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Energy decay of solutions to the wave
equation with dissipation localized near
infinity

Kiyoshi Mochizuki (Tokyo Metropolitan University)

Let Q be an exterior domain in RY with smooth boundary. We consider the
initial boundary value problem

Wyt — Aw -+ b(m,t)|wtlp“1wt =0 in Q X (0,00),

'U)({L',O) = wO(z)) wt(:v, 0) = ’U)](m) n Q)
w(z,t) =0 on dQ x (0, 00),
where p > 1 and b(z,t) > 0. We define the energy of solutions at time ¢ by

[l = 5 [ fue, 07 +[Vula, )P}

Then the following energy equation holds for any .

lw@+ [ [ b(amywile, 7Pdadr = lw)E.

Since b(z,t) > 0, the energy ||w(t)||% is decreasing in ¢ > 0. Thus, a question
naturally rises whether it decays or not as ¢ goes to infinity.

The first results is obtained by Mizohata-Mochizuki [1] in 1966, where is con-
sidered the case @ = R?, b = b(z) = O(|z|™>%) (6 > 0) and p = 1. The principle
of limiting amplitude is proved, and so, the nondecay of energy is suggested there.

Nondecay results of energy are obtained by Mochizuki [4] in 1976 (see also [5])
in case p = 1 and b(z,t) < ¢;(1+]z])~¥~%. Moreover, if N > 3 and {2 is exterior of
starshaped domain, then every solution is proved to be asymptotically free. Note
that the energy of solution decays as ¢ — oo provided b(z,t) > ca(1+1t + |z])™*
(see Matsumura [2] in 1977). These show that if b(z,t) = O(|z|™7), then v =1
is the critical exponent of energy decay. In the recent work Mochizuki-Nakazawa
[7] we considered the case b(z,t) = o(|z|™"), and obtained the critical exponent
of logrithmic order.



Similar results are obtained for the nonlinear case p > 1if @ = RY. It
is proved in Mochizuki-Motai [6] that the energy decay occurs provided 0 <
v < 1— N(p—1)/2, and energy does not decay for small solutions provided
v>1— (N —1)(p— 1)/2 (the nondecay result is anounced in the earlier work
Mochizuki [3]). The problem is unsolved so far in the interval 1 — N(p — 1)/2 <
y$1-(N-1)(p-1)/2.

In this talk we shall report an energy decay result for localized dissipation
near infinity. We consider the linear problem with p = 1. Assume

N > 3 and RY\Q is starshaped w.r.t. the origin;

b(z,t) is bounded, nonnegative, and b;(z,t) < 0;
there exists an R > 0 such that

bo(1+t+|z])™ < b(z,t) < by in {|z| > R} x (0, 00)
for some bg, b; > 2. Then the energy of solutions decays like
lw®)llE < K(1+8)7

The proof will be based on weighted energy inequalities (Mochizuki [8]). Sim-
ilar problem is already considered by Zuazua [9] for the Klein-Gordon equation.
However, his method is not applicable to our classical wave equation.

Note that our proof can be applied to the quasilinear wave equation

wy — {a+ ,BHw(t)Hz}Aw + b(z,t)w; = 0 in Q % (0, 00),

without any essential modification.
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LOCAL EXISTENCE WITH MINIMAL REGULARITY
FOR QUADRATIC NONLINEAR WAVE EQUATIONS

Y1 ZHovu

Dedicated to the 60-th anniversary of Professor Koji Kubota

0. INTRODUCTION

Consider nonlinear wave equations of the type
O¢’ = F'(, 8¢) (0.1)

where O denotes the standard D’Alembertian in R**! and the nonlinear terms F are
quaclratic in &d, i.e:

@
o
e

Fl($,08)= Y T m(0)06’ 8,0F
JEKIm

We shall study the problem of minimal regularity of initial conditions for which the corre-
sponding initial value problem

o(0,8) = fo(r), @e(0,x) = fi(x) (0.3)

is well posed.
We shall distinguish between the following cases:
1) The general case.
2) The case when the equations satisfy the null condition, that is

Fl($,69) =Y T} (VB (667, 86%) (0.4)
JK

with B ;. any of the null forms.

Qo(d, 0) = =019 + Z Gid0ip (0.5).
=1
Qap(d,0) = BadB3p — 0368xp 0< a,f< (086)

proposad running head: Local regularity of wave equation .



3) the case when the equation is of wave maps type, that is, only the null form Qo is
present in case 2.

4) the case when the equation is a real wave map, that is, I‘g’K((ﬁ) is further the Christof-
fell symbol of a Riemannian manifold.

The classical local existence theorem rely only on the energy estimates and Sobolev
inequality. Thus, it requires

foe H'Y', fieH’ (0.7)
for ¢ > . However, Klainerman-Machedon [2] proved that the problem is locally well-
posed in H**! for s > 252 provided that the nonlinear terms satisfy the “null condition”.

Starting from this work, there are many other works following this. I shall summarize the
recent progress in the following table.

H+! general case null condition wave maps type “real” wave maps
n> 4 8 > %=L sharp | s> 231 sharp 3.2_ 2=l sharp s > %=L sharp
n=3 s > 1, sharp s> 33— ? | s> %_. sharp 77

n=2 s>=}, sharp s>%,sharp 52%,? 77

In this table, the local well-posedness result in » > 4 is due to Beals&Bezard [1], the
sharpness is due to J.Shatah [6]. :

The local well-posedness for n = 3 in the general case is due to Ponce&Sideris [5] the
sharpness is due to H.Lindblad [4]; the local well-posedness result when the equation satisfy
the "null condition” is due to the author [10]; the local well-posedness result for wave maps
type is due to Klainermand& Machedon [3], the sharpness is also due to them.

The local well-posedness for n = 2 in the general case follows from the same argument
as in Ponce-Sideris [5], the sharpness is due to H.Lindblad [4]. the local well-posedness as
well as sharpness result when the equation satisfy the ”null condition” is due to the author
[10}; The local well-posedness result for wave maps type is also due to the author [9].

For the local well-posedness of wave maps in the covariant case, see Shatah & Tahvildar-
Zadeh [7).

In this talk, I shall focus on the case n=2,3 and the equation satisfies the null condition.

1. REGULARITY PROPERTIES OF THE FIRST ITERATE

We consider
aov = Q(¢, ¢) (1.1)

$(0,2) =0, T,(0,x) =0 | (1.2)



where Q is any of the null forms (0.5)(0.6) and ¢, ¢ are solutions to homogeneous wave
equations:

O =0 (1.3)
ol0.z2)= flr), o0, 2)=0 (1.4)
De=0 (1.5)
e(0.r)=g(z).o(0,r)=0 (1.6)
A n=3 Q= Qo
It follows from the identity
2Qo(¢, ») = D(¢p) — ¢0¢ — O (1.7)
that ¥ = ¢¢ up to a solution of the free wave equation, so it follows trivially that
¥(t,-) € H**! for s > % provided
f.ge H'H . (1.8)
for s > -ﬁ-
B' n = 37 Q = Qﬂ'ﬂ
We have ‘

Proposition 1.1. Consider in R3*! the Cauchy problem (1.1)(1.2) with ¢, ¢ satisfying
respectively (1.3)(1.4) and (1.5)(1.6), If (1.8) is satisfied for 3 < s < 1. then the first
iterate @ belongs to H*Y' and moreover, there hold

Nt e + 1% (@ Mmr < Cot7l| Fllm s llglen (1.9)

for any v with0 <y < 8 — %
Cn=2 Q=0qQo

Similar to the case n = 3. ¥ = ¢y up to a solution of the free wave equation, so it
follows trivially that ®(¢,-) € H**! for any s > 0 if (1.8) is satisfied for s > 0.
D n=2 Q=Qus

Proposition 1.2. Consider in R**! the Cauchy problem (1.1)(1.2) with ¢, ¢ satisfying
respectively (1.3)(1.4) and (1.5)(1.6), and (1.8) is satisfied .
J')Ifi‘ <8< %', then the first iterate ¥ belongs to H**' and moreover, there hold

(M + 12t W < Cot I Fllg e llgllme+ (1.10)

for any ~ with ;11- <7 <8, _
I)If0 < s < 1, then the first iterate ¥ fails to be in H**' and moreprecisely the
following estimates fail

1t M + (%2t M < CEON N llgllzr o+ (1.11)



VMICROLOCAL REGULARITY OF THE FIRST ITERATE

It turns out that only the knowledge of local regularity of the first iterate is not enough
for our purpose, we need to know the microlocal regularity of the first iterate as well

