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Global Solutions with a Single Transonic Shock Wave for 
Quasilinear Hyperbolic Systems 

FUMIOKI ASAKURA 

Abstract: We shall study global solutions containing a single transonic shock wave for 
general quasilinear hyperbolic system Ut + Fx G. The presence of G brings about 
secondary waves and the amount of such wave is finite along characteristics whose speeds 
are away from zero. We shall show that global in time solutions exist provided T. V.Uo 
and IIGIII: the Ll-norm in the space variable are sufficiently small and the total amount 
of secondary wave along the transonic characteristic is uniformly bounded. 

1. Introduction 
We study the Cauchy problem for a general quasilinear hyperbolic system of the form: 

a a 
-U + -F(U) at ax G(x, U), (x, t) E R x R+, (1) 

U(x,O) = Uo(x), x E R. (2) 

Here U is a vector function which takes on values in an open set n c Rn ; F is a smooth 
map from n to Rn and G from R x n to Rn. We assume that the system (1) is strictly 
hyperbolic, which says that the Jacobian matrix F'(U) has n real distinct eigenvalues: 

We also assume that each characteristic field is genuinely nonlinear: 

Rj . grad Aj =1= 0 for U E n, 1 5:. j 5:. n 

where Rj(U) denote the right eigenvector of F'(U) corresponding to Aj(U). Since solutions 
to these quasi-linear hyperbolic systems become singular in general after a finite time, we 
shall discuss weak solutions. 
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where the summation runs along the transonic shock wave. Thus global solutions exist 
provided a*, IIGlll/a; are sufficiently small and the quantity (9) is uniformly bounded. 

2. Construction of Approximate Solutions 
Let h, k be mesh lengths satisfying the C-F-L condition. Let 0 = {On} be an equidis­

tributed sequence in (0,1) and m, n be integers such that n :::: O. We set Am,n = 
(2(m + On)h, nk), which will be sampling points. 

Approximate solutions are constructed by the random choice scheme introduced in Liu 
[8]. Since the single strong p-shock wave is involved, we apply the front tracking method 
introduce by Chern [1] which is to trace the location of the single strong shock waves. 
Suppose that the approximate solution is constructed by front tracking for 0 :::;; t < nk. We 
denote by'x = XF(t) the front of the single strong p-shock wave and mF(n) = [xF(nk)/2h]; 
by abuse of notation mF = mF(n) and xj:: XF(t). 

First, we solve the steady state equation (5) in the interval 2(mF -l)h <x < XF and 
XF < x < 2( mF + 2)h with the initial value: 

respectively and denote these solutions by U- and U+ respectively. Next we solve the 
Riemann problem for the system of conservation laws: 

8 8 
8t U + 8xF(U) =0, (x,t)ERxR+, 

{ 

U-(xF(nk)), x < xF(nk) 
U(x,nk) = 

U+(xF(nk)), x > xF(nk). 

(11) 

(12) 

The solution U(x, t) contains a relatively strong p-shock wave which separates the p - 1-
constant region Up- 1 and the p-constant region Up. We solve again the steady state 
equation (5) in the interval 2(mF - l)h < x < XF and XF < x < 2(mF + 2)h with the 
initial value: 

U(xF(nk)) Up- b U(x;:(nk)) Up (13) 

respectively and denote these solutions by UmF- 1 and UmF+1 respectively which will be 
the approximation in the front region at t = nk. For nk :::;; t < (n + l)k, we continue the 
front to be 

XF(t): O'p(t - nk) + xF(nk) 

and define the approximate solution Uh by 

(2mF - l)h < x < XF(t) 
(14) 

XF(t) < x < (2mF + 3)h. 
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INTEGRABLE NONLINEAR EVOLUTION 
EQUATIONS IN MULTIDIMENSIONS 

F.Galogero 

Abstract: Some nonlinear partial differential equations of evolution type are presented, 

which are integrable (in fact, C-integrable, as explained below) in N + 1 dimensions (N 

space variables and 1 time variable, with arbitrary N, including N > 3). Particular 
attention is focussed on an equation which has a certain character of "universality". 

In the introducation, this notion of "universality" is reviewed in the (l+l)-dimensional 
context, including its relevance to provide a heuristic explanation of the remarkable fact, 

that certain nonlinear PDEs - such as the (l+l)-dimensional Nonlinear Schrodinger 
Equation - are both widely applicable and integrable. 

1. Introduction 
The purpose and scope of this paper is to provide a terse overview of some recent de­

velopments, one of whose main outcomes is the identification of a universal C-integrable 

nonlinear partial differential equation in N+l dimensions [4]. To illustrate this result 
- including the'notions. of "universality" and "C-integrability" - we review in the next 

Section - in a (l+l)-dimensional context - our heuristic explanation of the remarkable 
fact, that certain nonlinear evolution PDEs are both widely applicable and integrable 

[7,8,2]. In the subsequent Section 3, the universal C-integrable nonlinear partial differ­

ential equation obtained by a rather straightforward extension of the same approach to 

an (N + 1 )-dimensional context, is exhibited [4]. A final Section 4 displays some other 
C-integrable nonlinear evolution PDEs in N + 1 dimensions [5]. 

This paper is mainly intended as a guide to the relevant literature, which is referred 
to herein, and whose presentation is followed almost verbatim whenever appropriate. 

