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Abstract

We study Lauricella’s hypergeometric function F of m-variables by using twisted
(co)homology groups. We construct twisted cycles with respect to an integral
representation of Euler type of Fo. These cycles correspond to 2™ linearly in-
dependent solutions to the system F¢ of differential equations annihilating Fe.
Using intersection forms of twisted (co)homology groups, we obtain twisted pe-
riod relations which give quadratic relations for Lauricella’s Fg.

We provide the monodromy representation of the system Eo. We give gen-
erators of the fundamental group of the complement of the singular locus of
Ec. We represent the circuit transformations along these generators by the
intersection form on twisted homology groups.
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Introduction

Lauricella’s hypergeometric series Fo of m-variables x4, ...,z with complex
parameters a, b, ¢y, ..., ¢y, is defined by
oo
a,ni+ -+ ny)b,n1+ -+ n
Fe(a,b,cx) = Z (a,m1 m)(b, 71 ' |m)x?1--~$nm’”,
T (c1,m1) ++ (Comy M )11+ -+ !
where x = (1,...,2m), ¢ = (c1,...,¢m), €1, ¢cm & {0,—1,—2,...} and

(c1,m1) =T'(c1 +n1)/T(c1). This series converges in the domain

m
Z VvV |l‘]€‘ < 1} s
k=1

D¢ = {(ml,...,wm) eCc™

and admits the integral representation (0.4). The system E¢(a,b,c) of differ-
ential equations (0.1) annihilating F(a,b, c; z) is a holonomic system of rank
2™ with the singular locus S given in (0.2). There is a fundamental system of
solutions to Ec(a,b, c) in a simply connected domain in De — S, which is given
in terms of Lauricella’s hypergeometric series Fo with different parameters, see
(0.3) for their expressions.

In the case of m = 2, the series Fc(a,b,c;x) and the system E¢(a,b,c)
are called Appell’s hypergeometric series Fy(a,b,c;x) and system Ey4(a,b,c) of
differential equations. The monodromy representation of F4(a,b,c) is studied
in [11] and [18]. In [11], an explicit expression of the fundamental group of the
complement of the singular locus

S = (1'1.%'2(51,'% + x% —2x1x9 — 221 — 222 + 1) = 0) cC?

is also given. In [9], we study Fy and Ej by twisted (co)homology groups con-
cerning with the integral representation (0.4) for m = 2. We construct twisted
cycles corresponding to four solutions to Ey(a,b,c) expressed by the series Fy,
and evaluate their intersection numbers. We also evaluate the intersection ma-
trix for a basis of the twisted cohomology group. By using these results, we
determine the monodromy representation of F4(a,b,c) and give twisted period
relations, which are quadratic relations between two fundamental systems of E,
with different parameters.

In this paper, we study Lauricella’s F of m-variables geometrically, by
twisted (co)homology groups and intersection forms on these groups. First, we
construct 2™ twisted cycles corresponding to the solutions to E¢(a,b,c) rep-
resented by the series Fo, and evaluate the intersection matrix for them. We
also evaluate the intersection numbers of some elements of the twisted cohomol-
ogy groups. These intersection numbers give twisted period relations which are
quadratic relations for Lauricella’s Fo. Next, we investigate the monodromy
representation of E¢(a,b,c). We give generators of the fundamental group of
the complement of the singular locus S, and obtain some relations among these
generators. By using the intersection form on twisted homology groups, we
provide the circuit transformations along these generators. We explain these
results in four chapters.

In Chapter 1, we explain the construction of the twisted cycles which repre-
sent elements in the m-th twisted homology group concerning with the integral



representation (0.4). In the study of twisted homology groups, twisted cycles
given by bounded chambers are useful. However there are few bounded cham-
bers in our case. By avoiding this difficulty, we succeed in constructing 2"
twisted cycles. We explain our idea in the construction. Our twisted homology
group is defined by the multi-valued function

m

u(t) — H t]lc—ck-l-b . UZZL:1 ck—a—m—+1 ,w—b7

k=1
m m m T
k
v=1- e, w= th-(1— — 1,
- qln (1-3°2)
k=1 k=1 k=1
for fixed small positive real numbers z1, ..., 2. Let {i1,...,4,} be a subset of

{1,...,m} of cardinality . We embed the direct product of an r-simplex and
an (m — r)-simplex into the bounded chamber

{(t1,. -y tm) ER™ [ t1, ... tm, v, w >0}

As is in Section 3.2.4 of [1], we can eliminate the boundary, and obtain the
twisted cycle A;,...;.. In this elimination, we use a different way from the usual
regularization. We realize it by using the twisted homology group defined by
another multi-valued function, see Section 1.2 for details. Our first main the-
orem (Theorem 1.4) states that the twisted cycle A,,...;. corresponds to the
solution to E¢(a,b, c) with the power function H;Zl x;Ci’). By our first main
theorem and the proof of Lemma 4.1 in [9], it turns out that the intersection
matrix becomes diagonal. Moreover, our construction and results in [13] enable
us to evaluate the diagonal entries of the intersection matrix.

In Chapter 2, we give twisted period relations. We evaluate the intersection
numbers of some elements of twisted cohomology groups. These numbers and
the intersection matrix for bases of twisted homology groups imply twisted pe-
riod relations which are originally identities among the integrals given by the
pairings of elements in twisted homology and cohomology groups. Our first
main theorem transforms these identities into quadratic relations among hyper-
geometric series Fg’s. Our second main theorem (Theorem 2.5) states these
formulas in Section 2.2.

In Chapter 3, we study the fundamental group of the complement X of
the singular locus S. Our third main theorem (Theorem 3.2) states that the
fundamental group of X is generated by m + 1 loops. We denote them by

P0, Pls---> Pm- Here pi (1 < k < m) turns the divisor (z; = 0), and pg turns
the divisor
H <1+Z€k\/l‘k> =0
E1,.em==1 k
around the point (#, RN #), positively. We show this claim by applying the

Zariski theorem of Lefschetz type. Moreover, the proof of this theorem gives
some relations among these generators.

In Chapter 4, we study the monodromy representation of E¢(a, b, ¢) by using
twisted homology groups and the intersection form. By the third main theorem,
it is sufficient to investigate the circuit transformations M; along p;, where
0 < i < m. By using twisted cycles constructed in Chapter 1, we obtain



the representation matrices of My, ..., M,, easily. However, it is difficult to
represent M with respect to these twisted cycles. Our fourth main theorem
(Theorem 4.6) states that Mg has the following properties:

e The eigenvalues of Mg are (—1)™ ' [, v -a !3~" and 1.

e The eigenspace Wy of My of eigenvalue (—1)" '], 7% - a~!37! is one-
dimensional, and spanned by the twisted cycle D;..,, defined by the
bounded chamber

{(t1,. s tm) ER™ | t1,..., tm, v, w>0}.

e The eigenspace Wi of My of eigenvalue 1 is (2" — 1)-dimensional, and
expressed as

Wi = {0 € Hy(Ts,uz) | In(6,DY...,,,) = 0},
where I, is the intersection form on twisted homology groups.

As a corollary, we can express the linear map M by using the intersection form.
To represent M, by a matrix with respect to a given basis, it is sufficient to
evaluate some intersection numbers. We also make use of the intersection form
to prove the fourth main theorem. The twisted cycles A;’s constructed in Chap-
ter 1 play a key role, in the proof. Further, we write down the representation
matrices of My, ..., M,,, for m = 2,3.

Preliminaries

We collect some facts about Lauricella’s Fio and the system E¢ of differential
equations annihilating it.

Notation 0.1. (i) Throughout this paper, the letter & always stands for an
index running from 1 to m. If no confusion is possible, ;- and [[,—,
are often simply denoted by »_ (or >, ) and [] (or [],), respectively. For
example, under this convention F¢(a, b, c;x) is expressed as

> a,y ng)b,>Y n -
Fo(a, b, o) = Z (Ha,sig-%n;) T

N1yeery Ny, =0

(ii) For a subset I of {1,...,m}, we denote the cardinality of I by |I|.

Let 0 (1 < k < m) be the partial differential operator with respect to xy.
We set Oy, := x40k, 0 := ), 0. Lauricella’s Fo(a,b,c; x) satisfies differential
equations

0x(Ok +c—1) —zk(0+a)(0+b)] f(z) =0, 1<k<m. (0.1)

The system generated by them is called Lauricella’s hypergeometric system
Ec(a,b,c) of differential equations.



Fact 0.2 ([10], [14]). The system Ec(a,b,c) is a holonomic system of rank 2™
with the singular locus

S = (1;[ Ty - H_il (1 + gsk\/fk> = O) ccm. (0.2)

If c1,...,¢m € Z, then the vector space of solutions to Ec(a,b,c) in a simply
connected domain in Do — S is spanned by the following 2™ elements:

s T T
e, o
fiyeoin ::HxipcP-Fc <a+r— g Cipy b1 — E ci,, "t “;x). (0.3)
p=1 p=1 p=1

Here v runs from 0 to m, indices i1,...,1, satisfy 1 <141 < --- < i, < m, and
the row vector ¢***r is defined by

ks
= e 22(1 — Ci,)€iy,
p=1

where e; is the i-th unit row vector of C™.

For the above i1, ...,i,., we take j1,...,jm_r SO0 that 1 < j; < - < jm_r <
m and {i1,...,%, 51, Jm—r} = {1,...,m}. It is easy to see that the i,-th
entry of ¢ is 2 —¢;, (1 < p <r) and the jo-th entry is ¢;, (1<qg<m—r).
We denote the multi-index “4; - - - i,.” by a letter I expressing the set {i1,...,%,}.
For example, we also write

fi1--~i7. :fIZH.’Egici - Fo <a—|—|I|—Zci,b+|l|—20i,cl;x>.

iel iel iel
Note that the solution (0.3) for r =0 is f(= fy) = Fe(a,b, c; x).

Fact 0.3 (Integral representation of Euler type, Example 3.1 in [1]). For suffi-
ciently small positive real numbers x1,...,Tm, if ¢1,...,Cm,a— Y. cx & Z, then
Feol(a, b, c;x) admits the following integral representation:

FC (CL, b7 C; 33)

B I'(l—a)

CJIT(A =) T er—a—m—1)

—b
. /A Ht;% (11— Ztk)ZCk—a—m ) (1 _ Z Z) dty A+ Adty, (0.4)

where A is the twisted cycle made by an m-simplex in Sections 3.2 and 3.8 of
[1].

In fact, this cycle is one of twisted cycles constructed in Section 1.2.




Chapter 1

Twisted cycles

In this chapter, we construct 2™ twisted cycles which represent elements of the
m-th twisted homology group concerning with the integral representation (0.4).
They imply integral representations of the solutions (0.3) expressed by the series
Fc. We evaluate the intersection numbers of these 2™ twisted cycles. Further,
we give relations between our twisted cycles and those defined in [9].

As is in [10], the irreducibility condition of the system Ec(a,b,¢) is known
to be

a—icir, b—icir g7
p=1 p=1

for any subset {i1,...,4,} of {1,...,m}. Since our interest is in the property
of solutions to Ex(a,b,c) expressed in terms of the hypergeometric series Fg,
we assume throughout this and the next chapters that the parameters a, b, and
¢=(c1,...,cn) satisty the conditions above and ¢y, ..., ¢y, € Z.

1.1 Twisted homology groups

We review twisted homology groups and the intersection form between twisted
homology groups in general situations, by referring to Chapter 2 of [1] and
Chapters IV, VIII of [19].

For polynomials P;(t) = Pj(t1,...,t ) (1 j < n), weset Dj := {t |
P;(t)=0}cC™and M :=C"™ - (D;U---UD ) W consider a multi-valued
function u(t) on M defined as

=[P, yeC-z(1<j<n).

Let o be a k-simplex in M, we define a loaded k-simplex ¢ ® u by o loading
a branch of u on it. We denote the C-vector space of finite sums of loaded
k-simplexes by Cp(M,u), called the k-th twisted chain group. An element in
Cr(M,u) is called a twisted k-chain. For a loaded k-simplex o ® v and a smooth
k-form ¢ on M, the integral fg®u u - @ is defined by

/ u- Q= / [the fixed branch of u on o] - .
oRu o



By the linear extension of this, we define the integral on a twisted k-chain.
We define the boundary operator 9* : Ci(M,u) — Cx—1(M,u) by

0"(0 ®u) 1= 0(0) @ uly(e),

where 0 is the usual boundary operator and u|s(,) is the restriction of u to 9(c).
It is easy to see that 9% o 0“ = 0. Thus we have a complex

ColM,u) L5 Co(M,u) 25 oy (M) 25 -

and its k-th homology group Hy(M,u). It is called the k-th twisted homology
group. An element in ker 9 is called a twisted cycle. By replacing Cy (M, u)
with the C-vector space C,lgf (M, u) of locally finite sums of loaded k-simplexes,
we obtain the locally finite twisted homology group H ,lcf (M, u).

By considering u~! = 1/u instead of u, we have Hy(M,u~1). There is the
intersection form Ij, between H,,(M,u) and H,,(M,u~') (in fact, the inter-
section form is defined between Hy, (M, u) and Ha,,—x(M,u~'), however we do
not consider the cases k # m). Let § and ¢’ be elements in H,,(M,u) and
H,,(M,u"") given by twisted cycles Y, ;- 0; ® u; and >0 0@ uj_l respec-
tively, where u; (resp. u;l) is a branch of u (resp. u™') on o; (resp. ¢’). Then
their intersection number is defined by

06,8 =% Y (00}, uz:(s)

i,J Seﬂ'q‘,mU;

where (0; - 0})s is the topological intersection number of m-simplexes o; and o7
at s.

