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GLOBAL REGULARITY AND BREAKDOWN 
OF NONLINEAR HYPERBOLIC WAVES 

Li Ta-tsien 

Abstract: The global existence and the life-span of C 1 solutions to the Cauchy problem 
for general first order quasilinear hyperbolic systems with small decay initial data are con­
sidered and some applications with physical interest are given. 

1. Introduction 

Consider the following Cauchy problem for general first order quasilinear hyperbolic 

systems 
au au 
at + A( u) ax = 0, (1.1) 

t=O: u=cp(x), (1.2) 

where u = (U1,' .. , un)T is the unknown vector function of (t, x), A (u) = (aij (u)) is 

an n X n matrix with suitably smooth entries aij (u) (i, j = 1, ... , n), and cp (x) is a C1 

vector function with bounded C1 norm. 

By hyperbolicity, for any given u on the domain under consideration, A (u) has n 

real eigenvalues Al (u), ... , An (u) and a complete set of left (resp. right) eigenvectors 

li(u) = (li1 (u), .. · ,lin(u)) (resp. ri(u) (ri1(u), .. · ,rin(U))T) (i=l, .. · ,n): 

Our aim is to study the following two kinds of problems which are of great importance 

in the propagation of nonlinear waves: 
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GLOBAL REGULARITY AND BREAKDOWN OF NONLINEAR HYPERBOLIC WAVES 

Suppose that in a neighbourhood of u = 0, each eigenvalue of A (u) has a constant 

multiplicity. Without loss of generality, we suppose that 

(2.1) 

When p = 1, system (1.1) is strictly hyperbolic; while, when p > 1, (1.1) is a non-strictly 

hyperbolic system. In the case p > 1, for the sake of simplicity we only consider system 

(1.1) with A = Vi, i.e., suppose that (1.1) is a system of conservation laws: 

au ai(u) _ 0 
at + ax - , (2.2) 

where i (u) = (ft (u),' .. ,in (u »T. Thus, by G.Boillat [1] and H.Freistiihler [3], the 

characteristic A(U) with constant multiplicity pC> 1) must be linearly degenerate: 

VA(u)ri(u)=O (i=1,2,···,p). D (2.3) 

As defined in Li Ta-tsien, Zhou Yi & Kong De-xing [9], each simple eigenvalue Ai (u) 

of A (u) is called to be weakly linearly degenerate, if along the i-th characteristic tra­

jectory u = u(i) (s) passing through u = 0, defined by 

{ 

du 
ds = ri (u), 

s = 0: u = 0, 
(2.4) 

we have 

VAi (u)ri (u) = 0, V lui small, (2.5) 

namely, 

(2.6) 

Obviously, if Ai is linearly degenerate, then Ai is weakly linearly degenerate. On the 

other hand, if Ai (u) is not weakly linearly degenerate, then either there exists an integer 

ai 2 0 such that 

dlAi (u(i) (s») = 0 
ds1 18=0 but (2.7) 

or 
d1Ai(U(i)(S») --0 ---'---:----=-1 (l = 1,2, ... ), denoted by ai = +00. D (2.8) ds1 8=0 
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LI TA-TSIEN 

For some other classical hyperelastic materials such as the neo-Hookean material 

W(P) = a II P 112 +r(detP) (a> 0), (3.21 ) 

the material of Burgess and Levinson 

W(P) =! II P 112 +.!..(detp)-a (<1 > 0), 
2 <1 

(3.22) 

the material of Hadamard-Green 

(3.23) 

etc. (see [2]), the conclusion of Theorem 3.3 still holds. 0 
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ON THE INCOMPRESSIBLE LIMIT 
OF 

THE SLIGHTLY COMPRESSIBLE VISCOUS FLUID FLOWS 

Chi-Kun Lin 

Abstract: In this article we study the weak solutions of the compressible viscous fluid 
dynamics equations and its incompressible limito Using the concept of entropy we prove 
the singular limit system for the viscous compressible fluid dynamics equations is a system 
resembling the incompressible nonhomogeneous viscous fluid equationso 

