
Title 第21回偏微分方程式論 札幌シンポジウム 予稿集

Author(s) 上見, 練太郎

Citation Hokkaido University technical report series in mathematics, 46, 1

Issue Date 1996-01-01

DOI https://doi.org/10.14943/5172

Doc URL https://hdl.handle.net/2115/5486

Type departmental bulletin paper

File Information 46.pdf

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP



第21回偏微分方程式論

札幌シンポジウム

(代表者上見練太郎)

予稿集

Series #46. September， 1996 



HOlζKAIDO UNIVERSITY 

TECHNICAL REPORT SERIES IN悶ATHEMATICS

H 14: J. Zajac， Boundary values of quasiconformal mappings， 15 pag田.1989 

H 15: R. Agemi (Ed.)，第14酉偏微分方程式論札幌シンポジウム予稿集， 55pag回.1989. 

H 16: K. Konno， M.-H. Saito組 dS. Usui (Eds.)， Proceedings of the Meeting and出eworkshop “Algebraic 

Geometry and Hodge Theory" Vol. 1，258 pag四.1990. 

U 17: K. Konno， M.-狂.Saito叩 dS. Usui (Eds.)， Proceedings of七heMee七ing叩 dthe workshop “Algebr必c

Geometry組 dHodge Theory" Vol. II， 235 pag田.1990. 

U 18: A. Arai (Ed.)， 1989年度談話会アブストラクト集ColloquiumLectur同 72p時間.1990. 

U 19: H. Suzuki (Ed.)，複素多様体のトポロジ-Topology of Complex Manifolds， 133 p時四.1990. 

U 20: R. Agemi (Ed.)，第15囲偏微分方程式論札瞬シンポジウム予稿集， 65pag田.1991. 

U 21: Y. Giga， Y. Wa七品ani(Eds.)， 1990年度談話会アブストラクト集ColloquiumLectures， 105 p時四.1991. 

H 22: R. Agemi (Ed.)，第諸国偏微分方程式論札幌シンポジウム予稿集， 50pag田.1991. 

U 23: Y. Giga， Y. Wa七回ani(Eds.)， 1991年度談話会・特別講演アブストラクト集ColloquiumLectur・es，89 pages. 

1992. 

U 24: K. Kuboもa(日d.)，第17由偏微分方程式論札暁シンポジウム予稿集， 29 pages. 1992. 

U 25: K. T.油田aki，“非線型可積分系の数理"1992.9.28""10.2北海道大学での集中講義講義録， 52p時間.1993. 

U 26: T. Nakazi (Ed.)，第1由関数空間セミナ一報告集， 93pag田.1993. 

U 27: K. Kubo七a(Ed.)，第18図備微分方程式論札暁シンポジウム予稿集， 40 pages. 1993. 

U 28: T. Hibi (Ed.)， 1992年度談話会・特別講演アブストラクト集ColloquiumLectures， 108 p時間.1993. 

U 29: 1. Sawashima， T. N北部i(Eds.)，第2回関数空間セミナ一報告集， 79 pages. 1994. 

U 30: Y. Giga， Y.-G. Chen，動く曲面を追いかけて，講義録， 62 pages. 1994. 

U 31: K. Kubo七a(召d.)，第四回偏微分方程式論札牒シンポジウム予稿集， 33 pages. 1994. 

U 32: T. Ozawa (Ed.)， 1993年度談話会・特別講演アブストラクト集ColloquiumLect旧民 113pag出.1994. 

U 33: Y. Okabe (Ed.)， The First Sapporo Symposium on Complex Sys七ems，24 pag田.1994. 

U 34: A. Arai， Infini七eDimensional Analysis on叩 Ex七eriorおundleand Supersymmetric Quantum Field Theory， 

10 pag'四.1994. 

U 35: S. Miyajima， T. Nakazi (Eds.)，第3間関数空間セミナ一報告集， 104 pages. 1995. 

U 36: N. Kawazumi (Ed.)，ワーマン酪に関連する位相幾何学， 63 pages. 1995. 

U 37: 1. Tsuda (臥)， The Second gιThird Sapporo Symposium on Complex Sys随時 190pag田.1995. 

H 38: M. Sai七o(Ed.)， 1994年度談話会・特別講演アブストラクト集ColloquiumLectur民 100pag田.1995. 

U 39: S. Izurniya (Ed.)，接触幾何学と関連分野研究集会報告集 186p時間.1995. 

U 40: H. Koma七su，A. Kishimo七o(Eds.)，作用素論・作用素環論研究集会予稿集， 61p晴朗.1995. 

U 41: K. Okubo， T. N北部i(Eds.)，第4回関数空関セミナ一報告集， 103pag田.1996. 

H 42: R. Agemi (Ed.)，第20回備微分方韓式論札幌シンポジウム予稿集， 47 pages. 1996. 

U 43: R. Agemi， Y‘Giga and T. Ozawa(Eds.)， No凶nearWavl田，Proceedingsof tbe Four七hMSJ Interna七ional

R田earchInsti七回eVol 1， 



主主肥 21stSAPPORO SYMPOSIUM ON PARTIAL 

DIFFERENTIAL EQUATIONS 

August 5 ~ 7， 1996 



Program 

τ1IE 21st SAPPORO SThfPOSIu"l¥1 ON P ARTI!1工
DIFFERENTltiL EQUATIONS 
August 5 --7， 1996 

Depaτtmen t ofト!athema t i cs 
Hok~aido University 
060 Sapporo. Japan 

Chairman Rentaro Agemi 
CHokkaido Univ.) 

Aug.5 (Roomふ508)
9:30 -- 10:30 Laurence Craig Evans (Universiiy of Cal ifornia) 
Differential eQuations methods for mass transfer • • • •••••••• • 1 

11:00 -- 12:00 Shuichi Kawashima CKyushu Univeτsity) 
Rarefaction waves in a radiating gas 

1 :30 -- 2: 00 (本)

2:00 -- 2:50 Hasato Kimura COsaka Educational University) 
Existence of a moving boundary of the Hele-Sha官 f[o胃 ・・.. .・・・・・・・ 3

3:20 -- 4:10 Tokushi Sato (Tohoku University) 
Existence of singular ground state官ithmaximal intensity • • • • • • • • • • • • 7 

Aug.6 (Room 会508)
9:30 -- 10:30 Seiro Omata CKanazawa University) 
A numerical method based on the discrete Morse semiflo官 ・・・・・・・・・・・12

11:00 -- 12:00 Naoyuki Ishimura CHiiotsubashi Univeτs i ty) 
Determination of the solutions for the 舵1DeQuations by finite elements ・・・・・・・・・・・17

1: 30 -- 2 :00 (本)

2:00 -- 2:50 Yuriko Renardy (Vi τginia Po[ytech lnstitute) 
トlodeInter丘ctions i n the T仰向LayerBenard Problern "20 
3:20 -- 4:10 Hasahito Ohta CUniversity of TokYo) 
Blowup of solutions of dissipative nont inear官aveequations -・・・24

4:30 --- 5:30 (牢)

6:00 --- 8:00 Banquet 

Aug. 7 (Room 4輔50S)
9:30 --- 10:30 Hichael RenardY (Vin;inia Polytech Institute) 
トfathematicalIssues in Viscoelastic Flo官5 ・・・・・・・・・・・29

11:00 -- 12:00 Tetu Makino CYamaguchi Universily) 
On Spherically Symmetric Stellar Nodels in General Relativi ty •••••••••• .30 

12:00 --12:30 (ヰ)

(本) iundicales the discussion tirne with speakers at Room 4-507 



Rarefaction Waves in a Radiating Ga~ 
Shuichi Kawashima 
Kyushu University 

S，-¥PPORO. TEX 

恥 discussthe asymptotic stability of rarefation waves in a radiating gas. 

Consider a model system of a radiating gas. This model system is a hyperbolicω 
elliptic system and consists of the inviscid Burgers equation for the velocity 
and a simple elliptic e司uationfor the heat flux. 

This model system admits three different nonlinear waves which are rarefaction 
waves， diffusion waves， and shock waves (traveling waves with shock profiles). 
The dissipation involved in the system is subtle and therefore any strong 
shock wave does contain an inner discontinuity (discontinuous shock wave) in 
the veloci ty. 

