to the new local peak
- or to remain with the current one. The navigation level functions only at the branching point that ap-
pears in unconstructed environment. Hereafter, our discussions focus on how to determine the branching
sequences.

3 Skill-Based Learning

The objective of skill-based learning is that the robot learns a fixed navigational task on the topological
trajectory comprising branch points. We consider two specific tasks, namely homing and cyclic routing
as examples. In the homing task, the robot has to travel back to a fixed branch point starting from an
arbitrary position in the workspace. In the cyclic routing task, the robot have to travel into a fixed cyclic
loop comprising branch points with starting from an arbitrary position.

3.1 Learning state-action map

The neural adaptation schemes are applied to the navigation level so that it can generate an adequate
state-action map for a given task. Although some might consider that such map can be represented by
using a layered feed-forward network with the inputs of the sensory image and the outputs of the motor
command, this is not always true. The local sensory input does not always correspond uniquely to the true
state of the robot (the sensory inputs could be the same for different robot positions). Thercfore, there
exists an ambiguity in determining the motor commmand solely from sensory inputs. This is a typical
example of so-called non-Markovian problems which have been discussed by Lin and Mitchell [6]. In
order to solve this ambiguity, a representation of contexts which arc memories of past sensory sequences
is required. For this purpose, a recurrent neural network (RNN) [4, 8] was employed since its recurrent
context states could represent the memory of past sequences. The employed neural architecture is shown
in Figure. 1. The sensory input p, and the context units ¢, determine the appropriate motor command
Zpy1- The motor command z, takes a binary value of 0 (staying at the current branch) or 1 (a transit to
a new branch). The RNN learning of sensory-motor (p,,,%.41) sequences, sampled through the supervised
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Figure 2: The desired trajectories in the task space and its mapping to the internal state space.

training, can build the desired state-action map by self-organizing adequate internal representation in
time.

3.2 Embedding problem

The objective of the neural learning is to embed a task into certain global attractor dynamics which are
generated from the coupling of the internal neural function and the environment. Figure 2 illustrates this
idea. We define the internal state of the robot by the state of the RNN. The internal dynamics, which are
coupled with the environmental dynamics through the sensory-motor loop, evolve as the robot travels in
the task space. We assume that the desired vector field in the task space forms a global attractor, such
as a fixed point for a homing task or limit cycling for a cyclic routing task. All that the robot has to
do is to follow this vector flow by means of its internal state-action map. This requires a condition: the
vector field in the internal state space should be self-organized as being topologically equivalent to that
in the task space in order that the internal state determine the action (motor command) uniquely. This
is the embedding problem from the task space to the internal state space, and RNN learning can attain
this, using various training trajectories. This analysis conjectured that the trajectories in the task space
can always converge into the desired one as long as the task is embedded into the global attractor in the
internal state space.
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3.3 Experiment

An cxperiment of learning a cyclic routing task is presented. The assigned task is to repeat looping of a
figure of °8* and ’0’ in sequence. In the training the robot moved by collision-free control, and branching
of the navigation level was taught by the trainer. The employed RNN cousists of three input units, eight
hidden layer units, two context units and one output unit. The trainer guided the robot back to the
target loop from arbitrary selected starting position. The travel of the training was repeated until the
robot is assured of being capable of achieving the given task when started from an arbitrary position.

It was found that robot could achieve the task in a stable way after 10 times repetitions of the training.
In the test travel, the robot was starfed from arbitrary initial positions, with setting the initial values of
context units as random. Figure 3 shows examples of the test travels. The result appeared that the robot
can converge to the desired loop from any position in the workspace. Its convergence, however, takes
a certain period depending on the case. The RNN initially cannot output normally until the context
units catch up the context. As the robot moves around the workspace, encountering a sequence of known
sensory input, the orbit in the internal state space starts to converge from the initial transient one. Noises
affects the navigation performance remarkably. When miscellaneous noise such as mechanical, sensory
and radio noise is present, the branching sometime become unstable. Thus, even after convergence, the
robot could by chance go out the loop, perturbed by such noise. However, it always comes back to the
loop after while. Although the actual navigation contains stochastic property in its local decisions, it
can be said that the structurc of convergence is quite stable in terms of the global attractor dynamics
generated.

4 Model-Based Learning

In this learning, the main concern is how a robot can acquire the internal model as an intrinsic function
which enables the mental simulation of its own actions in the obstacle environment. Here, we attempt to
apply the scheme of forward modeling [4] to the problem.

4.1 Forward modeling

The objective is to build a forward model through which a robot can conduct lookahead prediction of the
sensory input sequence (as the distal output) as a result of the given motor program (of the proximal input)
in branching sequence. (Hereafter, the term “motor program” denotes a sequence of motor commands.)
The objective forward model is embodied using a standard discrete time RNN architecture, as shown in
Figure 4. The mapping function of the RNN can be written as;

Cnil1 = fc(Pm Tn, Cn,y Wc) (1)
P7[+1 = fp(pna Lyy Cryy Wp)
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Figure 4: Forward model by RNN architecture.

where f, and f, are the nonlinear maps from the current branching step to the next branching step,
and W, and W, denote parameter sets of connective weights. The forward model is acquired in the
learning phase; the robot travels around the workspace with sampling the sensory-motor sequence in the
branching, then the network is trained as off-line by using back-propagation through time algorithm [9].

After the learning phase is completed, the robot is operated in the so-called open-loop mode: the
robot travels in the workspace by an arbitrary motor program while conducting the one-step lookahead
prediction (predicts next sensory input as the result of the current motor command). The RNN predicts
the next sensory input p,y; by inputting the current sensory input p, and the current motor command
T, to the network. The RNN, in the beginning of the travel, cannot predict the next sensory input
correctly since the initial context value 1s set randomly. However, the context value can get situated as
the RNN continues to receive the sensory-motor sequence during the travel, then the RNN begins to
predict correctly.

After the robot is situated to the environment, the RNN can be switched into the closed-loop mode
with stopping the robot at a branch pomnt. Now, a lookahead prediction of an arbitrary length for a
given motor program can be made by copying the previous prediction of the sensory input to the current
sensory input. (As indicated by a dotted line in Figure 4, the closed-loop for the sensory input is made.)
Let us denote the motor program as x+. Then the lookahead prediction of the sensory input sequence p*
can be obtained by recursively applying z* to the RNN mapping function, with using the initial values
of context units ¢y and the sensory input py which have been obtained in the open-loop mode.

4.2 Dynamical mechanism of situatedness

This sub-section investigates the mechanism of situatedness by focusing on the coupling between the
internal ncural dynamics and the environmental dynamics.

