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A Note on a Problem of an Extermal
Problem in H?!

J. Inoue

January 26, 1996

Abstract : It is shown that, for each p(0 < p < 1), there exist an exposed point
of the uint ball of the classical Hardy space H'(D), which has the property that
f~1 dose not belong to HP.

In the study of the classical Hardy space H! = H(D) of the unit
disc D, it is an interesing and also an important problem to characterize the
exposed points (of the uint ball of H*).

Characterization of the exposed points are studied by several authors.
such as [1], [3], [4], [5], [6], [7], [8] and etc.

On the other hand, some means to constract various concrete examples
of the exposed points are known:

(a). If fe HY||flli=1,and Rf >00on T = 0D,

then f is an exposed point [8].

(b). If f € HY||fll. = 1, and f~* belongs to H', then f is an exposed
point [3]

(c). If f € H,||flls = 1, and if there exists some non zero k € H* such
that R[kf] > 0, then f is an exposed point [5].

With use of (a), (b) and (c), we can construct various concrete examples
of exposded points easily.

For example, if ¢ is an inner function, then (1+q)/||(14-¢)||: is an exposed
point by (a).



Also, by use of (b), we can know easily that if f is an analytic polynomial
with ||f|| = 1, then f is an exposed point if and only if f has no zero on D,
and has at most simple zeros on 7.

On the other hand, we can easily see that if f satisfy (a), (b) or (c) , then
f~1 must belongs to H? for each 0 < p < 1.

In this short note, we show that, for each 0 < p < 1, we can construct
an exposed point sucht that f~! dose not belong to HP.

In the following, we need next definition and theorem [2].

Defintion 1. If fis a function.in H' with norm 1, we put
Sy={geH :|glh=1, g(e*)/f(e*) > 0.a.e.t}

S} is the solution set of the well knouwn extermal probelm in H*. f is
an exposed point (of the unit ball of H') if and only if Sy = {f}.

Theorem 1[1]. Suppose f is a function in H? with Wflli=1. If
f~1 is locally belongs to H* on the unit circle except a finite set A of T', and
f~! € HP for some p > 0, then the linear span of Sy has finite dimension.

We now prove the following theorem.

Theorem 2. For each p(0 < p < 1), there exists an exposed point
“of the unit ball of H! sucn that f~! dose not belong to HP.
Proof. Let u be a positive measurable function on (0,27) such that
(i) u is locally integrable (0, 27),
(ii) If we put g = e®® we have g~'(e®) ¢ LP(T), but g~(e®) € LP/*(T),
(iii) g(e*)/ (1 —e")? & LY(T).
Let f(z) be an outer function defined by

+

2 it
f(2) = )\exp/O Z“ zlogg(eit)dt/Zvr (z€ D)
where A is a positive constant to ensure || f||; =1.

Then by the definition of f, f~! locally belongs to H' except point in
A= {1}, f~1(e®) ¢ HP, but f~! € HP/2. Therefore by theorem 1, we have
that the linear span of Sy is of finite dimensional. Since f is outer, these
imply that if f is not exposed, f must be devided in H* by a function of the

form (z — a)? for some a € T [5]. But it is impossible by the condition (i)



and (iii), and we can conclude that f is an exposed point of the unit ball of
H'. Q.E.D.
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Scaling Functions associated with
Unimodular Wavelets for L? *

Atsushi Nobuta

Abstract

We construct Scaling Functions associated with Unimodular Wavelets for L?. We also find a
necessary and sufficient condition for a class of Unimodular Wavelet for L? constructed in reference
[1] to be associated with Multiresolution Analysis.

1 Introduction

T ZTit, Y.-H. Ha, H. Kang, J. Lee, & J. K. Seo [1] T& U & #1172 Unimodular Wavelets {23153 %
Scaling Function DR U2 DHE % Z DB & ¥ %, Unimodular Wavelets & &, Meyer’s Equations
% #12 Unimodular 45 (ie [$(€)| = 1forall ¢ € supp® ) % 52 L TH#ER & M7z Orthonormal Wavelets
DI ETHbBo ¢ € L2(R) #° L2(R) iZ#F % Orthonormal Wavelet T& 5 &id, ¥ € L*(R), j,k€Z
LT, BT Y & .

(@) = 259(Pz ~ K)
L7k &, R {¢;,} % L2(R) <% LT Orhtonormal basis &£ %% Z & TdH %o Z @ Orthonormal
Wavelets % HiBiT 51013, EAWIC 2 DDOFENH B, 1 2Id, Meyer's Equations 12D (LT, b
3> 1%, Multiresolution Analysis ( MRA ) [2#T{ FHETH 5o [1]ITB VTR S 17z Unimodular
Wavelets IXRIEFICET VT WS, D Meyer's Equations 14 Orthonormal Wavelets {2319 5 L E+54c
BT Y. Meyer ok o THLX BN, MIBVTHLLONTWS, B, [JEBB IRV,

Theorem 1.1 ( Meyer’s Equations : [1] )
¥ € L2(R) %, L2(R) 2% LT Orthonormal Wavelet & 7 5 72 D LE+THAFIE, KDE (W.1) ~
(WA) 27z T &TH b,

(W1) T8, Wb+ 2km)2 = 1

(W2) T2, B(E+2km)B(20(€ + 2km)) =0, for j > 1
(W3) =% _ [P =1

(W) T2, D€ + 2pom))B(@E) =0, for po € 2Z+ 1

IHLDERIT, BLAYELALEIADEKRT, Y2 Z L ®EKRT 5,

*The author wishes to thank Professor J.Inoue for helpful and good guidance regarding the subject of this paper
t Department of Mathematics, Faculty of Science, Hokkaido University



Z ® Meyer's Equations i Unimodular 5% 3£3 2 £12 & ), Theorem 1.1 D (W1)=(W4) , (W3)=(W2)
2577+, Unimodular Wavelets D LE+54MiE, (W )W) ZHEdI s (1)), ¢bIK. K=
suppy &3 % & Unimodular Wavelets DAE+5 4 (W.1)(W.3) 12, 0 K (2T 2 LE+H4MFL
LTy XD L) I o s,

Theorem 1.2 ( Unimodular Wavelets for L2(R) : [1] )
1 € L2(R) % Unimodular Function & L,

K = suppp, Kt =Kn(0,00), K- =Kn( —0c0,0)
5B E, o BLA(R) K LT Orthonormal Wavelet & % 5 72 DULETIHRMEIZ, KD 2 ODEHZ
Wizy I LThbo
(1) BL% ae RICKH LT, 7,0E, null-set # T, K L one-to-one T, %2
| m([aa+2m)—7,(K))=0

(2) #EL7%2a>0,b< 0K LT, 8,8 i&. null-set ZBx\VT, &4 K+ KL one-to-one T, i)
m( [0'920‘) "“50.(K+) ) =0, m( (2brb } "'6b(K_) ) =0

ZZTC, mit R LD Lebesque measure ThH 1) B, 5%

To:R—[a,a4+27), a<7(z) =2+ 2 k(@z)r<a+2r, foraeR

62:[0,00) — [a,20) , a < 8y(z) =29z <2, fora>0
Tk, a< 02 b, 2<0RFLT, 8u(z) = —b6o(—2) T 5o

hEBAWTRIC, [1] TR & 117 Unimodular Wavelets @ 322 A% 51T %,
Theorem 1.3 ([1])
B(E) = i xg (€) (1.1)
K=[2a~4r, a—27]U[@q, 2a] , 0<a<2m

55 b o iE LA(R) I8 LT Orthonormal Wavelet ¥ % %o 12, K+ K- #°%4 1 DOKE» 5%
% Unimodular Wavelets i3 Z DX DA TH %,

‘Theorem 1.4 ([1])
oi o od
+ - 4 .
K —[WW,W]U[2JW,QJW+mW],K = -K ,]>0
ETa k. R(L1D)D ¢ iE. L2(R) 23 LT Orthonormal Wavelet & %%, 2, KT #¥EVITHE% 2
SORENLRY, K- FEACELT KT EdHzKE»S %5 Unimodular Wavelets 13 Z DD
ATH5bo

Theorem 1.5 ([1])
j>22, 1<p<P -2/ LT

- 2p+1 2p+1
K™ = [«2(1—2j+1_1>7r, -(1—2j+1__1>7r}
20p+1)  2(2p+1) 29+1(2p+1)  29t2(p+1)
+
K _[2:‘+1—1 o1 | Y| T o1 ¢ Tt

sk, R(L1L)D ¢ ik L2(R) i LT Orthonormal Wavelet &% %, #iZ, K- 21 DDORXE T,
Kt FEVEELR 2 00RED» 5 %22 Unimodular Wavelets 1 Z OFBRDOATH %,




RO TIE, TORXDOEHTHS Unimodular Wavelets (2353 % Scaling Functions QWL +534
He5 2, ED 30065 MRA KHIGT 2 0B 2 EET 5,

2 Statement of results

ZOETIE, (1128 Tk Meyer’s Equations % 212 Unimodular Wavelets Z#5 L7=DIZ%F L. MRA
I2#&J\v3 7z Unimodular Wavelets DR E AATERE LT, FEEIFBONCERZBRRL, 2070
2. £9 MRA ODEHZSFZTHL,

Definition 2.1 ( Multiresolution Analysis : [2],[3] )

{Vj},ez  sequence of closed subspace of L(R)

EL7E &, (Vj} g TORO%H RY)~(RY) 27T & &, I2(R) ® MRA £,
(R1) V; CV
(R2) UR o Vi =L*R), NZ_o Vs = {0}
(R3) f(z) €V, < f(2z) € Vi
(R4) 3 ¢ € Vo . {p(n +K)}yog, ; orthonormal basis for Vo
0 ¢k {V;} REET S Scaling Function £\29),

TZT, {Vj};ez ¥ MRA | ¢ % Scaling Function & L, £7:'W; & V; OEXMZEH (V;0W; =
Vi) £ 55, TOEE, {Y(-—k): k€ Z} 75 Wy @ Orthonormal basis 2% 5 & ) %E# ¢ & 4D

FhiE, @ 4 % Orthonormal Wavelet & 7% %, —#12, Orthonormal Wavelet 9 %% Scaling Function
B LTVAE
$(2¢) = €mo(¢ +m)(¢) 21
2T, TIT, mo i '
| $(2¢) = mo(€)4(¢)

72T or BEIT. L2([0, 2r ) KESTHETH 5.

Ihe#BAWT L2(R) 123 L T Unimodular Wavelets (25153 % Scaling Functions ® ¥ 72 Uni-
modular Function & %% O T, #5735 Scaling Functions DL%E+F&MHIERD & 5 ITHFEAIT6h 5,

Theorem 2.1 ( Scaling Functions associated with Unimodular Wavelets for L?(R) : [5] )

¢= XM » M CR : measurable

E¥BE, ¢hF LA(R) K LT Scaling Function & 7% % 72 OLEFEMFIE, RO 3 020&HZEHIT
ETHb,

(1) Jim m({ ~m, 7 \ZM) =0

(2) Mc2M

(8) BY¥ZacRIIXF LT, 7. null-set ZEVT, ML one-to-one T, 2D
m([a,a+2r)—7(M))=0

ZZT, mit R £ Lebesque measure TH 5,



CCTm & mo({) =37 $(2(¢ +2m)) £ B< &, EO Scaling Function ¢ (23t LT
$(2¢) = mo(¢)4(¢)
iz T on EHIT. L2([0, 2r]) KETHEBER S, fEoT, 1) &Y

B = efmo(§+7)5(5)
= é%§:&c+2ﬂm+4n$<g>
ez
%%, &£ o T, Theorem 2.1 @ Scaling Function ¢ i,
Q)= ' (ZZ B¢ +am(a+ 1))) b (—é) (22)
le

{2 & o T Unimodular Wavelet ¥ 233G LTV 5,

Zh%e AT, Theorem 1.3 ~ Theorem 1.5 ® Unimodular Wavelets 75 , £ X 9 % Scaling Functions
KHEL TV APICDWTEET B, L, Th13 & Thi1d ICoWTik, [JOBERICI Y broT b,
%R, Th.1.3 IZ3xt L Tid Scaling Functions & LT

a(g) =X a-27, a ](E) , 0<a<2r

DL THEY, Thid T, j=10&EDH MRA HE L, Unimodular Wavelet 9 & Scaling
Function ¢ %,

B(E) = &3 xg (&)

8 2 2 8
K_[——?;W, ~27rJLJ[—-7r, -—gvr]u[-gﬂ', W]U{Qﬂ, —éw]

#(€) = xni(6)

M= [-—-%w, —W}U[—%’Iﬂ %W]U [7!', %w]
Thhbo HoT. #it Th15 IKOVTEETHDIFAED, [1ICE) p FEFHOL &1 MRA IHEL
BRI EFRLNTVWEDT, p & LTREEDAER), T5 L. MRA ISHET 272 DLE+THRED
RDOEHIHELND,
Theorem 2.2 ( Scaling Functions associated with Unimodular Wavelets of Theorem 1.5: [5] )
1 % Th.1.5 ICBWTHER & N7z Unimodular Wavelet T, p 3B L T5, DL E 4 2%, MRA I
IS B 720 DLEAG54M4E,

(29 — 2%)p+ 29 — 2k-1

PERELD E(1<Ek<Lj-1) PHEETHIETH A,
¥ foy D& EMIET B Scaling Function ¢ 13

#(€) = xpi(€)

_ +1\_ 2p+1) Trdep+y 2 p+1)
M~[_<1"2j+1~1>7r’ g1 |\ U|Zmgm m

=1

Thhbo



Z @ Theorem 2.2 i, Theorem 2.1 D&M 3)ICBITARE [a, a+2r) *EEFHEOEMMA T TEEZ
BABIEICLNBONE, T2, MRA ISHBT ALETSEMEN, X PERE 25 EPFRETHEE
DHTHBZ EFREBRIENDDOTHEEBbNS, UTIC, X PEHERS kE(1<k<j) P"FET
BEED jp % j=2~20 TTHELTB o
=2 ,p=2
j=3 ,p=6
j=4 ,p=4,10,14
j=5 ,p=30
j=6 ,p=8,20,42,54,62
j=7 ,p=36,90,126
j=8 ,p=16,84,170,238,254
j=9 ,p=72,438,510
j=10,p=32,136,292,340,682,730,886,990,1022
j=11,p=660,1386,2046
j=12,p=64,272,584,1188,1364,2730,2906,3510,3822,4030,4094
j=13,p=528,2340,5850,7662,8190
j=14,p=128,2184,5460,10922,14198,16254,16382
j=15,p=1056,4680,10836,21930,28086,31710,32766
j=16,p=256,2080,4368,9288,18724,21140,21844,43690,44394,46810
56246,61166,63454,65278,65534
j=17,p=17544,38052,93018,113526,131070
j=18,p=512,4160,16912,34952,37448,75044,84628,87380,174762,177514
187098,224694,227190,245230,257982,261630,262142
j=19,p=8256,149796,174420,349866,374490,516030,524286
j=20,p=1024,33824,69904,304292,349524,609050,744282,978670
1014750,1047550,1048574
$#%1Z, Theorem 2.1 & Theorem 2.2 DFEBIZEI L TIFBE IR [5] BRI iz vy,
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Martingale transforms in a Banach space
Toshitada SHINTANI
1. Notations. Let ({3, A, P ) be a probability space and 6(1, QZ,...
a nondecreasing sequence of sub-t-fields of Q. Let X be a Banach
space with norm H and the Radon-—Nikod/ym property. Let f:(fl,fg,...)
be an X-valued martingale with norm {(fﬂl= SPD. E}fnl@c relative to
R ﬁz,... . Here E denotes expectation : integration over 2, with
respect to P. Let v=(vl,v2,...) be a real-valued predictable sequ-
ence, that is, vk:.ﬁ-%R is ak—measurable,' k> 1. Then g=(8y:85se+2)s
defined by 8= Kzi\_;ivk(fk+lm fk) with ]v\Sl in absolute value, is the
transform of the martingale f by v.
2. Real-valued case. Let Bbe a sub-T-field of (. If Z is a
random variable with finite mean, by the Radon—Nikod;;’rm theoren,
for Z there is a B -measurable function'gg) which is satisfying

S Z(w) dP= Sﬁ?(w) dP for every A €3
A A

and which decides the correspondence Z—9¢ , i. e., F:Z(w)—>4 W),
This function ¢ is unique up to a set of P-measure zero, and any
such function, denoted by E( Z/73 Y(), is called the conditional
expectation of Z2(w) relative to B. Therefore, the above correspo-
ndence F is written by
E( 2/B)(@)=9 @)= F( Z2(w)/B) for almost all wedl,
If f=(fl,f2,,..) is a martingale then, for almost all w0,
7( fn-\—l(“)) /a/n )= fn(u)) ( n=1,24000 )

and F is linear: for all A ,M€R
FOUT@RZ@) /B )= F(ATHE) @)/R)

= E(AYHHZ /B )(@)=AF( Y@)/BHUE( Z(0)/B) .
Let X- R, that is, let £=(£y,f5,...) be an I -bounded and

real-valued martingale. Then |-| denotes the absolute value.



o0
Theorem 1, If [|£]lj<os  then Z,|f £]< e a. e,

n+l

that is, £ is of bounded variation.

Proof. Suppose that there exists a subset M of S such that
[rped

P(M)2= O and fElfm—l

Then, for any G= G(@®) >0 there is a number N= N(G,w0 ) > O

Vo
(W q (v .
such that K%{fkﬂ(w) £,@)|>6 onu (Ya>w)

(m)—-fn(a;)§= oo  for all W€ M.

So there are a number k= k(w)< n and a positive real number G’ =G’ (@)

such that lflrﬂ.(w) ~—fk(w)‘= ¢G>0 for each «@ € M, Here, set
YN 7y — i ‘ v

G'= 6" @)= | () @) £ (w)@) | for each WeM (wel, MCEL).

G’ is well-defined on & and G >0 when w'=w s le €0y G'>0 on M.

Now, when w’=w |fk+1(w)-fk(w){ is defined on M.

By the definition of the absolute value

lfk+l(w> — £ () !
::i karl(“)) -fk(u>) on A

—( fk+l(w)-fk(w)> on M\ A.
Since k(W)= k <oo , Jk@);w emy<i1,2,.00,n,.0.). Thus,

def,

los £, @28, @} (cH )

5| o @l e B €232, BJ] = e By oo
So [ £),q —f; | €L’ For almost all wea
BC | iy = Ty | My )@) = FC| £y~ 2, [ (0 )
P(| £3.,0 @) —2, (@) | /Ay )
R £, @) ~£,(0) /iy )
fk(w)—~fk(u>) = 0, For almost all weM\A
B( | fypq =y | My V@) = FC| £y g () =2, (] /2y )
- (£ (0) — 2,1 (D) /iy )
= fk(a)) ~—fk(a)) = O,

i

il

il

Therefore E( )fk+l—fk|/a:k Y(W)= 0 for almost all W €M,
On the other hand, if E( ¢ /ak(w) Yw) = 0 ( k= k(w))
for almost all W€ then E( G/ w))= E( E(G’/dk(w) YW )= 0.



Thus, G'= O a. e, for each weM, This contradicts to G'>0 on M.
So E( G’/@k Y@ =2 O for some w'=w € M.