The rarefaction wave of our system is defined in terms of the centered 
rarefaction wave of the inviscid Burgers equation. Similar1y， the diffusion 
wave is defined in terms of the self-s~milar solution of the (viscous) Burgets 
equation. These two waves are not exact solutions of our system. On the 
other hand， the shock wave is an exact solution of the trave1ing wave form to 
the system. 

1n this talk， we on1y discuss the asymptotic stability of the rarefaction waves. 
Our main result is stated as follows. 

Suppose that thεstrength of the rarefaction wave is smal1 and that the initia1 
velocity is close to the step function cprresponding to the ve10city component 
of the rarefaction wave. Then our system admits a unique global solution and 
this solution behaves like"the rarefaction wave as time goes to infinity‘ The 
rate of the convergence toward the rarefaction wave is given explicitly. 

1n the proof， we use a smooth approximation of the rarefaction wave. Though 
the rarefaction wave is based on the inviscid Burgers equation， our approximation 
is defined in terms of the exact solution to the (viscous) Burgers equation 
with the corresponding step initial function. This new approximation combined 
with Ito's technique of deriving the rate of the convergence enables us to 
prove our main result. 



Monge-Kantorovich Mass Transfer Methods and PDE 

by 

L. C. Evans 
Depar七mentof M抗hematics
Universi七，yof California 
Berkeley， CA 94720 USA 

We have recen七1yunderstood that severa1 interesting nonlinear PDE can be interpreted 
邸 supporting“fast" mass transfer， governed by Monge-Kantorovich theory， and “slow" 
evo1凶ionof other parameters. A s七artinginsight is th叫 thedua1 prob1em (for the Mong← 
Kantorovich prob1em of op七imallyrearranging a measure μ+ into μ一)reads 

( 1)μ+ー μ一εδI[u]，

where I[u]口 oif IDul三1a.e・=+∞ otherwise.The idea is to study variants of (1) 
invo1ving changes in七ime.

Example 1: Sandpiles. The evo1ution 

J f-UtEδI[u] (t> 0) 
(2)i  uzO(t=0) 

is interpre七edin work of L. Prigozhin [P]， A;ronsson-Evans-Wu [んE-W] as modelling the 
growth of sandpiles， fed by the source f三O.The physica1 stability condition IDul ::; 1 
a.e. for the height function is precise1y that from Monge-Kantorovich theory. Thus we can 
in七erpret(2) as saying the mass μ+口 fdx is instant1y and optimally being rearranged to 
μ一ロ Utdy， thereby determining the dynamics on the 0(1)司scale.
A fu~t~er ~od_e1 ， due to ~vans-<?ariepy-Fe1dman [E-F-Gl， tracks the "collapse" of unsta-
b1e sandpiles by七hep→∞ limi七of

j叫=div(IDuIP-2 Du) (t > 0) 
( 3)i  U :::::;z g (山))， 

where IIDglIL∞>  1. lnvoking various rescalings we recast (2) (in the limit p→∞) into a 
form to which Monge-Kantorovich "mass balance" relationships hold. These in turn imply 
O(l)-scale dynamics. For instance， if 

9 = L dist+(x， fT) 

1 



where L > 1， T 口 L-1， and r T is a smooth curve in }R2， we derive a non1oca1 geometric 1aw 
ofmo七ionfor the “base of the evo1ving sandpile"， name1y 

(4) 

where 

(5) 

v寸(長引怜T)，

{~ ロ… …1v同川ω判V刊叫愉向e1山伽10恥O∞C
Fお宅 出 curvature 
γ 口 distanceto七heridge. 

Example 2: Compression molding. In forもhcomingwork in collaboration with Aronsson 
we demonstrate出品 cer七ainasymptotic compression mo1ding prob1ems give rise to re1ated 
nonloca1 geometric motions， again出 aconsequence of Monge-Kantorovich mass ba1ance. 
The relevant.、geometricevolution in七hiscase is 

(6) v=γ(1一手)(t 2:: 0)， 
v，κ3γ 邸 in(5). 
Fe1dman [F] h邸 rigorous1yana1yzed the motions (4)， (6). 
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(P1 L. Prigozhin， Sα7均ilesαnd巾 err帥 Dorks:extended systems包Jithnonlocαl inteれ
αctio叫 Phys.Rev. E， 49 (1994)， 1161-1167. 
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巴xistenceof a moving boundary of 
the Hele-Shaw丑o¥V

M. I¥imura 
Department of Mathematical Science 
Osaka Kyoiku Univer討ty
Kashiwara 582 JAPAN 

Fax: +81-729明7ι3554
芯mail:masato@cc.osaka-kyoiku.ac.jp 

We consider the following 1-phase mathematical model for the Hele欄Shaw丑ow.

'vVe aSSl.lme that the moving boundary is a fa凶lyof curves {r(t)}o壬tくTin the x-y 
planど'R2ぉ C，(z = x + iy) parametrized by time t and r(t)口 {(x，y)E R2;y = 
h(ュ:，t)， x巴R}.'vVe set D(t) = {(x， y)εR2; Y > h(1.:， t)， x E R} which is occupied 
by viscous琵1ω.The 0叫erunit norma.l vecter and土heOl.lter normal velocity of r(t) 
from D(t) are denoted by v and v. The curvature of r(t) is denoted by・κ.(If D 
lS convex，κ三0.)'vVe suppose that there are SOI口l1einjection anc吋lC吋djor suction poi川s
{ヤ仏Z勺jβ}主手L=礼1ε D(tり)， an凶1
suc も討10∞npOll凶1凶t.Let s > 0 be the surface tension coe伍cient on the moving bounclary 
r(t). We are interest.ed in the llext moving bo山lda.ryproblemfor the 1-phase Hele句
Shaw丑ow.

Problem 1. (Hele-Shaw problem) For gi7Jen ro = {(x，y);ν= ho(x)}， 
{qj}j!:l C R， {Zj}Tl C {(:t:・，y);y>ho(x)}σ:nd s > 0， finrlαη107)2η:!J bound川!}
{r(t)}t>o sa.tisfyi吋 thefollowi吋 conrlitions;
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ov 

F。

whcrc Pr(t} denotes the soll/.tio'/l. 0/ lhe nexl Du'ichlcllJ'1・oblc'111.山口(t) for fixedε> O. 
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Let 8 be the length on r 0 and let <;'0 be the angle between the tangent vector 
and the x-axIs. N amely， 

ro = {γoC~) E C; 8 E R}， 沿い)= ei判 (s)

In the same manner， we set 

印)口 {γ(8，収 C;sER}， 2M=eiv(st)

To determine the parametric represe叫ationγ(8，t)1:凶 quely，we assume 

γ(8，0) =γo( S)， γt(O， t)コ υ(0，t)ν(0， t). 

The following theorem is the main result of this research. 

Main Theorem. For gi7Jeπψo E H2(R)， lI'PolIL∞{引くり2，{qj}j=l C R， 
{Zj}Tl C {(x，y);y > ho(x)}αnd s > 0， there is some T > 0αηd there exists 
unique solution of Problem 1 {r(t)}o:s;t壬T S'uch thatψbelongs to the function 8pαce 

H1((0， T); L2(R)) n L2((0、T);H3(R)) n CO([O， T]; H2(R)). 

