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INTRODUCTION TO THE BORDISM PRINCIPLE

RUSTAM SADYKOV

1. WHITNEY THEOREM

A number of problems of differential geometry are known to have coun-
terparts in homotopy theory. If a differential geometry problem is, in fact,
equivalent to its homotopy theoretic counterpart, then we say that it satisfies
the homotopy principle.

Let us, for example, consider immersions of a closed curve into the two
dimensional plane R2. By definition, an immersion f of a closed curve
into R? is a smooth map of a unit circle S into R? without singularities.
To reformulate the definition in terms of coordinates, let ¢ be the angular
coordinate on the circle and z,y be the standard coordinates on R2. Then
the map f from S! into R? can be given by a pair of functions

(1) z = z(p),

(2) y =1y(p)-

The map f is an immersion if the functions (1) and (2) are smooth and for
each angle ¢ at least one of the numbers z,(¢) = g—;(ap) or yu(p) = d—g(cp)
is not zero.

We say that two immersions f and g are regularly homotopic if there is a
smooth deformation of f to g through immersions. More precisely, there is
a smooth family of maps F; : S — R? parameterized by a (time) parameter
t € [0, 1] such that the initial map Fj coincides with f, the terminal map F}
coincides with g, and at each moment ¢ € [0, 1] the map F; is an immersion.

One may wonder if any two immersions are regularly homotopic. To an-
swer this question, Whitney proposed to shift from this differential geometry
problem to its homotopy theoretic counterpart. Namely, given an immersion
f(p) = (z(¢),y(p)) of a closed curve S, at each moment g the direction
of the velocity vector (z,(¢0),yp(¢0)) determines a direction

(3) (-7350(900), y<,0(900)) e Sl
#/2(20) + 43 (00)
Thus, the immersion f gives rise to a continuous map

Gy: ST — St

Date: Jan. 2, 2006 .



that assigns to a moment g the direction (3). Under regular homotopy of
f, the continuous map Gy deforms continuously, i.e., by homotopy. Conse-
quently, if two immersions f, g are regularly homotopic, then the maps G
and Gy are homotopic. The converse statement turns out to be also true.

Theorem 1.1. (parametric h-principle for immersions S — R?) Two im-
mersions f and g are regularly homotopic if and only if the maps G and
Gg4 are homotopic.

The homotopy theoretic part of Theorem 1.1 is simple; two maps Gy and
Gy are homotopic if and only if their degrees are the same, i.e., the maps
Gf,Gg: S' — S wind the circle S around itself the same number of times.

For example, if f is the standard embedding of S! into R? and g is the
figure “8” immersion, then the degree of Gy is 1, whereas the degree of G
is 0. Hence Gy is not homotopic to G4 and therefore f is not regularly
homotopic to g.

2. H-PRINCIPLE FOR IMMERSIONS. SMALE PARADOX

For a manifold M, let mpr: TM — M denote the projection of the tangent
bundle T'M of the manifold M, and T, M be the fiber of TM over a point
x € M. We say that a smooth map f: M — N of compact manifolds is an
immersion, if the differential df : TM — TN of f is a monomorphism of
vector bundles, i.e., for each point z € M, the differential d, f : T, M — T,N
of f at x is a monomorphism.

Our next example is the differential geometry problem that in 60-70s in-
spired a number of further results culminating in the birth of the h-principle
theory.

Problem 1. Given a continuous map f : M — N of smooth manifolds.
Does there ezist an immersion M 3 N homotopic to the map f?

From the definition of immersion, it follows that a necessary condition for
the existence of an immersion homotopic to f is the existence of a vector
bundle monomorphism 7'M — T'N covering the map f, i.e., the existence
of a continuous map 7: TM — T'N such that the diagram

T™ ——— TN
Wl FNJ
M —I . N,

commutes and for each point x € M, the map 7|T,M : T,M — T,N,
with y = f(z), is a monomorphism of vector spaces. Hence the homotopy
theoretic counterpart of Problem 1 is Problem 2.

Problem 2. Given a continuous map f : M — N of smooth manifolds,
does there exist a monomorphism TM — TN of tangent bundles covering
the map f.



The h-principle for immersions, proved by Smale and Hirsch, asserts that
Problem 1 and Problem 2 are, in fact, equivalent provided that either the
dimension of the manifold M is strictly less than the dimension of the man-
ifold N, or the dimensions of M and N are the same and the manifold M
is open. Furthermore, two immersions fi, fo : M & N are regularly ho-
motopic, i.e., homotopic through immersions, if and only if df; and dfs are
homotopic through monomorphisms of tangent bundles.

A surprising consequence of the h-principle for immersions is the famous
Smale Paradox.

Corollary 2.1 (Smale Paradox). Every immersion S? 9 R3 is regularly
homotopic to the standard embedding. In particular, the standard embedding
and its eversion are regularly homotopic.

Proof. Regular homotopy classes of immersions f : S? 9 R? are in bijective
correspondence with regular homotopy classes of immersions f : V & R? of
the thickened sphere V := S% x [—1, 1]. By the h-principle, the latter classes
are in bijective correspondence with homotopy classes of monomorphisms

TV =V xR® — TR3 = R% x R?,

which, in their turn, are in bijective correspondence with homotopy classes
of maps V — R3 x SO3. Since m(S03) = 0, every map V — R3 x SO;
is homotopic to a constant map. Thus, there is only one regular homotopy
class of immersions S? 3~ R3. O

3. H-PRINCIPLE FOR SUBMERSIONS

If the dimension of a manifold M is at least as big as the dimension of
the manifold N, then a smooth map f : M — N is called submersion if df
is a nonsingular morphism of tangent bundles, i.e., for each point z € M,
the homomorphism dg f : TuM — T, N, with y = f(z), is an epimorphism.

Again, as in the case of immersions, given a continuous map f: M — N
of closed manifolds, a necessary condition for the existence of a submersion
M — N homotopic to f is the existence of an epimorphism T'M — T'N of
tangent bundles covering the map f.

However, in contrast to the case of immersions, the existence of an epimor-
phism of tangent bundles does not imply the existence of a submersion. For
example, since the tangent bundle of S! is trivial, there exists a monomor-
phism of bundles T'S? — TR!, while every real valued function on S! has a
singular point.

In this sense, the h-principle for submersions of closed manifolds does not
hold.

4. B-PRINCIPLE FOR SUBMERSIONS

The bordism principle is a bordism version of the homotopy principle. To
formulate the bordism principle we will need a few more definitions.



We say that two submersions f; : M; — N;, with ¢ = 1,2, of closed
manifolds are bordant if there is a submersion F' : M — N of a manifold
M with boundary M = M; U Ms into a manifold N with boundary ON =
Nj U N3 such that F|M; = f; for 1 =1,2.

The classes of bordant submersions of manifolds of dimension m into
manifolds of dimension n constitute an abelian group Sub(m,n) with ad-
dition defined in terms of representatives by taking the disjoint union of
submersions.

Next we define a stable epimorphism of tangent bundles as a class of an
epimorphism TM @R* — TN & R* where k is a positive integer. If ki < ko,
then two epimorphisms 7; : TM & R* — TM @ R*: with i = 1,2, represent
the same stable epimorphism of tangent bundles if 75 = 71 @ 1gk,-x,, where
1gky -k, is the identity map of Rk2=F1,

Let [71] and [72] be two stable epimorphisms represented by 7; : TM; @
R* — TN; @ R¥, with k = 1,2. Suppose that there is a manifold M with
boundary OM = M; U My, a manifold N with boundary ON = Nj LU No,
a number k > max(ki, k2) and an epimorphism 7 : TM @ R¥ — TN @ R*
such that the epimorphisms

7|TM;y: TM, @ R¥ — TNy @ R*

and
7|TMy: TMy & R¥ — TN, @ RF

are stably equivalent to epimorphisms 7; and 75 respectively. Then we say
that the stable epimorphisms 1] and [72] are bordant.

Let Epi(m,n) denote the bordism group of stable epimorphisms of tan-
gent bundles covering maps of manifolds of dimension m into manifolds
of dimension n. Then there is a homomorphism of groups Sub(m,n) —
Epi(m,n) that takes a class represented by a submersion f onto the class
represented by an epimorphism df.

We say that the b-principle for submersions of manifolds of dimension
m into manifolds of dimension n holds if the homomorphism Sub(m,n) —
Epi(m,n) is an isomorphism.

In particular, if the b-principle holds and f : M — N is a continuous
map covered by a stable epimorphism, then, the map f is bordant to a
submersion.

5. KHAN-PRIDDY THEOREM

We say that a map of a manifold of dimension m into a manifold of
dimension n has codimension n — m.

The bordism principle for submersions of codimension 0 turns out to
be equivalent to the Khan-Priddy theorem, which asserts that there is a
map q: K(S,1) — (Q2°5%) inducing an isomorphism of integral homology
groups, or, equivalently, of bordism groups. Here S is the group of infinite
permutations, i.e., the limit lim ¥; of the groups ¥; of permutations on %



elements; and (£2°°5°), is the colimit of the sequence of spaces of pointed
maps S7 — S7 of degree 0.

To relate the Khan-Priddy theorem to the b-principle for submersions,
let us give geometric interpretations of elements of the bordism groups of
K(S,1) and (Q2°°5%),.

An element of the oriented bordism group of (Q2%°S*°), is represented
by a map N x S§7 — S7 that takes the slice N x {v} over the north pole
v € S7 onto v. If necessary, we may slightly perturb this map so that it
becomes transversal to the south pole {*} of S/. Then the inverse image
of {*} is a manifold M C N x S7. Furthermore, it is easy to see that the
projection of M C N x S/ onto the first factor N can be covered by a
fiberwise isomorphism of stablized tangent bundles. Now a straightforward
argument shows that the bordism group of (2°°5%°)( is isomorphic to the
bordism group of epimorphisms of tangent bundles of codimension 0.

On the other hand, the space K(X;,1) is a classifying space of i-sheet
coverings. Hence the bordism group of K (%;, 1) is isomorphic to the bordism
group of i-sheet coverings. To obtain the bordism group of K(S,1) we
consider all coverings and identify an i-sheet covering f : M — N with an
(i + 1)-sheet covering fU 1y : M UN — N where 1y is the identity map of
the manifold N.

Now it remains to describe the map q : K(S,1) — (2%°5°)y. A point of
K(S,1) is represented by 4 unordered points py, ..., p; in R for some positive
integers 4 and j. We will assign to points p1, ..., p; a map S/ — S7.of order
0. Let r denote the minimal integer for which the disc in R7 of radius r
with center at 0 € R7 contains all the i points. For i < k < 2, pick the
points py with coordinates (r + k —4,0) € R x R’~!. Let & be the minimal
distance between the points {p;} and let D € R’ denote the j-disc of radius
15 with center at pg, 1 < k < 2i. Then, the desired map 83 — S is the
one that takes the complement to the disjoint union of the discs Dy onto
the north pole s € S, and maps each of Dy, onto S7 by the composition of
the factorization Dy — Dj/8D) = Sj and a homeomorphism Sy — S7 of
degree 1 if k < ¢ and of degree —1 otherwise.

6. MUMFORD CONJECTURE

The b-principle for submersions of codimension —2 turns out to be equiv-
alent to the Mumford conjecture on the cohomology ring of the moduli
space of Riemann surfaces. The Mumford conjecture was recently proved
by Madsen and Weiss.

Whether the b-principle for submersions of codimension k for £ < —2
holds or does not hold is an open problem.

7. WHAT IS NEXT?

The h-principle and its bordism version, the b-principle, can be formu-
lated in a much more general setting.



For example, we may view immersions (or submersions) as smooth maps
satisfying appropriate differential relations. Using the language of jet spaces,
one may formulate the h-principle and b-principle for any differential rela-
tion.

It turns out that in general the bordism principle for a differential relation
follows from the corresponding h-principle provided that the differential rela-
tion admits a destabilization. For example, for submersions, we require that
the existence of an epimorphism of stabilized tangent bundles implies the
existence of an epimorphism of genuine tangent bundles in the same bordism
class. We proved that such a destabilization exists whenever the differential
relation is invariant with respect to contact changes of coordinates.
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1.1 ZA4I5RY
9, EMOYAVED ZEHL (£ 1.2), ¥ VED THEEOMBEEFRLL LS (B L),

[(Z1VED] O—DDFERLEL T ZEMZ (—fED) RICEOSY IV THAMICHEFE D 2H) SHRADIEN
TE5., L0 —RIBZFEEU LD NN EREZFEDIEDEZEIDLIENTE SN, T TIIHEOBIC—EEICRET
B, ¥, AMINVERRACEEFTZ DB IEBEZ 5NN, ZCTREARMNZDD, DEDIFAINVOAERFDEFHETHES
NTVBHOZE|MOES. BB, 12— vy REMOYAIINEDZRDXIIICERT 5.

BELL TZR OO MEALL, BB T AR CERIMEALTWSETS. (T,I) BAR" DY A IIRY TH
BEW, RINEEENBZEEND.

(a) R*=T.T.

(b) T=+(T) or TNy(T) CdT (yeT).

(©) TNAy(T) #0 &735 v ZERMEICIES.
(2L, 0T BT OERETB).

R™ OHEEZWEEIII—7 Uy REHF O(n) x R* THHN 5, LELOBEEEET 13 O(n) x R OIAFETRITNIE
5N, ZTT,RPNODZDDIAINM ALK ThHadILiE On) xR TEVWRKBOHIFLFAETHS. #E
THEU—BOn) x R* IZR* AT ALK 2EOTNEEEX5.
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EFE 1.2, UG OEHE M ITAIHPITERALTWSETE. MOa X7 MERT &, G OEERARET 1I2DW0
T, (T,T) 28 (M,G) DY A IVERY TH 5 &3, KNI ND 205,

(a) M=T-T.
(b) T=~(T) or Tn~(T) coT (yel).
(c) TNy(T)#0 &725 v ITHERMEICES.

LEOBRIBNWT, U—HGIANITELLZIIHASHDICY A IVIED IARTREE /2D, I T, KR TR G 03b 512
EREVWHEZEFHFLXD.

EE 1.3 HGOEE X NOEAMHBNTHLEE, X DI NEELT, X =G -2 LR EHIEENS.
EE 1.4. U8 G IHEBICERT 5284 % G OFHZERMENS.

FEZEMIIBNTIE G OERAPHERNRID (G NS TESRDICYAIVIED TERN] EWSREITEERN,
LML, ZENTHXRLEY MIVRD RAIRRBIIERET 5. T I T, B4 OZEMICH LROBEEZE X /20,

BIRE 1.5. M 2V 8 G OFEHEEMELEEE (M,G) 135 1 JVEED ATREN?
THNICEALZENTDHEEDOBNTH S,
ZIZT, FEEMOFEZONRTB TS, FIZAR, VU—BIIThHEOEHEEMTHS. Fiza—2r U v RZER R

BEEZERTH 5. R, R 12U —B O(n) x R DEEEME bAEs. 1—7 1)y RZEMO EOERTD) ¥
CIVED L, R % O(n) x R™ OSEEMEHR LI EED Y1 IVED ITHET 5. {112 ROZEMIZEEZMTH 5.

ff 1.6. (1) BRE S™ 13V —HE O(n + 1) BHEBIITIERA T 5. f65T, S" 2 O(n+ 1) DEHZEMTH .
(2) ERRME SE :={zeC : 22+... 422, =1} &, V—#HO(n+1,C) DEFEHEZEMTH 5.

(3) gé;;%?ggX(p,q) ={zeRPTH : gf+ .t —ad - -2 =1}, U—HO(p+1,9 D
=\ C .

(4) HFEL¥FEEH :={2€C : Imz >0} 1ZU—# SL(2,R) DFEHZEMTH S (—RIMBEHE L TEHT %).

EIAT,GOERDFEZEMIT G OREI# H 2 ANWTHEZHRAE G/H DR TRT ZENHERS. I7abb5, KN
RO D.

BER17. M%z2GOFHEEMETS. M DR pZE—DFV H 2EEHAHEH :={geG : g(p) =p} TEDSEFHM
B G/H S M,gH ~ g(p) ZB U T M 3BEERIE G/H THIFHETH 5.

Bl 1.8. #i 1.6 THEI/-EHZEMIL, ROXIICLTHEHEKE L THERTES.
(1) 8"~ 0(n+1)/0(n) (2) S¢g ~0(n+1,C)/O(n,C) (3) X(p,q) ~O(p+1,9)/O(p,q) (4) H ~SL(2,R)/SO(2)
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B 1.9. BEEE T NERAE M CEEAREGRNDEERBHICEALTWSEET & M OFEREEEND.
EE 1.10. HEBEET OZRE M ~NOERNEEREREH 2 VEIEEAEHTH S EIRDL S ICEHINS.
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(2) FEALEESER <& M OLEBEDEpe MITHL, v(p)=p=>y=c¢ (y €T) 23R DILD.

T, NEGHICHET 2 EANREEZRTHE IS
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T\ M OWBHE SR M I, £ARIAT 12 —HT 5.

BEX 1.12. X 22K LT3 X OBEHRBEEHGEE M = X, BEABED =n(X) &BL. ZOLE, TIFARKC M
WHERL, M ORERBEERS. SSTHEERET\M IZHRIC X EMARMHEERS.

5, EOFEZERENICERT ERDOEKRITIES.

SRR X VURHETS  wghn SHEE M &2 ORHGEE T

X5 (MT) #8513 M =X, [ =mn(X) EBFELL, (M,T) 25 X #8213 X =\M EBFIEIn.

il 1.13. b—F A T O EHBEEIRIE, HARIITNENRY, Z0 725, FTHZER ZMN\R R h—F X &2 5.
THGROSEEZAND &, 22D 1 VED TREIRO L S IERMETE 5.

HE 1.14. G 2HBY —HETS. (M,G) BYAIEVARETH S Z &1, G OB DB T T M OREGRE 25
HOWFEL, FERAET\M B3 287 &5 T EDBEFS.

ALEA DG, (T,T) & (M,G) DFAIVIED &ET5. T OBMABRERERES BT TRAUNIILERFZBRVHONENS.
ZDEE TIE M OFREHGRERD, T\MIZa /XY bEd, M, M OFREGR T TO\M B3> %7 b a7,
N\M OREREZSE<]D, TORAET ET5H5TET, (T,T) 28 (M,G) DI AIVIRD &izs. |

BBICY 1 IVED fTREEDRIRE % Clifford-Klein BOEETENWEZL LS.
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Be->T, BE 114 L0, FIEE 1.5 ILKOREE FUETH 5.
MR8 1.16. FHZEM G/H &3> /%7 b Clifford-Klein B 2R DH (—Hkig T 2R DM)?

Bl 1.13 TRZLD1Z, R* &3 > /%7 b Clifford-Klein & T* Z8DDT, ¥ IIVIEDFIRETH 5. foflE L THE
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Bl 1.17. BE2U LN MU= VHEH X O EHRBEREIIER L EE H &5 BETHE, H &EEOR
EHRHET ZHNT, X =T\H ERTIENTES. o THEHFZLFEFEH BF IRV AIETH 0, TORERH (¥
AN DAURF) 1L, (FEI)X O g (> 2) ZRODTLICEE 5.




1.3 REmH/Y —B

COFETIE, FEZEMOF THRICHREMHASEEMIC O W THE 1.5(RHE 1.16) 258K T 5. T I T, MY —
BB X OREMERREEZEZRIC OV THRICEE L TB IS (B, TI TR LTF5RARICDONVTOFL WHIIEH X
i3 [KO] 2211).

—HRIERE GL(n, C) DEARR D #EZ#RAZY —BE &L WS, £z GL(n,C) DFEIE £

9:GL(n,C) —» GL(n,C), g~ (¢*)"
ZANGREEND. BB —HGNORETHY, BRI NERETHS & G 2REBHY BN,
ffl 1.18. LLF DY) —#IIMBMHERNY) —#ETH 5.
GL(n,C), GL(n,R), SL(n,C), SL(n,R), O(p,q), U(p,q), Sp(p,q), Spin(p,q), O(n,C), O*(2n), U*(2n), Spin(n, C).
G 2R —BEEL, 0 2NN I B ELEEE, GOEPES K,P #RDEIITEHET 5.
K:={geG :0(g)=g}), P:={g9eG:0(g=g"}

ZDEE, K13 G OEAT /N7 MBS, PIE G OB SRS, 213G = GL(n,C) DEFW, K 1E1=%
751 U(n), PRIV — MTFIRikE i B,
SR —BE G ICH L, P ORTTEIED LY RRTEE VN, B8 d(G) THT. Thbb

d(G) :=dim P = dim G — dim K

L7323, PHOMARMEIE A Z—DRRE, GOEBDTL g, ki, kr e K Eac ATKSTg=kiak, EXT &
MHKD (RLAR—ETRRN). ZONHE G =KAK ZANIVURHMREND . £/, A DRTE GDESI VI ENN,
#5 R-rankG THY. P NOBATHEMBITENICHEBROT, TORTIR—FICRES. W< ONOFBEKY — i
DOWT, ZDFIAZNT MRILEES V2R THIS.

G GL(n,R) | GL(n,C) | SO(p,q) | SU(p,q) | Sp(p,q) | Sp(n,R)
d(G) n(ntl) n2 pq 2pq 4pq n?+4+n
R-rankG n n min(p, ¢) | min(p, q) | min(p; q) n

FHZEMM =G/HZBWT, G, H NERITHRBHN) —HTH2 L&, M 2HREBHAEEZMEND.

119, XD IEREICIE, LRSI —BEE R ) — B0 0BG —BEE WS . BIZIE, G ¢ GL(n,C)
% EOBRTOBMRY —BE Lz &= W4 g € GL(n,C) K& BB G = gGg~1 1T L b 0 RETIIZNA,
DL B —BEE NS,

RIRRIC, b0 BTk DB 2 SR 22 B & R 73 22 ) b SO 72 S 22 & W S

2 HHEPLER

LARE, 4 OHEHEZEEICONTRHE 1.16 (H5WIIHRE 1.5) 282 TW<. T HMMAHEREE LT, 1960 FRICHESN
C RIS FE R DEM EFLIRVWERMZRTHNI D (4% [F1IVIRD ] EWS HEEIERITH TIRWA, 1.2 Hi TR
XD ITEMMNT A IRORIETH S Z EIT—HREFERH DI EELFAETH 5).

2.1 U= HEHEZTH

Borel I3 ifI72 ) — < B ZERAVE IC— BB T 2D Z & &R L ([B)).

EE 2.1, FEUEMG/H W, HBA)NT NMak & V- U HHEMEND,

T 2.2, MPHKNRY) —< O SHEER G/H 3B TFERD.
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R — BB & G = G/{e} 3—BBTERD. £k, U—< U ZHE M T2 OEEEREEK G = I(M) I
WBMICERTZEE, MI3Y - USEEMERD. 20D BRI DEUTOHND 5.

Bl 2.3. ROBHHK/ZEEZEM G/HIZ) —< D EHEERMTH O, Mo T—HIEFEFD.

G/H
SL(n,R)/SO(n)
SU*(2n)/Sp(n)

SU(p,q)/S(U(p) x U(q))
S00(p,q)/SO(p) x SO(q)
SO*(2n)/U(n)
Sp(n,R)/U(n)
Sp(p,q)/Sp(p) x SP(q)
SL(n,C)/SU(n)
S0(n,C)/SO(n)
Sp(n,C)/Sp(n)

© 00 O Ui Wi+

—
o

Bl 117 THEFER LB WE H = SL(2,R)/S0(2) 1, LOR—FTHD n =2 OHAITHLT S, EH 2.2 12BN,
— G TIREMR O HEANTHRINS.

2.2 Calabi-Markus RS

RIC—EIET 2R 20l B TWIZ 5. Calabi & Markus 1331 —< 2B X(n,1) = SO(n+1,1)/50(n, 1) DRE
BT DERBICRES Z & 2L (ICM)). BIZ X (n, 1) WIR—BEFAREE LR, 2O X DT, REFiREAVE REE
IZR 5N 5 E % Calabi-Markus R WS . S HTIE, XD —KRAITKRD X 575 Calabi-Makurs R O @S5 H41%
5NTN5.

T 2.4. MMM EEZER G/H ITHLUTKRIIFRETH 5.
(i) G/H OREREIIHRBICHRS.
(ii) R-rankG = R-rankH.

INEOEITEY —< VBRE X(p,q) W p > ¢ 725 EREGRNERBICNS. ZOMOH & L TROSHZEMIZ—
B FERERRN,

Bl 2.5. KO (FETT>/8 1 73) BHEZER G/ H 1T 2.4 D (i) 27 L, o T—RMET 27730 (n = p+g; prg > 0).

G/H
Sp(n,R)/GL(n,R)
SO*(4n)/U*(2n)
SL(n,C)/SL(n,R)
Sp(n,n)/Sp(n,C)
SO(2n,C)/GL(n,C)
GL(n,R)/GL(p,R) x GL(q,R)
GL(n,C)/GL(p,C) x GL(g,C)
U*(2n)/U*(2p) x U*(2q)
Sp(n,C)/Sp(p,C) x Sp(q,C)
Sp(n,R)/Sp(p,R) x Sp(q,R)
SU(p,q)/SO(p, q)
Sp(p,q)/SU(p,q)

)

—
BES©0oNo Uk W~
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3 BADHER

AIDHEIT, —HI&T 2R DZ2R (FH 2.2) L2220 (EH 2.4) ICHT 2K EEZRTE. ZOHTHRS
RIINS5DHRO—BL L AT S,

INRETTIE 1980 SRR D 5 Clifford-Klein FTE DB 21TV, —kRIGF 2 H D /FFlz /s WEHZERM OB 2% < 5 A 7z
(K]). 22T, TOHOELBERERTHLS. ETRELRSEEZEEL L.

3.1 EH &4

FHZEM G/H OFEGHT 25X 55 AT, I ORAREGIEOHEREETH 2. EHOEAERELREDOHESRNEZ
HAB720IC THA] EWIPMELZERLLD. ITTERELRTAT T, T & HDEVWEEN G NTHHE ZHEICHR
DRTHS.

EFE 3.1 U-HGHDOZODOHARE L, HITHLT, BA LHUEZRORICERTS. £ LEHNEATHL L
ERHLMH HUTHEEE L~ H TKY.

(1) LEHAEE & F#Z0a2 /80 MEA S C GIRML T LNSHS Akt a2 /%7 b (DED LNSHS O,
MAZNRT R).
(2) LEHMAM &5 a2 7 MEBR S CGMEELTL C SHS D H C SLS L T& 5.

LM ZHANS ERDOI D BEARNEREDHERENHFEONS: U—H G LTOHRESH H, BEEEOBE T 1T
LT

M Hin G < [ ®G/H ~DIERLERFERE.
BEA CHLUCET A ZOMOMEEOE LD THE IS, ENBbEENSEZICHEHATES.
i 3.2. L, L', H%&E)—# G OWMPESET B ERMKLOID.
(1) Btk ~ IZFIEBIRTH S.
(2) L~L = (LhH<eL hH).
(3) LhhH < HML.
KD 328, 328 T TEA] ML ZANWT, B TFOEEMEO—EHZRTHL,

3.2 AVAMSYH

TE 3.3. G/H 2HWMNESRENET 5. G OMMAE L AROLHE (a), (b) ZMETEE, L% G/HDAVR
rSH8ENS.
(a) L th H, (b) L\G/H &3> /57 k.

TE 3.4, WHMNESHEN G/H OV A N5 7 ¥ BEET 573518, G/H Cid—Hig FHEET 5.

REBA DN, Borel DRER (R 2.2) & D BYBHIA Y — B LI T\L 230 > /%2 b &72% X D72 RHMERE T C L AFHE
T5 ZOLET~LTHEN5, () KT H in GAMESNSD. I5IT, (b) &0 L\G/H 28AXNRI N THBHT &
M5, T\G/H bI>/X7 McisD, T it G/H O—RlTFTHH T ENND 5. n

ZOFEENSH/ENDHERTHLD. ETHBMORY - EHEMG/H 2EA5. COEE HiZar Xy
NTHBMNG, E# 3.3() BHICHAEZEING. 5T, GHENIAL ANV F &R0, G/H B—HTFEHED T EMN
Sind. Thid 2.1 TR RICME S0, £k, BEEE G/H = (G x G')/diagG’ d—HEF&RD. £
L:=Gx{e}MAANTIHLIzB.

RO - CEREMOHLREOMICD, B4 OFEEMG/HIIH LA A NS VI LE5X25TENTES.
ZOHBBT N OMFBENS, HNG/LDPAVARN I I FERBIERERLLD. o T—HET2HOEMIZOR
BICHESNS.
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Bl 3.5. ROFEHZM G/H XUV G/L 3—H#ETFZHD (n=1,2,3,---).

G/H

G/L

SO(8,C)/Spin(1,7)
SO(8,C)/S0(1,7) | SO(8,C)/Spin(7,C)
S0O*(8)/S0*(6) SO*(8)/Spin(1,6)

)

(ZZTLRG/HDAYANS I ERD, HEG/LDAVANT I 5 a8,
L&D 77 BIGEE TN 7 KICEFIRE ST = SO(8,C)/SO(7,C) TH 5.

1| SU(2,2n)/U(1,2n) | SU(2,2n)/Sp(1,n)
21 80(2,2n)/S0(1,2n) | SO(2,2n)/U(1,n)
3|50(4,4n)/S0O(3,4n) | SO(4,4n)/Sp(1,n)
4| S0O(3,4)/50(1,4) 50(3,4)/Gy2)

5| SO(4,4)/S0(1,4) | SO(4,4)/Spin(3,4)
6| SO(8,8)/50(7,8) | SO(8,8)/Spin(1,8)
7| S0O(8,C)/SO(7,C)

8

9

3.3 ATRIS0%
HIfiTIRa A NS 7 I DEENS B TOGEENED T2 /2. ZZTRBIC—HBETFOEBE R TN 3.

EE 3.6. G/H ZHMAEEEERET 5. G OISR L BROEKHE (a), (b) ZH#i/zdEE, L %2 G/HDFTR
2R RN
(a) L ~ H, (b) d(L) > d(H).

EE 3.7. BMBMNREEZEM G/H AT AT 7 IDNEET 512518, G/H I3 THAEELRN.
LD, G/H O—REF T DNEELLZERETS. (b) K0 G/HIFZG/LITHA TX0EIAL NI b THB. T

DZENSTHLWRENS, —H, TMH & (a) KO T LABSNFEINRINS. [ |
il 3.8. ROFHZEM G/H I, FT AT 0% LINFEIEL, o T—HETFERZzN.
G/H L

1 SL(2n,R)/SO(n,n) Sp(n,R)

2| SsUGn)/sorem) | Sp(13),n— 13)

3 SU(2n,2n)/S0O*(4n) Sp(n,n)

4 Sp(2n,R)/U(n,n) Sp(n, C)

5 SO(2n,2n)/S0O(2n,C) U(n,n)

6 | SO*(2n)/SO*(2p) x SO*(2q) SO*(2n - 2)

7| SL(n,C)/SO(m,C) | SU(Z]n—[2)

8 | SO(n,C)/SO(p,C) x SO(q,C) | SO(n—1,C)

9 SL(2n,C)/SU(n,n) Sp(n,C)

{EU 2] i 2 ZEABVEAOBREXT

) —< EEEMIC R FRFEET S LN HH-OERIE, VARSI I7HEL TG HENERLHITHY L.
F#%IZ, Calabi-Markus RBRIIA T A NIV HEL TG HEZERDZFITHY TS,

EWE L=GMWATANT I 5 DEME (a),(b) &MWL TNWEETSHE, &k (b) X G/H ML NTHBZ &
LFEMETHS. £/, & (a) iZ Calabi-Markus HRDHE S R-rankG = R-rankH ERMEIC/RS. ZDO T &, KD
KOITHEENMD ENS:

G=KAK EAINWS 3L Kg:=KNH, Ag:=KNH&EBLEH=KyAuKy 3 HDHINY > RfR%ES5 %
5. AAH) —F A, Ay ISR BZERICRRZ) —FTHED0 5, £ RrankG = R-rankH 1354 A = Ay EFRMET
H5. SHIRK, Kg WaALNXD BRENS, INSWE G~ H EFRETHS. IBATA T U5 DEME (a) ITfli7s 5
VAR Y
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4 REERMEE
B — B T ORHEIC BT B ARMRAIEE BT 2 5. ROPAILEHE 3.4 QWAL D T &2 EET 5.
P8 4.1, WM ERZER G/H KR FOET 37351, G/H KEI 2R L 50 ¥ BEET 5.

RIC Z OFEARE N & TNIE, BB 15 1B A D T ERABICSL<BBE25. Lal, BT TE 41 %
$RT B RSN 2 < HBOAHT, B EEBITIEE > T,

EE, P 4.1 2R —< 2B X(,q) = O(p+ 1,9)/O0(p, @) A LIERDFHES, +HHNRENTNEOHRT
BEVIRIRRTH 5.

P48 4.2 (ZRIFTE). SEZEM X (p,q) = O+ 1,9)/0(p, @) N—EH T ERORE LML (p, ) KDV X R
SEENBILETHA. |

p|N o 1 3 7

/0 N 2N 4N 8

THEIROE SR LUTHNS: pEid g N0 DEZIT H AT b &E720 Borel DFER (EH 2.2) & D —Fki&
FERHD. £k, p=1,3,7DEXIZL, ThTNH 3.5 D 2,3,6 ITHITHNT 5.

FHE 4.1 ZFEAT ST T—H T 2/ED) EWIBMWBRENS (FTANS 7Y LBFEET D) LS Eami
WmzENM NS, EHOHL SD—RER>TWS. —7F, ROTFRITEM A 72 AE D S BT 872k 25
LWz, FEANLDESMB LN,

FiE 4.3, MBMENSHEZEM G/H B—HgT2H5D2 51, G/HIZa /87 MEM EOHBRTH 5.
EiE, COFHEITFHE 41 XOPFOFHRTHS. HIERHBLDILD.

BRE 44, BUENLEEERG/HNAC AN 752 6DR5G/HIZa 2y MER EOBHAKRTSH 5.
FH8 4.3 ZEHRIRE SE = O(n+1,C)/0(n,C) ITHAT 3 LROBKITIZS.

P48 4.5. BEZEM G/H = O(n+1,C)/O(n,C) B~ TF 2R OBE+HEMHEn =1,3,7 TH S,
ZOFPESTAEIREINTNEHDDOLERITRMIRTHS.
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NEZREERRRE

Dynamical systems and operator algebras

BB fEEE (JHRE R R R EB A SR B )
Takeshi KATSURA (Department of Mathematics, Hokkaido University)

1 FC&HIC

KEBH T, NERROIEHRROER, N¥ERDSIERREZMEKT 57715
2T LT, TOMEAENZDDNHICES>TEIRERTHSMZFHIAL X
PR SN

In this talk, I introduce definitions of dynamical systems and operator algebras,
and methods to construct operator algebras from dynamical systems. I also try
to explain how useful these constructions are for the two areas.

2 HER

X &, XH5 X HENDEH o DEY = (X,a) Z/1FH (dynamical
system) EFER. Bff o 1305 E T B ZE/MICA > TWAHEE (B2 I LG
7BE) ZEODTEMRESINTED, TOMELLTEDKI HEDEEZSD
KK THRA GO NIZRD Y S AZBBHIENTES. TOFMETIE, X &
U CHitHZERTZE 2 A 1E %R (topological dynamical system) &, X &
U CTHIEZER%Z%E Z 28[l1%R (measurable dynamical system) D D72
s, T, %R EWZIERTa N7 MERZER L, JIREZER
WAIE P ErTRERIEEZE R 2 Bk T 5 2 & ERRT 5. BTk rlEE (localizable)
JEEZE &%, AFRMEZEMOEM & AR AHEZEROZ & THY, FEDo-H
FRAEZEMIERBATMEAEETH . WFERT = (X,0)E, B a: X - X HFEE
B0 L Zd# (invertible) THB L9,

NERDEZ N E, Zhze TEAN] GHIEROGDE LD EEZ
R ENH BN, O [EAW] THERELTRNHS.

B 2.1. TUENMHEIZR T = (X, o) ZEETEVE - REEENMFELEW
& ZMN (minimal) ThH3 L.

AMWAARINZERE = (X, o) SEPEHEEMESLHE 0 TRV o-NEER
WMEELAEVWE ZIIVOd— R (ergodic) THB LWV .
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3 1FRZR

T DETIHEREROEERL ERBNT 5. G, Hl2iE P2, Pl %
SBIROC L.

3.1 I, C*1E, von NeumannIx

TSR 3.1. IR (x-algebra) LIIHEHAC LDIRATH->T, TD3%KM%
729 %& (involution) EFEENZEHR AS 2 — 25 € ARFDODEDTHS
(z,y€ A, o,feC);

L. (z*)* =z,
2. (azx + By)* = az* + By,

3. (zy)* =y*z*.

E&E 3.2. C*IR (C*-algebra) WX+ TH->T, FTD2%M%ET /IVLA
T Banach ZZfiCZ>TW3EDTHS ;

L eyl < fl=]l - llyll,
2. ||lz*z|| = [|=]|*.

2 FHHDOZMIE C* &G (C*-condition) EMENTWVWS. TNHEDEEND
HEIRIIC ||z*| = ||z|| DR D ILDT &N 5.

E# 3.3. von Neumann ¥ (von Neumann algebra) &£iZ C* B TH->T, H
% Banach ZEf D2 A > TWVWBEDTH 5.

von Neumann JRIZ W*BREMEENAZ T a3 H 5. LFICZIT Tz C*ER & von Neu-
mann lRDOERIZ THISRN) b DTHSHH, ZTneikx TEAR] TE&RD
FHET S, RO TEFNZFHHAT 5.

3.2 B(H)

H Z#FE Hilbert 2l &9 5. HOLEE,n, ... TEL, HOHNEIE (-, ), /I
K& || b8<. SIUERT: H - HI%, BEETHS T & & supyge |TE] Ol
BRTHATEDNEETHD, cDeETZEBREAE (bounded operator)
EWws. i, LEOMEZ T OEHE/ VL, RREEC/)VLEDNW|T| T
HobT. BRMEARLEROER%Z B(H) TXKY. B(H) EERICEERY MU
Zeficia b, kD /)VIST Banach 2B & 75 5. 7z, B(H) B3EHBOERZHR
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L UTHICES. T e BH)ICHL, (Ten) = (€, Sn) %73 S € B(H) 1
—fFET%. TDSZTeRL, TOHRERAK (adjoint operator) &\9.
BT — T ITEIHIER L a2 dRNEEMFZRT- L, B(H) X+ KRIdk
5. Fiz, fEAR/IVLIKED CERICKD, EHICB(H) &N L—AERIERE
2{KkD7%9 Banach 24 T(H) DRHZEME R TH S L HARENSDT, von
Neumann IRIC 75 5.

Hilbert ZEfi] H M Cr D & &, B(H) & nxn{THI2EDETE M, (C) &0, %
RAIFARZEZ % T LITHmE L TR DERIEEZ L 52 LIicind 5. B(H)
Ii& IV LD S E XK B EREEHEDINC E BRICEX AN DB B W, Z
D—DICSIEAFNIME (weak operator topology) LFEHINBEDHHS. T
DN, FEEDEn e HITHU B(H) 3 T — (T¢,n) € C Z#ic § 5 HR55D
AT, IV K D BE5.

EE 3.4. B(H) D« B3R T/IVLIHTHU TWAE DI C*RIcx 5. 27T
DCRIITODXIICLTHELNS CRICFARTHS.

B(H) D * 7R T, FERRAMETEHC T3 & Did von Neumann ERIC7K
5. £TDvon Neumann IRIZZ DK 51 L TIEHES NS von Neumann FRIC[EH T
H5.

B(H) D7t (& —fRICIE CROID) TiE, T*°T =TT = 1 Ziflzd &&=
#1)— (unitary), TT*T = T %tz 9 & ZEBDERIEAER (partial isometry)
EMEHINS.

3.3 AHRIMERERE

C*E&N U von Neumann BRiEZNZFNIERTHANIAHZERY, JERTHGAIEE 2= & PEE
N5 EeWNHBH, FNEAHYx C*ERK U von Neumann BN Z N2 NTHHZER,
HEZEE L —/—ITHE L TNWA T e E TS, COHITIEZDXEER%.

HiAHZERT X oD C fEEGRE f T, FERED e > 0L {z € X | |f(z)| > €}
MaAVRy VERICE D D2 E Co(X) L. Co(X) IFFmOMEE R U1
WREBTxRICIZD. fe Co(X)ITHU ||flloo := supgex |f(2)| EEET S &,
Co(X) & || - [loo &V /IVIIHT LT Banach ZEfflic 7 .

EE 3.5. MHZERM X IR LT Co(X) i LB TR C*ERIC/x 5. il Al
C*IRIZZTCOEELTWVS.

Xz EEMET5. X LOERABEBESROESTITHL, EEALWZS
e TAHAHT B _DOOMZER—HLIZL D% L*(X) £EFL. LLRAKOEE
T L>(X) & * IR TH Y HD Banach ZEIT 7K 5.

EE 3.6. MIEZER] X IR LT Le°(X) iEA[#i von Neumann IRIC7x 5. T AR
von Neumann JRIZETIDEZLTW5.
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X LOR#ED B S A D759 Banach Z2[ L1(X) OIHFZEMA Lo(X) & FH
Wik BT ENCEFRE. iz, LX) BNFHEIC X D Hilbert 22/ L2(X) EOEA
RLLTHobI e TES (EH34BRD) .

4 TAIHHZEREEARER

CDETIE, AIMEMENZERS = (X,a) 05 C* IR A(X) 2T % Atz
MMAT5. LERICUT, AR D S von Neumann IRZHEK T %
TEMNTELZHRZFNCELTIEERT 5. DT, FIHHENIERKT CHROF
IKDWTDRHEMT 5.

Y= (X,a) ZAHEMHENERET S, T C R Co(X) ZHEHIC B(H)
D« F57ER & LTETY. Hilbert 22/ K Z

Get Y el <oof

n=—oo

= {e .

TEHETS. AH1C R Co(X) 15 B(K) \DEB 1 7%
T(f)(€n)n = (an(f)én)n (f € Co(X), (€n)n € K)
TEHTS. TTT, neZITRU an(f) € Co(X) &

an(f)(@) = f(e"(z))  (z€X)

TEHEIND. TDOEETIFCH(X) D B(K) \NDEDARICE> TS, K LD
=2 —FRZEuZ (&)n — (o) TEET S. IT5&, BHEAEHEICED

ur(f)u* = m(ea(f))

BT bhbhd. TTT, nOBEuwe B(K) TEKENS CIRZ AZ) &
£, FMHEER C* R (homeomorphism C*-algebra) &\ 9. MBS C*ER
A(D) RIS 5.2 72 Co(X) DEBUCIE & BT & HEHTE 5.

FHEG C* IR AR) 3b EDAMENERD [HE] OREDEIRZR > 7 C*
RICEs. BIZIEROEHZFATSH I EMNTES.

T 4.1, MAHHZEM X DMEREFDE E, N¥ERY = (X, a) MNITH ST
DORETDEMFIIFEHEBSR CER AZ) DEMEZE T L TH 5.

CTTT, C*RROBHE (simple) TH3 LIX, HHTEWEMEA 77 IV 7ZEE
W & TH5. FERRICLT, ATINERATIVI— FINTH S T L 2{fFET
% von Neumann IROZETRE OB LA TE 5.

T NIRIEZERDRFMERTRETH S T L LFAE
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AN ZR (X, o) & X A Cantor 525 T a BN D & ¥ Cantor #/)y
% (Cantor minimal system) &FEEN 3. Giordano, Putnam, Skau® 3 A
1& 2 DD Cantor HvNRD THHELERT THBZ & &, (T 2FRMEERC R
WMARTHZTLHEMETH BT LRI ([GPS]) .

NERZFARNDZ LT MHE] OEL LBICEETHS > ha—] OF
MICBEL T, (T 3EHAZERIZET TIEARNS T ENTERNT eI - T
W5,

5 BHMERLESTR

BEG DOZEE X NDEH o &1E, G5 X DECRBIEGBERD T3 REANDAE
FBHBDOCT L TH5B. GHIEBRZOL X, GOFHZESZ%TLE XD
HEAMWEHZ —D5 25 EWEMETHS. £oT, 2ETERLLENIERE
B2 X & Z D X NOfEHOICZA BRn. K0 —fjic, 2/ X, #G LG
DXNDIEH a D3 DD L2 NHEREMRI L HSH. AEOHBITELR
RRICLT, ZD X543 DN 5B (crossed product) &PHINSIEHFE
RZWRT AT ENTEZS. X DAEEMD L E, BERIE Cy(X) 1, G LERE
N3 CHET G M Z 0L 2 FFAMEE CBIc—8T 3!, BELVERE Pl 55
M, B UTUMEREZEZS & SERICEL TE 2 HOEGEEZIRE T %40
ENDH 5. FCEEHROEHRIRKEREL LOAB LN TEEETHS.

6 Markov7 b & Cuntz-Krieger IR

AEIZERICH U T 4 ZEICBT KIS UTFRREREZBR T 5T LN TE
fo. AATHRVWIZEZRISH U TEFAMRONMKZ T A ENTEEH, TOETIE
FNELIXRE ARG ERZ—DENT 5. DL Cuntz & Krieger Ik > T
Frll Markov 7 b EFREN B A1 TR W ERZR T 5 - HICEATH
7z ([CK]D .

N7Z2EDHARB LT S.

{1,2,...,N}N = {(2n)2 | zn €{1,2,...,N}}
EEREMETOY R FEMICES. il T
o {1,2,...., NN 3 (2,)n = (Tnt1)n € {1,2,..., N}¥

EEH DN HESE TRWVERERTHS. {1,2,..., NN OHEIES X Ho(X) C
X 7Zffilzd ¥, ©=(X,0) RAMTHRWVIMHENZERICKS.

HEARICIE, SEERZHVWTERZINS full crossed product L XKIEEHVWTEEINS
reduced crossed product D _fEHNDH D, BHHAHDOL X I—HT 5.
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AZRBEIMNOERIZLIDON X NITH TR, 2DL X,
Xa={(zn)o€{1,2,.... N}V | Ap5ps, =1 (n € N)}

& o(Xa) C X4 20729 {1,2,..., NN OBAERICKS. TOKIICLTERE
NBNFER LA = (Xa,0) & WIHHEY) Markov &7 b (Markov shift) &PRHE
ns.

Cuntz & Krieger l& Markov > 7 b 25728, 1THANSRDODESICLT
C*BRO4 28 A UTz. H7% Hilbert 22l & U, B(H) DEZEFEMEAZEDOME {S: Y,
TROFZMNZHiTzT L DEEZS.

N N
1= "85,  S:Si=)Y_ Ai;S;S;.
i=1 =1
179 ADH B59NF M2 LT3 L&, L0202z TErERIERAZR
DR {SIY, TENRI NS C*RIZ {S}Y, ORO D ICEET—ETHS. TD
C*Ii7% O, £EZ, Cuntz-Krieger I (Cuntz-Krieger algebra) &FE5,
FOREAEN SIS IKIZTH 550, Cuntz-Krieger B O 4 & Markov 7
F Y4 = (Xa,0) DO—RICEES. DED, RixB1T5 A, A HEELD Markov &
T NEFET B EE, TNHDDL B Cuntz-Krieger BB ARIC/ 5. T Cuntz-
Krieger TR K #-° Ext #F LI N B HHZ1TY] A h SEHLICEIEFRETH 0,
Markov ¥ 7 k@ flow equivalence &IN5 FMERIR TORLEICZ > TN 5.

7T (WMEISTECER

[ C* 31 & Cuntz-Krieger BROMRTEZ L BICHEEL /& DE LT, [K]
THHY ST EMENE L DN 5 CBEBKT 3 HEMERE N,

EE 7.1, MHEZR X, X L RFEMEES d: X — X #5555 r: X > X D4D
f#HE=(X,X,dr) %0485 57 (topological graph) &\ 5.,

(X,d,r) D3Dfid X Hh5 EHHHH DL EMELEHRELES T LHNTE, i
W75 7 ENAHNEROIEREE S T e BN TES. EE, dHFEMEBBD & =13,
(IS 713 2 B TEE LA RICMA DR, £, X=X ={z¢eC|
2| = 1}, d(z) = 22, r(2) = 2z DEE, fiMFST E = (X, X,d,r) i3 X LD
VoEWS 1:20D B TERIND [1¥R] LEZBHTLNTES. 4D
HE=(X,X,dr)NF57MENSEDIEF, X ZEDES, X BHOES,
ec XMd(e) e X b r(e) € X KHAZMIBNTVBELES LW HEND X
TV,

K] Tix, TOMHHT ST BICx U T CHR Op ZEET B HEMER I NI,
CORER AFBETHITZFAHEEG C RO GE L 6 ETH Iz Cuntz-Krieger
RO EZ L BICHLELIZEDTH D, CIR O DHEIINIET ST ED
M) ORiEZ X RMLUEEDITES>TWVS.
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ZEY—5EAM

On multiple zeta values and their relations
NKREEE HAP &

K7 TARTT MZBWT, ZEY—FEROTY I OEAFEEZ L LD THL.
Mt [AK],[IKZ) 8.

iﬂé

Definition 1 (ZE¥—4%{#, multiple zeta value). EEDEER k1, ks, ... ,k,({HL &k > 1)
N LT, ZEY—FME (k...  kn) EEUATORBKTEREINDS :

1
C(kl"-- akn): Z T

mi>>me>0 01 " n
Remark 2. k; > 1 D EE, HOOHEEIIMFINRT 5.

Notation 3. k = (k1,... ,kn) % (1) index &£WW0, whk := ky + - + kn % (index k O,
HBNIZLEY—FE ((ki,... ko) D) EE (weight), dp.k := n ZIRE (depth) £ 5. X
7z, DEZEY—FHED T L% MZV &HEFLT 5.

Remark 4. dpk =1 ®&E, MZV I3 Riemann T—FETH 5. R, wtk MEHTH 2 &
Z D Buler DARITIEFEHLTH S :
1B
C(2k) = —5 72

5 (%)!(m')%.

tet
et —1°

ZTI, By BNV~ HTHB 1Y Bm% -

m=0
Definition 5 (MZV space). Q LDOXN7 MVZER Z, %,
Z0=Q,2:=0,Z= Y Q-(k) (k>2)
wt.k=k
TEHTS. 51T, MZV 2ENERTS QNI MVEME ZET5 1 2=, 2.

Conjecture 6 (Zagier’s dimention conjecture). dimq 2, =d, THAD. {HL, {dp} 1
do=1,d; =0,d2 = 1,dg = dg—2 + d—3 (k > 3) THHLHIIZE £ 5.

Theorem 7 (Goncharov, Terasoma). dimq Zj < di.

MZV space Z 13, Q-7 MIVERDHRET, (74—, KEME) Q-RELzxs. £
I, LR O 2 80 OFEENAS.
(1) harmonic product --- EEFIEOEITENSFOHH D HEIN 5 < HFEMEE.

Em) (S (Z+ Z+ % )

n>m>0 m=n>0
¢(p,q) +<(g,p) +¢(p+q) Tx&E.

¢(p)¢(q)
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() shuffle product --- MZV IZIZKEEDERNH 5. KEFET OFENRKER T OFTE
175 &N Ree IC& B —RIIZEENH 0D, T 5 < BTHEMEE.

p—1

Z( —1+Z>Cn+zm—z +z< —1+J>C(m+j,n—j) &,

1=

(1), () 2abE3E, MZV /=5 OREEHRIAE S5 NS ((finite) double shuffle re-
lation).
LD 2, D (Q £D) KD LR E 5 2 B EHIE, MZV 725 ORI E /e B fRA A K
DD EEFRBLTVS, UTFIAISNTWEERKO—EHZFIET 5.

(A) duality Indexk = (a;+1,1,...,1,...,as+1,1,...,1) (a;,b; > 1) ITH LT, TOR
S—— S——

by—1 bs—1
*f index k' %,
=(bs+1,1,...,1,...,00+1,1,...,1)
N——— ~——
as—1 a;—1
TEDS. ZOLE,
((k) = ¢(K')

AR D LD,
(B) sum formula 1<n<kRABEDEKknZELES IDEE,

> k)=

wt.k=k
dp.k=n
MERDILD.
(C) Ohno’s relation EWIZHFXM 72K index k = (ky,... ,kn), kK = (ki,... k) &,

BOBEEI>0ITHLT,
Z C(k1+€1yeee s hn+en)= Z C(ky + €, .. kb +e€n)

€1+ ten=l € tetel =l
n
i a0 e

ASER 0 32D, Duality &\ sum formula 1% Z @ Ohno’s relation & ENTNS.

(D) regularized double shuffle relation MZV /=5 DI 2 DOFEMENAS Z &3k
Rz, ZTTIRZED 2 DO Z 2 ZRIETTHREERR 6 .= Qz,y) LOF#EEE L TER
L, %0) Z &13%FWT regularized double shuffle relation &I13fANZBNRD I EIZT 5.

Notation 8. §° := Q + z9Hy C H! == Q+ 9y C HITKD 9§, 6! ZELT . X1,
2p =aFly £ T 5.

Definition 9. $! LD « 2, Q-BHBAER KD (i), (ii) KX VEFRT S
() EEDwen'HLwxl=1%xw=uw,
(ii) {F& D words wy,ws EIEDER p,q ITX L

Zpw1 * Zqwe = Zp(w1 * Zqwa) + 2g(Zpw1 * w2) + Zptq(Wwr * w2).

Z DO « % (9! L D) harmonic product &V 5. ' IRTDOFRITK D A Q-RE L7325,
D Q-REZERETH: £HL. 90132 ol OFAREK LD, Tz o) £&FS.
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Definition 10. $ LD m %, Q-WHEBER KD (i), (i) KKV EHKTS :
() EEDweHKHLwml=1mw=mw,
(ii) FEE D words wi,we & u; =z FlF y(i = 1,2) ITHL
wiwy I ugwy = w1 (w1 I ugws) + vz (ugwi I wy).

ZOFE w % (H kD) shuffle product £V, §IETDFEITK DAL Q-RE &L7xs. 2D
Q-REZFRLET 9, &EFL. 91,9011 9, OWMAREK LY, IhszenEn gl 90 &
<.

Definition 11 (evaluation map). Q-#EE#K Z : ° — R %,
Z(xkl—ly e mkn_ly) = C(kla LX) ,kn) (kl > 17 k21 DR akn 2 1)
TEHT 2.
Remark 12. Evaluation map Z 1 2 DO *, m IZDWT (Q-%K) ¥R/ S !
Z(wy *we) = Z(wy)Z(we), Z(wr I wy) = Z(w1)Z(ws).

AL, wy,wy € H° THB. TIN5 EEHDHET finite double shuffle relation 72 2 FRE AR %
B/5
Z (w1l wy — wy * we) = 0.

Proposition 13. (i) Q-REHERE Z* : 91 — R[T| T, Z*|g0 = Z,2*(y) = T 725 DO
—BWICHEET 5.