A n:?:, Q=Q0

proposition 2.1. Consider ¥ = ¢p where o, ¢ satisty respectively (1.3)(1.4) and (1.5)(1.6)
with (1.8) being satisfied for & < s < 1. Let $(r, &) be the space-time Fourier transform
of ¥, then microlocally at HOH(‘hdl ‘acteristic point

T2 €240
¥ beibngs to H2+1, Moreprecisely, the following estimate holds
[ r+ 121 = 1P b, €)drde < Ul (21)

B.n=3. Q= (Qas

‘proposition 2.2. Under the assumptions of proposition 1.1. Let ¥(r, £) be the space-time
Fourier transform of ¥, then microlocally at noncharacteristic point

72240
¥ belongs to H?*+}, Moreprecisely, the following estimate holds

Fl -+ gl e (2.2)

[+ Ieb il = 1617260 Gt gyt <

C.n= 2: Q = QO
proposition 2.3, Consider ¥ = ¢y where ¢, ¢ satisfy respectively (1.3)(1.4) and (1.5)(1.6)
with (1.8) being satisfied for 0. < & < -é- Let ¥(r,€) be the space-time Fourier transforin
of ©, then microlocally at noncharacteristic point

2 —£240
¥ belongs to H**+%, Moreprecisely, the foUowing estimate holds

[t v e - P i odrd < G s lgly s (23)

Dn:z'Q=Q0‘ﬂ

proposition 2.4. Under the assumptions of proposition 1.2. Let \i"(r, €) be the space-time
Fourier transform of U, then microlocally at noncharacteristic point

r?’——féyé 0

U belongs to H 22+% for ;} <5< % Moreprecisely, the following estimate holds

/ (I} + 1D lir] = €N~ 2=22 Q1a(r, £)drde < CFN% vur gl oo (2.4)



3. SMOQTHING ESTIMATES

proposition 3.1. (Strichartz estimate ) Let u(t, ) be a function defined on R+ satis-

fving the homogeneous wave equation
Ou(t,z) =0

u(O..r) = fg,'U-[(D,;'L‘) = fl

Then A
ullzserey < CllMfoll g3 pry F il - s

proposition 3.2. Let u(t,r) be a function defined on R**!, then there hold
el < © [[ lel¥ir +lelta2(r, )

and

[ulZeqrs) < © / / lel¥ | — l€l|a2(r, €)drde

where 1 is the space-time Fourier transform of u.

Remark. By Sobolev inequality, it can only be proved that

lulscany < € [[ 1l +161372(r, E)drae

SMOOTHING ESTIMATES FOR THE NULL FORMS

Introduce the space-time norms

Neald) = (// u (m ‘E)wib(ﬂﬁ)lcf:(r,f)l?drdf)Jf

where ¢ denotes the space-time Fourier transform of ¢ and
we (7, §) =1+ ||7] = [¢]]

A.n=3,Q=Q0

Theorem 4.1. Consider the space-time norms (4.1) and functions ¢, ¢ defined in

The estimates

Ni-1(Qo(d, ) £ CNy41,5(0)Nog1,5()
hold true for any 32- <s<l1
B.n=3 Q= Qaﬂ

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(4.1)

(4.2)

R3+1

(4.3)



Theorem 4.2. Consider the space-time norms (4.1) and functions ¢, ¢ defined in R**1.
The estimates

Nus—1{Q12(d, ©)) < CNy1.5 (@) Ns41,5(9) (4.3)
hold true for any % <s<1 |

C.n=2,Q=Qo

Theorem 4.3. Consider the space-time norms (4.1) and functions ¢, ¢ defined in R*>*.
The estimates

J\rs,a—- ( @ )) C']\rs-}-] s+‘-\(v“))]\'s+] n+ (‘P) (43)

13 fe

hold true forany 3 < s <

D'n=2:Q=Qaﬂ

Theorem 4.4. Consider the space-time norms (4.1) and functions ¢, ¢ defined in R**1.
The estimates '

]Vs,s- %(QIQ(‘b> 9’)) < Cfvs-{-l,s-i—{;(.qs)*Nfs-!-l.s-(-%:(:EfD) (43)

hold true for any -} <8< %

5. CONCUDING REMARKS

By the smoothing estimates proved in section 4, we can easily prove the local well-
posedness result stated in the table. The open problem is that if we can prove global
existence under the conditions that the weighted H**! norm of fo as well as the weighted
H® norm of f; are small, with s restricted to the values in the table.
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KIRCHHOFF A BEXDRIBIEIZ DT

1. INTRODUCTION

Kirchhoff ARSI MEADIRES A tald 5 & LT 1 8 8 34EIT Kirch-
hoff iCk - TEAXN, TDH# 1 9 4 04E|Z Bernstein N DF BRI TS5
EREEABERNICE D HODh -7, Hid FIMEE UCREBEEEEZ T, €h o
CRIGIIRFR. XZN oNEBFHE SITRRRIBRNEET S I EAFHL
7o PBZEOMEENZ OMBEORATHE L TWBNERIEIZEELERE AT
WIEINE ) TH B,

Kirchhoff FBIIIRDE THIZ 65,

2
1) (@ | ute)Pi)sutta) =0t > 0.0 € B
RTL

(2) (0, z) = up(z),us(o0,z) = ui(z),z € R™.

Z OFHAMERIREDS. FIEENSEET L, EAEBEL O LA L TAL I &
FINER A 5 7o DIE. ZOMBEIRSEAICHEEMEE LTl 2 ENHES N
HIZEIHDET, UTFTIDI EEFHA LIz,

HHAME v, uy Y Sobolev ZRICB LT3 & & (1), (2) MEEREEELR
DI EiE, FIZEBREME THEICEEATE S, (1), (2) O u(t,z) €
M2_oC?77((0,Tp) : HY) (AT ZDZEM%Z Xq, EN L) DEELI B T TRAEHD
ZTETE, T=c0o HEEIZL->TLDT, THERTHS ERKET S,

iR 1o u(t,z) € Xp kT b, TFIVF—EROXTEZL B,

E(t) = %”Ut(t)nz +a(@®)|[Vu®)]?, a(t) = a®|| V()] + %llvu(t)ll“o
ZDEE E()=E((0),0 <t <TAKDILD,

COMELY a(t) = a® + | Vu(®)|]? € L0, T) Bbh b, £ THRE a(t) £bD
DEDOEHAHEREEZ 5,

2

3) gt—z-w(t,a:) —a(t)Aw(t,z) =0,t € (0,T),z € R™,

4) w(0,z) = up(z), w:(0,z) = uy(z),z € R™.
FIHAME u;(i = 0,1) i3H B EHpoicxt LT

(5) e <¢>7;(€) € L*(R™),i = 0,1



%?ﬁtbfh%&“@kéo 13 u ® Fourier %A FET, ZDEX (3). (4) kD2
RN D 3D
Tﬁf%ﬁl FIHERE (3). (4) D XpilkiF3RI3—FENTH 5,
W2, WHME u; (i =0,1) A (5) ZRALTWAEE, (3). (4) I3#
w(t,z) € Xr Nj—o C7([0,T}; H' )

%= b,
Al 2K u(t,z) =w,z),t€(0,T) /5, #&->T

Jim u(t,) = w(T,z), lim w(t,) = w(l,2)

AHHAE, t =TEFPEmEETS (1), (2) BREFEEZF DI LIZED. u(tx) &
t =T%ZBA TERWELLY TOEHEIIKT %,

B 1. 2 DEFHY
pe RIS UTHEAE e"<D>’a?
) e#<D>y(z) = / it H<E> ()

WL - TREHET S, (3) AT we Xp I/ U To(t,z) = e=P<D>y(t, z) &
BTy (0, + 0 (8) < D > = e—p<P>By I EBT B & v 12

(8) (0; +p'(t) < D >)v(t,z) — a(t)Av(t,z) = 0,t € (0,T),z € R*,
AT ENDNE, (8) Il LT RrIvF —%

) .
9) e(t)* =[G +0'(t) <D > ()32 + 0@V,

EWAT B, ZITo(t),b(t) BOEDLIITE D,
(10) ) = -+ [ 1200,
3)2

PSR b(t) IFEDKEETH S,

HER (8) idp/(t) > 075 5id parabolic type 12785 & EITEE T 5 LIRDHE
=85,

WE2, b Lo () >0 THY,bt)AC2([0,T)) THDV®)b(t)"! € L1(0,T) 155
IEHBEH CHH->Te(t) < Ce(0),t € (0,T) MY T=D,