In this paper, we mainly consider
M=C"-HU---UH,UHUD),
where

Hy:=(tr,=0)(1<k<m), H:=(w=0), D:=(w=0),
’UZZI—Ztk, wZZHtk-<1—ZfZ>.

Note that w is a polynomial in t4,...,t,. We consider the twisted homology
group on M with respect to the multi-valued function

u = H ti—ck-&-b . UZ ckfaferlwfb

—b
:Htllcfck . (1 _ Ztk)zck—a—nz+1 . (1 . Z ?:)

(the second equality holds under the coordination of branches). Fact 0.3 means
that the integral

/ diy A - Adby,
up, =
AT T M- A=)

represents Fo(a, b, ¢; ) modulo Gamma factors.



1.2 Twisted cycles corresponding to local solu-
tions f; ..;.

In this section, we construct 2™ twisted cycles in M corresponding to the solu-
tions (0.3) to E¢(a,b, c).

Let 0 < r < m and subsets {i1,...,4.} and {j1, ..., jm—r} of {1,...,m} sat-
iSfy 1 <o <y J1 < < Jm—r and {Z‘l,...,ir,jl,...,jmfr} = {1,,m}

Notation 1.1. From now on, the letter p (resp. ¢) is always stands for an index
running from 1 to r (resp. from 1 to m — r). We use the abbreviations >, []
for the indices p, ¢ as are mentioned in Notation 0.1(3i).

We set

k
where
€T €T,
R E P E . E E Ja
1)1'14..“ —HS% (1 — S, — qu) s wil“-ir .—HS]‘(I' <]. — Sip — S)
p p ' q q p q "Ja
are polynomials in si,...,Sy,. Let u;,...;. and ¢;,...;. be a multi-valued function
and an m-form on M;,...; defined as
Crn A B dsi AN--- Ndsp,
Wiy oondy += H Sk Vi, Wiy Pigei, T 5
& 81 SmUsy- iy

respectively, where

A::ch—a—m—i—L B:=-b, C;,:==c¢;,—1-A, Cj :=1—¢;, —B.

We construct a twisted cycle A, ...;,. in M;,...;. with respect to u;,...;,,. Note that

if {i1,...,4-} =0, then these settings coincide with those in the end of Section
1.1. We choose positive real numbers €1,...,6,, and € so that e < 1 =3, .
And let z1,...,x, be small positive real numbers satisfying
€
T < 7]@5
m

(for example, if

1 1
==, 0<ap < —,
e 3m Tk 9m3

these conditions hold). Thus the closed subset

Si, > €ipy 1= 85, > ¢, }

Sj Z&jq, I—Zqu 26

Oy = {(81,. . .,Sm) cR™

q

is nonempty, since we have (e1+5>-,...,6m+5>) € 04..i,, Where § = 1 —

> er —e > 0. Further, oy,...;, is contained in the bounded domain

1-2 % Y, >0,
Sp o c (0,1)™,
I—ZSiP—ZSTCI >0

sk > 0,

{(51,...,5m) e R™




and is a direct product of an r-simplex and an (m — r)-simplex. Indeed,
(81y.--,8m) € 04y...;, satisfies

™

1_29:1:_Zsjq>1—%s—zsjq>1—zsjq—szo,
1725%72%>].*Zsipfmn:r€>1fzsip*€zo.
Ja

The orientation of 0y,...;,. is induced from the natural embedding R™ C C™. We
construct a twisted cycle from o;,...;,. We may assume that e = ¢ (the above
example satisfies this condition), and denote them by . Set L; := (s; = 0),
ooy Ly = (8m = 0), Lypy1 := (1 =285, = 0), Lyyo := (1 =3 55, =0), and
let U C R™ be the bounded chamber surrounded by L1, ..., Ly, Lim+1, Linto,
then oy,...;, is contained in U. Note that we do not consider the hyperplane
Lyi1 (vesp. Liyy2), when r = 0 (resp. » = m). For J C {1,...,m + 2}, we
consider L :=NjesL;, Uy := U N Ly and Ty := e-neighborhood of U;. Then
we have

Oj1 ety — U — UTJ.
J

Using these neighborhoods Ty, we can construct a twisted cycle A, ...;, in the
same manner as Section 3.2.4 of [1] (notations L and U correspond to H and A
in [1], respectively). Note that we have to consider contribution of branches of
Ci A

ip ! .,Uil"'ir

for fixed positive real numbers s;, (k # ip), s;, satisfying 1 -3 Z—p —>.55, =0
'p

S , when we deal with the circle associated to L;, (p =1,...,r). Indeed,

belongs to R and we have

Ly, ig S

Si, = l’i,< — N — <
LTyt E-C-DE mordl

E.

Thus the exponent about this contribution is
Cip -‘rA:Cip — 1.

The exponents about the contributions of the circles associated to Lj,, L1,
L, .2 are also evaluated as

Cj,+B=1-¢;, B=-b, A:chfaferl,

respectively. We briefly explain the expression of Ail...ir. Forj=1,....m+2,
let I; be the (m—1)-face of 0y, ...;, given by 0;,...;. NTj, and let S; be a positively
oriented circle with radius ¢ in the orthogonal complement of L; starting from
the projection of [; to this space and surrounding L;. Then Ail---ir is written
as

1
et Y I (m)xnsj ,
0£IJC{l,...m+2} jeJ 7 jeJ jeJ

where

dip = ’yip — 1, dj = ’y;ql — 1, dm+1 = B_l - 1, dm+2 = a_l H’Yk - 17



and « := e2™Vla g .= 2V=Ib . o2mV=lek . Note that we define an
appropriate orientation for each (Njesl;) % [[;c;S;, see Section 3.2.4 of [1] for
details.

Example 1.2. We give explicit forms of A and Aq, for m = 2.

(i) In the case of I = (r = 0), we have

~ S1x So x 1 Sy x 1
Aeot 1 _11+ 2 _21 4714
1— 11—, I—a™'me
SlXSQ SQXS4 S4><Sl

Q1Y) A )-atmm)  (—a ) (1- )

where the 1-chains [; satisfy 0o = 1 + Il + l4 (see Figure 1.1), and the
orientation of each direct product is induced from those of its components.
Note that the face I3 does not appear in this case.

la

§182 — X189 — X281 = 0

\L/ 1—8,—8=0

Figure 1.1: A for m = 2.

(ii) In the case of I = {1}, we have

A +51Xl1 SQXZQ SgXlg, S4><l4
=0
1 1 1— " 1— 751 1— 6—1 1— O[—lfh,}/2
Sl X SQ + 52 X Sd
1-7)A =" Q-nhHa-a1
n 53 X S4 54 X Sl

Q- D)(-aTm)  O-a )l

where the 1-chains [; satisfy do = Z?:l l; (see Figure 1.2), and the ori-
entation of each direct product is induced from those of its components.

10



S A

1 : !
---r-t-9-d4-p---
" I s1—x1 — 81852 =0
£
|
g1 €
e
1 ly
€ | l
827818271'2:0 g 1 o1
—] | lg

Figure 1.2: A for m = 2.

We consider the following integrals:

Fir'"ir ::/~ WUy iy Pig v
A i

S
Aipip p=1 a=1 =1 7% g=1
r m—r —b
1 Tie ) g n-Ad
— Sip, — 5 S1 N dSy,
p=1 g=1 "Ja

Proposition 1.3.

_ ‘ e ' ec—a—m+1)I(1-0b)
“_l;IF(ClP HF ) (X, —a—r+1)0(Xe, —b—r+1)

T T
-Feo <a+r ZC¢p75+T - Zcip,cil'"“;x> .

p=1 p=1
Proof. We compare the power series expansions of the both sides. Note that
the coefﬁcient of x{“ -z in the series expression of Fo(a+7— 32 ¢, b+

E ci,, VT x) s
._F(a—l—r—zpcip +2 o) TO+r =32 ¢, + 3 m)
N, = F(a—|—7‘—zpcip) F(b+r—zpcip)

I'2-¢,) I'(c;,) 1
| 1;[ T2 —ci, +ni,) 1;[ T(cs, +n5,) 1;[ il

On the other hand, we have
S ex—a—m
T,
-z -y

_ I'(a Zk Ck+m+z n; ) iy e .
. anrl“( = pCkt+m)- Hpnlp.lg[sip (1 Zq: Ja) =k 1;{33

Anl..‘

11



and

(zz)

qu
SRR e | GRS R | 8
LTI PR "

When r = 0 (resp. r = m), we do not need the first (resp. second) expansion.
The convergences of these power series expansions are verified as follows. We
explain only the first one. By the construction of A;,...;., we have

€k
TR < —¢, |8, > €, |1— E 55, > €.
m
a
Thus the uniform convergence on A, ...; follows from
Ly LIS o A R I N S PO
1=3", 54, i 11 =22, 85l > |si,| € — i, M m

Since A .i, is constructed as a finite sum of loaded (compact) simplexes, we
can exchange the sum and the integral in the expression of Fj,..;.. Then the
coefficient of 7 -+ - al™ in the series expansion of Fj,...; is
5 CPla=> ek +m+ n,) Db+ n;,) HL
i tm T(a—> ¢k +m) r'(b) !
—b=3"nj,
S T ()
dirop P

S ek—a—m—>) N
) ds. (1.1)

H qu <1 S]q
q q

By the construction, the twisted cycle A;,...; of this integral is identified with
the usual regularization of the domain

si, >0, 1= s; >0, }

{(51,...,sm)€R 550, 1-5 s, >0

for the multi-valued function

H S E s; ) U maa L H _c”_”“lﬂ _E 5; ) ekmarm=ni, +1
1p Jaq

p q

on C™ — (U(sk =0)U(1 =Y s;, =0)U(1— Y s;, =0)). Hence the integral
in (1.1) is equal to

HF(Cip 7’]11'17 — 1) F(*b* Z?’qu —+ 1)
L(=b+> ci, —> np—r+1)
.HF(—ch —nj, +1)- T ek —a—m—>3 n;, +1)
F(Ecip—a—an—r+l) '

12



Thus we have

Bnym, Tla—3ce+m+3 ni,) Tb+3 n)
Any.nm B L(a =3 ck+m) I'(b)
[IT(ci, —ni, —1)-T(=b—3 n;, +1)
O T(bt e, —Song—r+1)
. [[T(=¢j, =nj, +1) - Tk —a—m—3 n;, +1)
' e, —a—> np—r+1)
. Fla+r—>ci,) ' Lb+r—>"c¢,)
Dla4+r—>3c,+>ne) TO+r—>c¢,+> n)
I'2—ci, +mni,) 171, +n,)
11 I(2-c,) 11 T(c;,)

Using the formula

r)r-z) = Sn(re) (1.2)
we obtain
Fla—=>cp+m+> n )T ck—a—m—3 n;, +1)
T(a—> ck+m)
- I(a—> cp+m)sinm(a—Y cx +m+> ng,)
= (=1)X"» (1 —a+ ch —m),
Fla+r—>c¢i,)
FQ e, —a—> g —r+0'(a+7r—> ¢, +> nk)
B Fla+r—> c,)sinm(a+r—> ¢, +> ng) B (—1)2
N T T T(l-a-r+Yc¢,)’
F(b+2njq)f‘(—b—2njq + 1)
I'(b)
_ 7T — (—1)2 Mg _
L'(b)sinm(b+ ) nj,) (=1) L =5,
ro+r—->ci,)
L(=b+4> ci, = > neg—r+1I(b+r—> ¢, +> nk)
_F(b+r—ZciP)sin7r(b+r—Zcip+an) B (—1)X ™
N T S Tl-b-r+Yg¢,)’
F(Cip — nip — 1)F(2 — Cip +’I”L1p)
F(Q*Cip)
T T = (¢, —1))sinm(e;, —ngy — 1) (=1)"»T(es, — 1),
I'(—cj, —nj, + DI(ej, +15,) m (L 1YST(] — o
I'(c;,) -~ I(¢,)sinw(cj, +nj,) (=)™ T = c,)-

13



Therefore, we have

%:HF(%*U'HF(“%)
1 p

. 'S cg—a—m+1I(1-0)
P e, —a—-r+1 e, —b—r+1)’

which implies the proposition. O
We define a bijection ¢;,...;,. : Mj,...;,, = M by

T

fp— . — P —
Lil‘.AZ‘T(Sl, ey Sm) = (tl, ‘e ,tm), tz‘p = s , tjq = qu.
p

For example, t(= tp) is the identity map on M = My, and ¢1...,, defines an
involution on M = M;...,,. We state our first main theorem.

Theorem 1.4. We define a twisted cycle A;,...;. in M by

Agyevip = (1) (big i ) (Do, )- (1.3)

Then we have

ck—a—m —b
o (1= tkz (1= Gt A-AdL,
N b ¢

k
17Ci
:/ uQp :Hxip Py,
Agy iy

P

and hence this integral corresponds to the local solution f;,...;. to Ec(a,b,c)
given in Fact 0.2.

Proof. Pull back the integral of the left hand side by ¢;,...;,. Indeed, we have

xX; €Z;
p P
=, dt;, = ——"~ds;,

SZ;D 53

P

ti, =

P

by the definition of ¢;,...;,. Note that the sign (—1)" arising from the pull-back
of dty A -+ Adt,, is canceled by that in (1.3). The second claim follows from
the first equality and Proposition 1.3. O

Remark 1.5. (i) The sign (—1)" in (1.3) implies that the orientation of the
direct product ¢;,...; (04,...;,) of two simplexes in A;,..; is coincide with
that of R™ induced from the natural embedding R™ C C™.

(ii) The twisted cycle A (for r = 0) equals to that mentioned in Fact 0.3.

