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Paths on Coxeter diagrams
—— Ocneanu EHRDBEN —

e Fash
REKSF $ERF

§1 Ocneanu DFEFHE 5 DDRERE

AEOHER, SEOD 4 FIT Fields FEFTTAHNL, A Omeanu I2£ 5 &
BHBEONBEBNTHHOTHS.

Ocneanu {&, = DEEEHEET, WAHS198T FI1ZEA LIz pavagroup iy (cf. [5])
% 3 IRTLEREAD topological invariant 75 &2 HAKT A HHZ RS T 5 Nauffman-Lins
0 Temperley-Lieb recoupling theory ([4]) EFHHITHEMTIFE I &iICL->T, RO
X515 DDA o UT, WOFIISHENAREINIC | DOYERIREESZ S
ZEERLI '

Problem 1. Jones-Okamoto subfactor (index = 3+ /3 @ subfactor) @ dual
principal graph & %O fusion rule 5% L. (¥ S5IC—#RIT Dynkin diagram 4 8 &
A, D, EDO{E? commuting square 7 SR X5 subfactor DIFEITIZ LI LB T)

Problem 2. Dynkin diagram Es D5 Eg ~OD ¥ I BT 9 5 BEFI7E biu-
nitary connection & EFD < S H 5 DM ? FIRMEN ? £/, FHEL ST NTHE
k. (X 5c—f#12, Dynkin diagram A.D, EDQ H4 HE~NDOEHIALDHEITIE
EHT8BMNT)

Problem 3. NCM C M, C My C --- C M, C -+ % principal graph &%
Dynkin diagram A, %@ subfactor @ Jones tower &9 5, % p € NN MLTS
% projection T tower % cut L7z& & pNp C A C B C pMyp &£785 intermediate
subfactor A C BIZlE, EDRERLOHBENEN? ZHUIHRMEMN? SHTE 5007

Problem 4. Turaev-Viro type (triangulation IZ2& 23 HD) O 3 IKIT topological
quantum field theory T, A, FO subfactor iIZX{IEd 5 D &, 4 [ UEHIGE
B3 LS5 AR EGERT XS bimodule D system &, {LIZEATLHDNHBEN?

Problem 5. Cappelli-Itzykson-Zuber {24 % modular invariant ([1]) {3{d Dynkin
diagram A, D, E THEINBDY, THICH LT, sublactor E IO NG INEY [y A AN
e 52 L.

FO5->DMEDS B, 30A subfactor ICETALDTH Y, H£BH20DH 5,
12 TQF T (topological quantum field theory ), 5 L 2ERCEFT ( rational
conformal field theory ) IZBAd 2 HDTH 5.

ZoTR, BEROEASLHADT, D5 HODOMEDS B, BHiZ Problem 1.
M5 Problem 3. [ZDWTEEL ATV



§2 MEICXT 38E

Problem 1. [ZXid A%,

EsEID subfactorN ¢ MiZxt LT, %O higher relative commutants N’ N My C
N' 0 My OFFITIE, BARIZ Jones projection 721F D &4 K X 41 5 *+-subalgebra ,

square

{l,e1,e2,...,ex} C {l,er.e9,....€402} =+ — P
n N n
NOM, C  N'NOMy, e =

D tower I HERKXFLS subfactor (LORIOD P C Q ) A% Jones-Okamoto subfactor
EREINBEEDTHS (3], [7]). ZO principal graph i, Okamoto ik - TEHE
INTWED, THhERUTDOLS WO THS.

VYV

Figure 1:

principal graph {%, ) HOEEIZKD B Z ENTE S, dual principal graph @
213, (ZOHEHHEID) —BITIIBHEITITKD SN, —fRIZ principal graph
&% D fusion rule 23005 T T H, dual principal graph ZRET 3 2 &3 HRA
W ERZU. UL, subfactor NEREED 5K 28418, principal graph &2 D
fusion rule WEOHEEZRELTLESH. £ I TI DAL, principal graph @ even
vertex DFEY [*(G) 1T, fusion rule DHHRE B 1(G) LIIFIOMHEE (2 TI3E
D) BId 5 algebra (convolution algebra ) D& D, ¢ DI C(G) BT 55
IZ& 5T dual principal graph 235N 5. TO LD HKIBIEDOITZ AHNOHI & LT,
asymptotic inclusion &I 5 sublactor 3BT SN 5.

Ocneanu {3, “essential path” &I /oA EEA L, KD paragroup B
ai & Temperley-Lieb recoupling theory E&FECRNS, ZMELkd 22 EI2L - T,
I ERBRISERIEDS, Jones-Okamoto subfactor D4 (X SIT—frDBIE) 12658
AT&5Z %R

Problem 2. 239 Ai#%.

Z ZTH D biunitary connection QE#FIY:EEE, £D conneciotn MEESRB
subfactor DRI 2 E R T A D ET L. T, [ — [y OMNDAHAIZET A
biunitary connection 25 423" 5 subfactorN C MIZ U, bimodulevyy = H%
generator & LT, H&EH ERZHIT tensor L TENEMFMET B7T025 D, bimod-
ule D system(paragroup) N U545, T 6D bimodule IZE 53 5 biunitary



connecton 23Z T TE I BEFI7E biunitary connection Thb. T H#EZ L&, HAELE
WirBEEZ, EI6 EdbD XD IZBHNEET ) CEITE-T, H¥iAH Ey — Es
12X 5 BE#T biunitary connection MU B Z EIZ75 D, ZNNREDL S0WHBEDN
WEBEINTIEA . ,

Es — EsDE¥AHIZKF 5 biunitary connection & LT, BHEDLMN-TI B
HDE LTI, FT trivial WHEHHIAAIZHTT B connection (Z DL index= 1 @
subfactorN C MAHE U A) DI, 2 DDENZ coplex conjugate 7223, [EME T
U flat biunitary connection (N SEZFNEFN W N EN T &IZT3) EET
5. WEREWORFRETSHEKS N BB biunitary connection (&, £HNEFh
principal graph EgB D 2 DD HE VT anti-isomrphic 74 subfactor @ paragroup (X5
TBHDT, TH oD biunitary connection {3 principal graph E;D & IHETT N
T ENE T ENPhDE. LIHL, TRTETEAIN?

Ocneanu OfEEIL, ROLHIBEDTHA. WE WD 22D connection O
% generator & LT connection D4 K ( bimodule ® tensor BICHHIST %) 2RI
T-T, 2o zBin@lTHoNb DT, Es — EsDMEDIAHITI T 58
biunitary connection (TR ahad. L b, Thol3FRMETHH, Fholizese
WWYRMNT w7 T&EB. 2L T, TOHERZ—HEO A.D. EOZNEE~DEDAHL
I UCHHEHATE A. ,

HZ, €@ corollary & UT, Eg& EsiZ LT, £€NEND 2 DD biunitary con-
nection ¥ flat TH B Z &%, E:D biunitary connection @ flat part 28 Dy TH 5B
& (b 2D B 5N 5, & Ocneanu (38 > T 3.

Problem 3. 39 A%

ZOMED, ITFD LS 7% Dynkin diagram A. D. ERl QO ¥HAAHIZ L B com-
muting square 22X 5 EilL - T, MEE > TNBELTD intermediate subfactor
A C BxiZET 5 ENTE B, basic construction @ projection 2L 5 cut D4H
PEEICHBDT, ZDHE, AC BORYFITHFRMEIZLSTOD, ZhiTHRE.
HIIZF D commuting square D LT D graph & H D 4. D. Eil k5 5 NJLHFIT &
BEESIICED, HFHEINDE LT

G

H
Figure 2:
I TEETNE &L, graph G& HD Perron-1robenius WATI0E R UAET7S

TSI ETHSE. FTHELLAWDLDIE, AU Coxeter number % #f
D Asg. D]G, 430)’3 DT, D gj{‘:‘;\ 4. D]E@é\zfij\ﬁ'llﬁé‘?bﬁ&: LT&ENSE. £1L



T, 4T principal graph Es® subfactor A% AyBEID Jones tower 225 intermediate
subfactor AC BELTENB I EbbnB. EZID subfactor b, EHkZ, AnEo
Jones tower A 5 intermediate subfactor & U TEIRIN 5.

B H B HFDFHIC, LLTIZ Problem 4, 51007 2EHEAMELEBNTHL.

Problem 4. X9 5%,

Problem 4123 % & 5 7% Turaev-Viro type @ 3 IR topological quantum field
theory ([8]) 1%, [ U Coxeter number @ Dynkin diagram 4. D. EN6ES D L
B, EN)DPETHD. 12, AnF O subfactor D4, Problem 2. DOfFE
IZh ot a7, 2 DDHEINIT complex conjugate 74 EsB D biunitary connection O
W75 % generator & LCH U5 bimodule D system A%, AnpBl&ERUCEEZ5Z5TQ
FTER>TWABI EDDNS.

Problem 5. 1ZX4d AfEZ.

modular invariant I Dynkin diagram A,D.E THHHIN B2, JHITH LT,
subfactor EERDHENSH /MR EEZ L. EW0vd T EZD, Ocneanu 28 Problem
QICEZ BB CHTEI LS, A, D, ED 1 D0 flat biunitary connection &
7@ complex conjugate &®D 2 D% generator & L TAH U 5 BE#Y biunitary connection
(BE#) bimodule ) @ system Z{ED, Z D fusion rule D SHMN S graph Z{F D &,
modular invariant Q7T IERNPTE S 5 L.

PEDZ Eizo0T, gL L 1E4% Fields Institute 205 I FE D Ocneanu,
DOHEzEsE (6D FBELTFaL.
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EFHEOD DREARENIED 513 Hopf *RBO—RBEREIENTEE
T o ETEHUBIOERAREN Hopf REOMFEIZTEE L TEHOISTHHDO—ILIZ T &
INEDINMB R EERENFT Uiz, Woronowicz WEFEEERET 5103 - 7- Btk
BICHHEDERKIZH - Tc EHxF T,

#f% Hopf REO—RERZ 5 LETCHBICL 2D, B (BXUZ0N) &
#7325 Hopf REDFETT, B4 Hopf REDIFAD—HIBENN T LIZEE
KRB SNTETD, WEZD LD HHIEIES L5 ERNINCEETYT, B0
RS HEEIE . WERKOMAKIZX DAY Sh, %2 Majid 1Tk h WESHEOE
MELUTERRSNE Lic, ZOERII. B G L20MAR H, K C G Iz,
2DDEARE L°(H\G) x H, L®(K\G) x K ORI Hopf & LTD pairing A
VEND 7T DDEHEER LIS DT, BONIERIIG=HK, HNK ={e} X5
i 0k V) HDTLUT, ~ v |

CHESMBOICBRTERO LSBT, BROKDIC G ITEREE
Us g (G)x E0) H-K MBEEAE T, JHdt depth 2 I B 7 DA, T
Thb

#(G) @k (G) ®u (G i 13 ul*(G)x DEFFE!