2. Universal equations: why certain nonlinear PDEs are widely applicable 

and integrable. 
The relevance of the notion of "universality" to identify "important" hence "inter­

esting" Nonlinear Partial Differential Equations (NLPDEs) is based on the following 
reasoning [7,2]. 

Consider a large class of NLPDEs, and assume that, by applying some convenient 
limiting process to all these NLPDEs, there obtains a specific NLPDE. It is then justified 
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to identify this NLPDE as "universar' , inasmuch as it is uniquely associated with a large 

class of NLPDEs. 

Assume then that the limiting process that generates in this manner the universal 

NLPDE is, in some sense, exact (perhaps asymptotically see below), and that therefore 

it preserves integrability, namely, it yields again an integrable equation whenever it is 

applied to an integrable equation. It is then justified to expect that the universal equation 

be integrable. Indeed, while the property to be integrable is certainly not a generic 

feature of NLPDEs (on the contrary, it is quite exceptional), it is instead likely that a 

large class of NLPDEs - precisely because it is large - contain at least one integrable 

specimen. But this is then enough, according to the reasoning detailed above, to imply 

that the universal NLPDE, obtained from all the NLPDEs ofthe large class by a limiting 

procedure that preserves integrability, be itself integrable. 

If the limiting process that generates the universal equation has moreover the prop­
erty of being "phenomenologically reasonable and relevant," namely to correspond to 

phenomenological circumstances that are likely to have applicative relevance, it is also 

justified to expect that the universal NLPDE be widely applicable; since the large class 

of NLPDEs from which it has been obtained is itself likely to contain - again, precisely 

because it is large - several equations having applicative relevance. 

This train of reasoning has been proffered as heuristic explanation of the remarkable 

fact that certain NLPDEs are both widely applicable and integrable [7,8,2]. In particular 

much attention has been focussed on the large class of autonomous NLPDEs whose 

linear part is dispersive and whose nonlinear part is (in some very weak sense) analytic 

[7,8,2]. In the extreme "weak field" limit, in which all nonlinear terms are neglected 

and only the linear part of the equation is retained, the equations of this class possess, 

as special solutions, those describing a single dispersive wave; and there are indeed 

several cases in which such a solution represents the main phenomenological feature of 

the phenomenon modeled by the equation under investigation. It is then generally of 

interest to investigate how the phenomenological description gets modified in the less 

drastic version of the "weak field" limit, in which the main nonlinear effects, however 

weak, are consistently taken into account. It is then known (already since long ago; 

see, for instance, the papers by T.Taniuti and his school [10]) that: (i) the main effect, 

relevant on a "slow" time scale and a "coarse-grained" space scale, is an amplitude 

modulation of the dispersive wave; (ii) this phenomenon is indeed ruled by certain 

universal NLPDEs, of which the so-called Nonlinear Schrodinger (NLS) equation, 

'If; = 'If;(x, t) (2.1) 

is the prototype (but there also are others); (iii) these universal NLPDEs are indeed 
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both widely applicable and integrable [7,8,2]. 

For the mathematical physicist or applied mathematician, an appealing outcome 

of this line of reasoning is the identification of NLPDEs which deserve focused atten­

tion. This is important, since a methodological difficulty that has bedeviled the study 

of NLPDEs has been the following dichotomy. On the one hand, any approach appli­

cable to "all" NLPDEs, or at least to vast classes of such equations, could not hope 

to go beyond the investigation of general properties, such as existence and uniqueness, 

forsaking any ambition to acquire a more detailed understanding of the behaviour of 

the solutions of such NLPDEs. On the other hand, for some special equations, there 

do exist mathematical techniques that allow a much deeper understanding of the be­

haviour of the solutions; but such equations tended to be classified as "flukes" ".unworthy 

of much attention (expecially if their solution could be mastered without recourse to 

sophisticated mathematical techniques). It is therefore obvious that the possibility to 

identify universal NLPDEs which are likely to be both widely applicable and integrable 

provides appealing candidates for focused attention. 

We have used so far the terms "integrable" and "integrability" in a rather loose 

manner. Indeed, a universally accepted definition of this notion is, in the context of 

NLPDEs, still lacking. But for our purposes it is sufficient to recall the notions of "S­
integrability" and "C-integrability:" loosely speaking, a NLPDE is S-integrable if it can 

be solved via the "Spectral transform technique" or the "inverse Scattering method;" 

it is "C-integrable" if it can be solved (Le., linearized) by an appropriate "Change of 

variables" (for a somewhat more precise definition along these lines, see the Addendum 

in [2]; and note that this more precise definition entails that C-integrable NLPDEs are 

also S-integrable, while of course the converse is not necessarily true). 

There exist techniques to manifacture classes of S-integrable and C-integrable equa­

tions; in the latter case, an obvious method is to start from a linear PDE, and obtain 

from it a nonlinear PDE via an invertible Change of variables that introduces some 

nonlinearity. In this manner, however, one is more likely to produce "flukes" than 

"goldfishes" (I.e., interesting specimens; in the terminology of V.E.Zakharov [11]). 

In the light of the above discussion there does however emerge a rather clear strat- • 

egy to arrive at universal equations which are likely to be important hence interesting 

( "goldfishes" ): by taking as starting point a (per haps artificially manufactured) inte­

grable equation, and by then applying to it a limiting process of the kind mentioned 

above. In this manner one obtains universal NLPDEs, which are likely to be both 

integrable and widely applicable (goldfishes!). 

