HOKKAIDO UNIVERSITY

Title BICREREREIF—
Author (s) Yamamoto, T.; Hatori, 0.; Hayashi, M. et al.
Citation Hokkaido University technical report series in mathematics, 105, 1
Issue Date 2006-01-01
DOI https://doi.org/10.14943/5174
Doc URL https://hdl. handle. net/2115/5488
Type departmental bulletin paper
File Information tech105. PDF

kaido
wo¥ U"/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




£ 14E BHEEEEIF-—HEE

(LK 21 HFC COE 7 v 7 5 A TSk b & SL7 JERUEAEE O 1 )t BE)

20054F 12 H 23 H@& ~ 12 H 26 H (H)
(245 ¢ LB RFEB)

R&E I A B OB CeiE#RERA - 1)
HO& B o’ K-
LS FiE e K- #1)
o B OZ (t K- #1)

Series #105. February, 2006

Publication of this series is partly supported by Grant-in-Aid for formation of COE.
‘Mathematics of Nonlinear Structures via Singularities’ (Hokkaido University)
URL:http://coe.math.sci.hokudai.ac.jp



#79

#380
#81

#82
#83
#84

#85
#86
#87
#88

#89

#90
#91
#92
#93

#94

#95
#96

#97
#98
#99

#100

#101
#102

#103

#104

HOKKAIDO UNIVERSITY
TECHNICAL REPORT SERIES IN MATHEMATICS

H. Kubo and T. Ozawa (Eds.), Proceedings of Sapporo Guest House Symposium on Mathematics 15
“ Evolution Equations ~, 31 pages. 2003.

S. Miyajima, F. Takeo and T. Nakazi (Eds.), 5 12 BIBS$Z2fit 2 F— &5, 122 pages. 2004.

Y. Giga, S. Izumiya and K. Deguchi (Eds.), Mathematical Aspects of Image Processing and Computer
Vision 2003, 48 pages. 2004.

I. Shimada and Y. Tonegawa (Eds.), 2003 4 EE#% - KeBlFE Y 7 A 57 MR, 52 pages. 2004.
The 2nd HU and SNU Symposium on Mathematics Abstracts, 22 pages. 2004.

T. Ozawa, Y. Giga, S. Jimbo, G. Nakamura, Y. Tonegawa and K. Tsutaya (Eds.), Proceedings of the
29th Sapporo Symposium on Partial Differential Equations, 77 pages. 2004.

T. Ozawa and Y. Tsutsumi (Eds.), Lectures on nonlinear dispersive equations I, 147 pages. 2004.
T. Ozawa and Y. Tsutsumi (Eds.), Lectures on nonlinear dispersive equations II, 47 pages. 2004.
T. Ozawa and Y. Tsutsumi (Eds.), COE Symposium Nonlinear Dispersive Equations, 85 pages. 2004.

T. Namiki, M. Hatakeyama, S. Tadokoro and H. Aoci (Eds.), dL¥FERFEEZHBICBITI DRI T I
#1700 b 3)V OAI-PMH IZHEHLL 7= e-print “H—/\H%5E, 14 pages. 2004.

S. Izumiya (Ed.) M. Takahashi, T. Miyao, G. Okuyama, Y. Nakano and K. Inui, 5 1 B F# &5 Tt
%82 COE Conference for Young Researchers, 143 pages. 2005.

J. Saal, 1st COE Lecture Series H*°-calculus for the Stokes operator on L,-spaces, 34 pages. 2005.
S. Miyajima, F. Takeo and T. Nakazi (Eds.), & 13 EIBIZERMIt I > —#ELE, 111 pages. 2005.
N. Umeda, £ 4 [BIC O EMfFR BERGEES  FUS —IRBO BN O REM S IRFEMITDOWNT, 8 pages. 2005.

K. Arima, % 2 BEIC O EMfE BEfifEs WNETIN T O T LADAMB I OE D EFERA DY, 25
pages. 2005.

Y. Nakano, *2fZ&® X Doctoral thesis “ OPTIMAL HEDGING IN THE PRESENCE OF SHORTFALL
RISK ” 43 pages. 2005.

Keiji Matsumoto and Masao Jinzenji (Eds.), 2004 fEE#FES - RrBFREY 7 A h 57 MR, 17 pages. 2005.

T. Ozawa, Y. Giga, S. Jimbo, G. Nakamura, Y. Tonegawa and K. Tsutaya (Eds.), Proceedings of the
30th Sapporo Symposium on Partial Differential Equations, 83 pages. 2005.

M. Watanabe, %8 5 [8 COE W% BEfiigiEe  T¥EELEL AP, 52 pages. 2005.
M. Takeda, T. Mikami (Eds.), Probability and PDE, 48 pages. 2005.

M. Van Manen, The 6th COE Lecture Series “ From the cut-locus via medial axis to the Voronoi diagram
and back " 42 pages. 2005.

K. Hayami, T. Nara, D. Furihata, T. Matsuo, T. Sakurai and T. Sakajo (Eds.), b HEH Y —E I F—
Y] |, 196 pages. 2005.

B. Forbes, The 7th COE Lecture Series h—1 w7 X 5 —XFE. 56 pages. 2005.

H. Kubo, T. Ozawa and K. Yamauchi, SAPPORO GUEST HOUSE SYMPOSIUM ON MATHEMATICS
20 “Nonlinear Wave Equations”, 68 pages. 2005.

A. Miyachi and K. Tachizawa, Proceedings of the Harmonic Analysis and its Applications at Sapporo,
107 pages. 2005.

S. Izumiya (Ed), Y. Numata, J. Ishimoto, I. Sasaki, Y. Nagase and M. Yamamoto, 5 2 B EEF
7584 - The 2nd COE Conference for Young Researchers -, 274 pages. 2006.



$F14l BHTZEEIF—WEESE
(deX 21 1442 COE 7O 5 A TERMN 5 RIZEEREEOHZ] hE)

2005 12H23H (&) ~12H26H (A)
(245 . AbifEE K2 ZE)
REF 1 ILA  ME CLEFEEKX - T)
PEOE ek - ®)
PoOEME b K- )
g #E dt K-

Seminar on Function Spaces, 2005

CONTENTS
Weighted composition operators between Bergman spaces on the unit ball .................... 4
S. Ueki
On a class M on the upper half plane .........co.vviiiiiiiiiiiiiii i 9

Y. Iida (Iwate Medical University)

EXTREME POINTS IN THE UNIT BALL OF THE ALGEBRA GENERATED BY
COMPOSITION OPERATORS ..ottt e e 14

T. Hosokawa (Tokyo Institute of Technology)

CYCLIC VECTORS IN FOCK-TYPE SPACES ....coiiiiiiiiiiiiiiniicn e 16
K. Izuchi (Niigata University)

Holomorphic families of unbounded operators and the g-metric ..............oooooiiiiiiil, 18

G. Hirasawa

On the Shilov boundary of a Riemann surface ...........coooviiiiiiiiiiiiiiiiiiiii, 24

M. Hayashi (Hokkaido University)

Spectrum-preserving maps between two commutative Banach algebras, I ..................... 29

H. Takagi (Shinshu University)
O. Hatori (Niigata University)
T. Miura (Yamagata University)



SPECTRUM PRESERVING MAPS BETWEEN TWO COMMUTATIVE BANACH
ALGEBRAS. I cuitiitiitiite ittt ettt e 34

O. Hatori (Niigata University)
T. Miura (Yamagata University)
H. Takagi (Shinshu University)

Surjection on CT(X) WhiCh PIESEVE Gimax ««-vrverrrurrnrrernereritieeieeieeeeeeean, 40
K. Kobayashi (Niigata University)

On Putnam’s inequality and Berger-Shaw’s inequality ........ccooviiiiiiiin, 45

A. Uchiyama (Sendai National College of Technology)

Putnam Inequality And Alexander Inequality ........ocooeviiiiiiiiiiiiiie 51
T. Nakazi (Hokkaido University)

Closed Range OPEeTatiors «......ouiuiuiuiuinitititet ettt eae e 54

R. Yoneda (Otaru University of Commerce)

Fuglede-Putnam’s theorem for (p, k)-quasihyponormal operators ........c..ooeueueieneneinnnen. 60

K. Tanahashi (Tohoku Pharmaceutical University)
S. M. Patel (Sardar Patel University)
A. Uchiyama (Sendai National College of Technology)

ITERATIVE METHODS FOR IMAGE RECOVERY PROBLEMS IN BANACH SPACES

............................................................................................................... 69
F. Kohsaka (Tokyo Institute of Technology)

Applications of the theory of reproducing kernels to the Tikhonov regularization ........... 75
S. Saitoh (Gunma University)

TWVE COMSIAET TTIEATIIS v veenrernnnerneeneenneerneeeanaeeteernterneeaaeteetaneernnesaaeserineeeaneennnes 81

S. Takahasi (Yamagata University)
H. Takagi (Shinshu University)

T. Miura (Yamagata University)

J. Fujii (Osaka Kyoiku University)

M. Fujii (Osaka Kyoiku University)



Banach-Mazur distance and super-reflexive Banach spaces .......c.ccoovviiiiiiiiiiin 86

Y. Takahashi (Okayama Prefectural University)
M. Kato (Kyushu Institute of Technology)

Reducing subspaces of weighted Hardy spaces on polydisks .............c.ooooiiiii, 91
S. Kuwahara (Sapporo Seishu High School)

Three dimensional Commutative Operator Algebras and Q-Algebras ..............ooiiinn 95
T. Yamamoto (Hokkai-Gakuen University)

g-numerical range of a reducible 3 X 3 Matrix ......ocoviiiiiii 101

H. Nakazato (Hirosaki University)

Segal algebras in the context of commutative Banach algebras ..................o 107

J. Inoue (Hokkaido University)



Weighted composition operators between
Bergman spaces on the unit ball

Sei-ichiro Ueki*!
(joint work with L. Luo)

Abstract

We consider the weighted composition operator uC, : f — u-(foy) between weighted
Bergman spaces A% (B) on the unit ball of CV. We characterize the boundedness and
the compactness of uCy, from A (B) into AZ(B). In the case 1 < p < g < oo, we also
estimate the essential norm of uC, in terms of an asymptotic upper bound of a quantity
involving the pull-back measure and some integration operator induced by symbols ¢
and 1.

1 Introduction

B % CN oH#fi¥k, H(B) % B Lof#B%koeht¥5. ue HB) tEHE®/ o : B - B
KN LT, uC, ZRD & I ITEET 5:

(uCy)f(2) =u(z)- (foyp)(z)  (feH(B), z€B)

S »ic, uC, : H(B) — H(B) 3R TH 2. ZOEHE uC, IHEASHRERR
(weighted compostion operator) &WHIN, Kl Tld Hardy 22 % H0 TRk 4 722 BT B %22
BT, £ OPREIC L > TERICHAEB LRI NTL S, 205 DRI DWW TE, il 2F (1],
(2], [4], [5], [10] %z £ 3% %. FFAKDEMIE, B ETEESTNBHE Bergman ZH ED uC,
OFFRUEITIAVNY MEERHHMITZCETHS.

0<p<oo,a>-1IKNLT, BLOMHFE Bergman 2 (weighted Bergman space)
AP(B) BRD X ) ITEREIND:

Az(B>={feH<B> i = [ lf(Z)I”ca(1*|2l2)“dV(Z)<OO}-

2T, dv i B EOES{LI 17z Lebesgue MIETH D, B cy 13 co = f(%,(jr]\%% EED S,
COEE |[Upa=1 %%, LK, BHEOED ol — |22)%du(z) % dve L&
AP (B) LOEESRIEARDH

AP(B) L CEHEINZEAE T o8
ITfllp,a = 1 fllp,a (f € A2(B))

W7 $ L E, T % AP (B) OEEHEIEARE (linear isometry) & \» 7). TR 22 o EFRREE A
ROV TIRL BFEB LR INTE Y, A2(B) OFHEMFEMAFK L C.J. Kolaski D1 9 8 24D
i (Canadian J.Math.vol.34) ODHC, Z DEBHEHI N T 5:

*1 e-mail : sueki@camel.plala.or.jp



Theorem (C.J. Kolaski). 0<p<oo,p#2 tT%. AP(B) D225 FHEEAR
T RO TIREINS:
N+1l+ e«

] " (fou)(x) (feAn(B), z€B).

1— |al?
(1= (z,a))?
TIZT, AR N =1ThrEEL, ¢ & B D automorphism TH Y, a = p(0) TH 5.

Tf(z)=)\[

COREREWDTHDB L, fop OESTIE B ® automorphism ¢ IZ & 2 &KEME C, TH 3.

N+l4+ o
%7, HETHS A[(—ll_%"ﬁl‘—))} " O A2(B) OBIBTH 5T Edb B, Lo,

AP (B) O%EEHHERAFR AN MEAREAZEOH & 22> T 5. fifE Bergman IR S T,
X CH ST 2 BRITEISEM OSEMEARIIHEAREAROB TRINS I LS NT
W3,

NI NI NI NI N N NI D N 1N N N N N N N N N Y N N N A Y

ST, AT TR
uC, : A% (B) — A%(B)

DEFERREZa v 7 MERR LR 270 DBBE+IEMFZREM T2 LBEHNTH S,
bL,a=pTh3%5IE fiiE Bergman DA EEIR:

ALB)C AL(B)  p<q 0B,
AL(B)C AL(B)  q<p OBE,

BRILT D, L2 T, a=0L0)FKHOTTIE, uCp i p < g DBFAIIIE, KD/ R
Bergman ZH~DEAFZ ER D, ¢ < p DEHAIIZ, X D KE % Bergman ZZRI~DIEAFK LS.
W2, uCy, DEENITZE5Z270IC, 20054

(i) 0<p<g<ooDHE
(ii) 0<qg<p<ooDBHE

REZHIELETS.

2 Thecaseof 0<p<g<oo

KT OfER2BR B 7010, RO¥ERZ L TEL.
ue AY(B) EIEHIE®R ¢ : B— BIZXNL T, B LOIEfE Borel FIEE f1,,p, ZRD L) ICED -

Pu,p(E) = / |u(z)|?dvg(z) (E ¥ B @ Borel set).
e~ H(E)



HIERICRB T 2 BB EBROARICL Y, B LOIE{E Borel Bt F 123 L T,

/B Fdyyy = /B lu(2) P (i (2)) s (2)

DIRILT B (see [7]).
CDut plldko>TEDSNS Borel ME py, & H2BOWMOEAEZM 2 LT,
uCy, : A%(B) — A}(B) DEFRMEL L Wa v 7 MEORKBN T 2522 LHSTE 5.

Theorem 1 ([13]). XD 3FMHIEFAMBETH %:

(a) uCy,: AR(B) — AR(B) BEFMEARTH 2.

e (B(C,0))
b sup —E = < oo,
() 5>0, Iq)es g

Tiabb, iy, & M-Carleson ISt 2 W72

22T, B((,9) —{zEB 1 —(z,¢) < d}(Carleson & )‘(5)5
g(N+1lta)

0 sup [, e {‘1_1—(|1§!2;U>|2} |l <o

Theorem 2 ([13]). RD 35K IIFAMETH 5:

(a) uCy,:AR(B) — A%(B) Wav 7 MERRTH 5.

(b)  lim sup Hue (B(C,9)) =0,

50 q(N+l+a)
¢es §
Thbb, py, & Q(N+1+°‘)-vanishing Carleson HIFESM: 2 7=
g(N+1+a

o tm, [ 1wtz {|1—1—(|I§|2 >12} R

I, BAERARORE ) VLI OWTiHliR %, —ff#ic, X £ Y % Banach & L, X 56 Y ~
DERERFE T TN L T,

ITlex—y =nf{|T - K| : K & X 5 Y ~0av,7 MEAE }

EEDD. ZD|T|exoy 2 T DFE/IVL (essential norm) L \»9H. ROFH» S5 &
I Iz,

T:X->Y Bav»s efE <= ||Tl[e’x_,y =0
TH3. Lo, KE/NVLDFHEiZ 525 2 Liza v 7 MEAZORBA BT 5 RE
LEBELBEGRGD B, RL T, BTRIEER Lo BENRERRORE /) VLD W TOMED
EHRITbTw 3. FlAE, GRERE C, DAE ) L A2 TOR%E, (3], (6], (8], [11],
[12] 2 EWH 5.



FeDFER:[13] D Theorem 2 KB W T, KB/ VLADOFi2 525 Lk LI, EfEa v,y
MERAERTH 27100 B+DEGEEZEESH L. L%d3> T, Theorem 2 DHICHTL 322D
Gt L uCy, DRE ) Vb ||uC(,,He AP(B)_,A (p) EPBIEPRHE L L TH-7. L2 LAdo, &
FIE>T1<p<qg< oo DFBAEICEDY, uCy DARE NV HIZDOWT, XD &) il 2157

Theorem 3 ([14]). 1<p<g<oo,a, f>-1,T 5. uC,: AL(B) — A}(B) B"EH
BHEARIEARTH S L &, RBKILT %:

Nu,w(B(Ca 5))

”'U'Cq:“Z, AB(B)—A%(B) ~ lim sup sup 6q§N+l+a)
P

6—0 (€S
q(N+1+a)

vimen [ e {2} T o

3 Thecaseof 0<g<p< o0

a€B,0<r<1INLT, E(a,r) =u(rB) LBL. TIT, o, BRDXIHICEEINS B
@ automorphism T 5:

a— Pa,(z) - saQa(z)
1—{(z,a)
sa=v/1— a2, Pa(z)= <Z’C2L>a, Qa(2) = 2 — Py(2).

la|

Pa(z) = (z € B),

ZDEE E(a,r) IK2WTE, ROFHEHKIZT 2 2 LBHSNTW S

(v(B(a, )Y 7T ~ vy(E(a,r)) ~ (1 — |a|?)NFT1te

COEBOLET, MAR 0 < g<p< o0 DBED uC, : AL(B) — AY(B) I20wT, ROKH
257

Theorem 4 ([9]). XD 4 FHIZFRETDH 5:
(8) uC,: AR(B) — AY(B) WHR-ERZETH 2.
(b) uC,: AR(B) — Aj(B) idav 37 MEARTH 5.

O Gl

/ lu(z) { (|a)|2 IE }NH‘H" dvg(z) € L°(B, dva).

ot six i+ 1=1%i7 L, L°(B,dva) 1& Lebesgue Mz ERT.




728, Theorem 4 DM (c) & (d) &, ZNZNa 2EHET S B EOBKL L TEATRE L
KHEET 5.

f458: Theorem 3 & Theorem 4 DiEF 1 University of Science and Technology of China
L.Luo Bh#&# £ 0L RABIFEIC X 2HRTH 5.
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On a class 9 on the upper half plane
(LEFE L OBKER M D1T)

ERE R{R (Yasuo IIDA) EFERKZHEL

(yiida@iwate-med.ac.jp)

Abstract. In this paper, we shall consider the class 91 of holomorphic functions
on the upper half plane D := {z € C|Imz > 0} satisfying / logt M f(z) dz < oo,
R
where M f(z) = sup|f(z + ty)| (z € R). We shall show some properties on 9.
y>0

1. HBEMMERTORBEHZER-R M 22T

2w
BAAWR U = {z € C||z| < 1} LOIERIEAK f 733‘/ logt Mf(0)df <
0

0 BAITEE, feM ETBH, TIT logtz = maz(logz, 0), Mf(H) =
sup |f(re?)| &9 %,

0<r<1

Z OBI%ZER M 131986 4FIT Kim IC K> TEAINZ ([3)e M 1IZTVU Ty O 7
B NP (p>1) EXIIN/ TV FAN, OMIZET S, bo LFELBRBE,

|J H*cNPcMcN.cN (p>1) (1)

0<g<oo

MDD, TNEDEMDERIILLTOEBOTH S -
fZ2U LOFERIBEKET S,

2w
(xT7 2V 2FIS5A)  feN< sup / log™ | f(re)| df < oo.
0

o<r<1
(AW T R)
fEN, <= H% ¢ LYT), 20 ITHL log™ |f(2)| £ Q[¢](2) (2 €U) %I
729, TZTHIIE U LD Poisson #4r #£9

0<r<1

2w
(FUT7yO7%EM) fe NP (p>1) < sup / (logJr ]f(rew)l)pdé < 0.
0

2m
N—F 41 2Z2f])  fe H? (0<q< o) <= sup / |f(re®)|9do < oo.
0<r<1 Jo

XKz, U LOFREAIBEEEARZ H® TKT.



BB, N EFOHAEMERIRLT TIRT7 U FRZER | EIERI ENH B,
—FH. M IZDWTLUTDORERNA SN TS Z EICEEINZN,

EE1-1 fZ2U LOERBEZEETS. UMEIRETHS :
(1) feM.

@) /0 " log(1+ MF(6)) db < co.

2. LI¥FETOBEHZER M(D) ITDONWT

Ganzhula [ E¥H D = {2 € C|Imz > 0} ETOBEZEM M(D) 2L D
DITHAL (1) :

EE21 D FOERIBEK £ / log(1+ Mf(z)) dz < oo BHI=TE =,
R
feM(D) &35, 272U Mf(z)=sup|f(z+iy)| (z€R) &T %,
y>0

Z DETIT Ganzhula DFEREFN TS ([1)).

I. M(D) &fteDRrT 7 U FRIZEEDOHEICKY IDBEBEICDONT
£9. D LofioxTy 2V O FREMOERE S A5 ¢

f 7% D LOERABEEKET 5,
- fEND) = sup/ log(1 + | f(z + ty)|) dz < co.
¥>0 JR

- fEN.D) <= 55 ¢ L'(R), $= 0 KL log(1 + |f(2)]) < Pg](2)
(z € D) ZHil=d., T THUTIE D LD Poisson fE53 &K,

*feHI(D) (0<g< o) <=>sup/ |f(z + iy)|? dz < oo.
X7z, D LOFFRERBEEEARZ H°(D) TXY,
tnid 2-2 (Ganzhula (1) LA OEEBIRAER Y LD ¢

|J HY(D) c M(D) c N.(D) C N(D) (2)

0<q<1

(EH)  EETFEHOBEF H(D) ¢ N(D) (1<q<o0) 2D TENHS
NTWS (Mochizuki [6]) .

II. M(D) %% F-algebra IC72% 2 &£ITDWT

_10_



M(D) LOEHZRD LD ITERT S :
o(f, ) = /R log (1+ M(f - g)(@))dz (f, g < M(D))

EHE 2-3 (Ganzhula [1))  ZEM (M(D), p) 1% F-algebra. DE DFHICBIL Tl
fot C &b 2 Seli /S BRI EHBE2E M T H % o

2B, BALHRKDEGEIT M 2 F-algebra (2725 Z &3 Kim IT& > TREINT
W3 ([4])o

3. LEFHFFEEmTORBEEZER M CDWT

ZDOETIE, Ganzhula IZX > TEMNZ M(D) &I3REDZEMEEZ 5,

T ORI, BAZAR U B TR T 7 2V 2 F 2RI O LD, AWIZ[FE
THHEMZEEVE D EIT"2Z0FRXE"HEAL TS, ZNSAFEMEICZR 5720
Gands I EitnTts<l,

Bz, B U EOXRT 72U 2 F 0 5 ZZDNWTE T ORERDAT SN T
o,

EHE3-0 fZU LOFEEKETS, UTFIEWCHETHS :
(1) log®|f(z)| 78 U Lk harmonic majorant ZF¢D.

27
@) sup /0 log™ | £(re™®)] df < oo.

0<r<1

(3) sup /O 7Tlog(l + | f(re®)]) db < oo.

0<r<1
—F. BEEE D IcBATRUTD (1) ~ (3) BEWIC FE T :

f%Z D EOERIBEKRETELEE
(1 log™ |f(z)| 2% D Lk harmonic majorant ZFD.

(2) suleogﬂf(x—l—iy)]dx<oo.

y>0

3) Sup/Rlog(l +1f (@ + i) da < oo,

y>0

HE, (1)~ (3) 2z TRIEEZIHIC No(D), M, N(D) £B< &, Ny(D) D
N D N(D) DEZBIRMNKLD LD,

ZZ T, GanzhulaWEAUZT A M(D) &0 “KER" IV ITAEZHEAL
T. TOWHEIIDOWTELRT 5,

_11_



EE3-1 D LOEHIBEEK f fﬁ/ log" Mf(z)de < oo ZHIETEE, feMm
L5, :
ZOH LT T ATONTIE, Krylov (5]) 1Kk > THAZNEZRT 7 20 > F

RZERNTRH LT (1), (2) EREROEEBIRMNRD LD, BUTFAY Krylov D& K
5D EORTy ) O FREROERTH 5.

f %D LOERIEKET S,

@feffté:»sup/log+|f(x+iy)|d:c<oo.
y¥>0 JR

EE) [feNDEE f(2):= hrilof(x +1iy) Mae. z € R THET B,
y—

QfeN. <= 5 peL'(R), $ 20I1THL log" |f(2)| £ P[¢](z) (2 € D)
ML ONLD, 7272 LUAREIE D ED Poisson 7 2%K 7,

W 3-2 ROWEERIRO LD, U HYD)cmcn cn

0<q<1

RiZ. HY(D) TEBS 2BBDEHDEARE Re HY(D) &5 5, ZDU T AIFLL
FTTRTLIICM 2BLT S L TREBREEZRET,

EHE3-3 hel'(R)ZFEEUEREKEL. f(z) =exp <%/ 1t+ tzz I itQ h(t) dt)
L —

ET B, ZDEE T € ReHY(D) 25 f € M THB., T2 T ht = maz(h, 0)
Thb,

STy ROE D BB LB D TOHBEEEIFITINS.
d(z) = exp <l/ Ltz 1 log h(t) dt),

7w Jg t—2 1+ 12

. dt
=L >0,]1 L' — .
722U h(t) 20, logh € (R’1+t2>

ROEET M ITIET BB DM LB DR ERL TWS,

34 f7z D LOEHBEEETS, UTEEWCFEETH 5,
@) fA M TAYTHS,
(i) f WHBEET, log|f*(x)| € Re HY(D) &=,
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EXTREME POINTS IN THE UNIT BALL OF THE
ALGEBRA GENERATED BY COMPOSITION OPERATORS

TAKUYA HOSOKAWA

D ZBEMBEMAKREL, HD) 2D LOERE#LKETS. H® 2FRIE
HIBSEER, AZMHRERET 2. D OIEHIETCEHR2EZ S(D), A OEFBEAER
Z2SD) &2 peSD)ITHL, BRIEARC,: f— fopld HNEZ
NEE~OBRBERZETHD, ¢ e SD) ITHLTIE ADSETNHINORKRE
ERZTHS. WTNOBHEBERD  KHLT|C,|=1TH5.

Banach 2] X € H(D) ML C(X) 2 X LOGMMERFZEE2AKICX LD
B VAR R B 2R E T3, C(H™®) DAM#SEIc DN T
3] % [4] THHES N TV S.

—IZ C(X) IEAROBIT DN TERERT A, EHEMLETIMECDONT
BH U TWaW. (C(X)) & X LOBREOERIEAZEO—KIEGLKEL,
LC(X) 2T DERFE /AT DWTOBAET 5. Gorkin-Mortini l3K 2R
LT3,

Theorem (Gorkin-Mortini, [1]). (i) (C(H*)) & LC(H®).
GDHH%W%%A@&E%@TGW@W»KDwT,Wm—Tnzi

—fIT D b O O S AN 3R T2\ Banach 20 X ¢ H(D)
LT, ARIEREOHRED— KA DN TIRRAR D 1.

Proposition 1. Ay, -, A\, € C RS Corr++,Cyp, €C(X)IZDNT,
MCyy + -+ ACyp, = 078251, My ==X, =0

RIT LC(H®) DIERRORGHIZ 525, C, ~ Cy TC,p & Cy BC(H™)
DR CHARERRIN RS B 2 EEEDT. Cp ~ Cy DEE, ¢ = (1—t) -+t
ELT{Cp, ey 13 Cp & Cy EFRERC(H®) DHEREHIMTH 5. ([4) TIT,

T, =)

k=1

S|

Co

3=

ETBE, Tl = 1 THBM5—HERIEEID 5K EES.
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2

Example 2. T = limp 00 Ty &5 & T € LO(H®) TH D,
F($(2)) - F(p(2))
T —
&) = = —e)
E73B. EEL, F(2) W f(z) DREMATHS.