EWVWIFHEEZELTHEE. WEAHOEM G = HK, HNK = {e} £541C
—HTELIENSGPNDET. gl (G BEELTOWMBT UM, BEAFEAEH
TEZERNIDIEAZEBRE LU TONMBICERIEEZ ENTEES, THbbE. G
@ AFD I,-factor R ~D/#EEERBIEM o : G — Aut(R) % FE L CIME

rxHL*(R) ® £2(G) ryk

TZEZNUTEA U, Thid Jones IEHIRAFEDER T depth 2 12 > TWHET,
ZITOERIE. al(G)k, ranLl?*(R)®2(G)pux & HICFEL/S tensor categgory
EEBTHEIAICHDET, |
ULDOB—HEEHEDOHINE—RORBHMI /7 MG L2 OHEAEE H, K I°k
ENATEZLIEDARETTI, WMBLEARICFBIELIEICE-TRAT

Typeset by Aa4S-TEX
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{BHI—DDWBDHF A I CRELLI LI LET, T2hid. BEREERO
aY A I K BEBETY,

EAENCEZ B0, H O T-valued 2 244 7 )b (multiplier & #1173 ¢(h, k')
ZEoTEET, 351K, RDA=% Y —O%EH {u(h)ren TEH

u(h)an(u(h')) = c(h, h')g(hh’)

ZHITHOZRBELET, (R O—EHEFEZIE, 00X HERMOEERDNMY
Y, ) JD&E
{Br = Adu(h) o ap}

PEU R OBECHEERICRADTS % a DAY A 7 VL EZHABOEHTH
BEAETE COXIUWEEHDOHED L2(R) @ 2(G) 13 Rx H-Rx K IO
R Hkel) depth 2 D&M FI ST, (H: EABLEESREOMICIED B
BONNBEBRPKIILE. ZhEN U TCLENNMBEZHSRFRBOBICESEST
RECRxgH &7h&Ed, ) k . c

STULOERESEZAT, H (¥ K) 2HEESBE N IEHICOEDE
To COXIRUTHWEEBOMESEIZOEZTHATERTTD. Misd 284
RODINERL Jones IHEERAICHEHR L TCLEVET, JOXHI AR THHAHE
DIERIH: (discreteness or compactness) Db & T Kac KB EEY HT 2 E8Tx 3
(Ocneanu QR O—f1L) Z ERESNTHET, 5DEE.

ruaL*(R) ® (G Rrux

ECOIERITEE A2 DT, M Kac REDHILE I, BER Kac KRBT, B
Hopf CX-HH LN >THIFEAER U I ERDT, Wk E->TAL/7 | Hopf C*
REL THDLEI Y M ETEIHERSNE Ui,

P EDHERERBAENEEA. FlZE G=(2@L) %2y, H=2Z® 7, K = Zy 1=
WTSEITLTA S &

discrete algebra: C*(T? x Zj)
compact algebra: C*(H)® C*({u,v;uv = eievu})

EW ST, AR MET 12y OWENRZSZ DAY A7)V e OFHEICL T
HIIERINTHWAI EbhbhEd,
HETIE. 2O LTBSBa 7 MDD IRED V—ERITONTEDHS

Xt D& & PN T B FRE T,
- 7 —



Noncommutative Euler Characteristic and its Applications

H. TAKAI ( T.M.U.)

In topology, one of the most famous and important invariants is the
so-called Euler ( or Euler-Poincaré ) characteristic, which is defined as
the alternative sum of the Betti numbers of finite CW-complex . Even in
noncommutative topology, a generalized notion of Euler characteristic

of C*-algebras is well understood in terms of their K-theory. Namely,
it is defined as the integer of subtracting torsion-free rank of K-theory

from that of K -theory. It also has many nice properties since K-theory

does. There exist many examples of simple C*-algebras whose Euler
characteristics are arbitrary given integers, so that one may ask how to
classify simple C*-algebras with Euler characteristic of a given integer.
In this talk, we shall answer partially the above problem in the case
of separable simple nuclear C*-algebras with semi-finite traces. Our

first theorem is the following:

Theorem 1.  Let A be a separable simple nuclear C*-algebra with
semi-finite trace and let y(A) be the Euler characteristic of A. Then
%(A) =0 if and only if there exists a C*-dynamical system (B, Z,0)

such that (i) B is strongly amenable with ¥(B) € Z and (i) Ais
stably isomorphic to Bx, Z .

Remarkl. Even if A is purely infinite, the above theorem would
be true although y(B) € Z is false in general,’by taking A =0, (n=2)



the Cuntz algebra with n-isometries, B =M, ..® K and o is the shift

automorphism of B.

Remark 2. In the case of non nuclear C*-algebras, nothing is
known about the statement as Theorem 1 exéept several examples with
zero Euler characteristic.

Remark 3.  In the case of simple nuclear C*-algebras with non
zero Euler characteristics, several exaniples are constructed having the
numbers.

The theorem can be proved by combining the following several key
lemmas:

Lemma I. Let (B, Z,0) be a C*.dynamical system where o is
aperiodic. Suppose X(B) € Z, then y(Bxy Z)=0.

Lemma II (with K.Matsumoto) Let A be a separable simple

nucllear C#*-algebra with semi-finite trace. Suppose A has Property T,

then A is a matrix algebra.

Lemma IV Let A be a separable strongly amenable C*-algebra

without PropertyT, then there exists a partial isometry ue M(A) and
a strongly amenable C*-subalgebra B of A such that (i) uBu* =B, and
(i) C*(B,u) is a hereditary C*-subalgebra of A. |

In what follows, we study simple C*-algebras with negative Euler
characteristics. One of the prototype of such C*-algebras is the reduced
C*-algebras of the free groups with n-generators. Then their Euler cha-

racteristics are 1-n. We generalize this fact for n=2, in other words we



seek sufficient conditions for C*-algebras under which their Euler cha-
racteristics are —1.

Let A be a unital separable simple C*-algebra with unique tracial
state T. Suppose there exists a C*-dynamical system (A,T% o) such that
i) A"N(A%'=C and (ii) there exist two unitaries u A%(1,0) and
v e A%0,1) . There are several examples satisfying. the above situations.

We then have the following theorem:

Theorem 2.  Under the above situations, y(A)=-1.

Corollary 3. X(Cr*(Fy)) = X(AF,) x, F)) = -1 where
Cr*(F,) is the reduced C*-algebra of the 2-free group F, and o is the

quasi-free action of F, on the CAR-algebra A(F,) based onF, .

Remark. Itis no longer true in general that ¥(A) =1-n for a
C*-dynamical system (A,T", o) with (i) and (ii') unitaries u j€ A%0.,1,0)
(1sj<n) where (0,1,0) is the n-tuple with 1 at j-site and 0 at i-site (i #j) .
For instance, take the gauge action of T28 on the reduced C*algebra
Cr*(Fg) based on the fundamental group Fg of closed Riemann surface

with genus g (=2). Then x(Cr*(Fg) ) = 2-2g.
Let H,*(A™) be the cyclic cochomology of the smooth part A” of
A and H*(A™) = lim (H,*(A™),S) = H,*(A™) ®Hk*(€) C.

The basic key lemmas are as follows:

Lemma I. Under the same situation as Theorem 2, H*(A™) is

the following:



HY(A®)=Clx] and HY(A™)= C[t,] ®C[1,)
where 'cj(a,b) = 'c(aﬁj(b)) for a,b € A™ and the generators Sj of the

action o of T2 .

Lemma II.  Under the same situation as Theorem 2, we have

that
X(A) = dimg HY(A™) — dimg HYY(A™).
References
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C*-38®» BUNDLE & &D#ERHEIZOWT

KAAEER (KREZFKRF)

1. Introduction. ARBIKIT vector bundle 7 : E — M @ continuous cross sections
£k C(E) i C(M) Lo finitely generated projective module 272> T\ %, C*-
Bi2351F 5 K-theory % finitely generated projective module DEigid T D&
2 C(M)-module C(E) OH T THBHLEZ DI LNBTED, —JF7, C-]RO
continuous field i¥ Dixmier-Douady DIEEFRLASEM 4 2 THEIN TE 7, (see
[4,5,6,7,8,9,10,13,17]) continuous field D% < DFNZISNTIL, HHRIE LD field &5
2TV, o TENLDFIZIN LT, MOBMFENRHREZB IR 5 2 LIIRE
RipZ & TRV, AERICBOV T, £#E LD C*-3R O continuous field Z C*-
2% fiber &5 vector bundle & & %, FRITFWL T, ke & OO EMAZFRY
WMaEzBERATHI LERALD, ’

locally trivial 72 C*-E® bundle % [14] T, #EETHIRIER 2R ORBARFHI T
22T AR LTz C*-320 bundle % [15) THIZE L, LrL, bo LIBEWHIZEE
FTAHEBITIRL 0 —RR% C-BO bundle #EETAHLENHDH, TITE, 12
DEBE LT, TOHOHHA L 725 Hilbert 22D bundle & C*-F® bundle
BEEZELEV, BT M % C™° BEZHKL TS,

2. Bundles of Hilbert spaces. u € M (Z7=\ LT, H, % Hilbert Zf], <-,- >,
A& T 5, Hilbert ZH® bundle H 13 disjoint union

H= UuEMHu |

TEESND, D % H O cross section DIED 5 C®(M)-module T, &, ¢ € D
2720 LB
<EC>UEM <&y, G >y

B O B DLDET S, BRIEEHG
| V:D - T M)&D
BIROEMZE- LTV D & EES LTS,
V(fe) =df @€+ fVE
V~7x§€ D '
for é€D, feC®(M), X eT(TM)
V MR OME & LTW5A & x| fiber metric < -,- > % preserve T5 & F J,

X <£,¢>=<Vx€,(>+<EVx(>
for £, (€D, X € I(TM)

Typeset by AmS-TEX



3. Bundles of C*-algebras. u€ M {272\ LT, B, # C*-8&&¢¥%, C-]RD
bundle % disjoint union
B = Uyem By

TEZEIND, D & B D cross section D{ES & H+-algebra #3-> C°°(M)-module
ThoHET D, BWEEH
V:D — [(T*M)@D

BRDEGERHIZLTND & SR LTS,
V(fz)=df ®z+ fVz
V(zy) = (Vo)y +(Vy)
V(z*) = (Va)*
VxzeD
forzeD, fe C®M), X eT'(TM)

V &V ORICIEKOBERD S,

Proposition. B, it B(H,) ® C*-#HBTHY, o€ €D forz €D, E€D Th
B LRET B, .
V:D — IT*M)&D

i Vxz €D forz € D, X e I(TM) ZWi= T BBFH.
9D oI M)ED
X fiber metric #RGETHEETHDHLETH, ZDLE
V(z€) = (Vo) +z(VE)  (z€D, £€D)

72661 V 3ERETH D,

4. Examples. (1) M = S1 H, = C? B, = My, D = C®(§4,C?), D =
C> (S, Mz).
dg

= a b
a, b, c € C*(S?), a(u), c(u) € iR.
.
Vz=du® (-(—i-& + [A4, x])
2) M =T?, H, = I2(R). R ¥ T2 |2 6 ® Kronecker flow & LT LT3,

B, = pu(C5(T%,R)), D = CP(R x T2), D i cs(f) : u s pu(f) (f € CE (R x T?))
WL > TEREND C°°('JI‘2)-module. peQ L35,

-9at Ouy u—00t
-0 1 0
Ves(f) = (M— Odul + mdm) ®cs (5—% +u5{i—>

_13’.._
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‘Products of two self-adjoint operators

F OEE  IRAEKERBARREMAE

1 Introduction

Let H be a separable complex Hilbert space, and denote by B(H) the set
of all bounded linear operators-on H. Let T, X € B(H). Then T ~ X
will mean that T' is similar to X, that is, there exists an invertible operator
S such that T = S7'XS. We define the similarity orbit S(T') of T by
S(T) ={X € B(H): X ~T}. If A and B are self-adjoint operators in
B(H), then it is known that AB is similar to the adjoint BA if H is finite
dimensional. However this is not necessarily true if the dimension of H is
infinite [1,2]. In [1], Radjavi and Williams conjectured the following:
' Conjecture 1.1( Radjavi and Williams ). An invertible operator T on
H is a product of two self-adjoint operators if and only if T' is similar to T*.

As a partial result, they proved the following theorems.

Theorem 1.2 ( Radjavi and Williams ). If H is a finite dimensional
Hilbert space, then an operator 7" is a product of two self-adjoint operators
if and only if T' is similar to its adjoint T™.

Theorem 1.3 ( Radjavi and Williams ). T is unitarily equivalent to its
adjoint 7™ if and only if T is the product of a symmetry and a self-adjoint
operator.

J. Gray also in [2] conjectured that a product of two self-adjoint Fredholm
operators is similar to its adjoint and proved the following theorem.

Theorem 1.4 ( Gray ). If A and B are self-adjoint, Fredholm, and
A >0, then AB ~ BA.

However, the conjecture is still open.



2  Approximation by products of two posi-
tive operators

Recently, M. Khalkhali, C. Laurie, B. Mathes and H. Radjavi in [5] and D.
Hadwin in [6] studied approximation problem by products of two positive
operators. Let P, denote the set of operators on H that can be written as
the product of two positive operators. In [5], Radjavi etc studied the norm
closure of P,. Membership in P, was characterized for certain classes of
operators.

Theorem 2.1 ( Radjavi. etc ). If T is one of the followmg operators:

(1). quasinilpotent operators,

(2). polynomial compact operators such that o(T') C R,

(3 ). normal operators such that every component of o(T) intersects RY,
then T €Ps.

Hadwin in [6] completely characterized P,.

Theorem 2.2 ( Hadwin ). The following are equivalent for an operator
T.

(1). TeP,.

(2).Te{A: o(A) CRT}".

(3). T is biquasitriangular, and each component of o,(T") U oo(T) inter-
sects R*.