In 1984， Duchon and Robert [5] proved sirnilar theorern in the ca.se that. t.he印
is no injection or suction point (qj 0， j口 1γ ・.， m). As t.he case qjく ois 
relat.ecl to so-ca.llecl "fingering" phenomena.， the a.bove result IS lmpOI・ta.ntfrom this 
point of view. Moreover， the ma.in theorem is st.ill va.licl without the a.ssumption 

lI'PollL∞(R) < 1i /2， namely， f(t) is not. necessa.ri¥y a. g問 )h.This ge問叫iza.tionis 
significa.nt. when we study the fingering phenomena. ma.thema1.ica.lly. 
Some rela.t.ecl results a.re found in t.he following rererences. 
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Existence of the singular ground state with maximal intensity 

Tokushi Sato (Tohoku University) 

1n this talk， we consider singula.r g1'ound sta.tes of the scalar五eldequation in R n 
with space dimension n三2.For p > 1 we call 1l a g7'Ound state of the scalar五eld

equation if包巴 C2(Rn)and 1l制isfies

(一一P 1lり>0 泊
匂叫(作ωZ吋)→ 0 出 i同xl→ ∞ . 

nu 

、、a
，，，
D
i
 

r
1
、

It is known that (P)o has a solution if and only if 1 < p < (η 十2)/(n-2). CWe agree 
that (n十2)/(π-2) = n/(η-2) =∞ fo1' η= 2.) For simplicity， we assume that 1l 
attains its maximum at the origin for a solution 1l to (P)o・Next we call 1l a 幻mg1山r

ground state of the scalar五eldequation if 1l E C2(Rn¥{O}) and 1l satisfies 

(一=1lP， 1l > 0 川 O}

包(x)→∞ asx → 0，包(x)→oas Ixl→∞. 
、、a
，J
P
A
 

f
t
、、

Note that any solution to (P) or (P)o is radially symmetric. Concer叫ngthis problem， 

Ni-Serrin (1986) showed that (P) has no solution ifπ さ3a吋 p三(η 十 2)/(π-2). 

Recently， e対stenceresults of solutions to (P) for 1 < ]J < (π 十 2)/(η-2) a1'e proved 
by seve1'al authors. 

1n the following， we 。山 consi仇rthe case where 1 < ]Jく n/(n-2). Then the 
behavior of the singularity of any solution a.t the OI・iginmust be 

1l(X) rvκE(x) as x → G 

for some constantκ> 0 depending on 1L which is ca.lled the inlensily of the singulari ty. 

Here E is the fundamenta.l solution for -Ll on Rn， i.e. 

J (η-2)山叫 Ixl"-2
E(x) :ごく

l 2~ log I~I 

ifn三3，

if n = 2 

(ω礼 denotesthe volume o[ a unit ball in R7t ). Th凶 weconsider the problcll1 

(-21L1川 i川 O}
u(x)rvl'E(x) a.sx → 0， 1L(x)→o a.s Ixl→∞， 

民
、‘，，，Pム

r'a
‘、

instead of (P). A町 solution'lL εC2(R7t¥ {O}) to (P)" satisfics 

-.Llu 十uロク(u)十κ80 i IIγ(R7t)， lLど Ii.E( on Rn ¥{O}， 
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where El is the fundamental solution for -.d十 1on R n， i.e. 

1 1 
El(X) :口万万/2Ixl(n-2)/2 K(πー初出/)

( K v denotes the modi五edBessel function of order v ). N ote that El satisfies 

-.dE1 + El = do in D'(Rn) 

and 
。一Ixl

El(X) '" E(x) as X →0， El(X) rv Cn Ixl(n-l)/2 as !x!→∞-

Concerning this problem， we know the following fact. 

Fact. (i) There e山 ts"，" > 0 such that problem (P)x: has a solutioIl for。く κ<"，* 

and has no solutioIl for κ>κへ
(ii) Problem (P)κhas at least two solutioIls for 0 <κ~ 1. 

Now we consider the e話stenceof a solution to (P)x;o where 

♂:ロ sup{κ>0 I (P)κhas a solution } 

is called the maximal intensity. Our main result is the following. 

Theorem. Let nど2and 1 < p < n/(η-2). 

(A) There exists a unique叫凶OllUlε C2(Rn¥{O}) to (P)x;o. 

(B) Problem (P)κhas at least two solutions for 。く♂ー κ~ 1 near Ul in an 

appropriate sense. 

1n the following， we descl・ibethe outline of the proof of Theorcm. From two propo-
sitions below， we have part (A) of Theorem 

Proposition 1. Let nさ2a吋 1< ]J < n/(η-2). Assume tl叫 Ulε C2(Rn¥{O})
is a solution to (P)X;I alld the linearized problem 

、lノ'A L 
命

t.，
 τU 

，，a
、、

( 引 ψ戸門門……ご円吋叩叩p戸仰川Jパ川u

ψ叫(0的)ヱ 1， 伊叫(x吋)→ o aωs Ix川芯刈!一叶→ ∞ 

has a radial solution CP1 E C;(Rn¥{O}). Thcnκ "，" a.nd a solution to (P)バ1IS 

uniquc. HCl'e 

C;(R叫 ¥{O}):= C2(R7t¥ {O}) n C(R"). 

Proposition 2. Let nさ2a吋 1< ]Jく n/(n-2). Thcn the叩 cxists(叫，CP1 κ1 ) 

which satisfies the assumption o[ Proposition 1. 
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In order to prove Proposition 1 we use the properties below. Let (U1' CP1 ;κ1) be a 

solution in the sence of Proposition 1 and set 

町一κ1E1= (IIV1' <;'1 = (11ψ1， 

where 0 <ν< 1 and ( E C∞(Rπ) is a radial function which is nonincreasing in 

r = Ixl and satis五es

I 1 for 0 ~ Ixl << 1， 
((x) = < 
I E1(X) for Ixl ~ 1. 

Then (町，ψ1;κ1) satisfies 

V1 = i1[V1 ;κ1] 2': 0，ψl江古[V1;κ1]ψ1 > 0， 

where 

V[v;κ] := C-1I.E1 *[((IIV 十 κE1)~ ]， !li[V;κ]ψ:= (-II.E1 *[1)((11匂十 κE1)~\1Iψ].

N ote that !li[匂1;κ1] : Lq(Rn)→ Lq(R n) is a compact operator if p < q < n/(η ー 2).

Positivity of ψ1 deduces that 

l(er (I -!li[V1 ;κ1]) = [ψd (c Lq(Rπ))， 

and we can see that 

(I -!li[V1 ;κl])(Lq(Rn))コ[ψi]へψi:= P1Li…1VI〈ν

by using Fredholm's alternative. Proposition 1 follows from this fact and the covexity 

of the nonlnearity function. 

In order to prove Proposi tion 2 ¥四 inhod山 ea parameter rε[0，1] a吋 consider

(P1')κ 
(-zup--A)P-i川 O}
包(x)rvκE(x) as x → 0， u(x)→ o as Ixl→∞. 

We set up the following problem. 

De五nitio孔 Forγε [0，1]， (u，cp;κ) is a solution to (Qγ) if 
(i)κ> 0， 

(ii) u E C2(Rπ¥{O}) is a radial soluLion to (1'1')刷

(iii) <;'ε C;(Rn¥{O}) is a radia.l solution to (L;叫-

We set 

T:= {rε[0，1 J I (Qr) ha.s a. solution }. 

We claim tha叫tT = [何0，1汁Jwhi比chis e釘叫叫q中巾lド刊II山l
oper抗1in [0，1]. We divi山 theproof i川oth印esteps. 
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Step 1 [ 0 E T ]. 

First note that Uo =κOEl is a solution to (Po).:o for a11 κo > O. So we claim that 

(1; uo) has a radial solution for some κo > O. To do this， we consider the minimizing 
problem 

inf{ J1¥7ψ!??|lviflMW12(r)¥{吋}(= "X) 
11ι1ψII~ 

By the standard argument we can see that入>0 and there exists a minimizerψo E 

w1ペR7t)¥{O}.Furthermore， we see that ψoεC;(R司¥{O})，CPo is radial and satisfies 

(一一oJEfvo 山 O}
cpo(O) = 1，ψo(x)一→ oas Ixl→∞  

(by a normalization). For κo > 0 such that文=pκ:-1，ψois a solution to (1; uo) and 
(匂0，cpo ;κ0) is a solution to (Qo). 

Step 2 [ Closedness of T ]. 

For T E T we denote a solution to (Qr) by (ur， tpγ;κr) and set 

Urー κrEl= Wr = ZγE1， tpr = YrEl・

Then we see that Zr and Yr are increasing in 1'， while 1lγand tpr a.re decrea.sing in r. 

