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Abstract 

 

The efficient combustion of solid particulate matters (PMs) that are trapped in the porous channel 

walls of a diesel particulate filter (DPF) is recognized as the major technological challenge of the DPF 

regeneration process. Due to unknown aspects of the combustion of solid matters in the DPF, 

uncontrolled combustion occurs during the DPF regeneration process. Consequently, the DPF may 

encounter a loss of its mechanical integrity and sometimes uncontrolled regeneration process causes 

significant structural damage of the DPF, and therefore it fails to trap particulate matters efficiently 

from the exhaust gas. Thus the regeneration process poses a major technological challenge even to the 

state-of-the-art DPF. To tackle this challenge and for better understanding of the process, the role of 

mathematical model is widely recognized. But the modeling approaches used to date for understanding 

the regeneration process could not be able to serve the growing demand for engineering modeling 

tools to assist the diesel particulate filter and thereby for the development of system optimization 

because of the complexity of the models itself, lack of relevant mechanisms, many input data that are 

not usually available, computational cost, model consistency and reliability. For these reasons, this 

research has been motivated to develop a universal model as well as to provide analytical expressions 

of the combustion characters of solid fuel deposited over an inert porous medium.  

Chapter 1 contains a brief overview of research works on combustion of solid fuel in porous 

medium occurring in various processes e.g., diesel particulate filter regeneration process, smoldering 

combustion, self-propagating high-temperature synthesis and sintering process. The literature review 

gives a clear idea of developing a model and its theoretical solution. At the end of this chapter, the 

objective and the structure of the thesis for achieving the target are presented through a flowchart.   

In Chapter 2, a simple mathematical model has been proposed for the combustion of solid fuel over 

an inert porous medium. With a view to simplifying the model, only the thermal nonequilibrium 

between the porous medium and the gas, and a simple parameter “deposition of fuel” instead of fuel 
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mass fraction are introduced in the model. Large activation energy asymptotic is employed to obtain 

the analytical expressions of the temperature and species profiles as well as the moving speed of the 

reaction front. A numerical computation has also been performed to determine the sensitivity of the 

asymptotic analysis for variation of each of the physical parameters that provides a clear concept about 

the deviation of the asymptotic analysis from the numerical solution. 

In Chapter 3, an advanced model is developed to examine the behavior of combustion wave 

observed in porous solid matters (e.g., smoldering, self-propagating high-temperature synthesis (SHS), 

DPF regeneration process). A detailed analysis of the opposed flow combustion of solid combustible 

(e.g., diesel particulate matters trapped in a DPF) deposited over an inert porous medium has been 

presented here. Analytical expressions of the combustion characters are obtained employing large 

activation energy asymptotic taking into account the sensible transport processes; namely, heat 

transfer between the porous medium and gas phases, radiation heat transfer from the porous medium, 

heat loss from the porous medium to the environment, mass transfer of oxygen from the gas stream to 

the surface of solid fuel and the effective diffusion in modeling the species diffusion. The applicability 

and adaptability of the model is then validated for predicting the characteristics of smoldering 

combustion and thus SHS process. In addition to, the governing equations are solved numerically and 

a comparison is made between the asymptotic analysis and the numerical solution.       

It is well-known that one-dimensional propagation of a combustion wave is classified as forward 

and opposed. Both modes are jointly recognized not only in fire safety problems but also in 

technological applications. So a comparative study between the forward and opposed modes is the 

subject of Chapter 4. To accomplish this goal, firstly the analytical solutions of forward mode using 

the model developed in Chapter 3 have been derived and then a brief review of the solutions of 

opposed mode obtained in Chapter 3 is presented. The lines of demarcation of unsteady behaviors of 

the reaction fronts of forward and opposed modes are identified for a variety of conditions aiming at 

the control of fire safety and the development of new technology.      

A practical application of forward and opposed modes is presented in Chapter 5. The problem has 

been constructed under the fact that a sample is ignited somewhere around the middle and after a short 

period of time, two reaction fronts separating from the ignition point propagate opposite to each other. 
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The effects of various physical parameters have not been fully uncovered yet and so it is discussed as 

ongoing research.      

Finally, the concluding remarks of the thesis have been summarized in Chapter 6. In addition to, 

the direction of future works is also mentioned in this chapter. 

 

Keywords: Solid fuel, Porous medium, Diesel particulate filter, Smoldering, Heterogeneous 

combustion, Asymptotic Analysis, Moving speed of the reaction front, Unsteady behaviors, Ignite 

somewhere around the middle. 
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Chapter 1 

Introduction and Background 

 

 

1.1 Background and motivation  

A diesel engine is widely used in passenger cars, heavy-duty trucks and off-road vehicles 

throughout the world due to not only its higher efficiency but also its longer durability. The main 

drawback of diesel engines is that they emit about 10 times more particulate matter (PM) than gasoline 

engines. These emissions are probably carcinogenic to humans that pose serious threat to the public 

health and the known sources of hazardous environmental contamination [1]. As a result, the 

Environmental Protection Agency (EPA) imposes stricter emission control legislations for diesel 

engine to reduce its 90% PM emission. Due to these regulations, intensive efforts have been employed 

to develop a proper technology for the reduction of PM emission. 

To reduce the PM emission from the diesel engines, there have been developed a variety of ceramic 

and sintered metal-based diesel particulate filters (DPFs). Geometric configurations of different types 

of filters are schematically illustrated in Figure 1.1. A wall-flow monolith DPF consists of many 

square parallel channels of which successive channels are blocked with cement at the opposite end. 

The exhaust gas enters into the open end of a channel. Since it is being plugged at opposite end, gas is 

forced to flow through the porous channel walls that allows the exhaust gas to escape through the 

neighboring channel. In this way, more than 95% of PM accumulates on the filter. As long as, 

accumulation of PM is continued to increase, the back-pressure across the filter also raises that 

therefore reduces engine performance. If the accumulating PMs are not removed, the engine will 

ultimately cease to function. The most commonly used way of removing PMs from the DPF is to 

oxidize the PMs through a process which is referred to as regeneration (see Figure 1.2). The 

regeneration process is initiated by changing the ongoing conditions to heat the DPF and igniting the 

PMs. However, the oxidation of PMs requires quite a high temperature generally more than 500 °C [3]. 
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Figure 1.1: Geometric configuration of available particulate matter traps and the flow patterns [2]. 
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Figure 1.2: Thermal image of PM regeneration by uniform combustion. Black arrow is direction of 

flow [4]. 

 

The efficient combustion of the PMs trapped in the channel walls of a DPF is recognized as the 

most challenging aspects of the PM removal technology. It is due to the fact that a high temperature 

combustion wave is generated during the combustion of PMs, the temperature of which may exceed in 

some cases the melting temperature of the DPF material [5]. This causes a massive damage to the filter 

material. Consequently, it fails to trap efficiently the PMs from the exhaust gas and the replacement of 

the damaged DPF has to be made. Figure 1.3 exhibits the melting condition of a DPF during the 

regeneration process.  

 

300 °C 750 
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Figure 1.3: Example of massive melting on the downstream face of a DPF [4]. 

 

1.2 Objective of the thesis 

To date, the main difficulty for the widespread applications of particulate traps is to control the 

DPF regeneration rate in an efficient way. Hence the design of regeneration control systems must be 

supported by reliable mathematical modeling of the DPF regeneration process. In addition to, the 

determination of proper size of a DPF and the general design optimization of PM trap systems is such 

a task that requires extensive modeling work [6]. Over last few decades, a significant number of works 

focused on modeling the DPF regeneration process. Since the problem is very complicated and 

significant difficulties exist in exploiting laboratory results in the estimation of kinetics parameters 

applicable to full-scale models [7, 8], from engineering point of view special modeling approaches 

have proven its effectiveness for the better understanding of the regeneration process and thereby for 

the development of system optimization. 

Diesel particulate emissions standards are becoming stringent day by day. To meet those standards, 

the development of an efficient DPF is highly demanded. On the contrary, for the development of a 

reliable and durable trapping system, the role of mathematical model is widely recognized. Thus the 

objective of this work is to develop a mathematical model for the combustion of solid fuel over an 
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inert porous medium and to provide analytical expressions of the combustion characteristics of solid 

combustible deposited over the inert porous medium. 

 

1.3 Literature review of combustion of solid fuel in porous medium 

Over decades, combustion of solid fuel in porous medium has been the focus of research because 

of its ever-increasing applications along with new sorts of technological problems. In some of the 

applications, the porous medium actively takes part in the combustion as a fuel (e.g., smoldering 

combustion and high temperature material synthesis known as self-propagating high temperature 

synthesis (SHS)), while in some applications the porous medium might contain solid fuel (e.g., DPF 

regeneration process) or fuel could be generated in the porous medium just preceding the combustion 

zone (e.g., in situ combustion for the recovery of oil, coal gasification) and it acts as an inert in the 

combustion. These can be different in scale, in context and from technological point of view but in all 

processes combustion occurs in a stationary fuel. Moreover, when a sample is ignited at one end, a 

high-temperature combustion wave starts to propagate and under appropriate conditions, it moves 

through the sample using the heat released by the exothermic reaction and converting the reactants 

into desired products. Since the underlying mechanisms of these processes are believed to be identical, 

hence the same mathematical model could be applied to illustrate these applications [9, 10]. However, 

all of the processes of combustion of solid fuel in porous medium can be categorized into the 

following two groups:  

(i) a process in which porous solid fuel that apparently acts as a unique solid matrix directly 

involves in the combustion; and  

(ii) a process in which porous solid matrix containing solid fuel remains inert during the 

combustion but indirectly supports the combustion.  