3 Approximation by products of two self-
adjoint operators

In this section, we shall consider a class of operators which are approximated
by products of two self-adjoint operators. Let S,= {AB: A,B € B(H),A =
A*B = B*} and ¥ = {T € B(H) : T ~ T*} respectively. Then we
‘know that both S; and ¥ are invariant under similarity transformation 7' —
S—1T§ for every invertible operator S in B(H). Observe that if T' is invertible
and if T € S,, then T € U. However whether the converse is valid is an open
problem. Now we consider an asymptotic form. That is, we shall prove that

—16—



the norm closures of S, and ¥ coincide in B(H).

We next recall some symbols which can be found in [3]. The symbols
o(T), 0o(T) and oo(T) denote the spectrum, essential spectrum and nor-
mal eigenvalues of T respectively. If A € oo(T"), we denote by H(A,T') the
corresponding Riesz spectral subspace. Recall that T' is a semi-Fredholm
operator if T' has closed range and at least one of the numbers dim(kerT),
dim(kerT™*) is finite. If T is semi-Fredholm, then we define the index of T,
denoted ind T by ind T = dim(ker T) — dim(ker T*). The semi-Fredholm
domain of T', denoted p,_p(T') is the set {A € C: A —T is semi-Fredholm }.
Let p" p(T) = {) € ps—p(T) : ind(A = T) = n}(—o0 < n < 400).

The following proposition is important.

Proposition 3.1. Suppose that T satisfies the following conditions (i)-
(iv):

(i). Every component of o(T') intersects o(1™);

(ii). every component of o.(T') intersects o.(T™);

(iii). p5_p(T) N p5_p(T") =0 (n#m);

(iv). dimH(X,T) = dimH(X\,T*) for every A € oo(T) N oo(T™).

Then T € S,.

In fact, Proposition 3.1 exactly gives a spectral characterization of S,. Let
O be the set of all operators satisfying the conditions (i)-(iv) of Proposition
3.1. '

Theorem 3.2. S;= U = 0.

Theorem 3.2 shows that an operator T' in B(H) is approximated by prod-.
ucts of two self-adjoint operators if and only if T' is approximated by operators
which are similar to their own adjoints , which is an asymptotic form about
Conjecture 1.1.

We next give some examples showing that the conditions (i)-(iv) of Propo-
sition 3.1 are mutually independent. Let {e,}}3} be an orthogonal basis of
H.

Example 3.3. Define Key = iep (12 = —1) and K {ep}*+ = 0. It is clear
that o(K) = {0,1}, o(K*) = {0, —1} and o.(K) = o.(K*) = {0}.

Clearly, {i} is a component of o(K) and {1} N o(K*) = 0, thus K does
not satisfy the condition (i) and satisfies other conditions of Proposition 3.1.



Similarly, define N by Neg = ieq, Ne, = —ie, (n = 1,2 ) and Ne, = 0
for n > 3. Then N does not satisfy the condition (iv) and satisfies other
conditions of Proposition 3.1.

Example 3.4. Let U be the unilateral shift defined by Ue,, = e,41 (n =
0,1,2,...). Then we know that o(U) = o(U*) = {X: |A\| <1} and o.(U) =
o(U") = {A s \| = 1}, However, p5p(U) = pb_p(U%) = {1 : | < 1}.
Thus U does not satisfy the condition (iii) and satisfies other conditions of
Proposition 3.1. ~

Let Uy =1+ (U U*® @), where ) is a non-compact quasinilpotent
operator. Then U; does not satisfy the condition (i) and satisfies other
conditions of Proposition 3.1.

By Theorem 3.2, K, N, U and U; are not in S,.

From [1, 2], we know that a product of two self-adjoint operators does
not have to be similar to its adjoint, but we have the asymptotic similarity.

Theorem 3.5. If T in B(H) is a product of two self-adjoint operators
then T and T™ are asymptotically similar, that is, 7% = lim S71T'S, for a
suitable invertible operator sequence {S,}123 of B(H).

4 Products of n self-adjoint operators

As in the case of S ( P3 ), let S, ( Pn ) denote the set of operators on H
that can be written as the product of n self-adjoint ( positive ) operators. It
is clear that P,C §,. Pel Yuan Wu in [7] gave a characterization of S, and
P,

Theorem 4.1 ( Wu ). The following are equivalent for an operator T

(1). T € P, for some n.

(2). T €S, for some n.

(3). dimkerT = dimkerT* or Ran(T) is not closed.

Moreover, in this case, th number of self-adjoint factors may be limited
to 6, that of positive factors to 18.

Radjavi etc in [5] studied the norm closure of P,. They proved P, G
753; P, and Ps= P, for n > 5. Does Py= Ps? D. Hadwin in [6] answered
this problem.



Theorem 4.2 ( Hadwin ). Py= Ps.

On the norm closure of §,,, we have similar relationships.

Proposition 4.3.

(1). PaG Snyn=2,3.

( 2 ) -ﬁ4= 3‘—4: .’lﬁn= -:STT,,, n Z 4.

(3). 5, S 5S35,
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Subnormal operator ¢ dual (z>W\ T

FEE ) AR AR HEH

H # complex Hilbert space, B(H) # H ko bounded linear operator » 2z +2. A€ B(H)
At pure TH 3 Xt A » reducing subspace M T A|M # normal 2 233 D4 {0} DATH S
Zxgww, Se B(H) A subnormal T#H 3 21z H &% Hilbert space K ¥ normal operator
NeB(K)»#H# LT NHCH, S=N|Hza3Z2Th3., /. Q EB(H) A% quasinormal
iz, Q@] =1Q|Q vz ®2\WnS,

W, S € B(H) # pure & subnormal operator, N = ( § 1}’{* ) on K = H@H“L S0
minimal % normal extension ¥ +3, Zox X% N X S ik D unitary RO EKRT— ﬁ& E X
3, LoT T3 Stk unitary AIROERT—EIZET 3,

J.B. Conway 2] 132 T %2 S o dual 2/, 2L T S 2T o2 %, 5 % self-dual
subnormal operator ¥ L 7. %7/ C. C. Huang [3] 1. k&R L =,

Huang o % #

S € B(H) # self-dual subnormal operator T §*S — $5* #' finite rank operator ¥ %t 1,
5*|cl ran(S*S — §5*) A normal ¥ & 23 DL+ 3, FHY %, normal operator Np € B(H) ¥
quasinormal operator @ € B(H) ®FEL T NoQ = QNy, S=No+Q 24 3,

S € B(H) % pure % subnormal operator, Z L T

A = (§*S— 55 clran(5*S — §5%),
B = S5*[clran(5*S — S5%).

332, Ax Bt S o unitary invariants ¢ complete system 2R+ 23 AN T WS,
SHAY BTN S Sndua T 2REATEZN, THHIClE, ROREOEESBEL L
%, H ko self-adjoint operator T iz L  ran T @ ker T A 5 H ~ o densely defined operator
T'#T'T=P,T"I-P)=0TE#+ 3. /=L, Pix H »5 clran T ~o orthogonal
projection ¥ L, clran T 1z, T o range @ closure ¥ +3, =@ T~! % T o partial inverse ¥
MP3:, % 7= densly defined operator S #* bounded % ¥ %, # @ bounded extension + B L& S
THRT.

T ER

S € B(H) # subnormal operator ¥ +%, ®RORLN. 4,,5, € B(H) 2RI EHT 3.
Ap = 0, S9=25,
A, = (A2—1 + S;,—J.Sn—l - Sn—-ISZ-l)l/z,
Sn AnSn—-lA;l,



727U, A7t X, A, o partial inverse 2+ %, T ix, Hn>1ItHL,
A%.q + S;_lsn—l - Sn-—ls;:_l 20,
SpAn = AnSna
M, R L ApSp A7 12, ER2z2L3,. 2L C HOHOH® H® -+ Lo operator

S A
51 Az
Sy Az

1Z. bounded normal operator 2 &, /A4l ||S|| 2% Lw., 2% 0. N ik, S » normal
extension ¥ 4t 5,

Lo EME - ¢, pure subnormal operator ©» minimal normal extension 2@ 5 h. Lo
T duval 2B LN B, 2L, BT, A B itttdodoxr+3.

e =
S € B(H) # pure % subnormal operator, Z L TRARL N, Cn,Dn € B(H) % RWIEIESR
T35, ’

Cl - A, D1 ZAB*A—l,
Cn = (C*_+D:_ Dny—DpDi1)'2,
Dn = CnDn—-IC;11
#£L. C7l iz, C, o partial inverse ¥ +3%, Zox %, &n> 1L,
C?L——l + ‘D;—l‘Dn—l o Dn—ID:,_l 2 .0,
D,C, = CnDnoy
A, RIEL CpnDp i CL 1k, BRY LB, S i, &n2>1izxL.

clran D, C clran Cp,
clran Cpy; € clran Cp

AR T S, FoT. & n> 1zl cran Cpyq 6 clran Cp ~ operator én+1 # Chs
DEIBY LTEH TR, cran Cp 25 clran C, ~o operator D, # D, ORIRZ L TEHTX
2, covsa, clran Ci®clran Co@clran C3 @ --- k£ operator '
Dy
Cs Dj
C3 D

. S o dual THh 5.



Sit. S o dual @ dual THZHOTEAB LN S,

B

S € B(H) # pure %t subnormal operatbr, TLTKRDALN., En, Fr € B(H) 2R ICES
T3,

E, = A, F =58, |
(E'Z.-—-l + F*-—IF -1 Fn-lF:~l)1/27
F, = EnFn—-lE_17

T

i
I

=L, E';l 12, E, o partial inverse ¥+ 3%, corx, & n>1izxL.
E2 |4+ F (Fyy—Fp F* >0,
FoEn = EnFyg
A BRML EF BTNz, BERens, Sovis, £a>10HL,

clran F, clran E,,

c
clran Epy; C clran E,

PHRIALTZ, LoT. & n>1icxwl, clran E,pq 5 clran !:',’n ~ ¢ operator En+1 il ST )
HRZ LTERKTE, clran E, » 5 clran E, ~o) operator F,, 2 F, ofllBr L TEHTXx 3,
YA, S, clran By @clran E; @ clran E3 @ --- ko operator

Fy
By Py
By B3

Za-g YREBME 5,
s EEST, RAB LS,

w8

S € B(H) # pure % subnormal opérator 3+ 3x %, S #» self-dual subnormal operator ¥ 7%
BB+ GEMFE, cdran(S*S — §5*) ko unitary operator U AL T

UAU = A,
U*BU = AB*A™,
XuBZrThB, =75 L. A7l 2 A » partial inverse ¥+ 3,
EZ H

S € B(H) # self-dual subnormal operator T S*|cl ran(S*S — $5*) #* subnormal ¥ % 2 & &
¥3+3%. £H¥ A, normal operator Ng € B(H) ¥ quasinormal operator Q@ € B(H) »7##E L T
NoQ = QNo, S=No+Q, No = No* ¥ 2 3,




T #% normal operator ¥ quasinormal operator ®H1C3 X413 pure % operator 2D\ T &
R 3,

=

S € B(H) % pureoperator 2 L. S = N;+Q;, N;:normal, Q;: quasinormal, N;Q; = Q;N;,
(i= 1,2) 233, 2o i, Ni=Ns, Q1=0Q2 »KRILT 3.

& m -

S € B(H) % pure subnormal operator ¥ 33, 2o2 % SH»HS=N+@Q, N:normal, Q
: quasinormal, NQ =QN 2 WIHETE T2~ E+F%&M41x, B » normal T AB = BA
X5 THB,

E B

S € B(H) # pure operator TS =N+ Q, N :normal, @ : quasinormal, NQ = QN
rnB530r T3, Zox i, S self-dual subnormal operator ¥ % 3 A ¢ BB+ &AL,
unitary operator V € B(H) »F# L T,

V*NV = N*, V*QV =Q
YRBILTHE,
2% X

[1] T. Andd, Matrices of normal estensions of subnormal operators, Acta Sci. Math. (Szeged),
24 (1963), 91-96. , '
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p-hyponormal {fERZED XX Y +IVER

HU-HEE FHERE LEEERE B i

§ 1. %{E :
H % complex Hilbert space & U, B(H) % H LOBRBIEERFED
&tkEd 5. TeBH)ITHLT
T : p— hyponormal & (IT™T) > (TT")

1
p=1&T: hyponormal, p= - & T : semi — hyponormal.