[3] & [4] TR, C, MC(H®) DIMIMRTHB T L&, o HY H® OHBAER
BOMATH D Z ENFMETH S Z EARINTNDA, C(A) KBNTHH
FROERDRDILD. LC(A) DBBAERT D% I DWW TRAL DL D.

Theorem 3. [2] KOFHIIFETH 5.
(i) Cp M LC(A) DEABALERTE DU R TH 5.
(ii) Cp MW C(A) DIMIMLHTH 5.

(iii) / log <1 - |go(ei9)1) df = —oo0.
0
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CYCLIC VECTORS IN FOCK-TYPE SPACES

KOU HEI IZUCHI (NIIGATA UNIVERSITY)

ABSTRACT. We characterize the cyclic vectors in the Fock-type spaces.

CZEBFTEEL, CZ2C LOZHEAIRET S, Hol(Q) 2. C DD DK
Q EIEASBR 2R ET 5, X & Hol(Q) 7 5725 completed semi-normed
linear space £ 9%, fCC XMD fC =X DEE, B f %2 X D cyclic
vector £\,

Fock Z2f#] :

22(©) = {1 € Hol©): 1117 = 52 [ 150 F ai(z) < oo

ZZT, dA1(2) & C L Lebesgue HIEETH %, C I Fock 22 L2(C) (&
Segal-Bargmann Z2[#]) @ cyclic vector IZDWTIL, RD K5 IR RMNE S
Nz :
FHE 1 ([1)). feI2(C) &F 3. TOEERIFAETHS:

(i) fIEC EEBRERHLIN,

(i) f = e where h(2) = az® + Bz + 1, |a| < 1.

(iii) f & L2(C) @ cyclic vector TH 5.,

Fock B4Z2ffi & C™ L Fock Z2fi~D, ZOERDO—MLET 2,

1. Fock BiZefi]

0<p<oo. s>0&T 5,
Fock BUZ=R :

22,(©) = { € Hol©): 111 = 5 [ 11IPeF ds(a) < o

ZZ T, dAy(2) & C £ Lebesgue HIETH 2, p=s=2D&E, L} ,(C) Ik
Fock ZEHITH %,
s s> 5 DEBLIND EE, Fock BZERID cyclic vector IZ DWW TR DS

RNTFEENS,
T 2. feLh,(C) T 5,
(A) s=1,2,3,4DEZ, RIIFMETH 5:
(i) fIEC EFERERTZRN,
(ii) f = e" where h(z) = > j_o ax2”, |as| < 511—).
(iii) f & LE s(C) ? cyclic vector TH B,
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(B) s W TIaWEE, (i) MROLIITEBZHZ 5N 5,
(i)’ f = e where h(z) = Zf]:() a2k,
TOEE, o 1T (i) D& S mEHEA DR,

LML, s =567 QD& FUXIBERITRLLENV, Fl2IE
f=exp(552°) € Ls(C) 1 C LRRERLT, I5BDD fCIL LE(C) ITH
FNZN, 7Z7Z0. fCC LB (C) BB fIiDWTOAEZNE. ED
SEH 2 & [F UAERDRALT B,

2. C* k Fock Z=H

Ctn REFFHEL. 2= (21, ,20) |22 = |21+ 4|22 &F
Do
C™ L Fock ZEf :

2(C) = {f € Hol(C™) : || = -

z 2e—|iz>EdAn z) < oo}
e O] @
Z 2T, dAp(2) 1Z C™ L Lebesgue IETH %,
Z DZEMD cyclic vector &, M. Xian IZ K D RDFERNE SNz,

EH 3 ([2]). feL2(Ct) T2, TOEZRIIFAETHS :

(i) fREC* EBRZERLIRN,

(ii) f = " where h(z) = S7_g hi(2), max|,-1 |ha(2)] < 3. TT T hy 1

k XDOFRZ
(iii) f & L2(C™) @ cyclic vector TH 2.

REFERENCES
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Holomorphic families of unbounded operators and the g-metric
Go Hirasawa

abstract A linear operator s in a Hilbert space H is said to be semiclosed
if its graph is semiclosed in a product Hilbert space H x H. In this note,
holomorphic families of semiclosed operators s(k), (k: complex number), are
argued.

1 #EfF

XY, P EROUEREZLXT.

(H,||- ) : Hilbert space

B(H) : H 1:® bounded operators DL
C(H) : closed operators DHEE

S(H) : semiclosed operators DA
ZDEE, ROUZHEBENH D KT

B(H) c C(H) c S(H).

Z ZT, closed operator, semiclosed operator &I1ZRD I & T,
MRIBAER 3 ¢t 70 closed &1 57

{(u,tu) € H x H : u € dom(t)}

M closed in H x H TEFT 5. DXV, dom(t) > up — u, tu, — v 725X
u € dom(t), tu = v MKV ILD T &.
MIEAEF R s WY semiclosed 132757

{(u,su) € Hx H :u € dom(s)}

7N semiclosed in H x H TEET S. DD, Hx H OHIZ, HEFEANIZHDIA
HEFZDBEIBENNIVE I IIVANFEETSHIETHSD. BEA A, closed

subspace 1 semiclosed subspace (272> T\ 5.
semiclosed operator DRFEHT & L TRAH SN T NS,

Theorem 1.1 (W.Kaufman) XIZFMETH 5.
se S(H)
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(i) EFEH dom(s) N semiclosed subspace 7D
s : (dom(s), || - |ls) — H, (bounded)
ZZT, |- |ls BEFKE dom(s) & Hilbert ZEfICT % /I)VALAD 1 DT
5.

(ii) s IMEHFEMETHS. 97205, HESHIEMAFE A, B € B(H) WL

T, dom(s) = AH, ran(s) = BH,

s=B/A:Au— Bu, ueH

L7825,
Remark 1.1
(i) & (i) IKBALT, (i) THENS /A |||, & (i) THRNB 5RO A >0
(A WREMEISERZENTES ) X161 OMRNAT<.

|- |ls +— A>0.

2 Holomorphic #ICDVT

PATFITR R @ 2 3 ERER S5 4 D Perturbation Theory of Linear Operators
IZEMNTNEHDTH 5.

Definition 2.1 28 Q C C L TERESINZ s(k) € S(H) 2 holomor-
phic families TH 3 L1, HH IV NZEM Z & Uk), V(k) € B(Z, H)
DEELT, R2ilzd ZE&Z2NnD,

(i) U(x) & Q ETERS N bounded-holomorphic T,

one to one, ranlU(k) = doms(k)

(ii) V() & Q ETERS N bounded-holomorphic T,

Z ZT,bounded-holomorphic & 134 FAEFEMBEE & A7z EOERPED T
EThH5.
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Definition 2.2 » 2 O ETEFHSNZ s(k) € S(H) A holomorphic
families of type (A) TH D &LIF, REWMZTILEEND.

(i) constant domain (doms(k) = D) TH 5.
(ii) s(k)d, d € D 23 (vector valued) holomorphic in H.

RO DEZRII—BRDIERIEDERE T, ROEFHEIL constant domain D & ZFD
EAIMEDERTH DTN, ZOWMFEDEFRZENWS DNDEEM 22T 5
Z&T, ERIMEDRMEO IR 2D TV o THARWN,

3 W< DhDEERM

Ql. s(k) € S(H) 2 s(k) € B(H) D& ZE, Def.2.1 DFEFKIL bounded-
holomorphic DEFIC—ET B ?

Q2. s(k) € S(H) 78 type (A) 72 51X holomorphic families 7* ?

Q3. (cf. p.376, Perturbation Theory for linear operators ) s(k) € S(H) M
holomorphic families with constant domain 7% 5 ¥ type (A) 2 ?

Q4. s(k) € S(H) #' holomorphic families M & &
k— ko 725IE s(k) —= s(ko)
E13% S(H) TORAIIHN ?
Ql. ITHT 55K,
Yes T 5. s(k) € B(H) &9 %. Holomorphic EDEFK LD,
V(k) = s(k)U(k), U(k) € B(Z,H), one to one.
ranlU(k) = doms(k) = H &0, U(k)~! € B(H, 2).

o7,
s(k) =V (k)U(k)™.

7> T, s(x) I bounded-holomorphic T® %.

Q2. ITHT HEHE.
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Yes TH 5. s(k) € S(H), D :=doms(k) &B<. D Id semiclosed subspace
2DT

@, p) & H
ERBBIINVA |- |lp WFETS. T5&,
UeB(Z,H), Z:=(D,|-lp)
bounded-holomorphic, ranU = D, one to one Zi/z9 . £/z,
V(k) = s(k)U

EBL &, V(k) € B(Z,H) THD. T T RE (type(A)) 15, Vd € D IZ
xt LT,

s(k)d=s(k)Uz, z€Z
=V(k)z

2% holomorphic T 5. §7/2bH 5, V(k) 1 bounded-holomorphic TH 2. LA
E XD s(k) & holomorphic TH 3.

Q3. ICHTHER
£9, ROMEEEZ5.

Lemma 3.1 s(x) € S(H) % constant domain EAKET 5. D := doms(k),
7= (D, o) EBL. cOEE, KIFETHS.

(1) s(k) € B(Z,H) ERI2LT=EE (V(k) DI &), bounded-holomorphic T
H5.

(2) s(k) W& type (A) TH 3.
ZOMELD, type (A) Z2RIRDDIC

V(k) == s(r)U, V(k): Z — H

7" bounded-holomorphic ZREIXI NI EHN5.
& T, {E (holomorphic) & 0, &% LIL)b MZE K DEAEL T, U(k),
V(k) € BIK, H) 155 % OWKEHET
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(i) U(k) & bounded-holomorphic T, one to one, ranU (k) = D.
(ii) V(x) & bounded-holomorphic T, V (k) = s(k)U(k).

KW gl Z, with ranU(k) = ranU = D.
£oT, K EZBUWEK) eBK,Z) TEORMTHS.

H L U'U(k) #' bounded-holomorphic 7% 5 I,

Elxo T, ~
V(k) = V(e{UUK)}

7 bounded-holomorphic TH 3 Z ENbnD. FRELZOTAEESEN
Lo TN,
Q4. ITHTHEL.

semiclosed operator DEH S(H) [CHEEZ AN THS. < I T, semiclosed
operator DEFIKIT72 0 15 5 Hl 53 22[H] (semiclosed subspace DT &) ITH 5
MED/INWVALELIDIDDEZTBLIEETS. ZOEXAHZE o LESILE
ETD. DB ET, gmetric ZEALLD. FBIC1ID a 254, BEEL
TH<.

Vs,t € S(H) 1T LT,

s=BJ/A, t=D/C.

ZDEE,
q(s,t) = [|A=C| + B - D

EEETD. ZOEE, ZOREMICEL TUTOMENKDILD Z EAVRS
ns.

Theorem 3.2
(S(H),q) ITBWT C(H) & open TH 5.
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Theorem 3.3 C(H) IZBWT,
q(s,8,) = 0 (n = o0) 251X gap metric T s, — s E725.
Theorem 3.4 s,t € S(H), dom(s) C dom(t). TDEE,
q(s, s + Kt) = [|Ktlaome) [, & € C.
Corollary 3.5 L s € C(H), |k| : T/N251d,
s+ kt 1 closed TH .

BEDED BB ZHA T q—metric IRDIEM, ZD g-metric IZBAL T type
(A) BB L TIIRDFERZH/ED T EINTES.

Proposition 3.6 s(k) € S(H), (k€ Q) & type (A) £T 5. £ED Ky € Q
X LT,
k— ko 725X q(s(ke), s(k)) = 0.

Proof.

D := doms(k) = AH for some A >0 EXIN%. £oTC, s(k) = B(k)/A &
5%,

s(k) is holomorphic families of type (A).
s(k)d, d € D I holomorphic.
{B(r)/A} - Au, u € H & holomorphic.
B(k)u, u € H & holomorphic.
B(k) & bounded-holomorphic

IIIIM

Lo,

k— ko 125 q(s(ko),s(x)) = [|B(ko) — B(x)|| — 0.
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On the Shilov boundary of a Riemann surface

Mikihiro HAYASHI
Hokkaido University

Seminers on Function Spaces and Function Algebras
Dec. 23-26, 2005, at Hokkaido University

1 Notations and a problem

Let R be a Riemann surface and let H*(R) be the algebra of all bounded
analytic functions on R with sup-norm || f||ec = [|f||z = sup,cr | f(p)|-

The maximal ideal space .#(R) of H®(R) is the set of all nonzero
continuous homomrphisms of H*°(R) to the complex field C. The Gelfand
transform f of f € H®(R) is a function on .#(R) defined by f(¢) = ¢(f)
for ¢ € .#(R). The maximal ideal space .Z(R) is a compact Hausdorff
space with respect to the Gelfand toplogy, the weakest topology among
toplogies such that every Gelfand transform £ is to be continuous on .# (R).

A subset E of .#(R) is called a boundary for H*(R) if it statisfies
flle = suppeElf(pM = ||fllr for all f € H*(R). The smallest closed
boundary for H*(R), denoted by III(R), exists and is called the Shilov
boundary of H*(R).

Theorem A (Gamelin[1]) If D is a domain in the complez plane, then the
Shilov boundary III(D) of H®(D) is extremely disconnected.

In this note, we ask wheter the following theorem remains true or not for
a Riemann surface. Namely,

Problem For a Riemann surface R, is the Shilov boundary II1(R) extremely
disconnected?

At present we have only a partial answer.

In order to avoid a triviality, we assume that Riemann surface R (or plane
domain D) admits a nonconstant bounded analytic function.

A point evaluation homomorphism ¢, at p € R, defined by ¢,(f) = f(p)
for f € H*(R), is an element of .#(R). This induces a natural continuous
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map from R into .#(R). While this natural map may not be injective in
general, we often identify R with its image in .# (R) and regard R as a subset
of .#(R). With this convention, Gelfand transform f can be regarded as a
continuous extension of f.

The proof of Theorem A is based on the following simple fact; function
1/(z — p) of z has simple pole at p and bounded off any neighborhood of the
point p. From this fact it follows that D is homeomorphically imbedded as
an open subset in .#Z (D).

Let Z(R) be the set of points p € R such that there exist a meromorphic
function g, on R with the following properties: (i) g, has a simple pole at p,
and (ii) g, is bounded on R\ U, for any neighborhood U, of p.

Theorem B (H.[2]) Let R be a Riemann surface such that H*(R) contains
a nonconstant function. Then, a point p in R belongs to the set Fs(R) if
and only if p has a neighborhood U, which is homeomorphically imbedded as
an open subset in M (R).

The ’only if’ part is easy to see. From this easy part of the theorem one
can extend Theorem A to those Riemann surfaces R under the condition
Z5(R) = R. The proof goes in a similar way.

In this note we consider the case that Z2;(R) is a proper subset of R.

2 A preliminary observatrion

In this section we introduce an example of a Riemann surface. First we recall
one of the examples constructed in [2]; Let A = {z : |z] < 1} be the open
unit disc, and set

Ar=A (k=0,1,2,...)

sz[ak,bk}, 0<a1<b1<a2<b2<---, ale

I, = UGk [akj, brg], a1 = ap <bpy < -+ < Gpny < by, = b

(ny are sufficiently large)

Do =0g, Dp=2M\UpZ{ L (B>1)
Let W be the Reimann surface obtained by connecting two sides of intervals
It in the sheet Dy \ Iy (k > 1) with the corresponding two sides in the
bottom sheet Dy \ I crosswisely. If we choose integers n;, sufficiently large,

then the sheets Dy converges to the bottom sheet Dy in the maximal ideal
space .# (W) as k — oo, and we have

Ps(W) = UpLy (D \ I)
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Let us consider the following subdomain W' of W:

1 1
;ZA,:{Z1|Z+§|<Z} (kZl)
D, =Dy \A), (k>0)
W' =W\ U®, AL

We may assume that the sheets Dj, converges to Dy \ Aj in the maximal ideal
space .# (W') as k — oo. We then have

Zs(W') = Ay U (U2 (D \ 1))

The restrinction 7(f) = f|W’ is an algebra homomorphism of H*(W) to
H*>(W'), which induces a natural continuous map 7 : .#Z(W') — H>®(W).
For k > 1 set

Ty = 771(8A}),

which is homeomorphic to .#Z(A) \ A.

Since the sheets Dj, converges to the subdomain Dj of the bottom sheet
Dy, one might expect that Iy converges to a compact subset, JAj, of the
bottom sheet. If this would be true, then the circle A{ should be a part of
the Shilov boundary III(W’) and we would have a counter example to the
Problem.

This expectation is false. Namely,

2.1 Theorem The closure of Ug>1I'y in .# (W") is disjoint from the bottom

sheet D.

Proof: Let 0 < § < ¢ << 1 and g > 0 with > g, << 1. Let fi(2) =
m

< E ) * on DL Using Cauchy differential

i
2t+3

w(z,¢)d¢ = {Ci—z + (bounded analytic part)} d¢
on Z(W') x W', write

1
fule) = 5= < Lovrw™ L. +%I=H> FelQJez, G = huz) — gu().

We choose my, so large that (a) gy, is analytic on W’ and |gx| < e on W'\ {2z €
D :lz+ 3| < 1+ 06} (b) hyi is analyticon {z € D}, : |2+ 3| < 1+ 6} and
|he| < e on OA}. Set G = > 5, gk. Since gx = hy — fx, it follows that
1—>516k < |G <1+ 3,5, e on each OA). Hence, G € H*®(W'), and
|G| < 3451 €x on the bottom sheet Dy. This proves the theorem.
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3 Main theorem

Furthemore, the Shilov boundaries III(W) and II(W’) are both extremely
disconnected. This follows from the following theorem.

3.1 Theorem Let R be a Riemann surface. Suppose that Z;(R) is dense
in R with respect to the norm topology of .# (R) and that

(*) each connected componet Uy of Zs(R) contains a point g, such that
sup | f(gk)| < || £l for every f € H*(R).

Then, III(R) is extremely disconnected.

In order to prove the theorem, we can use the same method as Gamelin
([1]); In fact, we can prove the following sequence of lemmas.

3.1 Lemma Let E is a closed subset of .#(R). and E={¢c #R):
|£(®)] < | flle, f € H®(R)} (the H®-convex hull of E). Then, each con-
nected component U of Z,(R) \ E satisfies either U C E or UNE = 0.

3.2 Lemma Linear functional A(f) =Y, f(qx)/27" is bounded on H*(R).

3.3 Lemma Any measure p on III(R) representing A has the full support
II(R).

3.4 Lemma Ifw € Cr(III(R)), then there exists f € H*®(R) with |f| = e
on II(R).

3.5 Lemma There exists a sequence S = {a,} in &s(R) such that S has
no cluster points in Zs(R), and ||f|ls = || f||r for f € H®(R).

3.6 Lemma IfT is a subset of S, then T N III(R) is open in ITI(R).

We note that those lemmas are modified from Gamelin’s orginal ones in
the case of plain domains, . A main differencecomes come from the fact that
the pole set &;(R) may not be connected. It may even have infinitely many
connected componts. If it is connected, then the proof gose almost in the
same way as Gamelin’s. We also note that the assumption (*) is superfluous
when Z(R) has only a finite number of connected componts. In general, we
do not know where this assuption is necessary or not.

_28_



Spectrum-preserving maps between two
commutative Banach algebras, I

2 DDA #i Banach BRO D AT N IUVRIFER, 1
Hiroyuki Takagi! @A BT (EMK-H)

Osamu Hatori? H & #H FnEK-H)
Takeshi Miura® =i % (LEX-T)

Abstract. Let T be a surjective map from a function algebra A onto another
function algebra B such that 71 = 1. Suppose that the range of the product fg of
any f,g € A coincides with the range of the product T'f T'g of their images. Then
T is an isometric isomorphism from A onto B.

§1. Molnar DEE

C OILFRZE R B = 5 MiFiE, Molnar [3] 1c &3 ROEHTH -7~

Molnar DEE ([3]). X 7%Z B 1 AER/EZHAd 32737 b Hausdorff 22 & L,
C(X) Z X FOEEBUEERIEEAD Banach R 3§ 5. C(X) 55 C(X) N
D FIEEERERSE LEV) 25 T 1, 254

(1) o(TfTg)=0(fg) (f,9€CX))
(2) T1=1
ZHIZTELE, C(X)D5 C(X) DENDEEREEBRICKS.

ERICEEE U BRI DV, HEDFEDERZ RIEA T, BHL TH T 5.

BRI (= Bifea & D) Al#i Banach BR A DJT FICH LT, f DARY MVZ% o(f) &h
. ADKRKRA T T IVEERE My £EL, f O Gelfand 8% F eh< &, o(f) = F(M4)
Ths. ITA=C(X) DBFEE, Mex)y =X £BZ5N, o(f) = f(X) B2 5.

DEIC, A, B 7z B[ #iBanach}lR& U, T % AD'S BADE/R LTS, T I, flk
AAT—RBEBEZREL Lt 2HFDLE ADS BDOEADREHER (isomorphism)
ThHhaBELWVS. LI, /IVLZREFT 5 L &id, FR (isometric) £\, BIBIRN 5B
BIRD EANDOREEZIT DRICHFRICKDZ T EVHIENTWVWS., T, TH 254

(1) o(TfTg)=0(f9) (f,9€A)

(2) T1=1 —11& A, BOWTEET

1. Department of Mathematical Sciences, Faculty of Science, Shinshu University, Matsumoto 390-
8621, Japan. E-mail: takagi@math.shinshu-u.ac.jp / 2. Department of Mathematics, Faculty of
Science, Niigata University, Niigata 9502181, Japan. E-mail: hatori@math.sc.niigata-u.ac.jp /
3. Department of Basic Technology, Applied Mathematics and Physics, Yamagata University, Yonezawa
992-8510, Japan. E-mail: miura@yz.yamagata-u.ac.jp
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eHlzg L&,

3) o(Tf)=0(f) (f€A
CIEBDT, T id ART MIUVREBBREVWZ S, £z, (1) BRIZTEBR T &, TiEHA
Y MIVERTE (multiplicatively spectrum-preserving) G5 & FEEN S T &A% 5. Molnar
DEBICBNTI, A=B=CX)Eh5, (1) &3 ZThZTh

(L) (TfT9)(X) = (fo)(X) (f,g€C(X))

@) (THX)=fX) (feCX))
ENTFB. ZHD, T FENEERESR H20id EEREEGLEEVWZS.

§2. MIERERLER

Banach EROE X ARBED U & DI, ROREREND 5 -

{RTERIRE (preserver problem) : 2 D Banach IROMDEIL, ED X S IxkEiE

ZRFET B L&, MOBERRET 2 M7
Molndr DEHIZ,

C(X) DB C(X) NDREA,

BORRT MLE Bz RET 22 &, M AN —HBeBEZ R FT 5
EWVoTWEND, REMEDV EDDELNWAS. COXIEEHOERIE, HLD
BEITERITBCLICL, TR, EHEMSEIECS RO DOWVWT EZ 2\

5Ef : Molnar OFEHD C(X) z MOBEBERICKEN A5, E5%5 07
FEE, Molndr DAL TR, C(X) ICJEd % FEUEBIE A Cr(X) ICDWT, XD 2DD
CHER G D HEBEICHV TS

o T(Cr(X)) C Cr(X) THBT L ((3) KBHEM).

o Cr(X) DIEFFFEE (KR f <g).
LU7zh > T, Molndr DFFA%Z, ZDE F —ROBIFERDOHZEICHRT 5 T LId TERW.
bhvbhid, Cr(X) DRDO DI, BBIRDIGRBDESZE Z 5 T £IZK D, Molndr DFE
Wz, —ROBEFERDOHBEITHIRT 2 LA TE .

FEE ([1). X,Y %2 32/87 b Hausdorff ZEff& L, A, B2 #NFh X, Y L
DOEBIRE T 5. ADDS BANOESH T 1%, 2544

1) (TfTg)(Y) = (fo)(X) (f.9€A)
2) T1=1

ZHlzT L&, ADS BDOENOEFERRFEEHICES.

FEHT, A= B =C(X) £F5 &, Molndr DEHICE S, FEFHICEVTE, XY
WNE 1A RNEZA T REN TN &L, ML TR S.
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§3. EREEDSIA

FEEOMHOH 5T UaBRES. #LE, (1] #BRENEL.

SEFADH ST L BRT:A— B W AEERICKES 2RI DI, ROFEZ LS !
[5#t] B ® Choquet 57 Ch(B) 5 A @ Choquet 55 Ch(A) NDEHEf o HifE
ELT, ROFLNEDIID:
(4) (THw) = flely)  (yeCh(B), f€A).
2D T EWRENNUL, Choquet IBROMEMNS, T: A — B X AEERICES (FEICKE
5T Lix BF). TOAEHIE, Banach-Stone DEHE (*° Novinger [4] 1< & % Z DHLE) DFEAAZ
ET 2T 5H5NTWVWT, Molnar DFFFAE TDAEHIIR>TWVA. bhvbid 2O
SISO W, TN ZZE(TT 57281, Molnar & IdEkE->7zEEZ V. ZOEERIL, 1R
¥ (peak function) TH 5.
B8] D,={z€C:|z|<r} (r>0) &h&E, z€Ch(A) & ye Ch(B) lcHLT,
P, = {ueA:u(X) C Dy U {1}, u(x) =1}
Qy = {UEB:U(Y) C Dy U{l}, v(y):l}
L. £ A DR OeHhZE P . P= UmECh(A) P, TH5.
RSN, RO K S MHEADH . KE (1), (2) &0, (THY) = f(X) (f € 4) ED5,
(5) u: ADERE < Tu: B DI
MNZBS. Eio, ROMETIHNS K5I, EREIE BIEUE f(z) ZIZEREDICT S IE5
TR ED:
[ feALzeChA)IIHLT, flz) 0 THBHLE, 2% ue P, ZEN
Ci“, (f’LL)(X) C D|f(z)| @] {f(.’L’)} LixB.
C DAL, (B%EEICRIT %)Bishop DEHDFET, fEFHTE 5.

HEDOEEEHICAA S . 4 EBRBEICH T TR B,

[Stepl] T DBGTHBTELEETRYT: Tf=Tg(f,gec A) £T5&, (1) &b,
(fu)(X)=TfTu)(Y)=(TgTu)(Y) = (gu)(X) forallueP

R, FUETE ()0 = () (X) for all w e P.
CEET DL, f=9 %2185, LoRMERE, #E2HAVNE, HBNESICREHTE 3.

[Step 2] AHDEE o & D<K %: FRICyeCh(B) 2Ld. T ue T HQy) ITHL
T,5) &V, ueP THB. 2T,

K= m {u—l({l}) ‘U € T*l(Qy)}
EELE, KN Ch(A) D1H xzh5ixbT LHRES (HEROEENETRETHD). T
TT,oy)=z LEDS.

[Step 3] ¢ : Ch(B) — Ch(A) We¥HFTHBIE%ZERT: Stepl KO, T:A- B
BEHMRPENS, T71:B - AIWIKKNLTSH, Step 2 LRAIKDFERNTES. TDT ehbH,
o MEHHTH BT LWV Z, FARIC, T(P,y)) = Qy (y € Ch(B)) £155.

[Step 4] %Z—Et (4) 73:'71__\3- (TS Ch(B) 9%, T(Pgo(y)) = Qy 7DC75‘B, u € P(p(y) Lf_;ﬁ

LT,
(Tu)(y) =1 = u(p(z))

MDD, TOT L LHEERVS L, [EEO f e ACRLT, (4) BRDITDT LR

3. .
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4. B EHE R

Molndr DEHRLFEHICE VT, KE T1 =1 1 HEOARBNTIZ R, £V DI,
COREZRBNTE, T DEDPRETEENLTHS. EE EH1IMDE, ROZRHAS
ICABUT 5 :

%1 ([1)). X,Y7%Z a>/%7 b Hausdorff 2fi& L, A, B ZhZNh X, Y LD
BEERE TS, ADS BANOEH T 13,
(1) (TfTe)(Y)=(f9)(X) (f,9€A) .
Bz E Mphb My DLENDOEMEER ¢ &, 7(Mp) C {-1,1} TH3
7€ BZHNT,

Tiy)=7@) fley))  (y€ Mg, f € A)
LERINS.

