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11:00-12:00 Yi Zhou(Fudan Univ.) 

Local existence with minimal regularity for quadratic nonlinear wave equations 

1:30-2:00 (キ)

2 :00-3 :00 Kunihiko Kajitani(Tsukuba Univ.) 

Global solutions of the Cauchy problem for Kirchhoff equations 

3:30-4:30 Akitaka Matsumura(Osaka Univ.) 

A bifurcation phenomenon for the periodic solutions of the Duffin equation 

Feb. 14 (Room 4-508) 

9:30-10:30 Tatsuo Nishitani(Osaka Univ.) 

Regurarity of solutions to characteristic boundary value problem for systems 

11:00-12:00 1. Vaillant(Paris VI) 

Uyerbolic systems and Gevrey class 

1:30-2:00 (キ)

2:00-2:50 J ian Zhai (Hokkaido Univ.) 

The existence of non-trivial solutions to Ginzburg-Landau type equations 



3:00-3:50 Kunio Hidano(Waseda Univ.) 

On the existence of wave operators and asymptotic completeness for nonlinear wave 

equations in R4+1 with small data 

4:00-4:50 Kazuyoshi Yokoyama(Hokkaido Univ.) 

Global existence for systems of wave equations with different speeds 

5:00-5:30 キ)

6:00-8:00 Banquet (懇親会)

Faculty House. Trillium 
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11:00-12:00 Toshitaka Nagai(Kyushu [nst. of Tech.) 

Blow-up of solutions to a system of partial differential equations modelling 

chemotaxis 

1. (キ) indicates the discussion time官ithspeakers at Room 4-507 



Energy decay of solutions to the wave 
equation with dissipation localized near 

infinity 

Kiyoshi Mochizuki (Tokyo Metropolitan University) 

Let n be an exもeriordomain in RN with smooth boundary. We consider the 
initial boundary value problem 

ωttームω十b(x，t)1ωt1P-1ωt = 0 in n x (0，∞)， 

ω(x，O)ぉ ω。(x)， ωt(x，O) =ωl(X) in n， 
ω(x， t) = 0 on on x (0，∞)， 

where p之1and b(x， t)どO.We define the energy of solutions at time t by 

11ω(t)ll~ = ~ L {ωt(x，供 lV'w(x，仰
Then the following energy equation holds for any t. 

IIw(t)ll~ +μb(り )ω仲
Since b(x，t)三0，the energy 11ω(t)111 is decreasing in t > O. Thus， a question 
naturally rises whether it decays or not as t goes to infinity. 
The五rstresults is obtained by Mizol川吋tfochizuki[1] in 1966， where is COIト
sidered the case n =武3，b口 b(x)= O(lxl-3-o) (8) 0) and p = 1. The principle 
of limiting amplitude is proved， and so， the nondecay of energy is suggested there. 
Nondecay results of energy are obtained by Mochizuki [4] in 1976 (see also [5]) 
incasep= 1andb(x，t):S; cl(l+lxl)-l-O. Moreover，ifNど3and n is exterior of 
starshaped domain， then every solution is proved to be asymptotically free. N ote 
that the energy of solution decays部 t-→∞ provided b(x， t)どc2(1十t+ IXI)-l 
(see Matsum引 a[2] in 1977). These show that if b(x， t) = O(lx!-つ， then γ=1 
is the critical exponent of energy decay. In the recent work Mochizuki-N akazawa 
[7) we considered the case b(x， t) = O(IX!-l)， and obtained the critical exponent 
of logrithmic order. 
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Sirnilar restuts目 eobtained for the nonlinear case p > 1 if n口 RN. It 
is proved in Mochizuki-Motai [句 thatthe energy decay occurs provided 0三
γ::; 1 -N(p -1)/2， and energy does not decay for smaJI solutions provided 
γ>  1ー (N-l)(p -1)/2 (the 1間的cayrestut is anounced in the earlier work 
Mochizuki [3]). The problem is unsolved so far in the interval1-N(p -1)/2 < 
γ::; 1 -(N -l)(p -1)/2. 
In this talk we shaJl report an energy decay restut for 10caJized dissipation 
nearin五nity.We consider the linear problem with p = 1. Assume 

N三3and RN¥n is starshaped wふ t.the ori扇町

b(x， t) is bounded， 1悶

there exis坑tsan R > 0 such t出ha抗t 

bo{1 + t十Ixl)-l::; b(x， t)壬b1 in {IXI > R} X (0，∞) 

for some bo， b1 > 2. Then the energy of solutions decays like 

IIw(t) lI~ ::;. K(l + t)一1

The proof will be based on weighted energy inequaJities (Mochizuki [8]). Sim-
ilar problem is aJready considered by Zuazua [9] for the KleirトGordonequation. 
However， his method is not applicable to our classicaJ wave equation. 
N ote that our proof can be applied to the quasilinear wave equation 

ωtt一{α+sllw(t)112}ムω十b(x，t)ωt = 0 in n X (0，∞)， 

without any essentiaJ modification. 
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LOCAL EXISTENCE WITH MINIMAL REGULARITY 
FOR QUADRATIC NONLINEAR. WAVE EQUATIONS 

YIZHOU 

D号dica1."d1.0 the 60-1.h a.nnivHF;a r:v 01 Prof刊 sorKoii Knho1.il 

O. INTRODtTCTION 

Consider nonlinear wave equations of the type 

iコφ[= pI(ゆ，θφ) (0.1 ) 

where口 denotesthe standard D'Alembertian in Rn+l 
c'Jt1t.ldratie in elφI i.e: 

and the nonIinear terms F are 

P'(φ?θφ)= L r~.K，l. m (φ)ごいJ8mφK (0.2) 

We shall study the problem of minimal regularity of initia.l conditions for which the corrか

sponding initial va.lue problem 

ψ(0， .r.) = !o(.r:)， 。tゆ(0、川口 !l(:r.) (0.3) 

Is well posed. 

V¥Te shall distinguish between the following cases: 

1) The general case. 

2) The ca.se when the equations satisfy the nu11 condition， that is 

F'(φ，eJ.t) =乞r5，K(!t)B).Id何 Jθ1>K) (0.4) 

with B}.J¥ any of the null forms 

Q尚 ψ)=一命的川L:命的ψ (0.5) 

Q日β(仇伊)=θαφθ9ψ一司!3ゆδ世ψ OS;α，s S; n (06) 

propos号drunning主ead:Local regnlarIf.y of wav丹 eqnation. 
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3) the case when the equation is of wave maps type宅 that.is， only the null form Qo is 
present in case 2. 

4)thecase when the eqmMOIlisareai wavemap，tilatistriぷゆ)Is further the Christoι 
fell symbol of a Riemannian manifold. 

The classical local existence theorem rely only on the energy estimates and Sobolev 
inequality. Thus， it requires 

10 E HB+1 ， h E H8 (0.7) 

for s > 号 HoweverJKlainerman-Machedon (2J proved that the problem is locally well-
posed in H叫 1for sと号1provided that the nonlinear terms satisfy the "nuII condition". 
Starting from this work， there are many other works following this. I sha11 summarize the 
recent progress in the following table， 

HB+l general case null condition wave ma.ps type "real" wave maps 

n>4 8>与l，sharp s>与iysharp s>与i，sharp s>ヰよ， sharp 

n=3 s > 1， sharp 3〉?.7 s 〉3.む ワワ

n=2 s > t， sharp s> t， sharp >~ワsード・ ? ? 

1n this tableJ the local well-posedness result in 11ど4is due to Beals&Bezard [1J， the 
sharpness is due to J.Sha.tah [6] 

The local well-輔寸posednessfor n = 3 in the general case is due to Ponce&S出ideri民s[伊5]the 
sharpness is due to H.Lindblad [μ凶4];the local well.中08悦ednessreSll出ltwhen the e町q叩plationsatisfy 
the打nuIlcondition" is due to the author [101; the IocaI well-posedness res山 forwave maps 
type is due to Klainerman& Machedon [3]， the sharpness is a.lso due to them 
The local well-posedness for n = 2 in the general case follows from the sameargument 
as in Ponce-Sideris [5]， the sharpness is due to H.Lindblad [4]. the local well-posedness as 
well as sharpness result when the equation satisfy the "null condition" is due to the author 
[10]; The local well帽posednessresult for wave maps type is also due to the author [9]. 

For the local well働posednessof wave maps in the covariant case! see Shatah & Tahvildaト
Zadeh [行.
In this talk， 1 shall focus on the case n=2，3 and the equation satisfies the null condition， 

1. REGULARITY PROPERTIES OF THE FIRST ITERATE 

We consider 

田哲 =Q(仇ψ)

守(O，:r.)= 0，守dO，x)=O

-5-
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vt;here Q is any of the null forms (0..5)(0.6) and φ， <.p are solutions to homogeneous ，vave 
ぞquatlOns:

ロφ=。
φ(0. x) = f ( I )， 01 ( 0， J:) = 0 

口.:;=0

(1.3 ) 

( 1.4) 

(1.5 ) 

( 1.6) :p ( 0 ~ .r) = g(:1: i・子dO，x)=O

Aη=  ;1， Q = Qo・
It fo11ov¥'s from the identitv 

2Qo{ゆ，tp)='ロ(ゆψ)ーゆ口ψ-tpロゆ (1.7) 

t.hat 1;{1 =φψup to a solution of the free wave equation， so it follows trivially that 
¥F(t， .)を Hs+1for s > ~ provided 

1，g E H8+1 (1.8) 

for s >3 
B. n = 3， Q = Q町β
We have 

Proposition 1.1. Consider in R3+1 tbe Cauchy problem (1.1)(1.2) with仇ψsatisfying
respectively (1.3)(1.4) and (1.5)(1.6)， If (1.8) is satisfied for ! < sく 1. then tbe五rst
iterate守 helongsto HB+1 and mOreOl'eI・，there hold 

1II;{1i(t， ')IIH' + 11守x(t， ・)IIH'三C-yt')'U1I1H叫 1I1gIlH'+1 (1.9) 

for any i with 0 <γ<s-j 

C.n = 2， Q = Qo 
Similar to the case n = 3. ¥F = ctip up to a. soJution of the free wave equation， so it 
follows trivially that守(t，・)巴 Hs+1for any 8 > 0 if (1.8) is satisfi.ed for 8 > O. 
D. n = 2， Q = Q四β
Proposition 1.2. Consider in R2+1 the Caur.勾ァ problem(1.1)(1.2) with φ7ψ satis~ving 
respectively (1.3)(1.4) and (1.5)(1.6)， and (1.8) is satisfi.ed . 
i)Iftく s< !.， then tbe first iterate守 belongsto H，+l and moreOl'er， tbere bold 

11守1(t，')lIH' + I/¥F.r(t，' )lIH'三CγtγIIfllH件 1I/gIlH'+t (1.10) 

for any ~{ with t <ヴ <8
ii)Ii・o< 5 S t. then the first iterate守色ils. to be in H吋 1and mo阿川ciselythe 
following estimates fai1 