§1 Preliminaries 

The nondimensional unsteady anisentropic viscous flow of a polytropic gas neglecting 
the effect of conduction and radiation is represented by the following equations 

where 

€ 8t pf. + \7 0 P£ = 0 

€ 8t Jt£ + \7 0 (P,£ : pf. ) + \7 P(Pf.' Sf.) = € \7 0 (v:LJ 
€8tSf. + ttf. 0 \7Sf. = 0, 

Pf. 

The equation of state is given by 

P(p, S) = [p<I>' (p) - <I> (p)] eA(S) 0 

(L1) 

(L2) 

(L3) 

(104) 

(L5) 

which will be reduced to the barotropic gas when the exponent A is a constant, Leo, 
A'(S) = 00 The parameter € is definitely related to the Mach numbero Here, PE, /-t£) Sf., Pf. 
represent the nondimensional· density, momentum, specific entropy, and pressure of the 

-267-











References. 

[1] R. Agemi, The incompressible limit of compressible fluid motion in a bounded domain, 
Proc. Japan Acad., Ser. A, 57, 291-293, (1981). 

[2] C. Bardos, F. GoIse and D. Levermore, Fluid Dynamics Limits of Kinetic Equations 
II: Convergence Proofs for the Boltzmann Equation, Comm. Pure and Appl. Math. 
46, 667-753, (1993). 

[3] Beirao da Veiga, H., Singular limits in Compressible Fluid Dynamics, Arch. Rat. 
Mech. Anal., 128, 313-327, (1994). 

[4] R. J. DiPerna and P. L. Lions, On the Cauchy Problem for the Boltzmann Equation: 
Global Existence and Weak Stability Results, Annals of Math.,130, 321-366, (1989). 

[5] S. KIainerman and A. Majda, Singular limits of quasilinear systems with large pa­
rameter and the incompressible limit of compressible fluids, Comm. Pure and Appl. 
Math., 34, 481-524, (1981). 

[6] C. K. Lin, On the incompressible limit of the compressible Navier-Stokes equations, 
Commun. in P. D. E., 20(3&4), 677-707, (1995). 

[7] C. K. Lin, On the incompressible limit of the polytropic compressible viscous fluid 
flows, preprint. (1995). 

Acknowlegdements: The author would like to thank the National Science Council of 
Taiwan under the grant NSC83-0208-M006-021. 

Chi-Kun Lin 
Department of Mathematics 
National Cheng-Kung University 
Tainan, TAIWAN 701, 
R.O. C. 

-272-



Esthuates of spherical derivative 

MAKHMUTOV SHAMIL, MAKHMUTOVA MARINA 

Abstract. vVe estimate the growth of spherical derivative of meromorphic solutions 
of algebraic. differential equations of t.he first order. It. essentially improve earlier known 
results. For meromorphic flmctions with given growth of spherical derivative we es­
tablish new results about distribution and mutual arrangement of a- and b- points of 
functions. 

Consider algebraic differential equation of the first order 

(1) 

,,,here 

Our goals are: 

n 

Cw')1! + L Pk(Z, 10) (w,)n-k = 0 
k=l 

rn'k 

Pk(z,W) = Lakj(Z),Wj, 1:S k:S T/. • 

. i=O 

- to estimate the growth of the spherical derivative of meromorphic solutions of the 
diffrential equation (1); 

- to desc.ribe value distribution of meromorphic functions with given growth of spher­
ical derivative in the unit dise D and in the complex plane C. 

There are several approaches to study this problem: Wiman-Valiron's method (e.g. 
IVlalmquist); from the position of Ncvanlinna's theory of meromorphic functions (see 
[1], I.Laine, K.Yosida); from the point of view Ahlfors's theory of covering surfaces (e.g. 
[2] ). 

