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Abstract

We define equivariant Chern—Schwartz—MacPherson classes of a possibly singular
algebraic G-variety over the base field C, or more generally over a field of charac-
teristic 0. In fact, we construct a natural transformation C¢ from the G-equivariant
constructible function functor F¢ to the G-equivariant homology functor HS or A¢
(in the sense of Totaro—Edidin—Graham). This C¢ may be regarded as MacPherson’s
transformation for (certain) quotient stacks. The Verdier-Riemann—Roch formula
takes a key role throughout.

1. Introduction

For a possibly singular complex algebraic variety X there are several kinds of
“Chern classes” of X available. These “Chern classes” of X live in appropriate homo-
logy groups of X, which satisfy “the normalization property” that if X is non-singular,
then it coincides with the Poincaré dual to the ordinary Chern class of the tangent
bundle T'X.

The Chern—Schwartz—MacPherson class is one of them. R. MacPherson [22] con-
structed the class to solve the so-called Grothendieck—Deligne conjecture: actually
he proved the existence of a unique natural transformation C. F(X)— Hs.(X;Z)
from the abelian group F(X) of constructible functions over X to the homology group
(of even dimension) so that if X is nonsingular, then C, (1l x) =c(T'X) —~ | X| where
I x is the characteristic function, il x (z) =1 (x € X). Independently M. H. Schwartz
[28] had introduced obstruction classes (defined in a local cohomology) for the exten-
sion of stratified radial vector frames over X, and it is shown ([4]) that both classes
coincide, so C,(1ly) is often denoted by C(X). In a purely algebraic context,
MacPherson’s transformation is also formulated as C. F(X)— A.(X), the value
being in the Chow group of cycles modulo rational equivalence, for embeddable
schemes (separated and of finite type) over arbitrary base field k of characteristic 0.
That was done by G. Kennedy [19] using the groups of Lagrangian cycles (cf. [13,
26]), which is isomorphic to F(X) in a certain way. In the complex analytic context,

1 Partially supported by Grant-in-Aid for Encouragements of Young Scientists (No. 15740042),
the Japanese Ministry of Education, Science and Culture.
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MacPherson’s theory is also verified: for instance, the crucial step in [22], the graph
construction, is proved in [20] in the analytic setting. Besides, the Lagrangian cycle
approach in the complex differential geometry [12] and Schwartz’s approach within
the Chern—Weil theory [3] have been also achieved.

In this paper we think of a G-version of the Chern—Schwartz—MacPherson class
for algebraic G-varieties X. Our main aim is to focus the elementary (or formal)
construction of the equivariant version of C, as well as G-versions of F(X) and
H.(X) (or A.(X)). So for the simplicity we discuss basically in the complex context
like as the original [22]: then we use the singular cohomology and the Borel-Moore
homology, simply denoted by H,.(X), of the underlying analytic space (denoted by
the same letter X for short). However, after suitable changes, the reader can read
them as in the algebraic context ([19]) with the use of (operational) Chow rings and
Chow groups: then a scheme is assumed to be separated and of finite type over k of
characteristic 0, and a variety is an irreducible and reduced such scheme.

As known, for a topological group G, Borel’s equivariant cohomology of a G-space
X is defined by

H;(X) = H*(X x¢ EG),

where EG — BG is the universal principal bundle over the classifying space of
G. As a counterpart in algebraic geometry, for reductive linear algebraic group G,
the G-equivariant homology group HS(X) (A9 (X)) of a G-variety X is defined in
Edidin—Graham |6] using the algebraic approximation of BG given by Totaro [30].
From the same viewpoint, we introduce the abelian group F¢(X) of G-equivariant
constructible functions over X (that is, roughly, constructible functions over X Xxg
EG whose supports have finite codimension). In particular the group F;; (X) of G-
invariant constructible functions over X becomes a subgroup of F¢(X) by a natural
identification. Both of F¢ and HS become covariant functors for the category of
G-varieties and proper G-morphisms (see subsections 2-4 and 2-6).

From now on we assume that a G-variety (scheme) X has a closed equivariant
embedding into some G-nonsingular varieties, and when we emphasize it, we say
such X is G-embeddable for short. We show the following theorem for G-embeddable
varieties:

THEOREM 1-1. Let G be a complex reductive linear algebraic group. For the category
of complex algebraic G-varieties X and proper G-morphisms, there is a natural trans-
SJormation of covariant functors

C%: FE(X) — HE(X)

such that if X is non-singular, then C¢(1lx) = c“(TX) ~ [X]g where ¢ (TX) is G-
equivariant total Chern class of the tangent bundle of X . The natural transformation C€
s unique in a certain sense.

To be precise, by a natural transformation we mean that C¢ satisfies (i)
CCla+ B)=C% ) + CY(B) and (ii) fECY=CYf¢ for any proper G-morphism
f:X —Y. The precise statement of the “uniqueness” of C¢ is given in Sub-
section 3-2 (b).
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Remark 1-2. Theorem 1-1 is also true over the base field k& of characteristic 0,
(at least) for quasi-projective schemes X with linearlized G-action; then we have
a natural transformation C¢: F¢(X) — AY(X) which satisfies the normalization
property (see Subsection 2-2 and the proof of Theorem 1-1 given in Section 3). This
C¢ is naturally regarded as the extension of MacPherson’s transformation for the
category of quotient stacks, Cy: F([X/G]) — A.([X/G]) (Theorem 3-5).

Remark 1-3. For a G-variety X, the “simplest” way to define the G-equivariant
Chern—Schwartz—MacPherson class of X may be C2M (X) == CY (1l x). Besides, it is
meaningful to take certain constructible functions involving the information from
stabilizer groups of the action, by which we can define “higher” equivariant Chern-
SM classes of X, see Subsection 3-5.

The rest of this paper is organized as follows: in Section 2 we review some basic
materials from [30] and [6] but in a slightly different form using a very simple
“Radon transform” (labeled by (%), (xs)). In Section 3 our C¢ is given as the limit
of “MacPherson’s transformation for topological Radon transforms” studied in [7].
Then Theorem 1-1 automatically follows. As noted in Remark 3-3, this construction
is related to the “proconstruction” of C. for provarieties (projective limits of varieties)
given by Yokura [33], cf. [14].