Due to these two different types of contributions of the porous medium, the models developed to date 

for one process cannot be used effectively in other processes and vice versa. As a result, any model of 

these processes cannot be used to examine the characteristics of combustion of solid combustible over 

an inert porous medium. Even, the models of corresponding processes are lack of their essential 
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transport mechanisms and thereby not complete and universal.  

Below, a review of the most important studies of smoldering combustion, SHS and DPF 

regeneration process that are relevant to the objective of this thesis, has been carried out in order to 

identify the fundamental mechanisms of these processes. This is due to the fact that SHS and DPF 

regeneration are useful technological processes and the main demand in these processes is to control 

the propagation of the combustion wave without having any unsteady behavior. On the other hand, in 

spite of being unwanted to several scientific disciplines specially in fire safety problems, nowadays 

smoldering combustion is noticeably used for the development of new environmental and energy 

technologies [11]. So, in these particular interests the main target is to obtain the steady propagation of 

the combustion wave. Thus the background knowledge of these processes might be useful to develop a 

universal model of the combustion of solid fuel over an inert porous medium.       

 

1.3.1 Modeling works of smoldering combustion       

There are many solid fuels that can sustain smoldering combustion such as: coal, cotton, tobacco, 

dust, paper, peat, duff and hummus (see Figure 1.4), wood, board of organic fibres, synthetic foams 

and charring polymers including polyurethane foams [11]. Generally, these types of solid fuels consist 

of particulates, grains, fibres or a porous matrix. As a result, smoldering fuels are itself a porous 

medium that allow oxygen to penetrate into the reaction zone. These features bring about slow but 

continuous combustion of solid fuels. When the ignition at one end of a smoldering solid fuel initiates 

the propagation of a combustion wave, it moves to the other end of the fuel. 

A lot of theoretical and numerical models have been developed with the aim of identifying the 

important mechanisms of the propagation of the reaction front of smoldering combustion. Ohlemiller 

et al. [12] presented a detailed numerical model of reverse smolder combustion to provide useful 

insights of the controlling phenomena of the process. Analytical models [13, 14] for forced cocurrent 

and opposed smoldering combustion, respectively, have been investigated in terms of the propagation 

velocity and flame temperature with the variation of physical parameters. They observed that 

extinction is occurred when all of the energy released in the reaction zone is used to heat the incoming 

gas. The above studies presumed the thermal and chemical equilibrium between the solid and gas 
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phases based on the assumption that the contact time between them is extremely high. On the contrary, 

when the residence time of contact between the moving gas and the solid becomes short for thermal 

equilibration; the assumption of local thermal equilibrium between the phases is inappropriate [15]. 

Leach et al. [16, 17] observed by the numerical simulation that the volumetric heat transfer coefficient, 

introduced to measure the intensity of the thermal nonequilibrium between the phases, demonstrates a 

significant impact on smolder velocity and even extinction is experienced owing to the high value of it. 

However, there is no theoretical works that could confirm this finding.  

 

 

Figure 1.4: Snapshot showing the two regimes of combustion for solid fuels; flaming of the grass and 

smouldering of the organic soil (for scale reference, the flame is about 10 mm in height) [11]. 

 

Not only the heat transfer between solid and flowing gas, other heat transfer processes are also 

necessary to consider for better prediction of propagation and extinction features in the present system. 

In fact, smolder wave propagates supported by heat released from the exothermic reaction. This heat 

released in the reaction zone is transferred not only to the gas but also toward the un-reacted material 
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by conduction and radiation; and at the same time it is partially lost to the environment. Dosanjh et al. 

[13] and Leach et al. [17, 18] observed that the radiative heat transfer significantly affects the reaction 

front structure and it becomes strong when pore diameters are large. Moreover, Leach et al. [17, 18] 

solved their problems numerically taking only with and without radiation effect, regardless of 

changing the intensity of radiative heat transfer; while Dosanjh et al. [13] investigated just for two 

limiting values. Thus, for predicting the influence of radiation over a wide range of conditions, further 

study is required. Now, as mentioned above that heat is lost from the reaction zone to the surrounding 

environment. It has a large effect on the propagation of the reaction front and even it can cause 

extinction or quenching of the reaction front [11, 13]. Nevertheless, any of the studies of Leach et al. 

[16-18] did not take into account the heat loss to the surrounding environment. In this regard, Rein et 

al. [19] extended the model of Leach et al. [18] including the heat losses to the surrounding 

environment. In a recent study, Rein et al. [20] proposed a novel model for both forward and opposed 

smoldering combustion. But they eventually neglected the chemical nonequilibrium effect in this 

model. Similar to other works of smoldering combustion, the models developed by Rein et al. [19, 20] 

are only for the combustion of polyurethane foam. In addition to, their target was for better 

understanding of the controlling mechanisms of smolder combustion for the purpose of fire safety, yet 

they presented only the effect of inlet gas velocity over a range for microgravity. Furthermore, the 

models are solved numerically which is generally difficult to carry out for anybody to investigate the 

effects of other physical parameters. So, this demands further study with a model that includes the heat 

loss to the environment. As heat transfer from the solid to the gas is important when thermal 

nonequilibrium exists between the phases, mass transfer from the gas stream to the surface of fuel is 

also essential in case of chemical nonequilibrium between the phases. Although one should not 

straightforwardly take the chemical equilibrium between the phases without being certain of its 

validity [10], most of the theoretical studies published to date ignored the chemical nonequilibrium 

due to the complexity of the model or presuming the chemical equilibrium between the phases. The 

effect of the chemical nonequilibrium is considered in [16, 18-21] through the mass transfer 

coefficient. But it has not been investigated in any of these studies except Wang et al. [21]. They 

found that the smolder propagation velocity increases with the increase of the mass transfer coefficient. 
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It is noted that one feature that is generally ignored in traditional modeling approaches in modeling the 

species diffusion through the porous medium is the effective diffusivity. Regarding the importance of 

effective diffusivity in smoldering combustion, Ohlemiller [22] used the more conventional approach 

for the effective diffusivity due to the lack of evidence on the pore structure developed in smoldering 

and emphasized that a better description has to be used. It has been ignored taking the highly porous 

medium so that oxygen diffusion is independent of porosity. Thus, the scope of using an advanced 

definition of effective diffusivity remains untouched in the field of smoldering combustion.  

The above literature review shows that the key transport mechanisms in smoldering combustion are 

the heat transfer from the solid to the gas, radiative heat transfer, heat loss to the environment, mass 

transfer from the bulk gas to the surface of fuel and effective diffusivity. 

 

1.3.2 Modeling works of SHS process 

As like as the smoldering combustion, the reaction front of SHS process also self-propagates 

through the virgin solid fuel from one end to other end in the form of a combustion wave (see Figure 

1.5). With a view to identifying the essential mechanisms of SHS process, the modeling studies in the 

field of SHS process are concisely presented here. Particularly, SHS process was investigated 

theoretically as condensed phase combustion [24-26] or gasless combustion [27-29] in which solid-

solid reaction is occurred. On the other hand, SHS process can occur even with solid-gas interactions 

[26, 30, 31]. A review of the method of SHS involving solid-solid and solid-gas reactions has been 

performed by Munir and Anselmi-Tumburini [31]. In almost all of SHS process, solid materials are 

lumped together and synthesized by igniting. However, when preparing nitrides, the reaction is 

commonly between a solid and nitrogen gas. In such case, continuous supply of gaseous nitrogen to 

the surface of metal by penetrating through the pores or diffusion through a product layer plays a 

major role in the overall combustion reaction. Munir and Holt [30] presented a theoretical analysis on 

nitride synthesis through solid-gas reactions and utilized the analysis results for predicting the 

combustion characters of nitrides.  
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Figure 1.5: A sequence of the advance of a combustion wave in the SHS process for Ti–C system; 

stoichiometric mixture without dilution; diameter is 18 mm and length is about 50 mm; the initial 

temperature is 300 K and radius of the carbon particle is 5 mm; the maximum temperature is about 

3200 K and the burning velocity is 17 mm/s. (a) Just after the ignition; (b) 1 s; (c) 2 s; and (d) 3 s [23]. 

 

To investigate the combustion behavior in the SHS process, there have been numerous modeling 

studies formulated by considering only ambient heat loss [25, 28, 32, 33] and both radiative and 

ambient heat loss [23, 34, 35]. Makino and Law [36] developed a one-dimensional and adiabatic 

model to examine the heterogeneous reaction front propagation in the SHS process, based on a 

premixed mode of propagation for the bulk reaction front supported by the nonpremixed reaction of 

dispersed nonmetal particles in the liquid metal. Later, they have extended this work allowing the heat 

loss to the ambient environment to analyze the nonadiabatic heterogeneous reaction front propagation 

and extinction behavior in SHS [32, 33]. They found that the reaction front propagation decreases with 

increasing heat loss and the reaction front extinguishes at a critical heat loss rate. Furthermore, Makino 

[23] conducted an extensive review to expose the fundamental aspects of the heterogeneous reaction 

front in the SHS process. He focused on the theoretical description of the heterogeneous features of 

the combustion wave and concluded that these have not been captured by the conventional premixed-

flame theory for a homogeneous medium. Since combustion wave possesses micro-heterogeneous 
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characteristics that results in thermal heterogeneity, hence some studies [37-39] considered the heat 

transfer between two reactants and heat transfer coefficient is used to define a decisive parameter for 

the combustion wave propagation. On the other hand, it has been realized that there are no 

comprehensive mathematical models to date that can describe the complex mechanisms of heat and 

mass transfer occurring at the scale of reactant particles [37]. In this regard, mass transfer could play a 

vital role in the SHS process [37, 39]. But they did not take any attempt to include the mass transfer 

mechanism into their model.  