Wiman-Valiron's method gives good results in the case of integer solutions and can­
not be used in the case of meromorphie solutions. Approach from the position of the 
Ahlfors-Nevanlinna's theory gives sufficiently big information about value distribution 
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INSTABILITY OF PIPE-POISEUILLE FLOW AND THE 
GLOBAL NATURE OF DISTURBANCES 

KAZUO MATSUUCHI 

Abstract: According to the stability theory of laminar flows, infinitesimal disturbances 
in a pipe always decay, while the real flows undergo a transition to turbulent ones in a 
certain Reynolds number. We discuss here the arbitrary deformation of disturbances. The 
development is governed by an equation including the Weyl and Riemann-Liouville frac­
tional derivatives of order 1/2. Both the fractional derivatives denote non-local properties, 
but the role of the two derivatives is quite different from each other. 

An extended equation with an additional nonlinear dispersion term was solved numer­
ically. It was found that the non-local properties described by the fractional derivatives 
combined with the nonlinearity leads to some kind of instability. 

1. Introduction 

In 1883 O. Reynolds found that when a dimensionless parameter called after his name 
exceeds a certain value the flow undergoes a change from laminar to turbulent flows. 
Since then much theoretical attention has been paid to the determination of the value[5]. 
However, up to this time the determination has not yet been made, while for other flows 
such as plane-Poiseuille flow and boundary layer flow it gives successful result. 

As is well known, the disturbances may be divided into two modes called the wall and 
center modes( Corcos and Sellars [1 D. These names originate from the disturbance location. 
We confine ourselves to the center mode, because the deformation due to nonlinearity is 
easier than the wall mode. The complex phase velocity c for the center mode is written 
in the form, 

1 

C = 1 - (Am - iBm)a-2:, (1) 

where the values Am and Bm were already given(see for example, [4]). 
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Remarks on Decay Properties of 

Exterior Stationary Navier-Stokes Flows 

TET8URO MIYAKAWA 
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E-mail: miyakawa@math.kyushu-u.ac.jp 

1. Introduction and Results 

Let 0 be a smooth exterior domain in ]Rn, n 2 3, with 0 ¢ O. We discuss decay properties of 

solutions to the exterior stationary problem for the incompressible Navier-8tokes equations 

of the following form : 

-llw + w . \7w = f \7p III 0, 

(8) \7·w=O III 0, 

wlan = w*, lim w = O. 
Ixl-+oo 

Here, 00 is the (smooth) boundary of 0; w* E 0 2 (00) ; and the external force f is assumed 

to be of the form f = (fll"', in) with 

n 

h = (\7 . F)j I.: OkFjk, k = 1 ... n) , , , 
k=l 

where F = (F'.ik) are given smooth functions satisfying 

(1.1 ) 

In this paper we use the standard notation of vector analysis : 

n 

llu = I.: oJu, 
j==l 

n 

\7 . u - "" o·u· - L...J J .1' 
j==l 
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(j=l, ... ,n), 

n 

U . \7u = I.: UjOju. 
j=l 

















(i) The Bogovski operator SD associated to D maps Lr,g(D) to Xr,q(D), and satisfies the 

estimate 

(2.3) IIV SDfllr,q,D ::; Cllfllr,q,D, 

with some constant C = C(r, q, D) > O. 

(ii) The vector field SDf, f E Lr,g(D), satisfies (2.2). 

(iii) 1ft =J 0, Y ERn and 

Dt = {(I - t)y + tx; xED}, 

then C(r,q,D) = C(r,q,Dt ), where C(r',q,D) is the constant in estimate (2.3). 

In the next section we will systematically apply Corollary 2.2 with n = 3, r 3 and q = 1, 

in order to prove Theorems C, D and Corollary E. 