First, we will define the term “attractor” for both of the environmental and the internal dynamics. Let
us consider the environmental dynamics F'. We consider an infinite length of randomly generated binary
sequences (the motor program z#) to be fed into the robot. Let s+ be the resultant state transitions
of the environmental state in the branching sequence. The environmental state s can be represented by
the robot’s position (including the orientation) upon branching. In the ideal case with no noise in the
environment, the infinite travel of the robot forms an invariant set s, since the trajectory of the robot
is limited to be in a subspace of the entire workspace after au initial transient period. We define this
invariant set as the attractor of F' with respect to the excitatory input zx. Also, we define an invariant
set px for the sequence of the sensory input which s* corresponds to. It is important to note that this
attractor is the global attractor, since the robot’s travel starting from any position in the workspace results
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in the same invariant set. For the neural dynamics f, let us consider a lookahead prediction of the RNN
with respect to a motor program z* of an infinite length which is randomly generated. This generates
an infinite sequence of the transitious of the context cx. When this infinite sequence forms an invariant
set, this invariant set cx 1s defined as the attractor of f. The sensory sequence which corresponds to c* 1s
indicated as p*. Depending on the learning process, the generation of the global attractor is not assured
for f. Since the objective of learning is to make the neural dynamics f to emulate the environmental
dynamics F' by means of the sequence of the sensory input, f in the limit of a learning process satisfies,
for an arbitrary motor program z%, that:

Jey, sy = pr = px (2)

The conclusion here is that there is, at least, one attractor for f by which the lookahead prediction of
the sensory input can be made correctly, as satisfying (2). Now let us consider the coupling of these
two dynamics. In the open-loop mode, the RNN predicts the next sensory inputs p,’1 using the current
sensory inputs p, while the robot travels following the motor program z#. This coupling is schematically
shown in Figure 5. In this coupling, it is conjectured that two sequences p+ and p* converge into the same
sequence for all the initial states of sy and ¢y if f has been formed as global attractor dynamics. This
implies that the internal dynamics, with arbitrary setting of the initial state, always become harmonized
with the environmental dynamics and predict the sensory inputs correctly, as long as the internal model
is embedded in the global attractor dynamics. :

This feature of the entrainment of the internal dynamics by the environmental one assures an inherent
robustness of the robot’s behavior against temporal perturbations. The robot, during its travel, could lose
its context if perturbed by noise. The robot, however, can get situaied again by means of the entrainment
as long as it continues to interact with the environment.

4.3 Experiment

4.4 Learning and lookahead prediction

We conducted experiments on the scheme using YAMABICO. The robot samples the data of the sensory-
motor sequence while it wanders around the adopted workspace for a certain period, then it learns the
forward model of the navigation level using the data obtained off-line. The adopted RNN architecture
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Figure 6: Lookahead prediction for a given motor program.
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Figure 7: Auto-recovery from an addition of an obstacle.

is three-layered having 10, 12 and 9 units for the input, hidden, and output layers respectively. It has
four context units. After learning 193 sampled data, it was observed that lookahead predictions became
accurate except in cases with certain noise effects.

An example of a lookahead prediction test is shown in Figure 6. In (a) an arrow denotes the branching
point where the robot conducted a lookahead prediction of a motor program given by 1100111 with
switched to the closed-loop mode (after get situated). The robot, after conducting the predictions,
traveled following the motor program, generating the trajectory of a “figure of eight”, as shown. In (b)
the left side shows the sensory input sequence, while the right side shows those of the lookahead, the
motor program and its context values. The values are indicated by the bar heights. It can be seen that
the lookahead for the sensory inputs agrees very well with the actual values.

We have stated that the global attractor provides an inherent robustness for context dependent naviga-
tion as a natural consequence of coupling between the internal and the environmental dynamical systems.
The following cxperiment shown in Figure 7 demonstrates an example of auto-recovery from temporal
perturbation. The robot traveled in the workspace while predicting the next sensory inputs with the
RNN switched to the open-loop mode. During this travel, an additional obstacle was introduced. The
upper part of Figure 7 shows the trajectory of the robot’s travel; the lower part shows the comparison
of the actual sensory inputs and corresponding one-step lookahcad prediction. The branching sequence
number is indexed beside the trajectory; this number corresponds to the prediction sequence in the lower
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Figure 8: Attractor observed in the internal dynamics.

part of figure. The prediction starts to be incorrect once the robot passes the sccond branching point,
as it encounters the unexpected obstacle. The robot, however, continues to travel and meanwhile the
obstacle is removed. After the sixth branching point, as the lost context is recovered by means of the
regular sensory feed, the prediction returns to the correct cvaluation.

The repeated experiments showed that the mechanism of the auto-recovery is general. This implies
that the learning of the RNN might have created the global attractor. In order to confirm this, we
analyzed the dynamical structure self-organized in the RNN. The RNN, switched to the closed loop
mode, was activated for two thousand forward steps using input sequences of random motor commands.
The phase diagram was plotted as a two-dimensional projection using the activation state of two context
units, excluding 100 points from the initial transient steps. Fig. 8(a) shows the resulting phase diagram,
while (b) shows an enlargement of part of (a) in which a one-dimensional structure is seen. We repeated
this several times with different initial values of the internal states, and found that they all resulted in
the same attractor structure. It confirmed that the internal dynamics are self-organized in the form of
the global attractor dynamics. Although any theory has not been established to explain the creation
of low-dimeunsional global attractor in the recurrent neural learning, its tendency is suggested in other
numerical experiments of learning simple grammatical descriptions [8, 12].

5 Discussion and Conclusion

We have investigated the dynamical structure that arises in the coupling of the internal neural function
and the environment, and have shown that the generation of the global attractor is essential for the
embedding as well as the entrainment discussed in the skill-based learning and model-based learning
respectively.

Our formulations have also clarified essential differences in their dynamical compositions. In the skill-
based scheme, the dynamical structure arises only from the coupling of the internal and the environmental
dynamics when the robot actually travels. In the model-based scheme, attractor dynamics exists in the
internal dynamics even when it is decoupled from the environmental one. This decoupling allows the
robot to have a “symbolic process” which accounts for its cognitive activities of mental stmulation or
planning. This symbolic process can be grounded to the physical world by means of situatedness when
coupled with the environmental dynamics.
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H)(WN) : €[] = {€,}0_, ~ WN(0,1)

ERMETH D,

4 BWEDER
AEATE o T Ho(S) #RET D, 3. TRAELES I Ho(S) 1% HP(S) % imply L,
HP(S) W HP(WN) ERETh> b, & ¢ et L BO(WN) 252 & o,
Ho(S) ¥ 2 e 35, Sbiczz ik BPOWN) 20 b0+ 308 Tk <.
HOWN) 288 Lz i
Y €[4 ) = {g;3°_, ~ I1ID(0,1)

R B T 5.

Def. {X;}1_y ~IID(0,1) <& {EED jicst U X 3SIeTE9 0., 5581 OR—4704E >

THEOREM  p, :E[g[,-]]-‘*] <oco DEE H((,i) DFT

Z8,=a| %) |5 N0O,2) as N — oo

Sl te £y, :/lmk =a! Z?:l E[i}jk (k=1,2)
Fe(h) =Ygy () = & 928 €€ 0740
L =1[2ya] -1
1 iy o'
5= (:u‘a My — 1 o' ) y H3 = E[E[‘L]]B]
o 0o I
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(GEW D HERE]

o 4 (h) ZF (h) = e T, £u;€uian CREBRZ YO, R YO, 5 N(0,%) &%
=9,

— Cramér-Wold 4rfi
— m PERIRE FIRRIZ T A iR e

o Z(i)u—Y(i)ag 0 as N> oo

COROLLARY g, <oo,p, —1l—p2#0 0D &, H(()i) DFT

7’(:‘)22("):1 i;g)—lz(i)a_fl,X%Jr2 as N — oo
- 1 i, o'
o 3Q0= g -2, 41 O
0 0 Iy

o = By = a7 S5 Eat (B =3,4)

Lizdio T, s B %
BY i p, < ooyp, —1—p 2 £ 040 HY
L LT, =0 Corollary 2°5
Pr(Tyy > C | HY) = /(N — M)
705 CHEHBEL 42 OF AZROMEL VKD,
Ty>C = HY %38

LD i lwonT B BEEHERAT L, Ho(S) #EERT %, Z0H T Type I FWE
PIEE o TBE2S, Ub

Pr(Tjsy < Gy, Tiwany < C | MM ) > 1~ o
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5 ZIalb—i 3y

