HOKKAIDO UNIVERSITY

Title 1994 FEEHFER - HREE 7 TR M52 ME Colloquium Lectures dbiEE KBIBEIMMBH =
Author (s) Saito, M.
Citation Hokkaido University technical report series in mathematics, 38, 1
Issue Date 1995-01-01
DOI https://doi.org/10.14943/5164
Doc URL https://hdl. handle.net/2115/5478
Type departmental bulletin paper
File Information 38. pdf

kaido
wo¥ U"/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




1 994 HEHRFES - FHAlEH
TITANT7 M E

-1

- Colloquium Lectures
EHEERFEERYFHE

Edited by M. Saito

Series | 38. July, 1995



i 4:
f 5:
i 6:
§7:
i 8:
§9:
f10:
f11:
f12:

§13:
i 14:
ff 15:
f 16:

§17:

j18:
f19:
§ 20:
f 21:
§22:
i 23:

i 24:
i 25:
i 26:
§ 27
i 28:
§ 29:
f 30:
f§ 31:
f 32:
i 33:
i 34:

i 35:
i 36:
f 37:

HOKKAIDO UNIVERSITY

TECHNICAL REPORT SERIES IN MATHEMATICS
J.Tilouine, Kummer’s criterion over A and Hida's Congruence Module, 85 pages. 1987.
Y.Giga(Ed.),Abstracts of Mathematical Analysis Seminar 1987, 17 pages. 1987.
T.Yoshida (Ed.), 1987 FEEHEEST 7' X b 5 7 F4E Colloquium Lectures, 96 pages. 1988.
S. Izumiya,G. Ishikawa (Eds.), “BrR L0534 " A ESHNESE,1988.
K. Kubota (Ed.), 5 13 EHRMO AIESGHHLIR v v R V9 A FFEE, 76 pages. 1988.
Y. Olabe (Ed.), I ¥ ¥= ¥y YA L Z DILAITFIEE, 64 pages. 1988.
I. Nakamura (Ed.), Superstring Pz & K3 [, 91 pages. 1988.
Y. Kamishima (Ed.), 1988 fEEEKEES 7 7 A b 5 4 M Colloquium Lectures, 73 pages. 1989.
G. Ishikawa, S. Izumiya and T. Suwa (Eds.), “FRARE T O HAESHIESE Proceedings of the

Symposium “Singularity Theory and its Applications,” 317 pages. 1989.

M. Suzuki, “EXiy B CHIREE R TH L 571987 & 7 LK TOLEHFESRDFTE, 38 pages. 1989.
J. Zajac, Boundary values of quasiconformal mappings, 15 pages. 1989

R. Agemi (Ed.), % 14 EURMOHERRALIR Y v 8 O A FFE5E, 55 pages. 1989.
K. Konno, M.-H. Saito and S. Usui (Eds.), Proceedings of the Meeting and the workshop “Algebraic

Geometry and Hodge Theory” Vol. I, 258 pages. 1990.

K. Konno, M.-H. Saito and S. Usui (Eds.), Proceedings of the Meeting and the workshop “Algebraic

Geometry and Hodge Theory” Vol. 1I, 235 pages. 1990.

A. Arai (Ed.), 1989 FEEHEEST7 7 X b 5 7 M Colloquium Lectures, 72 pages. 1990.

H. Suzuki (Ed.), #5ESHRAED b ¥ o ¥— Topology of Complex Manifolds, 133 pages. 1990.

R. Agemi (Ed.), 5 15 BRSO HESGHILIR >~ v 8 U9 A FREEE, 65 pages. 1991.

Y. Giga, Y. Watatani (Eds.), 1990 FEEHEES7 7R b 5 7 +4E Colloquium Lectures, 105 pages. 1991.
R. Agemi (Ed.), % 16 EHR#MO HEGRLIR > v R ¥ 9 AFFEEE, 50 pages. 1991.

Y. Giga, Y. Watatani (Eds.), 1991 fEERAGES - BHEEET 7R b 5 7 1E Colloquium Lectures, 89 pages.

1992.

K. Kubota (Ed.), 5 17 BRI 7GIEEGRILR & v # ¥ 9 AFRE5E, 29 pages. 1992.

K. Takasaki, “JE4RRIRIRRS ROBEE" 1992.9.28~10.2 JWEEAF COETHE 5383 52 pages. 1993,
T. Nakazi (Ed.), 5 1 FRESZM L § + —34548, 93 pages. 1993. |

K. Kubota (Ed.), 3 18 BRI HEDNGMILIR &~ » # ¥ v AFREER, 40 pages. 1993.

T. Hibi (Ed.), 1992 FEEHEES - BBIEET 72 + 5 7 Mg Colloquium Lectures, 108 pages. 1993.

I. Sawashima, T. Nakazi (Eds.), 5 2 FRGEZER]€ 3 7 —HEEE, 79 pages. 199%4.

Y. Giga, Y.-G. Chen (Eds.), B < HHEZEWNIT T, 383885, 62 pages. 1994.

K. Kubota (Ed.), 5 19 EfRMASERGMMIR S »# v AFRE, 33 pages. 1994,

T. Ozawa (Ed.), 1993 SEEFEREES - 455 EEET 77X b 5 7 Mg Colloquium Lectures, 113 pages. 1994.

Y. Okabe (Ed.), The First-Sapporo Symposium on Complex Systems, 24 pages. 1994.

A. Arali, Infinite Dimensional Analysis on an Exterior Bundle and Supersymmetric Quantum Field Theory,

10 pages. 1994.

S. Miyajima, T. Nakazi (Eds.), 5 3 [BIREMZER& 3 +—$454E, 104 pages. 1995.
N. Kawazumi (Ed.), Y —= YENCBEE 3 B AAE4MZE, 63 pages. 1995.
I Tsuda (Ed.), The Second & Third Sapporo Symposium on Complex Systems, 190 pages. 1995.

I



= O DN e

co -3 o en

10.
11.
12.
13.
14.
15,
16.
117.
18.

19.
20.
21.

22.
23.
24.

25.
26.
21.
28.
29.
30.
31.

199 4R  ARRIET 72 0 57 b

Sung Sa Hong (V4" vK)
woE B X Jdbk-®
wmoAx # F dek-m
Stephen. S-T. Yau ({4 Av11° %)

H R — F dbk-®
= EF # * {dRk-8
Don Blasius (UCLA)
S.G.Gindikin  (Rutgers X)

#= R B & @hk-D
H # = ¥ KK -#®)
R. Greenberg  (yv}/K)

H & £ — k-8

"Michael Yacobson (MarylandX)

M 5 £ B (K-8
B OH @ E GELK-3
Rafael Labarca (#7417 K)
Jacques Tilouine (N Uk (db) )
Richard Pink  (BonnK)

Alexei Panchishkin (0" W/-7" WK
Jens Hoppe Ch-Wa-1K)
2K fé? (TR

] e i (GELAK-#
C.Kearton (Durham X)

K. Chandrashekhar (-9ECEWHZERD

Jean Claude Saut (EEN YK)
a O
oM’ (EFEER
Pawel WALCZAK  (LodzK)
ol # ok GEIEX)
AR X R (BLK-8
B A 1 XK GEAEEE

(Academia Sinica)

On Extensions of Frames

J—2 YHIDE Y a 5 4 EEOHIc > WT

IERBINFERELCDY v

Topology and differentiable structure of complement of

arrangement of hyperplanes
AEAAMR IO W T

Small random perturbation of dynamical systems
Tate s Conjectures for H? of Shimura Varieties

.Generalized Conformal Structures in Geometry and

Analysis

774 A LABHRAIERRE

1

— A D Torel lifBIC W T D—2D 7 Fu—F (A 9

Kummer Theory for Elliptic Curves

WTRIED EF vicH>0n T

Ergodic properties of nonhyperbolic attractors

TIFUT 4520 OEE

BV EFAR O VN — 7' — 5 B~ DI
A way to chaos from stable vector fields
Deformations of Golois representations

Compactification of Drinfeld modular varieties:

Local and global properties

p-adic L-functions and motives

Minimal hypersurfaces and fluid dynamics

Explicit Solutions of Nonlinear Reaction-Diffusion

Systems

Tehirnhausen Geometry of Plane Curves

Branched cyclic covers of knots

Extending Local Representations to Global

Representations

Non elliptic nonlinear Schrédinger equations

12
14

16
27
29

35

37

42
44
45

48

Mathematical Theory of Some Nonstandard Finite Elements 50

BRI B 1) 2 PR

Dimension defect for pseudogroup actions

51
54

OBV E 3R OROB IR I & - THE SN ABIRMFEETE 58

A E[EEERE
Painleve 5=, & DynkinBiE



. B’ IE # (BfEHEK-#E#D The curve shortening equation and its 60
generalizations

. 1lia A. Shishmarev (Moscow State Univ.) Asymptotic connection between solutions of 62
v | different nonlinear equations for large time

B EHOE= (EfEHEA - 1) ¥— 5 B D q — AU

. Schonbek. Maria E (RU74h=VK#v9IWHZ)  Asymptotic behaviour of solutions to the Navier- 63

stokes and Magneto-Hydrodynamics equations

W # E

O # 7 EEER Rational functions®ZEfHD bHw L—ToNT 65
B 3 #  JuikEEEEmze)  mEsubfactoricXd 5 T-set &S-set 87
%o A GERR- B R~ 2 b Ve Xdd BPoincaré-BendixsonZdEE L 69
Z DI
R % (REERBERER)  RBGR & B PRAE R L oFaFnEET 11
X &K z (EREEXK-B MacPherson—Chern classes and Topological Radon 73
transformations
. H.Goldschmidt (awrYETR) Bz oty v FHIREE>7 ) —< VETE 74
ol ¥ OE (RBK-EBED SEHE OB R BT 5 FA L rbEE: 75
. Jack Conn (3%v 2K Transverse structure in the Poisson Geometry of
the Virasoro algebra

LB 2 GER Symbolic dynamics and rational subgroups of 71
hyperbolic groups '
. Chong-Kyu Han (B 9 WERLR) Infinitesimal symmetries and local invariants of 19

isometric embeddings of Riemannian manifolds

E oA

LB OA B &R Gillet-Soule Adams operation using Nielsen's Schur 80
complex
23 B  dbEXR-EFHD 1 BB D7 DFE 4 Dorder &norm 85
E it z CGEtR-3 BERAI ABCHR D 87
H & & GeER Dirac operators with unbounded potentials at 89
infinity
& F H E GEXK-HED HA RFEEZROSLE 2 b — L Yy ZABXUZOEY)
%9 b 7= COER
A OH £ (ERR) Bence, Merriman and Osher scheme for motion by mean
curvature and related topics
R HE X GEER Ginzburg-Landau SR ORI DFERE 92
AR E GAETR Asymptotic Behavior of the Transition Density for 95
Jump Type Processes in Small Time
SN B ORI ER Navier-Stokes equations with weak L data
LB A B (BEEN Bk~ 1 v 2Ok | 96
. 0Ola Bratteli (FZ2aX) Endomorphisms of B(H) and translation invariant

pure states on quantum lattice systems

L E H X # ELIR Fourier Coefficients of Siegel Eisenstein series 97
il



58. Herb Alexander (A U ./ AKHTH) Areas and Volumes in Complex Analysis 100



B DD

[ A
[>RE Wen e o}

Ll el
bu iR s v s Qwa s v s B sc s s s v ux s SN v s s s fbu s ln s s e v s s O s B 1 1

o -3 oy on
DN DD b

NN OO oOtTUT O,
bt N NN
WA A OCNDDND == O~

— N0

NN WARADODIDORDDO W
I OHNOmmMOdNIOOOODIOOTID DNDIODDODODDNODOOONOm OHHm

d ok ok pod ot
OO OO QWL OWOOWOWO I
[ N e ek

[y
no

%o o4 - 8 R OB OE — B (199 4FE

(B) % Sung Sa Hong VG .9 On Extensions of Frames

(7K OB g X R dbx -3 J—2 VEODE Y2 54 EHOMEIL>WT

k) + M K & H K ek - B2 BB N¥ERELTOY V%0

(&) Stephen. S-T.Yau &K ({Y{RyI1 8 Topology and differentiable structure of complement of arrangement of
hyperplanes

7K Ew R — & Kk ek -8 AJFESRIHRIC oW T

Gky * = Lk & * K JER-E) Small random perturbation of dynamical systems

(7K) * Don Blasius K (UcLA) Tate' s Conjectures for H® of Shimura Varieties

(7K) * S.G.Gindikin K (Rutgers R) Generalized Conformal Structures in Geometry and Analysis

k) + & B B #& K (FELX-ID A Z & IEHRALIEREE

RKx H O H = ¥ K (KERK-#3 — R E O Torel LI IC DWW T O—2D 7 7 e —F (HA)

(7K) * R. Greenberg K (v k) Kummer Theory for Elliptic Curves

k) * H ¢ & — K vk -8 WITEtEOEF VIL DWW T

(7K Michael Yacobson I (MarylandX) Ergodic properties of nonhyperbolic attractors

Gky ™ HF o B K (BK-BH TIFUT 4T A D

(H) B OH & Z K (EILK-#3 SLRERARD VN — J € — 7 A~ DILH

(7K) % Rafael Labarca K (#7557 K) A way ‘to chaos from stable vector fields

(7K) * Jacques Tilouine K (WK (db) ) Deformations of Golois representations

(7K) % Richard Pink K (BonnK) Compactification of Drinfeld modular varieties:
Local and global properties

(7k) * Alexei Panchishkinf (J"W/-7"WK) p-adic L-functions and motives

(7k) % Jens Hoppe K (B-Vav-1K) ‘Minimal hypersurfaces and fluid dynamics

(7K #:; K 55? K (E\ER) Explicit Solutions of Nonlinear Reaction-Diffusion Systems

) [ B K (EIK-#) Tchirnhausen Geometry of Plane Curves

(k) # C.Kearton K (Durham X) Branched cyclic covers of knots

(7K) % K. Chandrashekhar K (A-JEEEHERT) Extending Local Representations to Global Representations

(£) % Jean Claude Saut K (FEN 1K) Non elliptic nonlinear Schrdédinger equations

(&) % H # K, (Academia Sinica ) Mathematical Theory of Some Nonstandard Finite Elements

(H) * L % 3 # K (BFI#EEK - EHEHE) BRI 5 MER

(k) * Pawel WALCZAK K (LodzK) Dimension defect for pseudogroup actions

Ky« F b & = K (ENEX) DIBIME 2O S EFIHERE I X - CHES N 2 8IRNFRTE

(7K A R X K K (BluR -2 &R & [EE fE R RE

7K mW oA X K GREE Painleve 52T & DynkinX[IFZ

(K) % 8 E &£ K EREX--EBID The curve shortening equation and its generalizations

(AKR) * 1lia A. ShishmareviX (Moscow State Univ.) Asymptotic connection between solutions of different nonlinear
equations for large time

(7K +t B == K (BfgHEHX - EBI) ¥ — 5 B D q —E



35.