In Section 4 we note some properties of our C¢. For instance, we describe an
equivariant version of the Verdier—Riemann—Roch formula (VRR formula for short)
for smooth morphisms ([11, 32]). That is a Riemann—Roch type theorem saying the
compatibility of the transformation C, with certain pullbacks (i.e., contravariant
operation) of constructible functions and homologies. In fact, the simplest VRR
formula is involved in the construction of C¢ itself.

In principle, given some formulas of Euler characteristics or fundamental classes,
we may expect similar type formulas of (total) Chern classes. In the final section,
we demonstrate this kind application of C¢ to the theory of Thom polynomials (cf.
[8. 17, 29]). A Thom polynomial is roughly saying the G-Poincaré dual to an in-
variant subvariety of a G-nonsingular variety. As a simple generalization, motivated
by [25, theorem 2-1], we study the G-Poincaré dual to the “Segre-version” of our
equivariant Chern class. In [24] we will discuss another application to orbifold Euler
characteristics.

2. Classifying space and the Borel construction
In 2-1-2-5 we pick up some definitions and properties from [30] and [6]. Note again
that H, can be replaced by the Chow group A, in the algebraic context. In 2-6 the
equivariant constructible function is defined.

2-1. Totaro’s construction of BG

Let G be a complex reductive linear algebraic group of dimension g. Take an
[-dimensional representation V of G with a G-invariant Zariski closed subset S in
V so that G acts on U=V — S freely. It is possible to take V and S so that the
quotient U — U/G becomes an algebraic principal G-bundle over a quasi-projective
variety, and that the codimension of S is sufficiently high. Actually this is achieved
by a similar construction of Grassmanian varieties (|30, remark 1-4]). Let I(G) be the
collection of Zariski open sets U = V' — S where V is a representation and S is a closed
subset of V with properties just as mentioned. We put a partial order on I(G): we say
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U=V-=-5)<U(=V'-5)ifcodimy S < codim . S” and there is an G-equivariant
linear inclusion V' — V' sending U into U’. Then (I(G), <) is a directed set. All
quotients U — U/G with induced maps by inclusions form an inductive system, that
is the algebraic approximation of the universal principal bundle EG — BG (|6, 30]).

An algebraic construction of classifying maps (for principal bundles over quasi-
projective varieties) is given in [30, lemma 1-6] which will be used in the final section.

2-2. Mixed quotients

Let X be a G-variety. Forany U € I(G), the diagonal action of G on X xU, which is
always a free action, gives a principal bundle X xU — X x¢U = (X xU)/G, and thus
the equivariant projection X x U — U serves the fibre bundle X x¢ U — U/G with
fibre X. Roughly saying, the universal fibre bundle X x¢ EG — BG is approximated
by those mixed quotients X x¢ U — U/G for U € I(G) (Edidin—Graham [6]).

We give attention to the fact that in general the mixed quotients X X U exist as
algebraic spaces in the sense of Artin, not as schemes (|6, proposition 22]). To avoid
this technicality, we may think of the following cases: in the complex case k = C, a
separated algebraic space of finite type admits the corresponding analytic space (|1,
corollary 1-6]) (besides, in our convention X is assumed to be separated, of finite type
and (G-)embeddable, hence X x ¢ U is also as an algebraic space, thus as an analytic
space). In the algebraic context, we assume that X is a quasi-projective scheme with
a linearlized G-action. Then the mixed quotient X X U exists as a quasi-projective
scheme (|6, proposition 23]). Note that this quasi-projective hypothesis covers rather
many interesting cases.

In fact, we will later apply (ordinary) transformation C, to those mixed quotients
in the complex case (by appealing to the transcendental method) and also in the
quasi-projective case over k of characteristic 0. Presumably Kennedy’s formulation
(for embeddable schemes) would be extendable into the context of (embeddable)
algebraic spaces, then this kind of restriction mentioned above would not be needed.

2-3. G-equivariant cohomology

For any pair U and U’ (€ I(G)) such that U < U’, welet .y p: X xg U — X xg U’
denote the natural inclusion and 7y =y ;0 H*(X X¢g U — H*(X xqg U) the
induced homomorphism. Then we have a projective system { H*(X x¢ U),ry p/} and
the ith equivariant cohomology of X is given as

H}(X) =lim H (X x¢ U).
1(G)
The formal sum is denoted by H}(X) = [[ HL(X) = lim— H*(X X¢ U). We also
denote by ry: HS(X) — H*(X X¢ U) the canonical projection for U. Note that in
the algebraic context, the cohomology groups should be replaced by operational Chow
groups ([6, 10]).

Let £ be a G-equivariant vector bundle £ — X (i.e., £, X are G-varieties, the
projection is G-equivariant), then £ induces a vector bundle E xg U — X x¢g U,
denoted by &y. The projective limit of Chern classes c(§y) gives the G-equivariant
Chern class of &, which is denoted by ¢ (£) € H}(X). In particular, when X = {pt},
an equivariant vector bundle is V' — {pt} being V" a representation. The Chern class is
denoted by ¢ (V) € H} (pt) = H*(BG). Besides, the pullback of ¢ (V) via the trivial
equivariant morphism X — {pt} is denoted by the same notation: ¢ (V) € H}(X).
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Given a G-morphism f: X — Y, the pullback f: H;(Y) — Hj(X) is defined in a
natural way: f&({av })={(f x¢ id)*av }.

2-4. G-equivariant homology

We repeat Edidin—Graham’s definition of the equivariant homology (Chow group)
(|6, proposition 1]) but in a suitable form for the later use (again we describe it in
the complex context but it works over any case).

At first we define a sub-order <, on I(G): For any two U(= V—=S)and U’ (= V'—=5"),
we say that U <, U’ if there is a representation V; so that V. & V; = V'’ and
U®V, Cc U'. Note that if U; < Us,, then there is U’ so that U; <, U’ and U, <, U’
(e, U =ViaVo—5 &5Ss).

Let X be a complex G-variety of dim X = n (equidimensional). ToeachU =V -5
with dim V' = [ and codim S = s, we assign a truncated homology

H[runc(X Xa U) = @ Hi+2(lfg)(X Xa U)
2(n—s)<i<2n
Note that the range of dimension in the direct sum depends on U (precisely, the
dimensions of V' and §). This notation is convenient for us because we shall later
think of fotal homology classes (total Chern classes) rather than a distinguished ¢th
homology class.