11守t(t， .)11万， +11守r(t，・)IIH'三C(t.)IIJIIH..+tIIgIlH'+l ー
'

4
s
i
 
e--』‘，aA ，

，e
・‘‘‘
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1IJCROLOCAL REGULARITY OF THE FIRST ITERATE 

lt f:urns out. that only t.he knowlぞdgeof local reguhlrity of t.he :first iterate i~ not enough 
for O1.lr purpose， W尽needt.o know t.he microlocal reg1l1arit.y of t;he first. itera.te as w叶!
A. n =ヱ:)， Q = Qo 
propositiol¥ 2.1. Consider守口ゆ伊 wlw1'eQ，..p satis(v respectivel.v (1.3)(104.) and (1.5)(1.6) 
1山 h(1.8) being sat:isfied [01' t く 3 く 1. Let 長(什T，e心)b仇旬 the spコac伺件eか付個イtimeFourier tr盲万引'an叩nsf品o1'mm n 
of ~守[1. (;h 行町l1Ifllt口'olocallyat noncha剖I

T
2
一eヂ0

申 belongsto H 2n+1
• lHo1'eprecisel.v. the follol/ .... ing estimate l101ds 

万(1ドT川 i門什ト川川一什寸i託削附ご引i

B. n = 3‘Q=Q白 β

proposition 2.2. Under th叩assumptionsof proposition 1.1. Let w( T， 0 be the space幡time
Fourier transform of守，then microlor:all:v at noncharacteristic point 

T
2 
-e =1 0 

IJ! belongs to H2n十1 !vlore]コreCI問 ly，the following estimate holds 

11(1 ア川lりげr門)戸戸門州2お叶B可!
C. n = 2， Q = Qo 
proposition 2.3. Consider守 z ゆψwhere件ψsatis(yrespectively (1.3)(1.4) and (1.5)(1.6) 
with (1.8) being satis五edfo1' 0< sく jLee争(T，C) be the spa.ce-time Fourier transform 
of曹，then microlocally at noncharacteristic point 

ァ2-(2=10

IJ! belongs to H2o+を.More]コrecisely，the [ol1owing estimate holds 

グ(1什ア川i門ぺ←刊川一斗寸|民附5計伊!
D. n = 2， Q = Qryβ 

proposition 2.4. Under the assumptions of proposition 1.2. Let雪(T，Obe the space-time 
Fourier transform of IJ!， then microlocal1y at noncharacteristic point 

T
2 
-e =1 0 

守 belongsto H2s+号forjく s< !. l¥lIoreprecisely， tlle followingωtima.te holds 

グ仙!と1)2111刊と11-(1-2叫川dγd~ μ11111し1 I1 gll~'+1 作
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3. S:¥100THING ESTIMATES 

proposition 3.1. (S'tricbartz estimate ) Let u(t， x) be a function defined on R3+1 satI8-
(ving the homogeneous wa.ve equation 

ロu(t，x)= 0 

u(O~x) = f01'udO.x)巴 ft
Tben 

IIUIlL¥(R¥) $ C( lI fo Il HhR~) +lIftIlH-t(Rり)

proposition 3.2. Let匂(t，x) be a function defined on R2+1， then tbere hold 

lIuIl14(R3) :s 

and 

附量(R3) 三 Cグかi託f作一 I~引刊仰i日!
wher問'e召お thespac閃e輔イt“imeFourier transform of u. 
Remark. By Sobolev ihequality， it can onl.v be proved that 

制11t(R3)< Cかと11ア十le訂叩11貯内仰!作向何t均w怖召ポ2

SMOOTHING ESTIMATES FOR THE NULL FORMS 

Introduce the space嶋timenorms 

ぬふ仲(グw~a(r，Ow:.b(r， 01似)削

whereゆdenotesthe space-time Fourier transform of φand 

初会(r，c) = 1 + 11ァ!土 lell

A. n = 3， Q = Qo 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3..5) 

(3.6) 

( 4.1) 

( 4.2) 

Tbeorem 4.1. Consider the'space-time norms (4.1) and functions φyψ defined in R3+1 . 
The estimates 

N"o山 1(Qo(仇ψ))云CN'+l，.(ゆ)N'+l，，(ψ)

hold true for any tくsく 1
B. n = 3， Q = QOtβ 

-8-
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Tbeorem 4.2. Consider the space-time normB (4.1) and functions手， ψdefinedin R3+1. 
Thp. estimates 

Ns，.-1(Q12(仇り)::; CN.吋 1・8(φ)Ns+1，J(ψ) 

hold true for any ~く S く 1

C.nコ 2)Q = Qo 

( 4.3) 

Theorem 4.3. Consider the space-time norms (4.1) and functions 4;， ψdefined in R2+1 . 
Th勾何tIma.tes

N6，1I_を(QO{Iムザ))::; CN.+1・叫争(ゆ)lVo+1・s+を(ψ)

1101d .true for any ~三 S<j 

D.n ==2，Q zQ官β

( 4.3) 

Theorem 4.4. Consider the space鍋 timenorms (4.1) and iunctionsゆ，'f defined in R2+1 
The estimates 

.Ns，s_与(Q12(lt，<p))三CN.吋 1、叫与(φ)1V'吋 1、川与(Lp)

j 

5. CONCUDlNG REMARKS 

( 4.3) 

By the smoothing estimates proved in sect ion 4， we can easily prove t.he local V'.'cll-
poseclness result stated in the table. The open problem is tha.t if we can prove globa.l 
eXIstence under the conditions that the weighted H川 1norm of. 10 a.s weIl as the weighted 
HB norm of h are small， with B restricted to the values in the table. 
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KIRCHHOFF方程式の大域解について

梶谷邦彦

筑波大学数学系

1. INTRODUCTION 

Kirchhoff方韓式は弾性体の振動を記述する方程式として1883年にKirch-
ho宜によって導入された。その後1940年にBernsteinがこの方程式に対する初期
値問題を数学的にとりあつかった。彼は初期値として崩期関数を与えて、それらが

C∞ならば局所解、又それらが実解析的ならば時間大域解が存産することを証明し
た。以後多数の研究者がこの問題の周辺で研究しているが未だに完全な解決をみて
いないようである。
Kirchhoff方程式は次の形で、あたえられる。

(1ω1リ) Z笠3一巾(いα2+ I 1¥71同阿¥71仇刊包叫.L(仏仰刷丸ルい川州;♂吟州州Eけ刈)川内12内削2勺切)μd批判x)ムt包.L(tい川，x吋←)=コ立ぺ:立ヱ
Ul心 JRn

(2) 包(0，x) = Uo (x ) ， Ut ( 0， x) = U 1 (x )， x E Rn. 

この初期値問題が、初期値が実解析な時、時間大域解もつことを証明してみよう。筆
者が興味を持ったのは、この問題は完全に線形問題として攻り扱うことが出来るとい
うことにあります。以下このことを説明したい。

初期値 UO，UlがSobolev空間に属しているとき(1 )、 (2)が時間局所解を持
つことは、例えば逐次近似法で簡単に証明できる。(1 )、 (2)の強解匂(t，x)ε 
nJ=oc2-j ((0， To) : Hj) (以下この空間をXToとかく〉が存在ような勾で最大なもの
をTとする。 T=∞を背理法によってしめず。 Tが有限であると仮定するロ
補題10u(t， x)εXTとする。エネルギーを次の式で与える。

E(t) = ~IIUt(t) ，， 2 + a(t)lI¥7u(t)112， 叫t)= a211¥7u(t)112十;llV包(t)1I40

このときE(t)= E(O)，O ~ t < Tが成り立つ。
この補題より α(t)=α2十11¥7包(t)112E L1(0， T)がわかる。そこで係数 α(t)をもっ
つぎの波動方程式を考える。

(3) 

(4) 

.Q2 

与す切(t，x)-α(t)ム切(t，x)ロ 0，tι(0， T)，x E Rn， 
at2 
ω(O，x)口匂o(x)，切t{O，x)=1ぱx)，xE Rn. 

初期値ui(i= 0，1)はある正数POに対して

(5) ePo くと>~(ご)ε L2 (Rn ) ，i口 0，1
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を満たしているとする。合は U のFourier変換を表す。このとき (3)、(4)次の2
つの命題が成り立つ。
命題I。初期傾向題(3 )、 (4)のXTにおける解は一意的で‘ある。
命題20初期値同(i之江 0，1)が (5)を満たしているとき、(3 )、 (4)は解

ω(t， x)巴XTnJ=O Cj ([0， T]; H1-j) 

をもっ。

命題1、2より包(t，x)口切(t，x)，tι(O，T)を得る。従って

lIQl_ u(い)=山(T，x)，五!p-_ Ut(い)叩t(T，x) 
t→T-O 

を初期値、 t口Tを初期面とする(1 )、(2)は局所解を持つことになり、 u(七戸)は
t=Tを越えて延長可能となりTの定義に反する。

2.命題 1、2の証明

ρE Rlにたいして作用素eP<D>を

eρくD>匂(x)= I eixc十Pくと>2(ご)dc，
JRn 

によって定義する。(3 )をみたすωEXTにたいして υ(t，x) = e-PくD>切(t，x)と
おいて、 (8t十ρ'(t)<D>)り口 eρ<D>8t切に注意すると vは

(7) 

(8) (仇+ρ'(t)< D >)2v(t，X)一α(t)ムυ(t，x)= O，tε(O，T)，x E Rぺ
をみたすことがわかる。 (8)にたいしてエネルギーを

(9) e(tyz;11(δIt +〆(t)< D >州 12+b(t)11附 )112，

を導入する。ここでρ(t)，b(t)はつぎのようにとる。

(t Iα(s) -b(s)1 
(t)z-+11  

ん b(s)吉
、‘，，ノハU

寸
E
4

r'eB

‘、

れは定数、 b(t)は正の関数である。
方程式 (8)はρ'(t)> 0ならばparabolictypeになることに住窓すると次の補題
を得る。
補題2。もし〆(t)> 0であり，b(t)がC2([0，T))でかつb'(t)b(t)-l E L1(0， T)なら
ばある正数Cがあって θ(t)ざCe(O)，t E (0， T)がなりたつ。
証明。

2e(t)e' (t) = (b(t)一α(t))況((δt十p'(t) < D >)マv，¥lv)p 

>i 
十b'(t) lI¥lv1112 +ρ'(t)11 < D j/' (8t +〆(t)< D > )v1112 

4
E
i
 

噌
2
・・A



+α(t)〆(t)1I< D >きヤvlll2

Ib' (t)1 -I.L¥2 ， Ilb(t)一α(t)12 ， LI.LLI 
<一一::1e(t)~ + ( 十b(t)ρ(t))1I< D >きマυ112
-' b(t) -n  '¥ρI (t) I 

Ib'(t)I_I.L¥2 
<一-e(t)勺 ι(0，T). 
(t) 

命題1の証明;( 1 0)においてρ1=O，b(t)口 1ととると、 ρ(t)> 0だから切巴 XT
より vEXT となり補題2より初期値 UO，U1が零ならばe(t)=Oとなり一憲性がしめ
せた。
命題2の証明;方程式 (8)をxにかんしてフーリエ変換すると七に関する線形常

微分方程式となり解の存在は明らかである。その解切(t，と)がごの関数として L2に属
することは補題2の証明と同様に出来る。実際、 ω(t，と)エネルギーを

似 )2=ji(θt-〆(t)< c >川

とおくと、 e(t，ごc)三Ce(卯0，ごc)，t ε(卯0，T)，c巴Rη をえる。初期{値富匂句0，匂叫1が (5)を
満たしているので、 (10)においてρ1=ρ。ととり、 b(t)をp(t)< 0， t E [0， T]となるよ
うにとれる。このときe(O，と)εL2(Rg)となり、従ってυ(t，c)もそうであるow(t，x) 
をeP(t)くと>v(t，c)のフーリエ逆変換として定義すると閉区間，0、TJでρ(t)< 0だ
からtι [O，T]に対してw(t，x)はxに関して実解析的となり命題2が示せた。
注意:上に述べた線形問題の議論はMizohata[22]，Kajit阻 i[21]，K泊oshit.a[23]等で
採用されたものである。
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Kirchhoff方程式の局所解を示した文献

[36J R. W. Dickey， Infinite systerns of nonlinear oscillation equations r 

elated to the string， Proc. Amer. Math. Soc. 23C1969)， 459-468. 