(i) Q-REERAB 2 : 91, — R[T] T, Z"[q0 = Z,2"(y) = T 725 b DN —RMITHFIE
95,

Theorem 14 (regularized double shuffle relation). fEE®D w; € H!,wo € H°ITHL T,
ZM(wim we —wy *xwp) =0 (R, Z*(will wy — wy % we) = 0).
Conjecture 15. MZV 725D T XRTD (Q LD) #EIFHRFKIL regularized double shuffle

relation M H5ENMNNBETHAD.
(E) derivation relation $ = Q(z,y) P&} (derivation) /%% Q-#BEEAL 9,(T7/xb b,
On(ww') = Op(w)w' + wh, (') ZATZTHD): H — H %,
On(z) = z(z+9)" 'y, 0n(y) = —z(z +y)" 'y
TEHT 5.
Theorem 16 (derivation relation). fEEDEDEH n > 1 EEED wy € H° ITHL T,
Z(0n(wo)) = 0.

Derivation relation 1% duality @ % & T Ohno’s relation EFMETH 2 Z ENHISN TN S,

RKIZ, Drinfel’d associator Z#EAT %, I Z TIHHHE D= Le-Murakami [LM] IZ& 5, &
DHRBEREERELL LD,
C-REHERE g, : C((X,Y)) — C[&n((X,Y)) %,
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X—X-§(Y—Y-—nq
T, C-BIBER g : C[I,M]]((X,Y)) — C((X,Y)) &,
P ME — YPMX? (p,q > 0,M 13 X, Y @ word)
TEHRTS. £/, MZV 725 28502 H D 2 BEIETTHTHRE o(X,Y) %,
o(X,Y) := 1+Z > (=D)™lkas o )XY XY

n=1 k;>2
k2o skn>1

EB<.

Proposition/Definition 17 (Drinfel’d associator). Drinfel’d associator ®(X,Y") 13,
B(X,Y) =g2001((X,Y))

TE5Z6N5.

Proposition 18 (associator relation). (i) log®(X,Y) € [Lg,Lg].

(i) (X,Y)2(Y,X) = 1.

(ii) A+ B+C =0 DEE, 6"“1(1)(0, A)e"iC@(B,C)e”iB@(A,B) =1.

(iv) ®(X1,2, X2,3)®(X3,4, X4,5)P(X5,1, X1,2)P(Xa3, X3,4) (X4 5, X5,1) =1

ZZIT, X =0,X5; = X5 (1 <4,5 < 5),EZ=1Xi,k =0 (1 <4 <05),[Xiy X =

0 ({i,5} N {k,1} = ¢). Lg \E&HE [F] ZH.

Conjecture 19. MZV 7z 6 O DBIfEIZ TR T associator relation NS5ENNSTH S D.
Definition 20 (formal associator). formal associator B(X,Y) &I,
B(X,Y) =expu(-yY) Y, wWexpy(-zX)

we{z,y}*
W=Cap(w)

TEHEINDS, H((X,Y)) DILTHS. T, {z,y}* Fz &y D word &K, Cap(w) I w D
RIFAE, expy (—yY) 1,

> Yyn”
eXpm( yY ) = E (_1)nyum
E9 5.

Proposition 21. (i) ®(X,Y) € $°((X,Y)).
(i) Z(¥(X,Y)) = ®(X,Y).

Theorem 22 ([T]). Proposition 18 (ii) <= MZV ® duality.

Question 23. 1FA D associator relation <> (& % Wid =) MZV @ ??.
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R R (KRBTSR FEHCE TR |

Abstract
By Thurston’s theorem, every Haken manifold as the complement of a knot in the 3-sphere
is canonically decomposed into finitely many geometric pieces. In this talk, we will briefly
see Thurston’s theory on the hyperbolic uniformization of Haken manifolds, which is based
on the deformation of Kleinian groups. Recently, several famous conjectures in the theory of
Kleinian groups are announced to be true. We will see some of them. In the talk, we also see
more concrete approach to hyperbolic manifolds, which is based on Jorgensen’s theory on the
quasifuchsian space of once-punctured torus groups.

1 F

B 1IZ#»NTHBDE (E3RTERR 0 1&8a0237 M LTELND) 3KRTEKE S® NO#E
VB, ThbbHAE S oEbiAL, Thd. Zhb K, Ky OEEE, HESZWOMFIELTAHAL Y.
P, WL 2o Lbns. ThLL, ERUCBEERE LTHED, AN TIIFHCE XD
LRVWEIREK1OEE (—EAHE F—TFR) PEETD. FOHELRICHILTHS. (ME2R3
EHEDIIIZT =2 APRINTEDAENTVWALIICR XS, 0O LOFO—HI 2 BEETRIC
2oTWT, 36 0FEMRLNEZHNL 22V TNDE.) ZO0RWEOEERFEFL AL LT, EH55HH
HEEOBE THE EWVWHI Z ERFTFONE. T72bb, WTFhOMZER LA REREEHENEE L2 FAT
5. ERANURWEIZE D, £O X 2RNEEERIEFAETHS (ThRhOLHEEMICHTI—EBEMENHB)
ZEBbnb. —F, ZOOFREOHERND—2L LT, K)i¥, MEMAHEALOtEREFHETHD

(a) (b)
X 1: (a) 8 DFHEVE K1 =4;, (b) Ko =61 (FHOHDES X Rolfsen DERDH D)

*Hyperbolic 3-manifolds from the viewpoint of combinatorial structure
tHirotaka Akiyoshi (Osaka City University Advanced Mathematical Institute)
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NS, T7AN—FOETHEIDIZH LT, KolIF D TRV ENEITOHND. Z OB T4 o HE
DEFEHZHTN, SEER LEVDIE, ZRFONMEEICETIHLOTHS.

ZOBETIE, ZThbDECEOELSR, HESEEHE LT, SKERMESHEIZONWTEEZL TV Z
P N

2 SREEBHMEDEEE

Bl (= MEMITARETHERAEZFH 207 M) #HEICHTIROFREILC MO TNDESS B
HiE ST EDAA T — 1 x(S) Ick v Eshs. a6,

o X(S)>0&RBDIES M2 WITHE S? LFMAR L XITRS. S21F, 3KkIEZ—2 Uy FZEHAD
BATERE L LCERSNAOT, REBE (= EHE 1L 2F0) —~ 3R 28AT5.

e X(9)=0L222DITSMB2WILM—FAT? LEMRELEIZRD. T? ik, =—7 )y FEERE %
2 ODFTHE (ZEEH) (z,y) = (+1,9), (z,9) = (z,y + 1) BERTIEEK 2 DEHT —X
NELZOL DERATE LD L LTERINDGOT, 1—9 Uy FigE (= EHROEFO) —~
VER) AT D.

o x(8) <0 L2ZDXEEN2LULDOES, T7bL, SHS?2 L T2 LHLRAMTRNVWEETHS.
ToLE S, WEEEH 2 SRERBOMEAE (77 A8) THokbo L LTEHIN
NN BEOT, NHEE (= THE -1 282V —<U3HE) 2HET5.

MR 2.1, —o0 (FEHEMP2ULD) HE S BHFETHZ LOTE I MNHMEET B TR, £2T
S BHETD (EH-OX) WHBELENORIEME S OF AL 12T —ZHEFEW, Teich(S) &E
T¢Iz, SOV —< U HEOREAREEIIHE— S ONMEELZ SR LBMONTNS, 5T,
Teich(S) 1L S BHFAT D (FEH-%X) EABELERNLRIEHMEbR—HINS.

ERRoED T#i{k] LRERZR T L3 3RFTERIEIIT LChHRFES LS. Z4dd Thurston (255 3
WRIEEFREIZIT HRAETRTHD. B TEEBRRI%EfHE LT, 3RITHESEHREDELEN 2 HE
WIZonW Tt T ([4, 6] ZHR) .

BRTHAZIRIE M %, BOHIAENT 2IRFTIREICHR - TE VL &L ZoDERERIBEOND L&, &
ERER DD S? L RFERERIC SIRTTEREZER TR 215 2 & T2 20 3IRTASERIE My, My &S
N3, Z0EE, MiZM & My DFEEMTHDENO, M = Mi#My EEL. M= Mi#M, 253K
4 My, My DWW 3RTERE S° LRMTHDEE, MIFRTHDEWV).

EIE 2.2 (Kneser, Milnor). 3 RICHAZHRKIIHIRBEDORREHRAEDERFIME L T—RMIZRIND.

EEICEDRENE S? BEICEDRAENE 3 KEREOER & 725 & 5 REFEEIEHNTHS L1 5.
RIEMBEI TR 8 REBASEIEILRE & HAOER L ARV L RIS, v =v 7 Y —ROERICE
D, 3WTEHEADEEDORENE OREMIITENR - L B8bhs. h—FAETHZ T4 L0 EORK
KTHRNEI R (F=FRZERRS L LTEODLL LARY) 3RITEHKAET, EODAENZERD
F—=F R, JT7AVDOEPERBINITAY My sl EN—FRMTHH LS. £, HE LD
WRT 74 SA—R¥ATH) AAREYA T FSHIKL VS, B 1IcH#pnk K, Ky ThEnof
ML h—F AT, EBIT, FA 7 =4 NBRETERN D LS.

EH 2.3 (Jaco-Shalen-Johanson). BEMI 72 3 IRTCERAIIBRIRF A 7 =)V b EARIK L FE b —F A%
BEORMEA L LT—EBHIZRINS.
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EH2.2, 231k, FEEDIRTEHSRETARED (F—F AEBERRS L L TR S L)
BRI b — T ARIBERE, FA 7 =0 NEARE, BRE & A QEMOMES ~OEEH R R E Ho T b
Rboms. ECHR~FEEEND, ®1IH R K, Ky OBZERIE, THE KA - OEERSEID R T
b5 LRDNG.

YA 7z PEFERIT 3RTTERE S3, 3T —7 U v RE #&, &2 W IHEWRTOHEEDTES? xE!,
H? x E', SL(2,R), Nil &V EBFET N L+ 5 SOMELHAT 5. P4 720 b, NS
BIAMEZ, ® 50 & Sol HEERIEIET 5.

F48 2.4 (Thurston, #(A{LF4R). SRTHASHRENLER 2.2, 23I2L VB ONEEHET, A7 =
)V MRS, Sol i, EIIWHEMEERHATLIESD.

BEIZIHb 7= X 912, Ki, Ko OFZEMIIYA 7 2V MEEZFHAE LW ¥ bhd. Fi, Sol #E%x
FETLHOIEIMBREDOHRTHD. €oT, FR24IZEINIE, Ky, K, ORZERITNEEELHFETHZ
ERHFFEIND. FLT, ZRRELWI EBRROERIZL Y RENTE.

EAHMOMN ZHETAMEOEDALTERITA Y Ny 7 ThVWE S Rb0 (REMBIE) %3
TEENBRIE L N—r OB L L. BEW 3 IRIEZHRIENEKE & RETRWERZFORLIIN N—F v
ZRETHDZ LB TND. 5T, FIZ3RTEKENOEEOFRENE OFMZEMIIN—7 VE8HRET
»H5.

EI 2.5 (Thurston). /N—74 U BEREIZK LTI TR 24 IZELV.

Thurston OFEBAIZHES T, K1, Ko OHEROFREEZMIHEELZEBRTIZOOTAT 4 T 218
_TRL. FF, TROBN—FT U ERETHEEWHIHEZAVD L, AERBE CRLIZEDBEWTH
{ZET, W ODDRIE~NEDBTHIENTES. ZORELZLONHHEELHER L, RalcEr
TR LEETHEIZEY BbE TV 2 8T, BENICIT K, K, DEZEEONMEELEL - LR TE 5.
WZEMZ2O AL LOOEMOME, Thbb, WHEE2BIOIIEBICIEV ADEILEDOH D
HELT, HLIZHEINERGEN—FTRAEZANVEIENTES. ZOREOKY EOENRTFETHS Z
L RET AERIILLTOL 5 RbDTHD. Ky DEICT 7 A N—HE T Y FALBEITIE, [ ZEBR
EE] #AVWTRHE b—TF 27 v 7 A2/ OF OBERNIZHE D AW AR EN o0 5 2 & MR
EINb. —FH, KaDEHWZ77A4A N—HETRVLOTE DL & &I2iE, 810 BRWESHREOLKE
AR N MEEDERZER O LIZ, TORBANEY GOETMERBELRILIIREREEREL, £
DERIZHRT D [REEER) 1KV EANERT S.

3 WHEBHRAEEI 54 U

CDEHETIIAE THEN LI SRTSEHRENHFR T2 L H/FIND 8 >0 ED H B, Wiz
EETS. Zhil, —oloid, WEHELS QBTG L HRT I HEEEIN2 0 I HMoTNB LD
BHICLD. E7e, EEOIRTMBHEET, F—T R & RHRERRL &5 b N PR AR W i
EEHETDL ) REBEOERIC F—F A EEBEV T2 L CEVELRD Z L RMLATNT, &
biC NEEY $2) ER~D F—T KO T HD 5 b, HREOFISERITIEE B2 SRR
WHHEEHETH 2L RMLNTNS. ZOBKT NELALRTO 3RTHSHERIINEME L HE
T5] EBEHIZEBLTEDIDOTHD. RPN HEEREET HREREELERoTWVD

3RTESEMM B SARE M (TR L, ZOWEHBEME M &5 L, BiEEREATERT 52 L T,
SRANHMZERM~DORBEEHR M — 1B 2852 N TEX 5B, 22T, M IZHEER - 5072 W Sk
0T, BEERIZSERMNEGTHIZLBbNE. ZOBEREZELTM OEEHBER % 1P LRA—45
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T5L, EARREm (M) SEBEBEREL LT CERNICESTERIIEATLZ ERbNS. LT,
M =HP/T (T X Isom* (HP) OBEBGRAEE) LWV ) A—HEAEON5. Isom™ (HP) OBEBISOBEE Y 54
UBLER. £, LOXSRFETHELNSERE (M) - lsom™ (H) 24R0/ I—FH L\,

W EE HR 1, U —< B3R ds® = |dz]2/(S(2))? &0 EEEE {2 € C|S() >0} LRA—HEh3
(EFEFHBETIL) . ZOETNMIEBNT, (AEEHED) EREBIT 1L ROSEEW 2 — (az +b)/(cz + d)
(a,b,c,d € R) £ 72BDT, LREHE Isom™ (H?) i PSL(2,R) = SL(2,R)/{£I} tE—H&Eh5. 3K
TEXXHIZEH HE 0 EEEZMETIL {(2,t) € C x R|t > 0}, ds? = (|dz|? + dt?)/t? OEREFEFRIL) —~
3% C = CU {o0} L BRICA—HEN, C~0 1 KRSELE#HRE LTD PSL2,C) = SL(2,C)/{+I} O
RIS REHE somt (HP) LR—HEINhd. RoEERLTHZ LIk, PSL(2,R) C PSL(2,C) & &4
RENBN, ZOEEBERITEARIC Isom® (H?) C Isom™ (HP) &*isd 5.

UboEERELY, 3T (2%xT) RiEEoRn 7 I —BRIIZHEDOEAREED PSL(2,C) (PSL(2,R))
~ORBEBIREND. [THIREONHEN D, REZEMIZHAARFTEIN DA, FITREEEOMNERIL
REOWNERLEXIET 22 &Rbhd. 29 LEBEEEICL T, WliEEOERERIIRILOER 2
FIZEDIAENS.

4 Jorgensen Bif

ZOETIINRDE b—F AFIIRT 5 Jorgensen BIIZOWNTIR S, &2 BiOFRBZKIZHR~7=L o2, H
B EOMEROREHEELHERT D702, HERE 7 74 /S—#E THY AV THEONDEHRE, T4
DHEHEE XEOERE, PHEAETINMEEEZMANERHS. Jorgensen B &1, (—H) Rb& b—F
A REOEFEPHFRT 2NMEED, 74— FEEE TN DFEN R ERFERICET2EBRmTH D,

Réb&E P—FAT O (2R7T) AREEHNEEEICBET R0 /) I—F8% po: m (T) > PSL(2,R)
L, BT v AEME

OF = {p: m(T) » PSL(2,C) |p =woppow™ ", w:C — C: EEARM } /3%

LEETD. £, QF ©, m(T) ® PSL(2,C) KBRZEMICRIT D, AAE QF LELZLIXT5. pe OF
WHRL, MHEBHFEH /Imp i3 T x (-1,1) KAMETH D Z EB8bnY, SbHIZ, BARM (—1,1) O £1
IS LCTH /Imp 21X T £ (SE[RE) ZA#EED L < 1T ending lamination & L CTHEREREESH
RICEBSND. b AE(p) It Teich(T) = B OF —2 kv 23,37 MM Teich(T) U PML(T) = T
IZEx L 5. 29 LT, end invariant A = (A~, A1) : OF — 0 xH - diag(OHP) BEHEIND. T
ADRIE—EAL, BEY, Minsky [8] I2& 2 IR E b—F RiZ%9 % ending lamination conjecture DH
IR O—HIZL Y, ROEERMONTND.

FHE 4.1. \: OF o> I x I’ — diag(0lR) iZ2HHF TH5. 7, BERILEHETHS.

Jorgensen [5] (Z& Y, end invariant & IZRRHHET, FUERE - HEREZFOFHENBERINTNS.
Cltk, B IZ EHZERETALERND.

EH 4.2. VI VBT IZHL, o DEE{EESY T ¢EBL LTS, Z0Lx, T ©7+— RiESE
Ph(T) C BB %, [T = To, K& ENDLTOERICKT LR LIREOIBOIEELY | L EHTS.

R 4.3. Too DR ~DEADOEARERE Rhoo £T5&, Ph(T)N Rhoo I T OERAOERGFEIR L 725.
EEND, 74— FiERE X ERELAZTLELET A V7 VR OXO2RbDEEIZENTES.
F 4V 7 VESII LAY FIEEL T—ERIZITER SRRV, BeBRAELTIRHE F—TF R
BIZBIL T, ARAAICHRIET 2 EE SN EIREIC (REHIC) —BHIZEE DT, 74— FEEK
H—BRICEE D Z L B8b0 5.
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B 2: —fREIR RS E b—F AT v 7 ABED T 4 — NEEIK

SEIE 4.4 (Jorgensen [5], cf. [3, 2]). LIFOMEEHSTG v = (v=,v+): OF - | x |’ — diag(oHR) 4t
FET 5.

(1) FED p € OF IZxtL, Ph(p) DAADLEHEZ v(p) IcL v ERENS.
(2) vITRAAEIZEA L TERREFTHD. AbIZ, ZOHIBRv|gr: OF — H? x H? (ZFHEEHRTHS.

(3) He=L1lzHL, vi(p) € O & Xé(p) € O IXRMETH 5. EHIT, ZTNHLDOEERTHZEND &
x, v(p) = A°(p) THB.

FEAAICLVEED AT A—Fv=(",vt): 0F 5 T xH - diag(6H?) % side parameter & ¥
LS. ZOEROEADT, ROLDREREB/BHENTED.

o Side parameter & end invariant & OBt L, FOREE LT ONEAREOTFE (2] 358)
o KX h—3F AKD Epstein-Penner HEIOWRE ([1, 7] BH)
o REOBEMIEOHE ([9, 10) BH8)

o i NE MZE[M @ Epstein-Penner 3% ([3] Z2R)

5 SHORE
ROFEEEZ 2T\,
RA%E 5.1. 2HDORHE P —F AEERE LTED 3IRTEHED 7 + — FESREZHESIT L.

FAHTRREZL O, R1ICHINE K, OBERE25D LTS, " & F—F AROWHEER,
Jorgensen BIZ L > T7 4 — FEEEZ AW THAGDOENIZOBBICERINS. £2T, K, DFZEM
DEDRIET 7 A4 N—HEZELEHREONHEEE HELEDEEEOB AN DHEMETE 5O TIHRVN
LHIRELTWA., T42bb, RORD (29?2 #BHDZ L& BET.

RIS | A ERER
TZrA—ghiE | ZEMBRER | Jorgensen Ein
FT77AN—dE | FEREE 297
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Recognition principle of normal surface singularities
in positive characteristic

AEYI—EE (LXK COE)
Ken-ichiro Arima, Hokkaido Univ.

Abstract. Rational double points and simple elliptic singu-
larities are characterized by their equations in characteristic 0.
They are known as quasihomogeneous singularities. The clas-
sification algorithm of their equations is also studied. We try
to extend these results to the case of positive characteristic.

1 2RTERFRR

Definition 1. k ZREBAKET D, n+ 1 BBEHR f € kzg, - z,) TEX DM
HIE2A P = (po, -+ ,pn) CRER ZEDEIX

0 O

=5 (P)=-= 52 (P) =0

f(P)
ThHHEZEND.
E7z, A = klzo,- - za]/(f) B QA) DR TERTH S EX, T OBHIEZ
IEREhE &S,

BB IR > 7 SR 0 B R BT E V. £ 2K7 (n = 2) OBE, ER
THDH L EHAMIBRETHS 2 LBRAMTSS.

Definition 2. MRS B/NERAMME 1Y — X KHL Rip, Oy = 028
i>0THRDILDEE, XIZAEBRR ZRDEND.

Fact 3. 2 KFEOHE, MFRFAMETSHS.
(1) HE2ESTHS.
(2) EERRETH B,
(3) MeHTNT 2 EHTH B,
(4) BHBRATHS.
(5) /MBI OBHOBISNETH 2T (—2)- M8 TH 5.

Definition 4. IEBUEHHIE O &/ NRr SRR O BISME S N IER RAE I HIRR TH B &
E, X T HEMBEAMBREL 2RO,

UTD 23R 0 DEETHS.
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Fact 5. 2 KTOFH 2 BEROEERIL, TRO5DTH5.
Ap: 22422 +y™ (m>1)
Dp: 22+ 2%y +y™ ! (m>4)
Eg: 22+ 2% + ¢
E7: 22+ 2%+ 293
Eg: 22 + 23 + 95

Fact 6. 2 RITOEMAE IR FATHIFERRARTHDHDIE, KD 3 DDOEHER
TRINS.

Eg sz — 4y gyt + 9328 =0

E)7 s — AP+ goyzd + g3zt =0

Eg cx? — 4P 4 goy2t + 9328 =0 where g5* —27g2 #0
Definition 7. w = (wp,w;,ws) € Q230 WK UBIEK M = az®y® 22 € k[[z,y, 2]]
DEHZE wM) = ew; EEDD. f € klz,y, 2] FUATZHZd & ZED w IZB
LTHBEERZER THDEND : f = fuey + fus1 EFTT (1) fum1 KENS 0

TRWREOBIERX M IZOWTwM) = 1. (i) fus: IKEHNS 0 TRWREOHIF
AMIZDOWTwM) >1. (fus1 =0 DHRFIEWHERLEX THS. )

Fact 5, 6 L D ROBEENES.
Fact 8. 0 TI3AH 2 ERAB I UEMMAM G RAIEERLEATH 5.

2 IFEHOHEES

B0 D 2 RILIERFERAL, GASNEABERZEERICRETS27IIVIU XA
HHISNTWS ([KM], Section 4.2 fill). —HIEEKTIIRETHS. LAFE [GK] I
LB 2 D 2EROAET NI ALOBMETH 5.

(1) fo~va®+yz = Ay
(2) f2 ~yz = A, or non-normal
(3) far~vz? f=2"+9(y, 2) + 20y, 2). O(y) =3, Op) > 2.
(3-1) 93 =0 = not RDP
(3-2) Y3 ~y*z 4+ yz? = Dy
(3-3) 93 ~ 9?2z f ~ 2+ 9?2 +azyz + bzz? + O(4).
(3-3-1) b#£0 = D? (a=0) or D} (a#0)
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DX, BEOELUERDEREEHTHS.
KIZ, EEOELEDEVNEEZEHERTATAHALD. FIZIE, EH3 O 2 EJAI
OFEMHICHEZ 5.

Ap i 224+ 22+ 9™ (m>1) EY: 22 + 23 4z
Dpn: 22+ 2%y +y™ ! (m > 4) E}: 22 4 23 + zy3 + 22y?
Eg:22+m3+y4 Ed: 22 +a23 +¢°
Ei: 2%+ 2% +yt + 22y B : 22+ 2% +1° + 2%

E%: 22 + 23 +o° + 22y?

Tabb, EEHTIIAEHE 2 EANBICEREXRZLERIT/> TWiz.
FH2EADOME XT L95&, FRAXRSEXICEL TEEATX & m OHF
FAIRETH 5. rldEHskiawn.

Theorem 9 ([Ro]). EH A, = (2,2,m+1) Dm = (351 502y), &6 =

2 m—1° 2(m—1)/?

(3550 & = (35,%5), & = (2,3,5) T A RAKXRSLERIIAE 2 A
EEDD. TOMITNENA,, DI, B, B, B

EEROBMEMASERSOERAEXDEERIL, BYXmoLanEMKIck-o
TSNz ([Hi], Corollary 4.3). TN HIEHAXRLHERIC/Z> TS,

Theorem 10 ([Hi], Corollary 4.3).

char 2

Ee: 222+ 13 + a12yz + asz2? + aqyz® = 0

Er: 2%+ 432 + a1zyz + aszz? + aqyz® = 0

Eg sz oy Farzyz + a3z +agyzt =0

where a; € k, aazas + a'al +ag +afdasd #0

char # 2

Ee: y(y — 2)(y — \2) — 222 =0

Er: ya(y—2)(y — A2) —a? =0

Es: yly—22)(y—A22) —2® =0, where A€k, A#£0,1
NITMARD Z &N 5.

Theorem 11. XRDOEAZFHF D LA XRLERNMIMHRSOEEHERZ ST, B
MMM RASZEDS.

(777 1)

—

—
~
—~
| =
|~
Gblb—‘
~—
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Proof. AN (4,5, ¢) PDEA, fu—1 KENDHIERIZ 22, zyz, 228, o3, y222, y2*,

A THO, EEAN2 Tmi%ﬂmfc&mu“%@@iw&f SZ TN fom1 = 22+ 9% +
a12yz + a3z’ + agyzt EEWHED. fuo1 DRERAOME ’E’%—btﬁbl ZEISEA
FHETO—T 9 TE2ITIIETHD. foa Z0DHERIIETHE2EHRTHD I EMN
MeRHIRS. MOEZRITDNVTHFEE.

INERANWTIER 2D 2ERONMET NI ALZIRT 2 2L 2dA 5. [GK] I
FABEFE2EHIIRSBRNWHODIE, MNVEREATHLIHDIILLTOLIITHES
TWnb.

(1) (non-normal)
(2) (2-1) 22+ 0(4)
(2-2) 22+ zy? + O(4)
(2-3) 22 + zyz + O(4)
(3) (3-1) 22 +y*+ O(6)
(3-2) x4+ 43 +2y2® +dz2t + 0(6), d €k
(3-3) 22 + o3 + zyz® + dyz* + O(6)
(3-4) 22 + 3 + 223 + dyz* + O(6)
(3-5) z? +y® + zyz + O(6)

ZDSE (2) MEIREIE, B, (3) 51X By MAENSD Z EARD.

& 3k
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COMPUTABLE CONDITION FOR THE OCCURRENCE OF
NON-UNIFORM HYPERBOLICITY IN FAMILIES OF
ONE-DIMENSIONAL MAPS

HIROKI TAKAHASI

In spite of its innoccent definition, the quadratic family
fa(z) =1 — az?

can display a wide variety of dynamics which are closely intertwined. Graczyk—gwi@teck
proved that the set of regular parameters (corresponding to a hyperbolic periodic attrac-
tor) is open dense. Lyubich [8] proved that almost every parameter is either regular or
stochastic (corresponding to an absolutely continuous invariant measure, acim for short).
The second possibility in this dichotomy is not negligible, which had earlier been proved
by Jakobson [5]. His theorem is recognized as a landmark in the study of chaotic dynami-
cal systems, and so far quite a few different alternative proofs were given [1] [2] [6] [11] [12]
[14] [15] [16] [17] [19]). However, any of these arguments tells nothing about the question:
how many parameter values corresponding to acim in the quadratic family? We give a
partial answer to this question. We develop a constructive argument closely following [6],
and as a result obtain a lower estimate for the measure of the parameter set corresponding
to acim near a = 2. Joint work with Stefano Luzzatto.
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Counting certain imaginary quadratic fields with prescribed

2-class order

Takumi Tomita

200512 A 26 H

o

Let I® be a set of imaginary quadratic fields whose discriminant d = pq and let I? be
the subset of I® whose elements have a given 2-class order s (2-class order is the 2-order
of the ideal class group of K). It is conjectured that the density of I in 1@ has positive
proportion. Using a computer, we find out a conjectual such constant explicitly. This is ture
for the cases where s = 1 by the result of F. Gerth in [G 84]. In this talk we give a sufficient
condition for the cases where s = 2.

1 Motivation

1984 £ H. Cohen & H. W. Lenstra (&5 [C-L 84] iIcHBWT Q L (zzTldkize2T Q Eos o
EEZ3) D n XKE Galois LXK K DA 5 7 I)VEELD prime to p-part*? OHMEICEEL, £ TH
FERRNTREZ NS DEREE L. COMETIE p=2 ORE (2X(K) ICOBFHPBRLTEZS. p=2
Thhud N&E Galois LK) WS REGEEMNICHZE NS, BHIC 2 XA DODVWTEELTEL
&, —IRIC 2 RIKBIEFEAEE m ZHAVT Q(ym) BB L ENTE, m BPIETHBRHIE 2 Rk
(real quadrat ic field), m DEDKHIE 2 KK (imaginary quadratic field) &PEEND. 7 7 )V
CI(K) @ prime to 2-part & Cl(K)oqq £ELCLICTB L

(C1) CI(K)oqa M cyclic iZ7x BRI

¢2)¢E)
o = 97.7575 %
3¢(6)Cootion (2) ’
(C2) #EH p B |CUK )oaa| ZEIBHERIZ
f(3) =43.987 %, f(5) = 23.967 %, f(7) = 16.320% etc
EWVotz CU(K)oaa ICBT 2RABTFENERLENTED (FLLIZ [C-L 84 BH), 2hsiEVTh

LSRR OMETH S. T, T T Cohen-Lenstra TldHbN TV A 577 VEERED primary
p-part™ & &35 ZDN ? LI FHNDBWTL %, 2T MFERENAE (heuristic method)] THIC

*Loiraid §2 TMIMUCY 33, THUIIBBT —~ V.
*2 p LEBTTREDEBERSE.

B Q(ym) i 1kym T Q LERENS C DERHE.
* p ETHR BTTEADIES D EE, Sylow p-EREE.
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UL DOHANZERD 5 ABITHE 2 KIKICBE > TZ® primary 2-part Z32E a—Z—%F RV THEBOY
MEHANIz. ZDO7—2Z TICHEHRENRA] (FH) ZRDOFZ N TEIZOTZDOT LITDWTHRE
95.

X [ 2 AR EMICRAZERE, BICEXNZHBZOEROR (7 —F) ZRNEHICER C LA TE
2o Ths. —MRITHREUE (2 K1k or 3R ED Q OERRILAG) OFHE R FHET S H
BAEZTEAEWV.

2 A 77 )ViEE
LIF 2 Rk K = Q(v/m) DHZEZB.

177 IVEBRDESR

14+ vm
2

m=1 (mod 4)

vm m=2,3 (mod 4)

EBVT Q(vm) OERER Ok, =2+ Zw % K,, DBEIRE VS ({l,w} ZHEEL T2 rank 2 D
B ZINBE). T OORE K., DERRER O, -#ROHMEE a (£ 0) % K DDA FT7IVERER. %A
TIVRHKIE ERIC T —NVBOBER LS ENEA FTIVEE LY Ty, LB HENEAFT IV
(a) = a0k, Rt T, DEABEEL, 0 Py, LEL. Ky OAF7IVERE CU(K,n) &I3TEE
Ik, [Pk, CEREXNBEDTHS (THERODETHS L3I Z ORTOAFTIWE—DDTTN S
ERENBH (Z 1 PID TH3), Ok, &—HICZ > TRV, Cl(Kn) 1 Ok, 7 PID h5EDL 5
WFRTVEONESHEbIETHS). BETREVS T NEERT —VETHS T LAHENTE
D, ZORMEEEE KT hy, LB

BEHORDS

m<0&9%. BEGRTIER K, D hk, OFEIC MRITHERARC LrEN2 0%
IDFTH BN, ZOFHEICIIE— 2 EMORKRELZFES R I T NVI) X LZ2F>TEHETES
E53BEDTIEAEY. LML 2K K, KL TERD K 3% 2 XX E R Wiey v TIVIEETERED
Mo5NTWA*(EEDO 7))V XL [Co 93, Algotithm 5.3.5] 2H8).

WEm) = #{f = az® + by + cy® € Z[z,y] | (efF)}

ZRELLT:

(i) b? — dac = Dg,,
(if) a >0
(iii) | <a<c(fHLU b>0ifa=|b| or a = c)
(iv) |b| £ a < /|Dk,,|/3
*5 ZOHfTE (1) = Ok,,, o DHTTid a~! := {z € Km | za C Ok, }-

6 TERMTAEIAT 13 2 KK LR S 2 & O — R OREEAD A,
*T Gauss D 2 KEROHERICEDL.
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% D, 1& Kn ORI, BB

m ifm=1 (mod4)
Dg,, = .
dm ifm= 2,3 (mod4)

Lg%,

Bz K = Q(v/=119) OB, —119 = 1 (mod 4) % DT Dy = —119. T OB (1)-(iv) &
729 (a,b,c) D#LIE (1,1,30), (2, £1,15), (3, £1,10), (4, £3,8), (5,£1,6), (6,5,6) D 10 . #>T
hx = 10.

3 REBERLETE

§1 TBWio7e & 31c, LT CRB2REDBERSC LIcT 5. i 2Kk K, = Q(vV/=m) (m 33
SEAE) KW LT CUKy) Z Ky DATT7IVERLTS. Ak, 7 Cl(K,,) D primary 2-part (i. e.
Sylow 2-subgroup) & U, Cl(K,), Ak,, D% ThEN MKy), he(Kny) £ T 5. EREOEEE ¢
(ramification number) & IEEFEEL s (2-calss order) LIEDFE z I L TRDO X 3 Fd5ZHET 5:

® ;= {K,, | exactly t primes ramigy in K,,/Q}
INz) = {KneI®|m<a}

1) = {Kn e I® | ordy(hy(Km)) = s}

I1P(z) = {KpneI®s|mszy

% ramification number ¢ & ¥[FIRX Dg,, ODEEZERTFOH.

% 2-class order ordy (%) = s W&  ZERENME LIZRD 2 OBEOEEZH5HT. HlZIE ords(40) =
ordy(23 - 5) = 3, ordy(7/32) = orda(275-7) = =5 7z E.

T 3.1.

®) . |I§t)($)|
0) = o)

d? = lim d(z)

r—0o0

%7 NI ZLERNT dP (z) % = < 107 ORIFT (10000 % 1 AEV LTIV Ty b)) F57
L6 DAR 1 ThH2™. CORED t =2 DPEARDE S AFERUTEI LN TE S:

F#8 3.2.

d® = -2}—
COFREREAAETHS:
18 3.3.
@) ~ gy

*8 (Benchmark) C DA T N T XLERANWT ¢ < 107 £ TDX (K 1) 215 DI Pentium 4 CPU 3.00GHz ¥/~
THELZ 700 Hh 3 (FF5 Licid C ZRVE).
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X f(x) ~g(z) & f(x)/g9(z) =1 (z = 00) THBZLZVS. HIZE 1+ ~z,sin(z) ~z L.
COTFRICBEALTF. Gerth RKICEKZRDK S HHER (s=1) Bd%:

EH 3.4. |G 84, Proposition 2.1.]
d® =1/2

F L GRS NENH, Gerth KD Z DFEBICET 2O EEL M, EHO+2EFEL LT, X
® Legendre symbol OFNCBIY % FHERZFEET 5 L TH%:

%8 3.5 (F. Gerth). p,gq Z p=—q¢=1 (mod 4) B3AEHRLT 5. TDHE

<q> (mloglogw)
Z - =0 3
p log® z

pq<lz

WD ILD.
¥ —MRICEE a,b IR LT

(g) : {1 ifz" =a (mod b) W=D

b —1 otherwise

LEDHB. FFIC n = 2 DFFIE Legendre Symbol &FEEN, FIDHRAFZEMT 3.

% f(z) = o(g(z)) &1 f(z)/g9(z) =0 (z > o0) THBZ &I, FHlZIE z = o(z?), sin(z) = o(z)
&,

FAROBREZBARD s (> 2) IKHRLES £33 &, —RICEFEOT LML LT LD K S EiEE
MOFTMRDOL S B ENVESZHEEL CENTEEVD, s = 2 DA 2 XD diophantus FFEIV
az? + by? = 22 OFIRMEICET % Legendre DEELEEAWVB I LICE T, 4 RERTSERANT
RO > BT HRAREBHC LITES (of [B 04]):

EIE 3.6. XD 2 DOIH

= (3), (1)

pg<z 4
£ (3),(0)- (s
2\ P )y \P 2  logzx

MELHE dP =1/4 L5,
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T T
og —— T
oM —
o S—
|‘2§x; J—
c c
§ £
g 0500 8 0500 : ]
8 13
o a
0.250 0.250
0,125 0.125
0,06 R
Prit3 ob828 , S
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
1< X < 107 [1/10000) 1< X < 107 [1/10000]
r T
0 —— T ——
300 R p—
HaptX) —— 16(X) =
0) ,(57?( ..............
(2 g— B —
c c
2 S
T H
g 050 : B — 5 os00
13 3
a o s
0.250 U 0.250 B
0.125 0.125 Jf"
0 0 %
033328 : : ob89%8 I : :
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 80O 900 1000
1< X < 107 [1/10000] 1< X < 107 [1/10000]

1 d(10000z) ©757

12021219, 189 (kL
0P 1P, 101 sEE
10 19 10, 1 (kT
1P, 52, 10,50, 1) (&

% [G 84] &0 d? =0.5,dY =0.4375,d(" = 0.375,d(> = 0.350586 HEHBNT5.
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Sobolev’s imbedding theorem in the limiting
case with Lorentz space and BMO

Hideo Kozono, Kouei Minamidate, Hidemitsu Wadade

Mathematical Institute, Tohoku University, 980-8578, Sendai, Japan

We consider the Gagliardo-Nirenberg type inequality in R". Let (2 be an
arbitrary domain in R™. It is well known that the Sobolev space H MPP(Q), 1 <
p < oo, is continuously embedded into L?(Q2) for all ¢ with p = ¢ <
co. However, we cannot take ¢ = oo in such an embedding. When O =
R™, Ogawa [11] and Ogawa-Ozawa [12] treated the Hilbert space H n/22(R™)
and then Ozawa [15] gave the following general embedding theorem in the
Sobolev space H™?P(R™) of the fractional derivatives which states that

12, (alul™) |z @) < Cllull g (0.1)

holds for all u € H*PP(R™) with [|[(=A)"@Pu||1s@sy < 1, where

Jp 1 .
£ . o .
®,(&) = exp(§ Z Z]' , jp:=min{jeN|j2p-1}.
i
The advantage of (0.1) gives the scale invariant form. In order to prove the
above Trudinger type inequality, Ozawa [15] showed the following Gagliardo-
Nirenberg type interpolation inequality which is equivalent to (0.1).For 1 <
p < oo, there is a constant M depending only on n and p such that

! n 1
e aqny S M [l gy Il (=) Pu]| 8T (0.2)

holds for all w € H™PP(R") and for all ¢ with p < ¢ < co. Our goals are
the generalizations of (0.2) to the Gagliardo-Nirenberg type interpolation
inequality with the Lorentz space and BMO. We shall state main theorems
below.

Theorem 0.1. Let 1 < p; < o0.
(i) There ezists a constant Cy, ,, depending only on n and py such that

lullze < Copy @/l (=AY il 722 (0.3)

L(r1,r2)
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holds for all uw € L(py,p2) with (—A)Cry € L(ry,ry), where ps, q, ™ and
ro are any numbers satisfying 1 < ps S py S g < oo, p1 S < 00 and
1 <ry <oo.

(ii) There ezists a constant C, ,, depending only on n and p; such that

2
q n r 1—
lullze £ Ch,p, - ullB2 o (=2 @rady || e (0.4)

holds for all w € L(py,00) with (I — A)YC@ry € L(ry,00), where q and
are any numbers satisfying p; < ¢ < 0o and p; E r; < 00.

We note that when we put p; = p, =7 =1, =1 p € (1,00) in (0.3), we
can obtain (0.2) proved by Ozawa [15] immediately. Moreover, from Corol-
lary 0.1, we obtain the Trudinger type inequalities equivalent to (0.3) and
(0.4) as follows :

Corollary 0.1. Let 1 < p; < oo.

(i) For every 1 < 15 < 00, there ezists a constant C,, ,, », depending only on
n,p1 and 3 such that the following holds. For arbitrary 0 < a < Cp, p,, r,, there
erists a constant C’nml,rz,a depending only on n, p, 79 and o such that

|u(z)| ) - ( [ .
D, a( dz < Ch i vy« LP2
/ - ( [ESRLERDT - Sl (SN .

(0.5)
holds for all u € L(p1,pq) \ {0} with (=A)Y@y € L(ry,ry), where py,
are any numbers satisfying 1 < py < py, p1 £ 1 < 00 and Py, -, is defined

by

fj
Tpn@i= ) 5 for€eR
rhiZp1
JEN
(ii) There erists a constant Cp, p, depending only on n and py such that the
following holds. For arbitrary 0 < o < C, p,, there ezists a constant Cy, p, o
depending only on n, py and o such that

5 |u(z)] 5 [l 2p1 00) .
fo 2 (e a2 G (i)
(0.6)
holds for all u € L(p;,o0) \ {0} with (I — A)Y@y € L(ry,00) and for all
1 S 71 < 00, where &, is defined by

i)m(f) = Z % for £ € R.

i>p1
JjEN
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In fact, noting the definition of ®,, ,,( or @pl), we exchange the integral of
(0.5)( or (0.6)) for the sum, and then by applying (0.3)( or (0.4)) for each
integral, we have the Trudinger type inequality.

By putting ¢; = ¢ in Theorem 0.2, we have the following Corollary 0.2.

Theorem 0.2. (i) For every 1 < p; < oo, there ezists a constant Cy, p,
depending only on n and p; such that

lullze < o,y @ Il oyl 52" (0.7)
holds for all w € L(p1,ps) NBMO, where py and q are any numbers satisfying
1SpySp1 S gq<oo.

(ii) For every 1 < p; < oo, there exists a constant Cy p, depending only on n
and p1 such that

lullze = Cnpu -l [ [ ey (0.8)

holds for all u € L(p;,00) N BMO and for all p; < q < o0.

Moreover, from Corollary 0.2, we obtain the Trudinger type inequalities equiv-
alent to (0.7) and (0.8) as follows :

Corollary 0.2. (i) For every 1 < p; < 00, there ezists a constant Cy p,
depending only on n and p; such t~hat the following holds. For arbitrary 0 <
a < Ch, p,, there ezists a constant Cy, p,, o depending only on n, py and o such

that ’
[ o (o2 Y se <, (Mheime)
s\ (o Fullso

holds for all w € L(py,p2) N BMO \ {0} and for all 1 < py £ p1, where @p,
is defined by

plﬁ)—zg for £ €R.

>p1
JEN

(ii) For every 1 < p; < oo, there exists a constant Cy p, depending only on
n and py such that the following holds. For arbitrary 0 < o < Ch,p,, there
ezists a constant Cy p, o depending only on n, p1 and a such that

P
/ (I)pl (a |’U/(CL')| )d g On p1, (HUHL(PlaOO))
" lullBrmo lullBrmo

holds for all u € L(p;,00) N BMO \ {0} where ®,, is defined by

Z for £ € R.

i>p1
JjEN
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Finally, we shall state the application to the Brezis-Gallouet-Wainger type
inequality. In fact, from Corollary 0.1 (i); we can obtain the inequality as fol-
lows :

Theorem 0.3. For every 1 <p; < 00, 1 £ ¢ =< 00 and n/qg < m < oo, there
exists a constant Cy, p, qm depending only on n, p1, ¢ and m such that

lullzee S Crpygm [” (el 2prps) + 1(=2)™ || £ 1))

x (log(e + (=2)™"ull1.)) /"] (0.9)

holds for all uw € L(p1,ps) with (=A)Y®y € L(ry,rs) and (—A)™?u €
L%, where py, r1 and ry are any numbers satisfying 1 < py S p1 S < 00
and 1 £ ry < 0.

we note that the inequality with p; = p, =r; = ry = p € (1,00) in (0.9)
coincides with the classical Brezis-Gallouet-Wainger inequality.
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On the isomorphism problem of
Coxeter groups and related topics

Koji Nuida'
Graduate School of Mathematical Sciences, University of Tokyo
E-mail: nuida@ms.u-tokyo.ac.jp

At the conference the author gives a talk which surveys the definition, his-
tory and preceding results on the isomorphism problem of Coxeter groups
(problem of deciding which Coxeter groups are isomorphic), together with
backgrounds for Coxeter groups, applications of this problem and some re-
lated topics in the theory of Coxeter groups, including the author’s recent
works. The author would like to express his gratitude to the conference
organizers for giving the opportunity.

1 Introduction

Isomorphism problem of groups Let C be any class of groups. The iso-
morphism problem of groups in the class C is the problem of deciding which
groups in C are isomorphic with each other, preferably in terms of their
presentations (of certain special types relevant to C) by generators and fun-
damental relations. (More generally, this problem often involves the study
of properties of the set of all isomorphisms, or of individual isomorphisms,
between these groups.) The isomorphism problem in C is called solvable if
there exists an algorithm which decides whether given two groups in C are
isomorphic or not; otherwise it is called unsolvable.

The isomorphism problem of groups (with finitely many generators and
fundamental relations) was investigated in a relation to the homeomorphism
problem of manifolds (problem of deciding which manifolds are homeomor-
phic). In another direction, this problem is also related to the “halting
problem of Turing machines” through the “word problem of groups”. It is
known that the halting problem is reduced to the word problem, which is re-
duced to the isomorphism problem, which is reduced to the homeomorphism
problem. Since the halting problem is unsolvable, it follows that all of the
other three problems, including the isomorphism problem, are unsolvable as
well (see e.g. [Sti93, Chapter 9] for details).

Coxeter groups A pair (W, S) of a group W and its generating set S is
called a Cozeter system if W admits the following presentation

W = (S| (st)™® =1 for all s,t € S such that m(s,t) < oo)

'supported by JSPS Research Fellowship (No. 16-10825)
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where the m(s,t) € {1,2,... }U{oco} are symmetric in s,t € S, and m(s,t) =
1 if and only if s =t. A Cozeter group signifies a group W having a gener-
ating set S such that (W, S) is a Coxeter system. (Several basic definitions
and facts for Coxeter groups are well summarized in a book [Hum90].) Some
examples of Coxeter groups will be given later. Note that, in this abstract,
we do not assume that the set S is finite unless otherwise specified.

The theory of Coxeter groups was born from a study of finite (real) re-
flection groups given by H. S. M. Coxeter [Cox34, Cox35]. Although the
Coxeter groups arised originally from the above geometric aspect of math-
ematics, Coxeter groups and their related objects (root systems, Bruhat
order, Hecke algebras, etc.) now appear not only in geometry, but also in
various areas of mathematics (such as representation theory, group theory
and combinatorics). This is probably one of the main reasons why Coxeter
groups (including their special cases; e.g. Weyl groups) have been investi-
gated so well (and another reason would be the beauty of the theory of
Coxeter groups itself).

An individual Coxeter group W (with generating set S) is usually deter-
mined in terms of the Cozeter graph T'; that is a simple undirected graph
(graph without loops, multiple edges and edge orientation) with vertex set
S in which two vertices s,t € S are joined by an edge with label m(s,t)
if and only if m(s,t) > 3. Some examples of Coxeter groups and Coxeter
graphs are given in Figures 1 and 2 (as in these figures, the label ‘3’ of
an edge is omitted by convention when drawing a picture). It is easy to
see that the (restricted) direct product of Coxeter groups corresponds to
the disjoint union of their Coxeter graphs. The following theorem implies
that the Coxeter systems (W, S) are in one-to-one correspondence with the
Coxeter graphs (up to isomorphism).

Theorem 1 (see [Hum90, Proposition 5.3]) For s,t € S, the m(s,t)
in the above definition is precisely the order of st in W.

Figure 1: Coxeter graph of the symmetric group S,

O O O e O \®]
S1 82 83 Sn—2 Sn—1
The symmetric group S, of degree n is a finite Coxeter group.
Here s; denotes the adjacent transposition (7 ¢ + 1).

The isomorphism problem of Coxeter groups can be restated as the prob-
lem of deciding which Coxeter graphs define isomorphic Coxeter groups.
This is indeed a nontrivial problem: it is a classical example that the fol-
lowing two Coxeter groups, the dihedral group Dg of order 12 (where the
generators are two reflections in adjacent mirrors of symmetry of a regular
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Figure 2: Coxeter graph of PGL(2,Z) = GL(2,Z)/{£1}

o0
o, O O

81 82 83

PGL(2,Z) is also a Coxeter group.
01 -1 1 -1 0
Here s; = 1 0)%2= 0o 1)°%=\o 1)

hexagon) and the direct product Sy x S3 of two symmetric groups (cf. Fig-
ure 1), are isomorphic as abstract groups though the two Coxeter graphs
are not isomorphic. Although the isomorphism problem is not necessarily
solvable as is seen above, it is believed that the problem for Coxeter groups
(at least the finitely generated ones) is solvable, because of the simplicity of
the presentations of Coxeter groups.

2 History

Now we survey the history of the isomorphism problem of Coxeter groups.

The study of the isomorphism problem of Coxeter groups began with the
classification of the finite irreducible Coxeter groups in terms of their Cox-
eter graphs, given by Coxeter [Cox35] in 1935 (see also [Hum90, Chapter 2]).
Here an irreducible Coxeter group signifies the one with connected Coxeter
graph (note that this notion depends on the choice of the generating set S
of the Coxeter group, but we abuse the terminology unless an ambiguity oc-
curs). By Coxeter’s result, it follows that two connected Coxeter graphs are
isomorphic whenever these define isomorphic finite Coxeter groups. After
his work, the structure of finite Coxeter groups have been well described;
many of the researches arised from relationship to the theory of finite simple
groups or of finite-dimensional semisimple Lie algebras.

In contrast with the development of the whole theory of Coxeter groups,
the isomorphism problem had not been studied so actively during half a cen-
tury after the above Coxeter’s work. Then, in 1991, A. M. Cohen proposed
in his lecture note [Coh91, Problem 6.5] a question whether two connected
Coxeter graphs defining isomorphic Coxeter groups are always isomorphic;
in other words, whether the isomorphism problem of irreducible Coxeter
groups is trivial. Cohen’s question had been left open in almost 10 years;
in 2000, a one-page paper of B. Miihlherr [Muh00] answers to this question
in the negative, by exhibiting an explicit counterexample (Figure 3). The
author guesses that this result was a breakthrough for the problem.

On the other hand, the problem restricted to several subclasses of Cox-
eter groups are also observed in this decade. First, R. Charney and M. Davis
gave the following result in a geometric point of view; here we say that a
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Figure 3: Miihlherr’s counterexample

to

These non-isomorphic graphs define isomorphic groups
via an isomorphism s; — t; (1 < i < 3), s4 > tot1tatits.

subset I of the generating set S of a Coxeter group W is of finite type if
the subgroup Wi = (I) of W generated by I (such a subgroup is called a
parabolic subgroup) is finite.

Theorem 2 ([CDO00, Main theorem]) Let W be a finitely generated Coz-
eter group. Suppose that W is capable of acting effectively, properly and co-
compactly on some contractible manifold. Then the Cozeter graph defining
Cozeter groups isomorphic to W is unique up to isomorphism.

This theorem says that the isomorphism problem of Coxeter groups of this
type is trivial. It is also mentioned in [CDO00] that all affine Coxeter groups
satisfy this condition, and that the condition is equivalent to a certain ho-
mological property of the simplicial complex consisting of the subsets I C S
of finite type.

Some other subclasses are introduced by restricting the values of the
order m(s,t). A Coxeter group is called right-angled if m(s,t) € {2,00};
skew-angled if m(s,t) # 2; even if m(s,t) is either even or infinite; and
2-spherical if m(s,t) < co. The isomorphism problem of finitely generated
Coxeter groups in these classes is well studied; see [Rad03], [MWO02], [Bah05],
and [MuhO05], respectively. In particular, these results give certain conditions
for the Coxeter graph of a Coxeter group in each class to be unique (up to
isomorphism).

3 Toward the complete solution — finitely gener-

ated case

Owing to the recent development of this area, the isomorphism problem of
finitely generated Coxeter groups is almost solved. The outline summarized
here is found in Miihlherr’s recent preprint [Muh05].
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For a Coxeter system (W, S), a reflection in W with respect to S is an
element of W conjugate to some element of S. The set of these reflections
is denoted by SW. These elements play an important role in the argument.
Moreover, for a Coxeter graph I', let (W(I'), S(I")) denote the Coxeter system
corresponding to I'.

First we consider the reflection-preserving isomorphisms between Cox-
eter groups; namely, isomorphisms which send any reflection in one of the
Coxeter groups to a reflection in the other. In [BMMNO2], the four authors
in that paper proposed the following important conjecture.

Conjecture 3 ([BMMNO2, Conjecture 8.1]) Let I' and I” be two fi-
nite Cozeter graphs. Suppose that W(I') and W(I") are isomorphic via
a reflection-preserving isomorphism. Then T’ would be convertible to T by

using finitely many certain specific operations, called “diagram twistings”
(see BMMNO02, Definition 4.4] for their definition).

For example, this conjecture is proved for finitely generated skew-angled
Coxeter groups [MWO02]. Note that the finiteness of the Coxeter graphs is
not assumed in the original conjecture, but a counterexample exists when
infinite graphs are allowed, as follows.

Example 4 The infinite symmetric group Seo = Ure1 Sn 18 a non-finitely
generated Coxeter group, with two Cozeter graphs given in Figure 4. These
two Cozeter graphs (and the identity map on S ) satisfy the hypothesis of
Conjecture 3 except the finiteness, but it can be shown that these graphs are

not convertible to each other by diagram twistings.

Figure 4: Two Coxeter graphs of infinite symmetric group Seo

O
\% © \% \9

S1 S2 S3 S4 S5
t_g t__l to tl tg

The s; are (1 2), (2 3), (3 4), (4 5), (5 6), ...,
the ¢; are ..., (5 3), (3 1), (1 2), (2 4), (4 6), ....

Secondly, we reduce the problem for finitely generated Coxeter groups
to the above reflection-preserving case, by using some “elementary trans-
formations” acting on Coxeter graphs. These transformations, introduced
in [Muh05], preserve (the isomorphism class of) the Coxeter group which
the Coxeter graph defines, and the corresponding group isomorphisms are
constructed explicitly. Then Miihlherr [Muh05] showed that for two finite
Coxeter graphs I' and I and an isomorphism f : W(T') — W(I"), there
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exist combinations ¢ and ¢’ of some elementary transformations, with cor-
responding group isomorphisms g, and g, such that g, o fogy : W(p(I')) —
W (' (I")) is reflection-preserving. This means the following:

Theorem 5 (see [MuhO05)) The isomorphism problem of finitely gener-
ated Cozeter groups is reduced to Conjecture 3.

