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-il'~ffiffi1} G DJf'lti!tWffiffi,,\­
TJllf~ffi 

A TR:W;~5BlJmf~{jlf9EpJT 

1. lcl:L;6I)(: 
Jmf~~~(el:)ii;*id:~iffl~~G, J;!]~B'iltci:~~1ItlJmb£E~0) 

~~ij~~C®~. ~=C, ~1I~*c~~~n~g~~ 
J]lB'il tci:/5$ (ffl!)D'91J'E'T)l;) 1J~~9B~n., ~~~~O)~m 

$~~iITJjg~~liMcGTfflLIGn.T2't.:[FjJ. -/5, ;m;%\j 
B'ilid:ffi~~J]l~*tl~0)9B~ij, ~~~0)~7~~~A~ 

~iITJj~~c G T'§G <f~H1Ht~i:t, ~iIt~2't.:G T2't.: 
[St]. 

~15~(el:, Jmf~~~O)~iITJj~ /"j)<~ 1J\1J\~ ~iItC~G T, 
i1M~*J O)m,¢'\ . m~ . /5$(;:::~ I), ~~&"'O)=F:lj1J\ I) 

~i!ijt.:L IC='€;t TL I~. 
~ O)~ c(el:, iiHi11O):f%,¢,\1J\ Giit31H~ J} ~7:HfT G, 

!li8.8B11 . ~iIt~o)&IGSlctci: --.:J T L I~FD~m,¢,\~Bft.l G1J\(;:::Gt.: 
[Sm 1 ] : ~ 1 O)FD~m,¢'\(el:, iiit*W*!iJ}(;:::dSL IT, ~~1t 
~*OO~GSlc®~=cJc®--.:Jk. =O)~~ ~iITJj~~O) 

3H1B~GSl"'O)iit~~:tJt*G, iit*W*!iJ}0)~4~'§G< ~f! 
~G TL I~. ~ 2 (el:, iiit*$Ny-17-~-:7~j8rn3,j~lffi'jlffi 

o)-5!)C~f!~G TL I~J ,¢'\ciY.nt.: . .y-17-~-:7~O)j8rn3,j 

~:tJt*90=CC, iit*$~iit*&IJ]l0)®~ffl~4;t0= 
c 1J~C2't.:. 
~~1t~~~&90(;:::(el:, ~~11' ~~1t~pg$CIlX I) 3l, 

iU~iITJjW*!iJ}1J~£\~C®0. = n.(el: , ~gffij~0jc(el:tci:LI. 

~15T,(el:, ~g, W11O):f%,¢,\~n~iITJj1J\G~~(;::::tiG, 

1M~'i1t1J~~~(;:::c --.:J Tffi:@B'il(;::: lli~-:5(tSn.~« 2'*~11 ~ 
):l:~90. ~~C, ~~1to) J< ~ \~ r- ~#E;t0 :gt¢,\cG T 
icrr1'l~ttJ:WJ o)='€;t/5~~m G, !I@~-1§t5JEliilU(;::: ftb~« 

2'111'l~gffij~t~*g0. 

2. t~ifJm1~~~lcl:fiHMHt9 g (])1J\? 
~~0)1~\!i~(el:Jmf~~-c:~CI3E13tl (@~C-b, @1l1C-b, 

~c C-b, etc) c flfWtl C1IfJlStifiJ ~ffU:g9 0 =cC® 
0. =n.~i6J~CFI!JJE~i:t0 ftf~cG T, !I@~ (ffl-tsi5b 
i:t . m~) ~f¥-5. ~~1t(el:, ~~O)ElEl3m'O):tJt*~=n.(;::: 

f¥-5~~11O):lJt*C~J;E;Gt,:=bo)c®~. = O)t.:/'J) , i~ 

~-1§t5JS(J W*!iJ}Cc --.:J T~~1Uel:*OO~GSlc217h t.:. C 
~, ElEl3~~~~11O):tJt*~@~~G~O)~~-5~? ~ 

(el:, =n.1J~~~O)*11(;:::EI3*G, iit--.:J T~~111J~~~(;:::c --.:J T 
*~B'ilC®0 = c 1J~JfiJlfC2'~. 
~g, ~~O)~-c:~:lJt*O)~t:liO)illb~(el:, lffTGL lJillf~O) 

~PX(;:::®0. lffTG L IJm1~0)~pxc (el:, ~~CIlX --.:J T1§t5JlilO)tlJ 
m, .tiP-ts, lffTGLI ~71::·y?0)~nx;(;:::ft!ltci:Stci:LI. iit--.:JT, 
ElEl3m'~@;tiO):tJt:7del:, r- 5l::: \~ -:7O);%iN . :tJtAC®0. 
-/5, ~~0)~*1±t~ iElEl311 . 1lfJlRtiJ O)~mC(el:, *m 
~tci:1§t5Jlilo)i':fJ;!]tlJffl~~90 c gn.(cf, r- 5l::: \~ -:7(el:~~ C 
c--.:JT~®~c®~. iit--.:JT, ~~1Uel:~~Cc--.:JT~®~ 
O);%iN . tJt*cL 1-5*tic=b~16!(i:t0. 

[Sm 1]c, i'tam' 00) r- 5l::: \~ -:7%tJ c G T?¥(ft.:.y-1 

7-~ -:7 ~O)fI©rn~O)tJt*lJIJ[Sm2J (el:, lffTGL I r- 5l::: \~ -:70) ~ 
px(;:::f¥-5, ~~11O):tJt*Cft!ltci:Stci:L I. 

3. 1&mtt:Jt~ § rn'l'i 
1MMt1t~-bt.:Sg, ElEl3ti~~~/tiO)tJt*(el:, r-5l::: \~ 

-:7O);%iN:tJt*cL 1-5~~0)*ti(=EI3*90 c~mi:t~=c, 
iit--.:J T, ~~O)J]lgffijc G T**n'~:@B'il(;:::#E;t0«2'~~C ® 
0=c1J~JfiJlfc2't.:. ~LI~;tn.(cf, ~~1to)~~&C(el:, 

El El3ti~~@;/tic L I--.:J t.:~'f!#:~cpJi)(;:::Gt.:Wi\':§J}1J~£\~C 
®0. ~=C, *Mc~, ~~ffl;%\j~ffl(;:::, ElEl3tic~~ 

tiO)1§W~Bft.ltr(;:::G TdS<. .tiP!), El El3ti1J~1&;®B'ilid:ti~ 
~NJO)(;:::~G, ~@;ti(el:~1*B'iltci:.mtZ;C=,€;tSn.0. 

~~(el:, ElEl3ti· 1Ifffitti~#fi:~i:t0t.:/'J)(;:::, lJIJ;t(cf, 3E!'l 
~m5JS((Jm~~~) ~~J}=J}c~-1~~C~0~~~~ 

(;:::~--.:J T~~1t~i:t, ElEl3m'0)®0#ffl~crr1'l~CG TL 10. 
iit--.:J T, ~~O)1'l~:fJ~~@;/ti(;::: ~--.:J T#E;t0 cL 1-5~;®(el: El 
~~I<. G1J\G i~~ti:tJt*J cLI-5~mc(el:o&G~<i:t 
id:L 1, ~*B'ilid:1'l~:fJ:tJt*1J~®0. 

=Jo)3E!'lf~~~1J~t:li;%\j~n.~ tI(~~=,€;t~-5. ~~1J~~W-tci: 

1§t5JElO)JB.tiJc, ffl~crr1'l~tci:1±~c® --.:J t.:c G ~-5. t:li;%\jcrr 
1'l~t'.£(el:, :tH~1J't:li~~n.0t)Jltr1J\SN--.:J TL It.:~f;'I(ti1J~m 
#tG TL 10 c='€;tsn., m5JS(JB.tiJ~O)-bO)(el:~@;tiO):tJt* 

c(el:~L I!£~L I. G1J\ G, ~~O)t:li~(=~ --.:J Tcrr1'l~(;:::tci:~1§:S: 
3E!'l1~(el::@/"j)T ~'i.'tci:-bO)ctci: 0. :g.~~(;:::(el:, :s< O)~¥jn~ 
5JS( . ~t~m5JS( . 3E!'l1~1§=F1J~® l), ~£,'tci:3E!'l1~~l~1J~crr1'l~ti 

CGT~901J\SC®0. 

ffl~C~0ElEl3m'0):tJt*~, ~1J'~~r-O)~tiJ(;:::~l)~ 

O)1'l~fJ~JjH1tB'ilC:tJt*~i:t~ -bO)c, ~~O)%px. 9B~~='€ 
;to-5;tC~*B'ilc®~. ~k, 1§t5JS(~~~90~C~, 

iit*O)!I@~-1§t5Jlil~iITJjCc --.:J T(el:Jlti:~B~c8$lBft.lC2'tci:L I ~ 
1tC®0. =O)J;!]~(el:, :g.~~1J~~~C*mmC®0(a:C·* 

2'<, 3E!'lf~~~(=dSL IT~*B'il1d:€U3£11c=,€;tSn.0. = 0) 
€U9BB'ilid: El EI3~:tJt*(el:1§t5JElO) ~5t':1J~}J \ ~ L l,¢,\c, 1&;tE!B~ c 
=,€;tSn.~. =n.(;:::~G, ~~11cLI-5m,¢'\(el:, ~~O)~ 

i*C~ I)):l:El Gt':=bO)c® I), =0)~-5tci:€U9BB'iltci:1'l~fJtJt 

*~@ffltfE;t~ c(el:='€;tiltL I. 

4. DJf'lti!tW(])f5tr?: 
~IlIlgffijJ]l~C iDJ1'l~ttJ:WJ CLI-5='€;t/51J~®I), ~t~~ 

f-I~(;:::dSL IT=b~m~n.0[HgJ. crr1'l~ttJ:W(el:~1§gffijJ]lO)t 

7~~~-:7~~4;t0~*WZ;C, ~~gffijJ]lO)N~, i® 
m1J~px3'z:90 crr1'l~/tiJ cL 1-5~mB'iltci:o&Bft.l1J~ it~qtci:ttJ:WJ 
(;:::~--.:JT~ot-::J(tSn.0. -/5, ~~O)1§:S:t:li~o)J< I) \~ r­
(el:, crr1'l~11c G T El El3m'1J~:tJt*g 0 -bo)c®--.:J t.:. crr1'l~ttJ: 

wO)m~~, 1&~11~f¥-5ElEl3~~~;t~¥*B'ilid:m~c 

G T, Wlfflc2'~-5C®0. 

4. 1 DJj'j~tci:Jmf~~l~O)pxg@1&I 

icrr1'l~ttJ:WJ ~=,€;t~CLI--.:JT-b, t~1§gffijIlll(;:::~~~~o) 

~c3!f!~='€;t~~c(el:tci:L I. DJ1'l~/ti~ffl.tu]B'il(;::::l:lE;t~-5c L I 
-5m,¢,\cG1J\tci:L I. ~n.t'::(tc-b~~o)Fdlm(;:::~g~~;m G 
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~;ttL(cf, ~i~3J9j;fj1lcl:, B~'HHUJ:L)~-3 (J~5R:<Et':l:· j]zfT 

~~~~~~~~~~ ttm)~-~~~Y~GT~;t~~~ij~~. ~~~~. 

ct)ct)*1.n=~j(mJ:-)td:=tm ~:i§Xt.=l). 3ffii~~~lcl:3mi~~ n§9.:Y;Z T .b.m~~~§B"J~ G T&f:l9"E2"tCC e-t.=)f;itB"Jj] 
;fj1Cl)j]zfTPl.l,JJ!l~fT-)* ('®~ 1.J\ S, P1.llJ!l2"tL Tl) < 13m i~ 
J@;fj1J m@I§JC1.J~:i§-;tStL~ . .::..::.('cm~~('~~~i~ 
J@;fj1lcl:, ®~OO~U('~\9G=t~m2"tLTl )~~\~lcl:td:l). 
G1.J\G, 3@:~td:JH113~{tj:1t'~~ Cl)Jlli~l;::::J: -:J Tlcl:~mG-) ~ 

'0]t'l8td:' 3mi~3J9j;fj1~~T:i§-;t~. *¥a§-('lcl:, O]t'lgtl:tW 

5Elcl:, '::'Cl)J:-)03mi~J@;fj1Cl)~G~5E· ¥~z=mH#G Te-T 
l )~[Hr, MI, AcJ. * t.=, t,y;fElgffijlJ!l(,lcl:, 0]t'l8t1:tWm & 
1t~0]t'l8t1:tW~m~;f~~i*('®Sl~U3i0]t'l811~i*(;::::J:-:J T 
:N~G2"tL~[Hg]. 

m*!S'('®~c ~, 5itG C, 10]t'l8@Fa.lJ ~:g1~HtT. gfE ~ill~ t § El3ffl:, .M:rr'ti 
gffij~3iI"bSl. ~~m-1f-.:1:Y;z T .b. -'lb3@:~td:~{tj:m"T('mo]1l8 a(cl:, 0]f.l8td:3m~~;fj1m~l;::::ct)'t~tJFft!ll1CJ:-:J T, 
@Fa.I=t, A;f~JH;:::::i§-;tStL~. 3mi§~;fj1· 0]1l8@rc,~m)f;:Lt~ 3m1~31~Hj11.J~J~§J3~*Ttd:l)~)f~ (~tL, m~) ~-)'t, ~ 

5R~td:'ttLlcftd:S0l )1.J~ . .::.tLClcl:, t~Cl)f.l8j]l;::::~9~:i§- ~~~~J.9Jif9'::'~C:®~ . .::. m~J"Il~:g>lcl:, 3m1~~;fj11.J~:9~§J3 

~ij~\~('®Sl. ~j(fij"j('¥*B"J0~~~m~9~. ~*l;::::J;E\[;T~px· &1t9~;J:97J(f~~~Cft!ltd:Std:l). 

itt-:J T, ~~lcl:EI E13mC~lri~2"tL~. .::. -) G T, 0]t'l8t1:t W 
Cl)m,<;$Jcl:!!@~C;Z1G Tf§!j'lfR~-3-;t, Jiilll~~m~~0~ttil;C 

~i§J@;fj1m:g.o]1lgtl:tWlcl:, ~)JSlmi"fJ1J;flJm~l )-)~~mW Ja~~-3-;t ~.::. ~ 1.J~0]t'lg~0~. 

W(;::::J:-:JT, tJFft!l'\1~ff-). ~~, JDJOOl;::::~m('e-Sl, £ -j], ElEl3ttm~1t~~~~:tJE;t~Clcl:, 3ffi1~~~j1Fa.l(, 

G<lcl:, P1.llJ!l1.J~3ivJffi1~3J9j~j1lcl:~~StL~. itt-:JT, o]1lU!t ~)Jfil~£&L)!S'-)O]t'lMi~GT, lj]zfTl1J m~j'ij~zBfl~9 
W('®~:g.3ffi1§3J9j~j1lcl:, ~'tL 1.J\1.J~~m2"tL~OOft!llcl:~m 2" ~~\~1.J~®~. 

tLTl )td:l )~l )-), tJFft!l[j{]td:&mIll;::::itt-). tJFft!lfEJtd:~1~3J9j 

;f~~OOFa.l1t':if.552l;::::J;E\[;T~mO]t'l8ctd:Sl ,<~?-(;::::, t~m~~'\1· 

#mim1lgm~~1.J~~-:Jt.=. 0] 1lgtl:tWmm,s\(cl: , ~)JfilRm* 
m~~§EI3ffl:, ~ffl:~§EI3ffl:, ti~ft, ~. 

5itJJ~ G T, )l1~*ElEI3m ~~[j{]td:px:5:J~itJ[j{]td:pxn C 
*imt'lg1.J~m1# 9Sl, :,:!>i&:t'=1.J~tJF{tE'\1m~ l )0]t'l8@~C(R) n't~$~:i§-;tJ:-). tlP"C), **~*CJ:-:J T~3.i('e- ~ 

1.J\S, ~*('tJFft!l[j{]td:n~NCl)0]t'l8@Fa.lC(N)"'m=!Jt*· &~ @Fa.lmmt~c, ~m~~m~2" . 'g~2"l;::::n'tT~;t~. 
~G T, n~Nmim1l8Ct'lgj]~~;tJ:-)~9~t.m('®~. mr:1!3~J:JH~[j{]ElEI3m, W:1!3~5SmfEJElEI3m~Di]!tif-). O]f.lg 

tJFft!lfEJOJ1l811(;::::J:~*1t'§J3n*m1l8j]~1ffltcl:, ~\~[j{] C 
1&;®'\1zff-). ~~, :l!~td: :g.0]f.l8ttlcl:tJFft!l[j{]('~~ 1.J~ kP 
;t(;::::, {[ITtL1.J\1.J~~tR2"tLt.=ifj ,9;(', ft!lmo]1l8111.J~)~~9 ~ 

1.J\ S (,~Sl. .::.mJ:-)0tJFft!l[j{]0]t'l8tt1.J~~PX9 Sl f.l8j]m~ 
~~GT, 1~'i1H 1.J~~'fStLJ:-). Wt;::::, i\'tHll,'(;::::(cl:~G 

l )1&;®l11.J~~l )t'=2"tL~. ~~, :y;Z T .b.~WlitL Tlcl:~ < 
imf.lgGiWd:l )-j](, , :y;Z T .b.r*J(,lcl:5Sj]td:t'l8j]~~G-) 
~. 

@Fa.lCt;::::)l1GT, 
1&;®tt ~ m~[j{] EI El3m/~)Jfil)~~~ 

~l )-):<E'\1[j{]ffi1.J~~;t StL Sl. * t.=:g,< CI)±~!S', ~~lcl:, 

~3.im~J:L)~3.i~mm~~~:i§-;tStL, 5Sm[j{]ElEl3~Cl) 

~1t~~~G T{lI[ll;,'-=:i'tStL~. 

5. DJ~gt!t W(])=t t::. S 9 ~JEi1 G 
mrmCl)~&mtcl:, itt*Cl)!l@~ -~)Jfilf§!j';ffTt;:::: 1tD~ vm~ G 

T, 0]t'l~.@1§JCl)f§!j';ffT1.J~i"f~('®~'::' ~ ~~~G Tl)~. ~ 

~, O]~tl:tWCl)m~~S~k~e-, ~.~ElEI3tlm~~~ 

l )-)O]f.l~.@I§JCl)-{flIIJ1jj(;::::~~StLTl )~. -j](', !l'1B~1.J~itt 

4. 2 0]t'l8@I§JCl)t~PX ·1j'i}3§~t':l:t'l8~* *m~*~td:@lWt;::::J:L)IDDtL~~~L), ~~j('E-xy~· n 
n~Cl)1~11B"J~~1.J~0]1lg.@Fa.l (;::::J:-:J T;&mo]i'l8('®~'::' ~ :ffi1@· ~mifjFa.l~m*;''itd:1~'\1~m~~~~~&ffi9~'::'~ if 

~liMlcJ~. ~J.=, O]t'lg@Fa.lCl)~}J;::::J:-:JT, ~~~1.J~ElE13 

'\1m~~~G T~;tStL, EI E13'tim~~(;::::~ffi;@G-)~'::' ~ 
1.J~Jf§!j'('e-~ . 

:a:;1*5j!j~ 

~~~ifjFa.lfEJ·@~[j{]C*~2"~~~ (m~mifj@) 

itt-:J T, 0]f.l8@Fa.1Cl)~Ji@~1.J~~5Jfilmifj@mEl3n*!S' (~~~) 

",)l1J;E\-=:i~StL~'::'~('~~~~ff~~('e-Sl. 

td:ct), m~)~~3J9j~j1(;::::J: L), ~~mifj@1.J\S'ffi~WG TO] 
f.l~Fa.I(;:::::<E:il;fEJ* t.=ld:f§!j';ffT~[j{] (O]~,ti, 1l~11, {lI;f§) 
1j'i}~~:i§-;t ~.::. ~ 1.J~~I1B"J(;::::lcl:0]1l8('®~. 

§EI3ffl: 
3ffi1§~;fj11t'-r~Cl)ElEl3mlcl:, :9~§J31.J\ S~*(J,E\[;T, 

3ffi~~~j11.J~Jlill:ifjt;::::~pX . &1t9~'::'~~:i§";tStL~. ~ l) 

('e-td:l ). 
:-.tm('lcl:, o]1lg.@~m~A. CJ: -:J T'g~(;::::=tt.=S2"tL~ 

Xl) ") ~~~9. 

*ml')"l~lcl:, lffiGl ) m,9; (;:::: J: -:J Tffi1.J~~, ~Jil1G· ~~ 

JJ~~t\~ =tCl)('~ L), *tgfEJ0~'tgffij(;::::lcl:, i&:~fEJf!f'~:§ JJ 

Cl)~:<E1.J~=1'o]:R('~~*lcl:~ -) * ('=ttd:l ). 

5. 1 t~:IJt*Cct) ,t ~ 1&;®t':l:Cl)1~l!iU 
0]t'l8'@Fa.I~:i§-;t~'::'~T·, i&;®'ti1.J~t~mt$*~{JEcJ'::' ~ 

1.J~f§!j'1.J\~ . 
3mCl)t~Fa.I W~m~J~:i§-;tJ:-). ;f§g:~1§mO]t'l8ttl;:::: J: 

L)0]f.l8'@~1.J~:IJt*9~. :g.~~N1' N2~G, :g.~~r*Jm~ 

~~~ (~~:1!3, ~*, *;z~, 3ffi~ffim7o~5.b. 

etc ... ) ~A(N1)' A(N2)C9~. n~mW~(;::::J:-:JTO]f.l8c 

td:~~1§~~j1tcl:, ~it[j{] (;::::@;ffiA(N 1) XA(N2)~1d:~. tlP 
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13, oJIl~@~O)JB:t:~:IJt*tf~13(;::::~2-, B J, =tUel:fR ~td:) lTI1'i~@~(el:C 1={P;Q Q;P}C®-8. = = cP;Q(el::1 
O)±)g*ffi'~¥.O. ~wu, lTI1'i~td:~1~JI~HlEO)JE~8'iJtd:§ffi~ ot7..pcQo)lill'l~j(*jljg~o&L" :1ot7..PO)®c*%L ~eQ 
tJ~!j'ffi~C:l~J e~)&il:c~tJ JeL ~-8. L,tJ\L" Jm1~±-{2Ii: tJ~1I11~~tl-8=C~~~9-8. =tl(::::11L, e*,~Y-:7t7.. 
-\'J~,*~tl-8~1~JI~HlEo)i&;®11tJ~~<, ~5&5f:l~tJ~iERc® 0) Of~it~d:) lTI1'i~@f§J(el:C2=PIIIQc®-@. C2:::JC 1C®J 
rut, ~~[§j1~*%(::::-W--5&:\~~5&O)i~;Ij]Iel:}j\~<tJ-8. m13, (, =O)=lJt*(el:~L,<*2-L I. 
~~[§j1~~ 1L'1§ffiffi/L'1~~J 1~*9-8. =-5L,(, =o)~~(el:, -Jjl" §Bfjl::::Jjl,;t-8tJ\:tmtltd:L~. L,tJ\L" 
i&;®'I1(el:~~0)1$*~ilE9 =C(::::l6-8. lTI1'i~@~O):g.~~O)~m(el::j;jFftll~C® I), @tltJ\L,tJ\~m 

C2-tJLI~iR~C®-8. -{Y-$l1)-7~ffiLI-8=cc, *' 
5. 2 ~~W11o)~}2: ~Y-:7t7..o)~A(::::ck I)~L, <Ji1R~tJ~:IJt*9-8=CtJ~o& 

~~=l$*0)19lj c3mO)~*,0)19lj(el:, ~L ~i&;®11tJ~lj,~~5tl m~tl(L ~-8. 

-8~, fl013, lTI1'i~@remO)m~~tJ\5J} (~5&)f:l~tJ~ l}j\~L IJ 
~, ~~tJ~~~W~td:1'i~:7:J~~ffiJ9-8 lTI1'i~11~5:R~L, (L ~-8. 
~L ~i&mlel:, ~)&)f:laJJg);flEO)~~m~J~~W11~~9-8. 

fl013, lTI1'i~@I§jO)§ffi~O)mt~tJ~~*c®tllt, ~)&)f:l~ 

~~lElel:~5&O)~@I::::d$L ~T:t~~td:§ffi~~¥¥13-5-8. ~ 

5&0)~@~~~~c®-8~5, ~5&~~JJg)~~, 7..~-1) 

Y-:7'~~~(::::ckl), ~~W'I1~¥9-8=ctJ~5:R~~tl-8. * 
t~, ~5&)f:l~tJ~}j\~ L ~ = c tJ\ 5:t, ~)&~@O)lli1§~j(~ I:::: 
Jt-"\T, )\r)7.. !-!)l;7~j(~tJ~}J\~<16-8=c~tf5:R~~tl 
-8. 

5. 3 *,~Y-:71z7..*O)1'i~:7:Jo&m 
-$1-1 J..,."YIY I) 'yJj, 5'y/;/J..,.Y-:7t7.., #-1)'yJjc 

L ~J t~::f~,'~Y-:7t7..*[TsJ(::::11L" itt*O)$lll~Eifflclel:, !jllll 

~~11O)~fflIjlel:lTI1'i~c'b, Y -:7t7..*O)¥*~fl~:7:J-rO)'b 
O)~~~W-=:5(t-8 = ctJ~C2-td:tJ\J t~[Sm31 
lTI1'i~@~~1rsJ-8 =cc, :10 t7.. 1-t~[Hr,MIJ0)3I1:ffi 

HCTI"1'i~ctd: I), *,~Y-:7t7..*O)~~1'i~:7:J~~WC2--8. 

,,- '7 /1*mMfF,,~ 

J::Jztto)~~~Iel:, ~13 1= r- - -:7'y~~~l§Jm~to) FD~mc-f 

J 11](=i@ffic2--8. 
*,~0)i!iiij*c~-O)Jm1~:F -v*)l;tJ\ 5td:-8~1§*~13'.it 

ck--5. ~1~:F-v*)l;(el:fUffiti (r---:7'y) O)~~I::::ckJ ( 
*~~tl-8 csJ-8, ***%L, (~1§:F -V*)l;~;fljffic2--8 fu: 
*~~H®5~G~mJE~tl, r---:7'y~m~l§Jc~~tl 

-8. r- --:7 'y~)~Cj¥J T3i!!1~:F -v*)l;tJ~fUffic2-tJL ~ ~ 
I§jH~~-8k~~I)M;tOOI§j), ~~O)~~OOI§jMm~ 

ff--5 c, r- --:7Y~m~l§jtJ~~L ~(ac'~flj Ctd:-8. 
J::~0)~~~5, r---:7'y~mooI§JO)m~~ ~~~c 

1el:®-8tJ~, -(Y-$lI)-7~jI:lL\ *,~Y-:7t7..*cL,(o) 

**~i'l~~31:b (L ~-8~li~~tJ\-8. =tl(el:, lTI1'i~i!tWo)~ 

,9,t::::ckl)f]J~(BfjUit::::c2-t~,QC®-8. ~~, itt31Hel: r­
--:7Y15R~~~0)1~~Ut::::~9 -8 Bfj'r;ktJo&mtel:l6<, 14Z~ 

11O)Ui~J cL ~-5~Bfj~td:o&mtJ~fflL ~5t~[TkgJ. *t~­
~c, r---:7'y~~OOI§jO)~~~$lll~O)~~c~W~~-8 

t~~t::::, ~~~~0):5t:ffi{@-\'J:5t~, ~mOO~~EtMttJ~11 

-( /? I) -j. ~t::::~:&ttt:'-8~iWd:tJ\Jt~. =tl5(el:*,~Y-:7t7..*0) 

-('y-$ll) -7(el::1ot7..~ O)~$'il:c®-8, =O)~~t:::: ck Ui¥tT)l;tJ~*,~j(~O)"Y' )l;::J 7JJg)flEc®-8t~~, ~ruttJ~* 

I), lTI1'i~I§JO)~~:td:§ El3m:lJt:*:~~CJzttsJ -8= c b\<:2--8. 
= J 0):1 0 t. 7.. P,Q b' P={<p[ 1 J,p[2J. ... ,p[nJ>}' 

Q={<q[ 1 J,q[2J, ... ,q[mJ>} co&m~ tl{5 c 2-, P cQO)-1 'y 
-$II) -71el:, 

PIIIQ={<x[ 1 J,x[2J, ... ,x[n+mJ>; 

2- <, §~~~,*C2-( 2- tJ'L ~[Sm3J. lTI1'i~@ImIO)~A t:::: 
~ J (, r- --:7 'yi5RmOO!§lMi3Jj \tJ',· $lll~c L ~--5 § ffiffi'O) ~ 
~c L, ( ~ I), $'-3, -( 'y-$ll) -7 c L ~-) § ffiffi'O):IJt* c 
L, r&~CjJE;t5tl-8=cb~tJtJ\-8. 

x[i[ 1 JJ=p[ 1 J, ... ,x[i[nJJ=p[nJ,x[i,[ 1 JJ=q[ 1 J, ... x[i'[mJJ=q[mJ, 6. Il'1jiJ~~. ffitJi:~ 

i E IHom( (1 , .. n),{ 1 , ... ,m+n} lTI1'i~@~CJ: t=,*1I9-8 1#J1*:t:c L, (, ~~O)111'i~O)twi§: 
i' E IHom( {1 , ... ,ml,{ 1 , ... ,n+m}-lm[iJ)} ~c 5?t.-8 = ctJ~~;t5tl-8. ~~t::::{jH:¥L,td:L ~ '~'tllll' 

C, .lj.;t 5 tl-8 :1 0 t 7.. 0) ~ g C ® -8. = = c, C L, (O)~~O)111'i~~13';t-8 1111'i~~J C, ~'tllll~[QJ~ L, 
IHom(A,B)(el:illl'lJ¥;*gA,Bt=11L" AtJ\ 5BA..o)illl'lJ¥;~1:f t~OO~~-8~1*:t:~13';t-8 Iffi1Ji:~J tJ~13'?t.5tl-8. ~~ 
~!iEt0)169@I§jC9-8. Im[iJlel:!iEt1@'.iO)1@'.. c(d:C§~tJ'~~c®l), ~~ctel:C(el: (~~~1d:) JE~ 

Card[IHom({1, ... ,m},{1, ... ,n+m}-lm[iJ)J= 1 C, ~~EtJ~~~c®-8. lTI1'i~i!tWO)~,9,t=ckJ(' l'J.T 
C®-8. ==c, :1ot7..o&~c, o)ck-5tJ~~tJ~lTI1'i~cl6-8. 

<pC 1 J,p[2J. ... ,p[nJ> 
(el:, p(j)tJ~j*§ O):l*1<@~~~~*t::::ck J e § ~O)J1l)f~tJ~~PX 6. 1 111'i~~ 

~tlt~= c~o&m 9-8. p(j) ~t!\;; r- 9Uo):~2-W!?t.C9 -8 *~, ~~tJ~1~~*H1I11~c2--8 cL ~--5~~c 
M9j1~1'i~:7:J = § ffi11 

c13';t5tl-8. =tlt::::11L" ~5&O)~J;MUffltJ~td:'ttl(t, 

= c c , Jm1~JI§HlE c 5jl, {6]( tt -8 . 

~~J7 '7 t A ~~C L, (1:ftiT2-td:L ~cL ~-5lI:l~tJ\ 51d:, 11fEYlt11'b~~0);![ 
-1'y-$l1) -71el:, *'~Y-:7t7..O)~*~1'i~:tJ~, ~j(O)ck *~tJ1'ig:7:Jc13';t5tl-8. =O)~~C, 

-5t::::o&mC2--8. :1ot7..P, QtJ~*~~)&~fflL ~T1I11~~ ~JM~:7:J ~ §ffi11/~5&)f:l~ 
tl-8cL,ck-5. *,~Y-:7t7..tJ~¥§,A~tltJL~C2-t:::: Of~:t: c13';t5tl-8. 
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UT, C~~~~lmn90~ffi~~~~0. *9, 4 
tDC1At-:Jl, ElEl3~~mmc5S~C±Hp'JT''2-0C90: 

~~;bfl~jJ ~ mmElEl3~· 5SJ!tElEl3~/~5JjjUf\l~ 

~C. ~~0)5S~tB El El3J!t0)~ 1t±~l!I C ~ l, $ljj~Cm~ S 
n0c90: 

;:'O)c'2-, 

~~;bfl~jJ 

C1J'0. ;:';:'T' 
i&;@1i ~ mmtB El El3J!t/~5Jjjl5f\l~ 

( '91111' C~9 0 '~cffi~~' 0):;7('2-~ C5iI,j6j9) 
lEO) I) -\'7' /7t5~m ~ ~ff;; (~~~) 

~mO)m~~, ~~~~T'~0. lEO)~-\'7'/7~m~~ 

~0)~ff;;J!t~~9ti~, ~~tcl:~Jlil (~c1t\~~1) O)~~(;:::~-:J 

l, ~5Jjjl~§~~C5iI,j6jtt0. 1At-:Jl, ~~O)~~~m5Jjjl 
5f\l~~~~~~ff;;T'~0. ~~0)5I11I1cL 1-5l%~~t'='tT'tcl:, 
:sl1D1i-\b->t~:I3Fft!l1iO)t~J§1J~~L IO)T', ~~C5iI,j6j9;:' C 
tcl:T''2-tci:L I. ~1J\~, ~~CcD 'to'l@iji~0)±\'!l:;7(1J~, m5Jli!5~'§ 

J@l~~~m5Jjjl~~(=cD't0~~~t$:;7(90 cL 1-5~~T', ~ 
1tj'lit/~11<"bSn0. 

~~;bfl~jJ ~ i&;@1i/$ljj~ 7. * C 'd) 

Ctci:0. ;:.ntcl:, i&;@tB(;::::!!~0:"!T-t:::A~J.!¥~· ~1ttci: ~fl~i:l:t.w~m,9J=ct-:Jl, ElEl3J!t~32,<"bt.=~~O)~gffij(;:::D] 
< tJJH#90;:' C1J~~1ifl~tci:~~T'~0 cL 1-5, tn C v tci:1Fo fl~1i1J~5iI,~ l'2-t.=. ~j(lQ]tcl:, ~~tB1J'~U!IQl<"b~[jgJ0. ;:. 
gffij~~~ lL 10. n(;:::ct-:J l, ~~O)tfflJ§Cfl~:tJ ~Yi!!lG90~I1(;:::J.a-:JlD'2-

r---7Y15R~~1§J0)19lJT'tcl:, tJJ 1)'§~~I§J1J~~mT''2- 0 t.=L I. 
C '2-, $ljj~(cI:±\'!l:;7(ttg, i&;@1i1J~:j$:;7(~ lY-7tA*O)~ 

~;bfl~jJ~:j$:;7(~ lL 10;:,CC0:0. :Q:jX 

6. 2 m:J:1i:gffij 
~4qj{j~t1im~ffi 

~~o)~*tBTci:1iMtcl:, § EI3~, 'l@iji~, m5Jjjl~;b*O)m:J:1i: T' 
~-:Jk. ;:'O)mm~, ~~OOc~lO).~~~~kC'2-~ 

~~~~C~l~G0~ffi~T'~0. ;:'~~*mm~, ~ 

~0)1i~gffij~S~~0. ~m, ~~OOC~lo)C~~~9 

0;:'Ctcl:, ~~0)~~M~jJ1J~~<"bSnt,=,,¥(;:::Tci:0. 1At-:J l, 
~~ ~ mmtB § EI3~/ (m5Jjjl5f\l~· ~~) 

T'~0. ~5Jjjl~*~1/~5Jjjl~~ c~~Sn0~S, ;:. 
ntcl: 

[AcJAczel, P., Non-well-founded Sets, CSLI Lecture 
Notes 14. CSLI 1988. 
[Fj]fi*, RIgs, 3Eil1j§r-5~\'J-7I1~. :tV~ 1980. 
[HgJ~:e: ~8, '.)7 r-rJIYf-1-~O)t.=<"b~gffijIl~, ¥:i5ilZ 
ffiijGG'.)7 r- rJ I Yf-1-~ 1 1. ¥:i5ilZ 1994. 
[HrJHoare, C.A.R., Communicating Sequential 
Processes. Prentice-Hall 1985 (fB~, :a: 831j§tw, ;:)\ 
- yCSPTTJiJo)I1~ :tL~ 1992) 
[MIJMilner, R., Communication and Concurrency. 
Prentice-Hall 1989. 

~~IT9IJWffll!i~ 

(1 )(cI:, ~iSD9Uo)~*~~(;:::5iI,L It'=9 ;:'C1J~T''2-0. 
v-:J cv~*tBTci:~C,D9UT'~0M/GI 1 TTJiJT'tcl: 

i!Z:t'2~c,~1§J ex; 

.m~I§J~I)AjJr-5~~-7m~~/ (l-m~~*) 

T'~0[FjJ. r-5~ \'J-7i[~~~tcl:mmtBElEl3~c~~0 

;:'C1J~T''2-0. *t.=, ~1itBt;:::tcl:, 

[Sm 1 JTJ 111j§ftj, 3Eil1j§~@.I~tMi1tc 1ifl~~1ITJjNiiI1JO)~m, 

( 1) in The First Sapporo Symposium on Complex 
Systems, ed., Y. Okabe, Proc. Complex Systems 
Research Group of Sapporo, No.1, (::It)ffi:~*~~~ffiij 
3'E~ #33) pp. 1 0-11( 1994). 

1/ (1 -~~~;b*) ~m5Jjjl~;b* 

PesinO)~ffi~ 

(1 )(;:::~1tj O)~ffi~tcl:, 1J\tci: I)-Jil~t=.~L It.=tt 0 c~ ~ 
Sn0. 19lJ~tcf, lRl§JjJ~*CcDL Il, Pesin~~ffi~ 

KSIYr-O~-= 

lEO) I) -\'7' / 7:t5~m . ::f~5Jl1JJ!t-B~~j(7(; 
m~oSn lL 10[TkJ. ;:.ntcl:, t"{TO))l1J;E;Cct -:J l( 1) t= 
~1tj~lL)0. 

KSIYr-O~- ~ mt~tBElEl3~ 

Cf§m1u;:::ct-:Jli~Sn0:Y7 r-*N '5I11I!11' 90~~0) 
• m~l§J~ I) O)iiC5il,j6j9) 

::f~5Jl1J~-B0)~j(7(; ~ m5Jjjl5~~~ 

[Sm2JT J 111J§ftj, Modeling of infinitely intermittent 
traffic streams via the Palm theory, 1994 if-m EPts: /t 
«~-:Y3YA·~"!T-T~~~*~~~~~Y7Ar-5 

-7 H~, pp 195-196( 1994). 
[Sm3JShimgawa, S., and Takahashi, Y., On a set of 
interdeparture time distributions of the M/G/1 queue 
with server vacations, J. Operat Res. Soc. Japan, 
Vol. 36, No.4, pp.206-219( 1993). 
~D*B~, ;:.n~SO)r-5~~-7~~~§:t5~l:/ 

Y)'\7;J. r- I) \'J -75E (;:::ct0 ATMtJiJffi.~~1ITJj, ~-=f-ffi¥& 

3Eil1J§ ~ ~ Wli -sr. M.i, 8-1, Vol. J 76-8-1, No.3, 
pp. 197-208( 1993). 
[TkJ~t~ ~-flS, jJ~*(;:::cD't05J(~1iC3F5J(7E1i, in 
}N,~ 5I5R ifi, ~I1~I1~~1*~. *)J'i.[jgJii 1988. 
[TkgHakagi ,H., Analysis of Polling Systems. MIT 
Press. 1986. 
[TsHasaka, S., Performance Analysis of Multiple 
Access Protocols. MIT Press. 1986 . 
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1. fer ,: ~ Ill! ~ b '7 ;S« ~ lJ\ 
A~~~~,p~~~~~~, ~~0~~~~~~W0~m~a.GTft~~~o ~0 

~~\, j;j-;~UimH'{ltc1mj}RI=~f1JUf1§-i5-~%1§G-C~\~ir', -g«-c01§-i5-~§tJmG, a~· 

ft!nlJ~ ~ 0 iT' J: ~ \ eli, iJ' 'trio G ts. ~ \ 0 A.r13'~ p ~ ';I ~ ts. c" Ii, 1HR01§~~J!I!.~E::h G iJ':f.f 

t~-9 C%J!I!.ttO) j}RW) , 11!1)~ts.1§-i5-~~J!g-g ~ irr~ffiH'13'~ii'H~~t~ ~ iJ' G C'~ ~ 0 

~wr¥I=:;fQ ~\ -C t" Fr1Im:0~'r~iJ'\fftE-g ~ 0 ~JII{~£I= J: nl";C ~j!t:IJi § ~:lfI~ G -C~' 

-:J -c t, f~~f;"¥~ T(f ~ ~ c ,= li~RWiJ'\~ IJ, m-:i:~wrO)JtlJ!')*6*I= J: nl:L ~'l&0~iJ'\ 

7 ~ 8 ~m&;t~ c, ~tDm*iJ'\~Gn~o 
[} c ~01§~0 ts. iJ'I= t~i;ts.l*i~iJ'\~;t n -c ~,~ 0 t~ c;t I:L *~o)lifl= Ii, -'C 0* 

~ ~ ~%I=iJ'lv~ ~ '/1!j¥&iJ'\~;t n -c ~,~ 0 M. Kac Ii, 1966~, r*~0%~1JU < ~ c iJ'\C' 

~ ~iJ'l c~'-J ID5m1~mJE9Gt~o -i&ltfl~JI=Ii:g:;tli1§"C~~iJ'\, 1if01§~iJ{~i;ts.'IW~*~ 

~ifJ' ~ c Ii, A AZ ~ ~ )v~ffli}= c G -c~a ~ n -c ~,;s 0 

2. fi§ ~ 0) 1m ~ 5t '7 C #( IE Fp, IHI 
MtirrE8i'Rj£1",5Jm0 [} c~ 1=, if!:W0~~~5ti1i0 ~ ~1§-i5-I= J: IJ Ii'iJ ~5t(1 ~ Ip5JmiJ\~ ~ 0 

j;t*0%~~1§-i5-1 = C iI, i 2, "', i K) ~3?:(1, d)~JZ:g:~:fT-J~~" c'01§-i5-~ 

~'iJ ~ 5-} (1 ~ « ~ ""C ~ ;S -J iJ' 0 t -:J C t rmljU=, *~iJ{ 2, JZ:g: iJ{ 2 0) J~%, .I?-Z T o)1§f~'11 
~#iJ{~t~ ~ nts. (1nl:L -'CO) J: -J tS.1§-~Ii1mm-g ~ 1l-J iJ'\:m~""Cen ~ 0 

$~ s, n I=j;j- G, Fr;:g: S, N ~:fT -J c ~, (X0):$i: 2 0;fljt~iJ'\1Jf. G n ~ c G J: -J 0 ;t t~, 

t#H~fO) t~ rb, P1J ~ 5t (1 O)~"¥iJ'\~ 1 ""C!=j.;t G n ~ c G J: -J 0 

~ 1 1ii$ s N ~ 2 ;fIHEf S N 
s r l-r s g h 

n w ]-w n [ e 

~ 0) c ~, 1§-i5-~ ~u ~ 5f(1 ~ ~ c iJ' GWH~ ~ n ~ :if~;fIH~ E Ii, *~ s 01:JE91ii"¥~ J[ 

s ~ ~ c ~ , C 1) r' J[ • G - w • C 1 - J[ ). L 0 t~ t:'.." G, G = g - h, L ccc e - [0 (Ju ~ 5-} 

(1~iJ'c"-J iJ'I=flX#Gts.~'tDO):gr55-}Ii1l!tmGTd)~o ~n'=t~~' G, ~tll= S c~;t~ c 
~, (2) J[°G-"(lJ[)'L, ~tll=Nc(,C;;;t~c~, (3) 0 c~'-J;fIH~iJ'\WJ1~""C~ 

~ 0 (1) iJ{ (2), (3) J: IJ * ~ ~ 'I ~# Ii, T = (l J[ ). L / J[ • G c il < c ~ , 
T< 1 c~, (l-r) / (l-w) < T. 

T:;:O;l c~ r/w> l/T. 

t#f{f0 en ~ ~:f5'lT 1=, *fj£0) ~113'{f0)%1: ~~flJwr ~ it ~ c, 1§-i5-0)%1:1Iif"¥ J[ 0{@U= J: IJ , 
~ 1 0 r il J: a w 0) Jt$iJi~1t~ ~ iJi, 1§-i5-.:t 00 ~ 5tl1 T, c" i? G iJ' 1= /iI.lj£ L. t~JZ:g:01:7 

iJ{ J: IJ rBJ ~ , JJ)(JI~ ~ .wH~ ""C ~ ~:i§% iJ'\ fftt -g ;S 0 

-jfBtl:, {§-i5- I ~§t(1-C, ~lt&~% L 0 [} c~~*j£ G, JZ:g:e 0) [} c~~i'Rj£~ ~ c 

~, ~'iJ' ts. ~ m-i5-~9::Eill L., ~ \ iJ' ts. ~ {§-i5-~1I!H~~« ~ iJ', c ~, -J lo5rmiJ{ en ~ 0 ~ 0105Jm 

'=JZ;t 6« ~ J!g~Ii#tE-g ~ t;:.iS -J iJ'o 
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3. 7
0

::; )"7 T ~ 'Y ) tcrtft31t 
tI1:W-l~ t)'~ -g ~ if L ~ '~lli1!i c Ii" -U±W-Q) if L ~'ll[l.:iilic- ~ ~ c ~, -j ~;t;O\ ~ ~ 0 ~ n licIl 

:J.ll!-¥ I) y l' B*Q)jffinJill"tQ)~ ;the-~ IJ" JJ1tE t ~~jffinQ)±im~ tx L L ~'.'5 0 ~ Q)~;t e­

li" -1fJ:W-I~tuJg ~J;u~~Ii" ~tx ~-$:mQ)~ ~~15-c" .:en~mJE-g ~ t Q) c L L~tX ~i;J-

1mQ)~~$R15- (fI!ij:1"flili~'I~:j:jF~9~) c LL~~o 
tI1:WI~lmg ~~~Ii" L;O" L" ~ 0) J: -j tx t Q) I~~ Gntx ~'o .:en G c li~tx .'5~jIFx 

3;n~ C ~ ,-j t Q) ;0\ ~ ~ 0 .:e n Ii" ~ ~ f.Ii* ~ 1~ ~ t;:: 6'~ 1= Ii" ~, ;0, tx ~ tJlr15-I~ " c' -j it J: " 

c~' -j ~~e-~ IJ" {TmiJQ)m~e- ~ ~ 0 -U±WQ)ll[l.:iilic~tx IJ" m~l~ li~~Q)lRlJJj'i tx ~'o 

t;:: t::" .:e o):j§'~ I~ L t;:: ;0' -j {TJIm ;O\~ .m e-~ ~ ;0,,, ~,tx;O'" Q) h-;O' rp~;fJ tL ~ 0 

~ n j: e-" ~.m txrr!l!JJ Ii tltW Q) if L Pfi'[l.:iili;O, G.l:t j: tL ~ c~;t L 15 t;::o :i.!Ift;J:l"tli" ~ 

Q) ~ ;t I~ ~ -j' ~ , L :tc> IJ" :* ~ tx Jtt:lf!: ~ ~ ~ t;:: 0 G;O' L" g« L Q) ~ YIJfx 3;n~;O\ ~ 0) J: -j tx 

t Q) c L L1~ G n ~ c ~;t L li~ IJ e-~ ~ 0 JillEl3;O\ J: < ft;O' G tx ~';O\" -j j: < ~, < {TIdJ Ii 

§;1&~ IJ" Arb'BnQ)H!Jj!I11Q)rrwh~3t;t L~' ~ to) Ii" ~ 0) J: -j tX{T!VJJQ)/'~ Y /c"~ ~ 0 

4. )7" -=- 0) ~ #S 1T!I!JJ 
mynl~ ~,~ y'"-=. Ii" IIm=.fLw)Am O) 1fil~I!&t:dx Ij nl;fJHW~c"~ tx ~ '0 L:b, L" y"-='Ii" EI;O\ 

~;t '9" lfJ5J?fiIg ~ ~ c t" 7 tQ) J: -j I~~~lfl- < ~wh-g ~ ~ c t e-~ t,H'o julj¥'J~ tLt;::~g:fJ 

0) t c l~" y" -=. Ii " ~';O' l~ G L nffi:iLJIm!/m ~ t;E;t L ~ , ~ 0) c" ~ 0 -j ;0, 0 lllli!/mrr!fll/¥ 0) tFnfll Q) 

[} c IJ c" ~ ~.27 A. c:t- = }vli" y'"-=. ;O-\J~" Q) J: -j tX{Twh7' 1=1 .If '7 L, ~ t -:J L ~,~ cm:ff(,j L 

L ~,~ (~~: ~iR r r/J t~Q)f5/(Ff'¥ ,] wll$) 0 

(1) *~J:tRIJ" txQ)5tj:C"~~o (2) m~O)~~'g~j:e-" :ffl~·ltJ:o 

(3) y%mtQ)~~';O-\Lt;::G" JltIl~:1&iL (4) :flllj-~~§tljt;::G" ~~j:;fJtLo 

(5) i!iti:b'~, c ~ 0;O-\~nl;f" l1:j: tLo tx IjtLI;f(l)l~ t c"no 
(6) 1:I-~fI~ D:j;~~~~WIJ L" 1fil~I!&;to 

Y'"-=.O) ~ Q) J: -j tX{T!fllJli" Q S S' Q' c~' -j 4 --:JMliP0Q)~% c L L~3],-9 ~ ~ c ;o'e­

~ ~ 0 ilLW·;O' G ~h-IN -:J L (" ~ ~'t-1 S Ii" --:J;fJ 1~j>'1tte-;Y) IJ" ~rrg« ~ 1T!fllJ li~~;O'--:J 

~gJJO)wlmJi'J I~;Y) ~ 0 ~ nli-;fiItO) T ::i - I) / )'"~,fJ~ c d;J-tXg ~ c ;O-\T: ~" .:e O)J.t!tllitxnr 

f:jgti;O-\millU ~ tL ~ 0 Ji'J:gB:/7\~ Q l~;fc> ~'L" WiliJ!IJ ~ tL ~«15 :>rH~BO):/7\1la (S ;0,,, ?F S ;0,) ~ 

(";O' I~ Wl5E-g- ~ ;0, 0 .:e n Ii 1i'iJ ~ ft Ij ~ «~{§~O)~lJlj e- t ~ ~ 0 ~ ~ I~" ~ 0) rr!fUJ 7' 1=1 )" 

'7 L,Q)lfffl'!1.~:*15 < ft:;b9~5:il~;O-\Ji'J'[iL~:.h L~'~o IdJ!f&Jli, :>rtW-Q)y:: ::i I/-y 3 / 

~{T-j cli~ ctx~f±he-" ~ffltxJ;oITf&~~~.fl'!LL~'~o 

5. 1i l \ i:!tJ1!-1&~£ 
H. A. Simonli" 1,;1 c ~ c'~txtltW J {&~~ 1I1§;t t;:: 0 -tttW-;O-\ t4J ~ -'?>:b, (loosely) 1~*'515-

G L~' ~ t;::~ l~ Ii" .:e :.hli&,~tx{Ji~e-~ ~ 0 J::.O)~~~~;fJ L" ;fJ t;:: L Ii I tltW;O'tW'~, J 
c ~,-j {&m~ 1Ii§;t t;:: ~ 'otttWli:/7\ilLl~?!ffI\RQ){§~I~~-t:J L L' ~ ;0-\" -5EQ)~ll!H~:}.5 ~'L~ 

ffltxf§~o).flli~Ii =-- « ~ G n L ~,~ 0 c ~ t~" .:e n li~ ~-5EO)~1&:b\~ ~ ~1ftl~~;t ~ 
;O'=i'§;O\o)flJWTe-+5tc-~ ~ 0 'IIT¥-IHi §; Ij ;hIJ~~,'~ c' J: L' Q) e- Ii tx <" &,~tx{§~;O-\~ G 

;0, t 6":>~~1j ~ tL L ;Y) ~ ~ c t~ J: IJ" tltW-!~ ;O\~-g ~ ~[lifrd'JTO)jlg[tatXX'JJZ;O-\UJ~gl~ tx ~ 0 

tx iftltWli" ~ Q) J: -j tX**:iitt~ L L ~ .. ~ 0) ;0'0 J: L ,m[JJHi ts ~,t::' 0 -j :b,o 
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1994 if 8.F1 28 B (B )-8.F1 31 B (7./<.) 

'* ~ 0) (F!f * JIJ 0) T iiW FD~ !Hi i:- 1& --:J --C 1, \ :6 (: ~ (L:, ~ i C' §£ 15<. L --C ~ t:: KM20- "7 :/ ~ .:1. rf f 

:/ 17 f:'E A ~tm i:- t;tf i'f; 1t -g :6 ..0 ~ i:-~ L:: t::. f(fT t:: tel: ~j] JE ~ ti 0) JE ~ i:-l=§: ;t, KM2 0- "7 :/ ~ .:1. T'f f 

:/ 17 f:'E A ~tm i:- 11} ~ m<; -g :6 . 

W i:- ~t :ttl: «~ r)v ~ FI3~ (: -g :6. !l ~ f., l' ( f < 1') (L: x1 L --C, W 0) cj:I i:- lIlJJ < [Ij ~ Y : 

{f, f + 1, ... , 1'} - W i:-

Y = (Y(n)jf:::; n:::; 1') 

(:i1J ~, W pgO)-iX~O)1mn, /'< "7;1- - r; - n i:-Ifi]FI3~, JE~j~ {f,f+1,··· ,1'} i:-(F!frl3~j~ (: 

Uf.M. § ~ ~ d (L: x1 L --C, W pg 0) d (j( ~ 0) 1m n (: Ii, d @ 0) - (j( ~ 0) i* n Y j = (Yj (n) j f :::; 

n:::; 1') (1 :::; j :::; d) O)~Ji Y = (Y(n)jf:::; n:::; 1'): 

-ItHt-J tel: ~c$ i:-~A -g:6 . W 0) cj:I 0)- --:) 0) L iX:7GO)~« ~ r)v <I: = t(;el, <1:2, ••• , <l:L), Y = 

t (Yl , Y2, . .. , YL) IL: x1 L --C , <I: (: Y 0) pg fJ 1T JIj i:-

C: L --C JE ~ -g :6. c. n Ii L x LID!O) fT JIj C' i5 :6 . 

(W, (*, *)) i:- 1R? J:O)ii"i':ill« ~ r )v~FI3~ (: -g:6. W i*J 0) d iX~O)b1En X = (X(n)j -N:::; 

n:::; N) 1J" (l,N)-JE~t1:i:- <b -:J (: lifTJIjIUl~ R: {-N, -N + 1,··· ,N -l,N} - M(dj1R?) 

Typeset by A.A--fS- 'lEX 
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(X( m), t X( n)) = R( m - n) (0 ::; "1m, n ::; N) 

(X( -m), t X(-n)) = R( -m + n) (0 ::; "1m, n ::; N) 

(X(m), tX(-1))=R(m+1) (O::;Vm ::;N-1) 

(X(1), t X( -n)) = R(1 + n) (0 ::; "In ::; N - 1) 

i)"~ fJ -sr -:) c ~ ~ § \'\, imn X ~ d (X7GCO (1, N)-IE'ffiim c § -J. L cofTJIJ~~ R ~ (1, N)­

IE'R; im X co:;lt 5:)-~ IT JIJ ~ ~ C ~ _oj' '7 15 . 

p ~ 1 ::; p ::; N ~ irIffl t;: T fE ~ CO EI ~ ~ c T 15. (1, N)-IE 'ffi im CO IE ~ CO ~ t% A ;or ~ fJ 1L -:) 

!fi1i Iffi ~ 1Jt 'j' c , (p, N + p)-IE 'R; im co IE ~ ~ l:J.;;l 15 . 

W [7gCO d (X7G co imn X= (X(n)j-N::; n::; N);Or (p,N +p)- lE'ffit1:~ b-:) c 'i, ITJIJ 

~~ R: {-N - p,-N - p+ 1,··· ,N +p-1,N +p} -t M(djR) ;OLrJ-f£ Lc 

(X(m), t X(n)) = R(m - n) (0 ::; "1m, n ::; N) 

(X(-m), tX(-n))=R(-m+n) (O::;Vm,n ::;N) 

(X(m), t X( -n)) = R(m + n) (0::; "1m ::; N,1 ::; "In::; p) 

(X(m), t X( -n)) = R(m + n) (1 ::; "1m ::; p, 0 ::; "In ::; N) 

;or ~ fJ -sr -:) c ~ ~ § \, \, im n X ~ d (X 7G co (p, N + p)-IE 'ffi im c § -J. L co fT JIJ M ~ R ~ 

(p, N + p )-J£ 'R:iJlt X co:;lt5:)-~ ITJIJ ~ ~c ~ -j' '715. ~ 'L: P ;or N CO c ~ , l1P -1::> , (N,2N)-J£ 

X = (X(n)j Inl ::; N): ~th!:« ~ p )V~rB~ W [7gCO d (X7GCO (1, N)-J£'ffimE c T 15. 

R(±1) 
R(O) 

R(=t=(n - 2)) 

Ti = T; = R(O). 
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R(±(n -1))) 
R(±(n - 2)) 

R(O) 



T; E GL(ndj1R?) (1:::; Vn :::; N + 1). 

x = (X( n)j Inl :::; N): ~t:rn« 7 l-)v ~ ra~ W pg 0 d (X:7I; 0 (1, N)-JE'm'if.E C' T - 7" I) ';I ':I 

~fl!:~iiWt.:: 'T ~ 0 C 'T 0. 

«7 l- )v0=-:>0~'t 1) {Xi (l)j1 :::; j:::; d,O:::; f:::; N -1},{Xi (l)j1:::; j:::; d,-N +1:::; 

l:::; O} ir\-c-n"Fn-(X~J1.C'il5 0 L C ~~~cJ0C', X(n) 0 j nX;5j-C'il5 0 Xi(n) 0$5j-~ 

ra~ M~-l(X) ~0!M16 PM~-l(X)Xi(n) ~[j[f:Z:i!f ~--r'T c 

n-l d 

PM~-l(X)Xi(n) = - L L I+il(n, k)Xl(k) 
k=Ol=l 

~iiWt'::'T~~0r:ll {-)'+il(n,k)j1:::; n:::; N,O:::; k:::; n-1,1:::; f:::; d} b'\-~IY~'Cff:tE'T0. 

d x d lli! 0 IT ?lIJ 1+ ( n, k) ~ 

c:~Cm.2'n0. 

(

/+11(n'k) 
1+21(n, k) 

,+(n,k) . 

I+dl(n,k) 

1+12(n, k) 
1+22(n, k) 

n-l 

I+ld(n'k)) 
1+2d(n, k) 

I+dd(n, k) 

PM;;-l(X)X(n) = - L I+(n, k)X(k). 
k=O 

n-l 

X(n) = - L I+(n, k)X(k) + v+(n) (1:::; n :::; N) 
k=O 

ID1 tJfHc i'f ?lIJ 0 r:ll {/- ( n, k) j 1 :::; n :::; N, 0 :::; k :::; n - I} ~ ffl \, \ -C (X 0 J:. -) tJ 1& .is [OJ ~ 015 

flEA~{~ 0: 
n-l 

X( -n) = - L I-(n, k)X( -k) + v_( -n) (1:::; n :::; N). 
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cilit<. 
x = (X( n)i Inl :::; N): ~t:J;:« lJ l-)v ~ rl3~ W pg 0 d (X:lC 0 (1, N)-:@:~iflE T' -r - 7° I) ''I 'Y 

~IHtf: ~ ~ t.: --g <b 0 c --g {S . 

«lJ l-)v0=-:J0~* l] {Xj(1')i1:::;j:::;d,O:::;1':::;N-1},{Xj(f)i1:::;j:::;d,-N+1:::; 

l :::; O} iJ); -{- n ;(" n - (X ¥R.lL T' ® {S L c ~ ~ --g 0 C', X ( n) 0 j ~ 51 c' ® {S X j ( n) 0 fiB 51 ~ 

rl3~ M~-l(X) "0~Hl-3 PM~-l(X)Xj(n) ~rnrf§(~ ~~~!l c 

n-l d 

PM~-l(JqXj(n) = - L L 1'+jl(n, k)Xl(k) (l:::;j:::; d) 
k=Ol=l 

~~t.:--g~~0Ml {1'+jl(n,k)i1:::; n:::; N,O:::; k:::; n-1,1:::; 1':::; d} iJ);-~Et:J!i:ff:tE--g{S. 

d x d ~ 0 1T ?lIJ 1'+ ( n, k) ~ 

c~:m~n{S. 

(

1'+l1(n, k) 
1'+21(n, k) 

1'+(n,k) . 