Moreover，いす}刊Tis decrea.sing in T and hence 0く κずさ κ0・For0く ν<1 we 
multiply (11 both side of 

-LlωT十切r= u~ -(1ーァ)(κrE1}p in V'(Rπ) 

and integrate on Rπ. Then we have 

(*) んn仰 x::;M 
for some .Alv > 0， by making use of integration by pa.rt a.nd Young's inequality. From 
the integral representa.tion of solutions ¥ve see tha.t {zr}r E T a.nd {tpr}γE T are loca.lly 

uniformly bounded and locally eqlli-continllolls on R7t. 

Now we a.ssurne {Tj }tl C T，勺一 Ta出sj →∞. Dy th悶eAs民C∞oli伊-→血

th悶er陀eexist a. subse町叫qu悶叩e飢n肌.lC印e{むji}7立;;1'ra.dia.l functions z， cp E C(R n) a.nd κ 三o such tha.t 

叫ん→ Z，ψγJi→ CP locally uniformly on Rへκ勺，→ κ as l→∞. 

'vVe set U … κrEl=切口 zE1ancl cp = yEl' Then we have 

z(O)コ0，ψ(0)ご 1， u三κE1，ψ三oon R1t¥ {O}. 

Furthermore， z and y a.re nonuecreasing in l' and hcnccψ> 0 on Rn. Sincc U and cp 
are nonincreasing in 1'， thcre exist γ，守主osuch tha.t 

川x)→ γ，cp( x) -" 7 a.s 1:1: 1一∞.

-10 



From (Pη)I<rj ， (L ; Urj) and (*) we have 

-Ll包十 U ヱ uP-(1-γ)(κE1)p， -Llψ十ψ=pup-1<p in Rn¥{O} 

and包 =1=O. As Ixl→∞， we have γ= 0，1 and守口 O.
If γ= 1， then puP-1 -1三p-1 > 0 on Rπand <p(x) =ロ(Ixl)satisfies 

伊刊号土ψ'十(puP-1-1)cp = 0 おrr > 0 

and hence ψis oscillating， which is a contradiction. Therefore，γ= 0 holds true. 
Finally we 'note that (L; u) has no nontrivial radial solution if u E C2(R勺1Sa 
solution to (P)o・ Fromthis fact we can deduce κ>  0 and (u，<p;κ) 1s a solution to 

(Qr). Therefore， T is closed. 

Step 3 [ Openness of T J. 
Assume 1"0ε T and set 

( 九川:戸ペヤ=ベ(

.Er，苅'0戸={ドごμεばX(侭r問Rn)托勺)川rIんムn仰一恥む2ψペL伊仏山ld白x-ロ 1サ}，
where 

X(Rπ)r:= {C" E C(Rπ) n L∞(Rn) I C" is radial and C"(O)口 o}. 

-YVe introduce a small paramete1' & and solve (Qγ) fo1' Iγb-TI << 1 jn the fo1'm 

I (ε(Yo十&C)，Yo十εη;κ0-ερ，&2σ)
(z， y;κ，1") = < 

l (zro十εC"，Yro十ε77;κro-eρ，1"0十εσ)
fo1' 0 < & ~ 1 jf TO = 0， 

fo1' 0 < IεI ~ 1 ifγ'0 > 0， 

where (乙η;p，σ)E 11JxR2 if 1"0 = 0， (C"，引ρ，σ)ε (17γ。x/lr，日)xR2江f1"，可0>0，1匂〉ザyu凶SI泊11
the contraction mapping p1'inciple repea叫tedly.

By the three steps above we ca.n conclude T = [0，1 J and pa.rt (A) of Thcorem is 
established. 1n 01'由rto pr叩ovepa1't (D) we i山

(P町)κfor0 <町一 κ~ 1 in the for 

(z;κ) = (Zl十 E:(Yl十eC);町一♂ρ) for 0 < IεI ~ 1， 

where (と;p) E 111 X R. This complctcs thc proof of Thcorcm 

司
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A NUMERICAL METHOD 

BASED ON THE DISCRETE MORSE SEJ¥在IFLOW

SE1RO OMATA 

Department of Computational Science， Faculty of Science， Kanazawa University 

1. Parabo1ic case 

Let S1(C Rn) be aもoundeddomain with s盟oothboundary (π三1).Firstly l，Ve consider 

a万社nimizingproblem of a functional: 

I(u):= / (1マ包12+ f(包)) dx， in κ:ロ {u:口一→ R円包 Es乱itablespace} (1.1) 
JO¥/  

where N 三 1，κisan admissible function space and f is a nonnegative function. 1n this 
paper， f are chosen f(包):口紅|包12- 1)2， in the Ginzburg-1andau (π = N = 2)， with 
κ:口{包 εW1，2(口jRN)n L4(口jRN)jU =ψon θ口}and f(包):口 Xu>o(x)，in the free 
boundary problem3) (n == 2， N = 1)， withκ コ {uE Lfoc(口)j¥lu E L2(口)，u= Uo on eS1}. 
For (1.1)， we introduce the notion of the出screteMorse semifl.ow which is based on so 
called Kikuchi 's scheme2)，3). 1et h be a positive number which tends to zero later. Consider 

the following type of time semidiscretized functional: 

r 1包 - Um_112 Jm(U) = I ，- -:"-~' dx+I(包)， (m == 1，2，・・・) (1.2) 
JO “ 

and determine a sequence {包m}of functions inに inductively.Firstly， for an initial data 
UoεにwithI( uo)く∞， we denne U1， as a minimizer of J1 inに Thenext function町 Gに
is a minimizer of J2 inκ， and so on. 

The essential estimate on this flow is based on the following property: 

r 1uふ…叫-tl2 九
J!(吟)== / .;....''''..:;n.:....t_、白+I( u~J .:s J:，¥ (U~t_1) == I( U~t-l)' 

JO 

a吋 therefore we have んIU~t -U~t_ rI戸2/片hd白xS.I尺(包吟t九tト一1) 一I尺(U吟~Jト. Su山U1111
to λ1，、wehave a estimate: 

.ぶrlubz-tLJE112
I(包ル.，)+ ) ~/ '-m j.，

-m-l' dx.:s I(uo). (1.3) 

This estimate is a b出 icestimate of this flow， from which many properties are obtaincd. 
Before showing a cOllvergence theory， firstly， we define anλpproximatc solution ofλheat 
equation. 

Typcscl byペ川弘司♂:
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つ

'Ve define functions包九 andUh on n x (0，∞) by 

t-(m -1)h 九 mh-t 
九(x，t) == v ¥..  h -r u~ (x)十一τ-44(z)?

DEFINITION 1.1. 

包h(X，t)ロ吟(x)，

for (x， t)εn x ((m -l)h， mh]. 

It is easy to see that if f is d.ifferentiable， approx.imate solutions satisfy 

Aレか匂句削0叩η仰川(作仇仰2町い川，0刈O的)d白Z戸口イ1~kDムd山〆山山t包d山内)，h山内h7]η1ω+ 1~ kかかD抗T包計白向j，h川川川川h匂U句切Lヲ明川川D加h仰Tη市l〆dωJ
Note that by (1.3) we have: 

THEOREM 1.2.万l'is continuo同 tbena limit function U belongs to 1令((O，T)x口)
and satis五es

(1.4) んω
for all ηεIbrl((03T)×口))witbη(x，T) = 0， wbere九((O，T)x n) = {u E L2(QT)，U:r; E 
L2(QT); lulQT :::: ess s~ lIu(x ， t)IIU(D) 十 IIU :r; IIL~(QT) <∞}. VVecal1 U a 附 aksolution. Note 

くtくT

that continuity of l' is one of a su茄cientcondition. 

From (1.3)， we easily have 

T荘EOREM1.3. The limit function U∞is a minimizer of the functional 

以 U)== k (1とfdf十i叫
in 疋lbenceJ包∞ satis五es…ん(2V'u∞マゆ+f'(u∞)件)dxと ofor any rt E Co(口)・

Here， we show numerical examples: The :first case is Ginzburg畑Landautype problem. 
We choose f(包)== HluI2 -1)2. "¥Ve treat the case whenη 口 N ロ 2，nこが in(1.2)・1・Ve
are interested in behavior of vortices. 

Ex.l hロ 0.02，O = 0.05 

t = 3.00 t = 0.20 

J予ラコミ~~:)\t.