For each pair U <, U’ (V' = V@& V)), the diagram U «— U & V; — U’ of projection

and injection induces

P =Duuev, X xg(UaW) lwev,ur =t

v N ()
XXGU XXG U'.

This diagram () induces the following isomorphisms for 2(n —s) < ¢ < 2n (we denote
(i*)7" by ¢4, in abusing the notation):

p* Hiopuh—g)(X Xg (UBVY)) =)
~ / N\ (k1)
Hi+2(l—g)(X Xa U) Hi+2(l+k—!1)(X Xa U/)

This is because ¢ is an open embedding (so the pullback ¢* is defined) and its com-
plement X xq U’ — X x¢ (U & V;) has the (complex) codimension > s (hence ¢* is
isomorphic). Also p = py,uev, is the projection of a vector bundle so it induces an iso-
morphism p*. The composition of isomorphisms in (*z) define a graded homomorph-
ism of truncated homology groups, whose degrees are shifted by k = dim U’ —dim U,
denoted by
Hivoi—g)(X xgU)— @&  Hipoprn—g)(X x¢ U').

i 2(n—s’)<i

puur: D
2(n—s’)<
This makes an inductive system with respect to the directed set (I(G), <.), moreover
with the original order < ! We define the ith equivariant homology group to be (the

' For any pair U; < U, with respect to the original order, take U’ so that Uy, Us <. U’. Then
both ¢y, v/ and @y, ys are isomorphic at least in the range ¢ > 2n — 2s; (s; = codim Sy), and
hence we can define a canonical injective homomorphism v, v, (:=(pv,v/)”" © ¢y, v/) from the
truncated homologies of Uy to the one of Us, that is so-called the double filtration argument in

6. 30].
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limit of) the shifted-dimensional component of the truncated homology
HyG(X) = Hioim v—g)(X xg U) (for U with codim S high enough).

Thus HE (X) is trivial for i > 2n and possibly nontrivial for any negative i. The

direct sum is denoted by
HY(X) = ®H (X) = lim Hyyo( X % U).

For each U, the identification map is denoted by @ : Hyue(X X U) — HY (X).
Given a proper G-morphism f: X — Y between G-varieties, we have an induced
homomorphism f¢: H(X) — HY(Y) defined by f¢(py(c)) = ou ((f X¢ id).(c)) as
the limit of (f Xgid).: Hyune(X XqU) = Hpyune (Y X U). Any other expected functorial
properties are also satisfied, see [6].
As an example we illustrate the simplest case: G = GL(1), X = {pt} and a sequence
in I(G) that is {U,, = C™*' — {0}} with the action of all weights —1:

(Un x C)/GL(1) =P™* — {pt}

P P
7N N
Plc...c Pm C Pt C ... C P* ~ BGL(1).
Note that n = dim X =0, g = dim G = 1 and
Htrmu:(X Xa Um) = @ Hi+2rn (]Pm) =~ Zerl-
—2(m+1)<i

The map ¢y, r,: Z""" — Z'" is a natural inclusion and hence HiGLm(pt) = Z for
nonpositive even number 7, and trivial otherwise.

Roughly saying, the direct sum of fibres of p’s over a point approximates “the
tangent space Tp". In fact “(inverse) Chern class factor of Tp~" appears in our
definition of C¢ given in Section 3 (Remark 3-3).

2-5. G-fundamental class and Poincaré duality

For any U, the fundamental cycle [ X xg U] tends to a unique element of HS (X),
denoted by | X |g. This is called the G-equivariant fundamental class of X. Note that
we can identify HZ (X) = HQijH)(X x V) for any representation V (dim V = )
through the pullback isomorphisms induced by (X X V) xqg U — X X¢g U. Let
W be an (j + I)-dimensional G-invariant reduced closed subscheme of X x V and
i: W — X x V the G-inclusion. Then W represents an equivariant homology class of
X as i¢([W]q) € HQCfﬁl)(X x V)= Hg (X). An j-dimensional G-equivariant algebraic
cycle class means a finite sum Y, ax (i) ((Wilg) € Hg (X), where each W, is an
(7 t1)-dimensional G-invariant subvariety of some X x V. Here j is possibly negative
(— < 7 < n). Of course, a G-invariant cycle of X represents an equivariant cycle
class of nonnegative dimension.

There is a well-defined homomorphism

~|Xle: HZ'(X) — HE(X), ar— pu(ry(a) ~ X x¢ U)).
If X is nonsingular, this is isomorphic for each 4, called the G-equivariant Poincaré
dual. Tn particular, when X is a point, HY, (pt) ~ H} (pt) = H*(BG). We denote by

Dualg the inverse of the map —~ [ X ¢ (for each ¢). The composite map ry o Dualg oy
coincides with the ordinary Poincaré dual of X X U on the truncated homology.
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2-6. G-equivariant constructible functions

A constructible function over a complex algebraic variety X is an integer valued
function a: X — Z which has a finite partition of X into constructible subsets so that
the value of « is constant over each of the constructible sets. We let 7(X) denote
the Abelian group consisting of all constructible functions over X. Any constructible
function o € F(X) is represented by o = Zle a;llyy, for some integers a; and
subvarieties W; of X. Here 1l denotes the function taking values 1 for z € W
and 0 otherwise. For any proper morphism f: X — Y, we define the pushforward

fo: F(X) — F(Y) by
k k
f((]{)(y)ZZ alX(f_l(y)mVVZ) <Q:Zaiﬂ[/v“y€Y> 9

i=1 i=1
where x is the topological Euler characteristic with respect to the Borel-Moore
homology groups. Note that (f o g). = fi 0 g«. Even if f is not proper, the sum in
the right-hand side may be finite for any a and y, and in that case we also denote
the map by f.. For a constructible function o« € F(X), we define the integral of a
over X (or say, the Kuler characteristics of ) to be the value f.(a) € F(pt) = Z with
f: X — {pt}, that is

k
Jamti@=3 axw) ez
=1

For any morphism f: X — Y, the pullback f*:F(Y) — F(X) is defined to be
fr(B)y=pof.