The replacement u — u~! = 1/u and the construction same as A;,...;, give
the twisted cycle Aivl,,,ir which represents an element in H,, (M, u_l). We obtain
the intersection numbers of the twisted cycles {A;,..;, } and {AY ;.

14



Theorem 1.6. (i) If [ # I', then we have I,(Ar,AY,) = 0.

(ii) The self-intersection number of A;,...;, s
nEEs
ro 4 P P .
[T —1- (a - H%) B-1)
k

k

(A A L) = (51)

Proof. (i) Since A,,...; ’s represent local solutions (0.3) to Ec(a,b,c) by Theo-
rem 1.4, this claim follows from similar arguments to the proof of Lemma 4.1
in [9)].

(ii) By using ¢;,...;,., the self-intersection number of A;,...; is equal to that of
Ail...i,,, with respect to the multi-valued function u;,..;,. To calculate this, we
apply results in [13]. Since we construct the twisted cycle A;,...; from the di-
rect product o;,..;, of two simplexes, the self-intersection number of A;,..;, is

obtained as the product of those of simplexes. Thus we have

1-TL, v, 67 L=TI, 7. T ot
I AlllraAz/v = L — : E Ia .
ol vi) S A=) - 0= T, (e o)

O

1.3 Comparison of twisted cycles A; with those
in [9]

Lauricella’s Fo of two-variables is called Appell’s Fy. We construct 22 = 4
twisted cycles A, A1, As, Ajs in Section 1.2. On the other hand, four twisted
cycles corresponding to the local solutions (0.3) of Ey are also given in [9].

Let D; be the twisted cycle A; (i = 1,2,3,4) in [9]. Then we have the
following correspondence.

Proposition 1.7. We have

D1 = A, DY - A\/’

py = =D =Daf\ = 5y (1 =DO2=Dn v
§71 —d)nm—-B m-—a)m-8 "

Dy = - 1)(y2 — 1)045A2 py— =D -1)p,v
(e—a)(e—-Bm = ° (e—a)(re—B) %’

D4 = 12, Dz\l/ - \1/2'

Proof. By the construction, Dy and D4 are the same cycles as A and Ajs,
respectively. Since Dy and A; correspond to constant multiples of the solution
f1, there exists K such that Do = KA. We have

Fo—ci+ 1) a—c + )L =) (c1 + 2 —a— l)efw\/jl(cﬁczfafb)
F(Q — Cl)r(CQ)
_ I'(c;1 —a)l(c; — b)
T(c; — DIl —c)T(e1 + 2 —a—1I(1 —d)

K =

15



_Tla—a)l' — (a1 —a)T(er = O)U(L — (e1 = b)) _xy=T(cr+ca—a-t)
F(Cl — ].)F(]. — (Cl — 1))F(62)F(1 — CQ)
(eﬂ'\/jl(clfl) _ efﬂ'\/jl(clfl))(eﬂ' —leg _ o 7102)677r\/jl(01+cz7a7b)

- (eﬂ'\/jl(clfa) _ e*ﬂ\/jl(clfa))(eﬂ'\/jl(clfb) _ efﬂ'\/jl(clfb))
_ (71 — 1)(72 - 1) 671‘\/?1(7C1+17C2+617(1+C17b7(61+€27a7b))
(o=t =1)(mp~' -1)
(1 —1)(yz2 — Das
(= a)(m =B

The other equalities are proved similarly.
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Chapter 2

Twisted period relations

In this chapter, we give twisted period relations for Lauricella’s F. We evaluate
the intersection numbers of some elements of the twisted cohomology group. The
intersection matrix of twisted homology group and some intersection numbers
of twisted cohomology group imply twisted period relations for two fundamental
systems of E¢- with different parameters.

2.1 Intersection numbers of twisted cohomology
groups

In this section, we review twisted cohomology groups and the intersection form

between twisted cohomology groups in our situation, and evaluate some inter-

section numbers of twisted cocycles.
Recall that

M:Cm—<U(tk:0)u(v:0)u(w=0)>,

k
u = Htllcfclme . ’UZ ck—a—m-i-lw—b.

We consider the logarithmic 1-form
d
w:=dlogu = —u.
U

We denote the C-vector space of smooth k-forms on M by EF(M). We define
the covariant differential operator V,, : E¥(M) — EF1(M) by

Vo() = dp+w A, ¥ eEX(M).
Because of V,, 0V, = 0, we have a complex

M) - Yo gk Yo ety Y

and its k-th cohomology group H*(M,V,). It is called the k-th twisted de
Rham cohomology group. An element in ker V, is called a twisted cocycle. By
replacing £¥ (M) with the C-vector space E¥(M) of smooth k-forms on M with

17



compact support, we obtain the twisted de Rham cohomology group H*(M, V)
with compact support. By [2], we have H¥(M, V) = 0 for all k # m. Further,
by Lemma 2.9 in [1], there is a canonical isomorphism

g H™(M,V,) = H'(M,V,).

By considering u=! = 1/u instead of u, we have the covariant differential op-
erator V_,, and the twisted de Rham cohomology group H*(M,V_,). The
intersection form I, between H™(M,V,,) and H™(M,V_,,) is defined by

L(6, ) = /M W) A, e HM(M, V), o € H™(M,V_.,),

which converges because of the compactness of the support of j(¢).
By the Poincaré duality (see Lemma 2.8 in [1]), we have

dim Hp,(M,u) =0 (k #m), (2.1)
dim H (M, w) = dim H™(M, V.,).

Proposition 2.1. Let x = (z1,...,%m) € Do — S.
(i) We have dim H,, (M, u) = 2™.
(ii) The twisted cycles {Ar}r form a basis of Hy, (M, u).

(iii) The integrations of ue on twisted cycles give an isomorphism between
H,,(M,u) and the space of local solutions to Ec(a,b,c).

Proof. We prove (i). By (2.1) and Theorem 2.2 in [1], we have
dim Hm(Ma u) = (_1)mX(M)7

where x(M) is the Euler characteristic of M. Let h € C[Ty,...,T,] be a
homogeneous polynomial defined by

W) =1]7- (D117 |

i=0 =0 j#i
and let D(h) = {T = [To : --- : T,p] € P™ | h(T) # 0}. Then we have
x(M) = x(D(h) — L) for some generic hyperplane L in P™. We consider the

gradient map

Oh  oh

(D)o g (7))

grad(h) : D(h) = P [Ty < : T] o> {

It is easy to see that the degree of grad(h) is less than or equal to 2™. By
Theorem 1 in [5], we obtain

dim H,,,(M,u) = (—=1)"x(D(h) — L) = deg(grad(h)) < 2™

(The author thanks to J. Kaneko for pointing out this fact). On the other hand,
the determinant of the intersection matrix (I, (A, AY,)) is not zero by Theorem

18



1.6. This implies that A;’s are linearly independent, and hence dim H,,, (M, u) >
2™, Therefore, we obtain (i).

As mentioned above, A;’s are linearly independent. Thus the claim (ii)
follows from (i).

We show (iii). Let Sol, be the space of local solutions to E¢(a,b,c) around
z. By Theorem 1.4, integrals of up on linear combinations of A;,..; s are in
Sol,. Then (ii) implies that the linear map

O : Hy(M,u) — Soly ; C»—>/ugp
c

is defined. Fact 0.2 and Theorem 1.4 imply that & is surjective. Therefore & is
isomorphic because of dim H,, (M, u) = dim Sol,, = 2™. O

We evaluate some intersection numbers of the twisted cocycles

At A Adty,
[Ttr-(1=3t)
L dty Ao Adty, dty A~ Adty,

T Tw TMe0-Te) -2
Theorem 2.2. (i) The self-intersection number of ¢ is

I.(p, »)

= (2mV/-1)" <ch_i ma1t b—l—m1 Z%)

1;[ ZC(M

where {IMY} runs sequences of subsets of {1,...,m}, which satisfy

{1("

{1,....m} 21D o... 1@ > 1M g

and we write 11" = {z(r) ,Z}(f)}.

(ii) We have I.(¢,¢’) = 0.

Proof. (i) The hypersurfaces Hy,...,H,,, H,D do not form a normal crossing
divisor, because of H; N H; C D for i # j. Thus we blow up C™ along some
intersections of hyperplanes so that the pole divisor of ¢ is normally crossing.
Firstly we consider the blow-up at the origin (= Hy N --- N H,,). Secondly
we blow up this along Hy N ---N HyN---N H,, (k=1,...,m). Repeat the
blowing-up process, lastly we blow up along H; N H; (1 < i < j < m). For
i1 < -+ < iy, 7 > 2, the exceptional divisor E;,...; arising from the blow-up
along H;, N---N H;_ has the exponent

T

Z(l—cip+b)—(r—1)b:b+r—icip.

p=1 p=1

By expressing ¢ in each coordinates system, results in [15] give the self-intersection
number of .

(ii) By the definition, the pole divisor of ¢’ does not contain the exceptional
divisors. Hence the pole divisors of ¢ and ¢’ do not have m or more common
factors, which implies I.(¢, ¢') = 0. O
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Remark 2.3. Precisely speaking, to evaluate intersection numbers of twisted
cocycles, we should blow up a compactification of C™ (P or (P')™) so that the
pole divisor of w = dlogu is normally crossing. Though the blowing-up process
in the above proof is not enough, it is shown that the exceptional divisors arising
from the other blowing-up processes do not appear as the components of the
pole divisor of ¢. Thus the proof is completed.

Remark 2.4. It seems difficult to evaluate the self-intersection number I.(¢’, ¢').
For m = 2 (i.e., Appell’'s Fy), this number (= Z.(pz 4, 9z4) in [9]) is expressed

by the parameters and the factor of the defining equation of the singular locus

(see [9]). Furthermore, the author does not find m-forms which form a basis of

H™(M,V.,).

2.2 Twisted period relations

By Theorem 1.6 and 2.2, we state our second main theorem.

Theorem 2.5 (Twisted period relations). We have

1
1. = — = .g;-g) 2.2
(o, 0) EI AL AY) gr - 91+ (2.2)
1
IC((,O,QO/) = g1 h\/7 (23)
zI:Ih(AI,Ay) !

where

91:/ wp, g}/:/ u Lo, h}/:/ u "ty
Ar AY AY

I

Further, under the notations

ar ::a—Zci—l— |I|, br ::b—Zci+|I|, i=1(2,...,2) =,
i€l iel
the equalities (2.2) and (2.3) are reduced to

1—a
Z(il)mTI - Fe(ar,br,c's2) - Fo(2 — ap, —br, & 2)
7

:(1fa+b).n(1fck).zrﬁl 1 (2.4)

bby...m, (o) 1 by
Z(—l)lll(al — 1) Fo(ar, by, csz) - Fo(2 —ar, 1 — by, &5 x)
I
=0, (2.5)
respectively.

Proof. Because of the compatibility of intersection forms and pairings obtained
by integrations (see [3]), we obtain the equalities (2.2) and (2.3). We show that
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(2.2) is reduced to (2.4). By Proposition 1.3 and Theorem 1.4, we have

'O ck—a—m+1I'(1—b)

ivin = | (e, — 1) - I'l—¢;)-
giri = [[Tles, =1 [T = es)) P, —a—r+ DI e, —b—r+1)
Tty o (o= S Vet 12),
On the other hand, we can express gZ-V1 iy like this by the replacement
(a,b,c) — (2—a,—b,(2,...,2) —¢),
since u 1y is written as
Tk b
-1, _ ck—2 _ —> cktatm—2 _ ok
wo=Ttr2 -3 t) e (1 Ztk) dty A A dty,.

Thus we obtain
g =]]TQ=c,) [[T(e, - 1)

. I'(=>ca+a+m—-1TI1+0b)
L(=>c, +tat+r—1I(=> ¢, +b+r+1)

L Fo (2_a_r+qu, b=+ iy, (2,0, 2) =y x) .