織活織物
~~さよと三~~宏忽三三

弱震ミミミ蕊
句rsfMIjiipw
日¥ミヨj;liiド
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3 

The second case is a free boundary problem. e choose j(u) = X~>O コ 1 in {x;ε< u} 

and 0 in {x; 包~ O} with 11 マx~>oll∞~ ~lI.v叶∞ and X~>o E C2(R). "・Yetreat the case 
η コ 2，N = 1 and n = B 2

• 

f 

0.7:5 

0.:5 

0.2:5 

l 

0.7:5 

0.:5 

0.2:5 

EX.2 h = 0.005， e = 0.05， u コ1.0on the boundary 

0.7:5 

0.:5 

r出 1.0

Ex.3 h = 0.005，ε= 0.05，包=0.35 on the boundary 

(=  0.0 r田 0.1

r田 0.5 (=  6.5 
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4 

Ex.4 h = 0.005， Eヱ 0.005，U = 0.15 on the boundary 

明郵噛蝿欝滋僻開圃υ 

We de五nea functional on 

2. !王yperboliccase 

Let n be a bounded domain in RN with Lipschitz boundary. 
HJ(口;R勺nL4(口;RN)by 

o > O. J仲 10(~I \1UI2 十~(lul2 _1)2)白

We assume Vo E H6(口;RN)nL4(口;RN)， and redenne {Un} by 

(…o十九匂0，
Jn(Un) = infuEHó(n;RN)nL~(n;RN) Jn(U) η;::: 2， for 

lIU -2Un-l十Un-2W
Jn(U)ニ 2h'2 十J(u)・

where 

PROPOSITION 2.1. (Nagasawa-Omata) If h E (0， C;吉)， then 

IIUn - un_1112 I T(.. ¥ /' 1 _.._ r (η-2)十C1h'21(1 ¥
ーァ一一十 J(Un)~一一一一切町11'2十 J(町) ) ， ...;: 1 -C

1
h'2 -");' l 1 -C

1九
2 J¥2" -u 11 1"  ¥ -， / ) 

where (n -2)+ = max{η-2，0}. 
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Ex.6 h口 0.01，O = 0.1 

t = 0.10 t = 0.50 t = 0.90 
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DETERMINATION OF THE SOLUTIONS FOR 

THE MHD EQUATIONS BY FINITE ELEMENTS 

N AOYUKI ISHIMURA (1) AND MASAAKI N'AKAMURA (2) 

(l)Department of Mathematics， 
Hitotsubashi University， Kunitachi， Tokyo 186， JAPAN， 

(2) College of Science and Technology， 
Nihon University， Kanda-Surugadai， Tokyo 101， JAPAN. 

Dedicated to Professor Hideo Ka丸;varadaon the occasion of his 60th birthday 

vVe consider the magnetohyむodynamic(M日D)equations in R2 with periodic 

boundary conditions on the square n口 (O，L)x (O，L) : 

、1
1ノ

可
Bム
，，aa
‘、

au 1 ，_  _.  _ 1 _" _ .n 
L 十(u.V')u一一(B.マ)B十一-V'(¥B¥2)十一V'p=νムu+f
θtρμ 2pμ 

8B 
-~--: + (u . V')B -(B .マ)1l口戸ムB
θt 

divu口 0， div B口 O
u(x， t) = u(x十Le，t)， B(x， t) = B(x + Le， t) e E Z x Z， 

where the variables u， B and p denote the velocity vector， the magnetic field and the 

pressure， respectively. The constants ρ3μ，σand 1/ represent the uni t mass densi ty， 

the magnetic permealコility，the electric conductivity and the kinematic viscosity， 

respectively. f 1S the given external volume force to the丑uid.Moreover， we assume 

that the integrals of 1l， B， and f vanish on n for aH t > O. Namely 

l1t clx = fn B clxロ1f clx = 0 
For the derivation and known properties of the 1¥tIHD equations， we refer to， for 

instance， Z.Yosl刈 a[3]. 

The fit'叫 autho1'is pa1'tially suppo1'ted by G1'a叫 inAid [01' Scicntific Resca1'ch (No・OSi40133)，
Japanese Minist1'Y of Educatiol1， Scicl1ce， Spo1'ts and Cultu1'巴
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O旧 interestis in the long time behaviour ofthe solutions to (1). It is well known 

that the long time dynamics of (1) is monitored by a finite number of degrees of 

freedom. See for instance R.Temam [2]. i.;Ve want to examine the mechanism that 

what kind of finiteness can determine the system as time goes to in五nity.

Now， following [1]， let us de五n

V={u:R2→R2， vector-valued trigonometric polynomials 

with per叫 divu = 0， 1 u dx = 0 } 
H = the closure of V in (L2 (口))2，

V = the closure of V in (H1 (0，))2， 

where H1(n) (l = 1，2，・・・)denote the usual Sobolev spaces. Let P denote the 

orthogonal projection in L2(n) x L2(n) onto H and define the Stokes operator: 

Au =コ-Pムu，

with the domain D(A) = lf n (H2(0，))2. The norms of H and V will be de-

五nedusually and represented by 1 . 1 H and 11 . 11 v， respectively. There exists 

a complete orthonormal set 7.Uj of eigenfunctions of A with the corresponding 

eigenvalues 0 < 入1s; 入2 < ・・・. 明ledenote by Pm the orthogonal projection 

onto the linear space Spa吋Wl，...，切m}.Further， from now on， we assume tl川

f口 P!εL∞((0，∞);H) and put 

F = limsup ( / lJ(t，x)12 dx ) 
t吋∞ ¥Jn ノ

Next let E 口 {Xl，X2，... ，xN} be a given五山eset of points in n， which is 

associated with 

dt;口 suP.min ..Ix -xl 
xEni口 1，… ，N 

dE refiects the density of E in 0，. 

We now state our main result， which shows that the informa.tion about五nite

points of五nitemodes cletermines the whole system. 

。。
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Theorem. Let (ul，B1，Pl)' (u2，B2，p2) solve (1) 1，vith the forcing term JI， 12， 

respectivelぉwhichsatisnes IJI (t)… 12(t)IH→o as t →∞• If there holds 

lim (PmUl(XJ， t) -PmU2(XJ， t)) = )im (PmBl(X1， t) -PmB2(xJ， t))口 O
-+00' t-+oo 

for a11 xJεε， then we have 

1hzllU1(t)-U2(t)iiv口 12izilA(t)-h(t)iivz O， 

provided m とC(F)and dE :S; lj(4V6以前)， where C(F) denotes a computable 

function of F. 

Remark that our theorem seems to be new a1so In the case of B = 0; i.e.， 

N avier-Stokes equations. 1n this case， m is estimated by the re1a七lOn

入m+lどlM4
νゐ
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Abstract 

Two differenもimmiscibleliquids lie in layers aもresもbetweenhorizontal walls and are heated from below. 
When the temperatur巴differencebetween the walls reaches a critical value， new sol凶ionsbifurcate from the 
solution 叫 rest.Inもhefirsもpartof this paper， we focus on insもabilitiesもhatinvolve interfacial deformations 
and reporもona particular critical situ抗ionwi七ha pair of oscillaもorymodes at wavenumberαand a steady 
mode 叫 wavenumber2α. In the second part，もhefocus is on the case whereもheinterfacial mode is sもrongly
stabi1ized by surface tension and a suitable density stratification. A mechanism for a Hopf bifurc叫ionis the 
competition between the least sもableof the bulk modes in each fluid. Th巴wellknown criterion for balancing 
the effective Rayleigh numbers in bo出 fluidsis augmented with a criterion for non-self-adjointness of the 
system， yielding a heurisもicmethod for picking suitable自uidswhen Hopf modes are desired. The pattern 
formation problem in three dim巴nsionsis addressed for the case of doubly periodic solutions on a hexagonal 
latもice. O( the soluもionswith ma.ximal symmetry， the traveling rolls are found to be sもable. This is in 
contrast wiもhp出 tresulむsof the qualitaもivelydifferent m巴chanismof interfacial instability. 