4 On non-finitely generated Coxeter groups

We have seen in the previous section that the isomorphism problem of finitely
generated Coxeter groups is almost solved. On the other hand, the prob-
lem for non-finitely generated Coxeter groups is much more difficult than
the finitely-generated case, as Example 4 suggests. Indeed, it is crucial in
most of the preceding arguments for finitely-generated case that a maximal
finite subgroup containing a given element always exists in these cases; how-
ever, this property is not assured in general case. (Note that the preceding
arguments still work in certain cases; see [MWO02] and [Bah05] for instance.)

Some recent works of the author investigate the isomorphism problem
for general Coxeter groups in different approaches; namely, by applying the
structure of centralizers of some subgroups. The first result means that
our problem is reduced to the isomorphism problem of infinite irreducible
Coxeter groups. Here W4, denotes the product of all finite irreducible com-
ponents of a Coxeter group W, called the finite part of W.

Theorem 6 (see [Nui05-4, Theorem 3.4]) The combination of the fol-
lowing two objects — the isomorphism class of the finite part Wa, and the
multiset of isomorphism classes of the infinite irreducible components of W
- is a complete invariant of isomorphism classes of Cozeter groups W.

One of the main tools of the proof is a complete description of the centralizer
of any normal subgroup of a Coxeter group which is generated by involutions;
see [Nui05-4] for details.

The second result is on the reflection-independence condition for general
Coxeter groups. Here a Coxeter group W is called reflection-independent if
any isomorphism from W to another Coxeter group is reflection-preserving;
or equivalently, the set SW of reflections in W is uniquely determined by
W only, independently on the choice of S. Moreover, for s € S, let W+ts
be the subgroup of W generated by all reflections other than s itself which
commute with s. It is shown that such a subgroup W+¢ is also a Coxeter
group (see [Deo89] or [Dye90]); let W5, denote the finite part of W=.

Theorem 7 ([Nui05-1, Theorem 3.7]) Suppose that, for any s € S, the
finite part W54, is either trivial or generated by a single reflection conjugate
to s. Then W is reflection-independent.
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The explicit structure of these W44, is determined in [Nui05-2] by using a
result of the author on the structure of centralizers of parabolic subgroups
[Nui05-3]. As an immediate consequence of Theorem 7 and the result in
[Nui05-2] mentioned above, we have the following: ‘

Corollary 8 (see [Nui05-2]) Suppose that an infinite irreducible Cozeter
group W satisfies one of the two conditions:

o W is 2-spherical (see Section 2 for terminology);
o W is “odd-connected” (that is, all generators s € S are conjugate).
Then W is reflection-independent.

For example, the infinite symmetric group S is reflection-independent. By
using this result, it follows that any generating set of S, as a Coxeter group
is conjugate to one of the two generating sets given in Example 4, so the
two Coxeter graphs are all the ones which define So.

5 Related topics and applications

It is also shown in [Nui05-4, Theorem 3.3] that an infinite irreducible (not
necessarily finitely-generated) Coxeter group is always directly indecompos-
able as an abstract group (see also [Par04] for finitely-generated cases). This
result is indeed used in the proof of Theorem 6. Moreover, a relation be-
tween the structure of the automorphism groups of Coxeter groups and their
irreducible components is also studied in [Nui05-4].

Although many worthy observations are obtained in the researches of the
isomorphism problem, no direct applications of the (partial) solutions of the
problem have been known yet. The author guesses that one of the hopeful
directions will be a study of effects of isomorphisms between Coxeter groups
to their associated objects, such as Bruhat orders and Hecke algebras, by
using a decomposition into “elementary transformations”. This will be done
in a future research.
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/N 0D A ABAROBRIMERIENDHr L A
A new perspective for a problem on the number of

exceptional values of the Gauss map for minimal surfaces

B ERELZTCEEEREMAR JIIE 4 (Kawakami Yu)

8=

We refine Osserman’s argument on the exceptional values of the Gauss map
of algebraic minimal surfaces. This gives an effective estimate for the number of
exceptional values and the totally ramified value number for a wider class of complete
minimal surfaces that includes algebraic minimal surfaces. It also provides a new
proof of Fujimoto’s theorem for this class, which not only simplifies the proof but
also reveals the geometric meaning behind it.

1

ORI, BEHEBERZO/NR—EE, NWNKZOEMILTFIEE & O ETS
IKEDWTWA., TOFEBETIX, X [8] TE/Z R AOBREWIE/NHTE D Gauss
B ORRIMEE & 522 AR OFMMIC BT 2R ZDERICOWVT, MEOEH
R EERZTHENT .

R3 RO/ O Gauss BB Riemann [ _EOFHEAIEK L AT EMNT
XB50DT, EEMBITOER L OO SEL LRIERERENEFNTE, FicER
L LT TGauss BARDOMRSMERTE) NBEF5N5. i MNP ChV e
HHE D Gauss EARDFRIMEEID EFRIZW DN ? ] W0 RIRET, 1988 FIfEAHZE
SRR [2] TRRYMERIIE 44 TH B LWV I REBOMERZ/RLTz. —75, Osserman
FeEEERN [11) T¥mE ThRVWAREmI i (BRREfhRZEM MmO &) O
Gauss BERDORIMERIIE L3 THB T ZR L. LHL, TOEEPRBTHS
NE S MITKRRTH S, R, BRIMEED 3 OB OFIEBIE £ THA
TNTWVWiRV. BRIMEED 2 DT “Catenocid” 7R EWVWKDHMHISNTWBDT, £
< OWFEE I T2 DFEDORRIMER D EROKREOFMIE 2 TEEWH? ) L FE
LTW3., ZZTERLAZINE THLON TV S ER2ERBTOEIMHRDOEEN S
WHTHREL, WSO BEKRHLEREEZ LN TER. ZTORTHRHICEERZOX
Gauss BRD7ZENMEEEICT 2R TH 5. BRIMEB DO Z NS DR E
gaahte UT, D MmOERBRZHE—INCEHIA T % Nevanlinna ¥55 7% #
THIENEZONS. ZTO, RIMERZ %L L Tz52en @15 & v S B EEm
ENB. EEAEAR 1992 FICHH (3] TFmE THW ISt/ il D Gauss BEDTE
EIERO LRI 4 THB T e ERUE. THIEBRIMER D EIR «4” & —E L Tw»
3. TOERLZOMFEEDTENS, I THRWRERIRE/ D Gauss EHD
SEEDIERD ERRIE «2” TH B L FHEINTWE. LKL, BHLZREEIER/ N
D Gauss BERDZEDHERZFRANTAER, TEDBERD “2.5” OFINFEET ST
eIt ([6]). TOFERZRTT, FAITEFH [11] TO Osserman Fe4 DFRIME
BICBIT 2R Z T2 NEMERE VWHIHEATRET T & T, FREEEEHBOFIZ
T BTN 1S LT, BEDRERDOREOFEZES Z LN TE.
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EHICT DFMEEN S, BRYMERL “4” DRE2ARY 7R RRP AR N E D A1 By
SMEELD _ERRAY “37 1072 B AA = AL Z BT 2 T LN TE . RELKEC DT LI
BAILTRHELIARRNBZZ LICT 5.

p I

COREITIE, Ihh Siamd 5 L TREZMNIEROEARFHL W D Of
RS 5. FEEERDVMEFINC 0 L7225 R3 AOHITE 2: M — R® DT & 7% M il
(minimal surface) £\ 5. WHREEE 2 =u+iv, 0= £ = L& -il) £95.
R® NOHHmEA /NI CH B T & & RDONIIFEHHEICIE 5.

00z =0 (1)

(1) 1¥, BERSBEEHSFAMBEH THZ L EERLTVWEDT, TOT EMLERD
720 compact MV NHEIXFEELRWT Vb s, Eiz, HEDSZREZDRDE
FHEEEHEICONSE | 2 54

O0x: M > p s [0z (p) : 9x%(p) : 02> (p)] € Q'(C) C P*(C)

FFRIBBE RS, T QYC) = {[w] € PX(C)| < w,w >= 0}(<, > I3 EZHIH %
M2 KIEK) 1 R AOEM 2 RTABEnEMefok =M Th b, ZOHAE
N7 PV ERGERZ T ET, S2~PY(C) LA—HINSE. TDT Lh 5w
ZIEE D Gauss B g: M — PY(C) NERIERICx28hm & U TREISIT 2 2 e T
£%. £z, ¢, =02 ELTRDEB/REEZS.

¢ =0z = (¢'17¢2’¢3):M - CS

CDBEIBIIRD 3 DDEERIHAT-T.

(C) HEEMH - Y ¢2=0

(R) IERIZME - S (g2 >0

(P) FAMISRHF - fERD v € Hy(M,Z) icxtLT, Re [ ¢ =0
DR

ha:¢r4@,g=¢n?w2 (2)

ELTEZ% (hdz,g) idZFNZThH M EDIER] 1-form, HHEERIHTH D, Rl gk
Gauss B e 5. Fiz, ROBFRIHKDIID.

b1= 50— Mhdz, 6= £(1+)hdz, s =ghds 3)

T 51T, R3HSDFBEFE ds? £ 7D Gauss BIFR K 1

N

ds® = (1 + |gI?)2[hP?|dz]? 4)
P
K= —Tpa T ey (5)

EEZBN, FRICK <0TH5.

WIC, M _EDIER] 1-form & HHRIBIDOM (hdz, g) MGABNIZEE, (3)IKLk>
T ¢ = (41,02, ¢3) ZEETS. TDLE, HPEM (C) ZIEBMIcHEN, EH
&M (R) 13 (4) 25 g DAk DB TDH hdz I3AE 2k DERZEL D) £7&5T
EHahD. B L, ¢ BNEBIGLE (P) 2HwE, BRI XORTHELNS.

m@)=2Re/q¢ (6)
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AR (P) BBz hixne &, dhilis M O%EHER ETERINS. H (hdz, 9)
% fw NI OD Weierstrass 7— & (W-data £H§97) &1 5.

#hirin M ASFAEETR ds® ICBI LT 520 (complete) TH S Lid, M DEEDFEIHES
Z ds? Tl 7B EMEERICAZ L TR VS, fvhihim M O 2% 7(M) (total
curvature) IZRDKXTEZ 5N 5.

4lg'[?
= [ Kin=— [ T ™)

Z OHEHE |7(M)| 1& Gauss BROBD Fubini-Study Ft&IC & 5 @& iz 57200,
HKRGAER2MFEZ & DOEMBNIED T &% (A NE (algebraic minimal
surface) EMERC LICT 5. AEEIR/NITICEI L TIERD T EMRLD 7D,

FIH 2.1 (Huber-Osserman)
1. REIRR/NEED M 1 compact Riemann i M D S ERED S ZBRN LD &
HARMETHS. ([5)

2. TODLE W-datald M RICEEEICHEE NS, ([12])

FelEi  NHTE DB Z N DBNT S, T T T, Gauss BARD FRYMEEL (the number
of exceptional values) &l&, P!(C) I} % Gauss EHEDBOFHESDTTOMEE, D
¥ O Gauss BRDMEICIZ 5720 PL(C) NOESDTOEETH 5.

il 2.1 (Catenoid)
M =P"\{0,00} £ L, W-dataZRDXIICEDS.

(hdz,g) = (-Sgdz, z)

IS (R), (P) ZHT=T DT, 2HF —4r OREEIMHT & 75D, FBE Catenoid
ZHERT 3. Gauss BROFRIMERIL 2 TH 5.

fl 2.2
M =P\{&i,00} &L, W-dataZRDX I IEDS.

(Z2+t)2dz 0z2+1+a(t—1))

(hdz, 9) = ((z2+1)2 ’ 2+t

(8)

{HL, a,tl (a—1)(t—1) #0 %Iz TRET o? =—a{—(tf{)ijq<0 95, Thik

S (R), (P) Z2dizd (LG [9) B ) OT, 2 —8r OREHIH
&7 %. Gauss BARDRIMELRIE 2 TH 5.

il 2.3 (Voss HIH)
ai,as,a3 € C 843 35 L, W-dataZz M = C\{a1,a2,a3} L TCRDXIITE
H35.
dz

(hdz,g) = (m’z) 9)
TSRS (P) ZH T ERWDT, M D& EiEm - THEZERT 5. IR
RN £ 725 . Gauss EROBRIMELNTI 4 TH S . —]RIC aq,a9,...,a, €C
%Etﬁ% k }ﬁé_’_‘ L, W-data 2 M = (C\{al,ag, .. .,ak} ,J:T (9) @ﬂ?tibfl&%, %
EMEEHRITEDICZ k<3 THEALENDS. DFED o; 3EA3 ALAMENIZL.
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3 EREREZTDIA

T OHEITIX, Gauss ERDOBENIRHERZERL, BADRIMERE Z ORHZ
N5, X9, —ROBIAIBEIBICH T 2RI IRMEBZRD K S ICERT 5.

£ 3.1 (R.Nevanlinna, [10])

M 7z Riemann T, f7%% M FOBEHEEKETS. COLEEbL e PH(C) D f O
STRMEE (totally ramified value) TH 5 &iX, bH f DERYMED, b D flcX B
BOFEMNTNT f ORIGERICIR D L EZND. RIC f DREDNAERZEET 5. f
DFRENAEDEREZ {a1,. .., 0rgs brg41, -5 brgy1y } £ B, TT T a; EBRIME, b,
EEBRIMETRVWRENEE L 35, a; IKDWTIE v = oo, b ICDWTIE f~1(b;) D
BERICBITS f OBREEOR/IMEZ v, £$5. KRS, 1, >2THbH. TDELEE fO
TERNDILEEL (totally ramified value number) vy %

lo
1 1
vi= (1—;)27‘04‘2:(1—;) (10)
a;,b; i i=1 ¢

TEET 5.

AE 3.1
f OBRYMESZ Dy £33 L, EEKD Df < vy BRDIID. DE DEEDIRMHEED
S BRYMEB DIl &S A T3,

/N O Gauss G413 6 Riemann [ EOEMHEH L Hixd 5D T, e ilRE
BN EZRETES. —ROZMBUNHE OTEDIAELICE L T RDERND 5.

EHE 3.1 (Fujimoto, [3])
z: M — R3 Z[ TV selitw i, g ZZ 0 Gauss BIRL T 5. D, 2 g DERSY
68, vy % g DRENBERE T . DL EROAMNKDILD.

Dy, <y, <4
BRI REIR/ N D Gauss BRDTZEDAEEICE U TROFEREZ1G .

EE 3.2 ([6])
vy = 2.5 &5 5B N AFET 5. B, 6l 2.2 OIS Z OHITH B.

(GERA) f1l 2.2 DEIEID Gauss BARIE, BRIMEBD 2 T, XN 2 XD 2 = 0 TOME
9(0) = o[{1+a(t—1)}/t] RFTEENEMET, BEEEN2KD (10) S5 v =2+1/2=25
x5, O

SERDIAEICBE T 2FHEi%, KRB Z Z8 K DAV 7 T A D5Eiim/ i
MHICDWTHR—MIC B 5.

EH 3.2 ([8])

st/ el A SEAREER/ N (pseudo-algebraic minimal surface) T 5% L3,
R % P T2 T W-data TRERKE N3 Selifhl el o: M( £72id M) - R3S DT &
TH5.

1. W-data (hdz, g) »/X% & Riemann T M = M\{p1,...,px} L TEZEIN TV
%. TT T M X compact RiemannTH TH 5.

2. (hdz,g) & M BICHHEBICHERE N 5.

TTT, TOYIAOMEE M £ ZF0OMER (SEHEEREERESEV) M E
TEBEINTVSLDELTSB. TDLEM=M\{ps,...,pr} ZEEEIR ] dhmmo
HEAFEHE WS T LITT 5.
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C DEFRZIEFBINCIRANIUE, THRAREAI/ T & 1, AREAIRR)Nil TE ORE R TR
ARG E AT EBRNEDEEDIED] LWNnH T THB. FE2HTHT 3 DDH|
(Bl 2.1 ~ fl 2.3) X T BB N OB TH 5. A DI T ADESE
DIAEBICEE L TRO X S Al 2B 5 N TE .

EE 3.3
EAMEE M = M\{p1,...,pr} Z5 OB NEEEZ 5. M OER%E G, g
M EOBBEEZZEEDREE LTS, DL EROINDD ITD.

2 s
R’ G—-1+k/2~

FRICAREE T DS R > 1 AR ID.
LRI DRDBNRDIIDT LETIEHNS.

% 3.1
SEH TR WM B R NI T D Gauss B DBRIMERII & 44 TH 5. FRIREIIHR
/NI DS, FRIMEEBIIE L3 L5 5.

AE 3.2

BRI E ORERGE L UT, Klotz-Sario DHEIENH S ([1]). =: M — R3 1ZAK
BRI C, M — M DM = M\{py,...,pi} DIFNEHETHZ LTS, T
DeEiZ=xz0omM — R3 7 AR AR NI IC 72 . 2 AUTTD & D LR Uil
HOBRZELON, EREDO M It DLidRa50Hz2zED. LML, HRHAR
ETHALIEIBERRTRI T ENTES. I, v, ERETHS.

(FE¥ 3.3 DFEEHR) 222N TEYICEEIRE S LT, glidp;, TEREBTLELNT
75, g DMREFLIIBEME LTI, HEEDDS hdz & p; THE u; > 1 D%
&0, AR (P) (& p; > 2 BELINT T TRINELRV. o, & g DEHMZS, 5,
ZHMiMRE 95, HIEEMS (C) & g, hdz , ghdz DFEREMDEEFRIEIRDED L S
IC7%%%.

Dy <y, <2+ R = 1 (11)

z o, | B | »;

g 0! | oo?
hdz 0% | oot
ghdz | 01 | O | ook

M FOEMEL 1-form hdz 721X ghdz I Riemann-Roch DEMZ#EHA T 5 & T

k
2d - pi =2G -2

i=1

ZB/EMNH
1< k
d=G—1+§Z?%2G—1+§ (12)
MDD, TORMS, g
R=5t7:§521 (13)

M DILD. TTTHODFESIE, g DFREMBOED FIEKFLTWA T LICHER

T 5. M HBREWE S0 AIARME (P) ZH 73 DT, u;>2X0 R>1Lk%3%.

(11) ZIRT. g DFERIMEEIDESE {a1,. .., Gnys bros1s-- > brostg} £T 5. T

T T a; WIERIME, b; EBRIMETHRWREDIKIEL T 5. no & g DERIMEICET 55
e oML 45 & &,

k > drg —ng (14)
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MDD, n, %2 g DERIMETEWVZEDIMEIC BT 2 0kfEHofme L, v %
vi =ming, .. {9(2) =bpy4s DEHEE} LT B L,

lo d
dlo —mnyr < — (15)

i=1
MDD, ZFLTn % g DDA L9 % &, Riemann-Hurwitz OEHN 5
n=2d+G-1) (16)
#18%. (14), (15), (16) &b,

k . k 2
_m+Z(1*—)< +n°+fld—§n1; =2+ 4

Ko T, EEINRE. O
fﬁu;(n) DHEBHRMOILOBEERANS. £9 (G, k,d) = (0,2,1) DIFE, R= oo
ED2+2=28%%DTy, <2&%%. £o7T, B2.113C OBEICHITB (11)

@Hiﬁ@fﬂ&tt% RiC (G, k,d) = (0,3,2) D&, R=4,7ED2+2=25%7k
B5DTur, <25¢%5%. XoT, 22 DBEE k%ﬁ%(n)@%ﬁ@iﬂat;%
LT (G,k,d) = (041)037,5:., =102+ 2=4L7TBDTr, <4L%

5. £oC, Bl2312C OBBICHI A (1) DREOME A5, DLEX DA% (11)
EREBOFETHS EEZLNS.

e R DR RIC DWW TRNRS. M O makE mA AR D & WIEHN
B L E, Apyp(M) % Gauss BIERD —4r OFEIFTE THI> 7z M OEE, Ars(M)
% Gauss HiZEHY 47 D Fubini-Study 5 &% g THIER LEFHETHI-o 7z M OmfE &
T5L, RORXZRTENTES.

Aps(M) _ d
Anp(M) ~ G—1+k/2

HU, (11) 3EEREDSERFEC DL ZEMDIID.
BT, BAIZTOMEDZ S AR LT, BASKEDGRY [4) TEz Gauss B4
D—FBALEE ORI B BRIFEER S T LN TE .

R =

(17)

EH 3.4

B CEARTEE M = M\{p1,...,pr} ZED5TzDOHBAE N M, My 25 2
5. M OWEEZ G L LT, My, My D Gauss BIBZZTNFN g1, g2 £ T 3. ¢1, 92
M H5PHC) NDERELTRILXE dZE DD, g1 # g2 EIRETS. HEK
% cry..y0q €EPHC) IEHUT, g7 ) =95 (cs), 1< j< gMEDIIDETHE

2 d
< —_ S
14t g R=ETiiem (18)

2135, FRIC g <6, FAHBHNHEICDWTIE ¢ <5 %2H5%.
(FIEFA) ¢ TROMEHZERL,

85 = (g1 () N M) = (95" (¢;) N M)
L L, FEH33DMRHICBIBIEEEHAVT

q
gd<k+> 6 +m (19)

Jj=1
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Z18%. M FOFHEEE o = 21— & g7 (c;) N M DR THEE DD, ¢ O

91—92

DHEFNEE 4L22d TH3. £oT,

q
> 6;<2d (20)
j=1

2D, (19) & (20) 5
qd < k+2d +ny

2 +n1 + 2
L ———= =4 —_
7= d tr
MDD, O

IE 3.3

#3 [4] T q=61CXT B Gauss BARDHRE R 5 572 D DB\ i O fil = 5
ZTW3. REEB/NHEICH LT, ¢ <5 DRBOFMETH BH E S5 MIKRMBRT
H5.

4 SEORE
FRALHIBLINITET O Gauss FROBRSMERTEO FAUE L OB TR 5. HE

mRE TR R > 1 OMIC Gauss EEDERRICED XS k& E 52 %
NTHB. FRDMEIHERDPORDISHONTIHRZEZICHI ENTES.

EE 4.1 ([8])
REWIM NI 2 M\{p1,...,pe} = REICBELTRDT EHAELH ILD.
1. G=07%51E Dy <2
2. G=1,Dy,=37%51F, T FEIXRXTEDIAALTI=LHHEDIIHE, ET5HIC
gl& M FIENIETHB. TTTTYREIX, RHEMREFAMEZEEO—E30
TET, NCHEDD AR ED TR TORBEENMERKOES ZED L RN,

T HIC (8] Tld, Gauss BARIC Nevanlinna HFHZHEAT A L TREONS LEBDND
WL DO DERICDVTEARNTWVS. £, R* HOBAEHR NI OV TS
FIROKERZ/ZD T ENTES GEX (7] IR . HFABEIS N E LA O—fi& D 5eii
N EDFEICE L DHFENENTH A0 E 5 b, T U TREEIR ) ORRAE
ERIRE DRI IZRRIZSEZ DR ELMERETH 5.
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Canonical filtrations and stability of direct
images by Frobenuis morphisms

Yukinori KITADAI

There is an important concept of stability for vector bundles or torsion
free sheaves on algebraic varieties. In this talk, we introduce a problem about
stability of direct images by Frobenius morphisms. This is a joint work with
H. Sumihiro.

Let k be an algebraically closed field of characteristic p > 0, X a nonsingu-
lar projective variety over k of dimension n, F' = Fx the absolute Frobenius
morphism of X and H be an ample divisor on X. Then one can define the
slope of a torsion free sheaf & on X with respect to H by

W) = ——*Cl(i)(g; -

where rk(&’) is the rank of &. Then a torsion free sheaf & on X is called
semistable (respectively, stable) with respect to H if for all nonzero torsion
free subsheaf Z of &, u(F) < u(&) (respectively, u(F) < u(&)).

H. Lange and C. Pauly proved the following theorem:

Theorem 1 (H. Lange, C. Pauly [4]). Let X be a nonsingular projective
curve over k of genus g(X) > 2 and £ be a line bundle on X. Then F..Z
is stable.

Then we can consider following natural question:

Problem 2. Let X be a nonsingular projective variety of general type over
k of dimension n > 2, £ be a line bundle on X, and H be an ample line
bundle on X. Is F,.& semistable with respect to H?

We compute the first Chern classes of direct images of vector bundles by
Frobenius morphisms. Kx denotes the canonical divisor of X.
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Theorem 3. Let & be a vector bundle on X of rank r. Then
pn _ -1

a(Fs) = P

n

rKx +p" 'ei (&),

=1

where = denotes numerical equivalence.

num

We introduce a useful filtration of F*F,0x. There is a natural surjection
F*F.0x — Ox. Let I be the kernel of this. Since F*F,0x has the structure
of Ox-algebra, we get a filtration

F*E.OxD>IDI*D>IP>--.
of F*F,0x. Here, we call this filtration canonical filtration of F*F,0Ox.

Theorem 4. Let X be a nonsingular projective surface over k and I°® be the
canonical filtration of F*F,Ox. Then

F*F,0x DID>I*> ... D> 2> %1 =(0)

and ,
K307 @ g22-i(QL)  (p<i<2p—2).

Using Theorem 4, we can prove following theorem.

Theorem 5. Let X be a nonsingular projective surface over k and H be an
ample line bundle on X. Assume that Kx is nef and big and Q0% is semistable
with respect to H. Then F,.Z is semistable with respect to H for any line
bundle £ on X.

Theorem 6. Let X be a nonsingular projective surface over k and H be an

ample line bundle on X. Assume that Kx = 0 and QL is semistable with

respect to H. Then F,.Z is semistable with respect to H for any line bundle
Z on X.

Moreover, using this filtration, we can give another simple proof of The
Lange and Pauly’s Theorem.

Furthermore, using Theorem 5, we can prove a result of geography of
surfaces of general type.
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Decay property of regularity-loss type and application
to some nonlinear hyperbolic-elliptic system

Takafumi Hosono (Graduate School of Mathematics, Kyushu University)

1 Introduction

We consider the Cauchy problem for the following hyperbolic-elliptic system:

u + (u?/2)z + ¢z = 0, (1.1)
939 — 039+ q+ug =0, (1.2)
(0, z) = up(x), (1.3)

where u = u(t,z) and q = q(t, ) are unknown functions of ¢ > 0 and z € R.

This system has a dissipative structure described by A(i€) = —ﬁ_z%:—g;, where A(i€)
denotes the eigenvalue of the corresponding linearized system. A similar dissipative structure
which is characterized by

ct?

(1+¢€2)?
was observed in [3] and [1] for the dissipative Timoshenko system.

The main purpose is to prove the global existence and asymptotic decay of solutions
to the Cauchy problem (1.1), (1.2), (1.3). For our system (1.1), (1.2) with the dissipative
structure characterized by (1.4), we will observe that regularity-loss occurs not only in the
dissipative part of the usual energy estimates but also in the decay estimates for the linearized
system. Such a regularity-loss property causes a serious difficulty in showing the global a
priori estimates of solutions to the nonlinear problem. To resolve this difficulty, we introduce
a time-weighted energy method. This idea combined with the optimal decay estimates for
lower order derivatives of solutions yields the desired global a priori estimates for the problem
(1.1), (1.2), (1.3). We also prove that the global solution is asymptotic to the self-similar
solution to the Burgers equation as time tends to infinity.

ReA(i¢) < — (1.4)

2 Main Theorems

Our first theorem is concerning the global existence and optimal decay of solutions to the
Cauchy problem (1.1), (1.2), (1.3).

Theorem 2.1 Let s > 7. Assume that ug € H*(R) N LY(R) and put Ey = ||luo|| s + |luol|z1-
Then there is a small positive constant &y such that if Eg < &g, then the Cauchy problem
(1.1), (1.2), (1.3) has a unique global solution (u,q)(t,z) with

u € C([0,00); H*(R)) N C([0,00); H*}(R)), ¢ € C([0,00); H***(R)).
The solution verifies the following optimal decay estimates:
10k u(t)]| 2 < CEo(1+1)"173 (2.1)
fork with0 <k < [fg—l] —1 and

NI

105 (1) | sra < CEo(1+ 1)~ 4~
fork with0 <k < [ig—l] - 2.

(2.2)
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Nonlinear diffusion wave
It is well known that ¢(t,z; M) which is the self-similar solution to the Burgers equation
¢t + (¢?/2)z = ¢azq with the integral condition [ ¢(t,z; M)dx = M is given explicitly as

o1 T _ 1 (e%"— 1)e™ -
o(t,z; M) = 71E<1>(7£,M) ARGV Sy (2.3)

where ¢ = %. Note that v(t,z) := ¢(t + 1,z; M) = ﬁ@(ﬁ ;M) becomes a solution
to the Cauchy problem for the Burgers equation:
v + (1)2/2)3c = Vgg, (t,z) € (0,00) X R,
v(0, z) = vo(z) = ®(x), z € R.

Our result on the asymptotic self-similar profile of the global solution constructed in
Theorem 2.1 is then stated as follows.

(2.4)

Theorem 2.2 Let s > 7. Assume that ug € H*(R) N L1(R) and put By = ||lug||m= + l[woll 3 -
Let (u,q)(t,z) be the global solution to the problem (1.1), (1.2), (1.8) which was constructed
in Theorem 2.1, and let v(t,z) = ¢(t + 1,z ;M) be the self-similar solution to the Burgers
equation that was given above with M = [, ug(xz)dz. Then for any € > 0, there is a small
positive constant §; such that if E; < 01, then we have the following asymptotic relations:

165 (w — v)(t)| 2 < CEy(1 +18)"37 3+ (2.5)
fork with0<k< [%1] — 2 and

105(q + ve)(t)|| 2 < CEr(1+1¢)" 475+ (2.6)
fork with0 <k < [fg—l] - 3.

3 Decay estimates for linearized system

In this section, we study decay property of solutions to the linearized system
Ut + gz = 0, (3.7)
03q— 029+ q+ue =0, (3.8)
with the initial condition u(0,z) = ug(z). By taking the Fourier transform and eliminating
g, we arrive at the the expression 4(t, £) = e~P©)qy(¢), where p(¢) = ﬁgﬁ? We define the
semigroup e‘4 associated with the linearized system (3.7), (3.8) by
u(t) = etug = Fle PO Fuy. (3.9)
We also introduce the semigroup et4o associated with the linear heat equation u; = ugy:
Aoy = f‘le“fztfuo. (3.10)

Note that the Duhamel principle implies that the solution u(t) of the nonlinear system (1.1),
(1.2) solves the integral equation

u(t) = eug — / t et A2 /2, (1)dr. (3.11)

0

Now we derive qualitative decay estimates for the semigroup e*4.
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Lemma 3.1 Let et be the semigroup for the linearized system (3.7), (3.8) defined in (3.9).
Then we have

ket g2 < C(L+ )55 [[glls + C(L+ ) 72|06 2 (3.12)
for k,1 > 0. et4 can be approzimated by the semigroup et in (8.10) in the following sense:
_5_k _1i
|08 (€4 — e'40)gll 2 < C(L+1) 747 2| gllr + C(L+1) 72|85+ ¢l 2 (3.13)
for k,1 > 0.

Remark The second term on the right hand side of (3.12) shows that we can get the
qualitative decay rate 77 at the consumption of the I-th order regularity on the initial data.

4 Proof of Theorem 2.1

We define a time-weighted energy norm E(t) and the corresponding dissipation norm D(t)
by

(3] (3]

. t . -
B =Y sup (1+r)Hjou(r)peas, DO =3 [ (AryiH oty sdr. (41)
j=00=7=t j=0"0

[

To obtain the optimal decay rate, we introduce

s—

1]_1
2 .
Y sup (1+7) 3| 0u(r)| e (4.2)
=0 0<7t<t

STEP 1 We show that for 0 < j < [5],

[
M(t) =

t
(1 + 672 (|0 u(t) [ 3o2s +/ (1+ £~ 2 |03 u(®) [}s2sdr < Clluo|fe + CM(6)D(1)*. (4.3)

0
We apply 8% to (1.1) and (1.2) and multiply them by 0%u and 8%g, respectively. After
integrating with respect to x, we arrive at, using also the Gagliardo-Nirenberg type inequality,

d
Zll05ulfz + 2010z54ll72 < Cllusllz= 0z ullz:, (4.4)

where k > 0. By multiplying (4.4) by (1 + ¢)® and integrating with respect to ¢, we get

t
(1 + )10k u(D)|2 + 2 / (1 4+ )20k q(r)|Bpadr

t t (4.5)
< [10kuo|2s + o /0 (1 4+ 7)2 1| 0ku(r)|2dr + C /O (1 + 1) fua () oo | B5u(r) 2,
where £ > 0 and o € R. Now we take @ = —3 (negative) in (4.5) and add for k with
0 < k < s. This gives
1 t 1 1 rt 3
@+ 6 Hu(t) 3. +2 / (14 7)  g() [Zosadr + = / 1+ 1) u(r) e
0 2 0 (46)

t
-1
< lluoll +C/0 (14 7) 72 o (1)l oo [lul7) [ 77,
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where the third term on the right hand side is an artificial dissipation term which was
introduced by choosing @ < 0. Here the last term on the right hand side can be ma-
jorized by CM(t)D(t)2. Thus we have shown (4.3) for j = 0. We have from (1.2) that
l0zullz2 < Cllql| g4, which together with (4.6) implies

t
/ (14 1) 3 0pu(r) | Yeadr < Clluolidys + CM()D(t)2. (@7)
0
Next, we take a = % in (4.5) and add for k with 1 <k < s — 1. This gives
1 9 t 1 9
(14 )} 10 u(8) Zs + 2 / (1 4+ )} 10uq(r) 3o
0
t t
<Ostuo]|Zpees + C / (14 1) [0gu(r) |Bgemsdr + C / (14 1)}l () oo | Ogu(r) [ Zgoadir
0 0

(4.8)

Here the second term of the right hand side of (4.8) was estimated in (4.7), while the third
term can be majorized by CM (¢t)D(t)?. Thus we have proved (4.3) for j = 1. The general
case can be shown by using induction argument.

STEP 2 Next we show that

M(t) < C (luoll s + lluoll 1) + CM(t)* + CM () E(t). (4.9)

Let 0 < k < [55] — 1. We apply dF to the integral equation (3.11) and take the L? norm.
We have

1 i
105u()ll2 < ll0pe uollze + 5 / [0+ et W) () | -+
2 Jo
+3 / 10:e4= 40 (u?)(7)|| 2dT =: I + I + Is.
2

Here we only give the estimate for I;. By applying (3.12) with k replaced by k + 1 and with
l=k+1, ¢ =u?, we have

k1
||

I, < 0/2(1 +1t - 'r)_%_ (u2)(7')|[L1d'r+
0

t

+ C’/2 (1+t- 7')_&% ||632;k+2(u2)(7')||de7'

. 0 (4.11)

<c / (1t — 1) ()| 2adr+
0

+C / T4t — 1) 5 u(r) | oo |02 2u(r) | 2
0

Now, recalling the definitions of M (t), we have ||u(t)||z2 < M(¢)(1+1t)~
M(£)(1+t)~%. Also, we have from (4.1) that [|826+2u(t)|| 2 < E(t)(1+1)"

and ||u(t)||pe <
because 2k+2 <

PN
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s—1fork < [ﬁg—l] — 1. Substituting these inequalities into (4.11), we can further estimate
I2 as

e+

Iy SC’]\/[(t)2/ 1+t- T)‘%‘%(l + T)—%dT+
0

i3

2

(L+t—7)"373(1+7)"1dr

+ CM@®)E(®) /

0
<OM@E?(1+)" 15 + CME)E®)(1+1) 7575,

The other terms I; and I3 can be estimated similarly. Consequently, we arrive at the inequal-
ity

(L+ )72 (|0u(®)]l 2 < C (luollars + lluollz) + CM(£) + CM () E(t)
for 0 < k < [#5] — 1, which shows the desired estimate (4.9).

Proof of Theorem 2.1. We have from (4.3) and (4.9) that
Et)? + D(t)*> < CE? + CM(t)D(t)?,
M(t) < CEy + CM(t)? + CM(t)E(t),

where Ey = ||uo||gs + ||uol|:- Thus, setting Y'(¢) := E(t) + D(t) + M(t), we arrive at the
inequality Y (t)2 < CE2 + CY (t)® + CY (t)*, from which we can deduce that Y (t) < CEy,
provided that Ej is suitably small, say Ey < dp. This gives the desired a priori estimates
of solutions, by which we can continue a unique local solution globally in time. The global
solution thus obtained verifies the decay estimate (2.1) for 0 < k < [%] — 1 because we
have shown that M(t) < CEp. The remaining decay estimate (2.2) for q easily follows from

(1'2) and (2.1). If fact, we have
105a(t) s < ClOE u(t)1z2 < CBo(1+8)747%,

where 0 < k < [%] — 2. Thus the proof of Theorem 2.1 is complete. |
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Evaluation representations
of quantum affine algebras
at roots of unity

F[ER  AHC
(EFEX-H#HT)

=):g

1 ORFRICEIT D AT 7 4 VETFREORBIUC, evaluation RIEAL L FEIEZILD HOMN _FE
HHD, 50 Drinfel’'d ZIEA 2K D D Z & X°, Schnizer INFEE A WTEEICHERKT S
ZENREEIOBMTH D, Fir. ZOEEOERPBREBRIZARDEMEITONTHEHER LIV,

The purpose of this talk is to compute the Drinfel’d polynomials of the two types eval-
uation representations of quantum affine algebras at roots of unity and construct those
representations as the submodule of evaluation Schnizer modules. Moreover, we discuss the
necessary and sufficient condition for which the two types evaluation representations are
isomorphic.

1 1DORTIETHNWEFREDOERIRG & evaluation RIR

g % C DM n OFRKRTEM Y —REE L. Uy(g) (resp. Uy(g)) % E DETFAREL (resp.
N—TEFRE) 95, ¢ N1 DOXFRTRWEGE. Uy(g) (resp. Uy(g)) PERBGIL. g
DB EAEER U(g) (resp. U(g)) PRIJFFwME ., BERLTHDLZZ EnMmbnTWD, T4b
B (1A ARKITTEER Uy(g) (resp. Uy(g)) MNEEIX, B v =4 MIDEE & X 0081272
V. TORMEEEEL Z7 (resp. Colt]™) & DRITIXB AL —xf—*IGBFIET 5, (=72 L.
Zo = {0,1,2,---}, Colt] :== {P € Clt] | P(0) # 0 7~ P DRKOZIIE 1)), A—T BT
REDOFERKRITTIBEDFET [4] FIZEIPN TV D, 4. A€ ZT (resp. P € Colt]™) iZxtind 5
INEEZE Vy(N) (resp. Vo(P)) &EL Z 12T 5, V,(P) ®SIENX P 1%, [Drinfeld ZIER] &
FEIER TV 5, N

g M5l DFE, EEOFTRVERT a I LT, 2EEAORIUERE evE : Uy(slht1) —
Ug(slpt1) DFIETDENHON TS (8] KO3 2M) ., T OD¥ERBIEZMES Z LTk
0. Vy(A) % Uy(slpyr) IBEE 27232 LM TE B, Thb% V,(\) © levaluation 3] & #F
O, V(AN E &EL, Z0B, Uy(slyr) MBEDSEEBIZ LV Vo(N)T (2%t % Drinfel’d
ZEABFEET D, £ DX 572 Drinfel'd 253U, Chari-Pressley 52 K > TEMEIZKSD
b Twa (3] 2M), £Z THLIL. 1 DFRITBIT S evaluation RELUZ DUVWTaERm L
7ZuN,

2 1TORXRIZE T IL2EFHRBOTRER (HIEE)
I3 EDFEHLEL, cZ 1DFRIFRET D, 1 DOXFRIZEBT D EFREBUTIL,

BEOETREE TR, Lusztigic Lo TEZEI N7z MHIFRE) (b L<IX lLusztig®l]) &
FEEN DB FREDFET S (9 2R), HIREE TR (resp. HIREIN—TBEFRE) %
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Urs(g) (resp. U*(g)) &L, 7=, RAl%E 21T 272Dz, BEDOETEL U(g), U(9) 1
MFEHIBREY ) (b L <X De Concini-Kac & ]) ELIEhTW3 ([7]1 28R),

Ures(g) (resp. Urs(g)) it TRE—AEFREY LFEEN D5 EE USR(g) (resp. U (g))
EROZENMONTWVD, IHIT, U*(g) (resp. Us(g)) DHBRITEEAMAL L, 2 E—
IWETRE USR(g) (resp. USR(g)) OB RRTERIMEE L | EWEGEER U(g) (resp. U(g)) @
ARRKTEEAIMBEL 2 BRI LI REEEZ L TVWD NI Z L MBI TS ([9] (resp.
[5]) Z8) . Ul(g) (resp. U(g)) MBEOHEITIZT LB TWAH =8, BAIRKITEEK Urs(g)
(resp. Ures(g)) MBEDOHEGmIT, EEMICHRKRTEEN Uin(g) (resp. Ufn(g)) MEEDOHRR & 7
R ENTED,

g V1 DORFRTRWEE LREKIC, (1) FIREKITEEN ULn(g) (resp. U™ (F)) MEtix,
B&EUTA MR ZERMONTVD, IHIT, TOREEEEL Z] (resp. Cift]™)
L DORNZIZB R —R—SHEBRTFET D Z &2 [9] (resp. [5]) ETRIAMINTNDE (2L,
Z,:={0,1,---1 =1}, C[t] := {P € Colt]| EEDETRVERE cITIL T, (1—ct) TP
ElINI2\V}), N € ZP (resp. P € Ci[t|™) IZ/S$ 5 U (g) (resp. USn(g)) MEEz vin())
(resp. Vin(P)) L8 Z L1233,

3 1DAFRICETL2EFRBORER GEFIRED)

HIBREY & (3R v | FEMIRREL BRI U (g) (vesp. Ue(g)) DA BRITTEEAIMERIL, Fem v T
A ML bREY A ML BROT, HIRBORED X 5 2208 ER b AL Ly ([7],
(2] ZR), ARKIT U(g) INEE BEREIIRO2) oflE LT, g=sl,p1 OEHE, R
BIRB LEEINIBHOERERNTA—F— 2B L5 BRRIANFET LI LRMONTY
% ([6] M), Rz, ZOXRBUT, BEICHT HERTOEARZELRICGER I TWD, [FER
2, EED gizxt LTS, [Schnizer MFE] & FRIXN 2 BAKEIRT & B L 5 HEE2 R
IMBENFET D Z EBmon TS (11, [12] 28), ZoMmEEd £7-, EEICHT 54T
DIEAMRFERICEREN TV S,

L L. Ud(g) (resp. U.(3)) MBEDH TH, [~FTMBE) LIFTHDHOICELTIE, +
NTHREY A MIBELRD ZEBMONTN D, KX, U (g) (resp. UM(E)) 1%, _Ue(g)
(resp. Ue(g)) P DWMA T TV I, (resp. Ie) I X HFRE Ue(g)/ L (vesp. Ue(g)/le) &
R LTRBIZRD ZERMONT WD, NFFMFEL I, I (resp. I.) BFETEMT2
£ 572 U:(g) (resp. Uc(9)) MBEDZ L THD, £oT, MIREOHEHLY, (18) FRAKT
BERNFE U (g) (resp. Uc(g)) MEEIL, fm v =4 MIFEIZRY, T bDOREESE L 2]
(resp. Cy[t]™) & DRITIZB R —RIEBTFET D Z ENRTN D,

4 1DORXRBIZHEITEHE=FHKED evaluation »ﬁiﬁ

§1 TS 7= evaluation #ERENT USSR (s, 1) ICBTEEL, ZHIZ LD VAR ()) O evaluation
KREPEBTDHIENTED, ThbZE VAW LELZ LTS, ZOK 3] LRKkDOH
T, ZH 6 ® Drinfel'd 2K EZRHB - ENTE B,

EE 1. A= (N, €27, ac C* L5, ZOK, VAT XG5 Drinfel’d 2HE
Py = (Pf)r, e Q" 3T TH2 b5, PL#1ThoilcxL,

Ai i—1 n
P, = H(t — @7t TR RIEND) (2L A=) M — Z Ak + ).
k=1 k=1

k=i+1
Ele, ROX S RmBELHEDL I LNTER,

@ 1 A= (N €27, ax € C* LT D, ZORE, VM), & VM), LABRENCR
BUESHEMET, FED i € supp(\) (R L, ap = a_e? RN+ 2 2L THB (272
L. supp(A) :={1 <i<n|\ #0}),
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ZomEE, VRS L V() & Drinfeld £ E RS Z Lick o TELR

Z)o

q B3 1 DNFRTRVEE, #(supp(N)) > 17256 VA (WL & Vi (N7 LaiEEIces &
IIRANELY L ay e CUUTHFELRY, LML, ¢ 1 D_FROGE, #(supp(A)) >1 T
HoTh, TDLIRANEL}, ag € C* BFETHI LN, ROMEDDLIND,
MR 2. A= (M), €2 (AN #0), ax € C &L, supp(A) = {ix, - ,im} (271,
(h < <im) &TD, TOBE, VINE & VM), &BREIC D MB35, 2
TD (o) & (b) ZHT-FT L THD,

(o) FEED2<r<miZxtLT

r—1
Xip = (1) N, A+ (D)7 =i +2) (1) i £ 0 (mod 1),
k=2

(b)

m k-1, . .
a_e?22Xi= (=17 ik if m is odd,
a_e2Putiina (G fm s even.

5 Schnizer % & evaluation FRIH

§4 O 11X, Drinfel'd ZIENOHE R HE T r‘iﬂjb?ﬂi@??f) ZENRTEDL, EhIL, §3
CHEIT L7z Schnizer I ZFIAT 2 HETH D, Ue(slpyr) ICX L TH, evaluation HERE T
FEL, ZNEFET A L2k Y, Shnizer MMEED evaluation BRI EE 2 A Z L ABHEK S,
—J7. B4 ILIAT, Schnizer MBED/XT A —F —ZKFRILT D Z LI X Y, UfR(sl,q1) INEE
VA ()\) % Schnizer MEEOWMHMEE L L TREMICERTE DLW ZE2RALE (1] &
W 10) 2H) , ZORBREZFATEZLI2E D, Fxid VA2()\) @ evaluation FH Vir(\)FE
% . Schnizer B D evaluation OEMEE L L CTEMARICHER T D Z N TE, T EA
V), Drinfel'd ZIEXOBEFHZF 0T, EFENLZFETHELEZEONDI LWV Z ERgho
7=

LT, Z0OHEETRT, Z071012, ETREFEZED. (WRNT A —F—0NFHRlLEni)
Schnizer EE D evaluation XA BT 5,

el —ge~ T

e—e~1

(B, F;,K;|iel,jel}: Uslyry) DERTT,

N = —;-n(n-i— 1): slpp1 DIE/L— b OfE%L,

Vi: IN WEBR~27 bVER, {v(m) € Vv |m = (mij)i<icj<n € Z1' }: Vv DI,
HEBDPmeZN,m e ZVN Z/t L, vim+Im) :=v(m) LT 3,)

€50 (4,§) RO DH 1 THIUZ 0 TH B ZN DT,

I:={1,2,---,n}, T:=10{0}, [r]e:= (r € Z): BFEMK,

(2 (2
@iy i = Z ek—l,'n-i+k"sz,n—i+k (1<j<i<n),
k=j+1 k=j
Re:={r®=(r{, - ,rp) €I"|r1 2 2715 1 27 <rgy < - <rp},
RE = {r®=(r§,- - ,13) € R, [{EED ke [\Zx L, k<7 <n},
R :={r*=(r, - ) € R |EBD ke [IZHL, 1<} <k},
n

R :=| |RI, RF:= |_n_|Rf.
s=1 s=1
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T 2. FED N = N)ier €Z} & ac C T LT, RO X 5 2REHERE af .= at()):
Ue(slny1) — End(Vy) 23 T—‘?‘Z)

~+
ev, (Bi)(v(m)) = Z[mj——l,n—i+j = Myjn—i+jlev(m + @i ),

i=1
n J—1 J
&y (F)((m) =Y [ D (mig —mic1k) + Y (Mik — maig1k) — Adev(m + €i5),
j=i k=i—1 k=i

éVU:at(K'L)(»U(m)) — Ezz=i—-1 mi“lukug Z::i mi,k+22=i+1 m'i+l,k:+>\z',u(m)?

E'vf(Eo)(v(m)) =a Z (_1)s+n6d:(0(m,ra)_)\[s])+n
rs€RF

[—ms—l,s—l + Ms,s — Aslev(m + Z fk,r;),
n
&y (Fo)(v(m)) = @™ Y (=1)%ePlmr=stmdl=nim, o alev(m+ D aka),
rs€RFE k=1
(i €I, m=(m;;)i<i<j<n € Z{V)o =7 L,

Tho1

C(st)—ms 1,5— 1+Z Z (mk 1,p— 1""mkp)
k=1p=r;+1
n—s+1
D(myTs) mn n + Z ml k — Z (mrlsc 1,n— k+’rk - "n'r,c n— k+frk)
k=1 k=s+1

& Ue(slnr1) I (675 (N), V) IS T B Ue(slop) MBEE Vv (VE L8 0(0) 12X
TEREIND V(AT D Uc(slpyr) BB0MEER LRI £ &L, ZoBE, v(0) 1T LA (N)E @
BREUTA b7 MUZR B, Tz, VAT % §4 TR L7z VI ()) @ evaluation R &
THL. UTOEENRKBOLND,

EE 3. (o) LPON)E 1ZASFF Ue(sloy) MBEIC 225,
(b) SFF Ue(slnyn) DBELZYN)G & UL (slgr) MBEE B LTk & (8388 LIV
E VIO E &, U (slyyr) MIBEE LTRBIC2 5,

COEH2 EEHMIZHAWVWAZ LIZXY, 1 % Drinfel’d ZIHEOBE G 2 EHTIZGE
A+ 2 E0HKSD, UT. ZOWMELERT,

WE L OB A= (\i)ier €27, ax € CX &35, 4. LUOE = LY\, LUEL. ¢
R EORMEG LT L, B~ M O—EME ([10], [1]BR) 12k, ¢ iZAN T 514
THDHIEMBHND, LoT, fEEDO m € ZY 13X LT el (Eo)(v(m)) = év,_(Eo)(v(m))
ERBENDDD, BT, BEVD u(0) BT AERZRE~NDZ LI2LY, ayp = a_e?l
(i € supp(N)) 155,

Wz, A, ay = a_e? (1 € supp(N)) LRET B, @t @E?EJ: D, FEDieTlZxL
T LN b)), g, (B) = ev, (E;), evf (Fi) = év,_ (F), u, (K) = ev, (K;) £7250
<, évg (Eo) = af_ (Eo) Rt evy, (Fo) = év, (Fo) &t j:J:l/\o DT EF UTFDED
WL TR ZENHED,

P ARELY vl (Eo)(v(0)) = &u,_(Eo)(v(0)) &5 Z k353 hB, —H, v(0) B EH
N7 MVTHDBZE EFERIEI Y, LN X {F, - Fv0) i1, i, € I,7 € Zy} &)
WD MR >TERENTWS, i # 0 Thiut EoF; = FiEy 72D T, v(0) ~D{EA
BELTIIE, evl (Eo) & év, (Bo) &iX LI(\) ETHLL 25,
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FERIC, RIEV A PRI MAEFIRTHZLICEY, By O5EE2TRT I EBHKDS, 4.
ZY¥ D m* = (m;)1cicj<n ERO LD CEHT S

mf‘J = Z Nj—k+1  (modl).
k=1

IO, u(my) 1F L) ORIED = bRy R LY RELY ey, (Fo)(v(m?))
&, (Fo)(u(m})) 725 Z LB, £oT, By DHA LREDEBEIZE Y, LF()) k
T af, (Fo) = &u,_(Fo) £705 2 LS9 3, -
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Abstract

We explain some geometric methods in Virtual Knot Theory. In 1996,
Louis Kauffman introduced Virtual Knot Theory to realize every Gauss code
geometrically. Since there has already been many algebraic tools in Knot
Theory, they are also applied in Virtual Knot Theory. Though Kauffman in-
troduced that any virtual link is realized as a link diagram on a closed surface,
geometric methods have not been developed like algebraic ones. We call the
realization surface realization. Naoko Kamada and Seiichi Kamada defined
abstract link diagram, and Scott Carter, Seiichi Kamada and Masahiko Saito
showed equivalence relation among surface realizations. They are basic tools
to study virtual links geometrically. By using them, we proved non-triviality
of Kishino’s knot, classified closed 2-string virtual braids completely, defined
connected sum of virtual links and proved uniqueness of prime decomposition
of a virtual link.

1 Introduction

1996 £, Louis Kauffman [9] I&. fERED Gauss code ZRfrHS & U THE
328D L LT, virtual knot ZHME L7z, BIZIE. Gauss code (121 2) 1%
WBH D knot TIFEETEX\W (Figure 1). 440D Virtual Knot Theory (&, Bf
IZ Knot Theory I BWTREFEENAELZL TWAHEEN S, virtual link I
BOTENERZEEREL T, nEZAA SN EA T T BHEE T D)
FMOMZHIHEA TS, BIZIE, EARf, Sawollek polynomial [15] (Alexander
polynomial D7 71— & Fix¥ %), Kauffman bracket polynomial (Jones
polynomial & [flfl) 7 ENEHEEIN TV, &L TIE. Miyazawa polynomial
[13]. surface bracket polynomial [2, 3] BEEETNTVAS. FEFEE [10] i3,
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Figure 2 D X 5 7% virtual knot (Kishino’s knot EPHIN T\ 3) DEAREE,
Sawollek polynomial, Kauffman bracket polynomial A HB{7% knot DZN 5
ERICTHAHT EZHER L. DE D, virtual knot DHFUC BT, #H&
Bz & D TH invariant IC K BHIED LI WIFEDH 5. #71d T D virtual
knot DIFEHAM%, 3-parallel {k L 7z & DD Kauffman bracket polynomial %
RTETACLICEDARLE (1] 82RER). KIECOFRRE., FEHETT
BIWIREZFIHDRET, R computer DENF Z{ED T3, TDHEHE
ICEMY 5L, RD2EHDEZICTZEDEL.

(1) &> &V invariant ZFFE LRV E |
(2) BT RTHEDRLETS |

ELLDEZEZLE-LE T, (1) DFFMTOREED (2, 3, 13] T EFE Miyazawa
polynomial *® surface bracket polynomial IZ & T Kishino’s knot {DJE EHA
HZEEBHIRTENTES. MITZFDHMTIE, Manturov FKDWFSE
LBEICIRS. BADSEFIAT A, (2) DAMOERETH 5.

(1212)

2 2
—_— —_ 'l"
1 1 )

Figure 1: Gauss code (121 2)

o

K

Figure 2: Kishino’s knot

Kauffman [9] IZ3WTBEIC, virtual link diagram % closed surface _F I3
BAFEDPBAENTVEN, FHLIERENZEREAREY. HLIETD
FiE% surface realization EPES. SREEF-SRHE— [8] ICBWT, abstract
link diagram DEBESNTIHANSNIZDOH, TOHHMOWMEDIRE D LEE
RT3, Scott Carter-iiFHEE—-75 B Z (1] A, surface realization fH{ D
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HAZIE ZAREIC LT & 550 < virtual link 28I HFSY 3 5 Hifg N B - [~
EEZD. BAOBREIX, BMAFEICLD

(1) Kishino’s knot DIEHAMZR L2 & ([4]; KED Theorem 1)

(2) virtual link (IEFEICIE flat virtual link) @ numerical 7% invariant 2 &%
Lz & ([5)

(3) Greg Kuperberg [12] DFEZEH LT, closed 2-string virtual braids %
SERICHFE LT & ([6]; XED Theorem 2)

(4) *1& D Kuperberg [12] DFEZEM LT, virtual link @ connected sum
ZiEF L., virtual link @ prime decomposition DIFfEEL ., ZTD—EMHZRL
e & ([7)

NETF5N5. (2) ICBEE L T, flat virtual link QETEHRT ) OBIRT

DOWZEIE. Viadimir Turaev [17] TEHRENTWVS. (3) (&, AHZERK [14]
AN [16] DOFERDO—RILTH 5.