X=YHW B I1AENEZHT-L, A= B=C(X)DFEH, [3] D Theorem 5 TH 5.
DEIC, R1DIRE (1) 7%,
TfTg)(Y)=(fo)(X) (fige€A)
IKBEDLZATHALS. TOREZBLICIE, BEIR A, B AW AR TR G5
VY. Stone-Weierstrass DEH K D, X D HOHBEBBIRIE C(X) KITENS, Z0D
RETWEDBEHMZ Z2AdH B &, ROKMEENS

%2 ([1]). X,Y7%Z a2’37 b Hausdorff ZEfi & L, C(X), C(Y) 2 ZhZh X,
Y _FOBERBUEEGRESESROBEEBIRE 5. C(X) D5 CY)NDO2H T i,
| (TFTe)(Y) = (fo)(X) (f,.g€C(X))
EBETEE, Y DD X OENORMEE ¢ &, 7(Y) C {26C: |2|=1} TH%
TreCY) Z H\WT,
Tfly)=1(y) flely) (WeY, feA

ERING.

X =YW F1AIRERNHEZRTTHED, [3] D Theorem 61CH7c5.

bbb OIS & IIHIZIC (bhvbik V)@%Tf‘%( ), Rao & Roy l& XRDEHZRLT
Wiz

N

Rao-Roy DFEH ([5]). X7 3237 k Hausdorff Z2fi & U, A% X OREER
3%, ADD ANDRE T 1%, 25404

(1) o(TfTg)=0(fg) (f,g€A)
(2) T1=1

AT EE AL ADENDEERFEERICIES.
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FEHICBWT, A= B DD My =X DEFED, Rao-Roy DEHICK 3.

FEMODIHATIX, o ZHEKT 5 Step 2 W HEIT/x 5. ZT T, IBEE « DIBES
uwI({1}) ZRIH L. 5, THREFT 2D, EESE TR AL, XM EZ & 5
EEDOERTZTT KEZS5THB. DX EHDIE, mAKMEE (peripheral range) & P
W, B3 f € C(X) ITR LT,
Rany(f) = { f(&) : 1f@)| = 1fl, € X}
EEZEINS. &L, Luttman & Tonev Li, ﬂ@i@%pﬂfﬁﬂ L5 TH%5:

Luttman-Tonev DEE ([2]). X,Y & 2>/ | Hausdorff 2¢4ff& L, A, B %
ITNETN X, Y LOBKIRET S, ADD BADES T 13, 254

(1)" Rang(TfTg) = Ran.(fg) (f,9€ A)
2) T1=1

ZHIzTELE, ADS BDENOERFAKERICES.

COEHIE, FEHOILRICK>TWVS.

RBIC . TOMEEI T, Molndr DEEZILET % T L 2SR TEZD, &E
HONBOBKE RETHAS. —RLELTA, KT “T B RIUE

(1) o(TfTg)=0(fg)
&, ARICHIDBEHME LAV, LML, RDOKSEEKT, CThEDIREIFIEHEDTH
. ARE “THEH” X3 LD, IKE (1) % “o(Tf) = o(f)” = “o(TfTg) C o(fg)”
K25, EIERDIITEL%%. TOXI RPN, HEOFEEIITEZ 5. £
Tz, I T, REMEICBET 28828 E 2, FEHO “BIEER” %z, “Al# Banach ER”
KRS AT &8 ilBA%.

2 E XM

(1] O. Hatori, T. Miura and H. Takagi, Characterizations of isometric isomorphisms between
uniform algebras via non-linear range-preserving properties, to appear in Proc. Amer. Math.
Soc.

[2] A. Luttman and T. Tonev, Algebra isomorphisms and Ran,-multiplicativity, preprint.

[3] L. Molndr, Some characterizations of the automorphisms of B(H) and C(X), Proc. Amer.
Math. Soc., 130 (2002), 111-120.

[4] W. P. Novinger, Linear isometries of subspaces of spaces of continuous functions, Studia
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SPECTRUM PRESERVING MAPS BETWEEN TWO COMMUTATIVE
BANACH ALGEBRAS. II
(2 DD BANACH ROBDAXRY + VREFEER, II)

OSAMU HATORI (NIIGATA UNIVERSITY) (P& H (BB KFHEHZE) )
TAKESHI MIURA (YAMAGATA UNIVERSITY) (Z# % ((WBKRZTEE) )
HIROYUKI TAKAGI (SHINSYU UNIVERSITY) (A BT (SMAKEHELR) )

ABSTRACT. Let T be a surjective map from a unital semi-simple commutative Banach
algebra A onto a unital commutative Banach algebra B which preserves the unit element.
Suppose that the spectrum o(fg) of the product of any two elements f and g in A coincides
with the spectrum o(TfTg). Then B is semi-simple and T is an isomorphism. The
condition that T is surjective is essential. An example of a surjective unital map from
a commutative C*-algebra onto itself which is not linear nor multiplicative such that
o(TfTg) C o(fg) holds for every f,g is given.

1. AT MR G5

ARY FVIRFEBOWMZE, Banach IR EOHIEIRBEBN RIENTH 2 DD +75%
72 AR N VICEET % 54T 5 Z 7z Gleason-Kahane-Zelazko DEH ([8, 13, 26]) LIEK
BIERICHIRENTVBH, ZOFEHIE Frobenius [7] DITFIER EOMRE B TI7520% (#
FTBALODMPETHET EMNTEBLSTH %, Gleason-Kahane-Zelazko DS =
\F T Kaplansky (& [14] DHTHAIH Banach IR A5 B \DENIT & Wtz /779 2 HRE
BEBIZ Jordan I TH BN ? LWV S RIFEICE KL T3, Gleason-Kahane-Zelazko D EF%
W3 &, BAIH) Banach IRH & BAIHE BRI Banach IRN\DFRE B BALc & Al
T RFET 5751, COEBRIFENTH S EHNBHIREIN S, THUXFHMATH
Banach BRICIEZ RIEMIRIEINERN EBICEET 5 Z EMGEHDR A b TIFR[HDHE
WKIEZDEETITHEHATE AV EbNns, ZE, ROTFRIELERMRTHS L Ebn
%, . B Banach B b BRI B (JERTHEY) Banach IRD_EAN\DFREEMSD BALITE
ATz RFET 5751, TOEBEBRIE Jordan T TH A D, BIHET HHERIE (1, 2, 12, 19, 24]
EEFDOBEXTE Z#BRDT &,

2. KOWALSKI-SLODKOWSKI DEH & U & DDk

ML TERENTE R AT MV ERED W A2 RIFT 52 5HITIE EAEE
RIC/EBT LA TE %, —77, Kowalski-Stodkowski [15] 1& Banach R CRERR S N7 INBIEK
ICBIL T, MIEEXDIZZDICHWRE (350iEME) DT T Gleason-Kahane-Zelazko DJE
BN IT 5T & RRL T,

Kowalski-Slodkowski DEE . f % BanachIR A L TEEIN 2 EELERE L T5,
51,
f(0) =0,
f(a) — f(b) € o(a—b) a,be A
MEDIIDET B, CDEE, fIXENDORENTH %,

AFAALX, Lipschitz BA%IOD Gateaux f77 FIREFHIC BId % Mankiewicz [17] DifiisR (Rdemacher
DEHDIETR) & Weyl D% AW THNBEBOIEANZEE, ZIh gtz RLT,
&I Gleason-Kahane-Zelazko DEHZ W TEERZRI C LICEDEZENT WS,
CDEEN S RIFHEICENINS,
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EIE 2.1. T ZHAIM Banach B3h 5 BAIBEMIATHE Banach IRNDEREL T 5, EHIC,
T(0) = 0T

o(T(a) =T (b)) Co(a—10) a,be A
THIzTELdT 5, TDOLE, TIIRENDEENTH S,

3. BFEMARY MIVIEE B

Kowalski-Stodkowski [15] LABEDFRE R E U RN AR Y MIVIRIEBBL DRI LD WL
& U Tld Kowalski-Stodkowski DEHIDHAEEZ 5-Z 7z Badea [3] DfFtZ#IH L L TV D
MBI, BRIz DRACTERICE > TEH K 5 TH S (cf Baribeau-Ransford [4]), 55
IMEMEITEWRED & & TD Frobenius MOEHOWFEL A 5N 5 (of. [6, 23, 25|, £z,
Molnér [18] IZFFRIEN AR Y FIIVREFBRIC DV TR Z TV RDIERZH T2,
EE 3.1 (Molnér [18]). X ZHE—IENHEZZRT=9 22737 & HausdorffZEfi& L, C(X)
% X _FOBEEBHGEBEEN S 4% Banach B $ 5%, T% CX) D5 C(X)DLEAN
DE/BRTTA)=1mhD

(TfTe)(X) = fo(X)  f,9€C(X)

THHIzT T B, COLETERAFEBRTH S,

Molnér & [E U &3 TR T Hilbert 22 _E D SR £ 24D 575 % Banach R
FOBBIZONTE ARKDOERZRTOEN, REETE TN HEFERUEV,

Kowalski-Stodkowski DEEED &2 AN EF EHaZ 7 [ Banach IR_ED93EIEN
AT MIVAZENBEEE, $IEDDRENTH S | B ILD%E S5, Tz T Molndr
DEHE L % D Banach IRANDILIED, FHH S EMH 2.1 28N zD L EBGEHIEICKD, 7R
INd, LEALENSERRIZ DX ITEWVD AN, DF DIFFEEMN AT b IVAZEE
B CHRENT B 2D TRRIZ NS OMBMEREDFEHIAT#: Banach IR FICHEICHEBKTZ
5L, EHICHETERENTERVEDE Cantor F£H K LOEREUEHEGBIHEAED
A[#i Banach IR EICTFEET 2 &b 5,

fl 3.1. C7% Cantor D 3EEFLL, C;=Cn[0,3], Co=Cn[} L], C;=Cn[},1] &7
%, %j=123IHLT, m%EC;,hD COLENDEMEEHRELT S, A, Ay, A37% C(C)
DHEWIREHIERT, K5 =1,2,31CHLTH € 4; T,

Ul 4; ={C(C): 0 e o(f)}
L35, &z,

Ai=1{f€C(C):0¢a(f)}
9%, CC)DLZTNEANDERT ZRDKXIICEDS 1 b L fe A 7xBl,
(fom(z), zeC
(Tf)(@) = { fom(z), z€C
(fom(z), z€Cs;
EL fe A abiE,
(0, z € Cy
(Tf)(@) = fom(z), z€C;
[ fom(z), ze€Cs;
&L feAkbIE,
(fom(x), z € Cy
(Tf)(z) =40, z € Cy
| fom(z), z€Cs;
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%bf€A37’166i,
fOﬂ'l(I), :EECl
(Tf)(x) = § fom(z), z€Cy
0, z € Cs

LEDB, 5 LEHEREICKD
T1

I
—

A

o(TfTg)=0o(fg) f,g€C(C)
MDD ENh %, —7, TIRRETEREENTERL,
¥, ceC LB, THL (f) = (T(F) (=) (f € C(C))Ic LD EFEENI= C(C)
DINFEEL ¢ 1T on
o(f)dg) € o(fg)  f,9€C(C)
THH, METLRENTE R,
ZZ T, D& 57 Banach BRICH L T Molnar LD EHH AT T 2 OO BN E T2 5,

EE 3.2. AL BZEHENMAHE BanachIR T, EHIC ARFNEMTHSL T3, TR AN
5BOENODE/HTT(1)=1THbH, THIC

o(TfTg)=0(fg) f,g€eA
Th3rL3%, COLE, TRREEHTHD BIZFHMTHS,

FoEHc BOTRE

cTH ENDEHTHB L

c AR FVICET B MDD c Tlda =Thsc e
WAENTH D, EEE, #1310 T ENOEHTIXEWVD, EH 3.2 DMMDZEMHFII AT,
Fiz, ROBIHSE ZAXRT MVICET ZEH4TIE, =D IEARBNTHELEbh b,

Bl 3.2. [ ZEEE2EH S BEHZEMO—maY 8T MEE T 5, B nIIHL T,
’ Ayn={fecl): m<nZ&blE f(m)=0,n < k%5IE f(k) # 0}
CEDDB, C(I) LOBBRT %=
Tf=f  forfeC)\ UnerAn,
£, feA, kb

T = {0 flon+1

f(l) otherwise.

Ik DEDB, THETIRODNEZNHLGD EADEGEE D,

T(HT(9)D) C foI)  (f.geC)).
ERIT, EEOD T TLASRENTLAEL,
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4. FEFE 3.2 DIEFADET

— I BAEERIC I B P IEBERA B EICH D, KO/ VLE 1 THB, A, BH
BEIROBZER DRI A T EZHWTIEAN AR ENT (9) . —7, BEBERTERVGEE
& DFEFIIEHIEEATE RV, MRKAT 7 )VZED B2 TH 5 K 5 /& AR H
MRT#H Banach BRIC BT Dale [5]1C & D, Choquet IADSilov BATHHTH B &
NRENTWS (cf. [11]) A, EEED VLD —HERTHZT LIZE-7HFTE
0, BBIRDGEIC S Z T, FJ#: Banach IROBFAEIIE, MK AT 7 IVZEMMER
B THhH-oTh, TOEXFOETEIAEMTE ARV, —F, A, BEEI¥HMTHNE
T A D Gelfant 2505 B D Gelfand BEENDEGHEAEL TV, ZOXIICEZT
ET, 51T T % AD Gelfand ZHD C(M,) TO—HKE/ IV LIC K B cl(A) S B D
Gelfand D C(Mp) TO—kR/ VLT K BB cl(B) D_EADEIC BARICHEFRTEN
E, BEEEROBEOMBICIETE S, COX I ARE, &8 3.2 E niizikicid,
ARETH B LEmh b, LT AN, EHI2ZHVTRT C LIFHFFRTRETETWEA
Vo M TENZE, Banach IRICHEAITTOFEZIE L K WEEDOEH 3.2 1CHYT 26
RADFEHD B 7D & b s,

LA LAEDS, FABIEEROD 5516 R & IEREE DB R 2 FIV T HALAY A # Banach BRIC
XS BIERDAAZIG D EMNTE T, BRIIRTH S, AT AL Bld e IHHEM
TESIC Gelfand B L 728 D L [Al—H T 5,

R 4.1 ADFI{f} & fecd(A)REX D, cIEL, 0¢ f(Ma) T 5. 5, fu® fIE
— IR L7289 %, T5&, {Tf}d—8 VLTS Cauchy¥TH %,

ADKATTIVE cl(A) OKAT 7IVERIEFECEDOT, LOHEIS Tk AU
(cl(A)1H5 BU(c(B)) P \DEMICHIETE %, L b, HHERLZEHRTICONTSD,

- BN DR THD; o

AEED f,g € AUC(A)IKKRL T o(TfTg) = o(fg) B LY LD
CTEMEATE %, DFD, Tid My FOBEER cl(A) D—HE T BEELFMHZR T
FWIRTEB N DH B, FTT, cl(A) DFEIEESCIBBEEEZERL, A & BB
RTHHHAEDFERZIEELERT S L EH 3.2 FFATE %,

IR 4.1 DFEFEAT S0 {f,} A ANERBIEL fICPERT 2T THEN D, L AEERTE,
{fin} B—ERERTHBEL TR, > Tn,m—o0lT 5L,

o Loe — il
(1) 142 =1 < =l = fll =0
ThHsb, £z,
o@ﬁjg%»:dﬁfﬁg:{u
CHBIB,
- 1
T(—) = =
%)= TG
MDD, Ko TARY MVICEET AN D
o(702) = o(fnf
MO DDT
T fn i Jn
I ===~ 1l

MROME, £/T(1)=1%DT
U(Tfn) = g(fn)
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LB,
ITfull = 11 £ull
THs, UEND
T Tfn fn
Tfy—Tfull < ITfm 1 =22 -1
1T fr = Tfmll < |T'f, H“”Tfm = 1lf H”fm |
£z, o> T{Tf.} & Cauchy 5 TH %, O

EH 3.2 DA T BATTOEER AN T WA 28, HATOTEEL 741 Banach BRI %t
U Tl FEOERZEHT 5 I TERY, LAHL, HLEXEFHEL T35,

FHE. AL B HMO i BanachIlRE 5, TIEADS BO EANDEHTH D

o(TfTg)=0o(fg) fg€A
TH5LT5, CDLZE, TERAEER xsignum function TH %,

A ¥ B O Gelfand Z#h'—# / )V IS B L THEETH BHAIC DV TIE [21) THEM
AN 2 BTV B,

5. XIFR - A]#2 BANACH IROEE

A% +-0[#i BanachIR& 9%, fEED f € AITDWVT, f*D Gelfand & f D Gelfand
THOBERILEN —T D & & A Z W «-AJ#i Banach TRE W D, T DETIXRHFR - AJH#
Banach IR EDFFRIEM AT bV REBIRIC DOV TER S, Molnér [18] 1, H—IELNH
% HFed 22737 |k Hausdorff 24 K _ED#EEREUEEB IR 5 7% % Banach 3R C(K)
NOZNEED EANDBEBRTICOWVWT, T(1)=1THY

TfTg(K)=fg(K)  f,g€C(K)
TH5%5E, THRVESTHSC LRIAMALI, R, TOHLETH S,

EE 5.1. A & B7ZHABEFE «-0#2 BanachIR T, THIC AZEMTHBD LT3, T
X ADS BOEANODEBRTTN) =1%#1ToDET B, i,

o((T(f)T(g9)) =0o(f"9) figeA
HRHT T B, CDLE, TR «-EEEBRTH S,

ZEHALE Stone-Weierstrass DEHEZ FHNT, ART MIVDOSEHENS, FEH 32D AT b

WOFMZELS T LICEK S,
6. BT B Eoh DRGR

COERELT X LOBSE AN Y _EOMBBE BO EADEHT TT(1) = 1 &2H 1
TEDREZD, EHIC, UTOENREZ 5,

(RR) o(TfTg)=0(f9)  (fig€A)

(HMT) (TfTg)(Y)= fg9(X) (f,9 € A);

(LT)  n((TT)(Y)) = 7(fg(X))  (f,0 € A). _
TH%&M RR) Z#Hd & TIZRAKEBRTH 5 &id Rao-Roy [20] HEREANCIEAL T
%, Fiz, (HMT)ZHzd THREEBRTH ST i[9 TRENiz, BEFmDIT R
JREESIIHLT

7(S)={2z€8:|z| = sug|w|}
we

9%, fe AITHL T, n(f(X)) 7% peripheral range £\ 9, (LT) & peripheral range %
RIFT 5T L ZEKT %, Luttman-Tonev [16] I&, (LT)Z&H7cd TIEAEEHETHSC
& &L 72, Luttman-Tonev DGR Rao-Roy DFERD, X7z, HMT OFEERDILET
H5. RBICEET HMEZC L DET 5,
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R, BAIAY-EBATRT L Banach B b BLAIAY L BRI 2 Banach IRD EA\DEBURT, Hifi
Tt & " peripheral spectrum” % 747 9" % GARIZ A G5 ?

f @ peripheral spectrum {3 7(o(f)) I & D E&EEN %, Rao-Tonev-Toneva [22] 1& periph-
eral spectrum 2 fR7F 9 2 BAFIR L OB DV THZEL TV 5,
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Surjection on C*(X) which preserve dpax

Kiyotaka Kobayashi

Abstract. In this paper, notions of metricoid spaces are introduced and we show a theorem of
Mazur and Ulam for strongly reflective metricoid spaces and super reflective metricoid groups.
Let CT(X) be the set of all positive-real-valued continuous functions on a compact Hausdorff
space X. For each f € CT(X), we put |f|| = sup{|f(z)| : = € X} and put dmax(f,g9) =
max{||$ —1||, ||§ —1|}(f,g € CT(X)). Let T be a surjection from C*(X) onto C*(Y") such that
Omax(T(f),T(g9)) = dmax(f,g) holds for every f,g € C*(X). Then we show that T is of the form
T(f) = (wf o ®)" for a weight function w € C*(Y), a homeomorphism & : Y — X and signum
function h on X.

CORETIREALEE (BR[| =WEE (LER) REEE ER) SoHRERETES
NEFERITONTIRRD . K< M5 TS Mazur-Ulam OEH [1] 13/ )b A Z2RH 0 0% HEkE 4
HREHIT affine THHEND ZEZRNEEHTHS. il [3] ICXK D ZOMBRFEHANG A 51
To. ZRUT IV AZEBDNERAITH 2 E NS L 2AREHIALEZDDTH> T, AVogt[d] DS
BEERBELEDDTHD. ZOEZE, JIVLAZERTE ZTWS Mazur-Ulam DEHE %2 — L TE 72
Win? ENWSEZMAEL S, Takahasi-Miura[2] 1/ )V AZERINERITH S RICEB LT, @EEER
WTRREEERE 2 e L, SRV MR AR OO f O F HIERE 2 B T4 affine TH D WS RERZE
o, ZZTIESMHEMHEOMZ 525 & &I, MEREZRTET 5 surjection T D % RE
95,

EBE1GZEALETD. GOHEZERG X G OFRAEBEE § WROEM (1) 2T T 5.

5(f,9)=0=f=gyg (1)
ZZTEDSE GANDEBTITHMUTIT(F),T(9) = 6(f,9) (f,g €G) WERDILDEE, T %
d-isometry EWVWD. TDEE, §WROGMHZEMZT EE § = RS LR
Vg€ GIzHLT,

3K (f,g) € Rt s.t. 6(T(f), f) < K(f,g) (VT : bijective, 6-isometry s.t. T(g) = g) (2)
ZDEZE (G, ) & aEREZZ M &I,

EE 1 EAERNS IS ERERTH L ENDNS. LD ULBRNRSROFNRT X
DN —RITHNIRR O L7z 720,

A ZBAHEEMAH Banach lRE L, A DIERITTEEE A1 TRT. ra% A DAXRYT RMVHERE
L35 LE,

5(F,9) = rA<§ _1), fgeA
TEHREINDEAKIEZEZZDE, (A7L0) (FHEBEZEM & 7250, BEREZEH TR0,
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TE 2 (G,0) EHEEMZEMEL, heGETH. COEEG LOHDE/K p B h e G o BT 28
BRCH D EILROEEEW T EZE N,

p(h) =h (3)

p* =id (4)

p is 6-isometric (5)

3L(h) > 1 st. 8(p(f), ) = L(R)S(f, ) (f € G) (6)

ZDB/E, pNEESH T d-isometry TH VD, £z RADBME—DARBRTHEIENINS. 22
THheGITBITSGOEREHEDESZE R(G;h) ERDT.

TE 3 (G,0) ZWEMEMET 5. LED f,g € GITALT,

%: {hGG:HpER(G;h) with p(f)=g}

ELREE, ThE fgDWHEEND. FT2, (Gy,81), (Go,8) ZHEEEZMEL, T %2 Gy 15 Gy
NDEMET D, THROEE:

T(f;g)z T(f);T(g) (f.q€G1)

Ziilz 9 &E, T % affine THBHEWD.

EE 4 WHEEZER (G,0) WA R(G; f) #£0 (f € G) ZWET L&, FINTHHE NS, £
BEHEZER (G, 0) WM 139 £ 0 (f,g € G) Wiz T L&, BREMINTHSENS,

CDEERDFERERD.
TEHR 1 GRETMRAY T FRAEZE R O B O S R 2 A F4T affine TH 5.

FE2 NZE/IVAEMEL, f,ge NKHLTa=2E95. £zpu) =2a—u (ue N) &F
5. ZOLEMBIREBELMNS, pe R(N;a) with g = p(f) THVD, £/ N WREREITH S Z &N
bnd.

U o>TEM 125, RO Mazur-Ulam DO EHENENNS.
% 2 (Mazur-Ulam OEH)([1]) / )VLZEM OB O BEFF4IT affine THS.

KIZ (G, 8) % WHEMZEMEL, GERETSD. COEE, ROGKH (7),(8),(9) % &/ T HiHHEZ
M (G,6) 2% %%

§(hf *h,hg7'h) =4(f,9) (b, f,g€Q) (7)
Vhe GIRXMLUT,3L(h) > 1st. §(hfth, f) > L(A)6(f,h)  (feq) (8)

Vg€ GITHRLT,
M(f,g)={heG:hf th=g} ELIZEE, M(f,9)#0 (f,9€q) (9)

ZDEE(G,8) NRERINTS D T EHDN D,
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TE 5 (G,0) FHEMZEMEL, GEMETS. &=, EORM (7),(8),(9) Z il 4 mHHEHEZE
(G, 6) %R BEMRA TREBERE & I3,

ROMFRITEE 1 OBEBFEOHERTH D, TNITE = Mazur-Ulam D EEDO— LIz > TN D,
IR 3 SRR EERERE O M O E M IERE 2 B 5413 affine TH 2.

X 232N AT ARLTZREEL, CH(X) & X LOEOEKEEGEKEAET S, £/
FeCTX)IHUT, ||fll = sup{|f(z)] : z € X} EFDF. CH(X) L@E%OEE TILEHEMTI
720D, BUCDOWTHERHTE S TWA, T3 T dnax(f, 9) = max{[|$ — 1[I, |IL ~1|[} (f,9 € CT(X))
EEDEEE ROERERS.

FE 4 T%CHX)D5 CHY) D surjection & L,

Smax(T(f), T(9)) = dmax(fr9)  (fi9 € CT(X))

EWMETODETSH. ZOEE, T(f) = (wfod) (f € CH(X)) &72B w € CH(Y), h :
X —{-1,1} € C*(X), @ : Y = X : homeomorphism INEIET 5.

B0 T = Ly e B<. T3 T Ebijection 12785 ZEADASD. TIT, X LOREKIEEEN

Btk Cp(X) TRTHDETS. ZDEE, §:Cp(X) = Cr(Y) %
S(f) =logT(expf) (f € Cr(X))
EEDDE, Sldbijection IZ725. F/z,
1S(u) = S()|| = [lu~v|| (4,0 € Cr(X))

ERBTEHHMBDT, Mazur-Ulam OEHN 5

u+v,  S(u)+Sv)
2 )= 2

%. ZZTS(0)=0&M5, §idreallinear K735, KIZ, Sc:C(X) = C(Y) %

S( (u,v € Cr(X))

%

L

Sc(u+ i) = S(u) +iS(v) (u,v € Cr(X))

LEDDE, Sclidbijective G complex-linear Tdh D L7z, isometry THDH I EMWbMNhs. D&
¥, Banach-Stone DEHMNS, Jh e C(Y) with [h| =1on Y, 3® : Y — X:homeomorphism s.t.
Sc(f) = hfod (f € CH(X)) &85, ThD,

T(f)=T(1)(fo®)"* (f€CH(X))

215 ZIT w=TW)"ETHE, T(f) = (wfo2)" (f € CT(X)) 25 O

EH 413 Mazur-Ulam OEHZEZWA 2 HDIT/R>TWS. £z, &(f,9) = ||-Jg: -1y (f,g €
CHX)) LD EE, B 4DRELTROR 5 2185,
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F5T%CHX) M5 CH(Y) D surjection & L,

So(f,9) = 60(T(f),T(9)) (f,9€CH(X))

BT HOETS. COEE, T(f)=wfod (f € CHX)) ZMilET we CHY), @:Y - X :
homeomorphism INFTET 5.

RITox(f9) = 1L = 1/l[1§ = 1]| (f,9 € OH(X)) LEDD. TDEE (CH(X),bx) IHHBERRAE
PREEREICTR D, ROFERZERED.

FE 6 T%CHX)M5 CH(Y) D surjection & L,

ox(T(f),T(9)) =0x(f,9) (f,g€CH(X))

ZzTdDETSH. ZOEE, T(f)=wfod (feCT(X)) XX T(f) = wf10<1> (f e CT(X))
E72Bwe CH(Y),®:Y = X : homeomorphism INEET 5.

EE 3 EH 6 DFEHICIZLLT D FACTI~FACTA 2 V5.
FACT1: TI3EH 6 DIREZEMETHDETD. TDEE, KNKLDILD.
T(fP¢'"?) =T(f)’T(9)' " (p€R, f,g€CT(X))
FACT2: TREH 6 DIREZEWMELZTHOEL, ISIITA) =1, T(fg) = T(f)T(9) (f,g €
CHX))MROIDbDET S, ZDEE, T(3)=3F=RTB) =1 &/k3.