[37J Y. Ebihara， L. A. Medeirod &揺.話iranda，Local solutions for nonline 
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Kirchhoff方程式 + F(u)の解の嬢発に関する文献
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nce of solutions of the nonlinear Kirchhoff equation， to appear in C.R. 

A. Bulg. Sci. 

[43J R. Ikehata， A note on the global solvability of solutions to sorne 

nonlinear wave equations with dissipative terrns， Differential and Integr 

al Equations， 8(995)， 607-616. 
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tions of parabolic and hyperbolic type， to appear in Hiroshirna Math. 1. 
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文献についての解説

Kirchhoff方程式が初めて導入されたのは 18 8 2年で、 Kirchhoffの本 r8 Jに

見ることができる。この本の中で方程式の導き方が説明されているが、 ドイツ語

のわからない人にはSpagnolo[15Jが型車IJである。その後、 1 940年になって

に
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Bernstein[2Jがこの方様式を初めて数学的に取り扱った。彼は初期値として周期

関数を与えてそれらがSobo1ev空間に属するときは時間局所解、またそれらが実解

析的ならば時間大域解が存在することを証明した。さらにこの方向で方程式を一

般化した論文としてはPohozaev[13Jがある。また係数が退化した場合をとりあつ

かっている論文としてはNishida[10J.D' Ancona&Spagno1o[5J，さらにLap1acianを

退化措丹型作用素に置き換えた方程式をあつかっている論文としてはKajitani&Y

arnaguti[7J. Yarnaguti[ 18Jがある。係数の滑らかさが連続性しかない場合はArosi

o&Spagno1o[ 1 J.日irosawa[引を参照。初期値をGevreyc1assまたはquasiana1ytic

classに与えて大域解を求めた論文としてはNishihara[12J，Yarnaguti[18Jがある。

小さな初期値を与えてSobolevspaceで大域解を求めたのはGreenberg&Hu[29J

が最初であろう。その後D'Ancona&Spagnolo[25， 27Jが続き、さらにYarnazaki[35J

はScatteringを試みている。

Ki rchhoff方程式にdessipativeterrnやnon1inearlower order terrnをつけ

加えて小さな初期舗を与えてSobolev空間で大域解を求めたり、あるいは解の爆

発を証明している論文は多数あり筆者の力不足もあり個々に解説出来ないので文

献リストを参照してください。

局所解の存在定理に関した論文も数多くあり文献リストを参照、してくださ5い。

ここにリストアップ文献は筆者の手元にあるものだけなので、文献漏れがあ

ると思います。お気付き方はお知らせください。
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A bifurcation phenomenon for the periodic solutions 

of the Duffing equations 

Akitaka Matsumura 

Depαnment 01 Mαthemαtics 

Osαkα University 

Toyonαkα 560，JIαpαη 

ABSTRACT 

This talk is a brief survey of our rece凶 work[2] on a bifurcation ph令

nomenon for the periodic solutions of the Du血ngEquation 

(1) u勺)+μu'(t) + u3(t) =ム(t)，t E R 

where μis a positive constant， and f入 isa given family of T -periodic external 
forces parametrized by入whichsomehow represents the magunitude ofム(e.g.，
ム=Asin(t)). It is well-known that for any入thereexists at least one T-periodic 
solution of (1)， and furthermore if the magunitude入issuitably small， then the 
periodic solution is unique and asymptotically stable. As入increases，we can 
observe by numerical computations that the solution loses its stabi五tyand various 

bifurcation phenomena take place. In particular， the period-doubling bifurcations 
are observed as very important phenomena along the route toward a so called 

" Chaos". However， it is surprising that there have been no rigorous proofs of 
these bifurcation phenomena. Recently， Koma叫鴎制t胎加S剖1吋 f仏&叩R時Eか叫ト泊乱M在仏a抗蜘tお如S剖叩um
detect a bifurcation phenomenon around a "linear probe" {(入，u).)}入>0inserted 
into the product space (入，u)，which is defined by 

U入(t):=λU(t)， U(t): given T-periodic function 

ム(t):= u~ (t) 十 μu~(t) 十 u~(t). 

Here we should note th抗 u=u入isa trivial solution of (1) corresponding to 1入(t)
for any入>O. Then， in the particular case U(t) = sin(2対)(T口 1)，studying the 
linearized equation of (1) at u = u入

(2) u勺)+μゾ(t)+ 3入2U2(t)り(t)= 0 

0
0
 

1
i
 



by七hearguments of continued fractions， they showed that ifμ 三47r/5， then the 
下periodicsolution bifurcates叫 leastat three pointsをomthe probe {u入}λ>0・

They also noticed by numerical computations that there might be in五nelymany 

bifurcation points of T-periodic solution. However， they could not detect a period-
doubling bifurcation. In the co凶 ngpaper [2]， treating more general T幽periodic

functions U (t)， we show that only 下periodicor 2T倒periodicsolution canbifurcate 
合om{u入}入>0，and under some condition onμthere do exist infinitely many 
bifurcation points of T-periodic solution， and also generically exist泊五回telymany 
bifurcation poi凶 of2T-pe巾 dicsolution (period-doubling bifurca七ions)excep七

some paticular cases of U(t). Furthermore， we show the asymptotic stability and 
unstability of the trivial solution u入 alternatesat each bifurcation point. We 

also show th抗 thecase U(t) = sin(27rt) is really a particular one where only T四

periodic solution can bifurcate企om{u入}λ>0・Theproofs are given by in刊誌igating

the eigen-valuesぱ thePoincare map of the linearized equ抗ion(2) by means of 

the expansion theory by generalized eigen-functions established by Titchmarsh-

Kodaira， and asymptotic analysis with respect toλ 

[1] Y. Komatsu， T. K紐 0，and A. Matsumura : A bifurcation phenomenon for 
the periodic 80如tionsof the Duffing句切針。叫 toappe町

[2] Y. Komatsu， S. Kotani， and A. Matsumura: A period-doubl仇.gbifurcαtion 
for the Duffing equation， in preparation 
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REGULARITY OF SOLUTIONS TO CHARACTERlSTIC 

BOUNDARY VALUE PROBLEM FOR SYSTEMS 

TATSUO NISHITANI AND MASAHIRO TAKAYAMA 

Departme凶 ofMathematics， Osal由 University， 
Machikaneyama 1-16， Toyonaka Osaka 560， Japan 

1. INTRODUCTION 

Let n be a bounded open subs凶 ofR n with smooth boundary θn. In n， we 
consider a first order symmetric system 

Lu口 L:Aj(x)θjU十 B(x)u，Aj(x)， B(x) E C∞(n)， Aj(x) = Aj(x) 

with u口(匂わ…?町

Ab(X) = ~ンJAj(x)

the boundary matrix where v = (内?…，Vn)is the unit outward normal to n. 
Let 0士bedisjointもwoopen subse胎 ofθnwith smooth boundary θ0土.Let us 
set 0 = 0+ U 0-and assume that the boundary matrix Ab (x) is non-singular in 
θ0¥θo and is negative definite in 0-and positive definite in 0+. We study the 
following boundary value problem 

(BVP) (山
t匂L巴M at θQ 

where入isa large positive parameter and for each X Eθn， M(x) is a linear subspace 
of CN. We assume that M(x) is smooth inθ0¥δo up to the boundarγand for 
each x εθo there is a relatively open subset x巴Ucδn and a vector subbundle 
N時 (x)of U x CN such that KerAb(x)口 Nreg(x)in U nθO. We assume that the 
boundary condi註onis maximal positive in the sense that 

{ ~いい円μ凶刷Aんb以(伽
d出 M(μωZ吋)口thenumber of nonnegative eigenvalues of Ab (x) 

and hence in particular 

{:仲抗日C十
M(x)口 {O}，x E 0-. 

-20-
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Let X E 80 and we work in a neighborhood xεUc δn. Let us take h(x) E 
C∞(U)， a defini時 functionofθo n U， so that Ab is definite on {x E U怖い)> O}. 
Let町(X)，…パル(x)be a smooth basis for the bundle Nreg (x) defined in U. Leもus
set 

Abao(x) = h(x)-l(Ab(X)Vi(X)，Vj(x))， AδO(X) = -(Aii(x)叫(X)，Vj(x)) 

which are v xνmatrices and 

官と θA 
Aií(X) 口>~吉~U Aj(x) 
一一…

where h( x) is an extension of h( x) to a neighborhood ofδn n U in Rn. Noteもhat
bo也 Abao(X)and AδO(X) are well defined on 80 up to positive multiple scalar 
factor. We assume that 

(狂) Abso(x) and Aao(x)町edefinite with the opposi七edefiniteness on θC 

Take r(x) E C∞(n) such thaもQ 口 {xlr(x)> O} and dr(x)チoon θn and let 
h土(x)εC∞(0)be such that 0土={h土(x)> O} and dhf:.(x)チOonδ0土.Let us 
set h:l:(x) = h土(x)… x;r(x)and 

叫(←Vh:l:(X)2十μr(x)2，ゆ土(←[h土(X)2十μr(x)2-hf:. (x) 
where κ>  0，μ>  0 are posiもiveconstants which will be de胎rminedlater. By 
D~ (n) we denote the set of all u E C∞(n) wiぬ suppun 0-= o. The space 
Do (n) consists of uεL2(n) verifying the same support∞ndition. The space 
H1(n; 8n) is出eset of u巴L2(n)such that Vu E L2(n) for all C1(n) vector fields 
V which are tangent ωθn.恥reachsEZ十 thespace Hs(n;θn) can be defined 
討milarly.We d凹 oteby Xp，q(n) the completion of D~(n) under the norm 

p 

11叫品川町 =LII<þ~+2qゆこ2p一山juliLj(Q;δ0.)十 11m竺-5ゆこ2刊ull 1，2(0.)