In summary, it can be concluded that the important transport mechanisms in SHS process are 

radiative heat transfer, heat loss to the environment, heat transfer from a reactant to its neighboring 

reactant and mass transfer between the reactant particles. Also, the further modeling of SHS process 

incorporating all of the above transport mechanisms is needed to describe the complex mechanisms of 

heat and mass transfer occurring in the process. 

 

1.3.3 Modeling works of DPF regeneration process   

Under the framework of finding the important mechanisms of smoldering, DPF regeneration 

process and SHS, a survey has been conducted on the modeling works of DPF regeneration process. 

Mathematical modeling is commonly used for the better understanding of the DPF regeneration 

process and thereby for the development of system optimization. A detailed mathematical formulation 

of the regeneration process of PM layer was first described by Bissett and Shadman [40]. This was a 

zero-dimensional model dealing with PM combustion in one point of a filter channel which was then 

extended to one-dimensional accounting for the axial heat conduction, and the PM layer and flow 

distribution along the channel [41]. In addition to, Bissett [42] made an attempt to describe the process 

in a somewhat general setting with an aim to provide the interesting physical and mathematical 

features of the process. All of these models have been developed presuming only the thermal 

nonequilibrium between the solid and the exhaust gas temperature. The chemical nonequilibrium and 

heat loss from the solid phase are neglected. But in recent years chemical nonequilibrium between the 

solid and gas phases [43-45] and both the thermal and chemical nonequilibrium between them [46-49] 

are taken into account in the models. The effect of heat transfer coefficient related to the thermal 
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nonequilibrium has been investigated by Flytzani-Stephanopoulos et al. [50]. They observed that the 

large value of heat transfer coefficient reduces the heat conduction through the solid resulting in lower 

DPF temperature. During the regeneration process the DPF temperature becomes high, so the radiative 

heat transfer could have significant effect. Haralampous and Koltsakis [51] and Dardiotis et al. [46] 

developed models incorporating the radiative heat transfer along with the thermal and chemical 

nonequilibrium. Koltsakis and Stamatelos [52] formulated a model considering only the thermal and 

chemical nonequilibrium between the phases while Depcik and Assanis [49] presented a variety of 

models including not only the thermal and chemical nonequilibrium but also the radiative and external 

heat losses from the solid. But they did not examine the effect of these transport mechanisms except 

external heat loss. Kostoglou et al. [53] employed a computational tool to solve a simple one-

dimensional model of DPF regeneration process including the heat losses from the DPF to the 

environment by radiation, natural and forced convection. They found that the heat losses are 

detrimental to the effectiveness of the regeneration process. To account for the effect of species 

diffusion within the DPF, the regeneration process is now investigated by a coupled reaction-diffusion 

model [43, 46, 51] in which effective diffusion is incorporated into the traditional one-dimensional 

models. It is because the traditional models fail to predict the maximum temperatures during 

uncontrolled regeneration with moderate to high particle deposition in the DPF. Haralampous and 

Koltsakis [43] numerically observed that the consequences of various physical parameters are very 

sensitive to the effective diffusivities of the species. Also, diffusion of oxygen plays a crucial role in 

uncontrolled regeneration conditions that are significant for filter thermal failure [51]. To this end, a 

conclusion can be drawn that the key transport mechanisms for DPF regeneration process are 

recognized as that of the smoldering combustion. Nevertheless, no study is found in the field of DPF 

regeneration process that has included all of these transport mechanisms into a model. Even though 

many studies considered the chemical nonequilibrium into their models, but none of them examined 

the effect of this mechanism.  

From the above literature review of smoldering combustion, SHS and DPF regeneration process, it 

can be concluded that a model corresponding to any of the processes must include all of the transport 

mechanisms which are indispensable to the process. To develop a universal model applicable for all of 
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the processes, one must take into account the primary elements directly involved in the processes. For 

example, it is easily understood that inert porous medium, solid fuel and oxygen are the primary 

elements for DPF regeneration; while, in case of SHS and smoldering, it is difficult to identify a priori 

that what types of primary elements are to be involved there. They can be either porous solid fuel as 

well as oxygen, or similar to the DPF regeneration. During the propagation of the reaction front of 

SHS and smoldering, there is also a possibility to encounter the similar type of characteristic as seen in 

DPF regeneration. That is, the solid product may act as an inert porous medium when there exits solid 

fuel and gas as primary elements. For these reasons, the models to date in the field of smoldering 

cannot be used efficiently in other processes and vice versa. Thus, a universal model applicable for all 

of these processes is highly admired owing to gain a deep knowledge about the problems of the 

corresponding processes.  

 

1.4 Feasibility of one-dimensional modeling of DPF regeneration process 

Over decades, mathematical modeling of regeneration process is being used as a predictive tool in 

determining a promising technique for the efficient combustion of diesel particulate matters and for 

the development of a reliable and durable trapping system. Depending upon the geometric and flow 

configurations of diesel particulate filters, mathematical models are different or necessary 

modifications are made of a previously-developed model during the model formulation.  

To study the regeneration process of a wall-flow monolith filter, a zero-dimensional mathematical 

model of the regeneration process of the soot layer was developed by Bissett and Shadman [40]. This 

model was later extended to one-dimensional accounting for the axial heat conduction and the soot 

layer and flow distribution along the channel [41]. Koltsakis and Stamatelos [54] considered the zero-

dimensional model as a starting point and formulated a new model capable of representing real-world 

trap regeneration behavior. It was then extended to zero-dimensional [6] and one-dimensional [55] 

catalytic regeneration models.  

Oh and Cavendish [56] developed a transient, one-dimensional model to study the transient 

behavior of automobile monolithic converters. The radial variations of the gas-phase temperature, 
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concentration, and velocity within the individual channels are assumed to be negligible so that these 

variables can be interpreted as cross-sectional averages. Moreover, the model was formulated 

considering the negligible temperature gradients in the solid phase in the transverse direction, the 

negligible axial diffusion of mass and heat in the gas phase, and the occurrence of chemical reactions 

only on the external surface of the catalytic wall. However the axial heat conduction in the solid phase 

was included in the model owing to its significant effect on the wall temperature profile. Later, Oh et 

al. [57] extended this model for describing the thermal response and conversion performance of an 

electrically heated monolith converter during warm-up. The model presumed a uniform flow 

distribution at the monolith face and adiabatic operation of the converter. These assumptions confirm 

that all the channels would behave the same and hence the channel-to-channel variations or 

interactions can be ignored in the calculations (i.e., single-passage one-dimensional monolith model).  

Shadman and Bissett [58] considered a cylindrical casing as a fibrous diesel particulate filter (see 

Figure 1.6). The axial dispersion in the gas phase was neglected owing to the large convective flow 

rate along the filter. In addition to, the radial variations in temperature and concentration are ignored 

and average values over a cross section are used to model axial variations. The overall reaction 

mechanism involved in the burning of diesel particulates was assumed to be represented by the 

heterogeneous non-catalytic oxidation of carbon to CO2.   

 

 

Figure 1.6: Schematic diagram of a fibrous particulate filter. 
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Even though the DPF regeneration process is, in fact, three-dimensional, this can be accurately 

considered as (perimeter averaged) one-dimensional. Konstandopoulos et al. [59] carried out a three-

dimensional calculation using a state-of-the-art Computational Fluid Dynamics (CFD) code and 

observed that the analytical solutions of a one-dimensional single channel flow model demonstrate an 

excellent agreement with the three-dimensional results as well as with many experiments [52]. On the 

other hand, it has been widely accepted that catalytic regeneration can be modeled as one-dimensional 

configuration during the high flow-rate regeneration [60]. Depcik and Assanis [48] reviewed the 

history of one-dimensional catalyst modeling to illustrate the physical phenomena that take place in 

the catalyst. Even they showed that the one-dimensional models with simplified representation of the 

fluid flow through the device have been used effectively in designing catalyst systems that met the 

emission standards to date. 

Thus the combustion of diesel particulate matters trapped within a DPF can be modeled as one-

dimensional configuration under some assumptions. With a view to formulating a one-dimensional 

model, the following assumptions are made throughout the thesis:  

(i) the flow distribution at the face of the diesel particulate filter is uniform; 

(ii) the radial variations of the gas-phase and solid-phase temperatures, concentrations of gas and 

solid particulate matters, and velocity within the individual channels are assumed to be 

negligible so that these variables can be interpreted as cross-sectional averages; and 

(iii) the temperature gradients in the solid-phase in the transverse direction are negligible. 