Since P(M) % 0, M % # . Then

F(| £001 @) = £, /. )

F( G'(W) My )

B( G /2y )(@)

= O for some w €M,

0]

]

1l

This is a contradiction. Thus there is not such M.
o9
Therefore > ,|f (W) —f (W)|< oo for almost all we Sl .
ne1q | B+l n
3. Vector-valued case. Let Z(W) be a Bochner-integrable function
on a probability space (2, A, P ) teking values in X.
Let R be a sub-0-field contained in A . Then the conditional
expectation E( Z/R)(@) of Zw) relative to R is defined as a
Bochner-integrable function on (i, A, P ) such that E( Z/B) is
TR -measurable and that g Z(w)dP= S E(Z/R)(w)aP, YA ¢ B ,
A A
where the integrals are Bochner-integrals,
Therefore, by above correspondence F: ZwW)——>E( Z/B) (W),
similarly in the real-valued case
E( Z2/B)(w) is written by F( z2(W)/R)
for almost all W&S, Let £ be an X-valued and Ly-bounded
martingale. Then
7( fn+1(03) fhy, ) = £ @) ( n=1,2,;..) and F is linear.
Theorem 2. If [|£][;< oo then V‘%)f.’m—l"fnk 0o e €e
Proof. Suppose that there exists a subset M of 2 such that
HO
P(M) % 0 and é(fnﬂ(w)—fn(wﬂ - 00 for all «) € M.
Then, for any G= G(w)> O there is a number N = N( G, )>0
a8
such that >7,|f, 1(w)~fk(o0)\ SGonM (Vaxk).
So there are a number k= k(W)<$n and a positive real number

G¢'= G/(w) such that (fk+l(w)—fk(w)\= ¢’>0 for each 0 € M.



def,

Then, & @) == £,(,41®) —Ti(e )@o) or each ek (we&, HC Q)
such that \ Qo)\~ G/ (@)>0 when w'=w, i. €., g~ g 00)35.0 on M.
Since f is a martingale, for almost all « € .82,
B Te@)n ™ fieo) Mgy I - .
Thus, E( §6")) Sﬁ,( A/ CHREICD
=0 ( Here E denotes the Bochner integral )

def.
= Elg\ 0 ( E is the Lebesgue integral )

& |gl=0 a.e.
& ?5 @) = 8 for almost all UU/GSL and for each we¢M,
-
So B (W=0on M (C&).

li

This is a contradiction on M. Thus, there is not such M.
o0
Therefore ;Z:lf 1(w)~—f (uDl<m for almost all wWE L,
Y\:_i nt n
4, Martingale transforms.
Theorem 3. If Hfﬂl<v= then the martingale transiorm g by v
converges a. e. in X without the assumption that v is predictable.
In fact,
e, <w>\<2)v OIENNOREND EPEMNCENOIRE
for almost allt'o €5t .

Theorem 4., Let X be Banach space. Then we have the followings:

" X has RN-property" and " X has RN-property" and
" g11 X-valued martingale f é é " 811 X-valued martingale f
is L'-bounded " is TP-bounded" ( 1< p<om)

Ellz,— 1, [, = 1p¢)

~fw)<m de €o

3 N2
o)1 IJ&, §-Cp‘sHp,[fn”P §Elfn+l~—fn\ < oo As €a

w>o —~
J ¢ <) "=t
" X is super-reflexive (= reflexive )

ie€e, " X has RN-property and l\fH1<°° = X is reflexive "
( Thus, X € UMD )
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Interpolating Sequences and Embedding Theorems in
Weighted Bergman Spaces

JREK - B LEE
(Masahiro Yamada)

§1. FF

D ZEHRFEIZH I ABEAMR. H 2 D LB ekET 5, &
7ei 0<p,g<oos v,u % D EDOFRL Borel FRIEST 3, &2 TidRD
MREEEZ b, HEEHMO<C <oco BEFEAELT. £2TD fe HizLT

(Atf{de)%sc([)|flpdu)%

LB EE v & pid (q,p) ICBAT B (v, p)-Carleson RERE Mg & IELS
LT B, TIT Li(v), LE(p) BE L2 LI (V)N H, LP(W)NHET B & X,
LD L2(p) 25 LI(v) ITEBRICEDATNAELFETH 3,

HRE. v & p B (¢,p) IZBEF B (v, p)-Carleson T#“ﬁ%ﬁtﬁ*tbwﬁ
E+5%4ERDT X,
a,z€ DIZTHUT. ¢, ZIRH 0% o IZFT D LOo—REH.
Bla,z) = 1/21og(1+ | ¢u(2) [)/ (1~ | da(2) |)
EFTBH, TDEE. 0<r<oo 3B ricLT.
D.(a) ={z€ D | B(a,z) <r}

&9 5, IHIT. )

r(@) = s [
EEET B, I T mITEBILEINI 2 IRTE Lebesgue PIEAE T,

CEHE1.0<p< g ETE, XIS dp = wdmg, w 1 (A,) -FBEETER
Us 5 0< R< oo BFELT er(p,) <1 &5, ZDEE, (¢,p) I



B LT (v, p)-Carleson RNERXDNRG /I INBELE. 5 0<1r < oo DELEL
T (1= | a |2 =92, (a)/fi.(a)? < C (a € D) 155 Z LIZRMETH 3,

FH2.0< ¢g<phDip<1&E&FTH, IS, dp = wdmg,w 1F
(A;) -ZREZRR U ep(p,a) =+ 0(R = 00) &5, ZDEX. (¢,p) 2
UT (v, p)-Carleson AERNHIINZEE, HB0<7r < oo BVEELT
Ui € L¥p) 785 Z EIZRAMETH B, T 1/t +1/(p/g) =1 &35,

FH3. 0< g¢g<phd1<p &dd, TSI, dp = wdmg,w 1Z
(Ap(a))s -FtFZmR L. 1 —p)(1l+a) < 0 <0743 0 DEELT,
or(p,a,0) = O(R = 00) £F %, ZDEE. (¢,p) IKBALT (v, p)-Carleson
AERDNHIZINDEIEE, BB 0<r < oo WEELTY,/fi, € L (u) 155 Z
LIIFETHB, ZZT1/t+1/(p/g) =1 &£F B,

UTF CREBOIEROMKEB~S, 7. C RERERTDET 3,

§2. p < g DEFAIT DT

EED o € DITHUT Ku(2) = (1 — a2)2, ka(2) = Ko(2)/ K. (a)V? &
ja<o a>—1 6:j‘ﬂ-bfx

=|/'|ka[”“’dy

EEE. Ih% Berezin BKEEFIR, w> 0% D LOAHIBEEET S,
1 <p<oo ITHUT, w (A)-FEZMRETELEE. 5 0<r,C <o
WFEELT. TXTD a€ D iZ2T

by (a) (w™ V)N @) < C
BBLEEEES, E. 0< R< oo KK LT,

en(s @) = sup L 1 5 5 i) ()™

a€D

EEHET B, S5IT. a>—1 IS LTy dmg = (1- | 2 P)*dm &8
T3, Y EEMEMLUT, EE 1 DMV OMKER~S, ,



EH1DHMH. HB0<r <o MFELT(1—|a |2)20-4/P)p, (a)/ fir(
C (a€ D) THBEWNET S, FED feHELacDIZXHLT | f
M & Holder DAENL D

a)q/p <
| ©

a/p
(@ P C(f 1T dn)" (1= e Py (o)

DAL Bo & ZTs Will%E v THS U GO D 258T 5 EE2EZL S,
B 4.3.6[6;p62) £ 0. HBEKKMN & {\.} CDWEELTD =UD,(\)
DO ZTD z€ D 3~ N ED Dy (V) IKUDBIHOEDIZ D %45
HTEB, £-Ts

1 F@ 1" dv
< ox ) (f 15 du=1a Py ) i
q/p

CR([, o 17 duli= 120 P20 ) oD (0)

LD D DRBEDHFE q/p > 1 THDZ Lo, Carleson RERIE SN
%, T Carleson RERDPBIL LTI ERET B ZDEX, f = kZt+al/r
ARERITRAT S &L r(p, @) <1 BABRENSHEBICEHEDOEGIEN
N5,

~Om)

IA

§3. p> q DHFAIT DT

. (4,(a))s -REFICDOWTEHENRB, FHESEE w B (Ay(a))s -5
EMRETEEE. DB 0<C <o BWEELT. §XTD a € D IZDONT

Wo(a)(w N (a)Pt < C

HWBEEET ). £/oi 0<R< oo EFEHOITH LT,

(1,2, 0) = sup Ko 14 (1= | 2 P ) (1= | o ) Ral@))
Ao, 0) =sup( [ K PP (1 |2 P ) (1= ] @ Y fa(a)

EEET 5,



FEH 1 Tl (v, p)-Carleson RERN AT INBTDDLEFRMEZESH T
WIZ f & LT AEARERITRA Ulc, B8 2 LEHE 3 DFREMIZH
TH. TNERFEHETH I FE 1 THO O XD REAKRIREE TR
Vo ZOBAICHNWSONAMEE fI2d5MEASIFEOHETHD. TDFE
BT AEMANLELL S, KT ERUITDONTHENRD,

A= {CLJ} % D @,ﬁﬁ”&?%o if:\

R4 =1/2inf (a;, a)
L. THITS
s 0,0) = s(a) =int{ [ 1 £ P dui fa) =1,/ € H
L3 L. SHE Riesz’s BEE RS, SDEX, [2(p) 5 P ~OHEE

BTy %

Taf = {s(a;)"" f(a;)}
WLk > TEHET B, 55l AD LP(p) ICB T AHAETITHS &F. Ty e
HThHBEE, THOBEERD {¢} € P I LT ¢ = s(a;) P f(a;) 55 f
PFETHEEEV I TOMEIIDNT, ROBERNFSNS,

EH 4. dpy = wdm, £ 5,

(1) 0<p<1 &T 5, wid (A) -FBERR U er(p,a) = 0(R — o)
ETB, ZDEX. HB0< Ry < oo WEELTS Ry < Ry 5 51E A 3HE
MEF &85,

(2) 1<p &F 5. wid (Ap(a))s -FHZMHRL. (1-p)(1+a)<0<0
5% 0 DEELUTS Sr(p,0,0) 5 0(R = 00) &5, ZDEE, 5 0<
Ry < oo WEELT. Ry <Ry HoHid A BFMSSI LTS,

FEH 4 IZOWTOIERIZERT 5, Uh L. SHERCTEE2 ., FH 3
DEENIESNBZEETEELTEH L B2 EH 3ITHWT (v, u)- Carleson
RERDPEILT B 7D+ GE2F A IS, EE 1 DFEA L KT 6 E
BT HEREN, TOHKE 5k RD,

FH2 . EH 3BT TR, B 1 O ERBICLT, EE
DfeH&aeDIZHUT, | f| OFHAFMME Holder DAZEHNL D

@ P<o(f 1F 1 )= a ) ()




MREONS, T, Ml% v THES U Fubini OF#EZHNT,
11 17 dva) |
< O [ (- la Py (o) dvla)du(z)
< O [ 1£E) I (502 r(2))di(2)

E75B, TIT. b —E Hblder DARERAHINS Z 10K - T Carleson
RERNESNS,

LEDOFRHIIE. BE1DZENI D BHBHEETHE I ENHSE, ZH
B v=p OFHITDNTEZSB E. g<p DEEL LP(p) A Li(p) IWEIC
BENTOEAEDISHBTFRINSEGTHAH EBDLNS, £/l CHoDFHER
AR BIEE p I2 DT UMVE SN TOIRWDDS, o IZREEZDIFIRNEEI
. & v=m DEEITH->THHBEIIFERICH L LS ICBbhs, L
U EDBEICDODOTHEZBRT A EPEETHADH LB T 5B,
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A GEOMETRICAL STRUCTURE
IN THE FURUTA INEQUALITY

E1izaBuro KAMEI

1. Introduction The Furuta inequality [8] is one of recent developments
in operator theory, which is a beautiful extension of the Lowner-Heinz inequality
[14,18] : If A > B > 0, then

(1) (AT4rAn)Me > (ATBPAT)HS
holds for r > 0, p > 0 and ¢ > 1 with (1+2r)q > p+2r, in which the case ¢ = {ﬂ%}

1s essential, i.e.,

2

T > (A’BPA’”)%—:

(2) (A7 AP A7)

for p > 1 and r > 0. We note that the case r = 0 in (1) is the Lowner-Heinz
inequality. An elementary proof of it is given in [9] and some nice applications are
discussed in [11,12].

Now, as in previous papers [2,3,4,5,6,10,15,16], the theory of operator means
established by Kubo and Ando [17] is quite useful for the investigation of the Furuta
inequality. Actually it induces the power mean §, (0 < @ < 1) corresponding to
the operator monotone function ¢t — t* (¢ > 0), i.e.,

A, B= A1/2(A——1/2BA——1/2)01A1/2

for positive invertible operators A and B. Then it is easily checked that the Furuta
inequality (2) is equivalent to the following inequality in terms of operator means ;

(3) AT fi10r AP > AT f14y, BP
p+ar +2r

for p > 1 and r > 0. Moreover, as an alternative formula of the Furuta inequality,
we obtained in [16 ; Theorem] and also [3 ; Cor. 2] that if A > B > 0 and they are

invertible, then

(4) B™® f141. AP > A>B > A {1 BP

pfar Pir

for p > 1 and r > 0. Very recently, we [6] attempt a mean theoretic' approach
to the grand Furuta inequality [13] which is a parametric formula interpolating
the Furuta inequality and the Ando-Hial inequality [1] and is proved by using the



original Furuta inequality (1) : If A > B > 0 and A is invertible, then for each
t €[0,1],

Fp-,t(A,B,r, 3) —_ A——r/2{Ar/z(A-t/2BpA—t/2)sAr/2}——4-(;_-:),;,A-—r/z

is a decreasing function of both r and s for allr > ¢, p > 1 and s > 1. In particular,
the inequality '
A7t = oe(A,A,r,8) > Fpe(A, B,r, 5)

holds for r > ¢, p> 1 and s > 1.

Recalling our attempts on the Furuta inequality, we recognize that the following
special case of the Furuta inequality (2) plays an important role : If A > B > 0,
then

(5) A> (ATBPAT) AT

for p> 1 and r > 0, see [6; Lemma 2], [3; Lemma] and [16; Cor. 2].

In this note, we pay our attension to the Furuta inequality (5) again. Precisely
we use it in Furuta’s repeating method established in his inequality and obtain the
following inequality: If A > B > 0 and A is invertible, then for each o € [0,1],

(6) A7 fptammatn BP < Blpts—n)a—stn

e _
holds for p > 1 and n +1 > s > n for some nonnegative integer n. We here note
that if we take o = ]l;_{—z{—% in the above (6), then we have (4) by replacing s = 2r ;in
other words, (4) is just the case @ = LE£=8 in (6). Furthermore the inequality (6)

+s—n
is discussed in a general setting, so that we will have some geometrical view for the

Furuta inequality; we will recognize the figure like a gingko leaf in it.
2. The Furuta inequality. At the beginning, we start with a simple apph-
cation of (5), which is the heart of this paper.
Lemma 1. If A > B >0 and A is invertible, then for each a € [0,1],
(7) A 5, BP > A1 foq t=a_ BF

ptatl

holds for p > 1 and s > 0.
Next we prepare an elementary fact as a base for repeating the use of Lemma 1.
Lemma 2. Let p > 1 and n+ 1 > s > n for some nonnegative integer n. For a
given @ € [0,1], a sequence {ak} is defined by ay = @ and
1— o
pts—n+k+1

Then each oy is expressed as

(8) Q41 = o + (k=0,1,2,---,n—1).

alp+s—n)+k

9 Q==

¥ k p+s—n+k

for k=1,2,---,n and In particular

' : alpt+s—n)+n

(10) oy = (p ) .
p+s

— lds—n — lts
Ifa= P then a, = gl



Theorem 3. If A > B >0 and A is invertible, then for each a € [0,1],

(6) A"‘S H(E+:—-n)a+n BP S B(p+s—n)a—s+n
pts

holds for p > 1 and n+1 > s > n for some nonnegative integer n.

Remark. If we take @ = }lﬁ‘i’}% in (6) for givenp > 1 and n+1> s > n, then

Lemma 2 and Theorem 3 imply (4) by replacing s = 2r. It also means that (5) is .
fundamental among the Furuta inequalities.

3. Gingko leaf in the Furuta inequality.  First of all, we consider the -
continuous analogue of the preceding discussion, which is seen on both variables s
and p. To do this, Lemma 1 must be reformed as follows:

Lemma 4. IfA > B > 0 and A is invertible, then for each a € [0,1] and ¢ € (0,1],

Ay BP > A7°¢ ﬁa+(1—a)c BP
ptate

holds forp > 1 and s > 0.
Next we have the following inequality on p:

Lemma 5. If A > B > 0 and A is invertible, then for each o € [0,1] and § € (0,1},

A7 §o BP > A™° f(pseya BPFE

FEXES

holds for p > 1 and s > 0.
Combining with Lemmas 4 and 5, the following theorem 1is obtained:

Theorem 6. If A > B >0 and A is invertible, then for each a,¢,4 € [0,1],

(12) A—S ﬁa BP Z A—-S—E u(p+5)a+e Afgﬁ’—{'-{s
ptatetsd
and
(13) BS54 AP < B757¢ f(paa1as. APFY
. ptsdetd

hold for p > 1 and s 2> 0.

We here note that Theorem 3 is continuously interpolated by Theorem 6. Finally
we propose a geometrical structure in the Furuta inequality. For simplicity, we
consider the scalar case, 1.e., positive operators A and B are positive numbers a
and b respectively. Also we assume that 0 < b <1 < a.

Now 1t, follows from Theorem 6 that

(14) B<A=B7f A<B 7 AA<B?}§ A2°<Bfy A* <,
(15) 15B“2ﬁ_§_ASB'Qﬁ%A2§B‘2ﬁ%A3§B‘2ﬁ§_A‘*_<_~--



and

(16) BT'<B?§ A<B? | A< B2y AP<BTPf AP

In addition, since C = C g A for 4,C >0, we have
B2=B?4,A=B24;A>=B 2 A>=B"2; A*=-.-.

We now draw the graphs of fuctions y = a® and y = b°, and fix the point Q@ =
(=2, b2). Then the segment spanned by @ and P, = (n, a") intersects the axis

z =1 at the point M, = (1, 572 nn% a™) exactly and %ﬂ- = ;%5 Moreover the
segment QM,, consists of the path {B™2§, A" ; 0 < a < ;%—2-} ; the sequence (14)
of inequalities appears on the axis £ = 1. Similarly, (15) and (16) do on the axis

z = 0 and © = —1 respectively. Incidentally, the following sequence of inequalities
appears on the axisz = 8 (-2 <8< 1);

Bf < B2 Hos A< B ?{s1 A2< B2 Bos2 A* < B? fo2 At <o
%
Combinig the above discussion with Theorem 6, for each s > 0 the set
(B fa A7 ; p2>21,0< <1}

looks like a gingko leaf as the following figure.
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Symmetric Riemmanian space of type AI and generalized Numerical Ranges
Hiroshi Nakazato

Department of Mathematics, Faculty of Science Hirosaki University

Hirosaki, 036 JAPAN

Abstract. In this talk I treat with certain generalized numerical numerical ranges of

3 by 3 complex matrices.

1. Reduction of the parameters

Question. Suppose that A, B are 3x3 complex diagonal matrices: A = diag{a1,az, a3},
B = diag{by, b, b3}. Set

W(A,B) = {tr(A U BU*):U is a 3 by 3 unitary matrix}.

Describe the boundary of the compact subset W(A, B) of the complex plane C via the

eigenvalues ay, as, ag, by, bz, bs.

By a theorem of Cheung and Tsing (cf.[2]), the range W (A, B) is star- shaped with
respect to the point (1/3)(a1 + ag + a3)(by + by + b3). Therefore the range W (A, B)
is determined by its boundary. In the paper [1], Au-Yeung and Poon characterize the

compact set

Q={UoU:U is a3 by 3 unitary matrix},

where U is the complex conjugate of the matrix U and o denotes the Hadamard (Shur,

entry-wise) product of matrices. By using their characterization of {2 and the equation
2z P+ 2+ ) (et yt+ ) =@ty -2z +z—y)(y+z—z)(z+y+2)
for real numbers z,y, z, and the Euler angles of rotation in R?, we can characterize the

boundary of 2 in the 4-dimensional affine space of all real matrices whose column sums

and row sums are 1.