1'+dl(n,k) 

1'+12 ( n, k) 
1'+22(n,k) 

n-l 

1'+ld( n, k)) 
1'+2d( n, k) 

1'+dd(n, k) 

PM~-\X)X(n) = - L 1'+(n, k)X(k). 
k=O 

n-l 

X{n) = - L 1'+(n, k)X(k) + v+(n) (1:::; n :::; N) 
k=O 

I~f* !i:1T9IJ 0Ml {1'_(n,k)i 1:::; n:::; N,O:::; k:::; n -1} ~ m \'\"(X0 J: -5 tJi&6 [OJ ~ 015 

t¥:a:; ~ iE} {S : 
n-l 

X( -n) = - L 1-(n, k)X(-k) + v_( -n) (1:::; n :::; N). 
k=O 

c~ <. 
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~ it C' rD W: IE c ,j: ~ ,e::, 13: ~ ,e:: 1m IE L t~ E! ~ ~ deN Ie:: xi L L, d x d rD ~ ff:JIJ 7P ~ tJ. 

~Hi {V, 8+(n)jO~n~N}:b"~&cD,e::E3.;;t.~nLt,~c~9~. 1J:tL, V,j:iElE1@rDxHff-ff 

:JIJ c '"9 ~. 

{ 
V+(1) = V+(O) - b+(1)V_(O) t8+(I) 

8_(1) = V_(O) t8+(I)V+(O)-1 

V-(1) = V_(O) - b_(1)V+(O) t8_(1) 

,e:: J: -:> L IE cD ~. 1m L; < tili1lW~~ lEW ~ ~ J!ti: L L, ~"F: ftJ mHrAl$ ,e:: J: -:> L, = -:> *Jl (V+( n-

1), 8_(n - 1), V_(n - 1)) :b' ~ = -:>*Jl (V+(n),8_(n), V_(n)) ~ 

{ 
V+(n) = V+(n -1) - 8+(n)V_(n -1) t8+(n) 
8_(n)V+(n - 1) = V_(n - 1) tb+(n) 

V_(n) = V_(n -1) - b_(n)V+(n -1) t8_(n) 

(~=t5n -:> ~',e::, d x d rD~ff:JIJ:b' ~tJ. ~*Ji fr+(n,k),i-(n,k)jO ~ k < n ~ N}~, 

M~M~IE~~~~LL, ~rDT~~~~AC'm~'"9~: 

{ 
i+(n, k) = i+(n - 1, k - 1) + 8+(nh-(n - 1, n - k - 1) 

i-(n,k) = i-(n -1,k -1) + 8_(nh+(n -1,n - k -1). 
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(~=f1) {fBCD~t1l!«:7 1-)1/~FI3' (W,(*,*)) ci-CDcjJCD d(N+1) (Xj[;~]f';$:5t~ 

FI3' W+ ~?j;t, W+ CD cjJ CD iLI;Ji!ffiE')z:«:7 I-)v * ~ {wtj 1 :::; j :::; d(N + I)} c T 6: 

{ 

w t E W + (1 :::; j :::; d( N + 1)) 

(wt,wt) = 6i ,k. 

c. CD C ~, ~til:«:7 I- )v~FI3' W [A] CD d (Xj[;CD * r; -1 r / -1 :J:iJft ~+ = (~+(n)jO:::; n:::; N) 

~ 

(0:::; m,n:::; N) 

CD .7}. C' it 6 . 

i- CD c ~, W [7gCD d (XlI; CD MEn v+ = (v+(n)j 0 :::; n :::; N) ~ 

(~[9t~) W [7gCD d (Xj[; CD ?}fEn X+ = (X(n)jO :::; n:::; N) ~, MfOJ ~ KM2 0-'7 / 

s/ .:L r'f 7' / 15 f¥:it ~ ?j &~ L L, (X CD 7 )v -::t I) 7.: .b. (;::' fJE -:> L JE ~ T 6 : 

n-l 

X(n) = - L 1+(n,k)X(k) + v+(n) (1:::; n:::; N). 
k=O 

(X(m), tX(n)) = R(m - n) 
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(~1i$9:) ~tg",Jj p)v~ra' (W,(*,*)) 0) d(N+l) (XjIJ;~7f;$0~ra' w_ ~7t;t, 
W _ 0) cj:I 0) IT m U1[:x '" Jj p)v * ~ {w = i j 1 :::; j :::; d( N + I)} c: -g {S : 

{ 

W = ~ E ~ _ (1 :::; j :::; d( N + 1)) 

(w-i,w_ k ) = lii,k' 

I;: I!.. L , (~= $9:) c: 0) d( N + 1) (X 71JJR 7f; ~f5 5-} ~ ra' W + 0) cj:I 0) IT m U1[ :X '" Jj p)v * {w t j 1 :::; 

j :::; d(N + I)} C: ,;t 

ts. {S ~ t* ~ <b -:J C: -g {S • 

~til:'" Jj p )v~rs' W [7g0) d (X:lCO)m~1t ~ n/;: * 'J -1 p / -1 ;(BlE ~_ = (~_(-n)j -N:::; 

-n:::; 0) ~(XC:IECb {S : 

(0:::; m,n:::; N). 

v+(O) = v_(O) 

(v_(-m), tv_(-n)) = li1n,nV_(n) (0:::; m,n:::; N) 

(~1\$9:) W P-J 0) d (X:lC 0) mEn X_ = (X_ (-n)j - N :::; -n :::; 0) ~, f& 6 [OJ ~ KM2 0-

'7 Y Y.::J. r';1' 7 Y 15 1'=£ ~ ~ 7t JJ!i!. L --C, (X 0) 7 )v -::t I) 'A: k. (L:. fJt -:> --C m m<; -~ ~ : 

n-l 

X_( -n) = - L i-(n, k)X_( -k) + v_( -n) (1:::; n :::; N). 
k=O 
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--r J:E 66 0. L n Ie ,t -::> L i~ ~1i --r ~ 0 J! ;$: ~ 7t 'fD( ~ ~ R( *) CI) ~ iJ:; - -:J Jtlj ;t t::.. c!s c Ij: WI CI) f 

i1J.IJ 0 A Ie in' L M ~ M + 1 Ie lli[ ~ ~;t L JfJT L t, f iJtlJ 0 A iJq~ t; n 0 . 

x = (X( n)j Inl :s; N): ~-I"]il« 7 r)v gg FI3' W pg CI) d f!K.:7I; CI) (1, N)-J:E ffimt --r T - 7" I) ':J 'Y 

~ itF ~ ir.% t::. T t CI) c T 0 . 

1'7 i1J.IJ 0 A c Ij:, IF!f ~IJ f iJ-:. t; IF!f~!J l' (-N :s; f :s; l' < N) ~ CI) ~ ~ ML( X) ~ ffl t' L, P IF!f 

~IJ)Ie CI) * *= X (1' + p) (0 < p :s; N - 1') CI) 1ifJ ~ ~ 1m i ;t 0 0 J:~ CI) L C --r c!s 0 . 

~"¥: eLL Ij:, «7 r)v X(1' + p) ~~:ifj$7tggFI3' Mi(X) Ie [,j;jj;ij L t::.« 7 r )v 

~ ~ 1* i¥J Ie 3.1< 66 0 L c Ie tJ. 0 . 

T i1J.IJ T 0 ~ Ie, Mi (X) c [l[:>c-~ 6 ~~ 1j:1;] V) t4li -c 6 :7'!; ;t --r c!s 6. 

PM~(X)X( l' + p) ~ M [OJ ~ CI) (J6J pft 8'.]) *~*; T iJtff c ~ -5 tt 0. 
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7' 

PM~(X)X(1' + 1) = - L 1+(1' -l + 1, k - L)X(k). 
k=l 

§ ?'.t~ d, N ~!!'!l1E L, Z = (Z(n); 0 ::;: n ::;: N) ~ d iX]I;~,*~Ij C -t ~. :e Zen) 'i JRl.d 

CD ]I; 'C' ~ 3Ji 2: n t;: d iX]I; T' - 7 'C' it ~ . 

Z = (Z(n); 0 ::;: n ::;: N))-Z CD;J;Ji!~1t: 

- -
R Z = (Rfk(*)h~,k~d--C- CDJ!*;!t5}lfJ.fi~Ij!Ml~ 

~ '* ~Ij Wrfrr 'C' CD *I ~ ~IJ J: V) , J! * tt 5} §t fi ~Ij I*l ~ R Z ( n) CD {~ J!!J! 'C' ~ 6 n CD l&: ::*= ~ M 'i 

iX 'C' l:J-.t. G ~1., 6 : 

M [3VN + l/d]-l. 

- -
fi'if,*?iIJ ZN-M = (Z(N - M + n);O ::;: n ::;: M) 'i it 6 d iX]I;~§jIE'm':i@f.¥ X N- M = 

(XN-M(n);O::;: n::;: M) CD~3Ji{@:'C'it V), }0 CD(Z) 'i X N - M ,c11~M+6 KM2 0-7 / 

:/.;J. 'i? /T'-7 CD{~1lM-Cit6. 
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...... 

]. WI jt;~ iiI.!10:it ~ *?l1J i Q) ~ ~I] N Q) 1 WI jt; ~ Jf~ ~ ill!1 {ill[ i 1 (N + 1) ~ * 60 0 ~ ill!] :1} :it 

~ 13-;t 0. -c Q) ~ Q) t.@OC Ii, Ut£$j&H~ X N -M iI). 1 WI jt; i --C ~§jIE~t1: ~ fWe -:> L ~ FEl~§Er& -t 0 

c fa IE L, ~ *?l1J z Q) ~ ~Ij N + 1 Q) 1 M 7tJJR Jf~ ~ illH {ill[ ~ 

...... 

i1(N + 1) PM:r(XN_M)XN-M(M + 1) Q)~:mf[j[ 

eLL 1* ffl-t 0 L- c --c it 0. 1 M jt; Q) ~ jR!1:1}:it Ie :B 1. \ L l' = M, f = 1 c L, -c n Ii (X --C l§: 

;tGn0: 

...... M 

i1(N + 1) = - L ,+(i)(M, k -l)i(N - M + k) 
k=l 

M-l 

L ,+(i)(M,k)i(N - M + k + 1). 
k=O 
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Applications of the genetic algorithm for control problems 

Faculty of Engineering, Hokkaido Univ. M.Shima, Y.Yamashita 

1. 'i L; cYJ ,: 

~¥fKE1:~i, ill{~l¥J7 }V:J'I) :A.'A ~~f1RO)HlIjf1jln"~ 

~liH::: r.G J:t1 LJ.:: *fi * ~ tG -t 0 

2. GA (j)m~ 

GA(Genetic Algorithm, Jft{~ (~] 7 }v :J'I) ;/.,' A) Ii 

I~O)jLJ#JiJ-' ~ J%tUi', -~,t;t ~J&Jffii1tO)~1MMt~~~0) 1 

~1:~ ~, F(x) ---+ min t 7'j ~ x ~*co ~ rn~~-C'~ 

~ 0 GA iJ'> :ft':tU 7'j ,r~U i ~] PJic a F( x) I ax t:t t-> 0) IJJ ~ 

F(x).:c 0) b 0) 0)'111'[ ~ 9JI-:J -c It) ~ £'* ~i ~ < , 
F(x) ~i*~ ~ 7"7'/7 *' '/7 A 1: J: It) t It) -7 .:: t 
1:~ ~ 0 it.::, F(x) iJ'>~I~tt1: b ftJ¥iJ'>;:R i ~ tibiJiJ'> 

~v),~b~f1~n6o -/j, 'J(,~t L-C~i~O)W(oV::: 

~)(JR-t ~ ~iE8Jj iJ'>1PJ b 1ft- ~ n -c It) t:t It) .:: t iJ'>;I) ~ 0 

GA -c'~i, x ~iIT{~-T~::::J-T1 /7~L, .:cO)ili{~ 

-T~J1Ht~-tt6':: t 1:$-JftJ@:jlf(o~1~~o t.:: t .z~i', 

1*Jft-t-"Z~~rd]~inn t L, x=col.(xI, ... ,xn ) t:;!3 

< , x ~iiTI'ffiO) 2 flf;~£UJi!,~ 6 It) Ii Gray :J - P':£Z3J! 

1: 0, 1 0) r:' '/ J- JU1:£3J! L t.:: b O)iJ'>M{~-T t ~ ~ 0 

[ fJJ:tll1lNWt~: : : : : : : : : J 

~ 

x3!.. ' 
10101,00101 

'11 
11 000,11101 

~r!.;3\:~ 

10101:11101 

11000,0010 1 

101011110 1 ~I 010101101 

r r 

F(x) 0)1nH::: J: -:J -C~):t . f~VE~ir{1J:~Jn~ 0 .:c0)1&f:::, 

7 /1/' A f::: JJ1AJ~ 2 1f1i11*~1) ~I: ~ 3?::s'Z. ~ -tt, ~ ~ ~::: ~ 

~~~ f::: J: -:J l :i1i:{~~rJ'\ 5' - / O)-~:I$ ~ ~1t ~·tt 6 0 

.:: n iJ'> 1 i1t1t 1:, .:c 0) ~ t ~ i ,I' Hf¥~0 ik . r&~ 0)10 

)111'0::: ~ ~ 0 iR CO ~ tL t.:: Ill: 1t~)( iJ'>~.)b@ -t ~ t, .:c 0) w~~ 

,¢,I:-c'-iJj:?'HIllifillIO) J: 1t)1rQj1*iJ'\N~iiX:J@:W~1:~ 6 0 

3. ~)iffiU1iIW~~m 

$1jf1Uj~';f~Hi , 

x = j(x,u) 

~6.~1J~~1:~~n6bO)t-t6o '::'::1:, 
x E 91 11 

~i -* 0) ~* rL~ 1: x(to) = Xo (const.) , 

U(t) ED. (D. ~i 91 m 0) compact and convex set)~i-* 

"-0) A7J 1: ~ 6 0 .:: 0) -* f::: t.:: It) L, Mayer JT~ 0) WF1illi 

J = F(X(tI )) ---+ min 

~::: J: 6liX:illHiIjf[~ f,fJ7ill ~ ~- .z 6 0 .:: 0) Pih'ill~i ~ ~ ~{* 

r1:Ii:IRjcmUJIH::: J: ~mtJ@:W(oiJ'>/j~ ~ n6 0 ('XI~f:::j~ 

't6iJ-'~i5JljrdJ7ill1:~6iJ'> ... o) -tt;tiyt), 1\.iiiJl~~~~ 

P = row _ (PI" . " p,,) t :;!3 2-, Hamiltonian ~, 

H(x,u,p) = (p,j(x,u)) . 

t:;!3 < t, x t p O):%50!ll)J~iID~fUj{!b:~, 

dxi 
= aH(x,p,u) dpi __ aH(x,p,u) 

dt api' dt - aXi 

:;!3 J: lfJJitJff!-~1[1:, 

v::: J: -:J -Ci;R:5E ~ n6 0 

~*mu! b L, ~ 6 t,'I':fr: AJJ ue-) iJ'>I.><Jm [to, tI ] J~, 

1: J ~L!;(A'~::: -t 6 7'j ~ ~i', u(·):;!3 J: rJ'J;iW%: 

v::: J: ~ 5E i 6, lEL~:JJt£~, 

O)jfjH::: i~j- -:J -c , 
H(x(t),p(t),u(t)) = maxH(x(t),p(t),u) 

llE!:2 
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~t hli'l} G l} v' 0 IT] ~ 0) rp~ Jj\lH= E v' 'l I;J: WHHWh6"1- --e ~= q{} G (L'l v' 6 0) 

Lip L ,1&:iliIWJLJEf ~="ill ') 'l Hamiltonian ~= ~ < u -C'\.:c 0) :t,%{'J t .tt'l& L t-: 0 ):JJiL6" GA ~= d: 6 j~~ . {ilSi. 

O))~~c!jl;6'\JJIh T ~=, 1&:Jc 0) u ~ ~JE--e ~ l} v' :tJJJ-fr ~ ~JR;6'\jfJt1rrfiJ41: 06 0 "1 t-: ~ 0) t ~ O);lk!L~:Dl x 0) JJ~'~ 

1lf ~ qolj,6 0 .:c 0) d: -J l} ~{'J I;J: ~~1Jr < J;i. G (L, .®:~ ~ T ~=/F'9 0 

fj~l1JU1ffjJrJjMtn'lLfh 'lE ~, 30 if-rrjj*jfJtii<:l}Fp~M1 

1:0') t-: 0~~~i:~AjU1ffIJ Ib~M~=M L 'l 1;J:~f(j.5J l}'t-ydffii 

at~f:t:9 G ~II G h 'lv'll} ;6'>.') t-:o 

~ ~ 1:1;J:, .:cO)J&:Jlli[!f!j:~Hj!J~J[hlll,iH=M L GA ~Jlli[ 

fflL~~~m~*~60 "1T,Ab~~~~~')'l 

N -l5J\.~U L, N 1lQ1 0) .J - F ~=M L, .:c 0) frS: ,¢,( 1: 0) 

Abo)~·*0).J-F"11:0)~1ffIJAb#~~~~l} 

6 ;6'>.:;:§;6'>. . /GJ!l!~ ~= l} 6 l} G Ii' t~ 0) ~ },'I -C' l} 6 0) ;6'>., 

0)3~O)mft~~-~1~~L~~~~~NM~~ 

'l 1 ~ 0) 11m 1* t '9 6 0 JliEl~'c l} lR FA5 I;J: 3 * spline 1lIl FA5 

~ m v' 'lffJlJ1fr1IAb O)ft:!fI1lJI'>§~~;R~ 6 0 
/i>... 
u 

~----------'------~> 

1'ium ~~)MJm.&1it*(1 JW:*4 1 $.1~) 

?!If,;X5G1t Lt-:flJU1ffIJ)~·*I;J:, 

x = -kx +.!(a - x)u 
V 

1: 06 0 t-: t~ L, 0::; u ::; Fm t '96 0 ~'rc1illlmq!1f I;J:, 
T 

J= fo[-aux+a(a-a')u]dt 

t96 0 T=l, k=5, V=l, a=l, Fm =10, 

a=4, a'=l, x(0)=100)t ~0);'ffi*~T~=:iF-90 

8 

6 

4 

2 

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 ~ __ ..L..-__ -'---__ ......L.-__ -L-__ ----' 

o 0.2 0.4 0.6 0.8 

4. Hamilton-Jacobi(-lssacs){jjjJf,&711Jf¥:r.t t iii 
1ii: B~]7 ) (., ::j" I) 7.:' b. 

Hamilton -J acobi( -Issacs) 1X~ {liZ 5t:JI ;f!£ j\: I;J: ::ft: Mlt Jf; 
*~ v of'.::L V - :7 .& lfJF~JRJI~ df HiU1itIIIl}Jflli t i~ v'll.>§ 

00 

i%;6'\06 0 

~mm&~~~~~-~~m ~WM~~, 
m 

x=f(x)+ Ig;(x)d(t), x(t) E91",u(t) E911n 

i=1 

t 96 0 "1 t-:, j'j'Hilll:J:J;IJii1i ~, 

J = iL(x,u)dt = ~ roo lex) + u7'Rudt, 
Jo 2 Jo 

lex) > 0, R> 0 

t L, J ~-I~A't-96:t&:Jlli[A)Ju(t)=a(x(t)) ~¥JtfE 

-96It~Jrn1:060 ~O)lifJJillI;J:, Hamilton-Jacobd~\1* 

:fr1J;f.£j\:, 

1 1 av -I T av
T 

av 
-1(x)----g(x)R g (x)- +-f(x) = 0 
2 2 ax ax ax 

;6'\jfj~ Vex) > 0 ~:j-~I'l I;fuJjf)f1:0 V) ,1&~A)J I;J:, 
T 

-I T av u=-R g (x)-
ax 

~= 1 ') 'lEc~ G h6 0 "1 t-: ~ 0) t ~ Vex) I;J: Lyapnov 

~~ t l} ~, ~1 )v- f;fd;J:1CJ£1t ~ tL6 0 

~F~JR7f~ cJfoo *IHifIWI=1~m j#iJ1ilIlNg(. ~, 
x = f(x) + g(x)u + k(x)w 

y= hex) 

t 1- 6 0 t-: t~ L, f(O) = 0, h(O) = 0 t 1- 6 0 

w ~ yO).1; --7'1 ~, 
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r lY(t)1
2 
dt 

sup T , x(O) = 0 
w(·) r Iw(tt dt 
T>O Jo 

~ T 66 V!: 66 I? n t.:: flliL y £), T C T ~ 7 -{ - f J'\ '/ :7 

u = a(x) ~ *66 ~ FJl~7m-c:&i:J ~ 0 ~ nli, u ~ iIJlj1JEjJA 

7J, y ~Hilj1JEjIT~~IU:1J, w ~*~=jJU:b-6J}J5L-c:&i:J 

~ c L, y ~ Ij, ~ < m~ ~ C it'-c: ~ nl;f, Jf~O) 111:1] 

~~n~~UO)~~~~~<T~~c~~~T~o 
w(t) y( t) 

u(t) 
x(t) 

;t t.::, ~;,!)Ur~Jf~ -c: Ii, ~ Jf 1 /' li.& < JQ G tLt.:: dloo -

/ )V L c -$)(T ~ 0 

~ O)Fu%!flJi)E~c ~=M L-C 

J = s: IlY(tt + c21Iu(t)112 - y 211w( t)11
2 

dt ~ 0 

c T ~ ~ c ~= J: -J -cflH:ipn~ 0 I1Jf~ttO)+5f'#:1*li, 

::::. 0) J ~=MT ~ Hamilton-Jacobi-Issacs ~fH)~:5J-JJ1'E 

:r.~(/f~5t), 

av f +! aV[_1 ke __ 1 ggTJ(aV)T +!hTh{~ 0 
ax 2 ax y 2 c2 ax 2 = 0 

O)fifl Vex) > O(x *- 0), V(O) = 0 iJ'i1fl'£T ~ ~ c -c:&i:J 

!J , 
1 av T 

U= __ gT(X)-
c 2 ax 

~= J: -J -C § l¥J ~ j¥J$t T ~ 7 -{ - f J '\ '/ :7 flJj iJ'ii# G tL 

~ 0 ;t t::., *Jj1JEjJ:k~'~iJ'i zero-state observable 7';t G L:f, 

*O)~JEtt ~ *~iE~ tL~ 0 

L iJ" L, ~ 0) 2 --J 0) F",' Jill ~=:B \:) -C, Hamilton­

Jacobi(-Issacs)ifnH)FX7}:1]1!£5t(/f~:r.~) ~f!f~ < ~ c Ii Ii! 
.-C:&i:J~o+~~,mffil¥J7N~0XL~J:-J-C~ 

O)JJW5t~~~~m<~c~~~~o;tf,m~O) 

-IT /'7" )v,9: Xl' •.• ' X N ~ fflJ.?!:T ~ 0 

av 
p(x)=-(x) 

ax 
c L, Hamilton-Jacobi(-Issacs):7J;r!£5tO)1c.:i2I ~ l(x,p) 

JGA = maxll(xi,p(xJ)1 
I 

~1&/J'1ti- ~ J: -7 i= Vex) ~~~ ~ c C T ~ 0 Strage 

function V(x)O)J:tl{~.=t--"..o)::J-T'-{ /':7~fl-c:&i:J~ 

iJ'i, ;t f, 
Vex) = x T ?zx+ ~X[3J + ?qx[41+·+~lX[M[ 

t M *0)~Jfl.5t~= L -C Jl-UY!T ~ 0::::' ::::. -c: P2 Ii Riccati 

{t~:7J;r!£:r.t(Hamilton-Jacobi )jW:r.~O) 2 *o)JJi ~ llX 

!J f-B T C i1,f. G n~)O) [!ffi- 0) jf):tf!f(o -c: &i:J !J, x[n J Ii n 

*O)IITJ*5tO)A'::7 j> )V-c'cb ~ 0 ~!i-J t:. P" ... ,P.H O)i% 

~t-::J-T-{/'YL-CI--JO)~~cT~o 

19~m -®:JTh'[ 1/ -,¥'.:r. 1/ - )1 O)1§Uml ~ jJ~i- 0 IIiIH1IlM*li, 
22223 3 3 Xl =-X l +2X2 -XI x2 + XIX2 + XI + u 

. 3 3+ I 2+ x2 = Xl + x2 - x2 X x2 u 

-c:~- ~ I? n ~ 2:X* -c: &i:J ~ 0 ~;lc{iUi :J;J!JliIi Ii , 

J = r XT (t)x(t) + uCt/ dt 

c T ~ 0 ~ 0) F.8 Jill ~, _J~_ ~~ 0) f· )IIl~[v= ~{} -J -C GA -c:ffJI(o 
< 0 M = 6, -IT /'7" I) /':7~ O)'llJr:tJ&: ~ -1:s; Xl :s; 1, 

-1 :s; X2 :s; 1 C L -cf~ < c, 
PI (x) = 0.297 XI 3 + 0.0341x,5 + 0.250x I + 0.203x2 

+0.00458xlX2 -0.0683x/X2 +0.00163xI
3x2 

- 0.0142x1
4 x2 - 0.0377xlx/ - 0.0302xI

2x/ 

+ 0.107x1
3 X2 2 + 0.0281x2 3 _ 0.00446xIX2 3 

+0.000492xI
2 X/ -0.0244x/ +O.I49x lx/ 

+ 7.29 x 10-7 x/ 
P2(X) = 0.203xI + 0.00229x,2 + 0.0227x1

3 

+ 0.000409x1
4 

- 0.00285x1
5 + 1.65x2 

- 0.0377x1
2 X2 - 0.0201x,3x2 + 0.0537x1

4 X2 

+ 0.0844x1X2
2 - 0.00670XI

2X/ + 0.000492xI
3X/ 

-1.43x2
3 

- 0.0978x l xZ
3 + 0.2980x12X2 3 

- 6.69 x 10-6 X
2

4 + 3.64 x 10-6 X
I
X

2 
4 

- 0.032lx2 5 

7';t ~ffjf(,iJ"l&' G nt::.o 

5. 7)7:::;' -( )j,,- )[,,<7) GA ,= J: ~ ~~ 
77 -:J1:JftITiiUi=i3\:)-Cli, if-then ~~!!0)7 7 -:J1 )v­

)v~ Ard]O)il&!.b~f=i1~ .. =r\:)-CYC6·I]-~ -Ci3 < ::::. c iJ'iMII 

titc7';t-J-C\:)~o LiJ"L, ::::'O)J:J7';t)v-)v~i*66 

~ ~ c iJ'i!l'ffi L \:'F",%lli[ ~ ~tp. < &i:J ~ 0 + ~ -c:, ~::::.-c: 

Ii 7 7 -:J 1l1J!JfU'IJ!'6%\jH=M L, &i:J ~ ~;HiIIi:J;J;l.JliIi ~ Ij, ~ < 

T ~ J: -7 i= 7 7 -:J 1 )V - )V ~ GA i= J: -J -C ~ y~ ~ --tt 

~~c~§(8cT~o 

, .,r fl{,-b- ~'lll -'-r' -t-. ;t¥-,ltl::'r''iiS ~ y c 77 -:; /1 'nEITrriJ 0) fjlJn:tb ',£" XPX2' ... ,IX-I 
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NB->-O, NS---1, ZO---2, PS-3, PB---4 

c'Ul1ili:1t~;fL --Cv'.:6 b 0) C T.:6 o :::: 1:'Ii, 

Y = A[Xl'X2",,] 

O)OO'UlA~~-f1~~T.:6oT~b~,M#$0) 

~~~.:6~--cO)m~*b~~ML--C, ~O)~#$~ 

.\if;. -"Z --C ili f~"i'- , 
A[O,O, ... ,O],A[O,O, ... ,1], ... ,A[O, ... ,4 ],A[O, ... , 1,0], ... 

~1'F.:6 0 

mm ~OOo)~~~~~~.K~fflT.:6o~~~n 

t.:: l@if ~~ :& Lf § ;fhtR i,}'i 13-':z' i?;fL, IIliI f1j~ ~ illVt "J "J 

§.~~tim1:'~~T.:6::C~§~cT.:6o 

y 

x 

8=u1 

X = vcos8 

y= vsin8 

V=u2 

1:'* ~ n --C v'.:6, non-holonomic ¥!J* ~ f;f"J * 1:' ~ 

.:6 0 ;:. 0) * ~=M L ~F*y1)t7~*ffif1't O).:y{fril 7 1 - r / \')' 7 , 

(
U

l
) _[-.!.Sin8 .!.COS8l[- ~(VCOS8-XD)J 

2 - V V.I. 
u cos8 sm8 - T (vsm8 - YD) 

~ili!fflT.:6 0 t.:: t!. L, T> 0 0 Jffr L v'AJ:Hi (XD'YD) 

1:'~.:60 T.:6c, 
.. 1 ( . .) .. 1.. 
X=- T x-xD , y=- T CY - YD ) 

c ~ .:6 0) 1:', (XD'YD) Ii (x,y) 0) § ;f~it -c" ~ .:6 0 

(XD'YD) ~*,::g~f~$:m L, 

xD = vD cos8D, YD = vD sin8D 

cT.:6 o M¥O)t.::c\t), vDli7E~C L, 8Do)~~7 

7~1~~-c"*c\t).:6;:,ccT.:60 77~1~~K~ 

~t.:6Mf*:g:I)!i§;fJlWlj '11liI~~)];:t1:'O)hl!J]~f: '}ffjUui,}"i? 
5i!. tdEj BL 1&#j}~ Ii 8 D 1:' ~ .:6 0 

8 IJ 1*!JtzJ O){,,=lli' [l 

7 7 :;1.fffi~hl1 ~ 1iairlZ,f;lii~~ t---

[(tit -g;:!JtzJ O){)'[ ill: Vf) 

(XDjJD) 

L ~1:;]:EUf~'h1Hn (Up U2 ) 

iliIj1~~M* 
<j(fllu 0) {'I: il",' . rii J~ 

1 (v,8,x,Y) I 
GA ~=!+.:Z. .:6l'WfilliIYJtSdi, 7 ~ 5''' ld=lj.':z' t.::{vJJ~Hk 

!'L~ v=MT.:6 20 ~O) ~Jt1T ~=;J3 ~t .:6 , 
W 

lGA =T+-o -

. R~+a 

~ *ili- L t:: b 0) 1:' ~ .:6 0 ;:.;:. 1:' , T li:fU iliill~: \IlL R 

Ii \lliL~~;:t 1:' 0)l;:j~J[[RIT~1L w Ii .IJ1:~i%~SC a Ii 5} 

f.j: ~ 0 ~= L ~ v' t.:: c\t) O)ktSc1:' ~.:6 0 iH:ftliH= j-;Z r 
/\ 5' - ~ i,}'i~1tT .:6 .1 ~ ~= mtJE L t:: 0 ;Z 5' - J- II=-J: 0) 
A 1:::" - r Ii LO, vD = 1.0, T = 2.0, w = 5, 

a = 0,001, §;f~~~= 0.5 JJJAJO)h'I~I~lt;:t 1:'J[[-:5v)t.::ITJc 

~= r:fU~J Lt.::bO)c~'UJELt.::o 15,fj;1&~=*:fUJf~ 

i? l;ffU~p~:rr\1 C L --C 60;Yj;0)~T jvj- 1 ~¥l' Lt'::oGA 

0)/\7 ~ - 5' Ii, 1fm1*'Ul100, L!lAt'UllOO, ~r~~3ct} 

.*~cL~o~*O)-$~TK~L~o 
6,---~--~--,---~--~--~ 

4 

2 

o 

-2 

o 

-4 

-6 ~--~--~--~--~--~--~ 
-6 -4 -2 2 4 6 

6. stJ~H= 
GA 0) 4'rTIllilJU1iE!J Frljfili "'-.0) ~Jtl O)~~"J i,}, ~ 7J~ L t.:: 0 ;:. ;:. 

1:')$.-"Zt.:: p,,~,m0-5rI- ~= b, GA ~ HjlH~P 11U7fEH::J~~m L --C v~ 

.:6 1i)fJ'E Ii ~ < %* ~ n --C v' .:6 0 /}'-1&, ;:t T 1 T % J.R 

T .:6 5J-ltIj'1:' ~ IS ~ 0 
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THERMODYNAMICS, LARGE DEVIATION AND LANGEVIN EQUATION 

7' '7 t) /' Jm llW iT' G till 11< *-% (}) Jm mJJ !t:. b t:: 6 JL. flili !ttl (}) A 'r - )v It:. :B 1, \ --C M intl 2: n 6 fi{ff $ 
~ ~-r :m :f~UD ~ * (j';J tJ: ;,l }J ::;. A' A Ii... 11 q; ~}J ?t A iJ~ J}:tE L L 1, \ 6 c::'?j ;t G n 6 iJ~... M iIl.ll-t 6 
MJ~ A 'r - )Ht:.:B 1, \ L 1Jq; i'f.J mU& 1, \ ct !J fi{ff$j@f£(jiI&1& 1, \::;: --t 6 0) iJ~~i¥!J t:' ... *'m::;: C: G ;t 
L 1, \ 6 c.. C: <b § 1, \ a --t« L ::;: ~ ~ I*:ml iJ' G W c.. -) C: -t 615 itdi~, f' L <b "'" A I- C: Ii § 1, \ ~n \ a 

7' '7 t) /':fJL ~ It:. {@J ( 11 ()) ct -) It:.... § ( (})!L * 11 0) ~ fo C: L L ~ 2: n 6 t~ -@! Ii... H t) A 

j@m(.~mG~)t:'ct<~~t:'~6~ ... ~~@~OC}J?tA1Jq;~(})mG~tl.~j@~c:tl 
f3L~ 1, \ a c.. Q) ct -) tJ: :iHJjUf; m G ~'::;: ~~ 1JT -t 6 !t:. Ii... ;j:-.:l. A '7 /' I- ~ IM:l (}) ct -) tJ: R01fJ ~ ~ t:' Ii 
tJ: 1, 'I... mt ~N 1* (}) § 1* tEl ~ ::;: :iF m lWJ Hi It:. JIj( !J A n 1:.. Wt tJT i! iJ~ ,z ~ t:' 65 6 a 

y /' ;f y t) A t:' Ii... ~ -:J Q) 15 i! C: L L... *- {i ~ tm ~1fU ::;: ~ ~ C: L t::... ~ L 1, \ 15 i! C: M $. 
tJ: j;j) m It:. -:J 1, \ L ~ « 1:.. a 

I1t+T UT = - 'll{s}ds 
T t 

C: :B < C:... UT Ii T - 00 t:':@ 'm' Q) :R MJ rl3~ Sfl M:J {j Uoo It:. ~ -5 < iJ~... *- ~ < Ii 65 6 iJ~... =ft ~N Q) T 
It:.)(1 L L ii... Sfl M:J --t 6 fiJi ~ It:. * ff L L m G 1, \ t:' 1, 'I 6 a UT 0) {i'(€ $:5t 111 ::;: PT ( 'll) C: :B < C:... *- {i 
~ :ml ~tu t:' 9;0 G n L 1, \ 6 J: -J It:. ... 

PT('ll) rv e-SCu.)T 
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)c;j-J;[5 L --c v' ,"5 0 ~ lit.! \ -1 -:: ;fd.¥t~ B ~i ~ -;f~JH=l3Z.HH I¥J -C- &'> IJ ~ -f O):ltt* Lyapunov fEttXli In 

2 -C- &'> ,"5 0 

*fCBl:1J~O):@'ffi 0) 77° 0 - T -C-li .. ;if; *- --C v' ,"5 * 0):!R1i.~ li5J-~ I!kl~~= J: -:> --c:lli'1£ ~ n,"5 0 
5J-~~~~i Liouville 1JlUBt~=1¥J L --C~)c1;jJb'C~dJ!UJjt::::1£66~ :i:!E:~=-f0) J: -71j1JtUOCli5J-~I¥a~:::: 

1£66 ,"5 0 --J;t IJ ~ * 0):!R1i~ Ii ~ t§~rB'L -C-1£~ ~ nt.: 1J!UBt ~= J: IJ ~b ~ n --C v',"5 0 ~ ~ rEU]Jto) 
~~rB'36-J.&:::: (§f1~~-*-,"5 t ~ £'-9 L'b Liouville 1J!IJJjt~= 1M! L --C~~)c;j-JI*b'C-C-1j v'1J!lJll 'b 1366,"5 -:: t 
iJi -C- ~ ~ J: IJ -flJ)t 0) ~% 'b t& *- ,"5 0 
~ jlJ \ -1 -:: tl. ~~ 0) ~% ~= -:: n :::: ~1T L J: -7 0 -~.&tt:::: m Ij -7 -:: t Ij < 1J!1J llJL:::: Borel jJ!U 

II ~= ~~,"5 -:: t iJi-C- ~ ,"50 -:: 0) a~~ 1fNO) JL-1lJ 1JtU~%li ~ * O);ffltlj ¥- m1~I!% 0) IlJ i+1mI O)5fO~% t 
L--C~b~n,"5o 

{[a, x) X [0, Y)} n ' (3.1) 

-:: -:: -C-i~*n li~ 9:I!% [O,x) X [O,y) iJi niJ}EI O)1jt{sLlE7JJf~O)g-j)5J-*%-C-&'>,"5 -:: t ::::/FT 0 t£-:> 
--c ~ rMocJL Ii ~ ~.ffi:5t;:{lJn.g'f!£ G: 

G(n, x, y) JL( ([o, x) X [0, Y)} n) , (3.2) 

(3.3) 

-:: -:: -C- ~ JLt Ii ~~::~U t -C- 0)1J!1jJ!t:::: ~ L ~ A li1f~ 0) IlJ rnlj~%-c- &,>,"5 0 ~I!% {[O, x) X [0, Y)} n 0)i!E 

if§: iJi 

{ [0'~)X[0,2Y)}, 0S;yS;1/2 
n+l 

{ [o,~) X [0,1)} 
n+l 

(3.4) 

U{[~,~) X [0,2y -1)} n-l' 1/2 < Y S; 1 

t ~*- G n,"5 O)-C- ~ ~fl~:5t$I!kl~ G O)36-M7Jf.'EAli*5J~ 
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{ 

Gt(n + 1, i, 2y) , 0::; y ::; 1/2 
Gt+1(n, x, y) = Gt(n + 1, i, 1) + Gt(n - 1, "'f, 2y - 1) (3.5) 

-Gt(n - 1,~, 2y - 1), 0::; y ::; 1/2 

t Tj ~ 0 ~ ~ -C' Gt ( n, x, y) jLt ( {[O, x) x [0, y)} n ) ~±U#~U t -e(J)illUocO) ~fft5.t;.fplmt§CC' cb ~ 0 

(3.5) 5=\1: x = 1, y = 1 t Ii: < t 

Gt+1(n, 1,1) = an+1,tGt(n + 1,1,1) + (1 - a n-1,t)Gt (n - 1,1,1) , (3.6) 

iJ{1~GtL~o t::.t!.LOLn,t Gt (n,1/2,1)/Gt (n,1,1) -ecb~o I=!JjGiJ'>~=/G~5=\O::; an,t::; liJ{ 

pk;n-.9~(J)-e~ (3.6)j:\:~±~ U#~Ut(J)-lj-1 r- niJ'>G (n-1),,(J)Jlt$-ftlli$iJ{an,t1:cb~~Tj~~~ 

~ *b L -C It· ~ 0 an,t ~j:~A.J!.illUOC~=*H L -C~.q Tjfi ~ ~ ~ 1~~ iJ{~ ~ tUj:~ lIt) \ 1 ~ p~ 
~ t v' -7}]'#-* iJ{~~(J)rt$J105f£ (gft~~~) ~ ~ Iv -e v' ~ ~ t ~ :W!~I* L -C v' ~ 0 

fa(x) = {a f a(2x) , 0 ::; x ::; 1/2 
(1 - a)fa(2x - 1) + a, 1/2 < x ::; 1 

(4.1) 

G(n, x, y) = fa(x)fa(y) , ( 4.2) 

tiJ < t~ ~§)~=5.tip~t'Jt~=~n~±:n5f.'E5=\(3.5) (J)JE?ffifiJ4-ecb~o ":)1 ~ (4.2) (J)~fn5.t;.fp~ 

M=-Ji~UBtILa ~± ~* ]It)\ 1 ~ p~~ B(J)/G~i~IjOC-e cb ~ 0 ::trnk 19,20 -efJfiJ~ G n -C v' ~ 1 -7 ~= 
(22,23 <b ~~~) ~ WJtx f a( x) ~± ~ a i- 1/2 (0 < a < 1) (J) U#~ ~f t Iv t'v' t::. ~ p)f 1: $ r-kltxiJ{% 

t Tj ~ JJJ;JGTjfJt~~fJfiJ±~jJorYJ;Mc ":) i ~ ~ Lebesgue (J)Jl'tP*1:(J)~~:3t-IYJ'l&1:;t) ~ 0 a = 1/2 (J) 

n#~±~ ~ nl±1lJii1&5.tTjr-kl'l& f1/2(X) = x ~= Tj ~ ~ j'tJZ, L -Ci~UOCjLal ~± Lebesgue illUOC t Tj 
0.=1/2 

~ 0 ;t) t 1: ~ ~ 1 -7 ~= ~ ~ Tj ~ i~ljoc ~j:~ Tj ~ §'f~ ~=Mj;[) L -C v' ~ 0 

~ (J) J'i'61: ~ ± ~ p'a 1: * ~ n ~ tk1t~ iJ'> G (J) --r n (J) i'fj,t.fD ~= -J v' -C w~ -"Z ~ 0 --r n t::. tk1i.~ t L -C I ± ~ 
jLa ~= I¥J L ~ OCPt ~ t~":) (E.!P t) jLa ~= ":) v' -C *~j'~-illH~c Tj) illU OCjLt -C' * ~ n ~ <b (J) (J) J;- ~ :Jf; X- ~ 0 

_ -1 {pt(n + 1, ~,2y) , 
pt+1(n,x,y) = Upt(n,x,y) = pt(B (n,x,y)) = ( x+l ) 

Pt n-1,----z-,2y-1 . 
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( 4.3) 

a ::; y < 1/2 

1/2 ::; Y ::; 1 
( 4.4) 



t ~1iffi-c';b ~ 0 (4.4) Ar:r -c'JE~ ~ tL~ i]i[~~ Uli Frobenius-Perron i1ift+~ t %AB~n=-3& 

L~ =*UJ{!5J'-~1& (~nJdJLalpI2 < +00 ~~t':TIMl1&p) O){'F~ Hilbert@Fa91-la J::-c'.:L:::" 
1 1) ~ -c' ;b ~ 0 

Hilbert @fa9J:: -c' Ii ~ U O).:L:::" 1 1) ~t'lip G tt:i*.Ei9 ~ A#I1IJ36J.Pl ~ .!~IH~T ~ c:. t Ii -c' 2; ~ It"\o 

L ip L ~ ~ it- B I i .I. )L-<::l ~ r Ei9 ~ 0) -c' 8 ) ~ t§ !Xl Ix;] 1& 0) S:;f Fa9 36 ~ ~= I!kJ L -r Ii iff%' -" 0) ~ JlI ~ jlJj:l~ 
T~c:. t-jJ'-c'2;~ ~-~~ *0)1[J~iJi}J~JLT~33)o c:.tLli~ tJt*-~1t-~ ~lID.A*~=~It'-rmtJL 

T ~ Pollicott-Ruelle O)JElII2 , 13) O)t#51U ~:l$i%-c';b ~ 0 

Cax {f I i) f(n,x,y) li~-rO) n~ ~f t Iv t'~-rO) y~=jt L x ~=~It'-r~*gW!X::frUJ§~~ 

ii) n, x ~ ~JET ~ t.: V' ~= y~= ~ It' -r =* TIJli'l:fr ~ 

iii) ~n J Jo
1 

dfa(Y) supx If(n, x, y)12 < +00 , 

~n J Jo
1 

dfa(Y) supx IOxf(n, x, y)12 < +oo} 
( 4.5) 

(4.6) 

I(AIWtp)1 ::; (Ko + KIt + K 2 e){max(a, 1- ant, (4.7) 

O)J: J ~=ifi&:j)tT~o c:. c:. -c' K j (j = 0,1,2) Ii A, P~=*1:fT~lE7E1&--c';b~o 151J;Jjt7f~tfL!Xl1& 

Fap~ ~~7f~tfL!Xl1&Pap Ii 

(AIFap) = f e- inp 1 dfa(x)df~ (y)A*(n,x,y) , 
n=-oo [0,11' p 

(4.8a) 

( 4.8b) 

--C'JE~~ tL~ 0 1X;]1&fap liJ'\'7 ;) -1 ~rJl~1&ap aeip /(3; ~=jlllilvt':~O) deRllam :1JflEA (4.1) 
o)'#-c'~ J1JJ'Ct':iJiTJ!X:i1H;~li£~?JTO j t':li~~i*--c'~ p = 0 ~~~-1f~~:7J'-c'Ij:~1t,24)o ~ 

2 ~=IF L t.:!Xl1& f a
p 
O)~f '77 iJ" G ~ c:. 0) l!kJ1&iJ i 7 '7 ~ 1 )v8':1--c';b ~ c:. t iJi 5}-iJ" ~ 0 ~ G ~= Fap~ 
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x x 

Pap ii -f tL ·etL35.J.iim~=.:r U 0) U'tl :1ffillifJp ~=~1JZ\ T ~ (-~1~ 2 tL t.::) :b:tc. 0) U'tl:1f -'" 7 l- )Vl: 

6)~o 

(4.9) 

;f§M~~O)1Jt:R~~T (4.6) ~O)~-JRiir»~~=MJ;G L --CV" ~ 0 ~-~, -;90G1&.:r L I:;E 

~ 2 tLt.:::bi:r> G:tc."'O)~f$1li~5:iJ{O'-e 6) ~ r»~O)1it$5j-~IIt(n) O)35~7Jl'E~ 

( 4.10) 

fi1JtJlt$,Bp O'e- ip + (1- 0')eiP~=~1MST ~~:R.:c- FII(n)cx: e-inp~r.fiJ, 2::- tLlilEft{H= 

(4.6) ~O) ~-Jft ~=~1(,6 L --C It, ~ 0 lEU:, 0' = 1/2 -C' p iJ{/J· 2 It, t ~ In,Bp ~ _p2/2 -C' 6) 'J , 
2::- tL 1 'J tJtW:1*~ Ii D = -limp-+o III fJp/p2 = 1/2 t ~ ~ 0 

(4.6) ;r.\:1: Ii IfJpl > max( 0', 1 - 0') ~ fit] t.:: T -.Bt~-.Bt0)1Jt$=-=t- - F t-=~t iJ{~JJ!ff. 2 tL --C It' ~ 0 2::­

tLii p iJ{': O)/f~;r.\:~TIil1t.:: 2 ~It'~f t~*~ < ~ ~ t lap I ~ 1 t ~ 'J, deRllaIn 7J{.'E~ (4.1) 0) 
f~ f a

1' 
iJ{:}f-1:E -1t-rm~~ (4.8) iJ{~P-* ~ ~ 2 ~ < -I:t ~ iJ; G -e 6) ~ 0 L iJ; L, .: O)t;J1";-e <b 1 'J 

itt G iJ--' ~:?:)JM5j-:;(1l p& rFT1JW[rJ!Uftl: A ~ JtJ It, ~ .: t ~: 1 'J, ifit:R-=t- - F ~;E~ L (4.6) 0)%0)5j­

M~~~.:t#-e~~o¥~,7J~~ 

( 4.11b) 
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~::: J: -:J --CJE~ 2 h~ i'fL1Ikl~Fapl±" *11tO)35JF:ltir~r UO)~if1@:tJp ~:::x-tt6T ~ ~if "":7 " )v (: (t 
-:J --Cv)~: UFap = tJpFap. rm~gapl± Jap ~;fJt7-)- Lt.: ~ O)~:::3)t.:~ : gap(Y) = Ii dy' Jap(Y/). 

=~.JlX 9 -c'~1Jij 2 h --C v) ~ J: -7 ~:::" .:. h ~ *i 'J ~ L --C J a
p 
~11lJ@ il";f!:£- L t.: rm~ ~ m v) ~ .:. (: ~::: 

1. -:J --C" J: 'J m 1lt ffi: 0) 1W,it t - r ~ {f~ mt T ~ .:. (: iJ{ -r: ~ ~ 0 

(4.8)" (4.11b) ~:::~ G h~ 1. -7 ~::: Fap" Pap 1±i'fLrm~ t L --C L iJ'>JE~ 2 h --C;!3 G i\ tE -:J --C 
.:. h G iJ{ UO) ~ifrm1&-r: 3) ~ tv) -7 ~~~::: tt 1. 'J lB= L v)~R)~)~ iJ{~,*-r: 3) ~ 0 .:. hl±** ~= I±;X 
0) J: -7 ~:::JF 2 h ~ 0 i -r (4.5) -r:JE~ 2 h ~ rm~~rl]' Ca:z l±JTh'[~ (t ./ )v.b. 0) T-r: Banach ~ra' 

t (t ~ 33) 0 .:. h I±=* nrlN:£-rm~O)--:::> < ~ Hilbert ~ra' 1{aO)~*(tfils:£-~ra' -r:" Banach ~ra' 
t L --(0)1~;f§li 1i(0)1~;f§J: 'J ~rtlv)o CaxL-r:JE~2 h~J5l~:)jt7f~i'fLrm~ Pap: p --t (Paplp)*li 

Banach ~ra' t L --C 0)1~;fEl~::: rm Ljf;fJE"'C' 3) ~ 0 ct ~ Ca:z 0) 1511U-t~rriL --:::> i 'J CazJ:.O)JltfG 

J5l~*%i'fLfm~O)--:::> < ~ "":7 " )v~ra' t T ~ t" Pap E ct -r:3) ~ 0 ;X~:::¥1i[~r Uli x-:1J[Q]O)rl't 
G iJ" 2 ~1*t#T ~ O)-r: UCa:z C Ca:z iJ{]J);' 'J rr ~ ca:zJ:.ifW. (i&~:::jf*JG) -r: 3) ~ 0 J: -:J --c1f~0) 

p E Ca:z~=X-t L p --t (PapIUp)*l±---:::>O)JM*b'GJ5l~:)jt7f~i'fLrm~~JE66" Hilbert ~ra'O):I;JJriit O)~ 
1J;J,iJ'>GFapO) ut~:::J: ~1~" UtFapt~(t2h~o .:.O)~p*-r: (4.9) O)~=:r-t UtFap =tJ;Fap 

iJ{mtrrT~O)"'C';b~o .:..:. -r:~ll[E8(tO)l± Hilbert ~rl]'J:.-r:JE~2 h~¥1i[~r utiJ{~~~ra' 
0) - --:::>{fJl : Ca:z C 1ia C ct ~:fljm L --C J: 'J :* ~ (t rm~~fH] cl:z ~:::tJt~ 2 h ~ ,.a~:::;b ~ 0 .:. 

0) rm~O) - --:::>*IHi rigged Hilbert ~rl]' 3) ~ v) l± Gelfand 0) -::::: --:::>{fJl t !T'ftfh ~ 0 \PJ1JR~::: (4.9) 0) 

~-A~ ---:::>ff.[Cay C 1ia C c!y~:flJm L--C1F2h~o ':'O):1J¥t-r:l± U- 1
( U-l~i-h--f'h 

ct" C!yJ:.~=tJt~-r: ~ (tv)':' (: ~y£:tt L --C;!3 < 0 Prigogine G1 6 -1B)0)1;iUlL.z,«:7 " )v:flI[iitm 

-C' ~ 5:J'-:1iJrm~0)35~¥JJr~rO)-%t1~ 2 ht.: A/'(:7 " )v:£-m ~{I~mtT ~ ~~::: Gelfand 0) = --:::>{fJl 
iJ{llt~ (t1!>t*U ~ =* t.: L --C v) ~ 0 

lW~p-r:!±" ~- (t:£-;;(jl:tkt~"'O)if:ilD ~ iitm c t.: iJ{" .:. O)~p-C'!±" (3.5) AO)-{;ltJE,*,fifl ~ {~)JJt 

Li-O):tk1i~~:::;!3~t~ r~1EhJ ~~"''' Jt£*~::: FickO)¥t~U~:::tE-7:tkt~iJ{TIJ~~-r:3)~':' t ~JFTo 

-1]RJE'*':tkt~l± a) (3.5) :r-tO)JE,*,m-r:" b) 3 ~p-r:JE~ Lt':CYn G(n, 1/2, l)/G(n, 1,1) iJ{ 

~1 "mH~n ~:::J: G(tv)~O)t L--Crt1:l1t~)Gh~o 2--C" ~ll"tJ\1,:,p~~l±, x:1J[Q]~ x 

J][Q]~:::" y:1J[Q]~ y:1J[Q]~:::~TO)-r:" fill]JJ[Q]I±~~rr-r:3)~ (:~,Z Gh" ;f!r~U& (~;fJt:£-::{iJrm~ 
iJ{ x O)rm~ t yO) IMJ~O);fJn:::i~~t ~ rUUN) -r:£Z 2 h~ JE'*':tkt~iJ{t:f-.ftT ~ .:. t iJ{JF~ 2 h~ 0 

!ZSI~:::" 4~P-r:~-'zt.:/f~r~UNJla (4.2) !±;fl'trnU15t-r:3)~o ':'0)(: ~;'}H1t:£-:1iJfm~{d±;XO);f*~:::ii: 
~) ~ 0 

G(n,x,y) = G(n,l,y)F(n,x) , (5.1) 
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t::. t!. L" F( n, 1/2) = c\'li n ~= J:. ~ t:t v' 0 (5.1) ~ (3.5) ~={-tA L F~= IXJ-t~ ~1tt ~15e -) t *(J) 

:1J*.'EJt'h{1~ ~ h ~ 0 

( {
O'G(n+1,l,2Y), 

G n,l,y) = 
(1 - O')G(n - 1, l,2y - 1) + O'G(n + 1,1,1), 1/2 < y S; 1 

o S; y S; 1/2 
(5.2a) 

) { 
O'F(n -l,2x) ,OS; x S; 1/2 

F(n x = 
, (1- O')F(n+ l,2x -1)+0'. 1/2 < x S; 1 

(5.2b) 

IXJ'tX1j*.'E:r-\; (5.2) Ii deRham (J) IYJ'tX:1J*.'EJt19- 21 ,7) t J1lJ~~(J)* ~ L -C v' ~ 0 (5.2a) Ii G(n, 1,1) 

'h{k'i~ t" (5.2b) li-f(J)'i 'i-c'J!l-(J)fifl~t~:-:::>31,32)0 G(n,l,l) Ii (5.2a) -ey = 1 t[l[v' 

-C 1~ ~ h ~ ~rfr1tJt 

G(n,l, 1) = (1 - O')G(n - 1,1,1) + O'G(n + 1,1,1) , (5.3) 

'h' ~ ~3'f.~1tj: ~ !:j-~ ~ ::. t ~= J:. fJ k~ ~ h ~ 0 (5.3) litiip ~tc."(J)ilf%1i'ili~~'h{O'-e &; ~ rrt~~ 
(J)k~:5t;tp~k~~Jt-e&; fJ" Wil'!p t !PJ~1t~ ~t:t ~J'\7 .f. - -7 O''h{~t:t ~fff;~~=~-tr.t\ L -Cv'~ 
::. t 'h{:5t'h' ~ 0 

!Z9l;.~=~ :1J*.'EP:; (5.1-3) ~= J:. -J -Ck~ ~h~inijOCJ.lt~jtJ'\1::' tl~~ B(J)k:[Ui~ Ornstein 
(J)~n*25)-e1il$E8 Markov ~J'itJ1lJ:lli!-e&;~32)0 ~f%r~$Pijt-fh'h'~Bt~2h~ KS J..:/ 

r- oJ! - hKsli*Jt-e!:j-~ ~ h~ 0 

{

O' i=j+1 

Pij = 1 - 0', i = j - 1 

o , -f (J)iiP. (J)~% 
(5.4) 

h KS = -O'lnO' - (1- O')ln(l- 0') . (5.5) 

2 -C:1JUJt (5.2) ~=JX0 -) 0 (5.2b) (J)r!ft-(J)jWli deRham (J)lXJ'tX:1J*.'EJt (4.1) (J)jW fa ~=~ 

L V'o 

F(n,x) = fa(x) . 

G(n,l,y) v=-:::>v'-Cli~ G(n,l,l) (J)iMf1tJt(5.3) (J)f~'h{ 

n (1 )k-l 
G(n,l,l) = ~ : 0' {G(l,l,l) - G(O,l,l)} + G(O,l, 1) , 

t!:j-~ G h ~ (J)-C'" = -:::> (J)~%~ lR13U-t ~ £'~'h{&; 6 0 

7) 0' i 1/2) 0 < 0' < 1 (J)~g% 

::. (J) t ~ ~ k'tXA" A/~ 
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(5.6) 

(5.7) 



a 
A = {G(1, 1, 1) - G(1, 1, On , 

1- 2a 
, (1 - a)G(O, 1, 1) - aG(1, 1, 1) ( ) 

A = , 5.8a 
1- 2a 

(
1- a)n 

G(n,1,1)=A ~ +A', (5.8b) 

-c'&)~o G(n,1,y) ir>G(n,1,1) t[lJ]~*(7) n{i(1'ftt~:M="":)t1R5EL-C (5.2a) ~m< t*~\;ir>1~ 
G;fL~ 0 

G(n,x,y) = fa(x)G(n, 1,y) = fa(X){ A(1: a) n fl-a(y) + A' fa(Y)} . (5.9) 

~ 3 (a),(b),(c) (7)-ftL-f"tL~= (5.9) (7) n, x, y{i(1'ftt~/F9 0 

1) a = 1/2 (7)~if 

::... (7) t ~" 5E'ij: B" B'~ 

B = G(1, 1, 1) - G(O, 1, 1) , B' = G(O, 1,1) , 

G(n, 1,1) = nB + B' 

G(n,x,y) = xG(n, 1,y) = x [B{ny + T(y)} + B'y] . 