Theorem 1.1. Thereα陀 qo> 0 and入。(p，q) > 0 such thαt if p， q E Z+， q之qo
αndRe入注入。(p，q) then for every f E Xp，q(n) there is a solution u E Xp，q(n) to 
(BVP) verifyin 

IlullXp，q (0.)話 CllfIIXp，q(0.)

2. A PRIOR1 ESTIMATES 

Lemma 2.1. Suppose thαtばSuεL2(n)， m:l:<Þ~s (L十入)uE L2(n)αnd佐Su
verifies the boundαry condition. Thenωehαve 

(Re入一入o)llv初日~sull2 十 s(8-s-lco)1Iばsul12話Cs-111m土佐S(L+入)u112

with some 8 > 0ωhere Ilull口 IluIIL2(0.)・
Setゆ1 ゆ+ゆ_andm=m十m_and define H(s， t) by 

(L十H(s，t))ゾ高純ゆ二t= vr五ゆiゆ二tL.
Then we get 

-21-



Lemma 2.2. Suppose thαtJ百ゆSuE L2(n)，ゾ読が(L+入)uE L2(口)αndゾ而ゆSu
εM αtθO. Then we hαve 

Re((L + H(t1， t2)十入)v侃ゆSu，ゾおゆSu)

と(Re入一入0)11ゾ市ゆsul12十1511ゆsul12

with some 15 > 0ωhere m担(tl，t2)三qoαndsと1.

3. TANGENTIAL REGULARlTY 

For u E L2(R+.) we set 

u"(x)口 u(em1，d)eZ1/2? 引い)= u(eX1， x') 

where x = (Xl， x') = (X1， X2，…，x心Itis clear that for u巴 L2(R+.) we have 
dε L2(Rn) and Ilu"IIL2(Rn) = lIullL2(町)・ Letus write 0 = R+. and Zl = X1D1， 
Zjロ Dj，2 :::; j :::; n. Note that 

D1u"(x) = (X1D1仰)-2-1iu"(x)ロ {(ψ1-j)ザ(x)

Lemma 3.1. Let u E L2(R+.)' Then 

u" 巴 Hs(Rn) 宇中 Zil ・・・ ZtptL 巴 L2(R~) ， p:::; s 宇中 U 巴Hs(O;θf!).

Moreoverωehαve Ilu"IIHs(Rn) rv IlullHs(DjδD)・

For u E Co(R+.) we set 

11札ぷ(t)= J凶ぽ)12附
and 

みμ匂 口fかμμ叫仰山(μZ引叩M肘仰1戸J伊ee伊伊E叩eYl仇ピれ山十勾ザey')e片e円E叩叫U
where 戸(とο)口 O(IC-引げj戸内h竹)a部Sと→ o and 戸バ(t培的とο)口 0 お伽rall real t implies と= 0 i江fと巴Rn. 
Then for u E L2(Rn) we have (Je匂)"口Pe* u" where Pe (y) = e-n p(y /ε). From [3] 
it follows that 

r1 .. _ ..'l 'ln ， • 152， 1 dε 
C111ull;叫)叫 IIJeull12叫

for 't/u E Hs-1 (0;θn). 

Lemma 3.2. Let sミ1仰 dαι Co(R+.). Then we hαve 

fq62dε  
11 [aZ， Je]uII12(町 )ε 出 (1+一言)-175Csliui111J(t)

C 

for u E Co(R+.)ωhere Z = Zト

円
ノ

ω
ワ
ω



4. WEAK AND STRONG SOLUTIONS 

Lemma 4.1. Assume thαt u E Do(n) isαweak solution to (BVP). Let 切口
ゆ二t-s<t+'lム Then there is αsequence Wn E G∞(ぬ)such thαt 

L2ー担mゾ抗ゆSJe1ωn-ゾおがJeω，

L2-lim(L +入)ゾおがJeωη=コ(L十入)ゾ抗がJeW.

Lemma 4.2. Suppose that u E Do(n) isαweαk solution to (BVP). Then we hαve 

Re((L十H(s十1，t)十入)ゾ読がJe帆ゾ読がJ山)
ミ(Re入一入。)11ゾ読がJe切il2十t511<TSJewI12 

ω'here切口ゆこs-tゆ+uαnds， t 2:: qo・

5. COMMUTATOR ESTIMATES 

Weno七ethat X281U口 A(x)Lu.Then it follows七hat

Lemma 5.1. We hαve 

(θ1U)"(X) 口 (x1m-2)~(x)(θ'1 -2-1)u"(x) 

川町)((ALu)U(X) -~A~(X山)
Proposition 5.2. We hαve 

1111同附m叫仰(μ州2
r1 .. . ~ _ ..n n1 ， t52. 1 dεl一1三叫Jo1防i妙が仰似仰sリJみμE山u叫仙11位ル恥i足応臥112(D伝h2吋叩(仰(D)C-

十G(llmSト一は包叫11住2b2(ρ例Q町)十Ilms…-l一寸3Lu叫11足ib2(伊例Q町))) 

6. PROOF OF THEOREM 

We韮rsもremarkthat 

(L十H(s十1，t)十入)ゾおがJe切口v侃ゆT1ゆプ(L十入)ゆs+tゆずJe切・

Let u E Do(n) be a weak solution to (召VP).Thus it follows from Lemma 4.2 th剖

GllmゆT1ゆプ(L十入)ゆs+t咋1Je切112と(Re入一入o)llv侃がJeω112十t511グJe切112

if s， tミqowhere切口ゆ二s-tゆ十u.
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Lemma 6.1. Let u E Do(n) beαweαk solution to (BVP). Then with w 口
ゆこs-tゆ+uωehave 

fo111m附プ(L十)..)<t+1q/_+tJewl12ε-2t(1+5)-1ぞ

話 C(が)乞 II<Þ~-川ゆプーl-1+j吋 I;(t) 十 C I: llm<þ~l+川ゆプ一切(L 十入)ull;(t)

十C(llmS-l-4ゆ二s-t…1叫12+ IlmS-l-3ゆ+ゆプィ(L十入)uI12)

On the other hand 

Lemma 6.2. Let u E Do(n)αndw=ゆプ-tゆ+uthen 

(lIUS T ...112_-2lh ， O
2 
¥-1 d，ε !神~+1<t =tuIIL1，8(t)三人 11グJewl12c叩勺)-1-;

十CI:II打川十jゆプー川ull;(t)十CIImS-l-1<t+<t=S-tul12

Proposition 6.3. Assume that u E Do(n) isαweak solution to (BVP). Then 

ollげ1ゆ二tullr(t)三C(s，t)I:II打 l均プーl-1十jul!?(t)

十C I: llm<þ~-山jゆプ-l+j(L+入)ull;(t)
j=o 

+C(llmS-l-4ゆこs-t-1uI12+ IlmS-l-3<t+ゆ二s-t(L+入)uI12)

Take s = 2l十2q-1 and t口 2(p+q)-21， 2qとqo十1泊 Proposition6.3 to get 

óll <Þ~十2q <þ=2P-2q+2lUIIT(t) ::; C(l)玄11吋2q-1+j<t=2p-2q-糾川ull;(t)

十CI:llm附加ゆ二2p-均十l十j(L十入)ull;(t)

十C(lIml十2q-5ゆご2p-4qu1l2十 Ilml+2Q-4<t+ゆこ2p-4Q+1(L十入)uI12)

because s， t とqofor lzO，…，p. We multiply αl to the inequality and sum up 
over 1 = 0，…，p. Choosing αj， j = 0，…，p so thatα'j -2:f=j十1αlC(l)とc>0 the 
inequality results 

p p 

L 11 <þ~+2Qゆ二2p-2Q+2jull;(t) 三 C乞 Ilm<þ~+2Qゆこ2p-2Q+勾(L 十入)ull;(t)

+C(llm2q-5ゆこ2P-4Qu112十Ilm2Q-4ゆ二2P-4Q+1(L十入)uIl2).

バ
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On the 0ぬerhand if U E Do (n) it is clear that 

m竺-5ゆこ2p-4qUE Do(n)， m:?-:4ゆ二2p-4q(L十入)UE L2(n) 

andm竺-5ゆご2p-4qUE M atθn. Then by Lemma 2.1 it follows that 

c(p)llm竺…5ゆ二2p-4qu1!2三Cllm=-q-4ゆ二2P-4q(L+入)uI12.

U sing this inequality we get 

Proposition 6.4. Assume thαt包 EDo(n) isαweαk solution to (BVP). Suppose 
thαt 

m竺-4ゆ二2p-4qfGL2(Q)， md十2qゆこ2p-2q+2jf E Hj(n;θn)， 1三j'.5.p. 

Then it follows thαt 

m竺-5ゆ二2p-4qUE L2(n)， lþ~十2qゆ二2p-2q+2jU E Hj(n;θn)， 1'.5. j三p

αnd moreover 

L Illþ~+2qゆ二2p-2q+2jull;Ct)十 11mケ匂二2p-4qu112

壬 C玄 Ilmlþ~+2qゅタ-2q+2jfll;(t)十Cllm=-q-4ゆ二2p-4qfl 

Let f E Xp，q(n). Take fn E Dff(n) so出叫ん→ fin Xp，q(n). Then there 
exis胎 aweak solution UnεDo(n) to七heboundary value problem (L十入)Un口ん
with Un巴M atθn.針。mProposition 6.4 it制lowsthat un E Xp，q(n) and 

IlunIIXp，q(O) '.5. CllfnIIXp，q(O) 

Thus letting n→∞ we get Theorem 1.1.口
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SYSTEMS OF PARTIAL DIFFERENTIAL EQUATIONS AND CLASSES OF GEVREY 

JEAN VAILLANT 

1. Definitions.. x = (xo， x') = (xo， Xl，・・・， Xn) E u; u is an open neighborhood of 0 in浪n ¥Ve consider a 
matrix m x m differential operator h of order 1， with analytic coefficients in U. ¥Ve denote αits principal 
part and b its parもoforder 0， suchもhat:h = a 十b.
We denote ~ (';0，.;') = (';0，6，.. .，';n) E the dual variable of X and we consider the characもeristic
determinant detα(X， C); we assume that it is hyperbolic wi th consta叫 multiplicitywith respecももothe 
direction (1， 0):もh邑 mcharacteristics roots in ';0 ar色 real，wiもhconstant multipliciもyfor .;' =f. O. ¥¥匂 can
decompose deもα(X，.;)in irreducible polynomials in O[C]， the.ri河 ofpolynomials in .; with coe百Icients'the 
analytic germs at 0;もosemplify the noもations，we assumeもhereis only on巴multiplefactor H; we denote ml 
its muJtipJicity so出叫 deta( x，.;) = Hm， J{. We denote A the cofactor matrix such that: aA = Aa = detα1. 
¥Ve consider the localized ring of 0[';] with respecももothe prime ideal d巴efi白nedby H; iもisa principal ring 
and in もl巾 ring，αisequivalent to the diagonaJ matrix [5] 

diag[HP， H91，... ，H91， 1，・・・，1]，

where the integers p = qo， q 1， '" ， q/ are such that 

p2とql2:: . . .三 q/> 0; P + q = ml q = ql +・・・+q/.