AERH

2e(t)e' () = (b(t) — a()R((0; + p'(t) < D >)Vv, V)2

)
W @IVolZe + PO <D Z (0 +0'(5) < D >)||2s



+a@)p (0] < D >% V|2,

@ O —e®P
< S e+ (FE P b )] < D > Vo

< @I v
< b() e(t)*,t € (0,T).
MAA LD ; (1 0) IZB VT, =0,0(t) =1 &EEBEL pt) > 07206 we Xp
7,
fnRE 2 OFERH ; AR (8) ZxIZhA LT T 2 ERT S Lt BT ABEE
WMAHBRNERVBOTFERIHONTH S, ZOM w(t, &) WEOBEHEE LT LATRE
5 EIIHHRE 2 DR EFRRICHIE B, EIE. w(t, ) TxIVF—%

elt,)° = 318 — /(1) < € (1, ) +5(0)| Vol &)

EBL &L e(t,é) < Ce(O £),t € (0,T),6 € R* %Z 5%, P up,u A% (5) %
WU THWBDT, (10) 1B Ty = pg& ED b(t) Zp(t) <0,t € [0,T] £1EH K
ITEND, ZDEFe(0,6) € L2 (RE) £12D. #E-Tw(t,§) %)%')"C%Zvo w(t,x)
% ePW)<E>y(t, &) DT —) li‘ﬁ%@c‘: LTEETAHEHAXME 0. T] To@) <072
N6t e [0, T UT w(t,x) & x 1B U TEMBITH &80 & 2 PRE .
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A bifurcation phenomenon for the periodic solutions
of the Duffing equations

Akitaka Matsumura
Department of Mathematics
Osaka University
Toyonaka 560,Japan

ABSTRACT

This talk is a brief survey of our recent work [2] on a bifurcation phe-
nomenon for the periodic solutions of the Duffing Equation

(1) u(t) 4+ pu' (8) +uB(t) = fL(t), teR

where p is a positive constant, and f is a given family of T-periodic external
forces parametrized by A which somehow represents the magunitude of fx (e.g.,
f = Asin(t)). It is well-known that for any X there exists at least one T-periodic
solution of (1), and furthermore if the magunitude A is suitably small, then the
* periodic solution is unique and asymptotically stable. As A increases, we can
observe by numerical computations that the solution loses its stability and various
bifurcation phenomena take place. In particular, the period-doubling bifurcations
are observed as very important phenomena along the route toward a so called
"Chaos”. However, it is surprising that there have been no rigorous proofs of
these bifurcation phenomena. Recently, Komatsu-Kano-Matsumura [1] tried to
detect a bifurcation phenomenon around a "linear probe” {(),ux)}iso inserted
into the product space (), u), which is defined by

ux(t) := AU(t), U(t): given T-periodic function
Fa(t) = u(2) + pui (8) + w3 (@)-
Here we should note that u = uy is a trivial solution of (1) corresponding to fa(t)

for any A > 0. Then, in the particular case U(t) = sin(2nt) (T = 1), studying the
linearized equation of (1) at u = uy

(2) V" (8) 4 v’ (t) + 3N2UR(t)v(t) =0

—18—



by the arguments of continued fractions, they showed that if u < 4m/5, then the
T—periodic solution bifurcates at least at three points from the probe {ujx}i>o-
They also noticed by numerical computations that there might be infinely many
bifurcation points of T-periodic solution. However, they could not detect a period-
doubling bifurcation. In the coming paper [2], treating more general T-periodic
functions U (t), we show that only T-periodic or 2T-periodic solution can bifurcate
from {u)}r>o0, and under some condition on x4 there do exist infinitely many
bifurcation points of T-periodic solution, and also generically exist infinitely many
bifurcation points of 2T-periodic solution (period-doubling bifurcations) except
some paticular cases of U (t). Furthermore, we show the asymptotic stability and
unstability of the trivial solution u, alternates at each bifurcation point. We
also show that the case U(t) = sin(2nt) is really a particular one where only T-
periodic solution can bifurcate from {u) }>0. The proofs are given by investigating
the eigen-values of the Poincare map of the linearized equation (2) by means of
the expansion theory by generalized eigen-functions established by Titchmarsh-
Kodaira, and asymptotic analysis with respect to A.

[1] Y. Komatsu, T. Kano, and A. Matsumura : A bifurcation phenomenon for
the periodic solutions of the Duffing equation, to appear

[2] Y. Komatsu, S. Kotani, and A. Matsumura : A period-doubling bifurcation
for the Duffing equation, in preparation



REGULARITY OF SCLUTIONS TO CHARACTERISTIC
BOUNDARY VALUE PROBLEM FOR SYSTEMS

TATSUO NISHITANI AND MASAHIRO TAKAYAMA

Department of Mathematics, Osaka University,
Machikaneyama 1-16, Toyonaka Osaka 560, Japan

1. INTRODUCTION

Let ) be a bounded open subset of R™ with smooth boundary 0. In 2, we
consider a first order symmetric system

Lu=_ Aj(@)du+B(zu, A;x) Bz)eC¥(Q), Ajx)=A4;)
j=1 ‘

with v = (uq, ...,un) where 8; = 8/0x;. For z € 0N we denote by
§ J

YHOEDIYYC)

J=1

the boundary matrix where v = (v, ..., V) is the unit outward normal to Q.

Let OF be disjoint two open subsets of 9Q with smooth boundary 8OF. Let us
set O = O U O~ and assume that the boundary matrix Ay(z) is non-singular in
00 \ 80 and is negative definite in O~ and positive definite in O+. We study the
following boundary value problem

{(L—i—)\)u:f n 0

BVP
( ) ueM at O

where ) is a large positive parameter and for each z € 992, M(z) is a linear subspace
of CV. We assume that M(z) is smooth in 9§ \ O up to the boundary and for
each T € 00 there is a relatively open subset Z € U C 9f) and a vector subbundle
Nieg(z) of U x CN such that KerAy(z) = Nieg(z) in U NOO. We assume that the
boundary condition is maximal positive in the sense that

{ (Ap(z)v,v) >0, VYve M(z), VYVzeodQ,
dimM (z) = the number of nonnegative eigenvalues of Ap(z)

and hence in particular
{ M(z)=CV, zecO*
M(z)={0}, ze€O".

Typeset by AMS-TEX



Let Z € 0O and we work in a neighborhood Z € U C 99Q. Let us take h(z) €
C>(U), a defining function of 8O NU, so that Ay is definite on {z € U|h(z) > 0}.
Let vi(z),...,v,(x) be a smooth basis for the bundle Nieg(x) defined in U. Let us
set

Avso(z) = h(z) " (As(z)ve(), vi (), Aso(z) = —(Af(z)vi(x),v5(x))

which are v X v matrices and

2=
where A(z) is an extension of h(z) to a neighborhood of 8Q N U in R™. Note that

“ both Appo(z) and Asp(z) are well defined on 8O up to positive multiple scalar
factor. We assume that

(H)  Appo(z) and App(x) are definite with the opposite definiteness on 0O

Take r(z) € C®(Q) such that Q = {z|r(z) > 0} and dr(z) # 0 on A0 and let
h(z) € C*(Q) be such that OF = {h(z) > 0} and dh(z) # 0 on O=. Let us
set h+(z) = hi(z) — kr(z) and

ma(@) = \he(@)? + pr(@)?,  $s(@) = he(@)? + pr(@)? - hu(a)

where kK > 0, p > 0 are positive constants which will be determined later. By
D§°(Q) we denote the set of all u € C*®({2) with suppu N O~ = @. The space
Do(Q) consists of u € L2(f) verifying the same support. condition. The space
H;(Q;09) is the set of u € L?(Q) such that Vu € L2(Q) for all C*(£2) vector fields
V which are tangent to 9. For each s € Z the space H (€2;02) can be defined
similarly. We denote by X, 4(2) the completion of D§°(€2) under the norm

2j+2q , ~2p—2q-+2j 2g—5 ,—2p—4
lull%k, ) = Z|]¢J+ TP Y (ieqy + MO MR, ).

Theorem 1.1. There are gy > 0 and Ao(p,q) > 0 such that if p, g € Zy, q > qo
and ReXx > Xo(p, q) then for every f € X, 4(S2) there is a solution u € X, 4(Q) to
(BVP) verifying

lullx,,q @) < Clifllx, .