Remark 2-1. In the case of the base field k of characteristic 0, the above definition
of pushforward should be appropriately changed in terms of Lagrangian cycles, see
[19]. Also, in abusing words, we may use the notation x(X)= [, lx = f,(llx) with
f: X — {pt} in the algebraic context.

Now let X be a variety with a G-action. The subgroup of F(X) consisting of
G-invariant constructible functions is denoted by

FC (X)={a € F(X)| alg(x) = a(z), (r € X,g € G)}.

Z?Tl/

For any U <, U’ (V’ =VeV, U=V -5 U =V -5 let p:V' — V be the

projection to the first factor, then it induces a pullback homomorphism

duur=p* fg@(X xV)— i

(X X V'), ar—ao(idxp)
(we sometimes denote it by ¢y.y/). Then, {FS (X x V), ¢y} makes an inductive

”H/
system, so we define

FOX)=lim F¢,

me
1((,)

(X x V).

An element of this limit group is called a G-equivariant constructible functions asso-
ciated to X. The limit map is denoted by ¢p: FS (X x V) — FY(X) (sometimes by
dv).

In an obvious way, any G-invariant function over X is lifted to an invariant
function over X x V', and hence there is a canonical inclusion, denoted by ¢y,

FE(X) C FOX), ar ¢ola) =y (ax ly).
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Note that if X is a point, then F&

mv

(pt) = F(pt) =~ Z (consisting of constant functions)
but F¢(pt) contains a lot of other invariant functions over representations V.

For a proper G-morphism X — Y, we define the equivariant pushforward homo-
morphism

fETFUX) — FOY),  fE(dvar)=ou((f x id).(ar)),

that is the limit map of (f x id).: FS (X x V) — FS (Y x V). It is easily checked that
(f 0 9)¢ = f€ 0 g% for proper G-morphisms. The equivariant pullback f: F¢(Y) —
FY(X) is similarly defined.

For any o € FY(X), we define the G-integral of o to be f&(a) € F€(pt) by the
pointed map f: X — {pt}. So a G-integral is an equivariant constructible function
over a point, not constant in general. In particular, if & € FS (X), more precisely,

v
a = ¢y (o x 1ly) for some oy € FS (X), then the G-integral of « is the constant
f [T
X

FE @) = fE (v (o x My)) = Gy ((f X id).(on X Ty))
= oy (falap) X Iy ) = fulay).

3. Equivariant natwral transformation

In this section we prove Theorem 1-1 in both contexts of the complex case and
the quasi-projective case of characteristic 0 (see Subsection 2-2). In the latter case,
homologies should be read off as Chow homologies A,.

3-1. Construction of C¢

For each U =V — § € I(G) which is non-empty, the inclusion U C V is denoted
by ju and it induces jj;: FS (X x V) — FS (X x U). Since G acts freely on X x U
(hence X x U — X X U is a principal bundle), any G-invariant reduced subscheme
W of X x V has a principal quotient W — W/G. Thus, to iy, € F¢ (X x U) we
assign Iy ¢ € F(X Xg U), that actually makes an isomorphism of groups: so we
identify FS (X x U) = F(X xg U).

As noted in Subsection 2-2, we can apply the (ordinary) MacPherson transforma-
tion to the mixed quotient X xq U:

CoF(X xXqgU) — H (X xg U).
We denote by TU for short, the vector bundle
XxgTUEEXxqg(UdV)) — X xqgU

and its Chern class by ¢(TUg) € H*(X x¢g U). That is, ¢(TUg):=ryc®(V), where
ry:HE(X) — H*(X xg U) is the canonical projection and ¢ (V) is the Chern class
of the representation V. Combining the above maps, we define

Ty.=c(TUg)™ —~C.ojl: FE(X x V) — H (X x¢ U).

inv

Its projection to the truncated homology is also denoted by the same letter.
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Levma 3:-1. For U <, U, the following diagram commutes:

Ty, «

‘7:221 (X X V) — Htrww(X Xa U)

v | L evu
T(/ *

f;cer (X X V/) — Hll”’[t)%C(X Xa U/)

Proof. We write Ty = Cy.. 0 ji; (Cy=c(TUg)~" ~ C,) for short. For U <, U’
V'=VeWV,U=U-8,U =V"-Y5), we take the following diagram, in which
the left vertical map p* is ¢y y/, the middle vertical map ¢, o p* is $U7U/ and the right
vertical map ¢, o p* is gy -

Fo (X xV) ]L F(X xqU) U Hypne(X X U)
L p (1) L p (2) 1 p*
FOX x V') Jiev F(X xg (UaV) = HypelX x¢ (U@ W)
(3) bt 4) 1 ot
FEX V) i F(X xq U € HypelX % U).

We show that maps of the big square surrounding the diagram commutes. First,
since <£U7U/ is a restriction of ¢y s, the square “(1)+ (3)” (forgetting the middle
arrow jray,) commutes, although (1) commutes but (3) does not. Next look at (2).
For the projection p = pyyaev,: X X¢ (U B V) = X X¢g U, we let c¢(p) denote the
Chern class of relative tangents of p, i.e., c(p) = Ty, c® (Vi) € H (X x¢ (U W)). It
then follows from the Verdier-Riemann—Roch formula ([11, 32]) that the following
diagram commutes:

F(X x¢ U) -, H.(X x¢ U)

prl Lelp) ~p
FIX xq (UaV) < HA(X xg (UaW)).
Then for a € F(X X U) we have
P Cuu(@) = p"(e(TUc) ™" ~ Cu(a))
=p"e(TUs) ™" ~ p"Cil)
=" dTUo) rvev, V) ruer e (Vi) ~ p*Cu(e)
= (T(U ®Vi)e)™" ~ (c(p) ~ p*Ci(a))
=(T(U&WV)g)™" ~ Cu(p"(a))
- CU@VI:*(p Oé).
So the square (2) commutes.

The remaining part is (4). The inclusion ¢: U @ V; — U’ is not proper so we don’t
use the functoriality of C,, but we recall that its complement U' — U @ V] has a
sufficiently large (complex) codimension > s (s = codim S of U). Therefore, for any
Ity € F(X xg (UaW)), the difference between ¢ = 1, Cy (L) and ¢/ = Cy(t.1ly ) has
support with codim > s. Since ¢(T'(U & V})¢) = t*¢(T'U(,) is obvious, we have

LCrav, «(ly) = c(TUL) ™" ~ e =c(TUL) ™ ~ ¢ = Cyr (b llyy)

up to the truncated part (of the dimension > 2(n +1' — g) — 2s). Thus (4) commutes.
This completes the proof.