2
p — hyponormal
/ N
hyponormal paranormal
N /

quast — hyponormal

semi-hyponormal fEAAFRIC DUV TOHZEI

D. Xia ; Spectral Theory of Hyponormal Operators, Birkhauser Ver-
lag(1983) '

ICEEHSNTNS.
p-H : set of all p-hyponormal operators

p-HU : p-hyponormal YEf# T T polar S T®D U A% unitary T&
W R NOE 3

HN : set of all hyponormal operators.



SH : set of all semi-hyponormal operators.

SHU : semi-hyponormal fEfiZ T T polar 53 TD U A% unitary T
Eh b bDeEk.

z =re? € 0j,(T) (joint point spectrum)
& 3z #£ 0 such that (U — &)z = 0 and |T|z = rz.
z =re'? € 0;,(T) (joint approximate point spectrum)
& 3{z,}: unit vectors such that
(U - ez, = 0and (|T]~r)z, — 0
0,(T),0.(T) EENZEN T @ point spectrum, approximate point
spectrum Z&9.
- § 2. BFHEE
TepH&ETE ZOEEROLIEHE.ED.
1. o(T) ={z: 2 € 0.(T7)}
2. T2 =zz = Tz =2z, > T ker(T — 2z) C ker(T™ — 2)

3. ,Bec(T)a#p),x &y ld oIl d 5 eigenvectors
=z L y.

4. 0(T) = 055(T) 0u(T) = 05a(T).
5.0(T) =1 Tl

6.0 ¢ o(T) =T € p-H.



7. z : isolated point of o(T) = z € 0,(T).

T =U|T|: polar 3 &ET 5.

8. The eigenspaces of U reduce |T].

9. U ; unitary and o(U) # T = The eigenspaces of |T| reduce U.

10. o(|T) © P(o(T)), 2T P(re) =r.
CDIENS reo(I*"T)=3z€o(T): |z =1 DEDILD.

p 2 EFBHEE UTRD Aluthge #2733 3.

T : p-hyponormal =T = |T|2U|T|? : (p + 1)-hyponormal.

Rill, FHASBLEFRD LS IKS SIE—L L. B UEREDT T,
[TIUITI? 14 (1 + 2)-hyponormal.

NSO E ARER DD CAB TR EE R, LT 5.
EXOWETRD 2 >0 EEE LTH 3.

1. p-hyponormal /EFAZI3 convexoid 7 ?

2. resolvent DFFMZIL ?

2 IZ 20T Xia DEDFTROEED S 3.

EE4. 3 (p.154). T =U|T| € SHU, o(U) C {e¥|a, + a <0< 27 +
a, — a}. ZITO0<a<mz=re" o, +a+esps 21T + @y — a — €,

c

d(z,0(T))’

CIZTcld a & clZDAEET ZELL

>0 = ||[(T-2)1] =



§ 3. A7 MIVEBEE
Cayley &Z#2 & inverse Cayley Z#2
H : hermitian iIZX UT L(H) = (H +1)(H — i)' : Cayley &

U :unitary £95. 1 ¢ o(U) DE&EE L7YU)=d(U+DH(U-I):

inverse Cayley Z&#2

FE1. T=H+iKe€HNand K 20 &95%. 2Lz

a(r(T)) = r(a(T))
ZIT 7(1) =(H+)(H=1I)"'K and r(z+iy) = (z+2)(z—1)"1y.
EFE2. T=UlT|€epHUandl¢o(U) &9 5.
T=L"YWU) +i|T|™ &6 &

~

o(1p(T)) = 7(o(T))

ZIT(S) = LH)KS 72750 S = H4+iK TK = 0 %73
Ho. '
T 2 T3

~ A

TT — TT* = 2L~ (U), |T|>]

=4(U = I)N(|T* - UITPU")(U" = I) 2 0

Thh, Fi:

7(T) = U|T|* € SHU and 7,(T) = U|T| € p-HU

EM > TNA.



RiZ To = {1 : RY EOBEFABMBET »(0) =0} &T5. b €D iT
HUT P ZRDEICERET S,

B(re®) = ePp(r) BEE HT) = Up(|T)).
272U, T = U|T| T® U 13 unitary &93.

#@3. T=UT|ep—HU &F3. peTh&(T)ep~HU

= o(P(T)) = %(o(T)).

%1. T=U|T|ep—HU &r € o(T*T) = 3z € o(T); |2| = V7.

FE 3 THIC Y(t) =t? EFRUT H(T) = U|T]? € HN.

P(t) = 17 &30 $(T) = U|T|* € SH.

WIS, M=R F7idM=T &UTE C M: closed bdd. set, iU
<
(1) M = R DFHE
M(E) : set of all real Baire functions on E, S(E) = {¢ € M(E): K,= 0 }

I,
@ € M(E) icx LT L*(E) LOERARE K, %

f oy 1 () —e(y)
(Ko f)(z) = s = lim o mf(y)dy

LEHET S,

Mo(E) = { ¢ € M(E) : p(z) 2 0,0(0) =0 }, So(E) = Mo(E) N S(E),

R(E) : set of all strictly monotone increasing continuous functions on E,



LT Ro(E) = Mo(E) N R(E).

(2) M =T DFE
Mo(E) : set of all complex Baire functions on E, whose values are in T,

So(E) = {€ € My(E) : K¢= 0},

ZIT,

£ e Mo(E) izt UT L*E) LOtEAE K. %=
£(e)é(e™)

iBB-—in(l - 6)

S 1.7 1= i
(Kef)(e®) = s = Yim o= [ 7= £(ém)dn

EEET D,

Ro(E) : set of all homeomorphisms preserving the direction on E, whose
values are in E.

LEFET D OEEFROEEDRKDILD.

EE4. T =U|T| € p-HU and £ € Ro(o(V)) N So(o(U)).
(1) o(U) # T = ¢ € Ro(a(|IT|?)) N So(a(|T]%))
(2) o(U) = T =9 € Ro([0, [[T]I*]) N So([0, |1 T1I*%])

E95.

p(re?) = E(°) (™))% and w(T) = E(U)(W(ITI*7))%
& def. 5. TDEE

@(T) € p— HU and ¢(o(T)) = o(p(T))

LD L.



§ 4. Putnam DAREZ

Putnam OAERIL Xia HIR DA D HF T semi-hyponormal FEFEE
THERINTOTRDO L DI~ Sh 3.

EES5. Tep-H, (pz})

= P . P < £ P

RUBRIC0<p< 3 ITH LTHRARS MIVEHBEEAHNS ESEAT
x3.

EEE6. Tep-H 0<p<i)&dir Zossx

(TT)? — TT*IISP//@ r?=1 dr dg

DO ILD. EEAEE T T =UIT| € p~HU O EFITFRT. SD& &L

S=U|T|* &§5& S & semi-hyponormal fEAZETH L DT

I(5°5)% - (55°) Hi=g ] aras

BRI DDTRRY MVEGLER S > TEMER L TRT S

NTED. —ROFEIIFEAFE U 1T isometry THE2DT HQH ED
unitary fERRICTLRE L TR 5.



§ 5. Angular Cutting

T=UT|ep—HU, T={z:]z| =1} &7 5.
U:/'TME(A) EZRY FILARREL

yCTIZHU E(y) #0 &9 5.

Hy=E(MH, Uy=U g, , Ty = U,[E(M)|TI*E(y)]/*

&9 5&
(LLP - (L) = EQ(TTP - (TT°)P)E()

&0 T, & Hy £ED p-hyponormal EAFKENS. DT, 2T D
section &LV,

D,={A:A0,M|)\ € D,}

EFL.
FET7. Tep-HU &y C TIZHLTo(T,) C D,.
EH8. T €p—HU & v : open

= o(T,)N D, =o(T)N D,

FE 9. T : completely p-hyponormal = T, : completely
p-hyponormal.



§6. General Polar Symbols

A % contraction &3 5.

A" n>0
A{n]z ) = Y
{(A*)“ , n<0.

&L

s— lim AATAR

n-—rtco
NEET L EE, ChOoDERAFEE ST(T) &L T O A3
polar symbolds &u 7.

T =UIT| € p—HU ©& & SET) GAFET 5.

22T, 0<k<1IEHLT

Ty = U{(1 = k)Sg(IT|) + & - SH(IT*P) )/

L3 UT, Ty % T @ general polar symbolds &Uh.

EANE
(1) T=H+iK D&E 0,(SHT)) Coo(T) and o(SH(T)) So(T).
T = U|T| €SHU @ & &=

(2) 0a(SF(T)) Coo(T) and o(SF(T)) So(T).



(3) Sz(IT)) = |T| = SF(|T]) and SE(|T|) & normal fERAHR

#=m10. T=UT|ep—HU &¥3&

oT)= |J o(Tw)-

0<k<1
BRICIZUDDEREEIZLDIRO Z EHN 5.

(1) z € 0,(T) <> 3¢ : C*(T) — C: *—homomorphism such that
HT) = =

(2) Weyl's Theorem holds for p-hyponormal operators.
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[FEHEmICRIT D mITDOFEE

WAk - T # #HF BB (Kenjiro Yanagi)

1 (FL&IC

BB DEEEMERIT 1 0 4 8FE VY /) VIC ko TAIRR S, Lkt
IZhleo TIEREHR E VM E LT 1 B2 Lz’)mﬂﬂé}%&ﬂ“b\%ﬁ?%
%%&m&%@tr%t 4 B TR E BICEFESRDS B2 & e 2R LB T 5
FLWOFEZBE LTS, FhEREMLE TS ¥ —Xy NE, oV
o —& OEMEERE, MU L o TH LWHS R/ EFRIBESNLS & LT
WB., ZDE D RO T CREEOEESEFICH L DMEB L BH LRV IAAIER TK
DB ORBENUE SN O0HD. LI APMEEBEZEX THIARER L
Ui T - 28 TH D] LV EERH DBV IE, hxo THOFDOFN
T BERT HIZHATVA. I THY, BRI ESERn e 0
LB IADENEND 1ODOHMEDT, HAWEIE  FEEXLBDE LT
DOWEETD. FREROFT THLIREEED 1 DICBEEREH S, BEROEF
HRBRLI I — AR DFESRRIE 22 ﬁ%mwfﬁéﬁﬁmmbrwészéﬁ(l% i
I [11], #338 [15)) AEDNOEERRICEY U CIaRABIMIRENR TR > T 5. ZOWRET
FXASIZERER & O A 22 N ERRR T DA 2 188 LRI T U AR DBIERD
BEETTY. REERKTER»EVWZIE, ATESE L CEERHEREELE
ZAUTEIRT D/ A ERITERKTER & 72 5. 0 LORERAENANEEDL
HOBREZET 5.
TPE 2 ECIERKRTEMOT TOER LR E o T —72/ 3 v/ 22 _EORESRERIEE
W OWNWTDE L bR E2RNRD. CNE2HANWTT 4— Ry I 2F-20wT
v AELEEK xR LA BRESCHEEILODWTEKLTD.
EIETR T4 — Ry 200y 2ABERER I BT 4— Ry 7 2 b 0854
WIS & AR RATRE TR/ T A —# DEERIIRNLOERERICL 5%
BAKEILIR->TL D, I CTRETHRER OB ELHROEEIZOWVWTD 2, 3
mn%%E‘Z_é

—35—



REICE A ETERFROGEZR .

2 INFyNEREORERRE

X ZHEF43,5F v/~ (Banach) ZE[#], X* ZEDHRERETH BX) X D
Borel -4 L35, X* OFRRTEHSZER F I8 LT FIICESOIAERES
(cylinder set) C IFRD LI ICEERSND.