-3

FACTS: TW3EME 6 DIREEWMAZTHDEL, SHITTB) =3, T(fP)=T(f)* pER, fe
CHX))MROIDBDET S, TDEE, T(e) =a (e eRT) £725.

FACT4: T\3EH 6 DIGEZRWETHOEL, S51T(1) =1, T(a) = a (a € RY), T(fg) =
T(F)T(9) (f,g € CH(X)) BRDEDBDETS. ZDEE, KWK ILD.

o= B +
I -u=imE -l (heectx)

R 6 DFEFA T = 75 & B<. T2 ETHbijection 12722 Z &AW 2. Xk,
0x(f,9) = 0x(T(f),T(9)) (f,9 € CH(X))
BROILDIENSMND. TIT, FACTLBEUT(1) =1E05
T(fg) =T(HT(9) (f,9€CH(X))
285, TNE FACT2~FACTABLY, % 5 5EEIIRENS. O
R 01 (f,9) = 1L — 1|+ (1% — 1] (f,9 € CT(X)) LEDIEE, (CH(X),64) ISR
PHEEREIC 72D, ROERERS. -
TEBT7T%CHX)M5 CH(Y) D surjection & L,
51 (T(f),T(9) =d04(f,9) (f,g€CT(X))

BT ODET D, TOEE, T(f) =wfod (f € CHX)) & T(f) = 5755 (f € CH(X))
Lizbwe CH(Y),®:Y — X : homeomorphism INFHET 5.
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On Putnam’s inequality and Berger-Shaw’s inequality

Atsushi Uchiyama (Sendai National College of Technology)

abstract In this paper, we show (1) tr ((|T|2p - |T*|2p)%) < gm(a(T)) for every n-multicyclic p-
hyponormal operator T', where ¢(T') is the spectrum of 7" and m( - ) is the planar Lebesgue measure, and
(2) |IT|?P — |T*|?|| < (m(a(T)))? for every p-hyponormal operator T'. These inequalities are extensions
of Putnam’s inequality and Berger-Shaw’s inequality for hyponormal operators.

We also show Putnam’s inequality and Berger-Shaw’s inequality for p-quasihyponormal operators.

1. Introduction bB/L~\JU N2 EOBFFREIGAEREZE T &, [T*,T) =TT -TT* =0 D
CEIERIERR, T*T — TT* > 0 D & ¥ hyponormal, (T*T)P > (TT*)P O & & p-hyponormal,
T*{(T*T)P — (TT*?}T > 0 D & ¥, p-quasihyponormal operator TH 2 &£\ 5. IEHIEFALSID
EHZ, DFE D IEEREAEZE T <OV T, ZOHERET [T, T) =TT - TT* (L > &—fKIC
(T*T)" — (TT*)") O/ IVLOfEIK, T OIFEREZRLTVWB EEZ D ENHKS.

FRIERZEZFTGIERAFED 7 T A hyponormal IZBWTCIE, BERETD /)L LIS 54
FRELT, RO &S RHBRGEOAFXSAENTNS.

Theorem A. (73 7 LARZEK) For a hyponormal operator T' € B(H),

1
IT°T =TT < —m(o(T)).

EHET &, 5 nl@ORY MV ay,- - 2, € HISHUT V{g(T)zi5i=1,2,--- ,n g€ R(a(T))} =
H %29 £ ¥, n-multicyclic THB L9, TTT R(o(T)) & o(T) Ol TERIZAHHRIE
2FZET. n-multicyclic £\, H ZEDKEEZFFD hyponormal fEHZRICH L TR, XD b
L—X / VLSBT 2B SN TV 5.

Theorem B. (/3—7— ¥ 3 7 A%K) For an n-multicyclic hyponormal operator T € B(H),
the self-commutator [T*,T| = T*T — TT* belongs to the trace class C; and

n

tr(T*T — TT*) < 7rm(a(T)).

TOFILTU, 78 b LARER E/N—H—+ 2 3 U ARERD p-hyponormal, p-quasihyponormal
TEFIRANDILIRIC DV TIRE T 5.
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2. Preliminaries

p-hyponomal TEFIRIZEEN S p-quasihyponormal EHETH B M, Wild—MRICAK D 1727
V. %7z, p-hyponomal fEfi#E7%% 51 ¢-hyponomal fEfi3E (0 < ¢ < p) TH B T L HRDEHK
L—"F— NAVYARERD SENNS. UL L, p-quasihyponomal 7% 51 g-quasihyponomal
(0<q<p) E—MHIZLEWN. TOXIIC, EFHEDHE L LT p-quasihyponormal DJF5 A
p-hyponormal K D #HHEC/Z> TV 5.

1 (L—"TF—  NAVYRER)If0< A< Bandpc (0,1], then AP < BP.

A 11X f(t) = tP B [0,00) T operator monotone TH 5 T &ZRL T3, operator
monotone function IZBHT B AEREL LTHIE2 ONV L2V OAREXNLLHOENTNS. &5
I, flifE 1 OKIEZILRE UTHIE 3 DHHORERNEL TH 5.

HE 2.\ OFRER)
Let f be an operator monotone function on the half interval [0, o), i.e., 0 < A < B implies

f(A) < f(B). Then, for any A > 0 and contraction B(i.e., |B| < 1), B*f(A)B < f(B*AB).
& 3.(HHEAER) If B> A > O, then for each r > 0,
() (ATBPA)E > A" and (i) B¢ > (BAPB')s

hold for p and ¢ such that p > 0 and ¢ > 1 with (1 4 2r)g > p + 2r.

EE 1. T =U|T| EAROENRE T2 L% (FHE T = |T|2U|T|2 % T © Aluthge Z5#3
EWVI. 5t >0 LT T(s,t) = |T|°U|T|t % (generalized) Aluthge Z#iL 5.

KD p-hyponormal (I 2 EELMEIZ Aluthge I K> THID TRENIZH (U =2V —
EWVWSEFEDET), Xia, B, HHZDMEBEDOILEIC K > T (—RIC T(s,t) WDV TREED
FERD) &2 E THERILT AT EARENTVS. (HHEAZFEXZH W TRERA)

~ 1
Theorem C. Let T = U|T| be a p-hyponormal operator. Then T is hyponormal if 3 <p<l1

1
and (p + %)—hyponormal ifo<p< 3
£ 2. T =U|T| » p-hyponormal (2m—1+1- <p< gm,m FIFEEE) DL ¥,
T = |T|7=~PU|T| -2 P

LEET B,
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1

85 4. Let T, T be as above. Then, (TT*)7 < |T|27 ~P|T*|%|T|#n P < |T|7=T < (T*T)7=

)

In particular, T is f,;—hyponormal.

##%8 5. If T is an n-multicyclic p-hyponormal for (0 < p < 1), then T is also n-multicyclic
and o(T) = o(T).

3. Putnam and Berger-Shaw inequality for p-hyponormal operators

#% 6. If T is an n-multicyclic p-hyponormal for (0 < p < 1), then
tr (|7 (TP = TP ) < Zm(o (D).
A=|TI, B =|T|% — [T £ &, HE6 DREROELE, tr(BIA 7 B2) IKFELL.
p> % BB, L—TF— « NV URERNS BYAF B > BiB 7 Bi = Br.
0<p< -;- 55, HERSERN 5 (B%Al—ZzB%)zp > (B%B%EB%)2P - B?,
(' = }-:—Iz,q’ = 21—q,7"' = % L33k (1+27)d =p +2r =1).

P D
LihioT,0<p<1DEE, tr(BIA 7 BI) > tr(B?) L155DTROEHE 1 £135.

EIE 1. If T is an n-multicyclic p-hyponormal for (0 < p < 1), then |T|?P — |T*|?" belongs to
the Schatten %—class Ci and tr((|T|2p — |T*|2p)%) < %m(a(T)).
P

## 8 7. Let T be a p-hyponormal operator for (0 < p < 1), and M be an invariant subspace of
T. Then the restriction 7" of T to M satisfies {T"T"*}? < P(TT*)?P < P(T*T)*P < {T""T"}?,

and hence T" is also p-hyponormal, where P denotes the projection onto M.

z € H ZEEDHEAMANT MU, M = V{g(T)z;9 € R(o(T)}, T' = T|pm £T5E, T H
p-hyponormal 7 5, 7" 1 1-multicyclic p-hyponormal »D o(T") C o(T). LTeA > 7T,
P
((T*T)P — (TT*P)z, z) < (T"*T")° — (T'T")P)z,z) < {%m(U(T))} Vst ||z =1

CDT BB p-hyponormal ICBET %73y b F LOARERANMEELNS.

% 1. If T is p-hyponormal operator for (0 < p < 1), then

@TY - (@T < {%m(U(T))}p.
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4. Putnam and Berger-Shaw inequality for p-quasihyponormal operators
A S
( ) on H = [TH] ® kerT* 7% p-quasihyponormal {fEFiZ& (0 < p < 1), P =
0 0

00
( ) on H = [TH] @ ker T* % [TH] \DERHFFZ LT 5. T M p-quasihyponormal TH

00
T, NvEVOFRERKD, (PT*TP)P > P(T*T)PP > P(TT*)PP. WZIT, (A*AP >

(AA* 4+ 858*)P > (AA*)P DRV ILD. TDTENLRINES.
fli®d 8. For p-quasihyponormal T' where 0 < p < 1, the restriction A of T to [TH] is
p-hyponormal and o(A4) C o(T) C o(A) U{O}
f#HiRE 9. For positive operators A, B and C such that A = B + C and for an s > 1,

14° = B°|| < p(s) | AIPHC]-

If C belongs to the Schatten a-class C,,

14° = B°lla < ¢() AP Clla

s, ifseN 1
here p(s) = and ||Clla = tr(] C |*)=.
s+2, otherwise
= on H = [T'H] @ ker T* 7% n-multicyclic p-quasihyponormal % (0 < p < 1)
0 0

E95L, AL n-multicyclic 127 5.

##7E 10. If T is an n-multicyclic p-quasihyponormal operator, then the restriction A of 7' to

[TH] is also n-multicyclic.

ZDLE FHBES8 XD AL p-hyponormal DT, EFH1, Rl ZHNS L
1 1 P
er (4P = 1AP)3) < (), 11AP7 - 147 < { Emot)}

T ' quasihyponormal(1-quasihyponormal) @ & ¥,

. . A*A— AA* - SS* A*S
17T =TT = || I
S*A 58

A*A— AA* - SS* 0 0 A*S
<| I+ I
0 S*S S*A 0

1
< [|AAT — AAT( + [LALISI < 2[T([|AA" — AA%2,
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— ((A*A — AA* — 8§5%)2 4 A*SS*A X )

X* S*(AA* + 55*)A

tr (T*T — TT*)?) = tr ((A*A — AA* — $S*)?) + tr (A*SS*A + S*(AA* + SS*)S)
< ||A*A — AA* — SS*||tr (A*A — AA* — SS*) + 3||T%tr(S*S)
< 4||T|%r (A*A — AAY).

UEDSROEH 2, 3 HMF5N%.

FEI 2. For a quasihyponormal operator T,
* * 1 1
77— T77) < 2T Em(o()}.

Thus, m(o(T")) = 0 implies the normality of 7.

FI 3. For an n-multicyclic quasihyponormal operator T,

tr((T*T - TT*)2> < 4HT||2gm(a(T)).

T W p-quasihyponormal fEFHERD L &, K, = (A*A)?— (AA*+55*)9, (AA* 4+ 5S*)7— (AA*)4,
1€ (0] LI E WD K, LI < (44 - (447 < {Zm(or)}

T A n-multicyclic 7251, A & n-multicyclic DT,

1Ealls, I1Zlls < (4" 4) = (44%)7)s < {Em(o()}".

NS OFMEICHIE 9 ZH W5 & p-quasihyponormal ICBHd %78y b F LAREFER &/ 3—H—-
avAREFERNMESNS.

FI 4. For a p-quasihyponormal operator T' and ¢ € (0, p],

D=

x x - 1 ?
77 =77 < 2T e(1/0) (Fmio(r) ) .
Thus, m(o(T")) = 0 implies the normality of T'.

FEIE 5. If T is an n-multicyclic p-quasihyponormal operator and ¢ € (0,p], then (T*T —

TT*)? € C1 and
q

|7 =TTy < 6(1/QITI*E (Zm(o(T)))".
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Putnam Inequality And Alexander Inequality

Takahiko Nakazi (Hokkaido University)

This is a joint work with M.Cho (Kanagawa University).

For a hyponormal operator, it is known that dist(T*, A) < {Area(o(T))/n}'/?
where A is the strong closure of {f(T) ; f € rat(c(T))} and rat(c(T)) is the set of
all rational functions on ¢(7"). This is called Alexander inequality for a hyponormal
operator. This have been used to estimate |T*K — KT*| when TK = KT. Then,
|IT*K — KT*| < 2{Area(o(T))/7}"?||K|. In this lecture, we give a better estimate for
a subnormal operator. Moreover, we give an area estimate for a p-hyponormal operator.

Z DI AR IIRZE TR D BRI & D FRFZE (2] TH 5.

H % Hilbert 22[#l. B(H) & H LOFFRMBERNFEO KL TS, T € B(H)
KHLUT o(T)E T ODARY BVERT, rat(T) & o(T) LOFEBEBDO2KZRT,
T € B(H) 2" hyponormal fEHFE &IE, T*T —TT* >0 THZELE 2N,

Putnam DA% (1970) T 7Y hyponormal 725 &

| T*T — TT*|| < Area(o(T))/7 o

Alexander DA% (1973, 1987) T 7% hyponormal 72 5 13,

dist(T*, A) < {Area(o(T))/m}? ,
ZZTAWR{f(T); ferat(o(T))} PEATLTD %,

Putnam OAERIT 4] TRINTVWS, BIEIRITHT 5 Alexander DAL
[1] T. E® hyponormal fEHZRIZNT BB DI [3] TREINTWS, [3] Tid, Alexander
DAL ZHAWT, T 2% hyponormal D KT =TK 7251%

|IT"K — KT*|| < 2{Area(o(T))/7}"|| K|| (%)
THBIENRSINTND,

[ el

|
(1) &
(2) A&

/

X (%) Tv EH 2 1% hyponormal fEAFRICH L THREMN?

&
X () 1&, o E—OIEARITH L THRILT 57 ?
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(3) T 7" hyponormal fEFiZEMND TK = KT 735 |T*K — KT*|| < |T|||K|
IFIEL W ?

& D (1) IZx LT, subnormal fEHFRED & EIT 2~3 DfFEZ G2 %. T € B(H)
7N subnormal fEfR &1, H 288 H % Hilbert 25 K &Z D LD normal fEf#%E N
WHEELT, NHCHMDT=N|H £i252LThH5,

EH 1| T € B(H) % subnormal fEFFEND f € rat(a(T)) 7251

IT*F(T) = F(T)T*|| < {Area(o(T))/n}/*{ Area(o(f(T))/m}"/%

1% f(T) ORDIC TK = KT &5 K € B(H) o3t L TER Lho 7
N, TERMMoT. 722U T M cyclic X7 MVEHDRLIE, HEHEROER [6) L0,
TK = KT QDL EICHE (1) WEH 1 OB THEENIIHR I D, £ T =T N—2K
Hardy Z2f#] H? L@ analytic Toeplitz fEFI%# T®H V. K =T, b analytic Toeplitz 1£H
FOEE, EH1MRIT S, LNL T =T, DEE, T:K =KT,. 7253 K a7
FIVE analytic B9%{ % symbol &9 % Toeplitz EFIR L7285 DT, LOHEFTHWS Z
EINTERN,

i D (2) 1272 L T, p-hyponormal fERFEDHEIT—DDEEZEZHGZX 5. T €
B(H) 2%, 0<p<11Z8LT p-hyponormal fEHFEEIL, (T*T)? — (TT*)P >0 &/2b
Z&ETdH5, 1-hyponormal &1E hyponormal D Z & THh 5.

¢ teN
¢(t):{t+2 t e (0,00)\ N

&9 %5 &EE, AUchiyama [5] 1ZRDAEXZR LTz, T W p-hyponormal 725 1%
IT*T —TT*| < (%) 171209 { Area(o(T)) /x}.

ZOARERIR, p=1DEE Putnam DAFLZRL TS, EORENE W.Arveson
[1, Lemma 2] ZHWT, ROMEEZRT IENTESD, LML, EREENE p=1D&

T /29 (11—,) = "2 7ZM5 Alexander DARZEX 2R L TV,

i | T € B(H) " p-hyponormal 7% 5 1%

dist(T*, A) < \|2¢ (%) |T||*~*{ Area(a(T))/n}P/%

2T A={f(T); ferat(c(T)} PHREATHS,
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EH 2| T € B(H) ¥ p-hyponormal "D KT = TK 72513

|7 K — KT*| < 2,|2¢ (;) IT1'7{ Area(o(T))/x}2| K],

EH 2 OFEPNTIE, hyponormal fEFHFED commutator DAREI (x) ZRT &L E
IZ. Alexander DAERXNFEOLONHRIC, TOIETHHMEEHNSE, LML p=1D
EE, (x) ZHATWERW, 51T, [ (2) IE p-quasinyponormal fEFAFEICHL T, —
DDEZEHGZ BT EINTES,

M D 3)ITHLT, E#1DKRELT, BL T A subnormal FEAFHEZ 5,

17" £(T) = (DT < T

MERILT B — D T € B(H) TOWTEDOAREXERT I ENTELRLEFTESL
WA, FAUIER EE S, ROEH 3 13 Sz.-Nagy @ dilation ZFHWTRT ZENTES
M, —DOMETHB. sup | f(2) | 2 |F(T)] CBEMZSZETEAMST,

z€D

EH 3|T € B(H) & contraction ™D D={z; |z|<1} &5, f D kT
R 5V T £(T) — f(T)T*|| < sup | f(2) | T 5.
z€D

R|T e BH) D n>1715E, |T*T" - T < |T|*+! 2RILT %,

SE Xk
1. H. Alexander, Projections of polynomial hulls, J. Funct. Anal. 13(1973), 13-19.

2. W. Arveson, Interpolation problems in nest algebras, J. Funct. Amal. 20(1975),
208-233.

3. T. Nakazi, Complete spectral area estimates and self-commutators, Michigan Math.
J. 35(1988), 435-441.
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Closed Range Operators

Rikio Yoneda

Otaru University of Commerce

Let D be the open unit disk in complex plane C. For z,w € D, 0 < r < 1, let p,(w) = =W

1—Zw

— Y| and D(w,r) = {#z € D,p(w,z) < r}. Let H(D) be the class of all

and let p(z,w) =

analytic functions on D.
The space B, of D is defined to be the space of analytic functions f on D such that

I 7 llga= 1f QO+ 1|  IBo < 400,
where || f |5, = sup(1 — |2|*)*|f'(z)|. Note that B; = B is the Bloch space .
zeD
The space Ba,o of D is defined to be the space of analytic functions f on D such that

= )% |f ()] = (2] = 17).

Note that By = By is the little Bloch space .

The space B* of D is defined to be the space of analytic functions f on D such that
Sgg(l —[21))*|£(2)] < +oo.

Let dA(z) be the area measure on D normalized so that the area of D is 1.

For a > —1, the weighted Dirichret space Dy is defined to be the space of analytic functions
f on D such that

/D(l — 2 (2) [P (e + 1)dA(2) < +oo.
In the case of & = 1 and p = 2, then D3 = H? is the Hardy space. In the case of o = 2 and p = 2,
then D2 = L2 is the Bergman space.

For a > —1, the weighted Bergman space DE = LP ((1 — |z|2)®dA(z)) is defined to be the
space of analytic functions f on D such that

@ = R P (@ + DAAE) < +oo.

In the case of o = 0 and p = 2, then DZ = L? is the Bergman space.

Let X be Banach spaces and let T" be a linear operator from X into X. Then T is called to
be bounded below on X if || T'f ||> C || f || for all f € X and positive constants C > 0.

For g analytic on D, the operators Iy, Jg, M, are defined by the following:

L& = [ 9Or O, BNE = [ FQgOd , My(h)(E) = o) ()
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If g(z) = z, then J, is the integration operator. If g(z) = log —1—};, then J, is the Ceséro operator.

In [8], Ch.Pommerenke proved the following result with respect to the operator Jy :

Theorem 0.1. For g analytic on D, the operator J4 is bounded on the Hardy space
H? if and only if g € BMOA.

In [2], A.Aleman and A.G.Siskakis proved the following result with respect to the operator
Jg

Theorem 0.2. For g analytic on D, for p > 1, the operator Jy is bounded on the
Hardy space HP if and only if g € BMOA. And the operator Jy is compact on the Hardy space
HP? if and only if g € VMOA.

In [3], A.Aleman and A.G.Siskakis proved the following result with respect to the operator
Jy (See [3] with respect to the definition of the weighted Bergman spaces Lf (D)) :

Theorem 0.3. Let p > 1. Then for g analytic on D, the operator Jg is bounded on
the weighted Bergman space L% (D) if and only if g € B. And the operator Jg is compact on
L5.(D) if and only if lim (1 - 121*)lg' (2)] = 0.

z|—=1—

In [11], we also proved the following result :

Theorem 0.4. Let 8> 1. Then the operator J, : B — Bg is bounded if and only if
1
sup(1 — z2ﬁ<lo ———) "(z)| < +o0,
ZEB( |21%) E P lg' ()]
and the operator J, : B — Bg is compact if and only i f

. 1 1N
i (1-12)* (log 7= ) ()] = 0

And let a > 1. Then the operator J, : Bo — Bg is bounded if and only if

Slelg(l — |2]%)P=* Mg/ (2)] < 4o0.

And the operator J, : Bo — Bg is compact if and only if

lim_(1— |2]*)P~**g'(2)] = 0.

|z]—1—

And let 0 < a < 1, and a < B. Then the operator Jg : By — Bg is bounded if and only if
g e Bﬁ.
And the operator Jg : By — Bg is compact if and only if

lim (1—|2?)P|g'(2)| =0, i.e. g€ Bgp.

|z| =1~
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In [12], we also proved the following result :

‘Theorem 0.5. Let 3> a > 0. Then the operator I, : Bo — Bg is bounded if and only
iof
sup(L — [2[*)7~%g(2)| < +oo.
z€D
And the operator I, : B, — Bg is compact if and only if

Rl (1= 12%)P=*|g(z)| = 0.

In [6], D.Luecking proved the following result with respect to the reverse Carleson measure:

Theorem 0.6.(D.Luecking) Let 7 be a bounded nonnegative measurable function in D.
Then there is a constant k > 0 such that

[ 17 G Pr( o8 () 2 k [ 17/(2)P log ()

for all f € H? if and only if there exists a constant ¢ > 0 such that the set G, = {z € D :
7(2) > ¢} satisfies the condition:
(%) There exists a constant § > 0 such that

dA(G.ND((,r)) > 6dA(DND(C,T))

for all { € 0D and r > 0, where D(¢,r) is a disc with a center ¢ and a radius r.

In [7], D.Luecking proved the following result: -

' Theorem 0.7.(D.Luecking) Let a > —1, and let u be a finite positive Borel measure
on D. In order that there exists a constant C > 0 such that

([ rPau)’ <o ( [ 15680 - krraae)’

for all analytic functions f if and only if there exists a constant C' > 0 such that

" ({z € D,plz,a) < 3}) < C'(1= o)

In [4],P.Ghatage and D.Zheng and Nina Zorboska determined the composition operators on
the Bloch space that have a closed range using sampling set for B. So we also study when the
operators I, J; and My and the composition operators are bounded below on the Bergman spaces
and the (weighted) Bloch space using sampling set for weighted Bloch spaces.

Definition 1.1. Let a > 0. A set T of the open unit disk D is called a sampling set
for B if there exists a positive constant C > 0 such that

sup(L — |2|*)%|f(2)] < Csup(L — |2|*)*|f(2)];
z€D zel’
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for all f € B2,

Definition 1.2. Let a > 0. A setT of the open unit disk D is called a sampling set
for By if there exists a positive constant C > 0 such that

sup(1 — [2[*)*|f'(2)] < C'sup(1 — |2/*)*|'(2)],
zeD zel

for all f € B,.

By using a sampling set for B,, we can prove the following result with respect to the operator
Iy: :

Theorem 1.3. Let > a > 0and g € H(D). The operator I, : By — Bg is bounded.
Then the operator Iy : By — Bg is bounded below if and only if there exists a positive constant
(1 >)e > 0 such that {z € D, (1 — |2|?)P~%|g(2)| > €} is a sampling set for By .

By using a sampling set for B%*, we can prove the following result with respect to the operator
Jg:

Theorem 1.4. Let > a > 1and g € H(D). The operator Jg © Bo — Bg is bounded.
Then the operator Jg : Bo — Bg is bounded below if and only if there exists a positive constant
€ > 0 such that {z € D, (1 — |2|>)P=2*1|g/(2)| > €} is a sampling set for B*~1 .

By using a sampling set for B¢, we can prove the following result with respect to the multipli-
cation operator M:

Theorem 1.5. Let 8> a >1and g € H(D). The operator M, : B; — Bg is bounded.
Then the operator My : B, — Bg is bounded below if and only if there exists a positive
constant € > 0 such that {z € D, (1 — |z|?)P~2%|g(2)| > €} is a sampling set for B! .

Definition 2.1. The space BMOA is defined to be the space of analytic functions f
on D such that sup/ (1= |ea(2)))If (2)PdA(z) < +oo.
In the case of (31€<l)aD< 1, The space Qq is defined to be the space of analytic functions f on
D such that sup / (1 = lpa(2)2)?|f(2)[?dA(2) < +oo.
aeDJD

Proposition 2.2. Let g € H®. If the operator I, : H> — H? is bounded below, then
I, : BMOA — BMOA is bounded below. If the operator I, : L2 — L2 is bounded below, then
I, : B = B is bounded below. For 0 < p < 1, if the operator I, : D§ — D% is bounded below,
then Iy : Qo — Qq s bounded below.
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We determined the integration operators I, on the Bergman spaces that have a closed range
using sampling set for B. And the following theorem corresponds to Theorem 0.6:

Theorem 2.3. Suppose that g € H®. Then there is a constant k > 0 such that
L1 GPIg@)P0 - AR 2 b [ 17 PG - [P dA)
forall f € L2 if and only if there exists a positive constant € > 0 such that {z € D,|g(z)| > €}

is a sampling set for B.

Remark 2.4. Carefully examining the proof of the above theorem, we see the following
are also the equivalent conditions respectively:

(2.4.1) sup(1 — |2?)|g(2)¢, ()| > C for all w € D.

z€D
(2.4.2) For any € < C, p(I',w) < R < 1 for all w € D, R depending only on €, where I' = {z €
D,lg(2)| = €}.

Proposition 2.5. Let g B. If Jy: L2 ((1- [22)* dA(2)) — L2 ((1 - |2?)*dA()) is
bounded below, then Jg : By — By is bounded below.

We determined the integration operators J, on the weighted Bergman spaces that have a
closed range using sampling set for B'. And the following theorem corresponds to Theorem 0.7:

Theorem 2.6. Suppose that g € B. Then there is a constant k > 0 such that
/D 1£(2)1Pg'(2)[*(1 = |2*)*dA(2) > k/D |/ (2)P(1 — |2[*)*dA(2)
for all f € L? ((1 — IZIQ)QdA(Z)) if and only if there exists a positive constant € > 0 such

that {z € D, (1 — |z|?)|¢'(2)| > €} is a sampling set for B*.

Remark 2.7. Carefully examining the proof of the above theorem, we see the following
are also the equivalent conditions respectively:
(2.7.1) sup(1 — |22)?|¢' (2)¢l, ()| > C for all w € D.
zeD

(2.7.2) For any € < C, p(T',w) < R < 1 for all w € D, R depending only on €, where I' = {z €
D,(1-12P°)lg'(2)] = €}.

With respect to the multiplication operators, we can prove the following:

Proposition 2.8. Letge H®. If M,: L2 ((1-|2[%)*dA(z)) — L2 ((1 - |21*) dA(2))
is bounded below, then My : By — Ba is bounded below.
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We determined the multiplication operators M, on the weighted Bergman spaces that have
a closed range using sampling set for B!.