2. A PRIORI ESTIMATES

Lemma 2.1. Suppose that ¢1°u € L*(Q), m+¢T(L + Nu € L2(Q) and ¢T%u
verifies the boundary condition. Then we have

(ReX — Ao)lIVAZgEeull? + 5(6 — s~ co) [l4%°ul[2 < O~ |madE(L + Nl
with some § > 0 where ||u|| = ||u]|z2(q)-
Set ¢ = ¢1¢- and m =mym_ and define H(s,t) by

(L + H(s,t))Vm¢1¢~" = Vme ¢~ L.
Then we get



Lemma 2.2. Suppose that \/—cf)su € L2(Q), vm¢*(L+ Nu € L*(Q) and vmed*u
€ M at ). Then we have

Re((L + H(t1,t2) + A)vVmeé®u, vVme®u)
> (ReX — Xo)|[vmeul® + 6|¢°u||?

with some § > 0 where min(t1,%2) > qo and s > 1.

3. TANGENTIAL REGULARITY
For u € L*(R") we set

ul(z) = u(e™, )™/, ub(z) = u(e™,a’)
where z = (z1,2') = (21,Za,...,%p). It is clear that for u € L?*(R") we have

uf € L2(R™) and HuﬁHL2(Rn) = ||U||L2(R1)- Let us write Q = R%} and Z; = z1 Dy,
Zj=D;,2<j<n. Note that

i
Dyt (z) = (z1D10)H(z) — 27 Yiuk () = {(z1D1 — -é-)u}u (x).
Lemma 3.1. Let u € L*(R%). Then
ut € Hy(R™) < Z;, -~ Zi,u € LA(RT), p<s<uc H(Q00).

Moreover we have ||uf|| g, mny ~ |||z, @;00)-

For u € C§°(R7) we set

[lull3- 15(,:)—/1“”(5)! (€% (1+ [661*) 7 de = ||u!|Z_16, [lullZy = llu?I2

and
Jou = /u(xlesyl,x’ + ey’)eY/2 p(y)dy

where p(€) = O(|¢|¥) as ¢ — 0 and p(t€) = 0 for all real ¢ implies £ = 0 if £ € R™.
Then for u € L?(R") we have (J; 'u,)ﬁ = pg * un where pc(y) = e "p(y/e). From [3]
it follows that

1de

1 2
; _ )
CallulBn00 < | IWeullBaqmgye™ (@ 4+ )+ - < Callull- 50

for Yu € Hy_1(£2; 0Q2).
Lemma 3.2. Let s > 1 and a € C°(R™). Then we have

1d€

/ l|[aZ, JE]uHLz(Rn)E“%(l + 2) < Collull3_1,50

for u € C§°(R%) where Z = Z;.



4. WEAK AND STRONG SOLUTIONS

Lemma 4.1. Assume that u € Do({2) is a weak solution to (BVP). Let w =
¢"""°¢,u. Then there is a sequence w, € C™(Q) such that

L2~ lim vm¢* Jow, = vVme® Jew,
L2—lim(L + A\)vme® Jown, = (L + N)vme® Jow.
Lemma 4.2. Suppose that u € Dy(Q) is a weak solution to (BVP). Then we have

Re((L + H(s + 1,t) + \)vVme®Jow, vVm¢® Jow)
> (ReA — Xo)||[vmg® Jew||? + 6]|¢° Jew||?

where w = ¢~ "¢ u and s, t > qo.

5. COMMUTATOR ESTIMATES
We note that z90;u = A(z)Lu. Then it follows that

Lemma 5.1. We have

(81u)!(z) = (z1m~?)(2) (8, — 27" )ub(x)

+(z2m™?)4(z) ((ALU)”(w‘) - Aoyt (w))

Jj=2

Proposition 5.2. We have

' s 2 —21 82 _yde
| Im@e (£, Tl a1+ 557 S

-1
_qde i a _
110 (I Il + 195 Ll )

* 2 21 82
< [ g Tulltagee 21+ )

+C(|lm* a3 ) + Im* ™ 2 Lul[72q))

6. PROOF OF THEOREM

We first remark that
(L+ H(s + 1,t) + AVme* Jow = vmeST ¢~ (L + N)¢* o Jew.
Let u € Dy(f2) be a weak solution to (BVP). Thus it follows from Lemma 4.2 that
CllmesH =t (L + N+ g7 Jew|[? > (Red — Ao) |[V/mig* Jow][2 + 8[1¢° Tewl

if 5,1 > qo where w = ¢"5 "¢ u.



Lemma 6.1. Let u € Dy(Q) be a weak solution to (BVP). Then with w =
¢~ "t u we have

/ Ilm¢3+1¢”‘t(L+>\)¢+ ¢S+tJ€w“2 —2l(1+ 2)_.1 de

-1

<C(s,) D llgs et ”ﬂunj(t) + GZ Ime T I (L + Ayl [
j=0 =0

+O(||m* 42 | P+ [[mS B g2 (L + Al [?)

On the other hand
Lemma 6.2. Let u € Do(Q) and w = ¢_ "¢, u then

d

19572610l 0 < [ 9wl 1+ 52
-1

+C Y5 IS ) ) + Cllme =g 70l
=0

Proposition 6.3. Assume that v € Do(Q) is a weak solution to (BVP). Then
Sllg5H =" ullfy < Cls,1) ‘Z 1637 o= ul

+C Z llmgs T I (L + Nl 2,
7=0

+C(|lm* 4o P + |ImP T P T L+ Nul )

Take s =2/ +2q—1and t = 2(p+q) — 2, 2qg > go + 1 in Proposition 6.3 to get

-1
6!]¢2l+2q¢-—2p-——2q+2lu“l(t) < C l) Z H¢I+Qq 1+J¢~—2p-—2q—1+l+]u”‘?(t)
j=0

I
+C > |Imgh I g2 2RI (L 4 Ayl |2,
j=0

—5 ,—2p—4 - —2p—4q+1
+O(||m! 25 P My | |2 ||mi+ 204, 9T THTH(L 4+ N)u?)
because s, t > qp for [ = 0,...,p. We multiply a; to the inequality and sum up

over [ = 0,...,p. Choosing a;, j =0, ...,p so that a; — Z:?:j-{—l a;C(l) > ¢ > 0 the
inequality results

Z H¢23+2q¢—2p“2q+2]’“”3 9 <C Z Hm¢2]+2¢I¢—-2P—'2q+2j(L + )‘)ulﬁ(t)
J=

+C(|lm?4 54"~ 4qullz + ||mPa= 42PN 4 Ayul[?).



On the other hand if u € Dy(Q) it is clear that
m25¢ 7~y € Dy(Q), mPT*PTP (L + Nu € LA(9Q)
and m2975¢~2P~%y € M at 8. Then by Lemma 2.1 it follows that
o(p)|Im20 P =2 4w > < O|m29 4¢P 4L + Ayul 2.

Using this inequality we get

Proposition 6.4. Assume that u € Do(Q) is a weak solution to (BVP). Suppose
that

m2T4TPME € LX), meF PGP f e Hy(Q;09), 1< 5 <p.
Then it follows that
m 0T My € IA(Q), ¢TGPy € Hy(2;09), 1< <p

and moreover

p

2j42q , —2p—2q+27 295 ;—2p—4
I e e PR (L R
=0

p
2j+2q , —2p—2q+2j 2g—4 ,—2p—4
< CY |lmg g P f|[2 ) + CllmZ 59T £ 2.
J=0

Let f € Xp4(Q). Take fn, € D§(S2) so that f, — f in Xp4(2). Then there
exists a weak solution u, € Do(2) to the boundary value problem (L + A)uy, = fp
with u, € M at 9. From Proposition 6.4 it follows that u, € X, 4(£2) and

lunllx, 0@ < Clifallx, (@

Thus letting n — oo we get Theorem 1.1. [
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SYSTEMS OF PARTIAL DIFFERENTIAL EQUATIONS AND CLASSES OF GEVREY

JEAN VAILLANT

L Definitions. z = (z0,2’) = (20, Z1,-.-,%n) € Q; £ is an open neighborhood of 0 in R”. We consider a
matrix m x m differential operator h of order 1, with analytic coefficients in €. We denote a its principal
part and b its part of order 0, such that: h =a 4.

" We denote & = (0,€') = (£0,&1,---,&n) € the dual variable of z and we consider the characteristic
. determinant deta(z,€); we assume that it is hyperbolic with constant multiplicity with respect to the
direction (1,0): the m characteristics roots in &y are real, with constant multiplicity for €/ # 0. We can
decompose det a(z,£) in irreducible polynomials in O[], the ring of polynomials in € with coefficients the
analytic germs at 0; to semplify the notations, we assume there is only one multiple factor H; we denote m;
its multiplicity so that det a(xz,£) = H™ /K. We denote A the cofactor matrix such that: a4 = Aa = det al.