O:{Z'EX;(<SL‘,f1 > <z, fo >,...,<$,fn>)ED}

=2l n>1, {fl,fg, . .,fn} CF,De B([R) Thb. F (:%’D“I\ﬁ'_*ikﬁ/ﬁ\é{i
ZCrp &L,

C(X, X*) = U{Cr: F X X* DHRBKITERSZER }

LB E CX, XY) BESKE RS, C(X, XY BC(X,XY) ILEoTERSID
o— EAELTBEEX, X*) = B(X) BV, p & /X llz|Pdp(z) < co &
7 (X, B(X)) LORERRELTH L, ROLK 7R vector m € X & operator
R: X*— X BEETBZ RN, DENEEDr e XX,y e Y IZX LT

<m,z" >:/ <z, z* > du(z),
X

< Rz*,y* >:/X<:c-——m,:r* ><z—m,y" > du(z)

ThHDH. D mE p OFHY FL (mean vector) &5 . R IIHEFHEIEA
FHTHY, p DIHELSFAERTFE (covariance operator) &V, S HIZZ D R IEF
(symmetric) TH D, 2FEY :

FED 2, y* € X* I LT < Re*,y* >=< Ry*,z* >
FE - IEEME (positive) ThdHd. DED
FED z* € X* 1L T < Re*, 2" >> 0

HED fe XML Tup=pof 1 R EOFVARELRD L E p % (X, B(X))
FOHFTRABELWS. HURARE p OFEEE 4(f) BKRO LI ICRSHD. fF
BEO feXxX itxtLT

Bf) = epli <m, [ >~ < Rf,f >} (1)

f\_tb m € X IX p OFHRY b, R: X* — X 1 p OISHIERAZETHD. ¥
2 (X, B(X)) EORERRE 1 ORMEESD (1) OFE LTWiE p 37 7 ARIE



L0 me X ITFEDEHRY b, R: X* — X IXEOHGBERAFZL R-TW
B, Lo T p=[m,R LBV p iXFEH~<7 b m, £SBIERAZER 260
(X,B(X)) EOF U ABEERTZ LIZT D,

fEEIZ symmetric positive operator R: X* — X BBEZX b DL X D/~ b
(Hilbert) ¥4y25f H & H 25 X ~OEGRBOIAL j BEFELT R=jj* &7
B, T OPWDEE L EERIZ-OV Tid Vakhania-Tarieladza-Chobanyan [16] Z R L. &
® H % R OBFAER AL FER (reproducing kernel Hilbert space) &VV5. 728
T &I BRARIBOT BID T EWTRENL VD LIROBEDIEHTH S, BN
L RERIH & X b H ~OAFHEERARE A BPFELT AA= R 2> A(XY)
it H CREBETHD. I THy = A*(H) £ 5. £7= ka(e*, y*) =< Rz*,y* > &
EETDHEL ke 1 X x X* LOEEEEEKL RS, T0 kg KE2TOCONOHE
AR A~V NERR H(kg) &5 & Hikg) = He THD.
RIS ES T BIOIC 2 DDERLG/3T o/ XY ZRETS. px, by
BENEN (X, B(X)), (v, B(Y)) LORERRE, uxy & px, py ZETNENEDS
T b 57 (X x Y, BX) x B(Y)) EOBATERREL T3, 2%

FED AeB(X) KL T ux(4) = pxy(AXY)
FED B e B(Y) W LT /Ly(B) = pxy(X X B)
DT S5, S bi
[ lalPdux(e) < oo, [ llsllPduy(y) < o0

BIRETDE m=(my,mg) € X xY BEELTREMIZT.
FED (z,y*) € X* xY* IZF LT

< (myma), (5°,97) >= [ < (@), (@,9) > dpxy (3,9)

7272 U my, ma VENTER px, py DRI FATHD. £

Ry Ris
R = X XY = X XY
( Roy  Ras > -~

MTFE L TR &=
FEED (z*,y%), (25 w*) € X* xY* IZX LT

< Rll Rlz z* 2" >
Ro1 R v )\ w

- Lmﬁd%w“mﬂﬂfﬁxﬂﬂw—mJﬁwﬂ>Wmﬂmw



fl'.fil/ Rll X — X éj Hx @ﬁ/\gﬂﬁ'flﬁﬂai Rgg Y*—-Y #i Hy @ﬁ/\%{{/ﬁﬁg;ﬁ
EED (z%,y") € Y* x X* c:s’ffr L'C

< RBpoy™, 2" >= .. <T—my, 2" ><Y—mo, Y > duxy(a,y)

O Rip b pxy DISEISEAERE (cross covariance operator) L,

pr=| 0.0 (2 gﬁf” EFBE e =0, R, pr = [0, Ryl L85, e

Rx ODBHAEBEN~VMEM Hxy C X & Ry OBFEBEAV UV INER Hy CY, &
bIC Hx 36 X ~DEFREDIAL jx & Hy D5 Y ~OEFRIEDIAL. jy A
TE?ELRX = jxJ%, By =Jjviy £R%.

CTEOIZHER eV~ NER Hy 28 X TR, Hy DY TRBLIRETSD
kﬁﬁﬁ RUWERSE Viy : Hy — Hx BTEELT

Rxy = jxVxviv, ||Vxrl| £1
BRI TEOITESD, LIEBoTHRD LS HFEBIZELH LA,

Theorem 1 pxy ~ px ® py THBETCODUEFZEMIL Vey DAL | -
V= Xy M (Hilbert-Schmidt type) T ||[Vxy|| <1 TH5B.

ERER CRICEEREEIRET D uxy OHEEBE I(uxy) RO I SIZE
EEND.

F = {({A;}, {B;});: {A;} ¥E ux(A;) > 0 £725 X OHIRFRSE, (B} 3
py(B;) >0 £725 Y OHEIEATRISE }

b R R

Lxy (A % BJ‘)
I =su .Ai X B:)log
(bxv) p %“x”( ) log px (A:)py (B;)

Thb. ELERIT~TO ({A}, {B;}) € F IDWTE 5.
COHAEFBREITROL IR SN,
bxy K fix ® piy D& E

[ Apxy
I{pxy) —/Xxylobm(ﬂf,y)dﬂXY(%y)

Vb X VIROFEEIFLY S0,



Theorem 2 pxy ~ux Q@ puy L E I(uxy) <co T
1 o0

Hpxy) = 5 > log(l —,)
n=1

ERIND. L {1} R Vi Viy PEFETHS.

WEWET 4= Ry 7 bl H Y AEBERE EET B I LR TE B,
X BANZEMERTENS/ T v 220, Y R HAEMERTETS SF v 22
EFB. A X xB(Y) = [0,1] (KD (1), (2) &WTET 5.

(1) EED z € X KR LT Az, ") =X X (Y, B(Y)) LOH O ARETHS
(2) EED B e BY) IR LT A, B) 1E (X, B(X)) LD LAFRESTH 5.

TDEEIDMX,NY]) #HVAERBERK L WS,

ANERIR px 52D L THISHIE L CHABHR 1y RUEAESEuxy 237
NENKRDEL S ICERSND. |

EED Be BY) IR LT

pr(B) = [ Ma, B)dux(a)
£ED C e B(X) xB(Y) &t LT
pxr(0) = [ A, Co)epux(@)

elZL Co={y€Y,(z,y) € C} TH2D.

BEBORE L 35 DMK ERT T ATIERIR px 126 U CHEESRE I (uxy)
DERTHD. BEOEEMII v ) VOB 245 LEEN RIS TWVADT
T 122 DERDOBE TRV SICEE L TBL.

AEDIS X =Y T Mz, B) = pz(B—1z), pz = [0,Rz] &5, oF Y ASHZ=R
& HAZERIEE CCHRIZHI= D T ARE 1y PIERICNb A BER TH S, &
ﬁkbfﬂwmymwwSP%Eiék,%@ﬁ%@%?%é:kﬁ%éhé.i

tﬂw%w@ﬁwxmgeLt&%ﬁﬁ&bf&wm%mﬂ@gp%52taa
T DBERITTHEE T U ATBERE &\ OO T DRENT Baker [1] 124 VEEICES
TS,

3 Ta4—bFN\vOxELDEEEEE A AELEER
%@iﬁ&?X—Fﬂyﬂ%%ﬁ%ﬁﬁ%ﬁﬁxﬂﬁﬁﬁ%%25o

Yo =S5,+2, n=12...



EEL Z = {Znn=1,2,...} WHEEEZRTIEEL TWRWES 0 DX v AR,
S={Syn= 1,2,...} kY= {Yoin = 1,2,...} XENFRATESR L HAHESS
ST EERERETH B, BEREHEEOINLRNT 41— F Sy 7 bo8T5, L
FRoT S, HEETHAvE—DLHNEEY,. .., Yo, OEHTHDL LTE
&nB, L—b R EEn OFSHE (W, Y™, W e {1,...,2°7) LEBELK
gnt R7— {1,2,..., 2R} ICHF LT, RO BRI

Pe™ = Pr{g,(Y™) # W;Y"™ = z"(W,Y™) + 2"},

TEESND, FELWIE{1,2,...,2"8} LO— M CHEE 27 = (41, 2o, . -, Zn)
LIS Th D, ATMEBICIRTEHENRIENIFEEOND, DFED

iy ps <P
n4

TH D, Tl T74— R/3y 7 X causal ThD, OFEV S;(i=1,2,...,n) 1L 2,...,Zi
B LTWA, FHEICT7 41— Ry I BRRWEEILS (1 =1,2,...,n) X 2" =
(Z1, Zay ..., Zy) EWILTHD,

BRI vy 7 BEREIRO L OICEESND,

Cn,rp(P) = max o log

2L || ATRIRER L, RKER
Tr[(I + B)RY (I + BY) + BR?BY] < nP

B TRET =A75] B & FEARBTE BD 1IKonTE 5, RERICT7 4 —F
Ry 7 BN EEIIBEE C,(P)IXB=0¢& L?T_A: XORRETHD, ZhbD
40D F-C Cover and Pombra iXIROFEREZ I,

Theorem 3 (Cover-Pombra [2]) fEE®D ¢ > 0 IZH L TH n = 1,2,... -7
by & n ToUCnrB(P)—) EDHBENFEEL T n—oo NDEE PelW — 0 LT
X7 WEED >0 &7 uy s En T s HOHFEENLRDHEER
OHEDOFNCFT LTS Pel™ — 0 (n — 00) DSELY L7272y, THET 41— F/3y
7 bR WEE bR 3D,

CrTRTay /B BEELLEE Cups(P) & Ca(P) & ORIDBIRIFk
WD, Co(P) EERE KD LNTVB,



Proposition 1 (Gallager [6])

k nP+r 4+ +r
Zl ,
]v'ri

FELO<r <1y < - <7p 1X RY) OEAME, k(< n) X nP+ri+-+re > kg
Bl TRREBRTH D,

& T 5T Cprp(P) HIERIIIELNRZODT, SETE DAL Lo THRA
RO ERBHFOLN TS,

Theorem 4 (Ebert [5], Pinsker [13], Cover and Pombra [2])

Crn(P) < Cpre(P) < 2C,(P)

R (k) % 1, —14F1,..., k—1F0525RD 0OWssITH. RE(K) %
L... k=147, k,...,n S 72D RY ous475, RE(k) = RP(k) &5, &
@e:%/ﬁ\'%aa _nipz\ﬁ%u\a%ﬁfﬁwﬁ.

Theorem 5 (Yanagi [19])
Cn(P) £ Crra(P) < Co(F2),

=720

. [P e R} (k) AR
PR =P+ \/;:‘ {\} k}; /\“""”‘(< RZ (k) R%l(k)Rélz(k)‘lR%Q(’f) ))

T (v)
+\, Tr[RY]) — | RE(2)| — %"%1%—; """ n'%;f%}ﬂ}'

Mer & RY(K) OB/NEEBEELT D, T EREBD. Thid P A/bhane
EHPHTHD.

Theorem 6 (Yanagi [21])

Crn(P) £ Cpr(P) < Cn(P),



TmlEln=2mL%E

P2
P —_—
2 2)\1+P1
n>3 MDEE .
npP~
B = S + P
ThHb.

BT Cover [3] IZL VWIRD X 572 conjecture ZSHEN TV 5.
Theorem 7 (open problem)
Cn(P) < Cpr(P) < Cp(2P)

TOMT 4 — F/3y 7 200 BT LI LV FEPEINT 51D DONEAS5EHE
(Yanagi [18]), BNDH D7 4 — F3v 7 & 4 OB U REBEROEEIC
DWTDFER (Yanagi [20)), EbIZ=2—F ARy hU—7 DRBEELTEAS 1
HBER OB EFBDOATIZ OV TOREE (Yanagi [22]) EBLLD HEEEL & 573
HEOEAE AT 5.