Let us briefly review the findings arrived at by applying this approach in the con­

text mentioned above, which as we have seen yields NLPDEs describing the amplitude 
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modulation of a single dispersive wave, in a regime of weak nonlinearity. As mentioned 

above, the prototypical NLPDE yielded by this approach is the NLS equation (2.1); 

a NLPDE that is indeed widely applicable, and whose S-integrability, uncovered two 
decades ago [12], has been instrumental in promoting the remarkable surge of research 

on integrable NLPDEs and related topics, that has characterized the recent develop­

ment of theoretical and mathematical physics, as well as applied and pure mathematics, 

over the last twenty or so years. 

An apparent paradox has however been noted in this context [6]. The NLS equation 

(2.1) is S-integrable (provided the coefficient s is real; in which case this parameter can 

of course be eliminated, except for its sign, by appropriate rescaling of the dependent 

variable 'Ij;); but it is not C-integrable. Yet the class of NLPDEs from which the NLS 
equation is extracted via an asymptotically exact, hence integrability-preserving, limit­

ing process, also contains C-integrable specimens [1]. How come, then, that NLS is not 

itself C-integrable? 

The mechanism that bypasses this paradox operates as follows [6]. If one starts 

from a C-integrable equation and applies to it the limiting reduction technique that 

generates the NLS equation (2.1), one discovers that a "miracle" occurs: the coefficient 

s in (2.1) turns out to vanish, hence the equation obtained starting from a C-integrable 

NLPDE is the linear Schrodinger equation (which is, of course, trivially C-integrable, 

being itself linear). 

This observation removes the apparent paradox [1]. But in fact, as pointed out by 

W.Eckhaus, one can then go further. An appropriate interpretation of the vanishing 

of the parameter s in (2.1) is that, due to a "miraculous" cancellation, the amplitude 

modulation due to the nonlinear effects is prevented from showing up on the slow and 

coarse-grained time and space scales that characterize the emergence of the NLS equa­

tion (2.1). It is then appropriate to repeat the analysis on slower and coarser-grained 

time and space scales; and the equation that tipically then emerges, to characterize the 

amplitude modulation of a single dispersive wave on such a scale (when one starts from 

a C-integrable NLDPE) is the "Eckhaus equation" [7,6,2] 

'Ij; = 'Ij;(x, t) (2.2) 

This NLPDE is indeed C-integrable, as demonstrated by the (invertible) Change of 

dependent variable that linearizes it [7,6,2]: 

(2.3a) 
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(2.3b) 

icpt + CPxx = 0 (2.4) 

Note that, for simplicity, in writing the transformations (2.3) we have implicity assumed 

that 'ljJ(x, t) and cp(x, t) both vanish as x -)- -00 fast enough to make the integrals in 

the Lh.s of (2.3) converge. 

This derivation of the Eckhaus equation provides an illustration of the research 

strategy outlined above. This approach has been rather extensively explored in the 

context ofNLPDEs in 1+1 [7,8,2] and 2+1 dimensions [9,2]; and recently, by extending it 

to the (N+1)-dimensional context, a universal C-integrable NLPDE in N+l dimensions 

has been obtained: the U(N+l}-dimensional Eckhaus equation". [4] 

3. Universal C-integrable equation in N+l dimensions 

In this Section we continue to follow almost verbatim the Introduction to [4], and 

we thereby obtain the (N + 1 )-dimensional Eckhaus equation and justify our qualifying 

it as "universal." 

The starting point of our treatment is the following C-integrable NLPDE in N +- 1 

dimensions [3], 

Utt - t:..u + u + (2 + p)uPUt - 2v· \1u + [u2p - v 2 
- (\1 . v)]u = 0 (3.1a) 

Vt = pup
-

1\1u = \1uP (3.1b) 

Here the scalar field u, and the N-vector field v, are functions of the N-vector space 

coordinate r and of the time t: 

u = u(r, t) v = vCr, t) (3.1c) 

while the first-order N-vector differential operator \1, and the second-order scalar dif­

ferential operator t:.. \12 , are the standard gradient and Laplacian in N-dimensional 

space. 

This NLPDE is C-integrable for any choice of the parameter p, as demonstrated 

by the following linearizing transformation [3]: 

w(r, t) = u(r, t) exp[F(r, t)] , (3.2a) 
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Ft(r, t) = [u(r, t)]P , 

V F(r, t) = v(r, t) , 

Wtt(r, t) - Aw(r, t) + w(r, t) = 0 ; 

(3.2b) 

(3.2c) 

(3.2d) 

which is however applicable, see (3.2c), only to the subclass of solutions of (3.1) restricted 

by the condition that the vector v(r, t) be irrotational, 

'Vxv = 0 . (1.6e) 

Note however that, thanks to (3.1b), it is sufficient that this requirement (3.2e) hold at 

anyone time to, for it to hold for all time. 

Let us now restrict consideration to the case p = 2, and rewrite for convenience 

(3.1) in the form 

(3.3a) 

Vt = 2u'Vu , (3.3b) 

which corresponds to (3.1) via the rescaling u ---7 E!U, v ---7 EV. 