By the formula (1.2), we have

'Ock—a—m+DI(=> cxk+a+m—1)
[IT(e = )ra —a)- T(Cc, —a—r+)0(—> ¢, +atr—1)
I'(1—b)I(1+b)
T(Xe, —b—r+D)I(=> ¢, +b+7r+1)
IO ck—a—m+1DI(=> cx+a+m—1)
= [Irtes =m0 = e S e tasr =)
I'(1—b)T(1+b)
T(Xe, —b—r+DI(—Y ¢y +b+7+1)

™
- H —(cxg — U)sinm(cp — 1)
—>c, —a—r+1)sina(d ¢, —a—r+1) b-sinw(d ¢, —b—r)
"~ cr—a—m+Dsina(Xcr—a—m+1) sinwb- (>oci, —b—r)
b at+r—1-=3% ¢,
T =) (a+m—1-Sc) btr—>c,
g (_]) T —mbmt sinTr(Z ci, - a)-sinm(d ¢, - b)
[Isinmeg - sinm (> ¢ —a) - sinwb
b a+r—1-—> ¢ m
T IO =cr) - (a+m—1-Scn) b—i—r—Z%-p s @rveD)
(eTVTIE ip=0) _ o=V I 1y =) o7V =T 64y 8) _ o= mv/=T(S i, =)
H(emﬁck_e—mﬁck).(ewﬁ(z ck—a) —e=m/-L(Z ck—a))(em/~1b _g—m/=1b)
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b at+r—1-=3c,
A =ck)-(a+m—1-=>ck) . b+r—>ci,
. e I1v, — (B! ITv, —1) o~ VIS ey —a+ 3 ci, —b—3 ek = cx+a—b)
[Tve—=1) - (e [Tw—1)(B-1)

o b .CL—‘v"’"_l_ZCiP
7(277\/?1) H(l_Ck).(a+m—l—ZCk b+r—zcip

(a_l H%‘p - 1)( -1 H’sz
Tk =1 - (e [T — D(B-1) BH”’“ [

B — b .(l+7"_1_zcip
—(QTH) H(l_ck).(a+m—1—zck) b—l—T—ZCiP
. [T, - (1%, — )1, —B)

[T = 1) (@ =TTw)(B - 1)

= —(2m/-1)™

m_ b
_(27”/?1) [l =ck)-(a+m—1-=>ck)
O S )

Hence, under the notations ay, by, ¢, and |I| = r, the equality (2.2) is reduced
to

(1—;.%+ : )Zml:f 1.

b1~~~m
_ b
B H(l - Ck‘) . (a1~~~m - 1)

ar —1
: Z(,l)UlIT -Fo(ag, by, clsx) - Fo(2 — ap, —br, ¢t x).
1
I

(1= arom) - TI0 = i)

By similar arguments, we obtain

W = [T =) [[T(e, — 1)
N(=> ek +a+m—1)T(b)
L(—=>c, +tat+r—1I(=> ¢, +b+r)

c.bpfl

-H.’Eip 'FC(Q_ail---i,,.71_bil---i,,.acl T,,T),

By multiplying , we obtain (2.4).

and
L' ck—a—m+1DI(=> ck+a+m—1)
HF(C’“_I)F(I_CQ' >oci, —a—r+1I(=> ¢, +a+r—1)
I'(1 - b)l'(b)
PO ci, —b—r+1)I'(=> ¢, +b+1)

™
- H —(cxg — U)sinm(c, — 1)
—>c, —a—r+1)sint(d ¢, —a—r+1) sinw(d c;, —b—1)
—Cck—a—m+Dsint(>ck—a—m+1) sin b

—
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at+r—1-=>% ¢,
[Tl —ck) (a+m—1-=>3"cp)
(1) mbme sin(} ¢y, —a)-sinmw(Y e, —b)
[Isinmey - sinm (> ¢ —a) - sinwb

a+r—1=3 ¢,
M- (@arm—1-Sa)

[T —ck) - (a+m—1-=>cx)
(2my/—1)™
Note that (2.4) and (2.5) are generalizations of some equalities in Corollary
6.1 of [9)].

= 2nv/=1)" - (=1) In(Ay,, AY

Zl”-i.,v)'

By multiplying , we reduce (2.3) to (2.5). O
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Chapter 3

Fundamental group

In this chapter, we study the fundamental group of the complement X of the
singular locus S. In [11], the fundamental group of X for m = 2 is characterized
by generators and their relations. However, we do not have a such presentation
of the fundamental group of X for m > 3. We show that it is generated by
m + 1 loops. Further, we give some relations among these generators.

3.1 Generators of the fundamental group

Recall that the singular locus S is given by

Sz(Hwk-R(;ﬁ):()), R(z1,...,&m) = H <1+Zskm>.
k k

€1y-yEm==F1
Note that R(z) is an irreducible polynomial of degree 2™~ in x1, ..., Zp.
We put X :=C™ — S. Let & := (2722,...,ﬁ) € X be a base point of X.
For 1 < k < m, let p; be the loop in X defined by
1 e27r\/7719 1
:10,1] 20 — ey ey € X,
o [0,1] <2m2 2m? 2m?2
RN ..
where 5_—— is the k-th entry of pr(#). We take a positive real number £y

so that gy < min{ﬁ, i L — #}, and we define the loop pg in X as pg :=

m—2)2
TopoTo, Where

1 1
70[0,1]99’—) ((1—9)27712"'9(7”2—50)) (17,1)€X,
1 /—
06 :10,1] 30— (2—5062” _19> (1,...,1) e X,
m

and Ty is the reverse path of 9. Here, the composition p - p’ of loops p and p’
is the loop defined as the loop going first along p, and then along p’.

Remark 3.1. The loop pi (1 < k < m) turns the divisor (z; = 0), and pg turns

the divisor (R(z) = 0) around the point (-1z,..., 1), positively. Note that
(#,1. .., -%5) is the nearest to the origin in (R(z) = 0) N (z1 = 22 = -+ = Tp,)

={me (L D), e (Lo 1), b

24



Theorem 3.2. The loops po,pi1,--.,pm generate the the fundamental group
m(X,&). Moreover, they satisfy the following relations:

pip; = pipi (1 <i,j<m), (popk)® = (prpo)® (1 <k <m).

Remark 3.3. We conjecture that 71 (X, &) is the group generated by po, p1,
..., pm with the relations in Theorem 3.2. To prove this conjecture, we need to
show that there are no extra relations among pg, p1, - .., pm. 1t is shown in [11]
that this conjecture is true for m = 2.

3.2 Proof of Theorem 3.2

In this section, we prove Theorem 3.2.
We regard C™ as a subset of P and put Lo := P™ — C™. Then we can
consider that S U L, is a hypersurface in P, and

X=C"—8§=P"—(SULy).

By a special case of the Zariski theorem of Lefschetz type (refer to Proposition
3.3.1 in [4]), the inclusion L — (LN (S U L)) — X induces an surjection

n:m(L—(LN(SULw))) = m(X),

for a generic line L in P™. Note that generators of w1 (L — (LN (SU Ly, ))) are
given by m + 2™~! loops going once around each of the intersection points in
LN S(c C™). Then we consider a generic line L in C™. Let ry,...,ry,—1 be
positive real numbers satisfying

1 Tk—1
< R
Sy 4

and let € be a sufficiently small positive real number. We consider lines

e < (2<k<m-—1),

Lo I(CEl, Ce ,Qﬁmfl,.Tm) = (7"1,. . ,T’mfl,O) +t(0, .., 0, ].) (t S C),
L. (z1, .. 1, Tm) = (P11, oy Tim—1,0) + t(e,...,&,1) (t€C)

in C™. Though Ly is not a generic line (for example, LoN(z1 - - - Tpp—1 = 0) = 0),
L. is one of generic lines. We identify L. with ¢-space C. The intersection point
L.N(xx = 0) is coordinated by t = —£ <0, for 1 <k <m—1. The intersection
point L. N (x,, = 0) is coordinated by ¢t = 0. There are 2! intersection points
of L. and (R(z) = 0). We coordinate the intersection points L. N (R(z) = 0)
byt =ta,..a,_1s (@1,...,am—1) € {0,1}™~ 1. The correspondence is as follows.
We denote the coordinates of the intersection points Lo N (R(x) = 0) by

m—1 2
tfg)...amfl = (1 + Z(l)ak\/rk) .

k=1
By this definition, we have
(0)

(0)
ta1~~am,1 < tall"'ain—l
—=a—ady=-=a_1—a._,=0,a.=1,a.=0

/

/
= A1 A1 > A1y
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where aj - - - an,_1 is regarded as a binary number. For example, if m = 4, then

©) _ 40 _ 40

0 0 0 0 0
t(11)1 < tgl)o < tgo)1 < tgo)o <to11 < tgip < tg too

01 < Yo00-
Since L. is sufficiently close to Lo, tq,.
0
to tfbﬁ..amfl.
Let ¢;, be the loop going once around the intersection point L. N (x5 = 0),

and let £, ...q,, , be the loop going once around t,,...q,, ,. Each loop approaches
the intersection point through the upper half plane of t-space, see Figure 3.1.

-.a,,_, are supposed to be arranged near

OHOAO0, - ORORORO
Zl Zz Z3 611 610 601 éOO

Figure 3.1: ¢, for m = 3.

It is easy to see that

n(lk) =pr (1 <k <m), n(l1.1) = po.

Further, we have
pipj = pjpi (1 <id,j <m),

since the fundamental group of (C*)™ is abelian. To investigate relations among

N(lay.-a,,_,)’s, we may consider these loops are in Ly, since £, . ’s can be

defined by a same way as in L.. For simplicity, we denote tﬁﬂ?..amfl by ta,.

Am—1

Am—1"
Lemma 3.4. (1) n(eﬂl"‘ak—loak+l"'am,—l) = pkn(gth-“ak711ak+1'“am—1)plzl'

(i) n(l11) = pm—1n(fr..1lr10l 1) Pty -

Temporarily, we admit this lemma. By (i), we have

b b — b brm—1y\—
Nlayean—s) = (01" o) - 0(Crn) - (01 - )™
b bon— b b1y —
= (P Pt ) po - (P P )T
where (b1,...,bm-1) := (1 —a1,...,1 — a;p—1). This implies that the loops
00 - - - » Pm generate w1 (X ), since the images of ¢;’s and £,,...q,,_,’s by 1 generate
m1(X). By (ii) and the above argument, we obtain

po =n(l1..1) = pm—1n(fr..1lr1007 1) oty
= P10 Pm—1P0Pr1 " Py Pt
2

that iSa (Poﬂmfl)Q = (pm71p0) :
obtain the relations

Changing the definitions of Ly and L., we

(popr)? = (prpo)? (1 <k <m).
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For example, if we put
L. : (z1,22,...,2m) = (0,71,...,7m—1) + t(1,¢,...,6) (t€C),

then a similar argument shows (popm)? = (pmpo)?. Therefore, the proof of
Theorem 3.2 is completed.

Proof of Lemma 3.4. For 6 € [0,1], let L(6) be a line defined by

L&) (1, Xy e oy T, Tyn)
= (r1,..., @™V rp1,0)+4(0,...,0,1) (teC).
Note that L(0) = L(1) = Lo. We identify L(#) with C by the coordinate ¢. It is

easy to see that the intersection points of L(#) and (R(z) = 0) are the following
2m=1 elements:

m—1

s = [ 14 D (1) 5 4 (1) e T
=1
ik

The points 1+ 37, (=1)% /rj + (=1)%* ﬁe”me are in the right half plane

for any 6 € [0, 1], since E;n:_ll VT < Z;n:_ll 2779 < 1. Let 6 move from 0 to 1,
then

(a) tal"'ak—loak+1“'am—1 and tal"'ak—llakJrl“‘am,—l lnterChange’

(b) ¢

gy 10ay g1 --am_, TOVES IN the upper half plane,

0
(©) ta,

w1 lapsy-am_y TDOVES I the lower half plane.

For example, ¢4, 4,4, 'S move as Figure 3.2, for m =4 and k = 2.

—— ——
= =
7 \\ 7 \\
4 \ 4 \
/ /

0 t111 t110 t101 t100 to11 to1o too1 tooo

7 7
\ / \ /
N N
~ // ~ //
~ - ~ -

Figure 3.2: t4,a00; for m =4, k= 2.

Put P(9) :=C— {tl(lel).“am_l | a; € {0,1}}. Let €’ be a sufficiently small posi-
tive real number, and we consider the fundamental group m (P(6),"). As men-
tioned above, £,,...q,,_,’s are defined as elements in m (P(0),&’) = w1 (P(1),€’).
Let 6 move from 0 to 1, then £,,...q,,_,’s vary naturally and define elements in
each 71 (P(6),e’). The properties (a), (b), (c¢) imply that 4o, ..., 045 1--am_, i
71 (P(0),¢") changes into £a; ...y, 1ay41--am_, 0 T1(P(1),€"). By this variation,
the base point moves around the divisor (z; = 0), since ¢’ € P(6) corresponds
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to the point (rq, ..., VIO, ¢’) € L(). Tt implies the conjugation
by pr in 71 (X). Hence we obtain the relation (i):

n(zal“'ak—loak+1"'am—1) = pkn(éal"'ak—llak+1"‘am—1)plzl'

To prove (ii), we use a similar argument for k =m — 1 and #1...; € 71 (P(0),€’).
Let 6 move from 0 to 1, then ¢;...; changes into a loop in P(1), which goes once

around t;...19(= t(ll)l) and approaches this point through the lower half plane

see Figure 3.3). Since such a loop is homotopic to #1...1¢1...10¢5.-{, we obtain
1.1

(ii). O

(0)
t1.010

61..41614..1()[;,1,1

Figure 3.3: the variation of /;...1.
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Chapter 4

Monodromy representation

In this chapter, we study the monodromy representation of E¢ (a, b, ¢) for general
m, by using twisted homology groups and the intersection form. By Theorem
3.2, it is sufficient to study My, ..., M,,, which are the circuit transformations
along the generators po, ..., pm, respectively. With respect to the basis {Ar}
in Chapter 1, My, ..., M,, are represented by diagonal matrices. It is difficult
to represent M with respect to our basis. We give some properties of My,
which enable us to express the linear map My by the intersection form. In this
consideration, the basis {Ar}; plays an important role. Moreover, we take a
basis of the twisted homology group so that My, ..., M,, are represented by
triangular matrices.

Hereafter, we assume that the parameters a, b, and ¢ = (¢1,...,¢n) are
generic, that is, we add other conditions in Remark 4.20 to those mentioned in
Chapter 1:

a=>Y ¢, b=> ¢ ¢Z (IC{l,....m}), a@Z (1<k<m).

i€l i€l

4.1 Local system

In this chapter, we need to vary the variable = (x4, ..., 2, ). Then we change
some notations. Further, for a subset I = {iy,...,4,.} of {1,...,m}, we use the
suffix “I” more frequently than “iy ---4,”.
We denote
T
U(t) :Zlfztk, w(t,x) ;:Htk. 1727 ,

k k Kk

and put

Htk~v(t)~w(t,x)7é0}.

X = {(t,x) eC™xX
3

There is a natural projection

pr:X—X; (t,z) — x,
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and we define T}, := pr~!(x) for any x € X. We consider the twisted homology
groups on T, with respect to the multi-valued function

ug(t) == [ [ t1~F - o(e)= e (¢, 2) P

We denote the k-th twisted homology group by Hy (T, u.), and locally finite one
by H,lcf(Tx,ux). Note that H,, (T, u;) (resp. Héf(Tx,ux)) is equal to Hy,, (M, u)
(resp. HY(M,u)) in Chapter 1.
For z,2/ € X, let 7 be a path in X from z to z/. There is a canonical
isomorphism
To t Hy (Tyytg) = Ho (Tory tgr ),

and hence the family

H:= U H, (T, ug)
zeX

forms a local system on X.
Fact 4.1 ([1)). (1) Hg(Tx,uz) =0, H,lcf(Tw,um) =0, for k #m.