::... ::... -c'" Im~ T(y) 1:l:*(7)1Jl'EA<7)-!.i'tfiH- t l-C5E~~;fL~ 0 

{ 
~T(2y) + y , ° ::s: y ::s: 1/2 

T( 1j) = 1 . 
. "2T(2y - 1) + 1 - y. 1/2 < y ::s: 1 

(5.10a) 

(5.10b) 

(5.11) 

(5.12) 

(5.11) (7) n, x, y{i(1'fti ~ -f tL-f";fL~ 4 (a),(b),(c) ~=/F9 0 Im~ T(y) I:l:" ~*26) ~= J:: IJ" JI*J'C 
-c''v-,t::.~ t::... 0~~lUj~rm~~t~t::'7d:'v-'I*J~(7){Jll t l-C~x.. GtL" i%*rm~tIl'fLftL~ (~5 

~~~O 0 mj*Im'tX t -f tL ~= rmJI l t::.Im'tX(7) ~fitt~ I:l:j:!ll" ill 0 20 ,21) ~= J:: IJ fj'(q./ < N13-"Z G tL -C 'v-' ~ 0 

21'iiJ--e/F l t::. J:: ~ ~=" ~ !ltJ\' 1 ::... ;p~~ B 1:tIl'.Hs9R!\li I(7) 'b t -c'7G~-c' &) ~ 0 LJzn: l t::.tJ\ 

1i~ 1=::'" (7)~~~illiJfj l t::. 'b (7) 'b 5E'ffitJ\1l,~-c' &) ~ 0 a I- 1/2 (7)%if, ::... (7)=r3M/F~= J:: "'"J -C~ l'v-,tJ\ 

1i~I:t{'FGtL7d:'v-'o LiJ"L, a=1/2(7)~ifl=I:t, *0)tJ\1l,~iJ-;1~GtL~o 

G(n,x,y) fl,(I{[O,x) x [O,y)}n) =y[B{nx-T(x)}+B'x] . (5.13) 
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~ 3 : ~~i:7t;{fJ G(n,x,y) O)~~;t v' ~4 : ~Hi:7t;{fJ G(n,x,y) O)~~;t v' 
(ex = 2/5) (a):G(n, 1, 1) v.s. n, (a = 1/2,Fick :jj(t~) (a):G(n, 1, 1) v.s. n, 

(b):G(5,x, 1) V.s. x, (c):G(5, 1,y) V.s. y (b):G(5, x, 1) V.s. x, (c):G(5, 1, y) V.s. y 
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J;L.l.(7)~*J: f) .. a = 1/2 7J'l"':) B = ° O)~%~~~ .. ~.fI7t$~i;fcli .. ~~~i;fc~~uo 
tiE -? -c .. ~q-r.tT ~ ilUIlli .. Lebesgue ilUIl~;: ~ l-CM~,*q-J.t~"{,-li ~ v\o "':) if) .. .:: it t? 0) ~.fl 
7:1"-$~:im~O)*Il7t$~i;fc Pn(x,y) ~)fjv\-C~;bT':: ~ li"{'-~ ~v\ : 

G(n, x, y) =1= lrI! dx' l Y 

dy' Pn(x', y') . (5.14) 

}'\:7 ~ -1-aO)ff::tt1i.iJ'l t? .. -9-;t t? itt.: G(n, 1, 1) ~;: ~T ~~~~f*~;:~q-l .. ~1iJ.~~i 
-00 0)5E~;f}C1t.~ .. tiE -? -C:f~ilUIl7Jq:f1fT ~ .:: ~ iJ{M-7J'l ~ a l7J'l l .. -9 "" -C O):f~ilUIliJ{~l1I!Ertl 
~;: ~m1iJ~~"{,-li ~ v\27-29) a .:: O),~~;: ~ l-C li1~ "t'~iUfBT ~ a 

.:: .:: "{'-Ii.. -;fflt5E~;f}C1t.~~;: j3 ~t ~ ~1Eit ~ jJ 

""~on~§~n+1~§0)~n*0)~~~~ 
;t ~ a ~ 6 1;:IFT;fflt~;: .. -@O)~:m}'\ -1 .:: tl 
~~ B~;: J: f) .. n ~ § 0) ~:n*0);;b -¥7tiJ{;;b I;: .. 

n + 1 ~§ 0)~:n*0)1i:-¥7t7J{1i:1;::f$ ~ it~ a 

tiE -? -C.. .:: 0) ~~ ~ 1i: 7J'l t?;;b ""11t-!JJ] ~ ~1E it Ii .. 
n ~§ O)-l! Jvt:pO) [1/2,1] X [0, 1] ~ v\ -? 'PJi:l:~O) 
1~UJ.i~ n + 1 ~§ O)-l!Jvt:pO) [0,1/2] X [0, 1] ~ 
V \ -? ~]J~ 0) ilU Il 0) ~ "(' ;;b ~ : 
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J n1n+1 =jL({[~,l] x [O,l]}n) -jL({[O,~] x [O,l]}n+l) 

= G(n, 1, 1) - G(n,~, 1) - G(n + 1,~, 1) . 

7) ex i= 1/2) 0 < ex < 1 O)j@% 

c: 0) t ~.. (5.9) A J:: IJ 

Jnln+1 = (1 - 2ex)A' , 

(5.15) 

(5.16) 

t ~ ~ 0 -:?;t IJ.. c: O)!I'f tt {: )vmIt~ n ~:*1f: l ~ v\$:5tip l? VlEtLiJ'i'1::. t. ~ 0 c: O)VlEtL!;t .. *-
0) J:: -? ~:mlY'l~ tL~: /f~iJ!UocO) n ~:*1f: l~v\$:5tl;t .. %{:)vO)ki*-:5t:a:- (1- ex)A'O) .. ft 

*-:5t:a:-exA'O):mJ;---c"¥lU~o J::"':)"( .. C:O)iJ!UOC--c"J;-~ t .. -IQ]O)~~""C' kirQ]~~: (l-ex)A' .. ft 

rQ] ~ ~:exA'O)VlEtLi'J'i'1::. t. .. ~1*t l"( (5.16) O)~1EtLi'J'i'1::. t. ~ 0)""C'if; ~ 0 -:?;t IJ .. %{: )v 0) ki*­
:5t .. ft*-:5to) :mJ;-i'J'i'~ ~ ~ c: t i'J'i'~1EtLO) JJj(1ZS! ~ 0) --c" if; ~ 0 ;t t.: .. ~1EtLO)~A (5.15) !;tLJll! l 
t.: ;J. 7J =-;;( A ~: J:: ~ ~1E tL t ttttJ:~: J:: ~ VlE tL O);fO ~::5tM --c" ~ ~ i'J'i'.. ~*j:5t;fp (5.9) 0) {: )v ~t~ n 

~:*1f:T ~ $:5ti'J" l?1::. t. ~ jIljj~1EtL!;t1Lv\ ~:n-l?tJ!4lif; -? 0 c: O)t!i* .. {: )vra~--c"O)iJ!UOCO)iiv\i'J'i' 
~1E tL~: }}[~ ~ tL ~ V \ 0) --c" if; ~ 0 

-1) ex = 1/2 O)j@it 

c: 0) t ~ .. (5.11) AJ:: IJ 

B 1 
Jnln+1 = - 2 = -2{ G(n + 1, 1,1) - G(n, 1, I)} , (5.17) 

lW O)j@it t ~~ IJ .. VlEtL!;t {: )vra~ 0) iJ!Uoc 0) ii:~: J:: IJ 51 ~ g c: ~ tL ~ 0 ~ l? ~:.. 4 ~1J--c"1J' l t.: J:: 
-? ~:A,~,Z -Cv\~-tT)vO)ttttJ:1*~Di'J'i'1/2 --c"if;~0)--c" ((4.10) AP)'TO)~iUffil~fl~) .. (5.17) 

A l;t Fick O)yt~U:a:-~;b l"( v\ ~ : 

Jn ln +1 = -D{ G(n + 1,1,1) - G(n, 1, I)} . (5.17') 

Fick O)~~IH;t 1Y'll? i'J'>~: a# ra~}}[~*t*tt :a:-~R"':) "( v\ ~ i'J'i' .. a'!jra~}}[,i~t* ~~:m)'~ -1 c: tl~~O) 
JE1ltVti~ t l"( c: 0) J:: -? ~Vti~i'J'i'1~ l? tL ~ c: t l;tJ.!I9/(i*v\o 

rJ) a# ra~ J%~Vti~ 

(5.13) AO)Vti~I;t*-O)VlEtL :a:-~-l? .. rflt ~ tL ~:f*~: r}}[J Fick O)~~IH:1JE -? 0 

Jn1n+1 = ~ = ~{G(n + 1,1,1) - G(n, 1,1)} 

=D{G(n+1,1,1)-G(n,1,1)} . 
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t ~ Ji!, -e ~ t:::.o t~O);jjt\~iI'f!fmrJ.I¥n::.~~ l1~~ iI" ~~PA~-t ~ ~::. ~;tl} k. G ttt:::.~~gfd40)T"C'0) * 0) ~ra~36J.1t ~ :i1[li'tlF-t ttl!' J:: It) 0 Jt~ 32 "C'~;t, jlljjYWiI'f§ El31.IJJJ ~::..t§~-t ~ ~{~~::.~*jt l t.::;fi 

~1~0)~mJ"{1.:t1~~~~k., ;fJJ.M~14t l-eJ"{1.:t11mO)jlljjYW"C'iAt!l~iI'f-:? < J:: -? ~::.§ 
El31.IJJJ1m7t~::.-llLebesgue7t;fjJ~~k. -e, *O)~ra~36~~~""'t.::o f"0)~*, ~mJ"{1.:t1 
1m pg O);fJJ.M7t;fjJ~::. J:: G -r Fick O)¥tJW ~::.fjE 1t)7t;fjJiI'f -l::)v E[t~ ~::.*)jU~~::' (t(:ffT ~ ~~fnBB9~['~ t 
%~-t~~g~§36B9~~btt~.:t~7t~~~o .:tt~*O)J::-?~rJ.M"C'~~o ~-rmck 

:l*1i~iI'f{$lf ~ 1JrtiJ~::. -ll"C' a; ~ 0) v::'~9" l{iBO)JE~:I*1i~ I;t{$ u' ~ 1JrtiJ v::'~~B9"C' a; ~ 0 {iB1J, :g, 
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KS J.. / l- D l! -~;t Fick :l*1i~, r'&J Fick ~1i~0)~1J-r:llt7dffii: hKS = h12 ~ t ~ ((5.5) 

;J:.\~~R,) 0 -~fnBiI" G t KS J.. / l- D l! - V::. J:: ~ -e Fick ~1i~ t r'&J Fick :l*1i~ ~ [K5JIj-t ~ .: 
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~ ~o 
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-40-



*1iJfjE"'O)Y:~i3 J: rJ:fiirr1t:t::::I y. /'" ~m")t.::~rrtt{t¥{iJf~PJTO)t~#flMt-PJT-ff ... ~~?fr*¥ 
0) tlJ 0 ~1&~:j)t ... Solvay 1vfjEpJT (Brussels) (J) Prof. 1. Prigogine... Dr. 1. Antoniou ... Dr. Z. 

Suchanecki ~=~~ l;J: To ;J: t.::'::' (J).pJf~Ij: ... Jtrus~'O)f4¥1iJfjEtifiM1i£ ... OOIlfR¥*i{iJf~ ... ""}v 
.:f- 00 National Fund for Scientific Research (F.N.R.S. Belgium) ... Communaute Fran<;aise 

(ARC contract No 93/98-166) ipGWJ)JJt~~~t-C");J:To 

[1] e.g., M. Toda, R. Kubo and N. Saito, Statistical Physics I, Solid-State Sciences 30, 

Springer, Berlin (1983); 

R. Kubo, M. Toda and N. Hashitsume, Statistical Physics II, Solid-State Sciences 

31, Springer, Berlin (1985); 

J. Lebowitz and H. Spohn, J. Siat. Phys. 19 (1978) 633; 

H. Spolm, Rev. Mod. Phys. 53 (1980) 569; 

L.A. Bummovich and Y.G. Sinai, Commun. Math. Phys. 78 (1980) 479. 

[2] P. Gaspard and G. Nicolis, Phys. Rev. Lett. 65 (1990) 1693; 

P. Gaspard and F. Baras, in Microscopic Simulations of Complex Hydrodynamic 

Phenomena, ed. M. Mareschal and B.L. Holian (Plenum, New York, 1992) p.301; P. 

Gaspard and F. Baras (unpublished) 

J .R. Dorfmasn and P. Gaspard, Phys. Rev. 51 (1995) 28. 

[3] S. Grossman and H. Fujisaka, Phys. Rev.A26 (1982) 1779. 

[4] S. Thomae, "Chaos-induced diffusion", in Statics and Dynamics of Nonlinear Sys­

tems, G. Benedek et al., Eds. (Springer, Berlin, 1983) 204. 

[5] H.H. Hasegawa and D.J. Driebe, Phys. Lett. A168 (1992) 18. 

[6] P. Gaspard, Phys. Lett. A168 (1992) 13. 

[7] S. Tasaki, 1. Antoniou and Z. Suchanecki, Phy.'i. Lett.A179 (1993) 97. 

[8] P. Gaspard, J. Stat. Phy,r;. 68 (1992) 673. 

[9] P. Gaspard, Chao,r;3 (1993) 427. 

[10] H.H. Hasegawa and D.J. Driebe, Phys. Rev. E 50 (1994) 1781. 

[11] S. Tasaki, A. Hakmi and 1. Antoniou, to appear. 

[12] M. Pollicott, Invent. Math.81 (1985) 413; Invent. Math.85 (1986) 147. 

-41-



[13] D. Ruelle, Phys. Rev. Lett.56 (1986) 405;J. Stat. Phys. 44 (1986) 281. 

[14] 1. Prigogine, Non-equilibrium statistical mechanics, Wiley, New York, 1962. 

[15] 1. Prigogine, C. George, F. Renin and L. Rosenfeld, Chemica Scripta 4 (1973) 5 . 

[16] T. Petrosky and 1. Prigogine, Proc. Natl. Acad. Sci. USA 90 (1993) 9393. 

[17] 1. Prigogine, Vistas in Astronomy 37 (1993) 7 j3 J:. V'5 IJtt$(.JRo 

[18] 1. Prigogine, r}\ 1) T 1 J 10 (1995) No.1 p.6; No.2 p.32 j3 J:. V'5IfflJtl¥Ro 

[19] G. de Rham, Rend. Sem. Mat. Torin016 (1957) 101. 

[20] M. Rata and M. Yamaguti, Japan J. Appl. Math. 1 (1984) 183. 

[21] M. Rata, in Patterns and Waves eds. T. Nishida, M. Mimura and R. Fujii, Studies 

in mathematics and its Application, Kinokuniya & Northholland, 1986, p.259. 

[22] E. Hewitt and K. Stromberg, Real and Abstract Analysis, Springer-Verlag, New York, 

1975. 

[23] P. Bllingsley, Ergodic Theory and Information, Wiley, New York, 1965. 

[24] S. Tasaki, 1. Antoniou and Z. Suchanecki, Chaos, Solitons and Fractals 4 (1994) 227. 

[25] D. Ornstein, Science243 (1989) 182. 

[26] T. Takagi, Proc. of Physico-Mathematical Society of Japan, ser.II, 1 (1903) 176. 

[27] J.-P. Eckmann and D. Ruelle, Rev. Mod. Phys. 57 (1985) 617. 

[28] Y. Oono and Y. Takahashi, Prog. Theor. Phys. 63 (1980) 1804; 

Y. Ta.ka1tashi and Y. Oono, Prog. Theor. Phys. 71 (1984) 851. 

[29] S. Tasaki, Z. Suchanecki and 1. Antoniou, Phys. Lett.A179 (1993) 103. 

[30] Ya. G. Sinai, Introduction to Ergodic Theory, Princeton Univ. Press, Princeton, 1972. 

[31] S. Tasaki and P. Gaspard, TowaryJs the Harnessing of Chaos, Ed. M. Yamaguti, 

Elsevier, Amsterdam, 1994, p.273. 

[32] S. Tasaki and P. Gaspard, "Fick's Law and Fractality of Nonequilibrium Stationary 

States in a Reversible Multibaker Map", 1995, submitted to J. Stat. Phys .. 

[33] S. Tasaki, "Spectral Properties of the Frobenius-PerIOn Operator of the Multi­

baker Transformation", Proc. of International Conference on Dynamical Systems 

and Chaos, ed. K. Shiraiwa et al., May, 1994, Tokyo. 

-42-



*~*~~fmH~rI}f~;j4 
1'& ;fii1J II~ - ~~ 
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ilit WJJ, ~; Iz 1~ 6» --C §; tJfUel :m ;gUe -:J I. \ T 7c 0) B~ r8~ §E ~ CO ac iz!S ;0, P] 1i~ --C 65 V), 7c ~'1 Mz !e, @ glJ CO 

70 0) ~¥- L I. \ iqi1tn 0) :ft:@ ~ ~ ~ -'=j-:z 15 ~ ~': 8'] tel ~ ~ f~ ai%i 0) t~ ~~ ;0' ~ ai'i 2: ~'115 -15, {If] glJ 0) 70 0) 

iqi1tfr !i tB * --C b, 7c CO ¥1JR 2: ~ m - <J 15 -m~§i%i 0) t]¥J* !i tel ;O~ tel ;O~ WIt L I. \ 0) ;O,:mtk --C 65 15 . 
o -r , 7c CO [IJ T' b ill!)!g ~ ,~~') h 15 tlH~ W;;% ~ *i':l1r L 15 . 
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IE ~ 1. f!K. 0) 5 -:J t, 0) ;6'-9-;t 0 ~lJ: c L J: -] . 

~ ~JHj~ €I A (17IJ;t If', A = {O, I} , t:.. t!. L , 0, 1 li:j'j[ ~ 0) ,fill ~JL 
65 >5 \, \ Ii, -f: 0) ~ Jm ) , 

*~~ L ({7IJ;t I;f, 1 f!K.7I;*~-J- L = ~ = ~~ 0)3'::{*) , 

X = ALi t:.. Ii, -f: 0) '$\)J- *' €I 
( -:J i ~, L J:. 0) :j'li -J- IDjC lli[ x = (x 1) , :&:fit ~ Bile A 0) 7I; X 1 ~ 

£j-;t t:.. t, 0), 0)3'::{*~ X c ® <. ) 
L O)~~R'$\)J-*€I A 

({7rJ;tl;f, L=~cLT, A= (-I, 0, I}) 

A J:. 0) m ~ @ciIIT: 0) ~ Ie: J:. ~ ~ i ~, A Ie: {[I[ ~ c >5 ~{~ f 

( 10J ;t If', A = {- 1, 0, I} , f = f (x - I, X 0, X I) ) 

X II' 0 -f: ~1, § J,f" 0) ~ {~r Ii, r x 0) m i @Ii 1~ If;' f!K. 0) J:. -] Ie: tR.: i -3 c ~, *~ ~ L J:. 0) -e )1/ 11 
~* 'C' 65 -3 c \, \ -] . 

( i ~ L) 

f!K. 0) 171J Ii, {i; Rk 01 11'# ~ t, ;is ~... :t - r ? I, /' c L T {J, )J ~ '* c L T {), FD~ JH! B fi~ Ie J:. --::> 

t:.. L C Ii -t « T 'fIJ -J T \, \ >5 t, 0) 'C' 65 -3 0 

WIJl. A=~/2~= {O, I} (0+0=1+1=0,1+0=0+1=1), L=~, 

A= {-I, 0, I}, f (X-I, xo, Xl) =X-I+XI, -:Ji~, 

(rx) I=XI+I+X1-I 

171J ;t It', x;6, X 1 = 0 (x * 0) , x 0 = 1 0) c ~, r ~ ~ ~ J!Z L flO ffl 2-" -Ii T \, \ < c, f!K. 0) 

~ - :; 0) 1ZJ 1 0) J:. -] Ie:, 1 -:J 0) riC :/ - /' ;6, Jf5 JJX 2-" ~1, >5 • 

J:. 0) -e )1/ 11 ~': '* r Ie: J:. >5 O'tf FI3~ % F& Ii , L ~1, ~ £ 1js: J -Ii :/ - /' C L T , 1;6, ~JP. 0 Ie ;is >5 ~ €I Ie:. 
Ii , £ 1js: J -Ii :/ - /' ;6'1[1 ~ -9- >5 C, *1~11i flO ffl ;6,!±: f' >5 t, 0) C Wi~ fR -t >5 L c ;6, 'C' ~ >5 (1ZJ 2 ~ wen 

i t:.., y;6, EJ- 7t- 0 n >5 C, Y = -r X ~ i[1f,J t:.. -t x Ii, x 0, X I 0) {U[ ~ 1* 6":dl, It' , 
Xlt-I=YI-Xl-I (i >1), X1-I=Yl-Xl+I (i <0) 

IE i >5. Em i:J, r Ii 4 x11 0) J:. " 0) £f-{~ 'C' ;is >5 • 

X = . 101 101 101 101 1 0 

O)~€I Ii, 

rx=· 10110110110110 ·=x 

c 1J ~, X Ii r Ie: I1)'J L T ~ !TV) 12, -C 65 It) , - m~ Ie: , ]5J WI p ;6, EJ-;t 0 n t:.. C ~, p JgjJ ,HJl J~ X ~ R 
ill -t L C, p J;J ~Jl 12, 0) @ ~ ~ ~ ;t _t If' >5 L c 1S. E t, 2-" I~ c' ~t L \, \ L C 'C' Ii 1J \, \ . 
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~ 1. ~:t/'(' Y' - / 
X = . . 000 0 0 0 0 0 0 001 000 0 000 000 0 

r x = - 000 0 0 0 000 0 1 0 1 000 000 000 0 
r Zx =. 000 000 000 100 0 1 0 0 000 000 0 
r 3 X = - 000 000 001 0 1 0 1 0 1 0 000 000 0 
r 4X = - 0 0 00 000 1 0 0 0 0 0 0 0 1 000 000 0 
r 5 X =. 000 000 101 000 0 0 1 0 100 000 0 
r 6 X =. 000 001 000 100 0 1 0 0 0 1 0 000 0 
r 7 X = - 000 0 1 0 101 0 1 0 1 0 1 0 101 000 0 
r BX =. 000 1 0 0 0 0 0 0 0 0 0 0 0 0 000 100 0 
r 9 X = - 001 0 1 0 000 000 0 0 0 0 001 0 1 0 0 

r lOX = - 0 1 000 1 000 000 000 0 0 1 000 1 0 
( L il., ~ 7.. J;- - )v L [l[ T C, Js -:5 7 '7 .IJ Y' )v *€r ;6:q~ G il., -:5. ) 

f'X. (J) WI] Ii, Ii c Iv C' §! AJI 1J 171] T Js -:5 . 
WI] 2 . A = {O, I} , L = &!; , A = {- 1, 0, I} , 

f (X-I, XO, Xl) = 1 
o 

(X-IX o x I =111) 
( :c- GT) fiB) 

rnx--..- - -00000000··--

c 1J V) ~ L (J) trlg ~lJHi ~ f!.\ ~ 1fVJ g T Js ~ . {) L, 0;6~ 1 -:) <b 1J If n I~f, -:) iV), 

x=- -·11111111- ---

1J G Ii', r X = X c 1J -:5 . 
c < Ie:, J5J Wi J,-I~Ui 2 @ GT) ~]!l-}J ,'2, GT) ~ c Js -:5 . 

191J 7L. 1;1', 

X=- 1 1 1 1 1 1 101 1 1 1 1 1 1 

rx=' III 1 1 1 000 1 1 1 1 1 0 
o 1 1 1 1 1 1 1 
001 1 1 1 1 1 

r 2 X = . III 1 1 0 000 0 1 1 1 00000 1 1 III 
r 3 X = - I 1 1 1 o 0 000 0 0 1 o 0 0 0 000 1 1 1 1 
r 4 X = . 1 1 1 000 000 000 o 0 0 0 000 0 1 1 1 
r 5 X = . 1 1 o 000 000 000 000 0 000 0 0 1 1 

L GT) 171Hi § D)FJ <b GT) c 215 -:5 ;6~, r Ie: J: -:5 {~ ;6~ J11!'l f'X. ff@ / J\ L -C 1. \ < <b GT) c, 'IlJ:@ if: (J) DC 7E:l: c :75-
7L. -:5 L c ;6' !±\:* -:5. i t::, :illi ~lfG BcJJ Fo~ 1] "F= if: c L T Ii, f'X. GT) jWi £15 l¥ A GT) f1~ GT) ?t g:1J ~:iID;;tEt ~ -tt 
-:5 <bGT)T215~. 

dx/dt=l-x 
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· ......... 1 .... ' ........... 1 .................... 1 .......... 1 . 

......... 1.1. ............ 1.1. ................. 1.1. ....... 1.1 

........ 1. .. 1. .......... 1. .. 1. ............... 1. .. 1. ..... 1. .. 

· ...... 1. 1. 1. 1. ........ 1. 1. 1. 1. ............. 1. 1. 1. 1. ... 1. .. . 

...... 1. ...... 1. ...... 1. ...... 1. ........... 1. ...... 1..1.1. .. 

..... 1.1. .... 1. 1. .... 1. 1. .... 1.1. ......... 1. 1. .... 1. 11. .. 1. . 

.... 1. .. 1. .. 1. .. 1. .. 1. .. 1. .. 1. .. 1. ....... 1. .. 1. .. 1. .111.1.1. 

... 1.1.1.1. 1.1. 1. 1.1. 1. 1.1. 1. 1.1. 1. ..... 1.1. 1. 1.1. 111.1. ... . 

.. 1. .............................. 1. ... 1. ......... 1.1..1. .. . 

. 1.1. ............................ 1.1..1.1. ....... 1. .. 11.1. .. 

1. .. 1. .......................... 1. .. 11. .. 1. ..... 1.1.111..1. . 

. 1.1.1. ........................ 1.1.1111.1.1. ... 1. ... 1.111.1. 

· ..... 1. ...................... 1. ... 1. . 1. ... 1. . 1. 1. . 1. . 1. 1. . 1 

..... 1.1. .................... 1.1. .1.11.1. .1.11 ... 11.11. .. 11. 

1. .. 1. .. 1. .................. 1. .. 11..11. .11..111.111. 111. 111. 

.1. 1. 1.1. 1. ................ 1. 1.11111111111111. 1.1. 1.1.1. 1..1 

1. ........ 1. .............. 1. ... 1 ............ 1. ........... 111 

.1. ...... 1. 1. ............ 1. 1. . 1. 1. ......... 1. 1. ......... 11. . 

.. 1. .... 1. .. 1. .......... 1. .. 11. .. 1. ....... 1. .. 1. ....... 1111. 

.1. 1. .. 1.1. 1.1. ........ 1.1. 1111. 1.1. ..... 1. 1.1.1. ..... 11. .. . 

... . 1.1. ...... 1. ...... 1. ... 1..1. ... 1. ... 1. ...... 1. ... 1111. .. 

... 1. .. 1. .... 1.1. .... 1.1. .1.11.1. .1.1. .1.1. .... 1.1. .11. .11. . 

.. 1.1. 1.1. .. 1. .. 1. .. 1. .. 11. .11..11. .. 11. .. 1. .. 1. .. 111111111. 

.1. ...... 1.1.1.1.1.1.1.111111111111.1111.1.1.1.1.11. ...... 1. 

1. 1. .... 1. ............. 1. ......... 1. 1..1. ........ 111 ..... 1. 1 

.1. 1. .. 1.1. ........... 1. 1. ....... 1. .. 11.1. ...... 11.11. .. 1. 1. 

.... 1.1. .. 1. ......... 1. .. 1. ..... 1.1. 111..1. .... 111.111. 1. .. . 

... 1. .. 1.1.1. ....... 1.1.1.1. ... 1. ... 1.111.1. .. 11.1.1.1. .1.1. 

1. 1.1. 1. .... 1. ..... 1. ...... 1..1.1..1..1.1. .1.111. ..... 11. .. . 

....... 1. .. 1.1. ... 1.1. .... 1.11. .. 11.11. .. 11. .1.11. ... 1111. .. 

...... 1. 1.1. .. 1..1. .. 1. .. 1. .111. 111.111.11111..111..11..11. 1 

..... 1. .... 1.1.11.1.1.1.1.111.1. 1.1.1.1.1. .. 1111.111111111. . 

.... 1. 1. .. 1. ... 11 ......... 1.1. ........... 1.11..1. 1. ...... 11. 

-46-



-t< }v )] '¥ ~ ~ IE ~ L t= ± {* ~ Jffit ~ \ j~ L 7c -) . 
~ ~l1l *= i'r A (WIJ;z 1:1', A = {O, I} , Jd T c Ii , 7}v 7 7 ~ ';l t- c ffF ~<t 0) , 

r~~ L (17IJ;z Ii', L = ~ = ~~ O)-iE:NS:) , 

A L ( -:J i It) ~ L ~ IV m ~ @~ M[ x = (x [) , ~ f~ =F ,~, i Ie A 0) 

:TC x [~£:3-;t t= if:, 0) ) 

L Ii r~ .::fe. C J5 0 -jp G, -c- 0) ~ Ie Ii SjZ iT ~ 1JfJ.)i7~ J5 0. 171j;;U~r, L = ~ tJ. G Ii', 7c 0) SjZ iT}~ itil Ii 
(XO)~}~ a -jp G 1:m<: 2: ~1, 0. a li:iiH'W;, (tL)"/ 7 t- c 1I~1i'~1, 0. 

( 171J ;z 1:1', 
x =. 0 0 1 0 1 0 1 0 0 0 0 1 1 1 0 1 1 1 0 

tJ. G 1;1', 

ax=·· ·0010101000011101110· ) 

"/ 7 t- a Ii A L ~ 0) }] '¥ 70 c ::?S- ;z 0 L c 1J~ t±\ * 0. i t= , A L 0) I~~ $ 53' * i'r X 1J~ "/ 7 I, /f ~, 
-:J i It) , 

aX=X 

~ ir.lll t= cj- tJ. G 1:1', a ~ X ~ Ie $IJ ~l1l L t= ,gf) 53' )] "='f: '* (X, a) ~::?S-;z 0 L C if:, c ~ 0. LnG 
~ t.iHf.f\ L L, ~e -i.}}] '¥ ~ ~ J5 0 ~ \ Ii ~ ~~1 Ie ~ "/ 7 I, C ~ \ -J. L n le)(j L L, X = ALe J5 0 
L C ~ AJj jf, L t= ~ \ C ~ Ii, 7}v"/ 7 t- (f u 11 s h i f t ) C \, \ -J L C Ie. -t 0 . 

Jd -F T' Ii , L = ~ 0) J~ i'r 0) ,lp ~ ~ ;z 0 . 

01' A '* tJ. C', gjH128f~ Ie. fzafUl: =t~ 0:f$ ~\ ~ H, -tt 0 iWj53' P]H!g)]~f:,* (M, h) Ii, -t« L, 

~e -i.}}] "]t 70 Ie. J: -:> L * m c ~ 0 L C iJ~;;o G ~1, L ~ \ 0. ~ I~Ue. }] "]t '* (M, h) ~ fq~ 1fT ~~- 0 ~Jf­

Ie. Ii, j@ -IJJ tJ. ~e -i.}}] "J: '* (X, a) C £f- {~r : X -;> M T: , r a = h a ~ i~1J t= -t if:, 0) ~ ~ H, , 
iWJ m<: -t 0 L C Ie. J: It), 7c 0) WHfr ~ J: IJ ~JI lcjHJ. Be -~ }] "]t '* 0) fgqq:JT Ie. 1m-~ 2: -tt 0 0) 1J~ 'm' ~ + $)t c 
J5 ~. 

IE % 2 . 6'2 -~}] '¥ 70 (X, a) 1J)?}v:=J 7 "/ 7 I', J5 0 ~ \ Ii, ~ ~l1l ~ "/ 7 I, c J5 ~ c Ii, 
J5 0 1F-g'EH.tz pc, @J1'IA 0+ I O)$53'W:i'rw Ie. J: -:> L, 

X = X (W) 

:= {x= (x[) : (x[, X[+I, ••• , x[!o)E; W) 

c ~ 2: ~1, 0 L C ~ ~ \ ~ \, W ~ 7c 0) i'0f;iii* i'r c ~ \ -J . 
c < Ie., p = 1 O)?}v:=J 7 "/ 7 t- Ii l$1 *~ ? }v :=J 7 "/ 7 t- c ~ \ -J . 

171J 3 . X = {x = (x [) : x [x [+ I = 0 0, 0 1, 1 O} 
0) c ~ , ( X, a) Ii 1 1 1J~m ~1, tJ. ~ \ c ~ \ -) ~ $IH~ Ie. ill -) ? }v :=J 7 "/ 7 t- c J5 0 . 

-fq~ Ie., ?}v:=J 7 "/ 7 t- Ie. iH \ L, p > 1 0) c ~ Ie. Ii, :Ik 2: p 0) $ ~-,l'i ~ 7 }v 7 7 .r.:: ';l t- c 
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5E, T" ---:) tv), A D ~ i!lz ih T A C 7i 3L ~ L C ~L. J: V), -9 « T 0) ? )v :=J 7 -/ 7 I, ~i p = 1 0) ±$} 

~ ~ L.1TIH~· 2: ;j1, ~ • 

[0]1'* 0):7JS- 3L ~L. J: -:> T, -t:)v JJ~j: * 0) FoJ pJT~{~ f ~IE 6"..:> ~ ~~ ~L. m \, \ t:. *~ A ~i, J?~;0::: iJs n 
~t', 1 }2,*~, iJs ~ \, \ ~i, 2 ;2,*~ ~L.IfX: V) [1[51- L C ;0:\ I±\ * ~. 

L 0) J: -) tJ ~~Ej lcjHJ t~ ~ ~L.1m-~ 2: ·tt T:B < c" 0 -r 0) J: -) ~L." " tY! J[ i'!';J" tJ If x: }& \, \ ;0:> iClJ ff~ ~L. 
tJ ~. 

t 51"', l:!3-*rIi.?}v:=J 7 / 7 I, (X, CJ) ~i, 7)v 7 7.r.:: ';J I, A ~m;2,*~, *$\':@,*~W~:i2l * ~ c -9 ~ ff rDJ ~l "7 7 c x1 ES 51- ~. t t:., L 0) )f "7 7 0) I(~ }§Hr 70 M c x1 ES 2: tt ~ L c <b c 2-
~. 

171J 3. ( k~~ 2- ) A = {O, I} , W = {O 0, 0 1, 1 O} J: V)" )f"7 7 c 7c 0) ~aH~ fT 
71J M ~i ()( .r-.:: - ~ 0) J: -) ~L. tJ ~ . ( M 0) ~;4t 1 ~i ~ He L T \, \ ~ L C, 0 ~i I(~ 1:2.( L tJ \, \ L C ~ $ 
51- . ) 

o 1 

Q.~. 
O~l 

L 0) J: -) ~L. n ~ c C 2- , x 0) :JG x = (x I) ~i L 0) /j" "7 7 0) L 0) , 1m IlR 0) ft 2: 0) ill ~L. x1 ES -9 
~. 

tJ :B, fT ?lIJ M ~ ~ *,n ? )v :=J 7 / 7 I, (X, CJ) 0) i'NJ:@ fT 70 c <b \, \ -) . 

2: T, *lm O)*ml ~L.A 6 -). 
- m~ ~L. , X;0> i; 7c ;11, El g,r (t t:. Ii, 53Jj 0) / 7 I') ,,0) 'EJ- {~ T ~i, 

T (CJx) =CJ (TX) 

()( 0) IE Ht! 0) ± ~l~di ~C!: yH1: ;0:> iJs ~ ;0:>, N UYHi ffiI:r~ ~ FI3' 0) IlL ttl C T 0) :iMH% tic 0) IE ~;0> i; ill[ 1:) ~L. 

'fJj ~ Lee iJs ~ . 

IEI'I:J 1. (lIed 1 und) ~2 -0 JJ '$:% ~L. :B \, \ T , /7 I, C P]j& tJ :i!I'U1G13={~ T Ii -t: )v JJ '$'* C iJs 

~. j1i<bLEL\'\. 

C < ~L., /7 f- O)rl3'O)[o]ID~{~Ii£~MtJ-t:)vJJ'$:%ciJs~. 

N BJI. :i2! ~i , FoJ pJr 'EJ- {~ f ~L. J: ~ -t: )v 1J '$ '* 0) IE :'& 
(T x) 1= f (x I+J, j EA) 

7c 0) <b 0) ;0:> / 7 f- C -pJ t~ tJ L C ~ I* ~il= L T \, \ ~ . 

2: T, T;0::: ;@;t~~ {~O) C 2-, 7)v 7 7 .r.:: ';J I, a ~L. x1 L T, * ~ 
{x= (XI) : xo=a} 

0) T ~L. J: ~ :i2! {~ ~::iS- 3L ~ C" L 0) * ~ ;0:> F7~ * i'r , ;0> ---:) , m * i'n: iJs ~ ;0> i;, :i2! {~ <b F7~ ;0> ---:) 11~J 
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c 65 0. C L is -c, U[ 1E-HlL t§ ~ rl3~ V') ill t§ V') :@ ~ !e: J: v), Frr~ b~ -:J I1q c 65 0 * 1~di , 65 0 1'1 ~N @ 

Q) ~ ~ J,~ -c V') '~Jlf 'l'R t:: U- c tk: i 0 * €I -c 65 0. J: -:0 C, 7c V') 1'1 IlN @ V') r~ ~ g V') * €I ~ A C -9- ~1, 

!;f, 
(r x) 0= f (xJ, j sA) 

C ts. 0. 
C LiSe, r ~i :/ 7 I, C Il] j-~ c 65 -:0 t~ b~ G , 

(rx) I = ((Jl rx ) 0 

=(r(Jlx)o 

= f ( ((J IX) J, jE;. A) 

=f (XI+J, jEA) 

1 9 6 0 fF {-~ V') L V') IE f1lHi , li2 -s 1J ~ ~ Q) FI3~ V') /OJ ~ V') 4~?1 11 !f C \" -J !J [OJ t't V') <b C !e: f~ G 

~1,t~<bV')C650. /DJ~rD~iJ!l'!!i O'~1~) ~"¥=C Lcii£*B1tS.rD~iJ!l'!c650b~G, l-:JV')£lHf~ 

lf51r<: L c ;Jo V), L V') 15 [OJ c V') X iflR ii t§ ~ ~ ie: 1: 0. L b~ L, 7c ~1, ~ *B fr T 0 L C ii * 'l'U -& V') 

EI 81 c ii ts. \, , V') C /§j'!IliS -9- 0. t~ t:!. , 7c V') cj::J b~ G 1:. i n t~ 'J 7 ~ ''/ J; ~ V') ~ ~ ii § 1,<\ ts. <b V') c 
65 V), .12FT c <b ffl 1" 0 L C ie: ts. ;;; 0) c, *B fr L J: -J . 

IE ~ 3 . 1i2~- )] '¥ ~ (Y, (J) b" 65 0 ? )v J 7 :/ 7 r (X, (J) V') , 65;;; ~ )V 1J ~ ~ r 
!e: J: 0 {~ !e: ts. -:0 c 1" ;;; C ~, --:J iV), 

Y=rX 

C~2:~1,0C~, f,2-s1J~:%: (Y, (J) ii'J7~ ,,/J; (sophie) C650CI"\,,, (X, (J) 

~ (Y, (J) V') " ?)v J 7 fm tt2 C \" -J . 

'/ 7 -1 ''/ J; ~ (Y, (J) ie: to \, , c ii, 1: c it 2 L t~ L C b~ G, ?}v J 7 fm ZIT (X, (J) ~ 

~:3. *,~ ? )V J 7 :/ 7 r V') ~ [J>' , ~}v 1J ~ ~ V') FoJ Pfr ~ i~ ~ :@ ~& T 0 mil 1m A ~ 2 }#ij~ €I ie: tfj( 0 L C 
b'. C ~ 0. 7c V') 1: c (X, (J) ~ 1'1 [OJ If '7 7 c :f<. ~ L c ;Jo < c, ~}v 1J ~ ~ V') FoJ pJT ~ 1~ f ii 
J;" '7 7 V') 1'3- ill. !C. Y V') 7 }V 7 }' «''/ I, Q):.TC ~ x1lli ~ t1:- 0 ~ {~ C ts. 0. 7c V') :.TC ii ~ ill. !e: 13- ;t t~ '7 

« }v C ~ 7<- 0 Lebo; tB *= 0. flIJ t:" 'J 7 ~ ''/ J; ~ (Y, (J) Ii, '7«}v ft ~ 1'1 iDJ J;" '7 7 !e: xi 
lli ~ -Ii 0 L C ;00; tB *= 0 . 

191J 4. 191J 3 V') Q:3- *,n ? }V J 7 :/ 7 I, (X, CJ) ~ c V), 7c V') f '7 7 cill.o 1, 1 0 Ie: '7 « 
}V a ~, ill. 0 0 !e: '7 «}V b ~ f1 U- ;;; . 

a 

bO~O; 
a 

L n !e: x1 J;G T ;;; 'J 7 ~ ''/ Ij :%: ~ (Y, (J) c -9 0 C, L V') Ij" '7 7 c ii, 0 b~ G 1 !L:. 11- < C f'A 
ii £, 'f 0 !e: ~ 0 b~ G, Y V') :.TC Y ii f'A Q) 'tE111 (*) Ie: J: -:0 c ¥H~x -:)' !t G ~1, 0 . 

(*) YI=b, YI+l=·" "=YI+J=a, YI+J+l=b 

ts. G i;1', j ii 1rlJ'; ~ c 65 0 . 
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C L. 6 T, ~ 0) (*) 0) J: -5 ts fBIJ ¥J ~ {Lj: !i , j if; ~ \ < G T b * ~ < ts l) {E}. Ib ip G, - IE 0) 

:!Sf: 2: p t.:: !t 0) *I'r~. }2, .:3:: f!& atlJ cj ~ L. c T !i *Ij Ii T ~ ts ~ \ 0 J: -") T, {7"IJ 4 T {~ G ~1., t::. '/ 7 -1 ';I ~ 

~ (Y, (]") !i?)v:=J 7 / 7 I, T !i:t=f l) {~ts ~ \ 0 I!I] -;, ') 7 -1 ';I ~ !i ? )v:=J 7 J: l) ~ !e. 11: ~ \ 
~-7::;ZTcJs~o 

~~}i: i¥J ts ~:tt~~;0' G !i, 'j 7 -1 ';I ~ ~ 0) IE 10. .:3:: ~ 0) IiIFI:He. J: l), .'c['-. 15$.:3:: HJ ~ \ t::. IE ~ ,e. § ~ \ 

}~ jL -is :1J;0:\ H i ~1., T ~ \ -is • 

Iif:fl:l2o (EoM.Coven and M.E.Paul, Israel J. Math. 20-2(1975» 7)v77"'""';1 i'AJ::. 

0) ~2 -S )J '¥ ~ (Y, (]") ;0:\ '/ 7 -1 ';I ~ -c cJs Ib L. c c, ~ 0) L. c !i I~J {ilii T cJs Ib 0 

cJs Ib 1'.1 ~R -=1£15$ s c -7c 0) ~mut:: A (J2CF, 7)v 7 7 "'"" ';I r C 1DJ--:j<J[ cj Ib) !e. J: -") T, ~ 0) 

J: -5 ,e.::&3Jl T ~ Ib 0 

( ~ ) Y = {Y = (y i) ::§r i c j :;:>; 0 !e. x1 L T, 

YiYil-l"·" Yi+JeFO} 

!E~ 3 ' 

i±:h.t 0 L. 0) IE rm 2 !i M! * iY-J ts ]f:; T:izlS "'"" T ~ \ Ib -j;:\, ~ Il* !i, xi J;E; -]- Ib -7 "'"" )v f;J ~ :t=f roJ ~" -7 7 

;0, G, 0 c 1 .:3:: ~ ~ c -~- Ib iT JIJ;0' G ts Ib -=1£ Tl'f ,e. J: l) S .:3:: 1m $; -9- Ib (i t::., t~J me; L [l[ cj ) L. C 
;0:\ I±\ =* , O!i ~ iT?iIj c ts Ib 0 L. 0) I~ 0) iT ?iI] 0) *~ !i , { 0, I} ~ 7" - )v 1-~ ~ C :%5- JL T IE 19) Ib 0 

{:91J 4 0 (K~'~ ~ ) {0J 4 0) ') 7 -1 ';I ~ ~ (Y, (]") T!i, -'C 0) -7 "'"" )v {~t ~ 1'.1 [0] ~" -7 7 .:3:: 1J5G Iv 

-c, 7" - )v{i; ~ {O, I} ~ 0) 2 ~ if 15 iT?iIj M u, M b ~ 

,e. J: l) IE 19) Ib c, L. ~1., G;0' G:*$ ,e.IM! L T ~JJJ<: 2: ~1., Ib '¥Tl'f;0:':, J::. O)lEffst 2' 0) ~{4 (~) .:3:: 
i[1f.J t::. -9- -'¥- m S T Js -is 0 

~I~, ~~,e.*IjIb J: -5 !e., n = 0, 1, 2, " " " 0) c~, 

MbMu 2n -t-lMb= 0 

MbMu 2n Mb=MbeF 0 

;0:\)~ l) JL -") T ~ \ Ib 0 L. n !i ~:izlS 0) Y ,e. x1-9- Ib mIHs ~ {Lj: (*) .:3:: -'¥-llt S 0) -~,; il'i T § ~ \ ~ ,It t::. b 
O)TcJslbo 

M ~ - :; 0) IE l'fl 2 ,e. J: l), -'¥-m S 0) m Jj'l.::& ;0:\ l3-.:Z G ~1., ~1., !i' , ') 7 -1 ';I ~ ~ (Y, (]") lJ'>. 1 

---:J IE i Ib L. c ,e. ts Ib ;0'>., 9!kfJ:Js lJ'>. G, - mt 0) t~ i"r ,e. L. ~1., .:3:: ::(;( 5'<7J ,e. fIJ m L t::. TJtf ~ 'i i tf #!g \ J: 
-5 TcJs Ibo 
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<L' L ;:" ff :~Ut:;iZ1i«, {7IJ jf- L t:.: iWlr<;r! -c Q) <b ~:Ht: ~1]51Ur\ 65 i), @531J It: 1']- ,;;(,Jd1, t:.: '/ 7 -1 ';/ 

Jy * i: f~ij: tfT ~J- 6 I~ It: Ii, '7«)1/ f;J ~ 1~ [OJ Jy" '7 7 i: t~i ~ '\ T, -c L 7P G c8- '7 « JI/ It: xi );0 cj- 6 1T JIJ 
i: IE 6), £, 'lE tJ ~-I-J,;jL i: ~ 1T cj- 6 L C Ie J: -:> T, JJ ~': * Q) ~~] 'I~ iTl, {7IJ 7U';f, }jiiJ Wi ;2. Q) @ R)( -\,J , 

{v:;t§ 01 I. Y I, 0 [::" - , I. Y r 0 [::" - 1&:7;: Q) .:.r: ~ T!{t ~:f-5 iJ:tIJ!3t tJ E i: * (/.J 6 L C 7J' PI ij~ T 65 6 . 
it t:.:, L L T' Ii '7 )1/ ::I 7 *, '/ 7 -1 ';/ Jy * !e XH0 cj- 0 Jy" '7 7 Q) ~3 Q) if}- It: C E (/.J t:.: 7J', -'C ~1, 

.:c' ~1" ;1- - I, '7 I, Y 11±l6WI , 65 6 ~ '\ Ii, lf~ :c~ W~ ~; 6fi:r:F§ 6WI Q) -I~; ilEtJ E !t: Ii: ~ 1~ 71.- 6 L c <b ~ ?,!\,iJJ 

fj~T 3s 6. 

:1J + * Q) i'iJf ~ Q) =t xi ~z Ii , n'fj F13~ §'E ~ Q) <b c T Q) 'liJL:@ Q) t~ 6 }% ~ '\ T 65 6. c < !t:, Bc,Ij FD~ n 7J' 
mli~N!t::7;: ~ < tJ 6 c ~ Q)~[!jJ i::7;:f~Olle J~~cj- 6 L c 7J' =t~ tJ I*J{,\~J~ T 65 6. c < !t:, ~j~ 

*Q):I-~i';-li, 7 I, '7 Jy /j i:ilJ~«6 L c7J':7;:tJJT65 67J', Li1,!t:~:iI"96 L c li!'Xi'fpT:iZfS«6 

L c !t: L T, ~ * 01 tJ mt~: 7J) G MJ C6 J: --S . 

Dc,Ij 1m §'E ~ 7J' Ill!: <b ffJj 11HJ <b Q) Ii, '\'J Ii i), fi'iJ JtlJ!fdL:@: T' 65 6 . 1 ~ Q) JJ + * Q) <b -:J }5] ~JJ ,r2.:£ {* 
Q) ti4':@ !t: x1"9 6 jf- 't~;Ii c L T, !'X Q) <b Q) 7J' 65 6 . 

1E~4. }J+* CM, h) !t:x1LT, hQ)n@]Q)~i):i!RLhnQ)<b~.:.r:[!}J,r2.Q)~i: 

F Cn) =# {x: hnx=x} Cn:::;l) 

Z Ct) =exp (L F Cn) tn/nl 

2 -:J Q) :1J + * C M , h), ( M' , h' ) 7J' It;] ~ T 65 i1, Ii', fi'iJ 1tJI ,r2. Q) FD~ !t: Ii 1 xi 1 x1);f5 7J' 
65 6 7J) G, -Ii' - /j ~ ~ Ii - 3=')( cj- 6. -:J it i), -il - /j I:YiJ~,0ni.:.r:22.1i: T 65 6. 
~ *rn '7 )1/ ::I 7 ::/ 7 I, Q) ~ i';- Ii , "f OJ 19'IJ 5 7J) G 'l"IJ 6 J: --S !t:, 1W:@ 1T JIJ M i: FEJ ~ '\ 6 c -t!' - /j ~ 

~ i: ~[- J1 cj- 6 L C 7J' T ~, !'X Q) J: --S !t: tJ 6 . 

IE Jill 3. ti4' :@ 1T Ji] M ~ <b ~ ~ *iE, '7 )1/ ::I 7 ::/ 7 I, Q) -t!' - /j ~ ~ Ii 
Z (t) = 1/ d e t (I - t M) 

-C£J-71.- Gn6. 
{7IJ 5 . {7IJ 3 Q) '7 )1/ ::I 7 ::/ 7 I, C X, (]') Q) ~ i';- , 7)1/ 7 7 «,;/ I, Ii A = {O, I} , ti4' 

j§: * i';- Ii W = {O 0, 0 1, 1 O} T 65 -:> t:.: 7J) G, x = C Xi) 7J' X It:!m cj- 6 L c Ii, -:J td 

!t: 

XiXill=OO, 01,10 

i: iri]t:.: cj- L C c It;] {nl
[ T eJs 6 . 

it t:.:, X It: ~ "9 6 :X: ~ Jll x = C X f) 7J'; (]' n Q) .:.r: [9])2. T 65 6, ~ it i) , 

(]' n X = X 
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X[+n=X[ 

~ ii1rli t: -g 7 )v 7 7 « 'Y r 0) n @ 0) 51; X 0, X [, X 2 , • • " X n - 1 

C 1 $(1 1 tc:: $(;fJ;G -g 6 . 
l1J ;it tc::, 

F (n) 

z (t) =exp {2: F (n) tn/n} 

=exp {2: tr tnMn/n} 

=exp {tr 2: tnMn/n} 

= e x p {- t r log ( I - t M) 

= 1 / d e t (I - t M) 

= 1/ (1 - t - t 2) 

(J( tc::, {ll tEl ttl .I. Y r P 1::" - ~ ¥¥ A. L J: -5. .:c 0) JE ~ ~ - m~ iYJ tc:: XD« 6 0) ti j]J {il] tJ 0) C: , 62 
-5 )] "F= .* 0) J~ i'r 0) 7}. tc:: JE ~ ~ 13-;it 6 . 

JE~5. 62{}jJ"F=.* (X, CY) tc::Ifln6:fit2:nO)~ii?'i (1'rllRY*)iIJ) O)%,%W~N (n) 
c L T, .:c 0) t,;t!:*Gt 

h (X, CY) = 1 i m n - 11 og N (n) 

{ll tEl trJ .I. Y r P 1::" - tj: {ll tEl IDl ~ 0) <D c T' 0) ~ ~:Ii C: 6s V), )] "F=.* OJ <D -:::J @L:@: 0) ~ tJ~ 2: ~ * 
-g ~ c :7S ;it 6 L C 17:': C: ~6 . 

17IJ 6 . WI] 3 0) ? )v ::J 7 / 7 r (X, CY) 0) t~ -;§- , 

b:'::fit 2: n 0) $ 6?'i C: 6s 6 L c tj:" 
M (x 1, X 2 ) = ... =M (X n - 1 , X n ) = 1 

J: -:J T, 1"J )iIJ M 0) If,!::* IQ] :¥f {U[ ~ A c -g ~1, Ii' , A = (1 +- r 5 ) / 2 ( -;: iii W ) T 6s V) , 
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h ( X, u) = 1 i ill n - 11 og N (n) 

= 1 i ill n - 1 log < M n - 1 l, 1 > 
log A. 

= log (1 + r 5) /2 

IE Hg 4. tftl' :@ 1T ljlJ M ~ <b -::J fcJ3- ~~ '7 )v :J 7 :/ 7 r- 0) {Il tEl t8 I Y I, t:J 1::" - Ii, 1T ljlJ M 0) Illt:* ~ 
~ {[l[ ~ A. C T n I;f, 

h (X, u) log A. 

ff~. J::.0)2 -::JO)JEI~l-HeJ: V), {fLtEl8/;jI Y I, D 1::"-li'-!i'-5'I*J~i,pG~t~2:n{) L C;0~*Jj{). 

~~, 

Z (t) =l/det (I-tM) 

=l/II (l-ta) 

(t:: t!. L, filf II Ii M 0) T -« T CD [i!!] ~ {[Ii a Ie -:J \, \ T.t[>( {). ) 

T Js -:> 1:: iJ' G , 1 / A. Ii Z (t) CD Illt / J\ CD IE CD 1~ T Js {). -:J iV), 

h (X, u) =- log (Z (t) CD:/&:/J\CDIECD1~) 

D (t) = d e t (I - t M) 

h (X, u) = log (D (t) CD Illt / J\ CDLE o:)9,§: ,siJ 

J;U::';0' G, ~2 -s1:J''F=* CD Jj'iJ WlB ~ I '/ r- D \::" - CD~tJ)\Ue ~ t:: -:> T Ii, -ii' - 5' I*J~, Js {) \, \ 
Ii , 7 v F ;J~ )v .1., 1T ljlJ J:~ CD ~t ~ ;0~ ~ ~ C tJ {) L C ;0~ *IJ {). L;0) L, *~ 1~~ ~ "F= C L T <b, 1T ljJj 

MCD-tj-17..";0~:*~\,\C ~Ie, L;j1,GCD11-ljIJJ:\;~::RCb{) L cli-m~Ieli~~TlitJ\'\. LCD~ 

leli, iIYL:@£ (orbit basis) c\'\-5W;~iJ~1'ffflTJs{). cY.Takahashi. Osaka 1. Math. 

(1980)) L;j1, <b -m~ 81 le:iili -« {) c :J:Jj h L \, \ CD T, 19"IJ ~ Ie c E rb {) . 

PJ a' , 171J 3 CD ~ *f~ '7 )v:J 7 :/ 7 I, (X, u) ~ :%5- x. J: -5. L CD c ~, 1m:@ * i'r Ii , 
W= {O 0, 01, 10J 

T: Js V), x: '¥ ?lIJ 1 1 Ii X Ie JJi!,;J1, {) L c Ii tl:L>lUJ \, \ . L t:: ;0~ -:> T, X le:m n {) x: '¥ ljlJ Ii, 0 iJ~ 

:m ;j1, t:: ~ pJT iJ' G:tJ Ie ~c q.t[>( -~ T \, \ < c, (X CD * i'r B Ie J~ ~9 {) 2 -::J CD 7G ~ ;J:fz -« t:: <b CD c tJ {) . 
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B= {a, 01} 

... ·01010010001010···· 

L L T ill ~ tJ L C !i, :iiJ!!<=-, B 0) 7c ~ M} Cf I<=- ;J1z ~ T <b 0) Ii ej- ~ T X I<=- m ~1., {'!i} ~ LeT 65 .i5 . 
L 0) J:. -J tJ t~ i'r , ric ~ )J '']': ~ (X, u) 0) 'WL iit£ ~ B ~ <b J C ~ \ -J . 

tiL jJii b!; B !i - fiJ~ I<=- !i 1'f ~N c !i IlN G tJ ~ \ . i t:.., 1 -:) 0) B !<=- J:. V), X ~ ~ < T L C {)- {q~ !<=­

!i T ~ cf, -'C 0) C ~ !<=- !i, B ~fUi11XFtH~tej-.i5 L C !<=- tJ.i5. 

J:Efifl5 . aC-5jJ~~ (X, u) h~n1t: 1 -:) O)'WLjJiili~ B h' G 1:m<: ~ ~1.,.i5 C ~, -'C 0) 7 V V * 
}v Lx iT :Ylj :c\, !i fX 0) J:. -J I<=- tJ .i5 . 

D (t) = 1 - 2: t 1 (b) 

LLT, ;fD2:a~~hiit£:&BI<=-J~\TIfX:V), 1 (b) !iBO)7cbO)~~i§cLTO)ft~T65.i5.-

fiJ~ I<=-, X hq!}LjJii~ B 1, B 2, • • ., B mh' G 1:m<: ~ ~1.,.i5 J~ i'r!i, -'C n -'C' ~1., 0) n!}LiQ~ 1<=-)[1 £G 
T .i5 7 V V ;J~ }v 1, iT )ilj rt; ~ D] (t) , D 2 ( t), . . ., D m ( t) C T ;11., !t' , 

D (t) =D] (t) Dz (t) ... Dm (t) 

B= {a, 01}, 1 (0) =1,1 (01) =2 

D (t) = 1 - 2: t 1 (b) = 1 - t - t 2 

C ~i-~ ~ n .i5 • 
i t:.., {7il 4 0) ') 7 -1 ''/ 1 ~ (Y, u) 0) J~ i'r !i , '7«}v 1~J ~ 1" '7 7 ~ DJE /i) ;11., !i' , -'C 0) 'WL jJii 

~!i 

B= {aa, b} 

T 65 .i5 L C h~ '¥!J .i5 1J' G, -\='!i V) , 

D (t) = 1 - 2: t 1 (b) = 1 - t - t 2 

T 65 V), C < I<=-, {0l 3, 4 O):l;!% i'r 0) {ll: ttl 8''1.I. y I, 0 1:::" - 'i - ij( L T ~ \ .i5 L C hqolj .i5. J iV), 

h (X, u) =h (Y, u) 

tJ ts, L;1l., 'i {m Yl\ 0) - ij( T 'i tJ <, ') 7 -1 ''/ 1 ~ 1<=-)[1 L T, .I. Y r 0 1:::" -1&! j\ 0) '" }v :=I 7 

fBz W ~ 'W; I<=- :@ .K~ L C h~ ill *= , -'C 0) C ~, .I. Y r 0 1:::" - 'i <b cO)') 7 -1 ''/ 1 ~ 0) b 0) C ~ L ~ \ . 
L ;11., Ii -'C 0) {)ill C tJ -:> T ~ \ .i5 . 
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IEr~ 5 0) 0-:i\; ij:f;:: It \ '" III f~flj T' Js -"6 1J', - R, L t:: c L. IS ~,riB ~~ tJ 0-:i\; T Js -"6. ~ ii, 7c 0) 

illE nA ii fJJ ~ ~lf0 tJ <b 0) T Js V), ae -~ £ CD 7l; ~ illZ '" T i~ G ~1, -"6 }5] ~Jj ?lIJ c, X ie:m ~1, -"6 J5J Wl;2, c 0) 

x1 fC ~ H~ ie iWiJ '" ~1, ii' J: It \. 

lj§.~tJ1J'G, ae-~:1J,,¥=,*CD-ii'-)'IUl~ii~5J£lic LT, 7)v:::1 7 /7 I, ie~NIELT<b, 7\: 
3': T ii tJ It \ . --:J iV), roJ L -ii' - )' f*J ~ ~ <b 'G, TI It \ ie [0] :IlJl T tJ It \ 2 --:J 0) 7 )v :::1 7 / 7 I, -lJ' ff 
:tL:~1--"6. (Sh. Ito and Y.Takahashi, Osaka J.Math(1974») 

itt --:> T, ['OJ :IlJl Fo1 tw 0) ti)f j"E Ie ii, J: V) a¥ L It \ 't~ ~ ~ l'J5J '" -"6 £, ~ iJ' 6s -"6 . 

L 17' L, :JJt Iz 0) iiJL8,!7' G ii, roJ:IlJl 0) Fo1 illl ii, -to)v JJ"¥= '* if;" {~1'-)O ,*" c ~- ;t G ~1, -"6 t~ €I T 

6s --:> T, t£~Jffi '* 0) <b --:J ~ j~ 1W:iii 7c 0) <b 0) 0) fJ}f ~ ie tt --:J tJ 1J' G tJ It \ 0) T, /0' UJa L T, .8 T' T ii 
" {~1'-1' ,*" ~c tJ It \ :l~ €I ~ fbi: -] . 

( Y, a) ~ ') 7 -{ "I 7 '* c L T, -e)v :1J "¥= '* r : Y -'> Y ie J: -"6 {ftc r (Y) 1J' Y 0) ~ ffl\ 53' 

m €I ie tJ <S :l~ €I ii , r ~ nx j~ '* c ~ ;t -"6 L. c iJ' tlHI(: -"6. L. 0) J: -] tJ J;g} €I ii, 
Y, r (Y), r 2 (Y) , r 3 (Y), ••• 

ii! J\ ~ < tJ --:> T fT ~, 7c 0) t~ liN 1J:\' C' CD J: -] tJ fN:iii ~ <b --:J Il'lr' Fo1 tw c tJ -"6. i t::, Y § gr -c tJ 

<, Y 0) $ 53';rt €I Ie -::J It \ T <b IOHlfJJ L. c 1J' Fo9 Jill c tJ -"6 • 

1E:&6. :::1 YF'<7 I'JJ'¥:,* (X, f) ie:lvlt\~c. Xo)~TtJIt\I¥J$53'~€rAiJ'7 r '7 7 

)' T 6s -"6 c ii" (X 0) ~d4 ~ irMJ t:: T A ~ ~ ;/j' IMJ * €I U 1J':@ '" -"6 L. c ~ It \ -] . 

U 0) ~'J § c 1 U 0) {~f (cl U) 17" U ie 2; i ~1" 

A ii f n U, n:;::> 1, 0) o!t:ilTI. $ 53' -c 6s -"6 . 

i t::, ;rt!§ 0) § 2;"1*] {,* Ie IUJ L T tNd\ tJ 7 I, '7 7 )' ~ t~!J\ 7 r '7 7 )' c It \ -] . 

IE ~ 6'. :::1 Y /''1 7 r:1J "¥= '* (X, f) le:lv ~ \ T" X CD '22: T tJ 1, \ I¥J $ 53';rt €I Q 1J', tJO ~ 
1m ~N @ 0) 7 I, '7 7 )' A n 0) o!t:iill $ 53' c L T ~ it -"6 c ~, i~ 7 I, '7 7 )' -c 6s -"6 c It \ -] . 

it::, ;rt€I 0) § 2; IUH,* Ie IUJ L T till3!J\ tJ i~ 7 I, '7 7 )' ~ 1~!J\~ 7 I, '7 7 )' c It \ -] . 

L. ~1, G CD 1m ~ ~ m 1, \ -"6 c, -e)v J] ~j: '* 0) Be] 1'k91J' 1I~ [iN:)( T 0) ~7UR ii, (J;: 0) J: -] ie 53' ~Jt ~ ~1, -"6 . 

(M.iluxley. Ergodic Theory and Dynamical Systems 10(1990») 
IE Jill 6 . 7 )v / 7 r J:: CD -e )v )] ~j: '* r Ie x1 L T, (J;: 0) -] t:j 3 --:J 0) -] t:j 0) It \ 'f n 1J) 1 -::J 1J' 

b;ZrL c)- -"6. t:: tf. L, }1 ii 7 )v /7 r J:: 0) -fiR«)v '/ - 1 i!tIJ& c c)- -"6. 
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u A= A, 

fl( r- n A)=l 

u Q = Q, 

fl ( r -n Q) = 1 it:.. Ii fl (r Q)chain component) = 0 

( 3) ;JFJJD~m€IIN@ Q)t~ 7 r '7 -1 :'7 ;6'{~fr-t 0. L Q) c ~, r Q) chain com­

ponent CI) basin Q){J).IJJXli-t.r-.::T 0 Ie:.~j L \,\. 

L CI) (1) Ii (.r-.::)v;J. - -1 iQIJ JJt Ie:.!*l L T) I~ c Iv c' -t .r-.:: T Q) 12, ;6, IIi 1 -:J Q) 7 r '7 -1 :'7 Ie:.!J& 

\, \ ~ i n T \, \ < c \, \ -J <b Q) c, im ~ J: < j1k -] ~ 51 P] -rJl§; tJ 11 "¥= ~ Q) -1 ~ - /;6-, G <b ~'J 7P V) -'? '9-
\, \. L;6-, L c < Ie:., (3) Ii ~'J 7P V) Ie:. < \, \ ;6-, <b 5;0 ~1, tJ \, \. L ~1, Ii (X Q) J: -] tJ i:k YSU.::: * L T \, \ 

0. 

~ )v 11 "¥= ~ c Ii, / 7 r c JJ] })~ c Js 0 ;6, jljj{ Ie:., " *- ~ tJ" ( ~) 7 r '7 -1 :'7 ;6>I* n -6 t~ g 
Ii, m€ ~ Q)" jj:: ',?; IL.! J\ 2: tJ" t\li 7 I, '7 -1 :'7 Ie:. 51 W'f. L, 7 '7 -1 :'7 )v ts tm:@: ;6, ttP'¥l '9- 0 . 

2: T, L Q) IE Hlni i 1:: + 51 c Ii \, \ ;t -g" , ?)v:=r 7 ~, '/ 7 -1 ';J -1 * '" Q) j1t '* Ii *= illE BJ! c Ii 
iJ;) 0 7J", C V) iJ;) ?L f L n ,e:. J: -J T, n = = c Q) ~:k ySi', ;6, *IJ -J t:.. L c Ie:. L T 7t Ie:. :iii tJ L c Ie:. ~g- n 
I;:f, (X Q) Fo'I'm Ii, r&;@ (j'J tJ ~ g Ie:. :l3 \, \ T , 

Y, r (Y), r2(y), r 3 (y), ... 

;6, E Q) J: -] Ie:. I J\ 2: < tJ -J T iT < ;6-, T' Js 0 . 

L Q) Fo' mUe:.!*l L T, iT * 4= ~ l'i:. Ii 0, T Q) J: -] tJ j1.(:iiI ~ ~ 1)- T \, \ 0 . 
7c Q) I:Jj 9E ,r2, Ii (X Q) ~ ~ c iJ;) 0 . 

IEf.ill7. (T.Namiki) (X, u), (Y, u) ~'/7-1 ';J-1~cLT, ~)vjJ"¥=*r: 

X ~ Y ~ 7t ;t 0 . r Q) ffiiJ pff J=J. {~ f Q):@ U 15 Ii 1 ;@ V) c Ii ts \, \ ;6> , (X Q) t~ lIN Ii , ( Y, u) Q) 

{fkJ: Q) :;r:&1i~~ ¥ v )v{,~IJJ3t fl Ie:. 1*, L T I~ c Iv E -t.r-.:: T Q);2, Y Ie:. xi L T, fffr L, ;6-, -:J, r ~ 

~ '9- Ej PJr J=J. {~ f Q) ~ U 15 Ie:. J: G tJ \, \ . 

t:.. t~ L , :#: f - 1 ( [y ] n) Ii l:IH~ [y ] n = Y 0 Y 1 • • • y n - 1 Q) Po] pff J=J. {Mue:. J: 0 ~ {~ Q) @ 

~ciJ;)V), degree function cn·'1q~r~1,0. 

2: G Ie:., ( Y, u) Q) ~~{J).IJJJt fl iJ'I )v :=r" - V (j'J tJ G I;f, 
fl Ie:.!*l L T I~ c Iv E -t.r-.:: T Q) ;2, y Ie:. xi L T, h (y) = I.E ~ . 

h~. b 1:) 7) Iv" L Q) I.E~ Ii, ~)v 11 "¥= ~ r c (Y, u) Q) /F.¥£1iln~ ~J~' v )v (J).IJJJt fl fiJ Ie:. tk: i 
V), L~1,Ii, :;r:&{WJ&f;J~jJ"¥=* (Y, u, fl) Ie:.x1-t0:;r:.¥£:1itciJ;)0. c < Ie:., fl;6,l-:) 

Q) fl'iHJJillh :i1Lr Q) -;fiR 51 fIJ Q) t~ .g;. , L CI) IE ~ Ii , r ~ '7 '" )Ht ~ -1" '7 7 c;'& 7F L, 171j 4 Q) J: -] 
tSi1:j7IJMn, Mb~~ALT:l3< C, @I1:)Ie:.6-rJ,;?:C~0~CiJ;)0. 
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J: 0) :m h (y ; r) ~<:::)(1 L T, \, \ < --:J 11' 0) ~ ~ tJ. t1 ~ lJ~ m<: V) JL --:J L C lJ~ ~!'Ij -:> T \, \ .0. 7c 0) 

cj:l C' <b, (X 0) 'tg: 1[ 1:1 /G ~ 11£ h (y ; r) 0) :i¥ A O)iI ~ t1 ~ {* iilE ~~- .0 <b 0) C' Js .0 . 

!:Elm 8. (T.Namiki) ex, a) ~'J7~ ·'JIJ'J{;., r~7c0)J:0)'J7~ ''JIJ*,-, Y=r 

( X) C T .6. v ~ (X, a) 0) H:W: 0) /G~:Ui$;f v Jv iWJJJt, fl ~ r ~<::: J: -:> T (Y, a) J: 
~<::: ~:i.1i 2: ~1. .0 /G ~ Hlli ~:f~ ;Y v Jv MIJ OC c T .6 C, MIJ OC ~M i¥J.I. Y r P 1::." - I<:::!*J L T (X 0) L c lJ~ JJj(; V) 

JL --:J. 

e 1) -fa'>t ~<:::, /G~IA 

h (X, a, v) ~h (Y, a, fl) +fh (y r) fl (dy) 

lJ~ m<: V) JL --:J • 
(2) {)L, v, fllJ~ (Bowen O)~I*C') .:¥"'J7"AifiIJoctJ.GI~r, ~A 

h (X, a, v) =h (Y, a, fl) +f h (y; r) fl (d y) 

L L T'I:1, (Bowen (J)~~T'O) .:¥"'J 7"Ai,~IJOCO)!:E~& (R.Bowen, Ergodic 

Theory for Axiom A Diffeomorphisms, Springer, 1973) c7cO)~5flnJ:JI:1'§'mBrj-.0lJ~, iill~~t 

~ P] 1f1~;tJ. « Jv ;7. - -1 L~IJ OC, ? Jv ::::I 7 ifllJ OC *Jd:1 T « T .:¥' ''J 7" A iJl.IJ Ii C' ilS .0 lJ) G, J:::. 0) IE ll:IH:1 (X 

0) J: -J ~<::: ~ Iv C' J: \, \ . 
t::. .~ 0) J§!: \, Hz Jv1J ~j: *'- ~<:::)(1 L T 1:1, (2) 0) ~ A lJ:> 7in<::: ox JL ~9- .0 . 

tJ. :fo, L 0) fi 0) IE 1'£11<::: J: < ilS .0 L C C' ilS .0 lJ:>, (1) 1:1 JJj(; V) JL --:J lJ:> (2) lJ~ JJj(; V) JL t::. tJ. \, \ WIJ 
1:1 ~ 0) C L 7:; J;IJ G ~1. T \, \ tJ. \, \ . ( :10 7c G <, lJ) tJ. V) :(pg i¥J tJ. <b 0) C T;l.P, 2: ~1. .0. ) 

=. f;-J~2 

o ~ , L L C' 1:1 *B 11' C' ~ tJ. lJ) -:> t::., 'j 7 ~ ''J IJ *'- ~<:::)(1 L T - fu~ 81 1<::: m<: V) JL -:J $ ~, :10 J: 0', 

{* 1C1Bl tJ. -c Jv :1J ~ 'J{;. 1<::: m<: V) JL -:J $ ~ 0) cjJ lJ) G, !Jij11J;K l4n \ <b 0) ~ 3 -:J j.g -:> T, ;$: fR * ~ *t- V V) 

t::. \, \. 

'J 7 ~ ''J IJ 'J{;. 0) <b --:J f& --*.I. Y r P 1::." - iNIJ OC 0) fIJf ~ 1:1 ill ~ tJ. <b 0) 0) 1 -:J C' cD .6 . L 0) 17 10J C' 
!UlJj~ tJ. *6 ~ 1:1 (X 0) <b 0) C' cD .0 . 

1 ) 1fI tEl Hr t-J; H/~ tJ. 'j 7 ~ ''J IJ 'J{;. (Y, a) ~<:::)(1 L T 1:1 , [OJ L ilL tEl H/~.I. Y I, P 1::." - ~ <b --:J ill. t§ 

fEt f* Ul tJ. ? Jv ::::I 7 fEz ill (X, a) lJ~ 1C1 tE T .0. i t::., )5J WI;2, lJq]lij 1B C' Js .6 Lee, IE ~ljtJ.1&: 
--*.I. Y I, p 1::." - iWJ IJt lJ~ 8':f:f rj- .0 Lee 1:1loj{ill[ C' cD .6 . ( E. M. Co v e nan d M. E. P a u 1. 10 c . i b 

i d. ) 

6a-s:1J~*,-0){ll.t§[OJ~~<:::!~JLTI:1 ... Krieger t::.·~O)-:@;O)M~lJ~Js.6lJ~, ::::I_7'~ YIJ"O) 
JL~ lJ) G :>~i*1t L t::. <b 0) C L T, (X 0) <b 0) lJ:> ilS .0. 
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2) 513 ~JJ "t '* CT) FI3~ CT) {fL1§ [D]ttUi:ff [IN@ CT) 2 {$ :J - r' CT) -@rm<: T ~Jm T ~ ;;5. (M, N asu. Er g 

odic Theory and Dynamical Systems 6(1986). 265-280) 

E CT) J: -J ts.. -E )V JJ "t '* :0:\ /', ~ )v r Y '* Ie m =3 L, L ~1., Ie Xg L T ~ ~t 1:7 "t :0:\ JJX::rr -9- ;;5 :0,,, C 
< Ie" ;f')v 'Y '7 Y::B<r'H Ie {tt -J :0' i'§ Ie -:J (, \ T CT) {iJf~ lJ,'m:* (~:*:) ~ qJ IL' Ie ~~aT 0 ~1., T (, \ ;;5 . 

;c L -c Ii , 1m r±: B1 {!i~ H ii :0' 5'~ -:) 6s ;;5 :6' :0, ill ~ ts.. 7 7 1 5' - T 6s ;;5 . 

3) ') 7 -{ ';; 1 '* (Y, u) J:, CT) IUl ~ H Ii, }5] ~Jl J#i, u " y = y Ie -:J (, \ T'if; Ie, 
H (x) +H (ux) + ... +H (ukx) (x=r y) 

=H (y) +H (u y) + ... +H (uky) 

:0:\ JJX: ~ rL -:J C ~, 1m $ (1'J {!jH:¥ jili[ T' 6s ;;5 C (, \ -J . 
(tz. C :.tt:f, T. }Jattori and S. Takesue. Physica 19D(1971)) 
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Usually, simple linear threshold elements are adopted as neuron models for the arti­

ficial neurocomputing. Although such simple neuron models have been useful to derive 

some fundamental principles in the artificial neurocomputing , there exists criticism from 

the viewpoint of physiology that real neurons are far more complicated than such over­

simplified models. In fact, the existence of deterministic chaos was confirmed experimen­

tally with squid giant axons and other biological neurons. Moreover, it was also verified 

that nonlinear dynamics producing the nerve chaos can be understood in the framework 

of nerve ODE like the Hodgkin-Huxley equations and the FitzHugh-Nagumo equations. 

These results clearly showed that characteristics of real neurons are not so simple and 

static as linear threshold elements, but more complicated and actually chaotic. 

Even if the deterministic chaos in the real neurons can be well described by the nerve 

ODE, these equations are too complicated to be adopted as constituent elements for large­

scale artificial neural networks. It is a lesson we have learnt from deterministic chaos that 

complicated phenomena can be not rarely explained by simple deterministic dynamics. 

From this motivation, a simple neuron model with chaotic dynamics, which can repro­

duce the nerve chaos qualitatively, wa.s proposed on the basis of physiological properties 

of relative refractoriness and a continuous stimulus-response curve at the axon hillock of 
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the neuron. }luther, the chaotic neuron model is generalized as a fundamental element 

of "chaotic neural networks" to investigate spatio-temporally chaotic neurodynamics and 

its possible functional roles in artificial neurocomputing[l]. The model of chaotic neural 

networks is a natural extension of conventional discrete-time neural network models like 

the McCulloch-Pitts model, the discrete-time Hopfield networks and multi-layer Per­

ceptrons because the model of chaotic neural networks includes the conventional neural 

networks as special cases by adjusting values of its parameters. In other words, we can 

easily introduce chaotic dynamics into the conventional neural networks toward studies 

of computational abilities of deterministic chaos in artificial neural networks. 

The model of chaotic neural networks can produce abundant spatio-temporal dynamics 

through nonlinear interactions among component chaos. For example, the spatio-temporal 

dynamics allows a neural network to move chaotically over constrained but rich fractal 

structure in the phase space without getting stuck at local minima. This ability has 

been applied to dynamical linking of patterns stored with synaptic weights of superposed 

covariance matrixes in associative memory networks and also to dynamical searching for 

approximate solutions of global optima in combinatorial optimization networks. The 

model of chaotic neural networks can be further extended to (1) "transient chaotic neural 

networks" with transient chaotic dynamics which realises a kind of deterministic simulated 

annealing called "chaotic simulated annealing" by controlling the bifurcation structure 

from strange attractors to an equilibrium point[2] and to (2)" asynchronous chaotic neural 

networks" with which analog time intervals between action potentials can be analysed in 

relation to possible coincidence detection of cortical neurons and utilized for temporal 

coding and processing[3,4]. 

Nonlinear spatio-temporal dynamics of networks composed of chaotic elements with 

high potential of computation is an attractive research subject not only as models of 

biological neural networks but also as models for chaotic parallel distributed processing 

which is classified as one of a new generation of artificial analog computing. 
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£Lx.~;t ~IB' 8S ~= ~;t-1* L t':J~i'i"-C cI0 .6 iJ'i ~ ~IS' as ~=Jfj] ?JTas tJ:1§1L f'Fffl ~ ~- ;t t.::f$ji'i"~;t 
*HlEi[5J-1t t t ib ~=~ ISJ BS ~=,JF-;f5Jz7d:}\ :7 ~ :/ iJ'i",:) < G n%lL~Jf~mt.A.. t "':) 7d: iJ'i -::J --C v) < tJ: C~ 
~47d:~~#m~-C3)-602::.0)J:-77d:~*::rb1;t-C~~~*0)*~~IJ-:70)5J-1tttp. 
;ru'di~=J,j"L--C§~j-C~-"Zt.: "isologous diversifictaion" ::rt~mtL--Cv) < 2::. t ~:?5x.-Cv)-6o 
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iJ\.-=f(7)7fJK:t(7)~1U::, ;ChliiE-mr3'J1~ ~ flH ) '3 {;, Ip c' '3 fJ>, (7)rnJ(7)~tl: iJ\.-=ffJ{ EliJ\. ~ ~c~ l '3 
{;, Ipc' '3 fJ> C ~) '3 I.H:iY.> {;, c mJ'Jh{;' 0 lip l~5E~dc~/i:%JVt l, ~1r.l~ ~ )(7)'"ciY.>h!:f, ;C 
h!J:*,*-g.(7)IDfL:tfJ{~~--C'EI E1JntfJ"*~ ~j]~* c l "(tEd, "( l i '3 0 It-:fJe -:> "(FaJ@!:L 

1. ~) Ip t: l "( EI B ~ ~c~T {;, ~ - ~ li~ 1r.l5f.. t-: Ip 0 
2, ElB~c~~- ~!;!:c'(7)l '3 t:~1r.T{;'fJ>0 
3. ~C~(7)~~5E't1!J:, c'(7)l '3 ~IDT~lliT{;,IPo 
~ ~ )/pt:t&5f.. {;, fJ>-CiY.> {;, 0 

~~t:*1iJlJ~--C'!:I:, 7Hi~It1(7) 3 /-)7"L ::'('A t: 1-:>"( b t-: ~ ~ h{;' ~?~~~c, ?*5E~~"J~~?'~~ 
~(7)I*J~"J~~mli c' '3lrob -:>"( ~) {;, Ip, ~I3JJ ~/pt:T {;, 2: c fJ;"b ~ ~ ) "{"iY.> {;, 0 

EI Em~O)fi@;fj~~ft"') R N AiJ\.-=fli c'O)l '3 t: l"( iEiht-:fJ>, !J:3r < O)m~~t: 1-:> "(t&b 
h"( ~ t-:Fo'J@--C'iY.>{;' 0 r:p--C'b Eigen C Shuster ~ t:1-:> "(:t£[I&r~ht-: EI Bm~~10)1r.~1~J60)::,(, 'Y 

t-lJ-:? (1\-1 J'I--tt-1 :?lv) fJ;"~<1ill~h"(P{;, [1]0 )\-1 J'I-+/-1 :?lvtJ:t31[~\t:1r.~lXJi5~ 
MPll iY.> '3 EI B:%~* It-:l~J60)Iv-7"TiY.> {;, 0 ~) -:> t-:k 2: O)lv-7"fJ"~JVt ~ h{;' c, ;Ch ~ ~t: 
ml~Rr6fJ;"7"km~ h{;' 0 ,: 0) 1 '3 ~ EI E:%*,*lv-7"~~~~o) RNA 5:J\.-=fO)*EITO)r:p t:~ ~ )t.:.";C '3 
c P '3 ~~/i1=r~bh "( ~) {;, 0 lip l}\-1 J'I-+/ -1 :? IvO).:c-T'lv!;!:!'-::J.To),~--C'~~~/i3r P 0 

w.; 1 !;!:~-mr3'J1*O)RFi5~t& -:>"( ~) {;, t: b 1mb ~ T'I1fW~- ~ O)~JVtc fL:~C ~) '3 rot~ ~I3JJ~~"J 
t: ~ I) AtLt-:.:c -T'lvfJ" iY.> i I) ~ ~ t-: ~ ~ ~ \,: C 0 * 2 t: --C'~ iY.>fJ" -:> t-:}\ -1 }\--tt -1 ? IvO)1WJ~1~5E't10)~~~t;!: iY.> {;, Ii, ;ChfJ;"~1r.~1t: Plpt:~ 
1%~ h "( ~ tdpO)~~~/i:J--'~~)': C 0 (1\-1 J'I-+/ -1 :? Iv!;!:, Wfb -:>"( If-,t ~ht-:ff~.N EI 1il1t0)j] 
W~--C'~c~~ tL, m~fflifj~!:l:j]W~O) r:pt:Hl'ft:%~ ~h"( ~) {;, ) 

w.; 3 c l"( RNA --C'RFi5~ rH t ~ -1t, I) *'! -L~ c'O))7 / J'I:? 5:J\.-=f0)~1r.C ;Ch ~ c 0)t§1[ 
fFJt.I~ ~t:~~1r.t;!:Uckc'~J,Iii:~h "(~)~~),: C 0 

l&)fr, P.W.Anderson O)A t." /:/"'3 A [3] ~~1itic It-:.:c-T'lv-? D.Farmer ~ t: 1 {;, EI Em~:91~ 
T {;, 3 /-)7"L::'(, 'Y t-lJ-? [2], W,Fontana[4] t: 1 {;, I) A 7"t: 1 {;, 7"0 ~(3 LRFi5.:c-T'lvli~ 1 

c 2 0) Fo1!HH: i§& l!:I: t~"( ~){;, 0 *1iJf~"{"!:I:': h~ O),~ ~~1~ l, ~'ift:~ 3 ,~~% kt..:'~ l P 

r ~f~ J 'tITWO)~1r.0).:c-T'lv~:tJt[l~T {;, 0 

RN A -? DNA t:t§ ~T {;, -r-7" c, )7 / J'I:? t:t§ ~T {;, 7 ~ / ~ jj,t {;, 0 -r-7"t:l:7 ~ / C t§ 
1[fFJt.lT{;, 2: C --C', ~l~)7~/ C -r-7"fJ;"fF~h{;, 0 2: 2: --C'-r-7"!:l:P3~~:fCO)t;-'y t-7IJ--C'~~ 
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h-b 0 c'0)-r-7° c tl31:[{'Fm'"C'''@ -b iJ·tj:'7S/ /'fi*"? '"( ~) -b r ~ 'Y r: J c r -r-}v J ~*'"9c' 'Y 

}-}'\)7-/'iJ;'-r-7°J:j;:JUe~h-biJ', '"CiR"?,"(~)-b 0 -'ChiJ;'~t-::~h-b C, '7S//'tj: r ~'Y r: J 
J'I)7-/'iJ;'h"?iJ·"?t-::c',y }-iJ'G r-r-}vJ J'I)7-/'iJ;'h"?iJ·"?t-::c',y }-i'"C, £>-b r~fJ*J ~;: 

LJ-::iJ;'"? '"( ~~ tt:!,z '"(1'Y< 0 i!'I=~ tt:!,z ~}v- }vtj: '7 S/ /'0) 1*J=$~~)i~~c 4-~7E~ -c" ~ c' 'Y}- O)l@];:l"? 
'"( iR/1) G h -b 0 

::.. 0) r ~ 'Y r: J . r -r-}v J . r gfJ*J ~*'"90)~;:::"::" '"nj: 16 c' 'Y }- m~) -b 0 ::.. O)'IlH&iJ'i'-r-7 
0) J'I )7 - /' c l '"( ~iJ'h '"( ~ ) ~ 0 -r - 7°0) J'I )7 - /' iJ'i' c' 0) l '3 ~;: r ~ 'Y r: J . r -r -}v J • r gf;* J 

~;:nrlV\~h~fp'j:, lj-,z Gh '"(v\~ c '"9-b 0 

Fa, iHHj: lj-,z G ht-:: -r - 7 ~ m~ l, fu1ilV\ II '3 C '"9 -b ~~;: '7 S/ /' iJ;'~lj- '"9 -b ::.. c ~;: l "? '"( ~ ~ 
GiJ·O) r &Jj; J iJ'i'm~~ht-::-r-7J:J;:~"? '"( li P, It-::iJ;'"? '"(*~lV\ b '7S/ /'~1r It-::*~lV\c P 

'3 ::.. c ~;:~ ~ O)'"("S ~ 0 

::.. 0) l '3 ~'7 S/ /' c -r-7°0)*,tIl ~ t&"? ,"(, !Y.Ji5~ 1i-'"( P < 0 1 !ltNi!t{-t,"(BU;f5tj:+7:J'"~;:jIQ::" 
~ c l, ~ l < '"("~ t-:: b O)'"("~~ tt:!,z Gh '"( ~) < 0 

::.. ::.. '"("l&tJH;:~J\(t-::r[J1iHt&~~;: l "? '"( .bt-::,,?O)~J}¥iJ'i"~A ~ h-b 0 11' c ,,?'j:7~=$ / -1 A"~;: l "? 
,"(, '7 S/ /' iJ;'~f;~~;:~ ~)~ ~ tti,z ~ l'"( l i '3 ::.. Cob '3 11' c "? ,j: '7 S/ /'fi~f;*~;: S ~ i!'I= ~ 
t~,z ~ It-::*ti*, be 0)-r-7 c 'j:W~-b 7~-7~"? < "? '"( l i '3 ::.. c '"(oS ~ 0 RrT~'j:f{t¥aj~;: 

1T~~), 1&~tj:iR:JE~aj~;:IT~hh~ 0 lJ/Ji§-O)~~fi~v) C ~, 1&i§-O)gf;*~;: It-::iJ;' "?t-::~~ 
tt:!,z¥iJq~"D'"("S~ c ~, -r-7tj:I 7-~ l '"("13 Em~~h~::" c ~;:~~ 0 

7~=$/ -1 A'O)~ ~ ~;:l"? ,"(, c"O)l '3 ~JXJ;i5O);t, "/ )- 7-7 fi~1t'"9 -b fpiJ'i'¥R"? '"( < -b 0 1 O@J 
No)'7s//'c2-30)-r-7~7/'YA~~~lWM~~cl'"(m~l,-'C::"~Go)~~~h-bo 

WM~;::'ftt~'"9 ~O)'j:, '7S/ /' Mfi-r-7°T~~lG~ '"(', ~ t-r-7°~m~ l13 7:J'"c ~ t '7S/ /' M 
~m~'"9 -b J!5i~--~liO) 13 Em~}v-7,"("S -b 0 ~)"? t-::~ ::"hiJ;',"('~ ~ c, ::"h~:J 7 ~;:JXJ;i5O);t, 'Y 

}- 7-7 tj:t~"~tl~~;:m~1t l'"( v) < 0 liJ' l7~$ / -1 A"iJ;'l~~) C, Jli~--~liO) 13 Em~}v-7~;: 
mIJ~~iJ;'''? ~ )t-:: 1: '3 ~ i, 'Y }- 7- J liJ'~G ~ ~) 0 

{J\~;:7Hil)/ -1A"~*~ < l'"( h-b 0 ::"O)ffilTJXJ;i5tj:*~;:~~ '"(", m~~}v-7iJ;'ti:W'l'"9~ 0 liJ' 
l£'~~'7S/ /' ~"? < -b 0)~;:£'~~-r-7iJ;'~iJ'~iJ'13Ui13JE~h~~ )t-::/1) , 7~=$/ -1 A'~t]J ~ 
C, b c O)ft~--~liO) 13 Em~}v-7~;: bE"? '"( l i '3 0 ff§'"9J\(~;: c tj:, ~ ~ )7~=$/ -1 A"O)T 
'"(";t, 'Y )- 7 -7 ~ F'f'"( -b C, / -1 A"~ {)J"? '"( b lirt~--~liO) 13 Em~}v-7~;:JA. G ~ ~), f~Jt~;t, 'Y 

}- 7- J iJ'i"~JEt;:*it!T'"("~ ~ ~~rt,~t;:ffilTrs1aj~;:f;1T'"9 ~ ::.. c '"(oS ~ 0 ::.. 0) / -1 A"~t]J"? t-:: S cO), 
;t, 'Y }- 7 - 7 ,j: 13 Ui 13 JE '"(" ~ ~ }v-7iJ'i"~) < "? b if%h-g."? t-:: ~~)iJ.'"(" S ~ ::.. c iJ;' biJ'~ 0 

13 EfjV~O)JJt-2l~) ~~,z -b C, 7~=$ / -1 A"iJ;'l~PffilTt;:tL §;~~'7 S/ /'tj:'"("'"( ::.. ~~ ) iJ;' , }iiijPJf 
aj~13Em~~ liJ'l7~=$/-1A'iJ)'~~)ffilTt;:tj:, }iiijPJfaj~n::~~~ri'i/1)'"(, ;t"y }-7-7~f~ 

'"("m~~~~'"9~~/1), 1*J~~~~~W$ti~<~~o 

1. m~~;t, 'Y t- 7-7 O){tGh1Jt;:tj:jIIJIJfiJ;'S ~ c ~) '3 ::.. co ::"htj: Bootstrap ~0)~1tc 
l J\(~ b O)'"("S ~ ~ i '913 Ui 13 JE ~ 1'Y~ '3 ~~--~liO)}v-7iJ;',"("~ '"( fp G, -'Cht;:~~'"9 ~ 
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a) 

Population 
of Tape 

Population 
of Machine 

1 [TAF1'] 

T41 Tl T5 