Hereafter E plays the role of "small parameter." For E = 0, (3.3a) becomes the 

(dispersive) Klein-Gordon equation, and it admits the (real) solution 

u(r, t) = A exp[i(kx - wt)] + C.c. (3.4) 

This represents a single dispersive wave; for notational simplicity (but without loss of 

generality) we have assumed that this wave travels along the x-axis; here and below 

we accordingly denote by x the "first" component of the N-dimensional space-vector r, 

and by the (N - I)-dimensional space-vector y the remaining components: 

r = (x,y) (3.5) 

The "wave vector" k of the dispersive wave (3.4) is an arbitrary real parameter; while 

the corresponding "frequency" w is related to it by the "dispersion relation" 

(3.6a) 

Let us recall that, to the dispersive wave (3.4), is associated the "group velocity" (in 
the x-direction) 
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Here of course the complex scalar field 'l/J, as well as the real auxiliary fields f and g 
(f being a scalar, g an (N I)-dimensional vector) are functions of the coarse-grained 

and slow variables f" 'I and 7: 

f - f(f" '2, 7) g = g(f,,?z, 7) . (3.IOa) 

Note that in (3.9) V" is the first-order (N - I)-vector differential operator (gradient) 
acting on the (N 1 )-vector 1'l, while .6. indicates the Laplace operator in N-dimensional 
space, so that 

(3.lOb) 

Let us emphasize that, in contrast to (3.1) and (3.3), in (3.9) the space variables 
enter asymmetrically; the preferred direction f, is of course identified by the direction of 

propagation of the dispersive wave, see (3.4) and (3.7). 
As for the condition (3.2e), it yields the restriction 

V'It x g(f"ll, 7) O. (3.11) 

Note that (3.9b) implies that it is sufficient that this condition (3.11) hold for one value 

f,o, for it to hold for all values of f,. 
The universal character of (3.9) originates from the manner it has been obtained 

here; in this respect the analogy, in the (1 + I)-dimensional context, with the Eckhaus 
equation (2.2) is telling. It is moreover clear that, if there is no dependence on the (N -
I)-vector variable 'I, one can set g = 0 (consistently with (3.9b)) and f = 0 (consistently 
with (3.9c)); then (3.9a) reduces to the (1 + I)-dimensional Eckhaus equation (2.2). 

The fact that the NLPDE (3.9) is obtained, via a procedure which is exact in the 

asymptotic limit E -7 0, from the C-integrable equation (3.3), entails that it must be 
itself C-integrable. This is indeed demonstated by the following invertible transforma­

tion, that is, in fact, essentially identical to the transformation (2.3) that linearizes the 
Eckhaus equation (2.2): 

(3.12a) 

l
e 2 1 

'l/J(f,,1I.,7) <P(f,,11,7)[1+2 -00 de'l <p(e',f1,7) I t2" (3.12b) 

(For simplicity, we have again assumed here that 'l/J(f" fl,7) and <p(f"fZ,7) both vanish 
as f, -7 -00, sufficiently fast to guarantee convergence of the integrals in the r.h.s. 
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of these formulas). It is indeed easily seen [4], using (3.9b) and (3.9c), that via this 
transformation, the NLPDE (3.9) gets transformed into the linear Schr6dinger equation 

icpr + Acp = 0 (3.14) 

These results provide our justification for considering (3.9) a universal equation, 
deserving to be singled out as worthy of focussed attention [4] and further study, and 

appropriately called (N + 1 }-dimensional Eckhaus equation. 

4. Other C-integrable equations in N + 1 dimensions 

In this final Section we display some other C-integrable NLPDEs in N+l dimensions 
which have been recently identified. The reader interested in more information on these 
equations than that reported here (which is in fact limited to the mere display of them) 

is referred to the original papers [3,5]. 
Notation: r is an N-dimensional vector, '\1 the corresponding N -vector gradient 

operator, and A = '\12 the standard N-dimensional Laplacian. Three C-integrable 

NLPDEs read as follows: 

Wt + Aw = -2v· '\1w - [h(w) + w 2 ('\1. v)]w, (4.1) 

i'IjJt + A'IjJ -2v . '\1'IjJ - [ih(I'ljJI) + v 2 + ('\1 . v)]'IjJ, (4.2) 

Utt - Au + u = 2v· '\1u - [2h(u) + uh'(u) - v 2 
- ('\1 . v)]u. (4.3) 

Here we assume w = w(r, t) and u(r, t) to be real, and 'IjJ _ 'IjJ(r, t) to be complex. Note 

that, for N = 3, the left-hand-sides of these equations correspond to linear PDEs of 

major physical relevance: the diffusion equation, the Sch6dinger equation and the Klein­

Gordon equation (in the 3-dimensional world we inhabit). The right-hand sides of these 
equations display the nonlinear parts; they contain the (arbitrarily given) function h 

(of the arguments shown in each case), and the N-vector v = v(r, t), which is an 
auxiliary dependent variable whose time evolution is characterized in all three cases by 
the evolution equation 

Vt = '\1h, (4.4) 

with h = h(w) or h _ h(I'ljJi) or h = h(u), as the case may be. Of course in the case of 
(4.1) and (4.3), but not in the case of (4.2), h and v are restricted to be real. 