Introduction 

We consider the onset ofもhermalconvection in a system withれvofluids fillingもhespace between 
two plates， where the lower plaぬ iskept at a higher temperature thanもheupper plate・ Thetwo fluids 
have different thermal and mechanical properもies.(Two叩layersystems appear in various applications [2ム
29日The destabilizi時 mechanismis the t凶emp抑er日at如ur問巴 di坑官巴附
Be合na町rdproblem吋)ト.The p附 enceof two liquids and an interface introduces 0もherdestabilizing or stabi江li均zm
mechanisms， depending on the stratification in the fluid properもles.
Asymptotic formulas for the interfacial mode for long-wave disもurbances，shorレwavedisturbances， and 

when the liquids have similar physical properties， are available [16， 22“ 26， 28J. Surface tension is s“もabi口li均Zl泊n
i均nthe sl凶hor凶もい"斗、wa訂.velimi比も.Diπerences in density and coef五cientsof cubical expansion contribute もowardthe 
buoyancy effect at the interface， and can be manipulated to eiもhersもabilizeor destabilize the interfacial 
mode. In the limiもoflong waves， the volume ratio and di官erencesin thermal conductivity and the buoyancy 
parameters are important. There is a preference forもheplacen淀川ofthe more conductive liquid in the thicker 
layer as the system attempts to optimize heaもtransfer.Oscillations may be seもupdue to the competition 
between the destabilizingもemperatur邑 gradientand a stabilizing influence of the interface. Some analysis 
and experiments have been done [1，4， 6， 10，19，21， 24J in regirnes where the inte巾 cialrnode is not irnportant 
and criticality is attained by bulk rnode(s). 
In two dimensions， a steady onset on もsown would lead to ro¥ls. For the osci¥latory onseもcase，there 
is a twofold 山generacy of the critical eigenvalue (eigenvalues 土iω for a cr討品刈i比川t“icalwav，刊附e創n山1
一α)ト.The possible bi江f町 cati刊 solutionsare standing rolls and lravelli刊 rolls[27]. If either is subcritical， 
もhenboth are unstable. If both are supercritical， then one of them is stable. A limited number of critical 
situations were investigated numerically in [22]， and found to be unstabl日.

Governing Equations 

The equations governi時もheproblem are w山tenin full in Chaptcr III of [16]. Thcre arc at le出 b
nine dimensionless ratios:もheratio of viscosities， densities，もhcrmalconductivities， diffusivitics， cocmcients 
of thermal expansion， surface t巴nsion，the dim邑nsionlessdepth of the lower fluid， a Rayleigh nurnber R 
and Prandtl number P defined for the lower fluid. At the interface， w巴 musthav巴 continuityof velocity， 
もemperatureand heaもflux，and balance of tractions. In each fluid， the governing equations are the usual ones 
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for the Benard problem: the heatもransportequation and the N avier-Stokes equations wi山山eOberbeck-
Boussinesq approximation. The base state consists of zero velocity， and temperature that depends linearly 
on the vertical coordin叫e.vVe are concerned withもhestability of this basic solutiori and with solutions 
bifurcati時 from it [9， 16]. In order to carry out the derivation of 七ぬh母amp凶凶li七れu吋ld白eeq伊ua抗.t必七“ωlOn院 i抗も iおss叫u缶cle叩n
to keep up to もhecubic nonlineari比凶七“i託es.The interface condiもions，when expanded in Taylor series about the 
unperturbed position for small devi叫ions，contribute the cubic七日rms.

The 2:1 steady jHopf mode interaction 

Multiple bifurcations associated wiぬ modeinteractions inもhepresence of 0(2) symmetry have been 
attracting much attention. Golubitsky， Stewart and Schaeffer [13] give a review of steady-sも叫ejsteady-state，
Hopfjsteady伺staもe，and HopfjHopf mode inもeractions.In particular， the Hopfjsteady-state mode interacもlon
has been investigated with applications もoCoueももe丑owbetween counter rotating cylinders. In this flow， 
the Taylor vortices and spirals bifurc叫efrom the sもeadyCouette flow simultaneously for a specific set of 
parame旬rs[7， 11，12， 17， 18]. The interaction considered there is between a pair of Hopf modes and a 
steady mode wi七hthe same wavenumber. The effect of resonance appears atもhecubic order. Inもhepresent 
paper， on the other hand， we consider the inもeractionwith the wavenumber raもioof 1:2， so thaももheresonant 
interaction seもsin at the quaむa比 order[15]. 
Analyses of the Hopfjsteady-state mode interaction with wavenumber ratio of 1:2 have a rather short 
his七ory.A siれlationwhere th色modesare neutral but noもcriticalarises in free convection between verもical
parallel plates [8]. In contrast， one may interp凶もhecritical situation here as being more easily aもtairト
able und色rexperimenもalconditions than a neutral situation. Hopfjsteady-sもateinteraction with general 
wav巴即mberraもiol:m， involving the case 2:1邸 asubset， in a system with 0(2) symmetry is studied by Hill 
and Stewarも[14].They give a partial geometric ar叫ysis.
Linearized Stability Problem For the linear stability analysis， 2D disturbancesもhatdepend on 

叫 (σt)are exarnined， wi出 wavenumbersα.There are an infinite number of discrete eigenvalues σ[16， 
22， 25， 29]. Inもhespecial case when theもwofluids areもhesame， the interfacial mode rnerely allows出e
interfaceもobe wavy， leaving the velocity and temperature fields白山eyare. This is neuもrallystable and is 
not an ac七ivemode， and stability is deterrnined by the one-fluid bulk modes. When the fluids have different 
propertie丸山einterfacial mode begins to play an active role in the stability problem. 
In [9]， we depict a particular situation where there is a Hopf mode at wavenumberα= 3.08 and a real 
mode at wavenumber 2α コ 6.16are simultaneously at criticali七y.We describe the bifurcaもingsolutions. 
Amplitude Evolution Equations We regard two ofもheparameters出 bifurcationparameters (入1，入2)， 

e.g・2λ R-Rc， where Rc is the critical value of the Rayleigh number， and入2is one of the 

There are 7 La吋 allcoemcients s12，711，̂/12，71i， s33 (real)，γ31 (real) and 733， which are compllted at 
criticality [9] 
'vVe let JLl =μ2コ iω 十e[anclμ3 -e2 wher巴ω，el ancl (2 are rcal. This yields aれ.vo-paramcter
bifurcatiol1 with el and e2出 bifurcationparamete瓜 Theeq凶ibriumsolutions (djdl = 0) of (1)， hercaftcr 
dropping the hats on the Zi， are: thc sleady so/ution Zlコ 0，Z2 = 0， ihe irave/ing匂JavesZ2 0， Z3ロ 0，
and the (η山 cd)standing 10仰 es.The standi刊 wavesare generated by equal and opposite traveli時 wave
components， which excite th巴steadyZ3ωcomponent. 
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Section 6 of [向9町]sl 
fおormt叫11a邸sfor determining も出hestability of many of these solu凶1比七10∞n出l陪s.A comparison with the work of Hil1 and 
Stewart [14] is given in [9]， wi出 moredetails in the lCAM report， including corrections. There is a secもorIII 
七hetl -t2 plane where出emi..xed standing wave solution is stable. Along the lower boundary of this sector， 
we have a Hopf bifurcationもoa modulated wave solution. The transition from s七abilityto instabi1ity across 
もheupper boundary ofもhesector can be shown to arise from an odd mode of perturbation， and the new 
solution is termed the asymmetric m.ixed mode. 
Asymmetric Modes We examine a new class of equilibrium soluもionscalled an asymmetric mi..xed 

mode where Izd =f. IZ21 and IZIZ2Z31 =f. o. R色sultsfrom numerical integration of the amplitude equations 
based on the four七horder Runge岨Kuttascheme are given in [9]. We set zn(t)→ zn(t)exp(iwt) for η=  1，2 in 
(1) and represenもtheasymmetric mixed mode by Zl = rl ei81 (t)， Z2 = r2 ei82(t)， Z3コ r3ei83(t)， rl =f. r2・
The compleもebifurcation diagram is discussed in [9， 30]. 