Lemma 1.

N ={gog:ge€SO(3)}
This lemma leads us the following theorem.

Theoreml. Suppose that A and B are 3 by 3 complex diagonal matrices. Then the

equation

W(A,B) = {tr(A g B ¢g"): g € SO(3)}
holds, where g* denotes the transpose of the matrix g.

2. Critical Points

Now we reduce the problem to a special case. If the eigenvalues ay,a3,a3 of A lie
on a straight line on the cémplex plane, then the range W (A, B) is convex and coincides

with the convex hull of the 6 points
{a1bg(1) + azby(z) + asby(z) 1 0 € S3}.

‘The'refore we may assume that a; # a;j for 1 <7 < j < 3 and the three points a1, az, a3
lie on a circle with radius r € (0, c0) on the complex plane. Since W(4, B) = W (B, A),
we may assume that the eigenvalues by, by, b3 of B also lie on a circle. By using rotations
and translations, we may assume that A = diag{ay, a3, a3} and B = diag{by, bz, b3} are
elements of the group SU(3) satisfying a; # aj,b; # b; for 1 < i < j < 3. We take a
square root C' = diag{ci,cg,c3} € SU(3) of the matrix Aie., ¢ = a; (1 <¢ < 3) and
cicze3 = 1. Then we have the relations (c; + ¢j)(ci —¢;) # 0for 1 <7 < 57 < 3. We

obtain a fundamental equation
tr(Ag B ¢')=1tr(C g B ¢* C)

for every g € SO(3). We consider the real analytic map ¢ of the 3-dimensinal Lie group
S0(3) into the plane C ~ R%:

g—tr(C g B gt O).

We remark that for every g € SO(3) the element C g B g* C belongs to the 5-dimensinal



compact symmetric Riemannian space
M = {X : X is a 3 by 3 unitary matrix, det(X) = 1, X' = X}.

We research the rank of the Jacobian matrix of the map v at every ¢ € SO(3). For
almost every g € SO(3), the rank is equal to 2. We say that ¢ is a critical point if the
rank at ¢ is less than 2. We remark that if ¥(g) is a boundary point of W(A4, B), then

the point g is necessarily critical. We obtain the following theorem.

Theorem?2. Suppose that C = diag{ci,c,c3} and B = diag{b;, by, b3} are elements
of SU(3) satisfying the relations (¢; + ¢j)(ci —¢j) # 0, b # bj for 1 < i < j < 3. Set
X=X(g)=CygBg¢g"C, X ={zij = zi5(9) : 1 < 1,5 < 3} for every g € SO(3).
Then an element g € SO(3) is a critical point of the map 1, if and only if the three
complex numbers x12,213,z23 lie on a straight line passing through the origin 0 on
the complex plane C. Moreover for the points z12,z13, %23 to enjoy this condition , it
is necessary and sufficient that one of the following conditions holds: 1) The matrix
g ={gpg : 1 £ p,g < 3} has an entry g;; for which g;; =1 or g;; = —1 ; 2) Some

eigenvalue of the unitary matrix X has multiplicity > 2.

3. Boundary of W(A, B)

We define a simple closed curve I' on the plane C by the equation
I = {2 exp(it) + exp(—214t): 0 <t < 27}
={z=z+iy: (z,y) € R?, (x? + y2)? + 24xy? — 8x® + 18(x? + y?) — 27 = 0}.
The curve I is called a deltoid. We denote by D the closed domain surrounded by T*:
D={2r exp(it)+r exp(—27¢):0<t<2m0<r<1}.
Then we have the equation
D = {exp(is) + exp(it) + exp(iu) : (s,t,u) € R} s+t +u =0 mod.27}.

For the point z = exp(is) + exp(it) + exp(iu) with (s,t,u) € R3,s 4+t +u = 0 mod.27



to belong the boundary T', it is necessary and sufficient that the condition

(exp(it) — exp(is))(exp(st) — exp(iu))(exp(is) — exp(iu)) = 0
holds. By using this condition and Theorem 2, we can obtain the following theorem.

Theorem3. Suppose that A = diag{a1,a2,as}, B = diag{bi, b, b3} are elements of the
group SU(3) with a; # aj,b; # bj for 1 <i < j < 3. Set

Vi = {a1b1 + azby + agbs, a1bs + azbs + asbi, a1bs + azbs + azba},

V_ = {a1b1 + agb3 + azba, a1bs + a2bs + azb1, a1by + agby + azbs}.

Then the boundary OW (A, B) of the range W (A, B) in the plane C satisfies the inclusion

OW(A,B)CTU{tz1+(1—1)20:0<t<1,z1 € V4,20 € V_}.

Remark. We assume the assumtions of Theorem 3 hold. Then, for every z; € V., 2z €

V_ the straight line L(z1,2) passing through z1, 2o, i.e.,
L(z1,z2) = {tz1 + (1 —t)z3 : t € R}

is a tangent line of the deltoid I' at some non-singular point of T or at one of 3 cusps of

I.
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Abstract. The Ho-Kalman realization of a minimal system is practiced for several
numerical examples using Mathematica 2.2.0.

1. Systems Realization
A linear system in time domain is described by

x'=Ax+Bu system equation
y=Cx output equation
where
A : n by n matrix
B: mnbyr, C: mbyn
and

X : n dimensional vector valued function,

called state variable,
u : r dimensional , input
y : m dimensional , output

is transformed into an algebraic equation in frequency domain



Y(s)= C(sI - A)-1B U(s)+ C(sI - A)-1x(0)

The main portion G(s)=C(sI - A)-1B of this equation is called the
transfer function, which is a matrix whose elements are rational
functions. In particular, the degree of the numerators less than that of
the denominator for each entries. The matrix function of this type is
called proper.

For the analysis, the transfer function is given from the matrices
(A,B,C), while in engineering synthesis, the input-output relation is
given first as a proper matrix function. And there occurs an inverse
problem. Given proper matrix function, construct the triplet (A,B,C)
whose transfer function is the given matrix function. This is called a
realization. |

Analysis : (A,B,C) ===> G(s)
Synthesis : G(s) ===>(A,B,C)

The properness of the function is a condition for the existence of the
realizations. The triplet is determined not uniquely. And it is natural to
ask for the smallest realization. It is known that the minimality or
irreducibility condition for the system is stated in several ways.

Ho-Kalman's theorem goes‘ as follows :

Theorem. ret
v(s) :=LCM of the denominators of the enmtries of G(s),
vi=deg Y(s),

and

G(s):=2pn s Jn-
If H, K be Hankel block-matrices with first row (Jo, J1, .., Jv -1) and
(J1, J2, ..., Jv ) respectively, and S, T be matrices with SHT be Row-

reduced form of H. Then A=SKT, B=SH, C=HT (with suitable
restriction ) gives a minimal system .

2. Computation using Mathematica 2.2.0
The source file of the Mathematica Notebook will be given.



hokalman.kiroku

(De

fault Kernel) In[65]:=

(* Give a PROPER rational matrix function and its
matrix form. ¥*) .
MatrixForm[G[s_J]={{1/(s8*(8+1)),1/(s+1)},
{2/(s+1),1/(s8+2)}}]

(*The rectangular size of the transfer matrix,
where m is vertical, r is horizontal. *)

m=Dimensions[GI[s]]1[[1]]
r=Dimensions[G[=s]11[[2]1]

~o wo

(* To obtain the LCM polynomial of the denominators,
the list of denominators

iz put on a temporaly file named templ. While, by
the following simple Table command givesg a matrix
of denominators, one need to flatten them. %)
Flatten[Table[Denominator[GI[s]l[[i,3111,{i,1,m},
(j:llr}]]>>templi

(* Thus the LCM is given by cut-and-pasting from
templ. *)

gam[s_ ]=PolynomialLCMI[s*(1 + 8), 1 + s,

1+ 8, 2 + 8}y

(* The degree of the LCM polynomial will be
called nu. ¥*)
nu=Exponent [gam[s], =8]:;

(* To obtain the Laurent expansion,

the command "Series" is available, *)
MatrixForm[g[z_]=Normal[Series[G[s]/.s8~>1/z,
{z,0,2*nu}lll:;

(* Thus the matricial coefficients of glz] gives
an m by r matrices called J[p].

They are given as the (p+l)th derivative at zerxo
divided by (p+l)!. *)
JI[p_l=Expand[Derivative[p+1][gl[0]/(p+1)!];

H=Partition[Flatten[Table[Table[Flatten[
Table[J[j+i~-2]1[[kl]l,{(j,1,nu}ll,
{k,1,r}],{i,1,nu}l]l,nu*m];
MatrixForm[H];

(* We need also shifted Hankel matrix. ¥*)
SH=Partition[Flatten[Table[Table[Flatten|
Table[J[j+i-11[[k]],{j,1,nu}ll,
{k,1,xr}1,{i,1,nu}ll,nu*m};

MatrixForm[SH];

(* Now we get the McMillan degree. ¥*)
McMillan=nu*m-Dimensions[NullSpace[H]]1[[1]];

(* To show that McMillan is really the McMillan
degree. *)

MatrixFormiMinors|[H,McMillan+1]];
MatrixForm[Minors[H,McMillanl];
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(* Now, the next step is to obtain the (m*nu)
square invertible matrix ss and the r*nu square
invertible matrix ttsuch that sgs.H.tt is a
row-reduced form.*)

rl={{1,0,0,0,0,0},{0,1,0,0,0,0},{1,0,1,0,1,0},
{0:010:110:0}:{0:010:0:110}1{01010101011}}i
r2={{1,0,0,0,0,0},{0,1,0,0,0,0},{0,0,1,0,0,0},
{o0,0,0,1,0,0},{0,0,0,0,0,1},{0,0,0,0,1,0}};
r3={{1"1l'1111"1'0}1{01110101010}1{01011101010}1
{0,0,0,1,0,0},{0,0,0,0,1,0},{0,0,0,0,0,1}};
11={{1,0,0,0,0,0},{0,1,0,0,0,0},{0,0,1,0,0,0},
{0,0,0,1,0,0},{0,0,1,0,1,0},{0,0,0,0,0,1}};
12={{1,0,0,0,0,0},{0,1,0,0,0,0}, {0,0,1,0,0,0},
{o0,0,0,1,0,0},{0,0,0,0,0,1}, {0,0,0,0,1,0}1};
r4={{1,0,0,0,0,0},{0,1,2,2,-4,0},{0,0,1,0,0,0},
{o0,0,0,1,0,0},{0,0,0,0,1,0},{0,0,0,0,0,1}};
r5={{1,0,0,0,0,0},{0,2,0,0,0,0},{0,0,1,0,0,0},
{0,0,0,1,3,0},{0,0,0,0,1,0},{0,0,0,0,0,1}};
13=({1,0,0,0,0,0},{0,1,0,0,0,0},{0,1,1,0,0,03},
{0,2,0,1,0,0},{0,-4,0,0,1,0},{0,0,0,0,0,1}};
1l4={{1,0,0,0,0,0},{0,1,0,0,0,0},{0,0,1,0,0,0},
{0,0,0,1,0,0},{(0,0,0,3,1,0},{0,0,0,0,0,1}};
15=({1,0,0,0,0,0},{0,1,0,0,0,0}, {0,0,1,0,0,0},
(0101'2/3111010}1{01010101110}1{01010101011} 7
16={{1,0,0,0,0,0},¢(0,1,0,0,0,0},{0,0,1,3/2,0,0},
{0,0,0,1,0,0},{0,0,0,0,1,0},{0,0,0,0,0,1}};
17={{1,0,0,0,0,0},{0,1,0,0,0,0},{0,0,-1/3,0,0,0},

{o0,0,0,3/2,0,0},{0,0,0,0,1,0},0,0,0,0,0,1}};
MatrixForm[17.16.15.14.13.12.11.H.xr1.r2.xr3.r4.xr5];

(*A@Thus we get the final reduced form, namely
a (non-square) zero one matrices whose entries
are 1 if i=j and l<=i<=McMillan

and 0 otherwise.

And the product of all left multipliers gives the
invertible matrix ss, and the product of right
multipliers gives tt. *)
gg8=17.16.15.14.13.12.11;

tt=rl.r2.r3.r4.r5;

MatrixForm[ss];

MatrixForm[tt];

(* Several zero one matrices whose entries are 1
if i=j and 1l<=i<=McMillan, r, m and 0 otherwise
are defined. *)
MatrixForm[III=Table[If[i==3,1,0],{i,1,McMillan},
{j,1,m*nu}ll;
MatrixForm[JJJ=Table[If[i==j,1,0],{i,1,McMillan},
{ij,1,r*nu}ll;
MatrixForm[KKK=Table[If[i==5,1,0]1,{i,1,r},
{3,1,x*nu}ll;
MatrixForm[LLL=Table[If[i==j,1,0],{i,1,m},
{j,1,m*nu}ll;

(* Now the Ho-Kalman realization (AA,BB,CC)
is given. *)
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MatrixForm[ARA=III.ss.SH.tt.Conjugatel
Transpose [JJJT]1]11]
MatrixForm[BB=III.ss.H.Conjugatel
Transpose [KKK]]11]
MatrixForm[CC=LLL.H.tt.Conjugatel
Transpose [JJJ]]]

(* Is it really a realization ? *)
MatrixForm[Together [Cancel [CC.Inversel
s*IdentityMatrix[McMillan]—AA].BB]]];

(* Is this a irreducible(=minimal) ? *)
MatrixForm[PP=Table [Flatten[Tablel
(MatrixPower [AA, k] .BB) [[J1]
,{k,0,McMillan-1}]1]1,{j,1,McMillan}]];

MatrixForm[QQ=Table[FlatteniTablel ,
(MatrixPower [Conjugate[Transpose[AA]l], k].
Conjugate [Transpose[CCl])[[j1],
{k,0,McMillan~-1}1]1,{j,1,McMillan}]];

(* Check the rank of PP, which is expected
to be eguat to McMillan¥*)

NullSpace[PP];

Dimensions [NullSpace[PP1]1[[1]];

(* Check the rank of QQ, which is expected
to be eguat to McMillan¥*)

NullSpacelQQl; '

Dimensions [NullSpace[QQl1I[[111;

(Default Kernel) Out[66]/MatrixForm=

1 1
s (1 + s) 1+ s
2 , 1
1+ s 2 + 8
(Default Kernel) Out[115]//MatrixForm=
0 -1 -3 -1
0 -2 -2 0
0 0 -1 0
0 1 2 -1
(Default Kernel) Out[116]//MatrixForm=
0 1
2 1
-1 0
0 0

(Default Kernel) Out[117]//MatrixForm=
1 0 0 0
0 1 0 0
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Abstract. We consider a class of commutative Banach algebras 4 which
satisfy the condition: || x"||gsg = || x| forevery x€ 4. It is clear that all
function algebras on a locally compact Hausdorff space with supremum

norm belong to such a class. Here we show that group algebras, commutative

H*-algebras, LYG) (1 <p<® for compact G), ﬂl(S) and some semigroup
algberas also belong to this class.

1. Let A be a commutative Banach algebra with Gelfand space ®4. Denote by
span(®,4) the linear span of @4 inthe dual space A* of 4. An arbitrary linear
functional p inspan(®,) has the unique expansion

r= 2 pN 9w,
PED,

where p” is a complex-valued function on @, with finite support. We denote by
Cpse(®,) the set of all continuous complex-valued functions o on ®,4 which satisfy the
following: there exists a positive real number B such that

2 @) =B plla
pED,

for every p €span(®,) and denote by || o ||gsg the infimum of such S . In this case,
Cpse(®,) becomes a semisimple commutative Banach algebra with norm || o [|gsg (see [6,
Lemma 1]). We call Cgsg(®,) the induced algbera of 4. For an element x in 4, let x"
be the Gelfand transform of x and set A" = {x" :x € A}. Then it is easy to see that

I x* lsse = sup {| p@)| : p Espan(Py, lIp lla+=1}=| x|
for every x €4 and so A" C Cpsp(®P,) . Here we are interested in a class of commutative
Banach algebras A4 which satisfy the condition: || x*||gsg = || x| for every x€ 4. Of
course, all function algebras on a locally compact Hausdorff space with supremum norm



belong to such a class. We further show that group algebras, commutative H*-algebras,
L¥G) (1<p<w for compact G), €'(S) and some semigroup algberas also belong to this
class.

2. We need the following lemma to prove the facts stated in the preceding section. It
seems that the lemma is a known result, but we give a proof for the sake of completeness.

Lemma. Let X be a Banach space and S a subspace of the dual space X* of X . Then
the following are equivalent:

(@) lxll=sup{l f®|: FES, | flls1} forevery xEX.

(i) { FES:| fll =1} is weak*-dense in the unit ball { fE X*:|| || s1} of X*.

Proof. (i) => (ii). Suppose (i). Let K be the weak*-closure of { fES:| f| =1).
Then K is a weak*-closed, convex, balanced set of X* and hence K equals the bipolar
K" of K with respect to the dual pair {(X*, o(X*, X)), (X, || |l »}. However K%

contains the unit ball { f € X* :|| f || =1}. Infact, let f € X* with || f]|=1. Consider

an arbitrary element x in the polar K° of K. Then |[k(x)| =1 forevery kEK . Also we
have from (i) that || x| = sup{| f(®)|: FEK} and hence | fF(x)| =]l flllx]|=1. In other
words, f€ K. Cosequently, we have
KC{fex:| fls1}Ck®=k.

and obtain (ii).

(ii) => (i). Suppose (ii). Let x EX and £>0. Take a functional f € X* such
that || fll=1 and| x|l s| f(x)| + £/2. By (ii), we can find a linear functional g €
{ fES:| fll=1} suchthat | f(x)-g(x)| <€/2. Then

Ixl<lg@l+&=sup{l f@)|: fES|fll=s1}+e

andso | x|l ssup{] f(®)|: FES, I fll=1} since ¢ is arbitrary. The converse inequality
is trivial, hence we obtain (i). Q. E. D.

3. Let LI(G) be the group algebra on a locally compact Abelian group G. G. L. Gaudry
[1] precisely showed that the norm of a bounded regular Borel measure # on G is given
by the following equation:

H

~1
[ e

| ]| = sup
p

where p is any trigonometric polynomial for which || p|lo =1. In particular, if belongs
to L (G), then the above equation can be rewritten as follows:

I £li=1 f*lIsse ( f € LYG)).

Therefore L' (G) belongs to our class. Here we will give a short proof of this result as
follows: Let g € L"(G) with [|gllo=1. Forany compactsubset K of G and £> 0,
take a continuous function gg , on G with compact support such that



lgkello=1and g=gg . on KN(K,) forsome K, with fK dx < £ . Moreover,
3
take a trigonometric polynomial p . such that " Py, "w <1 and ll Py ,~8K: "m <¢.In

this case, it is easy to see that

®_13 —
wK,lelm P ,=8-

In other words, the set of trigonometric polynomials p on G with ||p|lo=1. is weak*-
dense in the unit ball of L”(G). Therefore|| f ||l = || f*llgsg forevery f € LYG) by
Lemma 2.

4. Let A be a commutative H*-algebra. Let {e,} be the complete orthogonal family
of irreducible self-adjoint idempotents in A. Then there exists a one-to-one correpondence
between points of @, and the family {e,}. Foreach e, , let ¢, be the corresponding

element of ®,4 and e'a =ey/ || eq || Note that for each @ , we have

Qo () =<x,e,> /| egll (xEA). Anarbitrary element p of span(®,) has a unique

expansion p =2, p"@)@, . Then span(®,) is norm-densein A* and hence the set of
24

p Espan(®,) with || p|lax =1 is weak*-dense in the unit ball of 4*. Therefore we see
from Lemma 2 that A belongs to our class .