124 T. OumMoTO

Definition 3-2. We define the limit homomorphism

C¢=lim Ty .. FO(X) = HI(X),  ¢v(ar) — pu o Ty .(av),

where ¢ : FS

v

(X xV) — F9X)and ¢y : Hyppe(X xgU) — HY(X) are identification
maps.

3-2. Proof of Theorem 1-1
The rest is to show the following properties:
(a) C¢: F%(X) — HY(X) satisfies the expected naturality:
(i) C(a+ f) = C%(a) + CE(B). a, € FO(X):
(i) CY o f¢ = f% o CY for proper G-morphisms f: X — Y;
(iii) If X is non-singular, then C¢(1§) = ¢ (TX) ~ [X]qg.

(b) Suppose that for each U we are given a homomorphism DT ,.: FS (X x V) —
Hyyne(X X¢ U) commuting with the structure homomorphisms (¢y /- and
@u.v) such that its inductive limit DY : F¢ — HE satisfying the above prop-
erties (i), (ii) and (iii). Then D¢ coincides with our C¢.

Proof. (a) (i) is trivial. (ii) follows from the fact that C.o(f X id). = (f X¢ id).0Ci
for the induced proper map f Xg id: X Xg U — Y xg U. To show (iii) we recall
the normalization property of C,. If X is nonsingular, then X x¢ U is also, hence
Cillxx,v) = c(T(X xg U)) ~ | X x¢g U]. Since ¢(T'(X x¢g U)) = c(T'Xg)c(TUg)
where c¢(T'X¢g) = 1y c“ (T'X), we have

c(TUG) ™ ~ Colllx x,v) = 158 (TX) ~ [X x¢ Ul
Thus, by definitions,
Cé(tx) = C(pullxxv) = v o Tya(lxuv)
ou (c(TUa)™" ~ Cu(llx xsv))
Yu (TUCG(TX) ~ X xg U])
NTX) ~ [ X]e-

(b) This is straightforward from the uniqueness of ordinary C,: by (iii) it turns out
that DTy . also have the natural functoriality and the normalization condition up
to the truncated homologies. Hence by the uniqueness of C,., DTy . must coincide
with our Ty . (up to the truncated homologies). Since we can take U(= V — 5) so
that codim S is any large number, thus D¢ = C¢.

This completes the proof of Theorem 1-1.

3-3. Remark on limit systems

The above construction of C¢ is summarized as follows in connection with a
certain homology theory for provarieties (Yokura [33]). We may take another kind
of inductive systems for the definition of equivariant (co)homology: let us replace the
structure homomorphisms ry y: H (X xXq U') — H*(X x¢ U) and oy .pr: Hypne (X X
U) = Hyyne(X xg U) for U <, U (V' =V & V) by

g =ryc? (V) ronw, v =ryc® (Vi) ~ puu.
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Let hi(X) and h% (X) denote the limits of these “twisted” systems, which are very
similar to the ones given in [33]. We define c(Tp¢) € h{:(X) to be the projective limit
{c(TU¢)}u, which in fact corresponds to the element 1 € Hf (X). Further we obtain
™' hG(X) ~ HE(X) defined by automorphisms of Hj,,,..(X x¢ U), € = ¢(TUg)™! ~
€. Then, C¢ is factored as follows:

FOX) " mG(X) £ HE(X).
The first map is just the inductive limit of (ordinary) MacPherson transforms (C,)y,
which is well-defined by the VRR (see [33] in a general setting). The second map
corrects the twisting of the limit systems, that roughly means reducing the Chern
class factor of “horizontal tangents 7T " of the fibration m: X x¢ EG — BG.

3-4. MacPherson’s transformation for quotient stacks

This subsection is a bit isolated from others. We work here over k of characteristic
0 with use of A, and assume again G-schemes X to be quai-projective with linearlized
G-action. “The quotient of X via G” exists in the category of algebraic stacks, i.e.,
the quotient stack X = [X/G] associated to the groupoid G x X — X x X ([31,
appendix|, [6]). Then X is a category itself, whose objects are principal G-bundles
E — T together with G-equivariant morphism E — X and its arrows are morphisms
between principal bundles which make the equivariant morphisms to X commute.

In ([6, proposition 16]), the integral Chow groups of a quotient stack X = [X/G]
is introduced as A, (X):= A*G_g(X) where ¢ = dim G, which is independent from the
choice of the presentation (to avoid any confusion, we put a bar over the letter A,).
The following lemma is shown in the same manner:

Lemya 3:3. If [ X/G| ~ [Y/H] as quotient stacks, then F&

o

(X) = FLY).

Proof. Let X :=[X/G]. Since the diagonal of a quotient stack is representative,
the fibre product X x» Y is a scheme. It has an obvious action of G x H. The
diagram X £~ X x4 Y B2 Y of G and H-equivariant projections is regarded as the
object corresponding to the morphism ¥ — X (p being the principal G-bundle),
as well the object corresponding to X — X(~ [Y/H]) (p; being the principal H-
bundle). Then via the pullbacks of constructible functions, we have isomorphisms

FO(X) L FE (X w0 v) E FH ().

mv v

Thus we define the Abelian group of constructible functions for X = [X/G] to be
-7:—1'711,‘(X) = ﬁ%(x) :

Remark 3-4. 1f G acts on X trivially, A,(X) isidentified with A, (X). Asin [6], if the
action of G is (locally) proper, then X becomes an algebraic space so the Chow group
A, (X) makes sense, and then theorem 3 in [6] says that A, (X) ® Q ~ Affg (X)) ®
Q= Au(X) ©Q).

Let us consider the following category: the objects are quotient stacks [X/G] of
quasi-projective varieties X with linearlized actions of some algebraic groups G, the
arrows are morphisms f:[X/G| — [Y/H], f: X — Y being quasi-projective.

It is easily verified that for this category of quotients, F and A, are covariant
functors. It follows from Theorem 1-1 that:
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THEOREM 3-5. For the category of quotients X having presentations | X /G| as above,
there is a natural transformation Cy: Fyp(X) — AL(X) so that for any nonsingular
varieties X = X (with trivial actions), it holds that C,(11x) = c(TX) ~ | X].