Theorem 2.9. Suppose that g € H*. Then there is a constant k > 0 such that
[ 1P 19 = 222aAR) 2 & [ 150 - |)A)

for all f € L2 ((1 - \z|2)2dA(z)) if and only if there exists a positive constant € > 0 such
that {z € D, |g(2)| > €} is a sampling set for B*.

Remark 2.10 Carefully examining the proof of the above theorem, we see the following
are also the equivalent conditions respectively:
(2.10.1) sup(1 — |2|?)2|g(2)¢l,(2)| > C for all w € D.
zeD

(2.10.2) For any ¢ < C, p(T,w) < R< 1 for all w € D, R depending only on €, where
I'={z€D,|g(2)| = }.
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(p, k)-quasihyponormal {EFARICBIT % Fuglede-Putnam theorem

HRE TS ACER RALFERI R
S.M. Patel, Sardar Patel University
I [UTI-¢ e B S FEMR

T IZe))b b 22 EOBFFRIEAERAZR L 9%, Fuglede-Putnam EMUIFAROATHWEICEES
BEETHEH . TT T (p, k)-quasihyponormal {FRIRIC BT 2 HEERETT 5.

[Fuglede(1950)] [3]
S 1 normal, i.e., SS* = S5*S £ 9B, &L SX =XS %5 S*X = XS* BV LD,

DED XA S LAHESE S LEAHUCE S, COERE Putnam [12] ICX>TRDEK S
ICHRBR &N Tz, ZD1% Berberian trick [1] & FHIN A EHAGEANHISN TV 5,

[Putnam(1951)][12]
S € B(H),T € B(K) & normal £ 9%, &L SX = XT for some X € B(K,H) %=5iF
S*X = XT* WD LD,

[E2&] S,T » FP-property Z& D& I R=Izd T LZ2VS
SX=XT—=— S5*X=XT~

9% & Fuglede-Putnam EH [ S, T A normal 251X S, T i& FP-property Z&D ] L1
T THB, T T FP-property Z & DIEHED 75 A% normal KD ELIFEL TWT 9, F
¢ hyponormal /EFIZE S ( $S* < §*S ) #EZ 3,

[fI#& 1] S,T » hyponormal %5 S, T I& FP-property 2 & Db,
[%] No. 12 LD unilateral shift Se,, = en+1 (& hyponormal TH %, &L . S, S A FP-property
ZETE SS =88 5 §*S =88* L7x%M S I normal TR,

Mo T DAMTRILRT EHVA, JEROBEEANRD X 5 ZHEWVHERZRL 2,

[f3%E 1. K. Takahashi(1981)] [15]

(1) S,T* A hyponormal & 51X S, T I& FP-property % &,

(2) TS,T H* FP-property 6D = &L SX = XT %25 [ran X| I S %Z reduce,
(ker X)* & T 7% reduce, S|pran x]s Tl(ker x)+ (& normal T&H 3 J

[EE] (2) D& & X;: (ker X))t 32 — Xz € [ran X] & quasiaffinity (DF D X; & injective
T dense range) T Alpan x]X1 = X1B|er x)» 272U TV 5, &oT [13] DEH 1.6.4 £ZD
AERAD 5 Aljran X175 Bl(ker x)+ (& unitarily equivalent T %,

&> TS, T* A hyponormal %5 S, T & FP-property Z & DM, S, T H hyponormal Tid&
72750, TOHMATOIRICIERD X SICZ DFERNDH 5,

(1) Furuta(1979)[4] : S, T* subnormal, i.e., normal extension %2 & D
(2) Takahashi(1981)[15] : S,T* hyponormal
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(3) Moore, Rogers and Trent(1981) [10] : S,7* M-hyponormal,
ie, (S—2)(S—2)* <M?(S—2)*(S—2)
(4) Yoshino(1985)[19] : S dominant, T* M-hyponormal,
ie, (S—2)(S—2)* < M2(S—2)*(S-=2)
(5) Duggal(1986)[2] : S,T* p-hyponormal (0 < p < 1), i.e., (SS*)P < (S*S)P
(6) S.M. Patel(1996) [11], A. Uchiyama, Tanahashi(2001) [18]:
S, T* p-hyponormal or log-hyponormal, i.e., S A# log SS* < log $*S

C TTI& (p, k)-quasihyponormal operator Z#& X %, CDOfEAZRIE 1L.H. Kim [8] IZ &> Tl
BAINELDOTH S,

[ I.H. Kim(2004)] [8] T A" (p, k)-quasihyponormal & i&
0 < S§**((8*S)P — (§5*)P)S*
Bl d &2V, 121ZL 0<p<1 T kIZEDEBHTHS,
KiZ (p, k)-quasihyponormal operator DRI TH %,
[#p%E 2 (Kim)] [8] S € B(H) i& (p, k)-quasihyponormal T S* O range (& dense Tz & ¢
5& :

S = 15 on H = [ran S¥] @ ker S**
0 S3

LRI EMNTE. S & p-hyponormal, S5 =0, o(S) = o(S1) U{0} &% %, {HL [ran S¥] &
Sk @ range DFAATH %,

[IRE 2] S, T* A (p, k)-quasihyponormal 72 51E S, T & FP-property Z & Dh,
[&] No. § = (g é) LBLL S2=0TH3N5 S & (p,2)-quasihyponormal TH %,

:zm:r*:(o O>,X=S=(O 1) L5 L SX =0=XT Than
0 0 0 0
s*x:(o o) (o 1)=(0 O)#O:XT*
1 0/ lo o 0 1

Ko TEEMTIEBIIL VDT, BT 35428 T Licixb, TOMYDHMIERZRYS
TEeThB,

x5,

[(EEHE] 5,7 & (p, k)-quasihyponormal &9 %,
(1) S & T* DVIFNLA injective S S, T I& FP-property 2 & D,

(2) S & T* @ kernel & reducing, D% D ker S C kerS*, kerT* C kerT %5 S, T &
FP-property Z &,

PUT. REFAD#EmZTT 5,
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[#8&2 1] S & (p, k)-quasihyponormal T M & S DARELERDZEME T 5,
(1) ([18]) S|m & (p, k)-quasihyponormal TH %,

(2) S|pm A normal T injective Z& 51X M & S % reduce "%,

(3) Sliran s*] A normal Z& 51 [ran S*] 1& S % reduce 5,

E9] (2) 2T, S %

S=(T A) on H=MeM?*
0 B

EDfRU. T = S|pm & normal £ 9%, ExR M \DEREHLT S, 2DOLE Sk = (

TkerT =kerT* = {0} 7xDT
M = [ran T] = [ran T*] C [ran S*]
L%, SiE (p, k)-quasihyponormal XD T
E((S*S)? — (SS*)")E >0

TH 3. &>T Hansen [5] DAL Lowner-Heinz [6] [9] DAEFXN 5

<(T€*)p 8) — B(SES*)’E < E(SS*)PE

< E(S*SPE < (ES*SE) = <<T*0T ' g)

L%, T normal 7xDT
E(SS*VE = (TT*)? @ {0}

LREND, ET0<qg<p tT5B, TDE& X Hansen [5] DAREFEAND

(TT*)1 @ {0} = (E(SS*)PE)¥/?
> E(SS*)IE > E(SES*)'E = (TT*)" & {0}

L%, &oT E(SS*)IE = (TT*)? @ {0} TH BN 5

(TT*)9 Xq>

S8 =
- (857) <X; y,

aﬁgh%o q=p/2 &—a_%o Cd)é:;:‘_e

(TT*)? @ {0} = E(SS*)PE = E(SS*)4(SS*)E
= ((TT*)* + X,X;) ® {0}

(1T 0
SS =( 0 qu/q)

THBEND X, =0, &oT
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%%, 7
§S* = T A T 0 . TT* + AA* AB*
~\o B)\4* B*) \ BA* BB
ThHaNMD A=0Lixs,
(3)S %

0 S
L3RS B, P % [ran SF| NOERHHL TS, Hansen [5] DFRERE Lowner-Heinz [6], [9] D
TEARANDS

S = (SI 52) on H= [ran Sk] @ ker S*k:

((sz‘sl)p o) > PSSP 3 P(SS*VP

0 0
> P(SPS*)PP > <(515I)P 0)
0 0
kt{éo Sl = Sl[ran Sk) AY normal DT
* D
(5% = <(5151> A)
A* B
ERUTHY, (55772 = (X Y) LB L
Y* Z
X 0 — P(SS*)IJ/2P > P(SPS*)p/QP._—-_ (stl)p/2 0
0 O = 0 0

Li5B, &oT X > (SIS THBo —F
(58P = XY 2_ X2+YY* XY +YZ
Y* Z)  \Y*X+ZY* Y*Y + 22

THaHMNHE
(8181 = X2 +YY* > X2

(SS*)p/2 — (‘S’i“s’l)p/2 0
0 Z

%%, oTY =0T

LixB, £oT
5% = S1 Sy Sf 0 _ 5’15’{+SZS'§ SQS; _ STS51 0
0 Ss)\sy s3/) S35 S383)  \ 0z
THb. foT 585 =0THBND S, =0 kx5,

[EE] (2) T injective iZFBE XX,
S = g (1) &’_‘-TO,< et S2 = O,S((Cz) = {(g)} TEEZDO £oT Slg(c2) = 0 /& normal ‘(‘35

B0 5 (y) = <0> ¢ S(C?) 725,
0 Yy
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[###& 2] S ¥ (p, k)-quasihyponormal, N i normal £ 9%, HL SX = XN T X } dense
range % 51X S i normal TH %,

[FEBA) S,N %

S = 51 5 on H = [ran S*] @ ker S**
0 S

N=<N1 g) on K =[ran N]@ker N*

ENfRT B, SFX = XNF X H dense range, N A’ normal DT
[X (fran N*])] = [ran S*]
&%, TTT N & normal ZH5 [ran N¥] = [ran N] ICHERT %,
X; :[ran N] 3 2 — Xz € [ran S¥]
L EHBHE X I dense range T
X1Niz = XNz = SXz =85 Xyz for z € [ran N]|

L%, £oT
S1X1=X1N;

TH 53, S; I p-hyponormal 72D T Aluthge transform % T2 quasiaffinity (injective
and dense range) Y, hyponormal operator S T

S, Y=Y
(see [7] page 310) Zif/z T EDMFET %, &> T
SiYX1=YS$HX:i=YX1 N,

L7%%, TTTYX, & denserange ZH DD T [2] A5 S 13 normal 755, £-oT S = Sliran s¥|
& [11] B 5 normal £ 7%, &oT [ran S¥] i S % reduce TAHDTHIE 1 DD S, =0 &% 5,
%7z X[ran N] C [ran S*] %2DT

X = Xy Xz : [ran N] @ ker N* — [ran S*] @ ker §**
0 Xs
LRI TENTES, SX=XN &b
Sle 51X2 _ XlNl 0
0 S3X3/ \ 0 0
$7%, X I dense range DT X3 & dense range TH B, £oT S3X3 =05 S3=04
Bonbd, £oTS= <501 8) % normal TH 3,
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[##%& 3] S & p-hyponormal, T* & (p, k)-quasihyponormal £ 9%, &L SX = XT T X »
injective 2 51E S*X = XT* TH %,

[EEBA] [ran T**] = K %5 T* I& p-hyponormal A DT [2] ICX>TRENTWVS, &oT
ran T*F] £ K &L T&WV, X, T %

X = (Xl Xz) : [ran T*] @ ker T* — H,

n 0
T=|"" on K = [ran T**] @ ker T*
T, T

ERRT B, SX = XT hH
(SX1 SXQ) = (X1T1 + XoT X2T3)

LB, i 2 KD T3k = 0 THEHE SXo = XoT3,5% Xy = XoTE = 0 755, S &
p-hyponormal 7D T kerS C kerS* TH 3, £oT kerS? = kerS TH 53, H>T SXp =
0,X2T3=0 &7 %, X IJinjective ZZDT X, & injective TH B, MoT T3 =0 &7%%5%, T
T kerTF =kerT ICHEET %, T8ED zekeaTr &5

e ) ()

LB 5TH3, &oT [ran T*F] = [ran T*] I/ B DT T* I& p-quasihyponormal TH %,
&> T [17] 5 Ty & p-hyponormal I %, TZT

S(SXl) = S(XlTl +X2T2) = (SXl)Tl,
S & p-hyponormal THBM5 2] &b
S*(SX1) = (SX1)Ty

T, (ker SX1)* 1& Ty 7% reduce U T'|(ker sxy)+ (& normal TH 5,

RIC kerSX; = kerTy Z/RT, kerS C ker$* THAM D S(SX; — X1Th) = 0 &0
S*(SX: - XiTh) =0 k7%, 8L Tz =0&295& $*SXiz = S* X\ Thx =0 &% %, #Eto
T S8X12=0TH5. £oT kerT) C kerSX; TH 3, MlC SX12 =0 &7%% x € [ran T*] =
fan T*| 2 & %, T5&

T
0= 28X, = XiTiz + XoToz = (X1 XQ) (le)
2

L%, TTT X = (Xl Xg) X injective DT Tz =0,Thox =0 £7%5 %, > T ker SX; =
kerTy Tdh%, £oT (kerTy)’ & Ty % reduce U Ti|(kery)+ & normal TH5b, £oT

T1 = Ti|(ker 1)t D T1lkerts = T1l(ker i)t © 0

& normal £ %, WHoTHE1 XD Th =0 &7%%, &2 TT = (1(;1 8) ¥ normal TH 5,
BoiE 2] Kk > TRENT WS,
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[#R8 4] S I p-hyponormal, T* I injective (p, k)-quasihyponormal £ 9%, L. SX = XT
ol S*X =XT* Th b,
[EEER] S, T, X %

S = 515 on H =[ran X]® ker X*
0 S;

T, 0
T=(" on K = (ker X)* @ ker X
T T3

0

c‘:/\ﬁﬁﬁ"%)c SX = XT &b 81X, = XiTy ThHb, £7z[16] &V S; & p-hyponormal TH
BT LICEET S, Ty ldH&E 1 &Y injective (p, k)-quasihyponormal operator TdH %, X &
qua,s1afﬁn1ty THEINHHES3 LD S1 X, = X1Ty T 51, Ty l&1=% 1) [@{fi7%% normal operator I

%%, Ty |& injective normal operator THBMNS S1 = S|ran x] & injective normal operator T
%o o THE 1 A5 [ran X] & § 7%, (ker X)L 1& T* % reduce $%, &o5T S3=0,T2=0

LixoT l
S X = StX; 0 _ X1y 0 - XT*
0 0 0 0

HEEN%, ok 4] IKK>TRENTWVS

X1 0
X=< ! O>:(kerX)LeBkerX—>[ranX]eBkerX*

[ 5] S,T* & (p, k)-quasihyponormal &9 %, X & quasiaffinity (injective, dense range)
TSX =XT &£9%, &L S /=i T* B injective % 51E $*X = XT* T S, T & unitarily

equivalent normal operators T %,

[SEBH] T* S injective £ % & T,T* & dense range #HD, T5& SEX = XTF kb SF &
dense range & D, &Ko T S & p-hyponormal TH 3, &Ko THi#E 4 KN E5N%, S
M injective D & FXWAD adjoint & &4UX K\,

[EEZEDFERA] (1)
S,T,X %

S = (Sl 52 on H = [ran X]@® ker X*,

( 0) on K = (ker X)* @ ker X,

( 0) (ker X)* @ ker X — [ran X] @ ker X*
(\:ﬁ\ﬁgj—%o SX:XT J:D

0
Sl X1 0 _ X1 U T1 0
0 0 o/ \o o)\ T3
EEBDT S$1X1 = X1T) THB. e, #1125 51 = Slpan xp It = T*|ker )+ & (0, K)-
quasihyponormal, S; £7zl& T} & injective TH B, TIT

X : (ker X)* 32 — Xz € [ran X]
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& quasiaffinity T $1X; = X,Ty THBH 5, ?ﬁ%ﬁf) £V ST X, =X Ty 720 S1, T IE unitarily
equivalent normal operator T injective TdH %, > THiE 1 KD [ran X] 1 S 7, (ker X)) &
T* 7% reduce §5MDT S =0, Th=0%,%3, &oT

gy [S1X 0\ _ (X1 0\ _ .
0 0 0 0
TH5%,

(2) S,T* & (p, k)-quasihyponormal T ker S C ker S*,kerT* C kerT &9 %, S,T % normal
part & pure part IC 73T

SZSn@Sp H:Hn@Hp
T =T:oT: K=K,0k,
&&KY, TTT 8y, T, 1& normal, Sy, Ty 1& reducing subspace THIFRL T % normal IC7& 570,

Ko TREN DS Sp, Ty 1 injective (p, k)-quasihyponormal TH %, TTT X = (;1 iQ) bt
3 X4
BLE SX =XT XY
SuX1 SuXo\  (XiTw X,
SpXs SpXy) \XaTn X4T,

L5%, TTT X3 = XaT,, 5 (1) &V S;X3 = X3T,; T [ran X3] 1& S, Z reduce U,
Splran x5) (& normal £7x%, S, & pure ZDT X3 =0 TH %,
FRIC Xo = 0, X4 = 0,55 X, = X, T HMELNZDT

g (Sn 0) (X1 0\ _ (Xx 0\ (T: o) _, ..
0 Sz)\o o o o/\o T

bt 718
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ITERATIVE METHODS FOR IMAGE RECOVERY PROBLEMS
IN BANACH SPACES

#5288 (KOHSAKA, FUMIAKI)

ABSTRACT. In this paper, we study the problem of finding a common point of

‘a given family of closed convex subsets of a Banach space. Using the convex
combination based on Bregman distances due to Censor and Reich, we intro-
duce two modifications of the block iterative projection algorithm. Then we
discuss weak and strong convergence of these algorithms.

1. &

H % (%) Hilbert Z5fi & U, {C;}, %2 H OFAMESHET, C = N2, C; WETHK
WEDE Y 5. Image recovery problem L, H 55 C; DS P, ZFHW
'Qﬂggzwﬁ%ﬁb%ﬁ%®:&%m5.ccf

P;(z) = arg min ly — = (: {z €Ci:|z—z| = mln Hy - :EH}) z € H)

TH5b. Xz, F(P) 2 P, OAHREG LTI N, Ci=Nie, F(P,

51, P; I firmly nonexpansive TH 5. 9745bbH,

(1) |Piz — Piyl® + ||z — Piz — (y = Piy)|” < [lz = y|* (z,y € H)

MED LD, TOWEE P, WY H O 25 EADERG R DEEICHK D L DFK
[Piz)|* + ||z — Pz|* = ||z]* (= € H)

DIEFREIRTH %. &> T, Hilbert ZEfICFB 1T % image recovery problem (& nonex-
pansive ERIRICH T % H 1_7r BRfEE 5.

Image recovery problem DIT{LfEIED—DIC, von Neumann [24] I K% alter-
nating projection algorithm A% %. THhi, Cl, Co WY H OFAERTZE DAL,
ro=x € H,

) ElxB. X

Tn+1 = P(nmod2)+1a?n (n = 0, 1, Ce )
IZ &0 R {z,} %ﬁ:’%?‘%ﬁ?ﬁf%% CDRH {z,} & Poyne, (z) ITHBRIRT %
TEPHIENTWS. T T, Pe,, Po,, Poync, BIERSR TH%. Halperin [16] &
u@ﬁfﬁ%ﬁﬁﬁ{lﬂ)ﬁaﬁ“ﬂ %Fﬁﬁkﬁ?‘%iiﬁc‘: U THER U7z (Deutsch [11] £ ZEE
X). Bregman [6] (& Halperin OJEH [16] ZIEFFARICH L TIIZE LTz, £ T T),
BIREDEAMESTE {Ci} ™, && C; EADIREENE P, ZHWT, 20 =2 € H,

(2) Tnt+l = P(nmodm)-i—lwn (n =0,1,.. )
TRIMEREES N, oI, D C =N, C DETEVER, {z,} BC D
FRICHINERS 5 2 EAGERAE N7z (FPﬂK-—Fﬂﬂ—r%ﬁ% [22]IC &%, &P ﬁ%ﬁ'ﬂfé’ﬁﬂﬁi

2000 Mathematics Subject Classification. 47THO05, 47J25.
Key words and phrases. Convex minimization problem, convex feasibility problem, generalized
projection, image recovery problem, uniformly convex Banach space.
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2

HEBREK). NS ORREBHTBHMARL LT, (2, 3,7, 8, 13, 26) RUZTND
DSEXZBRE K.

—7%, LEEDFE & IEHINC block iterative projection algorithm (BLF (BIPA)) &
KENBHEDRDHS [1, 4,9, 10, 14]. UL, R 2, =2 € H h 55 {2,} %

(3) Tpt1 = an (anitn+ (1 —an)Pizy,) (n=1,2,...)

WKKODEETHHETHAS. T, {wn(d)} C [0,1], }: “Lwn(i) =1 (n € N),
{ami} C[-1,1) THB. K, wn()_l/m, ani =0 DIFE, (3) &
Pz, + Pz, + -+ Ppz,

(4) Tnt1 = o (n=1,2,...)

&ix%. (2) THEZEREMICAWTEIINERENTVWADICH L, (3) TEHFD
g% L B TRIINERINTWS. &5 (3) &, BOWDIRKED TN, C; D
RICHEINERT AT 5N TVS

Hilbert Z2RH721) T/ <, ﬁi’i?ﬁzﬂlﬁ@)’rﬁﬂ’] Banach ZEfJIC BN\ T & B ISEER
ENns. ULh L, Hilbert %Fﬂﬁ@fﬁé‘&ﬁﬁb Banach ZER Tl (1) M —f&ICTHRIL T
BLIFELTWV. 2Dz, FREESE c‘ibiﬁ”@%‘f ZhY Banach ZERIICBWVWTEA TN
TW5a. ZOHIC

(5) II(z) = arg ;Ieucnl o(y, x) <: {z €C;:¢P(z,x) = ;rt}lcnZ o(y, a:)}) (zx € E)
IKEDEEINDS ENS C; END generalized projection II; h% % [2, 18]. T T,

(6) $(y,z) = lyl* = 2(y, Jz) + ||z[|* (y,= € E)

THY, JZE5H THRENZEIFA Banach 220 E HS E* NOXNEBZRTH 5.
C DG I W LT, RORERXDRD LD EDBHISNT NS [2, 18].

(7) ¢(z, ILy) + ¢(ILy,y) < ¢(z,y) (z€Ci,y € E)

E 7 Hilbert ZZRDHEE, ¢(y,z) = |y — z||? (y,z € E) &0, I, JEEEEHRE P, &
—WTB. £, (M IE (1) Tz e L LIEGFRIBONEZAEFRE—HT 3.

ARG T, generalized projection IT; & FUEAR J 2T, Banach ZERHICET 5
(BIPA) %2/ E L, image recovery problem {9 2 REHZE%. T T3
FERIE, 21 1BV TELNEDTHS. £, Censor-Reich [8] I &5 Bregman
BRBEVCIE U 7z A R U (17, 19] 1B 2 0EIC @D 5N, (BIPA) Z2RX0D
HICERT 5.

(8) Tnt1 = (Z Wn (3) (ap i JTpn + (1 — an,i)JHimn)) (n=1,2,...)

£9%. TTT, {wa(i) :n,ieN, 1<i<m} kU {an;:nieN 1<i<m}d
[0,1] DBFHIT, S0 1wn( i)=1(neN) ZllzdEDLT 5. (.@Ji‘?ki%bfc
Az} D C = N2, Ci DERANDOFTIEREZRY (EH 3.2). X<, BEHEHHEICE
1} % hybrid %% w(, RDEPEZENT S.

Yn =J 1 (E;’;l W (3) (p i Jzpn + (1 — an’i)JIL-xn)>;
(9) H, = {Z eL: ¢(Z,yn) < ¢(Zymn)}§

W,={2€E:(z—zn,Jry — Jz,) < 0};

"IIT?,+1 = HHann(xl) (TL - 1,2, .. )
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CCT, Hy LW, BfREEND, C 2BTHFEMTHS T LARENS. Thb
DI NHIARZHTE TEH L TRDE 21 ZEET S, (8) LHANB E (9) D
WEAIEIZEMTDHS. LHL, (8) IFHIURIITH S (9) IF58IRY L7155, &6
I, ZOMFRIIAIH S 2 RS CICHE LTz s (B 3.3). AT v T, [
FEMHZRR L, TN 5 OH@EEDINDOHEZ AW TR 2R T % Fikid, mokKH
FMEFRICHTY 2358 DB (18, 25, 27] %, Hilbert ZERIC351) % nonexpansive
BRI 2B RGELIE DI 23] ICBWTHWEN TN S.

2. HEfig

EMRAADES L AAMRDELZZTNENR & N TET. E % (%)Banach
L L, B* RTORNEMETS. EAD B ~OIHEE T IX,

J(z) = {2 € B : (z,27) = ||z|* = [|l="[|*} (= € B)

TEREINIEEMEESTHS. TTT, (r,2°) d2*(z) KT, S(E) TE DHAI
il {z € E: |z|| =1} %Y. Banach ZZfi] E W —kkTH B &1E, EED e € (0,2
KU, %6 >0MWFHEL Tz, y € S(E) DD |lz—y|| > e GBI ||(z+y)/2|| < 1-6
MDD &2V, £, ENMELANTHS LE, FED z,y e S(E) KL

o e+t =

(10) t—0 t

WEET B R WS, Kiz, ED ./ JVLDB—HEIC Gateaux O FIRETH B &1, £
BDyeSE)ITRLT, (10)Hze S(BE) IKDOVWT—RHINKTZ RN, &5
IZ, EX—RRICIELNTHS X, (10) D z,yc S(E)ICDWVWT—HRIGRT LR
WIS, BIZIE, PR LP (1 <p < oo) E—HRICHE A T—HRi™7% Banach ZE TH 5.
—Fk7% Banach ZZRAXEIRNTH S L HENTWS. £z, ENELH T
M5, WER J : E - B 3—MOEHFEBR LS. ED/)VLH—RKRIC
Gateaux I FIRER 5, J I3 E OEEOERES LT—HEi TH2 (E &/ IVLMIL
T, EX IS THS). £z, EN—RICES N5 E, JIE EDEREOER
EEEFT/IVLOERT—RER x5, EZIE5H7% Banach 2Bl &35 L%, E
W5 E* NOMMNER J MERFINICITER TH S L1, FED E OFHIHR S {2, }
& Z DFFPERIERR 21Xt U, {Jz,} D Jz ICAFFINIRT 5 C & 2 9. Banach 25
DFAAZAITEI U Tl Diestel [12) R UEAE [32] ZSEE K.
AR 18] I K D RSN RDOHEITEETH 5.

#HRE 2.1 ([18])). E B S T—Ha"7% Banach 2l L, ¢: Ex E - R % (6) T
EERT B, TDELE, {z,} Xi& {yn} WERT, lim, ¢(zn,y,) = 0 27275513,
lim, ||z, —yn|| =0 &% 5.

E 77 Hilbert ZEHDFEE, ¢(y,z) = ||y — z||? (v,z € E) &5 5D T, Ll
WS MDD, —RDGEE, XD Xu [33] I XK B AEXZHWTREIAN G E
niz.

f#iRE 2.2 ([33]). EZ—#ki"7%x Banach ZEi& L, r >0 &£95. TDLE, REHGH
B BEE B : [0,2r] — R T, h(0) = 0 Z{i/zd & DMNFEEL,

laz + (1 = a)yl* < allz|® + (1 - a)|lyl|* — a1 — a)h(||z - yll)

WNIXRTD a € [0,1], z,y € rS(E) I L THILT 5.
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3. IRE

X9, filli 2.2 ZHWTROMEZFAT 2 LN TE 5.
& 3.1 ([21]). E 2150 T—Hki™M/x Banach 22l & U, {C;}, % E OEAMES
BT, C=Nie,C; METHRVWEDETS. Fiec{l,2,....m}xtL, I, Z EH
5 C; E\D generalized projection £9%. 2, =z€ E kL, {z,} 2 8) LK DE
#£95%. TTT, {wn(d):n,i €N, 1<i <m} kU {ani:nieN, 1<i<m} &
0,1] DEFIT, S wa(@) =1 (n e N) BHfireTEDETS. CDEE, {llo(z,)}
& C OHFTEIERY 5.