2 Virtual link

o RWRIZ, MEMTISNIZnM@D ST H5 §2 % R A\D immersion DR T,
SEL FDORAIFRL, % 2HEMAIC Figure 3D X 5 IR [ERER B DE T 5.
2 EHTE, D SNEIC positive, negative, virtual crossing &\ )Y, positive P
negative crossing D _F FZHEH LIz D%, flat crossing £\ 9 . n-component
virtual link diagram &3, 2 BRUDE] 3 ZFD & 2V, n-component flat
virtual link diagram 1%, B 2EZFDEEZ VS,

Virtual link dlagram D DFAZTE % Figure 4 DX HICEEL, TN5H
DERFITHE OGS L ERE(EE LT, ZDRHEZ virtual link &9 5. £
S CTREREZEATZD, BEXRh>712DT 5.

positive negative virtual

Figure 3: crossings

Virtual link diagram D DirfEZED> LA E R3S T &I K> T compact
surface & Z D LD diagram DZERINZ215%. TN abstract link diagram
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- \ﬁ}_» )
(R2) )f 4——"’)( (v2)

w2 ‘;Q@,\\_ﬁ\ (v

|

|

%};ﬁ)@(‘é
KK X U

(V4)

Figure 4: virtual Reidemeister move

[8] &V, (N(D),D) £33 . ON(D) 7% compact surface THE T closed
surface F & U7z& D% surface realization £\ O\, (F, D) £33 (Figure 5).
virtual link L D3 51 % surface realization @D surface D genus DE/IMER
supporting genus £\, sg(L) £&KT . L M classical link, FFIC trivial link
DE& &, sg(L)=0.

K ~
D (F, D)

Figure 5: Surface realization (of Kishino’s knot, and it is minimal)

CNSEAEEN STHA DR UTCRERZ 2 DT TH L.
Theorem 1 ([4]) Let K be a Kishino’s knot. Then sg(K) = 2.

Z NiZ Kishino’s knot @ non-triviality, non-classicality Z7x L T\ 5. FAL
& flat {k L 7z Kishino’s knot @ supporting genus B2 TH B Z L Z/RL 7z,
H. A. Dye and L. H. Kauffman [3] Tid. surface bracket polynomial Z&F1H
95 EICKDECHRZETVS.
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LLUR D Figure 6 D &K 9 7% braid K, ... ,, 72 closed 2-string virtual braid &
WS, TZCT.n>L,p;#A0(i=1,---,n) ZIRET 3.

XX N

Trin )

Figure 6: closed 2-string virtual braid

TDEZE,
Theorem 2 ([6]) Let Kp,..p, and Ky .. be two closed 2-string virtual
braids. Then they are equivalent if and only if (1) n =n’ and (2) there exists

an integer k such that i =i+ k (modn) and pl, =p; (i=1,---,n).

surface bracket polynomial D& TIZFFHHIE TE RV (n = 1,2 TIXATEETE
M, n =3 TIHEHD) A, BREFIA L BIZE n=n"sg(Ky, ..p,) =1
THBT L) . £7=. surface realization 721 TIXE D F, —fMKIC virtual link
% . surface & FAXEDOEREZERIAD link & 7759 space realization 2 W T,
3-string braid group D& %57 AE & BHEMT TR LU 7z,

SEDEE  virtual link Y. surface & BARBIDEFZEMAND link & Rx3 %
CeEFIHT S L. ED oriented compact 3-manifold M D link % virtual
link TRChd 5T LW TES. M D Heegaard surface DITHEIT link ZEED 5
CETENHDARETH B, 7272 L. [FEREfRIZ Figure 4 LISNICETC 5 DH—
MR IRIHTH B . FDFE., M @ Kauffman bracket skein module @ relation
ZHHHEICT B2 ENEEICE > TL 5.

n
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A sharp bilinear estimates related with the
Schrodinger-improved Boussinesq system

Takafumi Akahori

Mathematical Institute, Tohoku University *
Sendai 980-8578, Japan
E-mail: sa3d01@math.tohoku.ac.jp |

We consider the Schrodinger-improved Boussinesq system:

(10, + A)u = wu, 1)
0 = A=A = Afuf?,

where u and v are complex and real valued on R x R™, respectively.

The system (1) is a substitute for the Zakharov system (cf. [2] and references
therein). We prescribe the data (uo, v, v1) for (u, v, dv) at the initial time ¢ = 0.
We are interested in the existence of the solution to (1).

Our main result is the following.

Theorem 1 Let n < 3. If s > —1/4 and sy > —1/2, then (1) has a solution for
data (ug,vo,v1) € H*'(R™) x H*2(R™) x H*2(R").

Recently, Ozawa and Tsutaya [2] studied the Cauchy problem for (1) and proved the
existence of the unique solution for the data (ug,vo,v;) € L2(R™)x L*(R™)x L*(R")
for n < 3. Thus our theorem is an improvement of their result.

The proof of Theorem 1 is based on the argument of Bourgain [3]. To illustrate
the argument of Bourgain, we consider the following abstract nonlinear equation

(10, — H)u(t,z) = u*(t, z), (2)

where u = u(t,z): Rx R* — C and H is a linear operator in the class of tem-
pered distributions on R”. In the case where H = A = 7% 9%, (2) is a nonlinear
Schrodinger equation, where 0; denotes the partial differential operator with re-
spect to the j-th component of x.

*Current address: Department of Mathematics, Kyoto University, Kyoto 606-8502, Japan.
tE-mail: akahori@math.kyoto-u.ac.jp
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We are interested in the existence of the solution to (2). We prescribe a datum
f for u at the initial time ¢t = 0. We formally have the integral equation associated
to (2):

t
u(t) = e f — z/ e 2 dt (3)

0
where e*# is the solution map of the corresponding linear equation (i9; — H)u = 0.

Now we introduce the several notations. We use C(-, ... ,-) to denote various
constants depending on the quantities in the parentheses, which may vary from line
to line. We use F; and F, to denote the Fourier transform in ¢ and x, respectively.
Moreover, we set F = F;F,. For a real valued function h on R", we use h(V)
to denote the operator defined by F,[h(V)u] = hF,[u], thus we have A = —|V|%.
Also we use w(d;) to denote the operator defined by F;[w(0;)u] = wF;|u| for a real
valued function w on R. We write the convolution of the functions F' and G on
R x R™ as follows:

F(Tu fl)G(Tz, f2)d7'1d§1-

T=T1+T2
£=£1+€2

We consider (2) in a special case H = h(V) for a real valued function h on R™.
Then we introduce the quantity

X0 = ||(V)s(8t)be'ith(v))u||Lz(Ran). (4)

lull s

We note that, by the Plancherel theorem, (4) is rewritten in the form

xXsb = 1{€)* (T + h(g»bj'—U”L?(foRg)- (5)

h(V)

]

We define the Bourgain space X ;’(bv) as the completion of the space of Schwartz
functions by || - |

» . For an interval [ in R, we define

XZ(V)

Xptoy(I) ={u: Ix R = C: Fu € Xy st u =1}

which is equipped with the norm

|| ul xsb SUE XZ’(bV) s.t. u =}

Xl inf{||z| s

We seek for a (time-local) solution u of (2) with H = h(V) by the fixed point
theorem. For this, we define the map S by

t
S(u)(t) — eith(V)f . 71/‘ ei(t—t’)h(v)u2(t/) dt’.

0
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Clearly the fixed point u = S(u) is a solution of (2). Note that u € X ;(bv)
implies that v € C([-T,T], H®), if b > 1/2.

Let Bgr(T) be the ball in Xz(bv)([ T,T]) with radius R. We first show that S
maps Bgr(T) into itself for sufficiently large R and sufficiently small 7. What we
have to show is ||.S(u)] X (=,7]) < Rforall u € Bg(T). Assume that 0 < T < 1.

Let p be a smooth cut off function on R such that p = 1 on [~1,1] and p = 0
outside of [—2,2]. We set pr(t) = p(¢t/T"). Take any u € Xh(v) such that © = u on
[T, T]. Then we have

(-7, 7])

ISz gy < ey, +llor [ OB gy O
By the definition (4), the first term on the R.H.S. of (6) is equal to
106 p{V)* fll L2@xrny = Nl oy 1.f | 272 en) - (7)
On the other hand, the second term on the R.H.S. of (6) is bounded by (cf. [1])
Clo @ g ®)

V)

By (5) and the duality, the factor ||%?|| X in (8) is rewritten in the form
h(V .

(&)°
drd dr.d R
Fﬁ;ﬁl;n;fln) / T 5\/:2;123 T1 €1< §> (7' 6) r](ﬁ 61) [{’J(TQ 52) ( )

We set G = (£)*(T + h(€))* Flu]. Note that |G| rz®xr~) = ||U]
bounded by

Xzt Then (9) is

h(V)

(€)*(&1)* (&) *|F (1, OIIG (71, &)IIG (72, &)
(T + RN+ h(61))* (2 + h(&2))*

(10)

sup / drd§ drd§;
T=71+73

FEL2(RXR®)
”F”L2=1 §=€1+€2

The main part of the argument is to bound (10) by
T\l F|l=|Glize = T°|all;

Xs,b—-l

for some 6 > 0. Then, since w is arbitrary, we obtain the bound

T°C(p, b)lull; < T°C(p,b)R?

Xs ,b— 1([ TT]
for the term (8). Combining this bound and (7), we have
1S e+ Clp, TR,

xgto (-ry < lellaellf|
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Finally, we choose R = 2||p||z || f||zs and take T so small that T°C(p, b)) R? < R/2.
Then we have ||S(u)| X (=T5T) < R. Thus S is the map in XZ’(”V)([-—T, T)).

By a way similar to the above, we show that S is a contraction map in Bg(7),
if we take T' sufficiently small. Thus we see the existence of the solution.

We comment on the estimate for (10). We set A = 7 + h(€), Ay = 71 + h(&)
and Ay = 7 + h(&2) in (10). We easily see that

|A(€) — h(&1) = h(&)| = |7 — 71 — 72 + A(§) — h(&1) — h(&))
< 3max{|Al, |Adl, | Aal}-

(11)

for (7,71, 72) with 7 = 71 + 7. The relation (11) plays an important role to estimate
(10). In particular, in the case where h(§) = &2 (€ € R), we have

1€11&1]1€2] < max{|A[,[A], [Az]}

The key estimates for the proof of Theorem 1 are the following bilinear estimates
which correspond to the estimate for (8).

Theorem 2 Letn <3, s1,52 <0 and 0 < b < 1/2.
(i) If s1,89 > —1/2, then we have

“wqﬁ”Xer];b S C('Sl) Sa, b7 n)“,lw/}|

erlig “¢| XZZ(% (12)

for some b sufficiently close to 1/2, where we may replace ¢ with ¢ on the L.H.S.

of (12).
(ii) If s1 > —1/4 and sy > —1, then we have

|H¢|2| X:%’v_)b S C(Sl,s2ab7 ”)“W

i{slvb (13)

1v)2

for some b sufficiently close to 1/2.
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Large time behavior of solutions
to a semilinear hyperbolic system with relaxation

Yoshihiro UEDA *

1 Introduction

We consider a nonlinear relaxation system of the form:

{ut b (1.1)

v+ ug = f(u) —v.

The system (1.1) describes many physical phenomena such as nonequilibrium gas dynamics,
magnetohyrodynamics, viscoelasticity, flood flow with friction, etc.

If we eliminate v from (1.1), we can obtain the following dumped wave equation with non-
linear convection term:

Ut — Ugg + u + f(u)w =0. (12)

We consider the initial value problem for (1.2) with the initial conditions u(0, z) = ug(z), u:(0,z)
= uy(z). Our purpose is to show the global existence and asymptotic decay of solutions. More-
over, we show the asymptotic convergence of solutions toward nonlinear diffusion waves as
t — co. Orive-Zuazua [1] studied the case f'(0) = 0 and developed L? theory. We generalize
their result and develop LP theory in the general case where |f'(0)| < 1.

At first we state a result about the existence of global solutions in time.

Theorem 1.1 Let 1 < p < oo and assume that ug € L*(R) NWP(R) and uy € L'(R) N LP(R).
Put
Eo = [luollzs + luollwrr + lluallzr + lluallze.

Then if Eq is sufficiently small, then the initial problem for-(1.2) has a unique global solution u
with
u € C([0,00); LY(R) N WIP(R)).

Moreover, the solution satisfies

lu(®)llze < CEo(1+)7207%) (1< Vg < o), (1.3)

lua(®)llr < CEo(1+14)"2079)73, (1.4)
where C 1s a constant.

Remark. When p = 0o, we have a similar global exitence result in the space L>([0, 00); L*(R)N

*Graduate School of Mathematics, Kyushu University, Fukuoka 812-8581, Japan
ma204002@math.kyushu-u.ac.jp
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Nonlinear diffusion wave:

Next, we define a nonlinear diffusion wave which describes large-time behavior of solution con-
structed in Theorem 1.1. To this end, we apply the Chapman-Enskog expansion to the relaxation
system (1.1). At the second order approximation of the expansion, we have the following viscous
conservation law:

wi + f(w)g = (pwws)z,  pw) =1-(f'(w))> (1.5)
It is known that the solution of such a viscos conservation law is asymptotically described by the
nonlinear diffusion wave expressed in terms of the self-similar solution to the Burgers equation:

2

5)e = Hzaa = p(0) =1 (f(0)) (1.6)

Therefore, it is expected that the solution of our equation (1.2) is also asymptotic to the same
diffusion wave.

Zt+(

For the Burgers equation (1.6), the self-similar solution z is a solution which is invariant under
the scale transformation z*(¢, ) := z(A\%t, A\z) (A > 0), so that it takes the form z = t’%d)(%).

We denote by z = Z(t,z; p, M) the self-similar solution for (1.6) which satisfies the integral
condition [ zdz = M. This self-similar solution is given explicitly as

(5 — e
e — e xr
Z(t,w;u,M)=\/g v Carant I ey v (L.7)
\/E-l-(efﬁ—l)/ € de z
Yy

The nonlinear diffusion wave w = W (¢, z) for (1.2) is then defined by

W(t,) = 47202 at; g, 0M), M= [(uo+u)do, (18)

where =1 — (f'(0))%, a = f(0), 8= f"(0). We note that this diffusion wave w = W(t, )
has the conserved quantity [w dz = M = [(ug + u1)dz and satisfies

w + (aw + §u)2)9E = Wz, (1.9)

which is an approximation to (1.5).

We show that the global solution in Theorem 1.1 is asymptotic to the nonlinear diffusion
wave defined above. We use the space L1 which consists of functions f satisfying (1+|z|)f € L'.

Theorem 1.2 Let 1 < p < oo and assume that ug € L1 (R) NWIP(R) and u; € L}(R)N LP(R).
Let u(t,z) be the corresponding global solution of (1.2) constructed in Theorem 1.1, and let
W (t,z) be the nonlinear diffusion wave defined by (1.8). Put w(t,z) = W(t+1,z) and

By = ||uollpy + luollwre + lluallzy + llusllze.

Then, for any € > 0, there is a positive constant 81 such that if By < 01, then we have the
following asymptotic relations:

(w = w)(E)ze < CEL(1+1)7207275% (1 <vg < o0), (1.10)
(= w)a(®)|lzr < CErt=3(1+1¢)” 70772+, (1.11)
where C s a constant.

The key to the proof of these theorems is the derivation of detailed pointwise estimates of
fundamental solutions to the linearized equation for (1.2). Pointwise estimates are derived by
using the technique of Liu-Zeng [2], and the optimal decay estimates in L? space are based on
the pointwise estimates.
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2 Fundamental solutions in Fourier space
We consider the linearized equation of (1.2):
Ut — Ugg + Ut + aug =0, (21)

with the initial conditions u(0,z) = ug(z), u:(0,z) = ui(z). Taking the Fourier transform, we
have
Ay + G + (62 + aif)d = 0, (2:2)

with the corresponding initial conditions %(0,&) = 4o(€), 4(0,€) = 41(£). The characteristic
equation of (2.2) becomes A2 + X + (€2 + aif) = 0, and the eigenvalues are given by A\1(§) =

L1+ /1 - 4(€ + aif)), Xa(§) = 3(—1 — /T —4(€2 + aif) ). Then the solution of (2.2) can

be expressed as X X
a(t, &) = G(t,€)(o(€) + 1(£)) + H(E,€)do(£), (2.3)

where

(Mt —e™h), H(t,€) = (T4 M) = (1+ Ag)e).

A 1
G(t,¢) = N

AL — A9
The functions G(t,z) and H(t,z) are called fundamental solutions of (2.1).

We give asymptotic expressions of G(t, ) for |€] — 0 and |¢] — oo. Similar expressions for

H(t,€) are omitted here.
Case 1. In the low frequency region where £ € C and |¢| — 0, we have an expression G = Go+Ro
with

PN

Go = e~ (g +ug?)t Ry = e—(ai5+u62)tfz0’1 + e—tf%o,z,

where A . )
|Ro1| < Cle|(1€)%t + 1)eC1FE) | Ry o] < CeClEN,

Also, we have another expression of the form
G = BG4 ety |G < OCKY, |Gy < el

Case 2. In the high frequency region where £ € C and || — oo, we have an expression
G =069+ RY with G =0 (1 =0) and

-1
GO =S {e TP (t) + e HOIQ(1)} )T (12 1),
k=0

RY = {608y (t) 4 e~ ¢HOMQu(1)}(i6) T + e”CTORY | e CHOIRD ) (12 0),
where Py (t), Qx(t) are polynomials of ¢ with degree k and

RO+ 1Y) < Cle 21+ 1)l

3 Fundamental solutions

We give expressions of the fundamental solution G(t,z) with detailed pointwise estimates.
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Proposition 3.1 G can be expressed as G = Go + Ggg + RV = G(()lo) + Rc()lo). Here

]_ _(z—at 2
= 4 0 = =
Go \/‘T#te N Gy =0 (1=0),
-1
BLGY = {e Py (t)05 oz + t) + e Qu(1) T (2 — 1)) (121),
k=0

where Py(t), Q(t) are the polynomials of t appeared in the previous section and § is the Dirac
delta function. The remainder terms satisfy the following pointwise estimates:

(z— nt)

LRV < C(1 + 1)~ 2t -%e— =P L CemeltHal),
cle=

OLRD| < C(1 4+ 8)~ $e=e ™ 4 Ceel+ah),

This result implies that the fundamental solution G can be well approximated by the heat
kernel Gg as t — oo. We have a similar expression also for H.

Proposition 3.2 We can express H as H = H(l) + S(l) Here
1
OLHY = {e ™ Py(t)0,*6(z + 1) + e " Qu(t)0 o (x — 1)},
k=0 :

where Py(t), Qi(t) are some polynomials of t with degree k and & denotes the Dirac delta function.
The remainder term satisfies the following pointwise estimate:

T— at)

19LsD| <O +¢t) T e 4 Ce—clt+lal),

As a corollary of the above pointwise estimates of the fundamental solutions, we have the
following LP — L9 estimates for solutions to the linearized equation (2.1).

Proposition 3.3 Let 1 < ¢ < p < o0. Then we have the following LP — L? estimates:

105G () * fllze < C(L+ 1) 2G5 2 | fl| e + Ce | fllwrrn (12 1),
10LG(E) * flle < COAL+8) 3G || fllze (1 =0),
NOLH(E) * fllze < C(1+6) 2G5 5| fll 0 + Ce | fllyne (1> 0).

Moreover, G is approzimated by Go in the following sense:

184(G = Go)(t) * fllze < Ct3GTH 21+ )72 fll 1o + Ce | flwrre (12 1),
16L(G — Go)(#) * fll < Ct2G™D (L +)73(|flle (1=0).

4 Outline of proof of Theorem 1.1

By the Duhamel principle, we see that the solution to the nonlinear equation (1.2) satisfies

u(t) = G(t) * (uo +u1) + H(t) *uo — /Ot G(t — s) * g(u)z(s)ds, (4.1)

where g(u) := f(u) — f(0) — f'(0)u. We introduce a mapping ® by

®lu](t) :== G(t) * (up +u1) + H(t) xup — /0 G(t — s) * g(u)z(s)ds, (4.2)
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and solve the integral equation (4.1) by applying the contraction mapping principle. To this
end, we consider the Banach space X := C([0,00); L' N WP) (1 < p < 0o) with the norm

11y 1
Jullx = sup {lull -+ 1+ 8)ulm + (0 + 90 fogul0),
_S_

and also a closed convex subset S := {u € X; ||u]|x < 2CoEp}. Then, applying the LP — L4
estimates in Proposition 3.3 to (4.2), we have:

Claim: There are positive constants dy and Cj such that if Ey < dp, then & is a contraction
mapping of S into S.

Consequently, we find a unique fixed point u € S of ®, and this fixed point is the desired
global solution to (1.2).

5 Outline of proof of Theorem 1.2

The diffusion wave w solves (1.9) and hence the integral equation

w(t) = Go(t) xwo — g/o Go(t — 5) * (w?)(s)ds, (5.1)
where wq(z) = W(1,z). Subtract (5.1) from (4.1), we have
u(t) — w(t) ={G(t) — Go(t)} * (uo + u1) + Go(t) * (uo + u1 — wo)

VH(E) % uo — é/t Clt— 5) — Gt — 5 (4
* UQ ) o { (t S) O(t S)} * (’u, ):1:(5) s (52)
_g /Ot Golt — ) * (u? — w?)g(s)ds — /Ot G(t — s) * {g(u) — §u2}z(s)ds.

We can show the desired inequalities (1.10) and (1.11) by estimating (5.2) in the same way as
in the proof of Theorem 1.1.
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1 Introduction

The ground field is fixed to C in this talk.

The notion of supergroups arises in the middle of 1960’s in the study of the
Hamiltonian formalism of spin systems ([1]), and it is applied for supersymmetric
(SUSY) quantum field theory, especially supergravity (SUGRA).

There is many applications of supergroups for physics, though we restrict
our interest to purely mathematical aspects in this talk.

Supergroups are groups and they are roughly separated to two classes, alge-
braic supergroups and Lie supergroups. We can consider that algebraic super-
groups are a type of generalization of algebraic groups, and Lie supergroups are
a type of generalization of Lie groups. Many methods to study algebraic groups
or Lie groups is available for also supergroups. A Lie supergroup D(2,1;1)
(i = v/—1) is dealt in this talk.

In this section, we see where this D(2,1;4) stands in whole theory of Lie
supergroups. Like as Lie groups and Lie algebras, we can consider Lie corre-
spondence. For each Lie supergroups, the corresponding infinitesimal object is
called its Lie superalgebra.

The classification of finite-dimensional complex simple Lie superalgebras is
accompliched by Kac[4], and he roughly classified them to four types, classical,
exceptional, Cartan type, and queer type.

D(2,1;a) is a family of exceptional Lie superalgebras parametrized a € C,
and a Lie supergroups corresponding to D(2,1;a) is the topics of this talk.

A maximal solvable subgroup is called a Borel subuspergroup. The purpose

of this talk is to determine the exponential mapping of a Borel subuspergroup
of G such that Lie(G) = D(2,1;1).

2 Lie superalgebra D(2,1;a)

The definition of Lie superalgebras is the following
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Definition 1 Let g = gq ® g1 be a Z/2Z—-graded vector space. We denote the
grading of v € go[] g1 by 0. In other words, ¥ = 0 if and only if v € go, and
v = 1 if and only if v € g;. We should remark ¥ € Z/27Z. If a bilinear form
[, |:9 xg— g satisfy three following conditions

(1)
(2)

(3) o o
[, [0, w]] + (=1)FF P [w, [u, o] + (=1)*CFD o, [w, u]] = 0,

[, ] is called a Lie superbracket and g is called a Lie superalgebra.

The notion of roots has meanings also in the theory of Lie superalgebras.
And a simple Lie superalgebra can be identified with Dynkin diagrams and
Cartan matrices. The differenct point is the correspondence between Lie super-
algebras and Dynkin diagrams (and also Cartan matrices) is not generally 1 to
1.

A standard Cantan matrix of D(2,1;a) is

2 =1 0
-1 0 —-a |. (1)
0 —a 2a

The construction of the simple Lie superalgebra whose Cartan matirix is (1)
is the following. Prepare generators hi, ho, hs,e1,ea,es, f1, fo, f3 (only es and
f2 are odd elements) and asuume a relation

fhiyhj] =0
[hi, €5] = aije;
[hi, f3] = ai; f;
[es, f3] = dijh;
where a;; are elements of Cartan matrix and §;; is the Kronecker delta. Then
a vector space spanned by

{hiahjahk;l S'La]ak S B}U
{[eila[eiza["' a[eik_lae’ik”"']];l Sily"' 72.]6 S3ak€N}U
{[fip[fiza["' 7[fil_17fiz”"'”;1 Sila"' ail S 37l GN}

——

is a Lie superalgebra, and we denote it by D(2,1;a). We denote
h:=<hi,ha,hg >

n‘:f- =< 61,62,63,[61,62],' o ;[eila [67;2, [ v a[eik~1aeik]] o ']’ e >

n_ =< flaf?)f?n[flaf?]a"' )[fila[fiza["' a[fil_lafiz”"']]a"' >
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D(2,1;a) is not a simple Lie superalgebra, and we need to take the quotient
algebra by a maximal ideal contained in ny Un_ in order to construct a simple
Lie superalgebra. A maximal ideal like such is

J =<e1,e3], [e2, ea], [en, [e1, e2]], [e2, [en, e2]], [e2, [e2, €3]], [e3, [e2, €3]],
[611 [61’ [62’ 63]”’ [63’ [61, [627 63]”’ [61, [62’ [817 [62’ 63””’ [63, [627 [617 [62’ 63]]” >
© < [f1, 3], [f2, o), 1, v, £2lls [y [, fll, [ [fas £3]), [, [ f2, ],
[f1s U [fes B0 sy Ufas U2, £, L, Uf2, L U2, fallls [y (oo [ (2, f])]] >

We define

—

D(2,1;a) := D(2,1;a)/J, ny:=ny/(JNn}), n_:=n_/(JNnl)

and

es :=[e1,e3], e5:=lez,e3], eg:=[es, ez, e1]], er:=[eq,[es,[e2,e1]]]

f4 = [fl?fQ]’ f5 = [f27f3}; f6 = [f3;[f25.f1”; f7 = [fz,[fg;,[fg,fl]”_
{e1, -+ ,er} form a basis of ny and {f1,-- , fr} form a basis of n_, so D(2,1;a)

is a 9|8-dimensional Lie superalgebra.

3 An irreducible representation of D(2,1;1)

In order to construct a finite dimensional irreducuble representation of D(2,1;1),
we use a type of infinite dimesnional representation— called Verma module, and
its quotient module. The construction of Verma module does not depend on
a € C, though we construct an irreducible representation in the situation a is
fixed to ¢. For this reason, we deal with the case of general a € C in the first
half of this section, and deal with the case of a = 7 in the latter half of this
section.

Like as Lie algebras, we can consider objects like universal enveloping alge-
bras, and it is called universal enveloping superalgebras ([5]). For Lie superal-
gebra g = n_ @ h & ny(Gel'fand—Naimark decomposition), its Verma module
My depends on A € h*. Its representaion space is defined by

My = Z/l(n_) ® Cup

(va is a non—zero vector of 1-dimensional vector space Cuvy), and the action of
g on My is defined by

hi(1 ® vp) := A(hi) ® vp
ei(l1®wvp) =0
fi(l®wa) = fi ®va

There is a nice class in Lie superalgebras called generalized Kac-Moody
superalgebras , and representation theory on it is well-studied. On the other
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hand, D(2,1;a) is not a generalized Kac-Moody superalgebra if a # 1, so we
cannot apply this theory directly to D(2,1;7). However, we can get the following
results in the D(2,1;17) case.

Proposition 1 If g = D(2,1;4) and A(hs) =0,
& A(h)+1
Up :=Um_) M g ui(n_) fy
18 a submodule of My .

(2) If a submodule U of My contains Uy, then the quotient module My /U is
an integrable representation.

Proposition 2 If A(hy) = 1, A(hy) = 0, A(h3) = 0,

(1) There are 8 different integrable representaions and 7 of them are reducible.
(2)

U :=< fa, f3, fifofu, fifsfofr, fafofr, fafafsfofu, fifafafafi,
fsfifefafafr, fafafifafafofu, fifafifofafafi >

is the mazimal proper submodule such that U D Uy and Ma /U is a 4]3-
dimesnional irreducible representation.

4 The exponential of a Borel subsuperalgebra of
D(2,1;7)

Roughly speaking, Lie supergroups are supermanifolds with groups structure
and we regard them as a type of generalization of Lie groups. See [2] for gen-
eral theory of supermanifolds and Lie supergroups. Like as Lie groups and Lie
algebras, there is Lie correspondence between Lie supergroups and Lie superal-
gebras, and it is given by the exponential mapping.

We have found 4|3—-dimensional representation of D(2,1;4), and we can con-
sider

Exp(4) =Y %A’“ (2)
k=0

where A € m(D(2,1;1)) (Here we denote 7 the representation got in the previous
section.). (2) will be got by solving a system of inhomogeneous linear ODEs,
so it is possible that we will get the explicit form. However, the solution of the
system of ODEs defining (2) is very complicated, and it is hard to calculate.
For this reason, the author determined Exp(A) for A € ny @ b.

Berezin—Kac proved the exponential mapping is a local isomorphism in the
category of supermanifolds, so determining the explicit form of the exponential
mapping has the meaning as a local coordinate function near the unit element
as a Lie supergroup.
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On subriemannian contact manifolds
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Subriemannian geometry has recently attracted a great deal of attention
by new phenomena never arising in riemannian geometry but peculiar to sub-
riemannian geometry. A subriemannian manifold (M, D, g) is a differential
manifold M endowed with a subbundle D of the tangent bundle TM and a
riemannian metric g on D. (A riemannian metric on a bundle D is a smooth
section p — g, of the bundle D* ® D* such that for each p € M the bilinear
form D(p) x D(p) 3 (v,w) — g,(v,w) € R is symmetric and strictly positive
definite. It is clear that one can always construct a riemannian metric on any
subbundle D of T'M by just taking a riemannian metric on 7'M and restrict-
ing it to D. Conversely, every riemannian metric on a smooth distribution
D on M arises in this way, as can be shown by using partitions of unity.) We
say that a subriemannian manifold (M, D, g) is isomorphic to (M’, D', ¢’) if
there exists a diffeomorphism ¢ : M — M’ such that ¢, D = D', ¢p*¢ = g.
Contrary to riemannian geometry, it is not a priori clear whether the auto-
morphism group Aut(M, D, g) of a subriemannian manifold (M, D, g) makes
a finite dimensional Lie group.

A local vector field X on M is called an infinitesimal automorphism of
(M,D,g) if LyD C D and Lxg = 0. Let £ be the sheaf of germs of
infinitesimal automorphisms of (M, D, g) and L, the stalk of £ at a € M.
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If the evaluation map £, > [X]|, — X, € T,M is surjective for all a € M
(where we denote by [X], the germ of X at a and by X, the value of X at
a), we say that £ is transitive or that (M, D, g) is homogeneous. Note that
if M is connected and if £ is transitive then Aut(M, D, g) is transitive and
all stalks of £ are isomorphic to each other.

Simple but non-trivial and interesting class of subriemannian manifolds
may be that of the subriemannian contact manifolds: A subriemannian man-
ifold (M, D, g) is called a subriemannian contact manifold if D is a contact
structure, that is, of codimension 1 and non-degenerate.

In this talk we study the structure of the Lie algebra £, for a point a of a
homogeneous subriemannian contact manifold (M, D, g) of dimension 2n + 1
through the viewpoint of nilpotent geometry ([3], [4]).

We first introduce the contact filtration {£},ez of L,. Then, passing to
the projective limit: L = hmﬁa JLE P = hmﬁp P/Lk we obtain a Lie algebra
L and its filtration {Lp}kez The filtered Lle algebra (L, {L*}) is called the
formal algebra of £ at a and is a transitive filtered Lie algebra (TFLA) of
depth 2 in the sense of Morimoto [3]. In fact, the formal algebras L arising
from the homogeneous subriemannian contact manifolds form a special class
of TFLA’s and are called the subriemannian contact TFLA’s.

We study structures of subriemannian contact TFLA’s, following the gen-
eral theory for TFLA’s developed in [3]. We first show that any subrieman-
nian contact TFLA L is finite dimensional and of dimension not greater than
(n + 1)2. Moreover, if L is maximal, that is, L attains the maximal dimen-
sion (n + 1)2, then the associated graded Lie algebra grL is isomorphic to a
unique transitive graded Lie algebra £ = @€,

Next we shall determine concretely the structures of maximal subrieman-
nian contact TFLA’s K. In order to do this, we first examine the cohomology
group associated with the graded Lie algebra £. Then, on the basis of these
results, we obtain our main theorem. In particular, we shall show: If K is a
mazimal subriemannian contact TFLA, then K is isomorphic to the graded
Lie algebra ¢, u(n+ 1), or u(n,1).

It is shown by Morimoto [5] that there exists a canonical Cartan connec-

tion associated with a subriemannian manifold satisfying certain regularity
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conditions. Using this Cartan connection, we see, in particular, that the
stalk £, is isomorphic to its formal algebra L. Thus the above results for the
formal algebras L also hold for £,.
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A CHARACTERIZATION OF PSEUDO-EINSTEIN REAL
HYPERSURFACES

MAYUKO KON

Let M be a Kéhler manifold with almost complex structure J and metric
g. Holomorphic sectional curvature is defined by K (p) = g(R(X, JX)J X, X)
where a unit vector X in p € T,(M). If K(p) is a constant for all J-invariant
planes p € T,(M) and for all points z € M, then M is called a com-
plex space form. We study real hypersurfaces of complex space forms with
nonzero constant holomorphic sectional curvature under some condition on
the Ricci tensor.

In 1968, Nomizu studied hypersurfaces in Euclidean spaces so that the
curvature tensor R satisfies R(X,Y)R = 0 (locally semi-symmetric), which
is a condition weaker than VR = 0 (locally symmetric). The relationship
between this condition and the condition R(X,Y)S = 0 (Ricci semi sym-
metric) was studied by Ryan [7] for hypersurfaces in real space forms, where
S denotes the Ricci tensor. For real hypersurfaces of complex space forms,
Kimura and Maeda [3] (see also [2]) proved that there are no Ricci semi
symmetric real hypersurfaces in CP", n > 3.

In this talk, we study a real hypersurface M satisfying the condition that

g((R(X,Y)S)Z,W) = 0 for any tangent vector fields
X,Y, Z and W orthogonal to § := JN, ()

where N is the unit normal of M in a complex space form M™(c) with
complex structure J.

Let g be the induced metric of M. We define a tensor field ¢ of type
(1,1) and a 1-form n by

JX = ¢X +n(X)N,

where ¢X is the tangential part of JX. (¢,&,7, g) defines an almost contact
metric structure on M.

We denote by V the operator of covariant differentiation in M"(c), and
by V the one induced on M. Then the Gauss and Weingarten formulas are
given by

VxY =VxY + g(AX,Y)N, VxN = —AX,
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where A is the shape operator of M.
The equation of Gauss is given by

R(X,Y)Z = c{g(Y,2)X - g(X, 2)Y + g(¢Y, Z)¢X

+g(AY, 2)AX — g(AX, Z)AY,

which implies that the Ricci tensor S of M is given by
SX = (2n+ 1)cX — 3en(X)é + hAX — A%X, (1)

where h(:= trA) is the mean curvature of M. Moreover, the scalar curvature
r(:= trS) of M is given by

r =4c(n® — 1) + h* — trA%

If the Ricci tensor S of M satisfies g(SX,Y) = ag(X,Y) where a is
a constant, then M is called an Einstein real hypersurface. If S satisfies
9g(SX)Y) = ag(X,Y) + bn(X)n(Y) for some constants a and b, then M
is called a pseudo-Einstein real hypersurface. Kon [4] classified pseudo-
Einstein real hypersurfaces of a complex projective space and proved that
any real hypersurface of a complex projective space is not Einstein, which is
improved by Cecil and Ryan [1] in case that a and b are functions. Montiel
[5] proved the corresponding results in the case that the ambient manifold
is a complex hyperbolic space.

Lemma. Let M be a real hypersurface satisfying the condition (*) of a
complex space form M"™(c), ¢ # 0, n > 3. Then we have

9(SX,Y) =

——(r = 9(S,€)g(X,Y),

for any vector fields X and Y orthogonal to &.
Using this, we prove the following
Theorem. Let M be a real hypersurface of M™(c), ¢ # 0, n > 3. M

satisfies g((R(X,Y)S)Z, W) = 0 for any tangent vector fields X, Y, Z and
W orthogonal to £ if and only if M is pseudo-Einstein.
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Proof. We suppose that M satisfies the condition (*). We can choose
a local field of orthonormal frames {X}, -, Xo,_2,&} of M such that the
shape operator A is represented by a matrix form

M - 0 hy
U IR

0 - Aop—2 hop—o

hi -+ hopmoo «

Using Lemma, we see that at most one h; does not vanish. Thus we can
assume that h; = 0 for ¢ > 2. We set a = g(SX;, X;). Then we have

SX1 =aX1+h1(h—)\1 —a)f,
SX;=aX; (i=2,---,2n—2),
S¢=hy(h— X —a)X; + ((2n — 2)c+ ah — b — o?)¢.

From these equations and the equation of Gauss, for any j > 2, we obtain

0 = g(R(Xl,Xj)SXl,Xj)—g(SR(Xl,Xj)Xl,Xj)
= hi(h— M — @)g(R(X1, X;)&, X;).

By the equation of Gauss, we have
9(R(X1, X;)€, Xj) = —haj.

These equations imply that hi(h — A\; — @) = 0. So we see that M is
pseudo-Einstein.

Conversely, if M is pseudo-Einstein, we have SZ = aZ + n(Z)§ = aZ
and SW = aW for any tangent vectors Z and W orthogonal to £&. Then we
have

g(R(X,Y)S)Z,W) =g(R(X,Y)SZ, W) — g(SR(X,Y)Z,W) = 0.

q.e.d.
References

[1] T. E. Cecil and P. J. Ryan, Focal sets and real hypersurfaces in com-
plex projective space, Trans. Amer. Math. Soc. 269 (1982), 481-499.

-113-



[2] U-H. Ki, H. Nakagawa and Y. J. Suh, Real hypersurfaces with har-
monic Weyl tensor of a complex space form, Hiroshima Math. J. 20
(1990), 93-102.

[3] M. Kimura and S. Maeda, On real hypersurfaces of a complex pro-
jective space III, Hokkaido Math. J. 22 (1993), 63-78.

[4] M. Kon, Pseudo-Einstein real hyprersurfaces in complex space forms,
J. Differential Geom. 14 (1979), 339-354.

[5] S. Montiel, Real hypersurfaces of a complex hyperbolic space, J. Math.
Soc. Japan 37 (1985), 515-535.

[6] K. Nomizu, On hypersurfaces satisfying a certain condition on the
curvature tensor, Tohoku Math. J. 20 (1968), 46-59.

[7] P.J. Ryan, Hypersurfaces with parallel Ricci tensor, Osaka J. Math.
8 (1971), 251-259.

Department of Mathematics, Faculty of Science,

Hokkaido University, Sapporo 060-0810, Japan.
E-mail: mayuko_k13@math.sci.hokudai.ac.jp

-114-



Overview on the theory of currents

Norifumi Sato (Hokkaido University)

1 Introduction

Geometric measure theory (GMT) is, so to speak, differential geometry
generalized by the measure theory in order to deal with maps and surfaces
which are not necessarily smooth. GMT is used mainly for the variational
problem (for example, area-minimizing problem). In this abstract, we outline
the theory of currents which is a basic notion of GMT.

2 Preliminarities

2.1 Multivectors and Covectors

Let V be a n-dimensional vector space over R and V* be its dual space.
For k, 0 <k < n, we define

I(k,n) ={a=(oq, ) ;0 €2, 1 <a; <+ < ap <n}
as a set of ordered multi-indices and for convenience we set
1(0,n) = {0}.
For vy, -+ v, € V, 1 <k < n, these wedge product
Ei=v A--- ANy

is called k-vector. The linear space of k-vectors is denoted by A;V. Similarly
for v!,--- ,v* € V* 1<k < n, these wedge product

wi=v' A AUF

is called k-covector. The linear space of k-covectors is denoted by A*V. This
space coincides with a dual space of AV, i.e. A*V = (A, V)*. A k-vector
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¢ € A,V is called simple if it can be written as a single wedge product of
vectors,
{ = VACERIVA Vk

for some vy, -+ ,v; € V. The comass norm of w € A*¥V is defined by
l|lw|| :=sup{< &w >; £ € AV, €| <1, £ simple},

where < -,- > is the coupling of duality between A,V and A*V and |- | is
the norm of k-vectors. The mass norm of £ € A,V is defined by

I€]] == sup{< &,w > ; w e A*V, |w|| <1}

2.2 Differential forms

Let U C R™ be an open set. We denote by D¥(U) the space of all
infinitely differentiable and compactly supported k-forms in U topologized
by the usual topology which is characterized by the assertion that

W' = Z W dz® — w = Z wadz® (1 = 00),
a€l(k,n) ael(k,n)
if there is a fixed compact set K C U such that
(i) sptw!, C K for Ya € I(k,n) and Vi € N
(ii) limy oo DPw? = DPuw, for Ya € I(k,n) and every multi-index f3.

We remark that k-form w € D¥(U) is a map from U into A*R™.

2.3 Rectifiable sets

A set M C R™V is said to be countably n-rectifiable if there exist
n-dimensional embedded submanifolds Nj,Ns,--- and My C R* with
H"(No) = 0 such that

M C N o U U N, k-
k=1
Countably rectifiable sets are characterized by the property of being count-

able union of Lipschitz images of n-dimensional sets. More precisely, a set
M c R* is countably n-rectifiable if and only if

M C AU | filAr)

k=1
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where H"(Ap) = 0 and f : Ay — R™™V are Lipschitz maps, Ay C R™. Rec-
tifiable sets are also characterized by the property of possessing approzimate
tangent space. Roughly, approximate tangent space is a tangent space in the
sense of the measure theory.

3 Currents

Definition 3.1 (Definition of currents). A k-dimensional current in U
is a continuous linear functional on D¥(U). The space of k-dimensional
currents in U is denoted by Di(U).

Definition 3.2 (Weak convergence of currents). Let T;, T € Dy(U).
We say that the sequence {T;}32, converges weakly to T,

;=T  (j—o0)
if
Tj(w) — T(w)  for 'w € D*(U).

Definition 3.3 (Boundary of currents). The boundary of T' € Dy(U) is
defined as the (k — 1)-current

8T (n) :==T(dn)  for 'n € D*(U),
where dn is an exterior differential of . And we set
oT =0 if T € Do(U).

Definition 3.4 (Mass norm). Let U C R" and V C U be an open sets,
and let T € Dy(U). The mass norm of T in V is defined by

My (T) := sup{T(w) ; w € D*(U), sptw CV, ||w|| <1 for Yz e U}
If V = U we shall simply write M(T') instead of My (T'), and we set
M (U) := {T € Dy(U) ; M(T) < oo}
Mioe(U) = {T € Dx(U) ; My(T) < oo for YV cc U}.
From the definition of mass norm we readily infer

Proposition 3.5 (Lower semicontinuity of the mass norm). LetT;,T €
Dp(U). If T; = T then for any V C U, V open,

My (T) < lim inf My (T5).

j—o0
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And from the compactness theorem for Radon measures

Proposition 3.6 (Compactness-closure theorem). Let {T}}32; C My 10c(U)
be a sequence satisfying

sup My (Tj) < 0o for 'V ccC U.
J
Then there ezists a subsequence {Tj}5_y C {T;} and T € Mpoc(U) such
that
ij/ —T (jl — OO)

Moreover
M(T) < liminf M(T}/) < o0

j'—o0

if the mass norms of T are equibounded.

We define the class of integer multiplicity rectifiable currents. This class
is very important in the theory of currents.

Definition 3.7 (Rectifiable currents). Let U be a open set in R". We
say that a current T € Dy(U) is rectifiable if and only if there exists an H*-
measurable and countably k-rectifiable set M C U, an H*-measurable and
locally H*| p-summable function 8 : M — R, and an H*-measurable map
£ M = AR™ with ||€(z)|| = 1 HF| m-a.e.x such that

T(w) = /M < &(z),w(z) > O(z) dH" ()

and moreover £(x) is a k-vector associated to the approzimate tangent space
of M for HF-a.e.x. If moreover 0 is integer-valued, then we say that T is
integer multiplicity rectifiable. The class of integer multiplicity rectifiable
k-currents in U is denoted by Ry(U).

4 Important theorems for currents

For integer multiplicity rectifiable currents it holds that

Theorem 4.1 (Closure theorem). Let {T;}52, C Ri(U) be a sequence of
integer multiplicity rectifiable k-currents in some open set U C R™ satisfying

sup{My (T}) + My (0T;)} < oo  for "V CC U : open
J

and weakly converging to some current T € Dg(U), T; = T. Then T €
Ri(U).
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This theorem together with the compactness theorem for general currents
(Proposition 3.6) yields

Theorem 4.2 (Compactness Theorem). Let {T;}32, C Ry(U) be a se-
quence satisfying

sup{My (T}) + My (9T})} < oo for "V CC U : open.
J

Then there exists a subsequence {Tj }3_, of {T;} and T € Ry(U) such that

Ty =T (f = o)
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Abstract

The information paradox of black holes was raised in 1975 by S. W. Hawking. His argument
was based on the fact that particle emission from a black hole, so called the Hawking radiation,
cannot convey any information from its interior region. This problem has no definite solution
even now.

This year Hawking submitted a paper in which he investigates this problem of information
loss in black hole from the view point of quantum gravity using Euclidean path integrals
in asymptotically anti-de Sitter (AdS) spacetimes. As a result, it is shown that the path
integration over topologically trivial metrics are unitary and information preserving. It implies
that quantum gravity preserves information.

I will review this paper introducing some key ingredients of his argument.

1 Introduction

The question of information loss in the black holes was raised by Stephen W. Hawking in 1975 [1].
He claimed that the information locked inside the black hole is lost from this universe after the
evaporation of the black hole. His argument was based on the fact that the quantum emission from
a black hole, the Hawking radiation [2] is completely random and uncorrelated. This information
loss phenomenon in general relativity violates the principle of quantum mechanics in which the
time evolution is a reversible process. So this problem was called the information paradox, which
shows a serious conflicts between the two theories of physics.

However, from the view point of the the AdS/CFT correspondence [3, 4], the string theory in
the AdSs spacetime should be unitary because the conformal field theory on the boundary of the
AdS spacetime is manifestly unitary. Then no information should be lost.

This year Hawking submitted a paper [5] which shows that the theory of quantum gravity
should be also unitary and no information will be lost. I will review this paper introducing some
key ingredients of his argument.

2 The Hawking Radiation and the Information Loss

In 1975 Hawking showed that a black hole creates and emits particles as if it is a hot body of
temperature 2’;—“0 ~10~6 (%) °K, where & is the surface gravity of the black hole and Mg, is the

solar mass [2]. Because this particle radiation is completely thermal and determined only by the
mass M, the angular momentum J and the charge @ of the black hole. So this radiation cannot
convey any information from the black hole. This radiation is called the Hawking radiation.

Due to this radiation a black hole lose its mass and eventually evaporates. Here the information
of the matter which composed of the black hole is lost from this universe because this information
does not come out through the Hawking radiation.

However, this Hawking’s argument is based on the quantum field theory on a fixed background
spacetime of a black hole, which is only an approximation. According to the precise treatment by
Banks et al. [6], this information loss results in serious violation of fundamental laws for physics
such as energy conservation, implying that there may be some errors in Hawking’s argument.
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This information loss problem has been a controversial issue since its appearance, and there
was no definite answer for years.

3 AdS/CFT Correspondence and Unitarity

By Maldacena it was conjectured that the theory of superstring on AdSs x S°® spacetime is the
same as N' = 4 U(N) Super-Yang-Mills theory, which is one of a conformal field theory, on the
3+1 dimensional boundary of AdSs x S5 spacetime [4]. Here AdSs x S5 spacetime is a certain
solution of superstring theory, which is a quantum theory of gravity in ten dimensional spacetime.

This correspondence is shown to be valid in some limiting cases. The conjecture is that this
correspondence is generally valid and those two theories are exactly same. It has not been proofed
yet.

Here the conformal theory is a kind of quantum field theory, and it generally gives a unitary
time evolution of states, i.e. the reversible time evolution. However it is not trivial whether the
theory of gravity in AdSs x S° spacetime is also unitary or not, but this correspondence suggests
that it is unitary. Assuming it to be valid, Hawking argues on the information loss in black holes.

4 FEuclidean Quantum Gravity

4.1 Procedure

A complete quantum theory of gravity has not been emerged. There are several approaches such
as covariant perturbation method and the canonical quantization method, but no one is successful
by now.

One of such approaches is the Euclidean quantum gravity [7, 8]. Hawking thinks that this
approach is the only sane way to do quantum gravity, and then he applies it to black hole formation
and evaporation phenomenon in this research. In this theory the probability amplitude of a state

(92,02,52 | g1,1,51 ) (1)

to go from a state with a metric g; and matter fields ¢; on the initial surface S; to a state
with a metric g and matter fields ¢ on the final surface Ss, is obtained as a sum over all field
configurations g and ¢ which take the given values on the surfaces S; and Sa:

(262,52 | 91,61, ) = / DIg, ¢l exp(il[g, d]), @)

where D[G, ¢] is a measure on the space of all field configurations g and ¢. I[g, 4] is the action of

the fields: ’ .
g dt = 3 — 14
167rG/R\/ gdm+8WG]{K\/:l:hdx+/Lm\/ gdiz, (3)

where R is the scalar curvature of the spacetime, g is the determinant of the metric. The second
integral is done over the boundary surface of the spacetime. K is the extrinsic curvature of the
boundary, and h is the induced metric on the boundary. L., is the Lagrangian of the matter fields.
Units are taken tobe c=h=k =1.

This action I is real and so the path integral will oscillate and will not converge. One can solve
this difficulty by analytically continuing this function to the imaginary time coordinate: rotate
the time axis 90° clockwise in the complex plane and replace t by —i7. This introduces a factor
of ¢ into the volume integral of I. Thus the path integral becomes

I =

| Pla. dexp(~11g.4) (4)

where I = —iI is the the Euclidean action. The integral with this action is exponentially damped
and should therefore converge. The physical amplitude is obtained by rotating back the axis of 7
to the Lorentzian time axis of ¢.
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As the boundary condition of this integral, one can take a periodic boundary condition by
identifying surfaces of constant time which is separated by an imaginary time interval 8. By this
procedure the path integral gives the partition function for gravity at temperature 37!, where
is the Euclidean distance between the initial and final surface:

2(8) = [ Dlg,¢) exp(~Ilg,4) = Te(e"), )
where H is the Hamiltonian of the system.

However, for an asymptotically flat space this partition function is infinite because the volume
of 3-space is infinite. This problem can be solved by adding a small negative cosmological constant
A to the integrand. It will change the infinity of the spacetime into AdS spacetime. The effective
volume of the 3-space reduces to the order of A=3/2 and thus the partition function becomes finite.
This change does not affect the formation and evaporation of black holes which is smaller than
that 3-space.

4.2 Application to Black Hole Formation and Evaporation

From now we think about the black hole formation and evaporation in this AdS spacetime. In
quantum gravity the only observable quantities are the values of fields at infinity, because there
is quantum uncertainty in the position of an observation if the observer is in the middle region
of the spacetime where the fields are not sufficiently weak. So we focus on the process of the
observation of this event from infinity of the spacetime. In this view point this event is thought
of as a scattering process: one sends in particles and radiation from infinity and measures what
comes out to the infinity. In this research the information is shown to be preserved in this process.
The probability of observing a specific state is given by the path
integral over the all metrics of all topologies that fit inside this boundary. _
Now the boundary at infinity has topology of S* x S2. The simplest [
topology that fits inside the boundary is the trivial topology S* x D3
where D3 is the 3-disk. This topology is of the vacuum spacetime
metric. The next simplest topology is the first non-trivial topology S?x s
D? of the Schwarzschild AdS metric. In this spacetime only one black
hole is there and it exists forever. There are other possible topologies
that fit into the boundary and summed in the path integral, but these
two are the most important cases.
The trivial topology can be foliated by a family of surfaces of con-
stant time each of which has topology of D3. In this case one can apply
the path integral method of the ordinary quantum field theory in flat

Boundary atinfinity

Figure 1: The schemat-

spacetime, which gives a unitary mapping between the initial and final
quantum states. Then the time evolution in the spacetime of the trivial
topology becomes reversible and the information of the initial state is
preserved.

This argument does not apply to the non-trivial topology because
the spacetime cannot be foliated by such family of surfaces of constant
time in this case. An example for this case is the Schwarzschild space-
time, which can be foliated by the family of surfaces each of which has
the topology of D? with a hole inside of it. They have the black hole

ical diagram of the path
integral region, asymptot-
ically AdS spacetime. Its
boundary has the topol-
ogy of S1 x.S2, because the
imaginary time coordinate
is identified with a period
B.

horizon as one of their boundary. In this spacetime the correlation function between two points
decay exponentially to zero according to the separation between them. This phenomenon can be
understood that some portion of the disturbance at the initial point falls into the black hole and
the effect of it does not reach to the final point. It is not proofed yet but It is therefore very
plausible for the path integral over this topology gives a correlation functions that decay to zero
at late Lorentzian times. The proof for this proposition should be given by explicit calculations.
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)
P T = constant

(a) S* x D3 (b) 82 x D?

Figure 2: The two simplest spacetime geometry which fit into the boundary of S! x S2. (a) is
the topology of vacuum spacetime. (b) is the topology of AdS-Schwarzschild spacetime, which
contains an eternal black hole. Radial lines are D2, circles and the center point are S2.

5 Black Holes in AdS and Information Preservation

For 3 « A there are three classical solutions which fit inside the boundary: periodically identified
AdS, a small black hole and a giant black hole. Hawking considers each of these black hole
solutions.

For giant black holes Maldacena calculated the two point correlation functions in AdS spacetime
with an eternal black hole [9]. His calculation showed that the correlation function does not decay
to zero in this setting. According to Hawking, this remaining value came from the integration over
the metrics of topologically trivial spacetimes, in which the states evolve unitarily. However, in
topologically non-trivial spacetimes the states does not evolve unitarily, but the path integration
over these metrics gives a correlation function which decays to zero. Based on this fact, Hawking
claims that only the unitary path integral will contribute to the correlation function at late time,
and thus the information on the initial state will be preserved. In other words, the information of
the initial state is preserved in the path integral contribution of topologically trivial metrics, and
thus the total process become information preserving, while in the contribution of the topologically
non-trivial metrics, like black hole metrics, the information is lost.