36.
37.
38.
39.
40.
41.
42.
43.
44.
45,

46.
47.
48.
49.
0.
51

52.
53.

54.
95.
56.

5T,
58.

oy
[y
FoN

W BN -

S AR QOO NN,

e T S o S S ST Sy Sy WO
Mo miio O HDOODOn OommmmDommm o™

DD = e DN DD DD DN DD DO DD ek bt
I WaIdn OO JMOmamanan JDOnanOnanamamaInoamam dm
bt gk ek s

DI bt b i
D = Ol = OO

w w W W N Do
[ (&) ot
~1 o1 [0 I (VI \V] [ 045 ]

(&)

(7K
¢.9)
7K)
(7K
(K
(£
(7K)
(7K)
(7K

(&) *

(A
¢.9)
)9
(7K
9
CH)

(7K
(7K)

(7K)
(K)
)9

(7K
€3)

3 e W e W N W K

He e 9

N3 B E NG

Schonbek. Maria E B (HY74W=TR$VIINIED)

(AT R -
= Im K #
? OE A
= % 33
A K
H. Goldschmidt
o
Jack Conn
ok
Chong-Kyu Han

ik 5

e

R

%
H*

&
#
=
=

=i

R

—Hde

e

H HHEHBREM
) i PN R

>

/N
%
0la Bratteli

e I

Herb Alexander

>F B

B

K (BXRGBEX - EXUEE)

K uNKEEZWHERD
K (fEaKR - 8F)

K (BZEREIBRKER)
K (BREX - H)

K (2ere7k)

K (LEKX - #F)

K (3z2v 9K

K (=X

K (8Elv v vELK)

K (&R

K dekR - EFHD
K GRIEK - #H)
K QLArEER)

K (EXR - #5)
K (HrRK)

K (BEBX)
K (BLHTAD

K (&XK)
K (BREER)
K (xz22X)

K (BELX)
R (AU /24Ky H T8

Asymptotic behaviour of solutions to the Navier-stokes and
Magneto-Hydrodynamics equations

Rational functions®ZEMID b Fw V—jco>WWT
MZEsubfactoric X4 % T-set & S-set

ERINZ b B3 BPoincaré-BendixsonBIEE & = DIGH

FHh & P E IR ZE L o BT

MacPherson—-Chern classes and Topological Radon transformations
Brzohicy v FHEREF>7 ) —< Y5 E
EHEOEMEEGIC B 5iE{ LTS

Transverse structure in the Poisson Geometry of the Virasoro algebra
Symbolic dynamics and rational subgroups of hyperbolic groups
Infinitesimal symmetries and local invariants of isometric embeddings
of Riemannian manifolds

Gillet-Soule Adams operation using Nielsen's Schur complex

BB OEEOE 4 Dorder &norn

Bt BT A D 5k o FH .

Dirac operators with unbounded potentials at infinity ,
WA REEGZROLET L — L Y ZABLUFDER R » b — 2 TOES
Bence, Merriman and Osher scheme for motion by mean curvature and
related topics

Ginzburg-Landau X O BT DEHE

Asymptotic Behavior of the Transition Density for Jump Type Processes
in Small Time

Navier-Stokes equations with weak L data

&k~ Y v A DHERKRE

Endomorphisms of B(H) and translation invariant pure states on
quantum lattice systems

Fourier Coefficients of Siegel Eisenstein series

Areas and Volumes in Complex Analysis



ABSTRACT

EXTENSIONS OF FRAMES

Sung Sa HONG
(Department of Mathematics, Sogang University, Seoul, KOREA)

The purpose of this talk is to introduce a concept of convergence of ﬁltefs in
frames (= locales = complete Heyting algebras) by covers and then study extensions
of frames based on the convergence theory in frames.

We define that a filter F' in a frame L is convergent (clustered) if every cover
C of L meets F' (secF, resp.). This clearly generalizes convergent filters or filters
with cluster points in a topological space. Among others, we show that a regular
frame L is compact iff every maximal filter in L is convergent. Moreover, a zero-
dimensional frame L is compact iff every maximal Boolean filter in L is convergent.

Banaschewski has defined two extreme cases of extensions of topological spaces,
namely simple and strict ones. Using simple extensions of frames and the right
adjoint, we introduce a concept of strict extensions of frames as the subframe of
the simple extension of L generated by the image of L under the right adjoint.
Using these, we construct a zero-dimensional compactification of a zero-dimensional

frame.
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Tate’s Conjectures for H? of Shimura Varieties

Don Blasius

May 25, 1994

In this talk we describe recent progress concerning Tate’s conjectures for
H? of a Shimura variety Sh(G,X). Here G is a reductive group defined over
Q, X is an additional datum which we need not specify, and Sh(G,X) is a
quasi-projective variety defined over a number field E = E(G, X).

To state Tate’s conjecture, let Z1(Y) be the rational vector space with basis
the irreducible divisors on the projective variety Y, defined over E. Let c} :
ZY(Y) — [H}(Y)(1)]%" be the £-adic Chern class map. Here Gg = Gal(E/E)
is the Galois group of the algebraic closure E of E,Y =Y xgE, and HZ(Y)(1) is
as usual the f-adic etale cohomology group, Tate-twisted once. Tate conjectured
that I'm(c}) spans [HZ(Y)(1)]°%. This conjecture is proved for any variety which
is birational to a product of curves, but remains open for most surfaces.

Over the 1980, advances in the theory of automorphic forms made it rea-
sonable to study this conjecture in the setting of Shimra varieties, i.e. of arith-
metic quotients of bounded symmetric domains. The conjecture was proven for
GLz x GLy by Tunnell, for G = R, (GL2),[F : Q] = 2, by Harder, Langlands
and Rapoport, as completed by Murty and Ramakrishnan, and separately, Klin- -
genberg, for G = GSp(4) by Weissauer, and for G a group of unitary similitudes
in 3 variables by Blasius and Rogawski. '

In recent work with J.Schwermer, we have shown how the conjecture can
be proved for most Shimura varieties. We use a number of techniques, building
upon the above mentioned papers. In particular, it is often the case that one can
prove a holomorphic Lefschetz theorem for H? using only Shimura varieties, and
thus reduces the problem for Sh(G, X) to related questions on these subvarieties
Sh{H, Xg).

Other cases require the trace formula (or at least its consequences) or the
Eichler-Shimura congruence relations. Rather than constructing elements of
ZY(Sh(G, X)), we show simply that the dimension of the space of potential
Tate classes is equal to that of the space of Hodge classes.

The main open cases are those associated to Shimura surfaces defined by
quaternion algebras. However, Ramakrishnan and Murty have announced rather
general results about these cases.
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Degenerations of surfaces on Noether lines and their period maps

1 VI 94, at Hokkaido University, = Sampei Usui

Let ¢ : A* — D/T" be a period map, i.e., a homolomorphic map with horizontal local
liftings, from the punctured unit disc A*. Let h — A*, z — s = exp(27iz), be the universal
cover, ¢ : h — D a lifting of ¢, v € " an element satisfying $(z + 1) = v{(2) for all z € b,
N the logarithm of the unipotent part of v, and W = W (N)[—w] the monodromy weight
filtration. We assume

1 if wis odd,

() 0=Wy_o CWy_1 C Wy CWyt1:=Hq, dimW,_ 1= { ] ]
2 if w is even.

Theorem. There exists a partial compactification T)Tf‘ with the following properties:
(i) As point-sets |D/T| = |D/T| U {lim;_0 ¢(t) | ¢ is a period map satisfying (*)}.
(ii) D/T is a Hausdorff complex orbifold.

(iii) Any period map ¢ : A* — D/T" has a holomorphic extension @ : A — DJT.

We consider, as examples, ‘tame’ degenerations of surfaces of general type on the
Noether lines, whose canonical images are rational ruled surfaces ¥4 of degree d (i.e.,
type(d) in the terminology in [H, I, p.363; II, p.127]). We denote by Sy and F' the section
of £q — P! with S = —d and a fiber, respectively.

(I) Let X be a minimal algebraic surface on the Noether line ¢ = 2p, — 4, where
¢1 := ¢1(X) is the first Chern class of X and p, := pg(X) is the geometric genus of X.
We assume that X is of type(d) in the above sense. Then, by [H, I, Theorem 1.6.iii],
such a surface X occurs, via the canonical map, as the minimal resolution of singularity
of the double covering of ¥4 branched along a curve B € |65y + (pg + 2 + 3d)F| with at
most simple singularities, where p, > max{d + 4, 2d — 2} and p, — d is even. The p, of
such surfaces range over all integers > 4 and the fundamental groups 7y are trivial [H, I,
Theorem 3.4].

(IT) Let Y be a minimal algebraic surface on the Noether line ¢ = 2p, —3. We assume
that Y is of type(d). Then, by [H, II, Theorem (1.3.A)], such a surface Y occurs, via
the canonical map, as the contraction of a unique exceptional curve of the first kind on
the minimal resolution of singularity of the double covering of ¥4 branched along a curve
C € 16So+ (pg+4+3d)F| where py > 2d—1 and py,—d is even. C has two quadruple points
z, ¥y, which may be infinitely near, on the same fiber other than simple singularities on the
proper transform of C' to the blown-up of £; with center z and y. The pg of such surfaces
range over all integers > 4 and the fundamental groups m; are trivial [H, II, Theoren(4.8)].

Between these two series of surfaces, we cosider the following two types of degenerations
of branch loci.

Typeset by ApS-TEX



(II) — (I): The C, € 650 + (py +4 + 3d)F| (t € A*) on ¥4, with two quadruple
points on a fiber F' other than simple singularities, degenerate into Cy = B + 2F, where
B € 165y + (pg + 2 + 3d)F| has two ordinary double points on the fiber F' other than the
simple singularities come from that on the Cj.

(I) — (II): The B; € |6S0,q4 + (pg + 2 + 3d)Fy| (t € A*) on ©; have one double
point P; at which the two branches have contact 2 and two ordinary double points 4,, A}
and possibly other simple singularities. The three points Py, A;, A} crash to make up one
triple point P on By. P is apart from the minimal section Sy 4 and each pair of the three
branches have contact 2 at P. By is smooth at the other three intersection points with the
fiber Fy containing P. Blowing up ¥4 at P and contracting the proper transform of Fy, the
total transform of By becomes C' +2F;_; with C € |65 41+ ((pg —1)+4+3(d—1))F4_1|
on Y41, which has two quadruple points on one fiber other than the simple singularities
come from that on Bj.

According to these, we have two types of semi-stable degenerations of surfaces on the
Noether lines.

(I) — (I): f:X — Ais a semi-stable degeneration whose smooth fibers X; := f~1(¢)
(t € A*) are minimal surfaces of type(d) with ¢1(X:)? = 2p,(Xy) — 3, pg(X:) > 4. Xp :=
f71(0) = Y UV, where Y is a minimal surface of type(d) with ¢;(¥)? = ¢1(X{) -1 =
2pg(Y) —4, pg(Y) = py(X;) > 4, and V =~ P? intersets with ¥ along a smooth conic on P?
hence Y NV has self-intersection —4 on Y. We need not extend the base in the semi-stable
reduction in this case.

(I) - (II): g:Y — Ais a semi-stable degeneration whose smooth fibers Y; := g7(¢)
(t € A*) are minimal surfaces of type(d) with ¢1(Y7)? = 2p,(Y7) — 4, pg(Yy) > 5. Yy ==
g7 }(0) = X UV, where X is a minimal surface of type(d) with ¢(X)? = ¢(¥3)? — 1 =
2pg(X)—3, pg(X) = py(Y;) —1 > 4, V is a rational surface, and X NV is a smooth elliptic
curve with self-intersection —1 on X hence this is the exceptional curve of the minimal
resolution of a simple elliptic singularity of type Eg. We need to take a ramified double
covering of the base in the semi-stable reduction in this case.

Thus two series of smooth families of surfaces with (pg.c3) on the Noether lines in
question are connected by the above ‘tame’ degenerations:

(II): (4,5) (5,7) (p,2p —3) (p+1,2p—1)
N LN e N 1 AN 1 AN
(H: (44 (5,6) a (p,2p —4) (p+1,2p-2)

Remark(6.1). Ashikaga and Konno [AK] showed that degenerations of the above type
are observed widely in the geography of surfaces of general type.

For the above semi-stable degenerations, we observe the Clemens-Schmid sequences [C]



and the Mayer-Vietoris sequences:

HY(X,X - Xo) —» HY (X)) —» HY(X,) 25 H2(X,),

HY (Y NV)— H*X,) — HYY)® HYV),

HA(,Y - Yo) - HY(Yy) - HA(Y,) X H(Y)),

HY(X)® H(V) -» H{(X nV) L5 HY(Y) — HY(X) @ HY(V).

Since H}(Y NV) = 0, we see that H?(X,) carries a Hodge structure of pure weight 2 hence
the monodromy weight filtration W = W(N)[-2] is trivial, i.e., 0 = Wy C Wy = H?(X,).
As for the second family, since H'(X) @® H*(V) = 0 and HY(Y,Y — Yo) ~ Hy(Yo) S
Hy(X)® Hy(V), we see that f is injective and Im AN Ima = 0 in H?(Y}) by the reason of
weight. It follows that W, = 0 and W; & H!(X NV). Hence W satisfies the condition ()
and we can apply Theorem to the period map ¢ : A* — D/T' associated to the variation
of Hodge structure of weight 2 arising from the smooth family ¢ : ) — Yy — A*and obtain
the holomorphic extension 7 : A — D/T. Thus we can discuss about the differential dp(0)
of g at 0 € A.
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Kummer Theory for Elliptic Curves

Ralph Greenberg
June 1, 1994

This lecture is related to a project of John Coates and myself concerning the
»Selmer group” for an elliptic curve (and more generally for abelian varieties of
arbitary dimension) over infinite Galois extensions K of Q such that Gal(K/Q)
is a p-adic Lie group. The definition of the Selmer group involves the global
and local Kummer theory for the elliptic curve. It was introduced originally
to study the rank of the group of rational points E(Q) on an elliptic curve E
defined over Q.