400 OB E AW THEAT «=020 Ty Iz b—g VERLRTE,

30

25

20t

15¢

10¢

25

6 T —HRERET

6.1 *LIROFERIBKES
1889 sEN> 5 1989 4EF TOFLIRDER /K LA . HE/KIE 0.10 CEFEMERE LT,

50

75
Fig. 5.1 simulation

100

125

150

0 1 12 3 4 5 6 7 8 g
1880 1100
1890 {11011 977 {1053 895 | 987 | 844 {1151 | 725 {1079 {1069
19001] 855 11557 929 | 896 [1033| 884 { 841 [1121| 903 J1107
1910( 841 [1004{1168| 907 {1321 1115 889 (1194|1041 }1041
1920 {1251 882 {1339 (1157 {1003{1082|1359{1050] 923 ;1109
1930|1152 1117311369 11046 [ 100211291 {123111094]1108|1174
1940 | 938 {1250 11095 977 [1012{1176 (1196|1177 | 891 {1023
195011305 | 1112 963 [1342]1058|1349 1141 [1242}1215 10&
1960 1 1067 {1095 | 1227 | 1138|1274 | 134411328 (1104 | 981 | 958
1970131119 953 |1559 1173|1063 {1432|1000}1103 10901079
198001179 1672 {1045| 885 | 725 {1054 1128 | 998 J1121] 998
1990

Table 6.1.1 FLIROFEEFEKE ( mm )

30
25
20}
15F
10t
5

—_
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20

30

40

50

60

Fig. 6.1.1 #3H& T(7)
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6.2 KERA

KBRAORBRARBIZH LT, AF—FBLRa/THRLUELOEZFEANE 010 TE
WHRE LT,

1770 1ol 1790 9a 1910 0 1830 n 1850 66
1771 82 1791 67 1811 ! 18 43 1851 64
1771 66 1791 60 1112 5 1832 28 1852 54
mm 15 1791 47 1813 12 1833 8 1853 19
1774 Rl 1794 41 1814 14 1834 13 1854 21
1715 7 1795 21 1815 15 1835 57 1855 7

1776 20 1796 16 1316 46 1836 122 1856 . 4
11717 92 1797 6 1317 41 1837 138 1857 23
1778 154 1798 4 1818 30 1818 103 1858 55
1779 125 1799 7 ay 24 1819 86 1859 94
1780 85 1800 14 1820 H 1840 63 1860 96

1781 68 1801 4 1321 7 1841 37 1861 7
1782 RL] 1802 45 1822 4 1842 24 1862 59
178) 23 1303 43 1823 2 (343 t 1863 44
1734 {0 1804 4R 1824 8 1844 15 1864 47
1785 24 1805 42 1825 17 1845 40 1865 30
1786 83 1806 28 1826 36 1846 62 1866 16
1787 132 1807 10 1827 50 1847 98 1867 7
1788 [ R2 1808 8 1828 62 1348 124 1868 37

1739 13 1809 2 1829 67 1849 96 1869 74

Table 6.2.1 Walfer Sunspot Numbers ( 1770 — 1869 )

30 30
25 25}
20 20
15 15
10 10
5 5
10 20 30 30 50 60 70 10 30 30 30 50 80 70
Fig. 6.2.1 #athk T() (E7—%) Fig. 6.2.2 $atdk T (i) (m ZH#H)

S5 SCHR

(1] FSEHE. KM0 - 7 V= Uy iR L iRl e
— FFAREFEL LTOEFEZHEI LT — . Pre-Print.

[2] Blockwell,P.J. and R.A.Davis. Time Series : Theory and Methods.
Springer,New York.(1987)

T 812 MMMTHIZARS 6 - 10 - 1 SRR BRI IIToR
KBE¥  ohama@math kyushu-u.ac.jp

W% yanagawa@math.kyushu-u.ac.jp
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BHRO AT AHEBEEL LD ETH EE HFRINEHLEEODOTEARAER~S,

2. Al i ssed 5

WSO PD iR GG ik, B b SO TR TH - 2 b iRk T
HLEBLhLLORH L, EAE. FLICEHOHEAETE W0, £ ok
BITbi, MK EHEWELTO S, JOLIEI ERBI 20, THNET I 5k
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U U & OZERE. HEENSEE S TS K0T BIEENSEIRA I AR ThiE b,
O HEEAZFES LR LD, 22064 7 4 AVEBRLOHIEING & <1 4 —B¥
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DB Z - THICTHfeERH 5,
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ENRD D, NI FUMEHERE A 4 & US4 Wid BRI ER b0 Th 5,
FiEE O THBRERoEfRRIC 0T, AMEEEO I AL b0 Caihiif
BN b 0) ZRZENRIRYT 5 Lo ckihid. —EoERIcizv ULtho i A
HAMSHCO SO A il MEd 5 ENTE 5,

U U T RD b o Al e v s & &, S EROBENET 5. A
MG RER T, HEZEOHEIRHMEA LA LT O EFD Shiiniod, ST H <&
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X552y HEEROT . s bl ER5] SR sh 5, Al
G 5 7 0B b AKX U, SEIICEMY A TR EED R TETH
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WRDEZ 5 b, WEFFF SO TERIFO—MbEZEL DT X0, UL, Tok
I IEHE . s S AR & it S OIS L — R AEES . — DO LbASH
O ERIEA LTS EBHE USRS S,

HMRELT, DXl &R0 A 5, OEEREMHAEREET 5 2 &4 L Al
WU 2B K bz U Ak d 5 2 Sk ch 5, O ks boo
Bas B0 Ui A0S Ic B O CREREBA NS 5 2 & T 2 E1ilfiklo B9 & F4E
DEhERHFFCTX 2,

3. FHGEEF O ZEEI

EUSHINE - GHEMEOME b & . HEEO LA AAK X 0o s 2%

LOHCHERL &5 &0 FZ8MML o oh 5, (EHAMMMioIRELELZ 0%
ﬁ&%i%ﬂéoL#b\%bbf@%%ﬁﬂ%ﬁﬂﬁ%hfﬁ\ﬁﬁéﬁ@ﬁézkm
HRERD O, EOXSHAHDIRET L0, PR LEYhITIE ST, §T
WK D b0 &5 - Todd fESFEHRTTREF ORI . HRIRBICEA T 5,

B ZHOERA 5L C. HAO2KO % L O BELE bOIKTEEAN. ViHlD
st Rohic, A7 —U YERBIICE W TH. 5000 b b o 7o, —ZE
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b 3% AL X5 % 21 - 12,
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AMEU & D &9 5 & &0 FIE E 0 BEOMAESIIET 5, SHlA ESHH B S ichB T,
G EI B Cl IR o, o0 A S L2 b0 &R 5 L 0 ROl NRE
U THIZE 3 oMl & 2 WatmEo B - Wano i X O EHn[GETH %,

C OFERI SR o B H A2 & MRS S W I B S & a B IR AE
bbigd I EAERU. TSN X 5 FHEIEL Lo BORE 2RI X b KT A 2 &
DHMEHA T B,

R 6 5% o AEAL

BHE. BP0 ATHFLEETEXAbDOTHEL, HBillicd. ehExFEHb s boC
FBHICEHARDIDI S, TEEFICENTH. TR TI D J0REE EF b X
IITHT Do B TOX DU IR E UTHAE L. T hid s oRatEd s
EEAMUT. BEREMNICELT 2. RECEBMEAEA 55610 6. FFENEM LGN
BRTHDHIEZMELTH. JOEREIZ S0, BFicetd 2 B0 AR. &L
HEFEhRAMT S &, BRHOREIZ DN

BRE - BB~ o BARAHRMECHRTH 5 - AR U | -
B LFoEHAEBLURTHAER S0, DPEOBEFRAIPI LB I L O EMaETH
b, pOERUERMMEON S X BHENREE L, &AL AL 2 Al st
ERILED. ALK EOFERICE T HERBT A EREDFEE L,
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FERIE I/ MRS T 1 A TR D EkE