We consider the localized ring of O[€] with respect to the prime ideal defined by H; it is a principal ring
and in this ring, @ is equivalent to the diagonal matrix [5]

diag[H?, H®, ...  H",1,...,1],
where the integers p = qq, q1, ..., @ are such that
p2a2-2a>0 ptg=m g=qg+---+a

A is divisible by HY; we denote A = A/HY; so that: aA = Aa = HFKI.

For every matricial operator A’(z, D), of order < p, we denote A(z,€) = o, (A’) the homogeneous symbol
of order p of A’. Invertly, if A(z,£) is a matrix of symbols of order p, we denote A’(x, D) any operator such
- that o, (A) = A.

We consider the Cauchy problem

{ h(z, D)u = f(z)
Ugomt = g(2')

f is given, g: is the Cauchy data on zp =t and u is unknown; the hyperplans z¢ = t are not characteristics

at each point. '

II. Conditions LG. We want to define conditions on the operator h, for m; = 5, and to give the corre-
sponding Gevrey classes 79, for which the Cauchy problem is well posed in 4%, We recall the conditions L
{[4][6]), such that the Cauchy problem is locally well posed in C*; we introduce supplementary conditions L*
which define sub-conditions in L. We give the results in the more interesting and difficult cases, for m; = 5.

Type (3,2). That is the case where a is equivalent to diag[Ha, H21,...,1:m =5,p=3, 1 =2,1=1.
L;. There exist A', H', K' et A; such that

So = Aoy, (hA' — HPK') = HAy;

we have

ah; = H Ko, (hA' - HOK') = B4,

Ly. There exist A{ and Ag such that
Sy = Aoy, (hAy — RAHPK' + HPK'H?K') = H*A,.
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2 JEAN VAILLANT

Lz. There exist A5 and Az such that
S1 = Aoy (hy — hAYH'K' + RAHPK'H'K' — HPK'HP K'H'K') = H*As.
L4. There exist A§ and A4 such that,
S3 = Aoy, (hAy — hRALH'K' + hAY(H'K')?
— hAHPK'(H'EN? + (HP K (H'K")?) = H2Ay,

Ls. There exist A} and As such that, with analogues definitions, Sy = H?As.

Ls. There exist AL and Ag such that, S5 = H>As.

L;. There exist A5 and A7 such that, S5 = H>Ar.

Ls. There exist A} and Ag such that, S7 = H?As.

We introduce supplementary conditions

(i) LT. There exist A/, H’, K’ and A} such that So = H*A;.

We remark that Lf implyes L; and Lo; L'{, Lz and L4 implyes Ls; Lf’, Ls, Ly and Lg implyes Ly; if Lf’
is not satisfied L; to Lz implyes Lg to Ls.

(it) L, is satisfied. We define

L. There exist A} and A such that §; = HAZ. We remark that Ly implyes L7 .

(iii) We remark that Ly, Ly implyes

LT. So = HAT which definies AJ.

We define ,

L. There exist AT and AJ such that

S§ = Ao, 1 (hAg = MG H K’ + R H' K HP K
—WAHPR'H K HP R + HP K HP K K HP K" = AT,
where ut = p3 + 5. We remark that L implyes L‘f‘
The conditions (LG)4 are the followings
(LG)g= .z - L1 is not verified.
(LG)s L, is verified and L7 is not verified.
(LG)2 (L, and LT are verified and Ly is not verified) or (LT is verified and L3 is not verified).
(LG)s LT is not verified, Ly and Lo are verified, L is not verified.
(LG)a (L} is not verified, Ly, La and L3 are verified, L3 is not verified) or (LT and Lg are verified,
L4 is not verified). .
(LG)4 (L]"'is not verified, Ly, Ly and L3 are verified, Ly is not verified) or (L;" L3 and L4 are verified,
Lg is not verified).
(LG)s (Lf is not verified, Lj, Lo, L3 and L4 are verified, Ls is not veriﬁe‘d) or (Lf’ Lz, Ly and Ls are
verified, Lg is not verified). :
Remark. The maximum value of 1/d is 2/3; we have considered all d corresponding to 1/d smaller than 2/3:
1/5,2/5,3/5,1/4, 2/4, 1/3, 1/2, with denominator < m; = 5.
Proposition. The conditions (LG)4 are independents from the operators H', K', A', Ay, ...
Theorem. The conditions L = (L1, ... Lg) are necessary and sufficient in order the Cauchy problem is well

posed in C™. o
We give explicit formulas for conditions (LG)aland we prove that conditions (L.G)a are sufficient in order

the Cauchy problein is well posed in 7‘1', d' < d.
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THE EXISTENCE OF NON-TRIVIAL SOLUTIONS
TO GINZBURG-LANDAU TYPE EQUATIONS

JIAN ZHAI

Dedicated to Professor K&ji Kubota on the occasion of his sixtieth birthday

ABSTRACT. We prove the existence of the solutions which converge in C° to a har-
monic map for an elliptic system depending on a large parameter.

1. Introduction

We study the existence of the solutions of the Ginzburg-Landau type elliptic
equations and the relations between the solutions and harmonic maps.

Let © ¢ R™(n 2 2) be a bounded domain with C*** (0 < o < 1) boundary. We
consider the following Ginzburg-Landau type elliptic system:

(1.1) Au—AW,(u)=0 in Q,
with the first boundary condition where
U= (Uty...,Un) 2 = R™(m 2 2);

W) = ) -1, waw) = (5, 22,

a(u) € C°(R™,R) satisfies some growth condition (cf. Assumption 1) and N :=
{u € R™|a(u) —1 = 0} is a (m — 1)-dimensional orientable compact connected
| Riemannian manifold without boundary and A > 0 is a large parameter.

Our purpose is to study the existence of the solutions uy of (1.1) for large A and
the relation between u) and a harmonic map % : Q2 — N.

When W (u) = $(Jul> — 1)%, m = 2, (1.1) is the well-known Ginzburg-Landau
equation which comes from phase transition problems occurring in superconductiv-
ity and superfluidity.

In the case of that n = 2 and (2 is a smooth bounded simply connected domain,
_Bethuel, Brezis and Hélein in [BBH93] proved that the minimizer of the Ginzburg-

Landau functional with the first boundary condition u|aqn = g converges in C1T(Q)
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2 HARMONIC MAPS AND GINZBURG-LANDAU TYPE ELLIPTIC SYSTEM

to ‘a harmonic map % : @ — S! provided that the boundary value g satisfies
deg(g, Q) = 0.

In the case of Ginzburg-Landau equation with the Neumann boundary condition,
it is known that if there exists a continuous map 6 : Q@ — S which is not homotopy
equivalent to a constant value map, then there exists stable non-constant steady
state solution wy provided that A is large. Moreover, —%i-[ is homotopic to 6y and
uy converges in C1T%(Q) to a harmonic map (cf. [JMZ94]).

In this paper, we want to consider more general potential W which includes
the case of Ginzburg-Landau equation. Precisely, we shall prove the existence of
solutions uy of (1.1) in Hélder space C*(Q2) which converge in C°(Q) to a harmonic
map % : @ — N as A — oo provided that @ satisfies a certain assumption (cf.
section 2, Assumption 2-4).

Methods developed in [BBH93| and [JMZ94| seems not to be applicable to gen-
eral case. In this paper, we first solve a variational inequality with an obstacle.
Second, we use the maximum principle to prove that the solutions of the vari-
ational inequality with obstacle are, in fact, the solutions of the Euler-Lagrange
equation of the original variational problem.

The difficulty is how to remove the obstacle. The key step is that we calculate
W carefully and find that the solutions of the variational inequality with obstacle
satisfy a scale elliptic differential inequality provided that A is large enough. Using
a maximum principle which is due to Stampacchia, we obtain the estimate for the
bounds of the solutions under an assumption for % and 2. Furthermore, we find
that the coincidence set of the solutions of the variational inequality with obstacle
is empty for large A. It is to say that they are solutions of the original variational
problem without obstacle.

Let M, N be compact Riemannian manifolds with metrics g, h respectively. In

local coordinates z = (z1,...,%,) and u = (u1,..., %) We denote
9=(9ap)igap<ns h=Pij)icijcm and (9%°) = (gap) ™
A smooth map u: M — N is harmonic iff u satisfies

(1.2) —Apu+Ty(u)(Vu, Vu) =0



J. ZHAI

sy ()

is the Laplace-Beltrami operator on M and

where

Oui auj 1<k<m.