3. Decay Properties of Exterior Stationary Flows 

This section proves Theorems A-D and Corollary E. To this end we introduce the Stokes 

fundamental solution E = (Ejk), Q = (Qj), on ]Rn, n 2: 3 : 

(3.1) 

where Wn-l is the area of the unit sphere {Ix I = I} in ]Rn. Formula (3.1) is easily deduced via 
simple calculation involving the Fourier transform; see [17,26]. The decay property (1.2) 

allows us for invoking E and Q to represent the solution w in the form 

w 

(3.2) 

E·(V.(F-w0w))+ r E·v.T[w,p]dS 
Jan 

+ r w*. T[E,Q] ·vdS 
Jan 

(VE)· (F - w 0 w) + r E· v· (T[w,p] - w* 0 w* + F)dS 
Jan 

+ r w*. T[E,Q] ·vdS 
Jan 

-297-





Recall that (1.4) implies 

as Ixl --t 00, 

and so 

(3.5) 

Consider next the iteration scheme 

(3.6) (k=0,1,2, ... ). 

Since IV EI :; Clxl- 2 if n = 3, the Hardy-Littlewood-Sobolev inequality ([31,32]) for the 

fractional integration yields 

with M > 0 depending only on the fundamental solution E. Thus, if 

(3.7) 

then we get 

(3.8) 

for all k 2: 1. Furthermore, from 

- (VE) . (Wk ® Wk - Wk-l ® Wk-l) 

- (VE)· (Vk-l ® Wk + Wk-l ® vk-d, (Vo = wo), 

we see that if Wo and F satisfy (3.7), then 

so that 

(3.9) (k = 1,2, ... ). 

Since 2I< M < 1 by (3.8), it follows that 

00 

L II V k1l3,n < +00. 
k=O 

Hence, there exists a function v E L3(n) such that, by (3.8) and (:3.9), 

(:3.10) lim IIWk - V1I3,n = 0 
k-+oo 

and IIVI\3,n :; I<. 
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and 

(5.6) (Iarg AI :::; 11" - w). 

Estimate (5.5) follows from the Mihlin multiplier theorem (see [31]), while (5.6) is obvious. 
Applying this and Lemma 5.1 to the expansion 

00 

(A + L)-1 = (A + A)-1 L:[-B(A + A)-I]k, 
k=O 

we obtain 

Lemma 5.2. (i) If IIwlln + II'Vwlln/2 is small enough, then for j = 0,1,2, 

(5.7) (Iarg AI :::; 11" - w). 

(ii) If IIwlln,1 + II'Vwlln/2,1 is small enough, then for j = 0,1,2, 

(5.8) (Iarg AI :::; 11" - w). 

(iii) Under the assumption of (i) or (ii), the operator L is injective. 

The injectivity asserted in (iii) follows, respectively, from 

which is a consequence of Lemma 5.1 (i) and Lemma 5.2 (i), and 

which is obtained from Lemma 5.1 (ii) and Lemma 5.2 (ii). 

Applying the standard argument, we immediately obtain 

Lemma 5.3. (i) Under the assumption of Lemma 5.2 (i), the semigroup {e-tL}t>o is 

bounded-analytic on H;", and we have 

(5.9) 

for j = 0,1,2. 

(ii) Under the assumption of Lemma 5.2 (ii), the sem'igroup {e-tLh;:::o is bounded-analytic 

on L;", and 

(5.10) 
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The Asymptotic Behavior of Solutions to SOlne Degenerate 
Kirchhoff Type Equations 

TETSU MIZUMACHI 

Abstract: We investigate some degenearate quasilnear wave equations which have their 
origin in nonlinear vibration of a string. In the case when equation describes a vibrating 
string with viscosity, we determine the decay order of all solutions by investigating 
the dynamics near an infinite dimensional center manifold. Moreover, we classify the 
asymptotic behavior of solutions from a dynamical systems point of view. 

We also deal with the case when equation models a vibrating string with the resistece 
proportional to the velocity. 