 

1.5 Structure of the thesis 

Figure 1.7 shows the step-by-step attempts aiming at achieving the objective of this study. At first, 

a simple model has been proposed considering only the thermal nonequilibrium between the solid and 

gas phases that successfully conserves the fundamental physics of the combustion of solid fuel over an 

inert porous medium. A simple parameter “deposition of fuel” is introduced instead of fuel mass 

fraction to simplify the model. Then an advanced model has been developed by taking into account the 

important transport mechanisms that are identified in the above literature review; namely, the heat 
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transfer between the porous medium and gas phases, radiation heat transfer from the porous medium, 

heat loss from the porous medium to the environment, mass transfer of oxygen from the gas stream to 

the surface of solid fuel and the effective diffusion in modeling the species diffusion. Using this 

model, the opposed flow of the propagation of a combustion wave has been investigated first, then a 

comparative study between forward and opposed modes is presented. Finally, a practical application 

of forward and opposed modes has been elucidated in which a sample is ignited somewhere around the 

middle and after a short period of time, two reaction fronts separating from the ignition source 

propagate opposite to each other. 

 

Figure 1.7: Flowchart of developing a model of the combustion of solid fuel over an inert porous 

medium. 
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Chapter 2 

A Simple Model of Combustion of Solid Fuel over an 

Inert Porous Medium 

 

 

2.1 Introduction 

Combustion of solid fuel in porous medium is involved in a variety of processes because porous 

medium is used in some processes for its several significant advantages that facilitate the combustion 

to occur effectively, and some processes itself occur in a porous medium, for example, diesel 

particulate filter regeneration process [61], in situ combustion for the recovery of oil, coal gasification, 

catalytic combustion, high temperature material synthesis known as self-propagating high temperature 

synthesis (SHS), incineration of solid waste, biomass combustion, smoldering combustion and 

sintering process [62, 63]. These processes can be different depending upon the role of porous 

medium, in context or from technological point of view. Nevertheless, without any exception 

exothermic heterogeneous combustion that occurs with two (solid fuel and gaseous oxidizer) or more 

different phases, is the main chemical reaction mechanism of all these processes. 

There are many studies on heterogeneous combustion in various aspects, on application as well as 

fundamental viewpoints [62-85]. Fatehi and Kaviany [62] carry out numerical simulation to examine 

the reverse combustion in a packed bed of wood particles including the local thermal nonequilibrium 

between the gas and solid phases. Debenest et al. [64-66] numerically investigate the forward 

smoldering process in fixed beds of solid fuels taking into account the thermal nonequilibrium 

between the phases, while the computational studies [67-73] deal with sintering process where coke is 

widely used as an ideal fuel. Venkataramana et al. [67] develop a one-dimensional two-temperature 

model of iron ore sintering and solve it using an explicit finite difference method. Even though Yang 

and his group [68-71] propose a one-dimensional model which includes various processes in the bed 
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of particles considering the thermal nonequilibrium between the solid fuel and gas, it requires a large 

number of input data and is solved numerically. Kasai et al. [72] and Hayashi et al. [73] develop two- 

and three-dimensional simulation models in order to simulate the heat transfer occurring in the 

sintering bed. Schult et al. [14, 74, 75] introduce a single temperature model of smoldering 

combustion and employ the asymptotic analysis assuming both the gas-deficient and solid-deficient 

for forward and opposed smoldering combustion. Rabinovich and Gurevich [76] examine the counter- 

and co-moving oxygen-deficient smoldering combustion considering the thermal equilibrium between 

the phases. Aldushin et al. [77] employ two-temperature model to analyze coflow filtration 

combustion waves and Wahle et al. [10] extend it including heat loss to the environment, energy 

accumulation, and net gas production in the reaction. The ignition, extinction and sustained moving of 

a combustion front are investigated for the recovery of oil from subsurface porous medium by Akkutlu 

and Yortsos [63]. Zheng and Keith [78] and Boshoff-Mostert and Viljoen [79] use asymptotic analysis 

for the regeneration of a diesel particulate filter considering single temperature of gas and solid. In 

fact, the above studies [10, 14, 74-79] employ analytical method to solve their problems presuming the 

heterogeneous combustion as homogeneous combustion and consider the same temperature of the 

phases or, use numerical computations to present their final results. On the other hand, numerous 

computational studies [41, 42, 80-85] have been published to understand the regeneration process of 

diesel particulate filters. Even though the models are sophisticated with many degrees of freedom but 

they require detailed input data such as exhaust gas velocity profiles or complex reaction kinetics. 

Pontikakis and Stamatelos [84] reported that with regard to the chemical reactions submodel and the 

basic assumptions, the majority of the models in use today could be considered as extension of [41, 

42].  

In this chapter, (i) a simple one-dimensional model for combustion of solid fuel over an inert 

porous medium has been proposed; (ii) two energy equations are considered with different density, 

thermal conductivity and specific heat capacity for the porous medium and gas; (iii) the thermal 

nonequilibrium between the porous medium and gas is included; (iv) to simplify the model, a simple 

parameter “deposition of fuel” is introduced instead of fuel mass fraction; (v) the system of equations 

is solved analytically and during the analysis, any of the transport terms was not neglected from the 
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energy equations which has not been accomplished yet in the literature of heterogeneous combustion 

in an inert porous medium.  

Large activation energy asymptotic is employed to obtain the analytical expressions of the moving 

speed of the reaction front, temperature profiles of porous medium and gas, and the species profile of 

gas. Then the effects of the physical parameters such as the gas flow velocity, the porosity of the 

porous medium, the thermal conductivity of the porous medium, the deposition of solid fuel and the 

heat transfer coefficient between the porous medium and gas have been investigated on the moving 

speed of the reaction front. Moreover, numerical simulation has been carried out in order to make sure 

the accuracy of the analysis with the variation of each of the parameters. The acceptable ranges of the 

variation of the parameters are determined by verifying the sensitivity of the asymptotic analysis and 

also by comparing with the numerical solution in each figure.   

 

2.2 Mathematical formulation 

2.2.1 Considerations and assumptions adopted in the model 

Before going to the model formulation, the general approach to modeling this system has been 

elucidated first. The physical configuration of the model is illustrated in Figure 2.1. It shows a typical 

fibrous cylindrical DPF.  When a slice (red part) is cut parallel to the axial direction of the DPF and is 

viewed from its top, it seems like a flat porous medium covered with solid fuels. So, an infinitely long 

flat porous medium is considered as a sample over which solid fuels of diameter of the scale of 

nanometer to micrometer are attached. The sample is taken long enough for the combustion wave to 

be completely contained within it and can capture a steady-state solution. Oxidizer is flowing from left 

to right through the porous medium and adjacent to the surface of fuel. The rate of oxygen diffusion to 

the surface of fuel is high so that the difference between the concentration of the oxygen at the 

gas/solid interface and the gas within the porous medium is small. The reaction front propagates from 

the right to left in the direction of fresh fuel and opposite to the direction of gas flow velocity which is 

referred to as opposed flow combustion. Since the gas flow velocity is sufficiently larger than the 
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variations of the transport properties, all variations perpendicular to the gas flow velocity become 

negligible. 

 

 

Figure 2.1: Physical configuration of the model. 

 

Moreover, the deposited fuel layer is assumed to be thin enough so that the temperature gradient 

across the fuel can be neglected. Then the resulting phenomena might be treated essentially a one-

dimensional and the axial distance is measured by x in the direction of gas flow velocity. The 

temperatures of the porous medium and fuel are presumed to be equal along the x direction. The 

difference of pressure along the porous medium is almost constant. The system has been considered as 

adiabatic so that the heat loss from the system to the external atmosphere arising only in near 

proximity to cold sides is taken to be negligible. A two-temperature model is employed where thermal 

nonequilibrium between the porous medium and gas is allowed to occur within the reaction front. For 

simplicity reasons, a single-step exothermic heterogeneous reaction is considered by which solid fuel 

is converted (oxidized) directly to the gaseous product following:  

[solid fuel] (s) + n [O2] (g) → (1+ n) [gaseous product] (g), 
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where n is the mass of oxygen per mass of fuel ratio (stoichiometric).  

The present phenomena has been formulated by introducing a new constant parameter, f, termed as 

deposition of fuel. It is defined by f = Vf/VV in which VV (= Vf + Vg), Vf and Vg are respectively the 

volume of voids, volume of fuel and volume of gas. This is although taken to be constant but 

informative. As a result the species equation of fuel is circumvented from the model and yields a 

simplified model. 

Furthermore, some assumptions are made: (i) the volumetric effective conductivities of porous 

medium [(1−ε)λm] and that for the gas [ε(1−f)λg] are constant, where ε (= VV/V) is the porosity of the 

porous medium and V is the total volume of the porous medium, λm and λg are the thermal 

conductivities of the porous medium and gas; (ii) the specific heat capacities for the gas, cg and porous 

medium, cm are constants; and (iii) the effective mass diffusivity of gas [ε(1−f)D] remains constant, 

where D denotes the mass diffusivity of gas. 

 

2.2.2 Governing equations 

Following [62, 86], the volume-averaged energy equations for porous medium and gas, and species 

equation for gas (dropping the volume-averaging notation for simplicity) can be written as 
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Here Tm, ρm and Tg, ρg are the temperature and density of porous medium and gas, respectively, Y is the 

oxidizer mass fraction, ug is the velocity at which the gas is flowing into the reaction zone where a 

heterogeneous exothermic reaction occurs between fuel and gas, Q is the fuel mass based heat of 

reaction and h is the volumetric heat transfer coefficient from the porous medium to gas.  