A is divisible by H9; we denoもeA = Aj H9; so that:αA=Aα= HP J{I. 
For every matricial operaもorA'(x， D)， of order 三μ，wedenote A(x，.;) =σμ(A') the homogeneous symbol 
of orderμof A'. Inv巴rtly，if A( x，.;) is a matrix of symbols of order μ， we denote A'(x， D) any operator such 
もhatσμ(A')ご A.
We consider the Cauchy problem 

(山山(x)
U¥xo=t = g(ピ)

f is given， gt isもheCauchy data on Xo = t and U is unknown;もhehyperplans Xo = t are noもcharacもensもics
at each point. 

II. ConditiollS LG. We wantもodefine conditions on the operator h， for m.}コ 5，and to give the corre酬
sponding Gevrey c1asses γd， for which th色 Cauchy problem is well posed in γd 九九TerecaIl t.h邑 conditions L 
([4][6])， s山 hthaももheCa山 hyproblem is locally well posed in C∞; we intro山cesupplen河川arycondiもionsL + 
which define su 1トcondiもionsin L. We give the resulもSll1もhemore inもeresting8nu dimcult cases， for m1コ5.

Type (3，2). That is the case where a is equivalent to diag[H3， H3， 1，...，1]: m1 = 5， p = 3， ql = 2， 1 = 1. 

Ll' There exist A'， H'， f{' et A1 such thaも

So ==Aσμ。(hA'-H，3 f{') = H.I'l1; 

we have 
αAl = H2J{円。(hA'-H，3 K') =必官1・

L2・Thereexist Ai and A2 suchもhaも

Sl == AO"内 (hA~ -hA' H，2 f{'十H，3J{' H，2 I{') = H2 A2・

Typeset by A.NfS舟訴
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2 JEAN VAILLANT 

L3' There exist A~ and 1¥3 such that 

5'2 =.4σ山 (hA~ -hA~ H' f{'十 h.4'H，2 f{' H' f{' -H，3](， H，2 f{' H' J{') =.H21¥3・

L4・Tl川 eexist品 and1¥4 such that， 

53 =.4σμ3(hA~ -h品H' J{' 十 hA~(H'J{')2 
勺ー .'J、

一h.4'Hμ f{'(H'f{')三十 (HμJ{')~(H'f{'y) = H~ 1¥4， 

L5・Thereexist 1\~ and A5 such七hat，with analogues definitions， 54コ H'2A5・
L6・Thereexist 1¥5 and A6 suchもhat，55 = H2 A6・
L7. There exist A~ and A7 such th叫， 56コH2A7・
L8' There exist A~ and A8 such that， 57 = H2 A8. 
We introduce supplemen七aryconditions 

(i) Lt. There exist A'， H'， J{' and At such that 50 = H'2A1・
vVe rema比七hatLt i叫 lyesL1 and L'2; Lt， L3 and L4 implyes L5; Lt， L3， L4 and L6 implyes L7; if Lt 
is not saもisfiedL1 to L5 implyes L6 to L8・
(ii) L1 is satisfied. We 山finロl

Lt. Ther引reexisも1\~ and At such that 51 = HAt. We 1'emark that L2 i叫 lyesL2. 
(iii) We rema1'k that L1， L:.I implyes 
Lt. 52 = H At which definies At. 
We define 

Lt. There exist At' and At 5叫七hat
st 三 Aσμ?(lz品一 h品H，'2J{' 十 hA~H'I{'H勺('

-h.4'H行口H'f{'HρI{'十}f，3f{' }f，2 J{' IJ' f{' IJ''2 f{') = II'2 At， 

whe1'eμ;=μ3十3・We同 ma1'kthat L3 i町 lyesL;. 
The conditions (LG)d are the followi日S

(LG)ドdTLI is ilOもverified.
(LG)~ L1 is ve1'ified and Lt is not ve品 ed

(LGh (L1 and Lt a1'e verified and L2 is not ve1'ified) 01' (Lt is ve1'ified and L3 is not ve1'ified). 
(LG)喜 Ltis not verified， L1 and L'2 a1'e verified， Lt is not verified. 
(LG)J (Lt is ∞も ve1'ified，L1， L2 and Lt are verified， L3 is noもve川町1)or (Lt and L3 a1'e verified， 
L4 is not verified). 

(LG)4 (Lt'is noもverifi巴d，L1， L'2 and L3 are verified， L4 is 加七 verifi巴d)or (Lt L3 and L4 are verified， 
L6 is not ve1'ified). 

(LG)s (Lt is not verified， Li， L2' L3 and L4 are veω邑d，L5 is not verified) or (Lt L3， L4 a吋 L6are 
verified， L8 is noもverified).

Remark. Th巴maximumvalue of l/d is 2/3; we have consi山町1all d correspondillg Lo 1jcl slllaller than 2/3: 
1/5，2/5，3/5，1/4，2/4，1/3， 1/2， with denomInator ~ 17!1 = 5. 

PropositiOll. The conditions (LG)d a1'e independenls from the ope問 lorsH'， f{'， .4'， A1' . 

Theorem. The condilions L三 (L1，. . . L8) al'e necessa1'y and suJficient in onter the Cauchy p1'oblem is well 
posed in C∞ I QIt () 
H:e flive eX1.山 itfo1'mulas fo1' conditions (LG )dr (Lndωe prove thal conditiolls (LG)d al'e s'llfficient in o1'de1' 

the Cauchy p1'oblem is well ]losedinγd'Pdr5d. 
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THE EXISTENCE OF NON-TRIVIAL SOLUTIONS 

TO GINZBURG欄LANDAUTYPE EQUATIONS 

JIAN ZHAI 

Dedicated to Professor Koji Kubota on the occasion of his sixtieth birthday 

ABSTRACT. We prove the existence of出esolutions which converge in CO to a har-
monic map for an elliptic system depending on a large param凶er.

1. Introduction 

We study the existence of the solutions of the Ginzburg-Landau type e11iptic 

equations and the relations between the solu七ionsand harmonic maps. 

Let n c設n(η 注2)be a bounded domain with C2十α (0<α< 1) boundary. We 

consider the following Ginzburg-Landau type elliptic system: 

(1.1) ムu一入Wu(匂)= 0 in n， 

with the first boundary condition where 

u= (UI，・・ .，um):n→民間(m詮2);

/θW(u) δW(u)¥ 
W(匂)ロZ(α(u)_1)2， Wu(U) = ( vr~_:wJ ，.・・，τ一一)

¥ OU1 oUm / 

α(u) E C∞(lRm，lR) satisfies some growth condition (cf. Assumption 1) and N := 

{u E限mlα(u)-1 = O} is a (m -1)削dimensionalorientable compact connected 
Riemannian manifold without boundary and入>0 is a large parameter. 

Our purpose is to sもudythe existence of the solutions匂入 of(1.1) for large入and

the relation between u入anda harmonic map u : n →N. 

When W(u)ロ :!(luI2-1)2， m = 2， (1.1) is the well-known Gi回 burg-Landau

equation which comes from phase transition problems occurring in superconductiv-

ity and superfl.uidity. 

In the case of that n口 2and n is a smooth bounded simply connected domain， 

Bethuel， Brezis and Helein in [BBH93] proved that the minimizer of the Ginzb町 f

La凶 aufunctional with the first boundary condition ulθQロ 9converges in C1+α(n) 

Typeset by AムィS聞τ回仁
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2 HARMONIC MAPS AND GINZBURG叩LANDAUTYPE ELLIPTIC SYSTEM 

to a harmonic map u f2 → 81 provided that the boundary value 9 satisfies 

deg(g，δf2) = O. 

Inもhecase of Ginzburg側Landauequation with the Neumann boundary condition， 

it is known that if there exists a continuous血ap80 : f2→ 81 which is not homotopy 

equivalent to a constant value map， then there exists stable non-constant steady 

state sol凶侃包入 providedthat入islarge. M蜘oreov耽町叱F 占命?討i1恒shomoωpic tω08内oa刷n凶d 

匂町入 C∞onv，刊er暗ge佃S1泊nCび1+α(侭百)to a harmonic map (cf. [JMZ94]). 

In this paper， we want to consider more general potential研Twhich includes 

the c部 eof Ginzburg-Landau equation. PreciseJy， we shall prove the existence of 

solutions u入of(1.1) in Holder space Cα(f2) which converge in CO(百)to a harmonic 

map包:f2→ N as入→∞ providedthat包 satisfiesa certain assumption (cf. 

section 2， Assumption 2-4). 

Methods developed in [BBH93] and [JMZ94] seems not to be applicable to gen-

eral case. In this paper， we五rstsolve a variational inequality with an obstacle. 

Second， we use the maxi臨umprinciple to prove that the solutions of the vari-

ational inequality with obstacle are， in factう thesolutions of七heEuler倫Lagrange

equation of the original variational problem. 

The di缶cu1tyis how to remove the obstacle. The key step is that we calculate 

研Tcarefully and find that the solu七ionsof the variational inequali句TWl七hobstacle 

satisfy a scale elliptic differential inequali七yprovided that入islarge enough. Using 

a maximum principle which is dueもoStampacchia， we obtain the estimate for the 

bounds of the solutions under an assumption for 信組df2. Furthermore， we五nd

that the coincidence set of the soluもionsof the variational inequality with obstacle 

is empty for largeλ It is to say that they are solutions of the original variational 

problem without obsもacle.

Let M， N be compact Riemannian manifolds with metrics 9ラhrespectively. In 

local coordinates x = (Xl' . . . ， Xn) and匂ヱ (Ul，・・・パLm)we denote 

9 = (gαβh語α，β岳 h= (hij)l~i，j豆町υ and (gαβ) = (gαβ)-1. 

A smooth map u : M →N is harmonic iff u satisfies 

(1.2) nu 
一一u
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where 

J. ZHAI 

ム 1θ(~αβδ 〕
M=ーっこ丈一一 Ivgg 丈一一 i
ygoxα¥ oxβノ

is the Laplace削Beltramioperator on M and 

冷u，;a引・
(rN(日 ，V'U))k= gaßr~'Í(包)ー\..U~ V UlJ 1壬k三m

~J ¥ -; axαθzβ? 

Eells and 8ampson [E864] proved that if the Riemannian curvature of N is nOIト

positiveもhenthere exists a harmonic map in every homotopy class. R.Hamilton 

[H75] extended the above result to compact manifolds M and N wi出 boundary.

Recently， a significanもprogresshas been made without the assumption on the 

Riemannian curvature of N by 8truwe (cf. [890] and references given in there). 

This paper consists of five sections. In section 2 we state assumptions and main 

results which are proved in section 4 and section 5. 8ection 3 is devoted to some 

preliminaries which are used in secもion4 and section 5. 