(Cw(Vo, Vo)t = g PTh(u) gt 2, 1<k <

Eells and Sampson [ES64] proved that if the Riemannian curvature of NV is non-
positive then there exists a harmonic map in every homotopy class. R.Hamilton
[H75] extended the above result to compact manifolds M and N with boundary.
- Recently, a significant progress has been made without the assumption on the
Riemannian curvature of N by Struwe (cf. [S90] and references given in there).

This paper consists of five sections. In section 2 we state assumptions and main
results which aré proved in section 4 and section 5. Section 3 is devoted to some
preliminaries which are used in section 4 and section 5.

Notation: Let u(z) : @ C R* - R™, n 2 2, m = 2. Let By denote the unit
ball in R™. The notation

u(Q) C By

means that u(z) € B, for a.e.x € Q.

Let A denote the Laplace operator on R”, i.e.

If W satisfies Assumption 1 (cf. section 2), N is an orientable m — 1 dimensional
compact connected Riemannian manifold without boundary. Let y(u) denote the
unit outer normal vector of N at u.

A cknowledgement. The author would like to express his gratitude to Professor
Shuichi Jimbo for his many comrﬁents which enabled the author to improve this
paper. The author is grateful to Professor Yoshikazu Giga for his invitation and
encouragement.
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On the existence of wave operators

and asymptotic completeness
for nonlinear wave equations in R*"! with small data
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ABSTRACT

This talk is concerned with the scattering problem for the following nonlinear.

wave eqﬁations in four space dimensions
(NLW) Ou=F(u), teR, ze€R.

Here O = 87 — A = 0} — Y5, 0%, 0, = 8/0t, 9; = 8/9z; and F(u) = Alul*"'u or
Alul? with some A € R\ {0}, p > 1. ,

First of all we introduce some spaces of functions and explain several nota-
tions. We define

E:={(fi.f) | fi € L*(R?), Vf1, f € [}(R*) },

%= { (fi, ) € L*(R*) x L*(R") |
1A flls= 30 <> o fille + 3 1l < - > 8 fallee

el <2 lor|=3
+ 3 <>l oz follre + 30 11 < > 92 fallre < o0
laf<1 =2
Here < z >= /1 + [z]?, 05 = 07" --- 0f* for a multi-index o = (e, -, a4) with

lo| =y +---+as. Weput Zs={(f1,f2) €X|||(f1, f2)ll]s <8 } for § > 0. For
any (not necessarily bounded) interval I and any Banach space X BC(I; X) means

the set of all bounded and continuous functions on I with values in X.



Following Klainerman, we introduce the set of partial differential operators
I'= { Fj l] =07"'715 } = { 60""1647[’1,'"7L47Q12)"'7Q347L0 }

Here 8y = 0;, L; = ©;0; + 10;, Qe = 230y — 200, (1 <k < £ <4)and Ly =t0; +
210, +- - -+240s. For a multi-index o = (g, - -, 15) we set I'* := rge---I'f*. For

a non-negative integer N and p with 1 < p < co we introduce the norm
: o 1/p
e, M = ([ IFutt )z
PRI

We also define the norm

» 4
1Du(t, Miewve = 3 18u(t, )llr s

k=0

for a vector Du = (8yu, yu,---, O4u). Let |[u(t,)||. mean the energy norm. Namely,

ut, ) le = —-—}iwlatu(t, NEs + IVl s

We set w := vV/—A. Now we are ready to state our results. The first result
could be termed “Cauchy problem at -co”. This is an improvement of the previous
works due to W.A.Strauss, K.Mochizuki & T.Motai.

Theorem 1 Let p > 2. There exists a § > 0 depending on A, p with the following
properties (I)x, (I7)4:

(I)— For any (f-,g-) € Ts the equation (NLW) has a unique solution u = u(t, z)
satisfying

Iy € BC((—0o0,0]; L*(R*)) for any o with |a| <2,
oIy € L=((—o0,0); L*(R*)) for any a with |o| =2 and £ =0,---,4,
Nu(t,-) —u-(t,)|le = 0 ast — —oo,

where u_(t) = (coswt)f- + (w™'sinwt)g_. Moreover, this solution v satisfies

8:T%u € BC((—o00,0]; LA(R*)) for any o with |a| =2 and k =0,--+,4,



sup |[u(t,)|[r22 + D sup ||DI%u(t, )|z < C1l|(f=,9-)|lz for some constant Cy > 0,
t<0 la|=2 <0

[|(w(0), B:u(0))|ls < Cal|(f-,9-)||z for some constant C > 0,
[lu(t,-) = u_(t, )Ip22 = O(Jt|~36=2/2),
HD{“(t, ) - u_.(t, ')}HI‘,z,z = O(Itl—s("_l)/HI) as t — —o0.

(II)_(Continuous dependence) Let (fg),g(_j)) €% (j =1,2). Let ul) = ul(¢,2)
be the two corresponding solutions to (NLW) in (I)_. If W — F& g _
dP)|lz — 0, then it holds that

sup [u(t,) = u®(t, Ylraa + 3 sup DT {u(t, ) = u®(t, }lze =0,

loj=2 B<

120, = u®(0, ), BuD(0,) = 8D (0, ) = 0.

(I)4For any (f4,9+) € s the equation (NLW) has a unique solution u = u(t, )
satisfying

I'*u € BC([0,00); L*(R*)) for any a with |a| < 2,
Ok T*u € L®((0,00); L*(R*)) for any o with |o| =2 and k= 0,---,4,
[[u(?,-) = ut (4 )lle — 0 as £ — 400,

where u, (t) = (coswt) fy + (w'sinwt)g,. Moreover, this solution u satisfies

O I'*u € BC([0,00); L*(R*)) for any @ with [¢| =2 and k=0, ,4,

sup [[u(t, )llrz2 + > sup|IDT%u(t, )llze < Cull(f4, 94)llz,
>0 laj=2 >0

|[(u(0), 0:u(0))|z < Coll(fir,g4)lls,
u(t,-) = up(t,-)Ip 22 = O(=30-2/2),
|1D{u(t, ) — uy(t, ) }H|r22 = O@F3~ V1) a5 ¢ — 400,

(I1)4(Continuous dependence) Let (fg),gf)) €Xs (1 =1,2). Let ul) =ul(t,z)
be the two corresponding solutions to (NLW) in (I);. If ||( f_(:) - f,(f) gil) -



¢™)||z — 0, then it holds that

sup |[u®(t,-) = u®(2,)||Ip2z + D sup ||DT*{u(t,-) — u?(t,)}||z2 — 0,
>0 lol=2 t>0

1@ (0,-) = u®(0,),8:u(0, ) = 8,u*(0,-)) |z — 0.

The next result is concerned with the ordinary Cauchy problem. This is an
improvement of recent result of Y.Zhou on a class of Cauchy data.  Our lower
bound of p is optimal in view of the blow up theorem due to T.C.Sideris.
Theorem 2 Let p > 2. Then there exists an € > 0 depending on ), p with the
following properties:

(I) (Ezistence and Uniqueness) For any (f,g) € . the equation (NLW) has a
unique solution u = u(¢, z) satisfying
(U(O), atu(o)) = (fag)7
I'*u € BC(R; L*(RY)) for any o with |a| < 2,
Iy € L™ (R; L*(RY)) for any o with |a| =2 and k= 0,---,4.
Moreover, this solution u satisfies
hI'“u € BC(R; L*(R*)) for any o with |o| =2 and £ =0,---,4,

sup |[u(t, MIr22 + Y sup [|[DT%u(t,")||z2 < Csl|(f,9)|lz for some constant Cs > 0.
teR laj=2 tER

(II) (Asymptotic behavior)  There exists a unique pair of functions (f*,g"),
(f7,97) satisfying
(f*,9%) € E,
|lu(t,-) — wE(t,-)|]e — 0 as t — 4oo (the double sign in the same order).
Here u*(t) = (coswt) f* + (w™'sinwt)g*. These u* satisfy
(u*(0), 0,u®(0)) € £,
[1(w#(0), 0.u™(0))llz: < Cull(f,9)lls for some constant Cy > 0,
llu(t,-) — ¥ ()22 = O[] 372/3),
ID{u(t, ) = u*(, ) Hlrz2 = O(It|>C7/241) as t — +oo.



(III) (Continuous dependence) Let w9 = yU)(t,z) (j = 1,2) be the two solu-
tions to (NLW) with (u()(0),0,u¥)(0)) = (f0),¢¥)) € %,  Let (fW+,qgl+),
(f9)=, g\)~) be the corresponding pairs of functions in (IT). If ||(fM) — FB), ¢() —
dM)||z = 0, then it holds that
sup [Jul(t,-) — u®(t, )lIr22 + X sup ||DT*{uM(¢,-) — u® (8, )}z = 0,
teR

laj=2 tER
I(FO — O, g0+ — @5, NI(FO7 = fO7, g0 — @)z — 0.