It is also possible to define F(| X/G]) as the inductive limit of F;,,(| X x V/G]) and
extend C, to the group (cf. Corollary 4-2 below).

As noted in Section 2-2, presumably the above theorem would be stated for gen-
eral quotient stacks (i.e., without quasi-projectiveness) by generalizing Kennedy’s
formulation to algebraic spaces. Also for (general) algebraic stacks, MacPherson’s
transformation C, is expected (cf. [16]).

3-5. Canonical series of Chern-SM classes

At first, we set ozX/G to be iy € FY (X). For the simplicity, abusing the (set-
theoretic) notation, let Com(G; k) be the scheme of mutually commuting k-tuples,
i.e., it consists of (gi,...,gx) € G x -+ x G with g;g; = g;g; (cf. [5]). We set Z*) to be
the correspondance in the product Com/(G; k) x X defined by equations g;.xz = x for
all 4, and m: Z®) — X to be the natural projection to the last factor. We define (the
k-th) canonical constructible function by

o) = (m)ll y) € FG(X)
(see also [24]). We call the integral Chern class Cf(c)z(Xk}G) in HY (X)) (or A% (X)) the
equivariant Chern—Schwartz—MacPherson classes of X associated to mutually commuting
k-tuples of G.

Those Chern classes surely contain much information of the action. For example, let
take a particular case that G is a finite group and X/Gisa Variety Then the average
is defined within rational coefficients to be HX/G (1/|G)) aX/G in F¢ (X)®Q, and
a simple computation shows that the integral fX Q/G (resp. fX (;)/G) is equal
to the Euler characteristic x(X/G) of the quotient varity (resp. the orbfold Euler
(hamcteristic X°""(X; G) in the sense of, e.g., [15]). By Section 4-1 below, we see that
C’G( P /0) are the “class version” of these (orbifold) Euler characteristics.

A general theory of constructible functions can be seen in [16], see also [9] for a
related Chern class.

4. Some properties

Properties of (ordinary) MacPherson’s Chern class theory can be easily extended
to be certain forms in the equivariant setting. Here we give some remarks on a few
basic ones.

4-1. Components of C€ (1l x)

It is clear by definition that CC (1l x) consists of C¢ (1lx) € HS (X), which is called
the ith component, furthermore CY (1l y ) is always trivial for any negative i.

We remark about the lowest Oth component and the top nth one of C% (1l y) for a
projective G-variety X of (equi)dimension n.

Let f: X — {pt}, the pointed map. For any invariant constructible function « €
FE (X)) the degree of the Oth component Gy(«) is defined to be the number f¢C§ (o) €

o
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Fe

mv

(pt) = Z. 1t is easily seen that
the degree of C§ (o) = / a € Z.
X

In fact, for o = fl y,

FECE (x) 2 CF £ (1x)  X(OCE (1) 2 X(X) [t
Here (1) is by the naturality, (2) comes from the linearity and the fact that ¢ (1l x)
fX Ix = x(X) as seen before, and (3) is the normalization condition C'*G(Ilpt)
¢ (Tpt) ~ [ptle = [pt]e (corresponding to 1 € H*(BG)).
As to the top component, recall the ordinary case: C,, (Il x) = [X]| € Hy,(X). In
our equivariant setting, C% (1l x) is the limit of ¢(TUg)~" ~ C.(llx x,v) whose top
component is the fundamental class [X xg U], thus C%(1lx) = [X]g.

4-2. Equivariant Verdier—Riemann—Roch

We can formulate an equivariant version of the VRR formula for smooth morph-
isms ([32]).

THEOREM 4-1. Let f: X — Y be a G-equivariant smooth morphism with a G-
equivariant relative tangent bundle v of dimension m. Then the following diagram
commules:

Few) & mS(y)

[l L

c?
FOX) = Hiy,(X)

where f** is defined by f**(c):=c(v) ~ f*(c).

Proof. Given a f: X — Y as above, then for any U, we set f''=f x¢ id: X xq U —
Y X U, which is an smooth morphism with the relative bundle vg :=v Xg U over
X xg U. We apply the ordinary VRR formula to this f’, and then we have

FY xeU) 5 HAY %6 U)

(ol L
FX xcU) % Hoon (X %6 U)
where Cpy . = ¢(TUg)™" —~ Cy and (f)** = c¢(vg) —~ (f’)*. This commutative diagram

for U and the one for U’ with U <, U’ are compatible with Q§U7U/ and @y, s0 we
see the claim similarly as in the proof of Lemma 3-1.

COROLLARY 4-2. The limit homomorphism

lim (CY o ¢): FE€(X) = lim FZ,

(X x V) —lim H(X x V)

coincides with the composition p** o C of the transformation C¢: F¢(X) — HY(X)
and the twisted identification p**: HE (X) = HC, 4 v (X x V), p* = (V) ~ p*,
where p s the projection X x V — X.
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Proof. The claim is shown by the following diagram whose right square is a simple
VRR

. G
FE(X xV)xV) 25 FEX xV) S5 HEL(X x V)
T (p x ud)* T p* ] ~ 71 p**
FE(XxV) 2 Fex) S HOX)

where first two ¢y ’s are identification maps of the inductive limits. Clearly, ¢y o (p X
id)* equals the canonical inclusion ¢y: F& (X x V) C F4(X x V).

4-3. Equivariant Chern—Mather class

Recall that there are two key ingredients in MacPherson’s construction of C.
(|22]), that are the local Euler obstruction and the Chern—Mather class. Here we briefly
describe their relationship in the equivariant setting.

The local Euler obstruction constructible function Euy of a variety W defines
an isomorphism Eu: Z(X) — F(X) (|22], see also [13] in the algebraic context). On
one hand, we think of the equivariant Chern—Mather class: let X be a G-invariant
reduced scheme of equidimension n and assumed to be G-embeddable into some
G-nonsingular variety, say M. Then, the G-equivariant Nash blow-up of X — X
is obtained (X' is the closure of the nonsingular part of X in the Grassmanian of
n-planes in T'M, v the natural equivariant projection, and TX the restriction to X
of the tautological G-vector bundle). We then define

CH (X)=v8 (¥ (TX) ~ [X]o) € HE (X).