5. Let G be a compact Abelian group and 1< p<®. Then L¥G) is a commutative
Banach algebra under convolution and the linear functionals in span(®,) correspond
precisely to the trigonometric polynomials on G. However since the set of trigonometric
polynomials on G is L? norm-dense in LY(G), it follows that ‘span(®,) is norm-dense in
(L?(G))*, where q is the conjugate number of p. Therefore we see from Lemma 2 that
L¥G) belongs to our class.

6. Let S.be any set and ¢ 1(S) the set of all complex-valued functions x on S such that
Ixll; = ZS |x(s)| < . Then €'(S) is a cormutative Banach algebra under the pointwise
sE

operations and norm || ||;. Foreach sE S, define ¢,(x) = x(s) (xE €(S)). Then Dp5)
={@,:SES}. Let EEE”(S) with | E]l,=1 andlet A be the family of finite subsets of

S. Foreach A€ A, define f; = ZA E(@S)@s . Then fLE@ gy and | ]l <1 (AEA).
SE

In this case, we can easily see that { f; } converges *-weakly to the linear functional on

¢ 1(S) corresponding to &. Therefore we see from Lemma 2 that fl(S) belongs to our
class.

7. Let k be a non-negative integerand N, = {k,k+ 1,k+2,...}. Then N, isan
Abelian semigroup under addition. Let LI(MC) be the semigroup algebra on N, . Inthis



case, we see that Ll( Ny) bélongs to our class. Suppose k= 1. For each
zEAy= zEC:0<|z| s1}, we define

@,(a) = zl az"
n=k

for each @ = (@), ey, € L'(N). Then Ppyny={®,:z EAgk. Let b=(b,),ec 5 EL™(N)
with |b]lo=<1. Forany m =k, set

27if(m + 1) ... p2m/n +1)
y o 1=€ .

z1=l,zp=e s Zm+
Moreover, set bg=1,b1 =1, ..., b;r_1 =1 and then there are the unique complex numbers
C1, €2 -+ » Cp4 1 Which satisfy the following

c1tcp+..+cpi1=by

€121 +¢222 + .. + Cm+1Zm+ 1= b1

ciz1™+ 222"+ it Cme1Zm+1" =bm.
In this case, it is obvious that
lerz® +c2za™ + o +Cma1zm41"] =1

forevery n =k . We now define
m+1

p"l= z cn¢zn (m=k,k+1, ..... ).

n=1
Then p,, € @ryny with | pyull =1 foreach m=k. Also, we can easily see that
{ Pm}m=r converges *-weakly to the linear functional on LI(MC) corresponding to b .

Similarly, the above argument holds for the case of k= 0. Therefore we see from Lemma
2 that Ll(M) belongs to our class.

8. If A is one of a unital commutative C*-algebra, the disk algebra, the classical Hardy
algebra, a group algera on a discrete Abelian group, a commutative H*-algebra, L#G)
(1 < p < » for compact G), @I(S) or LY(N), then A"= Cpsg(®,) (see [6, Theorems 3
and 7] and [7, Theorems, 3, 4, 5 and 6]). Therefore these Banach algebras are isometrically
isomorphic to the induced algebras.

9. For any commutative Banach algebra 4, we define
Ta=swp{| 2 p'@)|: pEspan(@), Ipla=1}.
A

Thenwe have 1=sJ 4<%, If Jy<», then A posesses a weak approximate identity in
the sense of Jones-Lahr (cf. [3]) bounded by J4 from Helly's theorem. Therefore

| T lsse<J4ll T |

forevery T € M(A) suchthat T" € Cggp(P4) . Here M(4) denotes the multiplier algebra
of A an T" denotes the Helgason-Wang transform of T (cf. [2, 4, 9]). In this case, we can



observe thatif J4=1 and || x"|lgsg = || x| forevery x€ A4, then
I T lsse =T

for every T € M(A) such that T "€ Cpsg(® ) . In particular since Jyyy=1, Guadry's
eaquation follows from the fact that L'(G) belongs to our class.
It is not true that J 4 = 1 for any commutative Banach algebra 4. In fact, we see that

n, if #S=n<»
T =

oo, if § is an infinite set .

Acknowledgment. The authors wish to thank Mr. A. Uchiyama, Dr. K. Tanahashi and Dr.
S. Yamagami for helpful suggestions about the fact that Ll(M) belongs our class.
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Al#i Banach BR DR KIERITSER & Apostol BRIZDOWT
(The greatest regular subalgebras and the Apostol algebras of commutative Banach
algebras)

o N N é%ﬂ%ﬁ%ﬂ e

(Osamu Hatori)

Abstract. We study the spectra of Fourier multipliers on R™. We show that the Apostol
algebra and the greatest regular closed subalgebra of the algebra of LP-multipliers on R*
whose Fourier transforms are continuous and vanish at infinity coincide with each other
and they are not ideals of the algebra if 1 < p < 2.

FJ#iBanach IR AIZEWTa € AIZKH LTA LOEFERAERE T, # T,b = ablC XV E.
BB, Dec AIZE Y T,5 A £ decomposable fEHR THB L 57ac AEEEERL, RegA
i &Y A DESER TEIE &N ERIZ: Banach RO TTRAD H D% F, Neumann [8]
X ADSHEMORFL, Gelfnad 254275 Gelfand 25/ _E hull-kernel (ARIZBE L ClEkez b 04
K& DecALH—ETHZLERL, RegA C DecA b7r L7z, Neumann [8]<° Laursen-
Neumann [7], (9122 D Z L& BRR AT M EREOREEZRETHHEICEHA LT, |
BRIRVESR /T, FRROFIETa /3T | abel B L0 LP-multiplier DA ZH S = &M

T&ED, —HR'ZIECDETEHIHEa AT NEFT2 N P abel BECIXLPRRICR B
VDT Laursen-Neumann O {EITEA TEX RV, Z0D L0 [P-multiplier iZWTIXED
O THHZPHEH D EZATHY ZO/MNRDT—<ThH 5,

E&1 X%BanachZERE L, T X LOFRBRAEREL T, TIKROEMEZiE
729 & & decomposable ThH D L EbN 2  BRFECOFREEU, VIZXH LTY +Z = X
72 BANEERZERY, ZWFELTT|Y (tesp. T1Z) DAY bva(T|Y) (resp. o(T|Z))
DU (resp. V) IZ&END,

E&E2 A%Zv[HiBanachiRé lac ALT5, ALOEIERET.2T.b=ab, be A
EEDDETIIA LOFERERRICR D,

DecA = {a € A: T,lZdecomposable}

EEDD,

Apostol X A DBALTTERFDO & & Dec AIX ADHEDREZ 2 TEELR LIz, D2
& Dec AiZ Apostol B & TS Z & 4385, Neumann [8] 1% A H3Y-HM T HILITHALH)
THBHZLERELRL &b DecAITHHATRTHDZ L &R LT,

TEN Az HEMA#iBanachBRE 15, Z0Rfq € DecATHAZ & & a® Qelfnad
ZEHa Gelfnad 28R _E hull-kernel fABIZEE L CESE TH B = L IIFETH B, BT, DecA



LA DHHSERTHD, £ RegA C DecATH 5,

BT EEHI AT Banach BRISECRDPAIERIFR DB 285D Z L ZFEA L7-DiX Albrecht [1]
ThHD, £D&. Inoue-Takahasi [2] & Neumann [9]Z & Y fEE D 7[#: Banach IRIZX$ 5
FIEEES MRS T,

MiRE PEMAT# Banach B A 12X L C Reg A = Dec A £ 72503,

Rz, RET= 737 | abel BEG EORIERR M(G) D & ERIEAIBAH /78R & Apostol BR
N—BTINEIDEESD L ZAHTHD, ZiUZB L T Laursen-Neumann [7], [9] /XFT
#iBanach IR & T ORIEARREFD Z L1128 Y, Fourier-Stieltjes B H#2NERRIE R TO 12
125 &5 RPEERE (M(G) DFEDER) Mo(G) I LTUT T2 & 5 RFERE/-.,
Moo(G) 13 Gelfnad Z5#28 G OAEXIBEG DIMAITO 12725 & 5 RIS B 725 M(G) D
PAATTNET D, Fie,

NS(Mo(@)) = {1 € My(G) : i@ nsoc) = MB)}

LEDDH, TITT, @ po(y 1 Mo(G) DBRA T TIVER., p € My(G) Ikt LT[MiﬂU)
Mo(G) \Z31F B Gelfand 2542, 14 Fourier-Stieltjes iz R, LoT, NS(Mo(Q)) ix
~7 MV Fourier-Stieltjes ZHIZ LV B X DB HELETH D, GHBIEEELD & ?S
Mo(G) # NS((Mo(G)) Té % Z & H3 Varopoulos [11], [12] 12X VBT 3,

EHLN
RegMy(G) = DecMo(G) = My(G) € NS(Mo(G))
THD, B2, GRI Y FOBZIECI=TCEBEHZ bh, EHIZ, A7 FMBATE
EETHDEO2 (M(G)IZBT D) RIERKE b—ET 2,
Z DOFEBE Zafran [13] OFEER & Shimizu-Tzuchi [5](cf.[3], [4]) DEEEEA T3,

FHE3 1<p< ookt d, [G) LOEREHRR T CFABIRER b D%
LP-multiplier &V, £ D&EZE M,(G) TKRY, TO Fourier B ET RS,

M,y(G) IXERER / /v A TR#i Banach BRIZ/2 5, Mi(G) & M(G) 1 XEHERAETHSH Z
ERLLEHBNTVS, T € My(G) ZRIE & A—# Lz & & T3 Fourier-Sstieltjes ZE#21T
ﬁﬂ/ﬁi% 20, 1< p<20&EM(G) C My(G) € Mo(G) TH Y., Planchrel D& 6
My(G) = L=(G) 72D TT € M,(G) ® Fourier ZE#i3G L OAREHE RS TH 55, e
B L IR L2, My(G) & My(G) LIFRI—RTELDT, LT T <p < 2 LIKE
#‘%O

T4
CoMp(G) = {T € Mp(G) : T € Co(G)},
NS(CoMy(G)) = {T € CoMy(G) : T(®cousyia) = T(G)},

CooMy(G) = {T € CoM,(G) : TIFGDIMUTO}

~39—



L35, 22 TCH(6G) G EOERE RIS CERER TR bORIETH B,

CoMi(G) = My(G), NS(CoMy(G)) = NS(My(GR)) TH A HIEBER 2 GITR LT
kiCoM),(G) 7é NS(CoMl(G))T&)éo Zafran [14], [15] J: V) G = Rn Zn ani%'l‘\h_
CoM,(G) # NS(CoM,(G)) T D Z LBMBNTND, GBI 37 FOBFEIIGHHEERK
25T, My(G) 237#iBanach BR LP(G) @ (FJ#iBanachBr& LTD) RIEAFEEITRD
M T Lausen-Neumann OHFVEIZ K o TR 555

TE1 GiEar 37 babelBEE T35, ZORR
RegCoMp(G) = DECC()MP(G) = OO()MP(G)
= NS(CoM,(R)) = {T € CoMp(G) : TD AT FMUIFTRES}
THd,

GRa 2 RY FTRWERIXLP(G) M3 F#2 Banach BR Ti372V T Lausen-Neumann @
JFEFER & 72V, —J5 Laursen-Neumann & [FERBRERDPEFTEESICHR 25, L
L, G =Z"OBAGHa LT NEPB 1 € CoMy(G) 72V, DecCoM,(G) 1% CoM,y(G)
0)/1"757/I/k 325720, Ko TDecCoM,(G) # CooMy(G) Th %, —75 Gelfnad 22 %
LY(G) D L~ A ﬁﬁ%ﬁ'éﬁlﬁ’i’)ﬂb“’(ﬁ?ﬁ“ﬂ“éﬁ’bto

FE2 GIMEEORFr2 Y Mabel#El 35, Z0OLE
RegCoM,(G) = DecCoM,(G) C NS(CoMp(G))

DWEALT D, S BIT, ERDETIL, NS(CoM,(G)) ICEENFNZONWTHLIEAD S B

TRz & 912 RegCoM,(Z™) = DecCoMy(Z™) 1 X CoMy(Z™) DA T T TRV,
G = RPOBENREIR G =D, RO XD RERME LN,

THE3  RegCoM,(R") = DecCoM,(R*) X CoM,(R™) DA F 7 VCidizly, Fiz,
CooM,(R™) = {0} TH 3,

AL TOMBE 4 Z AW Tn = 1 OBEEFEH L. Saeki [10] DEHEZ W TEED
n 0)&757/6\@:%357’1*50

HiRE 4
R)(C(R)\ DecColM, »(R) # 0
= ZCC(R) X R_t@%;‘%;%afd"é‘@%mﬁﬁéﬁf ARy FEEROLOREEERT,

R84 DOFERA T Jodeit [6]  multiplier ™ extension theorem % iV 5,
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Nicely placed sets D#ESICO>VWTDEE

WEARFEEER o &

Abstract. G. Godefroy introduced the concept of a nicely placed set on a discrete
abelian group. Let G and H be a compact abelian group and its closed subgroup
respectively, and let 7: G~ - G ~/HY be the natural homomorphism. Let E~ be a

nicely placed set in G ~ /H+. ¥e show that <t '(E~) 1is a nicely placed set in G ~

Godefroy ( [ 3] ) ic& . discrete abelian group 7=\ L T. nicely placed set &
Shapiro set EWHPEANEAINTWS, £ LT, A& discrete abelian groups icH W\ T,
2-5®M nicely placed sets (Shapiro sets) DORiEESH nicely placed set (Shapiro set)
ISR T ENRShTWVWS, TITR. COBRICODVTOEEEZIRNS,

G % compact abelian group £L. G~ % G @ dual vgroup 9%, mg .G D Haar
measure &§ 5, 7o M (G) L' (G) BHOMWER. FHRET 2, ECG™ izl
T Mg (G) = {geEM (G) 2 =0 on E°} . L'z (G) =M: (G) NL' (G) &k,

ik 1. 0<p<l &95.

(i) ECG ™ :  nicely placed set

© L'y (G) @ unit ball & L” (G) T closed.
(ii) ECG ™ : Shapiro set

& E° CE; E’ : nicely placed set.
(i) ECG™ :  (*x) ZHd

& LEM: (G) = f. g.EM: (G).
BL. g=pg.+u. & ¢ O mg iIcfld % Lebesgue 4.
(iv) ECG ™ : Riesz set ©® M: (G) CL!' (G) .

=

FE 1. (i) ECG ™ : nicely placed set < L's (G) o unit ball ZENIKD
A closed.

(ii) Riesz set, Shapiro set OEPMESIZZE T HRiesz set, Shapiro set ThH 3.

Linbs (k) 27 THEEOEBAEEN (x) 2H-THEELRBELEV. X, nicely

placed set DE4PEEA D nicely placed set L EMHE SV,

(ii) G=T (i.,e, G~ =7) &%, [3, 3.8 Example, p.322] © Z O Riesz set T

nicely placed set THWHDHRRKXNA TV S,

(iv) (cf. [3, Lemma 1.11 ) .



ECG ™ : Rieszset © 'E’ CE; E’ : (%) 27£4E.

chon&ESoBICE. ROMENRD 3,

{ nicely placed set } C  { (%) =@ TES )
U . U

{ Shapiro set } C { Riesz set }
Godefroy XD EM %R0

ikl | ( [3. Theorem 2.7 1) .
G, G,: metrizable compact abelian groups.
(i) E.CG,  : nicely placed set (i=1, 2)
= E,xXE,: nicely placed set in G, " &G, .
(i) E.CG,  : Shapiroset (i=1, 2)

= E;xE;: Shapiro set in G, &G, .

iz, (G, X) #% compact abelian group G #% locally compact Hausdorff space X
WwAER 9 A0t E 5, o €M’ (X) % quasi-invariant measure &L, €M (X)
LTy sp () % g O spectrum &9 3,

EH 2. 0<p<l1.
ECG ™ : o-nicely placed sef
& L'n. (o) O unit ball »® L” (o) T closed.
fHL., L'« (¢) ={fe€eL' (o) : sp (f) CE}.

Finet and Tardivel-Nachef X OEREI-,

M 2 ([2. Theorem 2.1] ) .
G M metrizable compact abelian group &34 5,

ECG ™ : wicely placed set = E : o-nicely placed set.
ETAT, IROFENKY LD,
fidE 1. G : compact abelian group. ECG ™~ ¥ LT, iIFEME.



(i) E :  nicely placed set in G ™.
(ii) ENT : nicely placed set in I' for any countable subgroup I' of G ~.

M2 LAl ROBRNEON S,
el 3. G : compact abelian group. H : closed subgroup of G.
E~C G~ ~/H+: nicely placed set. 7z : G~ — G~ HL: natural map.
= E=7"!'(E~) : nicely placed set in G ~.

EE 2. FEHE 313 Shapiro set X L TRENY I/,

FE 3. G : compact abelian group. E, E’ : nicely placed sets in G ™.

= ENE’ : nicely placed set in G ™.
FH3EEEI LD, KOEVHRON S,
1 G., G, : compact abelian groups.
E.CG;:  : nicely placed set (i=1, 2).
= E,XE,: nicely placed set in G, " @G, .
filifl 2. G : compact abelian group. ECG ™. 9435&. RiZFEAE.

(i) [ :  Shapiro set in G ™.

(ii) ENT : Shapiro set in I' for any countable subgroup I' of G ™.
R (i) ¢HME2ic k. KOHRBBLNDB,
H 2. G, Gz : compact abelian groups.
E,CG;  : Shapiroset (i=1, 2).
= E,X E,: Shapiro set in G, &G, .

BE TR
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An application of orthoisomorphisms to non-commutative LP-isometries

FRRFEEER - BIE—
0. Introduction

ZiT &R, BiE 0% S EFHHEME I F—CHELLD DO LALTHS. SRIOH
HOEE I, Bunce-Wright DEZRFREICET 2 EHEMA VD &, Bx OFEHE D LR
BHLNWSHTH 3.

l1<p<oo, p#2 &7 3. Yeadon [Y1] 1%, A von Neumann B ICAIBE L 7z FFA[#
LP- R OR OBRBEEMERRIC O W CHERBEEE L8 (1981). chik, HROEE
[B] OF1"C Banach 2% 2 KU LF(0,1) LoBRREEMLH OBELR~ %2 & CREEL &
DtELbhb,
AR E ERD %\ von Neumann FRICHFE L 7 FE0[#E [P-BRi~ LOCHEEHET S L »
500, RxDEETDH 5, xOBEOEEER, RARDEBESICE central ICA S X 5 RIETH#
teokEEY), #l4% E Radon-Nikodym derivative 23t 5 %, 1B D von Neumann B &
JER[HE [P-BEOD ECEEOHABRB LI », t v Tt bELHCEDRS.
F 4 13, Haagerup OFFF[# [P- 25, ZOILEHERTL AL, 2HD von Neu-
mann HEMBELTH v AR v X%, LA ERARTH - T, 2O FARDELEED von
Neumann RO Z2E OB ERE->Tn 3.

1.

BIEIDRE & 27 YEHE T % O T, Haagerup O, AR & (R H A& \» von Neumann IRICHBE
LA JER[#E [P-2E 0 ERNEELFEEL DT EE 3 BIRIHZEHM 3 F—REE»S R
LCHS CteT 3.

L?-isometry 2> Jordan *FE % HE T 2 BICEE A DX Clarkson DARERDESRIrE
HTds.

Theorem (Kosaki, 1984).

a,be LP(M) lest LT,

la + Bl +1le — bll,” = 2(lall,” + [18,)
& ab* = a*b = 0.

[W1] CREEFRERTHS.