(ii) The natural map H,,(Ty,u,) — HY(Ty,uy.) is isomorphic (the inverse
map is called the reqularization).

Hereafter, we identify H,if(Tx,ux) with Hy (T, u,). Recall that the inter-
section form I}, is defined between H,, (T, u,) and H,,(Ty,u,').

Let § be a twisted cycle in T, for a fixed z. If 2z’ is a sufficiently close
point to z, there is a unique cycle ¢’ such that |, s Uz 1s obtained by analytic
continuation of [;u,¢. Thus we regard

/Ug,-(,@
§

as a holomorphic function in xz. Let Sol be the sheaf on X whose sections are
holomorphic solutions to Ec(a,b,c). The stalk Sol, of x € X is the space
of local holomorphic solutions near x. Let U be a sufficiently small simply
connected domain in Do — S. Fact 0.2 implies that Sol,. is a C-vector space of
dimension 2™ and spanned by f;’s, for € U. Proposition 2.1 (i) and (iii) are
written as follows.

Fact 4.2. For any x € X, we have dim H,,, (T, u,) = 2™, and
O, Hy(Ty,ug) — Solyg; 6 — /uxgo
5

18 1isomorphic.

In Chapter 1, we construct twisted cycles Ay for all subsets I of {1,...,m}.
We consider the basis {Ar} arranged as (A, A1,As, .. A A2, Az, oAy ).
We summarize Theorem 1.4 and 1.6.

Fact 4.3. We have

[Lic;T(ci—1)- HﬂI I'l—c¢j) - I'Cper —a—m+1)I(1—b) .

A =
(A1) T ierci—a—r+D0(C,c ci—b—r+1)
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The intersection matriz H := (I(Ar, AY,)); ;o is diagonal. Further, the (I,1)
entry Hr 1 of H is

1) . ij vj (= TLier 7)) (B = Ticr vi)
[l =1 (a=TLw)(B-1)

where o = 2™V 1o 3= 2mV=Ib - 21V Ter

Hrr=(-1)

4.2 Monodromy representation

For p € m (X, &) and g € Sol;, let p.g be the analytic continuation of g along p.
Since p.g is also a solution to Ec(a, b, c), the map py : Soly — Soli; g — p«g
is a C-linear automorphism, and we have (p - p'). = pl, o p. for p, p’ € m (X, &).
We thus obtain a representation

M/ : 71'1()(7 3;‘) — GL(Sle)

of m (X, ), where GL(V) is the general linear group on a C-vector space V.
Since we can identify Sol; with H,,(T;,u;) by Fact 4.2, M’ is equivalent to

M Fl(X,i‘) — GL(Hm(Tx,ux))

Note that for p € m1(X, &), the map M(p) : Hy,(Ty, uz) = Hp(T:, uz) means
the canonical isomorphism p, : Hy, (Ts, u;) — Hp(Ti,uz) in the local system
H. M (and M) is called the monodromy representation. In this paper, we
study M mainly.

By Theorem 3.2, for the study of M, it is sufficient to investigate m + 1
linear maps

M;:=M(p;) (0<i<m).

Proposition 4.4. For 1 < k < m, the eigenvalues of My, are 'y,:l and 1. The
eigenspace of My, of eigenvalue ’yk_l is spanned by the twisted cycles

A, kelIc{l,...,m}.
That of eigenvalue 1 is spanned by

A, k&I c{l,...,m}
In particular, both eigenspaces are of dimension 2™ 1.

Proof. By Fact 4.3, the twisted cycle A corresponds to the solution
fr= ngfci - Fo <a+ || — Zci,b—k || — Zci,cl;x>
icl icl icl

to Ec(a,b,c). Since the series F defines a single-valued function around the
origin, we have

M ={ B e

Therefore we obtain this proposition. O
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Corollary 4.5. For1 < k < m, the linear map My, : Hp, (Ti, uz) = Hp (T, ug)
is expressed as
_ I (8, AY)
06— (L= )Y AL
Mk — ( ,Yk ) Ih(AI,A\I/) I

I3k

Further, the representation matriz My of My with respect to the basis {Ar}y is
the diagonal matriz whose (I,1) entry is

{ W' (I3k),
1 (IFk).

Proof. By Proposition 4.4, H,,(T;,u;) is decomposed into the direct product
of the eigenspaces: Hp (T, uz) = (D)5, CAr) © (Dry, CAr). Then it is suf-
ficient to show that the claim holds for § = A;. This is clear by Fact 4.3 and
Proposition 4.4. The second claim is obvious. O

For each subset I = {i1,...,i,} C {1,...,m}, we define a chamber D; =
D;, ..., which gives an element in H,,(T;,u;). For I ={1,...,m}, we put

Dy i={(t1, .- stm) ER™ |t >0 (1 <k <m), v(t) >0, w(t,&) > 0}.
For I = (), we put
Dy =D :={(tr, .., tm) ER™ | t;, <0 (1 < k <m)}.

For I #0,{1,...,m}, we put

. m | ti>0@Gel), t;<0(j¢l),
DI—Dzlsz = {(th...,tm)ER U(t)>0, (—1)m7‘1‘+1w(t,ﬂl‘)>0 .

The arguments of the factors of u;(t) are defined as follows:

tiiel) | t;(j¢1) | v(t) w(t, &)
Dy, 0 — 0 0
D — -7 0 —mm
otherwise 0 - 0 | —(m—I+1)rm

Note that if m = 2, then D, Dy, D5, and D15 are equal to Ag, A7, Ag, and
As in [9], respectively.

Theorem 4.6. The eigenvalues of Mgy are (—1)™ '], v - '8! and 1.
The eigenspace Wy of My of eigenvalue (—1)™ T, v - a8~ is spanned by
D;...;y, and hence is one dimensional. The eigenspace Wy of My of eigenvalue
1 is spanned by

DI7 Ig{137m}7

and expressed as
Wy, = {(5 S Hm(Tgb,ugb) | Ih(& Di/m) = 0}
In particular, this space is (2™ — 1)-dimensional.

The proof of this theorem is given in the next section.
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Corollary 4.7. The linear map Mg : Hp,(Ts,uz) = Hp(Ti, uz) is expressed
as

Ih((svD}/---m)
In(D1vomy DY)

Mo:6—=6— 1+ ()" ][w- o187 D1
k

Proof. By Theorem 4.6, we have H,,(T;,uz) = Wo@®W; = CD;...,, ®W7. Then
it is sufficient to show that the claim holds for 6 = D;...,,, and 6 € W;. This is
clear by Theorem 4.6. O

Proposition 4.8. We have
In(D1om, A]) = In(Ar, AY) = In(A, DY) (4.1)
Thus we obtain

Dim= Y Ap (4.2)
Ic{1,....m}
af + (=)™ [T, v
(B =D =TI )
This proposition is also proved in the next section. By this proposition, we
obtain the following corollary.

In(Dsmy DY) = (4.3)

Corollary 4.9. The linear map M is expressed as

Mo : 66— (8- 1)(Zﬁ_ 1 7’“)Mcs, Dy...py) D1

Let My be the representation matriz My of Mo with respect to the basis {Ar};.
Then we have
(8 —1)(a—IT;w)
of

where Eom is the unit matriz of size 2™, N is the 2™ x 2™ matrix with all entries
1, and H = (In(Ar, AY))1,1 is the intersection matriz given in Fact 4.3.

M():EQm— ]\/Y_PI7

Proof. The expression of My follows from Corollary 4.7 and (4.3) immediately.
To obtain the representation matrix, we have to show that the representation
matrix of § — I;(8, DY...,,,)D1...;, is given by N H. By Proposition 4.8, we have

In(Ar, DY. ) Dy = In(Ar, AY)Dyn = Y In(Ar, AY)Ap
I/

Ih(AI’A\I/)
In(Ar, AY)
= (A7A17A25"'7Am7A127A137"'7A1~~m) : 5
Ih(AI’A\I/)
and hence the claim is proved. O

Proposition 4.10. Let py be a loop in X turning the divisor Lo, C P™.

T f(gh ., e, %m) is a solution to Ec(a,b,c) if and only if f(&1,...,&m)
is a solution to Ec(a,a—cm+1, (c1, ..., ¢m—1,a—b+1)) with variables &, . .., &m.-

Hence, the eigenvalues of M(pso) are o and B. Moreover, both eigenspaces are
2m=1_dimensional.
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Remark 4.11. Because of poo = 1(l1 - lmty...101..10 - - Lo..0) "}, we have
M(poo) by Proposition 4.4 and Theorem 4.6. However, it is too complicated to
write down.

Proof of Proposition 4.10. We prove this proposition similarly to Section 2.3 of
[12]. Recall that Ec(a,b,c) is generated by

Pr:0p(0p+cp—1)—ap(@+a)(@+b) (1<k<m),

where 6j, = 210k, 0 = >, 0. We consider the variable changes

T = gk (1<k<m—1) (Em:i (@fk:xk,fm: 1)

m {’" 3

Let 0 (k=1,...,m) be the partial differential operator with respect to &, and
put Vy = oy, ¥ := >, V. We have

— & 1
ak—za :aak:gmak (1<k<m-1),

m 8 m—1 ; 1 m
O = ; xméi = ; (—z?n) i~ L3 0m = —;afméi,
and hence
_ & _ 1 Ny
O = ? Cnd =D O =~ D il ==Y i =1,
m moi=1 i=1

i=1 i=1
Thus we have

Py = 9k (0k 4 ek — 1) — &6 (=0 + a) (=0 +b)
= ﬂk(’ﬂk + C — 1) - fkfﬁl(ﬁm - a)('ﬂm - b)

for1<k<m-—1, and
P = —0(=0+cm —1) =& (=0p + a) (=0 + D)
:ﬁ(ﬁfcm‘i’l) 5 l(ﬂm )( 7b)
By the equalities
ﬁkggn = fgnﬁk (1 < k <m-— 1)’ mfa = gn(ﬁ + Cl) ﬁg?n = gm(’lg + CL)
we obtain
Pl = &m0k (Ok + e — 1) — &k O (U +a — b)
=& k(O + e — 1) = E0m(Wm +a—b)] (1 <k<m-—1),
Pty = &m0+ a)(0+a—cp+1) = & 0 (0 + a = b)
= € [0 (O + @ —b) — £ (0 + a) (D + a— cm +1)].
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Since
(Pr — &ePr)ép, = & [0k Ok + & — 1) — (9 + a) (I 4 a — ¢ + 1)]
for1<k<m-—1, and
P&l = 2 0 (Wm +(a—b+1) = 1) = &P +a)(I +a—cp +1)],

f(&,...,&m) is a solution to Ec(a,a —¢m + 1, (1, .., em_1,a — b+ 1)) with
variables &1, ..., &, if and only if €2 f(&1, ..., &y) is annihilated by Py, ..., Py,
Le., w0 f(3h, ..., et i) is a solution to Ec(a,b,c). To study M(peo), it
is sufficient to investigate the local monodromy of the system FE¢(a,b,c) with
variables & = ZL ... &, = T2=1 ¢, = L along a loop turning the divisor
(&n = 0). The space S of the solutions consists of the elements £2, - f, where f
runs elements in the space of solutions to E¢(a, a—c,+1, (c1, . . ., Cm—1,a—b+1))
with variables &1,...,&,,. Thus S is spanned by the following elements: for

any subsets N C {1,...,m — 1},

@)= Tlea - FR©,

1eEN
g (€)= &gttt gRE) =[] &7 - & GR©),
1EN 1€EN

where F{P(€) and GP(€) are Lauricella’s hypergeometric series F of variables

1,--.,&n with some parameters. Then the eigenvalues of M(ps,) are o and
p

(. Further, the eigenspace of « (resp. 3) is 2™~ !-dimensional and spanned by

{/¥}n (resp. {g%}n)- O

4.3 Proof of Theorem 4.6

In this section, we prove Theorem 4.6. Since dim H,,(T;,u;) = 2™, it is suf-
ficient to show that D;’s are eigenvectors and linearly independent. First, we
evaluate the intersection numbers I, (A, D},). Second, we show the linear inde-
pendence by evaluating the determinant of the matrix (I,(Ar, DY) 1. Third,
we prove the properties of the eigenspace of My of eigenvalue 1. Finally, we
show that D...,, is an eigenvector of M of eigenvalue (—1)™ ! [, vx-a~'47%

Notation 4.12. We use same notations as in Section 1.2. For fixed suffi-
ciently small positive real numbers z1,...,2,,, we denote M = T,, where
= (T1,...,Tm)-

We review the construction of A, ..;, = Ay briefly. We set J := I¢ =
{1,...,m} —I. We consider

M[:(Cm—(U(SkZO)U(U]:O)U(’w[:O)>,

k
where v; and w; are polynomials in s1, ..., s,, defined by
ZT; X
U[::Hsi- 1—2 ——g s; ,w;::Hsj- 1—5 Si—E =
Si S
iel iel 7Y jeJ jeJ iel jeg
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The multi-valued function u; on M is defined by
Uy = Hskc" -vf-wIB,
k

where

A::chfa7m+1, B := —b,
CiI:Ci—l—A(iEI), CjZZI—Cj—B(jGJ).