The surface (i.e., heterogeneous) reaction rate, W, is given by the Arrhenius law 
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where A is a pre-exponential factor, taken to be constant, R is the universal gas constant, and E is the 

activation energy.  

The boundary conditions to be satisfied by equations (2.1)–(2.3) are 
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In this study, the volumetric heat transfer coefficient, h, [62] is expressed by 
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where Nu is the interstitial Nusselt number based on the porosity, the pore diameter and gas properties. 

Equation (2.7) uses the specific interfacial gas/solid surface area of a porous medium Asg/V = 6(1−ε)/d, 

where Asg is the solid-gas surface area and d is the pore diameter. The correlation for Nu is given by 

Wakao and Kaguei [87] as  

1 3 0.62 1.1Pr Re , 15 Re 8500.Nu = + < <                                                                                      (2.8) 

Here, the Prandtl and Reynolds numbers are defined as Pr = νg/κ and Re = εugd/νg, respectively, and νg 

and κ are respectively the kinematic viscosity and the thermal diffusivity of the gas. 

 

2.2.3 Dimensionless form of governing equations 

In this study the primary quantity of interest is to find the steady moving speed of the reaction front 

us. Taking into account us as a characteristic speed; it is convenient to render the problem in 

dimensionless form by introducing the following group of dimensionless variables [88, 89]: 

2
00

0 0 0

, , , , .
gm m s m m s m

m m ad ad

T Tc u c u T TY
x t y S

Y T T T T

ρ ρ
ζ τ θ

λ λ

−−
= = = = =

− −
                                           (2.9) 

Thus the conservation equations (2.1)–(2.3) take the form 
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S

βεφγ
θ

τ ζ ε α ε

 −∂ ∂ Λ
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                                                         (2.10) 
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2

2
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1

l l Kl
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θ θ θ
θ
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∂ ∂ ∂
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                                                                                 (2.11) 
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                                                    (2.12) 

The corresponding boundary conditions are 

: 0, 0, 1,S yζ θ= −∞ = = =                                                                                                    (2.13) 

: 0, 0, 0.
S yθ

ζ
ζ ζ ζ

∂ ∂ ∂
= +∞ = = =

∂ ∂ ∂
                                                                                        (2.14) 

The nondimensional parameters introduced in equations (2.1)–(2.3) are   

( )
( )

0 0 0

2 2 2 2

0

2 2

, , , ,

, , , , and ,

ad ad m

ad m ad ad m s m

g m m m s m

g g m s m g g g g

E T T QY T T h
K

RT c T T T u c

A e u c
Le r l u b

Dc u c u c

β α

λ
β γ α

ρ

λ λ ρ λ

ρ ρ ρ λ

−

− −
= = = =

−

= Λ = = = = =

                                   (2.15) 

where β is the Zel’dovich number, α is the dimensionless heat of combustion, γ is the dimensionless 

heat release, K is the heat transfer parameter, Le is a Lewis number which is assumed to be unity and Λ 

is the reaction rate eigenvalue, the determination of which will yield the dimensional moving speed of 

the reaction front, us, according to its definition. 

Finally, a moving coordinate X = ζ + τ is introduced attached to the flame front. In this coordinate 

system, the steadily moving speed of the reaction front is time-independent. Thus, the conservation 

equations take the form 
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y S

dX dX S

βεφγ
θ

ε α ε
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                                                        (2.16) 
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θ θ
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ε φ
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−
                                                                                        (2.17) 
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1 1
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rbu dX dX b S

βφ

φ α

 + −
= − Λ − 
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                                                        (2.18) 

The associated boundary conditions become 

: 0, 0, 1,X S yθ= −∞ = = =                                                                                                   (2.19) 

: 0, 0, 0.X S yθ′ ′ ′= +∞ = = =                                                                                                (2.20) 

The following is the details of the asymptotic analysis employed to solve the system of steady 

equations (2.16)–(2.18) subject to the boundary conditions (2.19)–(2.20). 

  

2.3 Asymptotic analysis 

2.3.1 Outer solutions 

Due to large activation energy, the nondimensional activation energy, β, appeared in the reaction-

rate expression is very large. This results the reaction rate to be concentrated to a thin O(β
−1

) reaction 

zone. Then the solutions on either side of the reaction zone are obtained in the form of asymptotic 

expansions in powers of β
−1

. In the preheat region X < 0, the source terms in the conservation 

equations are exponentially small and in the burned region X > 0, the reaction rate ceases to increase 

(It is presumed that oxidizer is completely consumed at the reaction front, that is, at X = 0). So the 

source terms in these regions can be neglected and hence the equations to be solved are 
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2
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,
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dS d S K
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dX dX
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ε
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−
                                                                                                            (2.21) 
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θ θ
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ε φ
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−
                                                                                        (2.22) 

( ) 2

2

1
,

Lel u dy d y

rbu dX dX

+
=                                                                                                                   (2.23) 

with the boundary conditions 

: 0, 1,X S yθ= −∞ = = =                                                                                                            (2.24) 



25 

: 0, 0.X S yθ′ ′ ′= +∞ = = =                                                                                                        (2.25) 

Now since activation energy is very large, the flame temperature will be very high. As a 

consequence, the assumption of complete consumption of oxidizer at the reaction front (i.e., y = 0 at X 

= 0) suggests that the system is controlled by the oxidizer, then the solutions of  (2.23) are 

( )
( )

( )
1

0 1 exp and 0 0.
Lel u

y X X y X
rbu

+ 
< = − > = 

 
                                                         (2.26) 

A relation between the temperatures of the porous medium, S, and gas, θ, can be found by 

combining equations (2.21) and (2.22) and upon integration gives 
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                                                                                       (2.28) 

Here, the boundary condition  S(+∞) = θ(+∞) = C, and C is to be determined later. 

Differentiating (2.22) with respect to  X  and then applying (2.22) and (2.27)  
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                                                             (2.29) 

To find the solutions of (2.29), it needs to obtain the solutions of the corresponding characteristic 

polynomial: 
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Considering the appropriate values of the parameters, it can be shown that equation (2.30) must have 

one negative root, m1 and two positive roots, m2 and m3, to define the finite solutions of the equation 

(2.29). 

Once equation (2.29) is solved, the temperature of the porous medium, S, is determined from the 

equation (2.22). Then the temperatures of the porous medium and gas are given by 

( ) [ ] [ ]2 2 2 3 3 30 exp exp ,S X p a m X p a m X< = +                                                                           (2.31) 

( ) [ ] [ ]2 2 3 30 exp exp ,X a m X a m Xθ < = +                                                                                    (2.32) 

( ) [ ]1 1 10 exp ,S X C p a m X> = +                                                                                                    (2.33) 

( ) [ ]1 10 exp ,X C a m Xθ > = +                                                                                                        (2.34) 

where 

( ) ( ) 2
1 1

1 , 1, 2,3.
i i i

l u
p m m i

Kl rbu

ε φ− + 
= + − = 

 
                                                                         (2.35) 

The constants  a1,  a2 and  a3  are found later. 

Therefore, the temperatures of the porous medium and the gas at the reaction front (i.e., X = 0) are 

given by equations (2.31) and (2.32), respectively, as 

( ) 2 2 3 30 ,
f

s S p a p a
∗ = = +                                                                                                                (2.36) 

( ) 2 30 .f a aθ θ∗ = = +                                                                                                                        (2.37) 

 

2.3.2 Reaction-zone problem 

Since the reaction zone becomes very thin owing to high activation energy, a stretched inner 

variable η = βX  is introduced to measure the jumps of temperature and oxygen across the reaction 

front. Inner solutions for the dependent variables are sought as expansions of the form [90, 91]: 

1

1 ,in

f
S s Sβ∗ −= + +�                                                                                                                       (2.38) 
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1

1 ,in

f
θ θ β∗ −= + Θ +�                                                                                                                       (2.39) 

1

1 ,in
y Yβ −= +�                                                                                                                               (2.40) 

( )2 1

0 1 .β β −Λ = Λ + Λ +�                                                                                                              (2.41) 

Substituting equations (2.38)–(2.41) into the conservation equations (2.16)–(2.18) and taking the limit 

β → ∞, the leading order reaction zone problem is obtained as 
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From the equations (2.42) and (2.44), one can easily find 
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Integrating the equation (2.45) and using the matching conditions between the inner and outer 

solutions give the energy balance 
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                                                                                 (2.46) 

Similarly, the jump relation obtained from (2.43) and matching conditions at the reaction front (i.e., at 

X = 0) give the following three constraints: 

( ) ( ) ( ) ( ) ( ) ( )0 0 , 0 0 and 0 0 .S Sθ θ θ θ− + − + − +′ ′= = =                                                          (2.47) 

The unknown constants  a1,  a2,  a3  and  C  are found from (2.46) and (2.47). 
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Moreover, integrating the equation (2.45) twice and matching yields 
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Upon substitution of equation (2.48) into (2.42) yields 
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        (2.49) 

Following [92, 93] and doing some tedious analysis, it is found from the solution of (2.49) that the 

moving speed of the reaction front is implicitly related to the other parameters by the expression 
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in which 

( ) ( )2 3 21.344 4 1 1 2 3 ln 1 4 for 0.2 0.5.pχ χ χ χ χ χ χ χ = − − − + − − − < <                     (2.51) 

Having obtained the maximum temperature of the porous medium, fs
∗

, the moving speed of the 

reaction front, us, can be readily determined from Eq. (2.50). The value of χ used in (2.50) can also be 

found as follows [94]: 
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−
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                                                                         (2.52) 

 

2.4 Numerical method 

A computational procedure is performed to compare the results obtained by the asymptotic analysis. 