R, filifH 2.1, 3.1 ZH W3 &, ROFIHKEHZAHTH I N TES. T2/ZL,
PUFTHE, {wa(i) :n,i €N, 1 <i <m} MU {an; :n,i €N, 1 <i<m}ld[0,1] D
31T,

n—oo n—oo

an(z) =1 (neN), liminfw,(i) >0, limsupa,; <1 (i€ {1,2,...m})
i=1

Tl 0DT 3.

EE 3.2 ([21)). E Z{E S5 M T—HM7% Banach Z5fi & U, {C;}™, Z E ODEAMES
BT, C =N~ CPHETERNEDETS. Fiec{l,2,.... m} XL, I, Z EAD
C; D generalized projection £ §%. 7y =z € E &L, {z,} Z (8) ICKDER
T5. ZDLE RHKILT 5.

(a) {zn} BEFRFIITHY, {z,} DFICRERZFNOWRIE C DRTH5;

(b) J MEFINCTERA B, {z,} & {Ho(z,)} OBEINAEMRICTHINRT 5.
SERAODBIEE. (a) I={1,2,...,m} &BL. T, FEDue CIIHLT

d(UyZpy1) < d(u,z,) (Rn=1,2,...)

MEEoNS. INKD, lim, ¢(u, z,) DWFET S, FFR

(lull = llznll) < ¢(u,z0) (n=1,2,...)

K&, {z,} WERTHEH LN 5.
R, lim,, ¢(u, zn) DIFAENER T {IL}ier DHHE (7) ZHWVT

DY wn()(1 = ani)d(ITizn, z,) < 00

i=1 n=1
IRGT T ENTES. £o7T,
lim wy(2)(1 = o) ¢(ILizn, zn) =0

TH5. %ie XL T, liminf, w,(:) > 0, limsup, a,; <1 XKD,

lim ¢(IL;zn,zn) =0
BBD. TTT, M1 EHAVS & lim, o [Tz, — 7,]| = 0HE5NS. T &K
D, 2, = 2%bdz2eCERBENTHD.

(b) #ifE 3.1 £V, {Hoz,} W& C D 2/ ICHEINRT 5. &R&IC, Ic DWEEKT J
D EHITHEG R ANWT, 2 = 2/ ZHHTEC ENTES. O

FRYIDRAEZRD K SICEE T UL, BNES J O [5Gk 2 e
U, BICREHZE2 LN TES.
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EIE 3.3 ([21)). E Z—KRIC Gateaux 7 AIRER / )V LN EFFD—Hfh 7% Banach %2
Mel, {C}im, Z E DEIMESRIET, C = N2, Ci DETEVEDETS. %
i€{1,2,...,mHXL, I, 7 E 5 C; LD generalized projection £ 9°%. z; =
teEBEL, {z,} 2 (9)ICKDELRTS. COLE, {2,} & lIo(z) ITHEITRT 5.

4. %

EFE 3.2 & 3.3 KD, Hilbert ZZERC 1) 2 ROUKEHZES. TORA, JIZ E
LDEEERLZS.

% 4.1 ([21]). E 7 Hilbert Z2f & U, {C;}n, 2 E DFAMESIKT, C =N, C;
ZETHRVEDETS. Ric{l,2,..., m} L, P, % EhD C; ~OHMHNE L3
5. r1=zxz€RE &L,

Tpt1 = Z W (3) (0, iTn + (1 — ani)Pizy) (n=1,2,...)

L¥B. COLE, {2,} & {Po(z,)} OBINHREIRIC FBIGRY 5.

% 4.2 ([21]). E % Hilbert 222 U, {C;}, %2 E OBAMERIET, C =N, C; B
ETRHRVWEDETS. Fic{l,2,... m}IKHL, P, Eh5 C; EAOHHEES® &
95, rn=xzeE &L,

Yn = Z:n 1 Wy (1) (Qn,iZn + (1 — o s) Pizy);

n={2z€E:||z—yn| <|lz -zl };
Wp={2€E:(z—an,z1 —x,) <0}
Tnt+1 = P, aw, (1) (n=1,2,...)

L¥B. CDEE, {1,) & Po(e) ICHEIBRT 3.
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BAE#ZDOEMGD Tikhonov IEA|{EEADIG A
(Applications of the theory of

reproducing kernels
to the Tikhonov regularization)
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BVREZ BT 2RI AR R AREEEE T, e S TWaERIZH LT,
Tikhonov O IER{LEE, BAZOER., & L THENTBEROKE TH 5 Paley-Wiener 2% A
WABZ LTk T, HEBITHEMER L TR TELI LR, —RER EBEEREYE X
HZEZEoTRY, HlxE KT, t=1¥80REMFEZEFEKICIL-VWE X, Fix
OARIZ L 2 OHBESMEHKE 2Ot = 1 BOBELSMBLK, HALOEEVWERTRT
A—BENEL Lo TVWEEHEBRER LT, 1.5 bW\ T, REREFROBEHR T
ee T72bb, BREOWREIIRLE LVWRO T CHEREZ WS Z LT Lo THIT
TV oTHRY, £IT, HRBIZLEEZROERSCMO BERRISAGFEZRLEN S
BOBEREIZTOWTHE LT,

MHEEX

1)  EFH[1) oD AR, B HAOBOBEERIZOWTE A~V NZE/F O
FeiB o CRABE BT BT D AN R R 2 FABOER 2 AWV 5 — R DOISLE 1 BN LTz,
FIZ T, AEEMERAEOICEREREND Z . a5, WEEEL S TW2NWE &R
HE1FEHESFTRRO e V-V MEBOMEATO—RGGRBREATE 5 Z L bz,

2) LEROPT, BEAZAFICBWTRIDICMD 2 0% 510 S8 35 EERARICE
WTR Y MOV Y I7 AOFHRO—BERPBRE TE, 12 [10) THRAICE LN ZEFER
ZRITDEREG EKMRROBFERTHIT 2EREROZEN SITEROKRICRKE
LN shni,

3)  2)bEA NER EOFRRBEARFRERACRRIELOB XICHKEL, &7
Moore-Penrose — ¥ O A OB Z AV D —BFRICE o iRk L EXRBRIB 5T,

4) L2 L, AESHESEET — 0 b—iRi# %KD 512X Tikhonov D EREED
EZZPBOTEETHA R B_bN, L LARARSL, Tikhonov OIERAWLIEIZRIT S
BEBEEORRIZBNT, FRETTIV A7 MEAROBAICEAME: BABEKE AVv:
REALPZRL  (RBEZZLOXITHBH L B E 2 D). —ROBIRUIERAROGEICH
EEOEGEY AV TEENRERELEAH LV FENRE SN, OB, BAHIZIEE
BBZEMOAETATICRDEXONZEEENLTHICRVE 2 B FBRROME LTE
EAHEEMIRD bIE, FOBABEAVWTHEARETEAZ L, BLIUEOHBREEL
LT 2 DDMEBALIENBA ST, ThHDRBICEITIRETH LB O, FEKOER
% fv»% Tikhonov O ERNLIED—BERIRIZ— IS DOFERICE LI F % [16,17] ORRMEEZBEE 2
T L

Tikhonov EEAWBIEICHAR B M~V M ZERZ AV V2 & TR T 5 EARR R ERITKRD 2
S>Tho1e ([1,3,5,6,7,8,9,13,14,15)).

Theorem 1 Let Hi be a Hilbert space admitting the reproducing kernel K (p,q) on a set
E. Let L : Hx — H be a bounded linear operator on Hg into a Hilbert space H. For A > 0
introduce the inner product in Hx and call it Hy, as

(f17f2)HKA = A(fl’f?)HK + (LflnyQ)'Ha (01)
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then Hg, is the Hilbert space with the reproducing kernel K (p,q) on E and satisfying the
equation

where L* is the adjoint of L : Hx — H.

Theorem 2 Let Hix, L, H, E and K) be as in Theorem 1. Then, for any A > 0 and for
any g € H, the extremal function in

: 2 2
Jnt (MW + 1127~ ol%) (0.3)

exists uniquely and the extremal function is represented by

f;,g(p) = (Q,LK,\(',p))’H (04)

which is the member of Hy attaining the infimum in (0.3).

B 2128\ T, —IRKICROFBOBEFHMES /OO T, BE L :

Theorem 3 We obtain the estimate

|f)\,g p)| <—= V K(p, ”g“')'(

(0.3)-(0.4) =317 BHMEBISIL A A E RICIRT B & %, EAZRSRER
Lf=g

@ Moore-Penrose —fMiNTEET 5 & 2k, BVWEKRTERICDGRT 22 &, &biT
IR DIEFIZONT H|E Lz,
RICEE LIZBIT D BAREHRILOFIETRD S 2 20— K27 NI Y XL EREN
L, 0512V THER IS T 2REFMBP /OIS Z L &R L :
We take a family of complete orthonormal system {e;}32, of the Hilbert space H .
For fixed {A;}52,(A; > 0), we consider the general extremal problem

j=1

/inf {a||f||HK+Z/\|d Lf,ej)nl? }

That is,
Ild — Lfl%

is replaced by
o0
D ONI(d, e)m — (Lf, e5)nl*.
j=1

Then, we shall give an algorithm constructing the reproducing kernel Ky x;(p,q) of the
Hilbert space Hk, A with the norm square

(o]
ol I + DA I(LS €5,

j=1
Here, of course, we assume that it converges for {);}72,(); > 0). However, in a practical
application, of course, we consider only finite terms in this and by finite terms we can give
a good approximation of it.

We shall start with the first step. The reproducing kernel K (p, q) of the Hilbert space

with the norm square
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1
all e + D NILF e5)ml?

Jj=1
is given by
N © M (en, LKE 1 (LK e1)2
K (p,q) = K" (p,q) - © d
14+ M(L(ex, LKg )uye1)n
for

1
K®(p,q) = ~K(p,q).

For the second step, the reproducing kernel K (2)(;0, q) of the Hilbert space with the norm
square

2
| I3 + D NILSF e5)nl?

=1
is given by

~ a(ez, LED)n (LK, ea)
1+ Ao(L(ez, LK )3, e2)3

K®(p,q) = KW (p,q)

by using the reproducing kernel K (V)(p, q). In this way, we can obtain the desired represen-
tation of Ka x;(p,q) = K(®)(p,q) . Then, we obtain

Theorem* 4 For any d € H, the extremal function f, » in the extremal problem is given
by

o0
Far (@) =D Xi(d, e5)r(ej, LR r (.p)ns
=1
where we assume that it converges on E.

EBIT, FHERo THRT DLV —NRTALTY ZLZBNTY, FHEREET ML
BAZENTEDZ LE2WME LT,

5) T’AxDOFEICELD EEDITFNCRT B Moore-Penrose —f&i D 51T TR~ 55 il
R H ik & BUEERG

A Construction of a Natural Inverse of Any Matrix by Using the Theory of
Reproducing Kernels by K. Iwamura, T. Matsuura and S. Saitoh (PAJMS Vol. 1 no: 2
(December 2005))

DRI STz,

TR E DM RIEIZ OV T,

Analytical and numerical inversion formulas in the Gaussian convolution by
using the Paley-Wiener spaces by T. MATSUURA and S. SAITOH

IZEESW T EIZR RS .

We shall give surprisingly simple approximate real inversion formulas for the Gaussian
convolution (the Weierstrass transform)

2
wr(e,) = (LF)(e) = o [ Pleenn {7 bae (05)
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for the functions of Ly(R™). This integral transform which represents the solution u(z,t) of
the heat equation
ug(z,t) = ugy(z,t) on R™ x {t > 0}

satisfying the initial condition
u(zr,0) = F(z) on R”,

is very fundamental and has many applications to mathematical sciences. See the recent
article [19] and its references for its many significants and applications to medical science
and physics.

Over twenty years ago, in the one dimensional case n = 1, the second author [10] gave
a surprise characterization of the image ur(z,t) of (0.5) for Ly(R) = Lo(R, dz) functions
in terms of an analytic function and established a very simple complex inversion formula.
The paper created a new method and many applications to general integral transforms in
the framework of Hilbert spaces and analytic extension formulas. See, for example [11] and
[13], and their many references. However, in particular, its real inversion formulas are very
involved, for example, recall that:

For a bounded and continuous function F(z) and for ¢t =1,

e‘DQ[(LlF)(x)]=F(m) pointwisely on R

([2], p. 182). So, one might think that its real inversion formulas will be essentially involved
for catching ”analyticity” in terms of the data on the real line as in the real inversion formulas
of the Laplace transform. See also [4] for a recent related article.

Indeed, this inverse problem is very famous as a typical ill-posed problem that is very
difficult.

In those papers [14,8], however we were able to obtain simple and practical approxi-
mate real inversion formulas by using the theory of reproducing kernels from the ideas of
best approximations and generalized inverses. Furthermore, we illustrated their numerical
experiments by using computers and we can realize that we were able to obtain practical
real inversion formulas. Incidentally, their ideas were naturally combined with the idea and
the method of the Tikhonov regularization by using the theory of reproducing kernels.

In [9], we applied the Paley-Wiener spaces as the reproducing kernel Hilbert spaces in
the above theory and we got a surprisingly impoved version in the sense of numerical. Here,
we shall examine the corresponding problems in multidimensional spaces. We can obtain
similar formulas and so, we are, in particular, interested in their numerical experiments
by using computers, because the numerical calculations are much more complicated and,
in particular, the two dimensional case has many practical applications in mathematical
science. Further, we shall establish error estimates for our inversion formulas, because
practical data contain errors and noises. Furthermore, we shall examine convergence rates
of approximate solutions to the initial heat functions depending on parameters.
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F15E 1

(We consider means)

Sin-Ei Takahasi, Hiroyuki Takagi, Takeshi Miura,
Junichi Fujii and Masatoshi Fujii

Abstract. We discuss a new class of means for positive numbers including quasi-
arithmetic means. In particular, we observe examples

Ma,by=®b""—a*H)'""¢+1)"(b-a)y'"
and show that they are compositions of finitely many power means if ¢ is an integer
except Oand — 1.

KEZ [ DBEETHBIN, BESLEEEHDATH S,
BICEAL.
EEHAOEEABADNLSBRVWEXICENVES T -V RAETDORZADEANE
40 0FEDORAERTHLMNICLEARTIEZZADLSIC
LT
D= U BEADPSIR—=TEBIDLDIC

1. FHDOER

[F#] LEDLETHEEATINS, BEFOHZ9HEMADLTHEE, FHIL
RpHEN, R ZOHROFHEREBIIPNIEHZEBESFIREEZBVEL 2 LM
RKEDOTHD, CNENHEEROBRKATT7IVERMELT2a2EE {FH, 980 MEL
TWBEERL TS, DEYUGelfand B ULZEEDS P HIPBNS VD THS, LL
CDEIBARDSFHEERT I EIFELL, TNEFVWEZBLHUSELELTSIHNS
Thbd, CZTIREHMICMOSNAEFHANSERLTHLD,

2. U—< BRI

STFEHMEEAE, Efa b 5X5hEEE, BINFHE CTD mmTy Vab BRI

9 240 TH25, TNSICHBTHI LR R =(0,%) LDbB3REERAEBH F (<
XL,

@) MmJﬂzF”F&Q%qu

LBoTWAETHS. RIE. MINFH, HRFH, BRNTHETNTH F@) =1,
F(y=logt, F =1 pstis LT\ %, RIE () 2FHETBERFREHSHY. Th
HEERTHEREN TS, CNESAENCERLTALS, & f £R LOEEE
e O O
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Ft) = f Feodx (> 0)
EEETARE. FIIR J:@IE@%%H%?JOEE@?SK&TJ U, # IEAER
fa ' Fodx = f " fdx (1> 0)
DR 1= M(a,b) THBHZEERLTNS, DF YBEMHTE Ma,b) &3, HOEH
fub fdx #2FENTHEOEEIBELTNS, Eeldihgdg ) - BTHERENEL,
AT, 259N EZ2HWNRICEZNE. @) DAYy IRBRCARICEDBEITTHDEIC
ERT S,
3. IR—SRIFLY

RIEIDEZ A IHDOEZ A THEININEBDEZIRICEZATHLD, B f DPEHET
L, BYOFEHEOTEENS. f(f)(bwa)=f f(dx 125 a<t<b HHEET D, Ih

IEDOEEEZ 2FNTSHEZXATHS. dL f BEALSIE, X% ICEHTZHFERE
HBDE. TORI—EMT,

t=M(a, b) = f*'(z{_a f f(x)dx)
TEZboND, HLIIINEIN=FRE LR/,
4. IWIN—=FEFHDER

RIEIDIN—JBFEHEDH > E—MRMICEATRED. R" LORZFNEOLGE
Prob(R") TKRL. D ZR"xR" LOMAREELT D, CDEE, B
P:R*xR*\D—Prob(R") RU'R" kM 131 W@ REMEREE f ££2Z,

f " FodP, ,,(x)) (@.b>0.a=b).

M(a,a)=a (a>0)

M(a, b) = f~'

EEETD, WM (TP & f ICHBEFETSHDT, LENHNIE
M(a, by =M(a, b; P, f)
EELKEILTS, ROBITRSNDLDIC, M@a,b;P, f) I3P & f #2LFICEZ2EEH
FOFHERSKLTVWREDNTNS,
W& P, #ESLENE Lebsgue BIE Xg"j’;)dx [C&B, BL X, [EBIRE [a, 6] +
DYFHEBEE T, a>b DHFEETA T REMITE, ZDEE,
M(a, b; P, x) =4 +b (arithmetic mean)

2
P xN=_ b—a -
M(a, b, P, x™ ") = fog b—log a (logarithmic mean)
. bb/(b~a)___aa/(a_b)
,leo M(a, b; P, x") = z (identric mean)

lim M(a, b; P, x) = max (a, b)
Jim M(a, b; P, x') = min (a, b)
MERYID, Flew,w,20,w +w,=1 £F35&LE, MEMEREINTLY :
M(a, b; w,, wy, F) = F- I(WIF(a) + wzF(b))
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HELBICBRENTFHEFENSD,. 2HOREDEIETHRREZLDIC. ThdbELY—7
VBRI TH D, LOUINISEEIEEZZEZ S EINR—FJREHLEAZENEEKD,
3,0, ZFENENa, b ICTEIFBTASvIRELL. P ,=wd,+w0, £BELS, 2D
&

M(a, b; w,, w,, F) = M(a, b; P, F)

EIEBMETH B,
S CIHBBRECRET ZIN—JHETHOEHHAREHDE. ETERELLERILENE
Lebsgue ;8| Xla b]( ) x [CB§FTBHHDT,

M(a, b) = f_l(bi_afb f(x)dx) (a,b>0,a=b),

M(a,a)=a>0
THEZ6N%., $5ICt 20,-1 LADREEL f(x)=x' DIFEEEZ D L. M(a, b) 1368
BERHICLY.

el e 1/t
) Mﬁhw:(éﬁTﬁﬁiﬁ) (a,b>0,a=b),

M(a,a)=a>0
TEBZLNS, B2 IZNDPAABFHEHEERICATDOLWWNEEZZ S, TONO*A—5—¢
BE3HDELT, REFHEFE(EINDROFHERS ZEIKEFZLEVWTHS D .
P, (a,b)= (1—w)a’+wb’)m,P0’W(a, by=a'""b" (a,b>0,r=0,0<w<1).
BELEHET
M _,(a, b)=@=P0,1/2(a, b)
M(a,b)=93L =P, | (a, b)
b a2’ 2
o [x2) | 4 (vap)
My(a, b) = 3 =P2,1/3(P2,1/2(aa b)’PO,I/Z(a, b))

2

1
2 2\2
M;(a, b) = (b -;a ) ) (b;a) _P0,1/3(P2,1/2(a’b)’P1,1/2(a’b))

Bohd, DEUM_ , &M, IREFFHEOHDTHY., M, & M, 13 3EDXEFHE]
#HO (GRBEHELTOD) BEFHELTRENS,

(&}
B

5. #HRLFAE

AIEIDREDERIRDEEDSRTLIICH > E—ROBEICILIREN S,

FE1. () BARE (CHUT, FHEHEM, 3542n-1 BONEFEHEHO (SKE
#HELTOD) BEFHELTRENS,

(I -2 LUFTOEH n ICHL T, FHBH M, IE%4-2n-3 @OXREFHEHEHD (&
FBE% & LTD) BEFHELTEREINS,

tOEEMS M, 13 T EFATELXZAWESS, SABICBALTIZEALHE
E2ERIBADEMIEBINEERWVTARINADTIZTIFEIZ LY,

FiE1. 0,-1 LIADOFEEEt (CDWTFHEEH M, (354 BREDONEFHEHD
(GRkBAEELTD) REFHELTEREZINS,
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Ed b
M,y (a, b) =P, g,§(P_ 515, D), P, ,5a, b))
ERY, n=1/2 DIFEEFFRIZELL. LML n=1/3 DIFEEERICHDSELESD,
ULHLUFBERIZSFELWVWEBRDNSN, ChEIABITHZEIIEZHDLDI THS,

STR xR EOEMBKM HHBTHEFATNS bORAENBRES D L TR
WA ATRET
*) oa.a)=a.a)= 5 (Va>0)
MRYI>TWS, H2(3HDHEDIEMEAEICEAT ZIN—FJREEHCONTEDILE
RT3,

W& @ R EOFABEEEHTTOREBEO—DE O() LU, O [HHREEBH
MmETs, CnLeE

4P, (a, b)) = G Ko 4.

EEETDE, P,iR"xR'\D—Prob(R") &£75>TW%, £EZ TR LD 1% 1 Mk
KHERE f (CHLT,

(%) M(a, b) = M(a, b; P,, f) (a,b>0)

EBELE ROBERER S,

T2, Letn€{0,1,2, -} and a € R*. Suppose that both f and ¢ are C"** -functions on

R with f'(a) # 0 and @(a) = ¢'(a) = -+ = " a) =0, p®(a) = 0. Then
oM _ oM _n+1l
‘Ex_(aaa)— ay (asa)_n+2-

TOFEBRDIAARIR<EMTHSDOTIITEEET S, LOEBICEHALTELIIRDOTF
BEITEL,

T#482, Let f and @ be C” -functions on R” with f'(a) = 0 and @(a) = ¢'(a) = -+
= 0(q) = e = oM - M -
=@"(a)=-+=0. Then Ix (a,a) = 3y (a,a)=1.

TOFHEEIBALLOETEHEE, TH2EMALAEFENESEZLZN, AHLFLWA
FEEBEARLATNEGS VLD TH S,

% 3. Suppose that both f and @ are C* -functions on R* such that f'(a) = 0 and @(a) = 0 for
all a € R" . Then a Lebesgue type mean function M(a, b; P, f) satisfies the condition (*).

IWR—=GERIEEE ) (X, o) =1, f(x)=x" [T B M(a,b; P, f) THBh5. Lk
DHRLIVEHE EBEL. 85I 80,- 1 DADOBKLSIE, TEB1HOSXEFHDOER
BEEO>TVBDT, BLAFHSLVWEEZX S, L LAEBSIAN—TBIEHERRE () (&,
@ MEIHT n UDFREFHTERM () ZRBLEREVD, ENHSEOMARMEZXT,

6. Em&IC
NETOZERL2EZHEBEICDODNTTHBIMN., —HRO n ZHEEICDWTIZE(CHEB
MY, RIE2E3DBICIIERDF vy v I DBHY., CNEBDHDHFHLWRKELEENS,

Bz £ 3 BDEFEF Vabe & RTIEBBIINAR—SBRFEHIHFET IHETHBHM. =
NIIEETH S,

_84_



SE Xk
[1] BEHE—& SIBEBR, Fi5E, HIPHEAAKRAEIE 1452(2005), 78-85.

[2] J.I. Fujii, M. Nakamura and S.-E. Takahasi, Cooper's approach to chaotic operator measns,
Preprint.

Sin-Ei Takahasi, Department of Basic Technology, Applied Mathematics and Physics, Yamagata
University Yonezawa 992-8510, Japan, E-mail: sin-ei @emperor.yz.yamagata-u.ac.jp

Hiroyuki Takagi, Department of Mathematical Sciences, Faculty of Science, Shinshu University,
Matsumoto 390-8621, Japan, E-mail: takagi @math.shinshu-u.ac.jp

Takeshi Miura, Department of Basic Technology, Applied Mathematics and Physics, Yamagata
University Yonezawa 992-8510, Japan, E-mail: miura@yz.yamagata-u.ac.jp

Jun Ichi Fujii, Department of Arts and Sciences (Information Science), Osaka Kyoiku University,
Asahigaoka, Kashiwara, Osaka 582-8582, Japan, E-mail: fujii@cc.osaka-kyoiku.ac.jp

Masatoshi Fujii, Department of Mathematics, Osaka Kyoiku Uiversity, Asahigaoka, Kashiwara,
Osaka 582-8582, Japan, E-mail: mfujii@cc.osaka-kyoiku.ac.jp

_85_



Banach-Mazur distance and
super-reflexive Banach spaces

Yasuji Takahashi and Mikio Kato

Abstract. It is well-known that a Banach space X is super-reflexive
if and only if it is J,-convex for some n > 2. It is also known that
super-reflexivity is an isomorphic invariant, but J,-convexity is not so.
In this short note, we are concerned with the stability of J,-convexity
under norm perturvations. It is shown that if X is J,-convex, then there
exists A > 1 such that all Banach spaces Y satisfying d(X,Y) < A are
Jn-convex, where d(X,Y") denotes the Banach-Mazur distance between
X and Y. Since the spaces [,, 1 < p < oo, are Jy-convex (equivalenlty
uniformly non-square), there exists A > 1 such that all Banach spaces X
satisfying d(l,, X) < A are uniformly non-square. In this case we can
determine the best value of A, that is, all Banach spaces X satisfying
d(l,, X) < 2Y7 are uniformly non-square, where 7 =max{p,p/(p — 1)},
whereas there exists a Banach space Y with d(l,,Y") = 2%/" which is not
uniformly non-square.

FAR2NF v NZER X, Y IZ LU, Banach-Mazur distance d(X,Y) 13 X &Y Di
IERTEEZEZOLNS. X,Y Wisometric THIUX X Db DT ERIEE (FeaeiME,
—FRIMMEE) IZTRTY IGEEBET 5. X, Y Wisometric DEZ d(X,Y) =1 TH B,
—RIZZDPIIRILLEW. d(X,Y) =1 DEE, HEMETBET S LIRS BN
N, —HMMEEORMEEIIIRTEET 5. NFuNERM@mTIIRNEE, &0
DITHEMEE (super property) DIFEMNEETH S, —hkiifh, —HRFEEM, uniform
non-squareness, type p, cotype q, Bh-convexity, J,-convexity, HBIIFHER E/NF v N
ZERIOEERZMEOZ  IGEHETHS. HBERIT/NF v /N\ZERICBET 5 TR
EBEOBMEEE P LT5EE, EEXRITEI)L FZEM & isometric 72 2SI EE P
2HL, £, WEPZE2ETHEEDEMIIARD cotype Z2HD. DFED, bBILX
)V b ZEfH & isometric THh D Z EIIHRBOBHEETH D, HROD cotype 2D &IF
BHEOBYETHS. I TEISEBMNETS X, Y BEN (d(X,Y) DVAE W) &
E, X OBMERY ITGEETHTHAH0? @EEMED X S R HENMEERE, 42
BET 5. X N—kMOEE, X ITEWZER Y 13— k™M EIER 572128, uniformly
non-square TH 2 Z EAVRIND. EED e > 01T L, d(l,,Y) <1+e&725Y T
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—HRIOTRNDDNEET B, LNLEBRS, e> 0V H3hDEE, ZORIBY
I uniformly non-square TH 5. (e > 0MHAHEE/NSITHIE, ZOLI7RY IR
B (fixed point property) 5D Z EMBSNTWS (cf.]6],[7]).) X M—kMdb
% Wit &k D —#%IZ uniformly non-square THIUX, EHUTHEINFE (super-reflexive)
THO, T, EROBEIFRIYRZERITH 5 —FkMZER SRR TH S (Enflo [1]). X
WHEEFHTH D7D DHEDERBEH D n > 21T L J,-convex TH D Z &N
HE5NTWS (James [3]). (Jo-convexity I uniform non-squareness & [FfETH % .)
AFHHE T, uniform non-squareness & % W E & O —#& D J,-convexity ICDWT, &
DME DR E Banach-Mazur FEEfEE DBIRTE LT 5. (B,-convexity IZDWT
BRIBRZERNTOSNZN I I TIIAEAKT 3.)