Let Z¢ (X) denote the subgroup of Z(X) consisting of G-invariant algebraic cycles,

mv

and CM:.Z% (X) — HY(X) the homomorphism assigning linear sums of corres-

ponding equivariant Chern—Mather classes. Then the following proposition is easily
verified:

ProprosITION 4-3. Let X be a G-variety. Then:
(1) Eux is G-invariant, and the restriction of Eu to the group of invariant cycles gives
an isomorphism Eu: ZZ (X) — F& (X);

(2) It holds that C€ o ¢y = CM o Eu=" (¢ being the inclusion as in Section 2), and in
particular, C¢ (Buyx) = CH(X).

Replacing X by X x V and taking the inductive limit, we obtain p** o C¢ =
lim_, C¥ olim_, Eu~" where p** is the twisted identification as in Corollary 4-2. We
might have taken (2) as the naive definition of C¢ for invariant functions.

This proposition is sometimes useful rather than the “functorial” definition of C¢
given in Section 2. For instance, it becomes clearer that C¢ recovers the ordinary C,.
Take a fibre of X xqU — U/G, and denote the inclusion of the fibre by i: X € X xqU
(in abusing the notation), which induces a homomorphism i*: HY (X) — H,.(X), see
[6].

ProprosiTiON 4-4. The following diagram commules:

M
C(v‘

FEX) T ozex) © HE(X)
|

Eu—l CM
Fx) " ozxy S OH(X).
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Proof. The left square means the restriction of Eu=' to FS,(X), so it commutes. On
one hand, the restriction of v xX¢ id: X x¢g U — X X U to a fibre i(X) is isomorphic
to the ordinary Nash blowing-up v: X — X, thus by the definitions of C* and C}',

the right square commutes.

5. Thom polynomials

In this section we discuss on G-characteristic classes associated to G-classifications
of a G-space (= classifications of “singularities” of various objects). This correspond-
ence is given by a “Segre-version” of C¢. We assume k = C in Subsection 5-1, but in
the other subsection we think of both contexts although we write H, throughout.

5-1. Thom polynomial

Let X be a nonsingular G-variety. Then, we have

Dualg 0 C¢: FY

o

(X) — Hg(X)

by using G-Poincaré dual. For a G-invariant subvariety W of X with codimension
[, the leading term of Dualg o CY (1l ) is the G-equivariant Poincaré dual to [W]g
in X, which is usually called the Thom polynomial of W (in G-classification of X)
denoted by tp(W) € HZ(X), cf. [8, 17, 18] and their references.

In particular, if X is a G-affine space (as a usual case in ¢p theory), H:(X) =
H*(BG) and hence tp(W) is written as a polynomial of characteristic classes ¢; of
G-bundles, which has the “universality” in the following sense:

(Universality). For any bundle £ — M with fibre X and the structure group G over
a nonsingular base space M of dimension m, we associate a subbundle Ey — M
with fibre W (because W is G-invariant). For a “generic” section s: M — E, we set

W(s)= 51 (BEw)

and call this the singular set of type W, which has the expected codimension | =
codim W. Let i: W(s) — M be the inclusion. Then, the fundamental class of the
singular set is expressed in M by

L [W(s)] = tp(W)(c(E)) ~ [M] € Hapm—1y)(M)

after substituting ¢;(E) to ¢; arising in tp(W) € H*(BG).

This theorem basically goes back to Thom [29], and it is proved in a topological
setting (cf. [8, 17]). In an algebraic setting, we show a more general statement later.

As a typical example of Thom polynomials, there is the so-called Thom—Porteous
formula: Let X be the affine space Hom(C™,C™**) on which the group G =
GL(m,C) x GL(m + k,C) operates from the right and left as linear coordinate
changes. The invariant subvariety W under consideration is the closure of the orbit
with kernel dimension 7, usually denoted by Z'. Let f: E — F be a suitably generic
vector bundle map over M, i.e., a section f: M — Hom(E, F), where E and F' are
of rank m and m + k, respectively. Then the fundamental class of the degenerate
loci Zi(f) is expressed (as in cohomology of M) by a certain Schur polynomial in
ci(F — E), that is tp(X%), cf. [10, chapter 14]|. Throughout Section 5, it would be
helpful to bear this example in mind.
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5-2. (eneric morphisms with respect to a subvariety

In this subsection, we forget the group action. Let k£ = C and f be a morphism
of a possibly singular variety into a nonsingular variety, and W a subvariety of the
target variety of f. Note that any corresponding complex analytic variety admits a
Whitney stratification. We say f is transverse to W (or say, generic with respect to
W) if the restriction of f to any stratum of the source variety is transverse to any
strata of W.

Instead, we define the “genericity” of f with respect to W in the algebraic context.
It is, in fact, related to the VRR theorem. Let us recall that the (ordinary) VRR
theorem for smooth morphisms f (Yokura [32]) says that C, is compatible with f* and
[ =c(vg)™" ~ f*, however the theorem fails for non-smooth morphisms (especially,
regular embeddings). On one hand, morphisms f in which we are now interested are
regular embeddings, or more suitably, local complete intersection morphisms, cf. [10]
(a l.c.i. morphisms f: X — Y is a composition of a regular embedding i: X — N and
a smooth morphism (e.g., fibrations) p: N — Y; it has the virtual normal bundle
v =vx —T,). Typical examples we take in mind are sections of vector bundles (e.g.,
sections X — Y :=Hom(E, F')) or any morphisms between nonsingular varieties.

Although the VRR theorem for l.c.i morphisms fails, the VRR formula for a
distinguished element Iy € F(Y') makes sense:

Definition 5-1. Let f: X — Y be a l.c.i. morphism with the virtual normal bundle
v. We say that f is generic with respect to a subvariety W of Y if it holds that
C,o f*(lyy) = f** o O (lly), i.e., i, CSM (F=Y W) = c(v)™" —~ f*i,CM (W) where i,

are induced maps via inclusions.

ProrositioN 5-2. (1) Any smooth morphism f: X — Y is generic with respect to any
subvariety in Y. (2) Any l.c.i. morphism f: X — 'Y is generic with respect to Y.

Proof. This is straightforward from the definition.