4 T4 — Ny Y 3 DERBEA D RELEERR

(Q,F,P) FERTEMLTD. #EZ={Z1);0<t<T(< )} X (O, F,P) L
TER SN 0 DA 72T T AERT

T
A.ﬂz®%u<m

EWMICT LD ZDEET 41— Ry 7 & b O REAREGR Y v A B@RE R
FRDESICEZ LIS, |

Y(t)=5@)+2Z(t), 0<t<T,

IEL S={501);0<t<T} LY ={Y(t);0<t< T} iXELEN (Q,F,P) LT
EHRINTZADEZERLMST HHNETBETHD. 74— K3y 7 &2H0Z
&Y SE) B AyE—T X LHIMEF Y([),0<u<t OHDEEE LTS
N5 FHELCIERTS. || llw & Z LIXERD W OFEREE VUV MZER] Hy
DI)NVETHBLTDHE, S ITHT BHHREM

E|S|lw < P



DT COBEROBELZEZD. Co(P) 27 4— F v 7 B LTERWGEAEOEE,
Ci(P) 27 4 — Ry 7 2L OBADEEE T 5. Co(P) DEIX Baker [1] (2L VIE
FICRDLN TV AR, Cp(P) B L CIMRIREIO & & L EFRIZ2< /o T\
V. Liz3o T Cp(P) D ERERDIZV, RO L S RKEET HLERD 5.

(G1) pw & pz 7 strongly equivalent Th 5. B H
Rz = RY*(I + K)RY?, K € (rc).
ZIZT (r¢) R hb—2R « 7 5 ADIERZREEET.
(G2) X DIFLAED/IAN Hy BT 5. BIH
px[Hw] = 1.
(G3) §=X—TY, 7272 L range(T) C Hyy, TH>D
T € (1¢), o(T) = {0}.
I To(T) X T DAY MY,
ROEEEZED.
Theorem 8 ' .
Co(P) < Cy(P) < 2Co(P).

Theorem 9 RO (1), (2) A3ELY ILD.
1
(1) Go(P) < Gy(P) < HIIU + K)2IP,

(2) K=0X% K >0 D&% Co(P) = Cs(P) :f;

Theorem 10 R® (1), (2), (3) A3EL Y L.

(1) Co(P) < Cp(P) < Co(P7),
=7 L

P* = P+ 2VP\Jo[K(I + K)-1/2]
. Th5.
(2) T_TD a (> 1) KHLT

lim
P-co P o

Ci(P) _ 4.

() po, Co(P)
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Hilbert C*-bimodule (ZDWT

R B
LK SR T 28

AHFZEIL. MBEE K (WINAKEREEENER) L oERPFFETH 5,

REEEDAR Y VRTIT AIBWT, FIRE! Hilbert C*-bimodule D% 3. Frobenius reci-
procity, minimality 3 & UF, dimension 2% 554D b & T KK E® character %5 % .
KK 72T HRESD 2 Ll EI20WTHE Lz, A#ETIE. Hilbert C*-bimodule 120 T
FDHbhol-Z i L,

C*-category

HULASA A T — T b & 9 7% C*IR LD Hilbert C*-bimodule &l 5 2>? category
#hLTWBEEZLND, BHGHEL ST 5720, FLDPAAT—Thb L% CB
DE @ normalized minimal Hilbert C*bimoduel of finite type % object & L. 4 Xp & 4Y3
O @ molphism & LTid. X 75 Y ~DOHERBEEHZR T T,

T(az) = aT(z), T(zb)=T(z)b, A(Tz,Ty)= A(:c,:y), (Tm., Ty)s = (z,Y)B

FHTbDERAT B0 2OL A |T|| = [T°T||/2 12k 5T C* ) W AEEAF 5 & . object
& morphism D#iE. C*-category 12725, ,
S512, {u); & X OF Abase £ 5o ex(087) = alp,a), nx(8) = 3 b(1; ® v;) &
J

BL &L (ex,nx) T ED category D rigidity & FHEN A b DIZ% 5,

Pimsner-Popa B AREK

I #RFEOUERBE N C M T M » 5 N ~® conditional expectation E 7%&% 5 &
T5, EVHREAERT[M:N)=C ThHbL X,

E(z*z) > C'z*z

&7 BT LAY, Pimsner-Popa I Lo THIBGNTED, TNE7 4+ - /47 ROIBHKE
FCBNT, FERICERLRTAENXTH 5, Hilbert C*-bimodule 2B T b RO ERD
) DZ EEFEEI NS,

A B #BNTTxFOL ) % C-BL L, 4Xp % Hilbert C*bimodule of finite type &
T 50 {wi}i & X OF B-basis. {v;}; & X DI A-basis £ T 5, TDL &, RORER
PHIALT 5o



EEEED e X IZHLT,

lalz: @) < 113 afws, )|z, 2) 8l

Iz, z)Bll < 1> _¢v5v5) 5l alz, z)l]

FRERDEBIZHN B EZHIL, £ED index DFARELTD I/ VATH B, 72751,
Pimsner-Popa DAERDEE LiE-> T, MAERICHLN L EHIT, GEHRETEVE &
IZ. ’best possible’ Tld 7\,
ffl X=C",A=C, B=C, A-fE. BI-fENT&EL LCii. BEOREE*RHAT S, 20k
&, Az, z) = (z,z)p WWEIZHR Y 720H, RERIIBVW T, n b b, :

EDBNL. EEDOARICE o THEZOHNDE J VADE LW L3T T, imprimitivity
bimodule 127 5%\ Z & 7R L TV 5%, imprimitivity bomodule 127 5 729 121E, ZEHD
index YL bIZ—H L TWVWA I EDPUEFHTH 5,

Bundle Construction
Hilbert C*bimodule @, W& BE{RUS DO FHHI 2 BIO#EREE L LT, Yamagami-Kosaki
@ Bundle Construction % C*OFAICbEAT S I LT TH 5,
- G % countable discrete group, H, K # ERZIAIFEL T 5, AEXTL VNIV EH V-
G LD H-K bundle THb Lid, V =ducV, ETHEEIN, EPOD HIFHEED»D
DK VAP HoTEREN YV ORBEEREL. H, K O G ~OERDIER LW L Tv
2bDET Do sup(V)={9€G:V,#{0}} £ B, ARBAUTESDC-TEL, a %
G D A~ properly outer Z1EF &4 A, H-K bundle V 12X LT,

V=A®yVk =Quc(A®V,)
EBLo AQV i, 7YV NMRILLY ., EHED A WL DD,
P=AxH,Qxo K B VIHLT, XL 2 P, Q AL WA EHT 5o
(@) Pz 1) () D alz(9), (an ® h)(y(R7g)))

e

(2) (z,y)elk) = Z;;ag(@(g"l);y(g_lk) k))a
(3) (h-z)(9)(cn ® h)(z(h71g))  (a-x)(g) = az(g)
4) (z-k)(9)z(gk™) - k (z - a)(g) = z(g)ay(a)

n i sup(V) ~O H-{EHOHFEDELE L. m T sup(V) ~NO K-1EH OPE O &
T ho

#3g8 V Hilbert C*-bimodule of finite type TdH %o b L. sup(V) 7275—>® H-K double
coset 25 7% % & & lind[V] = ||V||n. rind[V] =|[V|lm T® Y. Ind[V] = ||[V|*mn &% 3,
ZZT, ||V &, sup(V) EDI@ED V, DRITLTH 5,



¥ 7. G OYEFAT properly outer THbH T & XV, Vi HBE# bundle TH 5% 5 1E,
V % BE# bimodule TH 5,

Hilbert bimodule D¥ESTE

FTWEALIET (1984). Curto-Muhly-Williams & Comb A¥HIZ1Z, Imprimitivity bimodule
®’equivariant system’ (X, 4, B,v,¢,8,G) 2EFRL. C-#EEH Ax, G & Bxg G #H*
strongly Morita equivalent T ¥, "C*#E67%” X x, G 7 equivalence ¥ 52 5 Z L% 7R
L7

Hilbrt C*-bimodule |& imprimitivity bimodule ®—f%{t T % O T, Hilbert C*-bimodule
DEATELEHR L, 13D Hilbert C*-bimodule (2% 5 Z L #RT, 727 L. BIRTIZH
MNTEFELZVERODODPVOMENH LT, BEHFEICEE L2 ITIR S 2w,

A, B # B[TT% %D C*algebra & L. X % Hilbert A-B bimodule of finite type & 3
o FDOLE, G #EEFL L. G D A, B ~DO1EH. o, 8, G % % Banach space X E
DERBEVERZEANOERE v PROEEHEE R LTVREET S,

(1) Yoo = YgTn Ve =1d
(2) ag(A<$a y)) = A<79($)77g(y)>
(3) ﬁg((xa y)B) = (7g(x)a7g(y)>3
(4) v(az) = ag(a)vy(z),  7e(zb) = 74(2)By(z)
BAEIZOWVWT,
Ax,G= {Zagug tag € A}
B xpG={> bsv,: b, € B}
DEIBEEER L, —F. X OEABERDLIIEET 5,
T |

Xx,,G'={Z:L‘gwg:xg€X}

e
PUFo & 912 Hilbert A x, G-B x5 G EH. WL EF£LT 5,

(1) (dgug)(xhwh) = (ag7e(zn))wgn
(2) (znwn)(bgvg) = (zBn(bg))whg
(3) axac{TgWg, Thwh) = a(Tg, Ygh~1(Th))tigh-1
(4) (xgwgy mhwh)Bx,;G = ,Bg—l(<$g,$h>3)'l)g~1h

X512, X OF-B basis ¥ {w;}: &35 L&, {wwe}s 13 X x,Gpxy,c PE BxgG-basis
kB ENFbPb, I base ICDOWTLREETH 5,
W G PAEREOL &, X x, G Did, Hilbert C*-bimodule of finite type T b, &5H
(25 1ind[X x yG] = rind[X]ve, lind[X x yG] = lind[X]u, 127 %o
I G PERFETL . BYLEMIEET) I LIZLD . X x, G & Hilbert C*-bimodule
of finite type Tdh 5, C* AR EMWBEEHBICEXATLRL I AW D 720,



GO X~DER v IZonT, ROELERER D,
&1
(1) EED geG,g#£e il LT, KRN 12D, $hbb, f£ED T'cEndg(X) 128
LT,
T(az) = aT'(z), T(zb) =T (x)By(0) z€X, a€A, beB

BolET=0%t%5,
(2) FEED T € 4Endp(aXp) I LTRDP RN 120, Thbb, BN ge G, g#eiC
LTy y,T =Ty, 25iE, T=CI i,

FHE LOZO0OEGEAIERNE, X x, G HEHITL D,

5l P # Bl C~-3B,,. G=Zo. X=P®P £ 55, G D P E® properly outer action §
BEZOENTWAEETE, GO P~NDER v % v(z,v) = (6(y),d(z)) 12X > TEFHET 5,
EAN A=P, B=P tngZ)o EEOD,?F)%%%%T%O

a- (ZC, y) = (CL.’L‘, ay) (xay) b= (.’L‘b, yb)
¥/, EROAELERET S,

a{(z1, 1), (22,12)) = T125 + Y105 ((@1,91), (T2, 2)) B = 7172 + Y1 ¥

CDEE, TOVAT A, LOEME (1), (2) EHIL. BEE X x,G IZBENTH 5,
KIZEATED functorial ZEEE RS, RO ENEZ b,

ey s

(1) (X1, 4, B, 7,01, 81,G), (X2, A, B, o, 00,02,G) BB EE, B X =X, @ X, EIC

GOERy»HY, X®, G2 X)Xy, GO Xy %, G 25,

(2) X x,G=XxG

(3) (X, 4, B,a1, B1,m), (Y2 B,C,a, B2, 72) 1272 LT, (X ®pY) LOIER. v #HoT

(X®pY) Xy G2 (X Xqy G) Bxxpc (Y X0, G) E2 %0

IhhS, EEARBIIEAELED T, 7TV ANVEEEERELTWAL I LR 5,

Bundle construction & bimodule ®FEEFE LT EH B b functor DEE =L, |UA
DLV, MEE R LR ET I ELMETH S, V=V, X =X THY.
(X, A, B,v,a, 8,G) ?* equivariant system TH5 LT 5, .