We construct the twisted cycle AI in M; with respect to u; from the direct
product oy C R™ of an r-simplex and an (m — r)-simplex. The orientation
of oy is induced from the natural embedding R™ C C™. Note that when we
eliminate the boundary of o;, we regulate the difference of branches of u; by
a different way from the usual regularization. We consider the e-neighborhood
of the divisors (s1 = 0),...,(s;m = 0), (1 =3 ;8 =0), 1—=32;c;8 =0),
where ¢ is a positive real number satisfying ¢ < —— and z;, < % (we use the

m+1
assumption £ = - -+ = &,, = € in Section 1.2). By using the bijection

LI:MI_)M; LI(Sla"'asm)::(tla"'atm)a
=" (el) t;=s; (j€J),

we define A; as the following:

Ap = (=) () (A)).

Note that o7 is contained in the bounded domain Ll_l(Dl...m).

4.3.1 An expression of D;..,,

We prove Proposition 4.8 by using imaginary cycles and the construction of
A[’S.
Fix any tg € o7, and set

VIR ={to+ V=101, ,0m) | (01, -..,nm) € R™} C My,

which is called an imaginary cycle. By arguments similar to those in the proofs
of Proposition 1.3 and Theorem 1.4, we can prove that the integration of ug on
(t1)«(v/—1RT) also gives the solution f; to Ec(a,b,c), under some conditions
for the parameters a, b, c. Therefore (11).(v/—1R7")" is orthogonal to the cycles
Ap (I' # I) with respect to Iy, and hence (¢1).(v/—1R7*)Y is a constant multiple
of AY. Since Dj...,, and the simplex ¢7(0o7) in A; have a same orientation (c.f.
Remark 1.5 (i)), we have

I (D1, (1)« (V=IRT)Y) = In(Ap, (ur)« (V=1RT)Y).
Thus we obtain

In(A, AY)
In(D1.coms (1)« (V=1RT)V)

Af = (e (V-IRTY)Y,
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which implies the first equality of (4.1) because of

_ In(Af, AY)
In(D1om, (01)« (V=IRT)Y)
=Ih(A, AY).

Ih(Dl...m,A}/) 'Ih(Dlmma(LI)*(\/leTIn)v)

The second equality of (4.1) is followed as
Ih(Afv DYmm) = (_1)mI}L(D1~~~m7 A}/)V = (_l)mlh(Ab A}/)V = I/L(Ala A}/)’

Where g(aaﬁf-ylw"v’yrn)v = g(a_176_1371717"'7’7;11) fOI' g(a767’yl7"’7’7m) S
C(a, 8,791, -+ -, ¥m). The orthogonality of A;’s implies

In(D1..om,
Z hlh 1AI,AV ZA”
which is the equality (4.2). Hence the self-intersection number of Dj...,, is
In(D1om, DY) = > In(Ar, A
I
= Z(—l)m HNH R (O‘ - Hiel 72’) (ﬂ - Hiel 'Vi)
[LOon =1 - (e =TLm) (B-1)

1
T ILw 1) (a— T (B-1)

~(a+5) Hwk > ‘”+aﬁz '”HvﬁH% Z D T

I JjeI iel
Since
S =Y (T)(l)r —a-ym =0, SO = [T - 1,
I r=0 I J€I k
SEDI v = Y 0 v = o [ [ow - 1),
T icl J id] k

we have the equality (4.3):

vy B+ ()" Theow
Ih(D1..oons DY) = (B— 1)(0471_[:%)'

4.3.2 Intersection numbers

For I,I' C {1,...,m}, we evaluate the intersection number Ij,(A;, D},). By
Proposition 4.8, we may assume I’ # {1,...,m}. We set

J={1,...om}—1, J:={1,....m}-1TI,
I() = IOI’, .[1 IZIQJ/, JO Z:JQI/, Jl Z:JﬂJ/.

By using ¢7, we have I),(Ar, DY,) = I.(A7, DY), where Dy := (1)1 (u) 71 (Dyr).
Note that the orientation of Dj: is also induced from the natural embedding
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R™ C C™. Thus o; and Dy have the same orientation. For I’ + 0, Dy is a
chamber

{(51 . 8m) ER™ si>0(el), s;<0(&r), }

(=Dl (s) > 0, (=) 1+, () > 0

loaded the branch of u; by the assignment of arguments:

si(iel’) | s;(iely) | si(iedy) | vi(s) wr(s)
argument 0 ™ - [I1]m | (] = (|| +1))m

In fact, the conditions for v; and w; are simply given by
Z; Zj
1- — - >0, 1- ; — — <0
2.5 T2 m 0 1) s ) <0
icl jeJ icl jeJ

because of |J'| = |I;| + |J1|. In the case of I’ = § (then Iy = Jo = (), Dy is a
chamber
{(s1,--+y8m) ER™ | s, <0 (1<k<m)}

loaded the branch of u; by the assignment of arguments:

si(i € Iy) | si(i € J1) | vi(s) wr(s)
argument ™ -7 |7 | (|[I] —m)m

Lemma 4.13. If I' # 0 and I C J', we have I;,(Ar, DY) = 0.

Proof. By the assumption, we have Jo = JNI’ = I' # (). For (s1,...,8m) € Dy,
we show that at least one of s;’s (j € Jy) satisfies 0 < s; < mx;. Because
(3]

of mz; < m- % < g, it implies that the chamber Dy is included in the e-

neighborhood of (s; = 0), and hence Dy does not intersect A;. We assume
that all of s;’s (j € Jo) satisfy s; > mx;. By

0>1— o 1= o 2 2
PR DR e D DU Dl Dl
iel jeg I il j€do 0 jen 7Y
5i<0(i€l)ands; <0 (j€Jp), we have
T T
1<1-— ; — s .
IS b
1ely JEJ1 J Jj€Jo J
However, the inequalities
llfj lfj 1
— < — < — <1
2 S Sy s

j€Jdo J€Jo J€Jo

lead to a contradiction to 1 < 37, %7 0

We consider in the case of I’ # (). By Lemma 4.13, we may assume that
I ¢ J'. If we consider z1,...,x, — 0, the condition (—1)"lv;(s) > 0 may be
replaced with 1 — 37, ;s; > 0, and (=117 14(s) > 0 may be replaced
with 1 —>7,.;si < 0 to judge if s belongs to a central area of Dy, This
observation means that we can evaluate the intersection number Ih(Al,f)}/,)
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like that of the regularization of V; and VI’,V by omitting the difference of the
branch of uy, where

Vii={(s1,..8m) ER™ |5, >0, 1= 5,>0, 1= Y s; >0},
iel jeJ
L m Sk>0(l€€I/), Sk<0(k€J,),
VI/ o {(81, .. .,Sm) 6 R ‘ 1_ Ziel S,L' < O, 1 _ ZJEJ Sj > 0 . (4.4)

Note that this chamber is not empty, because of I ¢ J'. In the case of I’ = (),
we can see that the above claim is valid, by replacing (4.4) with

V'ii={(s1,..-,8m) ER™ |5, <0 (1 <k <m)}

(note that 1 — 37, ;s; >0, 1 =3, ;s; > 0 hold clearly). Recall that when

we construct the twisted cycle Ay, the exponents of (s; = 0), (s; = 0), (1 —
Yiersi=0)and (1 -3, ;s; =0) are N

ci—1, 1—¢;, —b, chfaferl,

k=1
respectively, where ¢ € I and 7 € J.

Let tg be an intersection point of A and D;. We denote the differences of
the branches of ur at ¢y by xr,r/, namely,

_ the value uj(to) with respect to the branch defined on Ar

XI,1' = - =
the value wuy(tg) with respect to the branch defined on Dy

Note that xr ;- is independent of the choice of the intersection point ¢.
Lemma 4.14. For I' # (), we have

-~ / 1 1 1
I,(A;, DY) = ,.,1m7(\J|+1).|| || .
n(Ar, Dp) = xr,r - (—1) A i1 ,yfl_l B-1-1
1ely jeJi I

1 1
ey (s
KiCly \iek; jek, Vi
K;CJo

1 1 1
+0F1Hk7k*1 Z ﬁH 11 ] (4.5)

KiCI, \i€K; jek; Vi
K;CJo

For I' = 0, we have

A o m—m 1 1
(A, DY) = xrp- (1) H 71 H T (4.6)
er i jes Vi~

Proof. We show (4.5), by using results in [13]. Obviously we have

SjZO(jGJ/), I_Zielsi:07 }

. N1 — m
V]ﬂvp —{(81,...7Sm)€R SiZO(iEII), 1_Zj€¢]5j20

which implies that the intersection number [ h(A I, D}//) is equal to the product

of
1 1 1
X1,1"° H ) H ,Yj—l_l'ﬁ—l_l

;i — 1
icrny Vi jenJg’
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and the self-intersection number of the twisted cycle determined by the chamber

s;=0@Get), 1= c8=0, }

{(817"‘7sm)€R SZ>O(Z€I/)71_EJEJS]>0

in the (m— (|J'|41))-dimensional space L := (., (s; = 0)N(1 =3, 5 = 0).
Thus we investigate non-empty intersections of (7 s;=0)(el), (1 72]‘6(] s;
0) with L.

(i) Without (1-3_,.; s; = 0): we choose subsets K of I’ such that (¢ ¢ (sx =
0) VL # ). By the condition 1 -3, _;s; = 0, we have

NGe=0NL#0=KNICIe K=K UK, (K CI, K;CJ).
keK

(i) With (1—>",c;s; =0): we choose subsets K of I such that [, o, (s =
0)N(1=>c;8 =0)NL#0. By the conditions 1 — >, ;s; =0, 1—
> jes8j =0, we have

(V(sr=0)n(1=> s;=0)NL#
keK jeJ

Therefore the self-intersection number is equal to

(1m0 1 3 1 11 711_1

—1 :
KiClo €K1 i JEK, ’y]
KjCJdy

1 1 1
totoaot, 2, (U= =)

KiCl, \ieK; jek, Vi
K;CJo
and hence (4.5) is proved. The equality (4.6) is shown similarly. O

Theorem 4.15. For I' # (), we have

< = 1 1
I(Ar, DY) =(=1)m~1l=t. —
W(Ar DY) =(-1) M
keJ’
1 .
I+ > — 1 7=
KiCly \iek; /'~ © jek, 1

KjCJdo

+mz H%‘—l',Hl—%‘ - D)

KrClg €Ky JEK
K;CJo
For I' =0, we have
1
A;, DY) = (-1)Ml .
k=1
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Proof. By Lemma 4.14, it is sufficient to evaluate x ;. We consider the dif-

fgrences of the branches of the factors of u; at an intersection point of A 7 and
D[/ .

(i) The argument of s, on A; and Dy are as follows:

kEI/:I()UJO kel | ke J;
Ar 0 T s
D]/ 0 ™ -

Since the exponent of s; (j € J) is C; = 1 — ¢; + b, the contribution by
the branch of [, s¢* is [Tics,(;'0).

(ii) We have
z;
vr=|]s-|1—- i — —
=ty -2 T
el jedJ iel
and the term ., %= does not concern the difference of the branch. By
(i) and the fact that s € V], satisfies 1 — . ;s; > 0, both the argument
of vr on AI and that on D[/ are |I1|m, and hence the contribution by the
branch of vf is 1.

(iii) We have
oy
wr=]s 1= s =3 ).
jeJ iel jeg 7
and the term >, ; :—j does not concern the difference of the branch. By
(1) and the fact that s € V], satisfies
1-— Zie[si <0 (I/ #* @),
1-— Zielsi >0 (I/ = @),

the arguments of w; on A r and D 1 at the intersection points are as follows:
([N+ D) (I #0),
| J1|m (I'=0),

(| = [J'| = D)m (1" #0),
(| =m)m = —=[h|r (I"=0)

(argument on Aj) = {
(argument on Dj/) = {

(note that m = |J'| = |I1| + |J1], if I’ = 0). Because of |J'| = |I1| + |J1],
we obtain

(difference of the argument of wy)

_ S (Al+Dr = (L] = [J'| = Dr =2(l4h+ Dr (I"#0),
[Jilm = (=|Li)m = 2| Ji|w 1" =0).
Since the exponent of w; is B = —b, the contribution by the branch of w?

1S

{ gD (1" £0),
glnl (1 =0).
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We thus have

o= TL078)- 57D (1 #0), o= []678) - 577

Jjeh1 JjeN

By Lemma 4.14, if I’ # (), then we obtain

I,(A;, DY) = H (v;1B) - g7+ (=1 (D)

JjE€J1
H 1 H 1 1

' 1 -1 _ 1 /-1
ier, Vi 1 jen i 1A !

e S (T 1T ——

=1 -
KiClo \ick; 't jei, Vi

Kj;CJdo
1 1 1
= > | 1l 11
= — ,_ -1
a I v —1 Kicl, \ick; i 1 jer, Vi 1
K,CJ
1 1
et 1
1 .
e T == 1T 2%
Kicl, \iek, /' © ek, = i
K;CJo
« 1 ;i
e (I
[Tk =« Kicly \iek; 't 1 jeK, 1=
K,EJo

If I’ = (), then we have

m

nan D) =165 s Tl Tl == = 0" T

— 1 o
jea ier i1 jer i o1 LT

O
To simplify the equality (4.7), we use the following formulas.

Lemma 4.16. For a positive integer n and complex numbers Ai, ..., \,, we
have
N ! R Y
2. Hl—Al_ll_Il—Al’ 2 HAZ—I_E/\l—l'

Nc{1,...,n} IEN =1 Nc{1,...,n} IEN

Proof. Because of

)\l 1 1 )\l

1 =— 1 = —
+1—/\l 1—=N +)\l—1 N =17

this lemma is shown by the induction on n. O
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We summarize the results in this subsection.