1. Definitions (i) For isomorphic Banach spaces X and Y, the Banach-Mazur
distance between X and Y, denoted by d(X,Y), is defined to be the infimum of
|T||||T~*|| taken over all bicontinuous linear operators T' of X onto Y.

(ii) A Banach space Y is called finitely representable (f.r.) in a Banach space X
if for any finite dimensional subspace F' of Y and for any € > 0 there exists a finite
dimensional subspace E of X with dim F = dim F' such that d(E,F) <1+e.

(iii) Let P be a property for Banach spaces. We say X has super P if any Banach
space Y f.r. in X has P. P is called super property if P = super P.

(iv) A Banach space X is called super-reflexive if any Banach space Y fr. in X is
reflexive.

2. Definitions (i) X is called uniformly non-square (James, 1964) if there exists
d > 0 such that

min(||z + y|, lz —yll) <2(1 - 4) if |lz]| = [lyll = 1.
(ii) The James constant of X is defined by
J(X) = sup{min([|lz + |, [z — ) - [l=]| = llyll = 1}.

It is obvious that X is uniformly non-square if and only if J(X) < 2.
(iii) The Jordan-von Neumann constant of X is defined by

Iz +yl* + llz — y|I”
. x,y € X, not both zero ;.
2([l1* + llyl*)

It is known (cf.[5],[8]) that X is uniformly non-square if and only if Cy;(X) < 2, and
X is super-reflexive if and only if Cy;(X) < 2, where Cy;(X) denotes the infimum

Cny(X) = sup {

of all von Neumann-Jordan constants for equivalent norms of X.
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3. Theorem (Kato-Maligranda-Takahashi [4]) Let X and Y be isomorphic Banach
spaces. Then:

J(X)/d(X,Y) < J(Y) < J(X)d(X,Y) (1)
Cny(X)/d(X,Y)? < Cny(Y) < Cns(X)d(X,Y)? (2)

4. Remark There exist uniformly non-square Banach spaces X and Y such that
J(Y)=J(X)d(X,Y) and Cns(Y) = Cns(X)d(X,Y)>.

5. Proposition For any uniformly non-square Banach space X, there exists
e > 0 such that all Banach spaces Y satisfying d(X,Y) < 1 + € are uniformly
non-square.

6. Remark Let H be a separable Hilbert space with dim H > 2. Then for any
€ > 0 there is a Banach space X with d(X, H) < 1+ ¢ which is not uniformly convex.

7. Theorem Let X be a Banach space with dim X = 2. Let 1 < p < o0,
1/p+1/p = 1 and r =max{p,p'}. If d(I2,X) < 21/7 then X is uniformly non-
square. In the case that X is of infinite dimension, if d(l,, X) < 27, then X is

uniformly non-square.

8. Remark There exists a Banach space X with d(i2, X) = 2'/" which is not
uniformly non-square, where p and r are as in Theorem 7.

Let X be a Banach space with dim X > 2 and 1 < p < co. Define the constant

dp(X) by
dp(X) =sup{d(iZ, E) : EC X, dimE = 2}.

9. Theorem Let X be a Banach space with dim X > 2. Let 1 < p < oo,
1/p+1/p =1 and r =max{p,p'}. If d,(X) < 2%/7, then X is uniformly non-square.
Hence, if J,,(X ) < 2Y/7, then X is super-reflexive. Here ch(X ) denotes the infimum
of all d,(X, || ||») for equivalent norms of X.

10. B-convexity and B,-convexity X is said to be uniformly non-¢7 (or
B,,-convez) provided there exists € (0 < € < 1) such that for all z4, ..., z,, € Bx there
exist €; (¢; = %1) satisfying

lewz1 + ... + enxnl| < n(l —¢),

where By denotes the closed unit ball of X. X is called B-convez if X is B,-convex
for some n. It is well-known that X is B-convez if and only if it is of type p for some
p> 1.
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11. J-convexity, J,-convexity and super-reflexivity X is called J,-convez
provided there exists € (0 < &€ < 1) such that for all z,,...,z, € Bx there exists k
(1 < k < n) satisfying

(zy+ ... + zx) — (o1 + . + 20)|| < (1l —¢)

X is called J-convez if X is J,-convez for some n. It is clear that X is uniformly
non-squre if and only if it is J;-convez (By-convez). It is known that X is J-conver if
and only if it is super-reflezive (James [3]). It is also known that X is super-reflezive
if and only if X is uniformly convezifiable, that is, it admits an equivalent uniformly

convex norm (Enflo [1]).

12. Theorem Let A, be an n x n admissible matrix and 1 < p < co. For a
Banach space X the following are equivalent:

(i) X is J,-convex. ,

(i) ||A, : eg(X) — E;(X)H <n.

(iii) For any (resp. some) r and s with 1 <r < oo, 1 <s< o0
14w < £2(X) = L2(X)|| < nt/*HH/T

Here A, is defined by

1 -1 -1 -1
1 1 -1 -1
A, =
1 1 1 -1
1 1 1 1)

13. Theorem Let1 <7 < oo, 1 <s < oo. Then for isomorphic Banach spaces
XandY
[An : (V) = L) < (| A £1(X) = £(X)[|d(X,Y)

14. Theorem For any J,-convex Banach space X, there exists ¢ > 0 such that
all Banach spaces Y satisfying d(X,Y) < 1+ ¢ are J,-convex.
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Reducing subspaces of weighted Hardy spaces on polydisks

Shuhei Kuwahara(Sapporo Seishu High School)

8=

Let 21,22, - ,2n be coordinate functions and Ny, Na,---,Nn > 1.Stessin and Zhu determined
reducing subspaces of a multiplication operator MZI\P in weighted Hardy space on unit disk[1].We
consider reducing subspaces of multiplication operators MZI\: i(4 =1,2,--+,N) in weighted Hardy
spaces on polydisks.

1 EA
H % Hilbert 22/ & L, T % H LOBREIHIERZL T 5,

X % H DN ZEME Lzt &, X A T—invariant subspace £1&, TX C X DD IIDERV I,
X B T—reducing subspace &%, X A% T—invariant 5D T*—invariant TH2 T EZW I,

2 1 EHEHFDE Hardy ZRICHITSBER
W= {wn} REOROFIET 5, 1 EHESDE Hardy ZRIL 13, LIFOE > mESZERTH S,
HEJ(D) = {f(z) = Zanzn I z I Qn |2 wn < OO}

T DZEDEMAEFNZ, & D Hardy 28R, Bergman ZEf. Dirichlet Z2fi& EMNdH %,

[Stessin,Zhu . 2L EDOBE N ISR LT, S = M,~ ® reducing subspace Z{R7E L?‘ﬂ

l FEHE 1(Stessin,Zhu[1]) l
H2(D) ® S—reducing subspace (& N fi%2# % 72\ minimal reducing subspace DEFM TN} %,

w,N %1 DEET B, [={0,1,2,--- ,N—1} £F5L% mnel KHLT,. m~n%

YmthN _ DntkN for all k

Wi Wn

TEET S, CHIXAEBEFRTH S,

N XREDZER p(2) = Y a,2" B transparent TH 3 L&, 0 THRWRE am, an I LT, m ~n DKL
DIAIDT &RV,

Sk S & S* ORRBEISEBANT MVERET S, 0 TV HE(D) D7t f e LT, {Tf;T € S} DFfd
% Xp &h< &, Thid S—reducing TH%, ThZ% f THEKE NS reducing subspace &1 5o
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f 7 transparent % 5. X; = Span{fz*;k=0,1,---} TH3 ,

H2 (D) D7 X 128 LT, 8 X OBEOME m #

3f € X such that f(™(0) #0
Vg e X,0<k <m, g*(0)=0

TEET %,

X 7 H2(D) ® {0} T7/&\> S—reducing subspace £ 3 %,

m%z X OFRLOMEET 5 L. MEkRE
sup{Ref™(0); f € X, || f < 1}

WE—EGZ2Eb. Gld N RRGEDZERTH %,

I ZFAEMFE ~ KO DEILIce &, ThoR L, Ix £T5 L, 2R
qx(2) =Z{anz";ne.’k}

& transparent TH %, q1,--- ,qx ZREEOUENKEL EZ XS ICHERELZ, ThbEpy, - ,px £ LT
LE,

p=p1+ - +DpK

% p D canonical decompsition £\ 5,

X % S—reducing subspace &9 %,
p=p1+- -+ DK % p D canonical decompsition £ F 3 &,
peXE5IX, p; € X TH?,

LOWERDNS, RDOT EDTHSB,

S—reducing subspace DE{ERI%IE, transparent TH 5,

S—reducing subspaceX »’ minimal TH3 Lk, X ICHEENS S—reducing subspace i& X & {0} IcBR%
BEVI, (DT LLIANC) RDKSGHENDN B,

LI p A transparent TH 2% 5. X, & minimal TH %,

(W&FE)

X % S—reducing L9 %, X OWMfEEHZ G £ 95L&, Gy i transparent TH Y. Xg, I3 minimal,

X © Xg, W&, S—reducing THb, ZTOMWMEREHE G2 £T5L, X6 Xg, © Xg, 1& S—reducing, T D
PR, MERSED N XK THZENS. N BZBAE, O
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3 ZEHEHDE Hardy EREICHITEER

TR, 2EHOGEEZENT %, BEROGELRERICE X 2 ENHK2,)
{’Fﬁﬁﬁ& LT, S1 = M,n,\ So=Myn, (Ny >1,Ny > 1) ZEZ, 25D reducing subspace & 2 %,
a=(,a) ZZEEHML TS, ZEREBOEEIC, REXATEFZANS,
w={w,} ZEDRDEEG LTS, 2EHEHDE Hardy ZZRI &, LIFDX S HEBMZEMTH S,

H2(D?) := {f(z,w) = Za zalwaz~2aazw°‘|2|aa| W < 00}

H2(D?) @ S, S2—reducing subspace & Ny N, fii%# Z 7%\ minimal reducing subspace DEFITHM T %,

w,N1 >1,Ny > 1 Z1DEET %, I ={m=(m1,ms);0 <m; <N, — 1} ZZEEBOWMNEELTE L
. m=(my,ma),n=(n,ne) EIICHLT,. m~n%k

Wy +kyi Ni,mo+keNe _ Wny+kiNi,na+ka Ny for all ki, ks
- b

Wiy ma Wny ng
TEET %, TNIEMEBRTH S,
(N1, No) REKHE T, wiZDWT Ny RELFDZER p(z,w) = Y a2z, w)* B transparent TH5 L&, 0T
IRNME A, an IR LT, m~n DEDIIDT L2V,
Sy % 81,5¢,52,55 OBEBHMS% BT MV LT, 0 T HE(D?) Ot ficxt LT, {Tf;T € Sz}
OFa% Xy &< &, Thid S—reducing Th %, TNz f TEME NS reducing subspace &5,

lf A transparent %% 51E, X = Span{fzF1N1wk2Ne;k; = 0,1,---} THS ’

H2(D?) 072/ X i LT, &8 X OFROME m = (mq,me) Z

3f € X such that f(™1™2)(0,0) # 0
Vge X,0<k<m, g*%2(0,0) =0

TE&EY %,

X 7% H2(D?) @ {0} T/ Sy, Sy—reducing subspace &9 %,

m7%Z X OFFOMEET S &, Mfais
sup{Ref(™1™2)(0,0); f € X, || f < 1}

B GELHL, Gl (N, No) RREDZEHENTH %,

I ZEMEMGR ~ IC KD DEILIE, ZNER L, - Ix £T5E, ZIHK
qk(z,w) = Z{an(z,w)"; n € Iy}

13 transparent TH %0 q1, - ,qx ZERDUBHSIKELEZ X3 CUNEZ, ThoZ pr,--- ,pr E LT
L E,

p=p1+- - +PK
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% p D canonical decompsition £\ 9,

X % 81, S2—reducing subspace &9 %,
p=p;+-+pg % p D canonical decompsition &9 % &,
peXxbE. pie X ThHb,

LORERDE, RO EDVDH B,

81, S2—reducing subspace DIfEREELIE, transparent TH 5,

S1, Sa—reducing subspaceX H' minimal TH3 &iF. X IKEENS 51, S2—reducing subspace l& X & {0}
IKBBERENS, (LDTE LA RDOKSEEHITH B,

ZIE p M transparent THS%EHIE. X, & minimal TH %,

(R&ZE)
X % S, 8y—reducing £ 9%, X OMEBEER G; £ T5 L. Gy id transparent TH D . Xg, & minimal,
X 6 Xg, W&, S—reducing THH. ZTOMEMEE G, L T5&. X6 Xg, © Xg, & S—reducing, T D
EiE, MfERIEODIEI NN, HRFETHZ2ENS, NN, [[ZEBRZ LV, O

SE R
[1] M.Stessin,K.Zhu:Reducing subspaces of weighted shift operators, Proc. Amer. Math.soc.130(2002),2631-
2639
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Three dimensional Commutative Operator Algebras and @)-Algebras

Takanori Yamamoto (Hokkai-Gakuen University)

Abstract This is a joint work with Prof. Takahiko Nakazi. A Q-algebra can be represented as an
operator algebra on an infinite dimensional Hilbert space. However we don’t know whether a finite
n-dimensional ()-algebra can be represented on a Hilbert space of dimension n except n = 1,2. It
is known that a two dimensional Q-algebra is just a two dimensional commutative operator algebra
on a two dimensional Hilbert space. In this talk, we study a three dimensional @-algebra on a three
dimensional Hilbert space. In particular we describe a three dimensional @-algebra of the disc algebra
on a three dimensional Hilbert space. Our studies are related to the Pick interpolation problem for a
uniform algebra.

T OMEITTREZER L OXFEHETH D,
A % =237 b Hausdorff 22fH X LOBEERE T2, ADHAAT TN TIZH L, BER A/T LSRR
M%7 Banach B2 A % Q-B &\ 9, B(H) b/~ 2 H EOBFIERZROREN SRS
ERRERET A, RUERM S: A/ - BH) B, SQA+1)=1Ig, |S(F+D=|f+1I|, (fed) %
Wiy e&, S% H Lo AT O%HEEERHL VS,

AR n KT Q-5 A/T LT, H E0 A/I OSBRI S SEET 5 L 9 72 n KT
Hilbert ZZff] H I31FET 5D,

Nakazi-Takahashi [8] i¥, dimA/I =2 D& &R LIz, J72bb, X EOMSRRIE p FEL T,
St: A/l = B(H), H=H@nIY [S(f+DI=IS5=If+1l, (f €4

LRDTLRAW L, kL, SEIk EREH Py HX(4) » HY(p) NI 1k,
Ste = Po(f9), (p € HA(w)NIY) LEHEND, ZZT, H(p) 1X A D L¥(p) / MABEEERL,

Hz(u)ﬂIL={f€H2(u); /Xfﬁdu=0, (gef)}

LY 5, dimA/I >3 OL&E, (SHF+D) = ISHI < I +1I, (f € A) ARV SIo8, SH SRR
BUCRD LD 72 p BDFET20ENTMohTWinE Bbind,

A/TIZPEEMTHY, dimA/T =3 £T5, 4,j =1,2,3 12NV TC, f; € ANTFEL 1y(f;) =0 %
Wi, ToLE, fi+I113 A/ OFETTHY ., A/l =span{fi+I, fo+I,fs+I}, fit+fotfs€1+I
Thd, ZOLE, BRATTVER M(A) OFICHRERD m1,72,73 PHFELT I =nNi_ ker7; =
{g€ A; m1(9) =7m(9) =1(g) =0} BV, SF BIX1EHDEE, j=1,2,3 12OV T, 7513
H%(u) E~OFRI2IEEZ B D (cf. 2], p.100), ZD L&, kj € HX(p) BEFEEL

Tj(f)=(f,kj>“=/XfEdu, (Fed) BEVIE.  kk ks 1 H(u) NI+ OEETHS,

(1) ISEI = l1ksllull £ + Il for G =1,2,3.

(2) L S*» A/T OEERERBR S1E. kil = I1f5 + I/ f + Il for j = 1,2,3.

FERA: (1) rank(SJ’fj)* =1Thd0b, z; € HX(p)NI*+ BFEELT (S;fj)*qﬁ = (¢, z;)k; = (kj®z;)¢
MWERTO ¢ € H () NIHICDVTHD 00 Eo T IS4 I = [1(55)* ] = lk; @ z5ll = kjllulleslle =
DL E, Py i3 H(p) 25 H(p) NI+ ~OEZHE THHN 6. (Pofs, ¢) = (5§, 1,4) = (1,(5%,)*¢) =
(zj, o) (L, kj) = (2j,¢) BT XTD ¢ € HX(p) NI (LOWTHEY LD, £oT Rfj = 3. LT,
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I fi+ Ilu = 1Pofilly = Il -
(2) IS4]1 = IIf + IIl HED S0, (1) AT 5. FEFH

Nakazi [7] 1I2& D, A/T 78 2 KTD L i, (2) OB HHEY Lo, 3 KTO L XIZHDEA,

Cole DEHE) | (1969, cf. [1], p.272)) Q-B A/I iZxtL. Hilbert %5/ H 7FfEL. A/I i B(H)
DEGBR & ERBEFATH 5,

DERECH D, o(r,72) <1 DL &, 1,7 1ZFE L Gleason HATIZET 5 L9,

(Nakazi—Takahashi [8]) B S : A — B(H) BMAHEL T, &(1) = Iy, dim(A/ ker &) =
2BWMET LT D, ZOLE, fi,fo € ABIFIELT 7j(fp) = i BT, ZOLE, B(f1), 8(f2) 12
O(f1) + B(fe) = Iy ZWil=TEBEEHETHLIND,

71,72 € M(A) IR L. o, 72) =sup{|n2(f)|; f € A, 71(f) =0, [|fllc <1} LED D, 01T M(A)

@(h):(Igl OC) ¢<f2)=(8 ;Hf) on H = H, & H,

ZWilcd C « Hy — Hy NFET D, 727 L. Hy =ran®(f1), Hy = Hi- Thb, ZDOLE, KO (1),
(2) ERIETH 5.

(1) 12()ll = llg + 11|, (for all g € A).

) IC) = | =—— — 1.

o(11,72)?

(Nakazi-Takahashi [8]) 2 K7t Q-8 A/I IZXtLT. H t0 A/T OSERERENELE
+3 57 2 kot Hilbert 220 H BNEET 5,

FEHENT1 = FEENT2 OFEA: M(A) DHERD 2 R 1, IZONWT I = {f € A; n(f) =ma(f) =0}
L%, ZDLE, fie APFELT n(fi) =1, 7(f1) = 1 iz 9, Cole DEH LV, FERHIE
pp BIFELT,

1
Ffy — —
1Se 1 = Ilfr + 1 = o)

MR YLD, dim H2 (ug,) NI+ =2 THY, S ix H2(p) NI+ LOREERETHL00, BR

BIFELT,
Hf I e
Sf1 - ( 00 >

LB B, S8 = 1+ |2 ThEME. /14| = !

- 1.
0'(7’1,7’2)2

ko T e =
o(71,72) i
EENTL &0, [|Sg" ]| = llg+II, (g € A). FHK

(1) bL 7,7, 75 AR S Gleason MAIET 27251, H 0 A/T OSEHERR
WETET B & 5 72 3 Wit Hilbert 220 H ASEET 5, Z0 L,

184(F + DIl = 1551 = I + Il = max(|ra ()], |2(H)]; |7s(H)-
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(2) bL 71,7 BFE L Gleason MIIZRB L., 73 135722 Gleason H/ICBT 572 061E, H ED A/T ©
FIRMERBEOTFET 5 X 5 72 3 kIt Hilbert 22 H NEET S, 2D & X,

I15(f + DIl = IS5 = If + Il = max(||f + Iall, [73(f)]) > max(|ra(f)], [72(£)], [m3(£)])

B LD, L, Ly =Nl kerry = {f € A; ni(f) = 72(f) =0} LEWH B, Nakazi [7] 2LV,
If + Izl 1% 0 = o(71,72) ZEHWTERIZRO N TWDS,

If + el = \/ 2(;%—1)+<|7'1(f)|42‘]7'2(f)l)2

s \/ 2(%_1>+(In(f)l;sz(f)l)z'

A (1) (f) = (f ki XY

n(f) — ma(f)
2

m1(f) — m2(f)
2

F2 N p1 + p2 + p3
SR EE K1y 2y 43 75‘7?751/(\# = —%—“7 pi L Hiy  pg << my,

3
H NI = Z@Hz )nr = Zl@lﬂ(u] Nlerr)t, 7= oSy
j= i=
(S}')7ks = 5 (F)k; 7 (5}") I H2(uj) 0 (ker rj)* = span {k;} EOWK 1 OIEMETHB B,
IS5 = ISF) Il = lry ()] 43y 322, k=T,

15311 = max(l|SE* I, 1SF2(1, 155°1) = max(|ra ()], 2 ()] |7s(f)) = sup I/ favl=|If + 1|
ve(A/D)|lv[<1 /X
DS Y 3L,
(2): dimA/Ilz = 2. f:flb I12 = kerrl ﬂkeI‘Tz. Eﬂ NT2 Xk ) N A/Ilz @%Eﬁﬁﬁﬁﬁz)ﬁﬁﬁ—éo

TR pio, pg BHEFEL T,
p=(p2+p3)/2, pi2 L ps,

H?(u) NI+ = (H(p12) N IH) @ (H () N IY) = (H2(p12) N I5) @ (H?(p3) N (ker73)*),

K _ QH12 K3
S =57 @55

(S?lz)*kj = Tj(f)kj, (] = 1,2) D (S}La)*k3 = T3(f)k3. Lo T,
[15% 1l = max(|| S5, |S5° ) = max(||f + Tz, [T3(f)) = sup l/ fav|=|If + 1
ve(A/I)*|lv]I<t
PR Y SED, RERA#

B2 D 1,7 € M(A) &\ HFIK w1, ..., wp 1E2NT KD (1) 235 (2) WEARB & 5. sk
n ® Pick DFEMENRRELY Lo LI,
(1) [(1- wiwj)kji];szl >0. =72 L. kij = <kiakj>u 92,
2) 7(f)=w;, G=1,..,n), If+1|| <1 ZH7=T f e APFETD,

A/T ¥ n REDLHMB LT D, 20L&, S# © AT — B(H(p) N IY) 35 %iEkER
HATHoDI L&, (¥ n O Pick DFRUEDBRYMOZ LIZRMTH 2,
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FERA . SH BHFHRBERBLL T 5, wy,..,wp, € CIZHL, 7(f) =wj, (F=1,..,n) BWLT f 2B
FET 5, [(1- wiwj)kji]?,jzl >0¢75%, ZOLE, HEK a1,...,an ITDONT,

n n
k= Zajkj, “k“i = Z aia}ki]-.
Jj=1

i,j=1

(S}‘)*kj = Tj(f)kj THDHND, (S.l;)*k = 2?:1 Othj(f)kj. Lo T,

> e (1= n(f)m (ki = D cic(1l — Wiwj) ki

i,j=1 1,j=1

1% = 11(S7)" kIl

= Z oz_iaj(l — wiw_j)kji > 0.
1,j=1
EoTNSE <1 koT ISFI <L IS5 = If +I)| ToB2B. [If +1]| < 1. £-T, Pick
DEMEDFLY L0, BT, Pick DERMMSHY SIToL & |84 = If + I 27T IS5 > If +1]|
FEEEV. U ISK < 17253, [(SH)) < L &2T (1= m()mi())kilfjm 2 0. £oT,
(L =7(f)5(f)kjilPj=1 > 0. Pick DRMEY . g€ ADBFELT, |lg+I|| <152 75(9) = 75(f), (5 =
1,..,n) ZWired, EoToIf +1) =g+ 1| <1. ZoT |ISE] > |If + I||. FEWIH

iR 2| AR 0 e Q-8 A/T X SIEEER CRVENITA b0 n Rt ATHIEA RS B C B(H)
BHEET A, 2P L, dmH =n &35,

n=20c&L, Drury 4] 12XV A P¥EMOBFEHMER S, Nakazi [7] 12X D A PHFEMT
ROVEAELEDTHRINEZ, T7bb, 2 KT Hilbert ZZM EOHAIITE &0 2 WL W HAEHERE
iE. 2 Rt Q RICEEHRAThHLZ &, T2bL, MEZMILT BITHFELRWZ LBFEHAINT,
Kaijser & Varopoulos /X, von Neumann A%

lp(Th, T2, T3) || < |lPlloo

DRV STzl 0Nk D72 H = C° EOFH#HARK/MERROM Ty, T, Ts & 3 BHLHN p K7z (cf.
* Lotto-Steger [6]). HALJE% b DF[# Banach 38 A DTTDEE DM z1,...,2p, ||z;|| <1 (G =1,...,n)
LIEED n BHLER p (2% LT von Neumann DOREX

[p(1, s )| < [[Plloo

DEK YLD & & 13K n @ von Neumann DAREFERD A (2%t LT Y (L2 &V ), Kaijser & Varopoulos
%, {73 3 @ von Neumann OAREXMN, A = span{ly, Ty, Ty, T3, Ty} K L TRV L2720 K 978 H
FowuraERAFE O Iy, T1,T9,T5,Ty RO LB,

LKaijser—Varopoulos @ﬁfi| (1974, cf. [6])) H=C> D& &,

0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
T',=|0 0 0 0 0|, T»=|1 o0 0 0o 0|,
0 0 0 0 0 0 0 0 0 0
0 1/v3 —-1/v/3 -1/v/3 0 0 -1/v3 1/v/3 —-1/v/3 0
0 0 0 0 0 00000 10000
0 0 0 0 0 00000 01000
Tz3=|0 0 0 0 0|, Ty=(00000O0]|, Ig=|00 100
1 0 0 0 0 00000 00010
0 —-1/v/3 -1/v/3 1/V/3 0 10000 00001
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LED, B=span{lg,T1,T2, T3, Ty} LEDDH L, BITHMTE SO 5 RITABIEARER L /05, BIZ
(21, 22,23) = z% + z% + z§ — 2(2122 + 2123 + 2223)

EEDDE. |p(T1,To, Ts)|| = 3v/3 > 5 = ||p|lo
LB, Lz T, Ai# 3 @ von Neumann DARZERIT B 12t U TR S27- 720,

(1970, cf. [1], p.271) HAZ5E% b O FTHE Banach B B (25T, Ko (1), (2) 11
BThHs,

(1) Bix QBTh3,
(2) EBED niZoWT, z; €B, |lzj| <1(j=1,..,n) = ||P(z1,...,z,)|| <1
WY ILD, 72720, P |P(z1,..20)| <1, (|75| <1, j=1,...,n) ZH=TEEDSZEHNTH D,

TDXEIREFREIZLY, 5 R Q-F AT LT, Th&EHBERR CRVWEAITE S D 5 IR A #L
YER%E BC B(H) "EETHZ L, T72bb, n=5 OLXiX, EEEZWT BC B(H) BFET
B LRSI, n>5 DEx b, MEREET BC B(H) MMAHET 52 Libhis, BINED
I, n=3,4 DFPETH D,

BT E S0 3 WL EHEMA#: Banach B8 B X, P, P, P3s TELNAZ EBHMLNATWS, 272
L. P,P;, Ps IR EE T TP+ P+ P = Ip iz 9, Rz, BC B(H), dimH =3 » L =%

0 -2 —zz 0 0 zz—y
P1 =1 y P2 = 01 z y P3 = 00 4
00 0 00 1

PHELTNE, bLy=2=072561F, BiX QB Ths,
= Ql 0 Qz 0 O 0
ZEFH . = = p— — -
AIERA - y=2=0 XY, P <0 0>,, P, (0 0>’ )2 (0 1>

3 (1 =z (0 -z (00
L. Ql_(o 0)’ Qz‘(o 1 > O‘(o 0)

EETDH, 1=1,2,3 1220 T, T; = ajPy + b; Py + c; Ps, Sj :a]‘Ql-i-ijz LEDDH, TDEE. n
TR ST

OO =
oS o8
o ow

kn
f EAPRY azn = Z Vka,... knzl 2y
kl) 7k

WZOWT, ATy oo, Tl S NF (215 00y 20)|l = | flloo B3ED LD, Lo T, EED n lZOWTHE n O
von Neumann OFREXPBEK Y 32D, Craw DEE LY, B =span{P, P, 3} I3 Q- ThH 5, FEMAK

Ll BD Q-1 THHEDIZ y=2=0BLERDIT TR,

H = span{ki, ko, ks} % 3 W5t Hilbert 2R & 45, H OERELEES

WO S (k2, 1)1 ks — (ks, Y1)%1 — (k3, ¥2)¢2
k)’ k2 — (K2, 1)9nll’ ks — (ks, p1)9p1 — (ks,h2) |l
LEDD, P1,P2,P3 1 H LOBEEEMAFET Pkj = 0k (1,5 = 1,2,3) &l T &35, m=1,2,3
2T 0™ = (P, i) LEDB, DL X,

=
1
p = (a’g;)) 0
0

Y3 =

z
0
0

oow
N—
NS

—~

S

S
N
Il
/
o O O
o~ |

8

|
o N g

N
\—/
"U

A

)
J
~
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Vil PN
_<k2=k1> “<k3’¢1> - <k3,¢2>.’L‘ _<k37¢2>

v VIkLIP k2 = [{ky, k2)[?’ Y= ks — (k3,91)9b1 — (K3, a) ol £ k3 — (ks,91)%1 — (K3, ¥a) |l

BREAZFIRIN DR 72D 3 /M a,b,ciZ2WT, B=A(T)/L, Io={g€ A(T); g(a) = g(b) = g(c) = 0}
LiEDD, 2L, AT) BAERE TS, 2o, SPPT e BHA(L)NIT), (for all f € A).