An Oscillatory Bulk-Mode Competition 

There has been recent interest among experimentalists [1， 4，21] in observi河 anoscillatory onset that h出
been theoretically sれldiedin the七wo唱lay日rBenard problem. The weakly nonlinear analysis in the 1iterature 
applies toconditions close to criticaliもyandもhisis pursued here. In order to seもupan oscillatory onset， 
there needs to be a competition between two modes. Two such mechanisms are as folIows. First， a bulk 
mode which is destabilized by the temperature differ巴ncebetween the plates may compete with a stabilizing 
interfacial ~ode due to a favorable straもificationin the丑uidproperties [9， 22， 25， 26， 29]. Secondly， when the 
interfacial mode is s七ronglystabilized， the competition between the least stable of the bulk modes associated 
with each fluid can leadもoan oscillatory onset [6， 21， 31]. This case appears aもthemoment to be more 
accessible to experiments and is the subject of this section. 
The experiments of [1] concern a layer of Fluorinert lying below a layer of silicone oil 47v10. The 
properもiesofもhesefluids are discussed in [24]. ln choosing fluids for the purpose of observing an oscillatory 
onset， it is useful to have a rule ofもhumbso that a larger window of parameters would be involved， and 
W1出 desirableshort periods for ease of measurements. This is developed in [24] togetlぽ witha linear 
stability analysis of出eFluorinert -47v10 sysもemand the fictitious Anderinert“47v10 system， fol1owed by 
the weakly nonlinear analysis for doubly periodic solutions on a hexagonal lattice [32]. The methodology 
has been applied in [22] to the interfacial instability case. The results for the bulk-mode competition case 
are found to be qualitatively different from those of the interfacial instability case. For soluもionswith two 
degrees of freedom， there are色levenclasses of solutions. It is found thaもthetraveling rolls are stable while 
もheother soluもionsare supercriもicalbuもunstable.
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Bloyvup of solutions of clissipative nonlinear ¥vave equations 
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In this talk， we consider the blowup problem (∞I日?出tenceof global叫 utions)for 

nonlinear evolution equations of the form: 

u勺)+θゆ(1ペt))十eJ<p(u(t))-δψ(u(t)) = 0， t > 0 、、E
E

，，
t
i
 

，，a
B

‘、

in a real Hilbert space H. Here， eJ<p， eJ<p and θψare single valued proper subdifferentials 

of lower semicontinuous convex functions <p， ψand 'lt from H to [0，十∞]. 

Typical examples of (1) considered here are as follows. 

1ltt十6叫 - d1l - lulQ-2u口 0， t 2:: 0， x E D， (2) 

(3) 

(4) 

Uttーム叫一 IIVuII12(D)ムU - lulQ-2u口 0， t三0， x巴D，

Utt十iutim-214tームU - lulQ-2u口 0， t三0， x E D， 

with the boundary condition 

ll(t，x) = 0， t ど0，x E eJD， (.5 ) 

where fJ三0，m， q > 2 and D is a boundecl clomain in Rn with smooth bounclaryθD. 

For the case of θ世主 oin (1)， the blow叩 problemhas been st吋 ieclby ma町 authors.In 

parもicular，under appropriate concli tions onψancl ψ， it is shown thaもifinitial clata belongs 

to the so callecl unstable set V clefined by (7) below， then the solution of (1) blows up in a 

五nitetime (悶， e.g・， [8] ancl [:3]). 

1 Partially supporLed by JSPS Research Fellowships for Young ScicnLists. 
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Recently， for (2) and (5)， Ikel同 aand Suzuki [2] showed that if 5 > 0 is small and initial 

data belongs to some subset vs of the unstable set V，ぬenthe solution blows up in a五nite
time. Here， we note that V8 is noもequalto V if 5 > o. The blowup problem for (3) and (5) 

was studied by 0∞[7]， and he showed thaもifq三4and initial energy is negative， then the 

solution blows up in a五nitetime (see Remark 1 belO¥v). The blowup problem for (4) and 

(5) was st吋iedby Georgiev and Todorova [1]， and they proved that if m < q and initial 

energy lS SU茄cientlynegative， then the solution blows up in a五回もetime. Our purpose in 

this talk is to generalize the above rest山sin [2]， [7] and [1]. That is， under appropriate 

conditions on仇c.pand ψ， we show that if initial data belongs to the unstable set V， then 

the solu七ionof (1) blows up in a自nitetime as well as七hecase of dゆ=O. 

In what follows， we always assume the followi時 (A1)and (A2). 

(A1) c.p and ψare homogeneous functions of degree p and q， respectively. 

(A2) 1 < p :::; q， q> 2， and c.p(u) > 0 for u E H¥{O}. 

For 7.l E D(ψ) n D(ψ) and vεH， we put 

J(u) =ψ(u) -ψ(ll)， I<(u)口 pc.p(u)-qψ(u)， E(7.l，v) = (1/2)lvI1 + J(7.l)， (6) 

and we de五nethe unstable set 11 as follows: 

11 = {(叫v)E [D(ψ) n D(ψ)] x H; E(u， v) < d， K(7.l) < O}， 

d = inf{J(7.l);7.1巴 D(ψ)n D(ψ)，K(7.l) = O，7.lヂO}.

(7) 

(8) 

Remark 1 It follows from (A1) and (A2) that dコ inf{(l-p/q)c.p(7.l);7.l E D(ψ) n 

D(ψ)， K(u) = O，7.l =1 O}三oa吋 (l/q)I<(吋:::;J(u)三E(7.l，υ)，so we see tl川 {(7.l，v)ε 
[D(ψ) n D(ψ)] x H;E(uグ)< O} c V. 

Remark 2 From (A1) and (A2)， it is sl 

D(仲ψ)， K(かいωu吋l)< 0叫}and the set 11 is invariant under the flow of (1)， th 叫 is， if (7.1(tO)，7.l'(tO)) E 

V then (u(t)， u'(t))ε11 for all tどto.The invariance of 11 a.ncl (*)， which a.re Ilot used in 

[7] and [1]， play im町11por山ta凶a剖l川凶esin the proofs of the followillg theorems. 
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Theorem 1 Suppose that Oやzsαηoη-negαtive sel]-αdjoint operator iη H， αndαssume 

(A1) and (A2). Theηαηy stro吋 solutionu(t) of (1) sαtis]ying (u(O)パ/(0))E V does not 

exist forαII t ~ O. 

Theorem 2 Let n be a bounded domain in Rn with smooth boundαry an. Assume that 
2 < m < q. Theηαny solution u(t) of (4)ωd (5) sαtisfying (u(O)，ll'(O)) E V does not 

Eユ:istforαllt どO.

The boundedness of dornain n is essential in the proof of Theorern 2， because we use 
there again and again the continuous irnbedding Lr (口)日 LS(n)if r主s.We are now 

trying to extend Theorern 2 to rnore general case including the case for unbounded dornain 

n. Theorern 1 was五rstproved in [6] for the case of Oゆ(u')口 5u'with 5 > O.日owever，

the proof in [6] is not applicable to the general case as in Theorem 1. So， f，お'ollow叩mgan 

modifying the argument in Ono [7]， we introduce a function 

P即P(t)ωtり)=;ιiいu(tり叫)日|品Lい+;/f1i同伊B1川S吋)1出1d山s+ベ:i回凶B1川叫(丸一吟
~ ~ JQ :t 

(9) 

where we put B =θ<t and To is a positive constant deterrnined only by the initial data 

(cornpa1'e (9) with (5.5) in [7])， and we use the so called concavity a1'gument fo1' P(t). More 

generally， Theo1'em 1 is also valid when u"(t) is 1'eplaced by Au勺)in (1)， where A is a 

positive self.白adjointoperator in H， so our abstract resu1t is applicable to a problern arising 

in a paper [5] by Mizog吋 li，Ninorniya and Yanagida 

At the rest， we give a sketch and a rernark of the proof for the case of θゆかり =5u'. The 

following・lernrnaplays a cruial role the1'e. 

Lemma 1 Suppose thαt δゆかり 5u' ωith 5 > 0， αηd αss包山mc(A1) αηd (A2)ト• S叩 posc

t仏hαat α stれかγ1'0吋 S叩of.z凶 0'1ηl u(収仰t)0ザ1](lリ)s印αtμt白sfy炉i吋 (か1l(卯例0的)パ川fぺ'(卯0)) 巴v 巴口xzおsts9〆10ωbαall匂yz印7ηlt的iかmc.The 叫
the陀 existst1 > 0 such thαt1(t)>Oαnd 
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forαlmostαII t E [t1，十∞)， ωherεγ = (q十2)/4，αndwe put I(t) 

E(t)ロ E(u(t)パ仰)).