1. Introduction. 
In this article, we investigate the asymptotic behavior of solutions to the following 

initial-boundary value problems: 

(1.1a) 

(1.1b) 

(1.1c) 

and 

(1.2a) 

(1.2b) 

(1.2c) 

Utt -1/"Vul/E,Z(fl).6u - ou(j.Ut = ° In Q x (0, +(0), 

U = ° on aQ x (0,+00), 

u(x,O)=uo(x), Ut(X,O)=Ul(X) in Q, 

Utt - lI"VullhCfl)L).u + aUt = ° 
u=o 
u(X,O) = uo(x), Ut(x,O) = u}(x) 

In n x (0, +(0), 

on aQ x (0, +(0), 

in Q, 

where a is a positive constant and 51 is a bounded domain in JRn with smooth boundary 
aQ. Equations (1.1) and (1.2) have their origin in the so-called Kirchhoff equation which 
describes transversal oscilations of an elastic string (see [5]). 
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Degenerate Kirchhoff equations 

Roughly speaking, solutions lying on 51 decay polynomially, and those on 5z decay 
exponentially. Theorem Al shows that all the limiting profiles of the polynomially 
decaying solutions belong to Z. Conversely, we have the following: 

Theorem A2 ([6]). For every U oo E Z, there exists a solution u(t) of (1.1) that satisfies 
(1.3a)-(1.3c ). 

Relnark 1. Suppose that a solution u(t) to (1.1) satisfies (1.3a)-(1.3c). Then'the term 
Utt decays faster than the other terms of (lola). If the· term Utt is absent in (1.1), then 
the equation can be written as 

(1.4) li
Z dv 

IIv £2(n)v + a dt = 0, 

where v = A! u. Here A is the self-adjoint closure in LZ( fl) of the operator defined on 
Cgo(fl) by A.u = -D.u. Now let fi(t) be a solution to (1.4) satisfying fiCO) = uoo • We 
see from (1.3a) that 

lIu(t) - fi(t)IIHJ = o(!Ifi(t)IIHJ)' 

This tells us that if a solution u( t) of (1.1) decays polynomially, it behaves, asymptoti­
cally, like a solution to the ordinary differential equation (1.4). 

On the other hand, if u( t) is an exponentially decaying solution to (1.1), it behaves, 
asymptotically, like a solution to the classical heat equation. 

Next we consider the behavior of solutions to (1.2). For analytic initial data, equation 
(1.2) is globally solvable (see [1]). On the other hand, for non-analytic initial data, [12] 
shows that solutions to (1.2) globally exist when uo(¢: 0) is small and Ul is much smaller 
than Uo in appropriate Sobolev spaces. 

For solutions which exist globally, the upper estimates of rate of decay can be obtained 
by using the method of [8,15]. But to the best of our knowledge, there is no results 
concerning lower estimates. In [7], we obtain an asymptotic expansion of solutions to 
(1.2) for some class of initial data. 

Theorem B ([7]). Suppose (UO,Ul) E (HzC!l) n HJC!l)) x HJ(!l), Uo ¢: 0, and 

II VulIl1 2 (n) Z 2 
(H) II V 112 + IID.U oll£2(n) < a . 

Uo £2(n) 

Then the solution to (1.2) satisfies, as t -jo 00, 

Il ttu(t) - 'PII = 0(1), 
HJ(n) 

where 'P is an eigenfunction of A belonging to Xj and satisfying IIcpllp(n) = 1/( J'fij) 
for some j E N. 

The condition (H) has been used in [12] to show the global existece of solutions to 
(1.2). We find in [7] that (H) with Uo ¢: 0 is a sufficient condition for solutions to (1.2) 
to be approximated by nontrivial solutions to the degenerate parabolic equation 

aUt IIVuII12(n)D.u = O. 