The unsteady set of equations is discretized using the implicit finite difference formula in which first-

order backward difference for time-derivative terms, forward-difference for the convection terms and 
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central-difference for diffusion terms are used. Thus it becomes a system of tri-diagonal algebraic 

equations which is then solved employing Thomas Algorithm.                 

 

Figure 2.2: Schematic of initiation of a combustion reaction when τ = 0 (opposed flow). 

 

The numerical simulation has been performed by setting a high-temperature profile for the porous 

medium temperature and at the end of the computational domain (see Figure 2.2) so that the reaction 

front propagates opposite to the direction of gas flow velocity. The reaction front is assumed to be 

planar and propagates at a constant speed. The species and temperature distributions, as well as the 

moving speed of the reaction front, are solved iteratively, prescribing a front speed for a set of 

constant properties. Here the moving speed of the reaction front is determined following the method 

described in [62, 95]. The nondimensional mesh sizes along the space and time are chosen as  ∆ζ = 

0.005  and  ∆τ = 10
−5

, respectively, so that the solutions are grid independent. 

                                                                                                                                                         

2.5 Results and discussion 

2.5.1 Validation of the asymptotic analysis 

The temperature and species profiles obtained by the asymptotic analysis and the numerical 

solution are shown in Figure 2.3 for β = 16, λm = 0.05 W/(mK), ε = 0.60, f = 0.70 and ug = 0.30 m/s 

and other properties are listed in Table 2.1. It is evident from the figure that the asymptotic analysis 

gives an excellent agreement with the numerical solution. The moving speed of the reaction front in 

numerical simulation is found us = 0.11386 mm/s while in asymptotic analysis us = 0.11763 mm/s. 

Since in the asymptotic analysis the final burned gas temperature is a function of us, it deviates slightly 
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from the numerical solution. It is note that  λm is chosen here very small. In the following sections, the 

results are elaborately discussed with the aim of determining the acceptable range of the parameters in 

which the asymptotic analysis is found to be satisfactory. In addition to, the temperature profiles show 

that there exist thermal nonequilibrium between the porous medium and gas that persists in the pre-

heat and post-flame regions.  

 

Table 2.1: Thermophysical properties used in the analysis and numerical computation  

Specific heat of porous medium : cm (J/kg K) 1100 [83] 

Specific heat of gas : cg (J/kg K) 1007 [21] 

Thermal conductivity of the gas : λg (W/m K) 0.026 [21] 

Density of the porous medium : ρm (kg/m
3
) 1300 [83] 

Density of the gas : ρg (kg/m
3
) 1.187 [21] 

Fuel mass based heat of reaction : Q (J/kg) 3.0×10
7
 [83] 

Frequency factor : A (kg/m
3
 s) 1.2×10

11
 [84] 

Pore diameter : d (m) 6.4×10
−3

 [62] 

Kinematic viscosity : νg (m
2
/s) 1.517×10

−5
 [21] 

Porosity of the porous medium : ε  0.60 [44] 

Zel’dovich number : β  16 

Ambient temperature : T0 (K) 300  

Adiabatic temperature : Tad (K) 2000  
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Figure 2.3: (a) Temperature and (b) species profiles in dimensional variables while λm = 0.05 W/(mK), 

ε = 0.60, f = 0.70 and ug = 0.30 m/s. 

 

In Figure 2.4, the moving speed of the reaction front, us, with the variation of the gas flow velocity, 

ug, is compared with Fatehi and Kaviany [62]. For the validation purpose, the parameters are used as 

in [62] except Tad = 1400 K, f = 0.83. In [62], adiabatic temperature is a function of the gas flow 

velocity while it is a constant in the present analysis. So it is better to pick up a nearly intermediate 

value as an adiabatic temperature. In addition to, since the present model is different from [62] due to 

the factors f and (1−f) appearing in the governing equations, the value of the deposition of fuel, f, is 

taken as 0.83 so that the present model apparently reduces to [62]. Nevertheless there are differences 

in the reaction and heat transfer terms of the models. By observing the models of the present paper and 

[62], it is clear that for a set of parameters and any value of the deposition of fuel heat production will 

be lower and heat transfer rate from the porous medium to gas will be higher in case of the present 

model than in [62]. Consequently, the moving speed of the reaction front could be lower compared to 

[62] owing to the foregoing effects. It is thus evident that there must have discrepancy between the 

results obtained by the present model and Fatehi and Kaviany [62]. In spite of the differences between 

the models, there is a fairly good agreement between the asymptotic solution of the present study and 

Fatehi and Kaviany [62]. Also the asymptotic solution predicts well the numerical solution.  
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Figure 2.4: Comparison of the moving speed of the reaction front with the variation of  ug. 

           

2.5.2 Sensitivity of the asymptotic analysis  

First it should be mentioned that the analysis can predict accurately when the coefficients of the 

terms of the dimensionless governing equations l/(rbu), K/(1−ε), Kl/ε(1−f) and lf/(1−f) be order of 

unity. Once the values of the thermophysical properties are set for which any of the above mentioned 

coefficients is different from unity, then the results will be deviated from the actual value.  

Here the value of ε varies from from 0.4 to 0.9, since the porosity of silicon carbide (SiC) foam can 

be in the range 70-90% while it is possible to produce the high strength Al2O3 foam with porosity over 

85% [96]. Also, Adler [97] mentioned that wall flow filters using fuel borne additive for regeneration 

consists of ceramics with an open pore volume of about 50%. 

The absolute error between the numerical and asymptotic solution of the moving speed of the 

reaction front ((us)Asy− (us)Num) owing to the increase of the thermal conductivity of the porous medium 

is presented in Figure 2.5. It shows that the absolute error monotonically increases with an increase of 

the thermal conductivity of the porous medium. It is evident that the absolute error increases, since the 

orders of the coefficients of the terms of the dimensionless governing equations become higher than 

unity. As the dimensionless parameter, l, is defined by the thermal conductivity, λm, and it is with most 
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of the coefficients of the terms of the governing equations, hence its value is very important for the 

orders of the coefficients. Now it is seen from the curves (i) and (ii) for ug = 0.30 m/s and ug = 0.20 

m/s, respectively, that the difference between the curves is comparatively small and almost constant 

when λm < 0.5 W/(mK). Thus it can be concluded that the asymptotic solution will give a good 

agreement with the numerical solution provided that the thermal conductivity of the porous medium is 

less than 0.5 W/(mK). Interestingly, for λm = 0.5 W/(mK), the value of l = 19 which is nearly equal to 

β. Hence the asymptotic solution will predict well the numerical solution if l is less than or equal to the 

order of β. In the following section, λm is taken as 0.4 W/(mK) for the reference only which turns l (≈ 

15) into an order of β. So, for the figures presented below it is expected to have a good accuracy 

between the results obtained by the asymptotic analysis and numerical solution. The other physical 

properties and parameters are chosen from practical point of view and listed in Table 2.1. Since the 

Reynolds number, Re, is defined by porosity, gas flow velocity and the pore diameter, the values of 

these parameters must be chosen in such a way so that the value of Re maintains the restriction of 

equation (2.8). 
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Figure 2.5: Absolute error between the solutions ((us)Asy− (us)Num) as a function of λm while  ε = 0.60, f 

= 0.40 and ug = 0.20 m/s and ug = 0.30 m/s. 
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2.5.3 Comparison and effects of parameters on the moving speed of the reaction front  

Figure 2.6 shows the moving speed of the reaction front with the variation of the thermal 

conductivity of the porous medium. It is obvious that heat release due to the reaction is increased with 

the increase of gas flow velocity. On the other hand, it is clear from the Figure 2.6 that the peak of the 

increasing trend of the moving speed of the reaction front moves to the higher thermal conductivity of 

the porous medium while gas flow velocity is increased. For higher thermal conductivity, more heat is 

dissipated in the outer regions through conduction and it is transferred to the gas. On the other hand, 

for smaller thermal conductivity, heat is being accumulated at the reaction front and its temperature is 

high enough. This condition favors the reaction rate up to a certain thermal conductivity of the porous 

medium when the gas velocity is fixed (i.e., heat release due to the reaction is fixed). For this reason, 

the moving speed of the reaction front first increases then decreases as the thermal conductivity 

increases. This figure also validates the condition that the asymptotic solution gives a good agreement 

with the numerical solution when λm < 0.5 W/(mK). 
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Figure 2.6: Moving speed of the reaction front as a function of λm while ε = 0.60, ϕ = 0.40 and ug = 

0.20 m/s and 0.40 m/s. 
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Figure 2.7: Moving speed of the reaction front as a function of ε while λm = 0.40 W/(mK), f = 0.65 

and ug = 0.40 m/s. 