Notation: Let u(x) : n c ]Rn → ]Rm，n詮2，m詮2.Let B1 denote the unit 

ball in ]Rm. The notation 

u(口)C B1 

means that u( x )εB1 for a.e.x E n. 

Let s denote the Laplace operator on ]Rn， i.e. 

A立す δ2 ・一会1324θXi

If W satisfies Assumption 1 (cf. section 2)， N is an orientable m -1 dimensional 

compact connected Riemannian manifold without boundary. Let γ( u) denote the 

unit outer normal vector of N at u. 

Acknowledgement. The author would like to express his gratitude to Professor 

8huichi Jimbo for his many comments which enabled the author to improve this 

paper. The author is grateful to Professor Yoshikazu Giga for his invitation and 

encouragement. 

Depar七部entof Mathematics 

Hokkaido University 

060 8apporo， Japan 

一30-



On the existence of wave operators 

and asymptotic compl~t~ness 
for nonlinear wave equations in R4十1with small data 

Kunio Hidano 
Department of Mathematics， School of Science and Engineering 

Waseda University 
Tokyo 169， Japan 

ABSTRACT 

This talk is concerned with the scattering problem for the following nonlinear. 

wave equ品ionsin four space dimensions 

(NLW) 口u= F(u)， t E R， x E R4
• 

Here日 203ーム =03-2j210??仇ロ δ/δt，め=δ/δXjand F(u) =入lulP-1uor 
入lulPwith some入巴 R¥{O}，ρ>1.
First of all we introduce some spaces of functions and explain several nota幽

tions. We de五ne

E := { (111 12) I 11 E L4(R4)， ¥l 111 12 E L2(R4) }， 

お:={ (fI"h) E LペR4)X L2(R4) 1 
11(!I，h)11ぉ需工 11<・ >1臼18:flllL2十玄 11<・ >28:!I11日

i臼|云2 lad=3 

十玄 11<・ >lal+18:f211L2十乞 11<・>2θ':1211L2<∞}. 
iαl三1 lal=2 

Here < X >= j1司x12， 勾口 θf1 ・ 8~4 for a multi-indexα= (α1， . . . ，CY4) with 
lα1=α1十・・・十α4・ We put ~ó 口{ (111 12) E ~ III(1b 12)IIE < 8 } for 8 > O. For 

any (not necessarily bounded) interval 1 and a町 Banachspace X BC(Ij X) means 

the set of all bounded and continuous functions on 1 with values in X. 
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Following Klainerman， we introduce出eset of partial differential operators 

r = { r j 1 j = 0， . . . ，15 }口{ao，・・"a4， LI，・・.，L4，fh2γ・.，n34，Lo }. 

Here δb = at， Lj = xjat + taj， nk.e = Xka.e -X.eδIk (1三k< e :::; 4) and Lo = tat + 
X1δ1十・・・十x4a4・For a multi“indexα=(α0，・・・，α15)we set r臼 :zE20...rfi5. For 

a non-negative integer N and p with 1 :::; p <∞we introduce the norm 

iiu(h)limp:112L(ん¥rOu(い)¥PdxY/P 
We also de長田也enorrh 

IIDu(t，・)llr，N，p:口玄Ilaku(t，・)llrλp'

for a vector Du口 (a尚 a1u，・・・ラ θ4U).Let Ilu(tγ)lle mean the energy norm. Namely， 

Ilu(t， ')lle :すりl州 )1112+ 11日 (t，，)1112 

We set ω:= V-s. Now we are ready to state our results. The五rstresult 
could be termed “Cauchy problem at土∞" This is an improvement of the previous 

works due to W.A.Strauss， K.Mochizuki & T.Motai. 
Theorem 1 Letρ> 2. There exists a 8 > 0 depending on入，p with the following 

properties (1)土ヲ(11)土:

(1)-For any (f-，9-) E L:s the equation (NLW) has a unique solution u = u(t，x) 

satisfying 

T臼uE BC((-∞，0) ; L2(R4)) for any αWlぬ iαi壬2，

δ'kroU E L∞((一∞，0);L2(R4)) for any αwith 1α|口 2and k口 0，・・・，4，

Ilu(t，・)-u_(t，・)116→o as t →一∞，

where u_(t)口 (coswt)f_ + (ω-1 sinωt)9-. Moreover， this solution u s叫isfies

akroU E BC((一∞，0];L2(R4)) for any αwith Iα1=2 and k = 0，"'，4， 
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su:p lIu(t， -)llr，2，2 + L sup IIDrau(し)lIL2:S; C11IU-，g-)II2: for some constant C1 > 0， 
い|口2tくO

II(u(O)， dtu(O))II2:三 C21IU-，g-HI2:for some constant C2 > 0， 

Ilu(t，・)-u_(t，・)llr，2，2口 O(ltl-3(p-2)/2)，

IID{u(t，・)-u_(t，・)}llr，2，2= O(ltl-3(p-l)/2十1)as t →-∞・

(11)ー(Continuousdependence) Let U~) ， g~)) ε~8 (j = 1，2)_ Let u(j)ロ u(j)(t，x)
be the two corresponding s01凶ionsto (N LW) in (1)一・ 在日Ui1)-fi2) ， g0) -
g~))11ぉ→ 0 ， then it h01ds that 

221lu(川tf)-u(2)(tf)||rM+EJmgiiDP{以内h・)-u伊)(t，-)}IIL2→ 0， 
1日!な2ιく

lI(u(リ(0，・)-U(2)(0，・)，品以内0，・)-dtU(2)(0，・))112:→ 0_ 

(1)+For any U+ ， g+) ε~8 the equation (N LW) has a unique s01ution u口 u(t，x) 
satisfying 

r臼uE BC([O，∞) ;L2(R4)) for any αWl也 |α1:S; 2， 

dkrau巴L∞((0，∞);L2(R4)) for any αwith 1α1 = 2 and k = 0， ---，4， 

lIu(t，・)-u+(t，-)I/e→o as t →十∞，

where u+(t) = (cosωt)f+十(ω-1sinωt)g十・ Moreover， this叫 utionu satis五es

dkr臼uE BC([O，∞); LペR4))for any αwith 1α1 = 2 and k口 0，---，4， 
su:p Ilu(t，・)llr，2，け乞 su:p11即日u(t，-)IIL2:S;C11IU+，g+)II2:， 
t>u 臼i出 2t>u 

II(u(O)， dtu(O))II2: :S; C21IU+，g+)II2:， 

Ilu(t， -) -u+(t， -)11r，2，2 = O(t-3(日 )/2)，
IIDい(t，・)-u+(t， -)}llr，2，2口 O(γ3(P-l)/2+1)as t →+∞・

(11)十(Co耐 7ηZ仰t

b加ethe two corresponding叫Itionsto (N LW) in (1)+・ H IIU~I) -fr) ， g~) 
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g~))\\ I; → 0 ， then it holds that 

sup ¥Iu(り(t，・)-u(吟(t，・)¥lr，2，2十三;sup||DI吋U(l)(t，・)-u(吟(t，.)}¥I日→ 0，
t>O lal=2 t>O 

¥1(U(l)(O，・)-u(吟(0，・)，OtU(リ(0，・)-OtU(引0，・))¥¥I;-→ O. 

The next result is concerned with the ordinary Cauchy problem. This is an 

improvement of recent resu1t of Y.Zhou on a class of Cauchy data. Our lower 

bound of p is optimal in view of the blow up theorem due to T.C.Sideris. 

Theorem 2 Let p > 2. Then there exists anε> 0 depending on入，pwith the 
following properties: 

(1) (Existenceαnd Uniqueness) For any (f， g) を ~e the equation (N L W) has a 

unique solution U 口 U( t， x) satisfying 

(u(O)，δ'tU(O)) = (f，g)， 

r臼uE BC(R; L2(R4)) for any αWlぬ |α!さえ

。'krαuEL∞(R;L2(R4)) for any αwith ¥α¥ = 2 and k = 0，・・・，4.
Moreover， this solution u satisfies 

akrau E BC(R; L2(R4)) for any αwith IαI = 2 and k = 0， . . . ，4， 

叫 I¥u(t，.)I¥r，2，2十玄 supI¥Drau(t， .)I¥L2 S; C3¥1(f，g)¥II; f，加Oωrsome c∞on凶S伽 ntC:α3>刈O.
t把ER la臼i炉口2t把εR

(11) (Asymptotic behαvior) There exists a unique pair of functions (f+ヲg+)，
(f-， g-) satisfying 

(f土，g土)ε E，

Ilu(tγ)-u土(t，.)l¥e一→oas t-→土∞(ぬedouble sign in the same order). 

Here uま(t)= (cosωt)j士十(ω-1sinwt)g土 Theseu土 satisfy

(u:!:(O)， OtU土(0))E ~， 

1¥(ポ(O)，OtU:!:(O))I¥I;S; C41¥(f，g)l¥I; for some constant C4 > 0， 

I¥u(t，・)-u土(t，・)l¥r，2，2= O(lt¥-3(日 )/2)， 

¥IDい(t，・)-u:!:(t，・)}l¥r，2，2= O(¥t¥-3(P-l)/矧)as t→土∞・

一34-



(II1) (Contin uous dependence) Let u (j)こ u(j)(t，x)(j = 1，2) be the two solu 
tωions t初o(NLW) w制it泊h(い似uμ(ωjθ)(抑例0的)，8tδ8t仰u(川jβぺ)刊(0的刊)リ)= (υj(ωj) ヲ，g戸(jωjβ)り)E おε Let (f(j)+， g(j)+) ， 
(f(j)-， g(j)一)be the corresponding pairs of functions in (I1). H 11 (f(1) -j(2)， g(1) -

g(吟 )II~ → 0 ， then it holds that 

sup Ilu(l)(t，・)-U(2)(t，・)llr，2，2+玄 supIIDra{u(l)(t，・)-u(叩，・)}11L2→ 0，
tE民|臼1=2tER 

11(f(恥-j(2)ヘg(伽_g(2)+)II~ ， 11(f(1)一一j(2)-，g(l)一_g(2)一 )II~ → o.

The next theorem follows immediately from Theorem 1. 