Bl ST N S I i

5 M

BE BE

199541 H 21 H

1

IR, JEIEFE M AERIC L > TR EN B RO
TN c BT JERIERITIERRO— T TH 5 %M ¥
(WA AT O L EA T Do BTN
T A O TR O FET 447 5 ¥, R O
IMIARER B E N B, T HITRM TS
RS, AR o A B RRAd 2 5.
ZH YA D, §0hHNEIRER A0S AHEE4
FFoZ &lld b, ZOLATITRIIMIAESRTH
T B AERSAITHE UIcB Al R ek DRE
HEIMRIEEI NS o DERITHITN R D 5 MIARTE A 54T
IRGE U LT L D ORI I DU TR
ENTE A HEOHIRITIT/MIAR &S
HWNbDOPELFET S, T2 T MIAERINNE
BITEERDOMEEICKD SN B,

FERIEIER/ MR E UTEU T O DD560%
A HNDo OEDEL HIEISR S —ERITD RS
AEFOM, YA F 3 7 ZUREREE S 3 5750
BETHO. b2 RN —EXKITDNEA
BAFFIILOEAETH S, BHTFFREARDRENT
Hh s, '

KETRTFHOEAITBWT, LT TNV<yF
Z IR0 U TAZEE A DS 2 W e %
EIET D,

2 FREIEmIMUIIER
A TERATEEEIN S m AT m I IFERIEH
HREEZ Do,
i = f(@)+ 3 gile)’
=1
v =hi(z),t=1,...,m (1)

IITeelUU CRVTHY u = (u',...,u™)T € ®™,
Y= (Y- ym) € RTH B, Fio, REOEHINT

DROFHATH B LT Bo & 2 THEL h(z) D
R7 MV f(2) 1K - 72 Lie AR U Z D DB L%

Lih(z) = (dh, f)(2)
LEh(z) := Le(L57 h)(2)

DEHITEFHET o ZDEEHIIER (1) BN T,

Lg; L5hi(z) =0, Vi =1,...,m;
VE=0,...,pi —2 (2)
37 5 Ly; L5 hi(0) # 0

L1323 RE AT D i 1A LTS 3 SAE S
Bo SOEEHBEDOT (p1, ..., pm) EF (1) KON
7 N AIRIREEVE R, & 51T m x m DFTH

{Ai}@) 1= L, L hy(2) (3)

EMTHALTIEES, b LIETFREAT) A(e) 95
HOIER; ECERMTHHUL

a(z) = (L5 ha (), ... ,L?’"hm(x))T
& UFe &Il de (1) TUd. @R 7 ¢ — X
v 7
w = A7 (z)(~a(z) + v) @)
2K o TAH TP R OB aRE £ 78 5 72

Lo = (..., 0" TH B, T H5HEELEMR
e = P(2,8) 1T - THHEAXR (1) Hid. FU8E

1 \ _
zi i =hi(e),1=1,...,m
1 L2
2y = &
pi—1 __pi
z; = z

= ai(z,8) + Zbij(z,ﬁ)uj
7j=1
€ = n(z,6) + P(z,6),
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(
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2
—Tan + Tma
c(zar,upr) = T
M2
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ELTHASNS, Lo T HIFANE

U= _——%Ml + s + K(z — 7(zpm))

(20)
1+ 2,

ELTHR SN,
Fig21 d¥ 3 ab—2 g VERTH 5, 1012 LYY
filids LTI T 4 — Py 7 530S

(1,22, 23, T M1, TM2, T3, g4 )(0)
— (0.5,0,0,0,0,0,0),

(3,2,3)
ELTHB, HIZHBNT ’LL]VI(t) =

(a17a27a3) =

o TR upr(t) = sint
o NFEH vi up(t) = 5sin(3t)
ZAEWER LTS

Th b, Fig2.1 FHEED

05 T 1 1 T T

sint —
5sin 3t —

0.4
0.3 H -
0.2 F -
0.1} .

0 — _

-0.1F .

_02 1 1 ] 1L 1

Fig.2.1: Trajectories of the errors.

Fig.2.1 &0, EBSDOEEL
ZEMDNB, L.

IHPENNHE LTINS
ZDWEIIRL > TE D W

TETI< o F 2 7N ER L T8, &7 ILE
TERIRNLER E N TN Ebhi 3

3.5 FBI A0+

FBI X (15) iR X TH 0. Wb%

DA RD D Z EGHHETH B, L - THERIC

fi] SR A o, € LTE DY Q@‘Mﬁw&
DA 4 A BNH B o AT FBI HRER DA
IR DIINSIRD B TTHhAEZ B o ZDEE DU
LT DR DIZETET 5,

£ 3.3 R (8)H(10) XEEZ B, COELEHK o€
RrM D VRUEROEK B, ¢ ®mEL FHA
(zar,unr) = (0,0) B WNWTEEL LM SN
W(k)ZV — R, C(k)ZV X Be - R"T.V x B.LOD
o, up WX LT

(77rk

oar (Fym(za,unr)) = F(ray (@), ey (Tar, war))
+ 0% + 0@ yum,
W(rgg(om)) = har(oar) + Oy ™) (21)

ERAHBBDONEHET B E %ﬁ(k)(l‘M),C(k)(wM, up) D
Z &4 FBI HEES (15) XD k ~ RO & T3,
Z o o@EEY) sl

o 10
1‘]\,[—+0 I'I,Mll"’*‘l

DEROEHIC S LS KDY 5 2 Thb, O

(22)

ZE 3.1 % (8)-(10) iTxtd 5 FBI KD 1 IRD
IS ST EN S DEIBIRLRITHT 5 FBI
HEADHENL 5,

Z Z T A B OB A ORRE
DERERNF SN S,

B 3.3 R (8)-(10)XxEA 5, TITFBI A
D k/j(i T@ﬂﬂaﬁﬂﬂ(;ﬁ)(l‘]ﬁ)vc(m(.’L‘M,’le\/[) 73\1/'11I 621‘1\
T SITEM 3212805 2 DEM S 4 DHOEMDH
RENTHAEET S, Eio, HIHROLT h(z) &
Lipshitz #$TH B ERET S, ZDEE 55X 6N
12p > 01T UTIEDE R eq, €2, k1, €U T ky TL U
TOWHER DSOS S BULETIV(9) XD
JEMAAE @ g (2) 1R LT q(t) i= my(zm (1)) & 2(0) 2

KBELTO YT

|2(0) — q(0)] < €1,

max{|ear ()], lup(t)|} < €z, t >0 (23)
W oM —TREETD > 01BN T—
EWAERDL. R
lz(t) —q(®)[ <p, £20
tlim |z(t) — q(t)| < klekH
lim fe(t)] < Jegeh 1 (24)
EWRT B 0

ZOBRHEER BRI EE LTS

—163—



oﬂ<N%ﬁﬁﬂﬁﬁﬁﬁﬁﬁ®é&ﬂ%tb\E
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HHT oD, ESIIRIROEE, RNk, H
BOEGHARM T VT Y ZLEZ PTG 5 2 &I
> TR O BRI /5 Z ENAREE LB TH
%50

3.6 ZHEREE FBI AER

Nﬂﬁﬁﬂ TN SR D IR TS ) D FEAER D & 1)
TIHEAF LIS, ULy Uy Iy (X7 L) 4l
Hmd%ﬁﬁ%ﬂ&@ﬂnﬁﬁﬁwﬂé%%m?%
ZEMNHETH o LUK R OREZER LD

HTEERE SR & U TERIEIE (5) DR (2,6) ZHND
IREZHL 21299 % FBI ABRROME. 7.(2a) 12D
AP
J(’ij) L};;'FQMUM}LJMJ'(‘TM)? 1= 1’ e ’Pj (25)
1D, £ TS (25) ROFEHITIE up DV FENILD
ZEXD.
Laag Ly i (war) = 0,
fk=1,...,m;
i=0,...,p; =2 (26)