Let E[p™] denote the p-power torsion points in E(Q). Let G( denote the
absolute Galois group of Q. With every element a in E(Q) ® (Qp/Zp) one
can associate a cocycle class k(a)-in H 1(GQ,E{pw]). .The map k (the Global
Kummer homomorphism) is injective but far from surjective. The image is
restricted by local obstructions arising from the local Kummer homomorphisms.
For every prime v, the absolute Galois group of the v-adic numbers Q, can be
regarded as a subgroup of Gy: G, C Gq-Iffe I'm(k), then flGQ" must be
in the image of each local Kumnmer homomorphism k,. These local conditions
define the Selmer group Sg(Q). Thus Im(k) C Sg(Q) and the quotient is the
so-called Tate-Shafarevich group (or, more precisely, its p-primary subgroup).
The Tate-Shafarevich group is conjecturally finite. We study the local Kummer
homomorphisms. If v # p, then the result is quite simple: Im(k,) = 0. If
v = p, then I'm(k,) is rather mysterious in general. But if E has good, ordinary
reduction at p, then there is a simple description of I'm(k,).

Over infinite extensions K of Q which are *deeply ramified” at all places of
K above p, it turns out that the image of the local Kummer homomorphism at
places over p has a very simple description (almost as simple as at places not
dividing p, where the image is zero). More precisely, there is a subgroup C of
E[p™], which is invariant under the action of Gy . The description of C is quite
simple. For example, if E has good reduction at p, then C is just the points
- on E[p™] in the kernel of reduction. The image of the local Kummer homo-
morphism then turns out to be precisely the cocycle classes in H(Gk,, E[p>])
which contain a cocycle with values in C.

The main ingredient in the proof is a certain version of Hilbert’s theorem
90 for formal groups. If F' is any commutative formal group law defined over



Z, and if M is the maximal ideal of Q,, then Gq, ( and hence Gg, ) acts on

the group F(M) of "points on the formal group” with coordinates in M. The
result we prove is: H'(Gk,, F(M)) = 0 when K, is a deeply ramified extension
of Qp. This allows one to easily deduce the above result concerning the local
Kummer homomorphism over K,,.
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N name X, vV, Z, **
P term or agent P, Q, R,

prefix =. P wikxy EiLoly)
. P x EWDHRHOU IS4 yEREELEE b PE ®/o,
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Structual congruence :
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Richard Pink
This is a short synopsis of my colloquium talk entitled

Compactification of Drinfeld Modular Varieties: Local and Global Properties

held at Hokkaido University, Sapporo, on Wednesday, July 13, 1994. It is a great
pleasure to visit this university. Details and proofs of the statements below will appear
elsewhere.

For overviews of Drinfeld modules and moduli schemes see Drinfeld refDrinfeld or
Deligne-Husemoller [1]. Let X be a smooth projective geometrically connected curve over
a finite field F, with ¢ elements. We fix a closed point co € X and abbreviate U := X \{oo}
and A := H°(U,Oy). Any non-zero ideal I C A corresponds to a finite subscheme Dy C U
of degree deg([) := dimp, A/I. We abbreviate Uy := U \ D;. The degree of an element
0 # a € A is defined as deg(a) := deg((a)).

For any commutative Fy-algebra R the ring of Fy-linear endomorphisms of the additive
group G, g consists of all polynomials of the form

ugX + 1 X7 +u2qu +... € R[X].

Composition of endomorphisms corresponds to substitution of polynomials. Thus the
identity element is the polynomial X, and the endomorphism ring is generated over R by
the element 7 := X? subject to the relations 7u = u?r for all u € R. We denote this ring

by R{r}.
Consider an Fy-algebra homomorphism ¢ : A — R{7}.
Definition. ¢ is called ¢ Drinfeld module of rank r > 0 if and only if for all0#a € A
p(a) = go(a) + p1(a) -7 +... + pn(a) - 7"
with n = r deg(a) and p,(a) € R*.

One sees easily that the coefficient ¢y determines an algebra homomorphism A — R,
and therefore a morphism ¢§ : Spec R — U.

For any non-zero ideal I C A the intersection
ker p(I) := ﬂ ker p(a)
0#a€]

is a finite flat group scheme over R of degree ¢"4¢8()), In the following we assume that it is
étale; this is equivalent to the assertion that ¢f factors through U; C U. As usual, a level
structure is a trivialization of this étale group scheme. Taking into account the natural
action of A (through ) on ker ¢(I), this leads to the following definition.

Definition. A level structure of level I is an A-linear homomorphism
A:Vi=(A/)) — R
such that A(v) € R* for all0#£v e V.



Given a Drinfeld module together with a level structure (¢, A), we can obtain another
one by conjugating with a unit v € R*, yielding (upu™!,u)). We say that two pairs (i, \)
are isomorphic if and only if they can be obtained from each other by this process. The
following fact is well-known:

Theorem. If I # A, there ezists an affine scheme M} |, smooth of relative dimension
r — 1 over Uy, and a bijection

M7 [(SpecR) = {(p,A) over R up to isomorphy}

that is functorial in R.

The fact that this moduli scheme is in general not ‘compact’, i.e. not proper over Uy,
can be seen easily by looking at the expansion

up(a)u™ = po(a) +u' "Yp1(a) + ...+ u T pa(a),

where the coeflicients lie in the quotient field K of a discrete valuation ring R. Assuming
that the constant coefficient lies in R, we can certainly find v € K* so that all remaining
coefficients come to lie in R as well. But to obtain an extension to a Drinfeld module over
R (i.e. one of constant rank) it is necessary that the highest coefficient be a unit in R*,
and in general (if r > 2) both conditions cannot be satisfied at the same time.

For certain applications to the Langlands-program for function fields, relating auto-
morphic forms on the group GL, with ¢-adic representations of the absolute Galois group
of the function field of X, it is very useful to dispose of good compactifications of this
moduli space. One type of application is to the evaluation of the Lefschetz trace formula
for Frobenius-Hecke-correspondences, in particular using a conjecture of Deligne. This
conjecture had been proved before assuming the existence of a smooth toroidal compactifi-
cation by the author [5] and independently by Shpiz [6] (with earlier results by Illusie and
Zink), and has recently been proved in full generality by Fujiwara [3]. For other questions
concerning local cohomology at the boundary it seems, however, still indispensable to have
good explicit local and global information about a distinguished class of smooth toroidal
compactifications of M} ;. These matters will be explained elsewhere.

The main idea behind the following construction is to use the level structure as canon-
ical global coordinates, with respect to which local charts for the desired compactifications
can be defined and analyzed. In some ways this approach is similar to Mumford’s theory
of ‘equations defining abelian varieties’ [4] using algebraic theta-functions.

First we observe that the level structure alone determines a point of a certain moduli
space, namely that of injective F-linear homomorphisms from V to the additive group,
up to scalars. In explicit terms this moduli space is the closed subscheme

Qy C Ty = G} "}/ diag(G,n)



given by the equations 2,44 = z, + 2 for all v,v' € V < {0} such that v + v’ # 0, and
Tov = @y forallv € VN {0} and a € F ;‘. We shall use equivariant embeddings of the
torus Ty .

Definition. For any fan ¥ C Y.(Tv)r we let Qv be the scheme-theoretic closure of Qy
in the torus embedding Ty 5.

Since families of points in Qv can approach the boundary of Ty only in certain ways,
it is natural to focus attention on fans which reflect this restriction. Suppose that A defines
a point of Qy over the quotient field K of a discrete valuation ring R, with normalized
valuation ord. Then the behavior of this ‘family’ (equivalently, the degeneration behavior
of the injective homomorphism ) is determined by the cocharacter

yx = (ord()\,))y € ZY 0}/ diag(Z) = Y, (Tv).

Definition. An element y € Y (Ty)r 1s called F,-adapted if and only if, for every vy €
V N\ {0}, the subset {0} U { v € VN {0} | o > Yo} 15 an Fy-subspace of V. We let
C(V) C Yu(Tv)r denote the set of all Fy-adapted elements.

It is easy to show that a cocharacter is F-adapted if and only if it arises as y, in the
above way. The following result is elementary and not difficult.

Theorem. (a) C(V) is a finite union of convez rational polyhedral cones.

(b) For any smooth fan & with support equal to C(V), the scheme Qv s is smooth and
proper, and the complement Qv sz \ Qy is ¢ union of smooth divisors with at most normal
CT08sINgs.

The method for constructing smooth toroidal compactifications of Drinfeld moduli
schemes follows the same pattern as for Qy. The global coordinates are provided by the
following proposition:

Proposition. If deg(I) > 0, then the morphism
Mz,l — Ur x QV[7 (0, A) = (955 A)

18 a closed embedding.

Next there is a notion of ‘A-adapted’ elements of Y, (7 )g, whose definition is too
cumbersome to explain here. Some of the important properties of the set D(V) of all
A-adapted elements (which also characterize it uniquely), are:

Theorem. (a) D(V) is a subset of C(V).

(b) D(V) is a finite union of convez rational polyhedral cones.

(¢c) A cocharacter is A-adapted if and only if some positive integral multiple arises from a
point of ME,I over the quotient field of some discrete valuation ring.



In analogy to the previous simpler situation we let M7 ; 5, denote the scheme-theoretic
closure of M7} ; in Uy X QV{,E, for any fan X. The central result is:

Main Theorem. Suppose that ¥ is a fan with support equal to D(V'). Then

(a) M} 1 1s proper over Uy.

(b) If deg(I) > 0 and T is smooth, then the normalization of M} ;5 has only quotient
singularities, and the complement M} ;v ~ M} ; is the quotient by a finite group of a
union of smooth divisors with at most normal crossings.

(c) Special case: Suppose that A = Fyt]. If deg(I) > 0 and ¥ is smooth, then M} ;5
is smooth and the complement M} [« ~ M7 [ is o union of smooth divisors with at most
normal crossings.

Since the construction is a priori global, the bulk of the proof of the Main Theorem
consists of the local analysis of the resulting scheme. The necessary considerations are
intimately related to those that lead to a uniformization theorem for degenerating Drinfeld
modules over higher dimensional complete local rings. In another form, the ideas explained
below had originally been conceived by Fujiwara in 1991.

Let R be a normal noetherian complete local integral domain with quotient field K.
A homomorphism ¢ : A — R{r} is called a Drinfeld module in stable reduction form if
and only if its reduction modulo the maximal ideal m of R defines a Drinfeld module of
positive rank. (In that case, it also induces a Drinfeld module over K, of rank at least
that of the reduction.) Via the action of R{7}, the homomorphism ¢ defines a structure
of A-module on K.

Definition. A strict p-lattice is a finitely generated A-submodule M C K with the prop-
erties

(a) 1/m € R for all0 £ m € M,

(b) m/m' € R or m'/m € R for any 0 £ m,m' € M, and

(c) for any integer i > 0 there are at most finitely many 0 # m € M with 1/m & m’.

Here (c) is a kind of discreteness condition, (a) says that the lattice should not be
too dense, and condition (b) ensures that we can work with M as if the ring R were a
valuation ring. For any strict ¢-lattice M the following product converges to an Fj-linear
power series:

en(z) =z Y (1—-:;) e R{{r}} c R[]

0#£mEM
This is called the ezponential function of M.

Proposition. If M is a strict o-lattice, there ezists a unigue Drinfeld module in stable
reduction form ¥ : A — R{r} such that

Y(a)oen = epm op(a)

in R{{r}} for all a € A. Moreover the rank of 1 over K is equal to the rank of ¢ over K
plus the generic rank of M.



Onmne can interpret the Drinfeld module ¢ as the ‘quotient of ¢ by M’. When R is
a valuation ring this is well-known and belongs under the heading ‘Tate-uniformization'.
Namely, in that case let &K denote the completion of an algebraic closure of K. Then
ep defines an analytic function on all of K which is known to be surjective. Since M
is, by assumption, an A-submodule, the defining property of ¥ can be expressed by the
commutative diagram with exact rows

0 — M — K — K — 0
Lot Le@ |

0 — M — K — K — 0

Coming back to general R observe that the definition of a strict ¢-lattice applies to
finite A-submodules and hence in particular to level structures. Thus a level structure
A:V = K of p over K is called strict if and only if the image of A is a strict p-lattice.

Theorem. Let ) : A — R{r} be ¢ Drinfeld module in stable reduction form which has not
good reduction, i.e. it does not define ¢ Drinfeld module of constant rank over R. Suppose
that ¢ possesses a strict level structure of level I, where deg(I) > 0 (the bound depending
on A and the rank of ¥ over K). Then there exist o Drinfeld module in stable reduction
form ¢ : A — R{r} and a strict p-lattice M such that

Y(a)oep = ep op(a)

for all a € A (i.e. ) is the quotient of o by M), and the rank of ¢ over K is strictly
smaller than that of . Moreover v again possesses a strict level structure of level I.

Note that it is not asserted that ¢ has good reduction; in fact, as Fujiwara observed,
this cannot be achieved in general. But the last assertion of the theorem assures that it
can be applied inductively, so that one always reaches a good reduction Drinfeld module
in a finite number of steps.

This uniformization theorem leads to a good understanding of a certain class of degen-
erating Drinfeld modules over local rings of arbitrary dimension. The global construction
of the compactification of M} ; is made such that the crucial strictness assumption holds
locally on M} ;5. Thus, at least in heuristic sense, the uniformization theorem is the
essential tool in the local analysis of our compactification.
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p—adic L—functions and motives
A.A .Panchishkin

The subject of this collogium is to describe some new general constructions of p-adic
L-functions attached to arithmetical complex L—functions.

The starting point in the theory of zeta functions is the expansion of the Rieman
zeta-function ((s) into the Euler product:

(&) =Ja-p)" =3"n"" (Re(s)>1)

P n=1

The set of arguments s for which ((s) is defined can be extended to all s € C, s % 1, and we
may regard C as the group of all continuous quasicharacters C = Hom(R},CX), y s y®
of RY. The special values {(1 — k) at negative integers are rational numbers: ¢ 1-k)=
——%’i, where B}, are Bernoulli numbers and we know (by Sylvester — Lipschitz theorem)
that ¢ € Z implies c*(c* — 1)%’- € Z.