~~~==~~~~~~~~~~~~==~1 
Average Reading Length <L> 

~> <~ 
o 0 

800 time step 1200 

T5 Tl T41 Active Error Rate ilA~ 

b) 1 [TAF1'] 

Population 
of Tape 

Population 
of Machine 

~~~~~~~~~~~~~~~1 
~> <~ 

o 0 
1200 time step 1600 

~1:7~~t~-70~@~~0~~~m(l.~#7~~T~#~-7). l.T0737 
tj:iR:JE~a"J~r&~W0J!irJilt-'f:t~''('~JE£h-b~-7°~0t>1 t--N--C«;-b. a) 7~~/1 ;(iif!fp 
(t>, t-«;t..::0 0.04) 0~. b)7~$/1 ;(~J:-jtf..::~ (0.055). 
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(a) 
{!1 

KM1002 
........... 

(b) (,/1 
:"' M 1002 

\··J-··P5 
(c) (J1 

>-<~ 1002 ,·····/ ... D5 
t 

M3006 
(d) (J1 

rf'JI 1002 

············0 6----"7;----------' 

fo 
M30P6 

'b 
: T 5, :., "~ i 

l T3 
M 1222 

~ I • j. '(f) 
M 30\6 iT b ~M c558 J 7f I T05 •••• .t>" M eft? •• 

• I ~~, • '0 
O iT15~. • ••• ••• 'V! : 
: H' .J':M c558 M mf I '. 006· : T 7 

j T 3 i'. i M ~22; 0···.. i 
(e) M 1222 i ~M eddd I •• ' ". T 13 M 3226 Q 1 i...._.:!:._~ ____________ .i M f11~\:':r /~.. •••••• \0 7 

:"" ~ 1002 T7--""';" ~ •••••• 
•••••••••• \ T 3f /~ T 2b "M:700e 

D~""') Mfbbf," •• ~Meffd·· ",\ •••• d 
; :r b :.: M c558 T 7f M ~~6a 

M306 
T1 ~ •• ' "''V 

.:~ M c558 M fm M e~jc-->,---t7~ 
v--\ T2b : 

T3 ./'11>- M eddd ::J. 
:::~.~;~.~.~~~.;;;~{ ~ 6~8uT 1d 

: :~ ". ~ .A ' h T d .•.••• ~~ ! ~. 

T 1f ). T 3f T 3! •••• 
i'~ ! M 6eed 

i..2:.~. ___ ~...:_~~ ______ J T t) ... ~dft '. 
T2f 'K 

T3f 

1'ill2: IDUJ'~.NJ5to) EI EtiV~~lv-7fJ"t;,f£~~ 5j'- 'Y r- 7-~ A,.0)~1to a) 7H~fr / -1 ;(fJ)'f~PiK!rt:fJ1h 
,t, 1 :tto)? ~ /' M lO02 t .:r-7° T1 · .:. 0) 5j'- 'Y r- a) tj,,) ~:~q:?~ /' M 3006 t:N=JI':Z~ h_ ixt: M1222 

t:N=JI':Z ~ h (c) 0) 5j'- 'Y r- t ~,t, 0 ixt: tJjfJ1'9 ,t, 5j'- 'Y r- 7 - ~ (tt.f!-ClHI .. :>t~) tj 5j'- 'Y r- c) t:~1:.'9 

,t, 5j'- 'Y r- -C' Ts t T3 ~ 5j'- 'Y r- c) t: 'J't '7 -crl4€ ~ Mtl~ l "( P,t, 0 ~ t;, t: .:. 0) ~1:. 5j', 'Y r- t:~!t 
'9 ,t, m~1:. 5j'- 'Y r- fJ)' e) t:~ l "( «> ,t, 0 7H* / -1 ;( ~ tJJ -:> t~ «> t 0) 5j'- 'Y r- 7 - ~ t:tm(Jt) Jb i ht~ EI 
Ef!1!kMtlv-7fil'ill f) t:~ l"( «>,t, 0 .:..:. t:J-.t~,,)O)lv-7U Eigen-Shuster ~-C'13(; V) O)J.t~")tj 

.:r-7°fJ)'}~m~1t:m~~ h~ ~) 2 ]ftlv-7°~-C«>,t,':' t fJ)'bfJ",t, 0 
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/f' "/ 1--, ~ ty t:: i-ht::~.tE"9 ~ m~1:.Jv-7°if''Z'~ "C ~ "C, i- (J)(J) tj t:: EI *k EI JE ~ ~f*"'e~'T 
i;t "3 /f' "/ I-- r;7 - -J if' lli fJi "9 ~ 0 

2, 7Hf('/1.(J)rlj(~'Z'1:. t ~ m~(J)/fIE1ii ~ if', *5Ei;t EI Em~:t, "/ I-- r;7 - -J ~ if!1t ~ -1t ~ 0 ~~t:: 
ffiiJ.1{ (J)-r-7°i.r" c'(J)l "3 t::m~~ h~ b"~ h. "C -? ~ t, ii··:>t..:-r-7°t::~.b t::*~ t~i tytL 
~~,@~ty~<tytL~(J)~~~l~~~~r~~*(J)-r-7(RNAtE~)Jt,~t 

-r-7°b)'.tEff~tL~ rm~*(J)-r-7 (DNA tc'~)J t::7J\.1t"9~.:tb)'hb"~o 

7Hm.J -1 ;(b)'lff;~ )lkft::t;:L m~*(J)-r-7°b)'t;I t t<., c't~'b)', 7Hm.J -1 ;(b)'r'6J ~ )lkft::tj:~~* 

(J)-r-7b)'llifJi"9~ 0 ~£ IJ RNA (J)l"3 i;t~~*(J)&Jf5tj:}'7-Jt-1 I-- t l "Cf&b"tyif\;;Z I-­
'Z, S ~ DNA (J) l "3 i;t m~* t:: < --:> ~ ~ ) t..: t h. i;t "9': t b)''Z' ~ ~ 0 

Eigen t Shuster (J)J\-1 J'\'--Jt -1 -J Jvb)'m~*(J)-r-7(J)"3 i 'Z'(J)lXJf5~-:J; i "C ~) ~ (J)t::)I;t 
l, .:.: 'Z'tj:!\!i~*(J)DZJ;f5(J)if!1t t f& --:> "C ~) ~.: t t::i;t ~ 0 

3. ~rA~:n~::tj:§;'7J\., 7Htf;'/1.(J) t (J) t 1*J~'/1.(J) t (J)b)'S --:> "C, i-tLtj:ilE[t::rmOi~ l S --:> "C ~) 
~o ':0)1iJf¥t.'Z'1-J-~:t"'1 1--r;7--J(J)~1ttj:, 7Htf;'/1.(J).J-1 ;('Z,~< tytL~DZJ;f5(J)*,H%~i*5E 

~a"Ji;t7y/t::l ~~~%t::i.3~ b"i ~.: t --C" rmflJ It..:b''G, 7Hf('/1.(J).J -1 ;(~.j;JJ--:>t..:S 
t t*5Et::~1:E'Z'~ t..: t h.~': t t 'Z'~ ~ 0 rmflJ 'Z,~ t..:S t Ur'6J~ )~FEI Em~'/1. ~l*tj 

~~, 7y /(J)~(J)~liJJt ~~-?b"t::"9 ~ 0 ~£ IJ 1J~a"Ji;t*5E'/1. ~~1~l "C ~)~ 0 .: tLtj: 

, i--1WJ(J)1iJf¥t.'Z', r'6J ~ )~~~~~ *5Et::f*~~klt:tU, lff;~ )~r.~~~(J) t t 'Z'~) ~ ~kfi",:t~::ltf\( 

"C *5E'/1.~~1~"9 ~ if\)<:t fJ:t ;;Z~kll:tt)I;t~ l "Cb"t<.,b)'i ~.: t b)''Z'~ ~ 0 

[1] M.Eigen and P.Schuster, JIypercycle(Springer-Vedag, 1979). 

[2] See e.g., D.J.Farmer, S.S. Kauffman, and N.H.Packard, "Autocatalytic Replication of Poly­

mel's" Physica D 22(1986)50. 

[3] P.W.Anderson,"Suggested Model for Prebiotic Evolution:The Use of Chaos", 

Proc.NatLAcad.Sci.80(1983) 3386. 

[4] W.Fontana, "Algorithmic Chemistry" pp.159 in Artificial Life 2( eds. C.Langton et aL Ad­

dison Wisley 1990). 
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1 ~ 

~ lP ~t (J);fln ~ (J) $ (J) ~ ~ : 

~ 0 DNA ~JE ~ 6b ~' ~ L 

j!£ * 7G 

DNA)\ '5 -)7" 1 .b --C I;:L 1:: ~ ® DNA li@))d= J:. -:::> L ~~ ~=*§!l'!19 -Q t 9 -Q 0 DNA~)E 

Ii, c.. ® j'\ '5 -)7" 1 .b ~ §lIm t G L lfIU1~ -? *~i1~~~~ ® {*i{~ -? =61N ® *I1IH~h~ip i; DNA ~ trl1 
tIJ G L ill![ A ~r&5J1J ~ 1T -J 0 ~)Ei~ ® FY¥BE~ Jeffereys, A.(1985) Ii, -t- ® ffmi)'z ® ~IJ --C DNA 
~1i)E ® 1WI A ~r&5JIJ:1J ~ 3 X 10-10 t ~{[ffi G LVI -Q 0 11Z ® 7J i~ Ii, B * --C <t vd=) 1fL < ~t § ~ 
tL, *fr G V I 11 1*r ® ~~ :§E -? i35c R iJ5 ill b i; L :e tfu ® !JF- i~ V .rz )]; --C ~ ~* ® ~ {LI: ~= ~ ~ h ~B 60 
L v I-Q 0 *fr IlD -? T V ~ ® 'Y A:=I ~ ~= J:. h Ii -t- ® 1ffll A ~r& 5J1J :1J Ii Ilfrr ~~ ~~ ~1i)E t {;If- ffl 9 -Q 
c.. t --C ED] 51® ll'EJlJ --C ~ -Q t VI -J 0 

@J A 1lllllJlIJ j] iJ5 I B 7J?} ® 1 J --C ~ -Q t Ii, I ~81T lJil~ iJ:> i; t~w ~ h t~ DNA iJ5fJJz ~ ® 
<t ® --C tt v I rm: ¥ Ii B 7J 51 ® 1 J ~ ~ 0,* 9 -Q t l! Wi: ~ h L v I -Q 0 c.. ® l! mil: iJ5 *fr f,:U -? T V 
"fj®'Y A j. T' -( 7~= J:. -:::> LW1!J~ h, ;t t~£%'FiJg', t~~:~, #fi~±"fji~\~lW®A/( <t-t­
® J:. -J ~= JIg f~iI: G L S v), 1~jalH=:*. ~ tel: ~ ~ ~ LJ, it L v I -Q 0 c.. ® I! mil: Ii IE G v I ® --C &> 0 
-J iJ:> 0 :.$: Jj\ ifrrU --C Ii, @ A ITtllU]lJ:1J I B 7J 51 ® 1 J iJ5fiCiJ ~ J~ 0,* 9 -Q ® iJ:> ~= -::J v I L ~ ~ 9 -Q 0 

~i;~~~~tGL~m~~--c®-~E)E~~~~9-Qc..t~J:.-:::>L,DNA~)E~~ 
~?jU= {§j W!'i --C ~ tel: v I <t ® <t &> -Q c.. t ~ :J=13 filii 9- -Q 0 fR 1& ~= , J:. V) B JFjUI''.l tt @ A ffi'& JlIJ ® 7J i~ 
~=-::JVILr3'&9-Qo 

2 Match-Binning )ft 

DNA ~)Eli= -::J ®{]XIDl 

Ho: the crime sample is from the suspect 
HI: the crime sample is from the other person 

® t' 0 i; iJ:> ~ 7 - -)7 ~= ~ -j V I L i~ IE 9 -Q 0 c.. c.. --C Ii 7 - -)7 t G L, m ~ rlk ~JJ ~ ~ fflv I 
L ~IJ)E ~ h -Q )( 7J t fIJ: 7J iJ:> i; EI3 * 9- -Q = -::J ® DNA ® fragment length ~ ~ it -Q, -::J;t 
V) 7--9 Ii 

( Xl, .1:2 ): fragment length of the suspect 
( YI, Y2 ): fragment length of the crime 

--C~ -Qo -f~§i'II'li:~~-J c.. ttt < XI:S X2 Yl:S Y2 t GLS < (1). 

lJil 1T ® ~1i)E --C Ii, {]X IDl Hot HI ® ~)E Ii , Mat ch -B inning i~ t J:. Ii h -Q -::J ~ ® J:. 
-Jtt~;t7J--csc..tt;bhLV\-Qo 

* :/1 ::k ~ JIll 
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(1) .TI I- YI , ;t t~ Ii X21- Y2 ==} HI t fJc'if 
(2) Xl = YI, tF''J X2 = Y2 ==} Hot~'if'9 ~o Gtp G" {r~~ the other person 0) 

fragment length tJ~ (VI, Yz ) t -:& "9 ~ PI 1m '/'1 tJ~ dI:> ~ 0 -t- =- 'C =- 0) PI ~§ '/'11i: ft{~ $ B<] 1= ~ 
{ffij"9~§E<]'C" ;t-:5 

(i) ~ 3 ~-" fIP't B *A~i'fI 0) fragment length 0)::; -!y pZ- A 1i: f'FJJJG G" fragment 
length 0) 5t;f!J 1i: )lJliJ pZ ~ 0 J?!? 1= 

(ii) =- O)::;-!Y pZ- A tJ) ~ '7 /' l;f b. 1= - A 1i:tuTI:I:\ G t~ t ~" trh tl::\ ~ ht~ AO) fragment 
length ( ZI, Z2 ) tJ~ fragment length of the crime (VI, V2) t -:& '9 ~ 17f'iI $1i: ~t ~"9 ~ " 
fIP 't ~1*:it 

% 3 ::g- 0) fragment length tJ~ {r§i\ r.~ ( YI, V2 ) t -:& '9 ~ D~Ufs 
= 2P[ZI = VI, Z2 = Y2I H I](2) 
= 2P[ZI = YIIHI ]P[Z2 = Y2IHI ](3) 

tJ) ~ * 60 ~ 0 DNA ~ 'if i~ 0) I @ A ~~ JjiJ 1J J t Ii =- 0) Dtp:fs 0) =- t 'C dI:> ~ 0 

it 1) j;fi It' 0) t ffi: It, 0) 0) t' 't ~ tJ~ )( 15 1= i±l * "9 ~ tJ) Ii 51 tJ) ~ i;J,. It, . 

it 2) ~dtf VI :S Y2 J:. fJ 17{C'¥ Ii 2 1I"f ~ h i;J,. It h Ii i;J,. ~ i;J,. v' . 
it 3) Hardy-Wienberg 1i:{&'if'9~o =-O){&'ifct fJ Zl t Z20)39.U'['rg:tJ~2t7tJ)h~o 

&f$ P[ZI = YIIHI ] 111..7.1 P[Z2 = Y2IHI] 0) {i!'Ui::;-!Y pZ- A tJ) ~ *60 ~ 0 {9U.t Ii ~ il 
~'if~'C Ii YI=262, V2=301 'C P[ZI = 2621HI ] = 0.0385, P[Z2 = 3011H1] = 0.0231 
t:fft'if ~ h LV' ~ 0 i;J,. t:J -= il~'if @:'C Ii it 2 'C m! pZ it: 2 {I"f tJ~ E$H&· G L t:J fJ 

{ffi]A~JjlJj] = 0.0385 X 0.0231 = 8.8 X 10-4 

t~hLV'~o 

3 Match-Blinning )$.: r::tJ 9 -@ ttt ~IJ 
3.1 1ImAJ~l.lIJ 1J ri~D* ~ ~ ~ ~ L \ 

tm W 'C 5% t~ J:. -) 1= DNA ~fii 'if 0) {flil A if'r& JjiJ 1J t ~ h LV' ~ 0) Ii, y.' - !y pZ - A tJ) ~ '7 /' 
!y" b. 1= till tl::\ G t~ - A 0) A 0) fragment length tJ~ crime sample 0) fragment length t -:& 
"9 ~ ft{g $ 0) =- t 'C dI:> ~ 0 ~ i¥~'if -C Ii =- 0) (& Ifs 1i: L il2 0) J:. -) 1= 8.8 X 10-4 t 5%1J.'f B -:J 

LV' ~ 0 tJ) < G L ~ i~;J~'if 'C Ii I crime sample tJ~ ~ ~ ::g- 0) B 0) 'C dI:> ~ ttl $ li:Jili 60 L fJ\& 
IJ\ 'C dI:> ~ 0 ct -:J L, =- 0) crime sample Ii suspect 0) B 0) .l-.J5t 'C Ii dI:> fJ ;t i;J,. v' J t.Jtwu 
G LV' ~ tJ~, =- 0) &f $. Ii " IE G v' fffi wu 0) -rN m 1= 1J. fJ ;t 1J. v' 0 1J. -tf 1J. ~ " 

(i) till tl::\ G t~ - A 0) A 0) fragment length tJ~ crime sample .l-.J 5t 0) fragment length t 
-:&"9 ~ Ii $. B 10-4 0);;t -!y" - 'C dI:> fJ .t ~ tJ) ~ 'C dI:> ~ 0 J;t fJ ~3 G Ii 1O-4 0);;t -!y"-

0) ttt W 0) 1:/:1 0) ~3 G 'C dI:> -:J L" =- 0) ttt W 0) l:j:l 'C 8.8 X 10 -4 tJ~ * G L fJ\& Jj \ 'C dI:> ~ tJ) t' -) tJ) 
tv, -) 0) Ii JjiJ Fp~ Jl!! 'C dI:> ~ 0 =- 0) =- t 1i: ~ f~~ 9- ~ t~ 60 0) ~ 1 /' ~ Ii I ~IJ 'if ~ ~ J 'C dI:> ~ 0 

~ {* E<] 1= {9U 1= £ -:5 v' L =0- ;t J:. -) 0 

(ii) I ~ffi: 172cmJ tv' -) 'Mif./)(I=jt G L 1:58'ffi: 172cm, {*~ 65kg, JJH~L tI:;fiJ ~" ~ 
~ ;w ffl J tv' -) 'r~ if.~ Ii - ~ G L II A ~ill\ lJIJ 1J tJ~ raJ V'\ ct -) 1= ~\ :b h ~ 0 L B2 0) J:. -) 1J. fl~~ filii 
:it 1i: ~ffl G L (Ii $. B<] 1= flHffi '9 h Ii =- 0) 'rfu'if.& 0) 1lliI A ~JjIJ j] Ii 10-4 0);;t - If - < ~ v' 'C dI:> 
fJ .t ~ 0 G tJ) G 1J. tJ~ ~" -t- 0) r:/J 0) I tI:;fiJ ~ J tJ~ ¥)( 'if 0<] 1= FriJ Jlf; -:J t~ 'r~ '1'& 1J. ~ Ii, @ A ~ill\ JjiJ 
Ii ~'if E<] t= ~~ Jli; -:J L G;t -) 0 =- 0) t ~ 1:58':R 172cmJ tv' '::H~'¥& 0) 15 tJS I gr ffi: 172cm, 
{* it 65kg, ~ '/'1, t;:;fiJ ~, IlN ~ ~ ffl J tv' -) 'r~ '1'/)( J:. fJ B tf G /) raJ It, @ A ~llQ lliJ j] 1i: B J 
=-t~~~'CdI:>~o =-h~~~1J.~'CdI:>~ffi" 1tI:~~Jffi~7~0)~.~G~t:J~1J. 
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1.t\J:.-51d:tJJJ1iliJ:.<d000 ~O)t~, r~:&172cm, 1*~65kg, 'JHl±, 2'I-:;fIj~, fl1H}~ 
~ ffl J t ~ \ -5 Itf!j- ¥~ i:= ¥ -::) < @ A ~ ljlj Ii ¥3c 5E S<] i:= nTI J!J1 -5 ~ t Ii 1d: ~ \ if,,, *:'1 3 mu f!£ It 0) FJl 
Ji1.t \ 0:: V t:: G -90 i:= V jp iJ) b G 9' I, liiJ 0) ~ {fffj J'~ c 1m1 A Nf& ljlj 11 0:: >1<: ti) 0 t ~ 0) 'r~ ¥~ 0) @ 
A ~llli lJlj)] Ii 1O-'i0) /t - .)7" - C d0 b 5t 00 (4) 

(iii) -:) ;t b ~ O)~~IE i:= Ii rEi 7J)} 0) - J O)~rH Air'110]1j:1J iJ'l d0 0 t 1.t\ J '"( v.:c h t~ It 0) 
~ t C, ~ 0) 1\'1 $: 0:: r crime sample iJ'l suspect O).:c h t - 5& 9- 0 ~?t, Jrl± iJ'l ~6 ~) J t 1.t \ 
-5 t1t rrru 0) tN t9l1 t -9 0 i:= Ii ~m iJs d0 0 0 r 2'I-:;f1j ~ 0) {§j' Wl~ Jl f.'1 7 iI,'U J t ~ \ -5 J:. -5 1d: ~IJ IE ~ ~ 0:: 
75 JAif. i:= 1.t \ h t:: ~ ~ Jri t1t ~ffii 0:: .:c 0) tN t9l1 i:= ji ~ ttl!: 5t 0 x: ~ C d0 0 0 

ii 4) ~iJ'lC0{@$iJ'l 1/2 (-:);t blj3.~l\cliNf&1JIj:1]0::vt::1d:~\) cd00:J1 /~ 
110:: 18@]lft'*I1Jj1ibiT0 (-:);t b 18@]*ftit,"(~110) t, LLC1.t\-5illilA~5.Jljj] 

=0.5 x 0.5 x ... x 0.5 t~t~~h" L0)1mIlilflfEi7J)j-0)-0)/t-.)7"-t1d:0o GiJ) G 
1d: iJs G, L 0) J:. -5 tot ~IE Ii ;t J t:: < ~il\lJjIj 11 0:: V t:: tot ~ \ L t Ii El flJ] C d0 00 

3. 2 }~IJ jE: ~~ ~ 0) ]m *~ 

~ ~ ilk 1l1JJ it 1:= J:. 0 fragment length 0) ~J!lJ IE Ii, fragment length(bp) iJS B)E ~ 0) '7 - 7J -
0::ari;fSH:=1JD5t '"('~EE0::iJ)lt" 100bp (BJG1.t\li 200bp) iJ) G o)'7-7J-O):f$illIJ~f:!~it (mm) 
0:: illlJlE G" ;ft1l1JJhlf:!1Zft t fragment length(bp) 0) 1!M!l1* 0:: 7]\ -9 £iVl*~ 0::)j( ti), L 0) £t\q~ 0:: 
;fljffl G'"(IDt*4O):f$ID)J~f:!lZ1E (mm) iJ) G.:cO) fragment length(bp) 0::J!t£'I#-9 00 :f$1l1JJ~f:!liSfto) 

ii1IJ IE Ii, ;f§ ~ :* ~ 1d: ~ ~ 0:: W -5 0 * 00 c Ii, ~ 0) L t iJs J:. < ~~ ~il\l ~ h fragment length 
0) - 5& Ii ~ ~ 1d: 1~1i'i 0:: -:) It '"( ~¥{[ffi ~ h'"( 1.t \ 0, ~p '0 d0 G iJ) ~ ti) -'3- 5t t:: 1E!fix 81 t 82 i:=)(t G 
'"( 1''];1 - Y11 > 81 ;t t:: Ii IX2 - Yil > 82 ~ HI t {jcIE ~ h 0 0 B -* c Ii, ~~ iJ'l5iU* 
1:= d0 0 1:= v iJ) iJ) b G J'" L h 0:: mt *~ G '"( ~ \ 0 0 t~ ~ Ii tt L 0) iJllJ IE ~~ ~ 0) l;f iJ) , - lIT! 0) 
'~~~~~ C Ii" 8 J]?t 10 *0) fragment G iJ) [J:1] -If}J; Let b d0 -:) iJ) 5t 1d: 1.t\ t 1.t\ -5 fljlJ 
f,<] iJ'l d0 J ,"(" §. ~ 0) fragment 0:: ~IJ 5E G '"( T - .)7 rz - A 0:: 1f m 9- 0 i:= Ii, ;f§ ~ -9 0 1.t \ < 
-:) V 0) If )J; _t c ~~-? ~IJ 5E 0:: f'f b 1d: It h If 1d: G 1d: 1.t\ iJ'l, L 0) t ~ v'&~rJ> 1d: iJllJ IEI~m 0) ~ 
iJ) G V ~ ~ iJ'l~!:: ~ 0 0 § 1.t \ ~ 5t h If * ti) G h 0 ;illi iJf. ~~ i:= iJ) tot b *- ~ 1d: ) '\ '7 'Y =t iJ'l Jj G 
h 0 0 - i'~IE i:= £-::) 1.t\ '"( ~ h G 0) ~i~ 0:: ~~t~: 9- 0 t, fragment length (bp) Ii 2bp -? 
4 bp f!£)}t c ;t t ti) '"( V ~ 1* 0:: 1d: ~ tot 1.t \, ~p '0 _= i~'(;1 ~1n: IE c Ii, = -:) 0) fr agmen t length iJ'l 
;f§ Ji G'"( V .:c h iJs 10bp f!£)}t l-J -r tot G J~~ 0) ~ ~'~ 0) t:: ti) C Ii 1d: < ~ ~ 0) t:: f}) 0) ~ ~ i:= -9 ~ 
1d: 1.t \ nr ~§ Jri iJS d0 0 L t iJs :t{U% ~ h t:: 0 

L h G 0) ~IJ!E ~ ~ Ii, crime sample -B J:. V' suspect sample 0) ~IJ!E i:= N G,"( V ~ rt, 
it ~ '"( 1.t \ 0 t ~- x.tot It h If 1d: G 1d: ~ \ 0 ~ ~* " - i~ ~ IE i:= {se)f:! ~ h t:: JJR ~ *4 c Ii, {'X 0) 
J:. -51d:T-ly iJs-'3-5t G h'"( 1.t\ 00 

1. C1~ 15 0) *Jf f~f lfIl ) 

~-§.)'\ / F 1~}'\ / ~' 

119mm : 259.621bp 136mrn: 297.523bp 
120mm : 261.658bp 137m,rrL: 300.000bp 
121mm : 263.716bp 138mTn: 302.509bp 
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2. (16 (J) 1,10,1 (J)=t~JH~;jSD 

J;R}'\/ F 
119mm : 259.621 bp 

119.5mm : 260.637bp 
120mm : 261.658bp 

I='}\'" l" :e<: ./ I' 

136.5mm : 298.757bp 
137mm : 300.000bp 

137.5mr{l, : 301.251bp 

illlj IE 1= ~ ~ ?5 iJ~ d) 0 t::. fh ~ffi 1£ J It L II!]' pi L L ~ '\ 0 iJ~, t' -J L t::. 2:. ~ iJ'> iii IE 1[i- '"C tt , 
2:. n1£ELw~d= B x.1 t' 'Y ! ~ 1 ~ fhL (Xl, :7:2) = (YI'Y2) = (262, 301) ~ L L ~'\ 00 ~~~ 
1£?j JJ! 9 0 ~, (.r1, :1:2) = (260,303) : (YI'Y2) = (262,299) '"C d) 0 ~i'i B 7'G :1iU= ii 1'S IE '"C 
~ th ~ '\ 0 M JJ1 '"C B :j:~ tf/lj L t::. oJ: -J 1=, ~Ij IE ~ ~ 1£ (i ~ B{n= -:J iJ'> 1 ;t L, 2:. (J) oJ: -J th qr ~§ 
Jt11£ B?j JJ! 1= An L ~?!.H1(J):j-1f::ffiIU 1£ 1=[;b t,J.. ~'\ ~N y), 14'* B"J th II A llilll531J ii JiJJ.lt'"C ~ th ~'\ 0 

3.3 T' - Iy « - /Z (]){~ *~tE 

r B * A (J) fragment length (J) T -lJ ~ - A J 1£ 1f}JX; 9 0 ~ L L - i~ iii IE '"C ii lfrr ~~ ~ 
{* 1£ t~ t::. th ~ '\ 65 A (J) A iJ~ tffi ,±I ~ n fragment length iJ~ ~IJ IE ~ n t::. 0 till ttl (J) {t 15 (J) l}~ ~'IH 
ii l' SJ:1 '"C d) 0 iJ~, ;c (J) T -lJ ~ - A (J) fragment length (J) 5J\.1'!J ii, [rJ] - (J) 15 ~* (A C T 
P 2) '"C:*: -)1 12H4:*: ~l )1; - 7iJ~ 1f j]j(; L t::. fragment length (J) -)111:1 ~ fl ;;~U=;f§ ~ 9 0 (tJ 
1 = ;riHfN: IE (J) p 1IT~I < 0.001) 0 2:. (J) ~ ~ iJ'> ~ SJ:1 ~ iJ'> th oJ: -J 1= y} 1'!J (J) tfu i.% ft, ~Ij IE (J) * *5E 
~ ~ t,J.. t' 1= + -)1 th ]JIi2 J:.1£ :13 2:. th -:J L :13 iJ'> th it n ii {~WIT J}t (J) ~ ~ '\ T -lJ ~ - A li;t ~ n 
th ~'\ 0 

Mw'"CmmL~oJ:-J~,***~~~~IE~~~d)0~B~~;b~~, 2:.n1£~m90 
(J)~~~~(J)m~1£fi-J~'"C~$~~~Y)'"Cd)00*W'"C~, ~~~15~~LL, ~ 
~1£~$-)11'!J~LL~~;t, ~~(J)m~1£~fflLL~~~(J)affiIU1£fi-J15~1£m~9 
00 MW 1 '"C ~ [rJ]fJH= 
Ho: the crime sample is from the suspect 
HI: the crime sample is from the other person 
~LL:I3<o 

T -lJ ii, fragment length of the suspect (x), fragment length of the crime(y), 
:13 oJ: U T -lJ ~ - A ~ L L 4')(!* ~ n t::. ~l1J IE 1@ (~= (Zl, Z2, ... , zm) ) '"C d) 0 0 2:. (J) T -
lJ 1= £ -j ~ '\ L Ho iJ'> HI 1£ 21~IJIE 901= Ii, 2:. (J) T -lJ iJ~1~ ~ nt::. ~ ~'\ -J ~dlj:(J) ~ '"C Ho '"C 
d) 01i1'Uts~, HI'"C d) 0 tiflf~tS 1£ tt~x 9nli oJ: ~'\, -:J 1 Y) tt P(Holx, y, ~)/ P(Hllx, Y,;~J (J) 
:*: ~ ~ 1£ ;~F @i 9 n ii oJ: ~ '\ 0 2:. (J) tt iJ~:*: ~ it n ii :13 :13 ~ ~ '\ Ii t'" the crime sample is from 
the suspect" '"C d) 0 ~ ~Jt1 iJ~:*: ~ ~ '\ 0 ~ 2:. /) '"C {'J< (J) ~Jf it iJ~ JjJ(; lL 90 : 

P(Hol·r, y,~) = L x P(Hol~) 
P(Hllx, Y,~) P(HII~) 

L = P(x, YIHo,~) 
P(x, YIHI'~) 
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~~~~M~~~~ttt~~h~~~~~0~0~rt~G~G~~~~~~~ttL0 
{@ jJ'S * ~ It hIt ;j:);j:) ~ 1" '\ If t' 'the crime sample is from the suspect' ~ ~ ~ ~ ~ tt jJ'S * 
~ 1,,'\0 

l-J --r~ li~~tt L ~ *66 ~ t.:: 66 0 Z&'¥'---c T')j; f~ -:J 1,,'\ l ~'~9 ~ 0 1,,'\;t, ifliJ~~~ ~ 
---CT )j;11::i 9 ~ t.:: 66fmifliJ{@ X,Y I~ t-t JJC.i 9 ~ ft{Ir$~~ ~ 

X = (X1 ,X2 ) (fragment length of the suspect) 
y = (11, Yz) ( fragment length of the crime) 

Xl = /11 + t1 X 2 = /11 + t2 
11 = /12 + t~ Yz = fl'2 + (~ 

t;j:) < 0 ;:;: f~ t1, t2, t~, t~ Ii fmiflIJ~& ~ ~ 9111,,'\ I~ 3E!U'L ~ 1M£$~~~ ~ -:53';fJJ F(x / (Yo) 

f~1ft~ t{&~9~0 (5) 

;: 0 ---c T )j; ~ Ii Ho, HI Ii ~ h -'C h 
Ho : /11 = li2 HI : fl'l #- /12 

t ~ ~ h ~ 0 t;:.iS ~ ~ 0m¥m ~ ~tJJj G t.:: {Kg $ P(HoJx, Y,~) jJS'!l ~ tt ~ t -:J t.:: 66 f~ Ii 
Ho (;j:) ~ V' HI ) ti 1M£IfH~~ ~ ~ tt h tt 1,,'\ tt ~ 1,,'\ 0 ~ 0 t.:: 66 /11, /12fi, 7rcl~:53'1p 
G ((/1 - ()) / (J") f~ 1ft ~ 111" '\ f~ 3EtlL ~ {@ $ ~ ~ ~ ~ ~ t {]X ~ 9 ~ 0 ;: 0 )fC 1~ :53' 11n~ ~ 9- ~ 
tt ~ Ii ~€H~ i'J{J «1 A' ~* ~ ,@ ffl G l ~ f~ £ --j 1" '\ liT ~ ;: t f~ 9 ~ 0 fI:~ illiUi :53';fJJ ~ ~ F 0 
R~ffi~ ~ 0m~~~~0 ;:h~~-~~~.b~G~~G~~h~m~~~~ 
1,,'\ (6)0;:;:~ti, {]Xf~~3tP:iJtGl;j:)<o 

~l, ~:iili0t~*1lr7:f.~ti Ho0--r~ti /1 = /11 = /12 ti :53';fJJ G((/1-())/(J") f~1ft~ 0~, 
T-~xty~~Gh~t~0~~~ 

L1 = ~ Jf(xl - fl')f(x 2 - fl')f(Yl - /1)f(Y2 - /1)dG(fl' - ()) 
(Yo (J"o (J"o (J"o (J"o (Y 

;t t.::, HI 0 --r ~ Ii /11, fl'2 (/11 #- fl'2) Ii 111" '\ f~ 3SU'L f~:53';fJJ G( (/1 - ()) / (J") f~ 1ft ~ 0 ~, 
T-~xty~mGh~t~0~~~ 

L2 = ~ / f(x 1 - /11)f(x2 - /11)dG(/11 - ()) J f(Yl - /12)f(Y2 - fi.2)dG(fi.2 - ()) 
(J"o . (J"o (J"o (Yo (Yo (J"o (Y 

~ J=j.;t G h ~ 0 ;: h G jJ) G ~ ~ tt L = Ld L2 jJs *;t ~ 0 ;: 0 rt ip G ~ ~jjU~ ~ ~ tt L 0 
{l ~ ~t W 9- ~ f~ ti ~IJ ~ ~ *'* b ~ G l1~ G h ~ T - ~ f~ £ --j 1" '\ l 7} 1p I~ ~ F f~ ~ 9 ~ %I 
~~~l;j:)<~~~~~o~tm.~~$~T-~~~~~~~Glili~i'J{J~ITm:53' 
;fJJ f~ 1ft ~ t G l IT;J;~:53';fJJ 0 mI ~ffii ~ ~ ffl 9 h tt ~ 1" '\ 0 