1 1 1
k() = 7=, ka(e) = T h(e) =

1-¢z’

EEDD L. ki ko, ks 1X H2NIy DEETH S, Sarason DEH (cf. [9]) £ .
18%/27 (f + Dl = 18"l = £ + Lll, (f € 4).

XoT, P,P,P; TELND 3 RITLDOAHIEMRFER B 13 Q & AT/, L FHEHRMETHL, 20
x|
2 2

1-¢b
P =|5E

a—b? 2

1—ba

1—ba
1+|:1:|2=‘a_b

DY LD, b L (a,b,c) = (O,%,%), (z,y,2) = (—V3, —4v/2,-2v/6) 2 5iE, BiX Q-3 Thd, =
DEE, BiXAT)/ Iy LEHEHERETH S,

1-ac
, L4yl

c—a
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g-numerical range of a reducible 3 x 3 matrix

AJ# 3 x 3 175D ¢- 2,

Hiroshi Nakazato  Hirosaki University

RE 1§ SheTKF

Abstract Let A be an n x n complex matrix and 0 < g < 1. The g-numerical range of
A is defined and denoted by W,(A) = {n*A¢ : £&,n € C™,&*¢ = n*n = 1,1*¢ = q}. The
method to compute the boundary of W,(A) is provided for a reducible 3 x 3 matrix A.

1. #Busi& ZD—Rb. BIEHDUVEDD—ARILE LT D ¢-2i

1918 FH KU 1919 FITZFNZ N Toeplitz & Haudorff IZ K o T Hilbert ZERDE FERHZ
{ERET OFIE W(T) DERDIA; TH 2 ERUVEIHZhBEDNLNTH ST EHFERE
hico AR MIVOBFEY. ERRFHOEMBEL EOH AL SHEHIMETNTE
feo T % Descartes PR LT. T = R(T) +iS(T) & L. R(T),S(T) DAY b IVDR/IME.
BAEER m < M, m <M EThIE,

oT)c W) cCl{z+iy:m<z<Mm<y<M}

DY IID, TOFERIE Bendixson DFEIE (19024F) L LTHSNATWS, TDHLYIC
exp(—i0)T % Descartes 3 L C T OIS BRART W(T) ZBFHEL. 0 <0< 7 &
ZEENE TOLS5ERAFROHRERSIE W (T) DA E—HT 5, Fi<. T H175
THO>TZTNHEFNICEZSNNE. TOXSEHETRRZICAVINY MYES W(T)
ERETED, TOFEICEDE, T8 W(T) ZEUNIERT 27075 LD, CK.Li
(/A — HKE) Tsassomeros (FUI7 — AFH - KE) GLEDKR—LN—ITRREAE
ncTLa,

ETC. FARANRY FIVOBRRIEE AR FIVDO—RRIEETSATEES Halmos D
-BURORBEEEEOMTE LT—RIEETNB K S of, Bl

W(T) = {(T€,§) : € € H,|[¢]| = 1}, (1.1)
HERDLSIC—RRIELTzDH. Halmos D k- TH 3,

Wi(T) = {Xk:(Tfj,fj) :{&, &, ..., &} isanorthonormal systemin H }. (1.2)

Jj=1
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TDESELMERBT L%, C. A Berger BNFMIERY T 1963 FEITSEEAL 1=,
INEETSIC—RIELTREG c={c1>0> - >a}lc®LT

k
T)= {Z ci(TE,€) - {&,&, ..., &} isanorthonormal systemin H }. (1.3)

EEBLINE B EMESR, ThDGITERS T &% Westwick BN 1975 FEICEEEALfe, T
DISITH D EE. WA(T) IFRDKS ITERITE S, R(exp(—if)T) DEHEZEKEWIE
I A(0) > A(0) > -+ > A (0) EXUAR, S(exp(—i0)T) DEFEZKEWIBIC 11(0) >
p2(0) > - > pn(0) EXNRDB, TDEE, 0<0 <7 IR LUTRAR R(Y) %

{(z + iy) exp(i0) Z Cny1-kMe(0) < @ Z i (0 Z Crnr1-kti(0) <y Z crpi (0

TEHD L E,
We(T)= 1 R()

0<0< 7

DY IID, TOARERIIFAETO W,(T) DERZTOY S LD, M. T. Chien (HE)
DR—LNRN—IEETRRATNTNS,

KU EERBINTEERZ D & W.(T) BT 5 5Hl% N.K.Tsing BB LTz, Z
DESHEFTRLBEZS5HBDETTTEZ LI, c=(1,(-1+30)/2,(-1 —V3i)/2)
EL. T =diag(l, (-1 +v30)/2, (=1 —V3i)/2) LT BEE, W(T) IEROBRIETIV b1
F (ZEF) THIIhIEAREEEGS,

[ = {2exp(if) + exp(—2i0) : 0 < 6 < 27 }.
Westwick 4 Tsing D#E5R & & LT Goldberg, Strauss (1 AF IJb) Ic k> THIRFED
RIAERR C LRFRAERR T It LT
We(T) = {tr(CUTU™") : U is unitary}, (1.4)

&Y. T O C-HEIH Wo(T) BEAETNT, THITHDEE. T DMEEH BINEE star-
shaped 155 Z &H. N. K. Tsing, W.S. Cheung (&FHA) ICK>T 1996 FICFERHE NI,
DL C’—&ﬁh‘b")lﬂlh EADMNIBEERNGEED—DTH S, Westwick DEERIL,
C=C"DEE, We(T)DBMIILHEBZEVWSERE LTHRIRTES, 1984 FITN. K. Tsing
IE&k>oT Cb‘péﬁ 1551, Wo(T) Blczs EWVWSEEBMESNT . CHFEE 1 DIER
T, BIINIVINZER H DS ZhBENOFERERRELLT

IC| = sup{||C¢|| : € C™, Il = 1} =1
E(EFE CH)IKBTEB/IVL 1DV ML (BEDLEE,
q=(C¢,Q)

-102-



IEXF LT gl <1HRYILD, CORDWITEER 0 < <27 leXT B exp(—if)C ZEZ
BTEICEY, 0<g<1ERETAHAIEETES, TOTEITHHLT 0<g<1lcx
LT

Wo(T) ={{T&mn) : &n e HEll = Inll =1,(&n) =g} (1.5)

K&V TDqBIE W (T)ZEHD, TOBREIIMERED,

Westwick DFEIEH B ME Tsing D ¢-BUSOFERLUAME 2 0FLL EICH > T C-#EHD
MEICDOVWTIFZORERDRESNEL, RO KL S GEMIERERTH S, (1)C,T &
BTN ET B, C DEBENITNTREDEE, W (T) FMh ?  (11)C, T £6IT1TF
ET B, CHREFTIDEE, We(T) &b ?

2. BB LT - HIHOME
Hilbert ZRINDEREHAERR T 2122 ) —1EAR U THUMZEBRLE UTU ITRHLT

W(T) = W(UTU*), W,(T) = W,(UTU*), (2.1)
BRYILD, e, T OREHERR I e LT
W(T*)={z:2e W(T)}, W, (T")={z:2z€ W, (T)}, (2.2)

DY LD, H ICEFRILRIEE conjugation J BDEZBINTWVWT, Thicky., T DExfE
transposed T* = JT*J BRI B EE. W(T?) = W(T), W, (T?) = W, (T) &Y iLD,
BUSDOHAEDRIEEEEHEO>TWAB T DANY MU o(T) EDEER

o(T) cW(T), qo(T) C Wy(T), (2.3)

HLEANEEBED—DTH S, 179 T DEEEDES o(T) PEIH W (T) IFETETEXICHE
bh3H T ZTlE. RERFH 1 DOERFHZER

pA) = A"+ a A"+ A

DAVIN=ZFV1T5 C,

0 1 0 0 0
0 0 1 0 0
C, = . (2.4)
0 0 0 0 1
—Qp —0p—-1 —Qp-2 ... —Q2 —ai
KL T
det(ML, — C,) = p(\), (2.5)

DPRERYIIDTEICEB TS, ARnxn {78, BE mx m{Tdl&d3BEE,

0(A® I, + I, ® B) = 0(A) + o(B), (2.6)
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W(A®I,+1,®B)=W(A)+ W(B), (2.7)
0c(A®@ B)={Ap: A€ o(A),u€a(B)}, (2.8)

DR ILD, (2.6),(2.8) &, EOILADERTEELRRIEZRT, BIHE) BEHEREK
DZIEN p(2), ¢(2) DIRTHBLIG o,fecltFLTa+ 8P af ZRICEDESGHHE
BRBOZERE LS DK NEELAEVSRRIC, (25),26),28) HEZEE5X3, £
feo 5] IEBWVT. F5K (2.7) B, TRREKE. BEEGEETRU DLW ERBO#%HI> 7 1) —
FEDE4LZDEE (RELEE) HAEZX5NEE HEDBICE>TESVLWSHRE (2
BE) HESNED) LVSBETZFORMELR/UODVTVARZ EHBRNSN TS, &
BZEAELT1REBDOY Y ) — MEOKESRADMAICHT 2R\, « — y FHE
DL 0 DFEARICE > TEZASNE T EDHDD>TWVWDS, HHFEHLERa7 ) —MME
ICHFRAELEL. Z2BEEHS ARG SIE,. HFEHbETHLRE\HIIAREL S, ERH
FEEITHEWNT W(A), W(Ay), ..., W(A) B 0 EFDET3EMERE L. ZOENEES
IGBIELEWERET S, Sa7RF—1

Y =W(A)+W(Ay) + -+ W(Ax)

&, 0 EREICEDODMESTH DT, 2€ 8= —ze S BT, SEBMARET S LS
BRC2R*D/IVLEEZZZDR LSBT/ IVLZER (R ||-||) ORI D EAIEFERD
BREC LT5LE. CH 2P RORBEETHB T LITDD B, TDERIE. £=1,2,3
DEE TNTH2R, 8N, 24 RONRBHFRICZE B DT, —hRIT k x 28 ROAEEHIRIC
53 EHFRTNTOSHEEBEIF TN TIELEL,

EC TZITFNET B, BEW,(T) ZRTTBHOFRETEH Y. TOEEHMICE
BT EETTHEELLDRRE Tsing lFRDEL S IC5 X T (1984 £F)

Wo(T) = {gz+ /1 - @w /h(z) — |2|*: 2 € W(T),w € C,|w| < 1},

hz) = max{(T"T¢,¢§) : £ € H, |[¢|| = 1,(T¢, ) = 2},
for z € W(T) TTTaq8E W, (T) & ERD W(T) LOMBEEE » %38 LT Davis-
Wielandt 2 & FEE 5 [BIEFEUEH

W(T,T*T) = {({T€, &), (T"T¢,€)) : £ € H,|[¢]| = 1}

ACEBRLTWS, TOERATSZEMC"ORITT n>3DEERF, W(T,TT) lFdh &
% (Bohnenblust |Z &k Z#58R ; Au-Yeung, Tsing & 1983 &+, o & HiR LFRZTEEBAL T L
%), Tsing DBRRICKY, -BIHDBERDOAERERDHS T LI, [FEMICITFIETIEH
BH. RDKS7% 3 x 3DFTHDHBETEABRLTUVEWN,

/0 1 1 030
(001),<004).
00 0 00 0
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fefeL, ERBDS5 B, BEBDTHID - BigH 0 2D ETEARTH B Z Lidbh B, &
T ROTHAD ¢-BIFZEREL KD EWVSHIZEZEEEIL Chien, Psarrakos & DIEEHFZE

THt LT
a;; a2 0 0 1+¢ 0
QAo1 Q92 0 y fi = 1-c 0 0 ) .
0 0 a3 0 0 a+1ib

RIREIE. ADBRITEETNS, KL, 0,b,c3RET. 0<cTHB, c=1DBA%
[2] TR LT,

3. AJ#¥) 3 x 3175 D - B DFER DEESE

R a+ ib DHEHEDIRD L S HEKRTHEMIT/NEVES ® +0° < (c+ 1)? DEE,
0<q<1BHEMIITNEL 0<q< Ric:a+ib)/? BHITEE, AD BT, 15

IR o
A
2 2

={z+wy:(z ? : Y .
B (e (e e (e P e A

&E—HIB. TTT

Ry = Ri(c:a+1ibd)
= {(a2 + 09 — 4(a® + b*)2 02 2 + (—2a* + 4a® b* + 6b*) ¢*
—4b% ® + & — 4(a® + b*)2 a® + 20a% ¢* + 6a* + 4a? b? — 2b* + 20b% ¢
—2¢* — 4a® + 1 — 8c(a® + b — (2 + 1)) (b* + a*c?)/?
(% = 1) + 2020 + (B — )2 + 2(a%c? + b? — Cz))1/2}
/((a2 —1)2 4222 + (b — A2+ 2(a2 2+ b + c2))2.

Ffe. 2 +02 > (c+1)2TH2T. 0<q < Rifc: a+id)? DHFEIK. W, (A) DERIE
D SHRD 8 REHGEE 55, Fhe Ri(c: a+ib)Y? < g < 1 DIRAIE. W,(A) 134
RO 8 G & (3.1) DEREDHRVIEHIRE 55, & T 8 REHGOHESEEDRND, B
DEH 0< ¢ < 1T EAD (g21,911), (922, ) 1EH B 2 — y FEEDEADHRERIZ.
G(z,y : T1,Y1;%2,Y2;9) =0 THABND, TITT.

G(z,y: T1, Y15 T2, Y23 )

= —4((1 = @) (@1 — 72)* + (11 — 12)*) &
—4((zy — 22)" + (1 = ¢°) (11 — 92)*) V? + 8¢% (21 — 22) (11 — y2) Ty
+4q ((1 — @A) (a? — 2t wp — x1 23 + 2} + 2105 + 2293)
+(1+¢%) (z195 + 7293) — 2(x1 + 22) Y1 %2) T
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+Hg(1-P) B -y — 1 y3 + 95 + 23y + 23 ys)

+(1+ ) @iy + 75 y1 — 20170 (1 + 12)) ¥

+(1 =@ (a1 + o5+l +v3) — 41— @) (2} 22 + 2125 + 9} v2 + 11 93)
+(=2¢" — 4¢> + 6) (a1 23 + vl v3) + (—2¢" — 4> + 2)(z} v + 23 47)
+(2¢" — 4¢% + 2)(a3 yi + 23 43) + (4¢° — 4)(z1 22 4} + 71 72 3

+T Y1 Y2 + T3 Y1 Yo) + 8T1 T2 Y1 Yo

AREERR B(z,y) = 0 EDBIRET B, TOLEEERTNDIEAD 1 ZHEDOIEIRE L
T. BED 8 REIRIFTIENS, fEL. R (a,0,0> +0°) ZIHRE T H¥6MH £ TZD
R EFEME , .

{(z,y, 2) €R3:x2+z—2+£§:—iz;—£l- =1}
DSEMTNDHLDEEZEZ, TOEMMOREEAWE 2 = «° + y* OELBEES E LTE
KINZZEMMIRE, « —y FERICKRELTTES 4 RR%Z B(z,y) =0&£T 5,

STROERAEE L TEBRRTEMOERIEAREZERT 5. TOKSGERERRD
- B 1] TR T, [3],[4] T—HRD A D - BIHDBRO—G SR E G, HAlEER
TZIENIE. 6 E# 2,y,0,b,c,q BT RIEHHE & 5 & 18000 DEEFFHMZIBERICK T
5z 5h%, 21ERX%E B T8I Mathematica DT 7 1 IVDBEIE. SBROHEAETE-TKL
2. 400KB H*5 500KB 1ZETH S, BEFENLGRICEKDSH 2 HIFEEEL TEBIN
W BFA—IVETIFERERICTT. Mathematica D7 7AIVETIE. EIRILTEHDEHZEY
L¥ET9.
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Segal algebras in the context of commutative Banach
algebras

Jyunji Inoue(Hokkaido University)

Abstract Segal algebras are dense ideals of group algebras of locally compact groups,
which constitute Banach algebras with respect to some norm and have some homogeneous
structures. Since H. Reiter introdued this notion in 1965, many interesting and important
results on Segal algebras have been accumulated. It is interesting that some properties of
group algebras are hereditary in Segal algebras, but other’s are not. Segal algebras may
be regarded as generalizations of group algebras.

In this note we fix a commutative semisimple Banach algebra A, and define Segal
algebras of A, which are generalizaitions of the classical Segal algebras. Then we define a

new class of Segal algebras of A, and study some properties of them.

§1 Introduction In this note G stands for a non-discrete locally compact abelian
group (LCA group) with character group G. We denote by A a commutative
semisimple Banach algebra which satisfies the following properties;

(a) A has bounded approximate identities,
(8) (A,]| || ;) forms a Wiener algebra,

where (A, || || ;) denotes the Banach function algebra on ® 4 (the maximal ideal space
of A) of Gelfand transforms of A with the norm ; ||Z]|; = ||z||la(z € A). For the
definition of Wiener algebras, we refer to [6, chapter 2].

As examples of A, we quote those algebras; group algebras L'(G) of LCA groups
G, the Lipschtz algebra Lip}(R)(cf. [3]), C*-algebras Cy(X) of non-compact locally
compact Hausdorff spaces X, and some of thier ideals and quotient algebras.

§2 Classical Segal algebras.

In this section, we state definitions and results concerning the theory of Segal
algebras of L!(G), which are nessesary to state our results later.

Remark 1. Segal algebras are defined for the group algebras of locally compact
groups([5]). But in this note, we restrict ourselves to the commutative case. By
”classical Segal algebras”, we refer to Segal algebras of L(G).

OThis note is based on joint works with Sin-Ei Takahasi(Yamagata University)
author; e-mail: inoue_;;@ybb.ne.jp
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Definition 1 (cf. [5]). A subalgebra S of L!(G) is said to be a Segal algebra if
it satisfies the following conditions.

(So) S is dense in L}(G).
(S1) S is a Banach space under some norm || -||s, and
Iflls = NIfll (f €S).
(Sz) S is translation invariant ;
feS=feS (yeq)
and for each f € S the mapping y — f, of G into S is continuous

Here we review typical examples of Segal algebras from [6, Chapter 6].

Example 1. Let S := {f € C(R): M(f) < oo}, where M(f) := )" ., SUPpc,< |
f(z +n) |. Then S is an ideal of L*(R) and M(-) is a complete algebra norm
on S, but not translation invariant. So, if we renorm M(-) by || - ||s, where
Iflls := sup{M(f,) : y € R}, then || ||s is a translation invariant norm on S
which is equivalent to M(-), and (S, || ||s) becomes a Segal algebra of L!(R).

Example 2. S,(G). For each p(1 < p < 00), put

Sp(G) = A{f € L(G); Ifllp < 0o}, Iflls, := If Nl + I £l
then (S,(G), || ||ls») is a Segal algebra of L(G).

Example 3. A,,(G), A,(G). Let u be an unbounded positive Radon measure
on G. For each p(1 < p < 00), put

Aup(@) = {f € NG : f € (W)}, (1 fllup = 1112 + [ Fll o,

then (A,,(G), || ll.p) is a Segal algebra on L'(G). Especially, in case u is a Haar
measure mg of G, we use, for this Segal algebra, an expression (A4,(G),|| | A,)5
instead of the expression (4, p(G), | llmgsp)-

J. Ciglar [2] intoroduced the notion of normed ideals of L}(G), which is a general-
ization of the notion of Segal algebras, and gave a necessary and sufficient condition
for a normed ideal to be a Segal algebra. Also, M. Riemersma [6] gave another
nesessary and sufficient conditions for a normed ideal to be a Segal algebra.

Definition 2 (cf. [2]) Let A be a linear subspace of L*(G). N is called a normed
ideal of L'(G) if NV satisfies the following condtions:
(a) NV is a dense ideal of A,

-108-



(b) NV is a Banach space for some norm || ||» such that

Il < Iflly (FeN)
I£gllar < Nflullglly (F € LHG), g € N).

Next we state remarkable properties of Segal algebras or normed ideals.

Theorem A If N is a normed ideal of L*(G), we have;

(i) If U is a neighbourhood of vy € G, there is an f € N such that supp fcU
and f(y) =1 on some neighbourhood of .

(ii) If K,U C G such that K is compact and U is open satisfying K C U, then
there exists e € N such that é(y) =1 (y € K) and supp é C U.

(ili) LL(Q) is contained in N, where LY(G) := {f € L*(G) : supp f is compact}.

Theorem B (/2], [6]) For a normed ideal N, the following (a), (b), and (c) are
equivalent each other.

(a) NV is a Segal algebra.

(b) N has approzimate units, that is;

VFeN,Ve>0,dee N; s. t.||f—fxe|] <e.
(c) N = Ny, where Ny is the norm closure of LL(G) in N.

Theorem C. (H. Reiter) Let S be a Segal algebra of L'(G).

(i) The ideal theory of S is the same as that of L*(G). More precisely, if T is a
closed ideal of L'(G) then TN'S is a closed ideal of S, and conversely each closed
ideal of S is of this form for a unique closed ideal T of L*(G).

(ii) The mazimal ideal spaces of S and L*(G) are homeomorphic. We can nat-
urally identify ®s with G, that is, the Gelfand transform of S is equal the Fourier
transform restricted to S.

Theorem D (i) Let S be a Segal algebra, and let {e)}ren be a bounded approzi-
mate identity of L'(G) composed of elements in LL(G). Then {ex}ren is a bounded
approzimate identity of S which is bounded with respect to the multiplication oeprator
norm;

I T#llop == sup{||fglls : g € S, llglls <1} (f €S)

(ii) If a Segal algebra S has a bounded approzimate identity, then we have S =

LYG).

Theorem E If (S1,]| ||s,) and (Ss, || ||s,) are Segal algebras, then S := S NSy
becomes a Segal algebra with respect to the norm || ||ls = || lls; + || |lsz-
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It is known that Segal algebras are normed ideals ([2]), and by the virtue of
Theorem B, we can define Segal algebras of A, which are generalizations of classical
Segal algebras

In the next section, we will give precise definitons of normed ideals and Segal
algebras of A.

§3. Definitions and fundamental propreties of normed ideals and Segal
algebras of A.

Recall that A stands for a semisimple commutative Banach algebras which has
bounded approximate identities; we fix here one, say, {ej}rea, With sup,c, [lealla =
M < oo.

® 4 denotes the maximal ideal space of A. For z € A, % is the Gelfand transform
of . A. is the set of all z € A such that supp Z(the support of £) is compact.

Since A, is dense in A by (), we can suppose without loss of generality that
{er}xea is contained in A,.

In [1] Burnham defined abstract Segal algebras (ASA), which is a generalization
of the Cigler’s normed ideals [2] to general Banach algebras.

In this section, we will define ’Segal algebra of A’, which is a generalization of
classical Segal algebras.

Definition 3 (cf. [2]) An ideal A of A is called a normed ideal of A if V satisfies
the following condtions;
(a) NV is dense in A,
(b) NV is a Banach space for some norm || |5 such that
lalla < lally (e €N)
lazla < lallallzly (o€ A,z eN).

Definition 4 (cf. [6]) A normed ideal (N, || ||x) of A is called a Segal algebra of
A if N has approximate units, that is, N satisfies;

Vz € N, Ve >0, Je € N such that ||z — ze|y < €

Under the above definitions of normed ideals and Segal algebras of A, all the
therems(Theorem A, B, C, D and E of the previous section) are also valid, the
proofs of which are contained in [4].

84. Segal algebras induced by local multipliers of A

Definition 5 Let 7 be a complex continuous function on ®,4. We call 7 a local
multiplier of A if 27 € A (z € A,) hold. The set of local multipliers of A is denoted
IIY /\4106(14).
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Definition 6 If 7 € M,(A), we put A, := {reA: ire fl} Obviously, A, is,
a linear subspace of A which contains A.. For each z € A,, there is a unique a, € A
such that a, = Z7, and set

]l = llzlla + llazlla (= € A7).

It turns out that || || is a complete algebra norm on A, as the next proposition
shows.

Proposition 1 For each 7 € Myo(A), (A, | ||,) is a Segal algebra of A. More-
over, if sup{| 7(¢) |: p € Pa} = 00, we have A # A,.

Definition 7 For 7 € M,.(A), we call (A;,] ||-) a Segal algebra induced by 7.

Proposition 2 Ifz € A such that supp Z is o-compact but not compact, the we

have x ¢ {NA, : T € M (A)}.

Corollary 3 Suppose that ® 4 is o-compact, or discrete. Then we have N{A, :
T E Mloc(A))} = AC'

Corollary 4 Let G be a non-discrete locally compact abelian group. Then we

have N{LY(Q); : T € Muo(L(G)} = LY(G)..

Proposition 5 If S is a Segal algebra of A and if T is a linear operator of S
into A, the following (a) and (b) are equivalent each other.
(a) T € M(S,A).

(b) There ezists a unique continuous function T on ® 4 such that Tz =2r (z€38).

Definition 8 If S is a Segal algebra of A, and if T € M(S,.A), there is by
Proposition 5, a unique 7 € C(®4) such that (Tz)" = #r. We denote this 7 by 7T,
and call the Gelfand trasnsform of T', and denote M(S, A) :={T: T € M(S, A)}.

Remark 2. (1) If 7 is a local multiplier of A, we have, by Propositin 5, that
T € M(A,, A).

(2) If S is a Segal algebra of A, and if T € M(S, A), it is easy to see that Tis a
local multiplier of A. which satisfy S C As.

(3) If 7 € Myoe(L}(QG)), such that 7 = i for some u € M(G), we have L}(G), =
LY(G) and || ||, is equivalent to || ||;.

Proposition 6 Let G be a non discrete locally compact abelian group. If 1 <
p < 00 and if T € Mio(LY(Q)) such that Sp,(G) C LY(G),, then we have T = fi for
some p € M(G).
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Lemma 7 For each p(1 < p < 00) we have M(A,(G), L*(G)) = {u :€ M(G)}.

Proposition 8 Let G be a non discrete locally compact abelian group. If 1 <
p < oo, and if T is a local multiplier of L'(G) such that A,(G) C L*(G)., then we
have T = [i for some p € M(G).

Remark 3. Proposition 8 shows that there are no proper Segal algebras of the
type L(G)r,7 € Mioo(L'(G)) between A,(G) and L'(G). But next proposition
shows that that is not the case for the Segal algebras of type A, 1(G) of an infinite
compact abelian group G.

Proposition 9 Let G be an infinite compact abelian group. Suppose that T €
Mioe(LY(G)) satisfies 0 < 7 and sup, . 7(7) = 00, and define an unbounded Radon
measure v on G by v := Tmg, where mg is a Haar measure of G. Then we have

A1(G) € LY(G), # L(G).

Remark 4 If G is an infinite compact abelian group, any complex function on G
belongs to Miee(L1(G)).

For the proofs of propositions stated in this section, see [4].
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