Corollary 4.17. If I’ £ (,{1,...,m}, then we have

m

’ 1 : 2_1 [0
L(A7, DY) = (-1 T Mhier i =1 1w = ollies %

o L= 1-p

This equality holds, even if I C J'. For I' = (), we have

m

(A5 = () T

[ —a
(4.8)

(4.9)

Proof. Recall that I;,(Ag, DY,) = I,(Ar, DY,). The equality (4.9) is equal to
that in Theorem 4.15. If I C J’, then we have Iy = I NI’ = () and hence
[l;cz, 7 —1 = 0. Thus the right hand side of (4.8) is 0, which is compatible
with Lemma 4.13. Then we have to show that the right hand side of (4.7) is

equal to that of (4.8). By Lemma 4.16, we have

Y (D5 - X T

1_
Vi K1ClIo zeKI

i€ly

SO I -

KiCly €Ky i -1 JEK 1 Vi K;Cly ’LGKI
K;CJo
i _ 1 3 ryJ
(s -mss) (o e
16[0 i€ly j€Jo Jje ]0

~0 (Ta) (1 ) T

i€ly jeJo kel’
Therefore, we obtain

(A1, DY) = In(Ar, DY)
— (- T L 1i5

pes LT
i€ly kel’ 1- Tk Hk Te — &

m

1*%.

> I

K;CJo JEKJ

_ Yi 1 1 1
(, 0%—11_[0%—1>.. 01—73/]» lIO '<H721> H 1_,}%»

kel’

> 11 =%

K;CJojEK, Vi

H’Y]

Jj€Jo

— (1)l ] U lierni =1 e = olljes, %

iy -8 ILw-a
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Here we use m = |Io| + |I1]| + |Jo| + |J1|. Further, since

L+ |Jol = [ INT|+ 1N | = [TUl'|—|INT| = |I|+|I'| -2/INT,
we have (—1)ITtl+1Jol=1 — (_1)[TI+1I"[=1, L)
Corollary 4.18. We have I;,(D1..., DY) =0, if I' # {1,...,m}.
Proof. This is obvious, since

Dy C{(51,.+-38m) ER™ | s > a2, 1<k <m)},
ﬁpm{(slv"'7sm)€Rm‘5kZIk (]'Skgm)}:@

We also show this corollary by straightforward calculation. By (4.2), we have

In(D1mn, DY) = > In(Ar,Dp).

Ic{1,....,m}
If I’ = (), then we obtain
m 1 m 1 m . m
T S | Pt DINCEIEES | Ferrtd DIEti () R
k=1 F et m) k=1 Tk 120 "

Thus we assume I’ # (). By (4.8), it is sufficient to show that

3 }( I (H 7,1> H%*a I =

Ic{1,...m elnl’ jeIenI’

The left hand side is equal to

> (=)ol D=1 (H %——1>- ﬁ%—a I

IoCI’ i€lp k=1 jeIr —1Iy
11CJ,
m
2: I'|+|Io|—1 E: I
IpCI’ i€ly k=1 jel’ —Iy ILcJ'

Because of J' # ), we have

Z (_1)”1' = 0)

LcJ

which shows the corollary. O

4.3.3 Linear independence

Let Ag be the matrix (I,(Ar, Dy/)) - with arranging I, I’ in the same way to
the basis {Ar}; (see Section 4.1). In this subsection, we evaluate the determi-
nant of Ag.
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Theorem 4.19. The determinant of Ay is

([ + )2 " 1 .
N (aﬁ H'Yk) 1— B 2m 1(1—[ Ve — )gm T’ (1 e ) om—1 (m.odd),

m—1

(ITeve + @) — an .
((Xﬁ“!‘]cl:[l’)/k) (1_5)277171(1—11C Y — Qm T P 1 ’)/k 2m*1 (m : even).

In particular, we obtain det Ag # 0, and hence {Dr}y is linearly independent.

Remark 4.20. In this chapter, we assume that the parameters a, b, and ¢ =
(c1,...,cm) are generic. In fact, it is sufficient for our proof of Theorem 4.6 to
assume the irreducibility condition of the system E¢(a,b,c)

a—> ¢, b=Y a¢Z (IC{l,..,m}),

iel iel
and the conditions
m
" . a+b—ch¢Z (m : odd),
cesCm €7 - ~7 kot
C1, , C g 5 a ch g 2 ) 1
k=1 a+b—ch¢Z+§ (m : even).

We change Ag into A by elementary transformations with keeping the deter-
minant as follows.

Add the first, second, ..., (2™ — 1)-th row of Ag to the 2™-th row of Ay,
then 2™-th row becomes

(mz ALDY),. . 1> ALDY ), N> Al D{,,m)>
I I I

= (I}L(DlmnuDv)a R th(Dlmma D;/u.m)a Ih(Dlmma D}/m))
=(0,...,0,I4(D1.com, DY....))

by Corollary 4.18. It means that
det AO = Ih(Dlu-m,» Di/m) - det A/,

where A’ is the leading principal minor of Aq of size 2™ — 1. By Proposition 4.8
and Corollary 4.17, we have

det Ar — B+ (D)™ Tl i 1 . det A
"= B-Da-Thw LT T, w = a2
af + (=)™ [T M

1
= - -det A,
=P o= L a7
where A is a (2™ — 1) x (2™ — 1) matrix whose (I, ') entry is
AI,I/ = ( ‘IH_II I 1 H ’Yz_ 1 H k — H ’yj) (II # (Z)), (410)

zEIﬂI/ jelenI’
Ao = (=) (4.11)
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We write

A0,0) AO 1) e AOm—1)
A(1,0) ALD e A(Lm—1)
A= : . : ’
Am=1,00 Am—1,1) - A(m—1,m—1)

where A(k, k') is the (') x (},) matrix. Note that the entries of A(k, k') are the
(I,1') entries of A with |I| = k, |I’| = k’. We compute det A. Put A := A.

Proposition 4.21. By the induction on n > 1, we can take A from A1
such that

(i) det At =det A and Aé"w =1,

(ii) if |[I'| > n+ 1, then

A =(—pr= K 11 %—1>- Hw—a I

ielnl’ jerenr’

- > (IIti-D- H%#—(—l)ma I v ;

KcInl’ \t€K k=1 jeEKeNI’
0<|K|<n

(iii) for k <n, we have A (k, k') = O (k' > k),
(iv) A™(1,1),...,A™(n+1,n+1) are diagonal,

V) A = ~TLie, (i = 1) - ([T v + (~1)1la) for 1 < 1] < m+ 1.

We denote the conditions (i), ...,(v) by C(n). By admitting this proposition
temporarily, we prove Theorem 4.19.

Proof of Theorem 4.19. By Proposition 4.21, A(™~2) is a lower triangular ma-
trix, and hence we obtain

_ aB+ (=)™ 1w 5 I (m—2)
detAO— (1—6)27"_1(1_‘[19'}%_04)2”1 1 H 1_,7 )2”‘ 1 det A

_ af+ (=)™ I, ﬁ 1
(1=p)2"~ 1(H;c =)t b (L)

AL (e ([T o)

_ (_1\m . aﬂ_"(_) Hk'Yk . 1
-y (RS Elu—wm*

PAIC{1,..
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If m is odd, we have

11 <Hvk+ i >:<£[1%—a>QMI1. <£[17k+a>QM1l_

0AIC{1,..., m}
m 2'm71_2
: <H Y + a) .
k=1

Therefore, the proof of Theorem 4.19 is completed. O

If m is even, we have

I (fle )= (f0 )

0#IC{1,...,m}

om— 1

Proof of Proposition 4.21. We write down properties of A(®) = A:

() Ay =

1,
(b) A(0,k") =0 (k' > 0),
(¢) A©(1,1) is diagonal,

(d) A = ~(n—=1) - [Lew —a), for << m,

The properties (a) and (b) follows from (4.11) and (4.10), respectively. Since
INI=0it I ={l},] ={l'} withl# 1, (4.10) implies (c). The property (d)
also follows from (4.10). By (4.10), for |I'| > 2, we have

L¢ I =AY, =0,
ler :Af{?; j7 =(—1)W‘(71—1)(H7’f_0‘ 11 W)'
k=1 jer —{1}

We define A®M) by replacing the columns of A©®) of I’ (|I'| > 2) with

A(o \I ‘ [T e —alljer— Vi A(o)
(-1 {1y
ler [T —a 7

where Af}, is the column of I’ of A(®). By this definition and (b), the columns

of I' (|I' = 0,1) and the row of # do not change. We verify that A1) satisfies
the condition C(1).

(i) It is obvious.

(ii) We assume |I’| > 2. By the definition of A we have

1
A

_ (—p)liHI= (H %71) (Hvk—a 11 %)

eInl’ jeIenI’

+Z \I ‘Hk Ve — aH]EI’ Wi A©

_ “RL
ler Hk: Tk &
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— (—1)lHI= (H %—1) (Hvk—a II %)

ieInr jelenr’

|1’ ‘Hk’yk aHgGI’ {1} Vi ) m _ e _
+ > (-1 Moo —a (=) 1(Hk O‘)
lelnI’ k=1

= (—pHHEEr l( 11 %'—1>- ﬁ%—a II

ielnl’ jeIenr

- > ((u-D ﬁ%—a I ]7

leinr k=1 jer—{i}

which is the equality in (ii) of C(1). Here we use the equality A(I %l} =
0(¢gl.

(iii) By (b), we have to show that AV(1,K') = O (k' > 1), ie, AL}, =

0 (|[I'| > 2). Tt is clear in the case of i & I’. Thus we assume that i € I’.
Because of {i} NI"' = {i} and {i}*NI' =1 — {i}, we obtain A%J/ =0.

(iv) By (c), we have to show that A()(2,2) is diagonal. We assume that

Il =1|I'|=2and I #I'. If INI =0, clearly we have AII, =0. We
consider the cases INI" # (). We may assume that I = {i1,1}, I' = {i},4}
with ¢; # 47. Then we have INI' = {i} and I°NI' =1 — {i} = {#\},

which imply A{"), = 0.

(v) By (d), we have to show that

1
A({zz,m} {i1 s} — (’711 - ’7742 (H Ve + a)

for i1 # is. By (ii), we obtain

(1)
A{ilﬂ'z} {i1,i2}

< Yiy Vio — H Ye — CV
m
—(vi, — H Vi — @¥iy) — (Vip — H - Qi )

= - (H Vi - (,Yh’yiz =Yy — Yig + 1) + O‘(’Yilryiz = Yiy — Vi T 1))
k=1

(v = D, — H% +a).

Therefore, A(!) satisfies the condition C(1). We assume that we obtain A(™~1)
satisfying the condition C(n — 1), for n > 2. We define A by replacing the
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columns of A=Y of I’ (|I'| > n 4+ 1) with

(n—1) Z I +nl Hk Y+ (=1)"a HjeK’CﬂI’ Vi CA(n—1)
A* I’ + ( 1) n A* K’
’ Kicr [I v+ (1) a ’
|K'|=n

Note that the columns of I’ (|[I’| < n) and the rows of I (|I| < n — 1) are not
changed from A=V, We verify that A(™ satisfies the condition C(n).

(i) It is obvious.

(ii) We assume |I’'| > n+1. For K’ C I’ with |K'| = n, (ii) of C(n — 1) means

(n—1)

A}

:(—1)|1+|K’|—1.[< H 'Yi—l)(H'Yk—Oé H 7;‘)
ieINK’ k=1 jelenk’

- 3 He-(ffcome T3]
KCINnK' €K k=1 JEKeNK'
0<|K|<n—1

= (—1)lfHn=t K( 11 %—1)— > H(%——D) 1T
i€eINK’ KcINnK' €K k=1
0<|K|<n—1
(T ¥ o ey 1 w) o 11 )
ieINK’ KCINK' icK JEINK'—K jelenK!
0<|K'|<n—1

since K“NK’' = (I°NK'Y)U(INK'—K). As a corollary of Lemma 4.16,
we obtain the formulas

oo T[a=-wIIxn= > M- ][ra=1,

NC{1,...,k} lEN IgN NC{1,.. k} lEN IgN
(4.12)

k
Z H()\z -1)= HN, (4.13)
=1

NC{l,.. .k} lEN

for a positive integer k and complex numbers Ay, ... \x. The equality (4.13)

implies
IT »-1= > Jl&-0v.

i€INK’ PAKCINK'ieK
By (4.12), we have

I v-1=— > "[[x-0 I w

ieINK’ 0AKCINK' €K JEINK'—K

Therefore, if |[I N K'| <n — 1, then we have

n—1
AV =0,
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If|INK'|=n (ie., K' CI), then we have

m

i = 0o T - (T e+ ().
k=1

€K’

Hence we obtain

A(InI) =(—)MHII=L [( H Vi — 1) : (ﬁ e — H Vi
11

k=1 jerenr

- > (II-v- w0 T ]

KcInI’ €K k=1 jeKenI’
0<|K|<n—1

+ Z II |[+n+1 Hk e+ (—1)"a HJEK/CHI’ i
Hk Vi + ( 1)na

K'cInI’
|K'|=n
m
1)HHn—1 H (v; — (H e+ ( )]
ieK’ k=1
= (=L [( H %‘1> : H’Yk*oé H Vi
elnl’ jeIenI’

SN DI CERN| SEREET | ]|

KcInI’ €K jeKenI’
0<|K|<n

which is (ii) of the condition C(n).

(iii) By (iii) of C(n — 1), we have to show that A" (n, k') = O (K’ > n), i.e.,
AP, =0 (] = n, |I'| > n+1). We assume that |I| = n and |I'| > n + 1.
By a similar calculation to the proof of (ii), we obtain

A,
= (—p)HI-t l(( I[Ir»-1)- > H(%—l)) [T
ieInl’ KcInl' ieK k=1
0<|K|<n
(I w1+ 3 o™ Ty T ) T 5]
ieInr’ KcInI’ i€EK jeINI’'—K jerenr
o<|I’|<n

(4.14)

Because of |[I N I'| < n, we conclude that A?ll), =0.