~i 5) fmilliJ~~ t1 t t2 fi ~ -Jj )j;~ ~ Jill ~ l ~~A. 9 ~ ~& ~ ~ ~ jJ) G ~~~U~ fit§ 
~ jJs ~ ~ t m ~ ~ h ~ jJs, t§ r~ ~ ~~ A:. ~ ~!. iii n<] T' - ~ JJS A. Cf-~ ~ ~ 1" '\ 0 ~ fF * {]X IDt t 
G l 3suiJi ~{&~ G t.:: 0 ((1, t2) t (t~, t~) 03~iu'L'~ifi ~ If cFJH.!U~ ~ G ~ 1,,'\ t ~\ ~ 0 

~6) -~m~~~, ~W~J=j.;t~T-~~, ~~OOtGl*66Gh~~*A0~ 
-0T-~ ~ ~ ~ 0 l:t66lfSZf5 A0 =E~ ~ 10 *tf t'** b ~ G~~iJ~ G l~!IJ~{1ill:0 tSb G ~ 
~~9~m*~~l;j:)<A:.~~~~~0 
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~ ~m r= .i:J ~t {) 'tN ¥~ :m fIR 0) t~' ft Ii 7c 0) *= il\k tic c I) 7 )v 5' -1 L. 'tt t= <b {) 0 ~~ il\k 'tt c Ii 
~ ~ iT' ':f jJlU /f~ IlJ gg (IJ t= 2£ it -9 {) 1;;1 ~ c 0) 1m t= f=1 (IJ ~ :We t~ -9 J: -] ti. :iltI1JJ ti. IXl if (IJ f* Jj~ 

~ f!P Itty (lJ iJ' J § W (IJ t= {If lJ III -9 ;: c T <b {) 0 ~~ rr 0) 1Jli 1;- Ii EI (10 T <b {) jill N" JJ IliJ W 

~ fljlj iifU L, ti. iJi G 2£ it -9 {) f~ t~ T T ~qT /'~ 5' - / ~ I) 7 )v 5' -1 L. T 18 :pIt (19 t= ~I=. nt -9 {) 0 

* liif )E c" ii I;I t1 iJi "1' jJl/j ~ TlJ fig (19 1= 2£ it -9 {) t::." It T Ii ti. <" ~ A T L. § 5} 1= '=f jJl/] T ~ 

ti. ~ \ ;oJ;: ~ -,?" 1&. ~1{ iJi 1: ~ t~ c ~ 1= fill 11{ fl" ffl t= J: lJ " ltlj filii -9 {) 'ti'j ¥& ~ § G ff lJ i±l 9- ~ 

A T L. 0) f1lj ~ ~ rr -;) t~ 0 

1I~'f k ttJ r.( 2£ it 9- {) I-* J-Q 0) 2£ it 1= tJ L, -C I) 7 )v 5' -1 L. 1= t'.f u,~ T ~ {) :illi iffb / ~ 5' - / 0) 

~ nt -,?" ~1,], lif'J\ ~ A T L. Ii "i t::." IlJ fiE; t= ti. -;) -C ~, ti. ~ \ 0 ;: h Ii ~ it 1= t'.f L, -C 7 )v ::f I) ;Z:' 

.:: '/ -7 1= t'.f JZ -9 {) VE * 0) h It~ T Ii I) 7 )v 5' -1 L, ftU !ffll iJ{ i±l =* ti. ~, ;: c ~ )J: ,* L, -C ~ \ {) 0 

J "i lJ" ;: h "i T 0) h I:£: Ii ~ "i ~" "i ti. :1* & ~ ;\1;\ J£ L, -C., ilVL jg ~+ ~ ~ L,., + ~BJ ~ -9 {) 
;: c 1= J: -;) -C tt~ rr /" 5' - / ~ ff lJ 11\ -9 c ~ \ -] ~J k WU tlu JJ :ie\; T Ji) {) 0 ;: 0) -'? lJ jj Ii "J: 

7ll 0) t~ th 1= HJ 2 -9 {) :1* & iJi 1\'1 ;t ~1- i;f 1\'1 ;t {) Il c" £, W ti. ;< -t- I) - iJ{ ~ 98 (10 1= 1\'1 *- -9 {) 0 

;: 0) ;: c Ii ~ ~~ nil ~ "- J ~ I& lJ .L If -C b I) 7 )v 5' -1 L. 0) (ljU Ifffi iJ{ ~ Yiff' 1= ti. {) L,., 7c b 

7c b ':f jJlU tU *= ti. ~"\ 2£ it 1= Ii JJR fIR (IJ 1= M JZ 11\ * ti. ~'o 
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a) Gait 2 -> Gait I 

Left Front ~ ., CJ.IQDtlI!lDIJIDm 

Left Middle DI a II • r D 0 81 a I II B I 

Left Hind r I' I I Ii1 P D II I • • 

Right Frdnt CIJ HBlIlICDDlIgllU 

Right Front .. .11 liP II I D II I • DaD D D 

Right Front I • I • I • a I I I II 'II 

b) Gait 2 -> Gait 1 

Left Front I II II D • I II I D III PI 1:1:1 

Left Middle 111., D II II II II I I DI III .. 
Left Hind I I • II D DID 

Right Front 1iI1.. D I' D II II t2 Ie II 

Right Fronl II g a til 01 III I III Dr .. 
Right Front I DB. , • II 

gj 1 Walking patterns and their phase transitions: walking velocity 
is gradually increased (a), and walking velocity is gradually decreased 
(b), In both cases, the walking pattern changes at the arrowed poillt 

Hysteresis 
"0 

~ :1 ~'~WIL I L\> 
Down 

10 11 '2 13 

Required Velocity 

~ ~ Time differ~nce between front and hind legs when walking 
velocIty gradually mcreases or decreases_ Filled squares and open 
r:i;cles rcpre~ent time differences at increasing and decreasing veloc­
ItIes, respectIvely, This hysteretic phenomenon suggests that pattern 
organization of this model system occurs due to synergy of the 
subsystems 

2 " 6 B 10 12 t 4 16 1 B 20 22 

Required Velocity 

~l 3 Energy consumption of muscle contraction using muscle 
properties, The open squares, open circles, and filled triangles represent 
gait 2, gait 2', and gait I, respectively_ The parabolic curves are fitted 
with simulation data by the least squares method_ The curves intersect 
at the phase transition point, and the lower energy pattern is realized 
at a certain ,walking velocity_ 
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1J'j:r- Q) jl tit Ii c.. 0) -¥ is] j£ OC Q) !ill It) (e lJ'j;(fJ L --C 1. \ ~ 0 c.. Q) jl [ft 0) Ii G "J ~ iJ'> i*I g~ .:c * )v.:p'­

C'6s~o 

1. \ t ... 1m ~1t 0) t.: Ih ie ... 9~~ Ii 1m ~ \ b 0) c -t.; 0 ~{ft~!l: ~ 1;: It) 0) ~if1[:i£WJ Q):i£!WJ.:c * 
n Iv 12 

)v -'¥' - ii ... ~P:\(;1J'j 0) j]!IDfJ.:c * }v q::' - ~ ~ L ~ b ~ --C I: Ck-
k

- c tJ. ~ 0 L t.: iJ:> -::> --C ... ~{ft'[1J: 
k==l 2 

hl ~ 1.: It) Q) if: .:c * }v -'¥' - e Ii 
n 

e = I: Ck 1 v k 12 + U 

k==l 2 
c tJ. .; 0 b1t {* c L --C ii... :e M IJ'j 0) 1;1t :im 0) SJ2 i$] C' ~ IDfJ L --C ~ \ .; 0 -t:- Q) jl §t ~ 
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(7) 

(8) 



c~-go L.n~ ICPJL\:i!l:\t Cbarycentricvelocity)J clL¥..5::L. cir'it~o 
~ mz 5-} (D:i!& c [!] JL\ iili oc c (D '& 

(9) 

(10) 

c * ~ n ~ 0 15:ill (D $ =- JJi 'i 1% f& jl gw .:r. ;{. )v ~'- (diffusional kinetic energy) J c II¥ ';f 
n, ~{* (D im n'O 'L: x1-g ~ ~mz5J' (D t13x1Jiliocek 'L: J:, ~ jlgw.:r. -* )v~' - -C it ~ 0 

L.nT~~~·~~.:r.A~~~~~~~~~c, 

(11) 

n l~kl2 1'012 n 
T ps = pe - L Pk -- - p- + P - L PkPk 

k=l 2 2 k=l 

(12) 

c tJ ~ 0 L. L. T, Pk = CkP ~ m \, \ f;: 0 ps 'i $ Ur {* m ~ f;: 1) (D .:r. / r \:1 1::0 -, -9 tJ b i?, .:r. 
/ r \:1 1::0 - ~ oc T it ~ 0 [OJ ;fJfHL:, pe 'i ~ .:r. ;{. )v ~' - (D ~ oc T it ~ 0 jilij:ill ~ 11& 5J' -g ~ c , 

(13) 

n 

L. L. T, ~'7~ ~ • ::;-:' ~ .:r. A (D ~ sdT = vdP - L Ckdpk 'L: 'B'; OCp ~ t:lJ ,t f::. <b (D 

k=l 

n 

psdT = dP - L Pkdpk (14) 
k=l 

(15) 

hqE} G n ~ 0 tU~t -g « ~ 'i, .:r. / r \:1 1::0 - ~; OC Q) ?i& 5-} h>, .:r.;{.)v~' - 'B'; ocpe, :II gw it 'B'; OC 
P'O' ~ M ~ OCPk (D ~ 5J' T ~ ~ ~1, L \, \ ~ L. c T it ~ 0 LnG 'i, {W: f¥ ill C' it ~ fJJ W:l[l: (D 'B'; & 
T it ~ 0 {m fCf- 111: c 'i, ~ mz i~ i1ff. L tJ \, \ ~iIJ I~ II -C it ~ 0 ~ G ,L:, {:~ f¥ 11f (D 'B'; & f~ ,t T tJ < , tit 
'Il'X mE c \, \ -5 ;J!={* f¥ -JiJ k Q) ~ 5J' <b 2; Iv T \, \ ~ 0 
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(16) 
k=l 

1 (V) n-ll;.k -I;.n n 1 ( II;.kl2 Iv12) d(ps) = -d(pe) - - . d(pv) - L . dJk - L - J-ik - - - - dPk (17) 
T T k=l T k=l T 2 2 

~~~h~0-~~~Y~D~-~~ps~~m~ti0~~~0~ti~~~~~, ~Y~D 

1::°-~Bt0~5}~ 

ds = ~ Fda L..-J t t (18) 

~~i"~, t-0{*~Fi~ 1~~./-I;"7 j. -:) (inteisiveparameter)J ~~'f~;'o 

[ M 11 $ iY-J :JJ ] 
~ i- )v -¥' -, JID; 1IW ilL ~ :~UJ: E 0 {~ {j: :hl iI" iI'® ~ ~ ~1, ~ :m, ~ ~ E 0 J: -J le:?S- ;t t:: G J: 'Ii' t~ 

;:, -J il'o 

{71J ;t !t, J~ W ~ 0 F139 ~ M~ ~ ~VJ 'ffi: Q) [±] A !9 Q) tJ 'Ii' ~ 1lt 0 cj:I !e m 1[ 5} =f if, 5-} 111 L L 'Ii' ~ ~ i" 

~. !i L:; rh !e, 5} :ffi ;0) - tm ~ tJ ct h !t, B~ Fo9 ;Oq1: --::J Ie --::J ~1, L tit ~ Ie J: --:> L J1: ;0) --:> L - HfUJ 

5}:ffiletJ--:>Lt1J <. C~l,Ii, Wit1[~/J\~tJ$5}Ie5}!:j-L1}.~~, t-h-t~1,0~ C;:,~m'M 

o iJ1~ OC;o) ~ it L L ff < i® 1£ -C' 65 .fJ . 

C C ~, b L, Ii L:; rh ~ *.t: b !9 ~ * ~ {* 0 ~ Y r 0 1::
0 

- Ie ~ ;0) 1'J. It ~1, 1i' , El §E 01 tJ i! Bt 
~ it 1i ~ C G 1'J 'Ii' 0 ~ Y r 0 1::

0 
- ;Onl~l:}( i" .fJ tJ G It, El ~ 81 ~ it ~ L L iHiU~ ~ it;O'> ~ C .fJ . 

'Ii' i, J6:J plf iY-J tJ $ 5t * ~ .L 0 J: -J Ie ~ Y ~ 0 1::
0 

- ~ J3t ;0'> Ii: ~ ~ ~1, L 'Ii' L... cl5.fJ {:~ (j: ill 0 

~ J3t a 0 ~ it Ie xi L L ... d(ps) = Fda ~"* ~ ~1,.fJ... ~ -~ .fJ 0 F Ii ~ 'Mi./-I; "7 j. - :) ~ 65 ~ 0 

~~-J$5}*A ... B~~;t ... t-h-th0~m~V~i".fJot-h-th0$0*0~YrD 
~ - S = V ps !i {*{j:jj[ X = Va 01Ulti ~ ~ .fJ 0 A ;0, G B Ie {*(j:m ;O),0,.X = V ,0,. a t~ It ft ltv 
Lt::C:-~.fJo c0@2it0Mf&0J6:JplfSfi'1:jjU'@~l:IA~i".fJ C:, ~ Y J- 0 1::°-0±~5}Ii 

(19) 

~ tJ .fJ 0 J: --:> L... % = $ ~IJ;O' G... ,0,.X 0 ~ 11'11 ;0) ~ C .fJ t:: rh Ie Ii... xi £G -~ .fJ ~ ~ ./ -I; "7 j. - :) 

Fie --::J 'Ii' L ... FB > FA ~ tJ U h ii' tJ G tJ 'Ii' 0 i" tJ. b t) ... ~ ~./-I; "7 :/ - :) 0:}( ~ 'Ii' ili)5} * 0 

:5 Ie [OJ;O' --:> L,0,.X 0 tt!lW;O) ~ C .fJ 0 

C 0 C ~ ;0, G... {* (j: :it 0 iI'® ~ ~ 51 ~ ~ C i" 0 Ii... ~ ~ ./ -I; "7 j. - :'7 0 ~ Fo91;1 IDic ~ 65 ~ C ~ ;0'> 

5};O,.fJo t-0B'*~ ... ~'Mi./-I;"7 j. -:) 0~Fo91;1IDici;L iI'®~Iex1i".fJM~11$e111~~fli'h.fJo 

;JF{:~ff}i!:0~~ii ... 5f\f:li./-I;"7:/ -:'7 F ;O)lETc15~l,Ii, ~it,0,.a > 0 li~ Y r 0 I::0_±jt!*~ 

~ C -~ 0 ~, ~PJ ~i@1£ ~ L L ifHr -~ .fJ 0 J: --:> L ... ;JH* (cFiUe --::J t, L Ii ... 5f\ ~./-I; "7 j. - :) 

t- 0 b 0 ;0) M~ :JJ "¥= ft-J 11 ~ tJ 6 0 

-80-



~:I:~~ ~Btji tf;~/'~ '7 j. -7 %.~JJ~ 81:JJ 

.:c .:t )v .::j::' -
1 \7~ pe -
T T 

Jill1l!iJ:li 
11 11 

p11 -- -\7-
T T 

1[}i Pk _~ (~k _ lekl
2 

-~) 
T 2 2 

-\7~ (~k _ lekl
2 

-~) 
T 2 2 

:tJ.tf&b1t J k 
e k - en ek - en 

-
r 

-
T 

L Ii: tf; L t:: 1t&/j\~it Ii: x1T ~ :1\ ~ .. ~~fR CD Do!} Fe~~it Ii: x1T ~ <b CD c ro~~R T ~ 0 .:c /' " p 

to - * OCps.. .:c.:t)v.::j::' - * fitpe.. Jill Wi) lfl: * OCp11.. ~ ill * OCPk.. jJt Itt. ifrEJ k CD I*l ~ C' 6s ~ 0 1t& 
Ij\(F.J Fe~ Ii::!o It ~ L ~'L G CD to/Jlm:i!: CD ~ it ~ B~ FB~ Ii: -:) I. \ LCD {,ffij1t&£ c roitfR L L J: I. \;ZP C 1.\ -j c 

--c -j C' Ii tJ I. \ 0 ME {* if:' b1t ~'L L I. \ ~ L C Ii: J: V).. LnG CD tilJ I! ill Ii: J: '::> L i* f.@ iJ~ 52;iili 2: ~'L ~ 

'f[ M ~ * §! {* iJ~ 1l!JJ I. \ L I. \ ~ 0 tf. iJ, G.. ~ FB~ ~ !l!!l fE L L n~ Fu' tf. It Ii: -:) \, \ L {,ffij 11& £ T ~ tf. It C' 

li~+£C' 6s ~ 0 

I. \ i t~ jJfi c Do!} Fe' CD I*l ~ eLL b1t {* CD ifrE ~'L CD :illi 8t 11 iJ~ {iL ffi[ l' C Do!} Fe' t CD I*l ~ eLL l3-}L G n 
L I. \ ~ <b CD c T ~. mE :i! 11 ( l' ,t) iJL !:3.;t G ~'L L I. \ ~ C ~.. ilrE ~'L Ii: * '::> L Jill 1lW T ~ 'iM:m ~ * CD 

{iL Iii ~ B~ Fo' CD I*l ~ eLL R( t) c ~ T . L CD M!i ~ * CD :illi 8t Ii ~:tE I. \ ~ t~ jJfi Ii: :!o It ~ ME:illi c 
[OJ L: C' 6s ~ iJ, G .. 

d 
dt R(t) = 11(R(t), t) 

c:!Olt~o 1lz:[[c~rB'CDI*I~c L-C6s~tJJJJ]l:!ll:tp(1',t) iJ~l:§"·}LG~'LLI.\~ c~, 

L lIW < Iff:1l ~:* Ii: :!o \, \ L 1m J{lj 2: ~'L ~ t?J]:f'-lLflt tp( 1', t) CD Do!} Pu' ~ it ii 

! tp(R(t), t) = (d~~t) . \7) tp(R(t), t) + ~: (R(t), t) 

= (11(R(t), t) . \7)tp(R(t), t) + ~: (R(t), t) 

dtp atp 
- (11' \7)tp+-
dt at 

(20) 

(21) 

(22) 

~ '7 :1' '7 /' :/.:I. (Lagrange) 1t& 5-} c P-¥ ~~ 0 L n Ii: xi L L .. jffi ~ CD Bo!} FB~ Ii: I*l T ~ {,ffij 1t& £ ~: ~ 
;t 1 '7 - (Euler) %X£ c II-¥ ~~ 0 * OC C' ~ 2: ~'L t:: 7.~ JJ ~ B1 hl Ii: xi T ~ 11&£:1\ ii ?FSfZ-i'l~ Itt""f 
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C' ¥7J ElI:Ii Q) ~ ft ~ ~ T b Q) c Ji!,tJ 2: n {S iJ>., J.'1~ 17 '¥ F:ll t%:rX; Ii: :B It {S ?!& 51 d Ii =; ~" =; y y .;I. 
WJ.51

dcp c Lc~i1~T-""~ bQ)C'as-6o --::Ji I), .::r: Y I- 0 1::"-Q)H~rlJ1~ftli 
dt 

d(ps) = ~ d(pe) _v . d(pv) _ :t ~ ( _ Iv l2 _ l~kI2) dPk _ ~ E.k - ~n dJk 
dt T dt T dt k=l T JLk 2 2 dt ~ T dt (23) 

C'~~~n-6o ~n~,r~~~~Q)~~J c~~o 

:tJ:ill Q) ~ fW: ff:it@ 13t Q) B~ FI3~ ~ ft Ii, r f* ff ~IJJ Q) 1f; Ii: ~ 2: n -6 0 if, m::lit {~ff ~Il!i iX Q) 

(24) 

~ ~ C' P k V k Ii JtZ 51 k iJ>. ~ ill B~ FI3~ Ii: ~ ill iID ffi ~ :@ j1Jl! T {S mE n Q) ~ 2: ~ ~ T 0 ~ Q);@ ~ft Q) :rX; Ii , 

as -6 ~ FI3~$ 51 1i::B It -6 ~ OCPk Q) f~* iJ>.1(- Q) ~ FI3~ $51 Ii: mEA T -6 ¥)J~ iJrEPkVk Ii: J: -6 c 1,' -5 ~ 
c ~ ~ T 0 r~ ~ ~'¥ C' ~ -5 if <) A Q) ~ ElI ~ ~ 1, 'ihl ~ -Ii Ii J: It, 0 

¥7J~mEPkvk Ii, cP }L,:i*ocv Ii: * --:> c$ilO~ 2: n -6 $51 c 1xUiJilIE Ii: 51 It ~ ~1- -6 0 

(25) 

up at + div(pv) = 0 (26) 

:1m 1lW 1i f* ff ~IJ Ii -j- <)" -{ .::r: • A I- - ~ A (N avier-Stokes) :D f¥:rX; c L C;;O ~ ~1- c 1,' -6 :D f¥ 

:rX;C'~ 2: n -6 0 

dv dv 
if, :1m 1lW T -6 ~ TIl: ~ ~ Ii: )[1 T -6 1:Jo ~ OC Ii dt C' as {S iJ' ~, ~ {l[ {* fill ~ t: I) Q) 17 Ii P dt C' 

as {S 0 17 Ii, iJ1t {* Q) pg fir) C' 113 Ii. Ii: .& 1£ L ~ -5 JZ; 17 C' as -6 0 JZ; 17 Ii T Y ') )1--]j[ C' as I), Pi] Ii 

i( = X, y, z) Ii: :!_IH~UJ iID ~ iffi L c "&'. 1£ L ~ -5 ~ {l[ iID fti ~ t;: I) Q) 17 Q) j JtZ 51 C' as -6 0 iJrE {:if': 17 '¥ 
Q) ~~ f-4 ~ Ii: J: -6 C, ~ 1lW :D f¥:rX; Ii 

dv 
Pdt = -\1: P (27) 

c ~ 2: n -6 0 ~ ~ C', :tJ :ill Ii T Y ') )// C "'" ~ 1-)// Q) pg t~ ~ "if<. T 0 JZ; j] T Y ') )// P Ii I'Ijl * ff 
c *~t!JZ;17 c iJ' ~ tJ -6 0 

P = PU+II (28) 

u-- = { 1 
tJ 0 

Z = J 

i-!-j 
(29) 

II Ii *~ t! JZ; 17 T Y ') )// C' as -6 0 *~ t! JZ; 17 Ii ~ Irt Q) ~ F1311;] j!ljc Ii: it {9IJ T -6 iJ>., ~!J:D t1 ij{t {;f T' Ii 

* Ii:, 

( 
8v 8v ') ) 

IIi] = -1] ~ + ~ ] - ~oiJdivv - (oijclivv 
UXj UXi 3 

(30) 
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C tJ. 6 0 L L C'... 7]... (!i f~ t1: {* ~ C Ilf !i ~1, 6 0 

pg :g-B I. :t }v ct' - ~ JJt Cl) ~ it !e: "J ~ \ -C !i ... 

(31) 

c ~ \ -J A;Q5 m<; 1) rr "J C {& IE ~~ 6 0 tc ill Cl) % = l] !i pg:g-B I. :t }v.:f' - Cl) i3fU1 h5 pu v + J q C ~ \ -J 

..$~ -J !e: * ~ n 6 L C ~ 7f, ~- 0 puv!i ifiE {* Cl) mE n !e: J: -:> -C Jill !i n 6 I. ;{. }v ct' - C' cl5 1) ... J q !i 

~~ ifiE C L -C b1t n 6 I. ;{. }v ct' - ifrE C' cl5 6 0 15 ill % - JJ{ !i {* f~ H~3 ~~ !e: J: -:> -C En 51-~ -1J5 J~ !e: {± ~J 

~ L -C pg:g-B I. :t }v ct' - ~ ~j> ~ -l± 6 L C ~ * L ... EE 11 C {*fg[~~~Bt C Cl) fN Ie: tJ. -:> -C ~ \ 6 0 

15 ill $ = JJ{ !i f~ t1: Ie: J: -:> -C I±: L 6 no r.~ C' cl5 6 0 L n ~ ::;- /' '/ }v fi1i Cl) 5e -'5 ~ ffl ~ \ -C ... 

(32) 

C * -t L C Ie: ~- 6 0 

1:. Cl) pg:g-B I. ;{. }v ct' - Cl) ~ it Ie: x1 -t 615lffi A C ... jJH1G Cl) i:\; ... T r'f -{ I • A r - 7 A 15 flEA 
~ MI q ~ ;b tl: 6 C... it I ;{. }v ct' - Ie: x1 -t 6 {~ff ~IJ ;Qq~ G ~1, 6 0 

a(pe) + div(pev + Pv + J~rr) = 0 
at 

J~rr = J q + v : II 

dJk . (dJk) (dJk) ---:it + JkdlVV = ---:it + ---:it . 
rev lTT 

C :B Ij- 6 0 L L C'... 15 ill Cl) (d~ k ) !i i:iJ :i2 tJ. :JJt r& i)1t Cl) ~ I±: iJJ C' cl5 1) ... 

rev 

(33) 

(34) 

(35) 

(d~k) rev = -PkT [V {~ (Pk - 1~12 - le;12) } - ~ CiV {~ (Pi - Ivt - le~12) } 1 
(36) 

C' IE ~ ~ n 6 0 i t::.... ( dJ k ) !i l' i:iJ :i!i! tJ. :JJt 1& iJfE Cl) ~ I±: wn C' cl5 6 0 L -J ~ < C... -'? -'? H'!f ~ 
dt . ,rr 

Cl) J: -J C' cl5 6 ;Q5... £("f Ie: L Cl) H:; ;Q5 - frjjt 01 C' cl5 6 L C ~ 7f, -t 0 
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(
dPk ) . dt -dlVJk 

rev 

n-l ~k - ~n n-l O(pS) 
J k = L Nh'k = - L Mk'k--

k'=l T k'=l oJ k' 

1\1kk , = PkT( Ow - c~) 

C i5 1, \ t:. 0 c. c. C':giJ, n t:. 1-T ?lIJ M kk' ;;;:. m \, \ L ... 

(37) 

(38) 

(39) 

(40) 

(41) 

c ~ 1, \ L h J:. -) 0 t -) i- ~ C... I. Y r- p 1::" -1'8 JJt Q) 1'1& {% ~ c J5Z:x1 IT- tJ f-T?71J M kk' Ie: J:. -:> L *6 

I~r n L 1, \ ~ Q) C'... ( d~ k ) Ii I. Y P p 1::" - '=t mz Ie. * 13· L tJ \, \ Q) C' il5 ~ 0 ~ ~~ ... 

rev 

(
d(dPt

S
)) rev t o(ps) (dPk ) + ~ o(ps) (dJk ) 

k=l 0 Pk dt rev k=l oJ k dt rev 

= V [t ~ o(ps) 1\1
k
'k o(ps )] 

k=l k'=l OPk oJ k 

C ts. ~... *- :i: f* eLL :fi11:B -9 ~ c i:'§: Ie.... *- Q) ~ W- 0) f!:B c tJ ~ 1~ ;t ~ 0 c. Q) J:. -) ts. C. c 7P 

G... 'W:ill: Q) {* fF J"ll] iJ~ C' ~ J:. -) Ie. IE ~ 2: ~1, t:. 1\1 kk' -i- ffl \, \ L (d~k) iJ~ I. Y r P 1::" - ;;;:. !£ m<; 
rev 

L ts. \, \... C \, \ -) ~d4= 7P G (dJ k ) Q) 7f; iJ~ ~ ;(1' n ~ Q) C' il5 ~ 0 

dt 
rev 

SjZ 1ff-1 jfr {;i¥ C' Ii ~ P] ~ ~ HE Q) ilii1-T T ~ iili & Ii ~ )J '¥ B1 JJ Ie. it {71] T ~... c Z; ;t G ~1, ~ 0 t-) 

T ~ C ... :tJ!~i1rE Q) t~1JDi* 8t 1e.:X1 T ~ Jfl~ ~~ B1 l1l.¥:i\: eLL 

_k = L Lkk , - k' n + LkeV -
( 

dJ ) n-l (~- ~ ) ( 1 ) 

dt irr k'=l T T 
(43) 
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[ -= fI ~ -@;- tM ] 
1: -c' ~ iJ) n t:. 1Jt f& b1t ,e :Xi T ~ 15 t'£ :i-\. iJ'l, 1JE * (/) 1Jt ~ 15 t'£:i-\. C: E (/) J: -) ,e IW ~ L -C \, \ '5 iJ) 

Ie -:J \, \ -C 1> L M! ~1, -C :13 < a 

~.m~(/)t:.66te, cpJl,\~J3t'ViJ'ltJ\~ <, t..f;:, 1Jt~~fft~<b/J\~\,\tJfJ-@;-~~.:t.J: -)0 ~ Gte, 

~J3t <b -t(f{ C: T ~ a ~ G Ie, ~-@;-to/.! li-=fI 0) 1t"¥:m<::B iJ) G ts. ~ <b (/) C: -9 ~ a -c -) -9 ~ C:, 

( 44) 

BJ2 ( ) ( ~ ) ~1 - ~2 ~ + \1 'VJ2 = P2 \1 J-lz - L.J Ck' \1 J-lk' - L21 
vi k'=l T 

2 Z 

1Jt 'Itt mt (/)!5:: ~ J: lJ, l: J k = 0 -c' it ~ iJ) G, l: Lkl = 0 T' it ~ a i- ts. ;b i?, L11 + L21 = 0 
k=1 k=l 

-c' it ~ a J:"J -C, Ll1 == L21 = L c::13 < L. C: Ie L J: -) a i t:. , 

Cl~l + C2e2 = 0 

J 1 e1 -~2 =-­
PCICZ 

C: ts. ~ a ~ G Ie, :rn1 t~ ~ -@;- to/.! C: ~ ts. T C:, m<::B k (/) b=TFF ~ i)14: Bt ~ X k C: -t ~ C: , 

kBT 0 
J-lk = -lnXk + J-lk 

mk 

C: :13 (j ~ a L. L. -c', mk Ii 1Jj(;:B k (/) -:B -=f (/) '[1f iii -c' it '5 a ~ irtiJ~ rrt C: (/) I*l {* Ii , 

L. n J: lJ, Cl \11-"1 + C2 \1 J-lz = 0 Ii;' ¥'] iJ) ~1, '5 a 0.1: J: lJ , 

L11 1 
"! ---

T PCICZ 

BJ2 7it+ \1('VJ2 ) = -pz\1/-1z - ,,!Jz 

(45) 

C: ts. ~ a jill}?; (/) :Jit ~ 15 f1£ i:Ui , J k iJq;:U~f'!5:: 'm' 81 C' 1)) -:J ME ~ 'V = (/) tJJ.J -@;- -c' it lJ, L. (/) C: ~ Ie Ii , 

Pk J k = --\1/-1k (46) 
"! 

C: ts. lJ, 1Jt ~ b1t Ii 1t "¥: :J~ 7- / :,,- -t }v (/) ~ FB~ 19 j!ljc Ie J:t -\71J -t ~ a fJE"J -C, L (/) 15 f1£ r\. Ii, !5:: ~ 

Bi :fJt ~ b1t Ie ¥!j ~ i C' (/) jfJJI iii m * ~ 52 ~ -t '5 15l'£ r\. C' it ~ a 
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1: C' tG L t;: tG g ~ ~ 1<= x1-t -1S 15 f.lE A ~ J6J pJT SjZ fflJ {IX IE Q) .:r:. /' r P 1::0 - Q) ~ 1 t 

d(ps) = ! dpe _ ~ d(pv) _ :t Pk - 11112 /2 -1~kI2 /2 dPk _ 'f ~k - en (47) 
dt T dt T dt k=l T dt k=l T 

1<= tt A -t -1S 0 -'C -j -t -1S C " 

d(ps) 

dt 

1 v ~ e k - en [( dJ k) ( dJ k ) ] --V·Je+-V:P-~ - +-
T T k=l T dt rev dt irT 

n-l n 

L (~k - ~n) J k = L PklJ kl 2 

k=l k=l 
C tJ. -1S c.. C I<=;i± S -t -1S 0 i t;:" -¥' 7' 7. • T'..:L .:r:. 1. Q) A fT>' G 

(48) 

(49) 

!(pe) - ~. pv - t Pkl~kl2 - :t Pk -lvI2/2 -1~kI2/2 Pk = ps - P (50) 
T T k=l T k=l T T 

C' cl5 -1S 0 i t;:" WI 1<= ~ -'" 1;: J: -j 1<=" 

= V [t 'f 8(ps) Mk'k 8(PS)] 
k=l k'=l 8Pk 8J k 

C tJ. -1S 0 J: -::> -C" .:r:. /' r P 1::0 - f.J !) ~ \, , Q) 15 f.lE A Ii 

8(ps) + divJ s = 0-[5] 
8t 

(51) 

(52) 

c \" -j A 1<= tJ. -1S 0 :;fj:ill Q) 5r; - :lJi Ii !f'JJ 'f1I Q) im n 1<= J: -::> -C 4'J 'f1I C ~ 1<= :i£ Ii' ~1., -1S .:r:. /' r P 1::0 - " 

~ = J] Ii 1J! ~ blt C lJ~ i;1t 1<= J: -::> -C f$ 9W -t -1S .:r:. /' r P 1::0 - C' cl5 -1S 0 a [5] li.:r:. /' r P 1::0 -1: Iv<;:iili 

Sf. C' cl5 -1S 0 c.. c.. C' .:r:. /' r P 1::0 - ifiEJ s Ii 

(53) 
~ ~ 8(ps)M 8(ps) 
+~~-- k'k--

k=l k'=l 8 Pk 8J k 
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(:~2:n6o 

J:0).:c Y r t:J l::°_~)JJZ:iE&O)A!e:l3It\-ci±§-g",,~ L eli, :&JJl;6" {iHCf:mO)~iS-, tR~ 

/ ~ '7 7- - :'7 0) 1;J JmC (: ~ PJ :& si mf. ~1, c 0) fi!i !e tJ. -:> -c It \ -c, :iF {if H- -m OJ ~ is- !i, tR ~ / ~ '7 7- -

:'7 c ~ 110:iE Bt 0) fU !e tJ. -:> -c It \ 6 LeT 65 6 0 

SjZ 1m ~ f.@ !t: iii It \ (: L .is T Ii, r.~:1J ~ ~:1J ;6, IJ\ 2: Un I;C ~ PJ :& j§ f£ 0) jlHr:ii Bt <b IJ\ 2: It \ 

;6, G, Jt {0] IMl {~ !e 65 6 c ~ ;t -C J§.n \ 0 .:c- 0) Jt {0j{~ ~ ~ L T ~ -g 0 *6 U 'J !t 6 4?!J 111 it (e J: -:> 

-C, L 0) {~ ~ Ii A 7J '7 - T 65 -:> t: 1] «7 r)l/ T 65 -:> h 1], -r Y '/ )1/ T 65 -:> h 1] -g 6 0 

:f~ tlJ: L5 :1J II ~ .:c :t )1/ -'¥' - ~ifu ~ (e 'J It \ -C 0):1J (: :ill! llW ii ~© ~ !e 'J It \ -C OJ :1J 0) ~;,~:If:; *6 is- T ~ 

(55) 

(57) 

(58) 

.:c :t )1/ -'¥' - MEle 'J It \ -C <b 

J;i' = j~E, ['e,jee: j C~) + j~E,",~E, L'e,j/ (O:j (-;)) 
(59) 
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Lie,]c = AOi] + L Lie,jlVI 
k=x,y,z 

(60) 

Lie,jl = L vIILiZ',jl 
lL==x,y,z 

c 1, \ -5 IUl {* ii; 2ls ~ 0 c.. c.. c:... A 'i ~~ {i: Jfj $ c: 2ls ~ 0 c.. 0) J:. -5 Ie T ~ C... I:t)v -¥' - 0) ~ P] 

:i!!b1t 
(61) 

(62) 

£L10) J:. -5 Ie ... ~®:i!{*~b<:j!!i~ ,e{1'\ffT ~ ~ 0) C T ~ c ... *~tt£:m~ ~ ... ;J\~/~ =; j. -

:'l 0) ~ Ff3~1;JMc Ie x1 T ~ *,~ *:;£G~ CLL~:ffl c: ~ ~ c.. C b<: 5'f b> ~ 0 *'~tt£ £G 1:7 Ie x1 T ~ A b> G 

BJ3 G b> tJ J:. -5 Ie... L 0) {* ~ Ie --.:J 1, \ L 'i... (J( 0) J:. -5 tJ xHiF t1. b<: 2ls ~ 0 

(63) 

L c: 'i... '¥ JJJZ 5'f * 0) 1¥r nX: 5'f 0) r:p JL' J1R fft 'i ~ tJ ~... 113 li :tIt WI. b'l ff fr T ~ b'l... i1f1r fft 'i i§- }JjZ 5'f 

C ~ ~t:@ c: 2ls 6 C L t::. 0 L b> L tJ b<: G ... 1¥r}JjZ5'f b'l r:p (,Ij!!i 0) Ji'iJ ~ c: ~ tJ ~ 5'f 1'& ~ ~ -:J C 1, \ 

-5 c.. c 'i 7\. 1, \ ,e 2ls ~ f~ ~ 0 .:c 0) J:. -5 tJ c ~ Ie 'i... I Y r 0 [:" - Ii i§- bY: 5-} 0) pg :g-j) I :t )v -¥' -

0) f:!kJ~ c 7[,-;t ... 5 = 5(U1,"', Un, V, ~M1,···, JJln) C l}. tJ L ... 

85 1 
(64) 

,e J:. -:> L i§- }JjZ 5'f 0) ilI! fft ~ 1£ :m -9 ~ 0 .:c -5 T 6 C... i§-}JjZ 5'f 0) I :t )v -¥' - 'i {* ff :1tt c: tJ < tJ ~ 0 

~ tJ ~ }JjZ 5'f IoJ ± b<: FaJ jJfr I'll Ie I :t )v -¥' - ~ ~ f~ L -5 ~ 0 
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~}jt1$;f£ @J ~*~J 0) -=E 'f")v -C , 7J:;;j- A I¥J JJl[~ ~ ffJ[~ L L 1~ffl L t.:. -=E T )v :1J5flEA ~ ± JJ T 0) ~ 
O)-cri;~. 

+ C L Lij(t)<p7n(mj(t - T)) + Ii(t), 
J 

.i;Jt) = -dgi(t) + eMii(t)<p7n(mi(t - T)) + If(t). 

2: 2: -C, mi ~± i 1f § 0)1tl~I§*IB~f[TifO)¥51ll'hl?t, gi ~± i 1f § 0)!¥]*Jl:mB~MO)r6JhI?t, G ~±!¥]*Jl:*1B 
~f[Tifip G1t~I§*IBHf[Tif-".0):j:rniIJ!Jtl*5ir, M~±~O):i:2!O)~if'r:1:;fflir, Ig ~±AjJ ( .::::ftJiBU=ifrv) 
mJ:JtJB"I-jJ) -cri; ~. it.:., <Pg, <p7n~±, ~~'L-f'n!fJVw:*IBHf[M, 1t~I§*IIlHf[TifO) Allin ~1* ~*:Il 
~~#M~~7-=E~r~~~-C, *A-c*b~n~. 

<pY(x) =Q~,(I- exp[-(eX -1)/Q~]) 

-1 

for x> u6 
otherwise, 

2: 2: -C, ui{ = In[1 - Q'Ifn, In(1 + I/Q;;')]. 

~~~*~h~~~R, GRM~~~W:1J~A~*A-C~~~. 

Gij(t) = -rGij(t) + s<p7n(mi(t - T))cpg(gj(t - T)), i 'I- j 

Gii(t) = 0, Mij = 0, Lij(t) = 0. 

1\7;1.?, r,s 0)1mH±, @J~:1J5flEAO)I\7;1. ?'0)1i@:J:: v)+%/J'\~v)C~~. 0i V), ~~~±, 
@J~0)~:k~~~1~~=1~~+5.h'Iv) C ~ ~. 

o :s; T, S < < a, b, .... 

fJ]jtJHkf*O)~)t7E~±, *0) J:: ~ ~=~:Q. 
mi(O), gi(O) ~±, 7 /' 5"L ~=~~ G 1'L:Q. Gii(O), Mij(O) ~±-t*~1i@:~~~ G n~. Lij(O) 
~±, 7/,?"'L~=~~Gn~. 

~~~fJO) }<}J-mJjtJj 0) fMH= , 1Lv) ~=::J ~ ~ v/'1- ~=:J:JN!lW~ ~ v) < 0ipO)*IIlHf[MiJ{fFtt~ 
~iJ{, ::J ~~ v/' 1- ~=~~TifO)*JlhBb~~±, ~r~I¥J~=~1~~:Q. 2:0)1fhl¥J~1~~±, 1) 77° 
/ 7 A ""7 1- )V~O)Dt~;0'- G 7J :t A E~-eri; ~. :¥WfIn± 2: 0) J:: ~ ~ 7J :;;j- A 1¥JJJl[~iJ{V' Iv~;f Iv 
~=h G 1'L~. ~~1&O)AjJ-mJjtJjO)OO ~=i3V)L b LDCO) 7J:;t AI¥JJJl[~~±h G ~'L~ iJ{, AjJO) 
w:*:J:JN*1M'tifr-c, ~jJ~~1*iJ{::J ~ ~ v/'1- ~=:J:JN1lW~ ~. i t.:., :¥~ O):ff~~=~b G T, £* 
mJill~~;t, 40Hz 1tjl:!J=1ftt~ ~. 

JJL 0);ffl=*;0" G, 2: 0) j:!Jiir 0) 7J :;t A 1¥JJJl[~ ~±, *IBBf[TifO)~ h ~;0" ~ IPJ,Jj C JM.lPJjtJj ~ iT 
~ WHw C ~ ~ ~ 2: C iJ{-c ~ ~. i3~ G < Jhqm~±, 2: 0) J:: ~ ~Wt1'ItJ:~1~ -:JL, ~=i3v)O)~i5J!J~ 
10msec 5flEJ3to) ~r~ lAJ ~=1Tv)~ 0);ffl*~~!'?,9;\] ~=;fflalt~tL v\ ~ o)-c ~± ~ 7P 0 ~ ;0'-. 
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'$~JtmR 
1) 1. Tsuda, Bchav. and Brain Sci. 6(1993)475. 
2) 1. Tsuda and G. Barna, in Towards the Harnessing of Chaos( cd. M. Yamaguti, Elscvir, 
1994)47. 
3) 1. Tsuda, T. Hashimoto, A. Yamaguchi and K. Goto, in the Fmc. of the 3rd International 
Conference on Fuzzy Logic, Neural Nets and Soft Computing(1994)55. 
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§l. $A 

)j01O)~mO)t~&)O)m;fR:¥I¥J1ff.tl) ~=, ~~:tJ id:j'jC~:tJ ~ 'b t J 6 ~~I¥Jid:;l. lJ 7 7~-tT 
)v~~*T 6. -tT)V~;:t, id: Iv G ipO)/fPJ§grp~~~pg~T .'6%-e1~)JJG~ tL6 2::. t iFf{if~ Lv). 
;f.5 fpj , v) ir" ~= lc T' ~ -t ~ ~ -t T'}V t=:}iliA T ~ jp tv) J rp~ ~ ~= id: .'6 . 2::. 0) J: J id:)eli*. ~=:B v) 
c~"JO)PJ§gid:-tT'}viJ'1~G~1.f~0)-e¥IH5T~2). iffiif.:::::. ::L~IJ ~-tT}V~=V~t~~ t 2::.7:Jfik 
:5t/fPJ§gid: 7 ~ '7/;1 lJ 'h{llb~1-6. 2::. 2::. -e~;:t.:::::. ::L~ IJ ~ O)-tT'}l/f;:t.:::::. ::L~ D ~ O)~~O)~:ki~ 

~~"JO)~~~= < lJ 2::./vt":%0)7j-D /;1~-tT'}Ved) lJ, ~:J\:i~~?f.Jf~;:tP11Uix~[MJ~~=1Tb~1-.'6 t + 6. iT, ~1N!I 0) 11 :;;f A .:::::. ::L ~ D /' iJ{~1N!I 0) 3'ClE':::::' ::L ~ IJ /' ~ ~gW1JT ~ j:~if, =:&zJCf§ ~ 
[MJpg-C', /f3'ClEgH*1*iJ{:X~T ~ tv) J ll* ~1~6. 2::. n~;:t, 2::. O)=:&zJC~5T*iJ{PJ~-efJ: 
v) 2::. tipG0)1wiffi-c'~6. LipL, 2::.O)j:~if, :x~~;:t, v)t~~ t 2::.7:J-e~2::..'6 J: J ~=~5t~t 
Gn6. 

:&z~=, 3'ClEid:~lHl':::::'::L~ IJ /' t 3'ClEid:~fflUtl':::::'::L~ IJ /,0)=1:t:iJQ§1i1tffllCv).'6* 
~=M lc, ~1N!I0)11:;;f A':::::' ::L~ IJ /'iJ{--ctL..:c'~'1.~,~gIDh lcv)~ tv) J -tT')V ~~.z 6. 2::. 0) 
~:J\:~JL~;:t, ~~~O)HiliO)i=f!-e<b+:5t~2::.lJ J ~ 2::. t -e~7:J J. 

2::.O)-tT')VO)~T3)!*~;:t~*I¥J~=I;:t,"Strange Nonchaos" d)~v)~;:t" v)t~6 t 2::.7:J~5t 
/fPJ§gid: 7 ~ '7/;1 lJ" 0) /;1 '7 A ~=~T 6 'h{, --cO)t~&) ~=:tJ:¥~=?f.Jf l v)'lij{iJ{pg~ ~ n Tv) ~ 
2::. t iJ{biJ"6. ~~=7J /' ~ ~ )v~if J:~=#JIJ#f.J ~ ht~?f.Jf l v):tJ:¥iJ{p.J~ ~ ~1-cv)6 2::. t iJ{~.rU < 
~n~'2'-~1-6;f.5*~1~t~. 2::.0)2::. t ~~mT6t~&)~=, iT~1Jmt lTv) < -JipO)~*lI~~ 
iffi.1¥J L, --c 0)1& ~= 2::. 0) 3::.~ 0)iffi.1¥J ~ iT J 2::. t ~= T .'6. 

§2. Weierstrass r~~ 

Weierstrass OO~I;:t, Jlm'G-eV)t~ ~ t 2::. 7:J~5T/fPf§gfJ: ~t)c-e~ lJ, :&z:t\:-C'!3-.z G ~'1.~. 

00 

W(x) = Lan cos(bn7rx). (1) 
n=O 

Weierstrass l;:t, 0 < a < 1 -e, b ~j: ab > 1 + ~7r~.l7-t~T*t)c-ed0~:dJ:ifW(x) ~j:2::.O)t1:j{~ 
'b--:J2::. t ~~lt~. --cO)1&Hardy l;:t, 0 < a < 1 -C' ab 2: 1 id: G W(x) 1;:t:;ffW.id:~1*~~ <b 
t.::. id: v) 2::. t ~~l, iHH;:t, 0 < a < 1 -e, b ~;:t, ab > 5.603·· ·~ht~T~t)c-e~~1-~:f~mtk 
~ 2::. 66T~:5t1*~~ <b t~fJ:v) 2::. t ~~ Lt~. i t~, ~]1j:),0)I*Jf)c~=, :&z:t\:O)~*I*J~iJ{~~. 

00 

T(x) = L and(x, Z), (2) 
n=O 

'Wi : X ----+ XU = 1,2,3). 
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x 2y 
WI(X,y) = (3' 3)' 

2-x l+y 
wz(x,y) = (-3-' -3-)' (3) 

( ) _ (2 + x 1 + 2y ) 
W3 X, Y - 3' 3 . 

::. 0)~1*~± "':)O)/ffJJ}~ (0,0), (~, ~), (1, 1) ~ t"':). F(X) ~, XO)T~--C O);JI=~O)I~'H~B­
O)~B-CT~. 

:£:--C 0) A E F(X) ~=M L --C, 

W (A) : = WI (A) U Wz (A) U W3 ( A ). ( 4 ) 

~--C 0) A, B E F(X) ~=M L --C, Hausdorff ~]l;1th{JE~ -6 ~'L~. 

(5) 

t~t!.L, Nt(o)~±G O)E-i1i1~-Cd)~. W~±, ::.O)~t-=-O)tc-c, F(X)LO)*lli/J'~1*-c'd):6. 
Do = {(x,x) E X} C L --C Dn = w(Dn- l ) -C, Dn~± [0, l].lO)J!t~F;kJ~5c fn : [0,1] --"' 

[0,1] 0)~f77-Cd)~. 
4~~=, ~~:JE~1& f= : [0,1] --"' [0,1] iJ{1f::ftT ~. 
w~±, F(X) .l0)*lli/J'~1*-c'd) ~ iJ" G w~± F(X) O)!=P ~=IIl-O)/f!lW,B D* ~ t"':). {£jf. 

0) A E F(X) ~=M L --C, {wn(A)} ~±, n ~ dH ~=F;kJ L --C D* ~=JIJjRT ~. 
::. ::. -C, D* ~±, f=O) ~f7 7 ~='l;t ~. T'l;t;b~, Dn~± D* ~=JIX'.*T ~. 
Katuura ~±, IVJ1& f=~±, Vx E [0, l]-C1JIt5t/fPffJ~-Cd)~::' C ~~iEOO Lt~.5) 

§3. 4~~~*JE-cv~t~ ~ C ::. 61JIt5t/fPffJ~~ f~1& 

Rossler G ~±, Katsuura ~~5ciJ" G!ff~~~:'iG-Cv)t~:6 c ::. 61JIt5t/GPffJ~~ ~~5c~1N~ L 
t~.6) ::.::. -c'4~~J~lH:'iG C ~± 7'J :/ }- ~ )v*B-L -CJ!;'f.JC~::' t -Cd) ~. T~;bi), 7'J:/}- ~ )v~ 
B-~"':) < ~4H~~f-cO)fj~5t~rJ] l~i) (i = 1,2, ... ,2n) .l-C~*JEWJ1&cp~) (x) ~JE~T ~ iJ{, ::. 
~'L~±, nUpr)l~fj~5t~r~L-CJE1@IVJ1&~"':)~t1JOx. --c, ~~-C~~:JCF;kJ!i&Fn(x) iJ{1~G~1-:6 J: J 
~=JE~ L --c:B <. ::. O)u;f, 7'J:/}- ~ )v~B-~"':) < ~~ImH*1'F~=W J {cp~) (x)} 0);ftiE~1 ~ 7'J :/ 
}- ~ )v~B-L -CO)~~:JCW~a5c C JE~T ~. 

-6 G ~=, 7'J:/}- ~ )V~B-.l-CO)1JIt5tPffJ~ti~JE~ L~ ~tn~!~ G ~ v). v) < "':)iJ"O)JE~ 
iJ{P:rfJ~--C-d)6 J iJ{, ::.::. --c-~± Dini1JIt5t--C-JE~T~.Z) -?~± VJ 7'J:/ r ~)v~B~"':) < ~ n ~§ 
~=:l:n,)--C, 2n 1fl!IO)im5tI?UM] 0)4';- k I~i) ~=:l3v)-C, ~;'(:'iC~~ f~,i) ~JE~~T ~. ::. n~=M L --C, 

j (i)(b(i)) f(i)( (i)) 
,6. (i).= n n - n an lei) = [ (i) bU)] (. = 1 2 , .. 2n) 

n ' (i) U) 'n an 'n Z " , 
bn - an 

(6) 

(7) 

-92-



::.::. --C, '\In> 0 ~=:ML l, {6.pZ-1)}k'~=n iJ{J[£*T~a:;f, TIj;b-S:iJ /' 1- ~}v~iioY~:~if 
§ O)%2'i:fiffiLB--C, :iJ /' 1- ~ }v~ii 1: --cJE~ ~ ~'L~ ~~5c j (x) 0) Dini 1}ft5f ( ki1}ft5f) iJ'iff1:ET 
~ a:;f, ~ G ~=, {6.~2Z) }~niJ{J[JaRT ~ a:;f, TIj;b-s, :iJ /' 1- ~ }v~ii0)1~~if § O)~kiftffiLB 
--C j (x) 0) Dini 1}ft5f ( 2'i:1}ft5f) iJ'i'1f1:ET ~ Ift-, ::. ~'L GO) ft;f ~= ~l-:J l, j (x) ~i:iJ /' 1- ~ }v=*ii 
1: --c1Ji!J5fPJ§~--Cd) ~ t T ~. 

~1:fi, 3~:iJ /' 1- ~ }v~ii~~.ffiH=:Bv)t-=:iJ{, -~0):iJ /' 1- ~ }v~ii 1:0)~~5c~=~5f 
PJ§~'tl ~JJt7.&T ~ O)~iM. --Cd) ~ 0 n ~ § ~=:MT ~{§~7J\.l2IFdJ JXi) O)-f~'L-f'niJ" G fi t>i ~ l2I 
FdJ 9'0 1: --C, 1:0) J:: '7 ~~1t*~ t l') -fO)J[uR'tl-c'JE~--c ~ ~. :iJ /' 1- ~ }v*ii 1:0)~~ j(x) 
0) Dini O)ki1Ji!j5fO)ff1:E--c~5fPJ§~ii ~ v) '7 ::. t ~ --C ~ ~ L, ~ oJ t 5$ < L l, Dini ki1}ft5f 
=Dini 2'i:~5f ~= J:: oJ l JE~ L l ~ J:: v). 
:&:~=7J-T Rossler O)~~fi, ~~&":d.:JE~~=:BV)lT G, 1}ft5fPJ§~tlfi, W, l') fLt-=: Ij v). 
~ l, Rossler o)~~fi:&:O) J:: '7 ~= L If#W,''C' ~ ~. 

( ) (
X 2x) 

C1 x,x = 5' 3 

( ) _(3-x l+x) 
C2X,X - -5-'-3-

( ) _ (4 + x 1 + 2x) 
C3 x,x - -5-'-3-

(8) 

(9) 

::. nfi (5) 0) ~ C --c, ;%ffi/J .... 1J:1~ ~~;t, Dn+1 = C(Dn), Do = (x, x) --Cd) 6. Dnfi, [0,1] 
1:O)!I9'~~~:Ji:1j ~~5c gn 0) :7~'7 7 --Cd) ~. g=O) :7~'7 7 D=fi:ml.fL,BiJ" G Ij ~. L iJ" L, -15 
--C g= fi, :iJ /' 1- ~ }v~ii 1: -c'J!®'G"C'v)t-=: 6 C ::. 01}ft5f/GPJ§~--Cd) ~. 

§4. :&:JG~ 

Rossler O).::cT'}v (8) iJ" G$tp~'L~ D=O):&:JG~~1iIIi L J:: '7. ::. ~'Lfi*~7J-n~~=litrf§IJ 
~=Ij oJlv~6. i -9, {:V:if§:&:JG dimt = 0 fiijlj G iJ""C'd) ~ 0 -15, J\ '7 A F}v 7 :&:JG dimhfi 
§ cif§1Jj:tl ~ fflV)lM.~=, dimh = l~:g Y = 1.317· .. --Cd) ~. TIj;b -G, 

dimh - dimt > 1.0. (10) 

dimh - dimt < 1.0. (11) 

Katsuura(3) iJ" G Rossler(8) ~=v)t-=: ~ ft;f, :iJ /' 1- ~ }v;:f' "V 7 7°ir{{to --clj ~t~'L~:f', (10) iJ{W, 
fLT~ . 

.::cYJv (3) t (8) t tJ~* -C'Lilj < *fi!/j .... 1J:1*--Cd) ~. ~ 40)~'*fi, 1}ft5fPJ§~tJ~*O) 
7 r-'7:7!J ~ oJt-~~~=fi/G~tp.1*{*iJ{, !I9'~J!~:Ji:--Cv)t-=:~ t ::'01flf5f/GPJ§~"C'd)~ J:: '71j 
~ 0) ~=d) ~. ~]1J),0)f§IJ t L l, Yorke G ~= J:: ~"Strange nonchaos,,7)-9), Rossler t Hudson 
~= J:: ~"Superfat attractor" 10), Moserll ) -'?:ili:-=f12 ) ~= J:: ~ "7 '7 :7 !J }v Ij /G~ 1- ~ '7 A" Ij t" 
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iJ{~ff' G ~'L~. *f~Jl®c--c1*t5t/GPJ~~iJ: 7 }- '77 ?' ~ --C~i, -rut~=~1*~ (10) iJ{~"iL L l 
v~~ c}Gttd'l~. Rossler -t--r)v (8) ~= J:: VJ *0) Kaplan-Yorke O)T~7)0)~.lI.0)-~O)tl~j9& 
iJ{!}.z G nt.: c ~.z l J:: zp6 -J • 

Kaplan - Yorke O).:yJ~ : 

iJ * A 7 }- '7 7 ?' ~ 0)*:TGli1~t§*:TG J:: I] 1.0 UJ:* ~ < iJ: VJ -J -b . 
(10') 

::.. 0)::" c ~i 1) 77° / 7 *:TGO)*:A:iJ, G, lEO) 1) 77° / 71:j§f~~=J:l::/'(l, 1iJ<l60):1J0)~ 0) 1) 7 
7° / 7 tj§f~O)*@M~iJ{/J, ~ ~t n~J:B::" VJ -J ~. 

§5. ~~ A * --C 0) v) t.: -b c ::.. 61*t5t /GPJ~~ iJ: 7 }- '7 7 ?' ~ 0)%1:£ 

:9zO)f~~S9-t--r)v13)~i, iJ)'}- ~)v~-frJ:.O)tJ:¥~~ < ~ 1:::),}- ~=iJ:~. 

Xn+l = 9xn(mod 27f) 

Yn+l = 0.3Yn - 0.7 Cos( 9xn) 

Zn+l = 0.3zn + 0.7 sin(9xn) 

W n+l = 0.3wn - 0.7 sin(2 x 9xn). 

(12) 

~ ~'l~i, 5 *:TG-"'Z 7 }- )vj:~O)mnO)# 7)' iJ v~{~ c ~.z G nl5. ~ 0)* 1=:BV)lli ~ i 
~~iiJ:~~mHiH='f---Cfit~--e~~. /G1l]}~, Ji!iJ1Jjm, 125£11:, 1)77°/7tj§f~iJ:c~--ccb~. 
1) 77°/ 7tj§f~li, )\1 = 2.197,>'2 = >'3 = >'4 = -1.204 --Cth-bO)--C, 1) 77°/ 7:9z:TGli, 
dim>. = 2.825( = dimh) C iJ: VJ, -h, {~ffi*:TG~i dimt = 1.0 C iJ: -b. 1JE "':) l, ~ (10) iJ{~ 
"iL L lV~~. i t.:, ~F~7E*-fr 1: --c, Ji!iJMmiJ\ ;jffiW-C'cb ~ ~ C, N.U'~F~7E~-friJ{~JUIHS9 
-ecb~ ~ C ~~£~=~~~'L~O)--C, ~O)*li~~A -ecb~. 

7 }- '77 ?' ~, P{t-O) iJ :;t A hfQ] ~=;ffHfJfT ~ %K'¥OO--C-W -b C, 3 :9z:TG0) iJ )' }- ~ )v~-fr 
iJ{1~ G ~'LI5. ~ ~'L ~ Y - zOO~~~-t 15 c pjJi!iJ1: ~= 91fQj O)/J,pjiJ{fIt [r-f-n.:c'~'lO)/J'pj 0) pjJi!iJ 
J:.~= i t.: 91fl!j0)IJ,pjiJ{~U', C v) -J ;fw:@iJ{~ VJ J1&~ nt,:;fN:@iJ{m;b~'l~. fim~= J:: 15 C 2 @J 
§ O)/J,pjj:J~iJ\ :;t ~ J\~ '7 'J 7°-t 15 t,:.ri) ~=, ~ O)~%liv)t.: -b c ~ 61*t5t/GPJ~~--Ccb ~. 

§6. ~ :l~'7 lvi, 'J}- ~=:Bft-bv)t.:~ c ::"61l5t/GPJ~~ii2) 

§ 1 --C.:yi§- L t.: J:: -J ~==~ O)t§1L {tffl-t 151i5£~ :l ~ 0 ~ ~= iJ * A ~ :l ~ 0 )' ~= J:: ~ ~g 
ilJiJ{cb -b 3 {*O)~ :l~ '7 lvi, 'J }- ~~;t -b. ::..::.. --C0)£*~=iJ: -b ~ :l~ 0 ~O)-t-T')vli-fr~ 
~=J::~ 'b0)-C'cb~.14) 

:9zj:\; (13),(14) --C, x ~iiJ :;t A ~ :l~ 0 )' O)~:kt~, Y, z~i-f-n.:c'n125£~~ti, N..U'125£ 
iflJi!JiJti.:=. ::L~ 0 )' O)~:kt~ i'£i(;b L, X, Y, Zli, -f-n.:c'nO)':='::L ~ 0 )' O)pg:g:~~~{sL--ccb ~. 

n 

Xn+l = f( - L b~xn-r + I) 
r=O 

n 

. Yn+l = f( - L b;Yn-r + czyzn + cxyXn) 
r=O 

n 

Zn+l = f( - L b~zn-r + cyzYn + cxzxn ), 
r=O 
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t.::.t.!.L, 0 < b < 1, Cu'U~± 'U ir>.; v",,-0)ifj!jir5!EEt-c, czy < O,cyz > O,cxy > O,cxz > o-cdiJ 
~. X n+1 = - 2: bTXn_r + I, Yn+1 = - L bTYn_T + CzyZn + CxyXn, Zn+l = - L bTzn_r + 
CyzYn + CxzXn c:B < C, pgti~~*i~~=MT ~ -t:'T')v:1J*1E:t(:~±, 

X n +1 = b1Xn - h (Xn) + a 

Yn+1 = b2Yn - f(Yn) + czy(J(Zn) - b3f(Z~)) + Cxy(Jl (Xn) - bdl (X~J) 
Zn+l = b3Zn - f(Z11,) + cyz(J(Yn) - b2f(Y~)) + Cxz(Jl(Xn) - blh(X~J) 

X~+l = Xn 

Y~+l = Yn 

Z~+l = Zn, 

.::. .::. -e, h (X) = He 1 -Y1X, J(X) = He
1 

,X . 

(14) 

Ji!:?:13 ~=)'\ 7 .J. /;' ~j.j)iij~PT,Q .::. C ~= J:: VJ, x1Jrm ~=fff!1#f89~mfTIiLt. "c-, v)t.::. ~ C .::. 7:>tJl!J5t/f 
PJ§~~ 7 r 77 /;' ir~1~ r:d'L~. 

§7. 'fJ / r ~ )v~ir J: ~=ffi-U~j ~ ~'Lt.::. ::1'1 T -2. '7 A 2) 

-t:T')v (14) 0) Y - ZOOO)~,Q1~v)t.::.:1J[Q]~='fJ /}- ~)v~iliJ~:jl~IDt~~'L~ . .::.O)*il1: 
0) ::1'1 T -2. -7 A O)ti1r~WiIJ~~ t.::.rlJ (14) ~=j}ti~/ 1 ;( ( -1*/ -1 ;() ~E=n1Jo L, ~1t~h­
t.::.. /1 ;q±, Y<b L < ~± z~=EnjJO~~'Lt.::.. / 1 ;(O)*~ ~ ~~.z 'l KS I/}- D t:~0)~ 
1t~Je,t.::.. ~F,*,~=tJi*iO)IJ'\~v)/1 ;q=t-JL'l~±, I/ rDt:~~±:t~tlOLt.::.iJ{, /1 :;(tJilPi 
~* ~ < L 'lv) < c, ~9~ ~± t:.rlJ, / 1 ;( 1,/ A O):f;~irO)1@: J:: VJ <b ~ ; ~=~y L t.::.. .::. ~'L 
~±,"Noise-induced Order,,15),16) 0) J:: ~ ~=,~;bn,Q n\ 1) 77° / 7 A ~ 7 r }q± / -1 :;( 1,//'(}v 
~~1t ~-tt'l <b t1 c Iv t~~1t L ~v)'::' C iF';, 5fJfru!O)~*-cdiJ,Q c ,~;b~1-~. t.::.t.!. L, .::..::. 
-C~±'7 )v::r 7 7ti1ru~ C ~1-~ v)O)-C KS I/ }- D t: ~ ~±, +5t*HliJ"v)5ti1ru-ci5:1!j,89 ~=~~ Lt.::.. 

'fJ / }- ~ )v~ir~ diJ,Q *1EEt;f:lHl1t L 'l, ~)v J:0)/f~1~UEt ~*rlJt.::.. 1~UEtiJ{{!D -e~ v) 
~)v J:O)ti~5t7t:;fpiJ"; O)-@Ji(J'=@O)~~~= J:: ~ 1~UJ3t5t:;fp ~*rlJ,Q C, t.::. -:Jt.::.-@O)~~ 
-C, /f~1~UJ3t C JEti89~=-fx L, =@ O)~~~= J:: ,Q5t:;fp~±, JEm.89 ~= <b /f~1~UEt C tH~-?& 
L t.::. . .::. 0) .::. c ~ ±, 7 r 7 '7 /;' 0) ~ fijj m fijj m ~= 4:1*0) ::1' 1 T -2. -7 A n~1t ; ~'L 'l v),Q .::. C ~ ~ 

19K L 'lv),Q. ~ )vO)*III7t~= J:: -:J'l <b tJ-J:0)'::' C ~±IDtJLT,Q O)-C, 'fJ / r ~ )v*irO)~,9:4:'l 
~=, ..:cn..:c'nfIJIJ~j ~ ~1-t.::.~~~ ::1'1 T -2. -7 A iJ{~IDt ~ ~'Lt.::. c ~ X. 'l J:: v)-C ~ 7:> ~. / 1 ;1.' ~= 
J::~ KS I/ r D t:~O)~Y~±, /1 ;q=J:: VJ 'fJ / }-~}v~iliJ"G~±f~'Lt.::.!IJILii~J±<b~±~!j!jL 
;g0)~*11i~~]JjG-c ~ ~v) J:: ~ ~J}.~ ~ ::1'1 j- -2. -7 A ~=~re ~ ~'L~'::' c ~~I9K L 'lv),Q. -
1J, 1) 77° / 7 A~ -7 r )vO)~41~ ~ ~±, t§~rl3'r-J-cO)fijjm891Jt*JiU1i/J'\$n{t1~~-1*-ediJ 
,Q'::' c ~7J- L 'lv),Q. KS I/ r D t:~0)~1tt 1) 77° / 7 A~-7 r }vO)~1tn{-Je,5fJ§ L 
'lv),Q J:: ~ ~=Je,.z,Q 0) ~±{11JMc-cdiJ 7:> ~ iJ". !WL;g0)~**tiO)EtiriJ{~1tT,Q ~ ; 1) 77° / 7 A 
~ '7 r )v ~=..:cnn{~1!9( ~ n'l <b J:: ~ -f ~ -cdiJ ~ n{, -f ~ -C~ v)O) ~±1ilJMc~ O)t.!. 7:> ~ iJ". -fn 
~±!IliL;gO)?p-;fJMiiJ\ 'fJ:t A O):f;~irO) J:: ~ ~=/f~JE?P-**1*0)1Jrm-c&::)J)t ~ ~1-,Q O)-C~± ~ <, U 
L 7:>~JE?P-f*1*0)1JrPJ-c~]JjG ~ ~'L,Q .::. c iJ" G 0)1'if};f.jIf-cdiJ ~. .::. O):L~ir, !WL;gO)?p-**ti~± 'fJ / 
r ~ )v~ir J:~=fIJIJ~j ~ ~'Lt.::. ::1'1 T -2. '7 A iJ{ ~ ~t <b -:J 'lv) ~. 

~ ; ~=, .::. O)ifd±:t(: (10) O)OO1*~TIllUt.::. L 'lv)~. ~I~, {:\Lt§:90t~±, dimt = 2.0 -cdiJ 
~ iJ{, 1) 77° / 7 :9od±, dim), = 5.068 -C~ ~. 

::. n G O)~*iJ" G:fJt 4 ~±1i~~*afiffU~=~U~T ~. 1Jt*0)" § e*JI.~*" t OH;f'h -C ~ t.::. * -C~±, 1J~iJ{!fx. G n, 1JJ:M~f4~~-W~f4~=1tz1f L 'ljfjJ:O)§6~%i~iJ{, !J:;f~=~±tJi1F1J3].* 
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-?:fJ:;t :A 3J\IJ§t0) 9ffJl t L -c, "i t.:~~=~±J'\ ~ /JI~mt t L -C t G;t G ~~ -C ~ t.:. Lip Lv)Tn 
O):J:~if~=:;f3v) -C 'b .:::. ~'L G O)f{j:~rAw:@~±, l3--;t G ~~t.:jJ:"jtit~~1*t L -C/FT't1:~ t L -C%;t G 
~~~~ ~ 'b O)-r:cb -:Jt.: . .:::. ~'L~=R L, .:::..:::. -r:~~t.:jJ:"jt~±, 7}- 7 7 ~ - ~=O)h-j\JIj~.N. ~ ~~t.: 
r*Jg:Bl¥JfjjJ:"jt~9ffJlT ~1*;1~iJq¥:tET ~.:::. t ~!lIMI¥J~=/F L -cv)~. :frwJD~~~±, jJ:"jtiJ'i, :fr 
Wi,Qj!i19j-r: fijj?JTB~ ~=1JE -J ~ ~ pg:&B)i'1 T ~ 7 A ~ !if3JT'B~ ~=/FT':::' t ~=JJX:JjJ L -Cv)~. -jJ, 
:flt 40)* ~±J'\ 7 ~ ~ O)~flilIlHI-r: L irdb 7 }- 7 7 ~ - O)it~~=;bt.: -:J-CJE~ ~ ~'Lt.:fijj?JTB~ fj pg 
:&B )i'1' T ~ 7 :A O)ff:tE ~ JT' L -C v) ~ 0) -r: cb ~. .:::. 0)':::' t .:::. 7c iJ")) § c*J3.~)) tv) -J .:::. t fj 0) 