DAL LIS MUE7E 5700 F 2548 ¢ (zar, uar) s
re(oar) Do SAAUL

cHap, up) = f’ifjl(w:,wf) ( Jh (72, me)

+ L% hAJj($AJa“Ad)) (27)

Iartannewly,
ELTHZLN A, 1L
€)= A(z)

ThHbH, £, JOLEEIMT S FBI el (b
NR27 —RE0) @S 2ar, ung, m(ear) OBEAIBIETSH
B c(epr,unr;m(zar)) ZHNT
871'5
0:1!,\,[

Az

Fyr(xar, ung) = n(me, me) (28)
+ Pi(ma, ) (wag, uar; m(aar))

LS, Ko TUTOMENE S5,

ﬁ%317mkﬁmﬁﬁ+()*@®ﬁ%%iﬁo:
Z T2 (8) R B D TUEFEHMLATHIDER T dH
A4 FBI AT (16) XV AIETH A 720 DB+
5L (26) AVRAL Uy VbR X 7 — R (28)
ANETHBHZETH 5, =

3.7 HEHBOHR
T TOHEGEMIZ K » T SRR Ao
& BT HAATHIANERITH 5 8411 FBI #E
RO AL D IVARZ 7 — RO I mE S h
A EDREI NI, KETI. Wi Ok
B L OHIHPERED W) k4 B2 7o D IR O o R A5
BB xﬁf@ATﬁﬁ%m74~FN/7@ﬁ%q
TOEAEER Do LIBREL SN R IZ R EE
i iofﬁLéﬂf@7%®&b§WL@4pr
T (2,6) 25, B (5) U AH T EIEAL

74~Fﬂv7ogﬁ%m?&\

zri=hi(z),i=1,...,m
=22
# = z"
2= gt _
&= n(2¢)

+ P(2,) A7 (z,6)(—a(2,€) + v),
EWLAB, TIT
ﬁ(zag) = 77(27€) - P(Z,é)fi_l
P(Z,é-) = P(Zaé.)A_l(z,E)
LRI Do SOEE
€= 1(0,6)
SRR DX O T A F I 7 ATH Do & (26) 2t
ﬁﬂéﬂfh% LD ETBHE. FBI HREK O
KL TET 4 — PNy Z7EBRATER U S DITHE 5,

(29)

(2, 6)a(2, ),

(30)

if;_ k.O(l\T@Lff{%c](ﬂ)M’u]\/]) ﬂi\ EZ'_J‘ -
Ei(:l:]\,«j,uM) = L?pi}uh]\{,‘(.’l,‘M,UM), 1=1,...,m (31)

ELTHEZABNA, £l ZOEAED VIR Y —T
i
ome
dz g

< Far(zar,un) = (72, 7e) (32)

+_}y(W27W€yg($AJ>“A{)
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Liih, COEESMBERDLDEFZ OOV IIVRA T —
JEEEC (28),(32) D[RO R TH 24, fEHL
I LD SO OO HERAOMIE—KT B T &A%
FTIENTED, LT UTOREIB SN D,

A 3.2 Wplte s by T v HRICEIT S VLXK
& — DRI AN IS T o — RNy 7D b
ETAEETH b, 0

& Fo. BB R IR EA L BEIEL T 4 — Py
YAIETH Do k2T 74— Koy JEBHOR (5)
T U TVIR Ry =il chhid. A
JIHIEA L E IR (29) T B IREEI ZEE 1L
[riflll

v=F .2+ Fef = Fa

Ze AR

?Li = A;l(z’ 5) <—(Lj(z7£) + Ej(.'L‘M, ’U,]w)

+ Fi(a = n(aw)) (33)

Wk o ThihEe Ty F o7 alfiETH 5,
Z DFr Lol (33) & A& oMy~
ROFFIELIT 0@ ) ThH 5,

o 1 AJJ1 I NZRDEEITIEMIN— T ROIERIEE
BT H T ENBETH H DT W5 15K
YRGB ENRETH B ETFHEREIN S,

o HANEZH RO, SN IE L E/LE
PN DHIERIARZETH B o od. BILERS
DIRTCIET VIR R F — HBRADR LA 5T Z
EDHBETH B,

4 FEFhUIC

AR TIEE I MR OUE € 7 b= v F
31T Bl OREE E UTS FBI e
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DYNAMICS OF INHIBITORY PULSE-COUPLED OSCILLATORS *

YASUMASA NISHIURA
Research Institute for Electronic Science,

Hokkaido University, Sapporo 060, JAPAN

JUNKO SHIDAWARA
Department of Mathematics, Hiroshima University,

Higashi-Hiroshima 739, JAPAN
and

TAKESHI TAKAISHI
Faculty of Engincering, Hiroshima-DENKI Institute of Technology,
Hiroshima 739-03, JAPAN

ABSTRACT

A complete classification of dynamics of a population of a inhibitory pulse-coupled
oscillators is presented. The model is based on the work of Mirollo and Strogatz,
but our model has an inhibitory coupling between oscillators which makes a sharp
contrast with the dynamics of the above authors’ model. The main result is that
for a large class of initial conditions, the population approaches a periodic state in
which all the oscillators keep finite size of phase difference (we call it “phase locking
solution” here). For the remaining class of initial data except for nongeneric ones, it
evolves to a periodic state with a cluster or a synchronous state depending on a size
- of cluster. The criterion for the classification is explicitly given and can be judged

easily only by the initial condition.

This work was motivated by the study
of Mirollo and Strogatz' on synchronization
of biological oscillators typically displayed 1
by the flashing of fireflies in perfect unison. L
Their model consists of a population of 1den- .
tical integrate-and-fire oscillators. The cou- /
pling between oscillators is all to all and pul- ;

@)

A

satile: when a given oscillator fires, 1t pulls 7
the others up by a fixed amount, or brings .
them to the firing threshold, whichever is 0
less. They showed that for almost all initial
conditions, the population evolves to a syn- Figure 1: Functional form of f(¢)
chronous state. The main issue of this paper

= e

*The complete version of this paper will be appeared in “World Scientific Series In Applicable Analysis”
volume 4, DYNAMICAL SYSTEMS AND APPLICATIONS.
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is to study the dynamics of a population of oscillators when they interact in an inhibitory
way, namely, when a given oscillator fires, it pulls the others down by a fixed amount.
This type of coupling becomes important especially in models of neural oscillators®

In contrast to activation case, phase lock-
ing states become dominant for inhibitory
case instead of synchronization. In fact
generically there are three basins of attrac-
tions; phase locking, phase locking with clus-
ter, and synchronization. The precise mean-
ing of each state will become clear at the
end of this section. A complete classification
of initial data according to their asymptotic
states is done by simple criterions depend-
ing only on initial condition. We consider a
population of N + 1 oscillators and each os-
cillator is characterized by a state variables
z which is assumed to increase monotoni-
cally toward a threshold z = 1. When =z
reaches the threshold, the oscillator fires and
z jumps back instantly to zero, after which
the cycle repeats. Hereafter we assume that
z depends only on a phase variable ¢ € [0, 1]
and evolves according to x = f(¢), where
f:10,1] — [0,1] is a smooth function satis-
fying f* >0, f7 <0, f(0)=0,and f(1) =1
(see Fig. 1).