 

The moving speed of the reaction front as a function of porosity is presented in Figure 2.7. It is 

evident from the figure that the moving speed of the reaction front increases when the porosity of the 

porous medium is increased. This happens due to the fact that the specific surface area of the porous 

medium increases with the increase of porosity which favors the surface reaction. Moreover there is an 

excellent agreement between the numerical and asymptotic solution in the entire range of the porosity 

of the porous medium.  

Figure 2.8 exhibits the moving speed of the reaction front in terms of fuel deposition, f. When the 

deposition of fuel is increased, the moving speed of the reaction front decreases. In case of higher 

deposition the reaction front propagates by oxidizing more fuel particle in its movement but for lower 

deposition it propagates by oxidizing less fuel particle. For this reason, the moving speed of the 

reaction front of fuel becomes lower for large deposition and becomes higher for small deposition. It is 

found that the asymptotic analysis gives a fairly good agreement with the numerical solution. The 

discrepancy between the solutions decreases with the increase of deposition of fuel.   
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Figure 2.8: Moving speed of the reaction front as a function of f  while λm = 0.40 W/(mK), ε = 0.60 

and ug = 0.40 m/s. 

 

The effect of volumetric heat transfer coefficient, h, on the moving speed of the reaction front is 

illustrated in Figure 2.9. From the figure, it is clear that the moving speed of the reaction front 

becomes lower for higher heat transfer rate. Because more heat is transferred to the gas for high heat 

transfer rate, consequently the flame temperature of the porous medium becomes lower and fuel 

reaction rate is relatively less in the lower flame temperature. Also, the asymptotic solution is found to 

be satisfactory with the numerical solution. Moreover, the difference between the maximum and 

downstream temperatures (sf – S(+∞)) (dash-dot line) obtained by the numerical simulation which 

measures the amount of thermal nonequilibrium between the phases is presented also in Figure 2.9. 

This shows that the thermal nonequilibrium between the phases decreases with the increase of 

volumetric heat transfer rate. As a consequence, when the thermal nonequilibrium between the phases 

decreases the moving speed of the reaction front also decreases.  
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Figure 2.9: Moving speed of the reaction front and amount of thermal nonequilibrium between the 

phases (dash-dot line) as a function of h while λm = 0.40 W/(mK), ε = 0.60, f = 0.65 and ug = 0.40 m/s. 

 

2.6 Conclusions 

A one-dimensional mathematical model has been proposed in response to the need for 

computational tools and academic interest. It can be used for the development of particulate matter 

trap design and in the engineering of the regeneration process, sintering process or in any kind of solid 

fuel combustion attached over an inert porous medium. A two-temperature model having two energy 

equations with different density, thermal conductivity and specific heat capacity for the porous 

medium and gas is employed to determine the effect of the thermal nonequilibrium between the 

porous medium and gas. To simplify the model, a simple parameter “deposition of fuel” is introduced 

into the model instead of fuel mass fraction. Without neglecting any of the transport terms of the 

model, large activation energy asymptotic is employed to solve the problem. Results demonstrate the 

variation of the moving speed of the reaction front in terms of porosity of the porous medium, thermal 

conductivity of the porous medium, deposition of solid fuel, gas flow velocity and volumetric heat 

transfer coefficient from the porous medium to gas. An increase of porosity of the porous medium, 

thermal conductivity of the porous medium and gas flow velocity cause to increase the moving speed 
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of the reaction front. But it decreases owing to the increase of deposition of solid fuel as well as the 

heat transfer coefficient. A numerical computation has also been performed to determine the 

sensitivity of the asymptotic analysis for variation of each of the parameters that give a clear concept 

about the deviation of the asymptotic analysis from the numerical solution. It is observed that the 

asymptotic solution gives a good agreement with the numerical solution when the ratio of the thermal 

conductivity of the porous medium to gas, l, is of order of  β.  
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Chapter 3 

An Upgraded Model of Combustion of Solid Fuel 

over an Inert Porous Medium  

 

 

3.1 Introduction 

In the first instance and on trial, a very simplified model for the combustion of solid fuel over an 

inert porous medium is developed in Chapter 2. One of the simplifications of the model was the use of 

“deposition of fuel” instead of the fuel mass fraction. It is assumed to be a constant throughout the 

sample. Moreover, the model includes only the thermal nonequilibrium between the porous medium 

and gas. As a result, the model has some limitations: (i) it fails to predict the fuel distribution along the 

porous medium; (ii) it cannot be used to investigate the forward flow combustion of solid fuel over an 

inert porous medium; and (iii) it cannot provide the effects of the key transport mechanisms such as: 

heat loss from the porous medium to the environment, radiative heat transfer from the porous medium 

and mass transfer from the bulk gas to the surface of fuel. So, the lack of important transport 

mechanisms and other limitations of the simple model necessitate further modeling of diesel 

particulate filter (DPF) regeneration process which is the problem of this thesis. 

When the essential transport mechanisms of DPF regeneration process are included into a model, it 

should be kept in mind that the same type of phenomena is observed in smoldering combustion and 

SHS and all of these processes occur as a result of combustion of solid fuel in porous medium. In 

addition to, the fundamental mechanisms of smoldering combustion, self-propagating high-

temperature synthesis (SHS) and DPF regeneration process seem to be identical. On the other hand, 

Wahle and Matkowsky [9] and Wahle et al. [10] reported that when the fundamental mechanisms of 

some processes are similar, the same mathematical model can be used to elucidate those applications. 

Based on this ground, smoldering combustion, SHS and DPF regeneration process can be described by 
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the same mathematical model. But, in smoldering and SHS process, porous solid fuel takes part in the 

reaction while porous medium remains inert in DPF regeneration process. As a result, the models 

developed to date in the field of smoldering combustion cannot be used effectively in other processes 

and vice versa. Hence, the formulation of an upgraded model has become inevitable so that it can be 

applicable for all of the above mentioned processes. 

In this chapter, an upgraded model for the combustion of solid fuel over an inert porous medium 

has been formulated taking into account the thermal nonequilibrium between the porous medium and 

gas phases, radiative heat transfer from the porous medium, heat loss from the porous medium to the 

environment, the mass transfer of oxygen from the gas stream to the surface of solid fuel and the 

effective diffusion in modeling the species diffusion. Thus the model includes all of the transport 

mechanisms identified in Chapter 1 which are the controlling factors of smolder propagation, SHS and 

DPF regeneration process or which can have significant effect to modify the controlling factors of 

these processes. 

Large activation energy asymptotic is employed to obtain the analytical expressions of the moving 

speed of the reaction front as well as the temperatures and species distributions. The effects of the 

pertinent physical parameters, such as, the radiation-conduction parameter, initial mass fraction of 

fuel, porosity of the porous medium, mass transfer coefficient, heat transfer coefficient between the 

phases, heat loss coefficient and the Knudsen diffusion have been investigated in terms of the moving 

speed of the reaction front and the fuel leakage through the reaction front. The results are presented to 

justify the universality of the present model by comparing with the findings available in the literature 

of smoldering combustion and SHS process. Since the present model can be used to describe the 

smoldering combustion and SHS process, hence the behavior of combustion wave of the present 

phenomena has been investigated over a wide range of conditions that can be useful to apprehend not 

only the present phenomena but also other processes as well.  
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3.2 Mathematical formulation 

3.2.1 Considerations and assumptions adopted in the model 

The model configuration employed here is illustrated in Figure 3.1. An infinitely long porous 

medium is considered over which solid fuels are deposited. Also, it is assumed that oxidizer enters into 

the reaction zone from left to right through the porous medium. In the reaction zone, oxidizer reacts 

with solid fuels and generates heat. Accumulating enough heat from the heterogeneous exothermic 

oxidation of solid fuel, the self-sustained reaction front propagates in the direction of fresh fuel and 

opposite to the direction of gas flow velocity. During the propagation, the heat released by the reaction 

is partially transferred toward the fresh fuel through the conduction and radiation and partially lost to 

the environment [11]. The radiative heat transfer has a significant consequence on the flame structure 

of smoldering combustion [13, 17, 18] and its effect becomes prominent for larger pore diameters [17, 

18]. Besides, the heat loss to the environment is recognized as one of the controlling factors of the 

smolder propagation [11, 13, 98]. As a result, these are included into the present model. Now, the 

reaction front can sustain if the net heat lost from the reaction zone is balanced by the heat released 

from the oxidation of fuel. Again, the generation of heat directly depends upon the availability of 

oxygen into the reaction zone. Here, oxidizer comes into the reaction zone by diffusion and 

convection. When the rate of oxygen diffusion from the gas stream to the surface of solid fuel is not so 

high, there occurs concentration gradient between the gas stream and the solid-gas interface. In other 

words, when reaction happens there is an increase of local temperature and hence the local reaction 

rate until all of the neighboring oxygen is consumed. Consequently, the reaction front starts to 

consume oxygen when it reaches just ahead of the reaction front. Thus, there occurs a very low 

oxygen level locally [99]. The effect of this chemical nonequilibrium must be taken into account into 

the model. Because it is well known that the two controlling mechanisms of the propagation of 

smoldering combustion are the oxygen transport to, and the heat loss from, the reaction zone [11, 13, 

98]. Moreover, as the molecular diameters of gas are short and mean free paths are long compared to 

the characteristic dimensions of the pores, it is important that the effect of porosity can be accurately 

reflected in modeling the species diffusion process. In addition to, mass transport within the fuel 
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particles depends on the structure of the free volume within them and in all models it is implicitly or 

explicitly presumed that the pores are highly interconnected. In this case, it is usual to define an 

effective diffusivity applicable for throughout the bulk of the fuel particles [22]. Accordingly, the 

diffusion of gas has been modeled in this study by effective diffusivity instead of using only the 

molecular diffusivity. Here, the temperatures of the porous medium and fuel are assumed to be equal 

along the x direction. Since the temperature of the porous medium is quite high and that of the gas is 

comparatively low, there will be a significant heat transfer from the porous medium to the gas. This 

effect cannot be neglected since it has substantial impact on smolder propagation [16, 17]. Hence this 

is incorporated into the model. In this study, a single-step exothermic heterogeneous reaction is used 

for simplicity reasons with the consideration that solid fuel is converted (oxidized) directly to the 

gaseous product: 

1 g (unburned solid fuel) + n O2 → (1+ n) (gaseous product), 

where n is the mass of oxygen per mass of fuel ratio.  