(iv) By (iv) of C(n—1), we have to show that A (n+41,n+1) is diagonal. We
assume that |I| = |I'| =n+1 and I # I'. Then we also have [I NI'| < n,
and hence Ayfl), =0, by (4.14).
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(v) By (v) of C(n — 1), we have to show that

Ay = =TT =0 (T (1)),
k=1

icl

for [I| =n+1. By (4.14), INI¢ = (), and a similar argument to proof of
(ii), we obtain

AP = (—p)liHr= [H(% -1)- ﬁ yi+ O] — 1) - 041
k=1

iel il
= ~TT¢e =0+ (TT e + (-1)"a).
iel k=1
Consequently, we can construct A inductively. O

4.3.4 The eigenspace of M of eigenvalue 1
By Corollary 4.18 and Theorem 4.19, we have to show that
o Mo(Dron) = [(=1)" [Ty ve @ 871 - Diom,

o My(Dy) =Dy for I C{1,...,m},

to prove Theorem 4.6. In this subsection, we show the second claim. The first
one is proved in the next subsection.

Hereafter, we use coordinates (s1,...Sm) = <, e ) v(t) and w(t, )

are expressed as

respectively. Let

V' (s,x) i =1— Zwksk, w'(s) := H Sk - (1 — Z Sl> :
k=1

k=1 k=1 "F

If z4,..., 7, are positive real numbers, then we have

> > > / > > =

th=0e5,20, v(t) 200 (s,2) 20, w(t,z)=0ew'(s)=0,
and hence the expressions of D;’s are as follows:
Dip & 8, >0 (1 <k <m), v'(s,2) >0, w(s) >0,
D+ s <0(1<k<m),
. Si>0(i€I),Sj<0(j¢I),

Dy (otherwise) < { v'(s,x) >0, (=1)™ M+l (s) > 0.

Note that if © = (x1,...,z,,) moves, then only the divisor (v'(s,z) = 0) varies.
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Recall that the loop po is homotopic to the composition 79p( 7o, where

01 [0,1]5 0 ((1_9)21+9(ni2—50)>(1,...,1),

m2

1
ph 0,113 60— <m2 - 6062”‘/jw> (1,...,1),

for a sufficiently small positive real number €. Since variations along the paths
70 and Ty give trivial transformations of the cycles Dy’s, we have to consider
the variation along pf for a sufficiently small £9. Let 9 — 0, then (v/(s,z) = 0)
and (w'(s) = 0) are tangent at (s1,...,8m) = (m,...,m). Thus Dj..,, is a
vanishing cycle, and each Dy (I € {1,...,m}) changes trivially as £ — 0. This
implies that M (D) = Dy for |[I| < m.

4.3.5 An eigenvector of M, of eigenvalue (—1)" '], v -
—1p-1
o p
In this subsection, we show Mo(D1...p) = [(=1)™ ' [[ v a 1871 D1 As
mentioned in the previous subsection, it is sufficient to consider the variation
of Dj...,, along pf for a sufficiently small eg. Thus we consider that Dj...,, is

contained in a small neighborhood of s = (m,...,m) in R™.
Put z := m% — gp. We have

V() =1 (3 —a0) Yo

We use the coordinates system

m
/ / / o 2
(15 s St Sm) == (Sl—m,...7sm_1—m, E Sp—m )
k=1

Note that s, =s;+m (1 <I<m—1) and s,, = s}, — Z;’;}l s;+m. Then the
origin (sf,...,s,,) = (0,...,0) corresponds to (s1,...,8m) = (m...,m). Let U
be a small neighborhood of (s}, ...,s},) = (0,...,0) so that s >0 (1 <k <m).
In U, we have

1 2
v'(s,00(0)) >0 1 — (2 - 50> (sh, +m?) >0 s, < ———— -eo,
m m2z ~ €0
m 1 m—1 1
w’(s)>0®1—2—>0®s;n>Zsi—m—i— s
k=1 s =1 1- =1 s/+m
Hence D;....,, is expressed as
m—1
1 m?
=1 - =1 s7+m m? 0

Let 8 move from 0 to 1, then the arguments of # —£0€?™V 19 at the start point

and the end point are equal. Thus the argument of #;\ﬁw - goerv 10
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increases by 27, when 6 moves from 0 to 1. Put

m—1 1
st} im S st e
=1 =1 s;+m
For i # j, we have
1
0,...0)=—m+4+— " —0,
f( ) =—m+ T r—
m
of . / 1 1
(81, .y8y_1)=1— — . ,
ooy ) ST ST G
of 1 1
9 0,...,00=1— —)
68;( ) (1—(m-1)L1)2 m?
o2 f (s S )= 2 . 1
Osidsy T (- )t (st m) sy m)
0%f 0.....0) = 2 12
9s;0s) "7 (1= (m—1)1)3 mt T om
02 2 1
—/];(5’1,...,3'7”_1): T . -
asi (1— =1 W)S (Sz+m)
" 1 2
m—1 : . 3
1->" ﬁ)Q (si +m)
9? 2 1 2 1 4
/J;(O,...,O): 5 1+ = —,
Js; (I=(m-=1)3)* m* (A-(m-1);)> m®> m
Thus (si,...,5,,_1) = (0,...,0) is a critical point, and the Hessian matrix

H;(0,...,0) of f at this point is

2 1 1
2 1 2
Hy(0,...,0) = —
m .
1 1 2
Since Hy(0,...,0) is clearly positive definite, the Morse lemma means that f is
expressed as
m—1
2,
1=1
with appropriate coordinates (z1,. .., zn—1) around the origin. Therefore, the

claim Mo(D1..p) = [(=1)" [T, - @ 87| - Dy...ppy is obtained from the
following lemma.

Lemma 4.22. For y, \,u € C, we put

m—1
=1



where z1,...,2, are coordinates of C™. We consider the twisted homology
groups Hp,(Zy,vy) (y € C). Let 6y € Hp(Zy,vy) (y > 0) be expressed by
the twisted cycle

m—1
{(zl,...,zm)eRm sz<zm<y},
=1

and let &' be the element in H,,(Z1,v1), which is obtained by the deformation
of 61 along y = e2™V=1 4560 :0— 1. Then we have

5/:( 1)m 1 277\/7 Atu) | d1.

Proof. 1t is easy to see that d, is expressed by ({1,...,&m) € [0,1]™ as

m—1

=26 -1, |yém J] -2 -1?) Q<i<m-—1),

j=1+1

Zm = y§m~

. 1
The functions z, — Y.,~, 27 and y — 2, are expressed as

m—1 m—1
-y ea-1)? [T a-@4-03], y-:&,
=1 j=l+1

respectively. We consider the variation along y = e2™V=19 359 : 0 — 1. Both
arguments of z,, — Zﬁ;l z? and y — z,,, increase by 27. Further, the expression
of the domain of § by (&1,...,&n) € [0,1]™ is also changed. However, by a
bijection

nglfgl(lglgmfl)a Em'_>£ma
the expression coincides with the original one with contributions to orientation.
Therefore we obtain

5 = (_1)m71627r\/jl()\+p,) . 51.

4.4 Representation matrices

For 0 < i < m, the matrix representation of M; with respect to the basis {Ar};
is given by M; in Corollaries 4.5 and 4.9. However, M is too complicated to
write down. In this section, we give another basis {A}}r of Hp,(T%,ug), and
write down the representation matrix of M; with respect to this basis.

Let P be the 2™ x 2™ matrix whose (N, I) entry is

V= [Len Nl
E Vi Oé - HnGN Vn)(ﬂ - HnGN ’Yn> ( < ),

0 (N ¢ 1),
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and let {A}1 be the basis of H,,(T;,u;) defined as

(A ALAL AL A Al AL
= (A A, Agy o A Are, Ay Ay P

Namely, A’ is defined by

7] _ [Leny
aB]] Z o T - Ax.

iel N & nen Yn)(B = Tlhen 1)

Note that P is an upper triangular matrix.
Lemma 4.23. We have

(@ =TT ) (B =TT 7x) AL
aﬂHk Yk "

+ > ( ! +(—1)mIHO’j;'“>A’1:D1..Am.

ICA1,...,m} [iervi

Proof. By the definition, the left hand side is equal to

(Oé - Hk r}/k)(ﬂ - Hk ’Yk) .o HnEN Tn
aB 1T, mw ’ Nc{lz.,m} (@ —TIThen1)(B = TIlen 1) A
af _
+ (v—1) + (=1)m Ml i
Ig{;,m} ng ! (Hk Vi 117)
> ey n Ayl (4.15)
NI (a - HneN 7“)(5 - HneN 'Vn)

Clearly the coefficient of Aj...,, in (4.15) is 1. The coefficient of Ay (N #
{1,...,m}) is

[len | (=TT ) (B =TT, )
(O‘ - HneN ’Yn)(ﬁ - HneN 77L> Hk Yk
+ > I - 1)(Haﬁ + (=1)m I H’Y)]
1Ay ! e el

— HneN'Yn af

JCN€j€ I
J#£0

—a—B+H7k+H I DRC N J [C7R VI | %—]
neN IJC#J\Q/)C jed ieENe—J

o HneN Tn
a (a_HneN'Yn)(ﬁ_HneN'Vn [Hk'yk <J%:VLE )

ca-se Tl 3 0P - 11

neN  JCNe jeJ iENe—J
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HnEN Tn O‘B
= : — Q= 6 + Tn
(a - HneN ’Yn)(ﬁ - HneN ryn) HneN Tn ngv
=1.
Here we use the equalities (4.12) and (4.13). Therefore, (4.15) is equal to
> Ar=Dip.
Ic{1,....m}

O

Corollary 4.24. For 0 < i < m, let M! be the representation matriz of M,
with respect to the basis {A}}r. Then we have

M6:E27n—NO, M]:::Mk"_Nk (].Ském),

where N; is defined as follows. The (I,I') entry of No (resp. Ny ) is zero, except
in the case of I' =0 (resp. k € I' and I = I' — {k}). The (I,0) entry of Ny is

(o = [T ) (B — 11x ) _ m
O‘/@HI@’WC (I_{lva })7

+ (=1)mHI 0157% (otherwise).

1
Hie] Vi
The (I —{k},I) entry of Nj, is 1.

In particular, M, (1 < k < m) is upper triangular, M is lower triangular,
and the (0,0) entry of M| is

1— (1 + (—1)"113;’“) = ()" []w-a B

Proof. We evaluate M{,. By Corollary 4.9, it is sufficient to show that the matrix
representation of

(8- 1>(ZB— L) 1 5 DY Dy

is given by Ny. By Fact 4.3 and Proposition 4.8, we have

o

(8- 1)(zﬂ— I, ,yk)lh(A/h DY VD1
_ B0 -TLw -t
- o7 s

JEl

. HnGN Tn
NzC:[ [(OZ - HneN 'Yn)(B - HnEN ’Yn)
v Lign % - (@ = Tlhen 1) (B = Inen )

(v — 1) - (a— T (B - 1)
(o)L o

NCI ier i

Di..m

(=1)
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and hence we obtain

(B =D —TTx ) Y _J Dim (I=0),
af LA DY) D = { 0 1 (otherwise).

Thus Lemma 4.23 shows the claim.
We evaluate M|, (1 <k <m). We have to show that

A (k& 1)
Iy I )
Mi(Ar) = { Yo Ap Ay (RED).
If £ ¢ I, then the subsets N of I also satisfy k& ¢ N, and hence we have
My (An) = Ay by Proposition 4.4. This implies that M(A}) = A’ for
k & I. We assume k € I. For a subset N of I — {k}, we have

_ -1 _
Mi(An) = Ax = (Vk '+ %% ) An, Mie(Anogy) =75 "Anogg-

Then we obtain

M (A7)
1A, e v 1 Hnew
=7 AT+ -af ' A
1 n

(@ —IThen1)(B = Ilhen 7n)

JEI—{k} i NcI—{k}

Example 4.25. We write down M]’s for m = 2, 3.

(i) In the case of m = 2, the representation matrices M, M1, M} are as fol-

lows.
—-ap 0 0 0
. -+ 100
M(): _1 % 01 0 )
2 «
_ (e=m72)(B—7172)
aByiyz O O 1
1 1 0 0 10 1 0
o 0 & 0 0 o 01 0 1
= y = 1
1 0 0 1 1 2 00 = 0
0 o o0 X 00 o XL
Y1 Y2

These are equal to transpose matrices of those in Remark 4.3 of [9].
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(ii) In the case of m = 3, the representation matrices M, M, M}, M} are as

follows.

1By 000 00O O

- — Ul 1000000

—1i _mpr 01 00O0O0 O

P a5 0010000

Mg = _ ¥ s g 001000 |

Y1iv2 &0«

— oo+ Be 0000100

—o+BEE 0 0000 10

— o)) g9 0 0 0 0 1
1 100 0 0 0 0
0 &~ 00 0 0 00
00 101 0 0 0
M,_00010100
1—0000%000’
00000%00
00 00 0 0 1 1
0000000%
101 0 0 0 0 0
01 0 0 1 0 0 0
00%00000
, 00 0 1 0 0 1 0
M=100 00 2L o0 o0 ol
00 0 0 0 1 0 1
000000%20
0000000%2
100 1 0 0 0 0
010 0 0 1 0 0
001 0 0 0 1 0
) 000 5 00 0 0
Ms=1900 01 0 0 1
00000%300
000000%0
0000000%3
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