The phase variable ¢ is such that d¢/dt =
1/T, where T' is the cycle period. The cou-
pling between oscillators is defined as fol-
lows. If z; fires, then z;(#)(j # ¢) is pulled
down instantaneously by the amount |e|, or
to zero, whichever is more, i.e., z,;(¢ + 0) =
maz(0,z;(4) +¢) Y5 # 1. Note that ¢ is
always a negative number. Absorption oc-
curs when an oscillator is pulled down be-
low zero level. Namely, when z; fires, an
oscillator z;(; # ¢) is absorbed by z; if

@)

06, b 10

f®) (1- bv)- shift

Fire!
L O =0, +1-1q
O SO 31 ot 8;1 q)

) €- pull down

OF,E - F, 1 ¢

Figure 2: Firing map

maz(0,z;(¢) + ¢) = 0 holds. We assume that the absorbed oscillators behave in the
same way as x; thereafter. We call such a group of oscillators a cluster. If a cluster of &
oscillators fires, it pulls all the other oscillators down by |ke|. When all the oscillators act
as one, we call it synchronization. Since the interaction among oscillators is pulsatile,
and when an oscillator (a cluster) fires, it instantaneously returns to zero phase, it suffices
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to study the following firing map F' to know the asymptotic behavior (see Fig. 2):

$1 B P
I ‘75:2 - ITQ o — ¢:2 ¢ D(0,1)
bn Iy bn
F g(f(1—¢n)+¢)
() = Fz | el 1:— ¢n) -+ €) g 0.1)
Fx g(f(dn-1 + 1- ¢N) +€)

where D(0,1) is the ordered space in (0,1), i.e., D(0,1) = {® | 0 < ¢ < ¢o <

- < ¢y < 1}, and g is the inverse function of f. It is clear that F' preserves order.
Also note that one oscillator always sits at ¢ = 0, so the firing map F' becomes N-
dimensional. F*(®) stands for the k-iterations of firing map [, if it can be defined and
- FF = FF®)(i = 1,---,N) denotes the i-th component. ®* = (g% --- ¢;_;) is called a
k-phase locking solution if it is a fixed point of F*, i.e., F¥(®*) = ®*. This notion
can be easily generalized to the case where there are clusters. Our goal is to show the
following theorem.
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Main Theorem

Suppose an initial condition ® = *(¢1, $2, -, dn) € D(0,1) is given, then the asymp-
totic state is determined by the following diagram.

¢ <1-g (=€)

Yes No

¢

(N+1) - .
Phase Locking mt: Min (k)
s.1.
N0 <1-g (-®)
(Fig. 4) NTPR S8

O =g (1+8) +g(—(m +1)e)-1

m

0, <0 6, =0 | ©: >0
(N+1-m) - Marginal State Synchronization
Phase Locking

(Fig. 5) (Fig. 6)

Figure 3: classification of asymptotic dynamics
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The vertical direction

denotes the phase axis.

jus)
@)
o
)
o]
=
)
o
[hamt

Oscillator Index

Figure 4: Phase locking solution

Oscillator Index

Oscillator Index

Figure 6: Synchronization

Figure 5: Phase locking solution with clus-

ter
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Measure theoretical approach for chaotic
dynamical systems

Michiko Yuri
Sapporo University

March 14, 1995

1 ABSTRACT

We study chaotic dynamical systems from measure theoretical view point. Let
f be a observable defined on a phase space X. We are interested in time evolu-
tions of it f, fT, fT?,...,fT™..., i.e., their asymptotic distribution behaviors
and limiting distributions of their partial sums. In ergodic theory, there are
several characterizations of dynamical systems with high degrees of random-
ness. Typical examples are hyperbolic systems which can be reduced to Markov
process through a nice coarse-graining. On the other hand, in probability, weak
independent process are studied by many people. However most of those are
established only for Markov processes and strongly independent processes.

In this talk, we introduce a technique for connecting random process come
from dynamical systems and random process in probability theory. It allows us
to characterize sensitive dependence of dynamical systems on initial distribu-
tions. Further we show several chaotic dynamical systems in the above sense
which are not necessarily hyperbolic. One of such Mathematical models, a class
of mappings providing nice measure theoretical structure is the following : Let X
be a bounded domain of B and 7T a transformation of X. Assume that there ex-
ists a generating countable partition Q@ = {X,}.cr of X s.t. T|x, : X, - TX,
is a C'-diffeomorphism. We define a cylinder set of rank n by

X, NT X, n...nT"¢-Vx, |

if its interior is not empty and we denote by X,,..a.. Let U = {T"X, ., :
VXa,..als V0 > 0},

If  is a finite set, we call the quadruple (T,X,Q = {X.},4) a piecewise
invertible system with finite range structure (FRS).

Piecewise exapanding Markov maps are particular cases of the above system.
Typical examples are number theoretical transformations.
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2 RICEH DT RMREEIC DO WT
— Hénon map DIfiE & 4 -

=F KBS (GLRIKX)

WHTEMLE AT LB TEREGEHERT... EVIHOY . "HWHER" OV L OOBEKD
WHRTHZDES, 2RZBERE. TSI TOABNEHI LS.

80 R £+-3 C L0 28EHE. 7771 > BRICKBEETRIZS T, ROLSEH
WTESZEPEEICHDS.

Jule) = a—a? )= 2 te

58 real OIFEFEMEEER L L, complex DIBEEHEREFES OHEFIE L -T WD, F/= real
DFEE,

fo(z) = az(l — 2) fulz) =1 — az®

EVWOIFEREFEI DBV, ZOLD HRDHEMEBEEENYRELVTREEE, TICIFRE
BHAREPRBENTVREVSZ LY, D1 5FEEDESLOWRICLVBES IR, Zhid
1 RTHFRER. HFENEREHREL T, BEBRLAELEE>TVWES S,

&7, R’ B0 C? b0 2 RBBRCEDINBEBRD, 1 RTOBELER(REFBL
HEHLEERE - THY, HRHERTEHH LS strange attractor ¥ homoclinic bifurcation, 7
Hamiltonian system @ KAM theoretic Z3EL EDmHERMWEETT L THH .

PRSERTELEND R? 48 C* 52 NEEDERT, Jacobian # constant % b
Dk, affine map K EBEETRICL T, ROELSHOEBIITRTEDEFbL S,

H(z,y) = (by +a —2*,2).

F(z,y) = (ex +y* + f,7y -+ 6).

ZOWHEhhBLIC, FEHFERELTEEMELOTHS5. H % Hénonmap WV I, #-T
Hénon map . #%% & L T nontrivial & 2 X%ZIEX diffeomorphism DIFRENTHDEELD.

Hénon map (CEIL TETEEL Z &1, horse shoe map DERBIEASA TV I EWI T L
T 3. Devaney-Nitecki i, /NF X —%— a P& BRREAEINE (@ > 2(1+]b])* ) Hénon
map & horse shoe map ([C& ), a < —(1 -+ |1)])2/4 ol Q(Ha,b) = () TH3 & %A
LTWwa., L<HIBNTWS & 51, homoclinic point #*&%hif, % ZIZWd horse shoe map L FE
O subsystem EENTEY, BICIE LA ELTD nontrivial % non—linear system £ homoclinic
point ¥ - TwW3. ZOEET, horse shoe map DAERBIE EIHRTROSIZICHRNT, mbE
KEYEEHRTHS. LD L. horse shoe map (24 BLIFIO Hénon map DR IKIIBOH THHETH 5.
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FThORERE, 503 & 25T homoclinic tangency PEEZTWAAEHIC. H 503 & 25 CER
DRFEPRELTVDIDLTHS.

S<HSNTWBD L SIS, Hénon map 1365 /37 A — & —~5EELCHV T Hénon attractor LI
$h3 attractor 5 - THY [H], Zhid dissipative LIHEHRTHH NS strange attractor O
PERBDBEMLELDTHS. LrLEFS. FOT T 75— ETD dynamics ERFEICLChD 5
T L. E5(2. non-trivial attractor DFEIFRKBICEEHE L TW3 DI, |b| HHFIThE N
BOLTHS ([BC, [MV]). Z0OL5 %4 non-hyperbolic attractor #TEET 5 LI L/NNT A -4
DRFEIRIETH D Z EPHENICTERER TV Y, ThiAESES0 L2060 TIREL. ©L
BALh —IEGHEHDOTHY ., H-T, ELPENT A —2OFEIH L TH, REEROFIEH
BETWSOTHS.