The next theorem follows immediately from Theorem 1.

Theorem 3 The wave operators W, , W_
Wi @ (u£(0), 0+ (0)) — (u(0), 8,u(0))

can be defined as one-one and continuous mappings from ¥ into ¥¢,s.

We take § smail so that C36 < &€ may hold. Combining Theorem 2 with Theorem

3, we conclude

Theorem 4 The scattering operator S
S i (u_(0), 8u_(0)) = (ut(0), But(0))

can be defined as a one-one and continuous mapping from ¥ into X¢,¢,s.



Global Existence for Systems of Wave Equations
with Different Speeds
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Local Asymptotic Forms of Solutions
to Elliptic and Parabolic Boundary
Value Problems

by
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The analytic functions satisfies, among other things, two distinguished
properties: (Unique Continuation) an analytic function having a zero of
infinite order vanishes identically; and (Polynomial Local Asymptotics) the
asymptotics of a nonzero analytic function near a zero point is given by a
nonzero homogeneous polynomial.

The aim of this talk is to discuss the above properties for solutions of
elliptic and parabolic equations.

The unique continuation is best understood for second order elliptic op-
erators. In his seminal paper of 1939, Torsten Carleman proved a strong
unique continuation theorem for second order elliptic operators with contin-
uously differentiable coefficients. This result indicates that the behavior of
a solution of an elliptic equation near a zero point resembles that of ana-
lytic functions, even in the case where the solution may not be smooth. The
technical influence of Carleman’s paper has also been tremendous. Over the
years, various generalized unique continuation theorems have been shown by
different versions of the so-called “Carleman inequalities”. The understand-

ing has been increased significantly in recent years from the efforts of proving



the unique continuation theorem for elliptic operators with unbounded coef-
ficients.

The polynomial local asymptotic property has been studied for solutions
of elliptic equations since 1950s. Lipman Bers has shown that near a zero
point of finite order, a solution of an elliptic equatidn with Holder continuous
coefficients is asymptotic to a homogeneous polynomial, which satisfies the
elliptic equation with leading coefficients evaluated at the zero point and
with lower order terms dropped. .

It is well known that a rich body of knowledge for elliptic equations is
very helpful in the analysis of parabolic equations as well, in the sense that
it at least raises natural conjectures and can suggest useful technical tools.
Actually the basic existence and regularity theories for elliptic and parabolic
equations are almost parallel to each other. However, some careful consider-
ations are needed for finding the parabolic analogue of unique continuation.
Liouville constructed a nontrivial classical solution of u; = Au on RN x R,
which vanishes for all ¢ < 0. So, even the classical heat equation does not
obey purely local versions of the unique continuation theorem.

One possibility of avoiding the above pathology is to limit ourselves to

solutions of parabolic boundary value problems. To be more precise, consider
ur = Au+ Y bi(z,t)du+c(z,t)u eIy <t<Ty,
with the Dirichlet boundary condition
u(z,t) =0 z€edN,Ty <t< Ty,

where ) is a bounded domain in RY with smooth boundary and the co-
efficients b;(z,t) and ¢(z,t) are bounded measurable functions. We conjec-
ture that the strong unique continuation theorem holds for solutions of this
boundary value problem. Unfortunately, the difficulty remains formidable.

The previous example of Liouville’s indicates that some naive guesses of



parabolic analogues of the Carleman inequalities do not hold. At the present
time, it is unclear what should be the correct parabolic version of Carleman
estimate good enough for the parabolic unique continuation theory.

In the particular case where the coefficients are time independent, the
strong unique continuation property is (essentially) established by Fang-Hua
Lin (weaker results were also obtained by Hidehiko Yamabe and Seizo Ito
decades ago). The proof relies heavily‘on the observation that when coef-
ficients are time-independent, any solution of the parabolic boundary value
problem can be expressed explicitly in terms of eigenfunctions and eigen-
values of the elliptic operator A + 3 b;(z)d; + ¢(z). Using such formula of
Fourier series expansion, one can deduce the parabolic unique continuation
theorem from the elliptic counterpart. This reduction technique fails to work
for equations with time-dependent coefficients.

Here, I suggest a new approach to general equations with time-dependent
coefficients, without any use of the Carleman inequality. The method will
be mainly based on recasting the equation in terms of parabolic self similar
variables and on deriving some appropriate energy estimates.

For any zo € Q and ¢, € (Ty,T2), let

y = (z — z0)/Vto — t, to—t=e"".

The domain  is transformed into Q(s) := e*/2(Q — z¢). (Notice that as
s — 00, (s) — RY in the case o € ) while it approaches a half space if
zo € 80.) Then, the function v(y, s) := u(z,t) satisfies

1
v, — Av + 5Y- Vo = e™3/? ijajv + e cv,

for y € Q(s) and s > —log(to — T1), with the boundary condition v = 0
on 9€(s). The local asymptotics of u(z,t) as ¢t T £o can be determined by
studying the long-term behavior of v(-,s) as s — oo. Since the right hand

side — the perturbation term — decays exponentially as s — oo, one expects



that solution v should asymptotically behave very much like a solution to the
unperturbed equation as s — oo. In terms of the original variables (z,t), this
makes a natural (and correct) link between the local asymptotics of u(z,?)
and the classical heat equation.

The above idea has reéently been successfully applied to the Cauchy prob-
lem. The analjsis of our boundary value problem can be carried out similarly,
although the boundary terms cause a little bit complication. A technical key
step is to get a fine estimate of the following quotient:

Q(s) = fQ(s) [Vu(y, s)|? exp(—|y|?/4)dy
Jagsy (Y, s)? exp(—[y[*/4)dy

as s — oco. As a matter of fact, we prove that Q(s)/Q(so) is bounded by

a constant depending only on the coefficients of the equation. It is done by
differentiating Q(s) in s, integrating by parts and then applying the Cauchy-
Schwarz inequality and the Gronwall argument. Boundary integral terms
arising in the process can be dealt with by using the star-shapedness or the
convexity of the domain. (It would be interesting to know whether such
geometric conditions are essential or merely technical for the unique contin-
uation.) The boundedness of Q(s) implies the relative compactness of the
normalized solution v(-, s)/||v(-, s|| in the topolgy of L*(RY,exp(—|y|*/4)dy)
and thus allows us to take various nontrivial scaling limits.

This leads to the following result:

THEOREM 1 Let u(z,t) be a solution of the above boundary value problem
and let (zo,t0) € Q X (T1,T:). Assume that Q is star-shaped with respect to
Zg-

(i) Strong Unique Continuation: If u(z,to) = O(lx — zol¥) as z € Q
approaches zo for all k > 0, then u(z,t) =0 on Q x (T1,T2);

(ii) Polynomial Local Asymptotics: Ifu # 0 on Qx(T1,T2) and u(zo,to) =

0, then there is a positive integer k such that

u(w,t) = W(:I} — ng,t — tQ) + o ((Iil) — CL'Olk + It - to‘k/z) s



as (z,t) — (zo,t0) in Q x (T4, Ty). Here W(z,7) # 0 is a polynomial satis-
fying the classical heat equation W, = AW and is homogeneous with respect
to the parabolic scaling: W(\z, \21) = MW (z, 7).

Combining the above local asymptotics result with some geometric mea-
sure theoretic arguments, one can also get a bound on Hausdorff dimensions

of zero sets of solutions.

THEOREM 2 Assume that ) is convez. If a solution u(z,t) is not identi-
cally zero on Q) x (Ty,T3), then the nodal set Z(t) = {z € Q|u(z,t) = 0} has
Hausdorff dimension not higher than dim$Q — 1 for every t.

As mentioned above, a standard technique in the unique continuation
theory is the Carleman inequality, which usually requires difficult analysis.
In marked contrast, our approach is very simple and totally elementary. It
is remarkable that we can even get quantitative estimates of the frequency
quotient Q(s) without using any heavy technologies. This turns out to be
useful in the analysis of other problems including some nonlinear parabolic

equations.



Blow—up of solutions to a system of partial differential
equations modelling chemotaxis

Toshitaka NAGAI ( Kyushu Institute of Technology )

1. Introduction

In 1970 Keller and Segel. [4] proposed a mathematical model describing chemotactic
aggregation of cellular slime molds which move preferentially towards relatively high con-
centrations of a chemical secreted by the amoebae themselves. With the cell density of
the cellular slime molds b(z,t) and the concentration of the chemical substance s(z,t) at
place z and time ¢, one of more simplified Keller-Segel models is described as the following
system :

Ob

5 = Ve (Vb= xbVe(s)) in Qr=0x (0, T),
(KS) ) .E%j‘ = As—ys+ab in Qr,

ob Os

.a_ﬁ:‘gﬁ:o on I'p =90 x (0, T),

b(-,0) = by, s(-,0) =5 on Q.