V=XoV=> (X,
geq
EBE, BAROBALEAMII P=Ax,H, Q=AxgK &£ LT,V % Hilbert P-Q
bimodule & § 5 2 LATE, 512, BARMIZTMN finite base ZHER T 5 Z £ 12X D finite
type THbHI & bhhb,
Z DAL, bundle & bimodule DB FIZDWT, bivariant % functor £ R 5 Z &A5T
X, FUIUNE, DREEDDNWTERTH I ENTEETH S,



Z DL DEEE

Abadie, Eilers, Exel #id Z 2L 2B AFEO—%{t L LT, Hilbert A-A bimodule X IZ
L5 ADEEE AxxZ 2 EHL., BAOHEERNTVS, 72720, HELIPEELL
Hilbert C*-bimodule (X, imprimitivity bimodule D £ 9% b DTH Y, LrLERHIEL
C-BiIr > TWwb,

X = ,Xp »' imprimitivity bimodule T, ZHDEANE ) & Z 12D EEMIC CBREEH
THIEREZD, BHFHRAICH L TERSNZBEERANTV S,

BT\ CBEHOPIBER ST ST LEENSH B, L 21E, ARETER
W %7+ BET bundle construction #E 2 &) & 75 & . A base BWEINZ W LA
RiE & 4B, 72, bases B¥HAHEEDL . WOFWIZERETH 5,
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HEBoOBEFAM C-K B ~ 0 coaction i D W<

#2 EE (FElARZE #HEFEX)

1995#11H29H

1 F#

C BT, COECRER T ICBWTERDEREFEAA Yy FALBR2LOLE B
F45E0E (monotone complete) & FEIEIL S, von Neumann {AEUIEBFZMTH D, BFHZEME
C*-f &S Kaplansky DERTD AW LB TH 5.

FHETIE, BB T 252700 & T 0 coaction § % boBIHE OB B 0 -
&L LTO#EER, § DEIERTE (BRER O -REL%s) AL T 2T 51E%%H
TR TLIBREZEEL TS, LDERCE, ZDX 5% B K, T 0 AND "twisted
action” (6, ) {ZB8F %, AD T {2k B”twisted crossed product’ A x4, T' & LTHRTE,
Z D (8,u) D coboundary” ZRE—BRINCEZ BEERT, J2C, 03T LTESHRIQ,
A D R *-[FAEL (partial *-automorphism) ZHE T HERTH D, v 3T x T L TERS
., A D partial isometries Z{HE T 5%, 6 {289 % "2-cocycle(multiplier)” TH b, H-T,
BT ZHDIZE272L &N, T @ B I\ coaction DBIFL, B= A x4, T &% 2HeME
DHB AL (6,v) EFROABIIFET S, LrL, ST BRDAEER, B4R T
E A ?'—?—yf_f: EEIZEDLE 3L T & AN twisted actions DTEIE L1550, ZEORBEIC
I ALTN,

FREIZIL, coaction” E W EEZ WS, LITTCIE, LA FED L34 B % A Lo
T-graded - E RAMBERS, TDEE, ROZEDPRR DRFRDEBE Y 5:

(I) B ? grading {2817 3% B, 1, ADH AR -FE 6, 2 FAVWTERTE 3,

(1) B o & & LTofE, Mt B, — (B4)*; (By,By,) V> By By, (C By,q,)
BURE— (B,) = By, B&EAR B, By, — By ICE>TEZEW, ThHIZED 4,
& A @) partial isometries % FAVYTEIATE 5,

I RIS & &2, BB T @ coaction ## 2 2L, T’ DR (compact ¥
BRI B) O action 2FZAFELFEZETHY, von Neumann {SE\D compact THF
(BB, DEE) D action IIBDARIIZE > THASNTEL, T ITIE, KD

A2 DOWTDAERT B, compact BJHIFH G ) ergodic action % H D von Neumann U
‘i, G @ﬂﬂﬁ T to ( 1 &XJT torus T (CEZINS ) iﬁﬁ-‘;’ﬂ) 2-cocycle ZHWTEHRATE



B0 ([1,[5]), ThiZ, LEDRRT A=C DL, H T 6 DEHNEH (C LHEFER
37213 0) T, 2D 2-cocycle B v L BHEE, IZHYT 5, 7z, ¥1E [6] i, homogeneous
periodic state ¢ # D von Neumann {83 M (€T, FHIY modular HOREE 2 I
T OfEfE Bd2) 3 BEEdS B M, D, 55 M, DR -RAEICL " HEeH L L
THREBFEERLA, T, FoORRT, T =2 THY, 8 B—EHDE -FETERSIN,
v PHBICZ &S5,

2 EEEEO (B#EME C-REA® coaction & W (H
cit ) C*-nE

SOBTY, BEE T 0 O-RER U BTSN C-REND coaction ZRIFFIZIX DV,
50 coaction DL, EIEHARBLED T-graded *-RBOPFR L FAFTH 5FER
ﬁ—o |

w25 9.1, 5T O (BFASE) OB B "\ coaction €5 §: B — B ® CX(T)
[6: B — B&R(I)] 1 (6 ®idenry) © 6 = (idp ® &r) o 6 [(68idgr)) 0 6 = (idp®br) o §] &
Rred BRI (unital P81 -BEFE) . 22T ) [RID)] 3T OHFIEAIRHE o
D TERE NS C*-(von Neumann) fRE, & 13 R(T) LORHE [6(p(v)) = p(v) ® p(7));
B ® C:(T) [BRR(T)] X C*-7>/ V& (Fubini § [3]) .

SNDEE By i={z€B:6z)=z®p(7)} (v €T) IZXRDFEHEH/T B D/ VALH
(B SrERTHS:

(1) (B,,)" = BT‘1? B’nB'n - B‘yry:z (7;')’1:')’2 € I‘)'

37 B, DN (TFH) REHTEHHE ¢ : B — B, 75, 2 +— () = T, 2,®p(7) — .
((: J: 2 f%§§ hr
2) «(B)=0 (v#e).

S, AVESELZ: (BFSEHE) O -RBEFT L L, KORHEHT coaction § DF
2% 5

(3) {(ﬂ@%%ﬁﬁﬁBﬂzazA;_
(i) Bi, (M) OB E LT T, Bic k> TEREN S,

53k 2.2. (i) (B T-graded *-{t8) *AVE A IZH LT, {8 B #* A L T-graded
i, B %eth (1) BRUF B, = A ¥ W3 EANEB = O, B, EHDEEZ NI,

(i) [(BEEszm) C*-RR) (EEEsEiE) o -REL A oL ¢ (SR B BHF A L
I-graded k1%, (1), (2), (3) &#/>9 /L0 (EFE) #52M B, BU (IEH) =T
B c: B> B, = ADTFETHEEZ W,



% 2.3, () A B CO-REDLE, (6,X) H W3 A-Tig €5 X 1345 Hilbert A-HIE
(MR <, > IZEEOEBICOWTEEE §5) ,0: A — Endu(X) (X _ED adjoint 21
DERNFERBNES - &, RDOFFEEFH/T -HRE:

(4) K(X) C #((Ker)™),

T T, K(X) 1ZBE8 1 DfERE (Le., 2<y, > 2 — 2 <y, z>) 2HOHAREE (Ends(X)
O F TS ), (Kerd)t :={z € A: z(Ker8) = 0}.

(i) A PEFEME KRB L S, HE AR (6, X) 7 HOHE &5 X 3HCHREG
($-T End (X) 13 BFH5ENE) , 0 13IEH (€T 8 I3 onto).

"3 A-BIEE (60, X) LT, X % ez b= 0(a)z-b (2L > Tl AL B2 L, &
BOBEhDTWE S ¢ 2EBT 5,

R 2.4. (i) 6 B8, (3) W/ (BFASEM) CAUH B \D coaction DL &, EFHR 2.1
28173 B,, ¢ I2HLT B X A Lk Tgraded TH 5, #iz, (BFsEMH) -8 A ot
LT, (BF5EMH) C'-fR¥& B 48, B,, ¢ ICEL T A L T-graded % 5IE, TS By, ¢ 25
221 2BITA X5 ICHEET S T D B A\D coaction BFIET 5.,

(ii) B 7% B,, € IZBIL T A k T-graded (BF5EM) C-RBL 5T, B, 2, A DILDH
HPSDEITEL A N <z,y>= 2y ITXL»>TH (BTHR) Hilbert A-MFE R%
L, A DFTEOEMPSDENTEIZL - T A D Endy(B,) N0 (IEH) -#FEEZEHTS
Y, B, 3 (HCIHE) AL b, B, £EOWH (HCHE) A X i, &
DEI37% B, L LTEHTES, b, b5 A LE Z-graded 7r (BFEMR) OB B »
%—iEL, B1 =X }.’.7:!1'%0

3 (RIS C-REOD Picard £8

AIEiDER o, (BF5EMR) OB A LD I-graded (EF5EM) -1 B O
& LT ofEElD, v (HE3H) At B, (B 531G By — (By)*, (By,, By,) ¥—
B, B, BUF—# (B,)* = By-1, B&54% By, By, — By, 2B TIHLCI>TES
5, CORTIE, COBEPSL, SNLZHODOMIBEREL 95, W[k (HCHB) A-InE
D79 LR (inverse semigroup)— A @ Picard FHF L PR —ZFEA T S, Picard & W
I &L, OB A 19 % Picard D 2] DEBRTD Picard B2 nE L LTs
DEICHS, o2C, FEHEIL RO IR LT e 'z =2, 7'zt =27 H
Tz (z DFEFTEWRER) P—BWICHFET S X 52 FHTHS.

A FERE L C-REE L, T AIFF2 % Mod-4 L&, X € Mod-A IZHLT,
ADZO0/ NV LEERA F TN ERNTERT 2 (I IZFBETERT) -

K(X) =67 (K (X)) C (Ker8)™, K, (X)=En <X, X>.

(6| (Ker8): DSBS, 071 := (0 | (Ker6)1)™! [IEHKZ 2. ) Mod-A D 2TTDRD,
ML R T 5 M A- D EE % BEEE, FADBREFERZ FE LIRS,



(8,X) € Mod-A [z LT, ZDFIL (8, X)) € Mod-A ZIRDL S ITEEKRT S, X* =
{z*:z € X} ET, A4 58, IHHEE, NEZ '

Az* = (Az)*, a-z*b=(8(8")z-a")*, <z*,y*>=0"(z<y,>) € (Kerh)* C A
TERL, " EEE 0, :A->Endy(X?) 2 6_4(e)z* =a-2" TEFRTSE
X1 =(8,X)" = (_1,X") € ModA, Kerf_, = K, (X)"
B, KXY = K(X) P2,
x =X

PR,

Mod-A [ZBITAH ®4 2RDEIICEHET S, (8;,X;) € Mod-4 (5 = 1, 2) lzxf
LT RBBTFYYILE X, 0c X; LTONREE (z ®2;) ¢ = 2, ® 2,0, FIFE
<z @ Ty, ® 12> = <%3,0;(<z1, 11>) 1> P HHEEIN S Hilbert A-NIFHE X, ®4, X>
EEL, 6 A - Endy(Xs ®6, %) % 6 (a)(z ® 1) = (B1(e)n) @ 2, 12L »TEHT
5L

X]_ ®A X2 = (é;,X-[ ®92 X2) € Mod-A

Par5, , -

A FRICEFSZHOL &, HEHCHE A- Ik % SDMod-4 L EE, | LI,
T, Q. 2ERT S, B, X1 IIEFEALEL, Xi®4X, 13 X 04X, DHDTH
&L ([4) L9 5. |

X € ModA DREHE [X], [ModA] = {[X]: X € Mod=A}, etc. LEL,

EH 3.1 AW CRBNEE, [ModA] BROFEICEH L THERTHS:

(6] =G @a ], PO =X

A B BFZEND L 5| [S.D.Mod-4] i25WT b IR,
Z ) [Mod-4] ([S.D.Mod-A]) & (EFAZEM) C*AUE A @ Picard FH LITA.

4 f®*-HE

ZOHEITIE, B#sEl C'-fR8 A @ Picard ¥ [SD.Mod-A] %, A OIF *-FE L H
BN, 2OEE R, BEROFER, EHENEREAWTERT S, JOEEI Outd =
Aut A/Inn A DFBEEZWIRLIZLDTH Y, [SD.Mod-4] 13 Out 4 Z2HEAHEL LTED
Bhprb. A DBELMK, partial isometries 24k, HULZ, L Proj 4, PL A4,
zZ(4) &<,

A D & *-F% (partial "-antomorphism) &1, A DEFENSREOED - [FAH, ie.,



AR 8: eAde — fAf, e, f € ProjA BV, ZHOEE e = £(6), f = ¢(8) EEL,
BH5uw € PLARKLT, Adu: v'vde*s — wv’Aun”, (Adw)(z) = wzw’, ERYEBH
FEZE BEBEWI, A OR -FAE2EkE PAutAdA EEL, 6,60, € PAutA
C(LB))C(£(82)) = 0=C(r(61))C(7(6,)) (C() IZHBORLBERT) 2l TLE, H
Mo, ©6, €P.Aut A %,

£(61 @ 03) = £(81) + £(82), (61 ©6;) :=-7(61) + 7(63)
(B> T £(6, @ 62) AL(6, @ 82) = £(8:) AL(B:) + £(8:) AL(8,), 7(-) 12 DWVT & [FIRR);
(6, ® 6;) (21 + z2) == 0, (z1) + 8, (ng), z; € £(6,)AL(6;)

TEFRT D, 0 EP.Aut A, b, k € Proj Z(A) IZH LT, k-0-h €P.Aut 4 %,
£(k-6-R) := b0~ (kr(6)), 7(k-8-h) := 8(RL(6))k, k-6-h =0 | £(k-6-h)AL(k-6-R)
TERL, 0h=1-0-h, k8=k0-1 LE L,
0=0-h@f-(1—h)=k-6&(1—k)-6.