Now we move on to the case of small black holes. The giant black holes considered above have
very low temperature because they are very massive, then they are stable against the Hawking
radiation and will not evapolate away. On the other hand the small black holes, whose mass M
satisfy M < A\~/2) are unstable and eventually evaporate [10]. However, in the setting of now
the direct observation of the black hole formation and evaporation is impossible: one can obtain
only the correlation function between points at infinity.

According to Hawking, there is no Euclidean geometry which can represent the formation and
evaporation of a single black hole, and thus this process should be represented by a superposition
of trivial metrics and the metrics of eternal black holes. If this argument is correct, the similar
discussion of correlation functions on the boundary applies to this small black hole case. The
information is preserved in the contribution from the topologically trivial metrics.

6 Conclusion

Hawking made an argument that quantum gravity is unitary and information of the initial states
is preserved in black hole formation and evaporation. Here the only observable quantities are
correlation functions between pairs of points at infinity, and they are given by the Euclidean path
integrals over metrics of all topologies. In order to define finite and well-defined path integrals,
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the integral region is taken to be an asymptotically AdS spacetime.

The integral over topologically trivial metrics can be done by dividing the spacetime into the
thin slices of constant time. The integral over each slice will be unitary so the whole path integral
will be unitary.

On the other hand the path integral over topologically non-trivial metrics will give a decaying
correlation function. In topologically non-trivial spacetimes the path integral will not be unitary,
but this effect cannot affect the unitarity of the total process because the contribution to the
correlation function from this integral decays to zero.

Then only the information-preserving path integral will contribute to the correlation function,
so the total path integral will be unitary.

The proof that the correlation functions decay in topologically non-trivial metrics has not
obtained. It is now studied by a Hawking’s student, C. Galfard.
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THE ARONSON ESTIMATES FOR THE
FUNDAMENTAL SOLUTIONS OF THE PERTURBED
HEAT EQUATIONS

YASUNORI MAEKAWA!

2 TR OEEE D & 0BABERICOWTER S,

(1) Ow — Aw + (u, V)w =0, t >0, z € R".

ZZTCTw = w(t,z) FAA T —HOKRMAWTH Y, u = u(t,z) =
(u(t, ), ,u™(t, ) 1 FFZ 6N MEBERTH 5, £z dw=
g;Aw~§jlgm@mww:zgﬂggfﬁéoMﬁﬁwumﬂbf
ERORME DT B,

(u DIE)
u € C((0,00) x R*) TH Y,

(2) V-u=0,t>0,
(3) swﬁM@N@=M<m.

2T Veou= 3002 (Jut )l = SUDyegn Ju(t,z)| TH B, Lo
ﬁ%{iF IKOWTALUIRBLTBZ ). EME >0z T, Ry — V&
ot x) = k"w(k?t, kz), up(t,r) = ku(k*, kz) ZF5X 5, L. w
WHER ) Z2HETR61E wld (1) Cu® u lBENPAAERE
W29, 61T, LORMITZ DA — VAL TARETH HHEIC
HET S, 20, uWFRMH(2), ) ZWMEZTROIE u BV -y =0,
SUPs o t2 |[uk(t, )||oo = M BWG1ZT. ZZTLOEBM D EITE B2
ZLICHET D, DY, L0 o0RMHIAERICH L ORER RS —
WVEBRTHT L, RERFEEERZ D, D XKD BRAT — )VEIEARE I
FRERINCEETH AENH SN TWT, Hl 2 VEFEFERE MR FRAR o 1)
% 3089 % Navier-Stokes S7FERNX°. Navier-Stokes 77FER\IZ rotation %
EF SR THELNIEEFRBERANR ZITBWT LD & ) R0 M L
LN, & HBE (1) FZRnmE AR o R &
LTRZRELZ L 2MIMATEL,
SEHRAR S FERIZTTRER (1) DEA uX—H—é Aronson i & KiEh
BERGHIICOWTTH L, TRHREEMICHRE 2D O DE

Department of Mathematics, Hokkaido University, Sapporo, 060-0810, Japan.
E-mail: yasunori@math.sci.hokudai.ac.jp

-127-



FREWHAND, ZZTHEHAER (1) oFBREREOM . L TN T 555
HERADOREZZ 5,

(B#F1)
§>0, w, € LY(R") & T35, BBlwe C((s,00); L*(R™)) M HE R

(He) w(s,z) = ws(z), z € R”

@ mild solution T 5 & 1%, w MFENHFEN

{ Ow—Aw+ (u,Vw=0, t>s, z€R",

(4) w(t) = et / V- "8 (Dw(r)dr, t > s
Rl nd, Z A IR TH V. Bk
I e

(5) Gi(z) = (47Tt)%e at
ZHNT
(6) e”f=]WGAx—wf@My
ERENGIEHETH S,

(E#2)

so > 0, Ay, = {(t,s,7,y);7,y € Rt > 5 > so} 2T 5, B

Lu(t, z;8,y) BHER (1) D A, L@%i‘ﬁ@’(ﬁ)é ik, T, WA, Lo
Bgﬁ'(f Tu(t, z; 8, y)|dz, [p. [Tu(t, z;s,y)|dy < oo ’E’?ﬁﬁ_b I HIT
7 o(t,)i= [ Tultois,)ev)dy

PAYIRERTRE (H,) @ mild solution TH D Z & &I,

I O o PMESHIC0 TH D & &, HEARIBN G,y (z — y) TH
5, B, Rt (2), (3) Db L TOMNAHEDNDOM, BLOEKHOE
FE—BHITOWTL, s>0D e ZIIEZTHHMN, s=00D& =i
RHD u OER 0128 2RI ;ofzniﬁiﬂT%otqqi
E@oL#L‘A@Lﬁéﬁﬁém%?é:aﬁﬁﬁ?é LINTED,

ST COEKRFIILDEIBRIFREL TVBEDESL I, HLHWIE
EDEIRIRBENETHDEA I, a<~%ﬁw—0®a%®%$%)
EOWIEMEETH D, ZHITODOTRD & D7 126 D& rGETHIAY
bHh T3,

s0>0&F 5, A,y LOERET, ITTL T, M e niCoMKET 5H
5 ERC, Cy MFLEL .

8) Loty 5,y) < — b e G

T (t-s)

0|3
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75§ﬁ,3§z\®a:,y€]R”,t>5280iiﬂbfﬁ\inﬁ’) \_g_'CC&,CQUZsO Iz
YIRE L RVWERTH S,

Z OFMIFIEAIE T, M u =0 D & X DIKIRTH 5B, type DB
THMTELZ L 2IRL TS, ZDfERIZE.A Carlen and M.Loss [2]
B L U S.Matsui and S.Tokuno [5] IC & > THLN TS, FEAMITIEE
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type DT T2 6 bEHlT 6 Z LA TES, ZhASEIR A2 ERER
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B ER Cs, Cy DFLEL

lz —y|?
)

) u(t,759,9) 2 7o oxp(~Cy 22

T (t—s)2

73§’ff%~®:c,y€]R",t>sZSOLCNLTﬁQUS'ZO ZZT 03,C4L180L
YIKIE L RWEBTH 5,

Z NS EW, type DBRIC L B LA 6 & 6 OXRGEHME Aronson 7
e FEh Ty, HMARFERE L TE D.G. Aronson [1] 12 & % FEHL
T 2 B AR E 22

(10) 8t - Z Giai,j(t, .'L‘)aj

1<i,j<n
DFEAFNTT B E RGBS N T2, FHIOER Cy, - - -, Cy W
B & &2 & Eid global 72 Aronson il & FHEN T 5, Z @ global
7% Aronson % H.Osada [7] IC & > TRD K D722, &V —fRROFEAIE
2 BEIRIBRI RIS EZ D EIC bR E N T 5,

O — Zlgi,jgn Oiai;(t, )05 + Z1§ign bi(t, z)0;
(11) 2 1<i<n Oibi =0
bz = ZlSan 830”(t, .CL')

IOV FRREE L T 5, B, SEITKk« DF X 5/FHFRITHEIAL
PFLY LD KD RIXEZ I EIRNZ LITERET 5.

Z O global 7% Aronson #Hli 27/~ Y £ T, #IXHD o IS 52—V
BHARE 7% ) W DR (3) FAREBTH L, ZhEe R 7Z0ITROME
Bz E2 THD,

(1)

n=1, aE( DELlL. KeERETDB, 4 ult,z)=(1—a)t °K &
THE, FMEQB) 2METORa=10LELTTHS, MELEEIC
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L0, B
1 (x —y — 172 K)?

{dn(t — s)}? exp(~ 4(t — s) )

IR T 2 ARROEKRETH L Z e Wbhd, Z 0B RRREH» 6,
global % Aronson FHfiAYIKY LD DId o = 7 D& FITRD Z L WEZIT
b, 2B, (11) OfFFEY £72. (3) EREMNICERR AT — VAR
ANER I VAOFRGEHZT Z L 2 mATB L,

u 2319 % divergence free DA (2) b E /2. FFFEMN
Ow —V - (Vw—uw) =0

&Y, REUEOBEEZIF 2L WIRTERETH Y, Aronson il DAE
BHTH V6N,

& T, global 72 Aronson MO ZFEZ a2 ba— )L T&EH L)
IR CHEITH 5720 TR MMoEAIMEZRT ETOERTH S, FK
RS9 BEHM 2 & & ISR o IEAIME 2R 97803 J Nash [6] 1S & £ JEhK
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MDD & 9 A RGHETIEZR L. £V rough 23l Z b £ 12 % @ Holder
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IZ3N T 5, Nash DTS RIOEFARICOBEATE, EfRORL
LT, ROEHZHFS,

(k1)
s0>089%, [, &2 A, LOFEERLTL, coeE 56 (0,1)
&:iE;&:C% >>()ﬁ§¢?tflx7f\

(12) ITu(t1, 215 81, y1) — Tulta, T2; S2,92)|
B8 B8
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S0, 1, T2, Y1, Y2 E RPISHTLTARY D, 2T, Csld M & d, n DR
Kﬁ‘d?';’éo b < 1z, 05 Lj:S() > OL:J: EEIJ\: kﬁ‘é%'(%éo Sg > 0
DY FFHEKNRDO—BEENDD > THWEDT, LD siZitd 5 Holder
RS 212, Kt oz, y I LT BB DLt 2;0,y) 2

(13) Lu(t, 2;0,y) == lm Ty (¢, 2; 5, y)

YEFRTED, TOLIITERLETL(5;0,9) 15 L, we € LYR™) I
TLT

w(t,z) := /n Lu(t, z; 0, y)wo(y)dy

B &, whi(Hy) D mild solution £7225 Z &b, 2O L TA L
DOEKRIAVEK S ND, ST, ERRO—EM. B LOGIERME (Hy)
@ mild solution D —BHITDOWTTH LM, b HERFD Holder 1H
fedk & Aronson iHi 6IRT Z &S TE S,

-130-



(k2)
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A REMARK ON LAPLACE EIGENFUNCTIONS ON M3
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ABSTRACT. Mf:’1 is a compact 3-dimensional solvable manifolds without bound-
ary. In this talk, we shall review the specturm and the eigenfunctions of the
corresponding Laplacian (See [Bo-Du-Ve]). First we would like to see that
the geodesic flow on M 3 is completely integrable, but the level spacing distri-
bution for the spectrum of Mi is not Poisson. Hence Berry-Tabor conjecture
does not hold in this case. Finally we introduce the equi-distributed eigen-
functions and the concentrated eigenfunctions on Mf".

1. INTRODUCTION AND RESULTS.

It has been known since the nineteenth century that in dimension two there
is a close relationship between geometry and topology. Namely each compact
orientable manifolds admits a metric of constant curvature: positive if it is a
topologicalsphere, zero if it is a torus and negative if it has genus more than 1.

In dimension three the situation is much more sophisticated. Thurston [Th] put
forward the famous Geometriation conjecture: any compact orientable 3-manifolds
can be cut by disjoint embeddedd 2-spheres and tori into pieces, which after glueing
3-balls to all boundary spheres, admit one of 8 special geometric structures. These
special 3-dimensional geometries are the standard Euclidean R?, spherical S% and
Hyperbolic H® geometries, the product geometries S? x R and H? x R and three
geometries related to the Lie groups SL2(R), Nil and Sol. In this talk we restrict
our concern to the main class of Sol-manifolds M3.

On the other hand, in the asymptotic theory of high-frequency eigefunctions uy
of Laplace operator the most attention was paid to the quasiclassic eigenfunctions.
They are associated with the simplest invariant sets of the geodesic flow, namely
stable closed orbits and invariant tori.

The following examples are typical:

Example 1. If the geodesic flow on the cosphere bundle S* M is ergodic, there ex-

VoM. 5 5 —s o0 (See [Col,[Scl,[Ze])-
volps

ists a subsequence satisfying lug, (z)|*dvolps —

Example 2. Let 7 be a closed geodesic curve on the standard sphere S?, there
ezists a subsequence satisfying |uk,;(z)|*dvolyr — 6- asj — oo, where &, denotes
a measure distributed uniformly along 7.

Date: January 25, 2006.
Key words and phrases. Sol-manifolds M fl
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Our main purpose is to investigate eigenfunctions on M3.

For paritcular eigenfunctions (Bolsinov - Dullin - Veselov’s eigenfunctions (See
§3)), we see the equi-distributed eigenfunctions and the concentrated eigenfunc-
tions on M3.

Theorem 1 (Quantum ergodicity for Bolsinov - Dullin - Veselov’s eigenfunctions).
For fized v € L*, eigenfunctions ( —Apyx = Ey kty,k) are quantum-ergodic on

3 . 9 d'”OlMi .
M. (e |thyp;|*dvolys — v asj — 00 ).

Theorem 2 (Concentrated eigenfunctions). Let ). x be Bolsinov - Dullin - Veselov’s
eigenfunctions. Then there ezists a subsequence v; and k; such that [+, x; |2dvol M3

dr2 as j — oo, where dp2 denotes a measure distributed uniformly along T2.

But, due to the high degeneracy of spectrum, there are infinite complete or-
thogonal bases of eigenfunctions. For all orthogonal bases, we have the following
result.

Theorem 3. Let {ux} be an arbitary orthogonal base of the Laplace eigenfunc-
tions on M3. Then there exists a subsequence such that |ug;(z)|?dvolpr — dv and
the absolutely continuous part of v is not 0.

The structure of this note is following.

In §2, we shall review M3 and some basic notations.

In §3, we define the Bolsinov - Dullin - Veselov’s eigenfunctions and introduce
the related results.

2. SOL-MANIFOLDS M3 AND THE GEODESIC FLOW.

Sol-manifolds M3 are T2 torus bundles over a circle S with hyperbolic glueing
map with positive eigenvalues.

x al ®
Ta:T2x8's | y | — (y)
z z+1
where A € SL?(Z) is an integer hyperbolic matrix, which defines a hyperbolic
automorphism of the 2-torus.
We define M3 = T? x St/(T4).

Figure 1. T2 T2

M

z=0 z z=1
Together with (z,y, z) we shall use another coordinate system (u,v, z) on M3,
where (u,v) are linear coordinates on the fibers related to a positively oriented
eigenbasis e,, e, of A.
(i.e. (z,y,2) — (u,v,2), e, and e, are eigenbasis of A , see fig.2.)
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Figure 2. v

N

The corresponding metric on M3 is defined by ds?> = e~?#?*Edu® + 2Fdu dv +
e2#*Gdv? + dz? where ) is the largest eigenvalue of A and y = log\. E,F and
G are constant. Thus the Hamiltonian of the geodesic flow on M3 in (u,v,w)-
coordinates can be written as

1
H = 2 (Be®p}, + 2Fpupy + € ***Gp} + 1),

and furthermore,

Q = puPo

F = \/Qe—l/Qz cos log( V E/G|pu/pv|)
2log A

Fy = \/Qe—l/Qz sin log(v/ E/Gpu/py)
2log A

are three global integrals in C*° category. So the geodesic flow on M3 is inte-
grable in C*° category.

Remark. The geodesic flow on M3 is not integrable in analytic category (See [Ta]).

3. SPECTRUM AND EIGENFUNCTIONS ON M3.

Let us discuss the quantum problem on the Sol-Manifolds M3:
— Ay = Evp,
where A is the Laplace operator on M3. In coordinates (u,v,z) the Laplace
operator has the following explicit form:
32 32 82 52
A =Ee? — +2F —— + 7 G— + —.
a2 + Oudv e ov? + 022
First we consider eigenfunctions on the covering space M3 = T? x R. Because
the coefficents of A depends only on z, it is quite natural to separate variables
and look for the eigenfunctions of A of the form

U, 5 (u,v,2) = 2™ £ (2) where y € L* (dual lattice of T?).
By substituing into the Shrodinger equation, we have

—&%fk(z) + |v(7)| cosh(z + a(y)) fx(2) = Exfr(z) (modified Mathieu equation)

where v () and a(vy) depend only on 7.
One can try to construct the genuine eigenfunctions of A on M3 by averaging
these eigenfunctions.
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Definition (Bolsinov - Dullin - Veselov’s eigenfunction).
Yo = n%:z U peynay, k(U v, 2 4+ n)
and
Yk = "vz'y,k”l"»z%kHL?(Mi)'

Because of the fast decay of fix(z) they are well defined on M3. Some basic
properties of 1 5 are known.

Theorem 4 (Bolsinov - Dullin - Veselov(preprint)). The functions ¢~ k, %o,k form
a complete orthogonal basis in L*(M3).

Next result is particular interesting.

Theorem 5 (Bolsinov - Dullin - Veselov(preprint)). The level spacing distribution
for the spectrum of M3 is not Poisson.

Note that according to the Berry-Tabor conjecture integrable systems should
have Poisson distribute level spacing (See [Be-Tal]). This is not the case for Sol-
manifolds.

Remark. Theorem 5 is not sensitive to change the metric ds? = e~2#* Edu? +
2Fdu dv + e***Gdv? + dz22.

4. CONCLUDING REMARKS

We reviewed that spectral stastics on M3 provides a counterexample to the
Berry-Tabor conjecture, but it cannnot be taken as an indicator of chaos. Some
simple observations (Theorem1, Theorem 3) showed that the subset of eigenfunc-
tions are asymptotically ‘uniformly distributed’ on the manifolds. Hence the subset
of eigenfunctions are quantum ergodic. Thus M3 is analogous to T2 in these fea-
tures (See [Bo], [Ja]). But theorem2 means that the subset of eigenfunctions are
concentrated on 72. M3 and S? are analogous in this feature (See Example2).

So we conclude that M3 has the middle property between two extremes.
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On the univalence superselection rule and
characterization of spontaneous symmetry breaking

Hajime Moriya

Abstract

Thermodynamical formulations appropriate for general quasi-local
systems with any statistics, such as characterizations of equilibrium
states and spontaneous symmetry breaking are presented. We intro-
duce a criterion of spontaneously symmetry breaking in terms of the
given quasi-local structure: Each pair of distinct phases appeared in
spontaneous symmetry breaking should be disjoint not only for the to-
tal system but also for every complementary outside system of a local
region, which is a stronger requirement than the usual one. We derive
the absence of SSB in the above sense for fermion grading transforma-
tions that multiply fermion fields by —1. This result can be considered
as a rigorous justification of the univalence super-selection rule.

We have the following result on equilibriums states exclusively for
lattice systems: the violation of univalence superselection rule for even
dynamics at non-zero temperature induces the non-equivalence of the
KMS condition and our local thermodynamical stability condition (a
kind of minimum free energy condition as open systems).

1 Introduction

It is believed that nature is subject to several super-selection rules. Among
them, the univalence superselection rule claims that the superposition of two
states whose total angular momenta are integers and half-integers does not
exist [4] [2]. But if the number of degrees of freedom is infinite as usually
considered in statistical mechanics and quantum field theory, then one may
wonder whether fermion grading symmetry assumed for kinematics always
leads its preservation in the state level, i.e. the absence of spontaneously
symmetry breaking. In fact there is a known example of symmetry break-
down for fermion grading, though being very technical [3]. The purpose
of this study is to justify the univalence super-selection as a rigid rule by
proving under a model independent setting that the breakdown of fermion
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grading symmetry never happens in such a way that it can be observed
macroscopically.

It is a well known fact that if a state is invariant under some asymptot-
ically abelian group of automorphisms like space-translations, then fermion
grading symmetry is perfectly unbroken, that is, any such invariant state has
zero expectations for every odd element (see Exam. 5.2.21 of [1]). We discuss
the status of fermion grading symmetry for general fermion or fermion-boson
systems without such translation invariant assumption. Doplicher-Haag-
Roberts [2] theory rigorously derives the Boson-Fermion alternative. But
it is a theory about Minkowski space, and gives no information for lattice
models.

2 Notation

We recall the definition of quasi-local C*-systems. (We refer e.g. to § 2.6 of
[1].) Let § be a directed set with a partial order relation > and an orthogonal
relation L satisfying the following conditions:

a) fa < B and 8 L v, then a L ~.

b) For each «, 8 € §, there exists a unique upper bound a V 8 € § which
satisfies v > a V j for any v € § such that v > o and v > 5.

c) For each a € §, there exists a unique o, in § satisfying o, L « and
a. > B for any 8 € § such that 8 L a.

We consider a C*-algebra A4 furnished with the following structure. Let
{Aq; « € F} be a family of C*-subalgebras of A with the index set §. Let
© be an involutive *-automorphism of 4 that determines the grading on 4
as

At ={AcA|O(A) =A}, A :={AcA|O(4) =-4}. (1)
These A°¢ and A° are called the even and the odd parts of A. For a € §
A = AN Ay, A= AN A,. (2)

The above grading structure is referred to as fermion grading (see L4 below).
For a given state w on 4, its restriction to .4, is denoted w,. If a state takes
zero on all odd elements, it is called an even state.

Let F1oc be a subset of § corresponding to the set of indices of all local
subsystems and set Ajc = Uyez, Ao We assume L1, L2, L3, L4 as
follows:
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L1. Ajoc N As is norm-dense in A; for any § € §.

L2. If o > 3, then A, D Ag.

L3. ©(Ay) = Ay for all a € §.

L4. For a L B the following graded commutation relations hold

[AG, Ajl =0, [Aq, A3l = [AG, Ajl =0,
{A2, “4%} =0,

where [A, B] = AB — BA is the commutator and {A, B} = AB + BA is
the anti-commutator.

3 A criterion of spontaneous symmetry break-
down appropriate for general quasi-local systems
and fermion grading symmetry

A pair of states are called disjoint with each other if their GNS representa-
tions are disjoint. We shall employ the following more demanding condition
for disjointness of two states.

Definition 1. Let w; and wo be states of a quasi-local system (A, {Aq}aez,..)-
If for every v € §ioc, their restrictions to the complementary outside system
of v, i.e., Wiy, and wa,, are disjoint with each other, then wi and wy are
said to be disjoint with respect to the quasi-local structure.

We define a criterion of spontaneously symmetry breaking based on Def-
inition 1 as follows. Let G be a group and 7,(9 € G) be its action of
s-automorphisms on a quasi-local system (A, {Aa}acg,.). Suppose that
7, commutes with a given (Hamiltonian) dynamics for every g € G. Let A
denote some set of physical states (e.g. the set of all ground states or all
equilibrium states at some temperature for the given dynamics), and A®
denote the set of all G-invariant states in A. Let w be an extremal point in
AC. Suppose that w has a factor state decomposition in A in the form of
w = [du(g)wy with wy := 7;wo(= wo o 7y), where wy is a factor state in A
(but not in A®) and so is each w,, and p denotes some probability measure
on GG. With this setting, we define the following.

Definition 2. If for each g # ¢' of G a pair of factor states wy and wy are
disjoint with respect to the given quasi-local structure, then it is said that
the G-symmetry is macroscopically broken.
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The following proposition asserts that fermion grading symmetry cannot
be broken macroscopically. A remarkable thing is that it makes no refer-
ence to the dynamics. We are using essentially no more than the canonical
anticommutation relations (CAR) for its proof (see our original article).

Proposition 1. Let w be a state of a quasi-local system (A, {Aa}tacz,.)
and © denote the fermion grading involution of A. Suppose that w is a

factor state. Then w and w® cannot be disjoint in the sense of Definition
1.

We shall discuss more detailed results for lattice systems in the confer-
ence emphasizing on difference between spin lattice systems and fermion
systems. We provide summary in the next section.

4 Fermion grading symmetry for equilibrium states
of lattice systems

Take Z", v-dimensional cubic integer lattice. Let §joc be a set of all finite
subsets of the lattice. We assume that there is a finite number of degrees of
freedom (spins) on each site of the lattice. We further assume the uniformity,
i.e. the subalgebra Ay;) on each site i on the lattice is isomorphic to a d x d,
full matrix algebra, d € N being independent of 7. On each site 1 € Z”, Ay
is generated by fermion operators a;, a;, and spin operators represented by
the Pauli matrices o7, ag’ , 0f which are even elements commuting with all
fermion operators.)

Let oy (t € R) be a one-parameter group of *-automorphisms of A. A

state  is called an (a4, 5)-KMS state if it satisfies

¢(Acig(B)) = o(BA)

for every A € A and B € A¢pt, where Ae,; denotes the set of all B € A for
which «4(B) has an analytic extension to A-valued entire function a,(B) as
a function of z € C.

Our dynamics oy is assumed to be even, namely a; © = © oz. We also
assume the following (I, II) in order to relate oy with some § € D(Ajoc).
(I) The domain of the generator J, of oy includes Ajq..
(IT) Ajoc is a core of 4.

The next statement asserts that for even dynamics oy any even KMS
cannot be decomposed into non-even KMS states which are locally thermo-
dynamical stable, called LTS (a kind of variational principle, minimum free
energy condition for open systems).
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Proposition 2. Let a; be an even dynamics satisfying (I, II) and let ¢
be an arbitrary even (oy,B)-KMS state. For 1 € Fioc, let &y denote the
perturbed dynamics of the given oy by the local Hamiltonian H(I). Let & be
the potential induced by a; and & be that for &y, which is concretely given
as

SJ):=0, if INTI#0, and &) :=d(J), otherwise. (3)

If the odd part of the center of o, equivalently that of PPH®D | s non empty,
then the induced noneven (&, 3)-KMS states v and 9© violate (®, §)-LTS

condition.

5 Conclusions

We have shown that the univalence superselection rule is always satisfied in
our formulation of SSB that respects a given quasi-local structure. We have
shown that if there are noneven KMS states, then they inevitably invalidate
the local thermal stability condition. It can be said that fermion grading
symmetry breaking, if it would occur, is pathological from a thermodynam-
ical viewpoint.
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BLOW-UP RESULTS
FOR A REACTION-DIFFUSION SYSTEM

YUSUKE YAMAUCHI

ABSTRACT. We consider the initial value problem for the reaction-
diffusion system with the nonlinear terms |z|%uPiv%. In this sys-
tem, the exponents p; and ¢ play a crucial role to determine the
behavior of the solutions. Using an ODE method, we prove the
Fujita-type nonexistence results.

We consider the Cauchy problem for the reaction-diffusion system:

(1) up — Au = || uPro?, zeRY, t>0,
(2) v — Av = |z|2uP?u®, zeRY, t>0,
u(z,0) = uo(z) > 0,# 0, ze RN,
v(z,0) = vo(z) > 0,%# 0, z e RY,

where p;, ¢; > 0, 0; > max(—2,—N) (j = 1,2), and p1, g2 # 1.

Our aim is to show the conditions for the nonexistence of global
solutions of the system (1) and (2). The conditions are about the
relation between the exponents p;, g;, 05, and the initial data.

There are some papers on the Cauchy problem for semilinear reaction-
diffusion systems. In [2], Escobedo and Herrero proved the existence
and nonexistence of global solutions, so-called the Fujita-type result,
foro; =0y =p1=q =0, p2, ¢1 > 1, poq1 > 1. As an extension of [2],
Mochizuki and Huang [4] showed the Fujita-type result for p; = g2 = 0,
0<01<N(p:—1),0< 0, <N(¢1 —1), p2, 1 > 1, pags > 1. Both of
the results show that the interaction between the unknown functions in
the nonlinear terms determines the behavior of solutions of the system.

In [3], Escobedo and Levine showed an interesting result for oy =
oo = 0, p1, p2, 1, @2 > 0. Under the assumption that ps + ¢ >
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p1 + q1 > 0, they showed that if p; > 1, the solutions of the system
behave like a solution of the single equation u; — Au = uP1+9,

In fact, the same result as [3] holds in our problem, that is, if p; > 1,
the solutions of the system behave like a solution of the single equation
U — Au = |z|7 uP1+4 under the assumption that (po+go—1)/(09+2) >
(p1+q —1)/(01+2).

The iteration method of [3] is often used to show blow up for reaction-
diffusion systems. However, the method does not seem applicable for
our problem because the nonlinear terms have the variable coefficients
|z|?7. We improve the argument in [4] and apply it to our problem. The
argument in [4] is to transform the system of PDEs into the ordinary
differential inequalities. In our problem, multiplying the equation by
negative power of unknown function makes the transformation possible.

For simplicity, let

_ q1(o2+2) + (1 — g2) (01 + 2)

2{pogi — (1 —p1)(1 — @)} ’
6_p££imia3§x£l%

T 2pn — (L—p1)(L— )}
(51 o+ (1 —q)oy

) = (- @)’
5y = P21+ (1 —p1)oy

. B p2q1 — (1 —Pl)(l - QQ)‘
For a € R, we define the function spaces:

N

I* = {w € C(R");w(zx) > 0, limsup |z|*w(z) < co}.

|z|—o0

We assume that the initial data (ug,ve) € I° x I°.

Theorem 1. Assume that
(3) P1+Q1—1§p2+Q2—1
o1+2 o9 + 2
and let p1 < 1, go # 1.
(i) If max(a, B) > N/2, then no nontrivial global solutions exist.
(i) If 0 < max(a, ) < N/2, then no global solutions exist for large
initial data.
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Theorem 2. Assume (3), and let p1 > 1, q2 # 1.
(i) If pr+ ¢ <14 (2+01)/N, then no nontrivial global solutions exist.
(i) If pr+q1 > 1+ (24 01)/N, then no global solutions exist for large
wnitial data.

On the other hand, authors in [1] show the conditions for the exis-
tence of global solutions of the system as follows.

Theorem 1°. Assume (3), andletpy <1,q2#1,0; >0 (j=1,2).
(i) If 0 < max(a, B) < N/2, then global solutions exist for small initial
data.

(ii) If max(a, 8) < 0, then every solution is global.

Theorem 2’. Assume (3), andletpy > 1, ¢ #1,0; >0 (j=1,2).
If pr+q > 14 (2+01)/N, then global solutions exist for small initial
data.

Comparing Theorems 1 and 2 with the results in [1], we can see that
our conditions are optimal.
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Duality Theorem and its application

U T=X
JtHEE AR
2006
=

Ruled variety are unions of a family of linear spaces. For an n-
dimensional projective variety X C Py, we can define its rational
Gauss map.In general the dimension of the image of Gaussmap,the
Gauss rank,is n.If this is not the case X is called developable.As a
one of rescent results,there is the classification of developable ruled
variety.

1 FC&IC

WL DO DERZIEN F, ..., F, DEEBELAOBKEGZ ZREE LWV
WET. T3 ELEHE X C Py lZH LZD Dual variety 7% & DZED
LZENTEET. CNWEHB LI E X DEp e X KBTI 2EBEFEH S
HEMEDORZLDENAET. IFRFRGZZHE (3750 5,0F /0t(p) =
0,...,0F,/0t(p) = 075 % p € X DEFEELEWVEE X) THNILRE
RV D T, FHERZFUHRAZRREICEE L TEW < DO ORIENE
UTX%9. T T Tl Dual variety 7 DE§E{, %7z Gauss map %
Tangent variety,Secant variety 7% & DBERZEAN LIt BNWET.

2 Conormal bundle & Dual variety DESR

LUF, BRI TEERIAC LEXS LD LET. XIBHMAEX C
Py A IERF @R (ME—DBINZIHI F OFRER) Tholc b LE
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9. COKf X DEEDR plcX U F OHEZ NG E 2554,

OF oF
MEED ET. DR X D Dual variety Z X* 1= §(X) TEELEXT. C
NE—RICRRRZFR DL S HRTTn DEZRRAE X THoTELEED T,
X0 BAICIE T, X & X OFZEM & LT

I'x :={(p,y) € X x Py : (T, X,y) =0}

ZEZEZET.TTT (z,y) Byl) ZEKRTHEDELET. ORI
7:[x - XKL Cx %

Cx := closure of (I'x\7 ! (singX)) C X x P}

TE®, Tz X O Conormal bundle FEUE . T T X ORFFELGICE
F 2 EEYEZ p i EOIERETRICHB T A2 EEFmOMIE & #7579 C
& T, BRI Z & 2% X x Py, TOAZ & 2 FIHIGERT
WET. TORE S —HDHE 1 X x Py — Py XL X* = n*(Cx)
9 BET X D Dual variety WEE D 7. |

Cx & X* I L, ROEANNM DEBELZEENRILLET.

o Cx EBEHIT,dimCx =N —1

o N—n—-1<dmX*<N-1

o (X*)r =X

3 Rational Curve

X C Py M—RITEZ KK (Curve), REIC Rational curve DRFLLECHIA H
I X I BBGRREzAB I ENTEEHT.

EE 3.1. wg,...,oN KD,
@ Pl — PN (to . tl) = (an(to,tl) e @N(to,tl))
EERINBEF o ZXELd D (nondegenerate)rational curve £ .

%LCEE@_%I\%E@CiO =myp < m; < ... < Mny-1 < MmNy =
d  @ilte,ty) = t& ™t LRINBKT, TDEF p % rational mono-
mial curve & FFUE 7.
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E&E 3.2 (yo : ... : yn) Z Py BFREZEL UK, ZHEHR ot y) =
Yowo(t) + ... + ynon(t) ZED . TOK; y; ZIREL (1o « t1) BEE L H
BET O D discriminant set

D:={(yo:...:yn) EPy : D(t;y) & (to: t) e PIZERICEHD}
NEDHLNS.
TBERDENEZET.
¥k 3.3. D= X"

CORERICKDRDK S I X* C Py IcHd 2B ZRDZENTE
S

Bl 3.4. (d=3 N =30DHE) Twisted Cubic
p: P, — X CPs (to : tl) = (t03 : t02t1 : t0t12 : t13)

WKXT LT Bt y) = yot> + it + yot +y3 £ D ET. T D y; FREUCETT

% discriminant ¥, 27yo*ys? — 18yoy1y2ys + 4yoy2® + 4v13ys — y1%ys® TH

BDTINHD XTI 5B THEENDNMD ET.
[EREIC d = 4, N = 3DFAT

0:P =Py (to:ty) — (to*: todty : tote® : 11?)

DI 4ydy3 + 2Ty2ys + 6yoyPyays + 27yty3 + 19293113017 — 256y3y3 AWK
BEEEFERICEZTEMNFREEINE LK.

4 Thho

ZRE X C Py DIERFR T p ITBW TOHEZER T,X 07 DHFEAL
T, X I DWW TR RO TN, RRERICBN TR ED K St D%
WIGEEBMNEVIEMECTERT. 2T THRICRDK S RL D%
EELET.

E&E 4.1, ZHEX CPyDiEipe X ITHU p RS % 55 25,y € X
ISR U z; &y ZREATTEBEMZ Tiy; TRI . CORF T X % C Ok
EAR Ty; OMPEDOFIEEG L L TED, T2 tangent star WD
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EE 4.2. ZRIEX C Py oL,
Tan*X := | | T;X C Py

peX

%Z X D tangent star variety £\ 9. 1z X D secant variety %
SecX = U zr' C Py

(z,2’)eXxX\Ax
c#x!

TEDS.

ARRICZRAY C X ¢ Py ICRLUT, RORICEDHS. yeY &
U € Vyz, € X ZHIC y IR B 151 &9 5. TORE, T (Y, X) %
Unn OMEDOFIES L LTED,

Tan*(Y, X) := | T;(V, X)

yey
Sec(Y, X) := U Uz
(y,x)EY x X\ Ay
yFx
£9%.
CORERNEAET.

EHE 4.3 (ZAK’s Theorem). ZHRAY C X C Py IR L, ROANT
QYA AVAC IS
1. dim Tan*(Y, X) = dim Y +dim X, dim Sec(Y, X) = dim Y’ +dim X 41
2.Tan*(Y, X) = Sec(Y, X)
% 7z,Conormal bundle DRI —HRDITT n DEHIZEAITT LT
v: X --»G(n,N) p—T,X

2% Gauss map EFEHINZDEDZED TPEENTEET . DR dimy(X)
% Gauss rank EPESHICT S &, 2L DFEINE dim X ITFELL%ED
9.8 L7 THRWVEF X I3 developable variety & FEIENE T

T D~ ZFWTHZIZ X D tangent variety £ W) EDDERETEET .

EEH 4.4. FEDERHAE X C Py LT,
TanX = U T

Tey(X)

% X D tangent variety £\ .
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AN INTRODUCTION OF GENERALIZED HEEGAARD
SPLITTINGS

TOSHIO SAITO

1. INTRODUCTION

This article is based on a lecture series given by Scharlemann and Schultens at
RIMS in the summer of 2001. The purpose of the lecture series lay in familiarizing
the audience with the basics of three-dimensional manifold theory and introducing
some topics of current research.

A way to study (connected compact orientable) three-dimensional manifolds, 3-
manifolds briefly, is to decompose a 3-manifold into two ‘elementary’ manifolds, so-
called compression bodies. Such a decomposition is called a Heegaard splitting. It
is known that there are many correlations between Heegaard splittings and topology
of 3-manifolds.

Roughly, a generalized Heegaard splitting is a decomposition of a 3-manifold into
more than two compression bodies.

If these topics should happen to be of interest, please see our lecture notes [5].

2. PRELIMINARIES

The notation n(B; A) denotes a regular neighborhood of B in A. By the term
surface, we will mean a connected compact 2-manifold. Let F' be a surface. A loop
a in F' is said to be inessential in F' if o bounds a disk in F', otherwise « is said to
be essential in F'.

We always let M be a connected compact orientable 3-manifold. A surface F' C M
is said to be properly embedded in M if F' is embedded in M such that FNOM = OF.
A disk D properly embedded in M is said to be inessential in M if D cuts off a 3-ball
from M, otherwise D is said to be essential in M. A 2-sphere P properly embedded
in M is said to be inessential in M if P bounds a 3-ball in M or cuts off P x [0, 1] from
M, otherwise P is said to be essential in M. Let F' be a surface properly embedded
in M. We say that F' is compressible in M if there is a disk D C M such that
DNF =09D and 0D is an essential loop in F'. We say that-F' is incompressible in
M if F' is not compressible in M. Suppose that F' is homeomorphic neither to a disk
nor to a 2-sphere. The surface F is said to be essential in M if F is incompressible
in M and does not cut off F' x [0, 1] from M.

Definition 2.1. Let M be a connected compact orientable 3-manifold.

(1) M is said to be reducible if M contains an essential 2-sphere. M is said to
be irreducible if M is not reducible.
(2) M is said to be toroidal if M contains an essential torus.
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Dual description

FiGure 1. Construction of a compression body

3. HEEGAARD SPLITTINGS

Definition 3.1. A 3-manifold C is called a compression body if there exists a closed
surface F' such that C is obtained from F x [0,1] by attaching 2-handles along
mutually disjoint loops in F' x {1} and filling in some resulting 2-sphere boundary
components with 3-handles. We denote F' x {0} by 8,C and 9C \ 0,C by 0_C. A
compression body C is called a handlebody if 8_C = 0.

A compression body C is also obtained from §_C'x [0, 1] and some (possibly empty)
3-balls by attaching some 1-handles to d_C x {1} and the boundary of the 3-balls.
This is called a dual description of compression bodies (cf. Figure 1).

Definition 3.2. Let (8;M,3,M) be a partition of d-components of M. A triplet
(Ci, Cy; S) is called a Heegaard splitting of (M;0:M,0,M) if C; and C; are compres-
sion bodies with C;UCy = M, 0_C; = /M, 0_Cy = 0oM and C; NCy = 0,.Cy =
0,.Cy = S. The surface S is called a Heegaard surface and the genus of a Heegaard
splitting is defined by the genus of the Heegaard surface.

Theorem 3.3 (cf. Moise [4]). For any partition (0, M,0,M) of the boundary com-
ponents of M, there is a Heegaard splitting of (M;0,M,0,M).

Let (C1,Cy; S) be a Heegaard splitting of (M; 0, M, 0,M). By a dual description
of C,, we see that C; is obtained from 0, M x [0,1] and 0-handles H° by attaching
1-handles H!. By Definition 3.1, C5 is obtained from S x [0, 1] by attaching 2-handles
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disjoint curve property:

weakly reducible

reducible

FIGURE 2. Inclusion relation in case of genus(S) > 2.

H? and filling some 2-sphere boundary components with 3-handles H®. Hence we
obtain the following decomposition of M:

M=oMx[0,]]JUH ' UH'US x [0,1]UH>UH>.
By collapsing S x [0,1] to S, we have:

M =0,M x [0,1]UHUH' Us H> U H.
This is called a handle decomposition of M induced from (C1,Cs; S).

Definition 3.4. Let (C1, Cy; S) be a Heegaard splitting of (M;0; M, 0, M).

(1) The splitting (Cy, Cs; S) is said to be stabilized if there are essential disks
D; (i = 1,2) of C; such that 0D; and 0D, intersect transversely in a single
point. :

(2) The splitting (Cy,Cs; S) is said to be reducible if there are essential disks
D; (1 = 1,2) of C; with dD; = 0D,. The splitting (C1, Cy; S) is said to be
irreducible if (Cy, Ca; S) is not reducible.

(3) The splitting (C1, Cs; S) is said to be weakly reducible if there are essential
disks D; (1 = 1,2) of C; with dD; NdD, = @. The splitting (C1, Cy; S) is said
to be strongly irreducible if (Cy,Cy; S) is not weakly reducible.

(4) The splitting (C, Cs; S) admits disjoint curve property if there are essential
disks D; (i = 1,2) of C; and an essential loop z with (0D; UdD,y) Nz = 0.

Suppose that (Cy, Cy; S) is stabilized, and let D; (: = 1,2) be disks as in (1) of
Definition 3.4. Note that since 0D; intersects 0D, transversely in a single point,
we see that each of dD; (1 = 1,2) is non-separating in S and hence each of D;
(¢ = 1,2) is non-separating in C;. Set C] = cl(Cy \ n(Dy;C4)) and C) = Cy U
n(Dy; Cy). Then each of C} (i = 1,2) is a compression body with 0,C] = 9,C%.
Set S = 0.C}(= 0+C). Then we obtain the Heegaard splitting (C}, C}; S’) of M
with genus(S’) = genus(S) — 1. Conversely, (C1, Cy; S) is obtained from (C1, C}; S')
by adding a trivial handle. We say that (Cy,Cs; S) is obtained from (C}, Cy; S’) by
stabilization. Figure 2 describes inclusion relation among the properties in Definition
3.4.

The following is part of relation between Heegaard splittings and topology of 3-
manifolds. For simplicity, we here assume OM = 0.

Theorem 3.5. Suppose that OM = ().
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FicURE 3. The middle is a schematic of a compression body on the left side.

(1) (Haken [2]) Let (Cy,Cq; S) be a Heegaard splitting of (M;0,M,0:M). If M
is reducible, then (Cy,Ca; S) is reducible.

(2) (Casson-Gordon [1]) Let (Cy, Cs; S) be a Heegaard splitting of (M; 0, M, 9, M).
If (Cy, Cy; S) is weakly reducible and is not reducible, then M contains a closed
incompressible surface.

(3) (Hempel [3]) Let (C1,Cy; S) be a Heegaard splitting of (M; 0, M,0,M) with
genus(S) > 2. If M is toroidal or is a Seifert fibered manifold, then (Cy, Ca; S)
admits disjoint curve property.

4. GENERALIZED HEEGAARD SPLITTINGS

Collapsing a compression body C, we can say that it looks like a fork. The grip of
a fork corresponds to 0, C, and each tine just corresponds to a component of 9_C.
This idea is so convenient for defining generalized Heegaard splittings.

Definition 4.1. A 0-fork is a connected 1-complex obtained by joining a point p to
a point g whose 1-simplexes are oriented toward g and away from p. For n > 1, an
n-fork is a connected 1-complex obtained by joining a point p to each of distinct n
points ¢; (¢ = 1,...,n) and to a point g whose 1-simplexes are oriented toward g and
away from t;. We call p a root, t; a tine and g a grip.

As mentioned previously, an n-fork corresponds to a compression body C such
that each of ¢; (i = 1,2,...,n) corresponds to a component of 0_C' and g corresponds
to 04C (cf. Figure 3).

Definition 4.2. Let A (B resp.) be a collection of finite forks, T4 (T resp.) a
collection of tines of A (B resp.) and G4 (Gp resp.) a collection of grips of A (B
resp.). We suppose that there are bijections 7 : T4 — T and G : G4 — Gp. A fork
complex Z is an oriented connected 1-complex AU (—B)/{T,G}, where —B denotes
the 1-complex obtained by taking the opposite orientation of each 1-simplex and the
equivalence relation /{7,G} is given by ¢t ~ T (t) for any t € T4 and g ~ G(g) for
any g € G 4. We define:

0, = {(the tines of A) \ T4} U {(the grips of B) \ Gz} and
0 F = {(the tines of B) \ Tz} U {(the grips of A) \ G 4}.
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0 1

FIGURE 4. An example of an exact fork complex.

Definition 4.3. A fork complex .Z is ezact if we can put % in R® so that

(1) 8;% lies in the plane of height 0,

(2) for any simple path « in Z# from a point in 9;.% to a point in 0. %, hl, is
monotonically increasing, where h is the height function of R® and

(3) 32Z lies in the plane of height 1 (cf. Figure 4).

In the following, we regard fork complexes as geometric objects, i.e., 1-dimensional
polyhedra.

Definition 4.4. A fork of % is the image of a fork in AU B in Z#. A grip (root
and tine resp.) of % is the image of a grip (root and tine resp.) in AU B in Z.

Definition 4.5. Let M be a compact orientable 3-manifold, and let (0;M,0, M)
be a partition of boundary components of M. A generalized Heegaard splitting
of (M;0,M,3,M) is a pair of an exact fork complex # and a proper map p :
(M; 0 M, 0.M) — (F;0,.F,0:F) which satisfies the following.
(1) The map p is transverse to .# — {the roots of Z}.
(2) For each fork F C %, we have the following.
(a) If F is a 0-fork, then p~!(F) is a handlebody Vi such that (1) p~'(g) =
OVr and (2) p~!(p) is a 1-complex which is a spine of Vi, where g is the
grip of F.
(b) If F is an n-fork with n > 1, then p~!(F) is a connected compression
body Vi such that (1) p~(g) = 9, Vz, (2) for each tine t;, p~'(t;) is a
connected component of d_Vx and p~'(t;) # p~*(t;) for ¢ # j and (3)
p~t(p) is a 2-complex which is a deformation retract of Vz, where g is
the grip of F, p is the root of F and {t;}1<i<n is the set of the tines of
F.

Let g be a grip of # which is contained in the interior of #. Let F; and F; be the
forks of .# which are adjacent to g. Then (p™*(Fy), p~ (F2); p~1(g)) is a Heegaard
splitting of p~*(F; U F,). Moreover, if it is weakly reducible, then we can obtain
another generalized Heegaard splitting via weak reduction. In the next section, we
demonstrate a concrete example of the way weak reduction is used.

5. EXAMPLES OF GENERALIZED HEEGAARD SPLITTINGS

In this section, we obtain a generalized Heegaard splitting and associated fork
complex of the 3-torus 7% = S x S* x S*. It is known that 7 is obtained from a
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FIGURE 5. A Heegaard splitting of 7.

cube [0,1] x [0,1] x [0,1] by attaching corresponding edges and faces as in Figure 5
(a). Set

A= (T2 x [0,1/2)) \ n(p x [0,1/2}; T x [0, 1/2])) Unlg x [1/2,1); T x [1/2,1])

and

B = cl(T?\ A)
= (T x [1/2,1]) \ n(g x [1/2,1];T* x [1/2,1])) Un(p x [0,1/2]; T* x [0,1/2]).

Then we see that A and B are genus two handlebodies and hence (A, B;S) is
a Heegaard splitting of 7%, where S = 0A = 0B (c¢f. Figure 5 (b)). Set h! =
n(g x [1/2,1];T? x [1/2,1]) and h? = n(p x [0,1/2];T% x [0,1/2]). Note that h' (h?
resp.) can be regarded as a 1-handle (2-handle resp.) in a handle decomposition
of T® obtained from the Heegaard splitting (A4, B;S). Since h' N h? = 0, we can
perform a weak reduction to obtain a generalized Heegaard splitting. We give a
concrete description of the generalized Heegaard splitting in the following. First, set
Ay = cl(T? x [0,1/2] \ h') and By = cl(T® x [1/2,1] \ h?). That is, A; is obtained
from A by removing the 1-handle h' and B, is obtained from B by removing the
2-handle h%. Then we have:

T3

AUB

A UR UK U B,

Ay U (8A; x [0,1)) UR' UR? U B,
Ay U ((84; x [0,1]) Uh*) UR' U By.

[

-160-



o0 o0

A By As B,
FIGURE 6. The associated fork complex.

Set B; = (0A; x[0,1])Uh?. Then B; is a compression body such that 0, B; = 04,
and O0_B consists of two tori. Hence we have:

T3 =2 A UB,UR UB,
= Ay UB U ((0-B:1 x [0,1]) UhY) U Bs.

Set Ay = (0_Bj x[0,1])Uh!. Then A, is a compression body such that 9, A, = 0B,
and 0_A,; = 0_B,;. Hence we have:

T? = (A1 UB;)) U (43U By).

This together with the fork complex as in Figure 6 gives a generalized Heegaard
splitting.
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One-dimensional h-path processes
Miyuki MAENO

Graduate School of Human Culture, Nara Women’s University
1 One-dimensional generalized diffusion processes

Let R = [—00,+00] and m be a nondecreasing right continuous function
from R into R. We set ¢; = inf{z € R; m(z) > —oo}, £ = sup{z € R; m(z) <
0}, Sm = (&1, £3). Let s be a real valued continuous increasing function on
Sm, and k be a real valued right continuous nondecreasing function on S,,. We
set

S.(p) = {z € Sp; p(x1) < w(zs) for & <Vzy <z <Vx2 < b}, p=mork.
We assume S,(m) # 0 and S,(k) C S.(m). Further we set
See(m) = Se(m) U
{z; z = € with |m(&)] + |s(&)| + |k(&)] < o0, i=1,2}.
We introduce the following two quantities.

Jh, = du(z) | dvly), J2, = dp(z) | dv(y),
(tr.d (2.

[c’e2) [C,:L')
where du and dv are Borel measures on Sy,.

Definition 1 For each i = 1,2, 4; is called to be
(s, m, k)-regular if J‘m+k < o0, Jb ks < 00
(8, m, k)-exit if Jem+,c < 00, Je‘+ks 00,
(s,m, k)-entrance  if J&,,, = o0, TE ks < 00,
(s,m, k)-natural  if J&, =00, Jhi, ., =00

Let Cy(E) be the set of all bounded continuous functions on E, where E is
a Borel set.

Definition 2 Let D(G) be the space of all functions v in Cy(Sr) satisfying
the following conditions.

(G.1) There are a function f € Cy(S.(m)) and two constants A,, A such that
) ule) =+ Aafs) -5} + | {5(0) = o)} ) dmy)

) ]{s(m)—S(y)}U(y)dk(y), z € Sp.
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(G.2) For each i = 1,2, if ¢; is regular, then u(¢;) = 0.

The operator G is defined by the mapping from u € D(G) to f € Cp(S:(m)) ap-
peared in (1). The operator G is called a one-dimensional generalized diffusion
operator (ODGDO for brief) with (s, m, k).

It is known that there exists a process D = [X(2); t > 0, Py; 2 € Si(m)]
with the generator G, which is called a one-dimensional generalized diffusion
process (ODGDP for brief) on Sy, ([8],[13]). Further there exists a positive
continuous function p(t, z,y) satisfying

P(X(t) € E) = / plt,z,5)dm(y), t>0, 7 € Suu(m), E € B(Sn).
E

We call p(t, z, y) the transition probability density function with respect to m.

2 One-dimensional generalized h-path processes

Let D=[X(t); t > 0, P;; z € S,s(m)] be the ODGDP with a generator G
with (s5,m,0). For @ > 0 and i =1, 2, let g;(, @) be a function on Sy, satisfying
the following properties.

(g.1) gi(z,a) is positive and continuous in z.
(g.2) ¢1(z, ) is nondecreasing in z and go(z, @) is nonincreasing in z.
(g.3) If |s(&)| < oo, then g;(4;, ) = 0.

(g.4) gi(z, o) satisfies

gi(z, @) =gi(c, @) + (Dsg:)(c, @){s(z) — s(c)}

+a [ {s(z)-s)}ely,e)dm(y), z € Sn,

(ez]

where D, f(z) = lim.jo{f(z + €) — f(z)}/{s(z + &) — s(zx)}. We set W(a) =
(Dsg1)(z, @) g2(z, @) — g1(z, @) (Dsg2)(z, ). Note that W(c) is a positive num-
ber independent of z € S,,.

Definition 3 We set
G(a,z,y) = Glo, 1, 2) = W(e) ' qi(z,0)g2(y, @), a>0, z,y € S, 2Ly

We call G(a, r,y) the Green function corresponding to the ODGDO G with
(s,m,0).
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It is known that the Green function G(a, z, y) corresponding to G coincides
with the Laplace transform of p(t, z, y), that is,

Gla,z,y) = / e p(t,z,y)dt, a>0, z,y € S..(m).
0

(18], [11]).

Definition 4 We call h a superharmonic function on S,, with respect to
(s,m) if and only if h is positive and continuous on S, and has the right
derivative Dyh which is right continuous and nonincreasing on S,,, and the
set {T € Sm; Dsh(z1) > Dsh(zs) for & < Yz, < £ < Vx5 < £y} is included in
S.(m).

For a superharmonic function /& on S, with respect to (s, m), we set
- ifz € ("’OO, él),
mh(z) = [ nhW)dmy) fzelh,b), zeR,
00 if z € [£;,00),

h = h(y)~2d , Sms
(z) /(] () dsly), z e

kh(z) == h‘(y) sth‘(y)a T € Sp.

(c,x]

Let G" be the ODGDO with (s*,m" k") and D* be an ODGDP with the
generator G*, which is called a one-dimensional h-path generalized diffusion
process. We set

G*e, z,y) = G*a,y,7) = G(a, 7,y)/h(z)A(y), @ >0, 7,y € Sm, T < y.

Theorem 5 The function G*(q, ,y) is the Green function corresponding to
the ODGDO G* with (sh, m*, k")

By virtue of the uniqueness of Laplace transform, we obtain that

p*(t,z,y) = p(t, z,y)/h(z)h(y), t>0, z,y € S..(m).