Theorem 1.
M;,i=1,2, g-finite von Neumann algebras
@o (tesp. o), faithful normal state on M; (resp. Ms)
T : I (My; po) —> LP(My; 1), onto, *-preserving, linear isometry

—s 3] : My —> M,, onto Jordan *-isomorphism, J(s(a)) = s(T(a)), a € L?(M1;p0)sa-
€ ¢ ¢, s(a) 1& support projection ZX 7.

Clarkson DFREXOESHIEMHIC L Y, 5(a) — s(T(a)) BERIC RSB T L %KL, Dye ®
projection orthoisomorphism DEEIC & D, £# 2% Jordan *-isomorphism Thirr xR
2 OREFHDOHECHSD. CDid, von Neumann BBD o-HRYE, BT T © «RFE, &
HERELAThEARD AP o T,

Theorem (Dye, 1955).
J 1 (M1)proj. — (Ma)proj., onto, 1 to 1, ef =0 < J(e)J(f) =0,
My & Iz—ﬁﬁﬁiﬁ}?%fc&‘ﬂ

= J & onto Jordan *-isomorphism (DlER).

Theorem 1 &{.
M;,i=1,2, von Neumann algebras
@o (resp. 1), faithful normal semifinite weight on M (resp. M3)
T : IP(My; o) — L (My; ), linear isometry

= 3] : M; — M, Jordan *-isomorphism,

IT(RY?)| = b/, s, @ € (My)s, 4.

poJ—

FIE 3 B TR VERZRE © support # BT projection OS5 % G| &R C L7 2d, 4 [E & EIAS
ZROFERFDOMNEEEX B,

B (Mi)es — (M), by BYE = |T(RYP)|, o € (Mi)uy.

B 1%, Clarkson DAREROEERILEH» bERXRF LS ), ROBHEICE Y, (M), L
ICERENCHRE X h 5. (RDOZEEH, Christensen, Yeadon fb@, von Neumann RO FEH L
DE BIMENTESRAE BT 2 €E»bE N5 .)



Theorem 2.
p: My — [0,00),
(1) plap) = ap(p), >0
(2) enlom(m#m),? 300 = p(3 ) =2 p(en)
(3) ple) <|lell
(4) |lea = ll = 0= p(@a) — p(p)

= Iz e My ; ple) =p(z), ¢ € M.

% ¢, Bunce-Wright DEHE 2 2, » LEHH T Theorem 1 %2/ 5. ZUTHE Bunce-
Wright O #% injective DF LB~ b DTH 5.

Theorem (Bunce-Wright, 1993).
B : (My). — (Ms)s, 1 to 1, positive, continuous linear,
o L= Bp) LB
= 3J : My — (My)s, onto weak+-continuous Jordan *-isomorphism,
B*(J(z)) = p*(1)z, z € My.
T, (Ma)s & {s(B(9)); ¢ € (M1)s,+} PHERT B o-weak closed +HAHTD 5.

2.

Theorem 1 B X b | JEAT#E [P-ZEfE ORI EEHER X S, 5 D von Neumann
HBoOREIKC Jordan +-FAEED 5, L5 BHHE, AA DI ARKERLICEEHI hARCER S,
BN, BFEI N, Jordan »-FAEEH T, b 0 - EEMFROBEXEXRTEH
Th3.

BUFTREHERETS. My B, 9y & oo™t @ 2D faithful normal semifinite
weight 25 5.

k%, g 2D pgoJ !t ~D weight DEFICEHEL 7o, My X, R 22D My X _,05-1 R
O_b~DEKA *isomorphism ¢35, k RAPWERAREROM D «F&E & KKK E W, &
DHFIR X LP(Mo; 1) 2D LP(Mag;pg 0 J™1) @k~ positive linear isometry TH % (cf. |
[W1; Lemma 2.1, Lemma 2.2]).

—F, e Va7 —HERABERO—F¥ERD,

-1
o7 = Jog® 0 JL,



W, J 2%« KRB bR =Jog? ol ! LhBDT, LOERBERERAEDZH,
Jordan * AR +FAH & +KEAMOEMTCHE L3 L, FAFOER CRERKY
KRILC tich3.)

J DIRTH B X 57 My Moeo R 2D Ma X 051 R D_E~D Jordan #-isomorphism
J % —BRHEETS. Xk, J i THWERREDOE® Jordan *-isomorphism ICHRER X i,
J D IP(My;0) ~OHIRE LP(My;00) b LP(My;pp0 1) O E~D positive linear
isometry T® % (cf. [W1; Section 4]).

CD X5, [P(My;po) 20 LP(My; 1) ®_L~DOBHEF A positive linear isometry k1o J
BB LI 5. [W2] Tk, von Neumann R o-HRRC T 2 positive TH B L ¥, T'= ™1 oJ
ERL,

Theorem 3.

M;,i=1,2, o-finite von Neumann algebras

T : LP(My;pg) — LP(May;g), onto, positive, linear isometry,

J: My — Mgy, Thm. 1 ® Jordan *-isomor., ‘

i : LP(Mag;hg) —> LP(Ma;pgo0 J71), state LY 22 @ s-isomor.(DFIIR)
= T=Fk"1oJ D [P(My;p) ~DHIMR.

L, T T 0ERRIKE.

403 von Neumann IRD o-ARERRET 5 € L L, «RFHEEZFE> T olEEH %
B,

Theorem 3 .
T : IP(My; po) — LP(Mg; o), onto, *-preserving, linear isometry,
J: My — My, Thm. 1 8D Jordan *-isomor.,
& : LF(Ma;hg) — LP (Ma;pg0 J™1), weight BLY 2% @ *-isomor.
= 317 € M, : central symmetry,

T=z-%1lo0J.
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Topological property of an invariant set
with respect to a family of functions

Fukiko Takeo
Ochanomizu University

Abstract

The invariant set with respect to a family {fi, ..., fm} of functions has much relation
with a quotient space of a sequence space. By considering the relation between the number
of end points and the equivalence class, we shall give the characterization of the topological
property of the quotient space.

§1.

RY EoBISE {f1,..., fm}(m >2) €A L f; BZRNBERTH B & &, COBEBRCKT
3 Rip o v Ry \ BRERDES K HBIFEL,

K = fy(K)U...U f(K)

B YLD 20 T OREESOMBAWHEE IO WT, M [1] BFFEL. HROBFCHET S
EREELX T3, E={1,2,...,m} DRERFICFHFOEBFIORE EWEEL D L. 2=
212q. .. € E@ KU,y limyoo forfon - - fo,(K) @ KDEERD BTD X 5 B E~DERY
BEET 5 2

p:EW 5 K

E@ € Upy(z) = {y € EW) | 2122...20 = y192...yn} ZEREFER LT HMEEANDS &,
EW) 3 & REEASELES LA D, vA—T—K &, KREREEASEEEST LA K, —Xi
—THRNEEZ, WAARNHOES RS, YICXBBARL DK L. BEEE~%2 AN D
cEickh, EWOMZER EW/ BELbN S, BI 3] & T OMZEEOMHEIEE 2R
L. EEEScET 3 BEEETw5. AR TR, BEB oMM ICED  EXIERZE
WHICR®D, TREACVCHRELZEE L. SR 0% A ENEEDREBMAT 2T,
[1] DFERDRIEE D BT\ D hORER % o

§2. EE
E={1,2,...,m} 3L,

o EW: E otk o CiEF O ERFI0ES
e EM: E 0Ok CE L PEX n DFI0ES

E®: E Ok RS CEOBRII0ES, ie. EX) =UEM

jeEE ¥ z=mz2,... € E® CxL,

]

jT = jx1T... &F B,



e ne NU{0} kL, B P,: E®) - EW U {4} REAID n O~DHFE, b

P (z122...) = T1Z3... 24

o B o: E@ — EW 1% shift YEAAR, HIb

0'(3}'1.'172...) = T9Z3...

o FIMEBIGR ~ BRD (1),(2) %FieT L ERETH B L)

(Da~y BDE jz~jy (Vj € E)

(2) jz ~jy RO z~y (Vj € E)

z€ EW LT Qz % =z DFEESE, Hl b,
Qz={y e EMz ~y} ¢T3

A:={z c EW| 3y € Qz s.t. Piz # Pry}

Aj:={z € A| Pz =3}, Ej:={z€ E¥) | Pz =j}
F, & A, 0BROHH n BTH B j %G, Hb

Fo={j € E|}§(4;) =n}

Un(z) = {y € E¥) | Py = Pz}

-]

Vo(z) = {y € E¥) | P,Qy C P.Qu}
g: E® — E®/_ % natural quotient map
Un(g(2)) = {a(y) € E®/. | P.Qy C PoQz}

§3. HR
BT, ~ GRZEAFEERCTH Y, A OBROHAFR, HbjA<c THB LT 2.

@

HWELiA<oo DL %, zec AR FARNTD?.

HRE 2 AR Y ALD.
1. U{U,(z") | 2" € Qz}\Vu(z) C {y | l(y) <n—1})
2. Un(q(z)) = ¢(Va(z))
3. Vo(z) BFRES.

#WE 1 EW/. 5T {U,(q(z)) | n €N, ¢(z) € EW/.} GiEfHOEES AT



5 3 U,(q(z)) DIE5R 00, (¢(z)) BES
{q(y) | Py = Pat’ %% o' € Qe ZBHEL, 220 PoQy ¢ PaQa)

CH{aly) | l(y) <n—1}
TH 5.

Remark. EW/, 335@iExa b, PA=E TH5.

PIF, EW/, BEfEoSE *EL 5.
E#E q(z) € EW /. KL, 5 N e NBHEELT, n> N B o0, (q(z)) B—HDH2
BB EE, ¢o)d BEW/, OBETHB LS.

EE 1 1. KD (a)(b) ZFEHETD 5.
(a) ¢(z) € B/, #, E¥/, OETH 3

(b) i Qz={z} D
ii. 5 NeNBFLEL, n>N xfLT

Tntnis & BA, 3, €F
DI Y 3LD.
2. q(z) DR A b, gloz) DR TH 5.
8. q(z) PR A D, EED s€ Bl Usz € A E7cld g(sz) dEHHETH 5.

EH 2 REEETS 5.
1. SR BHFET 5.

2. Fy# ¢ 2»D
ijij & PAG = 1,2,...,n—1), iniz ¢ PA

BT {in,in,... 00} C B (n> 1) BEAET B,
SE 2 H(F) >3 R bE, EW/ OEERICS BT Bo

SE 3 () =2AbE, E©/ OSSR 2 & RIERET 3,

ftiRE 4 Pz, Pye Fy (Piz # Piy) &% 2,y € A° KX LT
oz, oy, oz € {z,y} (Vz € A)
35 cokk
1. a,b € {Piz, Py} XL, KD (a) & (b)) ZFETS 3.
(a) ab e P,A



() ab ¢ {Psz, Pay)
2. KD (a) & (b) GRETSH 3.
(a) Znznt1 & PrA (Vn) 22D z; € {z1, 41 H(V))
(b) z € {z,y}
Remark. oz, oy € {o,y} D e %, s=Pua, t=Py tF5& 2,y D&Y 55 pair i

z z=3 z =st z = st
Y y=13 y=1 y=ts

i
S )

i

DABYRETTH B,
EE 3 REFETD 3.
1. E®)/. BXM [0,1] dFHETH 2
2. (a) §(F1) =2, §(F3) =m—2
(b) FEED ac ACK L j(Qa)=2TH 3,
(c) Ul {jz,jy} = AU {z,y} 2T =,y € A° BELT 5.
HE 4 4(F) =1 AbE. EOERONE 3L LTH 5,
W 5 RIEFETD 2,
1. SO 1
2. (a) §(Fy) =1, i.e. Fy ={s}, D ss¢ PA,
(b) EED r e E\{s} CHL rs € A TH o
i 6 RIZFIETD %,
1. SO n ik 3 B EDOBRE
2. (a) §(F1) =1, ie. F1 ={s}, D ss¢ PA,
(6) IRD 1. 1. tii, ZF/ikT re E\{s} & n(>3) b 5,
L. T8¢ ATHY, te E\{rs} kL Tlitsc ATH%,
ii. YA%tEE\{s} & 1(0<I<n—2)ICHLTh s, . sr5€ A TH5,
l

. §...sT5s€EADDte E\{r,s} kXL ts€ A TH5.

n—1

&3k
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Simultaneous Contractibility

T. Ando(JLESEAS ZH )

Abstract A matrix with spectral raidus < 1 is called S-stable. S-stability of a
maitrix A is characterized by existence of positive definite H such that H > A*H A;
H is called a contractizer of A. The problem is when two S-stable matrices A, B
admit a common contractizer. We treat also characaterization of the set of matices
that have one and the same contractizer.

1. Norm

M, Tn xn OFFIOBTEEBEMET S, M} T positive definite TT5IDIES
cone &F 5, F AeM, % C"r— C" OREEHLLEZ S,

|- || & C™ O@EEDHAICES norm & L,

|A|| #4751 A @ operator norm &

45, C* O—fED norm ||| ||| TD operator norm % ||| ||| iT& % matrix norm
g,
[1] C" ®LE®D norm |||- ||| iZH LT,

WD S/ESH5 norm TH B <« Jordan-Neumann DT DEERDEK
Di[D < HAHIERITTII S T

=l = [|S=]| (= € C").

WiEIZ L& D norm IZB3 % matrix norm % Hilbertian matrix norm &9,

(2]  Ill- ||l A% Hilbertian <= & IERIFTSI S T
Al = [1SASTH (A € My).

AT _E DAL C analytic “TEAYE = BT FIRIC A % BERBIRL £(2) O
£4k% Schur class &\ S TETS,

Theorem (von Neumann). Hilbertian norm ||| - ||| ITEAL T

NAlll<1,f €S = |lIf(4)]]| < 1.

Theorem (Foias). ||| - ||| #* matriz norm T,
MAlll<1,fes=|lIf (Al <1
OWEERTIE, ||| ||| & Hilbertian TH 5,

5750 A B3 || || @ closed unit ball D HETH S Z & & unitary 1751TH S Z LI
RMUTHBEDSRDEZ S,

[3] Hilbertian matrix norm @ closed unit ball DU E DESITFEERALTT,



2. S-stable matrix

r(A) = spectral radius = max{|\;(4)|; i=1,2,...,n}.

[4] &® matrix norm ||| - ||| IZBE LT HRHEY AL
(1) r(4) < [[lAlll;
(2) (Gelfand formula) r(A4) = limy_,c ||| A¥[|[*/*.

r(A) <1 D&X, A% S-stable (= Schur stable) &5 Thid (BRI 5

B
$k+1=A£Ek (k=0,1,)

Oz (k=1,2,...) BEATHHME o KL THIEETHDD 2 — 0(k — o0)
LB EEFAMETH S, K, B

ap = Afzy (B =0,1,...).

3. Contractible matrix

S-stable 751 A 73% % matrix norm ||| ||| 1ZB8 LT (strict) contraction &785 &
% A I w-contractible TH 3 EvH, D matrix norm & U T Hilbertian norm
NENS E X s-contractible &5,

[5] A %Vs-contractible <> &% H e M} 290 A*HA < H.
ZD&H7 H % A D contractizer &I,
A B89 3 Stein map &4 : M,, — M,, %
PuX)=X-A"XA (X eM,)
TEET 5o
Theorem (Rota construction). A A% S-stable <= ®4 4\ invertible.
IDEEWER E I _

LX) =) Akxak
k=0

THZ 61 (completely) positive linear map E735,

Corollary. H 7% A @D contractizer < H € @Zl( )

Corollary. A S-stable <= A w-contractible <= A s-contractible.



4. Simultaneous contractibility

S-stable 175D &E S M N simultaneously w-contactible &idd % matrix
norm ||| - ||| T
Al <1 (A € M).

Z @ norm & U'T Hilbertian norm #%& 415 & & simultaneously s-contractible
Ed,
[6] M ¥ simultaneously w-contractible = M IIH R,

[7] M 7N simultaneously s-contractible <= &$5 H > 0D0HD A*HA <
H (4eM).

[8] M % simultaneously s-contractible <= [ 4c 4 1 (M) # 0.

[9] M %' simultaneously w-contractible = M ZEFLHE/ND convex, multi-
plicative semi-group (IR T, £Dinidd X T S-stable TH 5,

[10] M %' simultaneously s-contractible = M &L HR/ND convex, Schur-
class functional calculus TEi U7z multiplicative semi-group DFH R T, € ODIGiEd
~T S-stable Tdh 5,

Lemma. A,B 2aJ#t = &4, 8p T0[#,

Corollary. F[#275 S-stable FTFIDFRES M = {A4,..., An} & stimultaneously
s-contractible. SEE

(@310 @7 0. 23 YME) © () 25 (M).
AeM
Theorem. M E R #IKRT
sup{r(A);Ae M} <1
15 51F simultaneously s-contractible TdH 5,

MIIZHLT _
MF={A14;.. Ap; Ase M} (B=1,2,...)

DERZEEL D,
Lemma (Daubechies - Lagarias). M ZHRUEFHELEH LTS,

(generalized Gelfand formula)
lim sup |||Z]|** = lim sup r(Z)YF.
k=00 zemr k=00 ze Ak
Theorem (Brayton-Tong). HRETHLERE M

m sup ||Z|['/% <1
k—oo ze Mt

7 6IE M 1T simultaneously w-contractible TH 5,



5. 2[ADISE
A,B % S-stable f751&9 5,

Proposition. RIZEWIZFMETH 5 :

(1) A, B & simultaneously s-contractible,

(2)3X >0 @po@ ' (X)>0, (3)IY >0 ®,40d35'(Y)>0.
RIZEWICFEETSH S :

(i) A, B iZ not simultaneously s-contractible ,

(i) IS >0 &' o®p(S)<0, (i) IT >0 @3 0®4(T)<0.

Proposition.
lim sup [Z]|'* <1/V2 = A,B i3 simultancously s-contractible.

k=00 ze(4,B}*

Proposition. A, B T nilpotent 75 51T simultaneously s-contractible.

Lemma. A, B 7% rank one TA=aQb0",B=c®d* D&x

lim sup ||Z|*/* = max{r(A),r(B),r(AB)}
k=00 zc( A B}*

Counter example.

lim sup |Z|V* <1
k=00 ze{4,B}

THBH simultaneously s-contractible TS rank one A, B 2 5,

6. Contraction domain

H>0iZHLT, It% contractizer &§ 5 S-stable 175D 24% H @ con-
traction domain EFELr Cyp THEG :

Cu={A; H>A"HA}={A; H e &, (M})}.

Cy 13H R (absolutely) convex, multiplicative BIEESTH 5,

Lemma (Lyubic). M 2WER (absolutely) convez, multiplicative BAEE DY matriz
norm I8 5B+ FEEZZOHEE S > 72 b DDOHT mazimal 152 ETH B,

Theorem. HR (absolutely) convez, multiplicative BA%ES M I DWW TIRIZFET
Hbo
(1) M =Cy for some H > 0,
(2) M & mazimal T Schur-class @ functional calculus TH LT3,
(3) M D closure D DESIITIERAZTT,
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1 Introduction.

System of iterated maps of the interval, viewed as dynamical systems, is considered as
an important model for the chaotic behavior in certain physical, chemical and biological
systems. Since there are many notions of chaos, in this paper we consider topological
chaos, meaning positivity of the topological entropy.

For a parametrized family of functions, we have a vague general question; "how does
the complexity of a dynamical system vary with parameters 7" One measure of com-
plexity would be the numbers of periodic point of various periods. And the topological
entropy of a map is also one of the particular useful indicator of the complexity of the
system. In [9], Milnor and Thurston considered the topological entropy h(f) and growth
number s(f) = exp h(f) of continuous maps f.