-r:~±fjv)t!/S-J 'IJ'. ~iJrnHiJ,,£'.,~fj t .:::./S-r:cb/S-J. 
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1995.l.l8 

1&14 0)1l~~Ut * O)tf#1':J!iJi, i0i!iJ!i]ip G1~' C:dL6m~0)il!!iJIi]{ffiIra9 ~= ~ 6l~ 40)f§~ t L "cmn6 0 

.-f0) 1=1:1'"(" b, ~~~f* t L ""CJ].i'L6 f§IMlHi, * ~= -J1t)""C O)hirdJ "'?TIt)!fffi& ~£ZJ].T 6 0 19IJ;ZJf', 
~ 6 ~:!iU O)il!Ji!iJ!iJ{ffiI t .-fO)[i'[lWO)jfJilU!i]fffii: t 0) fa1 O)~~~1*li ~*~1* t ll'flf'n, E! ~n~,"("li4;;f7.iU 
O)f}[:®:~ r:'it6""C1t)6 0 

--J 0)Wi!u!i]ii:5:l1bJ"g,~ O)jfJililllJ1@: ~= J: --:J ""C5G~ ~ n 6 tJii%, .-f n G O)il1Ji!U!IJ{ffiI 0) llij ~= g,~0) ~~ 
~1*iI":ffftT 6 .:: t iI"nr~~'"("~ 6 0 .:: O)WJ~r~1*~{*O)/\?' ~ /' Ii, il1Ji!~~.*O) b -J p 1::: ~ V 

/' AJ O)--JO)J].n t b §.z J: J 0 1!E --:J""C, .-f0)/\?, ~ /' 0)5G~lit.J~0)~1*1¥J'11~v= -J1t)""C 0), 

tIl. < li~6i1", :m~~f,??,~tit~4.z6 t?t.z6':: t b '"("~ 6 1
0 

~~~f*liKIt) ~=J!±;rCc'li ~ <, ~ 6 ~~~1*li1mO) b 0)0)f,ifl;:flRI¥J1wif.~ ~= ~ 6':: t b 6; 6 0 .:: 

0)':: t Ii, ~'t&~1*O)T~"( ~;YU~~T 6 J:: ~ b ~~7t~djim~5G~iI":ff1£T 6 .:: t )!jH~f~ it 6 0 .:: 0) 

iWii1i["C'li, 7 «}v{-J· ~"* (lattice) ~= J:: ~, IMJ'i&iMJi*O)/\?, ~ /'iI"-~IY~H=/\7 /- }- 71 ;( ~ n, 
.-f n~:@ L ""C, ~~~1*/\?' ~ /' O);f§K~1*, 17lLUf'/\?, ~ /'0) flY;ffi; t ili1tO)!?£1!i], ~ 13}j;pffi ~=Ji!, 

6 .:: t iI""C' ~ 6 .:: t ~ ml3}j L t.::o 

1*l~*O)JEOfJ.Q/\1 f\-/j·57 ~$I¥J~=li, jfJil1J!i]flnO)*li*O)J: J ~=i]G~'"("~ 6 0 v~WiliJIi]O) 

~ i 1] ~£ZT~% t L, ~jl!!1J!1J d E V ii' GWilu!i]fffii: { xa(d) I a E A} ~1l.f6 t T 6 0 T~ hi::>, 
{ Xa I a E A} Ii V~5E~:t~ t -9 6J.y:f~:Jj* t L, fffii::I:I:X:li¥f~'::::- t '"(".:: t ~ 6 b 0) t T 6 0 

'::O)J: J ~¥f~J1xli, ¥f~0)/\7 /- ~?'tR% A ~JJLt2:*%tT6;f:frtJ/\1 /\~~f7 72~*0) 

J:: J ~=5Et6 6 : 
xa(d) = xa(d') (Va E r) =* xb(d) = xb(d') 

iI"T ~""C 0) d, d' E V v= -J It) "( flY; ~ JL -J t ~ r ~ b t 5Et6 6 0 .:: i'Lli* 0)'1~:1gj' t- B-J 

1) 
1. a ----7 a, 

2. r ~ a ~ G If' br ~ a, 

3. r ~ a iI'-J a/). ~ b ~ G If', r /). Y---7 b. 

1 L:o' LHffi(7)%'J,!7nU":T- 5' f:::L:t}}\f*7'J:OOt&OOiHl:~G tliJ:v'(7):o''1lff:iffi"Z''diJ~o 
2 E :0' pow V x V (7)ms:5J~i'I"Z"diJ ~ C: ~ (V, E) ~l'frtJ/'1 /\- /f'7 7 tv' ~ a V (7)j[; ~JJtr;L E (7)j[;~:ill C: v' 

~ a (r, v) iJ':ill"Z"diJ ~ C: ~ r --'v C: 1!I < a 
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t::.t!.L, a Ii {a} ~~L, r~ li%1*~%ru ~ ~£(To .::0)'11'Er~N-:::J:;ffrbl)\-1 /'\-//7 7~ 
i~ KhtH¥J ) \ -1 ) \ - -!f 7 7 3 ,t rrr~.i~ 0 

i~K~I¥J)\ -1 )'\-)'7 71ilt,.0 It, .01j:\x~j[:l:mn6 0 f91LUJ 

,t5£606,t~, iIirK$l¥jJ\-1 )\-)''77~1~60 

i~K$I¥J)\ -1 )\-)'7 7iJ'>!ij- *J~ nt::. ,t ~, -fn~)\)1- /' ,t L -C;j~-:::JIW~JJJ€iJ3ff{ET 6':: ,t iJ'> 

9;0 G n -Cit' 6 O)-C', rtJJ~11*0)1~-:::J ~~WJ1*O))\)1- /' ~iiG~T 6 v:. liiIirK$)\ -1 )\-)- 7 7 ~iiG~ 

Tnli'J: It,o 

7/\(Jlt11~* * (L,-:;J 4,t, ~ft p: A-)-L ,to)t:[iJ'>~0)~14~7Iifut::'T,t ~ '::n~7«)v1t~ 

*,tIt,'7 :v E L iJ'>v-reEk!:J1:zb6,t~, TIj;b~, v t= V{ u I u < v} -c'ch6 t~, p-1v t= 00 

'7 «)v1,J ~ * (L,~, p : A-)-L) iJ) G ~o) J: '7 v:' L -CiliH~I¥J)\ -1 )'\-)- 7 7iJ'>5£60 G ~'L6 

p(b) ~ V p(W). 

~v:', 1:E}g:O)ilirK$W)\-1 ),\-)'77v:.ML-C, 7«)v1'J~*iJ'>[I1]lli!~IlStIt'-ct::.t!'--:=>5£1 I), -f 
nO)~Jt60 6 ?ffifK$W)\ -1 )'\-)- 7 71i <b ,t 0))\ -1 )\-)-77 t -3&T 6':: ,t iJ'>:JF? n~ 0 1fE --::J-C, 

?~K~I¥J)\-1 )\-)-7 71i 7 «)v1-;j- ~ * v:' J: --::J-C )\7;J. r 7 -1 ;(? n6 0 7 «)v1-;j- ~ *~~fczIJj' 

6:: t Ii, *O)~;tLln:.jw31~fC' ~ 6 0)1:, iiQK$W) \ -1 )\-)-'7 7 ~~~ v:.~;tL~j'6 .:: t iJ'>1: 

~ 6 0 

[1] Higuchi A. Lattice of closure operators. preprint. 

[2] Birkoff G. Lattice Theory, 3rd edition. AMS 1967. 

3ili!;f.;,\HI9/\-1' 1'\- "/7 7 ~1*0)W:iJ l:J::: Ii §~7J:*l1~:i\ltir'A~,jJ\ [1] lii-0)1t*(f]tj~JSk~ ~ G ip~::: L Tv' ~ a 

1 jllRf¥Mf:iJ (L, :s;) 0) t~0)1:f~RtIH.l1tiJ X 'b l:JR V X t TIlE!. /\ X t ~:j;'f--::J t ~ :: n~*t v' -7 a ~Mf:iJO)LllE!.t 
LT:ijVJ':JG ..L TllRt LT~:k:JG T ~1~--::Jo *~:::--::Jv'TO);fjNi\f'I¥JJtiitn LTli [2]1J';b~o 
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Y :3 ry:; :3 ry /\'I O)Ef 0) {*l(6%JtZ Y ~ :L 

V--Y:3/' 

1fffi JOlt B~ 9;[j;{iI'L *X~ Ii§c 

JtOi~:k"f:3lli~1l1\'m*j{$I·~n~iHlJf1E~ 

{arita, blacky, hagiya}.is.s.u-tokyo.ac.jp 

~!JtoO)J~mUI%j(;O)y~ .:LV~y 3/f=~±, 7-.:L~lJ /7~0)-tJv7 ;t-Y/, 

lJ /T/71 ""~O) LYATA, /1'7 /O)--t Jv '7 ~:t~ r 7 r / f=~± Li 
lJ, J&Jlf:0) -=- .:L ~ tJ, 7J:t A ~-?;-Iv t.£ru'it ~ i> 0) i -c\ ~ i ~'i diJ ~ 0 :: n 
G o)-=ETJvl±, ~~JY;]~-tT'Jv('~{4i:O)fJJ~ l=diJ 0 i> (1)~9G-J[l, i" ~ ell) 0 'El: 
frdJ"5!l{1I) ii', :::: --C1±7}::f~!Jo/J"f:0)9:iJW;m~:%'[~ It.:Jllffi1lX-tTJv ~*B1ri" ~ 0 

:fJG--7i1'1T~ ··:Jt.:o)l±-tTJVO)~I=~lvt.£o)l±Y 3ry:; 3ry J\.:LO){*~ffJr~ 
))l(;--cdiJ ~o Y 3 ry:; 3 ry J\.:LO){*~ffl±)JfO)~WH=f:ltffiD':Jf=9G-31i" ~ 7/ J\7 

fif'HFf:J: -:::>"(RiJE~n~o ..:c-0)9G-31~ffq:I±7 /J\71ffilt'0 L-O)9£-31fJE;it iAliliIJ 
f: J: ~ til) 0 O)iI'~!Jto"]t:jl§-(1)~J[l, --cdiJ ~ iI\ ..:c-O)JE«{E~ff;IJ1U1JOO1*, 1£11~I±h 

iI~ -:::>"( It) ~ 11)0 :: (1) 7 / J\ 711 t'0 L-O)ftIJ1U1J1£11~~ J[l, --::> f) i±li"O)iI' SIMFLY 

t~Nf)t.:Y~ .:Lv~7~--CdiJ~0 

i T~~O){lfY'ifflr~T!j(;~~fYj L- J: 00 {*Jiff 1±lIYf§I~lO) 7/ J\ 7 Jflt 7~ Jv~ 7"1: 
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Y/:7·i'R&'l:$' /}\:7n~:~i1li'tR~n~ L, RNA 'b:$' /}\:7~'b-f-n-t"nlJl!l:ff 
0):5t1ljq,:itJJt ~ 'b"J o L iJ' L -9-"Z'l O){<fw ~ ~ Y ~ .:L V - r T 6:b fn: f;J:v>iJ'>7J: 
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~3].f;l:y~ .:LV- r-c"~6o L~v>1!B:0)~~~FFl~O)Jr-CI;l:, iELv>~3]. 

-100-



G /\'7:J. - 51 -O)fJt;U: . .J:: -:::>TI;.I:, 51:/' /\:7 'EtO)~J:J~:h'mJWHJ':J~::.Jd·L:1,;:}v 
~ tv) -:::> t::. , fR~~[!' 7J: lIm ~ b cl:!- --1±-~ 0 

~~i!J~:?r I;.I:~T 0) 51 :/' /\:7 ~::'1;.I:1JEJlli 51 :/' /\:7 iJ'tf1fT ~ t~·;t G n~O) 
"c\ :'f -"r('7 7" 51 :/' /\:7 ~0)~J]1;.I:1JE:au::..J:: ~ b 0) t ffjU1UlJ~::'.J:: ~ b 0) t =:j;0) 
::J :/' r 0 -)v ~'7tftTv)~ .:::. t ~::. 7J: ~ 0 .J:: -:::>T ----::J&)O)~~liffiil;.l:~1**iJ'iJ'7J: 
lJ 5W!:1:~::' -e ~ Tv) ~ .:::. t ir;:7FI~ 2 n~ 0 f4>:ftlfJf;)Jj; 51 :/' /\:7 ;gfO)-til ~ lill~ L 
T bflfO)~f4>:~::.j;:~~~lfil'JlI:X1'\ t~:5tEf:n::.~~ ~j!@,:::, L t::. ~ :L - 51 :/' r iI'-e~ 
~ tv) -7 *~I;.I:':::' n~3t}tfT ~ -c'JiJ 0 -70 =---::J § O)if.tfliffiil;.l: i t::/~ 1*89~::'1;.I:~ 

;t T v) 7J: v)o t::. t::, ~ 3 ry:; 3 ry /,\.I. t I;.I:~ -:::>t::./'\ '751 7J: t<O)!J;n-eO) 51 :/' /\ 

:7 ~~J]~::.l~~ L Tv)~ "iiJ~~'ffl:I;.I:JiJ~o /\ '7 51 -el;.l: 51:/' /\:7 ~O)A r '717' 
iI'-~ 3 ry:; 3 ry /\.I.O).J:: -7 ~::.llf~1*-e-J'H::'I;.I:i±li\ f4'Mip G}II~H::'A r '717' 
iJ'%Jllt 2 n T ~ < .:::. t iI'viI' -:::> T v) ~ 0 .:::. O).J:: -7 7J:~:mil'- 51 :/' /\:7 'fiI 0) mJM 
89~:miJ' G$iI'n~ t::0 -7 iJ'o 

~1'ijJO) § i'iN 1;.1:-« 7 )v- )v51:/' /\:7 'fl{0)~ ~ :LV- r --cJiJ -:::>t::.o LiI' L, ~l 

t Iv c<(f) 51 :/' /\:7 ~ ~::.;l3v) T, :}JililiU 0) lMli%iI'-tJiJ' -:::> T v) T b 1JE~0)f!);l1*iI'-v 
ii' -:::> T v) 7J: v)o .:::. nl;.l: 51 :/' /\:7 'ttnl'fO)~:m~FD~ ~1i::{JT ~ O)--cj( ~ 7J: ~i§: t 
7J: ~ 0 iI't v) -:::> T *9:il O);}~:5t~ll~iIO).J:: v).J:: -7 ~::. :F±€T ~ .:::. t 1;.1: JiJ i lJ ~&) 
G n7J: v) 0 it::., mJ jtJj D9 7J: 51 :/' /\ :7 ~ O)~J] ~;fljm L T .J:: lJ fM*'it7J: 51 :/' /\:7 
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~~~' iJ) Ie. ~ tJ 6 L <'::: Ie. rn * T 6 0 -iT - -}J T' -{ 7 /' I) 7.." J." Ii It 4~J iJO; 2 4 D~ 1m Ji'iJ Jtli (jJ lUI 
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~ Lt..: VJ T ~;: c ~±fJ:v)o ;: ~1.~±J:t®(E91g;v)mJ1lt~0) YT7°AA:7J~±J!;gtiO)Ji- -ccb VJ, 

nO]!! ~ ~l t Iv t"&: t:.~v)ipG -ccb~ 0 -tn~=ML-, J:t®(i¥Ji%~JJjtO)YT7°AAjJiJ{j]O:b~ 

t, :i@i%~L-iT'-J);t~~;lJ\~A r1tT~o ;:n~;l, J:t®(E9i%v)mJiBE~O)YT7AA:7J~±J! 

~ t 1tPilJijO)=~;§t1-ccb VJ, 1tPilJiJtiy T 7°A m1flEO)IEf7E~iJ{* ~ <, -to)jJO]!!iJ{&: t:.~ ip G 
-ccb~o~~, ;:0)J:;YlJ:mJ:Mi¥JYT7AA:7J~MT~-1,/7r;.:cT«~A:J.~1.J.=..::r.~ 

tJ / O));t~~~ftiJ""~ t, ~ 1~Ji-£J.fi-~=/fruUIJ:);t~iJ{ftJililU ~ ~1.~ 0 ;: nG O)cb ~ ~ O)~±!yj 
G iJ'> ~= iJ :t A i¥J-c cb ~ 0 

t ;: is -C, )f~-c~±J\~ A r i¥JlJ:miJJiJ{ J: < ftJiliRU ~ n~ 0 t..: t .:t ~f, #!f:,~0)~1**IB~~J± 

J\~ A r:JN~ L- 1) ;( ~ '/:7 ~1[:f:~f!lL1:l1::#JfiJJO)J](1EI t IJ: "'J"lv) ~ L-, ~ElJ: -cwJilillJ ~ n~ a 

1BE~01ltlJ: t"O)Qi¥J)f~1ltO)J](1EI t ~ ~'='.::r.~ tJ /miJJ~;l[PJ1JHt L-t,,:J\~ A r :JN~-ccb ~ 0 

L-f..:iJ{ "'J"l, J: VJ )]'~i¥JIJ:J\~ A r !39YT 7°AA:7J ~=MT:b.=. .::r.~ tJ /O)ht~~lfnj",,~ ;: 
c~±~,*i*<, if..:, -to)?i'-1T~:7A~~""~:1Ja:~Je.lliT;:tf±, t..:c.:tLf, '='.::r.~ 
'7 }v ::J ~ T 1 /:7~ tv) "'J t..: JL:f:~iJ'> G ~±*-W-C cb is ;Y 0 

Jb1£!ij1£!ijt${§?*WU?1iH=mv)t":J\~ A r i¥JJ\}VA ~1;1EO)J\~ A r OO~~~~7Et L-, J\}VA 
~1;1E ~* ~ < T ~ C, '='.::r.~ tJ / f±J\~ A r !39);t~~7FT J: ;Y ~= IJ: ~ 0 ;: 0) t ~, J\~ A 
r :JN~~ VJ O)§fij(~J~j:WU?1iHlt1;1E~=1:&ff L- "l* ~ < IJ: VJ, J\~ A r :IN'ltO)OO~~f±:& < IJ: ~ 0 

-to)~*, J\~ A r A:7J 1 @J~ VJ J\~ A r :JN~iJ{ 1 @J&: t:.t..: VJ, J\~ A r A:7J 2 @Jcb ~ v) 
~± 3 @J~ VJ J\~ A r Jtt~iJ{ 1 @J&: t:. ~);t~iJ{wJililU ~ n:b 0 J\~ A r :IN'i:lli VJ 0):JN1It~~±~, 
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T L <b -5E-c~±~ v~ir~, :JJ(; ~O)illLill~H=1Jt --::>l, .:: ~'L G ~ 1:1,1:2,1:3 51~h- t Il'f~':: t ~= L 
t::..o it::.., .:: h G 0)51~h-O)ftg~=/GJI~Ij~r.t~ <b1t!]ilU ~ ~'Lt::..o 

*1iJfJE-c~±, .:: h G 0)r.t~0)5"1 T ~ jJ )v~tl14t~WIiJ-"Z~ t::..16 ~=, mtlJ~110)~J}H= 
Yi§ L, --c-O)jijdlO)II:;f*9IjipG-*:TC~1*~*16, it::.., 1sLt§~OO0)7 r 7 7 ~ ~lb~ 
SfOO-C-sD--::>l, v~h~~ 1*:TC 1J ~-/~1*~*16t::..o LipL, '::~1-GO)~1*~±r.t~1BEJf~ 

~J!t::..t ~O):JJ(;~O)illL~t~±-%h~iJ"--::>t::..o --:Ji VJ, 1JQI~O)m:!IW~1sLO)~:!IW~=1i§ Lt::..O) 
-c~±, r.t~0) :~rtJ - J\)v~tl14t ~JJ < trn-i .z ~ .:: t li'-C ~ t:t.iJ" --::>t::..o :JJ(; ~O)illL~ ~=;{illL~= 

1JtJj tT~1-~:f, J\-A r:Jft'i:~ l:1:*t Ll*-%I¥J~=J!~£'~iJ{lb~o --c-O)t::..16~=~±I=KiJ{ 

£,~-clb ~ iJ{, .:: 0) J: Jj ~"""- A;,( - jJ = .2- tJ /-C~±115!IW~1sL t """- A;,( - jJ :WJlJiJ{t§ 
1L{'FmLlv~~tv~Jj .::t~=1i!i'f:T~'LLf, J\-A r:Jft1t~ l:1:*t Ll~-%I¥J~=J!~{-tVJ 
~=, A tJ - ~"""- A;,( - jJ :W:!IW~=1i § Th~± J: v~ t v~ Jj .:: t iJ{5tiJ"~ 0 ~~, .:: 0) ~ 1 7° 

0)= .2- tJ /iJ{J\- A r :Jft~T ~ O)~±"",,- A;,( - jJ :W!IWiJ{#ttT ~ iJ" G -clb ~ 0 --C-.:: -C', 

WUiJJtO)J\- A r rcl)~frj-c"""- A;,( - jJ:WJlJ~ A r D *'89~=-lT /7°)v L, -*:TC~1*~*16 
t::..o 1:1 t 1:2 51 ~h- O):L~-%, ¥1~(,B~± 1 --:J lb ~ v~ ~± 2 --:J 0) 77 A ~ ~{'F VJ, /GJI~1j ~J;t 

~O)j:~%, /G~5E~ 1lm5E,B! ~¥f"J non-invertible ~~1*Vk.I~t ~ --::>t::..o ~ G ~=, .:: ~'L G 
O)r.t~~:ti1J!tl1J!tl1$;'f:£*WUiJJtO)J\- A r OO~frj tWIj~t~mE~ }'\7;,( ~ t Lt::..r.t~O)t§~~= i 
t rlJt::..o 

~;'f.JEI¥J~Ji'flMWUiJJt~=MT ~r.t~0) 5"1 T ~ 7 A ~=--:JV~l~±, :JJ(;~iJ{':: hi -C~=7J- L l 
~ t::.. J: Jj ~=, i15:!IW~1sLo)~:!IW ~=1i § L, 7 r 7 7~, ~7 / jJ vlVfOO, -*:TC~1*~ t~~ 
WIiJ-"Z~1-~:f, --c-O)i:R:5E~I¥J~ii14t~JJ < ~mT ~.:: t iJ{-c ~ ~ 0 LiJ'L, J\- A r I¥JYT 7° 
AAjJ~=MT ~J\-A r 1¥Jr.t~~±, [PJ l:J: Jj ~=i15JlJ~1.v:~=1i§ Lt::..O)-c~±, r.t~0)5"1 T 
~ 7 A ~JJ < ~mT ~ .:: t iJ{-C ~ ~ v~o --c-O)t::..16 ~=~±, J\- A r :Jfti'lt~ 1 :I:*~=J!~ t v~ Jj 
lb ~5f.i0)5fJitJL1tiJ{£'~-C, --c-~1-~= J: --::>lr.t~O)tl~~JJ < ~mT ~ .:: t iJ{-c ~ ~ 0 .:: O)Jffl 
:l~H±1JQI ~O)= .2- tJ / O)J\- A r :Jft~iJ{~:Wt~=lb ~ Jf~0)¥15!IW0)1iJ{~ fY=] G iJ'~=T ~ t ~ 0) 
*~~~ x.:1J~!}.z l:l3 VJ, ¥15Jlr~1sL 1 --:J 1 --:J ~=yi §T ~ J: VJ ~±, J\- A r :Jft1t~~-%1¥J 
~=J!~':: t O)-C ~ ~~j:~~1sL~ t~O):1JiJ{Jf~O)m!lW~WIiJ-"Z~ 0) ~=~ L lV~~':: t ~7J-n~ L 
lV~~o 
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f$mf6lHH§o)J~)VA~m~~(~d3tt.@ 
t:AT~ ~.A(~:JL 'L" 

::J::t D =tOO)3[iJiE®~*I~jj'rJ:;Z tlt'S~§75:lFUJ&c U L !'jx., ®'hlt$~~~:!Il)r,\lo)J\Jl.t :;Z9UIi!~c~u, jill]113'O)m~ 

~tU75:9-8C, ;::0)*1d: r;\\JRJl~fcC7 -( Jl.t5' J C r:1FMjm~td:J\Jl.t:;z~mt~~~J 1.i'ittJ:-::d;,::TTJl.tC·~mC·~-8o 

T-T-'Jl.tO)t±l1J C~~O)t±l1J cli!t~~ U L J:J.-8C, J\Jl.t:;z~mt~[f,lJ'f.'f'I:1Id:~[f,lJ~A1JO)m;jB~iil'ii.t;::lfcfd: <, ~O) 
~~~~~~m~9-8;::C, ~*0~:;Z~~V:;zIi!~~;::cff~6~ctr~ko*k, ~:;Z~~V:;z~~x.-8 

&l:~ ld:t$~~}\Jl.t :;Z3£~o)=1'JJt;jiJlC'®-8;:: C: ~ B)j 61:1' ctd: ~ t;.::o 

~~~~%~~~~t~~0)~~*~~m~6k~ 

vZ=, t$*I7'%~v' < -:::JipO)~*vUJvt~, ~0)[VJ1'F~{I} 

t71~Jti: LJ:: '5 t ~ ~ v' 6 0 
;!:f, ji)67'% ('Wtl;t fiji) 6t!l;ti]£) 12Jmf¥t'i-6 Uit" 

v''5 z=- tip~~;t ~ &J: '50 ji)6)di7c0)tUJ£12/\,5' 

/ \' 5' vZ= ~ ~ JilijJ'j[ -'\=> j; .b. ~ 5iI, -:::J vt, 7c h C' ~ ~ ~ b IP -:J 

I..: t ~ '5 ~. ji) ;':>'50 l*ip vZ=, 'b i1' 6 J I..: ~ vZ= fi, ;!: -9" 

:iE:i* 12 fil51Jt:l1J vZ= ':5-Ht 6 J z=- t iJ:i £, 'W~' ji) -5 0 ~ ip ~, 

/\'5' /\'5' vZ= ~/dc' ftc'fi/f--HTC', tiM!'J t" '5 ~O)tllB: 

1'FJtl, -:::J;!: IJ WH*-\~ ,t!l;~gJ vz=l*hJ 6i~f¥&iJ:i;/';dthfi 

JmFR~/..: t fi~ ;t7;tv'o 

~~ fi, ~Fr;,'jH~'I"EO)~<uv't$r:I7'%O)!lVJ{'FvZ=-:::JP~, 7c 

t/.,~.j1ii}~i- 6 ii£&biJ:i1i1J-c-c i" ~ P 6 i1' fHl' t ;!: -{:Bv' 

~, ~~g Int vZ=:OR § ~ ~ 7'% ~ f¥t'~tl • :jij:fr~.fJJ.lZ ~ J: '5 c. ~ 
~v'60 7'%~:jijWjr~~'i" 6 z=- ttJl, j;f*~~F~-96~ 

-ti5:-c ji) 6 iJ' f? 0 

~~O)ff~~~~-Cji)6~, Bt7;t-5~~Rj;f~~ 

'ffJEO):JlgllVv\'j' - /'~~-9 ~ O)iJlji) 6 0 ~O)-'WtlfHj1 

JE!lVJl~O)~Jl!'lJTlfdJ~"ji) IJ, ~~O)~~v'Wtl~iJ;1JD~') -:J I..: 

t i", IfdJ~fi~h~Jl!'lvt 6 rtJ i" vz=£,,7;tJilllfdJ12~-9[1][2]0 

~:illHTl¥h fi:jijJJi:!"EiJ; J: <, 1T1fVJ 12 PJ 6 tIf!r:I~~O)~F~ 

O)I..:,\;I)O)t;f'flt L~~tlJ~'ji)60 ~O)-'Wtlt L~, ? 

o :::I ;;.f 0 -t' (Gryllus b£maculatu5) 0) ~i1ri.fg;:5t7'% iJ' ji) 

6~0 :::I;;.fo-t'O)m~~~R~I~O)~®(ffim)~ji) 

IJ, ffim-,=-vZ= fi~B*O)~mU~~:t'.t~iJ:ifi;t ~ v' 6 [m,l o 

~i1ri.~~~O)m~Rli~~m~~ji)-:J~, ~i1ri.O)mw 

i' 1t [ill ~ {lU \' lv A 0) ylJ v':: ~ ~ L -C r:p m: vZ= ~;t ~ v' 

JF*;jl:7~t't ~F#tJT-?' 6 3,&§i, t ~ ~ Wiener 0) if 1) A B 
1'IJJifi%r![fi] ~ JijV" 7'f 1) A BB~ETI-12~m~WUiJ~ t ~, 

~Y.t~;ff!~O)/\'lVA91J ~~2~ ~/..:o ~1J~l&i:ID t /\'lVA)11J 

to)ffi~~$12ff'5z=-tc~~~~7'%i'~fN~Ti" 

-5 [7]0 

z=- z=- c', ~flvO)t±lj]fi/\'lvAO)§£!ltfrfti¥~~;t6 

0) vz=j;f~, ~~£%O) 7'%o)J;C;~ fi/\, lv A 3l1J~' ji) -:J ~, / '\' lv 

A O)§£!l1fr{ff¥Tfi;/;( v'o 'jitJE L I..: ~ f lviJ;~~£%o)7'%O) 

JjIjO)mUiJ&vZ=j;f-?, -5 tC;~~T~C' i" 6 iJ' C' '5 iJ> J ~~iliE 

i- 6 1..:,\;1) vZ= fi, ~ T lvO),':I:l1J t.tt~~~·i" 6~iflU1illliJ:i£, 

~-Cji)60 ~Z=--C7'%RIN~-ftl~~JE~~, 7'%R 

~-~~~l&i:ID12~;tkti"o)~~~~~@ (~i*~ 

vZ= fi 250 @) liWlE L, 7 /' -IT /'7" lv1!L¥j ~ 1& 6 z=- t ~. 

§£!ltfrfti¥O)~HOOtLko~~@O)~JE~, ff~AB 

1:S~'§fO)ttFfh (Kz:<- 150 illS) c'ti 1J:iIX UiUW:-?' 6 z=- t 

~'~JJ1 L I..: [8] 0 

3. *5 * 
ji~ A BB#lti%$;~Jflv'/..:*6*, :::I;;.f 0 of'O)~mE!~ 

s';i:7'%fi '*,ilU~7 -1 lV;Y' J t '~Fr;iRJf~7;tAt±lj]¥'f'I"EH7h 
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(b) 
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~:: r1\GFLL 
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(c) 

o 10 20 

1.0 z 

0.5 

-1 a 1 2 

01 (a)'ET"i!.-, (b)$,iUT;71 i!.-9 j, 

(c)r'i!.- ;>:;ttJ3[~I'J.li/li <p 

30 [ms] 

3 
y 

tU\JvAi'2;~~IDliIi1~J iI'~i,t-:d':-tTJv (~l) -c'JJ 

~t 6 ~ t iI~ b tJ' -:J t.: [7][8J a / \ Jv A ~ g~itIiil iili 0) Jdll:1J 

~'t1fiUI7f~O)HUlR ~ru'i ~, /\JvA §£l'}1frili~~0)lbi:::f\:f@fi 

O.67-C'«nt.: (l'ZIl(c))o 

-tT~O)lli:1Jt~M~*0)~~S~~h~h~20) 

(e) t(dHZ':~-.9 a (e)0)(dHZ':X'1-.9 6-'JZ:qE!*~li"'fi 27.8% 

-r.:;Ji;nt.: o (e)t(d)0)7&i:]f;~.tt.nz6 t, /\JvAtJ'~M2 

h6 5' -1 2. /~·fi-;t:;)[-.9 6'/)', ~J2 fi-;t:;)[Gi,tv'fif5-51-

'837v'o ~fZ':, ~ll!tl-c'O)/\JvA§£Mfrili~:;iI' 1 fZ':i,t6 ~ 

t tJ'«:> 6 0) fZ':, -t T JVO)/\ JVA §£ft1frfff¥fi§1::f\: 0.67 -C' 

«:>-:Jt.:. o ~hfi, m/.E2htU\JVAi2~~~**0)~~tt 

tJ'~::f\:f@ 0.67 -C. «:> -:J t.: ~ t fZ':XiJ;G-.9 6 0 

/\JvA %;'ef'32~~H10)@::f\:f@tJ' 1 fZ': i,t G i,t(,)jJRf-J2j ~ 

~;t -C 1J- J:: -] 0 [>gIl (C)O)/\JvA ffi'~~ilf,',J~~'t1fi, *0) 

~~I-D''l'I"1~ ~ ~t.: '8 OJ-C'«:> 6 0 ~~~fZ': fi/\ JVA o)9'SJ}1 

frfff4;silQ fZ': i,t 6 fZ': '8tJ'iI'b G 9', *ltITi-fj''lfZ': fi 0.67 UfI 

:~,a))~, •. ", .•... ,., .•.... , •.... , .•....• , 
~ 1 .. -.: ... :. . .". " .. -. . .. ; ... 

~ 0 -

~-:~ 

g :p.(b) (i' .... h .• ~. A~.prAQA.".'.·'. • •.. ~f1 .•. '. lA. MI ~ ::~ •.• =,Q=~V::::::=y=Y.V=~J=~=." .• = •. ~~=.~ ... ~=JJV~:~_ 

i J'I ~ h 1.IiJt !,Ill 
0. 

ClI"1 J L. L fi d . J ! 1 
o 20 40 60 80 100 1 20 140 

o 2 (a)i/ilJ;ra;1Iijf~, (bk'i!.-;>:&'&~I'J.li/li"(})A1:J, 

~~T"~(})W1:J, WmMm$(})~~fi 

[ms] 

z(t) 
Time t 

(b) dy >0 
dt 

~ 0.8 

.0 

~ 0.6 
a 
D. 
g' 0.4 
'C 
u= 

~ 0.2 
-S 
n.. 

-1 o 

(c) ic <0 

E' 
:0 
ro 
.0 
a 
D. 
g' 0.4 
'C 
u= 

3 Y -1 0 z 
o 3 (ak'i!.-;>:;ttm~!lI!li/li"(})A1:J y(t) t "i!.-;>::§Ij z(l), 

(b)(ck';:i!.-;>:}/o'Mlil1l$t:;>: ~ '.l=:7b. 

3 Y 

JE 2 h 6 tv' -] ~ t fi, ~IDIili1~"--O) «:> 6 A1JIBitlf.ff@fZ': 

Xi G / \ Jv A iI'Th!}12 n 6 JJ\'r;5tJ' 67% -C «:> fJ, ~ft12 h 

i,t v'J'fij-p,tJ' 33%-c'«:> 6 ~ t ~~ G -C v' 6 a ~ID,lI~,,--O) 

A:1J O)~~n#f@::lJ'JOJ c: "r- '8, :fi,'\'::f\: G -C v' 6 t ~ U-rI('::J,-' G 

-C v' 6 t ~ t -c'fi/\ Jv A 9'Sj}1fr{ff~t~/)'~i,;( 6 0) tJ' '8 G n 
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~'" (~3(a»o 

y(t)O):i';tt::kJI;fJ (dy/dL > 0) U,f,PWj (dy/dL < 0) 

I:': -:J ", L, y 0)~PfIf-'f1lli! 1:':)89 ~ 1\ Jv A 9'Mtfrfli~O) 1::: A 

I, f7 J.,.. ~fF~ t, dy/dt> 00) t ~ lii&jc 0,8 .L-J._t 

I:': ~ I') , dy / dt < 0 0) t ~ Ii 0,4 f!J1ffi: T ib -::de (~ 3 (b) 

(e» 0 -:J:f. 1'), IfJvA ¥fn..ff~lNliiJMI:': Ii I::: A 71) V A iJ5Js 

~ t ", -J := t -Cib ~ 0 ct I') --JiJQ:{~-5t ~ te r!) I:':, dy/ dt 0) 

m%~~T~<, ~~~~O)Ahyt~O)~OO~~ 

~/&t~~~t~L, AhO)ffiffi~@~T2~~I 

Jv'::: - r- ~J1l]:tL·I\lVAI&'IJ["£2F,f,;]'j#j'I1~Jli1J;1, ~ L h-~ 

t, I\JvA§BMfrt'li¥li dy/dt 0)1lli!1:':1:t1:1¥-9~:= tiJi'h 

iJ'--:Jte (~4)[91o 

:= 0) Ah11i:tll'¥mf I:':$!: ~ tU\ Jv A ~'g["£2FJtJ~1ft1iJ' G 
:t j: lVO)tI:lj] (g] 5 (a» ~)}Ui) ~ t, -'jZ.!;'j gl.~'I}J'H;Hi 

15_6%tQ(z:~~nteo ~teiJi'--:JL, I\JVA9'M-tI*~Ij: 

~ilII;JM~O)A1J-!1iHffi y t ~ 0)!f.'Fr8~il!k~ dy/ dL O)FJ,JJJ 
C"iR:i ~ t i§ h~ Ij;j'Hf~ G ~"'o 

:);:1:':, t$gr:lll}f,ll0) 7f):c;.J1,FjiJ5I::: A j- 1) VA O)[ij[f&lC"Js 

~:=t~~90~-0)~~m~~~n~n*~~0)~ 

~ ~ 4 fill~fiO) it '7 A B@J'iE~-r~jf,[WUiJ'.& ~te (/\JVA 

Wffi:~WiiI¥'ftt : g] 6 0) A 1 ~A 4) 0 i te, ~~~~O) 

A 7] Y iJi', Y > 1 (;jll!U;;J.:= 0) f,11J:ii~ C"/'\ lv A iJi' §B!'Jt ~ n 

4 
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,.--, 
(fJ 

~ 
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~ 
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"'=:l 
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(a) 
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[ms] 

[l'i] 5 (a)'E:7'Jl-O):fj1J, (b)§f!lt!illi$.O):R:;RIJii1l 

~) I:': ", ~ If.'fFu~ Ij:, jf'7 A B1:0Ji[~0);~}~11Ji'1fj;", IJ: t' 

~ < !;;: ~ (A7] Y L:t (9) --:J < I') IV] <) (B 3, B 4 ) 0 A)J 

yiJ'Y > 10)f,Ni!ltf~At], J&1'l.JO)I\IVAIJi'9S!'!i~n(A 
3, A10)1:::"-;7a), lST"'-C/f'J;GWJiJ'«)1'), ~0)1:5:2 

:fl§:§O)I\lvAiJi'§B!'J~~h-iS (A3, A40)t::'-;7 b) t:r~ 

~.riJ5h 1J' ~ 0 j:j'r) A B1:S~i[1§-O)TJJi!ltiJ5iSJ IUUJ, A)J 

Y 1j:/f'IZWl ct I') t t§" 'B~'fPEl1C' y < 1 0)f,l'If§~~ U~IJiJJ ~ 

L ~ :f. -J te r!) (B 1, B 2 0) * EfJ) , 2 it § 0) / " Iv A fj: 

fJ t Iv t"§B!'!i~ .n~It' (A 1, A 2)0 

ISII-I (Inter Spike Interval Histogram) ~ ~Iij«. L 

17, ~ t, 1*wm:XO) t i" fH(~ 2 ms 0) spike interval time 

IJ5JJ,ln~(C3, C40)*GfJ)0 2msfHf\1t:£MIlJJiilO)/\Jv 

A JE±O)/f'IZWI I:':f[j 't] 9 ~ 0 1'\ lv A JE!'}tli'ili!~o) 2 -:J 0) 

Lll O)ru~ I:': Js ~ fr (A 3, A 1 ) fi, /f~J;C;lt1l ~* ~ -n' ~ 

fJ~iJ'G, Al t A 2 c'I)iI,Gh~/\IVAWJ:!!t~ID~'j#j 

t10)I:::A7 I) ~Ali, t~lt:£/\JvAJE~:cO)/j<r,'GltJjiJ'~O) 
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7J,¥-* ~ v' -J 0 

0";+1 = f(O"Ll' 0";, 0";+1) EB 0-7 
A HI t 
O"i = O"i 

(1) 

(2) 

.:: .:: "C'1I'if~U t ~i!.~~x1@: ~ ~ ~, f Ii 0, 1 O)1@: ~ ]fSl.0 3 ~~~~x"C';h.0 0 '1 t-: EB Ii, 1 EB 1 = 

o EB 0 = 0, 0 EB 1 = 1 EB 0 = 1 "C'7E~ ~ tL.0 :tJF1m89~ffi(f-';fO t U}LftL.0 2 J.&i5i~ ~:£<-t 0 .:: 0) 
-*iJ~a~FJJJ5($i:N¥f'r:1 ~:}~"'J':: t Ii, s:\:O)7f~iJ'> G I¥J G iJ'>"C';h.0 0 '1 t-:, :L~%~=]: --::J --C liM~ 

O)t-:cO~= x;= (O";,o-D t L, s:\: (1), (2) ~'1 tcO--c 

(3) 

0) ]: -J ~=-:&-r.:: t ~= L]: -J 0 r~~X f ~~,.i tLlf'II'iff'k9ThflHliJ ()v ~)v) iJ~i* '1 .0 0) "C', f 0) 
~X 223 = 25611Q10)~lJ:.0)v~)viJ~ERCA ~=~-t.0':: t ~=lJ:.0o 1:tL.:c'tLO))v~}v~[2{)jJji­

.0 t-: cO ~=, r~~X f "C'-:& ~ tL.0 }v ~ }v ~=M L --c?;x'-f--= 
1 1 1 

L L L f(a, b, c)24a+2
b+

c 

a=Ob=Oc=O 

~= IPJ~J ~£(i- R ~ "'J ~t --C I }v~}v 26RJ lJ: t~ t n}~.:: t ~= -r .0 0 }v ~ }v OR 16'> G}v ~ 
}v 255R '1 "C'o) 25611Q10))v~ )v~, ft:tJJ5(ij!iM~fF'l:1t 0 t 1 O)AtLw.iO)jHfF'r:11."5tl~i­

.0 t, ~'&.tB9~=J1lJ:.0}v~}v~i 881mJ~=lJ:.0o 
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F( t--j-l Hl... ,t+l) _ F( .1. t . . . t ) + J( t . . . t ) _ J( t ... t ) (4) 
Xi ,Xi-,-l' ,Xi-loa - X·i,X i+l , ,Xi+a Xi-I' ,Xi-loa Xi' ,Xi+a+1 

'::'::'C' 0: li-9-.zGnte::§?'!.;'f5c2::T6 o j~Ali~t0'C0)J:\;~PJUX1~Lte::<b0)-c'ch6ipG, Jff[~ 

~ ~t5c F, J ~ ~~ Sl -C 2§; te:: 2:: 2§;, 1.f}gt 0) :d-l' xL ... ,X~-/-a+l ~=M L -C LAiJi}~}'[ i- 6 ~ G 
L:C F ~lJD¥tB91!F:1~1lI0)'iWOC, J ~ --(0)1JTEn~*T <b 0) 2:: Jp~ti-':: 2:: iJ'i'C' 2§; 6 0 2' G ~=.:: 
0)~~~~~;#~~T6~%,~Mm~~#0)<b2::'C'0)~ 

N-I 

HN({Xi}) = L F(Xi,Xi-/-I,"',X'i-/-a) 
i=O 

~ (k:A:~t:1J,¥O)~~P*~=;J3vt 6) J\ ~}v ~:=. 7 /' 2::?f.z -c, :@'*"O)f~fMt~!-:1J¥0)~~fjffiJ~1T~ ~ 
.:: 2:: iJ'i'C' 2§; 6 0 fYtl.z Ii', llili§tiJq%-=f,~ch te:: ~ O)fJ~.I;f, }v.:¥'- cj) = (F(Xi' Xi+l, ... , :I:i-/-a) )eq 

0) 1*J't5c 2:: L -c ;:Rtb G n 6 0 

.:: 0) ~ ~ ~ ~'f5c F 2:: J iJi~tti- 6 16'> 2::~ ~ 16'> li}v - }v ~= ~ Sl -C, ;t te:: 0: O)1lliH= ~ Sl -C <b 
~~6o 2' G ~=, '::0) ~ ~ ~1~~;iJi~tt Lte:: 2:: L -C <b, HN O)h~ Gf F(Xi"" ,Xi-/-a) 

§ :!1tiJi7f~:ili: ~= ~ 6 ("");t ~ J iJi'[t=[~B9 ~= 0 ~= ~ 6) j~%~= Ii, k:A:~t:1J,¥O)~~fjffiJiJimt ~ }'[ 
te:: ~ v)':: 2:: Ii v) ~ ;t 'C' <b ~ v) 0 --C':: 'C', 0: = 1 0)1JDYt891~1~';' iJi~ttT 6 iJ'i, F § :!1tiJi1!F: 
~T 6 ~ ~ ~lIUi (0: = 2, 3 ~=;J3v)-C <b) t'¥te::~v)}v- }v~~2§; tB L -C h6 2::~ 10) 711m 
iJi1~' G n6 [4] 0 ;t te::%}v - }H=x~' L, 0: = 2, 3 -C'--C n.:c'n1llJ1If.l 0)1!F:~:lli:iJi*Jfte:: ~= lliJ],T 
6 iJ'>~*cl6-C h6 2::, ~ 1 O):;b 0) tilm 0) ~ ~ ~=~ 6 0 kLT'C'li-=t 2:: L -C 0: = 1 0)1~#=;~=M 

T 6 k:A:~tjJ'¥~?f.z, 0: > 1 0)'£ Ii --C nl=MT 6l¥&~ 2:: v) ~ 3T~-C·?fJ.iT 6 .:: 2:: ~= i- 6 0 

}v- }v 0: = 1 lJD¥tB91~~; 0: = 2, 3 1JD¥t891~#=';' 

26R A ~L 

77R C 2, 0 

90R A,D 2, 4 

91R B,D 1, 0 

94R D ~L 

95R D 1,2 

123R B,D ~L 

W 1 : 1:JOy*fI91*t-HiL I a = 2, 31*1'f±P:J O)flIlHi a = 2 Ell}' 3 "'C'tJlf::I=i±l3]i" 61:lHfYit0)1fr!i1tXo 
I a = 11*1fliJ O)flfJO) A, B, C, D li1*1f;;_0)11ll:'rJ'l~-JlZL, -t-n"Fnl=Mi"6 F((T,o-,lJ,f)) Ii, 

A: (0- - lJ)2 + ((T - ft)2 
B: 1 + (TO- + lJtl - [1 - 2(1 - (T)(1 - ft)][l - 2(1 - 0-)(1 - lJ)] 
C: (T/)(1- 20- - lJ) - o-lJ(l - 2(T - 2ft) 
D: (0- - lJ)2 - ((T - ft)2 
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ft -"< ~:t -t )v ~- ~ }- ? }- /' ~= lJjji& ~ ~A l:' 't!. t.:. 0) l:', ;% 0) [j!j]}i!fu ~= Jlo ~ ,61iliiJ§t 0) ~t~ili ~ IfH,J 
~t ,6 .:. t ~= J:: ':) -C, J.:1,,)v -'¥' ~ ~Iftr~ T ~ ;b 1") 7:!~{~~ ~ 51 't!. j@':' -9 .:. t iJ~;-fjJtjU= ~ ,6 0 

~t~ili~:tlUU}iilliO)~t)( ~ 1!i$1¥J ~= ~*rrT ,6 .:. t ~= J:: ':) -C £ZT':' t iJ"l:' 't!. ,6 0 *{*B~ ~=~:t, N 

1F.80)~~d..J".i'- f,> L ~I~c'r,l-L gJL'X';-·.-=1o.+./0{.~d 0 1.- N+1 ';-.-bO· Jtx..~d 1 ..h,i'. N-cl: I!:!! 'I'D J J'" /-J v..J cJ.,. /cJ /T, V'-fiJ "Jl\'\ fLJ Ie!:. -j.-'<... ':J 'I'D J n.... C 'c.= JJ _ 7L'\ To J n.... IJ v:J d... 

l:'O)~tX~A (1), (2) ~=tE':)-c~*l~~*rrLt':'13L t-i'§--=f-,¢'( 0 t N + 1 O)~~X~:t, ~fd4{>j-'t!. 
T.'k~z 
'lfIE-t-

ILL(XoIXl) = NL exp[-/hF(xo, Xl)] 

ILR(XN+1IXN) = NR exp[-,BRF(XN, XN+d] 

(5) 

(6) 

~=1JE ':) -c~*l~ ~ ~~ to) t T,6 0 t.:. t!. L':' .:. l:' F l:t, £Z 1 O))V ~)V ~=M L a = 1 O)TID1t 
B~1*ff£*tt~ l1rmmlvt!.to)l:', -fn£J.J}0)1*1flli~:t~tJ1L-Cv',60 1t.:., ,BL,,BR l:t-f 
n--'C'nl-r=J!fu, :tJ}iilliO)r!.~iliO)j1f.:llfugt ~ £Z L, N L, NR ~:t-J;JM%{t5E~Xl:' cb,6 0 

':'O)c 't!., ;%~{$O)~*rl~iJ" {Xi} = (xo,X], ... ,XN,XN+l) iJ,G {xa = (x~,x~, ... ,X~,X~+l) 
~=J1;ftT ,61~$~:t, 

N 

P( {xa I {Xi}) = ILL(X~ Ix~) ILR(X:V-I-Ilx:V) II 6(x~, g(Xi-l, Xi, Xi-I-I)) (7) 
i=] 

(6(x,y) ~:t7D i" /' 7J~O)T')v:9: 6(x,y) = 1 for X = y, 6(x,y) = 0 for X # y) l:'cb ~, 5J'­
:;;fln~~x P({Xi}) O)H~rs'~8Ii~t~-=r T* ~:t P ~fflv'-c 

t£Z~n,6o 

T*P({Xi}) = I: P({xi}l{xa)p({xa) 
{xD 

(8) 

.:. 0)j:~J1!.5td40)T-C'~:t t~ -] v' -] .:. t iJ"J@':',6 t!. 7:> -] iJ,o ,BL = ,BR = ,B O)j:~j'-g-~=~:t, -,¥'f 

A5J'/l'jJ Peq( {Xi}) = Neq exp[-,B ~~o F(Xi' Xi+I)] (Neq l:t1JH%{t5E~X) iJ"5E'm'5J':;{IJ- t ~,6 , 
T~;b1") T*Peq = Peq e'cb,6':' t ~J~~*~=/F-9':' tiJ'ic''t!. 6 0 Lt.:.iJ"':)-C, ':'0):rJi!#-~1t~:t 

1itiJ'~=~~~ili~£<L-Cv',6 cv,,Z,6o ,BL #,BR O):f~%, 1f:tf:0)1~J~J]:fr:;{IJ P ~=HL-C t ----+ 00 

l:' T;p -, Pss c ~,6 .:. t ~1R5E-9n~:f, 5E'ffi':fr/l'jJ Pss ~:t, 

(Xl 

Pss = p+ LT;(T* -l)p (9) 
t=o 

N 

Ple( {xJ) = Me II exp[-,BiF(Xi, Xi+1)] (10) 
i=O 

(Me ~:t~)M%{t5E~X) ~{tA L, j = N-1 ~~I J(Xi-l, Xi, Xi-I-d 0) Pss ~=~i-,6 5T[~J ~ *66, 
lJjjitt1;JMc~=~ L -C 8IJm L -C 1 *-1 e'IIS(,6 t, ~MJlEiJ"lJjji&1;JMc~=Jt17~T,6 7 ~ 1) J.0)1t~1j 

(11) 
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1 ~ (OW) 
K, = NT2 t:a(J(O)J(t))eq 1 - :2 (12) 

( :: :: l" ~ J(t) = Li J(XLl' xL x;+1) ~ Oeq fi~f~f~*Ji~l"O)f:f:~ ~*T) iJ'i1~ G n6 0 i t..:: ~ 
:tJ:i2IO);fOO)r=j:Jl" ~ n#~u t = 0 O)JRiJ'iffUpJT5f~J5tl1Jip G O)W~-~* L~ n~~u t > 0 O)J]iiJ'ifij] 
pJTf~fip G O)fniJ'iWl}T 6 ~§~5t~*i-0 

L iJ' L ~ :: 0) J: 0 ~ iHft&!L;} mic f= WJ T 6 J.ik I*J iJ'i~f ~ n 6 iJ' c~ 0 iJ' iJ'i"i ~ f= rp~ ~ c ~ 6 ,Q l" 
66 VJ ~ :: 0):: C fi S#f1J'J9BJ.ikO) Jv - JH=*\.t~ f= 1R:tIT 6 0 :: 0) };,;-U= 1*1-9 6 -illtS9 ~r-,£R[ffiHi:tI 
1£ L ~ \.t~o L t..::iJL ::) l ~ ~rl%f= c~O) J: 0 ~:j:JR6 ~\.t~ ~/FTiJ'fi ~ y ~ :L V - Y :3 / f=Jl!]t6 

Y ~:L V-Y::1 /fi~ * 1 0) 711110)Jv-Jvc~n--c'nO) a = 11JDYtB91~:tI£f=:ML~ ~ 

(1) ~ (2) ~ (5) ~ (6) l" ~-;:t G n6 n~rI3996-J1l ~~1TT 6 :: c f= J: 'J l1T~ 'J t..:: 0 "i Trp9~ c ~ 
60) fi ~ fij]pJTo9~iHft& ~ c~O) J: 0 f=JE2JJtT 6 iJ'l" 66 6 iJ'i~ :::: l"fiJJ TO)nytf= L t..::iJ'i 00 
a = 11~1~:1:l[fiiRJ5:i~t§]i 1tffl O):cr" JV.:¥'- ~*TO) l" ~ ;1-';' / F iJ'iI;{" JV.:¥'- ~tfl. 0 0 ~ 
:: l";t;' / F (i, i + 1) f=t3 ~t 6 iHft£ Ti = ,B;l ~ ~ *' / F (i, i + 1) l"O)I;{" JV.:¥'- O)H~IJI39f 

:l-"5j rPi = limT-->CXlt,Lf=lF(xLx;+l) iJ'G~ I;{"Jv.:¥'-ciHft&f=I¥JT6f~JO)I*11*~\;~ffl\.t~ 
l?:R:66 6 'b 0) c T 6 0 
7- 1)IO)yt]lU (11) O)JfJ.jL ·7fpJt.3L~Jr!.6f=fi\.t~-0\.t~iS~iF.UJEiJ'i~;:tGn6iJ'i~ :::: 

l"1T ~ 'J t..:: 0) fi ~ (i) *t~B9 ~ iHft&!L;} mic iJ'i7f~JfJ. ~ n 6 iJ' c~ 0 iJ' ~ "i t..:: ~ 0) Y 1 ;({R:tItl: fi c~ 
0) J: 0 f= ~ 6 iJ'o (ii) ilili&~JmiciJ'i7f~mt ~ n6 J$J)% ~ 66 6 * ~ ~ 0) * l"[jfjjfjfuO)ilfu& ~ \.t~ -0 \.t~ 
-0 ~;:t l1RIJIE L t..:: c ~ ~ ~ (11) fiTtlliiJ' f=mtlL L l\.t~ 6 iJ'o (iii) ~\; (11) iJ'ipJt VJ lL"':) ~ G f:f 
N(j)ss fiTillIjfjfuO)lli!\.§tt':ftl"?:R:i VJ~ *O)*~ ~ N f=1RtfL~\.t~_~rU=~6fift':iJ'i~ N iJ'i 
*~\.t~c~f=~O)J: 0f=~'Jl\.t~6iJ'o (iv) ¥?~1id&:~~f=MT6J\1*0~ (12) fimtlLi-6 
iJ'o (v) fij]lYl-f~ffic~n< G\.t~f~<mtVJlL'Jl\.t~6iJ'~ O)JJL5JJiEil"c166 o (i) iJ'G (iv) 
"i l" fi}llfH=J1it L \.t~ T A ~ f= ~ 'J l \.t~ 6 [5] 0 

iRU5E (v) f= "':)\.t~l Y Lf~tm L J: 00 -iStf= ~ 66 65tl1JO)JjIj0)5j-:;(fiiJ' G O)fnfi Kullback­
Leibler'I'ffi¥lb'lL 66 6 \.t~ fitl~IMI / J' D 1! - c O'J~f;fn6 j[f= J: 'J llE:ill:1t-9 6:: c iJ'il" ~ 6 0 
{§ll.z f;:C 1E1t5t:;(1J Pss( {Xi}) c fij]pJTf~r5tl1J PZe( {xd) O)tf:IMI / ~ D 1! - fi 

S(PssIPze) = L Pss({Xi}) log (Pss~fx,??) 
{x,} PZc X, 

(13) 

l"i}.z G n6 0 LiJ' L ~ 2:. O)~§ ~ ~ Y ~ :L V- Y::1 / f= J: 'J l*66 6:: c fi~:imt~O)l" ~ 
if*~l"IE~~n6ffUmB9~ffiMI/~D1!-~~.z6o 

(14) 
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~ ~ "c\ pix !±tX1ffi[D~H=*66te: *':/ }-" (i, i+ 1) c'O)JE-,t:r@$:5t1!'!1 ~ p~e !±tx1@:1'j~ I=q~te:}jj]?}j-ilfuN 
Ti = (3-1 I=MJ;G-9 ~ *':/ F (i, i + 1) O)}lS]p;r:>:lz~r5J\.1!'!1 p~e(Xi' Xi+l) =.1\0. exp[-(3iF(Xi' Xi-i-I)] 

(.1\0. !±rJtf%1tJEtyJ c-j)~o ~O)wJ?}j-8~~t§MI:/}- 0 ~~O):fD 

(15) 
i=O 

~j:\; (13) 0)1t:b VJ '=J:FJv)~ 0 j:\; (15) I± Pss~ Pic iJ{*,={i:5t:;{l1c'j)~ ~ G Lfj:\; (13) I=~~)c 
-9 ~ 0 i te:~ _tc-ml.JR Lte:}jj]?}j-ilfu§tO)i*661n±~ Stat ~l~A'1tT ~ J: -7 ~ {(3i} ~~lvc-v) 
~ ~ t t IPJ l: ,= ~ VJ ~ ~ 0) RtP'*c- <b tliMI:/ }- 0 ~ ~ 1= J: -J L }jj]?k'¥~riJ' G O)TtL~JElIi 
1tT~0)!±§~c'j)~o 

.8 
(fJ1 1 

0.1 >! ~ 

'< 

~ 

.. 
0.01 .. 

Iil 
Iil 

Iil 

.. 
~ 

~ 

26R[i] 0 

" 26R[r] + 
94R[i] D 

94R[r] x 
77R[r] " 

~ 

IS 

0.001 L....-~~~~L-.-~~~~_~~~............., 
10 100 1000 10000 

N 

~ 1: t§M.:L:/ 1, D t-:~0)-lT1 ;({:K:f·H1:o [ll*JO)~c-j}~;t:l:JlW-C'O)lliiBtO)jiv)~*To 

1 ~;t (3L = O.8~ (3R = 1.25~ r ~;t (3L = 1.25~ (3R = 0.8 O):r)'JJ1'lo 

1-t*D~ ~ 31ft'll O)}V ~ }ld=Mi-~ iniJ JE;1:55fH± ~ 1 0) J: -7 ,= ~ -J te: 0 ~ tLiJ, G :b iJ, ~ J: -7 ,= ~ 
}v~}v 26R t 94R c'!±* ~* e- < L L v) -J te: t e- ,= Stat !±ifilX:y L L 0 1= r&JiJ' -7 0) '=J]. L ~ 
}v~}v 77R c-!±Ji~~~'= N ,=.ttfYIJ L L±~*i- 6 0 T~:bi:J ~ }v~}v 77R c-I±}gJ}JjfI'j~,= <b 

JE1t:5t1!'!1 t }jj]?k¥~r:5t1!'!1 to) FEI' ,= -rtLiJ{j) VJ ~ * ~* e- < L L <b -ftLiJ{~t~ 0) I=M L L ~ 
26R t 94R c-!± -fO)TtL!± t" Iv t" Iv/}' ~ < ~ -J LV) < 0 ~!±13t~0) 211,1;IO)}v ~ }H± 7 ~ 1) 

I~UiJ{}JJG}'[i-~}v~}vc-j)~o)I=J]·L~ 77R I± (ii) ic'O)iEiJJEC'!±7~ 1) I!ilUO)Ml*t~ 

~)CT ~ iJ{~ (iii) kL T O)iEiJJEc-!± 7 ~ 1) If/U t iI:b ~ V);1:5* ~ 7FT 0 ~ 0) J: -7 1= ~ 7 ~ 1) I 
~U 0) m}'[ . /G m}'[ t }jj]P;r:>:[Z~rO) }JJG},[ . /G}JJG},[ t I±~j~ ~ 1~1* ~ t~ -J L V) ~ 0 

iEiJJE (i)-(v) O)*~l:5t~iJ'Gq~GtLte:)V~}v'::'tO):j=llf~~v)~i t66~ t;J(O)J: -7 I=~~o 

26R, 94R: *J:!XD~ ~ilful!t~f1jc ~-]f~JjJG L ~ ~MJfU±*iJ{* e- V) t e- 7 ~ 1) I!'jIH=t[v) ~ ~~{~ 