The states of the end point ¢, are described in Tables 1, which suggests the
behavior of sample paths of D" near the end points of Sp,.
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3 Application to population genetics

We consider a locus with two alleles in a randomly mating population of
N diploid individuals. We denote by A; the wide-type allele and by A, the
mutant allele. Let X(n) be the relative frequency (gene frequency) of A; at
the n-th generation in the population (n = 0,1,2,---). Mutation, selection
and random genetic drift are the factors which change gene frequency X (n).
The Wright-Fisher model and the stochastic selection model are the funda-
mental stochastic models in population genetics. The Wright-Fisher model is
a stochastic model due to random genetic drift and this stochastic force has no
correlation between distinct generations. On the other hand, in the stochastic
selection model stochastic force of selection has autocorrelation from gener-
ation to generation in general. These models are described by discrete time
stochastic processes because we regard the generation as the time unit. It
is difficult, however, to analyze these discrete time models. Then diffusion
approximations are employed for the original discrete time models. In other
words, we approximate a discrete time stochastic process in population genet-
ics by an appropriate diffusion process by introducing a new time scaling ( [2],
[7]). A general stochastic model may be obtained by combining these diffusion
models. We will deal with a diffusion process D = [X(¢);t > 0, Pp; z € I]
that is the diffusion model with random genetic drift and stochastic selection,
where I = (0,1). Further we introduce two deterministic factors of mutation
and selection in this diffusion model.

It is known that the generator of the diffusion process I is given by

1 d? d
a(z) = —1—:1:(1 - 1z) +v2%(1 - 1)?,

2N
bz)=v—(u+v)r+ %pz(l - z)(1 - 2z)
+{(Sll - 251 + 522)-’1«‘ + Syp — 522}.’12(1 - z)

(see [6]). The meaning of each variable and parameter are as follows. The
variable z is the gene frequency of A; (0 < z < 1). The parameter N is the
population size (1 < N < oc0). Note that the case that N = oo corresponds
to that without random genetic drift. Three genotypes A;4;, A;A4; and Az A,
have fitnesses 1 + w, + S11, 1 + %wn + Sj2 and 1 + Sp in the original dis-
crete time model. Here w, is the stochastic part of selection parameters at
the n-th generation, and Sj;, Si2 and Ss are the deterministic part of selec-
tion parameters (min{w, + Si1, 3wn + Si2, S22} > —1). It is assumed that
stochastic selection has no dominance. We assume that {w, : 0,+1,4+2,---}
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is a discrete time stationary process with the mean E[w,] = 0. The param-
eter v =Y oo Elw,wk]/4 is a degree of autocorrelated stochastic selection
(0 £ v < ). The parameter p denotes the type of stochastic selection (p > 1).
The case that p =1 with NV < 00 is called the TIM model ([12]) and the case
that p > 1 with N = oo is called the SAS-CFF model ([5]). The mutation rate
per generation from A, to A, [resp. from A, to A,] is denoted by u [resp. v]
(u, v 2 0). Here we set

So(z) = exp {—2‘/:c g%dy} ,  me(z) = @exp {2 : -g%dy} ,

s(z) = / " soly) dy, m@) = [ mo(y)dy.

c

The states of the end points 0 and 1 are described in Tables 2 and 3.

Table 2 The state of the end point 0

|s(0+)| | |m(0+)] | state
N<oo, v=0 < 00 =00 exit
N<oo, 0<4Nv <1 < o0 < 00 regular
N <00, 4Nv>1 =00 < oo | entrance
N=oo, v>0 = < 00 | entrance
N=oo, v=0, u<S12—Se+7(p-1)/2| =x < 00 natural
N=o0, v=0, u=Si2—Sp+v(p-1)/2| = = 00 natural
N=oo, v=0, u>S12-8n+7(p-1)/2| < =o¢ | natural

Table 3 The state of the end point 1

s(1-) | m(1-) | state
N<oo, u=0 <00 | =00 exit
N <oo, 0<4Nu<1 <00 | <oo | regular
N<oo, 4Nu>1 =00 | <oo |entrance
N=oco, u>0 =00 | <o |entrance
N=oo, u=0, v<Sp—-Snu+v(p—1)/2| =0 | <oo | natural
N=o0, u=0, v=S8Su-Su+v(p—-1)/2| =00 | = natural
N=oo, u=0, v>8-Sn+7p-1)/2| <o | =co | natural

Let us consider the following five conditions.

(i) N<oo, 0<4Nu<l1l, 0<4Nv<1.
In the case that 0 < 4Nu < 1, the end point 1 is assumed to be absorbing.

(i) N<oo, 0<4Nu<1, 4Nv>1.
In the case that 0 < 4Nu < 1, the end point 1 is assumed to be absorbing.
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(i) N=oo, u=0, v>max{0,512— Su+7v(p-1)/2},

(iv N=oo, u=v=0, S1>S2+7v(p—-1)/2> 5.

(v). N=oo, u=v=0, min{Sy,S12}> Si2+7(p-1)/2.
Under these conditions, there exists the following limit distribution,

(2) P'(t,z,E) = lim P (X(}) € B 0, <03,), t>0,z€l, BeBU),

for any sequences {£,}, {n.} satisfying & | 0, 1, 1 1 as n — oo, where o, be
the first hitting time at-y € I. We set

s(1-) — s(0+)’
1, otherwise,

(z) —s(0+) ... : :
K(z) = { k2 if (i) or (v) is satisfied, 0<z<l.

Theorem 6 Assume one of (i), (ii), (iii), (iv), (v). Then P*(¢,z,E), t >
0, z € I, E € B(I), is the transition probability of D* whose generator is
given by G*. If (i) or (v) is satisfied, then G* is given by

| NN
where b*(z) = b(z) + so(z){s(z) — s(0)}'a(z). If one of (ii), (iii) or (iv) is
satisfied, then G* = L.

Proposition 7 If (i), (ii) or (iii) is satisfied, the end point 0 is (s*, m",0)-
entrance. If (iv) or (v) is satisfied, the end point 0 is (s*, m*, 0)-natural. If (i)
or (ii) is satisfied and u = 0, the end point 1 is (s*, m*, 0)-exit. If (i) or (ii) is
satisfied and u > 0, the end point 1 is (s*, m*, 0)-regular. If (iii), (iv) or (v) is
satisfied, the end point 1 is (s*, m*,0)-natural.

The distributions like (2) sometimes appear in population genetics. Namely,
let D = [X(t); t > 0, P;; = € I] be a diffusion approximation of gene frequency
process. If the end points 0 and 1 are accessible, then the conditional distribu-
tion P, (X () € E| 01 < 0y) stands for the distribution of frequency of a certain
allele under the condition that it reaches fixation before it disappears from the
population. Such distributions and related topics are studied by Ewens [3], [4]
and Karlin and Taylor [9] in some cases.
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Abstract

As one of mysterious properties of the Monster simple group, J. McKay observed
that there exists an interesting connection between the 2A-conjugacy class of the
Monster and the (extended) Eg Dynkin diagram. Monster, the largest sporadic
finite simple group, can be defined by the symmetry group of the moonshine vertex
operator algebra. In this talk we will report on results of our research to find the
structure of Fg diagram inside the moonshine vertex operator algebra. This is a
joint work with Ching Hung Lam and Hiromichi Yamada.

1 McKay’s Eg-observation on the Monster

After the classification of finite simple groups, we found the Monster as the largest sporadic
finite simple group M. The Monster M has many mysterious properties; probably the most
famous example is known to as the moonshine phenomenon or the monstrous moonshine
[CN, B]. Another example is McKay’s FEg-observation on the Monster, which is the
main topic of this talk. Let us explain McKay’s observation briefly. The Monster has
two conjugacy classes of involutions, called 2A and 2B-conjugacy classes [ATLAS]. Let
g,h € M be two involutions of 2A-conjugacy class. Then the order of a product gh is
known to be less than or equal to 6, which is sometimes referred to as the 6-transposition
property, and the conjugacy class of the product falls into one of the following [ATLAS, C]:

1A, 2A, 3A, 4A, 5A, 6A, 4B, 2B, or 3C,

where the name pX is used in the way that p denotes the order and the letter X is labeled
to distinguish classes having the same order (cf. [ATLAS]). In [Mc], J. McKay pointed
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out that the numbers above can be attached to the extended affine Eg diagram as its
labels in the following way:

3C

o o o o I O o

0, O

1A 2A 3A° 4A 5A 6A 4B 2B

This is McKay’s Eg-observation on the Monster. By this observation, it seems to exist
some relations between the 2A-conjugacy class of the Monster and Eg Dynkin diagram.
Since the Monster is known to be the automorphism group of the moonshine vertex
operator algebra V! constructed by Frenkel et al. in [FLM], it is expected that the trick of
this mystery may be revealed by finding suitable Es structure inside V. Our approach is
in fact based on this point of view. In [LYY1, LYY2] we introduced an idea to explain the
mystery above by using Virasoro vertex operator algebras and the lattice vertex operator
algebra associated to v/2Es-lattice, which we believe to be the key of elucidation of the
observation.

To explain our works, one has to have some basic knowledge of a vertex operator
algebra. However, [ do not have enough pages to explain all in this article. So I decided
to explain the main idea of our results in the forthcoming talk and I would like to devote
the rest of this article to introduction to vertex operator algebras for non-experts since
the most of participants would be unfamiliar with vertex operator algebra theory. After
reading this introduction, I expect the reader would obtain enough ability to read the

introduction of [LYY1], from which one may grasp our main idea.

2 Introduction to vertex operator algebras

We give a brief introduction of definition of a vertex operator algebra.

2.1 Notation

First, we fix our terminology and notation. Let V' be a linear space, z be an indeterminant.
Then we define the following linear spaces:

Viz, 271 = {X,cztn?" |vn €V},
V((2)) = {Y ez | €V, v, =0 if n <0}
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For f(z) = 3 ,cz Un2" € V[z,27"], we define the formal residue by Res, f(z) := v_1, the
coefficient of 27! in f(z). For n € Z, we define the formal binomial expansion by

(z4+w)" = ; (7;) 2"t

Namely, (z + w)" is expanded in positive powers of the second variable w. Note that
(z4+w)"* # (w+ z)™ unless n > 0.

2.2 Fields

Let M be a linear space over C. A formal power series a(z) = . ,am2z "' €
End(M)[z,271] is called a field on M if it satisfies a(z)v € M((2)) for any v € M.
The space of fields on M forms a C-linear space which we denote by F(M). It is clear
that 1p,(2) :=idps is a field on M. We call 1,(z) the vacuum field on M.

2.3 Normal product

For a(z),b(z) € F(M), its composition a(z)b(z) does not be a field on M in general.
However, we can define the following product on F(M). For n € Z, we define the n-th
normal product a(z) o, b(2) of a(z) and b(z) by means of

a(z) o, b(2) := Res,, {(z1 — 2)"a(21)b(z) — (—2z + 21)"b(2)a(z1) }. (2.1)
One can check that a(z) o, b(z) is a field on M. Therefore, F(M) has infinitely many
products o, : F(M) Q@ F(M) — F(M) for n € Z.

Remark 2.1. One can directly see that (i) a(z) o1 1y(2) = 1y(2) o1 a(z) = a(z), (ii)
a(z) oo 1pr(2) = 0,a(z), where 0, f(z) denotes the formal differential of f(z).

2.4 Locality
Let a(z),b(z) € F(M). We say a(z) and b(z) are local if there is N € Z such that

(21 — 22)Na(21)b(2) = (=29 + 21)Vb(25)a(21) (2.2)

holds in End(M)[2i!, 2], and we write a(z) ~ b(z). Among the integers N satisfying
(2.2), the minimum one is called the order of locality between a(z) and b(z) and we denote
it by N(a,b). Clearly N(a,b) = N(b,a) and we note that a(z) on(ep)+i b(z) = 0 for any
t > 0.

Remark 2.2. It is not true that a(z) ~ a(z) for any a(z) € F(M). It is also not true that
a(z) ~ b(z) and b(z) ~ c(z) implies a(z) ~ c(z).
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2.5 Dong’s lemma

Lemma 2.3. ([L, K]) If a(z),b(2),c(z) € F(M) are pair-wise local, then so are a(z),
b(2), c(z) and a(z) o, b(z) for any n € Z. In particular, a(2) o, b(z) ~ a o, b(z) if both
a(z) ~ a(z) and b(z) ~ b(z).

The lemma above is known as Dong’s lemma. By this lemma, mutually local fields
forms a subspace under the normal products. This fact characterizes the notion of a
vertex algebra.

2.6 Vertex algebras

Definition 2.4. A wvertex algebra is a subspace 2 of the space F(V) of fields on a linear
space V satisfying:

(i) any two fields in 2 are local.

(ii) A is closed under the normal products, i.e. % o, A C 2 for any n € Z.

(iii) 2 contains the vacuum element, i.e. 1y (z) € 2.

1y (z) is called the vacuum element of 2 and denoted by 1.

By Dong’s lemma, we can understand that a vertex algebra is an algebra generated
by collections of mutually local fields under normal products o,, n € Z.

Remark 2.5. Even though our definition of a vertex algebra seems to differ from the
axiomatic notion of a vertex algebra (e.g. [FLM)), it is known that these two definitions
are equivalent, see [L, K].

3 Virasoro vertex operator algebra

We give an example of vertex algebras, which will be play an important role in my talk.
Let Vir = @,c7CL,, ® CC be the Virasoro algebra, an infinite dimensional Lie algebra
defined by the following Lie brackets:

m*—m_ .
5 C [, Vir] = 0. (3.1)

Let M be a Vir-module and assume that for any v € M, there exists N € Z such that
L,v = 0 for all n > N. Moreover, we also assume that the center ¢ acts on M by a

[Lm, Ln) = (M — 1) Linyn + Omgnyo

scalar ¢ € C (the number c is called the central charge of the representation). Then the
generating series w(z) := >, 7 Lnz™""? € End(M)[z, 27'] defines a field on M. By the
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Lie bracket structure in (3.1), one can show that w(z) is local to itself with the order of
locality 4:
(21 — 22) w(21)w(22) = (21 — 22)*w(29)w(21).
Therefore, the field w(z) together with the vacuum field 1y/(z) on M generates a vertex
algebra in F(M). This vertex algebra is referred to as a Virasoro vertex operator algebra
and denoted by Vir.(w(z)). It is known that Vir.(w(z)) possesses a unique simple quotient
(cf. [K]). In my talk, the simple Virasoro vertex operator algebra with central charge
= 1/2 will be used to define involutions of a vertex operator algebra.

Since we have no more space to continue, I end this article here but now I expect
the reader has studied enough fundamentals of a vertex operator algebra. So we refer
the reader to the introduction of [LYY1] to get a perspective of our works on McKay’s
Eg-observation problem.
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TRET 7 1« VEEERROHRILT 7 1 VHIE
ERERER
Centroaffine surfaces with flat affine metric
and conormal maps

& KRSt (Daisuke Nakajo)
MR BRI

Ferapontov showed the existence of potential for centroaffine surfaces
with flat affine metric, write down compatibility conditions of them in
terms of thier potential functions, and found it is the same as the
equation which is studied in Dubrovin’s paper. Recently, we study the
condition for an equiaffine surface to have the conormal map which is
affine equivalent to a centroafine surface with flat affine metric.

1. INTRODUCTION

T T 4 B, 2—2 )y RZEMICIZDIAENTZZRFRED T
T 1 VB TAE IR E Z M BN S R TH 5. R, 1
9 8 0FERICASTHS (FEIQ) BKFEC LIELAAREOHZRIC X b KX
HREERZRT-. ZCTR. 7710 VEEND5 | mE@bs, £1239
NRTDT T 4 VIERDEITTH D K 5 7% Blaschke HEI TH ST 7 o«
BRIS®. 77 « VAR OKEELZDORD TEE I NS INEB OIS
BT 7 4 viwNEITE R EOMEMNEL Bk R RN TE . fl
ZWET T4 VETEDNFH, HE3WVIEKVIEL. T T4 VEEMNEIHER
THBHEI2E RADT T 4 VERE DD 2] TEREIN TV 5.
LAL, HHET 74 Vit ZED. 774 YEKETHRNWT 7 1 Vil
HICDOWTIER DL TWE ST, ZOX S RIRHOH,
Ferapontov (& [2] T7 7« VEEAVHHTH 507 7« Vil 7z Z D
KT Vv )VOFEIC K DT, ESIRFORT Vv UM
M DRI IIN S AR (1) OffIc R > TWA T L EFH L. <
NICBHE L TEHE, GABNTERET 7« i U TZ DRIERR
BREM, 77« VEHEDEHETHZH0T7 T« Vi E T 7 « V[EE
THBHT=DDEMZRDT.

2. 77« vidimmsmlic DOWT

7T 4 USRI, EIC R NITIEDIAE NI IR ZARA D,
774 VEBTAERNEERANS. SROMEE TIERHIcHmo R
NDFDABZEERTZDT, TTTE R AOBHTEIXOHIAA | -
M" —» RN ICHET 27 7 4 VAEBRBICDVWTHIAT S, FFLVLR
BICDNWTIE 3] ZBEBIC LTHE W, £z, HimmmO AR A HW
IZDWVTIE [4] BEELL.

f:M"— Rz R NOEHTE, D% R OEHERHG L T 5.
CDEE, fICTHMINERT MUGFERDEDEET S &, BRICET
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% BZER DENI# 2 VT,

Dxf.Y =f(VxY)+g(X,Y)E,
Dx¢& = —f.SX +71(X)¢
EWVISENMEENS (Gauss-Weingarten D) . TD XK H 7%, 1TDHA
B f & ZIUTKEMEIEA Y MU € OfL(f,€) BT 7 4 Y ZDRREL
5. TDEE, Bl D BXUMD f. OBENS 9,8 KU T I&T7 VIV
ThHaT ehbhd. fzeZiE. g hHFE (0, 2) - TUITHBI L
WERDEXSICULTHLS. M EDC®HEART MV X, X1,X,,Y KU
M D C> EE o lTH LT,
DX1+X2f*Y = f*(ﬁXH-XzY) + g(Xl + X2a Y)f
a\
DX1+X2f*Y = DX1f*Y + DXzf*Y

= £:(Vx,Y + Vx,Y) + {g(X1,Y) + g(X,Y)} €

VRSN
g(Xl + X2aY) = g(X17Y) + g(XQ) Y)
BERD 1 )
Dyx fY = f*(vszY) +9(pX,Y)¢
L. )
Dyx f.Y = oDx f.Y = fu(¢VxY) + {pg(X,Y)} ¢
M5,

9(eX,Y) = pg(X,Y)

DD ILD. R™ _EOEMERHS D NMRN RN e 5 g A
MTUVIVTHBTENDONBEDT, ThHZEHHET g HFFE(0,2)
- TUVINTHBZENDh B, SRECTIIHUTERUAGETENTE
N, (L) -7V, (0,1)-FYYNVTHBI LRRT T EHHKRS.
9,8, 1 BTNTNT 7 « VTR, BHEMER, kU IP & d
NTWVW5. ARICLTV B M EOERZEDSLEDND, TN
EAEEG EPEENTVS., FICHEEIRECL LT, VHARENE
Bl W WS HENDH D, T UIERERS: D DMENERET-RnwT &
ICHRL TV, Fie, 2T > VIV g DIEELM IZEERIHAR 2 b
WIHEDE D HIKS TN LMD, 3DIAH f NIERIETH S
L. g BIBBILTH B L &R NS, LT, IBELARIZDAARREZ S
M, TOEE, —RIC g IR —SVEHELEZS. g D Levi-Civita %
eV ERYT. TOFEEREDE, K=V -VR&TVVIVZED,
CNEETVVIVEWS, TTT, 3IWERC %,

C(va) Z) = _QQ(KXY> Z)

WKXDEDB L, BT VVIVDEERRT 7« Vitgd B 2E AR I
B9 % Codazzi FFERXEZEMNS., CHWMIKEREETB T Ehbh
%. Tk Codazzi 7 VIV (EFIZHIC3IER) 9.
FERTRIAR Y RIVIG € L LT, I3ODIAH f DAENT MLzl n5 & X,
H(f, &) ZHLT 74 VidDIAB L NS, TDEE, 7=0. S=—id
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S AIRVASR
WBHAB f: M™ — RIS LT,

H(Xh'“ ’Xn) = w(f*Xh ).f*Xnag)

EBLE, QX MOUEERERS., Ik, FEINAEERL
V5. (TT T wid R LOBENZARBERTHS.)
FEINTAEEROICELT, VO =0%EZTIEDAR f LT
T RV € DR (f,€) DT L ZFRBIDIAAEWVS. ThiEr=0
EEETHD. EBREIVEED X € T,M (p € M) IZK LT DxéH
T,MIZBST 3T LAEL DT ENDD5.
FRIIDIAHOHFTE E SICFAZIZSHIAH & L T Blaschke 1 iA
HNHBH. TNIFHIDIAATH D, EHICGHFEINIAAREERON
T4 VA B gNOEEBWREER w, IC—HT 5 LD IEDIARTH
%. JEBEIEDAR f: M - RTIIBEZ 5Nz &, BT
MIVEG € 2@ HICERDEZ 5T LICK D, Blaschke IZIAHICT 5 T
ENHHRB LWVWS T EIHIENTWS. ZD XKD EEERIANT MV
1. BHDIARIHL—EBWICEES oD, ZOERT T4V
EXRT MVGENS.

77 4 NEDIAB (f,O) IR LT, REMEG v : M™ — (R™)* %,

Ve (fTM) =0,v,(&) =1

EBRBEICEDD. (TTT, ffTM|, & R bZF—HLT)
RIS, 774 VIEBDIAH (f,6) ICBNT (LT 7 1 VIiZDiIAFHR

Blaschke [$IARD K H12) BFHITHEMEINT MV ¢ HMEHEI NS

L&, BT fFOART (f,6) Z2EDLITHRELHH EZERLTEL.

3. BT T4 VEIEEREDHILT T2 Il EZFDRT T v )L

Ferapontov B\ [2] TR U AT 7 4 VEIEZE DHILT T 1
HEDORT V¥ v )VOEFEFEIE., ROEBICHK->TWS., T T T, #im
M OFtE ¢ W FHTH S Lid. g D Levi-Civita 8t VI W FEHTH 5.
Thbb VIDY— VIIRIRV ICEHLTRY = 0K IIDT &%
W, Ak, LT OMENERIE T X TREANZIRHTOHKD LD
LDTH5.

Theorem 1. f : M™ — R""' B30T 7 ¢ VEIEZFFD M™ O
D774 V3DAAREL, C, ZDT T 4 Vit@m R CFEHHD S
EE D Codazzi TV/VIVET S, TOLEMDEEDRpIIBWT,
FOHEIEIAREU L Z D L TERSNIEM F M FEL., glcfd
3774 VERE - ) B B RS ERD FCRORS U T
DAYAC ISR

s vica LTy —~< iR RY # RV(X,Y)Z = VxVyZ — VyVxZ —
V[X,Y]Z KX EDS.
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COEBICKDERINZEBF 2, CTTWREEET 74 VELE
EEDHLT T4 VHEORT VvV R 2ICT R, TOEH
BRD, 3ZXFERD Levi-Civita el & B WM OFRHFEICEE T 5
filifE & . Poincaré DffiEZ HWTEFHE N 5.

Lemma 2. 77 4 VEIEMNEH, b B7 7 1 VEHED Levi-Civita
Bz VELEEERY =0LAE%E5IE,

VxC(Y,Z,W)=VyC(X,Z,W)
MDD,

R, UFOXSICEHET 70 VEERZEDHLT 7 ¢ HED
TR HRRERIC K BRI, Gauss FREREEZ B LICEDE
ENBT e hd. ROEHIX, FHET T4 VitEZEDHLT
T4 VO Y EEERT VYV YIVEF TELEZLEDTHS.

Theorem 3. R>DHEFEERU FTEEINIET 7 4 VEIEMNF
HMDOAREMTH S IEBLEFLT 74 Vil f : U — R 2k0%E
B, F:U— R BT 55K

(2) mewayy - szszyy =1
DFFDEG LN 1 X 1ITHIST 5.

4. FHIZT T ¢ VEtEZ S DHOT T o Vil & RiEFRE B

EZX6NIFET 7« VTN LT, ZOREREENSEE S
HLT7 7« VDT 7 ¢« VEHEMNFHHTH 2907 7 « Vi e 7
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[ & Z DRERBBRICDONT, ZNENDT T 1 VEtE LFEHH D
I —MRAIC D LD ZE X 5. T T TIRRICEEERY 7 ¢ V5
BZRDOPLT 7« VHEOHEICH IR L TEZX. TNERT VY
W RWIEETRTY.

Lemma 4. f : M? - R* ZAREMETHELRT 71 VitEZ & DIE
BlEL 7 7o viimE L, FZZORT VU v)bEd 5. (o T,
774V@%%@T?f@774yﬁﬁﬁﬁﬁﬂmk&%.CCT\
Nij == 1-— (5,'j ‘Z‘-%%) if:\ f : M2 — R3 }2%%774 ‘/Eﬁ}_’_ L/\
gZTDT T4 VEtE, V ZihEEkl, S ZEEHER. vy 2 f ORE
WERETSH. TTT. SEM D&Hz CTEAITHB L5, Dk
Xy B FICT T 4 VIAETH B b DB,
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D Christoffelit®s. BXT (1,1) 7VYINVT =S DRI TH 5.

ok, 2200 (HFik) 774 VNEDAFHDEETH 5 1= b DA
HEBLT. ROEHZES.
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Theorem 5. f: M? — R* ZREMETYHET 7 ¢ VEHEZE & DIEER
L7 74 viimE L. FZZORT VI v)LETS. (EoT. 7
74 \/V‘:E %%O)—Fff DT T« ?/%fﬁbi gij = Tij }_’_f;:%) C@c‘f_%\
g7 7«4 VETR. V 28 S 2BFAR L L. TORERER
v FeT T4 VAL B X RERT 7« ikl f - M? — R®
MFIET 2 1o D DRE 7561,

9ij = tIm;

(3) 11ém9ljgm’c = glk (aiglj) - nleijk
Oitar — Oot1y = taoF111 — t11 F1go
Oitag — Ogt1a = tgaF119 — t11Fop0

L%, TTT, gy TE Lt & ZThZNT 71 VEtE g DG, V
D Christoffeliim. BXT (1,1) TVVIVT = S L DR TH%.
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GOTZMANN MONOMIAL IDEALS

SATOSHI MURAI

1. PRELIMINARIES

Let K be an arbitrary field and R = K|z, z,,...,x,] the polynomial ring in n
variables over a field K with each deg(z;) = 1. Let I = @, Ia be a homogeneous
ideal of R, where each I; = {f € I : deg(f) = d} denotes the d-th homogeneous
component of I. The function H(I,—) : Zso — Z>o with H(I,d) = dimg(1;) for
all d € Z>q is the Hilbert function of I.

Macaulay proved that, for each d > 0, there is a lower bound for H(I,d + 1) in
terms of H(I,d) by using following representations:

Let n and h be positive integers. Then h can be written uniquely in the form,
called the nth binomial representation of h,

h= (h(nzf n) + (h(" _nl)j”_ 1) ey (h(i)i+i>’

where h(n) > h(n—1) > --- > h(3) >0, i > 1.
Ifh= (h("f") + (h("_nll”;"_l) +---+ (h(’?“) is the nth binomial representation of
h, then we define

s _ <h(n)+n+1> . (h(n—1)+n> - <h(i)ﬂ+1)_

n n—1 7

Theorem (Minimal growth of Hilbert function). Let I be a homogeneous ideal of
R = K|zy,xs,...,%,|. Then one has

H(I,d+1) > H(I,d)<"">,

In 1978, Gotzmann [8] proved an interesting theorem, called Gotzmann’s persis-
tence theorem, on the Hilbert function of a homogeneous ideal I of the polynomial
ring. We recall Gotzmann’s persistence Theorem.

Theorem (Gotzmann’s Persistence Theorem [5]). Let R = K|z1,...,z,| and
I a homogeneous ideal of R generated in degree < d. If H(I,d+1) = H(I,d)<""'>,
then H(I,k+1) = H(I,k)<""'> for all k > d.

A monomial ideal I C R is called a Gotzmann monomial ideal if I is generated in
one degree d and if [ satisfies H(I,d + 1) = H(I,d)<""*>. (Note that Gotzmann’s
persistence theorem implies H(I,k + 1) = H(I,k)<""'> for all k > d.) In case of
monomial ideal I C R, each k-th Hilbert function H(I, k) of I is simply the number
of monomials of degree k in I. Thus if V' is the set of monomials of degree d in I,
then I is Gotzmann if and only if |MV| = |V|<"~'>, where |V| is the cardinality of
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the finite set V. We are interested in the structure of Gotzmann monomial ideals.
Instead of discussing an ideal I itself, we consider the set of monomials of degree d
in 1.

Let 1%125% ... 2,% and z,z,% ...1,% be monomials in R. The lezicographic
order <ie of R is defined by 1% 29% ... 2,% <jep 21222 ... 2,% if the leftmost
nonzero entry of (b; — a3, by — as,...,b, — a,) is positive.

Let M denote the set of variables {z1, s, ..., T, } and M¢ the set of all monomials
of degree d in R, where M° = {1}. Let V C M be a set of monomials of degree
d. For a monomial u € R, we write uV = {uv : v € V} and MV = {z;v : v €
V, i=1,2,...,n}. Also, we write ged(V) for the greatest common divisor of the
monomials belonging to V.

b2

(i) V € M? is called a lexzsegment set if for any u € V and for any monomial
v € M? with v >, u one has v € V. For a positive integer |M¢| > a > 0, let
Lez(n,d,a) C M? denote the unique lexsegment set with | Lez(n, d, a)| = a.

(i) A subset V C M is called a Gotzmann set if |MV| = |V|<""1>,

It is known that every lexsegment set is Gotzmann.

2. MAIN THEOREMS

We define V' ~ V' if we can obtain V' from V by a permutation of variables. In
other words, there exists a permutation 7 of {1,2, ..., n} such that 7(V) = V', where
for the permutation 7 = (w(1),...,n(n)) of {1,2,...,n}, we define w(z$*...z%) =
Tty) - - Tty a0d T(V) = {7(u)|u € V}. If V. C M? is a Gotzmann set, then, for
any monomial u € R, the set uV is also a Gotzmann set. Thus we often assume
ged(V) = 1.

First, we remark that if a positive integer a > 0 is given, then a determines the
degree d of Gotzmann sets V C M¢ with |V| = a and with ged(V) = 1.

Lemma 2.1. If V C M? is a Gotzmann set with ged(V) = 1, then one has
(d—1+n—1) < IV' S (d+n—1)_

n—1 n—1
Every lexsegment set is a Gotzmann set. However, a Gotzmann set is not nec-

essarily lexsegment. The main result is finding all integers a > 0 such that every
Gotzmann set V C M9 with |V| = a and with ged(V') = 1 satisfies V ~ Lez(n, d, a).

Theorem 2.2. Let R = K[z1,...,%,| be the polynomial ring and a = Z;:; (“(Jgﬂ)

the (n —1)th binomial representation of a positive integer a > 0. Then the following
conditions are equivalent:
(i) a(ln—=1)=a(n-2)=--- =a(p);
(i) If V. .C M? is a Gotzmann set with |V| = a and ged(V) = 1, then d is
determined by a and V ~ Lexz(n,d, a).

Let a = )77 (“(j}”) be the (n — 1)th binomial representation of a positive
integer ¢ > 0 and V a Gotzmann set with |V| = a and with ged(V) = 1. By

Theorem 2.2, if a(p) = a(n — 1) then V must be a lexsegment set by a proper
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permutation of variables. A positive integer a > 0 is called an nth leznumber, or
simply a leznumber if a(p) = a(n — 1).

Example 2.3. Here are some lexnumbers for n = 3,4, 5.
n=3:1,23,5,6,9,10,14, 15, 20, 21, 27, 28, 35, 36, 44, 45, 54, 55, 65, 66,
77,78,90,91,104,105,...
n=4:1,2,3,4,7,9,10,16, 19, 20, 30, 34, 35, 50, 55, 56, 77, 83,84, 112, . . .,
n="5:1,2,3,4,59,12, 14, 15,25, 31,34, 35, 55,65, 104, 105, . . .,
For fixed d, there are only {d(n — 1) + 1} lexnumbers, since there are (n — 1)

lexnumbers between (“*"71) and (£17).

We also consider Gotzmann sets in a few variables. If n = 1, then all sets V . C M?
are Gotzmann sets. If n = 2, we can easily show that V C M? is a Gotzmann sets
if and only if V =0 or V = M%, when we assume gcd(V') = 1. We consider the case
n=3J.

Let V be a set of monomials of degree d and let u = z{*z5*...2%" a monomial
of degree d. We say that a monomial v = 28z .. P of degree d is under u for
i if b; < a; for all j # i. We call u € M? a fized empty element of V for i any
monomial which is under u for ¢ does not belongs to V. Note that, if u is a fixed
empty element of V for ¢ , then any monomial v which is under w for ¢ is also a fixed

empty element of V for i.

Theorem 2.4. Let R = K[x1,%2,23) and V C R a set of monomials of degree d
with gcd(V) = 1. Then, V is a Gotzmann set if and only if any monomial v ¢ V of
degree d in R is a fizred empty element of V' for some i and |V| > (d—Hn*l).

n—1

Example 2.5. To understand the meaning of Theorem 2.4, drawing a picture of
monomials is useful. In the picture below, all monomials of degree 4 in K|[z1, z3, 73]
are displayed. The monomial z] is in the lower left corner, zj is in the lower
right corner, and zj is at the top. The black dots denote monomials in V' and the
empty circles denote monomials which are missing. For example, figure (1) means
zi 23y, 2222 and 1,73 are missing. In the picture below, we classify all Gotzmann

sets V in K [z1, 2, 73] with ged(V) = 1 and |V| = (*}?) =4 = 11 up to permutations.

(1) (2) (3) (4)
£L'4
2o o o O
Oe ) o0 o0
oOee cOee oo o0 coee
Oeee cOeee OO0 ee Oeee
X K X X OOCeee O0Oeee OCOe0eee
4 4
Ty I3
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@) @) O O
o0 ( N ce C e
00 o000 00 00
ceeeo o000 ceee 000
OOCeeo OO0OCewe cCceeoeo0o0 OCOCeeoo
9) (10)
©) O
® O ( N
o000 00
o000 ceee
CoOceeo Ceeeo

Theorem 2.4 says that each connected component of empty circles must be at the
corner. Also, the numbers of empty circles must be equal to or less than the degree
of elements of V.

3. RELATED WORKS

There has been a lot of interest in the extremal properties of Hilbert functions.
We note some related works.

Aramova, Herzog and Hibi [2] consider Gotzmann’s persistence theorem for the
exterior algebra. Furthermore, Gasharov [6] generalized the persistence theorem
to finitely generated modules over the polynomial ring and to exterior algebras. It
would be interesting to extend the persistence theorem for more general objects. For
example, in [7], persistence theorems for the ring K[z, o, . .., z,)/ (27, 252, . . ., 2%)
is considered, where 2 < a; < as < -+ < a, < 0o and where z° = 0.

Let I C R be a homogeneous ideal and let I(4) the ideal generated by all polyno-
mials of degree d in I. A homogeneous ideal I is called Gotzmann if H(I(4),d+1) =
H(I(4y,d)<""'> for all d > 0. A monomial ideal I C R is called lexsegment if each
{u € M?:u € I;} is a lexsegment set. Herzog and Hibi [10] gives an interesting
characterization of Gotzmann ideals from the viewpoint of graded Betti numbers.
This work is related to the extremal property of lexsegment ideals ([1], [3] and
[9]). It would be interesting to consider further properties of Gotzmann ideals and
lexsegment ideals.

Results related to Theorem 2.2 have been obtained by Furedi and Griggs [5].
They determined all integers a > 0 such that every squarefree Gotzmann set V'

with |V| = a is unique up to the permutation of variables. It is a challenging
problem to determine all Gotzmann sets. However, structures of Gotzmann sets
V C K|[1,zs, ..., %, are more complicated for n > 4.
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The gonality conjecture for curves on a toric surface

JIE B (RERRZZRZERGHE AR
Ryo Kawaguchi (Graduate School of Sience, Osaka University)

Abstract

Gonality is one of invariants for non-singular irreducible projective curve. The gonality
conjecture which had been predicted by M. Green and R. Lazarsfeld in 1986 was proved
for curves on Hirzebruch surfaces by M. Aprodu in 2002. The aim of this study is to
extend this result for curves on toric surfaces. At present, a partial solution has been
gotten.

=

RECGRMZDFEITIFRE L U TRESHEEDO T ENBET S NE D, FrIERFERE
TR EBHERIC OV TR, IEERFZ2H > TRENEDENTZS. TN 2T 5
eI, £33 X EORFICET 2EARNZEERZ WL O ERL THL.

X 7% C O g DIFFFRTHEINREIRE LT e &,
{D=3"nD;| Di: X EOORTEARBEHER, 0, € 2, HIRMERBE n, =0 ]

Dt X LORFEVS. X FORFDEEZ L, arEaY—#LMEnsg CR7 k
VLRI HO(X, D) WEE D, ZORIT#E hO(X, D) £ EL . £ %ER L HENS KT
DEE |D|, BRUZNNBET 2IERIEB op: X - PP HEENS. CTTP &3 r R
TCEESEZERMT, r=1(X,D) -1 TH 3.

T, FIDIChNTz@ D X _FOBMERTF L FHIN B KRN F Kx IcDWTEZ B L
KD, X ICRDK S GHIENNFEEZ 5N TES. X7, |Kx| =0 %5 X ~ P!
Thbbg=0 (BHEER &%%. %/, Kx ~0(e0¢€ |Kx|) B51Eg=1 (F&MeH
M L7500, oy PDBIZ 1 RICES. ThD 2 DORIFRICEI L TR 9 TIChRZ aIfZEh s
ENTHY, L OUENHISNTNS.

—77 g = 2 DEIFIC DV T gjry DIFIE 1 RTTICIR 5 TED, gxy DEDAAZE Z
%G GEHEEMD &25 ThVEE (BREMEHD) LIchds e TES. XN
HBREMHIIRD & 213, X H SEUERR P! NOXRE 2 DIEAIEHE X 25 P! MFEL, X 1F
P! D2 EHEIC/EB T EHNHSN TV, 72 TIHBHEMIRC OV TS, ZhH P DR
(EAEREICRENEEZB LT, KOFLVAEMNMEONE THA S LWV A
T 3. COREEZEIT VT 1 ML, [EREICIE
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gon(X) :=min{ k| *IEAIEMR f: X —» P',degf =k }
= min{k | X DREk DX )b g}

LEBENB. CTTRYVIV g LI KX, D) = 2% 3EF D OEERIVE |D| T,
degoip =k %5 DRKT. gon(X) =k THBHT &%, X 13 k-gonal THB LWV I.

TSR

d
RF & AEINCF UHERICERER L PHEN S L OB B D, BT D =Y n:D; IKHIE T

i=1

d

BEMRLICOW T degL := Y n; LEDHD. TFVTAICEDEZFERL LT, KDL S
=1

BT EMNAENTVS.

EIE 1. ((GL1)) X 7ZzfEEk g DIFRFEBL A AEHERR, c2IFaB e L, X EOE
R L Tdegl > 29 +k%5%bD%L%. TOLEXNgl ZFRDELIE (X, L) I (M)
il IR,

TCTT, (M) LIZUTCEREINSGHETHS.

EE2 XLhIEH1OEOEL, LZ X LOBERERE TS . (RO p > (X, L) -
k—1ICHUT K, (X,L) =0 BWKDILDE %, (X,L) & (M) ZHifed v, 2L,
Kp1(X, L)1, LM 5EE % Koszul TRERY—LMENS CY MVER K, 1 (B;eq HC
(X,il),H(X, L)) =#%&7.

& 51T M. Green & R. Lazarsfeld I 1986 £EIC [GL2] DT, EH 1 DM ZZHTILDR
DFE=EITr.

dFUF P ([GL2)) X & kFEH 1O &L, X EOEHER L Tdegl > 29 7%
26Dk ELE. TOEE X Wgl ZFFDOT L& (X, L) N (M) 2l E RN LIXEET
H5.

7V 7« PRI TNEIEREERI At AR BRIV 7113, ZD_EOERKRD
Koszul A RERI—ICDWTERT B LICE > Tt eNb T kidixb. T k-gonal
it X _EO+DRERREDERRR LISDOWVTIE, EEDOEE p > hO(X, L) — kicHfL
TKp1(X,L) =0 &V HBEEHENE DD L ETN5.

ST, M. Aprodu 337+ V574 FEZ X ALy 2 7))V 7 EOHKRTH 25D
WTHEZL, 2002 I [Apr] DF TRD K 5 RFERZH/TWS. 2720, TT T aldIEE
B S, e RV 27V T7EmEE L, T & AZZFNZE Nrulingmap 7 : X, — P! O—
&7 7 A=l &9 5.

EE 3. ([Apr]) T, FOIERFRBFHR X = kA +ml 2L 5. CDLEkm e Z D
k> 2, m > max{ak,a + k} Z{H/z8E X I& k-gonal T, XITDWTIF VT TRIE
L,
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CTT,m>2ak&WV5DIE X HRT, DED B, EOEEDEHIEHER & DR SEBHIEE
THBIZDDRBEFRNEMFICIZ>TVS. — A, m>a+k EVWIFRBICODNTEZS L,
a=1DLEFm=Fk7ZE X &k XFHEHEREFARICZD, TOHEIE X & (k—1)-gonal
IKi%5. £z, a=0DL E W rulingmap M2 AAEICEN, m<k—-172&mDAENITFV
TAREZ%.

EHRER

T D M. Aprodu DFERZ, X BNIERFR IV /87 b b=V v ZihE EOE TH 3546
ICDWTHRER S 2 DB DOBERETH D, TEX TICLL T D K 5 KB IIERZ1E T\ 5.

9, SEP2 TRWIERIRO /RS Ma b=V w Jifif, X % S EOIERREKIERTR &
T5.20DLE SHEP NOELHNEAZENEE f: S > PV E Lt —D, G4E
FREENS. LUTFTIE, kEVAREEFNSD fFICXHL, fO—&T 7 A3—b X DR L5ED
R/MEZTET T L 2T 5.

EE 4. SBP?2THRWIERREOY NI M b=V y 7l T, FRdORZEEIEHDO LD
FADLEO LMENWET S, X725 O g DIFRRBNEIRRE 5. 2D & E, XX
TTk>2%5E ROWTNHDEKDILD.

(i) X & k-gonal T XICDWTIdFH VT4 FREIZIELL.

(i) X & kX TFHEiHRICFRETH 5.

FHARKBOWT, X BRI THREVNE<S1IDEZIE, X TS,

KEICIIRAZFAIEBRO L D FIRAED & H 2 DOHNEEXD T, SERIEEH 4 DFRZEIE
AIBBRDE DN LED LW RERIZT LT, —fROIEFFEIRT M b=V v 7
M ETERBROMERZRLIENEEZTNS.
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(An inverse problem for the one-dimensional
wave equation in multilayer media)

KIRAF X EREFAER XRE
(Sei NAGAYASU (Graduate School of Science, Osaka University))

Abstract

Our problem originates from a simplified model of the nondestructive in-
spections. We consider half-line media which consist of many kinds of sub-
stances. We can directly observe the data near the boundary point of the
half-line, but we cannot directly observe the data of things away from the
boundary point. In this situation, we try to identify these unknown things
by creating an artificial explosion and observing on the boundary point the
waves generated by the explosion. In this article, we formulate this problem
mathematically, and we consider the formulated problem.

1

CTTEZDDE, IFERE RS VTIVICET L LIRIETH 5. BiEEE D
BEEEANPERRRIC DN > TTEEROEMARZE Z % (K1), BlHlEL, HERD
mmEHEICES &9 %, Zniiic, 8BS dmaHEOERISEZBEITZ 500
EY, mh b\ & CADEREZEEBNT ST LIITERV. T T, TDHEE
BRI TZARWEREHERNT 272010, RO X 5 5B Z1TS. 7, FEROIH S
MR ANTHICERZRRCT. T58, ZOHRICK > THANZIEIMEDS. Z0D
BEDSE, Btk > T 2 DEEMTS. ZL T, ZOBRILIzT—2h 5,
D SN E T ADEFREHERNT S L Z2idA 5.

2 RIEDOEIL

2.1 FIEADEH

LIF, COMEZEZ 510, i 5ZEAL, MEZERLT S (K2). £9, %
ERAEZHLERR[0,00) TR (TEHRN z = 0I1THYT S). kL, N EOHE
MOEMoTTETVS EL, IV E T AN, BE 1, #E2, ... HEN &
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- E\ g
BIAT e ! ARHI
BRE |

1. BEX TV B EEDIRE

MK LICT DB (F-> T, HE NITFERXE E%5). BEE EHE L+ 1 &k
BROMEER hy £RT (k=1,...,N—1). i, ho =0 &iEL. X, NTEEZEZ
BZRZyETB0<y<h) SEEEDOEEYR p, VVIEE E, LB YT
e, BOMUOEE L BAMEBE L0 D EDHOT T, TNIWHEICKS
EBTHD. COLx, BHE k2D BWOBEE a) X, ap = /Ex/pr £75%. T
DEE ar \CXF % d’Alembertian P, %7, Py, := 02 — 202 TEET 5. X, u(t,z) T,
TEARNIE 2 1B o Te D, Wil t TOENZERT .

HE 1 TREEt = 0 @ y KTV ZBEFOEmRZRCI T LIcLELS. §5
&, HE 1 TOWEDIRSFHENII,

(W.1) Pu(t,z) =0(t,z—y), teR, 0<z<h

retftEng. —4, WEE (k=2,...,N) CRECHNZEZEVDT, 22T
DI DIR B TN,

(Wk) Pku(t,m)‘: 0, teR, hp1<x<hg (k‘ =2,...,N— 1),
(WN) PNu(t,x) =0, teR, z>hy_

LEMMEEND. RIC, iR COFRMNED, R CTREHTHSH LT %, DED, HHE
e S

(B) Oou(t, T)|e=0+0 = 0

BEZDL. BBIC, WHE LB E+1 EOBEER = b, TOFRFIIDNVTER S
(k=1,...,N=1). £F, BEETE, BICKZ2EMNERTHHLEZOLNS. £
i

(LK) (s &) |z=hy-0 = w(t, T)|a=hito

EEREENS. £, BEEAEEL THE L IXHEE L+ 11, HE k+ 1138
BEICHZERIELTWSD, TOZDDHXERARIERAOBEFRICH D, REIHEFEL
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BE 1 BHE " BE N
1

0 (ho}z—.y hll hiz ce hk{— 1k ces hl\?—l .
ﬁrg: al a2 o e ak e aN
’{\/E“ﬁ\/XI b1 bg bk bN

2: A LTRlS

CHMETHBEEZLNDS. SVWHAS L, BERTRISHVERTHSELEZS
n, TN

(J.k) Er0zu(t, x)|p=hp—0 = Er10:u(t, T)|o=h,+0

EEREENS.

BLED (W.1)-(W.N), (B), (I/J.1)~(I/J.N — 1) B&5EH S HERNTHS. M
T, WELABDHEDA VE—H VA by, = VEpp EVIBHFEALTHEL. AV
E—HUALiF, —ETE 2 &, WHADWKEZLABRNZERT/INTA—XTHD,
ICEZBEEDNDEN > TV BIFE DR DRSS - EilZR T ERICKE HEE 2Rz
T IDAVE—EVRE[MS &, (Jk) X

(J.k) arbrOzu(t, T)|o=hy—0 = k1084105 u(t, T)|z=h,+0

EEEHRZONDS. 51, TR, SHEZREMNMI2EHE LT, B pp - YV
TR E,ORDDI, HOEE a, + A VE—Z VAW ICHEHT R EICLES. 1,
DI EDHRERDEHICOWTIE, [1] ZBR L.

2.2 FHIEWNICHNT ST I TORE —ERR-E & HREE—

LLRICE D T 2 TS AR o7z, &AM, W8 (R E2 5
LS L E I, MAHERRORE R THN>TVS E LT, 20 L 2 DMH TR
KOMOYEE (RIEZ &7 IFET D, RIEHE—DH, t — o & LTz & DIRDIR
DINE LS, %) ICOVTEIRT 5T ENBVDREN, SEEZ VIR S
TRV, SEE 2 72O, SEHEOER (0, by, y) ROBRIT— 2 (u(t,0))
ERHoTVB E LT, BEA DIV E T 2 DB DWEH (ap, by, he) ZRDZ, D
FOMEEICS S &, RO—ERAI M- TV B & 2T TR O RE0E Kb 3 1
ETH 5. WECMOTEREML O LIZE LS BT, 0k S R RIEI%E
BN TS, FIC, SOBRERMOHEROREEID 3 HER DT, (REGR
EREEL PHENT VS, THUCH U, ST TH 3 & LTI HREROMR
DHBICONTHRT 5 IEIIEEE L I T 3.
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W2 2 2 BEOEANEICE,

o —EM: TODBIRT— 2N BT T, HRAIL T2 0RAERE —BT 5 0h
E5H. VA S L, RAERMELZNG, BT —2 8 Hx58 DIk 5
DMES M, &3 &,

o B BT —2MNEZX 0N EIC, £S5, ZOBRIT—2ZH
TARMIEHRZRE (FRR) TE 5D, L5 E.

o ZEM: ZODDERT—RZOEINNE TN, HEHI LU ZWRABHROEL /NS
VOMNEIH, BV E.

Ehdd (FELLIE, FIZE 2] ZBR).

W, RO ARERE () Hgritd LIz LRz 2, EREE I,
He ozt 2130 - HRICHEREZ 5 27— 2B FTDh> T3, LVSRE
DFT, EOXS RSN 200 ZHEND S, SVIZ S L, BT —2DEIE
HZHEER T AMETH S VS T ENTE, —7, ME LI, BHEzidh 3 51EH]
RHRRCHE R EZ 5 57— ZCKAZERNEEN TV S LI, BllllT—2H
5 ZDORMOERZHNT AHETHELNI T EMNTES.

3 FER

T, oL icERE LZREICR L, SEFSNIERICOWTERBMALELS.
SEESNERIT, BERICOWTOEDTHS. ROTHERIT, B &S HED
AVE=RZ YV ZANELLZRNWT EHATFDHD > TOIUL, b {HEOER & Bl —
EW5, WRMNLENETADEED AV E—-F VX KU EEOREEHE L
DLt B, ZOERAEERIDOE TG U T, WMAISGENE T AN SIELICHERTE 5,
VWS T EEELTNS.

FEER ([8])- b #bjy1 =1,...,N=-1) T3, a, by, y JBHITH B LT
5. BllT—2 v(t) == ut,0)B[0,T) ETEZAONZLTS. TTT, ultz) i
AHER (W.1)-(W.N), (B), (I/J.1)-(I/J.N — 1) DfigEERYT. TDELE, EE by,
(hk — hk_l)/ak (]. S k < No - 1) 75’@(@73&'(‘@%)&"(%%

FIEL. vi(¢) := (—11—H (t — y—) —o(t) EEL. HU H X Heaviside BA%X.
1

ay

FIE k+1 (k=1,2,...). [0,T) Ev(t) = 0725 EFHBRT, COLED LA LD
No\THHIET B: v, (t) = 0. — 7, wi(t) # 0 % 51, ROFHEE BRITT 5
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oty :=inf{t € [0,T) : vi(t) #0} LE&EXK.
L4 lﬁW)J: 5 I (hk — hk_l)/ak, bk+1 %@%E‘Zj‘%

hi—he—y 1 v\ & hy— b
=l =+ ) ) L
ag 2<k+a Z a;

1

=1 7
k—1 k—1
2572 [ [(Bbs41) + vt + 0)ar [ [(b; + bjs1)
by 1= —— I =L b
k+1 -— E—1 E—1 k-
222 TT(bbjs1) — vi(ti + 0)ax [ (b; + bjin)?
j=1 j=1
1 hi h h hi — hg—
o U1 (t) = vg(t) + —g® (t; E;bl by —, 2L, B 1;T) EEE,
aq aq ai as Qg

ROFIECHETs. T, ¢ 11X

g(k)(ta)‘7b1a s 7bk+1; @h .- >@kaT)

= . > Ge(ma, ..., my; by, ..., biy)
{m;Ye_,: jgl(mj+1)@j§%(T+)\)
X Z H <t—— <I/)\+22(m]+1 ))
v=%1

LS TR LTS, M, bt (b — biar)/(b; + bysr) 752 & DEBRADOROEERIT
B0, BEHEERLESN TSN, T C CREIET 3 (BT 3] 5H).

FHRERFD g®) DERIIE, KHHUCE 2 TEEOEMA L T X /285n 720

DI ORET BT N BBIT—%21 THO, Thud, FINEFEZ RN
FEZIB/BONET—2L VS L TES. HiiE L IEMEE, é<ﬁ&5f’:ﬁ%&
WO HITIREL, HiE L UTERLENTREZR LK S S &) IERHED
FOBFENEBRPBREICIZETLLBLHDHEITHS.

SE
(1] RFVEST, #RE) &, EEERE, 1992.
[2] N, s ROMRTE, 2% 53 (2001), 113-124.

[3] S. Nagayasu, An inverse problem for the one-dimensional wave equation in multi-
layer media, preprint.
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Morita theory in Poisson Geometry

BT
BRI R G T 225k
Yuji HIROTA
Keio Uhiversity

Abstract. Morita equivalent which arose in pure algebra was
introduced to C*-algebras by Rieffel , and was applied to Pois-
son Geometry by Xu. It is the idea which indicates equiva-
lent categories. In my talk, I want to give some results ob-
tained from applying it to twisted Poisson manifolds glancing
through the Xu’s studies.

1 EA
1.1 Poisson Zik{&
C-ihZ kA P FOBEER C(P) I Leibnitz Al

{f, gh} = {f, g}h+g{f, h}

7729 Lie FEIIAE {o, o} WMERIN TS & E | H5lliE {e, o} ZPoisson
&, (C°,{e,0}) 7 P L DPoisson #EL W\, P % Poisson %k
KL

EREDBIRINA S Poisson Z8kK& P ICiE {f,g9} = n(df,dg) THHEKS
IRZEBANY MV e D(NPTM) WEET 2T M 3. Fiz, Poisson
AL {e, 0} ICBIY B Jacobi HHFNR [r,7lsy = 0 LFAMETHS. L
723> T, Poisson ZRAZEET S DICEHBIROEETHRD B KD DI
[T, 7oy = 0 ZHlcd ZENY MU ¢ ZRAVWSHELHSD. T
e, o]sn & Schouten-Nijenhuis FEIM EFHENZ L DT, I'(A*TM) TEE
ENBEETHS.
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1.2 FA3HI Ttwist TN Poisson &

BONGREBRIAE M L TERENIZ2XY MU n e T(N2TM) L3
B ¢ € Q3(M) HBIFRR
1

5[m sy = N (¢)

2z 9 & &, (M, 7, $) % ¢-twisted Poisson Z#EL LN &b kb
C OBERIINIFER Y T < RO ZF L, WZW-Poisson #i&E & &
KENTWB. £z, M BT dv+¢ =0 %729 3R ¢ LIEBIbK 2
R whHsEE, (M,w,¢) % ¢-twisted symplectic ZEEE LS. &
H# D Poisson ZHkAIE, twisted-Poisson ZHAEDRFRIE 7 —Z (¢ =0) &
RifE3.