Remark 5-3. It was J. Schiirmann who established the generalized VRR formula
for l.c.i. morphisms (|27, theorem 0-1]) which describes the defect C, o f* — f** o C,
in terms of the generalized vanishing cycle functor. In the following subsections, we
may state theorems by using his vanishing cycle functor, instead of assuming the
“genericity”’. We also remark that in the complex case, the “transversality” (in the
sense of the stratification theory) implies the “genericity” in the above sense (cf. |25,
proposition 1-3], [23] [27, corollary 0-1]).

5-3. Schwartz—MacPherson Segre class

For a closed subscheme Z in a nonsingular variety M, we define
sSM(Z, M)=c(TM|z)™" ~ CM(Z) € H,(Z)

as an analogy to the relation of the Segre covariance class and Fulton’s canonical class
defined in [10]. This “Segre version of SM classes” has also been introduced in [2]. We
may denote this class by s5* (1l 7, M) (Z being a (reduced) subvariety). We also define
sM(Z, M) by replacing CM to CM (for a subvariety Z, sM (i z, M) = s™ (Euy, M)).
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Let us return to our equivariant setting. We give a generalization of ¢p as follows:

Definition 5-4. For an invariant subvariety W in a nonsingular G-variety X (its
G-inclusion is denoted by i: W — X)), we define the universal Segre—SM class

oMW, X) = (TX|w)™' ~ CC(ly) € HEW),

or equivalently, s2M (W, X) = @y s (W xg U, X x¢ U) where ¢y is the limit map
Hype(W xg U) — HE(W) Its G-equivariant dual in X is denoted by

tpS M (W):=Dual g i%s2M (W, X) € H(X).

Note that tp° (W) is a formal power series

PV = 3"t W) € i () = [ Hox
i=0
5-4. Universality for sections
Let s be a section of a bundle &' — M with fibre X and structure group G, W an
invariant subvariety of X. For short, we say s: M — FE is generic (with respect to W)
if the morphism s is generic with respect to the associated subbundle Eyy with fibre
W . In the following theorem, we assume that M is a quasi-projective variety:.

THEOREM 5-5. Let X be a G-affine space, W an invariant subvariety of X of codi-
mension 1. Then,
(i) tp? M (W) = 0 (i < 1) and tp; ™ (W) coincides with the Thom polynomial tp(W):

tpSM(W) = tp(W) + higher terms.

(ii) (wniversality) For any generic bundle E — M and any generic section s w.r.t. W,
we have

L.CHM (W (s)) = tp° M (W)(e(B)) ~ C¥M(M) € H.(M),
where i, denotes the induced map by the inclusion.

Remark 5-6. As a generalization of Thom—Porteous formula, Parusinski—Pragacz
[25] give a formula of Schwartz—MacPherson classes of degeneracy loci of bundle
maps, that is one of our motivation to define our generalized tp as given above. In
fact, they computed tp°M of i, see theorem 2-1 in [25].

Proof. (1) This is obvious, in fact the top term of i¢ C2M (W) is just i¢[W]q €
HGn 1) (X) .

(2) The main point is the following key lemma (lemma 1-6 of Totaro [30]) on the
existence of classifying maps of G-bundles over a quasi-projective variety:

Lemma 5-7 ([30]). For any algebraic bundle EE— M with fibre X and structure group
G over a quasi-projective variety M, there is a bundle g: My — M with fibre being an
affine space which admits an algebraic classifying map p: My — U/G for some large
U=V -5 (e1(Q)) sothat p*(X x¢g U) ~ ¢*FE

E «— ¢E 5 XxcU — Xx¢EG
l l ! !
M <4 M, L UG -  BG
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The rest of the proof is straightforward from this lemma, the inductive limit
argument and the genericity of morphisms w.r.t. certain varieties associated to W.

We take M, as in Lemma 5-7 and denote My =X xq U and Wg =W xg U (C M,).
Now X is assumed to be an affine space, so M, is nonsingular, and hence C*M (M,) =

(T M) ~ [ Ms]. Then

ru tpSfW <W) — CS]\J (MZ)
=1y tp* M (W) - o(TMy) ~ [Ms]

= ¢(TM,) -1y o DualG 0 il (stM (W, X)) —~ [ Ms)]

= ¢(TM,) - Dual™" o 7y 0 Dualg o @y (1,8 (Wg, Ms,))
= o(TM,) ~ i,8°M (Wg, Ms,)

= c(TM,) ~ (c(TM,)™" —~ i,C5M (W)

=i, CSM(WG)

The section s: M — E induces a section s’: M| — ¢*E, and then set fi=pos": M| —
M, and vy the virtual normal bundle of f (in fact p can be taken as a regular
embedding). Since we assume s is generic (w.r.t. Eyy ), it turns out that f is generic
w.r.t. W and hence we have

i O (W(s) = C(Vf>_l ~ [ O (We),
CSM (M) = cluy) ™" ~ 7 OV (),
Also for the smooth morphism ¢: M, — M,
L O W) = 7 OV (W(s), O (M) = g7 OV (),
where ¢** = ¢(T,) ~ ¢*: H. (M) — H.(M;). Since H}(X) = H}(pt) ~ H*(BG) (X

being a G-affine space), f*ry is identified with the pullback via the classifying map
p*ry, which sends the universal characteristic class ¢; € H* (BG) to the Chern class
ci(¢*E) € H*(Mj). Thus, we have
¢ i CFM(W(s)) = i, M (W (s)
= c(vp)~t ~ i, CSM (Wg)
= clvy)™ ~ o M (W) ~ CPY (M)
o™ (W) ~ (elvy) ™"~ f* OV (M)
= tp° (W)(e(g" E)) ~ C (M)
= 1p* (W)(elg" E)) ~ g O3 (M)
=q" (tp” (W)(e(B)) ~ CZ (M),

Since ¢** is an isomorphism, this equality shows (2). This completes the proof.

JOROLLARY 5-8. Let k = C. For a generic section s as above, the topological Euler
characteristic of the singular set W (s) of type W is given by the universal polynomial
such as

(W (s)) = /A W el ) ~ O (),

Proof. This is a direct consequence from the fact that the Euler characteristic of
a variety is equal to the Oth degree of its (ordinary) Schwartz—MacPherson class.
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