Each of these equations, (4.1), (4.2) and (4.3) (of course each supplemented by 
( 4.4) ), is C-integrable, provided the N -vector field v (r, t) is irrotational: 

'\1 1\ v(r, t) = o. (4.5a) 
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where D;1W yy E Y' is defined by (D;1W yy ,g)yt = (Wy,D;lgy) for any 9 E Y. Here 
(".) denotes the scalar product in L2. Taking then the product of this last equation with 
<.P E Y, we obtain 

(2.5) 

By a suitable combination of (2.3), (2.4), (2.5) we get easily 

(2.6) 

which rules out the existence of solitary waves when a 2: 4. 
The case d = 3 is treated in a similar way. We sketch a formal proof which again 

can be made rigorous by a truncation argument. We multiply successively (2.1h by x<.P, 
yW Y' zW z and integrate to get 

(2.7) 

(2.8) 

(2.9) 

Integrating (2.1)1 once in x and taking the duality product of the resulting equation 
with <.P E Y as in dimension 2, one obtains 

(2.10) 

We substract (2.10) from two times (2.7) to get 

(2.11) 

Eliminating the 1<.pla+2 term between (2.8) and (2.11) and using (by (2.8)-(2.9» 
that 

we obtain 

(2.12) 
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Structure of Positive Radial Solutions to Scalar Field Equations 

CLAUS DOHMEN 

Abstract: We will prove classification results on positive radial solutions to nonhomoge­
neous scalar field equations in space dimension N 2::: 3. The results will be given in terms 
of the data only. 

1 Introduction 

1.1 During the last two decades many authors considered questions of existence and 
uniqueness of nonnegative solutions to semilinear elliptic equations in RN that converge 
to zero if Ixl -7 00, the so-called ground states. This paper wants to contribute to this 
field by presenting a systematic approach to the classification problem for radial solutions 
to the scalar field equation 

6.u - u + Q(lxl)uP = 0 (1.1 ) 

with N 2::: 3, p > 1 and nonnegative, continuous Q. This equation arises for instance in the 
study of standing wave solutions to Klein-Gordon- and nonlinear Schrodinger equations 
(see [1 D. 
The main results on this problem so far are as follows: The existence of positive solutions 
in ensured by the condition Q(r) :::; C(l + 1'1) for some 1 E [0, (N - l)(p - 1)/2) [3]. On 
the other hand there are no positive solutions if Q(r)r-(N-l)(P-l)/2 is non decreasing [8]. 
Uniqueness of ground states could be proved by Kwong [6] in case Q 1 and by Yanagida 
[9] for Q and rQ' / Q decreasing. 
As to the structure of the set of radial solutions, little is known. Using a method based 
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this in combination with the limit behaviour of rW'lw=:o implies that this function is neg­
ative if s > Al and that it has exactly one sign change (from minus to plus) in case 
s E (Ao,Al)' Tracing the way back to W, <1>, observing carefully the limit behaviour of 
these functions, we see that G and H have at most one extremum. Thus from the limit 
behaviour of G and H we conclude (ii) and (iv). (iii) can be proved similarily by addi-
tionally taking care of wI! in a point where Wand w' vanish. 0 

Besides the applicability to other nonhomogenities Q these arguments can be further 
developed to cover the critical cases left out in the lemmata 2.4 and 2.5 by calculating a 
more precise asymptotic expansion in 2.3. We intend to come back to this problem in a 
forthcoming paper. 
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1 Introduction 

Many physical situations can be studied asymptotically using the so-called multi-scale ex­
pansion method (see for example [1]). This method yields a basic evolution equation which 
is formally valid at the leading asymptotic order, as well as a sequence of evolution equations 
which are formally valid at higher asymptotic orders. It turns out that for many important 
physical systems the basic evolution equation is an integrable equation (see [2] for a discus-. 
sion of this remarkable fact). Each integrable evolution equation is a member of a hierarchy 
of infinitely many integrable equations. It is interesting that the evolution equation valid at 
the next asymptotic order, differs from the next member of the associated integrable hier­
archy, only in the value of the numerical coefficients of the nonlinear terms. For example, 
idealized unidirectional water waves of small amplitude and large wave length satisfy [3] the 
equation 

Ut + U xxx + 6uux + C;(CYIUxxxxx + CY2UUxxx + CY3UxUxx + CY4U2ux) + O(C;2) = 0, (1.1) 

where CYI, ... , CY4 are certain numbers. As c; ---+ 0, this equation becomes the Korteweg-deVries 
(KdV) equation, 

Vt + Vxxx + 6vvx = 0, (1.2) 

which is an integrable equation. Furthermore, the O(c;) terms of equation (1.1) differ from 
the equation 
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Ut + .M(u) + c:[P(u), JI;[(U)]L + O(c:2
) = O. (1.10) 

If P(U) = r(x, t), then the O(c:) term of equation (1.10) becomes Ml(U). If the O(c:) term of 
equation (1.10) differs from 1\11 only in numerical coefficients, it follows that the transforma­
tion P( u) mapping an integrable equation (equation (1.4)) to a physical equation (equation 
(1.10)) can be constructed from the maste/symmetry of the integrable equation} by replacing 
the numerical coefficients in the mastel'symmetry r(x, t) with arbitrary constants. 

Using the mastersymmetry of the KdV we have shown that equation (1.1) can be mapped 
to KdV itself (instead of equation (1.3)). Also we have shown that equation (1.1) can be 
mapped to other integrable equations. These equations are integrable generalizations of the 
KdVequation and of the Gardner equation (a linear combination of KdV and of the modified 
KdVequation). 

2 Equations Related to KdV and to Nonlinear 
Schrodinger 

Proposition 2.1 [5]. (i) Let v solve the KdV equation (1.2). Let u be defined by 

(2.1 ) 

where Al = 283/180, A2 = -37/60, A3 = 203/45, A4 = -19/30, and 8;;1 denotes integration 
with respect to x. Then u solves equation (1.1) with al ='19/10, a2 = 5/3, a3 = 23/6, 
a4 = -1/6, which are the numbers appearing in the modeling of unidirectional idealized 
water waves. 