\

Here, Q is a bounded domain in RY with smooth boundary 69, x,,v and a are positive
numbers, ¢ is smooth and ¢'(s) > 0 on (0, co), by and sy are smooth and non-negative
on (2.

The function ¢ is called a sensitivity function, whose interesting forms are of

d(s)=s, s*(p>0), logs, :s_i-lg (k > 0 : constant).

Conjecture ( Nanjundiah [8], Childress and Percus [1] ). Assume ¢(s) = s.
(i) N = 1. Blow-up of solutions (b, s) to (KS) never occurs.

(i) N = 2. There exists a critical number ¢ such that if [ by(z)dz < ¢ then blow-up
never occurs, and if [ bg(z)dz > c then b(-,t) can form a §-function singularity in
finite time. Such a blow-up phenomenon is referred to as chemotactic collapse. When
2is a ball and (b, s) is radial in x, the critical number is given by ¢ = 87/(ax).

(iii) N > 3. b(-,t) can form a §-function singularity in finite time even if [, bp(z)dz is

small.



2. Limiting system as £ — 0 in the case where x and «a are of order 1 and

7= 0(e)

Let ¢(s) = s. Following Jager and Luckhaus [3], by putting 3(z,t) = s(z,t) — 3(t),
where W = 3?12_! Jow(z)dz, |©] = the volume of Q, and letting formally ¢ — 0, (KS) is led
to the system

( ab .
5; = V:(Vb—xbV3) in Qr,
0= A§+a(b—%) in QT:
(JL) |
ob 05 0 I
E — o = on i,
| &(-,0) = bo on {2

For a given non-negative smooth function by(# 0) on £, there exists a unique solution
(b, 5) to (JL) defined on a maximal interval of existence [0, Tynez) such that (b, ) is smooth
on O x [0, Tipax) and b(z,%) > 0 on O % (0, Tinax). If Tipax < 00, then

limsup [[o(-, )| = = oo,

t—Tmazx
by which we mean that the solution blows up in finite time. Under the following conditions
(A1) Q={zeR": |z| < L},
(A2) by #0 on Q, and b is radially symmetric when N > 2,

the solution (b, §) is radial in  when N > 2.

2.1. Global existence and blow-up of solutions

Theorem 1 ([3]). Assume N = 2.

(i) There exists a number ¢ > 0 such that if [ bo(z)dz < ¢ then Trnue = co.

(i) Let Q= {z: |z| < L} and by be radial in z. Then there exists a number c¢* > 0
such that (JL) has a blow-up solution (b, 8) if [ bo(z)dz > c*.

Define the moment of order k for b(-,1) by -
My (%) :/ b(z,t)|z|*dz.
Q
Theorem 2 ([5]). Assume (A1) and (A2).
(i) Let N =1. Then the solution (b,3) is globally bounded, that is, T, = co and

sup { [[b(:, &)llze + 150, llz } < co.



(ii) Let N = 2. If fobo(z)dz < 8m/(ax), then the solution (b,3) is globally bounded.
If [ bo(z)dz > 87/ (cx) and Ma(0) is sufficiently small, then (b, 8) blows up in finite time.
(iii) Let N > 3. If My (0) is sufficiently small, then (b,3) blows up in finite time.

2.2. Blow-up points and formation of é-function singularity

Theorem 3 ([5]). Let N > 2 and assume (A1), (A2). Then for any Lo € (0, L) there
exists a positive constant C(Lg) satisfying C(Lo) /" co as Ly \, 0 such that

b(z,t) + |3(z,t)| < C(Lq) (Lo < |z| <L, 0<t<Thax),
which means that blow-up can occur only at the origin x = 0.

Let Ty € (0, 00) be such that My(t) > 0 (0 <t < Tp) and My(To — 0) = 0 for some
k> 0. If Thue = Tp, then
lim b(z,t) = ng(:c)da; 6(z)

t—Tmox

in the sense of distribution, where §(z) is the Dirac é—function at the origin. However it
still remains an open question whether Tinae = To.

Herrero and Veldzquez [2] have shown the existence of a radial solution (b, 8) of (JL)
such that b develops a é-function in finite time.

Theorem 4 ([2]). Let N =2 and Q = {z : |z| < L}. Then, for any fixed T" > 0 there
exists a radial solution (b, 5) of (JL) such that (b, 3) blows up at 2 =0, ¢ =T and

b(z,t) — %5(:1:) + f(lz|) ast—T

in the sense of distribution, where

, 1 1
7(r) = S exp(~2, [ log rl) (2] log ) VAR *(1 4 0(1)) s — 0,
T

and (' is a positive constant.

They have also shown in detail how chemotactic collapse develops. Let us consider the
radial functions

8
a1+ P)?

<

u(z) = (z) = —%log(l +z?) + K

for any constant K, which are solutions of the stationary problem

V- (Vu—xuVy) =0, Av+aou=0 inQ={z:|z[<L}



Theorem 5 ([2]). Let (b,3) be the solution in Theorem 4. Then

b1) = { gsgy) 1+ o) + Ol sl = 21og(T = 0D - Lz ()

uniformly on {z : |2] < CVT —t} ast T T, where l{q>r)} 5 the characteristic function
on{z:|z| > R(t)} and R(t) = OWT —1) ¢ 17).

3. Limiting system as £ — 0 in the case where X, and « are of order 1

Let us put v = a = 1 for simplicity and consider the following limiting system.

(Ob
7 = V(Vb—=xbV§(s)) in Qr,
0=As—s+b in Qr,
(LS)
% _os _ ;
on  On on L
L (-, 0) = bo on .

Theorem 6 ([6]). Assume N = 1 and ¢ is smooth and ¢'(s) > 0 on (0, co). Then
the solution (b, s) of (LS) is globally bounded.

Theorem 7 ([5, 6, 9]). Assume ¢(s) = s? (p > 0) and (Al), (A2).

(i) Let N = 2. In the case of 0 < p < 1, the solution (b,s) is globally bounded. In
the case of p = 1, if [qbo(x)dz < 8m/x then the solution (b,s) is globally bounded, and if
fabo(z)dz > 8n/x and My(0) is sufficiently small then (b,s) blows up in finite time. In
the case of p > 1, if Ma(0) is sufficiently small then (b,s) blows up in finite time.

(ii) Let N > 3. If Mn_2)p+2(0) is sufficiently small then (b, s) blows up in finite time.

Theorem 8 ([6, 9]). Assume ¢(s) = logs and (A1), (A2).

(i) Let N =2. Then the solution (b, s) is globally bounded:

(ii) Let N > 3. In the case of x < 2/(N —'2), the solution (b, s) is globally bounded.
In the case of x > 2N/ (N — 2), if My(0) is sufficiently small then (b, s) blows up in finite
time.

4. Global existence of solutions to (KS) in two space dimensions
Let  C R? and ¢(s) = s.

Theorem 9 ([10]). Assume by, sg € H'*<0(Q) for some 0 < gy <1 andby >0, s >0
on . ’



(i) (KS) has a unique non-negative solution (b, s) satisfying
b,5 € C([0, Tinae) : H1(02)) NCH(0, Tonaz) : LHQ)) NC((0, Tonas) : HA())
for any 0 < g1 < min{eg, 1/2}. Moreover (b,s) has further regularity properties :
be CH(O, Tos) : H'(Q)), 5 € CHO, To) : HQ)) N CH(O, Tonas) : H()).
(i) If Thex < 00, then

hm (Hb<'7t)]]Hl+50 + ”S<'7t)HH1+EU) = 0,

t—T,

limsup ||b(, ) |lr = 00 for any 1 < p < oo,
t—Tmax

limsup |[s(-, ) || gri+e = 00 for any 0 < & < &.

t—Trmox
(iii) There exists ¢ > 0 such that if [obo(z)dz < c then the solution (b,s) of (KS)
exists globally in time.

Theorem 10 ([7]). Assume the same conditions as in Theorem 9 on by, so.

(1) If [qbolz)dz < dm/(ax), then the solution (b,s) of (KS) is globally bounded.

(ii) Let Q= {z: |z| < L} and (b, s0) be radial in . Then the same assertion as (i)
holds under the condition [, by(z)dz < 87/ (ax).
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