~~~!±Jd~i~j:\;1= J: ~ 1@: t ~~)CT ~ 0 JE'*":5t1!'!1 !±lf~ ~* e- < T ~ t }fV0r:>:[Z~r:5t:;{IJ" I=ifr 
-::J < 0 
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77R: Jfd)~jJ, ~ v' C: 2: !±*tE~R~ tjiilil.f!t1Jf!jciJ'i%nX: ~ tL,6 ir~, 1J.~1m!± 7 - 1) If:llj ~= !±tEb-?\ 
iilil.oc1Jf!jc --c'!i tj < [j!j]j[iI&O)~{~ifrO)iJjj'd5ti;H=Jtf§U L l~1tT ,6 0 ja]Wi·~iWJTiJ" G O)ftLiJ"ja] 
Pff R~ ~= <b J~,6 0 

9IR, I23R: iJ!.:JM'JiII --c'iJiliJ5tCg f!jciJ'i Ji!. G tL,6 iJ'i, FkJ %~ ~= fnJ 16" -:) lt~'tXW-~'tX ~= iII V '-JI~ --c'z:!ili 
~ = 1J me ! i ¥~ ilft T ,6 0 r!.~ 1m ! i ~~~ ifr 0) iilil.oc iiH = .tt fJU 0 

95R, 90R: LH~f:'5c1E:~= if G tjiJilioc5}Il'IT ~ /F L, iilil.i5t1Jf!jc !i~~ii:O)l~lflttllJ,J --c' 0 0 (90R -C' 'i 
o --c' d0 ,6 .:: C: ~ ~iE IJ)j --c' 2: ,6 0) KMlfE! i 1J.~ ifr 0) i.llil.oc i;H = Jt fJU 0 

fJI. 4 fm:ll'f ~= 5J'''~Ji L t::. iJ'i, }V - }V 26R, 94R c: .-c 0) 1tiL 0) }V - }V 0) FI3~ ~= 'i ~HJtlI tj .:¥' f '/ 7° 16" 
d0 ,6 iJ'i, .-c tL£),j} Ii it ~= 7£:[[ B~ tj ~ --c' d0 ,6 T:lJj]~ti <b d0 ,6 .:: c: ~ 1£mt L l ;J3 < 0 M~ ~ }Jt'/fx 
B~~J~[fjJ, 1&~ ~ 5IjijJf[B~:{'rtwjJ c: Uf~':: c: ~= L J: -70 

§ul'ip O)*EHf~ c: ~ 1 ~M~R L l h-,6 c:, }v -}v 26R c: 94R c: v' -7, 1J01:t:B~1~7:1+ £ ~ 11[.11 L 
iJ"1~t::.tjv'}v- }vtDtiJ'i7 - 1) Ir=!lj ~?11LJt::. L lV',6 c: V' -7.:: c: ~=~-=> < 0 .-c,:: --c', 1th0)1~~ 

H ill iJ'iHYfi- ,6 .:: c: ~= J: ,6 ~jJ* ~ ~y. !J ~i < .:: c: ~ ~,Z l h- J: -70 .:: tL!i, *'}v 'J "7 /' ~ 0) 
JJ9'lEA ~ ~ ,Z ,6 .:: c: ~= J: !J iT tj -7 .:: c: iJ'i-c' 2: ,6 0 

if#~'J"7/~0):1J~~~~<o~~Ai~Gi+7i--c'0)7+1MO)~~AI.0)~ 

1lzO)1it$5}:;(P~ Pi (Xi,Xi+1,"',Xi+,) c: L, :1J'¥~'tx--c'litj < '::O)7J\.:;(pIYJ'txO)n~lg]9B*~ 
~. 7,-,6 c:, 1) ry ij l' }VJJ9'lEA (8) 16' G 0)7" tJ '/7° 1) / /f ~= J: 1'), i = 1,2, ... , N - 7 ~=)(~. L 
l!i 

i+, 

X II b(xj, g(Xj_I' xj, Xj-I-I)) 
j=i 

P HI (. ) N+I-, XN+l-,,' .. , XN-I-I 

tLL(XO [Xl) L pf-l-I (Xl, ... , X" b) 
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Abstract 

This paper studies the essential dynamical structure that arises in two different classes of learning 
of the sensory-based navigation, namely skill-based learning and model-based learning. In skill-based 
learning a robot learns navigational skills for a fixed navigational task such as homing, while in modcl­
based learning a robot learns a model of the environment, then conducts plmming on the model to 
reach an arbitrary goal. We formulated that the former is achieved by learning the state-action 
map, and the latter does by learning the forward model of the environment, using recurrent neural 
learning scheme. The analysis of the dynamical structure from the coupling of the internal neural 
dynamics and the environment showed that generation of the global attractor is crucial for both 
learning cases. Experiments were conducted using a mobile robot with a laser range sensor, which 
verified our assertions in a simple obstacle environment. 

1 Introduction 
Recently, many have discussed how the knowledge should be represented internally for a mobile 

robot that navigates based on its local sensory inputs. Conventionally, the navigation problem has been 
approached in rather straightforward manner. A global representation formula is employed: a robot 
builds an environmental map, represented in global coordinates, by gathering geometrical information as 
it travels [2]. Although a variety of methodologies has been proposed in this context, potential problems 
still remain, especially in robot localization. The localization is not always robust enough in the noisy 
environments of the real-world since there exist gaps between the knowledge of the global map and the 
information provided by the local sensory inputs. The problem to consider is how the task knowledge 
can be represented as intrinsic [3] to the robot, and how such representations can be obtained through 
its behavioral experiences. 

Others [7, 13] have developed an alternative approach based on landmark detection. In this approach, 
the robot acquires a graph-type representation of landmark types. This representation is equivalent 
to a finite state machine (FSM), as a topological modeling of the environment. In navigation, the 
robot can identify its topological position by anticipating the landmark types in the FSM representation. 
This scheme enables the robot to acquire the internal model of the obstacle environment by a local 
representation scheme. It is, however, considered that the representations by the FSM are still "parasitic" 
since symbols manipulated in the FSM are in the arbitrary shape regardless of their meaning in the 
physical world. A crucial gap exists between the actual physical systems defined in the metric space and 
their representation in the non-metric space, which makes the discussion of the structural stability of the 
whole system difficult. 

This paper addresses the above problems by using the dynamical system's approach [1, 4, 10], ex­
pecting that this approach would provide other effective representational. The approach focuses on the 
fundamental dynamical structure that arises from coupling the internal and the environmental dynamics 
[1]. Here, the objective of learning is to adapt the internal dynamical function snch that the resultant 
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dynamical structure might generate the desired system behavior. The system's performance becomes 
structurally stable if the dynamical structure maintains a sufficiently large basin of attraction against 
possible perturbations. The most advantage of this approach is that we are able to conduct structural 
analyses of the system by fact that the internal representations, embedded into attractor dynamics, share 
the same metric space with the physical environment. 

We investigate two classes of task learning, namely skill-ba8cd lerLrning and modcl-ba8cd learning. The 
skill-based learning aims to ensure that a robot will acquire skills (represented as a state-action map) 
for a fixed navigational task, such as homing or cyclic routing, under the supervision of a trainer. In 
the model-based lenrning the robot learns the internal model of the environment rather than the direct 
state-action map so that the robot may adapt flexibly to different goal tasks. An important difference 
between two is that, in the fOrIner approach, the action is determined in a reactive way just by looking 
up the map while it is determined in a deliberative way through mental siml1.lation of the model in the 
latter approach. We study how the state-action map or the environmental model can be represented by 
means of neural dynamical functions. Then we will explicate the conditions that each learning scheme 
should satisfy from the view point of dynamical systems. 

2 Navigation Architecture 
We review the navigation architecture [11] which is applied to the YAMABICO mobile robot [14]. 

YAMABICO can obtain the range image, covering a 160 degree arc in front of the robot, by a laser range 
finder in real-time. 

In our formulation, maneuvering commands are generated as the output of a composite system con­
sisting of two levels. The control level generates a collision-free, smooth trajectory using a variant of 
the potential field method [G]---i.e. the robot simply proceeds towards a particular potential hill in the 
range profile (direction toward an open space). The navigation level focuses on the topological changes 
in the range profile as the robot moves. As the robot moves through a given workspace, the profile 
gradually changes until another local peak appears when the robot reaches a branching point. At this 
moment of branching the navigation level decides whether to transfer the fOCllS to the new local peak 
or to remain with the current one. The navigation level functions only at the branching point that ap­
pears in unconstructed environment. Hereafter, our discussions focus on how to determine the branching 
sequences. 

3 Skill-Based Learning 
The objective of skill-baserllearning is that the robot learns a fixed navigational task on the topological 

trajectory comprising branch points. We consider two specific tasks, namely homing and cyclic routing 
as examples. In the homing task, the robot has to travel back to a fixed branch point starting from an 
arbitrary position in the workspace. In the cyclic routing task, t.he robot have to travel into a fixed cyclic 
loop comprising branch points with starting from an arbitrary position. 

3.1 Learning state-action map 

The neural adaptation schemes are applied to the navigation level so that it can generate an adequate 
state-action map for a given task. Although some might consider that such map can be represented by 
using a layered feed-forward network with the inputs of the sensory image and the outputs of the motor 
command, this is not always true. The local sensory input does not always correspond uniquely to the true 
state of the robot (the sensory inputs could be the same for different robot positions). Therefore, there 
exists an ambiguity in determining the motor command solely from sensory inputs. This is a typical 
example of so-called non-Markovian problems which have been discussed by Lin and Mitchell [6]. In 
order to solve this ambiguity, a representation of contexts which are memories of past sensory sequences 
is required. For this purpose, a recurrent neural network (RNN) [4, 8] was employed since its recurrent 
context states could represent the memory of past sequences. The employed neural architecture is shown 
in Figure. 1. The sensory input Pn ancl the context units en determine the appropriate motor command 
Xn+l. The motor command Xn takes a binary value of 0 (staying at the current branch) or 1 (a transit to 
a new branch). The RNN learning of sensory-motor (Pn,Xn+l) sequences, sampled through the supervised 

-124-



xn+1: t 
motor command 

D 

Pn : sensory inputs 
cn: context units 

Figure 1: Neural architecture for skill-basedlcarning. 

task space internal state space 

Figure 2: The desired trajectories in the task space and its mapping to the internal state space. 

training, can build the desired state-action map by self-organizing adequate internal representation in 
time. 

3.2 Embedding problem 

The objective of the neural learning is to embed a task into certain global attractor dynamics which are 
generated from the coupling of the internal neural function and the environment. Figure 2 illustrates this 
idea. We define the internal state of the robot by the state of the RNN. The internal dynamics, which are 
coupled with the environmental dynamics through the sensory-motor loop, evolve as the robot travels in 
the task space. We assume that the desired vector field in the task space forms a global attractor, such 
as a fixed point for a homing task or limit cycling for a cyclic routing task. All that the robot hal) to 
do is to follow this vector flow by means of its internal state-action map. This requires a condition: the 
vector field in the internal state space should be self-organized as being topologically equivalent to that 
in the task space in order that the internal state determine the action (motor command) uniquely. This 
is the embedding problem from the task space to the internal state space, and RNN learning can attain 
this, using various training trajectories. This analysis conjectured that the trajectories in the task space 
can always converge into the desired one as long as the task is embedded into the global attract or in the 
internal state space. 
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Figure 3: Trace of test travels for cyclic routing. 

3.3 Experiment 

An experiment of learning a cyclic routing task is presented. The assigned task is to repeat looping of a 
figure of '8' and '0' in sequence. In the training the robot moved by collision-free control, and branching 
of the navigation level was taught by the trainer. The employed RNN consists of three input units, eight 
hidden layer units, two context units and one output unit. The trainer guided the robot back to the 
target loop from arbitrary selected starting position. The travel of the training was repeated until the 
robot is assured of being capable of achieving the given task when started from an arbitrary position. 

It was found that robot could achieve the task in a stable way after 10 times repetitions of the training. 
In the test travel, the robot was started from arbitrary initial positions, with setting the initial values of 
context units as random. Figure 3 shows examples of the test travels. The result appeared that the robot 
can converge to the desired loop from any position in the workspace. Its convergence, however, takes 
a certain period depending on the case. The RNN initially cannot output normally until the context 
units catch up the context. As the robot moves around the workspace, encountering a sequence of known 
sensory input, the orbit in the internal state space starts to converge from the initial transient one. Noises 
affects the navigation performance remarkably. When miscellaneous noise such as mechanical, sensory 
and radio noise is present, the branching sometime become unstable. Thus, even after convergence, the 
robot could by chance go out the loop, perturbed by such noise. However, it always comes back to the 
loop after while. Although the actual navigation contains stochastic property in its local decisions, it 
can be said that the structure of convergence is quite stable in terms of the global attractor dynamics 
generated. 

4 Model-Based Learning 
In this learning, the main concern is how a robot can acquire the internal model as an intrinsic function 

which enables the meninl sirrwlniion of its own actions in the obstacle environment. Here, we attempt to 
apply the scheme of forward modeling [4] to the problem. 

4.1 Forward modeling 

The objective is to build a forward model through which a robot can conduct lookahead prediction of the 
sensory input sequence (as the distal output) as a result of the given motor program (of the proximal input) 
in branching sequence. (Hereafter, the term "motor program" denotes a sequence of motor commands.) 
The objective forward model is embodied using a standard discrete time RNN architecture, as shown in 
Figure 4. The mapping function of the RNN can be written as; 

Cn+1 = fc(Pn, X n , Cn , We) 

Pn'+l = fp(Pn, :/;n, Cn , W p) 

-126-

(1) 



Figure 4: Forward model by RNN architecture. 

where Ie and Ip are the nonlinear maps from the current branching step to the next branching step, 
and We and Wp denote parameter sets of connective weights. The forward model is acquired in the 
learning phase; the robot travels around the workspace with sampling the sensory-motor sequence in the 
branching, then the network is trained as off-line by using back-propagation through time algorithm [9]. 

After the learning phase is completed, the robot is operated in the so-called open-loop mode: the 
robot travels in the workspace by an arbitrary motor program while conducting the one-step lookahead 
prediction (predicts next sensory input as the result of the current motor command). The RNN predicts 
the next sensory input Pn+l by inputting the current sensory input Pn and the current motor command 
Xn to the network. The RNN, in the beginning of the travel, cannot predict the next sensory input 
correctly since the initial context value is set randomly. However, the context value can get situated as 
the RNN continues to receive the sensory-motor sequence during the travel, then the RNN begins to 
predict correctly. 

After the robot is situated to the environment, the RNN can be switched into the closed-loop mode 
with stopping the robot at a branch point. Now, a lookahead prediction of an arbitrary length for a 
given motor program can be made by copying the previous prediction of the sensory input to the current 
sensory input. (As indicated by a dotted line in Figure 4, the closed-loop for the sensory input is made.) 
Let us denote the motor program as :c*. Then the lookahead prediction of the sensory input sequence p* 
can be obtained by recursively applying x* to the RNN mapping function, with using the initial values 
of context units Co and the sensory input Po which have been obtained in the open-loop mode. 

4.2 Dynamical mechanism of situatedness 

This sub-section investigates the mechanism of situatedneS8 by focusing on the coupling between the 
internal neural dynamics and the environmental dynamics. 

First, we will define the term "attractor" for both of the environmental and the internal dynamics. Let 
us consider the environmental dynamics F. We consider an infinite length of randomly generated binary 
sequences (the motor program x*) to be fed into the robot. Let s* be the resultant state transitions 
of the environmental state in the branching sequence. The environmental state s can be represented by 
the robot's position (including the orientation) upon branching. In the ideal case with no noise in the 
environment, the infinite travel of the robot forms an invariant set .02.*, since the trajectory of the robot 
is limited to be in a subspace of the entire workspace after an initial transient period. We define this 
invariant set as the attractor of F with respect to the excitatory input :1:*. Also, we define an invariant 
set l!* for the sequence of the sensory input which .02.* corresponds to. It is important to note that this 
attractor is the global attractor, since the robot's travel starting from any position in the workspace results 
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Figure 5: Entrainment of internal dynamics by environment. 

in the same invariant set. For the neural dynamics f, let us consider a lookahead prediction of the RNN 
with respect to a motor program x* of an infinite length which is randomly generated. This generates 
an infinite sequence of the transitions of the context c*. When this infinite sequence forms an invariant 
set, this invariant set f* is defined as the attract or of f. The sensory sequence which corresponds to f* is 
indicated as t*. Depending on the learning process, the generation of the global attractor is not assured 
for f. Since the objective of learning is to make the neural dynamics f to emulate the environmental 
dynamics F by means of the sequence of the sensory input, f in the limit of a learning process satisfies, 
for an arbitrary motor program x*, that: 

(2) 

The conclusion here is that there is, at least, one attractor for f by which the lookahead prediction of 
the sensory input can be made correctly, as satisfying (2). Now let us consider the coupling of these 
two dynamics. In the open-loop mode, the RNN predicts the next sensory inputs Pn~l.l using the current 
sensory inputs Pn while the robot travels following the motor program x*. This coupling is schematically 
shown in Figure 5. In this coupling, it is conjectured that two sequences p* and p* converge into the same 
sequence for all the initial states of So and Co if f has been formed as global aUractor dynamics. This 
implies that the internal dynamics, with arbitrary setting of the initial state, always become harmonized 
with the environmental dynamics and predict the sensory inputs correctly, as long as the intemal model 
is embedded in the global attractor dynamics. 

This feature of the entrainment of the internal dynamics by the environmental one assures an inherent 
robustness of the robot's behavior against temporal perturbations. The robot, during its travel, could lose 
its context if perturbed by noise. The robot, however, can get situated again by means of the entrainment 
as long as it continues to interact with the environment. 

4.3 Experiment 

4.4 Learning and lookahead prediction 

We conducted experiments on the scheme using YAMABICO. The robot samples the data of the sensory­
motor sequence while it wanders aronnd the adopted workspace for a certain period, then it learns the 
forward model of the navigation level using the data obtained off-line. The adopted RNN architecture 
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Figure 6: Lookahead prediction for a given motor program. 
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Figure 7: Auto-recovery from an addition of an obstacle. 

is three-layered having 10, 12 and 9 units for the input, hidden, and output layers respectively. It has 
four context units. After learning 193 sampled data, it was observed that lookahead predictions became 
accurate except in cases with certain noise effects. 

An example of a lookahead prediction test is shown in Figure 6. In (a) an arrow denotes the branching 
point where the robot conducted a lookahead prediction of a motor program given by 1100111 with 
switched to the closed-loop mode (after get situated). The robot, after conducting the predictions, 
traveled following the motor program, generatillg the trajectory of a "figure of eight", as shown. In (b) 
the left side shows the sensory input sequence, while the right side shows those of the lookahead, the 
motor program and its context values. The values are indicated by the bar heights. It can be seen that 
the lookahead for the sensory inputs agrees very well with the actual values. 

We have stated that the global attractor provides an inherent robustness for context dependent naviga­
tion as a natural consequence of coupling between the illterllal and the environmental dynamical systems. 
The following experiment shown in Figure 7 demonstrates an example of auto-recovery from temporal 
perturbation. The robot traveled in the workspace while predicting the next sensory inputs with the 
RNN switched to the open-loop mode. During this travel, an additional obstacle was introduced. The 
upper part of Figure 7 shows the trajectory of the robot's travel; the lower part shows the comparison 
of the actual sensory inputs and corresponding one-step lookahead prediction. The branching sequence 
number is indexed beside the trajectory; this number corresponds to the prediction sequence in the lower 
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Figure 8: Attractor observed in the internal dynamics. 

part of figure. The prediction starts to be incorrect once the robot passes the second branching point, 
as it encounters the unexpected obstacle. The robot, however, continues to travel and meanwhile the 
obstacle is removed. After the sixth branching point, as the lost context is recovered by means of the 
regular sensory feed, the prediction returns to the correct evaluation. 

The repeated experiments showed that the mechanism of the auto-recovery is general. This implies 
that the learning of the RNN might have created the global attractor. In order to confirm this, we 
analyzed the dynamical structure self-organized in the RNN. The RNN, switched to the closed loop 
mode, was activated for two thousand forward steps using input sequences of random motor commands. 
The phase diagram was plotted as a two-dimensional projection using the activation state of two context 
units, excluding 100 points from the initial transient steps. Fig. 8(a) shows the resulting phase diagram, 
while (b) shows an enlargement of part of (a) in which a one-dimensional structure is seen. We repeated 
this several times with different initial values of the internal states, and found that they all resulted in 
the same attractor structure. It confirmed that the internal dynamics are self-organized in the form of 
the global attract or dynamics. Although any theory has not been established to explain the creation 
of low-dimensional global attractor in the recurrent neural learning, its tendency is suggested in other 
numerical experiments of learning simple grammatical descriptions [8, 12]. 

5 Discussion and Conclusion 
We have investigated the dynamical structure that arises in the coupling of the internal neural function 

and the environment, and have shown that the generation of the global attractor is essential for the 
embedding as well as the entrainment discussed in the skill-based learning and model-based learn'ing 
respectively. 

Our formulations have also clarified essential differences in their dynamical compositions. In the skill­
based scheme, the dynamical structure arises only from the coupling of the internal and the environmental 
dynamics when the robot actually travels. In the model-based scheme, attractor dynamics exists in the 
internal dynamics even when it is decoupled from the environmental one. This decoupling allows the 
robot to have a "symbolic process" which accounts for its cognitive activities of mental simulation or 
planning. This symbolic process can be grounded to the physical world by means of sitv,atedness when 
coupled with the environmental dynamics. 
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{fsQ) nEZ(l~n~1') '<::X1L-c, (.m.d1)n-Hl iJli; .m.d:J ""Q);f-'v)vPJml1M~ Fn iJ'-'fj. 

ft L -c, (X iJ'-' RX; t) JL. -:J c.. C: C: -t ~ : 

yen) = Fn(X(n), X(n - 1),··· , XCi)) a.s. 

iit~~f.¥ Q) 3s ~ ~~IJ;t l: Q)~¥IHi o--tJO$~ l:;~rm l: ~ ~. Hilt" {fJl'.i: Q) n E Z (l ~ n ~ T) 

1<:: xi L -c, o--tJo $~ Bi(X), Bi(Y) ~ (X l:/E 66 ~ : 

Bi(X) = o-({X(k)-l(F)jF E B(m,.d1),l ~ k ~ n}) 

B;(Y) - o-({Y(k)-l(F)jF E B(m,.d:J),l ~ k ~ n}). 

B;(Y) c B;(X) (1 ~ Vn ~ T). 

N;(Y) c Ni(X) (1 ~ Vn ~ 1'). 

N;(X) = {Z E L2(n, B, P)j Z Ii Bi(X) - PJi!tl]tJ: iit$~~l: 35 ~ } 

Ni(Y) {Z E L2(n,B,p)jZ Ii Bi(Y) - PJi!tIJtJ:iit$~~l:3s ~ }. 
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M;(X) = [Xj(k);L < k :::; n :::; 1',1 :::; j :::; dd 

M;(Y) = [lj (k); L < k :::; n :::; '1',1 :::; j :::; d2 ]. 

M;(Y) C M;(X) ('lin E [l, '1']) 

= -:J Q) l/i $. j&H~ Q) rJ3~ Q) ;j<# 7f31Z9 :!l ~ t% ~ JE it f(.j Ii: *0 glj T ~ c. l: ~ ~ ;it J:. -5. f: Q) ft 6':> Ii:, £t 
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(Y(n));n E Z) ~*Jlli: Lt.: Jll!.d+l {fiQ)l/i$.j@im u = (U(n);n E Z) - (f(Y(n), tX(n));n E 

Z) Ii, Sf M:J« ~ I-)v 0 Q) §§] JE ffi" j@i f~ l: fiR JE T ~ : 

Y(n) 
Xl(n) 

U(n) = X2(n) 
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Rl(n) = E(X(n) tX(O)) E M(d,d;Jll!.) 
R2(n) = E(Y(n) tX(O)) E M(I,d;Jll!.) 

R3(n) = E(Y(n)Y(O)) E M(I, 1; Jll!.). 

~~ C*(YIX) = Cn(YIX): N* ~ [0,00) ~ 
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(i) 

(ii) 

(i) 

(ii) 

o ~ Cn(YIX) ~ VR3(0) (Vn E W*) 

Cn(YIX) ~ Cn+1 (YIX) (Vn E W·). 

x **7f;ItS!:!fl:) Y 

Cn(YIX) /' VR3(0) (n ~ 00). 

1.1l iJ~ ~ lID EE C'M~ Cn(YIX) ~u&~:il~H¥ X iJ~ G T«t$:i@itt Y .A,. CD ItS! ~1Ml~ c :g -j' It, -c­

CD~~Nful Coo(YIX) ~U[$:i@itt X iJ~ G U[$:i@i;fI£ Y .A,.CDItS!:!fl:frnic:g-:nt~. '::'CDItS!~f':kl~ 

~ X IL:{11lJH-t~ KM20-7 /'~;:J. t'f7 /,::;-'-:; {'Y+(n,k),V+(k)iO ~ k < n < oo} ~ffl1.' 

L .1~n!'l L .J: oj. 

n 

Cn(YIX) = i'L C(n, k)V+(k) tC(n, k)}1/2. 
k=O 

k-1 

C(n, k) = {R2(n - k) + L R2(n -l) t'Y+(k,I)}V+(k)-l (0 ~ k ~ n). 
l=O 
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~~~Mtlf-JIJ X O)t\:v 19 1<::, 1000 @lO)!jo/.J~tL~ ~ ~m \":6 C C: 1<:: J: -:J L~lf-JIJ~ ~(q) ~ 

f'F I), ~(q) :b~ i; ArctY '" 0) J! * ltSJ W: ~ eM (Arcty I ~(q)) 0))1-:ffi ~ mJ "" , J! * ltSJ W: )1- :ffi -* ~ 
fF ~ -t :6. J: C' ~ Ii n tz. Mt If- JIJ :b~ i; Arct Y '" 0) J! * ltSJ :W: fu'i: :b~ J: 0) J! * ltSJ W: )1- :ffi -* 0) o. 9 5 :b~ 

i; 1.00;1 C' 1<::llI.1i:-t:6 C: ~, Mtlf-JIJ X :b~ i; Mt*JIJ Y '" 0) (=JF***;) ltSJW:~t%:b~ 35 :6 C: -rHmT 

L, (X 0) J: -j 1<:: -* ~a -t :6 : 
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(i) 0JEtV€J (1969.1-1979.12) 

(ii) ~O)x1 "')v~'M'v- I- (1969.1-1979.12) 

I 

(iii) ? * - -t}-7'"7 -1 (M1: 1969.1-1979.12) JlGrrlAJU (~%.ifJ[OJ1~~) : Money ~uply(:@ 

~m~~)-B*mrr~m¢~~.M(Wmmrr,~~mrr,mlimrr~E) ~~~,@A~ 

E Ii: m ~ L -c t. \ G ~ ~ ~ ffl ~ (~~ ffl ~, IE WI ffl1ii i:- 2; {;') tJ. E 0) re f1F 

M1(.I. L r; .Y) = ~1ii C ffl1ii:@R 

M2(X L ':/-) = Ml +IEWItEffl1ii 

Ma(.I. L A I) - ) = M2 + {§"M; c !ij~llT:&Z 
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:a~!l!UlCJm~ (lOI: diffusion index) 

j'Gff~JIj 

1 ~ £:tE ~ $ t~ ~ (£It I310 (;l2 -IT 1 7 )v) 

2 mH;t*4:tE~$t~~ (£ltI~) (;l2 -IT 1 7 )v) 

3 ~ :fjjBt i± Ora ~B . ~ :t.1 ~ ~ < 1% f#j ) 

4 Y-t ~ M ill f,iH~ ~ 

5lffi~ttt~Ip~ 

6 p}f}E J~ :ti 1lJJ ~ Fa' (!M ~ ~ ) 

7 lffi]j! lffi m ~ ~ it ~ O!~ ffl ]j! ) 
8 W: ff 1& 51 ~ 11: M15HtJ: ~ (;l2 -IT 1 7 )v) 

9 :!'fH[:l*{[ffit~~ (tt€r) 

10 ? ;(. - -Ij- 7° :; 1 (M2 +CD) 

11 8~lm£t~tt (tt€r) 

12 3<':~~dtJ:m~ (tt€r) 

-~~J1J 

1 ~ §H~ ~ (£It I ~) (;l2 -IT 1 7 )v) 

2 ~ §f ~ ill f,if m ~ (£It I ~) (;l2 -IT 1 7 )v) 

3 **1lJJ$t~~ (lM~~) 

4 mH;t*41f!ojJU~~ (~~*) 

5*D~:t.1f;€ffl:m 

6 ~A~!!t~~ 

7 Y-t~~Ipt(rmffi (®tI%J 

8 ~ 5Qpj( Jdfi $ 

9 B~m l!IR~1}Ji 

10 ~'ffi~1j ~ (:~:§f~) 

11 rh J Ji...~.,rJ:'" (ru" "&.*) 'T' I \ 1£ 51<: :rc [qJ :vt J8. 51<: 
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~5{JJ~J1J 

1 ~~ftJ!lH~~ (®tI~) 

2 mt1i*4:t£J!lH~~ (~~*) 

3m*Mili~mD(.*.~~~<) 

4 ~mmHIH~~ (~~*) 

5 ~ ~ ~ * $ (~-q- 1 /j )v) 

6 *~t1~flxili (~OOmbjj%li!!:*) 

7 ~ OO~rr~ I:B K8JE SjZ1{;J~5fIJ 
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1970~tt 

(i) 7 1 ~ 8 J=1 1 5 B 1<= I-")v 0) ~xi~H~ 11:: ~ ~1llfJt§~t! I<=f¥rr: ~~ v - " :bi7tOO~~ 

rP ~ 1<= :lo It ~ j@ ffir 0) !Wi ~ C {# ~ 1<= J: -:> l ~ ill '9 ~ 

(v~79~10J=17~~hO)~~M~.~~(Chi~0)~~~m~G?*-~~~1 

~m 1<= ~1M!:i!i!&m 0) iJE'§ § ~ ~ l!liW!) 

Typeset by AW-TEX 
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~ 

/' 'T-' ~ ~ ~;:E~1}(1969.1-1979.12) 

10 

9 

8 

7 

6 

5 

4 

3 

2 

1 

'11.1 7J.1r, 73.82 '1S.df-
100 

71/. 3 131 

~~ffP~t~~(19~~) 
<1969.1-1979.12) 

100 

90 

80 

70 

60 

50 

40 

30 

20 

10 

0 
fa 

7t.t 1f.IO 131 
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~ 1."'-
8 p::jOJ1ia1:rI/-1-- (1969.1-1979.12) 

380 

360 

340 

S2eJ 

300 

280 

260 

240 
220 

200 

180 

160 
({} 

7[g.~ 100 

7!1./0 131 

MS -=<:;.. - tj-;J-:;J-{ (M1: 1969. 1-1979. 12) 

131 

-146-



70 

1L (!f 
~=l:j~Clot£Rll~~~ (~U*) 

(1969.1-1979.12: 19751f:l>1k, ~) 