Twisted-Poisson Z#{&lX, Dirac A ZORFHATIAET L&A
RETH%. VWE, M ICHA3SER ¢ DEZSNTVWE L LI ETAY ML
NYBRIWWE,=TM@T*M EOYWEKIIDED X 3 7% operation Z27E
H3.

L ((X,£), (Y,m) = &(Y) +n(X) € C=(M)
2. I(X’ 5)’ (Y’ 77)]' = ([X> Y]7 £-‘X”?"|'Z'Yd£‘|"L‘X/\Y¢) € F(E¢)

HL, 27 MU DFET BEDNY RV L, CTM @ T*M B e, 0]
ICELTEALCTED, BN D rank Ly B M DRTTEFELL, (e, 0) &
L. ICHIR L7z T AT O THB%51E (M,n,¢) l& Twisted-Poisson £
MRiAL RS,

& C, BH D Poisson ZREADRE/ N RV Poisson Fa&EH 5%
HXN 3 Lie algebroid DHHEMNA D, Poisson ZFRAIC K - Tl Z i
BHAHEHLEHENIET S EPIMONTVS. ThERKEIC, Twisted-
Poisson ZH(A (TN T T RW) ICE RO IN D 5. TN h Twisted
symplectic FEE L FEHEINZEDTH 5.

2 LieHEHHETE

Twisted symplectic FEFDOFZRHEFUEIC DN THIRBFIIC, WNE T HhDHE
HZET 3. C° MEHE X H5 Lie R G, = Gy DRRZER Gy N\
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DEB J: X — Go KX LT,

1. J(g-z) =t(g) (¢! target map)
2.(gh)-z=g-(h-z)
3.¢(J(z) ==z (e & identity section)

ZHIETEBR G+ X ={(9,2) | s(g) =J(z)} - X WN5EZ5NL ¥,
G =2 Gy D X \DEERENWD, J: X — Gy ZEHBEH/E IS5 T
T s & source map ZZ£HF. Lie HEHDLEFEHAD S b TR BEZANL,
target map ZEHEEMBR L TAHAHHOETHS. X "DEEHAL EREICE
#INS. Tz, X I Lie B8 Gy — Go, Hy = Hy NENFNEEHSA]
PUCEF LT3 &€ X #G-H bibundle 2 W, 585 TG — X — H
£&E<. #L T G-H bibundle X IZBWT, A (£) /EHICEET % EHEIEE
B J: X — Hy(Go) DET 7 43— J 1 (p) (Vp € Hy (Gy)) I G (H) H¥
BRI DERICEHAL TV & &, X Zleft (right) principal bibundle
P N

ST, BEAMNZENZFNES % left principal bibundle G — X «— H,
H—Y ~«KIZWHTBET7AN—FEX xg, Y IZiZ (2,9) — (zh,h"'y)
IZ&D H OEEAMEERESNS. COFERICKAEZEM X @ Y 1T
p: X®rY — Gy, [z,y] — p(z), 7: XY — Ko, [z,y] — 7(y) ZEH]
BEBEL, g-[z,y] = [97,v], [2,9] - k = [z, yk] ZZNZFTNEEH, A1F
& 9% G-K bibundle DEENAS. TTTp7 EZFNEFN X D £
G-ER, 5#XUT Y O G KFHICET 5 EHEEHR TH 5.

Lie HifiE2tklE, TN o2 RS & L, left principal bibundle D[FH
HEG LT BB LG 755, ¥, ZD0D G-H bibundle X,Y HFEMTH
L, X &Y OMICHEFOEH L EHEBHRICBAL TRIELL KB &5
EMATEHEBNFEET S LRV . DL EHFHOEMIITARD @ T
Bz 5h, 1[8%5E, source map, target map & ZNFIEFEEMHRICE
B, BEEOEZ/ER £ 9% bibundle G — G «—~ G TH5. & L, Lie Hiftf
G1 = Go, Hi = Hy DRIC left principal M right principal T®» % K 9
75 bibundle WEET % L ¥, ZN 5D Lie HEHIFHRARETH 2 &1
BEUVHEZ NIE Lie BHOKREFMEL I, B LG ICBWTHEZ NS ZHET.
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3 Twisted symplectic EEDZAEE
Lie B I = Lo WKW U, Ty i= T X(sp) - X(spy I (K EIDHE) EBE,

(Y25 s Vk) i=0DEE
(v, 72, ) =9 (1, Y, ) 0<i<kDEZE
(71)"')7k—1) ZZk@}_’.%

WCKD 0 Iy — [y ZEFET S. 0: Q(I%) — V(i) Z (k+1)-1f
Do;(0=i<k) 2| ERLERRME TN, (Q41),d,0) 1T ZEEHK
Y. TTT dIZEEONED d: Q) — QI () THB. Hiff
I = Iy T, TNDFET 2 2EERICBO T w + ¢ A 3-cocycle &5 K
I 7IBBtE 2 RER w e Q¥ () & 3XFER ¢ € Q3 () WEETS &
Z, (In = Iy,w, ¢) 2 Twisted symplectic HEE &S .

WX, Twisted symplectic HEE (G1 = Go,wa, ¢a), (H1 = Ho,wr, r)
KX LT, LTOFRSEZRT CPREBHE X & Jg 1 X — Go, Ju -
X — Hy BXUIERIEEZ 2R wx € O*(X) WFEETHLE, X
ZHamiltonian G-H bimodule &\ 5.

1. X & G-H bibundle G — X «—~ H TH 5.

2. de = JG¢G - JH¢H

3. Wit G x H DIERICK DFFEE I NS graph M wg & (—wy) ® wx
(—wx) 1ZBI L T Lagrangian £7%%.

HL, ETE5LTAD G x H DIEAR, s(g9) = Ji(z),s(h) = Jo(z) =
Wz deTD 2,9,h ICHLT (9,h) -z :=gzh™ THZADBND. ZDD
Twisted symplectic Fift (G, = Go,wa, ), (H1 = Ho,wn, o) HFRH
[F{ETdH % L&, bibundle & LT right principal 5D left principal 7%
Hamiltonian G-H bimodule X D#FET % & E &2\ 5. Twisted symplec-
tic HAEDOZRHAEMEL £z, B TwSG OFETHIRT 2N TES. C
C T TwSG & Twisted symplectic AT HETH 5.
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4 Integrable Twisted Poisson Z#{EDIHS

twisted Poisson Z8EA M I U TEYLEHENEEL, M ORE
NV BRIV ZFDHENSENNS Lie algebroid EEELEDEE M
Zintegrable ¥ X.5. integrable 7% twisted Poisson Zffk{k & twisted
symplectic FEEEDRICIZ 17 1 DD T ehHISENTWS. LI ED
C &7 E X T, integrable 7% twisted Poisson ZAk{ADIC & ZxHIEME
DERZEAT D ENTES.

BE R

[1] Bursztyn,H., Weinstein,A. “Poisson geometry and Morita equiva-
lence” ;math.SG/0402347.

[2] A.Cannas da Silva, Weinstein,A. “Geometric Models for Noncommu-
tative Algebras’, Berkeley Math.Lect.Notes 10. Amer.Math.Soc.1999

[3] Landsman, N. P. “Quantized reduction as a tensor product’, In:
Quantization of Singular Symplectic Quotients, Birkhauser, Basel,
2001, 137-180.

4] P.Severa, Weinstein,A. “Poisson geometry with 8-form background”’,
In: Noncommutative Geometry and String Theory. Progr. Theo-
ret. Phys.Suppl.144,2001,145-154.

[5] Xu,P. “Morita equivalence of Poisson manifolds”, Comm. Math.
Phys. 142, 1991,493-509

[6] Xu,P. “Morita equivalent symplectic groupoids”, In: Symplectic ge-
ometry, groupoids, and integrable systems(Berkeley, CA, 1989),
Springer,New York,1991,291-311.
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F-thresholds and jumping coefficients.

ALHRE R A E AR R E R E L 2 4F BURE

=

I will introduce the work of M. Mustata) S. Takagi, and K. Watan-
abe. F-thresholds are one of the tools of commutative ring theory in
positive characteristic. But there is an analogue of the jumping coef-
ficients of multiplier ideals in characteristic 0.

1 [FC®HIC

Z 2Tl [MTW] ZHLIMT F-thresholds IOWTHN LENWERNWET., F-
thresholds & IFTEESOFHIR LD TV IVICH L TEX SR T, HIED tight
closure DEFRDTRI T b 2 EHRBUE (K 0 DIF) LORBEREDRR R
EOXINZEBRETHADVEDTT. £HED tight closure &I Hochster &
Huneke IZ& 0 1980 ERITER S N2A T VIV S NDEHEE T (TDEHED
A 3HTHMNET), MICRABHMEZH ZODOERE L TEENKLE
[HH]. ZI0EafiZ7s> TREROH THRRSAHFFD discrepency 12X D
EEDV TADRERZE piTBILY % I & T tight closure * Frobenius
HICKDRBHEOTeNDE I ENDMN> TEE L. F-thresholds i LD T 5
ADRR R E RS BITHN B FEIEA T 7 )V D jumping coefficients & DX A
MFEINTVET. ‘

2 F-thresholds DEE

¥ 9 F-thresholds ZE&H L £9. Y¥FEITIR R Z1EER p > 0 D n KITEH
FFREELETR, ZZTIRROBRZBNENMTVEZTNIETH2TY.

IFp[)(l,' t ,Xn](Xl,-—-,Xn) = {g"fag € ]Fp[Xl," * :Xn]ag(oa' ,0) # 0}

F, X Z/pZ DT ETp BT B ETIIHABIENS T = (y1,-+-,¥s) SR
B5ATFT7IVEEBE e >1I1THLT

e
.
)

Pl =P lye D) =, ,97)
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EEDDBIENTEET. £/~ R LD Frobenius i F: R —> R %
F:R—R

T+ P

EEDBE P = Fe(I) ERBZEMNTEET. TNTEITHS F-thresholds
EERTEET.

EE, 2.1 (F-thresholds). f € R,J C R EBEWkEE (ERIL f oRb DI
ATT7IVaZEELTO0#aC Rad(J) S RIZDHDELTESTEXT.)S
D JIZHF B p* TD thresholds vf(p®) ZROLIITED B,

V}](pe) := max{r € N|f" ¢ JP},
Z ® thresholds & fAWT f @ J I B F-thresholds ¢/ (f) KDL D ITE
5.

I/J e
¢ (f) := lim f(p).

e—00 pe

F-thresholds BT 2B DS 5 TRAN RS DE2HRITTHEET.

e 0<c/(f) <00 &in5.
o f=agxBiI(f) < I (g) &7x5.

o HIZJC T BRI (f) < I(f) £TeB. ZDTEMS ROWBRAT
7 miZkd B f @ F-thresholds 4% f D&H/ND F-thresholds TH 5.

F-thresholds IZ ED XD B BHZFF ORI OMN E N D BMNITIZKRET D test
FTIINERBEIETEIAGNDERNET.

3 testA T 7ILEDER

test T 5 7 )b & 13 tight closure DEFROF LR DD E L TERINE
L7z. B2 tight closure &34 F 7 IV INBERE T T 7))V I D tight
closure & [* E&FHE

zel" & 3ce R\ {0} s.t. cz”* € Il &> 0
EEBINET. test 1T 7 NELETOATTINIICHLTED c &5
EDTED (LI tight closure ICABMNE I NZ test §5) 1T 7V &L
TEBRINE LAEDBRMICE N X D1, B2tz B Liz—Rbo
BNTROX DM B LR EL.
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¥9 E% ROBAAT 7V m iZXBERE k D injective hull &L ET.
ZD—fitZE BARICES EROBITIRDET.

Esw=[u/(z1- zn)%.

ZZT o R R =T,[Xy, , Xnlxy x,) CEABRLITEDEERET
X; EUT, WiED R TEABASBERNNRT A—F & LET. E7-FEERK

[u/(z1- - 2n)?] ~ Op 1&
[w/(z1-- 24)% ~ Op Hue (z4,--- ,x2)

ELTEEDVETY. E LD Frobenius#t Fp : E — E % Fr(w) := [uP/(zy - - - 2,)PY]
ELTEDLEE fLHRRK r e THLT Z, . 2

Zre =kerf'Fg ={w € E|f"Fg(w) =0g}
ELTERLTHBEET.

EE 3.1 (test TT 7). f EFEEKt > 01T S test 17 7 )b 7(f?) 2K
DEIITEDS. ~
7(£%) == Anng ([ Zrper.e)-

e>1

TR LR® [tp°] 1390 LV &I
tp® < [tp°] <tp®+1
ERBPEBEHRDIETHS.
test 1T 7 IV OROERN B EZHEND D ENTEET.
o f=ag 2B r(ft) Cr(gt) £E2 5.
o MIZt<t mBIET(fY) CT(ft) &1 B,

Z D test 1 T 7 )V & F-thresholds |ZRDFEZ EHN D ITDMND 285
EICH

## 3.2 ((MTW]lemma.2.4). Riffid f,J i LT E O M %
J=AmgM E2BEIITELOTBE V() E M L Z, o ERDEHRARD 1
L7325,

test 1T 7 IIVOMEE LOBHENSROEHEH/D I ENTEXT.

£ 3.3 ((MTW]proposition.2.7). f ® F-thresholds & test 1 7 7 )V ®
BICRENTN T — ¢ (£), 0 — () BBHIBIC L D LS D 5.
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ZDFERINS f D F-thresholds & test -1 7 7 IV ORITKDBGRNH S Z &
NOND X7,

co:=c"(fy<ep << <cigr <---
% f @ F-thresholds ZJEIZHN/=FIET B &

7(f°) = 7(f*), c€lci,cit1)

MERAL L 9. BB F-thresholds i3 test 1 77 )V % JUMP S 28R TH 5
LREEOTENET.

ST, 1IEUDIT F-thresholds M Z & ZHEH 0 DI L OF R =Gw & DXt %
EZBRADVDEDELTETELEMR, JUMP EWSREOTNTEZ &
Z AT F-thresholds {3 IZHIEL TWBHOMN, T L TEDLIITL TESE
BOBbDZEHIEESBEONKBE TR TNELNERNET.

4 BEHp~NDZETT

AZZDOTRNTECRIHELEDDELTO £ f € A[X] i= A[X1,--- , Xo]
BEOTEET. fo:= fQ[X] DERDED TOREA T 7 )LD jumping coef-
ficients LA p ITETTL TRATRAMELZZBDTH S f,, := fFp[X](xy, x0)
® F-threshold LB L TWEZWNWERWNWET, TI Tl p ZWAWNAEN
LETH, TARERpZEEZDDTAZBETINLTESIILTHRAMET
5ZEIEEHICTESDHDELET.

Q LD fo ? log resolution mg : Yo — Af &id mg DEABRAENT Yo
IIESMNT ﬂ'@l(fQ) & mo DHISNRFNED S T 7 )V OFEI principal TH
DENNED DR FIZBEMERALETHLDDEZNVNET. DX D REH
WETFORESBHEBEIVRIEINTVET. AZIS5ITTTRHAMET S
ZETrg it A ED f D log resolution 7 : Y — A% DR EILAL 72721
DY ERDZEMTEET.

log resolition ZEF &KL= E AT f &t DREATTIVI(fE) NEXRTE
¥79.

EH 4.1 (FEATTIV). DErYf) KKOEXLEDERTF, K & 1 DK
SHEMERFETD, COEZELETOEKLt>0ITHLT

I(f*) := H°(Y, Oy (K — [tD])). (%)
CZTERLITHLUT |t YD TFERUt -1 < |t] <t 2z TEBEK
DT EEET, [tD] BHAE Well BT D =3 a,Y; 25 [tD] = Y |ta;] Vi
EEDD.
I(ft)Q z fo EtORBEATTIVET S,
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ZDREA T 7 VNS jumping coefficients RO TEEL £9 . [MTW]
A (f) := min{t > 0| FAMIET Z(f*)q C Jo}-

jumping coefficients & Z D% DE D FiLkA( T 7 )% JUMP S/ 58ER &7z
DET.
pZTHRES LD E LD log resolution & F, EEFHE N7z 1, D log res-
olution ZFBETEXTY. TLUTI(ff) & () LAL KD m, 2> TER
THE,t ZEELZEETRREB pBSREI(fY), =I(f) LBV XY
CDEODRXREATTINEER pITBILI®E T ET, test T T 7 IV &L
BIDHIENTEET.

EHE 4.2 ((MTW]theorem.3.2). t ZfERICESD. TDEE I Tz 45
REZp TT(fh) =Z(f}) BHILT 5.

ZDEMH EFIHID F-thresholds & test 1 7 7 )V OBRINGS f OFiEA T 7
JV® jumping coefficients & F-thresholds D EITR DX 5 Z E¥H N
DET.

EH 4.3 ((MTW]theorem.3.4). 177V JCAX|&2E5ATEE
Jlim ¢’ (f,) = X (/)
AN AVAC RN
p ZRELS L TWo7z& ED F-thresholds OREFRI jumping coefficients &
B EMOMDELE. MTW] TEROFENETERATRET.
T8 4.4. ERIZE D p TCI(f,) =N (f) ETEBD.

ZOFRITO ISP LERANBE TERMEENTVWE T, Fid [MTW] T2
o N ZOBEOTFHRDOMBR (R EHEADT2HANMRHED) = HiE
LTWET,

SE 3

[HH] M. Hochster and C. Huneke, Tight closure, invariant theory and
the Briangon-Skoda theorem. , J. Amer. Math. Soc. 3. (1990) No.1.
31-116

[HY] N. Hara and K. Yoshida, A genelization of tight closure and mul-
tiplier ideals. , Trans. Amer. Math. Soc. 355. (2003) 3143-3174

[MTW] M. Mustata] S. Takagi and K. Watanabe, F-thresholds and
Bernstein-Sato polynomials. , Proceedings of the 4th ECM, Stock-
olm, 2004 341-364
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A scaling limit for a general class of quantum field
models and its application to nuclear physics

Akito Suzuki
Department of Mathematics, Hokkaido University

1 Introduction

We study a mathematically rigorous method of deriving the Schrédinger Hamiltonians of
the form
Hs=-A+V, (1.1)

where A denotes the generalized Laplacian. These Hamiltonians describe the total energy
of systems for N nonrelativistic quantum particles removing in R% under the influence of
a potential V' (d, N € N). In quantum mechanics, Hg is a self-adjoint operator acting on
a Hilbert space. The exact nature of this Hilbert space is dependent on the potential V'
(hence, on the system); for example, (1) the Schrodinger Hamiltonian of particles under
the influence of a scalar potential V : RN — R acts on the space of square-integrable
functions L?(R4"), and (2) the Schrodinger Hamiltonian of particles under the influence
of an n x n-matrix-valued potential acts on the space of square-inregrable C"-valued
functions L?(R%"; C"). They are of general use to explain many phenomena.

A method of deriving a class of the Schrodinger Hamiltonians in the case (1) was
studied by Davies [2] and Hiroshima [3, 4].

In nuclear physics and condensed matter physics, physicists often use the Schrodinger
Hamiltonian in the case (2). However, as far as we know, there is little literature on
a mathematically rigorous method of deriving such a Hamiltonian. We are interested in
deriving the Hamiltonin in the case (2). We derive a class of the Schrédinger Hamiltonians
in a scaling limit [1, 3, 7] of Hamiltonians of particles coupled to a Bose field which
describes an interaction between the particles.

Scaling limit

Now, we explain the scaling limit for a model of quantum particles coupled to an abstract

Bose field. To begin with, we introduce the Hamiltonian of this model by
H=-A®I+I13® H,+ gHj, (1.2)

acting on L?(R¥)® F,(K), where I denotes the identity opertor, H, the free Hamiltonian
of the Bose field, H; a symmetric operator that describes interaction between the particles
and the Bose field, g a coupling constant that denotes the strength of the interaction, and
Fu(K) the Boson Fock space over a Hilbert space K. We detail these notations in the
following section.

We introduce a scaled Hamiltonian by

H(A) =-A® 1+ AI®Hy,+gAH;, A>0. (1.3)
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We are interested in the limit of H(A) as A — oo in the strong resolvent sense.
In [3, 4], it was shown that, under suitable conditions,

s- lim (HA) —2)t=(Hs—2)"'® Py (1.4)
for z € C\ R, where Py denotes the orthogonal projection from F,(K) onto ker Hy,. Note
in passing that, physically, ker H}, represents the vacuum of the Bose field. Hence, we
obtain the Schrédinger Hamiltonian in the vacuum of the field. However, Hg in (1.4)
is the Schrodinger Hamiltonian in the case (1). The purpose of this paper is to derive
the Schrédinger Hamiltonian in the case (2). Indeed, we can derive the Schrodinger
Hmiltonian with operator-valued potential.

2 Definition of a model

In order to derive the Schrodinger Hamiltonian in the case (2), we introduce an abstract
model for quantum particles coupled to a Bose field with some degrees of freedom. We
denote the one-boson Hilbert space by K which is taken to be an arbitrary separable
complex Hilbert space. To describe the Bose field, one uses the Boson Fock space over K:

Fo(K) =P R K

n=0 s

where @ K denotes the n-fold symmetric tensor product of K with ®g K:=C.
Let T be a non-negative, injective and self-adjoint operator on XK. The operator
T represents a dispersion relation of one free boson associated with the Bose field under
consideration. The free Hamiltonian of the Bose field is defined by the second quantization
of T:
Hy :=dl(T)

acting on Fy,(K), where
dr(T) .= P T,
n=0

with T® = 0 and T™ is the closure of

n Jth 2
YIg--@T® --al|| QD)
j=1
where @), denotes the algebraic tensor product. Note that dI'(T)) is non-negative, since

T is non-negative.
Let a(f) (f € K) be the annihilation operators and a(f)* the creation operators,
satisfying the canonical commutation relations

[a(f), alg)] = (f.9), [a(f),a(g)l =0, [a(f)",a(g)] =0
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for all f,g € K on the dense subspace
Fo(K) := {¢ € Fp(K) | 9™ =0 for any n > ng with some ng € N},
where (-, -) denotes innerproduct of X and [X,Y] := XY — Y X. The Segal field operator

a(f) +a(f)"
5

is essentially self-adjoint on Fo(K) [5, §X.7]. We denote its closure by the same symbol

o(f).
Let H be an arbitrary separable complex Hilbert space. The Hilbert space of the
coupled system of the particles and the Bose field with some degrees of freedom is given

by

o(f) = fek,

F = L*R¥W;H) @ Fp(K) ~ H® L*(RY; F,(K)).

Let B;j(j = 1,---,J) be bounded self-adjoint operators on H, g; : RN — K (j =
1,---,J) continuous functions and

J ®
H = B; i(z))d
=2 5@ [, #osas

where f]gm -dz denotes the operator whose fiber is - (see [6, §XIII.16]). We introduce a
Hamiltonian of the particles coupled to the Bose field with some degrees of freedom by

H=-A®I+1®H,+ gH;

on F, where g € R is a coupling constant.

3 The main result
To begin with, we introduced a scaled Hamiltonian H(A) (A > 0) by
H(A) = -A®I+AI® H, + gAH:.

In order to describe the main result, we now formulate hypotheses. To do this, we
introduced some notations.
We denote by L®(R%; K) the set of mesurable functions f : R? — K for which

[ flloo := ess. sup || f(z)lkc < oo.
zERIN

For o € R, we define a K-valued function T*f on R as follows: if f(z) € D(T*) a.e.x €
RN with respect to Lebesuge mesure,

(T*f)(=) == T*f(2).
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Definition 3.1 Let o € R. L®(R¥;K) denotes the set of K-valued functions f on R
satisfing the following conditions:

(i) f is strongly continuous with f € L*®°(R™;K).

(i) f(x) € D(T®) (z € R) and T*f € L®(R¥; K).

A K-valude function f on R4 is to be diferentiable with respect to z, if the sequence

f(xl""vxu'+'€7""xd)'“ f(x)
€

(3.1)

converges as € — 0 for any z = (1, -+ ,z4v) € R¥ . Then, we denote the limit of (3.1)
by 9,f. One can define the n times diferentiability (n € N), inductively:

o f = Bu(aﬁn—l)f), n> 1

Hypothesis A The functions g;(j =1,--- ,J) are twice diferensiable and satisfying the
following conditions:

(i) g; € ch’g/z(]RdN; K) N L= (R )N L‘f’l/?(RdN; K).

(i) 8,(Tg;) € L‘f’l/?(]RdN;IC) N L‘1’72(RdN;IC) forp=1,---,d.

(iii) (T~ g;) € LY ,(R™;K) for p=1,--- ,d.

Moreover, we assume that for any j k=1,---,J and a.e.x € R¥

(95(2), 9e(x)), {gi(2), T gr(2)), (T7'g;(2), T g(2)) € R.

We now ready to describe our main result. Let
9
Vet = -5 Z Viks
1<5,k<J

where
Vir(z) = {gj(z), T gi(z)) BxB;, a.e.x € R,

Theorem 3.2 Assume Hypothesis A. Then, for all z € C\ R
s-Alim (H(A) - Z)_l = (Heﬂ‘ - Z)—l %Y P(),

where
Hg = —-A+ Vg

on L*(R¥; H).

4 Concluding remarks

(a) Let W be a symmetric operator on L?(R%Y; H) obeying —A-bounded with the relative
bound less than one. Then, one can show that, under suitable conditions,

s lim (HQA)+ W ® T - )= Hg+W) '@ P
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(See [7].)

(b) In this paper, ultraviolet cutoffs (see [3, 4]) remain in the scaling limit Heg. It is worth
studying the scaling limit with removing ultraviolet cutoffs. Indeed, one can remove an
ultra violet cutoff under suitable conditions. One of the conditions is the commutativity
of the operators B;. However, generally speaking, concrete models don’t satisfy this con-
dition. We are interested in the scaling limit with removing ultraviolet cutoffs without
this commutativity condition. This is an open problem.
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Quantum Painlevé Systems of type A7(121

Hajime Nagoya (Tohoku University)
=

Painlevé equations (P, P11, Pu1, Prv, Py, Pyi) are discovered by P. Painlevé
and B. Gambier in the classification of second order ordinary differential equations
without movable singular points in their solutions. Later, K. Okamoto revealed the
Hamiltonian structure of Painlevé equations and found Painlevé equations admit the
actions of the affine Weyl groups. Therefore, Painlevé equations are the Hamiltonian
system with affine Weyl group symmetry. In this article, we consider a canonical
quantization of Painlevé equations with affine Weyl gruop symmtries.

1 Introduction

A Tl Painlevé FERRDEEE LR OEDO—RILIZTOWTHAT 5.

Painlevé FREAIL, BIK SR EFL2VWEWI FKET2HOFEMOS FEXZ L,
Painlevé KX O D+ ThH 5 Gambier 28 2 O HHEWIEHICRE R L= RN TH D, TD#
D19 8 0FRICMARTIRIIEZARIZHETEH L LT Painlevé HFREANT 7 4 > Weyl
HIERZE S Z LERA L.

Painlevé 520X Hamilton 58 & UL TEIT 2D TEDIEEE LB 2 HiL5. Painlevé
5 Hamiltonian IXIEHEFEEEK DO LENX TEIT 50, D EF Hamiltonian (£—
BEMIZIEET 2. ZZTHEORWE T LEZE X HI2HT-->T, 77 4~ Weyl #1EH
EROLWVWOFMGEEXD. EBRIZE 2, 4, 5 Painlevé FERAIZBWTZED LS 22
HEDORWEFUBNHFET LI LRI D LND. (1]

—%, Painlevé FRRAKN—MEDT 7 1 > Weyl BESFRME A2 FF OO FRANT 7 4
Lie BAAWVWTHRIND Z bR TEHY, Z0HERR L AY ORAIIIEERT
{ETEBZ EBbhoTWA. [2

AT T, £9EM4H1% AT Painlevé DT 7 1 > Weyl BEHMHEEZHA L, £
DIEEE T EHERT 5. D%, —RICHAT 5.

2 EF%E 4 Painlevé AR

DI, HHOFE D 4 Painlevé FREX Py OXMHEXNEHWTHATS. Py ©
ﬁﬁ%ﬁai&mioﬁﬁ&ﬁmz&?%a

f1 fi(fe = f3) + o,
fa = fo(fs— f1) + o,
fs = f3(f1 — f2) + a3,

=120, fi= filt), = a‘%, 0; €C ¢795. ZZTa; =0 72251, Lotka-Volttera FEHT
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WIZT 7 4 Weyl BERIFMEIZOWTIHAT 5. K =C(f;, o) 2 FEBESUERE T 2. K
LoRER 5; (i € Z/3Z) ZKTEDS.

si(fi) = fi,  si(fim1) = fim £ %,
si(0y) = —ay,  Si(41) = Qi + .

DL,
si(f5) = si(f5)(si(fig1) = si(fi-1)) + si(a).
ZoHENIT s & BABTHIEEVHRZIAZENTES. ZOERXNDE fi=t, a;=1
IZ sy ZfEHS®
1
si(fi)=t, si(fz)=t+ o si(fs) =t — o
sifan) = -1, si(a) =2, si(ag) =2

X Pry OXRHIERDETH 5. 51 % I HI/ERH S TOITIE, EREOCMENRIEND. Zh
ILIERE B S TR W TIIEELRELTH .
s; 12 AL B> Affine Weyl BEDER % 729

—

s; =1, 88118 = Si118:iSi41.

INHEDOT END, Py X7 7 4> Weyl BEIFMEZES LD
He K #IRTCED 5.

3
H=fifofs+ Z &(fi + fi—l)a

1=1

727U, a; = € — €41 + 0ip. K O Poisson fHIlZ R TED 5.
{firfiri} =1, {fi,aj} ={cu, 05} =0

DL X,
fi={H, fi} + dip.

KIZET Pv 2T 5.
KZzRTEED C LORHELT 5.

Rt fia, (i€ Z/37),
BfRsC [fi, finl = h,  [fiq] = [0, 5] =0, (heC).
K Eiz C-derivation 0 #IRTEDHDH Z LN TE 5.
o(f;) = fifirr — finrfi + i, B(w) =0,
2L, =€ —€41. ZOFBRROFEEZET Py &), h=00D&EHM Py 725

ZEEBALMNTHAS.
HeK #IRTED 3.

3
ﬁ_—“;‘z:f A+1fz+2+zfz f1+fz 1)

i=1
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NORE-
. 1 A~ . 3
o(fs) = E[H’ fil +5i,0;ai-
Sbiz, K FOURE 5, (i € Z/32) #RTEDDH - LR TE .

Sz(fz) = fi, Si(fz‘:tl) = fin £ %,

7

si(a) = —ay,  si(0Gr1) = w1 + .

IDEX, A ) ) A )
0(s;(f;)) = si(f;)s:(fi+1) = si(fi—1)si(f;) + si(e)).
72 5 1% AY I Affine Weyl BEDVER % 727,

(1)

n—1

3 Quantum Painlevé Systems of type A
RBIZ—RAI 2R T2k 5.

3.1 Lax equations

Kmn (m,n € Zsg) ZROERKTT EBRKTEES C LofkL 4 5.

ERTT: fiis6 (1<i<n,1<j<m—1) (1)
RAMREC €l 3fth & AT, (2)
[fij> fri] = M(Os=k fitvj—k — Q=i fogrii), (3)

727ZL heC &L

_ )1 @=5 (modn)) . _J1 (j-i=m)
i {0 (%7 (modm) 79 {0 G—i>m) (4)

THDHETH. £ €4n =€, fian = fi T 5. LEOBMRATE E 5 %1% Ore domain
T&Jé Z <E7j37l—_\‘éﬂ, %@Pﬁﬁﬁ:zs K:m,n T&)%) E%EﬁgﬁKGi fi,j+ns Z‘_" Z_SE]',L‘ k EJLCIE)
DIZHIE L TW5D. (B [XATFIHAL)

Definition 1 K, (2,27 % 2, 27! OZHERR L L, Mat(n,Knpalz, 271]) OTTH 1T
5 M; (0<i), A, M, B R RTREDS.

n n n—1
My = Z Eiei, M;= Z Eifisr; (1<), A= Z Eiiy1+ 2En;, (5)
i=1 i=1 i=1
M=) MAN,. 6)
i=0
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T3 M oOFlE LT m=4,n=5DLIEZFHTA.

(&6 fiz fis S 1]
z €2 fas faa fos
M= | zfs =z €3 faa f3s |- (7)
2fae 2fur 2 €4 fas
2fse z2fst 2fss 2 € |

IO TEHOBHTERAFHR—ELTNDS.
0, & Kpnlz, 27l @ Kpp-derivation Tz % L IZBTHD LT . 175 C =" e\’
ZADEERERT, Coq =30 ch, Cog =15 ah! EEDD.

Theorem 2 s,k € N &L ns > mk—1) EIRETD. ZDEE Kpulz, 27! £ED
Clz, z7Y]-derivation 85y, ZIRD Laz HFENTEDD Z LN TED.

Os k(M) = [M, B, ] + £20.(Bs ), (8)
72720 Bogp = (MF)sps-275, k€ C L T5.
M R By & A OZHENE Ric L &, & ns > m(k — 1) 13 05 (M) DRI 20,(Bs i)
DERBULETHDZ L ZEWRTDHZ L bn5.
m=2,s=1,n=2k+1(keN)DLZ0flE52%. EXEBARXITRDOLIITRS.
[fiis1, firrivel = by [fiarr, fijm]l =0 (G #iE1).
Lax 58X (8) ok %z155.
O1x(My) = Z (Mp(Mr]zcw)(p) - Mrlf+qugq)) + ’€>‘1M£+1
pt+g=1
k-1 e k
=M, (Z Mf(”“”) - (Z Mf“"”) My + My — MV + k).
p=1 p=2
o T1<i<nIZHLTHKEED.
k-1 k-1
Ok (fiir1) = fiinr ( fi+2p—1,i+2p> - < fi+2p,i+2p+1) fiir1 + ai,
p=1 p=1

lRELa=¢—€r1 (1<i<n—1),a,=¢,— €1 + K O DEDDINLDWMHHTE
XFix AY) MoBRTEHE - ILER Th5 [1).

3.2 Affine Weyl group symmetry
Definition 3 1751 G; (1<i<n) ZIRTEHKRTS.

Gi = exp (Ei+1,i % > (1<i<n-1), G,=exp (z‘lELn % ) 9)

fi,i+1 fi,i+1

=720 Q; = € — €11 (].SZS’IL"].), Qp =€, — €1+ K.
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Proposition 4 Ky, EO¥ERE s; (1 <i<n) ZRTEDDZENTES.
k20, + s;(M) = Gi(k20, + M)G;*. (10)

Theorem 5 (1) s; (1 <4< n) it Ky, £12AD W77 ¢ o Weyl BEORB MR
5. ThbbROBRK AR

=1 (si8;)0=1(G=ix1), sisj=s;8 (j#i£1), (11)

L n=2 0L & (si5i41)° =1 RALS 20,
(2) s,k eNIZH LT, s (1<i<n) L0, LTHTHS.

TR b bLATE TR L7 Lax HEERIT AL, BT 7 1 > Weyl BEFrk .

3.3 Hamiltonians

9(2) € Kinnlz, 271 1T LT g & 28 OfREET 5.
Definition 6 (Hamiltonians) s,k € NIZk LT, Hyp € Kippy ZIRATED S.

qo tr (Mk+l)s
*E TR (12
m=2,n=3s=1,k=20Dt%
M3 1
Hyio=tr <—§—) 1 =3 (frafosfsa+ fosfaafia+ fsafizfos)

+e1(frz + fo0) +€2(fos + fr2) + e3(f34 + fa3).
HLQ TEF Py O~V h=7Thsd [1]
reNIZHLT, 7TO0<F<m—1) Zm TEH-HEV £T5. £4 Ann ZIRTE
DB,

ns = mk
Amn=21 (5,k) eN?| or . (13)
mk >ns>m(k—1), ms>n,2n,...,n(s—1)

Theorem 7 (s,k),(s,k') € App THIIXZ DL TRMBKILT S.
1
5 Hop M] = [M, By, (14)
[Ho, Ho ] = 0. (15)

RIS 5 HHA TIHER D (s, k) 108 LT EOEE (1205 2 AECRRTIIRT Vv
FELE 72 B) 13D 32,

S5 2K

agoya, H.: Quantum Painleve Systems ot Lype o , int. J. Math. ,
1] N H: Q Painlevé S f Type of A Int. J. Math. 15 (2004
no. 10, 1007-1031

2] Nagoya, H.: Quantum Painlevé Systems of Type AW with higher degree Lax opera-
n—1
tors, preprint
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ON THE COLORED JONES POLYNOMIAL AND THE VOLUME
CONJECTURE

KOJI OHNUKI

The colored Jones polynomial is one of link invariants which includes the Jones
polynomial. It is obtained from the quantum group Ug,(slz) and it’s irreducible
representation.

Let L be an m-component oriented link and N; (¢ = 1,...,m) be a posi-
tive integer. We can calculate the colored Jones polynomial of L denoted by
J(ny,....Nm 3 (L5 q) as follows. First we associate the i-th component of L with the
positive integer N; and present L into a (1,1)-tangle 7' by cutting a component.
Next we label each edge of T in the component associated with N; an element in
{0,1,...,N; —1}. Here two edges containing end points of T" are labeled 0. (Figure
1

)

FIGURE 1. (1,1)-tangle decomposition of the figure-eight knot 4,.

Next We assign each crossing and each edge containing a local maximal point or
minimal point to some values as follows.
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Here R} (N, M) and R (N, M) are given by
min{j,M—-1-j}

RANM) = 3" Sirndrgon (1) ((qq) = 7;()%)84);:—;

X q_%z_n( NZ-M +i—j)+(i— N2‘1 ( i M-1
min{{,N—1—4}
gy (D By
» q—sN-ZM+2n ( )( )

where (q), = H (1—g)*. After multiplying all elements obtained from T as above
k=1
we sum over all indices. Then we have Jiy, .. n,.1(L; q).
For example the colored Jones polynomial of the figure-eight knot is
N-1
In(41;q) = Z RO’S (N,N)R2#(N,N)Ri*% (N, N)RI% (N, N) ¢

1671 iot5

= Zq’NH 1—g V)1 — gV h).
=0

If all components are colored by 2 then the colored Jones polynomial coincides with
the Jones polynomial. (see [9])

We have no explicit geometric interpretation of the quantum invariant but the
volume conjecture implies some relation between the colored Jones polynomial and
the geometric invariant of knot exterior. R. Kashaev defined certain link invariants
by constructing the R-matrix and he conjectured in [3] that for hyperbolic knots the
asymptotic behavior of his link invariant determines their hyperbolic volumes. H.
Murakami and J. Murakami proved in [7] that Kashaev’s invariant coincides with
the N colored Jones polynomial evaluated at exp(2m/—1/N) which is also coin-
cides with the Akutsu-Deguchi-Ohtsuki invariant, and they generalized Kashaev’s
conjecture to the volume conjecture.

Let Jn(L;q) be the colored Jones polynomial of a link L whose all components
are colored by N and it is normalized such that the value of the trivial knot is 1.
Then the volume conjecture is described as follows.

Conjecture 1. Let K be a knot in the three-sphere S3. Then

or lim log |Jn (K; exp(2my/—1/N))|

N—oo N
where ||S® — K|| is the simplicial volume of S® — K and vs is the volume of the
tdeal reqular tetrahedron. If K is a hyperbolic knot which means its complement
admits the hyperbolic structure, then v3||S® — K|| is equal to the hyperbolic volume

of 83 —

This conjecture holds for the figure-eight knot, torus knots [4] and the Bor-
romean rings [1]. Also the relation between Kashaev’s R-matrix and the geometric
structure of the knot exterior was considered in [10]. Recently we considered some
generarization of the volume conjecture. We expect that the asymptotic behav-
ior of the colored Jones polynomial evaluated at exp(2way/—1/N) determines the

= v3)|S® — K],
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some geometric invariant of 3-manifolds obtained from the knot. In fact for the
figure-eight knot it was proved in [6] that the asymptotic behavior of the colored
Jones polynomial evaluated at exp(2wr/—1/N) for a real number r determines the
volume of the cone-manifold with singurality along the figure-eight knot. Moreover
it was proved in [8] that the asymptotic behavior of the colored Jones polyno-
mial of the figure-eight knot evaluated at exp(2ma/—1/N) for complex number o
determines the Neumann-Zagier function.

We consider the colored Jones polynomial of the Borromean rings B evaluated at
exp(2nry/—1/N) for a fixed real number r. Let A(z) be the Lobachevsky function

z

defined as A(z) = — / log |2sint|dt. We define two functions Vi (r) and Va(r) as
follows. °
Vi(r) = 2(3(A(rr +0) — A(nr — 0)) — 4A(0 + 7/2) — 2A(6)),
Va(r) = 2(=3(A( +7r)+ Ay —7r)) + 4A(Y + 7/2) + 2A(¥)) ,
where 6 = 6(r) and ¢ = (r), 0 < 6,9 < % are principal parameters defined by
conditions
T = tan6, T* — (3tan?(wr) + 1)T? — tan®(7r) = 0,
T' = tan? 1,
T — 3tan?(nr)T" + (tan®(7r) + 6 tan* (7r) + 3tan?(7r) + 1)T" — tan®(7r) = 0.
Let r; and 79 be solutions of the equation Vi(r) = Va(r) and 0 < r; < ry < 1.
Then we have the following theorem.

Theorem 2. Let r be the irrational number satisfying ro <r < 1+r1. Then

or lim log|JN(B;exp(27rr\/—_1/N))[ _ %Vl(r).

N—oo N

Here Vi(r) coincides with the hyperbolic volume of the cone manifold whose
underlying space is the three-sphere and whose singular set consists of three com-
ponents of the Borromean rings with cone angles 2|1 —r|, 27|1 —r| and 27|1—r|.[5]

Next we consider some extension of this theorem. We denote Jyn, n, n;1(B;q)
by the colored Jones polynomial of B whose components are colored by N;, Na
and N3. We consider Jiy qn,sn}(B;q) for positive integer a and b. By some
numerical computation we can see that the asymptotic behavior of J{x on,ony (B5 q)
also determine the volume of the cone manifold with cone angles 2|1 —7|, 27|1—ar|
and 27|1 — br|.
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The stability of Coxeter type arrangements

Takuro Abe

0 Introduction

A hyperplane arrangement (or simply an arrangement) is a finite collection
of affine hyperplanes in a fixed vector space V over a field K. This is a very
simple geometric object, but there are a lot of interesting problems on ar-
rangements. Especially, one of the most interesting problems is that called
Terao conjecture, which asserts some algebraic structure associated to an
arrangement depends only on the combinatorial characterization of the ar-
rangement. In this abstract, we introduce some basic definitions, results and
concepts of the hyperplane arrangement theory to explain what Terao conjec-
ture is. Moreover, we show the results on the stability of some arrangements
which give a new way to consider Terao conjecture.

1 Hyperplane arrangements

In this section we introduce some elementary definitions and results on hy-
perplane arrangements, for which we refer the reader to [OT].

1.1 General Definition

Let K be a field of any characteristic and V' be an [-dimensional vector
space over K. A hyperplane arrangement A is a finite collection of affine
hyperplanes in V. We say an arrangement A is central if each hyperplane
H € A is a vector subspace of V, and essential if ()., H is the origin. An
arrangement in an [-dimensional vector space is called an {-arrangement.

1.2 Combinatorics of arrangements

We define two polynomials associated to an arrangement, which contain a
lot of information of arrangements and its complements. To define them, we
introduce the intersection lattice of an arrangement.
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Definition 1.1
Let A be an arrangement in a fixed vector space V of dimension [. The
intersection lattice L(A) of A is defined by

A ={(VH#0|BcC A}
HeB
where we agree (s H =V when B = 0.

The intersection lattice contains all the combinatorial information of an ar-
rangement. We introduce the partial order in L(.A) by the following manner:

For X, YeL(A), X>Y < XCY.
Next we introduce the Mébius function on L(.A).

Definition 1.2
For an arrangement A and its intersection lattice L(A), the Mébius function
w from L(A) to Z is defined as follows:
mV) = 1,
Y ouY) = 0forV#X e L(A).

V<Y<X

By using these concepts, we can define two important polynomials.

Definition 1.3
The characteristic polynomial of an l-arrangement A is defined by

Z ,lL tdlm X

XeL(A)

and the Poincaré polynomial w(A,t) by

T(At) = Y p(X)(—)ermX,

XeL(A)

It is obvious that

x(A, t) = tr(A, —=1/t).

There are a lot of interesting relations between these polynomials and algebra,
topology of arrangements. For example, we can see the number of chambers
as follows:
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Theorem 1.1 (Zaslavsky)
Let K be a real number field, A be an arrangement and C(A) be the set of
chambers in V' \ Uy 4 H. Then

H0(A) = (A, 1).

1.3 Logarithmic vector fields

Now we define the module of logarithmic vector fields which we are the most
interested in. Let {X3,...,X;} be a basis for the dual vector space V*, S be
a symmetric algebra of V* (hence S ~ K[X3,...,X;]) and Derg(S) be the
set of K-linear derivations of S. For an arrangement A and each hyperplane
H € A, fix an element ay € S such that ker(ay) = H.

Definition 1.4
For an arrangement A, an S-module D(.A) is defined by

D(.A) = {0 € DerK(S) | G(aH) €S- ay (VH € .A)}

Roughly speaking, D(.A) consists of the vector fields tangent to hyperplanes
in A. We want to consider the structure of this module. Here we introduce
an example of interesting structures of D(.A) determined by the combina-
torics. We say A is free if D(A) is a free S-module. If A is free with a
homogeneous basis 01, ...,6, € D(A), then the ezponents of A are defined
by (deg(6.), ... ,deg(6;)), where deg(6;) := deg(f;(;)) for some linear form
a; with 6;(e;) # 0. It is easy to see the exponents of a free arrangement do
not depend on the choice of bases. For a free arrangement, its combinatorics
and the structure of D(.A) are related as follows:

Theorem 1.2 (Terao’s factorization)
For a free arrangement A with exponents (dy, ... ,d;), it holds that

l
X(Aa t) = ]:[(t - dz)
In particular, this theorem shows the degrees of a basis of a free arrangement
depend only on its combinatorics. One of the most important problems
related with the logarithmic vector fields is the following conjecture due to
Terao, which is on the relation between the freeness and the combinatorics.

Conjecture 1.1 (Terao)
A freeness of an arrangement depends only on its combinatorics.
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2 Stability of arrangements and main results

2.1 Main theorem

In this section we assume all arrangements are non-empty and central. Then
it is obvious that

l
9
0p =) Xizy € D(A).
i=1 ¢

Define

Do(A): = D(A)/S - 0g, and

E(A): = Do(A).

It is known that F(.A) is a rank [ —1 reflexive sheaf on P(V) ~ Pk, where we
say a torsion free sheaf on the projective space is reflexive if E ~ E**. From
now on, we assume ! = 3 and K is an algebraically closed field of characteristic
zero. In this case E(A) is a rank two vector bundle on P2, Recently instead
of D(A) the sheaf E(A) is studied by using algebraic geometry and such
studies give a new insight into the arrangement theory. In this section we
consider the stability of F(A), where the stability of torsion free sheaves is
defined as follows:

Definition 2.1
A torsion free sheaf E on P! is said to be stable if for any subsheaf F C E
with 0 < rank(F') < rank(E), it holds that

c1(F) < c(E)
rank(F)  rank(E)

Moreover, we say an l-arrangement is stable if E(A) is stable on P(V).

To apply algebraic geometry it is important to consider the stability of
E(A), since the stability enables us, for example, to use the Beilinson’s
monad and so on. However, there are few studies on the stability of ar-
rangements, e.g., those which are normal crossing. We consider the stability
of arrangements which are not normal crossing, especially that of a family
of rank two vector bundles E(A(k)) for families of 3-arrangements {A(k)}
defined as follows:

-230-



Definition 2.2
A family of arrangements { A(k) }kez., is called a family of Ay-type arrange-
ments if each A(k) is defined as follows:

X = (-k+1Z,...,(k+c—=1)Z (c
X = (-k+1)Z,...,(k+f-1Z(f

Y+X = (-k+a)Z,...,(k+a+b-1)Z (b>-1),
Z = 0,

> 0),
> 0),

here a,b,c, f € Z.

When (a,b,¢, f) = (1,—1,0,0) and k£ = 1 this is the coning of the Coxeter
arrangement of type A,. Hence we call this a family of A,-type arrangements,
and by the same way, we can define arrangements of other Coxeter types,
e.g., a family of By-type arrangements. The main theorem is the complete
classification of families of As-type arrangements from the view point of the
freeness and stability.

Theorem 2.1
Let {A(k)} be a family of Ay-type arrangements defined in Definition 2.2.

By the induction and the proper choice of coordinates, we may assume f =0
or 1. Let us put N :=2a +b— c— f. Then the following hold:

(a) For k> 0, A(k) is free if and only if N =0, 1, 2.
(b) For k> 0, A(k) is stable if and only if N > 2 or N < 0.

In particular, Theorem 2.1 shows the stability and the freeness of the
family of Ap-type arrangements are determined by the combinatorics (more
precisely, by the characteristic polynomials). We can show the similar re-
sults for the family of Bs-type arrangements, and these pose the problem
whether the stability of arrangements (especially those of 3-arrangements)
are determined by the combinatorics or not. As an application of Theorem
2.1, we give a partial answer to some problem on the relation between the
combinatorics and geometry of A,-type arrangements.
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TWISTED TORIC STRUCTURE

TAKAHIKO YOSHIDA

1. INTRODUCTION

By Delzant’s classification theorem [3], there is a one-to-one correspondence be-
tween a symplectic toric manifold which is one of the special objects in the theory of
Hamiltonian torus actions and a Delzant polytope which is a combinatorial object.
Through this correspondence, various researches on the relationship between sym-
plectic geometry, transformation groups, topology with combinatorics have been
done (2, 3, 4].

On the other hand, there exists a manifold which is locally diffeomorphic to a
symplectic toric manifold and whose local structures are patched together in certain
sense. In this talk, as a formulation of such manifolds, we shall introduce the notion
of twisted toric manifolds and generalize Delzant’s classification theorem to them.
Recently, some generalizations are also considered [7, 8, 9, 10, 11]. In general, a
twisted toric manifold no longer has a global torus action like that of a original
symplectic toric manifold, but it has a local torus action, i.e. a torus action on a
neighborhood of any point and they are patched together in certain sense. One of
our motivation is to generalize the topological theory of transformation group to
such a ”twisted group action” case. The content of this talk is a part of the paper
[12]. We have no time to describe the topology of twisted toric manifolds in this
talk. For the topology of twisted toric manifolds, see [12].

This abstract is organized as follows. In Section 2, we recall Hamiltonian torus
action and symplectic toric manifolds. Then we shall give the definition of the
twisted toric manifold and some examples in Section 3. Section 4 is devoted to the
classification of twisted toric manifolds.

In this talk, all manifolds are assumed to be oriented, and all maps are assumed
to preserve orientations, unless otherwise stated. For simplicity, we shall consider
only for the four-dimensional case, but all arguments in this talk go well for general
even dimensional cases.

2. SYMPLECTIC TORIC MANIFOLD

A four-dimensional symplectic manifold (X,w) is a smooth four-dimensional
manifold equipped with a non-degenerate closed 2-form w. Let a k-dimensional
torus T* act on X which preserves w. In this paper, we identify T* with R¥/Z*.
and the Lie algebra t of T with R*.

Definition 2.1 ([2, 6]). The T* action is called Hamiltonian, if there is a moment
map which is the map p: X — R¥ satisfying the following two conditions

(1) s(ve)w = d (. &)
(2) w6 -z) = p(z)

The author is supported by Research Fellowship of the Japan Society for the Promotion of
Science for Young Scientists.
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foré €t,z € X, and § € T*, where ve is the infinitesimal action, i.e. the vector
field which is defined by

_ 4 ervTTie z
dt li=0

and (,) is the natural inner product on RE. Note that a moment map of a T*-action

is determined up to additive constant.

vg ()

Example 2.2. Consider the two-dimensional complex vector space C? with the

2
v—1
symplectic form wez = — o Zdzi AdZ. T? actson C2 by 0z = (62”‘/”_19*' z;)
i=1
for @ = (6;) € T? and z = (2;) € C2. This action is Hamiltonian and a moment

map pcn : C? — R? is defined by uc2(z) = (]z:]?).

In the rest of this talk, all manifolds are assumed to be compact and connected.
The following fact is fundamental for the theory of Hamiltonian T*-actions.

Theorem 2.3 ([4]). If T* acts effectively on a four-dimensional symplectic mani-
fold (X,w) in a Hamiltonian fashion, then k < 2.

In particular, in the maximal case of Theorem 2.3, i.e. k = 2, a compact,
connected four-dimensional symplectic manifold (X,w) equipped with an effective
Hamiltonian T-action is called a four-dimensional symplectic toric manifold. Sym-
plectic toric manifolds are classified with its moment map image.

Theorem 2.4 ([3]). (1) The image A = u(X) of the moment map of a symplectic
toric manifold is Delzant polytope. (For Delzant polytope, see Remark 2.5.)

(2) By associating the image of a moment map to a symplectic toric manifold, the
set of equivariantly symplectomorphism classes of four-dimensional symplectic toric
manifolds corresponds one-to-one to the set of Delzant polytopes in R? up to parallel
transport in R2.

Remark 2.5. (1) In general, it is well known that the image of a moment map
of a Hamiltonian torus action on a compact, connected symplectic manifold is the
convex hull of the images of the fixed points. See [1, 5.

(2) Let uy, -+ ,uq € Z2 and Aq,--- , g € R. A convex polytope A in R? defined by

A={eR? (Lu)> N (i=1,---,d)}
is called Delzant, if A is compact and for each vertex v € A,
(i) v is defined by exactly 2-equalities (v, u;,) = \;, (a =1,2)
(ii) {wi,,us,} in (i) spans Z2.
For more details, see [3].
(3) Theorem 2.4 says the symplectic toric manifold X associated with a Delzant
polytope A € R? is recovered from A. As a topological set, Xa is obtained as the
quotient space Xa = A x T2/ ~ of the trivial T2-bundle on A by the equivalent
relation ~ which is defined as follows. Two elements (£, 6) and (¢',0") are equivalent,
or (£,0) ~ (¢,6"), if and only if ¢’ = ¢ and
=6 if £ is in the interior of A
0 —0eS,, if £ is in an edge {(¢,u;) = \;} of A
¢ is a vertex of A.
where S} is the sub-circle of T? generated by ;.
(4) Locally, symplectic toric manifold is equivariantly symplectomorphic to the

Hamiltonian T?-action on C? in Example 2.2. More precisely, for any £ € A, there
exist an open neighborhood U of £ in A, an open set U’ in the first quadrant
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R, ={£ €eR?: & > 04 = 1,2}, an equivariant symplectomorphism ¢ : u=1(U) —
,u(Ezl(U '), and a diffeomorphism ¢ : U — U’ such that the following diagram com-
mutes

XD p~l(U) £ piga (U”) cC?
ul #l O l#cz [Mcz
AD U 4 U’ C R,.