Using this fact, we prove Theorem B in [7]. 
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ANALYSIS ON LARGE FREE SURFACE DEFORMATION 
OF MAGNETIC FLUID 

Y. MIZUTA 

Abstract. This paper analyzes the free surface deformation of magnetic fluid under 
intense magnetic fields. The analysis in a vertical plane allows for full nonlinearity, multi­
valuedness and the inhomogeneous magnetic field which changes in reaction to the free 
surface deformation. The method is based on the conformal mapping as used for the 
analysis of stationary capillary-gravity waves. The source of the magnetic field is assumed 
a dipole as in actual· cases, and the magnetic potential determined in the flat space with 
the straight free surface is mapped onto the real space. The equation for the inclination 
angle of the free surface () is solved numerically by the spectral collocation method, and 
the solution is used to express the free surface shape parametrically. The result shows the 
first bifurcations of the shape with the increase of the magnetic field. 

1. Introduction 
One of the features peculiar to magnetic fluid is the shape of its free surface. As the 

external magnetic field increases, the surface deforms gradually first, but changes abruptly 
to a stationary shape just like a set of cones. This is the result of the interaction between 
the surface deformation and the magnetic field. The surface is moved by the magnetic 
force acting on it to the position where the magnetic force balances with the capillary and 
gravity forces. However, the magnetic field itself is disturbed by the large deformation of 
the surface, and its effect is reflected back on the magnetic force. 

Since the magnetic fluid of the present type was devised in 1960's, linear and weakly 
nonlinear analyses of this phenomenon has been made. Cowley and Rosensweig t1] investi­
gated its linear stability. Malik and Singh [3,4,5, 6J employed the multiple scales method 
to investigate one-dimensional harmonic wave propagation. Gailitis [2] and Twombly 
[8, 9] analyzed statically the two-dimensional surface wave which bifurcates from "trivial 
solution" to rectangles or hexagons under uniform magnetic field normal to the surface. 
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This paper presents an analysis for the free surface deformation of magnetic fluid in 
a vertical plane, allowing for full nonlinearity, multi-valuedness and inhomogeneous mag­
netic fields. The formulation is based on the method of conformal mapping as employed 
by Okamoto [7) and the previous authors for the analysis on stationary capillary-gravity 
waves. In both problems, the "flat space" with the straight free surface is mapped onto the 
"real space" with the curved free surface. In the present problem, however, this method is 
especially useful to obtain the harmonic magnetic field which is originally inhomogeneous, 
and changes in reaction to the free surface deformation. 

2. Basic equation - dynamic boundary condition 
On the free surface of magnetic fluid, we consider the Bernoulli equation 

(1 ) 

with the condition for the pressure p = 0, where p, g, TI, Pt are the fluid density, gravity 
acceleration, surface elevation and surface tension, respectively. The terms including the 
velocity potential 1> and the fluid velocity v = -V 1> are dropped in stationary cases. The 
last term of 1.h.s. is the magnetic pressure characteristic of magnetic fluid, where bn is 
the component of the magnetic flux density normal to the surface, hs is the component of 
the magnetic field tangential to the surface, p is the permeability of either magnetic fluid 
or vacuum, and [ ... J is the jump quantity across the surface. 

3. Method - conformal mapping 
Here we consider the conformal mapping z = z( Z) from the fiat space described by 

Z = X + iY to the real space by z = x + iy. When an infinitesimal element on the real 
space dz is inclined by an angle () to its correspondence on the flat space dZ, we find 
dz = ceiB dZ with the real positive constant c. After replacing c by e-r where we call r 
logarithmic contraction rate here, we obtain 

dz = ei[B(Z)+ir(Z)] 
dZ' 

(2) 

The function ()(Z) + ir(Z) is analytic in Z as far as 0 < Idz/dZI < 00, and tends to 0 as 
Z -? 00. These conditions lead to the Hilbert transform between () and r as 

r(X) = -.!.1°O O(X') dX'. 
7l" -00 X' - X 

(3) 

In the limit dz/dZ -? 0 or r -? 00, the free surface has a branch point or cusp, and 0 
changes discontinuously there. 