(ii) Let v solve the integrable equation 

(2.2) 

Let u be defined by 

(2.3) 

where Al = -173/180, A2 = -113/60, A3 = 89/45, and let v = -19/10. Then u solves 
equation (1.1), where the values of al, ... ,a4 are given above. 

(iii) Let v solve the integrable equation obtained by adding the terms 

(2.4) 

to the lhs of equation (2.2). Let u be defined by 

(2.5) 

where Al = 101/36, A2 89/45, and let v = -19/10, p = 113/15. Then u solves equation 
(1.1) where the values of aI, ... , a4 are given above. 
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Remark 2.1 Equation (2.2) was first derived in [7] using the bi-Hamiltonian approach 
(equation (2.2) is equation (26e) and (30) of [7] and equation (5.3) of [8]). The Lax pair of 
equation (2.2) and an interesting class of its solutions, called peakons, were given in [9]. The 
linearization of equation (2.2) using the inverse spectral method is given in [10]. Equation 
(2.2) has a rich mathematical structure only if v = 0(c1 ); if v = 0(1) the spectral theory 
of equation (2.2) is very similar to that of the KdV equation [10]. 

The results of Proposition 2.1 can be generalized as follows. Let Vt+M(v) = 0 denote the 
KdV, or equation (2.2), or equation (2.4). Let v solve the equation Vt + M( v) + EMl (v) = 0, 
where M1 (v) denotes the first commuting flow of the KdV, or of equation (2.2), or of equation 
(2.4). Then it is possible to find a transformation of the form u = v + EP( v), such that u 
solves (1.1). In the case that M is given by equation (1.7) and M1 is given by (1.8), P(v) is 
of the form of equation (2.3), and this is precisely Kodama's result. In the other two cases 
P( v) involves ),1 v2 + ),2Vxx, and ),1 v2, respectively. . 

Proposition 2.1 and the above remark show that there exists a trade off between the 
complexity of the integrable equation and of the associated transformation. Indeed, KdV 
is the simplest equation, while equation (2.1) defines the most complicated transformation. 
The extreme opposite of the KdV equation is equation (2.4) together with its first commuting 
flow; in this case the associated transformation takes the simplest form u = v + dv2 • 

Proposition 2.2 Let vex, t) solve the nonlinear Schrodinger equation 

iVt + Vxx + plvl2v = 0, 

where v is a complex valued function and p is a constant. Let u be defined by 

u = v + E [),1VX + ),2VO-1IvI2 + ),3 X (vxx + plvI2v)] . (2.6) 

Then u solves the physically important equation [11], [12] 

3 Equations Related to Burgers and to Benjamin­
Qno Equations 

Proposition 3.1 [11]. Let vex, t) satisfy the Burgers equation 

(3.1) 

Let u(x, t) be defined by 

(
1 2 a2 - 3al -1 al ) 

u = v + E 2(a3 - 2adv + 2 vxox v + TX(vxx + 2vvx) , (3.2) 

where al, a2, a3 are constants. Then u solves 

(3.3) 
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respectively. Show that u and u are well defined, and furthermore obtain the large time 
behavior of lul oo and luloo Using these results show that 

(4.7) 

where C is time-independent constant. 
The implementation of the above methodology to equations related to Burgers and to 

KdV is given in [15] and [16] respectively. 
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A REMARK ON THE EXISTENCE OF THE 
NAVIER-STOKES FLOW WITH NON-VANISHING 

OUTFLOW CONDITION 

H. FUJITA AND H. MORIMOTO 

Abstract. The boundary value problem of the Navier-Stokes equations has been studied 
so far mainly under the vanishing outflow condition. We study this problem under non­
vanishing outflow condition for a bounded domain D in R2 or R3 with multiply-connected 
smooth boundary. We consider the boundary value of the form b = jL!3o + !31' where /1, is a 
constant, !3o is the boundary value of gradient of a harmonic function and faD {3i . n da = 
o ('i = 0,1). We suppose also that the external force is a potential force. Then we can 
show the existence of solutions even for large IL with a discrete countable set of exceptional 
values, if !31 is sufficiently small. 

1. Introduction 
Let D be a bounded domain in Rn, n=2 or 3, with smooth boundary DD = Uf=lfi (k 2: 

2), where f/s are connected components of the boundary and D is inside of f k. Thus one 
might think that fk is the outer wall of the vessel and f i(l :::; 'i :::; k - 1) are the inside 
walls. 

We consider the following stationary N avier-Stokes equations 

(NS) { -lJi::J.U + ("!'. \7)u + \7P 
dlVU 

with the boundary condition 

(Be) U = b on EJD. 

f m D, 
o in D, 

The existence of solutions to (NS) (Be) is lmown in general context under the vanishing 
outflow condition 
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and u = bon DD in the trace sense. If the weak solution u is in H2(D), then it is called 
a strong solution. 

Theorem 1. Suppose that f E VI is a potential force, that f30 is the boundary value of 
gradient of a harmonic function I.jJ E H2(D), and that f31 is in H1/2(DD) with 

{ f31' ndrJ = O. 
laD 

Then, there exists a discrete countable set fill c R such that for each IL E R \ !vI, there 
exists a weak solution to (NS)J.L if I 1f31 I IHl/2(aD) < C* for some positive constant C* = 

C* (1/, IL, D, f3o). 