The theory of non-Archimedean zeta-functions originates in the work of Kubota and
Leopoldt (1964) containing p-adic interpolation of these special values. Their construction
turns out to be equivalent to classical Kummer congruences for the Bernoulli numbers,
which we recall here in the following form. Let p be a fixed prime number, ¢ > 1 an integer
prime to p. Put

(o (=) = (1= p*)(1 — FH1)((~k)

and let h(z) = 3 7 o & € Zy[z] be a polynomial over the ring Z, of p-adic integers such
that h(z) € p™Z, for all z € Z,. Then we have that

N ai ¢ (—k) € p 2.
k=0

This property expresses the fact that the numbers C((;;(—k) depend continuously on & in
the p-adic sense; it can be deduced from the known formula for the sum of k-th pow-
ers: Sp(N) = Z,]j__:ll nk = Z,—_%[Bk+1(N) — By41] in which Bi(z) = (z + B)* =
Zf:o (’:) B;z*~% denotes the Bernoulli polynomial. Indeed, all summands in Sk(N) de-
pend p-adic analytically on k, if we restrict ourselves to numbers n, prime to p, so that
the desired congruence follows if we express the numbers C((;§(~—k) in terms of Bernoulli
numbers.

The domain of definition of p-adic L—functions is the p-adic analytic Lie group X p =

X
p l

C,= Qp denotes the Tate field (completion of an algebraic closure of the p-adic field Q,),

Homcontin(Z;f,C;f) of all continuous p-adic characters of the profinite group ZX, where



k.
st
Kubota and Leopoldt is equivalent to existence a p-adic analytic function {, : X, — C,

with a single pole at the point z'= z; 1, which becomes a bounded holomorphic function

so that all integers k can be regarded as the characters z* : y — y*. The construction of

on X, after multiplication by the elementary factor (z,z — 1) (z € X,), and is uniquely
determined by the condition (,(z,*) = (1 — p*)¢(—k) (k> 1).

This result has a very natural interpretation in framework of the theory of non-
Archimedean integration (due to Mazur): there exists a p-adic measure u(%) on Z; with
values in Z, such that fz;,‘ mzl;' ple) = C((;;(—k)

The original construction of Kubota and Leopoldt was successesfully used by Iwasawa
for the description of the class groups of cyclotomic fields. Since then the class of L~
functions admitting p—adic analogues has gradually extended.

The major sources of such L—functions are:

1) Galois representations of G = Gal(K/K) for algebraic number fields K r : Gx —
GL(V), (V a finite dimensional vector space), and one can attach to r an Euler product
L(s,r) due to Artin.

2) Algebrac varieties X, defined over an algebraic number field K. In this case one can
attach to X/K its Hasse — Weil — zeta—functions Z(X, s).

3) Automorphic forms and automorphic representations. In the classical case one associates
to a modular form f(z) = Y oo, an exp(2ninz) its Mellin transform L(s, f) = > oo ann™°.
In general one can attach an Euler product to each automorphic representation using the
decomposition of such a representation into a tensor product indexed by all prime numbers
.

Conjecturally, all three types of L—functions can be related to each other using a
general theory of motives. For a fixed prime number p to the above complex L-functions
one can attach in many cases a p—adic L-functions. These p-adic L-functions are certain
analytic functions in a p—adic domain which are uniquely defined by interpolation of certain
special values of the corresponding complex analytic L-functions. The existence of such
an interpolation is equivalent to certain congruences of Kummer type for the above special
values.

We describe a general criterium for the existence of a bounded p-adic L—function of
motives using the notions of the Hodge polygon and the Newton polygon of a motive. Then
we discuss the cases in which these p-adic L-functions can be actually constructed. Recent
examples include Garrett triple products of modular forms and standard L-functions of
Siegel modular forms.
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Note on the geometry of plane curves via Tschirnhausen resolution tower
Mutsuo Oka

This is a joint work with N. A’Campo. Let C be an irreducible germ of a plane curve
at the origin. In the previous paper [26], the second author proved that a resolution tower
of toric modifications

T: {Xk—pi)Xk_,l —F e --)X1—1—)—1~)X0 =C2}

with its weight vectors {P; = %(a;,b;)} carries enough information to read important
invariants like the Puiseux pairs, multiplicities and etc. However in the process of the
inductive construction of a tower of toric modifications, we have to choose the modification
local coordinates (u;, v;) to construct the next modification p;4; : X;4; — X;. Here is an
ambiguity which makes it difficult to study the equi-singularity problem of a given family
of germs of plane curves. It is the purpose of this talk to show that there exists a canonical
way to choose the modification local coordinates (u;,v;). We assume that C is defined by
an analytic function f(z,y) which is a monic polynomial of degree n as a polynomial of y.
Then by the irreducibility, we can write:

f(z,y) = (y* + £12%1)42 + (higher terms), a; > 2

where ged(ay,by) = 1 and n = a;A;. There is a unique factorization of n = ajay---ag
with a; > 2 which comes from a Tschirnhausen-good resolution tower and corresponds
essentially to the Puiseux pairs of C so that the following property is satisfied. Let h;i(z,y)
be the A;;;-th Tschirnhausen approximate polynomial of f(z,y) for i = 1,...,k where
Ait1 = aiq1---a. Let C; = {(z,y) € U;hi(z,y) = 0} (Cr = C). Then those Tschirn-
hausen approximate polynomials play a key role. We will prove that {C;;i =1,...,k—1}
are also irreducible curves at the origin and there exists a tower of toric modification 7
such that the composition ®; := pyjo-o0op; : X; — Xy gives a good resolution of C;
for each ¢ = 1,...,%k. There is a unique way to choose the modification local coordi-
nates (u;,v;) so that u; = 0 is the defining equation of the supporting exceptional divi-
sor E; and the pull back of the ¢-th Tschirnhausen approximate polynomial is written as
Orhi(us,vi) = u:n‘(h‘)vi. Geometrically the series of the Tschirnhausen approximate curves
{Ci;i=1,...,k} (Cx = C) corresponds to the series of compound torus knots. The impor-
tant point here is that the Tschirnhausen approximate polynomials h;(z,y), i1 = 1,...,k—1
depends only on the coefficients of y/ with j > n —ay - - - ag.

The importance of the Tschirnhausen approximate polynomials was first observed by
Abhyankar-Moh [2,3] and our work is very much influenced by them. However our result
gives not only a geometric interpretation of [2,3] but also a new method to study the equi-
singularity problem for a given family of germs of irreducible plane curves f(z,y,t) = 0

whose Tschirnhausen approximate polynomials hi(z,y), i = 1,...,k—1 do not depend on
L.



There exist many applications of the Tschirnhausen resolution tower. For example,
we will give a new proof of the Suzuki-Abhyankar-Moh theorem from the viewpoint of the
equi-singularity at infinity.



Date: 1994 9 6.
Speaker: C. Kearton, Maths Dept, University of Durham, Durham DH1 3LE, England.
Title: Branched cyclic covers of knots.

Abstract: This is an account of some joint work with S.M.J. Wilson. Let k£ be an n-knot,
by which I mean an oriented locally-flat PL pair (S nt2 S “), and let K,, — S™? be the
m-fold cyclic cover of S™*? branched over S™. In general K, will not be a sphere, but
if it is we obtain a knot k™ which is the fixed point set of the Z,,-action on S™"*% = K,
given by the covering transformations.

It has been known since work of C.McA. Gordon in 1972 that there are knots k for
which K, is a sphere for infinitely many values of m; but the knots ¥™ are not distinct,
there are in fact only finitely many different ¥™. The main purpose of this talk is to give
an example of a simple (2¢ — 1)-knot k such that K, is a sphere for infinitely many values
of m and for which the corresponding k™ are all distinct.



Extending local representations to global
representations
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and
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September 18, 1994

Abstract- It is a theorem of Deligne (and Deligne-Serre for weight 1) that for a cuspidal
eigenform of the Hecke operators on the upper half plane which is of weight &, the eigenvalues
of the Hecke operators T, are algebraic integers a, with |a,| < 2p(*=~1)/2, In this note we pose
a converse question to this, and analyse to what extent CM forms can be used to answer it.
Analogous question is asked in the setting of Galois representations which can be thought of as
the non-abelian analogue of the Grunewald-Wang theorem in Class Field Theory, and we answer

it in one simple case.

The aim of this note is to pose the following question and provide an answer to it in
some very particular cases.

Question 1: Suppose that we are given finitely many primes p;,- - -, p,, and algebraic
integers o; for every i,1 < i < r, which have the property that o(c;) - o(ey) = p*~! for
some integer k > 1 and for every embedding o : Q — C. Then does there exist a cusp
form f of weight k& which is an eigenform of all the Hecke operators such that the Euler
factor at p; of the L-series of f, for every 1,1 <: <r, is
_ L

T-=i-2)

pi P

L;.(f,s)

Assuming the Shimura-Taniyama-Weil conjecture according to which all elliptic curves
over Q are modular, this question can be settled rather easily in the affirmative in the



case when k = 2 and a¢; = o; + @; are rational integers as follows. By a theorem due
to Honda and Tate, we can find an elliptic curves E; over the finite fields F,, with p;
elements such that the cardinality of F;(F,,) is 1+ p; — a;. If E is any elliptic curve whose
reduction modulo p; is the elliptic curve E; for every %, 1 < ¢ < r, then the L-function of
E is the Mellin transform of a desired modular form.

When k = 2 but a; are not integers, we can’t imitate the above proof even assuming
the generalised form of the Shimura-Taniyama-Weil conjecture according to which abelian
varieties with real multiplication over Q also arise as factors of the Jacobians of the
modular curves Xo(NN). The problem being that it is not clear if we can lift an abelian
variety with real multiplication over the finite field F,, to one over Q. There is then the
problem of doing this for finitely many primes p;,---,p, simultaneously. We, however,
don’t even know if an abelian variety over F, can be lifted to one over Q!

In this note we analyse to what extent CM forms can be used to answer the question.
Here is the main result of the note. All the numbers ¢; appearing in the theorem below

will have the property that o(c) - o(c;) = p*~! for some integer £ > 2 and for every
embedding ¢ : Q — C.

Theorem 1 Assume that a; = o; + @; is an integer such that p; does not divide a; for
any i, 1 <1 <r. Then there is a CM cuspidal eigenform f such that the Euler factor at

p; of the L-series of f is 1

T-20-5)
if and only if the quadratic imaginary fields K; = Q(y/a? — 4p5™") are independent of 1.
Remark 1 : The weight 1 case of Question 1 can be completely answered using CM

L,(f,s)=

forms. One simply has to take a quadratic imaginary field in which the prime ideals
(p;) split as (p;) = w7 and construct a finite order grossencharacter A on L using the
Grunewald-Wang theorem which is unramified at the primes 7; and 7;, and has the prop-
erty that A\(m;) = a;, and A(T;) = @; for every ¢, 1 <1 <.

- Remark 2 : There is by now a well-known result for automorphic representations, cf.
Rogawski [Ro], that there are automorphic representations whose local components are
pre-assigned discrete series representations at finitely many places. However, in question
1 we want to construct automorphic representations whose local components are pre-
assigned unramified principal series at finitely many finite places, and a discrete series at
infinity when k£ > 2. It is unlikely that this question can be handled by techniques of
harmonic analysis alone, as it is essential to specify the data which is used to define the

unramified principal series at the finitely many local places, in the situation of question
1, to be of arithmetic kind.

Here is the non-abelian version of the Grunewald-Wang theorem, and is the Galois
theoretic analogue of question 1 for weight 1.



Question 2: Suppose that we are given semi-simple matrices Ay, - - -, A, in GL(n, C)
such that the eigenvalues of A; are roots of unity. Then is there a continuous irreducible
representation ® : Gal(Q/Q) — GL(n,C) which is unramified at the primes p; such
that the conjugacy class of the image of the Frobenius at p; under the representation ®
contains A; for every 7, 1 <1 < r?

Proposition 1 Let G = Sy, and suppose we are given p; : Gal(Q,,/Q,) — G for
1 < ¢ < r. Then there exists p : Gal(Q/Q) — G such that the restriction of p to
Ga,l(ﬁp'./Qpi) is conjugate in G to p; for every 1.

Remark : We don’t know if the Proposition above is true even for G = A,,.

Remark : The problem of extending local representations to a global one is much
subtler than the problem of constructing extensions of global fields with given local exten-
sions. This is evident even in the case of a global cyclic extension in which case when the
local field extension is unramified extension of the same degree, the local representation
will be the additional data specifying which generator of the cyclic group the Frobenius
corresponds to.

We end by noting that the questions raised in this note are more interesting than the
fragmentary answers that we can provide and in writing this note it is partly our intention

to draw attention to such questions.
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Abstract

It is known that Zienkiewicz incomplete cubic element can only converge to the true
solution for meshes generated by three sets of parallel lines. However, it can be proved
that for the cross-diagonal mesh Zienkiewicz approximate solution may still have a
limit which is the solution of another variational problem, slightly different from the
original one. To remedy such a strange convergence behavior it is sufficient to modify
‘the relevant variational formulation through the application of numerical integration
to certain parts of the stiffness matrix. This results Agyris TRUNC element and a
nine degree quasi-conforming element, both of which were initially based on some
particularly mechanical considerations. A detailed mathematical analysis of conver-
gence of these unconventional elements and the error estimates are established. The
new elements impose no restriction on the meshes and need less computational costs
given better results in comparison with many other plate elements including the orig-
inal Zienkiewicz one. It is interesting to mention that the numerical integration may

significantly improve the convergence property as well as the numerical accuracy of
these elements.
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DIMENSION DEFECT FOR PSEUDOGROUP ACTIONS
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Introduction.

In this article, we define Hausdorff dimension dimg G of a finitely generated
pseudogroup G acting on a compact metric space X. We show that dimy G does not
exceed dimy X, the Hausdorff dimension of X, so one has a kind of dimension defect
dyG = dimyg X — dimy G > 0. We show that Lipschitz equivalent pseudogroups
have the same Hausdorff dimensions, so - in particular - the (transverse) dimension
defect of a foliation F can be defined as that of its holonomy pseudogroup H acting
on any compact complete transversal T. Several examples provided here show
that the dimension defect dgy G is positive when there is enough of contraction (or,
expansion) by elements of G.

The motivation of this research comes from the following.

First, Hausdorff dimensions (and other related dimensions) occured to be useful
in defining and studying fractals which appear often in the theory of (especially
complex) dynamical systems as, for example, minimal invariant sets (see [Ed], [Fa]
and the references there). For some classes of sets (like quasi-circles which are
defined as subsets of R® homeomorphic to S' and satisfying some other natural
conditions and which appear naturally in the study of Kleinian groups [Bo]), the
equality dimy X = dimx Y implies that X and Y are quasi-isometric [FM)], so
dimy becomes a good invariant to study dynamics of some systems.