Definition. For a piecewise monotone map f considered as a map from the compact
interval [—o0, oo] to itself, the topological entropy h(f) of f is defined as follows:

h(f) = k]ingo %log(l(fok))

where I(f°*) is the number of laps of k-th iterate of f.

Except in very special cases, the entropy cannot be computed using these definitions.
Thus the problem of finding an algorithm to compute topological entropy to any accuracy
is discussed in many papers ([1].[2]).

The quadratic(logistic) family of maps is important as a population growth model in
theoretical population dynamics and an example of a family of simple maps with extremely
complicated dynamics. Milnor and Thurston([9]), based on the Douady-Hubbard-Sullivan
argument(unpublished), proved that this family has only orbit-creation values and no
orbit-annihilation values and that the topological entropy A{f\) is monotone increasing
as a function of A. :



The bulk of the present paper is devoted to the study of the transition to chaos for
the cubic polynomials. Some conjectures concerning the entropy in case of cubic maps
were enunciated by Milnor in [7]. In section 3 ,we shall discuss these problems. OQur main
result is a classification of the routes to topological chaos along an algebraic curve defined
in the moduli space of the real cubic polynomials.

2 Algebraic curves defined in Moduli space of the
cubic polynomials.

We consider the family of cubic maps z — g(z) = 323 +c2® + 1z +co (c3 # 0,¢; € C).
For such a cubic map ¢ , we have two normal forms ; z3—34z++vB, A, B € C. Therefore,
the complex affine conjugacy class of g can be represented by (A, B). The moduli space,
denoted by M, consisting of all affine conjugacy classes of cubic maps, can be identified
with the coordinate space C* = {(4, B)} ([7])-

Moduli space of the real cubic polynomials. By a suitable real affine transfor-
mation, any real cubic map g(z) is transformed to a unique map f(z) = oz —3Az+ \/ITS?I ,
where o = sgn(g"), A, B € R. The real affine conjugacy class of g or f can be repre-
sented by (A, B) € R?if B # 0. But if B = 0, ¢ should be added as an essential class
invariant, as z + 2% — 34z and T + —z° — 3Az belong to different classes. Thus ,due
to J.Milnor([7]), the real Moduli space, or real cut of the moduli space M, of real affine
conjugacy classes of real cubic maps can be described as the disjoint union of the upper
half-plane HY = {(4, B)|B > 0} and the lower half-plane H™ = {(4,B)|B < 0} We
denote this space by Mg.

A complex cubic map f, or the corresponding point (A, B) € M, belongs to the con-
nectedness locus if the orbits of both critical points p; such that f'(p;) =0, i =1,2, are
bounded. And f is hyperbolic if both of these critical orbits converge towards attracting
periodic orbits. The set of all hyperbolic points in the moduli space M forms an open
set. Fach connected component of this open set is called a hyperbolic component. By
M.Rees([15]), each hyperbolic component contains a unique post-critically finite complex
cubic map. This map is called a center map or Thurston map and the coordinates
(A, B) of f called a center in the moduli space. The centers are roughly classified into
four diffeent types, as follows. In the following ¢, p, ¢ denote integers. A center is of the
type A, if two critical points p;,ps. of the center map coinside and has the period p :
fP(p1) = p1. In fact, only possible values for p in this case are 1,2. A center is of the type
Bpiq if fP(p1) = p2 and f9(ps) = p1; of the type Ciy, if f(p1) = pa and f(py) = po; of
the type D, , if f?(p1) = p1 and f9(p2) = p2. These exhaust all types of centers.

Center curves in the moduli space.

The center curves CDp, BCp, which are algebraic curves, can be defined according to
the above four renormalization-type. We show how the equations of these curves are
obtained by induction on p ([10], [13] and [14]).

Theorem 2.1 : Defining equation of a center curve For a given p, there exist
an algebraic curve CDp containing all centers of the type Cuy, and Dyp, and another
algebraic curve BCp containing oll centers of the type Byyi and Copy.



For ezample, we obtain precisely the following curves;

CD! : B=4A(A+1)?,
BC1 : B=4A(A- 1),
CD2 : B?-8A3B+4A’B —~5AB + 2B + 16 A% — 16A4°
—124* 4+ 16A4% — 444+ 1 =0,
BC2 : B3—12A4°B? -~ 6AB%+2B% + 484°B 4+ 24A°B + 21 A’B
~6AB + B — 64A° + 96A7 — 20A% — 124°% — A =0,

We can embed C? canonmically in P?(C) : (4,B) — (1 : A : B). Then an affine
algebraic curve Vy = {(4,B) € C? : h(A,B) = 0} uniquely determines a projective
algebraic curve V = {(C : A: B) € P*C) : H(C : A: B) = 0} in P*(C) such that
h(A,B)=H(l:A:B) and VNC?>=1,. | |

Definition. For a center curve V;, the corresponding projective algebraic curve V is
called the projective center curve. We denote by PBCp and PCDp, these curves
corresponding to BCp and CDp respectively.

We give some algebraic-geometric properties of these curves.

Theorem 2.2 :([10], [14])

e The interseciton with the line at infinity:  Each projective center curve and the line
at infinity, Lo : C = 0, intersect at the point Py, = (0: 0 : 1) only. Py is singular and
its multiplicity can be calculated explicitly.

o Irreducibility and Singurarity:  For projective center curves PCDi and PBCi for only
i =1 and 2,

PCD1 and PBC1 are irreducible curves of degree 3. PCD2 is an irreducible curve of degree
6. Py is 4-fold and (0.25,—0.4375) is an ordinary double point.

PBC2 is an irreducible curve of degree 9. P, is 6-fold and four ordinary double points
are as follows : '

(—0.1341351918179714, —1.37344484910264),
(—0.5531033117555605, —0.6288238268413773),
(0.3041906503790061 * 7 + 0.3436192517867655,
0.6886343379400248 — 0.04267412324347224 « 1),
(0.3436192517867655 — 0.3041906503790061 * 1,
0.04267412329900053 * ¢ + 0.6886343379735695),

e Principal part of the center curves and Genus : The principal part at P, of PCD1
and of PBC1 is (C? — 4A3%)}, of PCD2 is (C* — 4A%)?, and of PBC2 is (C? — 4A%)3. The
curves PCD1 and PBC1 are rational. Hence the genus is 0. The genus of PCP2 is 1.
The genus of PBC2 is 3.

The irreducibility of each projective center curve is determined based on Kaltofen’s
algorithms on risa-asir (computer algebra system by FUJITSU CO.LTD.) ([16] , [6]). To
calculate genus g of each projective center curve I', we determine the principal part at P
of the curves by using Newton Polygons and apply the Pliicker’s formula. I am grateful
to Y. Komori([4]) for helpful suggestions on the genus.



We would like to state the following conjectures for the projective center curves:

Conjectures

o All projective center curves are irreducible.

e All singular points except Py, are ordinary double points.

e Especially, for real graph of center curves, the sigular point exists only in R

e The pricipale part at Py, of every projective center curve has a form (C? — 4A3)*.

3 Monotonicity of topological entropy along center
curve.

The conjecture that the toplogical entropy h(f) of a real cubic map f depends mono-
tonely on its parameters was enunciated by Milnor in [7] and [8]. Namely, each locus of
constant entropy in parameter space is connected. Another conjecture due to Milnor([7],
[8]) is & maximum and minimum principle for entropy: the maximum and minimum
values for the entropy function on any closed region in the moduli space must occur the
boundary. Real graphs of BC1 and CD2-2 are shown in Figure 1. and of CD1, BC1, and

BCL, a7

Figure 1: Real graphs of BC1 , CD2- Figure 2: Real graphs of CD1, BCI,
2 with the equi-growth number lines. CD2-2 with the equi-growth number
The region is [.57,1.03] x [0,.43] in lines. The region is [—1.05,—.09] x
(A,b)— plane [0,—1.35] in (A,b")—)plane

CD2-2 in Figure 2' together with the equi-growth number lines. A glance at these figures
suggests that the topological entropy vary monotonously along a part of real graph of
center curve. We proposed in [10],[14] this entropy-monotonicity conjecture alog a center
curve. Recentely we can prove that our monotonicity conjecture is true on CD1, and on
any center curve([11],(12]). I am grateful to Y. Komori([5]) for helpful suggestions on this
conjecture. He can prove that our monotonicity conjecture is true for any center curves
and his idea can be applied to suitable family of polynomials with higher degree.
Theorem 3.1 : entropy-monotonicity The topological entropy of e cubic mapf is
monotonely continuous if f varies along a part(called a bone)of center curve CDI.
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EQUIVALENCE OF THE MCSHANE AND BOCHNER
INTEGRALS FOR FUNCTIONS WITH VALUES IN
HILBERTIAN (UCs-N) SPACES WHICH ARE NUCLEAR

JtHmEECERE AL BE R
1. EC®IC

the generalized Riemann integral iZ, #D&AYRT & 9 12 BHED Riemann H5DESHL
UL CEFZINS DS, Riemann Ml ITHV 515 partitions DIRDEWIZ L Y, EHERE
DFEINNL 2 DD—ALDPWIFE I T W5, — 5L Henstock F&4-TH 1, fii5ix McShane F&
GTH 5B, ERMEREOBLEITIE, Henstock F851d $%3% Denjoy #8455 & FMETH 1), McShane
T84 1X Lebesgue O L RMETH A Z LML N T W5,

1990 4£, R.A. Gordon ¥ , ZEHERMEICH 3% McShane F&4D%EFE % Banach 22l
BEOBEICHEREL, TORBSOMELHRETT5 L &b, Willlh Pettis fE45 7 BE7 B,
§XC McShane O TRETH A Z &R LTz [2]o

1992 4£, S.S. Cao 1%, FEFEREIIZKTT % Henstock 9D EFH % Banach Z2RMERE D
BEICHEL, EREOBEICE OREDOERICEER%EE 2# T % Henstock’s Lemma
WZDOWTHET L, FNPERERIED Banach ZRIDGE LT 5208, EREXTOREIC
&, BFLOIBIL LW EE2RLT (1

1994 4¢, S. Nakanishi i, Henstock A DE# % (UCs-N) ZZHMERIMOBEIILIEL,
FOMEETHREIT S L3I, O, 1984 FEICRKICE o TESE - & /- (UCs-N)
ZE[EfE Bochner T4 2 &L 2 & 2R Lizo L BFICHEBREEV Z L |2, L. Schwartz O
BEOBEFICHNS S,5,D, D' % L0 E ZOREFNLFIL LTET, A (UCs-N) 22
R B % BUS B2 Henstock F&4312%t U CTi%, Henstock’s Lemma 25K T2 2 & 23R 1L
Tw5 [11],

Z Z T, %8 (UCs-N) Z2RICE % L5 B%x 3 % McShane 4 & Bochner F&5®
FMEMECE L, RETOBRLT CHE L2V, 28, ChOoORBRIIIH [14) 2L H7-d D
ThHhb, COHRETHVLNS the fundamental terminology and notations i&, [5], [11]
BLU[14] 1%, (UCs-N) spaces B & UF (UCs-N) space valued Bochner integrals @ E3
IZowTiE, [7], [8] BXU[11] % ; Hilbertian (UCs-N) spaces which are nuclear £ D E#H
2ok [11] BRI,

Definition 1. Let X be a (Cs-N) space with a sequence of semi-norms {p,}: (X, {pn}),
which is r-separated and complete. An X-valued function f defined on [a,b] is said to be
McShane integrable to a vector z € X on [a,b] if for every n € N there is a positive function
6n(€) on [a,b] such that for any division D of [a, b] given by

a:t0<t1<"'<th:b and {517627"'a€h}c[a’7b]
SatiSfying [ti~17ti] C (61 - 57&(52))61 + 6n(€z)) for 1 = 1727 e 7]7'7 we have

h
Pn <Z F&) (s —tiza) — Z) <1/27,



or alternatively, v
P (L AO@—w)-2) < 172"

where [u,v] denotes a typical interval in D with [u,v] C (6—8,(£), €+ 6,(£)). Such a division
D is called a ¢,-fine Lebesgue division, or simply a §,-fine L division, and sometimes it is
denoted by D = {([t;—1,%:],&) :1=1,2,--- ,h} or D = {[u,v],£}. The vector z is uniquely
determined. The integral of f on [a,b] is given by the vector z, and it is written f: f(t)dt.
The function f is McShane integrable on a measurable set A C [a, b] if the function fy4 is
McShane integrable on [a, b].

Definition 2. Let X be a (UCs-N) space with component spaces (X4, {p%}) (o € T),
which is r-separated and complete. An X-valued function f defined on [a,d] is said to be
McShane integrable to a vector z € X on [a, b] if there is a component space X, such that:

(1) The image of [a, b] by f is contained in Xg;

(2) f is McShane integrable to z on [a,b] as a (Xq, {p%})-valued function.

If it is necessary to indicate such an X, explicitly, for convenience we will say that f is
McShane integrable (X,) to z on [a,b]. The vector z is uniquely determined. The integral
of f on [a, b] is given by the vector z, and it is written fab f(t)dt. The function f is McShane
integrable on a measurable set A C [q, b] if the function fy 4 is McShane integrable on [a, b].

2. EfER

Theorem 1. Let (X, {pn}) be o Hilbertian (CN) space which is nuclear, and let f be
an X -valued measurable function on [a,b]. The function f is Bochner integrable on [a,b] if
and only if f is McShane integrable on [a, b], and both integrals coincide.

Theorem 2. Let X be a (UCN) space such that each component space (Xq,{p%})
(a € 3) 1s a Hilbertian (CN) space which is nuclear, and let f be an X -valued function
defined on [a,b]. Suppose that f is p-measurable (Xy) for some o € . The function f
is Bochner integrable on [a,b] if and only if f is McShane integrable on [a,b], and both
integrals coincide.

Theorem 3. Let X be a Hilbertian (UN) space which is nuclear, with component spaces
(Xa,pa) endowed with (, )o (a € X), and let f be an X -valued function defined on [a, b].
Suppose that f is p-measurable (Xo) for some o € 3. The function f is Bochner integrable
on [a,b] if and only if f 1s McShane integrable on [a,b], and both integrals coincide.

Theorem 4. Let X be o Hilbertian (UCs-N) space which is nuclear, with component
spaces (Xo,{p%}) (a € X), and let f be an X -valued function defined on [a,b]. Suppose
that f is p-measurable (X) for some o € X. The function f is Bochner integrable on [a, b]
iof and only if f ws McShane integrable on [a,b], and both integrals coincide.

3. EEOIRAO A

FH 1 OFFBIX, ROKIZ4ODOFHEZEBTAHECL>TEREINS,



Lemma 1. Let X be a (Cs-N) space with o sequence of semi-norms {py}, which 1s r-
separated and complete. If f is Bochner integrable on [a,b], then 1t is McShane integrable
on [a,b], and both integrals coincide.

Proof. (cf, [11, Proposition 15]) Since f is Bochner integrable on [a, 8], f is p-measurable
on [a,b] and there is a sequence {fi} of X-valued simple functions on [a,b] such that
lim fab pn(fi(t) — F(t))dt = 0 for every n € N. Moreover, since the Bochner integral of

fonla,b]: fab f(t)dt is the vector r-lim f: fi(t)dt in (X, {pn}), we have lim pn(fab fi(t)dt —

f; F(t)dt) = 0 for every n € N. Let n € N. Then, there is an 7o such that for every ¢ 2 1
we have
S palfilt) — F())dt < 1/2%2 and pn ([ filt)dt - [ f(t)dt) <1/2m+2,

Fix an i with ¢ = 4. By [14, Proposition 4 and 2.(3)], fi is McShane integrable and
Bochner integrable on [a, b], and both integrals coincide. Hence, there is a positive function
8" (¢) on [a, b] such that for any 6/,-fine L division D = {[u,v], £} of [a, b] we have

pu (S F(Ow —u) - [ fit)dt) <1/2+*.

Note that, for real valued functions, the McShane integral and the Lebesgue integral are
equivalent, and both integrals coincide (see [4]). Since the real valued function pn(fi(t) —
f(¢)) is Lebesgue integrable, it is McShane integrable and both integrals coincide. Therefore,
there is a positive function 6”(£) on [a, b] such that for any 6"-fine L division D = {[u,v], {}
of [a, b] we have

|5 pn(7:(€) — FE)(0 — ) = [ pulF:(®) = F(D)dt| < 1/27

Define a positive function §, on [a, b] by 6,(¢) = min{é;,(£),6;,(€)}. Then, for any 6,-fine

- L division D = {[u,v], £} of [a, b} we have

‘ b
Pn <Z (v =u) - / f(t)dt>

' b b b
< b (Zﬂf)(v-—u)— / ﬁ(t)dt) +Pn ( [ e | f(t)dt>

b :
< Pn (Z FE)w—u) =) fi(E)(v - u)) + P (Z F(&)(w—u) - / fi(t)dt> +1/2n+2
< an(fi(g) — ) v —u) + 1/2”‘*’2 4 1/2n+2

b b
< |0 Pl — SO0 —u) = [ palhilt) = FE)| + | el - s+ 1/

Thus, f is McShane integrable to the Bochner integral of f on [a, b].

Lemma 2. Let (X,{pn}) be o Hilbertian (CN) space which is nuclear, and let f be
an X -valued McShane integrable function on [a,b] with the primitive F. Then, for every
n € N, there ezists a positive function 6,(¢) on [a,b] such that for any én-fine L division
D = {[u,v],£} of [a,b] we have

> pa(f(E)(w — u) = F([u, v])) < 1/2".



Lemma 3. Let (X, {p,}) be a Hilbertian (CN) space which is nuclear, and let f be an
X -valued function on [a,b]. The function f is McShane integrable on [a,b] if and only if
for every n € N there is a positive function 6,(€) on [a,b] such that for any two 6,-fine L
divisions Dy = {([ti-1,t:],&) 11 =1,2,--- ,h} and Dy = {([ti=1,%:],m:) : 4 =1,2,--- ,h} of

[a, b] we have

h
> palf(&) = F(m)) (ki = tia) <1/2"

Lemma 4. Let (X, {p,}) be o Hilbertian (CN) space which is nuclear, and let f be an
X -valued function on [a,b]. If f is McShane integrable on [a,b], then prn(f(t)) is McShane
integrable on [a,b] for everym € N .

Proof of Theorem 1 By Lemma 1 the “ only if ” part holds. The “ if ” part is
proved as follows (cf. [15, Theorem 1, p133]). Since f is an X-valued measurable function,
there is a sequence {f;} of simple functxons such that hm pm( f(t) = fi(t)) = 0 p-a.e. on

[a,b] for every m € N. Fix n € N. For every i € N, let
n(t) — { fz(t) if pn(fl(t)) = 2pn(f(t))7
0, i pa(fi(t)) > 2pa(F(2))-

Note that, for real valued functions, the McShane integral and the Lebesgue integral are
equivalent (see [4]). Hence, by [14, Proposition 4] and Lemma 4, {g };en is a sequence of
simple functions on [a, b], and it satisfies p,(g7(t)) < 2p,(f(t)) and hm pn(f(t) gr(t)) =

0 p-a.e. on [a,b]. Since the real valued function p,(f(t)) is McShane mtegrable on |[a, b]
from Lemma 4, it is Lebesgue integrable on [a,b]. Moreover, the sequence of real valued
measurable functions {p,(f(t) — g7(t))}ien satisfies that p,(f(t) — g*(¢)) < 3pn(f(t)) for
all - € N. Hence, using the Lebesgue-Fatou Lemma, we obtain

b
im [ el - g0}t =

Now, for each n € N, since lim f: pn(f(t) — g*(t))dt = 0, take an i(n) € N such that
fab Pa(f(t) = gitny(D))dt < 1/2" . Put hn(t) = gj(,(¢) for every n € N. Then, for each
m € N, if n > m, then fab pm(f(t) — hn(t))dt < f: Pa(f(t) = iy (1))dt < 1/2". Thus we

have a sequence {h,} of X-valued simple functions on [a,b] such that

b
lm [ pm(F(0) — ha(t)t =
for every m € N. Therefore f is Bochner integrable on [a, b].