After 0 and T are obtained, the free surface shape is determined by integrating each 
of the real and imaginary part of eq. (2) on Y = 0, that is, 

ax/ax = e-r cos(), ay/ax = e-r sinO. (4) 

The result x = x(X), y = y(X) expresses the shape parametrically allowing for multi­
valuedness. The equation for 0 and r is derived from eq. (1), but we will discuss the 
magnetic field before that. 

-327-









tendency of saturation, which means that the wavelength of the waves decreases as M 
increases. The outermost wave som.etimes b-ecomes three-valued or close to a cusp. 

7. Discussions 
For detailed discussions, Fig. 3 will be more convenient rather than Fig. 4. We observe 

the increase of the number of waves and the decrease of their wavelength more clearly on 
the angle function. The amplitude of the outer wave is larger than that of the inner, and 
the free surface shape turns to multi-valued when it exceeds 7r 12. 

Since the magnetic field depends on X now, precise linear analysis on eq. (11) is 
difficult. But near the center where X IV 0 and G IV 1, eq. (11) is linearized as c == 0 -
r02 - 2M 71 = O. Then, if 0 IV sin kX and 7 IV - cos kX is assumed, k = (M ±.J M2 - r) Ir 
follows. There exists real k satisfying c = 0 when M > .Jr (=0.45 now), and it increases 
with M. 

Figures 3 and 4 are the results reached through the iteration from the initial value 
an = 0 for all n. There can be other branches of solution in the nonlinear equation (11), 
and actually do, which has the self-crossing free surface shape. They must be investigated 
in detail on the basis of the bifurcation theory. 

Another problem is the existence of cusps. Since 7 -+ 00 and e--r -+ 0 there, the first 
and second term in eq. (11) vanish, and 7 IV In(X2 + 1) follows. Thus, cusps are unlikely 
to exist as far as X is finite. 
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NORMAL FORMS AND GLOBAL EXISTENCE OF 
SOLUTIONS TO A CLASS OF CUBIC 

NONLINEAR KLEIN-GORDON EQUATIONS 
IN ONE SPACE DIMENSION 

KAZUNORI J\!IORIYATvIA 

Ahustract. We prove that for small initial data there exist the unique global solutions 
to a certain special class of nonlinear Klein-Gordon equations ,yith cubic nonlinearity 
in one space dimension, which asymptotically approach the free solutions of the linear 
Klein-Gordon equation as t -+ +00. 

1. Introduction 
In the present paper we consider the global existence of solution for the Cauchy 

problem of the nonlinear Klein-Gordon equation with cubic nonlinea.rity in one space 
dimension, which asymptotically approaches the free solution of the lineal' Klein-Gordon 
equation as t -+ +00 : 

O;,u - 6.u + u = F(u, 0'1/., 00.1''1/.), t> O. ;1' E JR (1.1 ) 

( 1.2) 

where 'u = u(t,x) is a real valued function and Ot = %t' 0;1' = i:fr . .u = 0;. Vt = OtU, 
U x = oxu, 'Utx = OtOxU, tlxx = o;u, ou = (Ut,U;r). Here. F('I/..v.p) is a SIllooth function 
of (u, v, p) E JR X JR2 X JR2,and 

F(u,v,p) = O(lvr + Ivl:3 + Ipla) nCOT CU.I.'.p) = (0.0.0). ( 1.3a) 

Furthermore, we assume that F is linear with respect to p. 
There are many papers concerning the global existence and the asymptotic behavior of 

solutions for nonlinea.r Klein-Gordon equations (see. e.g .. [1]-[5]. [i}[ll]. [13]). Let N be 
the spatial dimensions. Klainerman and Ponce [3] and Shatah [9] showed that problem 
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