(1/2) lu( t) I~αnd 

For the proof of Lemma 1， see Lemma 2.4 in [6]. 

Proof of Theorem 1 for cαse of ort( 7.l') = ou'切tho > O. Suppose that a strong solution 

u(t) of (1)叫 i均ing(u(O)， u'(O))巴Vexists globally in time. Then， from Lemma 1， there 

eXlsもSt1 > 0 such that 

oI'(t)と(1十q/2)(d-E(t))と(1十q/2)C1Iγ(t)， t三tl， 、1
2
J

噌

1
4

句

E
ム
f
i

、
where we put C1 = (d -E(t1))/I7(t1). Since γ= (q十 2)/4> 1， C1 > 0 and I(t1) > 0， 

I(t) can no七eXlsもforall t > O.狂owever，this contradicts the assumption that the strong 

solution 時)exists globally in time. Hence， we obtain Theorem 1. C> 

Remark 3 To prove Theorem 1 for the case of δゆ(u')= ou'， we used in [6] a blowup 

resulもforsome ordinary differential inequalities of second order proved by Li and Zhou [4] 

and Souplet [9]. But， as we saw above， it is not needed in the proof. 
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Mathematical Issues in Viscoelastic Flows 

Michael Renardy， Department of Mathematics， Virginia Tech， Blacksburg， VA 24061-
0123， USA 

The lecもurewill discuss two classes of problems arising in the analysis of viscoelastic 
琵ows:日ows七abilityand the asymptotics near reentrant corners. 

In the sもudyof hydrodynamics stability， two premises are often七akenfor granted: 
First， that linear stability implies stability to small disturbances， and second， that linear 
stability can be linked七o吐lespectrum. While this is well justi五edfor Newtonian fl.uid 
mechanics， viscoelastic fl.ows raise new issues. Indeed， it is well known七hat，on the general 
level of Co-semigroups， linear stability cannot always be imferred from the spectrum. A 
number of counterexamples have been given in the liter抗urejin the lecture， 1 shall discuss 
a very natural example which is jusもalower order perもurbationof the wave equation. On 
the other hand， some positive resu1ts wil1 be discussed. Assuming a spectral "separation 
condition，" it is possible to establish a link between linear stability and spectrumj such 
a result is applicable to hyperbolic PDEs in one space dimension. Finally， 1 shall discuss 
viscoelastic長owsfor fl.uids with constitutive relations of Jeffreysもype. 1 shall discuss 
parallel shear五owsat arbitrary VVeissenberg numbers and general fl.ows at sufficie叫ly
small Weissenberg numbers. In boもhcases， iもcanbe shown that spectral stability implies 
linear stability， and， in the case of small Weissenberg number， also nonlinear stability. 
The fl.ow of a viscoelastic fl.uid through a contraction is' an important problem in in幽

dustrial processing and has been designated a standard benchmark problem for numerical 
simulation. The singularities arising at the reentrant corner have caused signi五cantdif-
ficu1ty， espcially for the upper convected Maxwell model. The lecture will discuss recent 
analytical progress in elucidaもingthe nature of the corner singularity. A matched asymp-
totic solution can be constructed， which involves a "potential丑ow"region in the core， 
and cusp叩shapedboundary layers near the walls. These boundary layers are a particular 
lnsもanceof a more general phenomenon of formation of stress boundary layers on walls 
at high Weissenberg numbers， which has also been observed in other fl.ows. Apart from 
the issue of resolving the boundary layers， we shall also identify a downstream instability， 
which can lead to ampli五cationof errors and the breakdown of numerical simulations. 
Finally， we present a comparison between t 
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ONSP狂ER1CALLYSYMMETR1C STELLAR MODELS 
IN GENERAL RELATIVITY 

Tetu Makino 

1. In general theory of relativity， the spherically symmetric equilibrium 
of a self-gravitating g出 isgoverned by the Tolman-Oppenheimer-Volko茸
equation: 
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The metric is 

ds2 = ev(r)c2dt2 _ eA(r)dr2 _ r2(d02十sin2θdポ)，

where e-入コ 1-3Gmjc2r and dLノ

constants. We assume 

(AO) p= p(ρ) is a su罰cientlysmooth function ofρ> 0 such that p > 0 and 
dpjdp> 0 for p> 0 and p-→O凶 ρ→ O.
Given the central density ρo > 0 ， we put Poコ p(Po)and consider the initial 
value problem for (1) with 

-2dpj(p +ρc2). G and c are positive 

(2) 

By transforming (1)(2) to an integral equaもion，we can show that for a 
sufficiently sma1l8 there exists a unique solution (m(1令r凡.
that 

m = O，p = poαt7・ =0

予07.3+ 0(7，5) 
師、2

po -(ρ0+ pojc2)G(仰 0/3十47rpo/♂)=十0(7，4)

7n 

出 7・→ +0.Let us prolong tbis solution to tbe rigbt as long as possible ill 
tbe domain {(7・，7町p)IO<γ<十∞，0< pく十∞，2Gm/c2γ<l}. Lct. (O，R) 
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be the right max:imal interval of existence. 
It is easy to see that p→ O回アー→ R.
We assume 

(Al)32コ γ+O(pi-1)出 P→ +0and 4/3 <γ く 2
Then we have 

Theorem 1. Under (AO)(A1)， R is丑nitefor any central density. 
2. The equaもionof state for neutron stars is given by 

p口 K1c
5f(s)， P == K2c39(S) 

where 

f(s) == s(s2 _ 1)1/2十310g(s+ (S2 _1)1/2) 
g(s) 口 8S(S2-1)3(2 -f(s). 

So， (A1) holds withγ== 5/3. 
3. We assume 

(A1)' ;去二 γ十日(pi-l，1/c2)，4/3 <γ<  2， O(μ，E) is continuous inμ 三
O，E 三U，O(O，E) == 0 and 1勾schitzcontinuous reμuniformly in E. 
Then we have 

Theorem 2. Under (AO)(A1)'， there is a constant C independent of c such 
that 

p/ρ，r3/m，m/r ~ c (3) 

for 0 ~ 7・~ R and c;::: Co・
4. The linearized equation for a spherically symmetric perturbation from 
the equilibrium is of the form 

R
 
<
 

<
 
nu 
f
1

、
n
U
 一

一E'
、
A
 

g
T
 

C
ら一

2

っ“一
4
L

no
…円。

(4) 

with 
1 8 f f ¥ 8f， Af，==一一四トー(向かうー)+α2(7.)f，]，。(773TOr

where f， == e-v/2O7・/7・ Thequ凶 ityf ==勾/c
2

~ appωs inα1 andα2. We 
assume 

(A2) As ρ→0， i-dfdp， p毒(i-ま)，p毒(諸)→ O.
The eql凶 ion(4) can be t.ransformed tO the standa.rd form 

Ztt - Zhh + Q(h)zロ 0，(0 < h < H) (5) 
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where 

h=口 101'(aolal)lj 

We see H is宣凶te，and Q(h) rv 21h2邸 h→ +0， and 
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出 h ー~ H -O. Thus we have 
Theorem 3. Und.er(AO)(Al)(A2)， the adjoint oper抗orA of Ao， which real-
iz田 Awith domain C8(0， R)， is the self-adjoi叫Friedrichsextension， and A 
has a purely discrete spectrum. 
5. Assume 

(A3) info.:Cp.:Cpo[3r -4 + 3p寄J>o. 
Then， using (3)， we can show 
Theorem 4. Under (AO)(Al)'(A2)(A3)， the equilibrium is neutral stable in 
the linearized sense， say， the minimum eigenvalue of A is positive. 
6. For the equation of state of neutron stars， we see p rv c2 pl3出 P→+∞-
If we take p = c2ρ13 exactly， we can show thaもforany central density， 
R=+∞md p NE&fL出 T →+∞.(Here we take G = c = 1 for the 
simplicity. ) 
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