%R 4.1. 6 € P.Aut A HIE (8, duldlt) <% 2(8) € Z(A) [7(6) € Z(A); £(8), 7(8) €
Z(A4)].

6 € P.Aut A 75 TEH (regular) <% 0 =6, @6, (6, I3TF, 6, I3H) LRE3,

IED (Fulgy, BRI R -FEL% (P.Aut A)*[(P.Aut A)°, RP.Aut 4] L &<,

# € RPAutA 23 LT, <8>€ SDMod-A ZRDEDICEHE TR, WIDOIC 6 €
PAuwt At DEE, 1(0)A %, z -0 = za, <z,y>= 2’y TEZIN 5 BHOIHEE Hibert
ANRERDLL, 6 & EADOIEH -#FE A — End,(r(8)A) = 1(6) Ar(6), a — 6(£(6)a),
ER-HLTESNS SDMod-A DITE <> LEL, Kic=06, 00, (6, I3TF, 6, 13
H) DLE <b>=<b> @ <(6;) > LEDH S, BB, <t>=r1(6,)4 0 AL6,) THY,

a (21 @ z3) -b= 6, (a)z,b D az,(8;)"(3),
<z @ 23,91 D 12>= ziy; + Oa(2333).

FEH 4.2, f£8D X € SDMod-A IZR LT, X 2<6> L 7% 0 € RP.Aut A HSEEES
5, HIb, <> OREEZ 6] LB,

[S.D.Mod—A] = {[¢] : # € R.P.Aut A}.

FEEE <0>=<y> (8, ¥ € RP.Aut A) I, KOBRIZ LY, 5058 TE 2,

il 4.3. 9, ¢ € (P.Aut A)t 95,
(i) <O>Z<p><=£(0) =£(¢), Iv EPL.A:w’u=1(8), ¢ = (Adu) o f. DL EZD[



FEMIT 2 v uz, z €7(6)A THEZHNS,

(i) <8>Z< P>t 1(f) < L), r(¥) < £(F),Iu € PLA : wu* = £6), ¢|
1(0)Ar(6) = (Adw*) 007 ZHDLEDRABEMRII = — up(z), 2z € 7())A C £L($)A T
oMb,

2% 4.4 (FIEFER ~) . 6, ¢,... EP.Aut A {ITXH LT,
8 < v <5 1(6) < £($) < CUB)), ¢ | £49) AL() = 6;
=9, &5 3y, v EPL A e’ = £(8), v*v =1(8), 6, = (Adv) 08 o (Ad u);
o< L&h36, 0206 <
By €30 w <0, w <P,
~ I3 P.Aut A LORERRICES. ¢ DRIERE {8} LRL, Zhb2fk% {P.Aut A}
LEL,

G ESE 4.5 (FHHL) . 5D 0 e PAMAICH LT, 0 <9 £%% ¢ ERP.Aut A
B~ FRE—BNICESZS., D¢ &6 OIERHEE R,

—BD 0 €EP.Aut A 20T B <6>€ SD.Mod-A % <> (¢ 130 DIEAME) £ LTE
895,

3% 4.6 (P.A1t A D2TTOEKR) . 0, ¢ EP.Aut A [TH LT,
r(6) > v, wn’ < L(P), C(v*e) = C(r(8))C(£(¢))

75w €PI A REL yef :=¢po(Adu)ofd €EP.Aut A (FERREKL 07 (v n) 407 (v*n))
% 6,y DEREER (T « BRI I~ ZRE—EMNTES S ),

SEB 4.7, 0, ¢ € P.Aut A XL T,
O>ELY> = ~ P; <O> By <P>E<Pp e f>; <O>TI=HTIS .

T {P.Aut A} 13, BE {¢)- {9}: [$e8}, {8} = {67} ok > THERICZL Y, X
Ji5 [S.D.Mod—A] — {P.Aut A}, [6] — {8}, I FE LTCORAREHETH S,

HE. () B2, ¢ € (PAAT DLEL, Y00 € (PAutA)T THY, ARER
<> By <p>=<po > By P(z)y ITX->THILLHNS,

(2) —fi2,6, ¥ € RP.AwA TH->TH o6 ¢ RP.AutA (BIZIE, 0 78,4 HTE
NDLE) . ::hfﬁ,R.P.AutA DFEIETTUL, — D P.Aut A DFLLE R, EFk 4.4,4.5
I2X->T PAwA & RPAutA 2FEMTSLBPHLBHTH S,

(3) 8,9 € Aut A DL E 6 ~ ¢ <> Junitaryu € 4 : ¢ = (Adw)od. T
Out A C {P.Aut A}.

(4) A D AW -HFOL E, {P.Aut A}\ {0} X Out A ZTFHEENT L LT EUH
TH5b, Bz, A HSo-finite, properly infinite Ze 51X, {P.Avt A}\ {0} =Out4 THH, A
I, B W-IAT72 615, [{P.Aut A} \ {0}]/Out A |3 Murray-von Newmann DEHKTD
ADEAFERETH S,



5 Twisted crossed products

PITT, A TIZFN2N C L0 unital *U8, BEEIZ %Y, P.Awt A, (P.Aut A)*, PL A,
et BHsE - REDBEELERTH 5.
def

Ez 5.1. () #H (B,t) P A DT 12k b {RBHY twisted crossed product &
B =@, By 13 A ED Tgraded *RE; ¢: T —PLB, v t, ZLTOREEHIT:

te=1p =14 =:1; By =t, A+ A(t,—1)*;
{ Bt =@, (B)*[(B))* = t, Al 1% B DEHRE;
Bt 4+ (Bt)*=B.
Wi, By=t,A=At, (f¢>T Bt*=B) DLE, (B,t) ¥ FP:L.\B‘JE:H%N
(i) ")0) twisted crossed products (BY,#)(5j =1,2) A4k < 35 :B' - B? *-[]
st x((B))")=(B)*, ¥y €eT.

’L% 5.2. (i) # (8,2) B T @ A N0 twisted action €& ¢ :T — (P.Aut A)F, 7 +—

by, w:T'xT —PLA, (v,7) = vy, 1), ZEITORGEZHET (£(6,) =: £(7), r(6,) =
7(7), (6, 08y ) =: £(71,73), etc. LBEELT B): Vv, €T :
(5.1) 8, =1idg;
(5.2) £v1,73) S €nm);
(5.3) (Adu(v1,m)) 00y, 00y = by - £(71,72);5
(5-4) w(re, 72)u(v, ) = Oy (r,72)), wln,va)'eln, ) = T(’Yl,’)’z)
(5.5) w(y,€) = u(e,7) = r(7);
(5 6) v (’71')’2,’)’3)913 (“(71,’)’2)) = u(’}’t;')’z’)’a)’l"(’)’z;’)’s);
(5.7) £(ra)(1 = £(v7 N8y (r((m73) ™)) = 05
(5.8) L0y )L — £(73))85 (£(1173)) = 05
(8.9) (1= £(7a))by, (£lrma)r(77") = O;
(5.10) (¢(n) = £(re, 1 v2))((72) — &3, 73 1)) = G
(5.11) 6y, (1 = &(r173 ", 72)) Aby, (1 = &7 1)) = 05
(5.12) (£(n1) = £(11, 11 )z ({12 YE(13) = £(72, 7)) = 0.
(i) T D A N\ twisted action (8,2) ZHLT, (a,v) # (8,2)-coboundary <5
a€AutA; v:T —-PLA, v+~ vy, o, =a(r(8,)), Yy €T.

SER 5.3 (twisted crossed product @ A, TODAE VWV IR).
@) &K3id, A DT {2k BAEHYT twisted crossed products (B,t) & T' D A N\ twisted
actions (6, v) @%ﬁ@ﬂﬁﬂ'i‘iaﬁ?‘ét
By - (Ad t;) | 4 w(71,72) = (bnm) tntn-
i, (B,t) 2525 &, ERICE>T (6,2) WERBTE, #HiZ (6,v) 2525L EATH
729 (B, t) WEE S, T, (B, t) BHLBDE &, 6, € (P.Aut A)° TH Y, 5= (5.7)-
(5.12) KBHEDRPE (5.1)-(5.6) £ DHES



(@) T D A\ twisted action (8,4) & (6, 4)-coboundary (e,v) XL T, XRAZE -
TH LV twited action (¢,2') PEFRTE 2:

{ ¢!, = (Adw,)oach,oa™,
(11, 72) = (2y9) " @(u(11,712) ) (@0 by © ‘1‘—1)("11 )y

CDLE (8,u), (0,4) {ZHI5F 2 twisted crossed products (B,t), (B’,t*) IZE W
THB, B2, (B, 1), (B,¢) WPIf%7 twisted crossed products, (6,), (¢',%) AIGEY
% twisted actions D& &, H 5 (6, u)-coboundary (a,v) PHFIEL, ERMPRIT 5.

(1) 2BIT3 (9,4) 5 (B,t) DER: T D A N\ twisted action (f,w) TR LT, 7B
NEER ¢, LUTOBERATERSNS, FRA L, (tya, + ) (t,-1)") (a4, &, € A) £4K
B ELL,B,=t, A+ A(t,1)* &F 5:

r(r)al(l — £x~)) =0, (1= Ex)alr(z) = 0,
w(7,77")0p-2(a) +£(y)a'r(v71) = 0.

B 28112 involution LB KR TERT 2:

(tya + a'(8-1)")" = ty-10" +a*(t,)";
(tﬁa’)(twb) = t’h'ra“('fl;')'?)g’m (a,)b;
t'na(tvz)* = t'yl'y;i (972)_1 (“(’7172_1»73)*“7 ('Y?))
+ A =Ly N En) Hrm)en(rr 1)) (Eyt)s
(B )ty = toruly, v 78)" + (U= 200 m))u(ys, 12 ) (ty-1,, )

PIT™T A ZBEHEER C-RBERTET S,

€38 5.4. T @D A N twisted action (8,u) LT, ADTICXB{EH twisted
crossed product (B, ) % BARICHEISEIL L TR LIS T-graded BFsEm C*-{I8E A D
I' {zX % twisted crossed product LWL, Ax,, I EEL, (ZDLE B, € SD.Mod-A
B, TR A xgyT O grading £525.) (B,8) BHLMOLS, Axg,T bl
s,

€3 5.5. () X € SDMod-A DEFMETF Y € SDMod-A # X DIEHS <5
36 € (P.Aut A)T: Y =<6>, O OHEIZBEL T Y I3EK.,

(i) T @ A \O twisted action (8,v) PHEAIE <= Vy €T : BY == t,4 &' B, =
ty A+ Alt,-1)* DIEERSY.

L 5.6. (1) A _EDHERDT-graded BLF5E C’*—’fﬁ?ﬁ'B {Z,coboundary FEE—FEH
I 5, fKIE twisted action (6,2) {ZB89 % twisted crossed product A xg,T" & =
5. .

(i1) A DT o-finite, properly infinite D& &, LD B {Z HULMH twisted crossed product
ELTRES,

tya+a(t,1) =04 {



SEHOFS: FEO B (2L THESE S B, € SDMod-A OEHAE (B) & L,
(Bt =<0,> %5 6, € (P.AutA)T ZHEKE, <b,>=1(0,)A DI 7(6,) 2B (B,)T
DL t, kL, Bi=3, By, t:y—1,, £55L (B,t) HUBHEY twisted crossed product
LB, W B 53 12X (8,+) PEFKTE S, 2, B3, Zo0
B AIE twisted actions {ZXf9° % twisted crossed products 73, I'-graded *-fCH X L TH%
(ie.,gradings ZRF TS "-FEPFET 5) L 5T, LARICESR 5.1(1) OBERTH&EIZ
LBBPLHED.
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