3. TWISTED TORIC MANIFOLD

By the topological construction, a four-dimensional symplectic toric manifold
X is obtained from the trivial T2-bundle on the Delzant polytope A by collapsing
fibers on each edge {{ € A: (u;,&) = \;} by the circle subgroup S, generated
by u;. By replacing the trivial T?-bundle on A to a fiber bundle with fiber 72 on
a surface with corners, we can obtain the notion of four-dimensional twisted toric
manifolds.

Let B be a surface with corners, mp : P — B a principal SLy(Z)-bundle, and
the associated 72-bundle and Z2-bundle of P with respect to the natural action
of SLy(Z) on T? and on Z* are denoted by n7 : T3 — B and mz : Z% — B,
respectively. Consider a four-dimensional manifold X, surjective maps v : T3 — X
and p: X — B such that the following diagram is commutative

v X .
\o/
B

Definition 3.1. The above tuple {X, v, u} is called a four-dimensional twisted toric
manifold associated with the principal SLy(Z)-bundle mp : P — B (or if there are
no confusions, we call simply X a twisted toric manifold), if for arbitrary b € B,
there exist ’

T}

(i) (U,®):coordinate neighborhood of b € B, i.e. U is an open neighborhood
of bin B and % is a diffeomorphism from U to R2,N D?(&,) which sends
b to &o, where D?(éo) = {€ € R?: [|¢ — &l < €}
(ii) ¥ : 75" (U) 2 U x SLy(Z):local trivialization of P (then ¢F induces the
local trivializations @7 : n7'(U) 2 U x T? and ¢? : 7, (U) = U x Z? of
Tp and Z'%, respectively)
(i) X : p~Y(U) 2 pgs (D2(&)):diffeomorphism

such that the following diagram commutes

' (U) 2 pH(U)

pea (D2(6))

pry \ Hc2



where pcz is the moment map of T?-action on C? in Example 2.2 and vz is the
map which is defined by

vea (€,0) = (/€210 (3.1)

The tuple (U, o, X, pB) is called a locally toric chart.

Remark 3.2. We do not assume that X has a symplectic structure, in certain

sense, compatible with a twisted toric structure. It seems too strong condition. See
[12].

Example 3.3 (Torus bundle). Let mp : P — B be a principal SLy(Z)-bundle
on a closed surface B. Then the associated T2-bundle 7y : T2 — B itself is an
example of a twisted toric manifold associated with 7p : P — B. In particular, the
four-dimensional torus T* is a twisted toric manifold, which is a T?-bundle on T2.

Example 3.4 (Symplectic toric manifold). A four-dimensional symplectic toric
manifold X with Delzant polytope A has a twisted toric structure associated with
the trivial SLg(Z)-bundle on A.

Example 3.5. S' x 83 has a twisted toric structure associated with the trivial
SLs(Z)-bundle on a two-dimensional unit disc. For more details, see [12].

Example 3.6. The four-dimensional sphere S* has a twisted toric structure asso-
ciated with the trivial SLy(Z)-bundle on a two-dimensional disc with two corner
points (the shape of leaf). For more details, see [12].

We also have another interesting examples associated with non trivial SLy(Z)-
bundles on a surface with corners, see [12] for more details.

4. CLASSIFICATION

In this section, we shall prove the classification theorem for twisted toric man-
ifolds. Let S B be the set of corner points, SOB = dB\S®B, and S?B =
B\OB. {S*)B} defines the natural stratification of B. Let 7z : L — S!)B be a
rank one sub-lattice bundle of the restriction mz : Z3| sws— S (U B of the lattice
bundle 7z : Z% — B.

Definition 4.1. 7, : £ — SMB is primitive, if for arbitrary b € B included in
S*) B, there exist

(i) U(c B): alocally toric chart whose intersection UNS™ B with S() B has
exactly 2 — k connected components

(ii) {u1,--- ,us_x} C Z% a primitive tuple of vectors, i.e. they generate over
Z a rank (2 — k) direct summand of Z2

—236-



such that for j =1,---,2 — k, the following diagram is commutative

Z2P|U ‘ﬁ:f U x Z?
U O U
ZzPI(UnsmB)j ) (Un S(I)B)j x 72
U O U
£|(Unsu)3)j o (Un S(l)B)j x Zu;.

Remark 4.2. (1) Definition 4.1 does not depend on the choice of a locally toric
chart U, since the notion of primitivity is invariant under the action of SLy(Z).

(2) The automorphism group Aut(P) of P acts on the set of primitive rank one sub-
lattice bundles of 7z : Z%' SWE™ SW B as the automorphisms of the restriction of

the associated lattice bundle 7z : Z% — B to SV B.

Definition 4.3. Two twisted toric manifolds {X;,v1, 1} and {Xa,v9, uo} asso-
ciated with 7p : P — B are isomorphic, if there exist an automorphism % of
7p : P — B which covers identity map of B (then ¢ induces the automorphism
T of mp : T?2 — B), and a diffeomorphism X from X to itself such that the
following commutes

T2 T2

wr X1 uks X5
B 95 B.

Fix a principal SLg(Z)-bundle on a surface B with corners.

Theorem 4.4 ([12]). (1) For any twisted toric manifold {X,v,u} associated with
mp : P — B, there is the primitive rank one sub-lattice bundle mp : L — SWB of
Tz, ZfDlS(l)B_—) SM B which is determined uniquely by {X,v,u}. nz: L — SYB
is called a characteristic bundle of {X,v, u}.

(2) By associating the characteristic bundle to a twisted toric manifold, the set
of isomorphism classes of twisted toric manifolds associated with mp : P — B
corresponds one-to-one to the set of equivalent classes of primitive rank one sub-
lattice bundles on SWB of Z}| s, 5 by the action of the automorphism group of
P.
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Hom stacks and Picard stacks

Masao AOKI

1 Introduction

The concept of algebraic stack is a generalizations of the concept of scheme, in
the same sense that the concept of scheme is a generalization of the concept of
variety. The study of algebraic stacks is motivated by problems of moduli. In
many moduli problems, the moduli functor we want to study is not representable
by a scheme. But if we enlarge the category of schemes, we can construct
“moduli stacks”, which carries all the information we want.

Moduli stacks are now an important tool in the Gromov-Witten theory.
Some people use algebraic stacks to study a variety with quotient singularity,
which is approximated by a smooth algebraic stack. Algebraic stacks are also
used in the study of non-abelian cohomology and non-abelian Hodge theory.

In the first half of this talk I talk what is algebraic stacks, and why we need
them. In the second half I introduce the Hom stacks and the Picard stacks.

2 Algebraic Stacks

2.1 Functor of points — Grothendieck’s viewpoint

The origin of algebraic geometry is the study of varieties. A variety is, roughly
speaking, the set of zero points of polynomials. However, the set of zero points
depends on the field (or ring) in which we consider “zero points”. For instance,
the set zero points of the polynomial X™ + Y™ — 1 is:

a curve on a plane, if we consider zero points in the field R.
¢ a Riemann surface of genus n(n +1)/2,in C

a finite set of points, in Q
a curve and its tangent lines on each point, in the ring R[e]/(e?)

The idea of Grothendieck is to consider the functor which corresponds a ring
R with the set of zero points in R, or the set of R-valued points. In the words
of schemes, the set of R-valued points of a scheme (or a variety) X is identified
with the set of morphisms from Spec R to X.

Now we have a natural question: when a functor X : (Rings) — (Sets) is
representable by a variety (or a scheme)? No definite condition is known, but
there is a consequent:

-239-



Theorem (étale descent). Let X be a scheme and {U; 2 Ulier an étale
covering of an affine scheme. Then

o The map X (U) — [[, X(U;) is injective.
o For any {z;} € [[, X (Us), there exists y € X(U) such that y|u, = z; (Vi €
I) zf and only ifxi|UiXUUj = xj}UiXUUj (V’i,j € I).

In other words, if we endow the category of affine schemes with étale topol-
ogy, the functor X is a sheaf.

2.2 Problems of moduli

A moduli space is a space which parametrizes a certain kind of (equivalence
classes of) objects, such as curves, surfaces, line bundles and so on. With the
viewpoint of Grothendieck, a problem of moduli is formulated as follows. Let
F be a functor from (Rings) to (Sets) defined by

F(U) = {objects defined over U}.

When is the functor F' represented by a scheme?
There are some examples of moduli spaces. Let X be a scheme. Under
certain conditions, the functors

Hilbx(U) = {subschemes of X x U, proper and flat over U}
Picx(U) = {line bundles on X x U}/equivalence relation

are representable by schemes, namely the Hilbert schemes and the Picard schemes.

Unfortunately, some moduli functors — for example moduli of curves and
moduli of vector bundles on a scheme — are not representable by schemes or do
not have good properties we want. This is because curves and vector bundles
have nontrivial automorphisms and the functor to the category of sets loses
informations of automorphisms.

We replace the set of points by the “category (groupoid) of points”. A
groupoid is a category whose morphisms are all isomorphisms. To give a
groupoid of points is equivalent to give a set of points and automorphism groups
of each points. A moduli functor is replaced by 2-functors, for example

My(U) = the category of stable curves of genus g over U
AMx(U) = the category of vector bundles on X x U

These 2-functors have some good properties so that we can treat them like
schemes.

2.3 What are algebraic stacks?

We define two generalizations of schemes — algebraic spaces and algebraic stacks.
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Recall the definition of schemes. A scheme is a ringed space (a topological
space and a sheaf of rings on it) (X, Ox) which is locally isomorphic to an affine
scheme Spec R.

An algebraic space is a functor X : (Rings) — (Sets) which satisfies the
following conditions (plus some minor conditions):

e X is a sheaf on the category of affine schemes with étale topology.
e There is an étale surjection P : X — X from a scheme X©.

The first condition means that X looks like a ringed space. We can consider
sheaves on X and the structural sheaf Ox. The second condition means that
X is locally (in étale topology) isomorphic to a scheme.

A 2-functor 2 : (Rings) — (groupoids) relates to any ring R the category
of R-valued points Z'(R) “functorially” in 2-categorical sense. An algebraic
stack (champ algébrique?) is a 2-functor £ : (Rings) — (groupoids) which
satisfies the following conditions (plus some minor conditions):

o Z satisfies a 2-categorical analogue of the descent condition.
e There is a smooth surjection P : X° — 2 from a scheme X©.

The morphism P is called a presentation of Z". If P is étale, 2 is called a
Deligne-Mumford stack.

The moduli stack of curves .#j is a Deligne-Mumford stack and the moduli
stack of verctor bundles .Zx is an algebraic stack. We can generalize many
properties and concepts related to schemes to algebraic stacks.

3 Hom stacks and Picard Stacks
3.1 Picard stacks

We generalize the concept of Picard schemes to algebraic stacks.
Let S be a noetherian noetherian scheme and Z an algebraic stacks over S.
The Picard stack? Zic g is a stack over S defined by

Pic o (U) = the category of line bundles on Z" xg U

A line bundle on % is identified with a G,,-bundle on %Z". On the other
hand, there is an algebraic stack BG,, = [S/G,], whose category of points over
U is the category of G,,-bundles over U. So we can identify a line bundle on
Z with a morphism from 2 to the algebraic stack BG,.

Thus the representability of Picard stacks follows from that of another kind
of stacks — Hom stacks.

IFrench

2This word may be confusing. Deligne used the word “champ de Picard” for a stack with
commutative monoid structure. As we see later, the Picard stack in our sense is an example
of “champ de Picard” in Deligne’s sense.
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3.2 Hom stacks

Let S be a noetherian noetherian scheme and 2" and % algebraic stacks over
S. Suppose that 2 and % are of finite presentation.
We define the Hom stack #Q# (%, %) as follows:

HH (X, %) (U) =HOM(Z xsU, % xgU)

The right hand side is the category whose objects are 1-morphisms between
algebraic stacks, and whose morphisms are 2-morphisms.

Theorem 1. If 2 is proper and flat over S, then HCH (X, %) is an algebraic
stack in Artin’s sense.

Corollary 2. If 2 is proper and flat over S, then Pic o = HOH (X', BG,,)
is an algebraic stack in Artin’s sense.

If 2 and % are schemes, We can identify a morphism f : 2" — % with the
graph of f, which is a closed subscheme of 2 xg %'. Thus the Hom scheme
HOH (X, %) is identified with a subscheme of the Hilbert scheme Hilb g7 g2
However, in the case of algebraic stacks, we have no “Hilbert stacks” yet, and
the graph of a morphism f is not a closed substack of & xg %'

To prove Theorem 1 we use the Artin’s criterion [Ar]. The key of the proof
is the deformation theory of morphisms of algebraic stacks.

Let 2 and % be algebraic stacks over a noetherian scheme T, f : & — %
a morphism over T'. Consider the diagram of solid arrows.

A . Z

Here i, 7 and k are closed immersions defined by a square-zero ideals. Then we
have the following theorem. This is a generalization of the deformation theory
of schemes.

Theorem 3. _

1. There is an obstruction o € Extl(Lf*Lg//T,I) , and a deformation f
exists if and only if o = 0.

2. If o = 0, then the set of isomorphism classes of f is a torsor under the
group ExtO(Lf*Lg/T, I).

3. The 2-automorphism group of a deformation fis isomorphic to Ext Y (Lf* Ly /75 1)

Here Loy 7 is the cotangent complex induced by Laumon and Moret-Bailly [LM].
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3.3 Group stacks

Group stacks are 2-categorical analogue of group schemes. A group structures
on an algebraic stack G over S is given by morphisms

m:GxsGg— %
e:S—g
i:G—G
and 2-isomorphisms
m(id xm) = m(m x id), (associativity)
m(id xe) = id, m(e x id) = id, (unit)
m(id xi) = e, m(i xid) = e (inverse)

with certain commutativities.

The Picard stack Zicg has a group structure given by tensor products.
Another example of group stacks is the stack of automorphisms «7ut(%Z"), which
is a substack of the Hom stack J&2# (X", Z').

The author intends to study the theory of group stacks, which generalizes the
theory of group schemes and will be applied on many kinds of moduli problems.
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On the blow-up at space infinity for solutions
to the quasi-linear parabolic equations *

Yukihiro Seki |

1 Introduction

In this talk, the speaker would like to consider the blow-up problem for the
quasilinear parabolic equations

up = Au™ 4 uP zeRY, t>0 (1)

where m and p are physical constant such that m > 1 and p > 1 with initial
value ug(z). The equation (1) is also called porous medium equation. It
arises e.g., in the study of thermal diffusion phenomena with heat source. In
this case, u(z,t) repesents a temperature at the point z and at the time ¢.

Under the suitable condition on the intial data, the intial value problem
(1) has a unique solution at least localy in time. Here the meaning of solution
is understood in some weak sence.

The solution of (1) may not exist globally in time; it may blow up in
finite time (the concrete definition of ”blow up” is defined later). We are
interested in the blow-up at space infinity and nonblow-up for the solution
of (1).

The blow-up problem has been studied for a long time since Fujita’s
classical paper [2] at 1966 was published. He considered the initial value
problem for the semilinear parabolic equations

w=Au+uf, zeRY t>0 (2)

where p > 1 with initial value u(z,0) = uo(z). If ug is bounded and contin-
uous in R, there exsists a unique solution of the (2) at least locally in time

*Joint work with Prof. Ryuichi Suzuki and Dr. Noriaki Umeda
tDepartment of Mathematics Graduate School of Science and Engineering Chuo Uni-
versity
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and it can be extended as time increase as far as u(-,t) belongs to L. He
discovered the exponent

—14 2
pf_ N

, in which the situation extremely changes: When p < p, none of the solu-
tions of (2) exsist globally in time except for the trivial one v = 0 no matter
how the initial value uy is small. On the other hands when p > py, the
soution of (2) can be global in time if the initial value ug is small enough.
In the first case the solution is said to blow up in finite time. After that, it
was also shown that the solution of (2) blows up in finite time in the case of
p = py for N =1, 2 by [7]. Thus the number py is called ”critial exponent” or
”Fujita exponent”. Similar results were shown for the quasilinear parabolic
equation (1) by [3]. Let us put
p=p (m7 )—m_l_ﬁ'

When p < p*, none of the solutions of (1) exisit globally in time except for
the trivial one © = 0 no matter how the initial value g is small. On the
other hands, when p > p*, the solution of (1) can be global in time if the
initial value ug is small enough.

The various problems concerning blow-up for (1) and (2) have been stud-
ied. The one of these problems is determing the locations of blow-up points
defined below. Blow-up and blow-up point are defined for the solution of (1)
as follows: For a given ug,m and p, let T* = T*(up,m,p) be a maximal
existence time of the solution of (1). If 7 = oo , we call the solution exists
globally in time. When 7™ < oo , we say that the solution blows up in finite
time and call T blow-up time of the solution. By this definition, it follows
that

}%Il zselllRII)V |u(z,t)| = oo.
Because if it does not hold, the solution will be uniquely prolonged. A point
zpy € RV is called blow-up point (at the time T*) of the solution provided
there exists a sequence {(zn,t,)} such that

tn ?T*, z,—> zpy and u(z,,t,) >00 as n— oo.

We shall denote by S the set of all blow-up points of u and call it blow-up
set of u. If there exists a sequence {(z,,t,)} satisfying

ta tT*, |zn] > 00 and wu(xn,t,) > 00 as n — oo,

we say that the solution blows up at space infinity (at the time 7).
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There is a huge literature on the locations of blow-up points since earlyer
work by Weissler [9] and A. Friedman and B. Mcleod [1]. Here we shall
introduce the results about this topic by Mochizuki and Suzuki [8]. They
treated the Cauchy problems (1) as examples and classified the blow-up sets
in terms of the relations between m and p: Assume that ug > 0, ug #Z 0 and
up is bounded continuous in RY. Suppose that uy has a compact support
in RN or decays at space infinity. Note that if p < m, then all nontrivial
solution of the (1) blow up in finite time.

i) Let m > p and u be a blow-up solution of (1). Then u blows up at any
points in RY, in other words,

S =RN.
Moreover u blows up uniformly in each compact set K of RY:

lim inf u(z,t) = oco.
ttT* ze K

ii) Let p = m and u be a blow-up solution of (1). Then S includes some
ball.

iii) Let p > m and u be a blow-up solution of (1). Then S is included in a
domain depending only on the shape of the initial data uo(z). Especially, if
ug 18 radially symmetric and decreasing with respect to origin, then so called,
single point blow-up occurs i.e., S = {0}.

These results represent quite defferences between semilinear case and quasi-

linear case. But it is always imposed that ug is decaying at space infinity.
We would like to consider the initial value problems (1) for more gerneral

initial datas. Let us consider a continuous function u, in RY which satisfies

0<uy(z) <M foralze RN (A1)
lim wo(z) =M (A2)
|z|—o00

for some M > 0.
We compare (1) with the associating initial value problem for the ordinary

differential equation;
v =P, 5
Lo S, ®)

The initial value problem (3) is immediately solved,

aa

0= T
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where

o!
a= p——i and T, = = : maximal existence time of v.

The solution of (3) is considered to be the solution of (1) which is spatially

constant for all R" and necessarily blows up at the time 7,. We are now in

the position to state our main results. We restrict ourselves in the case of

1<m<p.

Theorem 1. Let u be a solution of (1) with (A1) and (A2). Then u blows
up at T* =T, and satisfies
lim u(z,t) = v(t) (4)

|z|—o00

and the convergence is uniform in every compact subset of [0,T,).

In fact, Theorem 1 ensures that the solution of (1) with (Al) and (A2) at
least blows up at space infinity and describes its asymptotic behaviour as
|z] = oo. On the other hands, we can obtain the fact that the solution of
(1) does not blow up at any points in RY under the assumptions (A1) and

(A2):

Theorem 2. Let u be a solution of (1) with (A1) and (A2) and assume that
ug Z M. Then u has no blow up points in RYN. In other words, u blows up
only at space infinity.

There are few works on the solution which blows up at space infinity. We
mention that this problem is discussed by Y. Giga and N. Umeda in [4] and
[5] for the semilinear case. They proved in [4] above Theorems in the case of
m = 1. But their proofs heavily depend on the fundamental solution for the
heat equation. However one can not use same method for the case m > 1
since there are no fundamental solutions to the quasilinear equations.

Let us describe a brief sketch of our method. To show Theorem 1, we
adopt comparison arguments. We can easily see the fact that the solution
of (1) is estimate from above by the solution of (3). We shall focus atention
on the construction of the subfunction which converges to the the solution
of (3) uniformly as |z|] — co. From the assumption (Al), ug takes very
close value to M at far away from origin. So we consider the zero-Dirichlet
boundary value problems on the balls centered at the points far away from
origin and estimate these solutions from below making use of, so called,
"Kaplan’s method” which is using the eigenfunction of —A for Dirichlet
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problem as suitable test functions (c.f. [6]). Here it is essentially used that
p > m. We adopt comparison arguments also to prove Theorem 2. We
construct a supersolution for the investigated Cauchy problem which has no
blow-up points in RY and use the methods having been established in [1],
[8], and so on.
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EFHICBTOHREEDZEMART
2% 5

EEXREXFR BIFMER BHEER

1 Abstract and Introduction

The quantum algebra U, (g) := (e, fi, qh)iel (I ={1,2,---,n}) which was introduced in the study of solvable
lattice models is applied to the reserches of mathematical physics and plays important roles. The nilpotent part
Uy (8) := (fi)ier of Ug(g) has a crystal base B(oco) and the irreducible integrable highest weight representaion
of Uy(g) also has crystal base B(\) which were constructed by Kashiwara [K1].

The crystal base has been realized by several methods but it is not so easy to obtain the explicit form.
Polyhedral realization of crystal bases is one of the methods for realizing crystal bases explicitly, which was
introduced by Nakashima and Zelevinsky [NZ]. We can describe a vector in the crystal base B(co) as a lattice
point of certain convex polyhedron in an infinite Z-lattice by this method. This method can be applied to
the crystal base B(A) of the irreducible integrable highest weight module for symmetrizable Kac-Moody Lie
algebras.

In this paper, we introduce the notion of the polyhedral realization and recent results.

2 #H

FTEHAEFEOETE2T5. EFH Uy,9) = (e, fi,q")ier/Q(q) 1¥ Kac-Moody Lie 3 g ® universal
enveloping algebra @ g-analogue (U(g) ~ Uy(g)) T q — 1 OBRT Kac-Moody Lie {#METET hd. EF
BHORBRHR (TEAMRER. REVT A+ ZR) [X ¢ A generic DIFE Kac-Moody Lie REDRERE RLC ($FI<.
FARRT Kac-Moody Lie X#IC{HHET 5 BFHOARRITRRIL L()\): Verma module M simple quotient (A:
dominant integral weight) & %) THS M. BLO—DOIHRBEEOFELNHD. HREELS (X, ¢ — 0 OER
BEVWTEHARE U, (9) & ATRAREVIT AL RB V() ILEETHIHHEORVWEETHY . #RICE> THA
Ehi-. COREIHBIBEICE S T—RD ¢ ITDOVTOEE (global base) [ZH5 EAY | 442 ¢ — 1 DREE
L THHL L.

3 #SRHAE (crystal base)

CCTREEICHREBENDERL MHEEEETD. M % Uyl(g) DREFRBRE T5. EFRDue My (AeP)
[ up € ker &; N Myyno, ISHLTu=3 5, fi(")un ( fi(n) = D{—l]n—,, [n}i == _—“::.“ = glena) ) BNV
RREHD. COLEHRERK &, fi cEndM) i€ I) ZUTTEETS:

éiu = Zfi("—l)un, fiu:= Z fi("H)un.

n>1 n>0

UTA:={f@eQq): flg) I£q=0TER} &T5.

*e-mail address: a-hoshin@mm.sophia.ac.jp

AHARFEXEHRRE BARARRAEMEOMEE ZFTLET
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Definition 1 (#5REIE).
# (L,B) B"AIEPRE M ORBEEL IUTEEHLTLETHD:
(@) LIEMODABINET M =Q(q) ®a L.
(1) B 1 Q XU+ JVZEM L/qL OEIE.
(#1) L = ®aepLyr, B=UxepBx. 22T Ly:=LNM,, By:=Bn Ly/qL.
(iv) &L c L B2 f;L. C L.
(v) &B c BU{0} A2 f;B c BU{0}.
(vi) u,v € BIZHL T fiu=v < &v=u.

SCTuE V() OREITA Rk LEL

L= Y Afy-faus, BO)={fi - fi,uxmod qL(\) : i; € I,l >0}
i;€1,1>0

EBCE UTOEEERS:
Theorem 2 ([K1]). #i (L()\),B(\)) & V()) OfEREE.
FIRHRIC &, fi € End(U; (9)) NEHETE

L(oo) := Z Afi - fiytioo  (Uoo : BETE), B(00) :={ fi, - fi, too mod qL(c0) : i; € I,1 >0}
i;€1,1>0

EB< &L (L(oo), B(oo)) 1 U (5) DREREEITH S ([K1)).
Theorem 3 ([K2]). TEAREVI AL RBE V() ICXHL THEER G BH>T
{G(b) : b€ B(A)}
X V) OEE. C DEEE V() OXEHESEE (global base) &N .
Theorem 4 (7> ILIE). U,(g) MEE Vi, Vo IZXL (L1, B1), (L2, B2) Z2FNhFThOHEREEELETS. 512
L:=Li®aLy, B:=Bi®By:={b1®by:b; € B;}

&L u€ By,veE By ITRL pi(u) :=maz {n >0: fi"u# 0}, ei(v) :=maz {n>0:ePv£0} £TH&
(2) (L, B) 13 Vi Qqq) Vo PIEREIE.
(i) f;, & D u@v ~DERAFLUTTEL D

fiu®v @i(u) >eiv) DEE,

filu®v) = {u@fiv vi(u) < gi(v) DEE,

)
)
Guen) = {ém@v <p,-(u)25i(v; NEZF,

u®€&v wi(u) <e(v) DEE.
Definition 5 (V) R# LT 57). #HREE B OV RA LTS5 1E. UTORBITEZ LS BAEER
957T¢H5: .
by ——=by <= by = fiby (b1,bs € B).
Remark 6. f£REE BN EHE" LK. BOOYRBILTSITHN EE THDHZEENS.

Example 7. HRRIT Uy(sly) MEBEV, (dimV, =1+1) DV REZNLTZTE 1+ 1 BOTERAVTUTTEX
bhd:
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Definition 8 () R4 JL). EEBHBYV Y XA LI ie T ITHL T
wt : B — P,
g:B—ZU{-x}, ¢;:B—ZU{-0c0},
é&:BU{0} — BU{0}, f;:BuU{0} — BU{0},
&(0) = fi(0) =0
LW BEEMH- T, UTOMEEH-TLTHS:
@i(b) = €i(b) + (hi, wt(b)),
wt(€b) = wi(b) + a;  if &b € B,
wt(fib) = wt(b) —a;  if fibe B,
€iby = by <= fib; = by (by1,by € B),
gi(b) = —00 => &b = fib=0.
Remark 9. #REEEI) X2 LOEEE BT .
Example 10. : € I IZRL T, B;:={(z); : € Z} ZUTD&S ICEETHE B, ZV )V RELTHS:
wt((2):) = zas, &(z)i = 0@+ 1), fi(x)i =6 (z.— 1),
ei((2)i) = -z, @i((x)i) ==, €((z)i)=-00 @;((x)i) =—0c0 for j#i.
CDEEB DV)REANTSTIEUTOKS (255

------- OO0 —
ft2L ﬁ@: @ (teZ). CCI=B; & 7 HE&EL TREL L.

Example 11. Ry := {r\} (A € P) Z—RMDRAHEET wi(ry) = A, ei(ra) = —(hy, A), @i(ry) =0,
&i(ry) = fi(ry) :=0 E BB E Ry IFHVY RELTHB.

Example 12. index DRI o = (- ,i2,11) NRDFEH (A) o e R

%

(A) ix #ixp1 and §{k|ix =1} =00 for any i€ I.
CDEE
Z%® :={( 22, 21): %, €Z, 2 =0(k>0)} (C--® B, ® B;,)
(3 ¢ IZHHREL 722 A2 LV OHBEE 52 (M ). S5 (2
ZPN :={ (- 22, 21,72) 7, €Z, 2k =0(k>0)} =Z®° @Ry (C---®Bi, ® Bi, ® R»)

4 L ISHBEL 722U RE LOHEE HD. £8EL TIE Z° & Z2[\ FEL LA, 209 R4 LO#HiEEEY
B EITEETS.

4 HREEOEHEHI

[KN] IzBWTHIR, ®REIX A, By, Cy, D, BOTESIREVT 1+ REOHEEEE B()\) O semi standard
tableaux ISk 2 RBE 5Zf=. S TlE A, BICOWTEHEEZBRRS. A=Y | MiA; (A € Zxo, A;: fundamental
weights, s € I) & 9% & B()) & shape % (my,mg, -+ ,my) (Mg > me >+ >my) Tentry B 1,2,--- ,n+1 D
semistandard tableaux DEET. ROFHEHTEDEFELLY mi—me = A;,me—m3 =X, ,My_1—My, =
An—1,Mp = Ap.
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1[1]1 [1TxT2] [1]1]3] [1T2]2] 1]2]3
) ’ll ) m ) lll ) )
B()\) _ 1[1]1 1]1]2 1[1]3
- ) m ) m ) m ) )
1]2]3 1[3]3 2[2]2 2[2]3
’ ’ ’ )

e Tableau £5 L M7V LY BIFMIZERMR TE % DT Littlewood-Richardson rule 3 828 TZ % ([N1]).

5 HWREAENDZEHRT

HREAENDSERRTE IHHRNTEMERTRELG—RTEXRTEDOL N-EEO, B REL THREE
[E%x EARMICKRTT 5 FIET 1997 FITHBE Zelevinsky [NZ] [T&> TEHAS iz, — D Kac-Moody D&
FHRIGESTESFETHS.

Known results
- B(oo): HH A, B, 7I1v AV B rank 2 —f8 (&, Zelevinsky [NZ] 1997)
- B(\): HH# A, B FIs2 AV, B rank 2 —f8 (B [N2] 1999)

New results
* B(oo), B(\): BIsE%E SO HB#ME (B, Cn, Dn, Es, Er, Es, Fy  [H1] 2005)
 EREFHOZSEART: TR A, B rank 2 —f (T Ak ICEHHY  [HN] 2005, [H2] to appear)
oB(c0) DEEERT

CC Tl B(oo) DEEKRTOEREBHEEERNTS. T VVARBI B :={(2)i|z€Z}=Z(icl)
2L TUTOEDAHADEENMNS A TNS:

U; : B(co) & B(0) ® B; U H Uco ® (0);.

S THDEHS (A) £#E=T index DRI L= (- ig, 1) (s € 1) EEY U; & 4 [Ti> THRY EL RS ¢
BLLUTOEDALE BD (HEDEDHAS [K3)):

U, : B(ow) — B(co)®B;; — B(0)®B;, ®B;;, — -+ — B(0)®---®B;, ® - ®B;, ® B;; =7
(too = (-++,0,0), Z®°:={(---,22,21) | 2j €Z, T =0 (k> 0) }).

o ZEARTRE (X Image U, # BEAMICRRIRT DEFEND—DOTHD.

Example 14 (Az-case). t:=(---,3,2,1,3,2,1) £F 5 &

-73120y
m(¥,) = F€Z®| z>z4>0, :

T3> 15 > 27 >0, TOMD z; =0

S TIRABRDEBHI H#DB] Im¥, (= B(oo)) BT 57=0IC B(co) DEEHERTERRT S ((NZ)). &#
(4) =9 index DRI ¢ := (- , ik, - ,i2,%1) ZEEL . k> 1 ITHL

EF) = min{jlir=14; (k<j)},
KT = maz {j|ig=14; (k>j)} (=L kO AFEELAWESF £ =0)

EBS. QRVMLVERM QX ZLUTTEDS:

Qw:z(@@ZZc’o:{f:(---,:Cz,.'l,'l)leEQ, $k=0(k>>0)}.
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F1= Q*° LO—RIBH 6r(Z) (Z€ Q®) ZUTTEDS:

Be(Z) = zp+ Z (hik,aij)mj—l—xk(%

k<j<k()

SO Bi(Z) ERAVT o(Z) = )5, PeTk (pr € Q) [THT HRSHREMERR S ZLUTTEDHS

© — Kbk if ¢ >0,
Sk () = _
© = rPr— if o <0.

Example 15 (Az-case). v:=(---,3,2,1,3,2,1), p =21 £T 5 &
Si(z1) = 21 - Bi(@) = 21— (21 — 22 +24) = T2 — T4,
S281(x1) = 2 — x4 — B2(Z) = 22 — x4 — (T2 — T3 — T4 +25) = T3 — Ts,

S535281(x1) = 23 — x5 — B3(%) = 23 — 25 — (23 — 25 + T6) = —7Ts.

rt
ri
A

E i={8 - Sj(jo) [ 120, jo,-++,u =1},
Y, ={Z€Z°(CcQ°) |¢@) >0forany p € E, }
L EDHD. FT- index DEREFI . [THL
L i=min{k|ix=35} (€I
EESD LITRLUTOELS BRE (P) 287!
(P) ¢, >0 forany ¢ € Z,.
COLE, UTOEENHILTS:
Theorem 16 ([NZ]). ¢ [25# (A), (P) &#=FLT5. oL =
Im (0,) (2 B(co)) = %,.
SO, E KT S B(oo) DBEEKERE FA.
Remark 17. Theorem 16 &Y, B(co) MDEAEMERDDICIE 2, &, DEKBE RONELNI EHIND.

Remark 18. SEEARRFICEVTESEFMIC 0 THL z; OEH. 2FY B(oo) ZRBTH-OICBEL., MR
DIEDHAZTCAN=2Y R4 )L B; DTV LEOERKIE. fHETE Weyl BOZKETORSICHEL LI &L
Mo TWS. 7714 VEID—ED Kac-Moody B DIFE. REBEDOT YV ILVENLEIZED.

LT g #8@RETD. 0o=(,ny--,2,1,-,n,--+,2,1) (nt ANAFTHIOHAX) EEH. SO o IR
L £€Z® M index & zj;; = Z(j_1)n4s PHBTRDED ITFFMNZS:

Z:= ( Tyttt 3 X2;2, 2315 Tlyny 5 T1;2, 1171;1) € ZLP‘]? T:ffl’ i ¢ [17n] o)t %'i Tji = 0.
CITHR B, BDBEEOHERERNTD.
Theorem 19 (B,-case). B(oco) DEEAERFIEILUTTHS:

zj; =0 for j,i¢[l,n],
Ty 2 Toio1 222120 for 1<i<n—1,
Tjin > Tj+1m—1 > 2 Tn;j > 0 fOT‘ 1 SJ < n,

Tjm—jtl = Tjm—jt2 = - 2 Tjn 20 for 2< 5 <n.
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eB()\) DEZMEARKT
CZTlE BO)\) OEEARTNE ﬁ-t%ﬁii’&%’”ﬁ'é B(\) OEMTE uy £T5. —ThSHEEV 1) R4
JU Ry = {r,\} Il TUTOEHAHE B

Q) : B(A) = B(0)® Ry Uy — U ®T).
C DEHRAH Q) EHRDEDHIAH ¥, £ FHEL LLTFD unique HEDHAHE HFS
¥} : B(\) < B(co)®Ry, — Z®QRy (=:Z®[))
uy = U ®ry = (-,0,0) @7y,

CCTERYYRELOEDHAHDE ImT) (= B(N) £8Ridd 510 B(\) DSEARTEERT S (N2)).
St (A) 2T index BRI 1= (- ig, - ,i2,41) ZETEL kD, kO, Q® IFBIHOLE DEFS. Q™ L
DY 4P () (7€ Q) EUTTEDS:

ﬂ}(c-*-)( = I+ Z h,k,a” T +$k(+),
k<j<k(+)
,3(—)(:5) B Tp-) + Zk(—)<j<k <hik,ai].>$j +ap  if K5 >0,
( =
—{hip, A + Zl§j<k (hi,c,aij)a:j + 1z if k(=) =o.
CZTRICERETS:
B =8, B =By if K >0 (5.1)
S0 6 (2) EBVT o) = c+ Yyoy 0rk (¢, 06 € Q) [THT 2 RAREUERAR S, EUTTEDS :
+)
© = prf3 if ¢ >0,
Sk () = ) (5.2)
o —wKBy ’ if pr<0.

Z C T index MEEREF] o IZHL

D i =min {k|ik=j (e},
AD(@) 1 = (hig, ) = Y (B i)z + 3,0

1<i<e@)
EED
Eiz{ ’. {)\(m)(i")|m61, Ji, gk 2 1),
ZMN:=2 U E
= {8}, 8}, (@3o) 120, jo, -+ 1t 2 1}ULS), - SIA™ @) | m e I, jr, -+ ,ji > 1},

A= {r € Z,[A]| (&) > 0 for any ¢ € E[A]}

LEDHB.COT (5.1), (52) IS&Y . & (P) £#=T ¢ ISHL TR S, £ B(oo) DSEERFTED L DE
BN LISERETS. SO EUTFORENRITS -

Theorem 20 ([N2]). (---,0,0) € T,[\] THHETH. CDEE
Im (%)) (2 B() = SN
SO T[N % L ISHBETS B\ OSEKERE A
Remark 21. Theorem 20 &Y B()\) DEHKERDB(21E 5[\, B[\ DEEHEROMIZENT &NRHMB.
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UT g ZBMBETS. ., T FEIHOL DERBEDL DETS.

ri
ri
A

Ei ={S_;k S‘;l)‘(m)(f)lm € I7 jl)"' 7jk 2 1}7
=\ =5 UE
"_—{S;l S_;l(zk,l)[k > 17 jla"' 7jl 2> I}U{S_;k S;l)\(m)(a':')lm € I; jla"' 7jk: > 1}»
3, [N :={Z € Z,[\] | o(£) > 0 for any ¢ € E,[\]}
EEDHHE D[N & B(A) DEEFERTELD.

CCTE B, BEOBEDREREBNTSD. BRI 4= (u1,p2, - ,,0,0,---) (1> 1, ps € Z) IZHL . p B
admissible pattern THHE XU TEFHI-TETHS:

IN
IA

n,

. 1 <m
4@ admissible <=
0 < pp < pg—1—1 for2<k<L
E-BHEO-HRODEEZEHETS:

Xjyi o= o
ZTjm ifi=mn.

{2(1}]‘;1' if 7 # n,

Theorem 22 (B-case). := iy Mk (M € Zz0) £¥5. SOEE B(\) DSEHRRFEUTTHS
zji =0 for j,i¢[1,n],
l’l;izxg;i_lz...zzi;lzo fOTlgign_l,
Tjm 2 Tjtin—1 2 - 2 Tpy; 20 for 1<j<m,
flljm—j-{—l 2 "L‘J,n—J-}-Z 2 . 2 "1:]';11, 2 0 fOT S] S n

Mo

A+Tj -5 —Tj,i41-520 for 1<i<n—-1,1<7 <4,

)\n + E5;:1 (Xk—l+uk sn—pe AXk:-1+mc ;n+1~uk) > 0

=L . pi=(u,p2, -y u,0,0,---) &L FNENDI=1,2,--- ,n ITHL p: admissible.

6 A
Litllewood-Richardson rule

ARSERROTUV LT, BHCRREOEME ARICEII LA/ NATVS. TORNESDEEEE
Littlewood-Richardson number & LV3 (cf,: V(A)QV (v) DEMMS V(u) DEHE). & Z T dominant integral
weight A [2xtL

s V\)g: V) DozA4k DIz 4+ ZHH,

f V= Z?:l ni\; (A BEXYx Ak , N € ZZOV 1€ I),
c VA\)py = {veV(\g:ertv=0foranyiecl}
ETB, COEERVPELNTINS:

Fact 23.
A, = dimV(A)u— v

F 1=, global base DEFELE L TRMAFS MW TLNVS:
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Proposition 24 (#R). FED i€ [ & n € Zx [THL
{fveV):elttv=0}=Qq) ® G({b € B()\) : €7'b = 0}).

o TEED2 00)$¥f3\6 . C‘)fu Fv:= Z?:l n;A; 1280
Loz AN pu—v, 2. (b)<n;foranyiel
DEHRE T be B(\) DEHTEZ SN,

EiR 1, 2 FRBICZERRRICHARALZEATED. TEXRTEDLOM-BEHOBKADBERE AL
ElT& By, ORMBEE, A, BITDOULTIE Gelfand, Zelevinsky [GZ]) M. Ffz B,. Cn. D, EIF Berenstein,
Zelevinsky [BZ] BT S A, SEHRTE BLS L HINEE ST HEMED Littlewood-Richardson number
WRBTEDZLITHD. SEROBBEL TRT 71 VEOSERRTERDDZ L P, LAL 0 OEHEBFHD
HRREEOZEARRTERODDCLELENETFLLD.
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FEFF B Allen—Cahn FEER T K S
S ENEB DU D—1RME

K& B (RERERZZGEEERZENTSR L R R)

Abstract

The Allen-Cahn equation is introduced for approximating the motion of
grain boundaries in a crystal. It is already known that internal transition
layers of solutions of Allen—Cahn equations approximates the motion of inter-
faces by a mean curvature flow equation. We shall discuss on an anisotropic
version of Allen—Cahn equations and a mean curvature equation. The con-
vergence of solutions of anisotropic Allen—Cahn equations is studied when the
interface thickness parameter (denoted by €) tends to zero. It is shown that
the convergence to a level set solution of the corresponding anisotropic inter-
face equations is uniform with respect to the derivatives of a surface energy
density function. As an application a crystalline motion of interfaces is shown
to be approximated by anisotropic Allen—Cahn equations.

1. A4>xka%o<3>

AGEE TIXIEEF A Allen-Cahn FREXOANEREREIC X 5 K OFEE)O{LICD
WTELRT S, IEFEHM Allen-Cahn FERE I RD L S HHERTH S,

B(V0)0w — div{v(Vv) Dy(Vo)} + ;13( f)—era) =0 mR"x (0,7). (L1)

TTTald@ER f(v) =202 —1), NI fHODIREBZEHMTIDHEETIE N =2/3,
B Y& R OB TRZHAITEDLT S,

(A1) B e C(R™*\{0}). v € C*(R™\ {0})o

(A2) fEEDr >0& peR*\ {0}<xtL B(rp) = B(p)s v(rp) = r*7(p)o

(A3) REHT=TEDER Ay A, BT B,

Agt <B<Ag AJ'<y<A, onS"

(Ad) v MBI 2 I3BeEEIETH B,
(A5) 0 f(0) — eXald 3DDB h_y how hy(ho < ho < hy) BFFD,

B =1. v(p)=|p|s a=0D&ZE (1.1) I Allen-Cahn AR LTINS, /5
B (1.1) DOff v ONERER BN IEF AR FRARER LI 2 AERICE -
TEH<AEZEUL TWA T LIRAISNT NS, ARFEHTIE I D Allen-Cahn /7712
N E I RRAERDOEBRZHOMNCT S L ZHE LT 5,
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1.1. FANEHZS
%9 Allen-Cahn R, T4bBE =1, v(p) =|p|. a=0DHEETH 3

By — Av + gif(v) ~0 inR"x(0,T) (1.2)

& R R OBRIC DOV TIHENTT %,

Allen—-Cahn /5f85& Allen-Cahn AY 1979 FEIC., fEGTOFRADOEE # XK T HE
A& LTEALE ([AC]). A& IEMEAETICH S, 2 DDME DEZ BRSO
RO THB, — DR TFOIRER v = -1, 7O RETFDOIRER v =1

L. RO ZIVF—INEIEK

E(v) = / E;wm 5 {%(vz 1y -ExavH da

DEZENELTEEHICET ZEE L LT, (1.2) HMEH TNz, Allen-Cahn([AC])
i a=0DFEDHFERICDOVT, NFERE LTINS, v DED -1 05 1\B
D 2D B 1R O(e) DENEN IR ATEIC Lieh > THIK FRmZatiL T b
Tz U, ‘FathRmaEe &,

V=-k onl} (1.3)

TEREINZHAM, OFEHHEXTH S, T TVIET, ONAERAERT b
JITANDORSBIHE nun®$w@4fﬁé

W& DRI DOVTIR, BN INLEMIC K> TRLSN TS ([RSK]).
Chen([C]). Evans-Soner-Souganidis([ESS]) 5 &/ DBEIfRIC DWW T iz ikimz
R L7z,

PURIC & OFEROREMN L Z21b X%, J7H5N (1.3) %2 Level set IAIC K> T
ERL U7z R AR

Vu
|Vl

BEZD, u (1.4) DR, v7Z (1.2) DR T, {z;u(z,0) > 0} = {z;v(x,t) > 0}
MWD {z;u(z,0) < 0} = {z;v(z,t) < 0} ZHITEDLT B, TDEERMNKIL

%,
- +1 in {(z,t);u(z,t) > 0}
—1in {(z,t);u(z,t) < 0}

[C] l& T DULRDFERZ HHROFFH THE TS, LAL (1.3) I Lo THHR
M3 ERRECRERZECS T DD B, [ESS] & (1.5) ZRitEE7x 5 55f O
THETWS, TNIRmICHFESMEUED (1.2) ONEERE THmOEE) A
ITE S %R L T3, Barles-Soner—Souganidis([BSS]) 1& C DRz — DEX
/) a IS DWTHIR LTz,

— |Vu|div ( ) =0 inR"x (0,T) (1.4)

} locally uniformly as € — 0. (1.5)
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1.2. FEFEFNGIHZES

FEEJ7HY Allen—Cahn AFER (1.1) & [MWBCS| Ic & o TEA TNz, HEN (1.1) 1
X9 2 A OES HFENIE

B(n)V = —y(nd){divp,Dy(f) + a} on T}. (1.6)

THAbN5, TTTHET, DIHAZHEAERNZ ML, divy, i& T, ETOREL
2R, AHOH 1 THE T, DIFFANGHFEZERT, PRIAENCE v ZRAT
IVF—Z G, Dy ¥ Cahn-Hoffman vector, «/f l& mobility & FEIENZE TH
o By v EENTNEEEEOBEEE., RMOFHEIREOIFE T EEZE5Z5ED
Thsd, FEEX(1.1) & (1.6) DEELZFGHABERNIRTEZE5N5,

B(Vu)du — v(Vu){divDy(Vu) +a} =0 in R™ x (0,7). (1.7)

AR (1.1) & (L.7) ISR Z2IEROFER (1.5) . = 1 DFAEIC [EIS1]. —fi&
D BIDVTIR[EIS2 IC K> TELNTVS, LMLINSDFERTIE yIZDNT

[Yllc2(Ba(00\B 2 (0)) < A (1.8)

BBEDQEBADFEEREL T3, TN FEIREEDFH O IRD—RICH %
BEEEOHITHZTLEERLTVS, ZTNREMOAEREEZ ZEOHPETHS
W, JVARSAVEMEINDS, v DEEDNTEVK SRR TD (1.6) I XK B /M
OEHOALABERE LT (1) ZHVE S 95 L (1.8) IFED BRI RERE & 7%
%, & <IT [EIS1] %P [EIS2] I BT (1.5) DYGRIE A ICKIFT 5 T LICHEET %,

F T T, AEHETIE T Oy DMITHT BAEZEL D FRW KL T (1.5) 2R
CLZHELT B,

INHRE B DFEF I ELi E PR 72 W T iR DRI & b, C & THURIEM &, 73
B0 (FRREXOELMIEE) LEMRE (FEKXOGUEMNIEE) HHIHRZL ¢ = 01
BWC SR < BR 25 NERELDEE, ZTORNEGEIELT £ THEESN
5, EVWOIMETHS, ZTTHEDEHETHEN -1 0D LICBOEDE X S5%ESH
fig & BREZRER L, FERJEENC K o TiRZFIIS 5 C & CUCREM ZEEAd %, 4
figg & BFRIE S S ORREERER & . TR B v(z,t) = g6z - e — e72ct) DIE
TE5Z6NBRDTATTHhOEKINS,

ANGETE CIIAHAME Ty £ 737 bzdhfie U, BRFRETORmMO# & 2%
Z %, LIchi> THENZH B RE R Q DNENCE X 5, % T TAMHTIIR ST
BRZRHRAREZEALTEZ %, SABRKOMOFER [EIS2]. [CGG]. [ES]
EHIBE X, FABETIRERERICHE SV, 2 THEROBMRTE Z %,
BB IR AP RS MR OBERZ T L TR ENB D, T T TIkEEDMEM L DTz DI iRz
BENEEDE LOEREOMAD K S ICEHET %, MMM LWESRS [CIL)
BB K
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2. FHER

2.1. Modified Allen—Cahn F12T}

A T IEFJTH Allen-Cahn ARERIC K 2 S ##HT Ozl %, Evans-Soner—
Souganidis([ESS]) DFEMNHEET B, CDFETIE Allen-Cahn FEXDER L
SRt U, HEBEHEZ W THRZFHES %5, £TAM (1.1) X BICKS Vo =0
TOREMENIEFFICHHRL . HEBSEHAE S5 NixW, Elliott-Schitzle([EIS2]) (& T DR
e, HREHZRET5C L THLZ, LM LZ T T (1.1) &, [EIPS|IZH 5
&5 THEBEHNEZ IR ONBIVICERT %,

B2 C: [0,00) = RZWE S EEBTRZHTZTEDET B,

1 ife<1/2
C(")‘{o it 0 > 3/4.

CNERAWTS: R > RZ
B(p) = (1 = ¢(Ip])B(p) + AsC(Ipl)
LEET B, TLT (L) ODMDDICRDFHAEEZ B,

B(V0)8w — divi{y(Vv) Dy(Vo)} + é( f@W) —era) =0 inR"x(0,T). (2.1)

FRR (2.1) O (L1) 1 B ER OGRS O X T TE 3T L, &
e RO BRI 5 C L Th B,

2.2. FPEH#RESER

Allen-Cahn SRR TIEHE OB T, H 5 DRSO EHMEREEA Lz, L
L (1.1) % (2.1) DELE T v DXFEHN 5/ 5N IEEHINE FHEE Z8 AT %
IR K @Y TH 5,
BEEL v DSZF:rREE +° %2

Y°(p) :==sup{p- ¢ v(¢g) <1}

TEET S, ThZzHV, IFEANE B d(z,v) 2
d(z,y) :==7°(z —y)

TEET S, GG K &l o OEEEZ

d(z, K) := inf{d(z,y); y € K}
T5z26NM%, R = {z; u(z,t) =0} DFFEDZERHEBIE d(z, t) 1Z

_J ATy ifze{y; uyt) 20},
d(@,t) := { —d(z,Ty) if z € {y; u(y,t) <0}

TREEYT o
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2.3. ETIEAR
HEITIRRIE, Allen—Cahn SRERICB I 2 ETHEMAEFRCEDOEEAT 5, ROHEM
DHERZRTZTES c LB q DI (c,q) BE Z 5,

{ ¢"+cqd = flqg) —ela inR,

q(+00) = hy, ¢(0) = ho. (2.2)

Aronson—Weinberger([AW]) & (c, ) DM DO—EFEZFHL TW%, 7z, Barles-
Soner—Souganidis([BSS]) & (¢, q) B h_. hoy hy MEHELENZE T EZRL TS, KL
Mg DHEZFELHTHL,

(i) RZHTZS é DMFET B; IEOEEC1. Con C3 THED e € (0,€) ITxfL

lg(s)? — 1| < Cy exp(—Css|) + Cse,
lg'(s)| < Cyexp(—Cyls|), for s e R
l¢"(s)| < Cyexp(—Csls])

Rz TEDONFEET B,
(i) FEED R > 0lTx L

inf inf ¢'(s)>0
6612),5') SG[IPR,R] 1 (S)

AN AIRVASN
2.4. UVREHE
FHERERNS,

Theorem 2.1. (A1)-(A5) ZIRET %, Oy ZEFREFAEREL L. Ty = 00, &9
%o do: R" > R7%Z Oy TIETH % I'o DFF 5D EEREERIE L T %, u & do ZHIHHE
95 (1.7) DL L. d(z,t) Z T, DF5 DX IEEBIE 95, v ¢(do/e) ZHH
BL9% (21) DfL T %, TOEE, EED I > 0ITHLRZHTZT § = §(0).
Ep = 80(9, Aﬁ, A‘Y)‘ C= 0(9, Aﬁ, A’Y) 7’3\7?7{-3’%,

EEDe € (0,60). (,t) € {(y,9); d(y,s) < —0} ITHL

v(z,t) < =14 Cjexp (-—%) + Ce (2.3)

L%,
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FOFENS e - 0& LT {u< 0} ERFI—HRICo - -1 2185, {u>0} ETD
il —v & —u BB HER I2DBREZ B(p) = B(-p)s () = ¥(-D)-
flo) = f(—o)s @ =—alEEHX T2IFF I Allen-Cahn /7123 & IEE 7RI
FRAEROFGHAEREZEZ., LOFGHRERYETEX L,
FOMROBEZIGHE LTIV AR T A VI K 25 HE DEH D Allen-Cahn /5
BRICKZ2ELUEEZ S, 7V AR TA VKB FHOEINIRT T RIVF—HE
By DRSNS &R0, ik 0{y < 1} WS REZFF DK 5 KL TDIE
EHEIRRAERICK 5EEE LTE5X 5N 5, Taylor([T]) R EIC X > TE
MMEENTWT, Y. Giga-M.-H. Giga([GQ]) BWZEM 2 KT TV AR TA /KB
FEOEH OFEREZE S5 Z TV 5, HADEFERIZIEHED v DMTHRAF L
TN EZRLTWA, TDTENDE, BONTENy ZI LT 5 v, Z VI
iy Allen-Cahn ST K D 7 U A Z T A N X B RO OELUNMEE NS,

3. (RO 7A4T7

FAEROFEAIE [ESS) DFEICZ > TIREFHIT 572D DBEMREZREKT %, BN
11X [ESS] D5 TRE R I2 T BB Y = o). s ZHERLT 5o

() EEDIICHLHS 5>0. C>0T{(y,s); d(y,s) < -0} I (2.3) ZP7=zT,

(i) EED > 01T LHB o > 0 THEED e € (0,£0) IR L o1& (1.1) DEMFET
BB,

() ¥(z,0) < aldo(a) o)
O L7z ¢ B (2.1) DB TEH S T L ZFHT %,
R = B(V4)3) — div{3(V) Dy(V)} + 5(f () — eAa)
Be = B(V)0 — divi/(V9)DA(VH)} + 5(f () — ea)
< bl B
Re = R+ (hs — BVH)C(V )0t

LI5B T LB PND, Liho Th L ik op DFHENE S NS R,

2D Oy DFEHEREEDIHDE - & BB AAA Y kT B, Mz 5IET
DR IS 2 B OGBS BT, [EIS2) 1 v DS D /U LS IV TV
M5 THD, ZOMAICHT 3 E - & b EEL A

divDy(D~°(p))
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BBEDFMTH %, [EIS2] & DEHDOFMZM T OEHAENSE5Z T\b, T
T LA G T DHIZDOWT, Mt oEimzHWwa 2 &Iic kD

n—1
7°(p)

divDy(Dy*(p)) =

5 %E N 2187, TNITKD ~ ORI OIRIFE LICPCROFHE 2152 C AT E T,
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