Hénon map (& b6 = —1 DB area preserving map @ 1-parameter family &% %, #%IC
H i —1 < a <3 Tl elliptic % fixed point #¥D. ORI fixed point DF H) Tk,
Hamiltonian system #5185 h3FHB TR S5 W3 L5 4, invariant circle ¥ islands O %4, HiR
NEEES. JOERET Hénon map 13, area preserving map (&% W& symplectic map ) O
DixbBHL paradigm THHEHEA D,

Figure 1: Bifurcation Diagram of Period 5
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1  Topological strucrute of the bifurcation
diagram of the Hénon family

Hénon map M/NT A — 4 —ZRI R BB EIC L > THNB &, ZDHIC cusp connection & IEIE
h 3B EEESTEREL, ZhIZdE - T standard & quadratic map D21 T ORL B EHIAN.
Hénon map MDINT A —Z2 ~BROHPTOEH > TWBEVWIBERFRETIOND. £4. 2D cusp
connection EMEIEFNBEMRICIE. HDEOBRRMEY FEEI NS, v
[San3], [SS] TlE, 1 RxED quadratic map D% 1 7 OR% 5 EMR#ES, Hénon map O/
FA—FEROFTOESCIENTEDLHDHBTREGFESZATVD. TOEBE, E2HOH
SHMMAIBETEZASNADHTHY, ERICEZ BN 2 D0 itinerary " FDEMED S & CRMEIC
BHPEI M, BRICHETES. IO, Hénon map D/NT X —RZHIHWT, itinerary
ERTETEB%S, §45H 5, l-dimensional part & hyperbolic part B DEH ) FEAXRD LI
EoTEOND. 8510, CORMRIEH TARTSS L0, LEEMHCHES LIETES.

0.2

0.1

14 ' 16

Figure 2: Cusp Regioﬁ
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2 Hyperbolicity in the Hénon family

HE35A5NEEROBPADEBERBICKDD 2 &1L, &A1 RO 2 KEHE Hénon map
DES%, EHOTHMETHTH > THIFBICHLV. ZOHEELTHADS Newton & <5
WUPEwOREWDITEY, TATYS CRBEEVENT 050WTHY, ABEERLEETH
GUPAE-THI 5BV PRRAEEDLDID. FLZIETR-HELTH Newton AT, 85
NEBOBEEICTLENES.

LU 198 94tE, Biham & Wenzel &4 9 A7/=5H Hénon map (Z3 L THEITIEH S P,
BN ARERRLEOTH D, £ NIEEARICE Aubry-Mather @ Lagrangian &5 HDIC
ESNTHY, FTEH p OEMANEO critical point 121 1 IKHBLTVWS &5 5 R? L0s
% gradient vector field #FE%HE T 5. % LT Z® critical points € THUHT, WD I & %17
BHODTHD. BRGNS, COHEDELHIHEENCEFBEEATOEY. L LZDOEEND
FLODPBRWVHBELERODP S THWEVWE I TH B,

&7, b= —1 ( area and orientatin preserving case ) MH&IZ, EZLD Biham-Wenzel O
FEEFE-T o EFLESeEH/SEE2 0 TORMADREBEFAE L TAL L, 350 -2 5EW
a DEET, AHAOEABIF —EEEZ DIV OPFEETIZENFDbDD. ZhiBIh 50D/
A—& 4T Hénon map PHEEREE LD CEERLTWALIICHEA S, MEREMEIRLY,
% h i non-wandering set 7 hyperbolic set &% % Z & A BT 5. .

[DMS] T BEH0l Hm A T AV OO, 20 hyperbolicity DA D =X LEBBEL, %2
PS5BS NDZYNIATRETHE L ABHADERE, Bham-Wenzel DFETEE L BB E N,
B2 0 FTREE—BTIEVIFREETCHD (B2 0 DEAOESBIL, 1 00FHL5WLICDH
£3). $IZTHANLNE 3 DO hyperbolic case 32T, missing block expression & 575
ETHLYBBICZOEEEFRIETES. IO missing block expression 1§ Cvitanovié @ pruning
front DV EDDFEHEZASH, ST S Hénon map ODIEXEFNICEALHDEL T,
HTDODHDTHB.
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THE FIRST BIFURCATION & THE FIRST
TANGENCY INSIDE THE HORSESHOE

SHIN KIRIKI

ABSTRACT. We introduce a general definition of first homoclinic
tangency, and construct a l-parameter family of planar diffeomor-
phisms from Smale’s n-fold horseshoe diffeomorphism, which has
the first homoclinic tangency that is a first bifurcation introduced
by Palis and Takens. Moreover, the limit capacity of its maximal
invariant set associated with this first bifurcation can be as small
as is required.

1. INTRODUCTION: THE CONCEPT OF THE FIRST TANGENCY

Homoclinic tangencies play an important role in the study of bi-
furcations of a I-parameter families of diffeomorphisms [2] [4] [7] [14].
Palis and Takens studied them extensively and presented many results
and problems [8] [9]. Among them is the problem of clarifying the re-
lation between the first bifurcation and the first homoclinic tangency
inside the horseshoe. The purpose of this note is to give a brief de-
scription of this problem along with our motives, and give the results
with the outlines of its proofs. Precise proofs are presented in [5] [6].

Here we define our general concept of the first tangency for a 1-
parameter family of planar diffeomorphisms. Let R* be a Euclidean
9-dimensional space, and ¢ : R* — R? be a C' diffeomorphism. For
cach integer n > 2, we say that ¢ has an affine typen horseshoe, e.g.
n = 3 for the left panel in Figure 1, if there exists a square @ C R?
mapped by ¢ such that ¢(@Q) passes through ¢ n times, 1, 2, 3 and
4 are mapped to 1, 2/, 3" and 4, respectively, and that ¢ is affine
and preserves both horizontal and vertical directions on ¢~ 1(Q) N Q
[1] [12]. We denote the mazimal invariant subset of Q under ¢ by A,
ie. A= ez @' (Q), which is called type-n horseshoe. Specially, in the
case of n = 2 it is called just a horseshoe. 1t is well known that ¢|is
topologically conjugate to the shift map of ¥, which is the set of all
doubly-infinite sequences of n symbols, and that A is a hyperbolic set
for o [11] [12].

1991 Mathematics Subject Classification. Primary H8F.

—177—



BINEEN gia i

N

VNN, w(C
§Q\ \Q—‘P(Q)

N N

NN

N NN

RN %2 :

N o

FIGURE 1

We now consider a l-parameter family of C* diffeomorphisms on
R?, denoted by {¢, ; p € I} where I = [0, 1], such that oo has
an affine type-n horseshoe. So ¢p has n saddles in the horseshoe
[11]. For n = 3, if we restrict our attention to one of three saddles,
which is denoted by pg, then we obtain such a configuration of stable
and unstable separatrices of py as shown in the left panel in Figure
1, which are denoted by W*(po) and W*(po), respectively, see [3] [9].
In this situation, each intersection between W?*(po) and W*(po) is
transverse, which is called transverse homoclinic point. When stable
and unstable separatrices are tangent to each other, it is called a
homoclinic tangency [10] [13]. We also denote the mazimal invariant
subset of () under ¢, by A,, and assume that, for every p € (0, 1],
there exists a saddle p, that is the continuation of the saddle po [7]. 1t
is clear that, for p near 0, there exists a disk D, C @ as shown in the
right panel in Figure 1 such that D, D A,; 9D, C W¥(p,) U W?(p,.),
where 9D, is the boundary of D,, and (Niez ¢,(D,) is equal to A,.
Let ©(p,) be the nonwandering set of ¢,. We also assume that A, =
Q@) N D, and Q(p,)\A, consists of a finite number of hyperbolic
periodic points. In this situation, we say that {¢, : p € I'} has a first
(homoclinic) tangency at p = 1, if the family satisfies the following
conditions:

(1) for any p < 1, all intersections of W?(p,) and W*(p,) are
transversal,

(2) For p = 1, it has an orbit of contact-breaking homoclinic tan-
gency on the boundary of D, and there is no other orbit of
homoclinic tangency.