Remark 1. For 2-D annular domain, a relevant result has been shown by Morimoto-Ukai 
[9] under a particular circumstance but for "large" f31 . 

Remark 2. If I/LI, f30 and f31- are small, then the existence of the solution can be shown 
by means of a standard argument with Leray-Schauder's principle (e.g. Ladyzhenskaya 
[5], Temam [10] ). 

Theorem 2. Suppose that f E L2(D) is a potential force, that f30 is the boundary value 
of gradient of a harmonic function I.jJ E H3(D), and that f31 is in H 3/2(dD) with 

{ f31' ndrJ = O. 
laD 

Then, there exists a discrete countable set MeR such that for each IL E R \ fill, there 
exists a strong solution to (N S) J.L if 11f311IH3/2(aD) < C* for some positive constant C* = 

C*(11, IL, D, f3o)' 

3. Lemmas 
By the Sobolev imbedding theorem and the Poincare's inequality, we have 

Lemma 1. There exist a positive constant (:1 which depends only on D, such that the 
inequality: 

holds. 

The next lemma is an easy consequence of integration by parts and Horder's inequality. 

Lemma 2. i) ((u· \7)v, w) = -((u· \7)w, v), 'iu, v E H;, W E V. 
'i'i) I((u, \7)v,w)l:::; IlullL41lvllL41lwllv, 'iu,v E H;, wE V. 
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where X = X(s, t) denotes the filament curve as a function of the arclength s and the 
time t, and V (w, t) denotes the externally imposed flow field. The subscript indicates the 
partial differentiation. For simplicity, A is assumed to be a constant. 

It is worth noting that, in the absence of the external flow, (1) is a completely integrable 
equation, being reducible to a cubic nonlinear Schrodinger equation [3]. 

2. Stationary shapes of a vortex filament in a background flow. 
Consider the shape of a filament which is in equilibrium with a steady flow V (w). This 

setting stipulates that each point on the filament be movable only along itself, namely, 
X t 1'I1Xs with I'll being some function. Equation (la) then reads 

(2) 

Taking the vector product with t = X s, (2) is transformed into 

AXss = Xs x V(X) (:3 ) 

If we think of s as the time t, V (X) as the magnetic field, and A as m / q, then (:3) is 
identifiable as the equation governing the motion of a charged particle, with mass m and 
charge q, in a magnetic field V (X). It follows that the static shape of a vortex filament in 
a steady external flow is equivalent to the trajectory of a charged particle moving subject 
to the Lorentz force. 

By appealing to the Lagrangian formalism of classical mechanics, the fully nonlinear 
form becomes easily accessible. The Lagrangian £ is 

A 2 
£=2Xs+Xs·A (4) 

where A is the vector potential associated with the external field such that V = \7 x A. 
Equation (3) is rewritten in the Hamiltonian form with three degrees of freedom. 

According to Liouville-Arnol'd's theorem, two symmetries in space, other than the kinetic 
energy, are required for our system to be integrable by quadratures. Generically, if a vortex 
line is continued far enough, it exhibits chaotic behavior even in the static balance. This 
fact may be indicative of a complicated entanglement of vortex filaments in unsteady 
flows and still more so in turbulent flows. 

3. A vortex filament without change of form. 
A proper example that illustrates the benefit from the use of this analogy is a vortex 

filament traveling, without change of form, through a still fluid [4, 5]. Kida reasoned that 
such a motion is composed of three ingredients, namely, a translation with velocity V in 
a certain direction, say z-direction, a rotation about the same axis with angular velocity 
0, and a slipping motion along itself with speed Co. The resulting equation is 

AX s x X ss = -coX s + Oez x X + Vez (5) 
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where m is the mass of the body, -gez is the gravity acceleration with ez being the unit 
vector in the z-direction taken vertically upwards, and 1 is the length of line segment 
connecting the stationary point to the center of mass. Identifying as mgl = it and 
integrating (13) in t with an appropriate choice of the integration constant, we regain 
Kida's equation (5) for the variable X(t) = It tdt. 

We note that (13) is compatible with the conservation of the total energy. The total 
energy E is the sum of the kinetic and potential energies, and is written as 

1 
E = -m . W + mglez . t 

2 

On using (10), the time-derivative of E becomes 

E m . w + mglez . t 
(m+mglt X ez)·w 

Thus (13) ensures the conservation of energy (E = 0). 

(14) 

(15) 

It deserves mention that (10) and (13), supplemented by (12), constitute the subset of 
the Euler-Poisson equations (the Lie-Poisson form) written in the inertial frame [7]. The 
remaining equation describes the temporal evolution of the inertia tensor. 

The spinning top whose axis is permanently upright is called a sleeping top. It is 
likened to a straight-line vortex. The sleeping top loses its stability if the rotation speed 
becomes slower than a critical value: w5 < 4AmgljC2 • In the context of a vortex filament, 
the awakened top is nothing but the Hasimoto soliton [3]. 

Our analogy encompasses the motion of a spherical pendulum. By taking the vector 
product of (13) with t, we obtain, with the aid of the subsidiary equation t . t = 1, 

At = -mgl[ez - (t . ez)t] - A(t . t)t - CW3t x t (16) 

We observe that (16) describes the motion of a particle with mass A and charge q con­
strained to the surface of a unit sphere and subjected to a magnetic as well as the gravity 
fields. Here t stands for the particle position and the gravity acceleration is replaced by 
mgl / A. The magnetic field B is that generated by a monopole sitting at t = 0: 

(qjA)B = -(Cw3jA)tjltI3 (17) 

The first and second terms on the RHS of (16) signify that the particle is exerted by the 
gravity force, the normal component of which is being projected out. The third one is 
the centrifugal force. The last one is the Lorentz force due to the monopole field (17). 
Interestingly, the same analogy was discovered by Berry and Robbins [1]. 