= 4 OEBRIE, EH 1 OFEEITIER UL, KO 4 DOHMBEOEFORIZEZI NS,
EH 2, 3O EMLFEHTRING, (see[14])

Lemma 5. Let X be a (UCs-N) space with component spaces (Xo,{p5}) (a € X), and
let f be an X -valued function defined on [a,b]. If f is Bochner integrable on [a,b], then it
is McShane integrable on [a,b], and both integrals coincide.

—69—



Lemma 6. Let X be a Hilbertian (UCs-N) space which 1s nuclear, with component spaces
(X0, {p%}) (@ €X). If f is an X-valued McShane integrable function on [a,b] with the
primitive F', then there is an a € X such that f is McShane integrable (X4) on [a,b], and
that, for every n € N, there is a positive function 6,(€) on [a,b] such that for any 6,-fine
L division D = {[u,v], £} of [a,b] we have

> p2(f(E)(v —u) — F([u,0])) < 1/2".

Lemma 7. Let X be a Hilbertian (UCs-N) space which is nuclear, with component spaces
(X, {P2}) (@ € ), and let f be an X -valued function defined on [a,b]. The function f
is McShane integrable on [a,b] if and only if there is an o € ¥ so that the image of [a,b]
by f is contained in X,, and that, for every n € N, there is a positive function §,(€) on
[a,b] such that for any two §,-fine L divisions Dy = {([ti—1,%:],&) = ¢ = 1,2,--- ,h} and
Dy = {([ti-1,t:},mi) e =1,2,--- , h} of [a, b] we have

h
Zpﬁ(f(«fi) — F(na))(ts — tic1) < 1/27.

Lemma 8. Let X be a Hilbertian (UCs-N) space which is nuclear, with component spaces
(Xaypo) (@ € X), and let f be an X -valued function defined on [a,b]. If the function f is
McShane integrable on [a,b], then there 1s an a € ¥ so that, for every f € & with f 2 «a,
B (f(t)) is McShane integrable on [a,b] for every m € N.
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On Canonical Solutions to the Hamburger Moment Problem
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Let U be a positive Borel measure which has all power moments on R:
[[#du <o, k=012,
and let
Vo=l [xav= [waun=0123-}
We say that [/ is determinate if V), is one point set and indeterminate if V, contains

more than one point. If 4 is indeterminate, V),is compact in the weak* topology and
a convex set. Naimark(1947) proved that u is an extreme point of V), if and only if

® =L'(1), where § is a set of polynomials. In this case Y is called V-extremal.

Also U is called N-extremal if 4 isindeterminate and @ =L*(4) . It is known that
an N-extremal measure is V-extremal (and that the converse is false). Let consider
the Riesz's functon

R,(2)= sup{‘ p@|p e ||, w Shze C}
and the Mergelian’s function

M, = sp{p@}p € 9|l g, SLzEC},
where dp’=1+x*)"du.

Riesz has shown that

Theorem.A ([1])
U is indeterminate if and only if R, (z) <o, Jz#0,

Furthermore we can prove that for dfl = (1+x?) du,

1 L s“ 1 + SHH————-I , S3z#0
1+lz| R,(2) lx—z 2 [Szl R,(2)
and that I ]
1 1 _]1 1+|7 1
< + < , 3z#0.
1+|z! M ,(z) lx -z 0 2 |Sz| M, (2) £

From the second inequality we can easily see that M ,(z) = 4o for some z, (Sz ¥ O) if

and only if polynomials are dense in L* (i) . Hence both inequalities enable us to see
that an indeterminate measure 4 is N-extremal if and only if R 1(2) <eo, but



M, (z) = oo (Sz #* 0). An entire function f:C—C is said to be of minimal
exponential type if

Ve>0,3C,: |f(z) £Ce™  for zeC
The set of entire functions of minimal exponential type will be denoted by &, We say
that f(z) belongs to the Hamburger class # if f(z) is a real &, function with
simple real zeros @;,a,,+(0< la,l <

<la |, anl —> oo ) and satisfies

a2m
Lt 50, B> 00o,m=0,12,-+
7@
Theorem B.(Hamburger 1944 [1]) If [ is N-extremal then it can be represented as
p=Y a0, ,when f()e#, {a,a,,-}=f"0), @,>0 (n=123:),

() Za,,a,. <eo, m=012,,

. o1

11 <L 0o
@ 2 o, (1+a)f'(a,)*
and

1
W Ay ey

Hamburger ( and Akhiezer [1]) stated that the converse is also true.

(*) Z anf’(an)2(1+an2) <o
and

bk —-————1—-—-——- = co

( ) Z anfl(an)Z

for some f(z)e # {a,,a,,~}=f7(0) and @, >0 (n= 12,3,-),
imply that U= Za,ﬁa’_ is N-extremal.

But this is wrong. In fact, Koosis [5] constructed a counter example. Let
f(2) =8(z)T(z) where S(z) and T(z) are infinite products such as

, 32
S(z)=H(1——f—), T(z)=H(1-—5—), a,=2", b, _2"(14-24 )

He has shown that U= Z

(a ( 5 g, +Z-}-;(—})~)—2-5,," satisfies the conditions

(*),(**) but is not N-extremal. To prove this he used the following theorem.

Theorem C ([5],[2]) Forpt=) ——— few.

’( )2“’



© # I*(1) ifand only if there exists a nonzero ¢(z) € &, such that
@ Ylo@,) <o,

. : ly" @Gyl
Vn20,:lim =0
) v =1 £ (i)

For necessary and sufficient condition, Ito([4]) has proved the following.

Theorem D. [ is N-extremal ifandonlyif I can be represented as

U= Za,lé'an,an >0,(n=12,---) , where there exist a pair T(z),5(z) of real g,

n=1
functions satisfying
a) S has onlyreal simple zeros a,,0< lall < lazl << |an|,]an| — o0
SR A — >0, (1=123,)
(1+a,)T(a,)S"(a,)
aZm )
c) Z—-——E—7——<oo, m=0,12,-
T(a,)S(a,)
T
d) Z——-—-—,(a") <oo,
: S'(a,)
0. ayo,

e LS e ——— mo= oo = T
9 AT S sy =0 =042 0, =cl,)

The condition e) is equivalent to the conditions

€) fo; isco-dimension1in L*(4), @, =(x—-if
or

e”) ¢(z) €&,, such that

y* 40))

019, ©1@,) 2 _
) =0, [y >, k=012, Y, lo(a,)|” <

S'(a,)

= @(z) = const

There is another necessary and sufficient condition by Sodin that has been kindly
informed to me recently.

We say that an entire function g is a Hamburger divisorof f € # if
g(z)e #and g7(0) < f7(0). |

TheoremE.([6]) 4 is N-extremal if and only if there exits an f €# and
a,>0,(n=12,---) such that



@ p=Yyeab, fa.0,}r=f0).

1) D @,al" <+eo,m=0]2,

, 1
(iii ’ < oo
) Z’a,, f'(a,)?(1+a,)
(iv) Z L =-+oo  for each Hamburger divisor g of f.

2
a,,eg“‘(O) ang,(an)

We can now give some examples for N-extremal measures.

Theorem F([3])
A= {a,,} be an increasing sequence of positive numbers such that

@) nA(r)=max{n|an Sr}zr” for r — o, where O<p<%

(ii) There exists a constant d>0 such that the discs {zl lz - a,,l < da,l,“p } are disjoint,

Is an N-extremal

Then f(z)= H[l—-—) belongs to # and U= Zf( )2
n=1 n n=1

measure.

Example for Theorem D. Let

S(z) = H(I—————), a>2

n=1

T(z)--H( "‘(l+e )j s,,=—-—1§-, a+l< B<3a

n=1 n

1 o
Then o, = >0,a,=n% ,and u=) 0,0, is N-extremal
" (1+4,)T(a,)S"(a,) = 2md, e

n=]
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1. INTEGRAL TRANSFORMS IN HILBERT SPACES

We shall formulate an integral transform as follows:

flp) = /T F(t)h(t,p)dm(t), pE€E. (1.1)

Here, the input F(t) (source) is a function on a set T, E is an arbitrary set, dm(¢) is a o-finite positive measure
on the dm measurable set T, and h(t, p) is a complex-valued function on T x E which determines the transform
of the system.

We shall assume that F() is a member of the Hilbert space Lo(T, dm) satisfying

/ |F(8)2dm(t) < oo. (1.2)
T

The space Ly(T,dm) whose norm gives an energy integral will be the most fundamental space as the input
function space. In other spaces we shall modify them in order to meet to our situation, or as a prototype case
- we shall consider primarily or, as the first stage, the linear transform (1.1) in our situation.

As a natural result of our basic assumption (1.2), we assume that

for any fixed p€ E, h(t,p) € La(T,dm) (1.3)
for the existence of the integral in (1.1).

2. IDENTIFICATION OF THE IMAGES OF LINEAR TRANSFORMS AND THE INTER-
RELATIONSHIP BETWEEN THE INPUT AND OUTPUT FUNCTIONS

For its importance and simplicity, we shall formulate the integral transform (1.1) in the following general and
abstract form:

Let F(E) be a linear space comprising of all complex-valued functions on an abstract set E. Let H be a
Hilbert (possibly finite-dimensional) space equipped with inner product (-, ). Let

h:E—H
be a Hilbert space H-valued function on E. Then, we shall consider the linear mapping L from H into F(E)

defined by
£(p) = (Lf)(p) = (£, h(p))n. (2.1)

The fundamental problems in the linear mapping (2.1) will be firstly the identification (characterization) of
the images f(p) and secondly will be the relationship between f and f(p).

The key which solves these fundamental problems is to form the function K(p,¢) on E x E defined by

K(p,q) = (h(g), b(p))n- (2.2)
We let R(L) denote the range of L for H and we introduce the inner product in R(L) induced from the norm
Wfllrzy = inf{lif]l2; f = L£}. (2.3)

Then, we obtain

Theorem 2.1. For the function K(p,q) defined by (2.2), the space [R(L), (-, -)r(r)] is e Hilbert (possibly
finite-dimensional) space satisfying the properties that



(i) for any fived g € E, K(p,q) belongs to R(L) as a function in p,
and

(ii) for any f € R(L) and for any ¢ € E,

£(9) = (F (), K(p, 0))m(1)-

Further, the function K(p,q) satisfying (i) and (ii) is uniquely determined by R(L). Furthermore, the mapping
L is an isometry from ‘H onto R(L) if and only if

{h(p);ip € E} iscompletein M. (2.4)

In Theorem 2.1, the properties (i) and (ii) of the function K(p, q) will be called the “reproducing property”
of K(p,q) in (or for) the Hilbert space R(L), and then the kernel K(p,q) is called “reproducing kernel”. A
Hilbert space admitting a reproducing kernel will be called a “reproducing kernel Hilbert space” — RKHS.

For Theorem 2.1 itself, see [57], [19], [33], [31] and, [38], [39] and [50], pages 84-85 for the detailed comments.

Theorem 2.1 itself will not become a fundamental theorem in linear transforms. In order to realize Theorem
9.1 as a fundamental theorem in linear transforms we will need the idea of reproducing kernel Hilbert spaces.
As we shall see in the next section, since a reproducing kernel Hilbert space is uniquely determined by the
reproducing kernel K(p, ), conversely, we shall write it by Hg; that is,

R(L) = Hg

in Theorem 2.1. When we consider Theorem 2.1 that the range R(L) of L for H forms precisely the Hilbert
space Hy admitting the reproducing kernel K(p, q) defined by (2.2) and the RKHS Hg admits an intuitively
determined inner product (-,-)u, for the members of Hg which are functions on F, apart from the linear
transform (2.1) and, of course, apart from the space H, we will be able to realize Theorem 2.1 as a fundamental
theorem in linear transforms. Then, Theorem 2.1 will be stated in the form

Theorem 2.2. The images f(p) of the linear transform (2.1) for H form precisely the functional Hilbert space
Hy admitting the reproducing kernel K(p,q) defined by (2.2) which is uniquely determined by the reproducing
kernel K(p,q). Then, we have the tnequality

A llzse = €172

Furthermore, for any f € Hy, there exists a uniguely determined member £* of H such that

fp) = h(p))n on E

and

WA llese = N1l

3. ELEMENTARY PROPERTIES OF REPRODUCING KERNEL HILBERT SPACES

As we saw in Theorem 2.1, when we consider linear transforms in the framework of Hilbert spaces, we meet
to naturally the idea of reproducing kernel Hilbert spaces. Therefore, we shall review the basic properties of
reproducing kernel Hilbert spaces. Basic references are [6], [57] and [29].

4. INVERSION FORMULA FOR LINEAR TRANSFORMS

Our inversion formula will give a new viewpoint and a new method for integral equations of Fredholm of
the first kind which are fundamental in the theory of integral equations. The characteristics of our inversion
formula are as follows:

(i) Our inversion formula is given in terms of the reproducing kernel Hilbert space Hy which is intuitively
determined as the image space of the integral transform (1.1).
(i) Our inversion formula gives the visible component F* of F' with the minimum Ly(T,dm) norm.
(iii) The inverse F* is, in general, given in the sense of the strong convergence in Lo(T, dm).



(iv) Our integral equation (1.1) is, in general, an ill-posed problem, but our solution F* is given as a
solution of a well-posed problem in the sense of Hadamard (1902, 1923).

At this moment, we can see why we meet ill-posed problems; that is, because we do not consider the problems
in the natural image spaces Hy, but in some artificial spaces.

5. DETERMINATION OF THE LINEAR SYSTEM

In Theorem 2.2, conversely by using an isometrical mapping L from a Hilbert space Hy admitting a re-
producing kernel K(p,q) on E onto a Hilbert space H and by using the reproducing kernel K(p,q), we can
determine the linear system function h(p) which is a Hilbert H-valued function on E as follows :

gz(9) = LK (-, q), (5.1)
which is called the “generating vector” of L. See [50] and [9] for many concrete examples.

In the sequel, we shall examine the isometrical identities and inversion formulas in the following typical
integral transforms.
6 THE LAPLACE TRANSFORM
7. THE FOURIER TRANSFORM
8 PALEY-WIENER’S THEOREM FOR ENTIRE FUNCTIONS
9 IN THE HEAT EQUATION
10. IN THE WAVE EQUATION
1i1. ANALYTIC AND HARMONIC FUNCTIONS OF CLASS L,
12. IN THE MEYER WAVELETS

We shall refer to applications to the following topics.
13. SAMPLING THEOREM
14. BEST APPROXIMATIONS BY THE FUNCTIONS IN A RKHS
15. ANALYTIC EXTENSION FORMULAS
16. APPLICATIONS TO RANDOM FIELDS ESTIMATIONS
17. APPLICATIONS TO SCATTERING AND INVERSE PROBLEMS
18. NONHARMONIC INTEGRAL TRANSFORMS
19. NONLINEAR TRANSFORMS
20. REPRESENTATIONS OF INVERSE FUNCTIONS
21. OBSERVATION AND CONTROL

For a survey article for these topics, see S. Saitoh:

One approach to some general integral transforms and its applications, Integral Transforms and Special Func-
tions 3 (1995), 49-84.
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Generalization of Gaussian estimates and
interpolation of the spectrum in [?

Shizuo Miyajima (E& ##H)
Science Univ. of Tokyo( B RIERL K FEIREHE)

Abstract

Recently, it has been revealed that the semigroups satisfying Gaussian
estimates inherit some of the nice properties enjoyed by the Gaussian semi-
group itself. W. Arendt gave a result in this direction by proving the in-
variance of the spectrum of the generators of consistent Cp-semigroups with
Gaussian estimates. We generalize this result to the semigroups “dominated”
by the one generated by the fractional power —(I — A)* (1/2< a < 1).

Let Q C RY be an open set, and suppose that a Cg-semigroup 7, = {Tp(£) }t>0
on LP(2) with generator Ap is given for each 1 < p < co. The family {Tp}, of
Co-semigroups is called comsistent if Tp(t) = Ty(t) holds on LP(Q) N LI(Q) for
all ¢ > 0 and p,q € [1,00). The most typical example of a consistent family of
Co-semigroups is the one generated by the Laplacian. Namely, let

K(z,t) = exp{—|z|?/4t} (z€ RM,t>0)

_
(4mt)N/2

be the Gaussian kernel and set
CN)(@) = [ Ke—v0fWdy (f € LB

and Gp(0) := I. Then each G, := {Gp(%) }s0 is a Co-semigroup on LP(R"Y) which
is called the Heat semigroup or Gaussian semigroup, and it forms a consistent
family of Cy-semigroups. It is well-known that the spectrum of the generator of
Gy is independent of p.

This example can be generalized to allow a perturbation of the Laplacian by
some potentials. Let us consider rather a simple case of locally integrable positive
potentials. Suppose V € L} (RN)and V > 0. Then T,(t) := s- limp o0 gt(A=VAn)
exists in each LP(R"N) and defines a consistent family of Cg-semigroups. For this
fact, we refer the reader to Voigt [6], [7] and Hempel-Voigt [2]. The generator
Ap of T is an extension of the operator sum A —V in LP(RY), and hence gives
a realization of the Schrdédinger operator with potential V. Hempel-Voigt [2]
showed that the spectrum of Ay is independent of p. (Actually, they proved more
general theorem which allows V to be negative.)

On the other hand, the semigroup T, above has an important property. In
fact, by applying the Trotter product formula to eX(A~VA") and going to the limit
as n — 0o, we obtain the following (pointwise) inequality:

ITo(0)f| < e21f| = Ga(t)If] (f € LA(RY)).



It is known that a similar estimate holds even if V' has a non-zero negative part,
provided it is “sufficiently small” (cf: Simon [4, p. 474]).

Generalizing this situation, the notion of (upper) Gaussian estimate has been
introduced:

Definition. A Cy-semigroup T = {T(t)}1>0 on L*(Q) (R C RY) is said to admit
a Gaussian estimate if there exist constants M, b > 0 and w € R such that

T(1)|f] < Me*Ga(bt)| f|

holds for all t > 0 and f € L?(QY). Here Gy denotes the Gaussian semigroup on
L%(RN), ‘and |f| on the right-hand side of the inequality is naturally considered
as an element in L?(RN).

Arendt [1] recently proved the following theorem, which generalizes in some
direction the result of Hempel-Voigt.

Theorem.(Arendt[1]) Assume that a Co-semigroup T = {T(t)}sz0 on L2(R)
(Q ¢ RN) admit o Gaussian estimate. Then T naturally induces consistent
Co-semigroups Tp on LP(Q) (1 < p < o0) such that To = T, and pe(Ap) is
independent of p € [1,00) where Ap is the generator of Tp, and poo(Ap) denotes
the connected component of the resolvent set of A, containing a right half-plane.
If we further assume that T consists of self-adjoint operators, then the specirum
of Ay is independent of p.

Roughly speaking, this result of Arendt says that a Cp-semigroup on L?
“dominated” by the Gaussian semigroup also has similar spectral property as
the Gaussian semigroup itself. So we are naturally led to the question whether a
Cy-semigroup on L? also has such a property provided it is “dominated” by some
well-behaved semigroup other than the Gaussian semigroup. In fact, we can ob-
tain an affirmative answer to this question. To state the result, let us introduce
the following notion by generalizing that of Gaussian estimate.

Definition. 4 Cy-semigroup T = {T(t)}i>0 on I*(Q) (Q C RY) is said to be
essentially dominated by a Co-semigroup S = {S(t)}1>0 on L2(RN) if there eist
constants M, b > 0 end w € R such that

TNl < Me”S@oIfl  (Vf € L*(Q), V62 0)

holds. (On the right-hand side, |f| is naturally considered as an element in
L*(RY).)