Second, recent years brought wide interest in studying general dynamical systems
like relations, group actions, pseudogroups, foliations, etc. The variety of problems
and results in this area is pretty large. We list below just some of them (and give
only some references) to introduce the reader into the area:

(1) invariant measures for general dynamics, ergodicity, amenability ([P1], [Gar],
[Zi2], [Zi3], etc.), ‘
(2) entropy for relations, pseudogroups, foliations ((GLW]|, [LW1], [LW2], [Fr],
[Hul], [Hu2], [Wi], [Bi], etc.),
(3) other invariants measuring dynamics of general systems ([Eg1], [Eg2], [LW3},
etc.),
(4) rigidity of group actions ([Gh], [Hu3|, [Hu4], [Zil], etc.)
(5) geometry and dynamics of hyperbolic groups ([Gr], [GH1], [GH2], [CDP],
[GHV], [C1], [C2], [Ch], etc.).
Finally, the ultimate impulse came from [Le], where the author defined a measure-
theoretic cost {(®) of generating measure-preserving relations (pseudogroups, in
particular) given a finite generating set ®. [(®) has this property that it becomes
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larger if one wants to create more complicated dynamics. We realized that it should
be possible to find a kind of topological cost of generating. Thinking about it we
arrived to our dimension defect which has (to some extend) the similar property:
If the dynamics of G is complicated, then dyG is large. At the moment, we do not
see clear relations between dyG and the Levitt’s cost [(®).

The article is organized as follows. Section 1 contains basis definitions, those of a
pseudogroup, pseudogroup morphisms, holonomy pseudogroups of foliations, etc. In
Section 2, we define the Hausdorff dimension and the dimension defect. We provide
several examples and show basic properties related to morphisms, inavriant sets,
subpseudogroups, etc. In Section 3, we show how to estimate dimy G and dy G when
G admits a good (called s-continuous there) invariant measure. Finally, Section 4
contains the proof of vanishing of the Hausdorff dimension of the pseudogroup
generated by a non-elementary hyperbolic group I" on the boundary of its Cayley
graph while some final remarks are collected in Section 5. Since our examples
come from different fields (ergodic theory, dynamical systems, theory of foliations,
theory of groups, Riemannian geometry) we tried to make the exposition clear to
different readers, so we decided to include some backgroud material about holonomy
of foliations (Section 1.3), invariant measures (Section 3.1), and hyperbolic spaces
and groups (Section 4.1).
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ABSTRACT

An optimal control theory was applied to cardiovascular system to show the existence of the
optimal control strategy for the production of physiological aortic flow curve. The performance
function that minimized involved the time dependent change of ventricular ejection pressure, of aortic
flow rate and absolute amount of work of ventricle. The work of ventricle is composed of the
external work and potential energy of ventricle. Each term was timed with weighting coefficient so
as to quantify the magnitude of minimization of target quantities. The arterial system was expressed
by electrical equivalent Wind Kessel model and stroke volume was set to be constant as the integral
type constraint. The arterial pressure, arterial flow rate and ventricular volume were converted into
state variables and this biological problem was converted into mathematical problem for solving 6
simultaneous linear differential equations. The reconstructed aortic flow curves were similar with
those of physiological ones. The reactive changes in calculated aortic flow curves with changes in
system parameters were reasonable and in consistent with physiological changes. The changes in
calculated aortic flow curves caused by changes in weighting coefficient relating with time
dependent change in ejection pressure related with reduction of shear stress at arterial wall. They
were reasonably and rationality explained from the stand point of optimality in the cardiovascular
system. Present study showed that physiological aortic flow curve must be i)roduccd by the
optimal principle with performance function we have proposed. Present theoretical investigation
would be useful for the prediction of the optimal aortic flow pattern and evaluation of cardiac

assistment devices.



—i{t S 77z Curve Shortening
AFENEBRILIFFREEGEDN

b5 B BGHRFE T

t>0%FA—=7EUT. C#) : 0 (2(0,1),y(0,1)) : S* = R* %
LD SRR ET B, —fRILE NI C. S, HEK

% —glr) N (1)

EEZD, TI Ty v XM C() OME, N 127 DN & BAHEN
7 hVELUS g lZ R EOIEBEIERVERTH 5.

Ct) ZleohiciIvArAEhi MR ET5 & AEX (1) B
ot 00?
ERTIEDPHEDS, ZIT, 0 FHROBERE » ML DU THZRT
£72.T, =R/2v7Z TH Y. vIIHMBRORBIEHTH 5,
T, g(k) = signals|*lk DE XL, u=Bg(x), B = ||/t LI
Z&ET, FEX(2) I

+ g(ﬁ;)} (0eT,,0<t<T) (2)

uy = u’ (ugg + ), 0eT,, 0<t<T) (3)
LEXERE, HER(S) B U TIE. FIHME wo M
(A1) wyf € LN(T,) (6 #1) or logug € L}T,) (§ =1)

R A BEERMNNICER TS C EAER B,
i, 641 D&%, T £EREME L. § C T, 2ERAOES
te[0,T) I LT M, % u6,t) DBKEDES, M %

M ={0]3{(0(t,),t.)} € My, ® [0,T) st. t,— T, 0(t,) — 0}



EBR &L FHE (AL OFTRIEZR 5o
Theorem 1 For any 0 € M, (6 — g,@ + 12[) cCS.
Theorem 2 Let § > 2. Suppose that S # [0,2vn]. Then,

S = P—5ﬁ+zy
éﬁ 2" T3

Theorem 3 Suppose § > 2 and that S # [0,2vn]. Let u blow up at T
and 0y € M. Then,

u(6,1) s v
mﬁcos(ﬁ—eo) for 06(00"2,00—{—2)
uniformly as t — T. Moreover, if § ¢ U [9 — ﬁ, 0+ EJ , then
deM 2 2
u(0,1)
(0 t) "

Theorem 4 Suppose § > 2 and that S = [0,2vn]. Let u blow up at T'.
Then,

w(@,t) <C(T -5,  VIeT,

and

(T — t)5u(0,t) — g(6), Yo eT,

uniformly as t — T, where ¢(f) is a positive solution of the boundary

value problem

1
gog + 9 — St 0, Vo eT,.



Asymptotic connection between solutions
of different nonlinear equations for large time
Ilia A. Shishmarev

Moscow State University, Russia

We established asymptotic connections as ¢ — co between the solutions
to the Cauchy problems for generalized Benjamin-Ono-Burgers equation,
Burgers equation, and the Korteweg-de Vries-Burgers equation.

Further we consider asymptotic behaviour of solutions to the Cauchy
problem for the Korteweg-de Vries-Burgers (KdVB) equation and find the
first and the second principal terms of asymptotics as t — oo in explicit
form, moreover we obtain the estimate of remainder term of asymptotics
in uniform metric. We established these results in two cases, when t — oo
and |z| is bounded (the first case), and when ¢ — oo and |z|] — oo
simultaneously (the second one).

Finally we considered the Cauchy problem for the generalized KdV
equation

u, + Ba_(u") + Uggy = 0, uli=0 = (z),n > 4 — integer (1)
T

and obtained asymptotic behaviour as t — oo for the solution of the
problem (1). We produced the principal term of asymptotics in explicit
form and get the estimate of the remainder term in uniform metric.
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THE TOPOLOGY OF SPACES OF RATIONAL
FUNCTIONS (ABSTRACT OF TALK)

KOHHEI YAMAGUCH!I (NOVEMBER 16, 1994)

Department of Mathematics, The University of Electro-Communications.

Let C°°(S%,5%) (resp. C*(52,52),4) denote the space consisting of all smooth maps
f: 8% — 52 (resp. with degree d) and consider the energy function

E:C*(5% 8% =R
which is given by

E(f) = é/sz D £ (z)||?dvol

where the usual Riemannian structure is given on S2.

Then it is well-known that E has no the critical points apart from the holomorphic
maps on which attain the absolute minimam. (Critical points of E are called harmonic
maps.)

Let Holy(S2,52%) (resp. Hol%(S5%,5%)) denote the space consisting of all holomorphic
maps f : S2 — 52 of degree d (resp. satisfying the condition f(oco) = 1). (Here we
consider 5% = C U {oo}.)

The analogue of the usual Morse theory might lead one to hope that Hols(S?, S?) (resp.
Hol%(S?, S?)) is a deformation retract of C®(52,5%)y ~ Map(S?,52)q (resp. 0Q35%).
However, it is not correct, because the former space has the homotopy type of finite
complexes and the latter has the that of infinite dimensional complexes.

But Segal ([Se2]) showed that it is correct if ”d — co0”. That is,

Theorem (Segal). The inclusion maps iq : Holy(S%.5%) — Map(S?,5%) and jg :
Hol%(S?%, 5?) — Q252 are homotopy equivalence up to dimension d. O

(Here the continuous map f : X — Y is called a homotopy (resp. homology) equivalence
up to dimension d when the induced homomorphism f, : mx(X) — 7x(Y) (resp. fi :
Hi(X) — Hi(Y)) is bijective when k < d and surjective when k = d.)

It is easy to see that Holz(Sz, S?) is homeomorphic to the space of rational functions

£(2) = p(z) _ 28+ a2+ 4 ay
qg(z) 29+ byz¢ 1+ .-+ by
where a;,b; € C and the polynomials p(z) and ¢(z) are coprime (i.e. there is no common
factors). (Similar description can be described for Holq(S?,52).) So we shall sometimes
call the space Hol% (5%, 52%) (resp. Holy(S?,52)) as the space of rational functions.
From the above theorem, we may ask:




Problem. Let X C CP™ be the complex projective variety with Ho(X,Z) = Z and let
Hol’(S?, X) denote the space consisting of all holomorphic maps f : 8> — X of degree d
with f(oco) = xp, where xq is a basepoint of X. Then is there non-negative integer n(d, X )
such that the inclusion map

ja: Hol3(S%, X) — Q32X

is a homology equivalence (or more generally homotopy equivalence) up to dimension
n(d,X) and limg—. oo n(d, X) = c0?? O

Until now, the above problem is affirmative for the following cases:

(1) X = CP™. (2) X = Granssmann manifolds. (3) X = toric varieties. etc...

In this talk, we would like to consider generalizations of the result of Segal and the main
result is as follows:

Theorem. Letn be a positive integer and let X,, = CP™ — Uy<;<j<nH; j, where
H;,;={[z0: - :2,] € CP": z; = z; = 0}.
Then the natural inclusion map
ja : Hol3 (8%, X,) — Q3Xn

is a homotopy equivalence up to dimension d. [J

The above result is based on the joint work with M. Guest and A. Kozlowski ([GKY]).
The essetial point of the proof is:

(1) First, we shall show the stabilizaed result, i.e. the limit of the stabilization map

. 2 lim 84 . 9 9
dl.-l_)I{.lo Hol3(S*, X,.) — dlilrolo Q35X ~ 05X,
is a homotopy equivalence, where s4 : Hol%(5%, X,,) — Hol +1(S2,Xn) is a stabilization
map induced by adding the point from the infinity.
(2) Second is to show that sq4 is a homotopy equivalence up to dimension d.
In my talk we also would like to consider the homotopy types of Holsz(S5%,52) and
Hol%(S2, S2) explicitely for small d.
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Representation theory and harmenic analysis on reductive symmetric spaces

Shigeru SANO (Polytechnic University)

Let G be a H-C class reductive Lie group. Let o be an involutive
automorphism of G. The set of all fixed points of o is denoted by G°.
Let H be a closed subgroup of G such that G§ C H C G". We study
harmonic analysis on the reductive symmetric space G/H.

Let g be the Lie algebra of G. We denote by the same letter o the
corresponding automorphism of §. Let § = h+ g the eigenspace decom-
position of g for 6. Let & be the Cartan involution of § commuting to
the involutionA o and §= €+ p the eigenspace decomposition of g.

Example SL(n,R)/S0(n), SL(n,R)/SO(n—p,p), SL(2n, R)[Sp(n, R) B

We consider the Hilbert space L?(G/H),dgH. The tegular represen-
tation R of G on L*(G/H) is defined by [R, fl(zH) = f(y~'zH). We

consider the problem to give the irrreducible representation decomposi-

tion of the regular representation. For group manifolds and Riemmanian
symmetric spaces, the decompositions are well known. For the problem,
we give a structure decompsition of the symmetric space G/H which
depend on the principal series representation of G for the symmetric
space GfH. Let 04 be a Cartan subspace of ¢ Let j be the Cartan
subspce of g such that it contains the space 0 and the dimension of
its split part is maximal. We put ap = jN P, L = Zg(0p) and X(L) =
Hom(L,R*). We define M = nxeX(L) Ker | x|, Ap=expay Then
L=MApy, MNAp={e}.

We take a D-compatible order of the root system X(0p, g) and put
n=73 . ,8% N = expn We have a parabolic subgroup P = MA,N
of G. According to the subspace o = 0y NP, Weyl groups W and Wgy
ate defined by W = Ng(®)/Zx(0), Wi = Nrgnu(®)/Zxnu(9).

Let o}, 02, ..., 0f be a maximal system of Cartan subspces of ¢ which
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are not conjugate each other under the actions of Kz = KN H. Ac-
cording to ¥, we take the parabolic subgroup P* of G and Weyl groups
W* and Wk. We set Wi = WF/W}.

Proposition 1

(1) Us UweW’;.(KHwP")H =G[H

(2) If j # k, then dim Li*/(L)* N H) < dimG/H, where Lh* =
(KgwP) N (Kgw'P*).

For the Langlands decomposition P¥ = M; ANy, we define Fourier
transforms on G/H using above decompositions. Since rank M; =
rank M; N K, there exist discrete series representations of M;. Let
£4(My /My N H) be the set of all equivalence classes of discrete series
representations with M;NH fixed vectors. For any w in E4(M} /My NH),
there exists a G-invariant closed subspace V, of LZ(My/M; N H). Let
o be the projective spherical distribution o, : L?(M; /M NH) — V.

Irreducible unitary representations of A;‘, with Ag N H-fixed vectors
are given by » € \/—-—-1_&2 We put A = exp ;. For any o,,v and k, we
define a Fourier transform

Ek < fw,v,k’f >

n
= Z / / f(kmanH)o,(m) exp(—v log a)dkdm™ dadn™.
i K M ARx N

Theorem 2 There exsist measures p(c,,v) such that for any f in

CX®(G/H), we have

fleH) = Z Z /eJTn* < Fork > u(o,,v)dv.

k=lw€éd(Mr/MNH)



MacPherson-Chern Classes and Topological Radon Transformations

Toru Ohmoto, Department of Math., Kagoshima University
December 8, 1994, at Sapporo

The purpose of this talk is to give an outline of a joint work with Shoji Yokura ( Kagoshima
University ) and Lars Ernstrém ( Ohio State University ) [2].
Let X, Y and Z be smooth algebraic varieties, and consider a divergent diagram of algebraic

maps f and g : X L 7 L y. Associated to this divergent diagram, we define a topological
Radon transformations of constructible functions by the composition of the push-foward and the
pull-buck

FRed .= g o f* . F(X) — F(Y).