Theorem 3 The wave operators W+， W_ 

W士:(旬以0)，8tu:l:(0))ト→ (u(O)，8tu(0)) 

can be defined as one-one and continuous mappings from .Eo into .EC2O・

We take d small so that C2d <εmay hold. Combining Theorem 2 wi出 Theorem

3， we conclude 

Theorem 4 The scattering operator S 

S : (u_ (0)， 8tu_ (0))日(ポ(0)，8tu+ (0)) 

can be defined as a one-one and continuous mapping from .Eo into .EC2C4O・
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Global Existence for Systems of Wave Equations 

with Different Speeds 

横山 和義 (北海道大学理学部)

1996年2丹

次の連立波動方桂式の初期値問題を考えるo

ただし

また

f ofd-c?ム♂口Fi(u') in (0，∞) X R2 (i = 1，2，・・・，m)
(CP) ~ l u(O，・)口 tf，8tu(0，・)コ tg in R2 

UZ(u1，uh-..3um) 
♂: [0，∞) X R2→R (i口1，2，.・.，m)
u'口(8tu，81u，δ'2U)， 8tu =コ80u
Ci>O (i=1，2γ・.，m)，t>O 

f， 9 E C~(R2; Rm) 

Fi E C∞(R
3m
) 

IFi( u') I ::; Mlu'IP (i = 1，2，・..，m;pは3以上の整数)
とする。

初期値問題 (CP)について、大域解の存在定理を得ることが目標である D 一般に初期値

問題 (CP)に関して、次のことが知られている。

• p ~三 4 ならば、 (CP) は small dataに対して大域解を持つ

• p口 3ならば、 (CP)には smalldataであっても大域解が存在するとは誤らないo

Life叩 anTE については、えと Aexp多という下からの評価がある

しかし、 M.KovalyovはRの形に条件を課することにより、 p=3についても次の大
域解の存在定理を得た:

ci(i=1，2γ・.，m)がすべて相異なり

伊丹
d =0 (i，j=1，2，.・.，m，α，b，c=0，1，2)
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ならば、 smalldataに対して初期値開題 (CP)は滑らかな大域解を持つ

以上の M.Kovalyovの結果を拡張して、次の定理が得られた。

定理
ci(i=1，2γ・.，m) はすべて相異なり

δ3Flln  
θ(aaui)a(abui)δ(δcd)lubo-U 

が成り立っとする。このとき、 j，gおよび Fi，Ci(i = 1，2γ ・.，m)のみに依存して適当な正
の数 ε。をとれば、 0<ε:::;Eoなるすべての Eに対して (CP)は[0，∞) X R2においてC∞

級の解 U をもっ。

(i = 1，2γ ・'，m α，b，C = 0，1，2) 

参考文献

[1] M. Kovalyov， Longぺimebehaviour of solutions of a sys七emof nonlinear wave equa-
tions， Comm. Partial Differential Equations， 12， No.5， 471-501 (1987). 

[2] M. Kovalyov， Resonance勺rpebehaviour in a system of nonli即位 waveequa-
七ions，J. Differe凶 alEquations， 77， 73-83 (1989). 
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Local Asy臨 ptoticForms of Solutions 
to Elliptic and Parabolic Boundary 

Value Proble臨 S

by 

XU-YAN CHEN 

HiroshimαUniversityαηd Georgia Institute of Technology 

The analytic functions s抗lS五es，among other things， two distinguished 
properties: (Unique Coπti間 αtio吋阻 analyticfunction having a zero of 

infi.nite order vanishes identicallYi and (Polynomiα1 Locα1 Asymptotics) the 

asymptotics of a nonzero analytic function near a zero point is given by a 

nonzero homogeneous polynomial. 

The aim of this talk is to discuss the above properもiesfor solutions of 

elliptic and parabolic equations. 

The unique continuation is best undersもoodfor second order elliptic op崎

町 叫ors. In his seminal paper of 1939， TorsもenCarleman proved a strong 
unique continuation theorem for second order elliptic operators wiもhcontin-

uously di:fferentiable coe缶cients.This resu1t indicates that the behavior of 

a solution of an eIliptic equation near a zero point resembles that of anaω 

lytic functions， even in the case where fhe solution may not be smooth. The 
technical infl.uence of Carleman's paper has also been tremendous. Over the 

years， various generalized unique continuation theorems have been shown by 
di:fferent versions of the so-called "Carleman inequalities". The understanι 

ing has been increased signifi.cantly in recent years from the e:fforts of proving 
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the unique continuation theorem for elliptic operators with unbounded coef-

:ficients. 

The polynomiallocal asymptotic property has been studied for solutions 

of elliptic equations since 1950s. Lipman Bers has shown that near a zero 

point of五niteorder， a solution of an elliptic equation with Holder continuous 
coe伍cle凶sis asymptoもicto a homogeneous polynomial， which satis:fies the 
elliptic equation with leading coe:fficients evaluated at the zero point and 

with lower order terms dropped. . 

It is well known that a rich body of knowledge for ellipもicequations is 

very helpful in the analysis of parabolic equations as well， in the sense thaも
iも叫 leasもraisesnatural conjectures and can suggest useful technical tools. 

Actuallyもheb邸 icexistence and regularityもheoriesfor ellipもicand parabolic 

equations are almost parallel to each other. However， some careful consider-
ations are needed for :finding the parabolic analogue of unique continuation. 

Liouville cons七ructeda nontrivial classical solution of Ut口ムUon RN X R， 
which vanishes for all t ~ o. 80， even the classical heat equation does not 
obey purely local versions of the unique continuation theorem. 

One possibility of avoiding the above pathology is to limit ourselves to 

soluもionsof parabolic boundary value problems. To be more precise， consider 

Ut =ムU+乞ん(x，t)θ'jU十の，t)u x E D.，T1 < t <九，

with the Dirichlet boundary condiもlOn

U(x， t)ェ O Z εθD.，T1 < t < T2， 

where D. is a bounded domain in RN with smooth boundary and the co珊

e伍cientsbj(x， t) and c(x， t) are bounded measurable functions.We conjec畑
山rethat the strong unique continuation theorem holds for solutions of this 

boundary value problem. Unfortunately， the diffi.culty remains formidable. 
The previous example of Liouville's indicates that some naive guesses of 
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parabolic analogues of the Carleman inequalities do not hold. At the present 

time， it is unclear what should be the correct parabolic version of Carleman 
estimate good enough for the parabolic unique continu前iontheory. 

In the particular case where the coe伍cientsare time independent， the 
s位。時 umqueco凶 nuationproperty is (essentially) estめlishedby Fang-Hua 

Lin (weaker resu1ts were also obtained by Hidehiko Yamabe and Seizo Ito 

decades ago). The proof relies heavily on the observation that when coef-

ficients are time-independent， any solution of the parabolic boundary value 
problem can be expressed expliciもlyin terms of eigenfunctions a忍deigen-

values ofもheelliptic operatorム十L:bj(x)θj十c(X ). U sing such formula of 
Fourier series expansion， one can deduce the parabolic unique continuation 
theorem from出eelliptic counterpart. This reduction technique fails to work 

for equations with time-dependent coe匝cients.

Here， 1 suggest a new approach to general equations with time-dependent 
coef五cients，without any use of the Carleman inequality. The method will 
be mainly based on recasting the equation in terms of parabolic self similar 

variables and on deriving some appropriate energy estimates. 

For any Xo E百andto E (T1， T2)， let 

y = (x -xo)/Jto -t， to -t 口 e-S •

The domain n is transforロledinto n(s) := es/2(n -xo). (Notice that出
S →∞， n(s)→RN in the case Xo E n while it approaches a half space if 
Xo Eθn.) Then， the function v(y， s) :口u(x，t) satis五es

りS- .d.v十jyvu口付
for y E n(s) and s > 一log(to-T1)， with the boundary condition v = 0 
on θ口(s).The local asymptotics of u(x， t) as t ↑to can be determined by 
st吋yingthe long-term behavior of v(・，s)as s一→∞.Since the right hand 
side - the perturbation term -dec句TSexponentially as s →∞， one expects 
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that soluもionv should asymptotically behavevery much like a solution to the 

unperもurbedequation as s →∞. In terms of the original variables (x， t)， this 
makes a natural (and ∞rrect) link between the local asymptotics of u(x， t) 
and the classical heat equation. 

The above idea has recent1y been successfully applied to the Cauchy prob“ 

lem. The analysis of our boundary value problem can be carried out similarly， 
although the boundary terms cause a little bit complication. A technical key 

step is to get a fine estimate of the following quotient: 

~~(s) IVv(y， S )12 exp( -lyl2 /4)dy 
Q(s) :ー
ん(s)υ(仏S)2exp( -lyl2 /4)dy 

as s→∞. As a matter of fact， we prove that Q(s)/Q(so) is bounded by 
a constant depending only on the ∞e誼cientsof也eequation. It is done by 

differentiati時 Q(s) in s， integrating by parts and then applying the Cauchy幽
Schwarz inequality and the Gronwall argument. Boundary integral terms 

ansmg mもheprocess can be dea1t with by using the star-shapedness or the 

convexity of the domain. (It would be interesting to know whether such 

geometric conditions are essential or merely technical for the unique contin-

uation.) The boundedness of Q( s) implies the relative ∞mpactness of the 

normalized solution v(.， s )/lIv(" sll in the topolgy of L2(RN， exp(-・lyI2/4)dy)
and thus allows us to take various nontrivial scaling limits. 

This leadsもothe following result: 

THEOREM 1 Let u(x， t) be αsolution of theαbove boundαry value problem 
αnd let (xo，to) ε否X(T1ヲ九).Assume that n is stα川 hαpedwith 問spectto 
Xo・

(i) S凶時 UniqueCo凶lnu品ion:If u(x， to)ロ O(lx-xolk)αs xモQ
αpproαches Xo for αII k > 0， then u(x， t)三oon n x (Tl， T2); 
(ii) Polynomial Local Asymptotics: Ifu :f=. 0 0ηnx(T1，九)肌du(xo，to)

0， then there is αpositive integer k such thαt 

u(り)= W(x -xo，t -to) + 0 ((Ix -xolk十|トtolk/2)， 
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αs (x， t)→ (Xo，to)加古 X(T1，九).Here W(z， r) =1= 0 isαpolynomiα1 satis-
fying the clαsszcα1 heat equation W，-口ムWαηdis homogeneous切threspect 

to the pαrabolic scαling: W(入z，A2γ)=入kW(z，r).

Combining the above local asymptotics resu1t with some geometric mea-

sure theoretic arguments， one can also get a bound on Hausdorff dimensions 

of zero sets of solutions. 

THEOREM 2 Assume that n is convex. lfαsolution u(x， t) is not identi-
cαlly zero on n x (T1， T2)J then the nodα1 set Z(t) = {♂ E nlu(x， t) = o} hαs 
HausdorJJ dimension not higher than dimn -1 for every t. 

As mentioned above， a standard technique in七heunique continuation 
theory is the Carleman inequality， which usually requires difficult analysis; 

In marked contrast， our approach is very simple and totally elementary.五
is remarkable that we can even get quantitative estimates of the frequency 

quotie凶 Q(s)without using any heavy technologies. This turns out to be 

useful in the analysis of other problems including some nonlinear parabolic 

equations. 
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Blow-up of solutions to a system of partial differential 
equations modelling chemotaxis 

Toshitaka NAGA1 ( Kyushu 1ns七ituteof Technology ) 

1. Introduction 

1n 1970 Keller and Segel [4] proposed a ma七hematicalmodel describi時 chemotactic

aggregation of cellular slime molds which move preferen七ia11ytowards relatively high con-

centra七ionsof a chemical secreted by the amoebae themselves. With the cell density of 

the cellular slime molds b(り)and七heconcentration of the chemical substance s(x， t) at 
place x and time t， one of more simplified Keller-Segel models is described館山efollowing 
sys七em:

(KS) 

θb 
ーヱマ・(¥7b-χb¥7ゆ(s))in QTニ nx (0， T)， 
θt 

ε全ニムsーウ's十 αb in QT， 
δt 。bθs
ーコ-;:;-= 0 on fTニ anx (0， T)， δηθη 

b(.，O)ニ bo，s(・，0)= So on n. 