50~~~~~~~~~~~~~mm~mm~~mmmmm 

o 
71./0 

50 
'/i./ 

~~~ (~.I1:I*: 19B5if~~ *~~) 
(1969.1-1979.12) 
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I 
If 
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~~"7 ,.~ 
- ~2:"'"w.~ ~~~~~~~ ~ J' ~ . , . 

,~ .' ~ '. 
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*fJir~ tj!H1J~b 1jt:lj!l}m~ t9P)ll~ 

:tL1'rl ****~~:@*:n}fJ'Efl-

1 tf 
~*:7iJmW~I'i$ < O)~-g-, .:c-7'/H;:7E'Iltt1~i&7ET -3 0 LtciJ'>--:::J "C~J~~I;:T~?' ~m 

WT -3 ~ It \, .f: 0)7' ~?' iJ'> 7E'Ilt.:c-T' Iv I;: ~ -C l'i*- --:::J -C It \ -3 iJ, c· :5 iJ'iJ'>:i!:~I;: t~-::> -C < -3 0 

J;l,r~I'i4;t G:hkT~?' iJ'>JE'Ilt~$l&JfJl':.O)~mflft-C:;b -3':' c ~;j§€JET -3jj$~~.r-::-3 0 

2 ~*l:I~HB 

1XO)'1W~i&\mI;:MT -3;j§€JE~t~MT -3 0 

Ho(S) : d1XjC~*:71j {Xj}f=ll'i7E'Ilt-C:;b-3 0 

Def. {Xj}iJ'>7E'Ilt ;de
f ; E[Xj], Cov(XilXj+h) (l-j~h~N-h) iJ'> 

j 1;:BS:ff Lt~lt\o 

J;l,r, E[Xj]=O ci&7ET-3 o Ho(S)O)r-c: 1 Step Predictor: 
~ ~(l) ~(d) I 
Xj = (Xj , ... , Xj) s.t. 

l'i 1X 0) f.:l:jtI ~ N-J 0 

(i) E[Xj - Xj] = 0 

~(k) {O (j=l) 
Xj = (k) (. ) 

P M{-l(X)Xj J ~ 2 

.:. .:.1;: M{-l(X) = { ~{:;:i ~%=l aikXi(k) IV aik E R } 
P : M~fF.ffl~ 

(ii) Cov[(Xj - Xj), (Xi - Xi)] = 0 if if. j 

4-, Vj-l = Var[ Xj .. Xj] c:lO < c 

3Wj : JE.&IJD:7lj s.t. Wj Wj = Vj 

t:. = W' l-l(X' - X·) cT-3 c <"J J- J J 

{~j};=l rv W N(O,Id) Id: d X d~fll:D:7iJ 
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de! 
~ E[Z·] = 0 COV[Z· Z·] = O· -V J , "J I,J 

{ c }tlN = {c(k)} = {c(l) .. , c(d) ...... c(1) ... c(d)} rv W N(O 1) 
<.,1 1=1 <"J k=l •...• d : j=l •...• N <"1' '<"1' '<"N' ,<"N , 

{X .}N ;O"J:E""" 
J J=l ffi 

lJ::.;O""::) -C:':' 0)~J:E1j::, m~i&:m 

3 =f -?z (J) )t~Jj 

Ho(W N) : {6}~~ rv W N(O, 1) 

N-h 

R(h) = N- 1 I: (Xj - X) (Xj+h - XY 
j=l 

~Jtjl,t\0o :.:. :.:.1;: X = N-1 2:f=lXj --c:<b0o 4', f~~--c:'2: 0R(h) 1j::1tITJ$[1] J:: IJ 

o :s; h :s; M = [3VN/d]- 1, [.]: jj'r) .A~G% 

:.:. (J) R(h) (0 :s; h:S; M) ~~(J)fil1U::: dj.tt l.." Blockwell-Davis [2] 0) Innovation Algorithm 

1rJtjl,t\-C 1 Step Predictor 1r:::J<:1JJ0 o l..,;O:.l.., R(h) (O:S; h:S; M) ;O:.GIj:: Xj (1:S; j:S; M 

+ 1) Lo:.).jtlJJ GtIJ.tl,t\O)--C:, 7'-7' {Xl, X2 ,'" ,XN } ~ 

X[ 1 ] = {Xl,'" ,XM+I},X[ 2] = {X2 ,··· ,XM+2 }, .. ·•·· 

.,. ,Xl i] = {Xi,··· ,XM+i},'" ,X[N - M] = {XN-M,'" ,XN} 

~ :5j-~IJT 0 0 

:.:. O):5j-%,IJ l..,t;:~T-7' X[ i ] I;:;{;j- l.." Innovation Algorithm ~ Jtjl,t\-C R(h) (0 :s; h :s; 
M) O)flj'[;oc> G ~[ i ] = {~i,l' ... '~i,M +I} ~~t5:LT 0 0 :.:.:.:. --c: ~i,j = (d~), ... ,dj)y ~ Tn 
1£, 2. --C:~.rZ t;: J:: '5 I;:, 

:.:. :':'1;: ~[i] = {~[ilj};=l = {d,~)} k=l ..... d : j=l •...• M+l 

a = d(M + 1) 

-152-



~::0""{\ {Xj}f=l 7J)7E~t~Gf:f {Xj}j~1 (1::; Vz < vm ::; N) 'b7E~-Z:d1J6tpG, 
(1 ::;v i ::; N - M) f-::M L111n€i&:m Hu(S) fj:lI1n€i&:lm 

H~il(S): X[ i J = {Xj}~tifj:7E~-Z:d1J6o 

~ imply '960 2: G f-:[ii'U~~ [lJ J: VJ H~il (S) fj:1W~i&:m 

H6
i
\W N) : ([ i J = {([ijj};=l '" W N(O, 1) 

1f~/1d$ a --c: Ho(S) ~~J:ET6o 3. e'J£~tcJ: 5 f-: Ho(S) fj: H6i )(S) ~ imply L-, 
H6il (S) fj: H6 i \WN) ~lRJfl--C:;b"':>tctpG, {'j- i f-:%j-L- H6il (WN) ~~7ET~;::'~e', 
Ho(S) f-::MT6~7E ~ T 6 0 2: G f-:;:';:' e'f:t H6i )CW N) {:-O) 'bO)f-:MT 6~JE-Z:fj:t~ <, 
H6i

) (W N) ~~ < L tc ~1n€i&:m 

THEOREM 

H6
i
) : ~[i J = {~[ijj};=l rv IID(O, 1) 

fLl 
it2 - 1 

Z(il a = Va 1'«(1) J:.. N(O,~) as N -t = 
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o ie(h) :a:-Ye(h) = a- 1 L:j=l';[iJj';[iJj+h -CUl~~;tt;: y(i)ClI.J~, y(i),,!4 N(O, I;) ~nMl 
1;:-90 

- Cramer-Wold 51-iW 

- m q;{:~5mJE'ffiJ&1fllH~M-9:5 rpJl,\~~NJE:@ 

COROLLARY J-L4 < co, J-L4 - 1 - J-L3 2 i= 0 (J).!:: ~, H~i) (J) T-z: 

T.(.) = Z(i)' :t(i)-l Z(i) !4 X2 as N -+ co 
• "a a £+2 

( 

1 Ji3 0' ) 
A (i) A A A , 

I;a = . J-L3 J-L4 - 2J-L2 + 1 0 

o ° h 
A _ A _ -1 ",a C k (k - 3 4) 

J-Lk - J-L[iJk - a L.Jj=l <,[i]j -, 

L-1;: I.J~-? --c, ~~fNm H~i)' :a: 

H(i)' . /I < co /I - 1 - J/. 2 -I- 0 lJ""'J H(i) o . r'4 'r'·1 r'3 r . 0 

.!:: L- --C, :.:::. (J) Corollary ip G 

Pr(T(i) ~ C I H~i)') = O'./(N - M) 

f~:5 C :a:EHEtlr L +2 (J)7J -1=*:5j-;;j'fj~J:: I)*~, 

T(i) ~ C =? Hail' :a:**P 

~--C(J) i ~~"'Jv\--C H~il' lJ~*~~nf~ftnf:f, Ho(S) ~i*tR-9:5o :':::'(J)jj¥:El:t Type I FWE 

:a: ~ ~Ht 0'. -z::l3 ~ ;t:5 0 HP'S 
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30 

25 

25 

6.1 1t~(J)~rfl9~7.k~ 

50 75 100 125 150 
Fig. 5.1 simulation 

~JliIb : i 
~JliIb : T(i) 

C = 33.8737 

18891:f-:b~ G 19891:f-~ C'O)tL$~0)1:f-rF1'111f!7I<.::Ht~, frJB:7kl$ 0.10 C'JE*"tt~JE L-tc o 

0 1 2 3 4 5 6 7 8 9 
1880 1100 
1890 1101 977 1053 895 987 844 1151 725 1079 1069 
1900 855 1155 929 896 1033 884 841 1121 903 1107 
1910 841 1004 1168 907 1321 1115 889 1194 1041 1011 
1920 1251 882 1339 1157 1003 1082 1359 1050 923 1]09 
1930 1152 1173 1369 1046 1002 1291 1231 1094 1108 1!71 
1940 938 1250 1095 977 1012 1176 1196 1177 891 1023 
1950 1305 1112 963 1342 1058 1349 1141 1212 1215 1065 
1960 1067 1095 1227 1138 1271 1344 1328 1104 981 958 
1970 1119 953 1559 1173 1063 1432 1000 1103 1090 1079 
1980 1179 1672 1045 885 725 1054 1128 998 1121 998 
1990 

30~-------------------------------

25 

20 

15 

40 70 

Fig. 6.1.1 ~~tM T(i) 
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~JliIb: i 

~Jlil!l : T(i) 

C = 30.3253 



6.2 :t:~~a 

*g),mMO)~~ii9&~;::tt L --C , 1:.7 ~)7;13 J: V' 0 Y ~~ L t;: to);;r ;ff~~1d'1!! 0.10 -r: ;Q:: 

~tt~JELt.:.o 

1710 101 17'XJ 'Xl 1010 0 18JO 71 1810 66 
1711 82 1791 67 1811 10) I 40 1851 M 
1711 66 1791 60 1812 18J2 18 IB52 54 
177) Jl 179) 47 101) 12 In)) 18ll )9 
1774 )1 1794 41 1814 14 IR)4 I) 1854 21 
1775 7 1795 21 IRI5 )5 18)5 57 1855 7 
1776 20 1796 16 1816 46 18)6 122 1856 4 
1777 91 1797 1817 41 18)7 1)8 1851 2J 
1710 15-4 1798 1818 )0 18)8 10) 1858 55 
1719 125 1799 1819 24 18)9 B6 1859 94 
1780 85 1800 14 1820 16 1840 6) 1860 96 
1781 68 1801 )4 1811 7 IB11 )7 1861 77 
1782 J8 1802 45 1812 4 1842 24 1862 59 
I7B) 1] 180) 4) 181J 2 184J II 186J 44 
1784 10 1804 4B 1824 IB44 15 1864 47 
1785 24 I B05 42 IB25 17 1845 40 1865 )0 
1786 8J 1806 28 IB26 J6 1846 62 IB66 16 
1787 112 IB07 10 1827 50 1847 98 1867 7 
1788 III 1808 B 1828 62 1848 124 1868 37 
1789 118 1809 1829 67 1849 96 1869 74 

Table 6.2.1 Wolfer Sunspot Numbers ( 1770 - 1869 ) 

30~------------------------------------

10 20 30 40 50 60 70 10 20 

Fig. 6.2.1 ~*!ll: T(i) (~T-)7) Fig. 6.2.2 il1E'iitil! T( i) (0:;7' ~~) 

[1] Itfi]fmtffl&1:. KM20 - 7/:/::1- r/r /jJ~:Jt2::im!ltb~~JE;@ 
- ;%Nf-+# (: L --C0)~#1r Ci) ~~ L --C -. Pre-Print. 

[2] Blockwell,P.J. and R.A.Davis. Time Series: Theory and Methods. 

Springer,New York.(1987) 

T 812 Wi[li\HnmlR1fi~ 6 - 10 - 1 :.JvJtl:k*:k*lrfH6'J1I!*lI]fJEft 
:ki1l<W ohaffia@math.kyushu-u.ac.jp 

19PJ I[ ~ yanagawa@math.kyushu-u.ac.jp 
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1. *;£ 1* CD 1IJU 1ftO QJ ~G tt 
Ard] O)gjtfft5![YJ 0) tJt* C: C: t 1=" tllif;j(~:rtz!= t;:: ~ '9 ~ -E O)~~iJ{*~ < tJ: -::> --C ~,~ 0 -

11" tlli:PJ 0) §J r~~iJjjHi :fH~ C' ib EJ" 1:3 Ml tJ: c' O)fi'ii~ C: ~ , -::> t;:: In,mt t iJ' iJ';it --C ~ , ~ 0 G t;:: iJ{ 

-::> --C" gjtfi~!fw~'rfrl]tw G --C" ~:rtzO)1*~-'P$timtO)1*B=~ ~ ~ &\~iJ{ib iJ" -c 0) t;::66I= ~ "i 
t! "i ts )t>J~iJ{m~ ~ ;h --C ~ , ~ 0 G iJ' G" -c n G 0) tJ: iJ' 1= Ii" gjtfiJ{m5#tts §J C,;m~~ C' ib 

EJ" §J ~5t~~ 0) §* * 'Y "'7 - /j C: G --c;f5,tij~ G -c ~, ~ ~ C: ~::t!5JXiH=.An -c ~,tJ: ~, t 0) iJ'\ 

JiI,§'t If G n ~ 0 

0,TO) 2 C'li" rfJ:t~filfifi0,no)" t;::c:;itli1:3idJfilfifi~~5EG-c~imt· ~~~"i t60j C: 
~, oj::t!5;it iJ' t;:: ~ C: EJ ib If" -c O).J: oj tJ:frllif[J'[ ~~J£9- ~ 5fljtif C: {±~Et:1~ffl c:~::t!5;it ~ 0 3 C' 

Ii" 20tl:t*~0)wmtJ:&Emc'ib ~ ~f[!lljg1~0)~ID"~~;it ~ 0 4Ii~jffilJEt:1:g~5tC'ib EJ" §J~5t 

~~O) ~ ATA~~~ G.J: oj C:9 ~ C:~" ::t!5lt!19«~ffi!l}i~O=-::J~'·Cf.l.JiI,~~«~ 0 

2. 15 iE8 flffi 1[[ ,j>f5! ~G 9 {) ;0'\ 
TiJ:t§-0)~~6 ~ filfitfr1*~ CTiT:t§-frllifi) 1= Ii" Jil,iJ' If j:" ~ v 66 --C~P5!'b$C' ib -::> t;:: EJ 1I!t~C' 

ib ~ c:}~,vn ~ to) iJ{ib ~ 0 t;:: C: ;tii" :gIH.'1= ~1j[O)J![J!j!~@!jtJ: ~,t;::Q'y 1=" ¥ < 0) @]~ 

iJ{fTvn" 1I!tJ~f\l=fR::i:J~ii!J~ G -c~, ~ 0 ~ 0) .J:·-5tJ: ~ C: iJ{;[;j ~ ~ 0) Ii" ±tlliiJ{r'§J':"g-~ ~ t;:: 

66 C' ib EJ" ~ttlliO)~l\:tfifrU iJ'\±tlliO)~JJ2¥Et:1;f1]ffl ~ 1m/v C'~' ~,iJ' G C' ib ~" C: ~, oj ~jffilJiJ{ib ~ 0 

Gil' G" ~ O)~~li", @~fB~JJ~~Jj- --C ~,~ tf IfC'.:. rEll~Et:1tJ:~iJ*~lITYtn=)\n --C ~,tJ: ~ '0 

1mJC,'I=1j[l!l!~& < ~ C: I=.J: EJ" -c ~ iJ' G 71- 7 -1. A -'P1±-'BiJ{ G 66 tf ~ n ~ C:" ? l' 7J -:Imf1J 
tr~~~~9~om.0)@]~C:?1'7J-:Im~C:"{±~~~C:G--C" ~~G~1:3Ml~.J:EJ¥ 

< ii!J~9~iJ'0 ~ oj Gtdtt(tJ: GI=" ib~ft5WJO)1:3Mlii!J~o)h-~itJj~G--ct" ~f*c: G-c 
0) 5?JJ:W:!i iJ';it -::> --C J1!.1= C' ~ OJ ~~'11 iJ{ ib -5 0 

~ O).J: oj tJ:~'rnil= Im~ G --c" rfJ:t§-frllifil'iO)ftv EJ 1=1:3MlfrllifiR ~ ffl ~"\ t;:: G c' oj iJ'" C: ~"\ oj:J::r: 
~iJ{ib ~ 0 ~ nlimtEO)JJiifrllit't"t'if'rM15t~9 ~ G~~-g-nli~~I=lITUOJfjf:tJ: t O)C'ib ~ 0 

1:3Mlfrllif@: ~ ffl ~'--cwrm:J)t~ffiJO):.lsHj\j~fR 1= ii ~"\ --c" 1:3Mlii!Jj!(:!F:O) 9- < tJ: L' t 0) C1:3irbfrllif@: 
JJiifrlli 0) 1]\ ~ ~, to)) ~1f:*iJ{~iR9 ~ J: oj 1= tJ: nl:L -5EO)~tf:H= t;:: L"\ G1:3MlO):J)t.Aii!Jj!t 
ii:~~[J G;h --C ~,~ t1ZWIO)l/iH1m1*J C' !im:/J\1~-g- ~ C: iJ{C' ~ ~ 0 

G iJ' G" TiJ~frllifiO)ttv EJ 1=" :t=iMlfrlliflil ~ ffl L"\ ~ C: ~" -g- <' ~ "i lXO) Ip'1miJ{~9 ~ 0 1:3 
Mlfrllifi1*~ C'li" 1tf*~0)~~ iJ{wrfrllifg~~h- lli9 t 0) c:~06 G ntJ: ~'t;::66" 3ttl. oj «~ 
~l:J-O)JJiiiriJ{1f:*I= {i1!f G ntJ: L' ~ C: 1= tJ: ~ 0 G t;::iJ{ -::> --C" ~~-~Ii" {±~((:1:p}7}rel=.J: 

G t! ~ ~;it tJ: < tJ: EJ" ~~kl1o)~T" It~lMIi*O)hl!!illi 1~tJ: ~iJ{'J I ~® ~ ~ tL ~ 0 1:3M1frllifi 
~~\'rM9 ~ t;::66 O)~ffl t *~ ~ '0 ,l=:Jl~fI=rgl!REt:1tJ:{±~C'tJ: !fn&:ff:fWJtJ:~ifrIHi/fOJfj~C' ib 

~ 0 i]fIiifrI]O)~ffll= Ii" t;::"z, l=gjtfEt:1tJ: t O)tfUC'tJ: < " l&mEt:1fY'ffl t iJ{?,-"i n~ 0 

1:3Mlfilfific' m:tJiIfrllifji'[ ~1t~ ~ it -50) -etJ: <" 1:3Mlfrllifji'[~ rfJ~frllifi C: MfT-g- ~ filfilfrC: G --C " 
-c O)i*ffl ~ @;tJH>J U ~ C: ~"\ oj m~ t ib -5 0 ~ n Ii 2 illf,1Ii1iilifrl] C: ~"\ oj «~ to) c· ib ~ (j) 0 0-

C: -::J 0) ~ r% 1=", TiJ:tJiifrllififi C: 1:3MlfrllifiO) 2 -::J O)fi~iJ{-::J ~" :ImJ!! t rfJ:t§-jffift! C: 1:3ifb:Im~ C: 0) 
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2 flli@1:fF ~" 7Ej! r:: ~ t;:: -::> -C" j'Hilfi c G -C 7c n-cnJJ(1JCDjmJ!!1:y:~ '0 it ~ c L' -::> t;::~ 

f*);flil~~;t G n ~ 0 lJl~I~JMo11H:;j-Q L' -creMiWJr.fO)-frgt1~ c~;tnli'J: L '0 Gil, G" ~ CD J: 
-J tsililJJjtl;t" iI,ts G 9::fiNlill!1=t c rtJ~jffi:t.'! c 0) rB11=3t~ 1/ - "1:~b" -J CD~ G L 'j(~ 
f[lIif~o)1*~iI~fFJtI G -C L' ~ c;j-Q ts t5*6* c ts ~ 0 

;tSlffill c G -C" J ~ 0) ~ c iI~L ,;t ~ 0 CD'~JJ3UJ1ffl'M1±~1::Ff*9 ~ ~ c ts <" ::fiirllfilfiftl'l:ts 
L, G 2 * filfi fll'l: *IJ r:: J: 9 3?JJ MHfJ 1= § (fJ 1: ~nX; -9 ~ ~ c Ii I5EI 9:!ffi --C ~ ~ 0 @::fi iflI CD J: -J ts t CD CD 

j~%" =I*·Viilfs L' G~ACDlJ;fi~U=;j-Q L' -c1tf:li'ffH.1:iI'lJ ~ ~ c --C" 2 illfilfiMililJO) §m-9 c IPJ~ 
o)7JJ*iI~.M*c'~ ~ 0 

3. m-TIID~~11fCD$&wn 
~~r.mm· ~i1Jitr.,~JmCDM~1: t crb-C" ~~tSL' G:f±~CD1rAI=J: 9~mCD1J(n]1:1il;i 

G L' 1J(n] 1= 1\i1l:ffIll G J: -J c L' -J ~;t iI~t~'M( < 7j- G n ~ 0 ft~B':J::fii\:lJ-fillifiRCDM~ts c' t 7c 0)3t 

fiI! c~;t G n ~ 0 Gil, G" ~ V 60 -c%rm(fJtJ ~~1**IH=;j-Q L' -C t" Mom 1: fflIJOO-9 ~ ~ c 1= 
'i[Il~iI~~ 9" c'CD J: -5 ts1JrJ'iJ~j Itil~1il;i G L' 0) ii'" +5t~M G ts Itnlits G ts L '0 9--C 
I=~*CD t CD c ts -::> t;::iI~" :f±~:±~ITt1iN~mCD~mli" :~lt~tS~I~I='i',4;--CL' ~ 0 

l£~I=~~CDm~1:l:J,;t -C" :f±~CD~1*CD~I'1iN1: J: 9 frJtfts t CD 1=9 ~~;til~" 'j~CD 
gf1iNt-Iml=Jil.Gnt;::o A 7 - I) /*WH=;j-QL'-C Ii" m~CD~Ii95001= t..1: -::> t;::o -1£*1= 
500 t CDm~iI~l:J,;t G nt;:: ~ c iI~~ ~ 0 ~ CD J: -J tSl:J,f~CD t c --CJ&~tsITt1iN1:~lJ m9CD Ii 

~~ --Cli ts L '0 ~ n'i~I-J'r-:fMM~'01:1J!fm G t;::*'l~iig---c ~ 9" *6~" %1J1&1CDifjA ts c' 1= J: 
9 ili'J~1: .m;JiM~it -g ~ 1:;t ts ii, -::> t;:: 0 

:fM~CD*155}gfTilli1:Mt% G -c J: 9 *~ tJgf1iN1:f'F~~%I=a" J egCD tJ / " [3 ij -{ 1-CD5£ 
:fiI!iJ{nX: 9 :lrJo ~ ~ J:t$12 J: ~ Mo) EIHl\£1: (~;tT~1: -t~, < </J') fiJTl:J,CD~i1Jft1: t !J L' -c:l& 
*1~ G J: -J c 9 ~ c ~" iWfilfifilfifil'i c L' -J ~0)filfitfril~:XtJZ-9 ~ 0 gf1iN A c i~l1iN B c 1= til L' -C " 
ifffilfifillif~iI~J:t1JlJ(fJc'ts L' ts G Ii" = J CDirr1iN 1:%f)~ G t;:: t CD c li~ts ~ J: 9 .8!:L 'gf1iNiJ{ff. 
tE G" 7c n li~ 3 CD iff filfi filfi fiR 1= J: ~ 1II!fgf1iNra'CD ~i1Jft • ~rIbO)Y:~I= J: 9 ~~sril:rfj~--c ~ ~ 0 

~ CD5£l'Mli" *~5tITtTillira'CD § Bel ts3t~ cfilfitfrW;J:iX;iJ{*1E% '0 n t;::ITtTilli I=~ G 6IJ'e-li1Jit3?JJ$1: 
t !J~~ ~ c 1:ktf!;j( G" riJJJBfilfifu1U= J: ~~ffijY..1:CDnX;*1:~1*(fJirl·1iNI= J: 9 :iiJVt-9 ~ ~ c 
CD~l11:~;t -CL'~o 

4. 5t=mcltJUlfW* CD~1t 
~mli" m#CDb--C-J;i <m'~c'~~ to)--ClitSL'o m*'H=t" 7cn1:~~b~~ tCDI= 

-9 ~ 1=~JtI iI~iJ'il' ~ 0 rfJ~~i'J'H=:jQ L' -C Ii" l£*IiriJJJB r::;j-Q L' -C J: 9 J: L ,JVt5J?:1: ..1:11 ~ J: 
-J ffWJ9 ~ 0 ~mli" ~ 0) J: -J ts5t~ G t;::*IJOO~ c G -cff.tE G" 7cnlitlt~{lDHJlj~~ts 
c'1:5ffi G -C" §:ft(fJ 1=~1~9 ~ 0 ~m{l~i1JjWmm1::75-;t ~j~%I= t" ~mil{m~ts § G*'l 
~~ --c ~ ~ ~ c 1:'1l!fUi! G -C Ii" J: L ';f.'i*li;t G n tel: L '0 ~ml=:Xt9 ~ i&TEl(fJ1r Ali" tl G 
;S~m3<':b$1:1l£T'0 it" Wi1JjtO)iN~l= JtsiJ{ ~ 0 

~Bi' jti1Jjtru~Jm""CD~iR};R'i" ~mil~§f=I!:5t~jMOO~--c~ ~ ~ c1:~~c G" ~71ill..1:. 

irl·~..1:0)]!(Jtl1:~J1;l G ts It nlitel: G ts L '0 j,'~CD~ffr1:iIf1'0;t ~ ~ c 1= J: ~ rgl'Mn:r~~--c ~ 
~" iI'J~SI G t;::;f.'i*iI{1~ G;h ~ J: -J ts*IJMiI~2l;i G L '0 t;:: c;t Ii" 11: < i!¥ < ::fiiEl:Jil!jj!(fH. 
1: HHt ~ J: ~" MA,~ tel: c' CD i1Jit~ 1= :jQ L , -C -t61~!nR. -9 ~ ~ c iJ{ J: 9 gz;i G L ' 0 
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19951f.1 Ji 21 B 

i!i{f." :jFff,,'JUr;'ffii%.HtjJW:C~f= ct -:J -Cl'iG:izI!~ n6 *0) 
iIJlJ1'JO f= to ~ 'l" :jFiejt%il1UnrIElll1~tmO)-=F& C'it 6 m{iiJ~ 
U':J=F&~ m ~ ,t;:tljUnrDO)~)tH~tJ'i;(1g/v C'~ '60 ;!{iiJ'-]tH':J 
=Ftft~m ~ 'ltljUnrOJ:!UO)[,trr~;f'J-5 #:iii" ~jUnrn:Xt~O)jji 

/J\'llLi;tI'I~EtJ'illtfJ! ~ n 6 0 ;:. n(;tm{iiJ+i¥J=F&~ m ~ ,t;: 
tljUnrlHlU 7J'i" iljUnrO:Xt~O) At±:ljJ IMlt*~ ~G:izI!T 6 ;i7J' G" 
:Cn0)'}O)ill" TtJ;b~I*J{i~tkfL~lli~7tJ!fftT 6WJ:@:~ 
l'ij-=>;:' C 1= ct 60 ;:. o)t~iiffJUnrO:Xt~7J'i:/ll:/j\'fft;ftl* C' it 
nf;f" t±:ljJ ~~ [R.tJ -Wilf= tlJUnrn G t;:~iif=*~1*O)*YE 

0) * O)+i~ ,8 C' it 6 c {JiYET 6 0 ;:.;:. C' IM.I~ h( x) 0) 
A:...:; ~ Jv:!-W f(x) f=t{}-:J t;: Lie t'fZ5l6Z.U':C0) < fJ:ilK G~ 

Lfh(x) := (dh, J)(x) 

(2) 

tE7J'i1*~iE~ n6 0 1Jt*(;ti!JiJnrnxt~O)jji'J\{V:;ftltE~%:fJJ c tJ 6 § r~1&pitJ'i~-C 0) i f=:Xt G -Cf¥tET 6 c{JiYET 
1=1&:YEGt;:LC'~'<-=>7J'0)ff1Unrnr,,~mH=-=>~'-C1Vf]E7J\tJ 'Z L.~r'cihJ:-*l, lJ11( ) '}:-<'()==I"- ' 

raJo ;:'O)CC ~{{.~~0);Ji.J P1, ... ,Pm '~3f~ 1 :c,,0)-"'.. 

~n l ~ t;:7J'i" :m~O)flJiJ1if~*f=(;t*,j\{V:;ftl* c (;ttJ G :; ~ Jv;f§:Xt?X~cll¥,.)~o ~ G f= m X m O);f'J~U 
tn, t 0) 7J'i~ < f¥1:E-g- 60 :c;:. C':JF*,j\{V:;ftl*f=:XtT 
0i1JUnrllW~jfuO)WHf~7J'i*66 Gn60 (3) 

:JF{fJjUr;:j1~1~/j\1lL;ftl* c G -C (;t0TO)=-=>0)~ii7J'i15 
;t Gn60 Oc-=>(;t" ff1Unrllxt~7J'i-YE?x51;O)r"J{iiW\Jt~ ~$!Ffi'!N~1'J~ucn'f,.)~o t G$!Ff~1~;f'J?iU A(x) 7J'imr 
~jv-=>7J'i" -!?'o :)7"-{ T 2 :; ;ztJ'iifri!i*YE c (;ttJ G tn, ,80)i!i~L C'j]],!UC' itn(;f" 

:t~iiC' it fJ" t -5 --=> (;tflliJ1ifVxtg(7J'i-YE?x51;O) 1*J:g:~i* 
)L~~j'¥t;: tJ ~ '~iiC' it 6 0 1&~(;t!f¥:11't8 ~1'¥-=>* C IJ>} 

f;fn6o c G t;: c ~ f=ff1Unrn:Xt~ (1) :c\;(;t" IWt[8i*fL~ 7 1 - F'r,' 
:Ljq'iiliC'(;trm;jl'j-O):tJj}iif=to~ '-C" ~fri!i1:-TJV? "; T / ,,;:; 

ftIIUfJllr,,~RIH=:Xt G l/G3t~**1*O)a%~m ~ ,t;:=F&~ 

*fmC'(;t?Xs:tC'*:m~ n6 m AjJ m t±:ljJ:jI~ff,.1U~tIJU 

rJll*~15;t6o 

m 

X = f(x) + I:gi(X)Ui 

i=l 

Yi=hi(X),i=l, ... ,m (1) 

;:.;:. c' x E U <::: i}{nC'it fJ u := (u 1 , ... , uml E i}{m, 
y:= (Y1, ... ,Ym)T E sftc'it6o 2tt;:" i}{nO)~,87J'i;:' 

u = A-1 (x)(-a(x) + v) (4) 

f= ct -:J -C At±:ljJieMf~1~.&.a~+@1~7J'i'6Jfj~ c tJ 60 t;: 

t::' G v = (vI, ... , vm )TC' it 6 0 2t t;:" it 6 mH;~~j~~ 
x = p(z,O f=ct -:J -cfflunrnxtf~. (1) :c~(j:" t~~JE~ 

z;:= hi(x), i = 1, ... ,m 

i~ = z2 , , 

m 

ifi = ai(z,O + I: bij(Z, ~)uj 
j=l 

(5) 
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I::3tj~~2:tVJo :::: T ai(Z,O = (li(<P(Z,O) TJs 1]" 

bij(z,O ~i$[-l~tJ}11J1l'?iIJ<D(i,j)~~TJs60 1.t::." P1+ 

'" + Pm ==: pC9 i5 C" ~ E )}Cn-PTJs 1]" Al±ln$!€T 
1!t'1t 7 -1 - F'r\' 'j /; I:: J: -:> -C Al±ljJ r}J%iJ' G$!€~%I:: 
tl. i5 c l \ -) ~:J!1(T~~i[:/'J:gB:[*p~~ C Ilrlj'n6 0 ~ G 1:::fJJ 

J tJ] iJt rL~ if 
7

1 (0) == ," = -;oPm(o) == ° -1 -TIl 

I:: J: -:> -C WjJ i-'\:i[~<Y(fJ 1::~1::9 6:: c iJ\r:iJoE;T Js 60 
f: G -C :: 0) c ~ 0) i3Jj}v-7'J{;O):Z¥m1,k 

i-J{; (1) i~O)-E' 0 :$i'1' T 2 ? :;:z c l \l \" -it'D ::$"'-1-j- ~ 

/; Ajf}~(}~;U:::bl \-cprfr:i!I~~c'Js 6J{;0):: c i-frx/J\11I 
f§*cl\-)o Atl:JjJ~!~Tt~1tiliiJ1iEO~iJ (4) :rtt::£-:)l\-C 
WjJO)Js i5fi'j-i5 Yet) "",-O):ilHltfuiJ1iEOi-tJ-5 !lJ?1::Iii!iiJ1iEO 
fcllHi 

v = l;;(z, Y) 

c l \ -5 tlIj~i-J;J-:Jo f: 0) c ~ 1*J1mtkr~O)¥[II]Ii 

~ = 'I7(Z,O 

+ P(z,OA- 1 (-a(z,O + k(z,Y)) (7) 

c l \ -5" z, Y i-AjJ c 9- 6 J{; c G -C £m 2: n is 0 
J{; (1) :rtiJ\:It5£/Jv(1'L;lllJ{; T Js is c" Atl:Jnf#jUT;1tfIJlJ1iEO 

fcliJi-m l \-C H:ln i-1~ )1!.ll.fffiU::ftU{;fU Gt::.~~I::'ir-"J~~~* 
~0)~Wttt~~2:n60 G~G,,~D¥-1-j-~/;A 

jy{pWrili:~~ c'Ii Il. l \:tJ%~I:: Ii f: <DflJiJ1iEOfJiJT Ii 1*J~BtJ\:fJ",~ 
O)i"'.f )1!.'I1..ii 1*1tiE 2: ntl. l \0 

Vlfrili:-t-T}V7 'j T :.,;fftiJfJ[l ([)I~ AMM clll~6c) c 
ii,,' ftiJ1iEOxt~0)~1. G~ \tl:JnO)JZ~i-7f.9ftU{;fUJ{;i-1Jil 
fIlrl-t-T')v c G" fIIU1iEO:Xt~ ctJi\\jlB-t-T }vc O)rB'<DH:ln¥~ 
~i-Flfr:i!I(rJt::~~1t G" 2: G 1::F:!l}v-7'J{;i-~:~t::1* 
-:JilliJjifllTJs i5 0 i t::." ~J;j~O)¥illfJiJ\tJ~frl-t-T }vO)An 

7i'=}tpTxt~c9 is 0) (i6z:rtO)J: -5 t::9Tt::;;''X:rt~m 
2:n-C~\iS n 6zjG m An m tlln77-1 :";~FKv'R%fl)lj 

{;fU~ 

m 

X = f(x) + LDi(:C)'1Li 
i:=1 

=: F(x, '1L) 

Yi = hi(x),i = 1, ... ,m (8) 

m 

XM = fM(XM) + LgMi(X)'1Lil 

=: FM(XM,'1LM) 

YM i = h M i ( x M ), i = 1, ... , 'In (9) 

ei = hi(X) - hMi(XM) (10) 

T Js is 0 t::. t:.· G::n G <DJ{;I::to~ \-C JJit8iJ-if1ffir,8TJs 
1]" ;fr~~iitl'tGiJ'TJsi5 c1Jj~9i50 

JE~ 3.1 J{; (8)-(10) :rti-~iti5o ::nGO)J{;I::xtG 
-c" :iOO ~ t l. (jz jG p 0) [II] i'8 frIj iJ"t ~ 

'1Ll = (i(X,XM,() + j3i(x,XM,()1LM 
( = ¢(X,XM,(,'1LM), (E)}CP 

(11 ) 

c" mJ]{'ro,80)jJi19'jU c )}Cn, UM C iJ(nM, U( C )}CP, toJ: 
lflEO)~~ k T" I'1LM(t)1 S; k c ll.i59"-C0) lLJ'vr(t) 
1:::Xt l, -C3k# 

(AMI): U X UM X U( J:O){-f1'!~0)1:J]JWi*rL~I::xtG-C 
limt--+CXl e(t) = 0 c'Jsi5o 

(AM2): XM = 0, '1LM = ° O)c~" l~j}v-7'J{; 

m 

X = f(x) + Lgi(X)o:i(x,O,O 
i=l 

(=¢(X,o,(,O) 

O));f5~~~i-'3t~:t i5 :: c i-ff9 c ~ \ -5 ,8iJ-i*~tl. -t-T'}vili i-YJ~JJE 9 i5 t O)iJ\~H±9 i5 Il. G ~;f}jjJli!r~Wrili:-t- T )V7 'j 

1lt1tJIj1ifpnkJ@cO);@~\(::'Jsi50 7i'=Wc'(i" ,':IjjJV.:¥'..:LV- T:";/;"fIJiJ1ifIHh5MHiPJiifl/cTJsi50 0 

/ ='1 :.,; nIJJm I:: to ~ \ -C )fI ~ \ G n -C ~ \ 6 -1~~t:ptt1*O)IIPt~ 
i-JIj ~ \-C AMM 1~1Jmi-ig'4 < :: c i-~-it6 0 t::.t:.' G7i'=mT(ij'~,i't:J 7 -1 - F'/{ 'j /; O)&i-~-;t i5 0 
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3.2 ~fPJ~i¥J:=f~~I;:J: {)*"5* 
-= -= T (i tlliJ fJO :x.j:f§: (8) 'itiJ"/'( -7 l- Jvt§ xt {jz~ 

(PI, . .. ,Pm) ~+f!>" ~!tTttV1t1T9Ij;O\JEnIJT cIS 6 c1& 
JE900 -= 0) c ~" jj;lJ1ifoxtw (8) :;:\;" }JlffiB-t-T Jv (9) 
:;:U:'----:=>0)* cA'§-;z'" f~~ (10) ;:\;i- t±:l.1:J cA'§-;z. 6 0 -= 
-= T1Jt{((8-t-T'JvO)~5J/'(-7 l- Jv;ftlx;j-{jz'l&i- (//1"'" V m ) 

C L" IMJt%;:\; 

Vi :::: Pi, i = 1, ... , m (12) 

i j-1, () Lj-1, ( ) Zj:= L j 1; X - 1M 1Mi XM 

=: ZPj(X) - ZA1j(XM) 

C90 c" %$A*rL~~IEI'mn+nM l:O)j@~tJmIt"M~j~ 
r:el: -:J"( %r£*(i 

·z z 
Zpi-l = Zpi 

i~; = (li(ZP,O + ujbij(zp, 0 
+ (lMi(Xfl'!) + Ci(XM )UM 

~ = 77(Zp,O -I- P(zp, Ou 
XM = FM(XlvJ,UM) (13) 

CF,cjzl! t>: n 60 t::. t::.' L~ E ~Tl-PT cIS 6 0 -= -= -c e ;0\ G 
flliJrJllx~:&O)Aj]1Ti-ifJjUB1t90 71- f/,\"Y-7 

c tJ I) (i = K( z) (iplrrilI*5E c L -C cIS 0)" *1J1\fUxt~ 
;O\:ljjt/jvflz:;fF:l*TclSnt;f" ~# (AMI), (AM2) ;O\?11~JE t>: 
n 6 0 el: -:J -C" ffJlJ1\fllXf*;O\1&ljvflz:t§* T cIS I) (12) :;:t;O\ 
JtZ:lL96 -= c 1i AMM ;o\'6Ji'J~TcIS 6 t::.6":lO)-I-5T:*{'-I:T 
cIS 6 0 L;o\ L" jIJU1ifpxtw;o\:liVjvflDH~IIf: T(i tH \JJH',!::: 
1i:CO)jlR I) T1itH\o 

~~ 3.2 * (8)-(10) 'it!:::xt L -C" C k (k > 2) 13-{gUr, C 

I::: M9 6 :1J:@:;:\; 

a~:1 (FM(XM,UM)) = F(7r(XM),C(XM,Ukr)), 

7r ( 0) = 0, Ci ( 0, 0) = 0, i = 1, ... , m 

hi ( 7r ( X M )) - h M i ( X M) = 0, i = 1, ... , m 

1I5 ) 
i- FBI hfIitCIl'fO'" :CO)fIj4 X = 7r(XM) O))mA;:i-illl 

6~570)-=ci-~~~D~~~cll'f~0 0 

:CO)JE~;O\G tlijj G;O\tJel: -) !:::" ~~~-l?'o:$tR1tli" 
7 1- p'/,\' 'Y -7 U = C(XM, UM) f:::el: -:J -CMJv-7*0) 

/F~&1*1*ctJ I)" :cO)l:T1i~~;O\-l?'o ctJ 0 el: -) 
tJ:$:tl1*T cIS 60 

-= -= Tj]$*!:::tou- 6*5E:$f:R1*0):ggF.rfui-m~ \0-= 
c!::: el: -:J -C 8TO)JE:gg;O\1~ Gn00 

~l! 3.1 If: (8)-( 10) 'it!::: to ~ 'I -CffJU1ifpx~*O) fftlt%ili10 
*;O\'6J*5ETcIS I)" ~JHI@-t-T Jv;O\mlJilT BIBS (bounded 

input-bounded state) T cJi) 6 c L" t>: G f::: FBI :1JW:;:\; 
i-Ffl < -= c;O\t±HIU::. C9 60 -= 0) c ~" jtJU1\fUHIJ 

!:::el: -:J-C" -!-5Tlj\t>:tJ X,XM,:C L-C lLJld:::xtVt~l9rili 
-t-T J v7 ';rT / -7'jlJlJ 1ifp rp~@ I i '6J j1!f-c::' cIS 6 0 t::. t::.' L 'iL i = 

Kix (ijtJiJ1\fPxt~0)~lJf~ilI11j,*0)7frili*5E1t7 -1- p' 
;O\1~} Gn00 = 0) c ~~~i-tcJE1t9 6 v = k(z) Ii;&: /< '1 -7 TcIS 6 0 o 
)tH:::fstITypJf:j~c-clS60 ffJiJiffllx;j*O)-l?'o;l-1T:: -77.Ii 

c-cIS I)" ([,M(O) = 0, ZAf(O) = 0 TclS6 -= ci-A'§-Jl1U::: 

t>: G !:::1t1J[](fJtJ1&5EO)Tc-~~~0)1!§:~plIfrilitc5Etti-
7F9 -= c ;o\PJf:j~c-cIS 6 0 

A~l,"(" Xj\I = 0, llj\1 = 0 O):t£%O)/5JtjJv-7*i-;j(6":l ~I.I3.2 * (8) - (10) 'it':::IUl L'l8TO)~¥I:;O\}J.x::rL 
0(:: 96tO)C96 0 

Zp = K( zp) 

~ = 77(ZP,0 - P(zp,OB-1(zp,Oa(zp,O (14) . . 

() FBI :1Jt¥:;:\;;O\ iJiC80) cIS 0 rmili151 F C R"M J:_ C' 

'6J }9~ T cIS I) ... 

-161-



o Hlfli~-tT')v (9) J:\;(imJJ1fT BIBS 0;JETJ;) 6 0 -y~ 
~ J;) 6lE O)'~J~iJ,& E 0 iJ d: lf~+ J: Q) lE Q) 1ji liJ,iJ:!:jfJ 110;iili 

ffftIMJ'fiXal(-) :f5d:lf a2(-) T ... E < EotJ6~--cQ) 
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ABSTRACT 

A complete classification of dynamics of a population of a inhibitory pulse-coupled 
oscillators is presented. The model is based on the work of Mirollo and Strogatz, 
but our model has an inhibitory coupling between oscillators which makes a sharp 
contrast with the dynamics of the above authors' modeL The main result is that 
for a large class of initial conditions, the population approaches a periodic state in 
which all the oscillators keep finite size of phase difference (we call it "phase locking 
solution" here). For the remaining class of initial data except for nongeneric ones, it 
evolves to a periodic state with a cluster or a synchronous state depending on a size 
of cluster. The criterion for the classification is explicitly given and can be judged 
easily only by the initial condition. 

This work was motivated by the study 
of Mirollo and Strogatz1 on synchronization 
of biological oscillators typically displayed 
by the flashing of fireflies in perfect unison. 
Their model consists of a population of iden­
tical integrate-and-fire oscillators. The cou­
pling between oscillators is all to all and pul­
satile: when a given oscillator fires, it pulls 

the others up by a fixed amount, or brings 
them to the firing threshold, whichever is 
less. They showed that for almost all initial 
conditions, the population evolves to a syn­
chronous state. The main issue of this paper 
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Figure 1: Functional form of f ( ¢;) 

*The complete version of this paper will be appeared in "World Scientific Series In Applicable Analysis" 
volume 4, DYNAMICAL SYSTEMS AND APPLICATIONS. 
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is to study the dynamics of a population of oscillators when they interact in an inhibitory 
way, namely, when a given oscillator fires, it pulls the others down by a fixed amount. 
This type of coupling becomes important especially in models of neural oscillators2 

In contrast to activation case, phase lock­
ing states become dominant for inhibitory 
case instead of synchronization. In fact 
generically there are three basins of attrac­
tions; phase locking, phase locking with clus­
ter, and synchronization. The precise mean­
ing of each state will become clear at the 
end of this section. A complete classification 
of initial data according to their asymptotic 
states is done by simple criterions depend­
ing only on initial condition. We consider a 
population of N + 1 oscillators and each os­
cillator is characterized by a state variables 
x which is assumed to increase monotoni­
cally toward a threshold x = 1. When x 
reaches the threshold, the oscillator fires and 
x jumps back instantly to zero, after which 
the cycle repeats. Hereafter we assume that 
x depends only on a phase variable ¢ E [0, 1] 
and evolves according to x = f(¢), where 
f : [0,1] --+ [0,1] is a smooth function satis­
fying l' > 0, f" < 0, f(O) = 0, and f(l) = 1 
(see Fig. 1). 

The phase variable ¢ is such that d¢1 dt = 
liT, where T is the cycle period. The cou-
pling between oscillators is defined as fol­
lows. If Xi fires, then Xj(¢)(j =I- i) is pulled 
down instantaneously by the amount lEI, or 
to zero, whichever is more, i.e., Xj( ¢ + 0) = 
max(O, Xj( ¢) + E) Vj =I- i. Note that E is 
always a negative number. Absorption oc­
curs when an oscillator is pulled down be­
low zero level. Namely, when Xi fires, an 
oscillator x j (j =I- i) is absorbed by Xi if 

f(<P) 

1 - - - - - - - - - - - -

<l>N 1 <p 

f(<P) 1 (1- <l>N) - shift 

1 - - - - - - - - - - - -

Fire! 

()j=<pj+l-<!tr 
~-~-~--'----<P 

o ()o ()l··· ()N-l 1 

f(<P) 1 E- pull down 

~~-~-~<p 

OF1li; ... FN 1 

Figure 2: Firing map 

max(O, Xj( ¢) + E) = ° holds. We assume that the absorbed oscillators behave in the 
same way as Xi thereafter. We call such a group of oscillators a cluster. If a cluster of k 
oscillators fires, it pulls all the other oscillators down by I kEl. When all the oscillators act 
as one, we call it synchronization. Since the interaction among oscillators is pulsatile, 
and when an oscillator (a cluster) fires, it instantaneously returns to zero phase, it suffices 
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to study the following firing map P to know the asymptotic behavior (see Fig. 2): 

F(<I» = ( ;: ) 

FN 

(0.1) 

where D(O,I) is the ordered space in (0,1), i.e., D(O,l) = {<I> I 0 < rPl < rP2 < 
.. , < rPN < I}, and 9 is the inverse function of f. It is clear that P preserves order. 
Also note that one oscillator always sits at rP = 0, so the firing map F becomes N­
dimensional. pk(<I» stands for the k-iterations of firing map F, if it can be defined and 
Ff = Ff(<I»(i = 1,"',N) denotes the i-th component. <I>* = t(rP~,···,rPk_l) is called a 
k-phase locking solution if it is a fixed point of Fk, i.e., Fk(<I>*) = <I>*. This notion 
can be easily generalized to the case where there are clusters. Our goal is to show the 
following theorem. 
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Main Theorem 

Suppose an initial condition <J) = t(cPl, cP2,···, cPN) E D(O, 1) is given, then the asymp­
totic state is determined by the following diagram. 

Yes 

(N +1) -
Phase Locking 

(Fig. 4) 

ill 

8 <0 E 

(N+1-m) -
Phase Locking 

(Fig. 5) 

No 

m= Min (k) 

s.t. <PN- <P k < 1 -g (-£) 

ill 

e =g (1+£) +g (-(m +1)£)-1 
E 

ill 

E> =0 E 

ill 

e >0 E 

Marginal State Synchronization 

(Fig. 6) 

Figure 3: classification of asymptotic dynamics 
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Iteration 

Oscillator Index 

The vertical direction denotes the phase axis. 

Figure 4: Phase lod::ing solution 

Iteration 

Oscillator Index 

Figure 5: Phase locking solution with clus­
ter 
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Oscillator Index 

Figure 6: Synchronization 
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Measure theoretical approach for chaotic 
dynamical systems 

1 ABSTRACT 

Michiko Yuri 
Sapporo University 

March 14, 1995 

We study chaotic dynamical systems from measure theoretical view point. Let 
f be a observable defined on a phase space X. We are interested in time evolu­
tions of it f, fT, fT2, ... , fTn ... , i.e., their asymptotic distribution behaviors 
and limiting distributions of their partial sums. In ergodic theory, there are 
several characterizations of dynamical systems with high degrees of random­
ness. Typical examples are hyperbolic systems which can be reduced to Markov 
process through a nice coarse-graining. On the other hand, in probability, weak 
independent process are studied by many people. However most of those are 
established only for Markov processes and strongly independent processes. 

In this talk, we introduce a technique for connecting random process come 
from dynamical systems and random process in probability theory. It allows us 
to characterize sensitive dependence of dynamical systems on initial distribu­
tions. Further we show several chaotic dynamical systems in the above sense 
which are not necessarily hyperbolic. One of such Mathematical models, a class 
of mappings providing nice measure theoretical structure is the following: Let X . 
be a bounded domain of R d and T a transformation of X. Assume that there ex­
ists a generating countable partition Q = {Xa}aEI of X s.t. Tlx 4 : Xa -t TXa 
is a CI-diffeomorphism. We define a cyfutder set of rank n by 

X T -IX T-(n-I)x 
at n a. n ... n a.-t 

if its interior is not empty and we denote by X at ... a •. Let U = {Tn X at ... aa : 

\lXat ... a., \In> OJ. 
H U is a finite set, we call the quadruple (T, X, Q = {Xa }, U) a piecewise 

invertible system with finite range structure (FRS). 
Piecewise exapanding Markov maps are particular cases of the above system. 

Typical examples are number theoretical transformations. 
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2 *7G ~ 1;t (}) jJ ~ *~ as ~l1} m ~= ---:J v~ -c 
- Henon rnap (})~~m t )}rul -

~IYJ (.!¥totlid:"/ A T.Lx :fi~1YJ (fJjJlid:*llW ~;if-:9... t l., \? t;(J):fi, "fM~*" (J) V' t -:::>(J)~Ilt(J) 

M.T~~(J)id:S, 2~~~~~, ~~~~(J)A~~id:mtid:~. 

H~(J) R ~ td;l: C J:.(J) 2 ;,x~~t;l:, 77 y -{ /1j1:{~t:J: ~~~~ll'f!f.I!t:J: -:J (, ;'X(J)J:? id:7f~ 

(: T ~ ~ Z- t f.f1l'fl.!¥':;h tJ> ~. 

'itfJffi. real (J)~.g.t;l::;£1~JI~t~~7f~t l, complex (J)~.g.t;l:::51~Jj~f~?(J)tJ)1'1lJ0tltid:-:J(l.,\~. ~t;:: real 

(J)~.g. t;l:, 

fa(x) = ax(1 - x) 

t l., \? f~~7f~~f~? Z- t t;~l., \. Z- (J) J:? id:lNt;.!¥ifilIjid:~;x ~ :tr'¥* t L, (JU;:: t ~, ~ Z- t:;]F*t: 

fi~id:~~JlitJ>~~:h (l.,\~ t l.,\? Z- tN, Z-(J) 1 5 if-t1 <,::(J)~ < (J)1i7f~t:J: ~J ~J'l S tJ>(:id: ~J, ~:ht;l: 

1 ~j[;1:F'F*l!.~ifB, f~~1:F'F*l!.~1fB t L, (, t1 t;f7tJJt L, t;:: t ~ -:J ( l., \ l, \ t.: 0 ? . 

~ (, R2 lfz.I5 C 2 J:.(J) 2 ;,X~J.ltrtT~;h ~ :h ~ 1j1:{~ t;, 1 ;,Xj[;(J)~.g. t t;l:iE < ~id: ~ ~t: 
fj:~id:f~Jli~}'h(S'J, ;]F*~7f~*T;m;h:h~ strange attractor '\'> homoclinic bifurcation, ~t;:: 

Hamiltonian system (J) KAM theoretic id:7t~id:<'::(J)~t;~*a~id:TT)vTt;~~. 

2 ;'X~J~~T~;h ~:h ~ R2 ~ t;:: t;l: C 2 tJ> S ~:h §L!lt",(J)1j1:1~(\ Jacobian tJ~' constant id: t; 

(J)t;l:, affine map (:J: ~@:~llt:jf.l!t:J: -:J (, ;'X(J) <'::"5 S tJ>(J)1j1:1~t:llt:jf.l!T~ ~ Z- t ti;htJ>~. 

H(x, y) = (by + a - x2
, x). 

F(x, y) = (ax + y2 + {3, ,y + 8). 

~(J)7f~tJ>S;htJ>~J:?(:, F t;l:1J~*t L,(t;l:.!¥if.iljid:t;(J)T~~. H ~ Henon map tl.,\? fJh( 

Henon map t;l:, 1J~*t L,( nontrivial id:2;'X~J~~diffeomorphism (J)f~~ff~T~~t~;t~. 

H en on map t: J;.ll L, (~f*~id: Z- t t;l:, horse shoe map (J)~JJt;I~tE ~1!; fu T l., \ ~ t l., \? Z- t 

T~~. Devaney-Nitecki t;l:, J\'5;1. -17- a tJ)~M~Jl*~'t:htj" (a :::: 2(1 + Ibl? ) Henon 

map t;l: horse shoe mapt:id:~J, a < -(1 + Ibl?/4 id:Sti' n(Ha,b) = 0 T~~z-tHiE~Jl 
L, (l.,\~. J: < ~ S n (\,\~ J:? t:, homoclinic point tJ)~:htj", ~ Z-t:t;l: horse shoe map tll"l~ 

(J) subsystem tJ)1!;~:h (S oJ, ~t: t1 t fu <':: iE( (J) nontrivial id: non-linear system t;l: homoclinic 

point H~h(\'\.:;i. ~(J);@:IltT, horse shoe map (J)~JJtl&1~~t;l:;]F*~7f~*(J)7t~t:1J~\'\(, ~t;:l:: 

*a~id:~*T~~. L,tJ> L" horse shoe map t:id:~tjJlrI(J) Henon map (J)7ti1&t;l:~IYJ(m:~T~~. 
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-t nO)]jj[iZSl (j:, dO G ~.Q t z: 6T homoclinic tangency ti~ ~ 1'" \".Q t.:: bf) t;::, dO G \{».Q t z: 6Tmt~.& 
O))1-ilttt.d€~ ~ 1'" \, '.Q iJ> G T dO.Q. 

J:<1i!lGn1'"\,'.QJ:-j(;::, Henon map (j:dO.Q/\"5;(-~-~.ll:f;,1(;::1i~\"1'" Henon attractor tpif 

(i'n.Q attractor '!f:fl-:J1'".;5f) [H], Z:n(j: dissipative ld:';JI=*JlUf**T;mbn.Q strange attractor 0) 

$T:IU<::t**'lild:':t O)T dO.Q. ~ iJ> ~ ld:' iJ>"' G, -t 0)}7 r. "5 '7 ~ -.L TO) dynamics (H~t'=(;:: J: < b iJ>-:J 

1'" \, 'ld:' \" ~, ~ G t;::, non-trivial attractor O):ff:tEiJ>"'btt&;(;::illI3Jj ~ n 1'" \, '.Q 0) (j:, Ibl iJ>"'+)1-(;::,J\ ~\" 

ffijo)JJ.T dO.Q ( [BC], [MV] ). z: 0) J: -j ld:' non-hyperbolic attractor iJ~·:ff:tE9.Q J: -j ld:' 1\"5 ;( - ~ 

O)jl!Uffl: (j:iE T dO .Q z: t iJ>"'~~S!J(;:: illl3Jj ~ n 1'" \, '.Q iJ>"', -t n (j: Im$-f'i '!f:-£-t J: -j ld:' :t 0) T (j: ld:' <, t ~ 

6n:"- r. -}v*-f'iS!Jld:' :to)TdO I), ~th 1'", iiiJ>ld:'I\"5;( -~0)j!£1U;::M~ 1'":t, ~(j:mtB'&O))1-ilttiJ>"' 

~~1'"\".QO)TdO.Q. 

Henon map (j: b = -1 O)ffij(j: area preserving map 0) 1-parameter family t ld:'.Q. ~~(;:: 

H (j: -1 < a < 3 T(j: elliptic ld:' fixed point '!f:fl-:::>. Z:O)i,,9Z:0) fixed point O):!: b I) T(j:, 

Hamiltonian system iJ> G1~ G n.Q:S:1~T.5i!. G n.Q J: -j ld:', invariant circle ~ islands 0)3€~, 5~;~ 

iJ>"'~~.Q. Z:0)Jlf.1l7KC" Henon map (j:, area preserving map (dO.Q\,,(j: symplectic map) O))1-iItt 

O)~:t**'lild:' paradigm TdO.Qt:t~x.Qo 

1 

I 

b 
I 

-1 ............ , ........... > .... .. 

Figure 1: Bifurcation Diagram of Period 5 
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1 Topological strucrute of the bifurcation 
diagram of the Henon farnHy 

Henon map if)/'\=;7 )<-:)7-~r,,9~n1@i§HiU:J:-.:Jl~~~ t, -tif)<=j:l(: cusp connection Uftf' 

tL~~;JWa~~f~ili:li:(.f::t±~, -ttL(:J: -.:J l standard ~ quadratic map if):)717'if).w~.Q~JtJlBiJ), 

Henon map if)J'\=;7 )< -:)7 -~r,,9if)<=j:l TJ~ iJ) -.:J l ~ \ ~ t ~ \ -j ~~iJ) 5!~(t S tL ~. :t. t;:., -t if) cusp 

connection tll¥tf'tl.~ ~1~H: t;L £If> ~l!ll:if)~Jl.l'l.lJ11:iJ)-Y~ ~ tL~. 
[5an3], [55] Tti, l1j(7cif) quadratic map if):)717'if).w~~~1t~!lmJ.:i:'l:iJ), Henon map if)J'\ 

=;7)< -:)7~r.,9if)<=j:lTJ~(;: ti.J>T~ ~ t;:.M)if)£If>~+)J-*1*~9-::t l~\~. -tif)*1*'i, ~Gi5-~IJif)£If> 

~**'Ii~f*l'FT9-::t S tL ~ if):t T &>'J, 1:I~':9-::t s tL t;:. 2 Jif) itinerary iJ) -t if)~d*if):t t TlI'llf@(: 
~~iJ>c:-jiJ>ti, 1l1l*(:.'fIJ~T~~. 2:.if)*'1*'i, Henon map if)J'\=;7)<-:)7~r.,9':S~\l, itinerary 

H;J~T~~$)J-, 9~h"!S, I-dimensional part t hyperbolic part if)J~iJqJ1JHI~~~;:t': 

J: -.:J l~~ S tL~. ~ S ':, ;:if)*1*ti;jiM)l §~T£If> ~ t;:.M), '.ll'~*1*'::t ~~ t1'!~~T ~ ~. 

0.2 

0.1'-:--:;--_____ ----' =--______ ---:-~ 
1.4 

Figure 2: Cusp Region 
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2 Hyperbolicity in the Henon family 

it!>Gq::tijnt.::~{~O)}ili]!!~.s.O)i@l~:Ii:~ffn::*thG;:tt;l:, t.::t::t 1 'R:JI;0)2,RIUl~,?> Henon map 

0) J: -j fJ:, ~;fJ th T l:l!t<HfJ: ~{~ C' it!> -:J T b;Jl':*' t=1ll!t L, ~ \. 7c 0)1i$. t. L, T b ,~<) -j N ewton ~'! < ij 
~\ L,i.J>Ji!h\-:)7'J'fJ:~\;fJLtt~;li, tcn C''?>G t.Ji'ij!!~tHt~\-tf~\ 1 0 < ij ~\C'it!> f), *llil~t~~fJ: [C'i.J> 

fJ:f)1.J~ft,tJ-:JTb 15 < ij~\1.J~·~,&WtJ',l;t;fJnG. ;1:t.::7c;:;1:C''?>-:Jt.::t. L,Tb Newton $.C'L;I:, 1~ij 

nt.::~O)~~tt'==1'~1.J'§~G . 

L,i.J>L, 19 8 9~~Jl:, Biham t Wenzel t.~\-jA.t.::-tj1.J~ Henon map L=~;JL,Tt~LtC't;l:it!>G1.J', 

j!!jj!!~a"\JfJ:155'!:Ii:~5!L,t.::0)C'it!>G. 7cnt;l:¥*a"\J(;::Li Aubry-Mather 0) Lagrangian t~\7bO)t= 

¥-j~ \ T s fJ, ;1: t' }ili]!!~ P 0)Ji'ij!!~.s.1.J~' 7c 0) critical point (= 1 ~;J 1 t=MJIt L, T ~ \ G J: -j fJ: RP J:.O) it!> 

G gradient vector field :Ii::<E~9G. 7cL,T7c0) critical points :Ii:~T1~L,i±l9, t.~\7;:t.:li:1T 

fJ: -j 0)C' it!> G. §~1.tfJ: 1.J~ ij, ;: 0)15$.o)iE~11L;I:~~8"\J(= t;l:M~fl ~ n T \, \ fJ: ~ \. L, i.J> L, ;: 0)155'!1.J~· 7 

;1: < f{)J 1.J> fJ: ~ \'0"tl tJ ;1: t~ 5! -:) i.J> -:J T t;l: ~ \ fJ: ~ \ J: 7 C'it!> G . 

~ T, b = -1 ( area and orientatin preserving case ) O):%-~(=, J:.~cO) Biham-Wenzel 0) 

155'! Hlh T a :Ii: :3tft ~ -It fJ: 1.J~ ij }ili]~~ 2 0 ;1: C' 0) }ili]~~.s.O){~~:Ii: ~Ht L, T1T < t., it!> G Lt -:J ;: -j $ ~ \ 

a O)IXF"jl:', }ili]~~.s.O){I§I~;ll-:<Et. fJ:G bO)1.J~~\ < -:)i.J>1ftE9G;: t 1.J~;fJi.J>G. ;: nt;l:;: n ij 0)1\7 

;( -)l-~:!i:~C' Henon map 1.J)f~~~:<Et. fJ:G;: t:li::if- L,T~\G J: -j '=5!::tG. f~@~:<Etl:<EJ!J: fJ, 

7c n t;l: non-wandering set 1.J~ hyperbolic set t. fJ: G ;: t.:Ii:~~9 G. 

[DMS] l:' t;l:~~B"\J'=~WfJ:M~tH;I: fJ: ~ \ bO)O), 7c 0) hyperbolicity 0);( :iJ =A'.b. HlI,~Jl L" 7c;: 

i.J> ij 1~ ij n G? ;v:::J 7 7t~UC'~rI.: L, t.::Ji'ij!!~.s.O)i@l~t, Biham-Wenzel O)1i$.C'~t~ L, t.::i@l~ t 1.J~, 

Ji'ij"/tJJ2 0 ;1:C'76~L=-3&9Gt~\-jMi~H~T~\G (}ili]!!~2 OO)Ji'ij!tJJ.s.o){~~L;I:, 10 0]]< ij~\L=tJ 

fJ: G). ;1: t.::;: ;: C'~'"' ij n t.:: 3 -:)0) hyperbolic case L;I:~T, missing block expression t. ~ \ 715 

$.C'i.J>fJ:fJf'ii'jl:l!(=7c0)f.jq@:Ii:~ffl.C'~G. ;:0) missing block expression t;l: Cvitanovic 0) pruning 

front O)V't.-:)O)'0"ntJ~::tG1.J~, MJlt9G Henon map O)f~@:li:J"!J$B"\JL=q::tt.::bO)t. L,Tt;l:, fIJ 
thTO)bO)C'it!>G. 
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THE FIRST BIFURCATION & THE FIRST 
TANGENCY INSIDE THE HORSESHOE 

SHIN KIRIKI 

ABSTRACT. We introduce a general definition of first homoclinic 
tangency, and construct a l-parameter family of planar cliffeomor­
phisms from Smale's n-folcl horseshoe diffeomorphism, which ha.c; 
the first hornoclinic tangency that is a first bifurcation introduced 
by Palis and Takens. Moreover, the limit capacity of its maximal 
invariant set associated with this first bif1Lrcation can be a.c; small 
as is required. 

1. INTRODUCTION: THE CONCEPT OF THE FlIlST TANGENCY 

Homoclinic tangencies play an important role in the study of bi­
furcations of a I-parameter families of diffeomorphisms[2] [4] [7] [14]. 
Palis and Takens studied them extensively and presented many results 
a,nd problems [8] [9]. Among them is the problem of clarifying the re­
lation between the first bifurcation and the first homoclinic tangency 
inside the horseshoe. The purpose of this note is to give a brief de­
scription of this problem along with our motives, a.nd give the results 
with the outlines of its proofs. Precise proofs a.re prcsentcd in [5] [6]. 

Here we define our general concept of the first tangency for a 1-
parameter family of plana.r diffeomorphisms. Let JR2 be a Euclidean 
2-dimensiona.l space, and rp : ]R2 -t ]R2 be a C1 diffeomorphism. For 
each integer 11. 2: 2, we say that rp has an afJine type-n horseshoe, e.g. 
11. = 3 for the left panel in Figure 1, if there exists a square Q C ]R 2 

mapped by rp such that <pC Q) passes through Q 11. times, 1, 2, 3 and 
4 are mapped to 1', 2', 3' and 4', respectively, and that rp is affine 
and preserves both horizontal and vertical directions on <p-1(Q) n Q 
[1] [12]. We denote the maximal invariant subset of Q under <p by A, 
i.e. A = niEZ rpi( Q), which is called type-n horseshoe. Specia.lly, in the 
case of 11. = 2 it is called just a horseshoe. It is well known that <piAis 
topologically conjugate to the shift map of 2.:n which is the set of all 
doubly-infinite sequences of 11. symbols, and tha,t A is a hyperbolic set 
for rp [11] [12]. 

1991 Mathernatics Subject Classification. Primary 5SF. 
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4 
D 

11 

cp(Q) 

1 

FIGURE 1 

We now consider a I-parameter family of C1 diffeomorphisms on 
ll~?, denoted by {cp/L ; fl E I} where I = [0, 1], such that cpo has 
an affine type-n horseshoe. So cpo has n saddles in the horseshoe 
[11]. For n = 3, if we restrict our attention to one of three saddles, 
which is denoted by po, then we obtain such a configuration of stable 
and unstable separatrices of po as shown in the left panel in Figure 
1, which are denoted by WS(po) and WU(Po), respectively, see [3] [9]. 
In this situation, each intersection between WS(Po) and WU(Po) is 
transverse, which is called transverse homoclinic point. When stable 
and unstable separatrices are tangent to each other, it is called a 
homoclinic tangency [10] [13]. We also denote the maximal invariant 
subset of Q under CP/L by A/L' and assume that, for every fl E (0, 1], 
there exists a saddle P/L that is the continuation of the saddle Po [7]. It 
is clear that, for fl near 0, there exists a disk D/L C Q as shown in the 
right panel in Figure 1 such that D/L ::) A/L; aD/L c WU(P/L) U WS(P/L)' 
where aD,. is the boundary of D,., and niEZ cp~(D,.) is equal to A,.. 
Let n( CP/L) be the non wandering set of cP,.. We also assume that A,. = 
n(cp/L) n D,., and n(cp/L)\A,. consists of a finite number of hyperbolic 
periodic points. In this situation, we say that {cp,. : fl E I} has a first 
(homoclinic) tangency at fl = 1, if the family satisfies the following 
conditions: 

(1) for any fl < 1, all intersections of WS(p,.) and WU(P/L) are 
transversal; 

(2) For fl = 1, it has an orbit of contact-breaking homoclinic tan­
gency on the boundary of D/L and there is no other orbit of 
homoclinic tangency. 

When n = 2, i.e. {cp/L : fl E I} has an affine type-2 horseshoe for fl = ° 
and a first tangency at fl = 1, the configurations of its separatrices at 
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Po 

11==1 

FIGURE 2 

fL = 0, 1 are as shown in Figure 2, respectively, [7] [9]. 

2. MOTIVES AND MAIN RESULTS 

For a first tangency as defined in the previous subsection, Palis and 
Takens [9] posed the question: 

((Whether this first tangency is a first bifurcation or not", 

where the first bifurcation means that, for any fL < 1, <pfl- satisfies 
Axiom A and the transversality condition, that is, it is globally stable. 
We have an answer to this problem for a special case: 

Theorem 2.1 ([5]). There exists a special i-parameter family of C 1 

difJe07norphisms ncar type-2 horseshoe diffeomorphism such that its 
first tangency is a first bifurcation. 

The above special I-parameter family was obtained by locally modify­
ing a planar C 1 diffeomorphism which has an affine type-2 horseshoe 
with the contracting eigenvalue of (d<p)p which is not too small, as 

P 

FIGURE 3 
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in the left panel in Figure 3. If the contracting eigenvalue is very 
small, as shown in the right panel in Figure 3, we do not know how to 
construct a I-parameter family such that its first tangency is a first 
bifurcation. 

We have some fractal dimensions available [or the Cantor set which 
is defined as the intersection between the separatrix and the maximal 
invariant subset for the I-parameter family, that is WS(pJl) n AJl or 
W1L(pJl) n AiL" Among them some numerical invariants distinguish 
between the left situation and the right situation in Figure 3, so that 
their values for the Cantor set in the left situation are greater than 
those for the right situation in Figure 3. Results by Palis and Takens 
[8] [9] suggest the importance of the limit capacity, which is one of 
such numerical invariants, of the Cantor set, for the study of the first 
bifurcation. For the Cantor set K = W3(pJl) n AJl or W1L(PJl) n AJl , the 

limit capacity is defined as d(K) = lim SUPHO lo~~J~q, where N{(K) 
is the minimum number of balls of radius t needed to cover K. Their 
results also suggest that the study of homoclinic bifurcation with small 
limit capacities is easier than that with large limit capacities. However, 
we were not able to obtain a first tangency with small limit capacities 
in [5]. In order to study about the bifurcations associated with the 
first tangency, we need such a first tangency. Therefore, we now have 
the motive: 

({Is it possible to construct a i-parameter family having the first tan­
gency, which is also a first bifurcation, inside the maximal invariant 
subset with a very small limit capacity?" 

To answer this question, we construct a special I-parameter family, 
for n 2 3, from a type-n horseshoe diffeomorphism with very small 
limit capacities. Our second result now follows: 

Theorem 2.2 ([6]). For any £ > 0, there is a real number 8(£) > 0 
such that, for each 0 < 0 ::; 8(£), there exists a special i-parameter 
family of planar C1 diffeomorphism {rpJl j f1, E I} depending on 0, 
which satisfies the following two conditions: 

(1) it has the first tangency at f1, = 1, which is a first bifurcation; 
(2) d(WS(pd n Ad + d(W1L(pd n Ad < £. 

3. OUTLINES OF TIlE PROOFS 

Sketch of the proof of Theorem 2.i. First, for 0 < 0 < 1/2 and a unit 
square D, we take a precise form of type-2 horseshoe C 1 diffeomor­
phism rp which has the saddle p such that ). = ~ - 0 where). is the 
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FIGURE 4 

contracting eigenvalue of (dcp )p, as shown in the left panel in Figure 
4. We also define a C 1 perturbation \[J /L on V = VI U Vz as in Fig­
ure 4 such that it compresses the vertical lines in Vt, and slides the 
points in Vz downward as f.L increases from 0 to 1. We denote \[J /L 0 cp 
by <P,L which is called a special i-parameter family, and denote the 
maximal invariant subset of D under CP,L by A/L' From the construc­
tion of this family, it also depends on O. We write, for any 0 < f.L ::; 1, 
V/L = {x = (5, u) E D 10 ::; s ::; 1, 1 - f.L0 ::; u::; I} which is shown in 
Figure 5, In the next proposition, for 0 < f.L < 1, x E A/LnVJL and n > 0 
such that cp~(x) E V;L' we construct an unstable cone C/L(x) C TxRz 
for 0 < 0 ::; 0" such that (dcp~)XC'L(X) C C/L(cp~(x)) and that the 
length of any nonzero vector in C /L (x) is expanded exponentially. The 
stable cone field can be constructed by taking the complement of the 
unstable cone field. 

Proposition 3.1 ([5]). There exists a OIL such thatJ for 0 < 0 ::; o"J 

-' .... ''',~~~''' .... '--

.-" .... "'~"''-, .... ,. 4P4=~~=q 
C/l(x) 

'8~ 
FIGURE 5 
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there is a continuous unstable cone field satisfying the above properties. 

Next, we construct a partition for the above All" The continuous 
cone fields over Ap. are obtained for this partition by using some locally 
linear interpolation of the angle of the cone, . These cone fields assure 
the hyperbolicity of this family and the transversality of the stable 
and unstable separatrices for 0 ::; f1 < 1. D 

Sketch of the proof of Theorem 2.2. The special I-parameter family 'Pp. 
(= \fJ J1. 0 'P) in this theorem is composed of the type-3 horseshoe C 1 

diffeomorphism 'P and the C1 perturbation \fJ p. on the open set V as 
shown in Figure 6. The components of 'P(D) n D, where D is a unit 
square, are denoted by Ro, R1 and R2 as in Figure 6. We assume that 
p(Ro, RJ) > P(R1, R2 ), and write li = P(Rl' R2)/2, where p is the 
Euclidean metric. For some lih > 0, similarly as in Theorem 2.1, we 
construct the I-parameter family satisfying the hyperbolicity and the 
transversality condition. Moreover, we estimate the limit capacity of 
WS(p) nAp. as 

S _ d( S ( ) ) < . log 3
n 

dp. - W p n Ap. _ hm l ( \ £) \ -1 n-+O - og /I + U /In 

1
. log 3n 

< lm----­
- n-+O -log('\ + li)n 

log 3 

-log('\ + li)' 
where ,\ is the contracting eigenvalue of (d'PJ1.)p. Similarly, d~ 
d(WU(p) nAp.) is estimated. Then we get the l-parameter family 
such that, for any f > 0, there is li/ > 0 depending on f such that 
d~ + d~ < f for each 0 < li ::; li/. We now write li(f) = min{lih' li/}, 
and get the result. D 

. 
~ 

p 

FIGURE 6 
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We believe that the above two results will be extended to higher 
dimensions, e.g. a special I-para.meter fa.mily ca.n probably be 'C011-

structed by modifying a 3-dimensina.l horseshoe diffeomorphism as in 
Figure 7. 

cp(D) 

D 

J.--- _._- - - _. . , 
• .' L"-4~' 

J!!~':--- --
p 

FIGURE 7 

Professor F. Ta.kens posed us a. 11CW problem of the relation be­
tween the homo clinic tangency and the first bifurcation a.s follows. 
Let {CPiL ; It E R} be a I-para.meter family of diffeomorphisms on R2 
satisfying CPo has an affine horseshoe. Let Ao be the horseshoe for 
CPo, and let A,L be the maximal inva.riant subset. for CPlt which is the 
continuation of Ao as long as A'L is a hyperbolic set. We write 

flo == sup {fl E R I AiL is a. l1ype1'bolic set} and 

fl,! == inf {fl E R I CPiL ha.s a. homoclinic t.a.ngency} . 

Problem. In the above situ.ation) is then~ a l-pammctcr fa7nily of 
plana1' diJJeom01'phism.s s71,ch that 1-"0 < /},1? JIll 0'reove1', is there an 
open set of C2 arcs of plana1' di.JJeonw1""phisms s71ch that jlo < Ill? 

We have no answer to this question_ 

ACKNOWLEDGMENTS 

We are in debt t.o professor Floris rrakens in University of Groningen 
in the Netherlands for proposing thi s theme, a.nd for valuable discus­
sions. We a.lso would like to thank professor Iclli1'o Tsuda., Ya.sunori 
Oka.be, Atsuro Sannami a.nd Hiroshi 1<okubu for their encoura.gements. 

-183-



REFERENCE 

[1] M. Barge, Horseshoe maps and inverse limits, Pacific J. Math. 121 (1 9S6), 
29-39 

[2] M. S. Davis, R.S. MacKay, A. Sannami Markov sh.ifts in th.e H enon family 
preprint of University of Warwick (1990) 

[3] M. Hirsch, C. Pugh, M. 51mb, Invariant manifolds, Lect. Notes in Math 
583, Springer-Verlag, 1977 

[4] Y. Lai, C. Grebogi, J. A. Yorke, I. Kan, How often are chaotic saddle 
r.onhyperbolic?, Nonlinearity 6 (1993),779-797. 

[5] S. Kiriki, Hyperbolicity of the special i-parameter family with a first ho­
moclinic tangency, preprint, to appear Ergod. Th. & Dynam. Sys. 

[6] S. Kiriki, The First homoclinic tangency inside the horseshoe with small 
fractal dimensions, in preparation. 

[7] S. Newhouse, J. Palis, Cycles and bifurcation theory, Asterisque 31 (1976), 
44-140. 

[8] J. Palis & F. Takens. Hyperbolicity and the creation of homoclinic orbits. 
Annals of Math. 125 (1987), 337-374. 

[9] J. Palis & F. Takens. H yperbolicity and sensitive chaotic dynamics at 
homoclinic bifurcations. Cambridge Univ. Press, 1993. 

[10] R. A. Posthumus, F. Takens. H omoclinic tangencies: moduli and topology 
of separatrices, Ergod. Th. & Dynam. Sys. 13 (1993), 369-385. 

[11] S. Smale, Diffeomorphisms with many periodic points, In Differential and 
Combinatorial Topology Princeton Univ. Press (1965), 63-S0. 

[12] S. Smale, Differentiable dynamical systems, Bull. Amer. Math. Soc. 73 
(1967),747-817. 

[13] F. Takens, Abundance of generic homoclinic tangencies in real-analytic 
families of diffeomorphisms, Bol. Bras. Mat. Vol. 22, No. 2 (1992), 
191-214. 

[14] J.C. Tatjer, C. Sima, Basins of attraction near homoclinic tangencies, 
Ergod. Th. & Dynam. Sys. 14 (1994), 351-390. 

DEPARTMENT OF MATHEMATICAL SCIENCES, TOKYO DENIO UNIVERSITY, 

HATOYAMA, HIKI, SAITAMA, 350-03, JAPAN 

E-mail address:ged@r.dendai.ac.jp 

-184-