In his thesis [1], Lars Ernstrém studied the Radon transformation Ff% in a special diagram
PN E . 4 Gry(PN) where Z = I is the point-k-plane correspondance and p, g are natural
projections. He gave an explicit description of the image of the local Euler obstraction ( con-
structible function ) Euy € F(PN) of a reduced subvariety V via the transformation F224, which
involves the affirmative answer to following Viro’s conjecture (cf. [4] ) as his formula in the case
of k=N~-1:

FRY(Buy) = elpuw + (=1)V ! Euy.
where e means x(V N L) for a generic hypersurface L.

On the other hand, as an analogy to the Chern character in the K-theory, MacPherson gave the

following theorem, which was conjectured by Deligne and Grothendieck :

Theorem 1 ([3]). There exists a natural transformation from the functor F' of constructible func-
tions to the functor H, of singular homology groups, ¢. : F — H,, which, on a non-singular al-
gebraic variety X, assigns to the constant constructible function 1x the Poincaré dual of the total
Chern class of X.

Usually ¢, is called the MacPherson-Schwarz-Chern transformation . We note that by MacPher-
son’s construction of ¢, for an algebraic variety X, ¢.(Eux) is given by the fotal Mather-Chern
class Cpr(X) of X.

It hence seems to be natural to consider the following problems :

How can we define ” Radon-type transformations” on the level of homology groups appropriately?
Futhermore, how can we describe the relationship between the Mather-Chern homology class of a
projective variety V' and the one of the dual variety V* ( or the k-th dual variety ) ?

For a divergent diagram of smooth varieties, we introduce the homological Verdier-Radon trans-
formation

VEed =g, 0 f': H,(X) = H,(Y).
Here f" : H,(X) — H.(Z) is defined by f"(€) := ¢(T}) N f'(€), where T} is the virtual relative
tangent bundle TZ — f*T'X and f' denotes the Gysin homomorphism of the homology groups.

Then, using ” Verdier-type Riemann-Roch”, we can show

Proposition 1. For any smooth divergent diagram X Lzs Y, the above two Radon transfor-
mations commute together with the MacPherson’s transformation, c, o FRed =y fed oc, .

Corollary 1. For a reduced subvariety V of PN, it holds that
3(Cu(V*)) = (-1)N e ((Tp) N P'aCur (V) + ec(P*V) 0 [P*]},

where i (‘resp. j ) is the natural inclusion of V in PN (resp. V* in P*V ).
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Riemannian metrics with prescribed Ricci curvature

Dennis DETURCK and Hubert GOLDSCHMIDT

Let R be a given symmetric 2-form on a real-analytic manifold X of dimension n > 3;
we seek (locally) a Riemannian metric g whose Ricci curvature Ric(g) is equal to R, that
is, we wish to solve the equation

(1) Ric(g) = R

for the metric g. When R is non-degenerate, it is known that a local solution always exists
both in the C*®°-case and in the real-analytic category. Here we are interested in the case
when R is degenerate, but still has constant rank. We also impose an additional condition
on R: the kernel K of the morphism R’ : T — T* determined by R, where T and T*
are the tangent and cotangent bundles of X, is an integrable sub-bundle of T. Our main
result asserts that, if R is real-analytic and if the 1-jet of R at a point x € X satisfies
certain appropriate conditions, the equation (1) admits local real-analytic solutions in a
neighborhood of z. In particular, it implies the following:

THEOREM. Let n > 3 and 0 < m < n be given integers. Let R = (R;;) be a real-
analytic symmetric 2-form on R™ defined in a neighborhood U of the origin satisfying
R;j =0, forall1<i<mnandl<j<m, and

k=1 l=m-1
forallm+1<1i,7<n andx € U, where

R® = (R})mirgij<n, Q= (Qf)mii1giicn

are (n —m) x (n —m) symmetric matrices which possess the following three properties:
(i) the matrix RO is invertible;

(ii) the matrices Q,...,Q™ are linearly independent;

(iii) the matrices Q',...,Q™ are traceless.
If v is the dimension of the common null-space (in R™"™™) of the matrices
Q',...,Q™, suppose that the following conditions do not hold:

(iv) we have m = 2 and n = 4;

(v) we havem =2, n=5and v =1;

(vi) we have m = 3 and n = 6.
Then there exists a real-analytic Riemannian metric g on a neighborhood
of the origin in R™ which is a solution of the equation (1).

We have also found a necessary condition, which R must satisfy in order that our
equation have local solutions. This condition arises from the Bianchi identity for the
Ricci curvature and only occurs when R is degenerate. It leads to examples of degenerate
symmetric 2-forms on R™ which are not Ricci tensors of any Riemannian metric near the
origin.
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Wi, X 2MAZEEL, XX * X oRMAESRELT S, IFERERTE, Rz
R BLHIE Of(z) = {f(z) ; n € 2} DHEMEHE LRSI L2EELTS. —RIT
HER $oEoRETHENL, FREKZERLIZLW, 22T, Bl ERNICOR
WTTHO L) ICRHATCENITFEFCTH 5.

COZLE, X OREH ¢ :RxX = X T, o(l,z) = f(z) L 22 dOFFETIEhE
WHREICR S, TOLE, go(n a:) fH(z) (nez) &V, $3E Os(z) & {p(t;z) ; t € R}
KXo Tnd, NERER TR, RIEADZ &% flow (JE) LI, o(1,2) = f(z)
&b flow o BHFET B L % f % flowable (FWMALWEE) &), ,

ZZC, 5i2bn/FMHEEID flowable LB P L VIMBEEEZELSL. ThiIZDOW
i,@E%kk@ﬁ%#m ENTES.

Bl ME2E> R? OREEECEHES (f(:c) =g ERBR) ZFLEZVIOR
flowable 2* ?

M b5 &, REOEEZROFAMERI flowable 127 72\ (Brown 1985).
DO FIAEEE A flowable THRWI L 2RTDIZ, W OrDEEWMMELN, 22T ii)‘uﬁ
ZEEZEZDILICTS, FHE O(z) 21 HAKOBELTCTEZEMEHBEZRM L.
MEG T
7: X - X/f

LU, X/fCw ick BB E VWAD L&, X/f R—RIC Hausdorff 127% 5%\, Hlx
¥, Figure 2 ® Reeb 5 % ROFMEMRICOWV T, X/f 2% Hausdorff 127 57\,
X/f £E® Hausdorff ZHbhVEekE § L3hLE, n1(S) 2NV AN VI RE
£y, HlZE, Reeb B 2 RORMEMZRTIE 2 RDOEMRICE S L, Brown OB TIEEL
& D 2RO 5. flowable RFEMEBETHE, FENT AR VT EED flow [ZBT 59
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Figure 1: Brown D%

E {p(t,z); teR} DML L HRITATLR LRV EPFFEZITR I NS, Brown DD
&, TEEFEEL LD flowable LG L L VOTHE, ZOLHIIENT AR VTELSE
FEa N VEREOHEREFARL L THEECEATH 5.

FIT, MELELEESEEL LV R ORMEEZIIOWT, IENT ARV ITEED
ARWHE RN, ROBRER .

EE 1. FENTAFVITEAR, BTEVLEOIZXRTIL THA5.

FIE 2. FENT AR VT EEEFEEER R VDI, flowable TV R2 D[F
MHEERPFET 5.

Bl CIRIEFRIEICOWTIENY AR V7 EEDIHEFER L T 5, FEIC, rR® OIERF
£ C non-wandering set 2SZBIZ %2 5 L E ATV S, TN E T, minimal set 25HTFF
FE$ 5 Z & (Schweitzer D[FE 34) , FIZ Hausdorff % & I flow 4% product 2% 5 Z &%
RU7z. L# L, Marin OF) (1994) Fd Y, —BROBERMS Do TV WVOFHIR
ThHsb.

/‘\
FENTAFNVTES
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Figure 2: Reeb B4 % {2 FAE S



SYMBOLIC DYNAMICS AND RATIONAL SUBGROUPS OF HYPERBOLIC GROUPS

(1)Hyperbolic groups & & CTIXHRERBEEE I OBM 2RI o —RICZOEFBTOE
GFARRDDE, —RITEAEMK, EHEMTHE5AVA4757 GT,A) LIFHINE b OR
BRIk D, ZOESRIIEOTEMNB LTS, 52T C G(T,A) TI HEHEED dy DA
Ho 8T, I'AFavnypy—< ‘/%ﬁﬁi@%ﬂ:ﬁ m (M) Thofzb LLI, EEEEZEH
Mo—gze MZENEL Tz C MIZY—<VEIEPLEDPNLEH dy A5, (T,da)
& (T, dpr) V3 Lipschitz equivalent DBfRIZH 5, Bl bH B C > 10HoT1/C <dafdy <
C #ii7=%, £ TI OElE% > 7 E T Lipschitz equivalence TRZEZ b D& B LA
Vi, JRIZ M (M) LoOFE#EZ o 7280 RO T = o(M) @ HEAS, Lipschitz equiv-
alence TAELEE, ZOWEZHET ZITOTET formulate TXBHERH B, ThDT) L
V3o 72614 Gromov hyperbolic group T %, BHERFLEHE M QL BHEZE M OHo
EAFBIERPE VL LIRE(ALNTVWS, VY Y EMZOELANLFETH L, Ok
E%. Lipschitz eqivalence TAETH AL LG H Y, o T = n(M) DERITT & R
BOTrA V4757 DHD=ZARIRET NS,

€36 MESUH T 5% hyperbolic L id, EEICERTR RO, 2054V 4 75 70RO
AESRETNBEE VI, Refs i

(1)M.Gromov, Hyperbolic groups , in Essays in Group Theory, MSRI publ.8, Springer.

(2)E.Ghys, P. de la Harpe eds, Sur les Groupes Hyperboliques daprés Mikhael Gromov.

Gromov hyperbolic group 1FV { DPOERZHE % A7/-TH5, T 2 TIZHO boundary 12
DV o

EZE hyperbolic group I /N7 Y ¥ A 9L &id, A4 VA7 57, —mh 5 ORI E
BREAMEETEH b DOTH S, 2V 37 MC, T PEARIMEAT 5,

(2)Symbolic dynamics I'=Z O¥%&. TWAEHTH2HONERERNDL Z L3 &<
RENTETVD, HiC § 2ARKEL LK, 3 (8) = {Z 76 S~DEFEf } LBIF
X, BRI Z 2°5(9) BT 5. D.(9) X Cantor set TH b, », =5 (I,9)2I'"H S
~OEHEELE T, LOFEEIZOBRICIDVR 5,

&T. T % hyperbolic group Pk, (O, D) X EALNEZRTHA ) 0. 2, (3,1
EENSBVE) DDTHH ) Do PR, THn RTEMERSREDELFE TH o5,
Or = S™ 1 CTHy, BHEZLHIX, Cantor set Tdh b, hyperbolic group 13fk4 % /3 » 5
VA 2FLELI LG ENE, LAL, Ihbd, XBEHOBRUENLZEERD S5, €
NEMBHIC, LTTERET 5,

ﬁ A subshift of 3 =Y (T, S) &1, closed , I invariant subset of Y, DZ & TH 5,

ACY,FCT 2KBREEGLTER., C={o€) |o|lr € A} % cylinder &5,

% C % cylinder £ § 58, @ =N,eryC % Y, ® subshift of finite type &IF5,
ETwa Yy PERTT PNEFRIAEA LTS LT 5,

E%% (w,T) " finite type & 1%, @ % subshift of finite type & C > (T, S) & &kt 24,
Cequivariant Z25& 7 : @ — w PFEETEHEL VI,
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5% (w,T) 7 finitely presented &1, @ 5% subshift of finite type® (2 L T finite type
THY. R(r) = {(d1,¢2) € D X B|n(p1) = ()} EBWVAEE, R(w) b finite type TH 5
B2V,

F8 (Fu¥x7) I Hhyperbolic group @K, (8T,T) 13 finitely presented T 5%,

ZDEHEIZ, M.Coornaert and A.Papadopoulos, Symbolic dynamics and Hyperbolic
Groups, Lecture Notes in Maths,1539, Springer 25 L { #-> T\ 5,

(3)Rational subgroups and hyperbolic groups.

ZHE D e HIEL L. TOERTERO, GI) 220544757855, HCT:
subgroup 7f rational 2135 N > 0 0o T, BN z,y € HIZHL, [ Z G(T) DFD
Ly ko CHEEQOHEIMBLETHE, d(I,H) < N 2&/2d,

H c T 7GR 513 rational TH 5,

Heisenberg group 13 I' =< a, 8,7|[a, 81771, [@,7], [B,7] > L TR END D, H = {yi €
Z} cT B Lk, Hliirational TV —Fh, ROBEIFH 5,

£H (W.Neumman) T % hyperbolic group & L. ¢ % I' ® quasi isometric 7 HT.HE
BL4sb, TOK, ¢ OEZERIZT O rational subgroup TH 5,

F 58 H % hyperbolic groupl’ ?® rational subgroup &35 %, Z®K, 5 cylinder C 7°
HoT, ®=N,egyC B L, LB, &4, Hequivariant 5% ay : & — 0H HF
T %,

Remark(1) hyperbolic group & ) 5\ 5 A CTEMZFHICREVEEZ Db DL ROT5
ZEIFB LR, BiZiE, BWHEERROBEL ZOMSHNLIH L WELBMENICES
LRTELZWTH L) e TNORBAMEAERM TR L T 5,

(2) BEBERR I CIERE O T HREZAY, hyperbolic group THWE | HERED 2>
N7 MEZE) LTIuhbhbiv,

(3) &0 & ) 7 Z2# A% hyperbolic group DN Y ¥ A 12 W FEH, TRV HFEVH
ARLEDIZBH LAVHETH 5,

(4) BEBBEOERED F AU V-2 KBS axEu I —Hieto<oT, ZORHELL
T, T ?%hyperbolic group @k, closedK (T', 1)manifold I2t&, positive scalar curvature A°
AbZRWZ L% JRoe AVRLTW5,
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Gillet-Soulé Adams operation using Nielsen’s
Schur complex

RN
T 464-01 ZEEW THERXAZN £4hBRFHENBFRE

hasimoto@math.nagoya-u.ac. jp

1 Gillet-Soulé Adams operation
J.-P. Serre X [10] ODF T, RO L ) FHEEZRE LT 5,

FH8 1.1 X H5EHE % regular scheme TV, Z %% X OEEHHH LA AF—4, W i
XNY OBMBBESGTETE, O,

1 codimy W < codimyx Y + codimy 7.