The configuration space for Lagrange's top is all possible rotations, that is, the ro­
tational group 50(3) whose parameterization necessitates three variables. The standard 
way is the use of the Euler angles ((), cp, 'Ij;). On the other hand, for the motion of a spher­
ical pendulum, it suffices to specify the tip of the vector t, that is, to specify e and cp. 
It follows that reduction of freedom is achieved from 50(3) to the unit sphere /:)2. The 
origin of the reduction is attributed to the rotational symmetry about the top axis t. The 
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WEIGHTED ESTIMATE FOR THE WAVE EQUATION 

VLADIMIR GEORGIE V 

Abstract 

Following the approach of Strichartz, we use a complex interpolation method to derive 
LP - Lq estimate for the inhomogeneous linear wave equation. Suitable adaptation of the 
method of F.John enables us to obtain a refined LP - Loo estimate involving the weights 
T± = 1 + It ± Ixll. Together with the method of F.John we use also the Fourier repre­
sentation of the kernel of the resolution operator for the linear wave equation and obtain 
L2 - L2-weighted estimate. A complex interpolation gives LP - Lq-weighted estimate. 
An application of this estimate to the semi linear wave equation is also considered. 

1.Introd uction 
A lot of works were devoted to the semilinear wave equation 

Du = F(u), (1) 

where FCu) = O(lul'\) near lui = 0 and A > 1. Here and below 0 denotes the d'Alembertian 
on Rn+l. 

'When the initial data for the corresponding Cauchy problem are large, the solutions 
blows-up in finite time (see [18] for example). For this the focus of the works dealing with 
this general semilinear wave equation was concentrated on solutions with small initial 
data. 

The existence of solutions with small initial data, for the case of space dimensions 
n = 3 was studied by F.John in the pioneer work [7], where he established that for 
1 < A < 1 + Vi the solution of (1) blows-up in finite time, while for A > 1 + V2 the 
solution exists globally in time. Therefore, the value Ao = 1 + V2 is critical for the 
semilinear wave equation (1). 
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To obtain the existence theorem in his work [7] F.John proved the following weighted 
Loo- estimate for the wave equation Gu = F in R 3+1 with zero initial data 

(2) 

where T± = 1 + It ± Ixll are the weights associated with the characteristic surfaces of the 
wave equation and the parameters a, (3",8 satisfy the conditions 

a=l, (3=,-2<1,8>1. (3) 

For general space dimensions it was vV.Strauss who proposed in [21] the conjecture 
that the critical value for the nonlinearity is the positive root >'o( n) of the equation 

(n _1)>.2 - (n+ I)>. -2 = O. (4) 

Here below we shall make a brief review of the results concerning this conjecture. 
For n = 2 a proof of the conjecture was given by R.Glassey ([5], [6]). A blow-up result 

for arbitrary space dimensions when 1 < >. < >'o(n) was established by T.Sideris [17]. 
The critical values>. = >'o(n) were studied by J.Schaeffer in [16] for n 2,3. A 

simplified proof was found by H.Takamura [28]. 
Another interesting effect is the influence of the decay rate of the initial data on the 

existence of global solutions. In this case the solution might blow-up in finite time when 
the initial data decay very slowly at infinity even in the supercritical case when>. > >'o(n). 
For the case n = 3 this effect was established by F.Asakura [3] for the supercritical case. 
The critical cases for n = 2,3 were studied by K.Kubota [14] , K.Tsutaya [29], [30], [31], 
R.Agemi and H.Takamura [2]. For the case n 2 4 and supercritical nonlinearity the 
blow-up result for slowly decaying initial data is due to H.Takamura [27]. 

On the other hand, the existence part of the conjecture of vV.Strauss for n > 3 is much 
less elucidated. Recently, Y. Zhou [32] has found a complete answer for n = 4 by using 
suitable weighted Sobolev estimates and the method developed by S.Klainerman [8], [9], 
[10] for proving the existence of small amplitude solutions. 

The existence of a global solution for the case>. = (n + 3) / (n - 1) was established by 
W.Strauss [23] by the aid of the conformal methods and the classical Strichartz inequality. 

Another partial answer was given by R.Agemi, K.Kubota, H. Takamura in [1] for 
a special class of integral nonlinearities in (1). The approach in this work follows the 
i:1pproach of F.John based on his estimate (2). 

A complete -proof of the conjecture of W.Strauss for spherically symmetric initial data 
was found by H.Kubo [13] (see also [lll, [12]). 

By using different estimates H.Lindblad and C.Sogge [15] obtained a similar result 
as well as the existence of solutions in the supercritical case, non spherically symmetric 
initial data and space dimensions n :::; 8. 

Let us make a brief conclusions of the above review of results concerning the missing 
existence part in the conjecture of vV.Strauss. 

l.The methods based on the John estimate (2) enable one to control the LOO_ norm 
of the solutions. They work very well when the Riemann function is nonnegative (i.e. for 
n :::; 3). A similar idea enables one to consider the case of spherically symmetric initial 
data. 

-72-


















































































































































































































































































































































