Our task is to examine what happens if we take for S a semigroup other
than the Gaussian semigroup. Note that S should be a positive (=order pre-
serving) semigroup if there exists a semigroup essentially dominated by S. On



the other hand recall that if {€!4};>¢ is a bounded positive Co-semigroup, then
{e7=A"}50 (0 < @ < 1) is also a positive Cy-semigroup. Here (—A)* denotes
the fractional power of —A of order a. So the first case we should consider seems
to be the case of S(t) = e~*(—=2)*, But at present we are only able to prove the
case of S(t) = e"?/=A)* (see the remarks following our Theorem).

Theorem. Assume that a Cy-semigroup T on L*(Q) (Q C RY) is essentially
dominated by So = {e~*=2)};50 (on L2(RN)) for some a € (1,1]. Then there
exist consistent Cy-semigroups T, on LP(Q) (1 < p < o0) such that T =T and
Poo(Ap) is independent of p € [1,00), where Ay is the generator of Tp.

Corollary. Assume that the generator A of T is self-adjoint and that T is es-
sentially dominated by Sy for some o € (%, 1]. Then there ezist consistent Cp-
semigroups Ty on LP(Q) (1 < p < o0) such that T =T and 0(Ap) is independent
of p € [1,00), where Ap is the generator of Tp.

Remarks. (1) In the case of a = 1, the result above is equivalent to that of
Arendt.

(2) By an inspection of the proof of our theorem, we can see that the essential
domination by e~#¢~2) for an ¢ > 0 and 1/2 < a < 1 implies the same con-
clusion as in our main theorem. So, it may be conjectured that the assumption
of essential domination by e~*/=2)* can be relaxed to that by e~H=A)* Note
that 0 < e~ #e=A)% < ¢=H~2)" holds for all ¢ > 0. At present, we are not able
to prove or disprove this conjecture. However, we would like to note that the
Fourier multiplier theory yields the p-independence of the spectrum of (—A)? in
LP(RM) with a suitable domain ([5, p. 96]).

Though the method of the proof of this theorem follows the line devised by
Arendt [1], we must prepare some our own estimates.

Firstly, we note that S, (t) is represented as an integral operator with a kernel
Ko(z —y,t) (z,y € R, 1> 0): Sa(t)f = Ka(-,1) * f (f € L*(R") ( * denotes
the convolution).

The following two estimates concerning K(z,t) are crucial to our proof.

Proposition 1 Let 0 < o« < 1 and 0 < § < 1. Then there exists a constant
Ca,s > 0 such that

e"‘&lml

'{W (0<Vt<00). (1)

O S Ka(t, $) S 00,5
Proposition 2 Let % <a<land0 < § < 1. Then there exists a constant
Cas > 0 such that

e-—& x

lal 1/2a v



For details see Miyajima-Ishikawa [3].
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A GENERALIZATION OF
BOCHNER' S THEOREM ON BANACH SPACES

MICHIE MAEDA
BROKEFRFE HFEH BEFE

Abstract. We treat the Sazonov
topology on a‘dual Banach space.
Also, we show that there exists a new
sufficient Sazonov topology on every

real separable dual Banach space.
1. Bochner [HHE
HEWRKRTZEBTCHONTWVWSBochne rDEHERBROLICORLNS,

[Bochner ® #¥®] RMICEZSNAEZERENSE f HKO
st isie f BRMN FOBore | EXEWEOHEBRBICK 3,
(1) fEIER,
(2) £ (0) =1,
(3) fREATHESRE,

COEFEBEOHM, FTHbOHBBore | WEAEORFHEEE (1) (2)
(3) D&HEA2HELILEIELHITH B, :
COFEABMBRTN PVEBMECRETZ2ELE2EXL 2, ETEATUE
BRRTENVRVPMERTE (3) OFHEEH2N7 PVAHCEL TEREEZ
LTI ENSazonovikk>TREINA (195 84),

[Sazonoyv DEH] HAEEAH LRI MERET 5, rm%H’

FoHilbert—-Schmidt operatorzdNTHEREICTS
LI RBEBEMEET 2, DELEH LTERINAERKERKIPKROE



BErEHOEEFINPHEDBore | BEXAFEOHEHBEBCKELDOLKE+TS
£HTH 5B,

(1) fIER,

(2)  f (0) =1,

(3) fﬁﬁﬁfqﬁ~mﬁuwaﬁﬁo

CDEIBEHEEFEILINEOILESazono v —fM (S—-AH) &
W9, RIEASEMBRKXITBanachZEEIEODVWTHARS, ZhikoW0WTi
Mouchtari DRKOZOO#HENHSZ (19 T7T3FE, 1975%F),
[MouchtarioDEH]

I. EF4%BanachZHEM. Sazonov-fH%EdTE. EiF
Lo(Q, P) OMAZEMEEET, cotype2&ilsd,

0. EXLO#HAZEMEFECT, metric approximation
property ZFTE, E' EXS-NEIEFEET 5.

I TDI LD, BanachZElicwd LT, »hicS -MNEIFELET 3
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A generalization of Hanner's inequality

by
Aoi Kigami, Yoshiaki Okazaki and Yasuji Takahashi

1. Introduction
In [2], we extended the Hanner's 2-element inequality in L® to the
n-element inequality. However the main result in [2] was restricted to the
real valued functions in LP and the general complex case was left open.
In this taik, we show that the n-element version of the Hanner's inequality
is also valid for the complex valued L®-functions. Let &.,&32, ", &n

be the independent Rademacher sequence and X ,Xz ,--"*Xn € LP. We prove

E”Z £ ;i X; "-p

v
=)
™M

e: Ix:ill 1 ® for 1<p =2,

i
™
»
>
o
IA
52
™M

e Ixall 1° for 2= p<

2. Hanner's inequality

Let 1=<p < o, (S,f,u) be a probability space and L® = L*(S,I,un).

The norm of L® is given by Jx || = ( § | x(t) 1= dp (£) )P
Hanner [1] proved the following inequalities. Let £: , €2 be the
independent Rademacher random variables With the distribution & ; = *1

with probability 1/2. hen the Hanner's inequality is given by
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[y]
>
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es Ixsll 1 ® for 1<p =2,
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e: Ixsfh e for 2

IA

p<oco ,

where E means the mathematical expectation.

Lemma 1. Let g and g2 be the independent Gaussian random

variables with mean 0 and variance 1 on a probability space ( Q ,P).

Let ¢ : C — L*(0 ,P ;: R) be, for =z u+ iv € €, o(z){u) =
co( ugilw) +vgelw ), where L®( Q ,P ; R) is the real valued L?

space and c¢p = (§ Jg:(w){® dP(w))~"*/® . Then it hold that



1. ® is real linear, and 2. © is isometry, Jlo(z) I = |z].

Proof. 1. is clear. To show 2, we calculate the L®-norm of o(z).

lo(z) Il »

It

co® § lo(ugi(w) + vgz(w))|® dP(u)

= (Ju? + v )P
We have used the Tact that the distributions of sg. + tgz(s? + t? = 1,

s,t € R) and g: are identical, hence the last integral is c¢, 7 .

Lemma 2. It holds that for 1 = p = 2

n n

E| = e; z; |P = E | e; lzi] [P,

i=1 i=1

and for 2 = p < o, the converse inequality is valid.

Proof. Let ¢ be the mapping given in Lemma 1. We have
E | 'Z~1 £: z: |P = E”(O(qu e z;) | ®P = E |l '2—1 e p(zy) IIr
= E | es le(z:) 1P = E| 2 e lz:l |®,

i=1 o=l

where the above inequality is the Hanner's inequality for the real LP-

functions {9 (z:)} (see [2]) and the last equality follows from Lemma 1.
Lemma 3 (Hanner [1]). Let a = 0 and u = 0. Let f{u) be
flu) = | w/" + a |7+ | w7 - a |7 .

If 1 = p= 2, then fT(u) 1is a convex function, and if 2 = p <o, then

f(u) 1is a concave function.
Lemma 4. Let wu:, uz,---, un= 0 and let F( u,, uz, -+, ua) be
F(ui, ug,*-+, ua) = E |Z e u;l’P P,

Then regarding F as a function of each u:; , F is convex for 1< p= 2
and F 1is concave for 2 =< p <co.
Proof. The Lemma follows from Lemma 3. See also Kigami,

Okazaki and Takahashi [2].



Theorem 1. Let n be a natural number, €, , €2 ,°"*, €n be

independent Rademacher random variables and x: ,Xz , "°, Xn be functions
in L°P.
(1) If 1 < p= 2, then it holds that

es lxsall 17

v
s
™M

E”Z EiXi"p
i=1

(2) If 2 < p <o, then it holds that

ENE eamle s BELE s Ixlln.
Proof. (1) Suppose that 1 = p= 2. By lLemma 2, we have
Els  eoxdr s BT 1T esle) xile) 17 dult) )
=1 E !zizl eilw) xi(t) |® du(t)
25 B eale) Ixi(t) |17 dau(y)
- BT s xR,
where | x:|(t) = | x:(t) |. So we can suppose that each x. is a

non-negative function, x;(t)=0. By Lemma 3 and by the Jensen's inequality,

we obtain that
S F(Xl(t)psxz(t)py"', Xn(t)p) dU(t)

= F( | xa(t)Pdu(t), § xz(t)Pdu(t),--- , 1 xa(t)Pdult) ) ,

s s ) s
where F is the function given in Lemma 4. This proves (1).

(2) The case where 2 < p <co is obtained by the manner same to the

case t1). In this case, F is concave and we cbtain the converse inequality
S F( X1 (t)p F Xz(t)p sy T T, Xn(t)p) du(t)
s .
< F( § x:(t)Pdpft), § xz{t)Pdeit),---, | =za{t)Pdp(t) ) ,
s S s

by the Jensen's inequality. This completes the proof.



Remark. In the case where p = 1, Hanner's 2-element inequality
Il xitxz I+ I xi=x2 = 0xall+ Ixzll+ 1 0xall- Fxall |

is nothing but the triangular inequality. So this 2-element inequality is

valid in all Banach spaces. But the n-element inequality

n

. n
E”Z £ 3 Xi”p EIZ £ i |1Xi|l|p
3

=1 i=1

1%

is not necessarily valid in all Banach spaces. If this n-element inequality

is valid for every n, then the Banach space is of cotype 2, see [2].

Remark. Hlawka obtained the following inequality. Let x, y, z

be the elements in a Hilbert space. Then it holds that
[x+y+z || + [Ix]| + [lyll + [lzll = |lxtyl| + [ly+z|| + [|z+x]|].

This inequality is derived from our inequality as follows. Let u, v, w

be the elements in L! (or in a Banach space imbedded isometrically in L*%)

then we have
HHutvewl [+ futv=wl [+ [ Ju-vtw| [+][-utv+w]]|

Z [lull+llvl+tiwli+] Tlull+]
1 Huall-1

[vi|-11Twll |
fvli+lTwl D 1+ =T lal T+ vl T+ W]
Z [lult+ltvii+lwl D+ Hall+ v+ wl D = 20 bal b+ v+ el D)

where the first inequality is the Hanner's inequality for p=1, n=3, and
the second inequality is the triangular inequality in R. If we put x=
utv-w, y=u-v+w, z=-utvtw, then we get the Hlawka's inequality. Hlawka's

inequality is rewritten as

o«
w

EHZ e x5 |l = 1/2 Z ) ||XJ|I
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Abstract. We denote by Cns(X) the von Neumann-Jordan (NJ-) constant for
a Banach space X and by Cwys(x) the infimum of all NJ-constants for equi-
valent norms of X. It is well-known that 1 =Cuss(X)= 2 for all Banach
spaces X; Cwns(X)=1 if and only if X is a Hilbert space (Jordan and von
Neumann [4]); and Cns{(Lp) = 227*"', where 1 < p =<oco, 1/p+ 1/p" =1
and t = min{p, p° } (Clarkson[1]). We show that if Twu(X) = 227*' with
1 =t = 2, then X and X° (dual of X) are of type r for all r < t; and
in general, the converse is not true. We also show that if X is of cot-
ype (g,p) with 0 < g= p < 2 and Cns(X) = 227°"', then t = sup{r ; X is

of type r} implies that ELJ(X) = 28/t

Definitions and notations

Let X be a Banach space and X° be the (topological) dual of X.

von Neumann—Jordan constant : Cns(X) is defined as the smallest constant C for

which

IA
(o}

/0= (lixty 12+ fIx-y I3/ 200x 12+ NIy II'®



hold for all x, vy € X with (x, y)# (0, 0). (Cns(X) is called NJ-constant of X).

Denole by'E;J(X) the infimum of all NJ-constants for equivalent norms of X.

Remark 1. Despite its fundamental nature very little is known about the NJ-
constant. Recently, the first and second authors proved that if X is uniformly
convex, then Cn,(X) < 2; and if Cw,(X) < 2, then X is super-reflexive. Thus,

X is super-reflexive if and only if‘E;Q(X) < 2 (see Kato and Takahashi [5]).

Type and cotype inequalities : X is said to be of (Rademacher) type p, 1=p =2,

if there exists a constant M > 0 such that for all X:, Xz, ...., Xn in X
E“ 25 TiXy ”é M (Za‘ ”X.i ” p)l/p,

where E denotes the expectation, and r; = r; (t) are the Rademacher functions
(r;(t) = sgn(sin 297mt), 0 = t=1).
X is said to be of (Rademacher) cotype q, 2 =q =oo, if there exists a constant

M > 0 such that for all x;, Xz, ...., Xn in X
ElZs roxs = MW (25 Ixsdl q)l/ﬂ-

Remark 2. The smallest constant M satisfying the above inequalities is said to
be type p (resp. cotype g) constant, and denoted by Tp(X) (resp. Cq(X)). It is
well-known that if X is of type p, then X  1is of cotype q (1/p + 1/q = 1), and
the converse is also true if X is B-convex. It is also known that every Banach
space is of type 1 and cotype oo. For further informations on type and cotype

for Banach spaces, see Maurey and Pisier [T7].

Super-property : Let (P) be a property for Banach spaces. X is said to have

super- (P) if any Banach space Y finitely representable in X has (P). It is well-
known that if X is of type p (resp. cotype q) and Y is finitely representable in



X, then Y is of type p (resp. cotype q); namely type and cotype are the super-

properties. On the other hand, reflexivity is not the super-property. X is said
Lo be super-reflexive if any Banach space Y finitely representable in X is refl-
exive. In general, uniform convexity implies super-reflexivity, aﬁd the converse
is not true. llowever, if X is super-reflexive, then it admits an equivalent uni-

formly convex norm (Enflo [2]).

Banach spaces of cotype (g, p) and the Ap-ideal property

Let X and Y be Banach spaces, and denote by L(X, Y) the set of all bounded
linear operators from X intb Y. An operator T in L(X" , Lp), 0 < p =2, is
said to be a Ap-operator ( TEAL( X ,Ls) ) it exp(- 1 Tx" || ®), X e X,
is a characteristic function (ch.f.) of a Radon measure u on X. (The measure

i is symmetric and p—stable.)

Ap-ideal property : X is said to have the Ap-ideal property if for all T &
Ao( X ,Lp) and all SEL(Ls, Lp) we have STE A ( X* ,Ls). It is known that
every Banach space has the Ap-ideal property for p = 2 or p € (0, 1). It is
also known that the Ap-ideal property is a super-property, that is, if X has
the Ap-ideal property and Y is finitely representable in X, then Y has the Ap-

ideal property (Linde [6]).

Banach spaces of cotype (q,p) : Let us denote by T, the weakest vector topolo-

gy on X' making all operators TE Ap( X° ,Lp) continuous. X is said to be of M-
cotype p, 0 < p =2, if any T p-continuous cylindrical measure on X is Radon.

X is said to be of cotype (g, p), 0 < p, q= 2, if any <Tp-continuous g-stable
cylindrical measure on X is Radon. It is well-known that M-cotype p implies
cotype (q,p), and the converse is true if g < p. It is also known that cotype

(p, p) implies A=--ideal property for all r€ [p, 2] (see Linde [6]).



Main results

Theorem 1 (Kato and Takahashi [5]). A Banach space X is super-reflexive if and

only if 'C/NJ(X) < 2.

Theorem 2 (Kato and Takahashi [5]). Let X be a Banach space with E;J(X) =

227¢"' 1 = t= 2. Then X and X  are of type r for all r < t.

Corollary 1. If X is super-reflexive, then X is of type r for some r > 1.

N

Corollary 2. Cuns(Lp) = 227*"', wywhere 1=p =o and t = min{p,p” }.
Theorem 3. Let X be a Banach space with E;J(X) = 2%/P-!' 1 =< p < 2. Suppose

that X has the Ac-ideal property for all s€ [p, 2]. ..Then we have
(%) sup{ r ; X is of type r} = 2/(1 + logzﬁ%J(X)).

Remark 3. Theorem 3 is false if X does not have the A s-ideal property. In
fact, there exists a non-reflexive Banach space X of type 2 (James [3]), and
then Tnuy (X) = 2 by Theorem 1. Since every Banach space has the A -ideal

property, Theorem 3 is valid for p = 2 without any additional assumption on X.

Theorem 4. Let X be a Banach space with Cws (X) =< 227°°', 1 < p < 2. Suppose
that X is of cotype (g, p) with ¢ =< p. Then we have the equality (%) in

Theorem 3.

Corollary 3. Suppose that X has the A :-ideal property for all s€[1,2], or,

X is of cotype (g,1) with q = 1. Then we have the equality.(*) in Theorem 3.

Corollary 5. Suppose that X is isomorphic to a subspace of L;. Then we have



Lhe

equality (%) in Theorem 3.

Remark 4. If X is an S-space (Sazonov-space), then it is of cotype (p,p) for

all

p € (0, 2] (see Linde [6]), and so we have the equality (%) in Theorem 3.

We note that if X is a Banach lattice, then we have the following equality (%%)

(see Kato and Takahashi [51).

(%)

[1]

[7]

sup{ r ; X and X are of typer} = 2/(1 + log;E;J(X) )
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Normed partially ordered vector space with
Lebesgue property

S. Koshi  Hokkaido Institute of Technology

Abstract

Let I be a normed Riesz space with Lebésgue property. Then I2 is complete ( [V is a Banach
space). This fact is proved by 1. Ameiniya and this is a generalization of the Riesz-Fisher’s
theorem.

We shall consider same problem in more general normed partially ordered vector space
and show that Lebesgue property is not suflicient to be complete. The necessary and
sufficient condition to be complete will be discussed iln this note.

1 partial  oveler
Lt E -Be a mormed vreclor space with rea,Q cm-f{,‘cier'{t‘

We assume +that +here is a. Convex cone [P w-ith

(1) AP C P Afor ey nonmes alive scalax X Z 0
2> P+pCP

(3> Pat(—pd)=1le}

tay P-P =Lk |

P L called a ’Posi“ti'm? convex Cone . A ack P osatictying
(1), (2) , t2 a conle Cone

We. shall dﬁ,@;b‘vuz, el Pcufti ol ovdar velalicn = <.t.

xX 2 Y < x-4yeP & ygax.

” ” " e
Thew the velation 27 Rave the following properly,
Cad 7Cl>'/f§ G| 32){ = 2 =Y.
() XzYy Yra = 2z Z.
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then P =1x . x 2o} L a posilive conve Cone, i€

2 Leleesgue propevty

A avevma ol on & pavilia HJ ordered wedlor S E o
cabled as ovdav Movan i

o xsly = Nz s Vi

We shalll assume rhai SEQ-En Mo Ay Grel gt LG
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oo amd sup il <90,
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positive muanker A > 0 suwell that
toreeny o<y, o (ie 0<q,$--5a,5-and @=5upa,)

;Jt' e .
Follows sup faqfl = Allag

1 ) v
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