2 codimx W < codimx Y + codimx Z % & i,

S (~ 1) Loy (Tor"™* (Owy, Oz,x)) = 0.

3 codimx W = codimx Y + codimx Z % 5 I£,

> (= 1)loy  (Tory " (Owy, Oz,x)) > 0.

Serre (% [10] DT, 1 IHEAE G X, 2 £ 3 DWW TIL, Oy x PRS2 BHICEER L
TWh, 3 D—RDOGEIIRERIED, 2 &, P. Roberts [7, 8] & Gillet-Soulé [2, 3] 12 & o
THSLIZEERR S iz,

Gillet & Soulé DFEFATI, support ZROUEY K —HEFRICAROEE L EA L T Adams
VERZAEETAI LR L L S, T72, 2D Adams TEFZ L, S. Dutta, P. Roberts (2
Lo THA S N7z Dutta multiplicity % BRICFHBT 5 DI BRILOD T BV LRE
FMERICX> TFHESN, T H®E P. Roberts 52 D% 52 72,

FLE[3] £2i3 [11) 2R L THEE oW, MEE L Adams operation 7322120
WTETHERZV, AF—LETRTEBRRTOF— 5 THENLZ D ET 5,



AF =2 X AZ3F LT, sub(X) 2L o T, X @ closed subset DEED, N I2&o TLT
monoid # & T, Y € sub(X) I LT, X £ locally free sheaves (of finite rank) D 7% 3
bounded complex

IF‘:O-——»Fh&Fh_la-n——»F’liFo-éO
T, Flx-y PRETHE L) RIDEEN (F= A VBFEFLELT) 2TEE Cy(X) TE
To Cy(X) D RDOFEEE Cy(X) TRT &, Cy(X) d@ 2F1& LT additive monoid
275, F 25 Cy(X) DREDEE, F O Cy(X) BT 58% [F] TRZH. Cy(X) 1T, Kk
D2ODBEBTERS L FERMR ~ 2E2 5,

105G—F—H-o0% Cy(X) @ exact sequence DI, [F] ~ [G & HI.
2 F,G 7 Cy(X) DHR, F PEEDE, [Fa G| ~ [G].

BHIHPBE LI, K (X):=Cp(X)] ~ i, @ M ETH2MBEOEENFEINL,
5512, K§(X) = Oyemsoo KY (X) £ BT, [F] € KY(X), [6] € KF(X) 13 LT, i
% [FJU[G]:=[F®G] € KY"?(X) LE®HH I &IZX> T, KJ(X) & sub(X)-graded 7 T
BBRIZR D,

X EDOEBONYE VO K—8 Ko(X) i KE(X) EABTHE, £ZAT, X £O
YR VIR, @, @ (FNEFNANEFREICHE) IS0 R, symmetric power, exterior power 7%
EDEZEHRIH I operation B 5, F, F&IZHNZ T, exterior power A* 23X T AH L
W—IHEE N (1 =0,1,...) & N[E] := [NE] TE&HT 5 &, well-defined T, ZNITLo
TEKy(X)DWANRIZHAZERZENIZIEHL AV, ST, TRIR RV ARTH S LI,
i >0 LTAN :R— RAF526h,

1 X =1,2(z) =2z (z € R), (1) =0 (k > 1).
2 M(z +y) = Tho M(z)A(y).

3 Ar(zy) = Pu(WM(a),..., (@) AL(w), ., W), & 02, P € ZlXsy .o, Kig Viyo Vi
61, Zﬁ%lfl,...,fk;m,...,nk b:?frl,“( '

ex(&am, - -, &) = Pe(en(€),- - en(€)ien(n), - .- ex(n))
(e; 13 i T H @ elementary symmetric function) T—EBRIZE F 5 £ HR,
4 Me(M(z)) = Pog(A(z), ..., A¥(z)). T ZIT, Py € Z[Xy, ..., Xu) &
ero e = Priler,...,en)
T—EMICE £ 54K (o Id symmetric function @ plethysm, [5] ZH),

MERY ace RIZNLT,
E(t)(a) = Y N (a)t",  E'(f)(a) = 3 rA ()"

r>0 r>0



EBE,
2 (=1 )t = E'(t)(e) / E(t)(e)

>0

o TY*:R—-R(k>1) %95, v* % R ® kEH® Adams operation &IER,
Y*:R— R ZBOHTERETH S,

X 7% regular DF, K (X)g = KY(X) ®2Q IZBARICY LD coherent sheaves D K-
group 2 Q % tensor L72% D L [FEITH D, Grothendieck Riemann-Roch theorem 1 Lo
T, TNIXY O rational Chow-group CH(Y)q ERETH B, CH(Y)g 13, X BT 5
codimension 12 &> T, S PICEMAHEL TV A, T 5 KY (X)) OEMDBEOERL,
—RLTIEAELHTEV,, K (X) 121, 5ET Y —0 support ® X I2B1F % codimension
2 & o T, B filtration 25A 5 %5, BRI SIS 2 kv, Ei, CH(Y ) ® codimension
i @ component CH% (Y )g IZXIT 5 DI, KY (X))o @, ¥ 12x3 4, EAME k' ICx L
7-EAZEM (£ k 12 depend LZ2VY) TH 5B, $Fi2, KY (X)o 1F X 2% regular % 5, *
DEAZEBOEMTH B, ZDEZED, Serre DFHED 2 OFEEBHIZAZHIZFIVTWS,

2 Q-scheme MNIFE D construction

CDEH% MEETERZDDE KI(X) IZEAT 5121, X D coherent sheaves DE
ADB & | simplicial & coherent sheaves DE L D RMETH 5 Z L 2FHL T, —H Cy(X)
? object % simplicial sheaf & R T4 5 (FHHIZ) exterior power ZEH 3¢, HFoh i
simplicial sheaf & % ) —FEHREALLBVET I LICLoTHELNSE, LA L, ZOERIE,
FRIFEEMLEIVVEE, S2A0N FIIHN LT XNF #RBTH2ERE2EXTTL
BB TiE v,

ZZTC, (BOHETOBRVDLZEEEDNEN), X I, N POBLNLERIHOT,
N'TF i, (F)® 12 5 RS FREEDASAAYIZVER L 728 D invariant subcomplex & LT, bo &
BEIEONLEDTIE WL W) BRIPD {, TDE 2L, Q-scheme DEFAITIZIE LV,
(F)® 121, e R HEEMMER LT\ %, BHIZT VY —DJEFEE ANIEZ 5727 TldF= 1
VEBIZELRVOT, BRI RV, FL0BEEEZLL, Fx A VEBTERLT
Wb, TOERZEV, —REHEFEOBMERTH 5 Schur MFEZEAOHEIZ (Q LDIK
% BV T) Nielsen [6] A EILL TW5E, NF BZ0EJHRZEEL LT, BRILELRS
(F)® OEMEFTH L, RSV 0, BERIROEEITIE, ZDFD construction i, &
IR0 THREFN 2 TEFNICET L HITIEHERT, well-defined % A & K (X) 1< induce
SELELDIZE L wEEbNSE, LALEDDL, Q LOBAITIE, D construction T
IFLMEENEFETESL, TNZ check THZ LW, RLTEHLWZ & TlERW,

HMPNWEZEEZ LTV RWODT, statement & L TIHZET WS, B 5 7RI, Gillet-
Soulé @ construction &, . Q-scheme |ZfRB> T® H 7z 1D Nielsen @ Schur complex
% FIV37z construction 2SR U A-structure # 52 TWAH EWH T ETH A,

Schur complex i, local ring £ ® bounded free complex ?® minimality % £, Gillet-
Soulé @ comstruction T, minimality {ZfR7zN 72\,



W, B p >0 DIELETHE, p %ﬁ@ Adams operation %, Frobenius {2 &> T5 2 56
s,

3 Dutta EEE

(A,m, k) & d RTLA— Y ERBITER L 3%, F i3 finite free complex C, homology @
length XHBMRE TS, TO, F O Dutta EHE Dy(F) 2528 p > 0 DIFE, RO X HIC

EEING,

Da(F) i= lim — S (~1)La(Hi(°F)).

n—oco pde i>0
Z 2, ¢F i3, F @ e [Al® Frobenius, 2% ), F ® boundary map DfTH|DEHT % pFe L
72 DTH 5B BE—DYE, local Chern character (Fulton [1] ) & HV>T Da(F)
I3 SN 5 [4]. Dutta multiplicity 122V T, XROTFEFH 5,

F18 3.1 F RS d T, Hy(F) # 0 DB, Dy(F) > 0.

Z OFRHIE LT 1, Serre DFIED positivity part 3 2%, Y 2% Cohen-Macaulay D
ICIELL B, dimX <5 DEIZHIEL % 5, A P complete intersection 2 b, ZDF
BEIE LV, 7, A CIOFENSE LT IIE, A OEBREF y 1200, AJyd TH IO
FHEEELW), Shid, FAES d—1 0 A/ydA LOKETY - DR SHMROD non-exact
72 finite free complex £ §5 &, &E d D A-free complex <, F & quasi~isomorphié b
DBEND (FHO L—complex) X%,

72 ANEH p>0 THLELV, ZNEEE, New intersection conjecture DfFH [9]
CAEBIIEDbN T,

ROEHERIT, BEFIZ L > TFES N, &t P. Roberts 12 4o THRI N,

T 3.2 FED k> 112K LT, Da(F) = limpoo xa(WF[F]), & THT, x4 EF 17 —1F
B(REOY —-DRIDORAHM) ThHb,

W
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BMILEMHDZERDOFE L4 D order & norm
bk - BFREEPFERT K B
Z DEBEITIFADIE R A EE BT 2 I1CH 2> TD [HEEESHR] L -7cdDT, B
MTIEHSANEEREHNOEE TITFBEEL TS B EENEIT TOWIEDE

%ig@%mmmﬁfﬁé&b#bcmvyxT@ﬁ%%ﬁ%miﬁmﬁécém
b5

M, “ {nxn (EZ) 7044k} &9 5. Matrix unit Fi; %4> TETF
X eM, ZUTOLSIZHERTS :

X =[6;] = Z i B

1,7=1

ZEDHE A M, — M, OEIEER U RUSTESAO 2RO T2/ L(M,, M,,)
KRB, " BIBE XD O ICBTAERIT (E;) (5,7 =1,2,...,n) TEXTHH
ADT :

9] % [W(Ey;)] € Mun

AEZB. WGV [U] T L(Mp, M) & My, BRA—BENB5, EREHE
T My ETF o VIVEM, @M, ER—BEN5. F£iz M,, i3 C"™ OBREEHD

EETHZH, C FERTHTICED My m < {n x m F5lOLK } ER—H
xh5.

Ef U € L(M,,M,,) % Hermitian T35 Z & A& ¥(X*) = ¥(X)* for all X € M,
THEHTBOITBMRTHBD, T O positivity & LT 3HEDLDEEZ 5.

¥ 28 positive Lol ¥(X) > 0 whenever X > 0.

¥ /N completely positive Led, Vi eMy,(k=1,2,...,N) 25D

N
U(X)=) Vi XY? forall X € M,.
k=1
U /" strongly positive &L g <DL eM,,0< FreM, (k=1,2,...,N) "HD

N
U(X)= Y tr(XDy)F; forall X € My,
k

UTEEZITHS
(1) ¥ positive <= [(¥(E;;)u,u)] > 0 in M, for all u € C™

<« tr([¥]- (X ® X*)) > 0 for all rank-one X € My, .



(2) ¥ completely positive <= [¥] > 0 in M,
e tr([¥]- (X ® X*)) > 0 for all X € My, .
(3) ¥ strongly positive <= [¥] = 33~ | D} ® Fy,
for some 0 < Dy € Mi,,0 < F, € M.
NS D positivity 1IZEDNT L(M,,M,,) O T3>0k
P_ Y (positive BDLtk}, Py % {completely positive B A4 },
Py 2 {completely positive BED 4k }

EEZD.

UTWEESITHS
(1) P- OFXHEE (dual cone) = P,
(2) Po OFXHE = B EF Po,
(3) Py OIEE = P_.

d ¢ Py DEZ 57z (Hermitian) ¥ @ completely positive majorant &id
S+ U KU S — U PFIT completely positive THBZ ETHb. ZDEX

nY— oY —

EBL &, Py, Py 1 FFKIT completely positive T
O=® +P;, U=0&; -~ Py (Jordan BEI/HE)

&7 5. [EFRIC strongly positive majorant & Uf positive majorant »EZHEX
ns.

a,B 1,00 DELLHDEE, WMEEHR VU O norm ||¥||(q,5 ZEHEDLDIC

1¥l(a,p) def m}%xl‘f_’l%%”_@_
TEHET 5.
Problem. «a,87%1,00 DEBLLMNET S,
sup inf{m.?‘_’_ﬁl . B+ € Py)

v 2 [[¥,p
RO L& FFERIEE P, P ilbEZ L.



Bt By RY B BT iR o # R
k& © (RILEXRFEBEZEER)

& BB (F713B) DY 5 R K TERINICHE J (b 5 5RO GFE

U = -—%gra,dJ(u) (t > 0),

(1)
u(0) =u €KX

HEZ Do TTTUKIZK CL2(Q) (QIZR™ NOBEFHRE) L L. J WNZD LT Gateaux

W TEETH B ET B, gradJ IF Gateaux 97 GE—ESD) 2FKT, THbB,

(gradJ(u), p) = ;ld;J (u+ep)

e==0
DEAET S ET B, J A Dirichlet B4
J(u) =/;2[Vu|2dm

DEX, (1) BBHENICE S, (1) 3IREAESRO—DTH 2H. I TRTNEESF
HNTHRL HEEEZ LS50 h >0 2EEL. NEEK

P T
Jh(u) = /Q 'ﬁ—%’—-—l—l—dmu(u)

D K 2B % minimizer & LT uf ZINCESRT 50 _LOROGIE 1 HOE—ZS

A3RDB &
d |u+ep — Uﬁ—llz _ 2(u — uﬁ-—l)@ _ <2(U - UZ—l)
de /a h de = /g R 0TS R e
&73 éo 'ﬁE'D T\ Uﬁ ﬁﬁ%f:#ﬁ&ﬁ‘i
UZ - “Z—l _ 1 h
(2) — 5 = —-igrad.f(un)

L3, (1) ZBREARICESLLIcbDERE, TDI EH S minimizer DFY {u?} %
BB BB (discrete Morse semiflow) EFEIIZ &9 5,

BRI AIECTR {uh} ZFWT, R (0, 00) RO o* & ut ZIROBRICERT
56 t € ((n— 1)h,nh] IZXF L.