Here， n is a bounded domain in RN with smooth boundぽyθn，χ?ε?γandαare positive 
m 立lbers ，ゆ issmooth andザ(s)> 0 on (0，∞) ， bo and So are smooth and norトnegative
on n. 
The functionゆiscalled a sensiti vi七yfunction， whose in七erestingforms are of 

ゆ(s) s， sP (p> 0)， log s， 一三一 (k> 0 : constant) 
S十 k、 ノ

Co吋ecture(Nanjundiah [8]， Childress 泌 dPercus [1] ). Assumeゆ(s)= s. 

(i) Nニ1.Blow-up of solutions (b， s)七o(KS) never occurs. 

(ii) N 二 2.There exis七sa critical number c such that ifんbo(;r)clx< c then blow-up 
never occurs， and ぜんbO(l:)clx > c t出he郎nb叫}べ(-，t) can form a oι酌拍m舗幽品i
五I凶1廿it胞etime. Such a. blow-up phenomenα1 is referred to as chemotac七iccollapse. ¥iVhen 

n is a ball and (b， s) is radial in x， the critical number is given by cコ 8π/(αχ)

(iii) N三3.b(・，t)can form a ふfunctionsingularity in長凶te七imeeven if Jn bO(2:)clx is 
small. 
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2. Limiting system asε →o in the case whereχandαare of order 1 and 
γ= O(ε) 

Letゆ(s)= s. Followi時 Jιgera凶 LλJUC

where百?トト=ごごご古ん切(いω♂吟)μdx叫， I問nl二 thevolu双m双m工
tωo the system 

(JL) 

T
 
ハvvn
 

m
a
H
3
 マ

'
h
U
 
V
ん

v
h
u
 v
 
v
 

一一
ぬ
一
白

。=ムs+α(b-bo) 
θbθ5 
θn おご O

b(・，0)= bo 

in QT， 

on fT， 

on n. 

For a given non-negative smoo七hfunction bo("=I=-0) on n， there exists a u凶quesolution 
(b， s)七o(JL) defined on a maximal interval of existence [0， T;nax) such that (b， s) is smooth 

on n X [0， Tmax) and b(x， t) > 0 on n X (0， Tmax). If Tmax <∞， then 

lims叩 IIb(・，t)IIL==∞?
t→Tma:x; 

by which we mean that七hesolution blows up in五nitetime. Under the following conditions 

(Al) n = {x E RN : Ixl < L}， 

(A2) bo 0 on n， and bo is radially symmetric when N三2，

the solution (b， s) is radial in x when N三2.

2.1. Global existence and blow欄upof solutions 

Theorem 1 ([3]). Assume N = 2. 

(i) There existsα'川 mberc > 0 such that if Jo. bo(x)dx < c. then T;nax =∞. 
(ii) Letn={x: Ixl<L}αnd bo be radial in. x. Then. there existsαnumber c* > 0 

such that (JL) hαsα blo砂 upsolution (b， s)ザんbo(x)dx> cへ

Define the moment of order k for b(.， t) by 

ぬ (t)=んb(り )Ixlkdx 

Theorem 2 ([5]). Assume (Al)αnd (A2). 

(i) Let Nコ1.The:n the solution (b， s) is globally bounded， that is， T;n山口∞ αnd

sup{ IIb(.， t)/IL∞十 Ils(.，t) IIL∞}<∞-
t>o 
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(かiiリ) Let N 二 2. 1σ;了fんb勾'0(いx)μdx< 8 作吋/パ(いαα，χχ心)， t仇h悶W附e'，ηnt.的h陪I，esol叶仙仰l'lω'1匂'U，出on (伊b，sめ)iおsgloωb αall旬:yタbωO 旬包仰，nd打η
lσf};んnbo(いえ:r)μdx>8π7r/(いαχが)αnd JV!2バ(0的)σ S拘t包l.ffi芦C2白陀加er凶ntl叫t剖l:ysrnall， then (b， s) bloω ψ in .finite t;irne. 
(iii) Let N三3.If Ji1N(0) is s'l1fficientl:y srnall， then (b， s) blows叩 infinite t;irne. 

2.2. Blow幽uppoints and formation of ふfunctionsingularity 

Theorem 3 ([5)). Let N三2αndωs'/1，rne(A1)， (A2). Then fo'Tαη:y Lo巴(0，L) theTe 
existsαpositi叩 constantC(Lo) sαtisJ:ljing C(Lo)ノ∞ αsLo¥、os'uch that 

b(x， t)十回(x，t)1三C(Lo) (Lo三1:1;1:::;L， 0三t< ~田X)，

which rneαηs thαt bloωJ仏:pcαn occ包γoηl:yαtthe oTigin x = O. 

Let To E (0，∞) be such tha七Ji!h(t)> 0 (0 :::; t <九)and l¥1h.，(丸一0) 0 for some 

k > O. If ~nax =九， then 

AY(zJ)ニれ(x)州
in the sense of distribution， where 6(x) is the Dirac 6-funci訓 1at七heo1'igi乱 Howeve1'it 
s七ill1'emains a.n open question whethe1' ~nax 二九.

Herre1'o and Vela.zquez [2] ha:ve shown the existence of a 1'a.dia.l soluiね 1(b， s) 01' (.1L) 
such that b develops aιfunction in finite七ime.

Theorem 4 ([2]). Let N ェ 2and nニヤ:Ixl < L}. Then， fo1' any fixed T > 0七he1'e
exists a radial sol凶 on(b， s) of (.1L) such that (b， s) b10ws up at :1.:ニ 0，t = T and 

め?トご5仲間1.:1) a山 T

in the sense 01' distribution， where 

ル):;叫(-2~日)(引logrl)持訂-i(l十 0(1)) as T -+ 0， 

and C is a positive constant. 

They have a.lso shown in detail how chemotactic colla.pse deve1ops. Let us conside1' the 

1'adia1 functions 

(Z)= 
8 
2 υ(x)二一二log(l十 11;n+ K 
つ内

αχ(1十 1:1:1
2)2'αχ  

1'01' a吋rconsta.nt K， which are solutions 01'七hestationary p1'ob1em 

マ • (¥lu -χu¥lv) = 0，ムυ十αuニ oinrl={:1;:11;I<L}. 
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Theorem 5 ([2]). Let: (b， s) be the sol'u，!;ion in Theo陀 m4. Then 

川町t)= {前哨)}川
t包M叩叫L'，肌叫"叫n叫Z刊ifoTrnlνon {x:中い，;1巳三 C♂てI刀}αωS “t ↑げT守 ω仰h仇1Æ~何r川eι1{似i怜凶z叫印|
O仰η{ヤx:1凶xl三R(いωt功)}α，ηndR(ωtの)コ O(VT士Z可)(t i T町). 

3. Limiting system asε→o in the case whereχ?γandαare of order 1 

Let us put γ:α= 1 for simplicity and considerぬefollowing limiting system. 

T
 

ハ
wn
 

no 
A
V
 
マ
ynu 
V
A
 

L
U
 ママ一一

ぬ
一
白

(LS) 
0=ムS-8十b

θbδs 
δηθηv  

b(・，0)= bo 

in QT， 

on f7¥ 

on D. 

Theorem 6 ([6]). Ass'U，me N 1αndゆissmoothαndグ(8)> 0 on (0，∞). Then 
the sol'u.tion (b，8) of(L8) is globally bo包nded.

Theorem 7 ([5，民 9]).ASS'W77.eゆ(8) 8P (p> 0)αηd (A1)， (A2). 

(i) Let N = 2. 1n the cαse of 0 < p < 1， the solution (b，8) is globally boω ded. 1n 
the cαse of p = 1，ザんbo(x)dx< 8π/χ then the sol'U，tion (b， 8) is globαlly bounded，αndザ
Jn bo(a.:)dx > 8π/χαnd Ji;I2(0) is s'u.fficiently sm.all then (b，8) blo'Ws叩 infinite time. 1n 
the cαse of p > 1， if Ji;I2 (0) is s'u.fficiently smαII then (b， s) blo'Ws叩 infinite time. 
(ii) Let N三3.1f lVI(N -2)同 (0)i8 8ufJiciently 8mall then (b，8) bloω'3 'U:p in finite time. 

Theo四 m 8 ([6ヲ9]).A3S'u.meゆ(8)コ 10g8αnd (A1)， (A2). 
(i) Let N 二 2.Then the sol叫ion(b， 3) is glo ball y bounded: 
(社) Let N三3.1n the cαse 01χ< 2j(N -"2)， the sol~凶on (ム3)is globαll:lj bounded. 

1n the case ofχ> 2Nj(N -2)， ifJvI2(0) i3 s'U:fJiciently small then (b，8) blo'ws叩 infinite 
time. 

4. Global existe恥 eof solutions to (KS) in two space dimension 

Let D C R2 andゆ(8) 8. 

Theorem 9 ([10]). Ass'U，me bo， 80 E H1+ε。(口)fo.，. some 0 <εo ::; 1αnd boど0，30三O
on D. 
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(i) (KS) hasα肌 2quenon-n句αti'uesol叫ion(b， s) sαlisfying 

b，s巴C([O，1;nax) : H1十九(f2))n C1((0， 1;nax) : L2(f2))円C((0， 1;nax) : H2(口))

for・αn:y0 <向 <mi吋ε0，1/2}.lYJoTeo'ueT (b， s) hαs fu:rtheT TegulαTit:y pmpe出回:

b E C1((0， 1;nax) : H1(口))， Sect((0?T;凶 x): H3(f2)) n C~ ((0， 1;nax) : H1(f2)). 

(ii) If 1;nax <∞， then 

J担問(1Ib(.，t) IIH1均十 Ils(.，t)IIHl+eO) ∞2 
lims叩 Ilb(.，t) IILPニ∞ foγαn:y1 < p :S∞3 
t→Tm.a.:z: 

limsup Ils(" t) IIHl村口∞ fOTαn:y0 <ε 三ε0・
t→ヨ1mm

(iii) TheTe exists c > 0 s'uch thatザんbo(x)dx< c then the sol'ution (b， s) of (KS) 
exists globαll:y in tirne. 

Theorem 10 ([7]). Ass'urne the sαrne conditionsω 2n引WOTern9 on bo， so. 
(i) If fn bo(x)dx <知 /(αχ)，then the sol叫ion(b， s) of (KS) is globall:y bo仰 ded.
(ii) Let f2ニ {x: Ixl < L}αnd (bo， so) be γαdiαl in x. Then the sαrneαsseTtionαs (i) 
holds under' the conditionんbo(x)dx< 8π/(αχ) . 
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