When n = 2, i.e. {p,: ¢ € I'} has an afline type-2 horseshoe for g =0
and a first tangency at p = 1, the configurations of its separatrices at
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g =0, 1 are as shown in Figure 2, respectively, [7] [9].

2. MOTIVES AND MAIN RESULTS

For a first tangency as defined in the previous subsection, Palis and
Takens [9] posed the question:

“Whether this first tangency is a first bifurcation or not”,

where the first bifurcation means that, for any p < 1, ¢, satisfies
Axiom A and the transversality condition, that is, it is globally stable.
We have an answer to this problem for a special case:

Theorem 2.1 ([5]). There exists a special I-parameter family of C*
diffeomorphisms near type-2 horseshoe diffeomorphism such thatl its
first tangency is a first bifurcation.

The above special 1-parameter family was obtained by locally modify-
ing a planar C! diffeomorphism which has an affine type-2 horseshoe
with the contracting eigenvalue of (dy), which is not too small, as

] y;f
A

FIGURE 3
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in the left panel in Figure 3. If the contracting eigenvalue is very
small, as shown in the right panel in Figure 3, we do not know how to
construct a l-parameter family such that its first tangency is a first
bifurcation.

We have some fractal dimensions available for the Cantor set which
is defined as the intersection between the separatrix and the maximal
invariant subset for the 1-parameter family, that is W?*(p,) N A, or
W*(p,) N A,. Among them some numerical invariants distinguish
between the left situation and the right situation in Figure 3, so that
their values for the Cantor set in the left situation are greater than
those for the right situation in Figure 3. Results by Palis and Takens
[8] [9] suggest the importance of the limit capacity, which is one of
such numerical invariants, of the Cantor set, for the study of the first
bifurcation. For the Cantor set K = W?*(p,)N A, or W*(p,)NA,, the
limit capacity is defined as d(K) = limsup,_,q IEE_EL;’@({:_Q, where N (K)
is the minimum number of balls of radius € needed to cover K. Their
results also suggest that the study of homoclinic bifurcation with small
limit capacitiesis easier than that with large limit capacities. However,
we were not able to obtain a first tangency with small limit capacities
in [5]. In order to study about the bifurcations associated with the
first tangency, we need such a first tangency. Therefore, we now have
the motive:

“Is it possible to construct a I-parameter family having the first tan-
gency, which is also a first bifurcation, inside the mazimal invariant
subset with a very small limit capacity?”

To answer this question, we construct a special 1-parameter family,

for n > 3, from a type-n horseshoe diffeomorphism with very small
limit capacities. Qur second result now follows:

Theorem 2.2 ([6]). For any ¢ > 0, there is a real number 6(e) > 0
such that, for each 0 < § < §(e), there exists a special I-parameter
family of planar C! diffeomorphism {p, ; p € I} depending on 6,
which satisfies the following two conditions:

(1) it has the first tangency at p = 1, which is-a first bifurcation;
(2) d(W”(pl) n Al) + d(Wu(pl) N A]) < E.
3. OUTLINES OF THE PROOFS

Sketch of the proof of Theorem 2.1. First, for 0 < § < 1/2 and a unit
square D, we take a precise form of type-2 horseshoe C! diffeomor-
phism ¢ which has the saddle p such that A = £ — § where A is the
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contracting eigenvalue of (dy),, as shown in the left panel in Figure
4. We also define a C! perturbation ¥, on V = V; U V; as in Tig-
ure 4 such that it compresses the vertical lines in V;, and slides the
points in V; downward as p increases from 0 to 1. We denote W, 0 ¢
by ¢, which is called a special I-parameter family, and denote the
maximal invariant subset of D under ¢, by A,. From the construc-
tion of this family, it also depends on §. We write, for any 0 < u <1,
Vi={z=(s,v)eD|0<s<1, 1—pé<u<1}whichisshownin
Figure 5, In the next proposition, for0 < p <1,z € A,NV,andn >0
such that @7(z) € V,, we construct an unstable cone Cy(z) C ToR?
for 0 < § < 6 such that (dy}).Cu(z) C Cu(w)(z)) and that the
length of any nonzero vector in C,(z) is expanded exponentially. The
stable cone field can be constructed by taking the complement of the
unstable cone field. '

Proposition 3.1 ([5]). There ezists a 6, such that, for 0 < 6 < &y,

A e

A“\\\\\\.\\\\\\\\\\\\\\\\\\\\‘. g
C (%)
0
VH u\ v (dq) )X ”_(x)
p - [ ——
S
FIGURE &
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there is a conlinuous unstable cone field satisfying the above properties.

Next, we construct a partition for the above A,. The continuous
cone fields over A, are obtained for this partition by using some locally
linear interpolation of the angle of the cone, . These cone ficlds assure
the hyperbolicity of this family and the transversality of the stable
and unstable separatrices for 0 < p <1. O

Sketch of the proof of Theorem 2.2. The special 1-parameter family ¢,
(= ¥, 0 ) in this theorem is composed of the type-3 horseshoe C*
diffeomorphism ¢ and the C' perturbation ¥, on the open set V as
shown in Figure 6. The components of (D) N D, where D is a unit
square, are denoted by Ky, iy and K; as in Figure 6. We assume that
p(Ro, Ri) > p(Ry, Rp), and write § = p(Ry, R,)/2, where p is the
Euclidean metric. For some é; > 0, similarly as in Theorem 2.1, we
- construct the 1-parameter family satisfying the hyperbolicity and the
transversality condition. Moreover, we estimate the limit capacity of

We(p)Y A, as

. log 3™
3 . d 3 <
d, (W2(p) N Ay) < TILIL% —log(A + 6)An1
log 3™ log 3

< 1 =
= a0 —log(A -+ 6)*  —log(A+8)’

where A is the contracting eigenvalue of (dp,),. Similarly, d; =
d(W*(p) N A,) is estimated. Then we get the l-parameter family
such that, for any € > 0, there is § > 0 depending on ¢ such that
dyy + d;, < e for each 0 < § < §. We now write 6(e) = min{dx, 6},
and get the result. 3

Ry | L
V\M// ’ A+6
p vAx
| 74
FIGURE 6
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We believe that the above two results will be extended to higher
dimensions, e.g. a special 1-parameter family can probably be con-

structed by modifying a 3-dimensinal horseshoe diffeomorphism as in
Figure 7.
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Professor F. Takens posed us a mnew problem of the relation be-
tween the homoclinic tangency and the first bifurcation as follows.
Let {¢, ; 1 € R} be a l-parameter family of diffeomorphisms on R?
satisfying ¢y has an affine horseshoe. Let Ay be the horseshoe for
g, and let A, be the maximal invariant subset for ¢, which is the
continuation of Ag as long as A, is & hyperbolic set. We write

po = sup {p € R| A, is a hyperbolic set} and
py = inf {p € R | ¢, has a. homoclinic tangency} .

Problem. In the above situation, is there a I-parameter family of
planar diffeomorphisms such that req < p1? Moreover, is there an
open set of C? arcs of planar diffeornorphisms such that pg < piy ?

We have no answer to this question.
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