@ (t) = uy,

(3)

t—(n—1)h h+nh’——t N

uh (t) = h U, h Up—1



EBLo K % gradJ () ICEMEBGENMFNUL. CThoDBRT A | 0 DEXIPEREL. (1)
DfFEHZ %,

(3) I3 BERHISECR (v} OREITH 5, UL, o IZFEE LTHOWHDOTH B L,
b & b EDERIEN IO T TELILL TR SRS, o 13F CRE-%R7
. HEWEN, DI ENS, bo &l ERFNIHIEEZ ANENHTL %, #Fil
(AR 7153 Iy o O

o h|0DEE 7" % ut OIS EF CBBEICIGRY 5,

e J(@"(t)) AIRBEINBEEICIS B,
AT EOIHEBRETH S S (B 2 DEFIE. (1) OBIEENTiE,
(4) %J(u) = (gradJ (), u) = ~2 [ udz <0
ZRIcTHRICLB),
ZFIT.0<0<1 LS

h |2
71

J(u) = A) E—:g—z%—-—dx + J(u)
D K 1ZHF 3 minimizer & LT v %2FEFKT 5, (0,00) LOBRK 78 %
#*((n — 1+ 6)h) = u"

TEHET S, HL. neN,0<0<1 EF 5B, ih(nh) = ot DT, {u!} OFEICE-T
W5,

E}E 1. @FEE ﬁh ci\ _ta) 20@%%%%%:?0

L L. LD 2-0FEHIL aF bilif-L T, ThiZF it & 0B~ TET 52
EIETERN, ZIT, 5§ 3 DEFE52Z 5,

o SEBTH EOISIBAEIRE, J(@(t)) IR BIC T 5,
COEFHIL (4) LOEHERDNS L, J(@(2)) I X780,

T 2. @ 1L, 5B 3 OFEELE D AR,

FIBRI X A EEERAEB L TH A B X DT, (1) OFFRITHT LT J(u(t)) E—H%ic
IS 57 B 1 BONEGMA D 5o b, TE-T J(@ (1) HERRICIES & 5iH
L&D ETA3RAIIHE DEENEV, L LANEFEND SN TEATHD, ZD
RAFAEETH 5, LORBITH, — T 1| BONEREND obhb, LirL, E
AN DT 5 2 ENTE B, ThDDIEHT, J AYYThIUL. J(@ () it
BEEICIL B Z EDVEhh 5,

RNEHEIC B 2 E I IHAEIO S LS Uiz, SE8 1, 2 OFELIFHEXZ/RVTVS
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Dirac Operators with Unbounded Potentials at Infinity

Osanobu YAMADA

Department of Mathematics, Ritsumeikan University

Kusatsu, Shiga 525, Japan

Let us consider the Dirac operator

3 0
H=Y o;D;+8+Q(z), s€R®, D= im0,

ot Oz;
on [L*(R?*)]*, where a; (1 <j <3)and oy = f are 4 x 4 Hermitian symmetric constant
matrices satisfying the anti-commutation property

ajak+akaj=25jk1 (13],k§4>,

and @ (z) is an Hermitian symmetric matrix valued function (,where [ is the 4 x 4 unit
matrix). Recently, the spectral theory of the Dirac operator satisfying

aim lg;s(@)] = + 00

for some components g;x(z) of @ (z), has been extensively investigated (Hachem (2], [3],
Helffer-Nourrigat~Wang [4], Suzuki [10]). Our interest here is to study the spectrum of the
Dirac operator with @ (z) = p(z) f+ ¢ (z) I, where p(z) and ¢ (z) are real valued smooth
functions satisfying the following ;

Case 1
Illim g(z) =400 and p(z)=0,
Case 2
ll[im p(z)=+0c0 and ¢(z)=0,
Case 3
p(z) =q(z) and [vllim p(z)=+oc0.
Case 1

If ¢ (z) is a spherically symmetric potential satisfying

i m < oo for some R >0,
"

/“‘°° l¢'()l



then it is shown by Titchmarsh [13] and Erdélyi [1] that
o (H) = R and o, (H) = 0.

For more general potentials (not spherically symmetric), it is well known that o (H) = R
under some additional conditions (see, e.g., Thaller [12, p.131]). At a glance it is conjectured
that the absolute continuity of the spectrum will be discussed by using the Mourre estimate
(Mourre [8]). The application of the Mourre estimate, however, is not an easy task to me
at present but the non-existence or the discreteness of eigenvalues can be shown for a class
of potentials satisfying

4(2) = O(fal) as Ja| — +o0

in view of Kalf [7], Tamura [11] aand Uchiyama—Yamada [14].

Case 2

Some works on the Case 2 and Case 3 are found in physical articles (see, e.g., Ikhdair-
Mustafa—Sever [5], Jena—Tripati [6], Ram-Halasa [9]). Their potentials are of type p(z) =
Cr* (0 < a<2)or Clogr (C is a positive constant). It seems that there is not written
the spectral structure of H, although the numerical analysis of the eigenvalues is studied.

Proposition 1. If p (z) satisfies

Illim p(z) =+ o0, %E =0(p(z)) as |z] — oo,
then o (H) = o4 (H) (a discrete set of eigenvalues of H with finite multiplicity), which is

unbounded above and below.

Case 3
In this case we may state that the property of Case 2 appears in the positive line, while
the property of Case 1 appears in the negative line if p (z) = O (r?) as |z| — oo.

Proposition 2. Let p(z) = ¢(z). Then the following properties hold ;
(1) Let p(z) be a positive homogeneous function of degree o > 0. Then we have

oc(H)N (0, +o0)=0q4(H),

which is unbounded above,

(2) Let p(z) be a positive homogeneous function of degree o such that 0 < o < 2.
Then we have

(—00,0] Co(H) and o, (H) N (—0,0]=0.
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Recent topics on the Ginzburg-Landau equation
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Abstract

Recent papers [7], [8] and [l studies the Ginzburg-Landau equation A® + (1 —
|®]|2)® = 0,® = u3+iug in a bounded domain 2 C R® with the homogeneous Neumann
boundary condition. Those works revealed the instability of non-constant solutions in
any convex domain and the existance of stable non-constant solutions in topologically
non-trivial domains.

In the field of superconductivity the Ginzburg-Landau (GL) equation has been playing an
important role for the understanding of macroscopic superconducting phenomena. This
equation was originally proposed in [4], where the magnetic effect casued by the current of
superconducting electrons is taken account into the equation. Here we are concerned the
simple version with no magnetic effect. Then GL equation with non-dimensional form is

written as
A® 4+ A1 - 2@ =0

where A denotes the Laplacian, ® is a complex valued function ® = wuy + sus and X is
a positive parameter. Hereafter the set of complex values C is identified with the one of
2-dimensional vectors R?, so the above equation is also written in real vector form:

Bu A==, u= (), =g

In the Ginzburg-Landau theory ® denotes the macrowave function describing a supercon-
ducting state and |®|* is the desnsity of superconducting electrons. Therefore |®| = 0
corresponds to the normal state and a solution with zeros physically represents a mixed
state of superconducting and normal ones. Then the zero of @ is called a vortex. Here



we are concerned with GL equation in a bounded domain Q C R*(n > 2) subject to the
homogeneous Neumann boundary condition, that is,

A® +A1—|6)& =0 in0
(1)

‘g—‘f:O on 902

where 0/0v denotes the outer normal derivatives on the smooth boundary 9. We remark
that Equation (| ) is an Euler equation of the following energy functional (called the
Ginzburg-Landau energy)

1 A
£(@) =5 [{IVOF +5(1 - [of)}ds )
or the stationary equation of the evolutionary GL equation
%‘I’ =A® + A1 —|®*)® inQ

2 =0 on 0Q (3)

®(07 IIJ) = (I)()(.'E)

namely a solution to ( / ) is given by an equlibrium solution to (2 ). Indeed Equation ( 3)
is the gradient equation for the energy functional (2') and equilibrium solutions are only
allowed as the asymptotic state as t — oo of ( 3) (see [€]). Here, as a state space, we take a
fuction space C(f2 : €) of continuous functions of Q into C with sup-norm, where () denotes
the closure of 2. One easily sees that the functional (2) has a family of global minimizers
{®(z) = a : |a| = 1} and that those are stable constant equilibrium solutions to ( 2), so
we are interested in the existence of stable non-constant solutions to ( { ) (or non-constant
local minimizers of ( ).) Then “stable solutions” to ( | ) are meant by stable equilibrium
solutions to (3) and “stable” is used in the sense of Lyapunov. We summarize some of main
results given in the works [7], [¢] and [iq in relevence to the existence of stable non-constant
solutions to (| ). In the work [7] it was revealed that any convex domain €2 never admits
stable non-constant solutions, that is, the constant solutions, ® = a, |a| = 1, are only stable
solutions in all convex domains. On the other hand we see from [8], [9] and [/d that for a
domain Q which is topologically “non-trivial” in some sense, there exist stable non-constant
solutions if A is sufficiently large. Here “non-trivial” means “not simply connected” provided
that n = 2 or 3 (for the precise definition, see [/d). For the non-trivial domain there are
infinitely many homotopy classes in the space C(£2;5'),5* = {|z| = 1}. It can be proved
that given any homotopy class - there exists a stable solution @, with ®,/|®,| € v if A is
sufficiently large. We remark that all the stable solutions constructed in [7], [#] and [/]
don’t vanish in the domains. Hence we have the natural query: is there a stable solution
with zeros? Or is there a stable non-constant solution in a simply connected domain? For
this problem see [3] and [2].
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Asymptotic behavior of the transition density
for jump type processes in small time

Yasushi ISHIKAWA

[Hirosaki University, Hirosaki]
Consider the stochastic differential equation (S.D.E.):

zi(z) =z + Y v(zs-(2), D2(3)),

s<t

where z(t) denotes an R%valued Lévy process (semimartingale) of pure
jump type with the Lévy measure h(d(), Az(t) = 2z(t) — z(t—) and y(z,()
denotes a non-degenerate bounded function from R%xR%to R?. It is known

that the process z;(z) has a generator L of the corresponding semigroup
which is of the form

@)= |

R\ {=

}[f (2) - f(=)] 9(=,d2),

for a function f in a certain class. Here g(x, A) = [pal a\(} (e+7(z,())R(dC)
is the Lévy measure of z,(z).

Under certain conditions (including g¢(z,dz) = g(z,z)dz), Léandre
(1987) studied the asymptotic behavior of the transition density p:(z,y)
of this process, and showed that

pi(z,y) ~ g(z,y) t as t—0 if g(z,y) #0.

Here we note that the condition “g(xz,y) # 0” implies that the process. can
reach y from z by a single jump. The object of this paper is to give a
refinement of Léandre’s result in the following form :

pt(m$ y) ~ C(m, Y, a(m‘) y)) ta(z,y) as t— 0,

where a(z, y) can be interpreted as, roughly speaking, the minimum number
of jumps by which the trajectory can reach y from z (y # z).
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An explicit formula for the Fourier
coefficients of Siegel-Eisenstein series of
degree 3

T SRIIEE

Let & be an even integer such that £ > 6 and

EZ)= Y |CZ+D|™*
{c.0}

Siegel Eisenstein series of degree 3 and of weight k. where {C, D} runs
over all representatives of the equivalence classes of coprime symmetric
pairs of degree 3. Then Ey(Z) has the following Fourier expansion:

Ey(2) = ; cx(C)ezp(2miTr(CZ)),

where C runs over all semi-positive definite half-integral matrices of de-
gree 3 over Z, and T'r denotes the trace. In this talk, we give an explicit
formula for ¢ (C) for any positive definite half-integral matrix of degree
3. To state our main result explicitly, let Z, be the ring of p-adic integers,
and Z; the group of p-adic units. When p # 2, for a = p’c € Z, with
r € Z,c € Z, define
c
Xp(a) = () or 0

according as r is even or odd. Here (1—)) is the quadratic residue symbol
modulo p. When p = 2, for a = p"c € Z, with r € Z, c € Z; put

+1 ifr=0, c=1mod 8

20c)=1% =1 if r=0, c=5mod 8
0 otherwise.



For a non-degenerate symmetric matrix B = (b;;) with entries in the field
Q, of p-adic numbers of degree 3 put

my = my p(B) = min(ord(b11), ord(bsz), ord(bss), ord(2b12), ord(2b13), ord(2b23)),

mo = mzip(B) - min(ord(lan), OId(4B22), Ol‘d(4B33), OId(8B12), OId(8B13), OId(Sng)),
V mg = my ,(B) = ord(4 det B),

where ord denotes the normalized p-adic order of Q, and B;; is the (i, j)-
th cofactor of det B. We put

n = 1p(B) = —s,(B) or s,(B)

according as p = 2 or not, where s,(B) is the Hasse invariant of B.
Further we define &,(B) and {,(B) as follows:

Xp(—Biszy) i mz—2mo+my > 6y +1

68)={ 2

otherwise ’

Xp("Biojo)z if ms — 2mz +my Z —521,
1 otherwise ’

6(8) = {

where B;,;, is a cofactor of det B such that ord(2%~%i B, ;) = mo. Now
let B be a non-degenerate half-integral matrix over Z of degree 3. Then
for each prime number p and integer k& we define F,x(B) by

Fp,k(B)
my [(ma—&p—1)[2]—1 . .
= 30 3 e
1=0 j:o
my [ma2[2]—b2p—i
+ n(B)p(2—k)m3—(3—-2k)([m2/2]"'52p)Z( Z p(3~—2k)j)p(2_k),'
1=0 j=n'
& % m3—2mg+my my .
-+ p(5-—2 Nma [2])~(2—k)ma Cp(B) Z (p(z—«k)&-p(B))z Zp(z—k)’,
=0

1=0

where n’ = n/(B) is the number defined by

1 if p# 2and my=0mod 2, or p=2,m3 — 2my + m; = —4, and my = 0 mod 2

we-{

otherwise



Remark that the set {F,;(B)}, is genus invariant. Further remark that
F,x(B) is expressed explicitly as a polynomial of p~* of degree ms,(B),
and in particular it is 1 for almost all p. Then our main result in talk is

Theorem 1.1. Let B be a positive definite half-integral matriz over
Z of degree 3. Then we have

(—1)*/225Ff(k — 1) | 2B |F2
Byj2By-1

cx(B) = I Fox(B),

p||2B|

where B; is the i—th Bernoulli number.
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