 

 

Figure 3.1: Physical configuration of the model. 

 

Moreover, it is assumed that (i) the volumetric effective conductivities of porous medium [(1−ε)λm] 

and that for the gas [ελg] are constant, where ε (= VV/V) is the porosity of the porous medium and VV 

and V are, respectively, the volume of voids and the total volume of the porous medium, λm and λg are 

the thermal conductivities of the porous medium and gas; (ii) the specific heat capacities for the gas, cg 



43 

and porous medium, cm are constants; and (iii) the effective mass diffusivity of gas [εD] remains 

constant, where D denotes the molecular diffusivity of gas. 

 

3.2.2 Governing equations 

An upgraded model is formulated including all essential transport mechanisms for the combustion 

of solid fuel deposited over an inert porous medium which can be applicable for all of the processes. 

Following [86, 100 101], the volume-averaged energy equations for porous medium and gas, and 

species equation for fuel and gas (dropping the volume-averaging notation for the sake of simplicity) 

can be written as 

( ) ( ) ( ) ( )
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m m m m g ex m u
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Here Tm, ρm and Tg, ρg are the volume-averaged temperature and the density of the porous medium and 

gas, respectively, ρf  is the density of fuel, YO and YF are the volume-averaged oxidizer and fuel mass 

fractions, ug is the gas flow velocity, Q is the fuel mass based heat of reaction, h is the volumetric heat 

transfer coefficient from the porous medium to gas, qr represents the radiative heat flux, hex is the heat 

loss coefficient from the porous medium to the environment and hm is the mass transfer coefficient 

from the gas stream to the surface of fuel and W is the rate of the chemical reaction, given by an 

Arrhenius law 

( ) [ ]1 exp ,g f O F mW A Y Y E RTε ε ρ ρ= − −                                                                                        (3.5) 
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where A is a pre-exponential factor, taken to be constant, R is the universal gas constant, and E is the 

activation energy.  

The boundary conditions to be satisfied by equations (3.1)–(3.4) are 

, ,
: , , , ,

m u g u O u F u
x T T T T Y Y Y Y= −∞ = = = =                                                                            (3.6) 

: , , 0, 0.O F
m u g u

Y Y
x T T T T

x x

∂ ∂
= +∞ = = = =

∂ ∂
                                                                      (3.7) 

The volumetric heat transfer coefficient, h, appeared in equations (3.1) and (3.2) is assumed as Fatehi 

and Kaviany [62] and is expressed by 

( )
2

6 1
,

g
Nu

h
d

ε λ−
=                                                                                                                            (3.8) 

where Nu is the interstitial Nusselt number based on the pore diameter and gas properties. In equation 

(3.8), the interfacial solid-gas surface area of the porous medium is used as Asg/V = 6(1−ε)/d, where Asg 

is the solid-gas surface area and d is the pore diameter. The correlation for Nu is given by Wakao and 

Kaguei [87] as  

1 3 0.62 1.1Pr Re , 15 Re 8500.Nu = + < <                                                                                     (3.9) 

In equation (3.9), the Prandtl and Reynolds numbers are defined as Pr = νg/κ and Re = εugd/νg, 

respectively, and νg and κ are respectively the kinematic viscosity and the thermal diffusivity of the 

gas. 

Again the last term of equation (3.3) which indicates the mass diffusion of oxygen from the gas stream 

to the surface of fuel is included in the model according to [21] and modeled using the solid-gas mass 

transfer coefficient, hm, defined by Fatehi and Kaviany [62] as, 

( )6 1
,

m

ShD
h

d

ε

ε

−
=                                                                                                                          (3.10) 

where the interstitial mass transfer Sherwood number is correlated by Wakao and Kaguei [87], 

1 3 0.62 1.1 Re , 3 10000.Sh Sc Sc= + < <                                                                                    (3.11) 
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The Schmidt number Sc is defined as Sc =  νg/D. 

The gas is assumed to be transparent (i.e., no absorption and radiation) within the porous medium. 

On the contrary, the radiation heat transfer from the solid is taken into account, since the temperature 

of the porous medium is quite high due to exothermic reaction between the gas and solid fuel on the 

porous medium. Here, the radiant heat flux term which is valid for an optical thick medium is 

expressed by the Rosseland diffusion approximation [102]: 

4
4

,
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m
r

T
q

a x

σ ∂
= −

∂
                                                                                                                               (3.12) 

where σ is the Stefan-Boltzmann constant and a is the Rosseland extinction coefficient. 

The diffusion coefficient of the gas in the porous medium, Dε, can be written as the inverse average of 

the molecular diffusion coefficient, D, and Knudsen diffusion coefficient, DK, and given by [43] 

1 1 1
,

K
D D Dε

= +                                                                                                                                (3.13) 

where DK  is defined as [103] 

4
.

3 2

g

K

RT
D d

Mπ
=                                                                                                                            (3.14) 

Here M is the molar mass of the gas. In this study, the ‘effective’ diffusivity is defined by [104] 

,effD Dε

ε 
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Ω 
                                                                                                                               (3.15) 

where Ω is a tortuosity factor which accounts for the extension of the path that a gas must pass through 

the porous medium. The tortuosity factor typically depends on the structure of the porous medium and 

it is normally determined experimentally. The value of Ω is assumed here to be 2 [105]. 
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3.2.3 Dimensionless form of governing equations 

The primary quantity of interest in the present problem is the steady moving speed of the reaction 

front us. Considering us as a characteristic speed; it is convenient to cast the problem in dimensionless 

form by introducing the following group of dimensionless variables [88, 89]: 

2
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                 (3.16) 

Thus the conservation equations (3.1)–(3.4) reduce to 
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The associated boundary conditions become 

 : 0, 0, 1, 1,O FS y yξ θ= −∞ = = = =                                                                                   (3.21) 

: 0, 0, 0, 0.O F
y y

Sξ θ
ξ ξ

∂ ∂
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∂ ∂
                                                                            (3.22) 

Here the nondimensional parameters 
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where γ is the dimensionless heat release, δ represents the thermal excursion during the burning 

process, K is the heat transfer parameter, NR is the radiation-conduction parameter, Kex is the heat loss 

parameter, Km is the mass transfer parameter, Le is a Lewis number which is assumed to be unity and 

Λ is the burning rate eigenvalue, the determination of which will yield the dimensional moving speed 

of the reaction front, us, according to its definition. 

The nondimensional reaction rate, ω, is given by 
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where 

( )
2

and ,
ad uad u

ad ad

E T TT T

T RT
α β

−−
≡ ≡                                                                                          (3.25) 

are the dimensionless heat of combustion and the Zel’dovich number, respectively. The other 

additional parameters are defined by 
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According to the definitions of the foregoing quantities, the nondimensional moving speed of the 

reaction front is equal to unity. It is thus useful to analyze the problem in the moving coordinate X = ξ 

− τ attached to the reaction front. Consequently, the steadily moving speed of the reaction front is 

time-independent. Introducing this transformation into the equations (3.17)–(3.20), the system of 

equations take the form 
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The corresponding boundary conditions become 

: 0, 1, 1,O FX S y yθ= −∞ = = = =                                                                                            (3.31) 

: 0, 0.O FX S y yθ ′ ′= +∞ = = = =                                                                                               (3.32) 

Our purpose is to solve the steady problem given by equations (3.27)–(3.30) subject to the 

boundary conditions (3.31)–(3.32) and thus to determine the burning rate eigenvalue Λ by carrying out 

an asymptotic analysis. This can then be used to find the dimensional moving speed of the reaction 

front us, according to its definition (3.23).  

 

3.3 Asymptotic analysis 

3.3.1 Outer solutions 

Since the nondimensional activation energy, β that appears in the reaction-rate expression is 

assumed to be large, this implies that all chemical activity is confined to a thin O(β
−1

) reaction zone. 

Then the solutions on either side of the reaction zone can be obtained in the form of asymptotic 

expansions in powers of β
−1

. In the preheat region X < 0, the source terms in the conservation 

equations are exponentially small and in the burned region X > 0, all the chemical reaction has gone to 

completion. So the source terms become negligible in these regions. 

To analyze the problem theoretically, the difficulty arises due to the nonlinear radiation term of the 

coefficient 1− ε + NR(1+δS)
3
 of equation (3.27). Most of the studies avoided this difficulty by solving 
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their problem numerically. Consequently, there are a few theoretical works that dealt with radiation 

effect. A long time before, Dosanjh et al. [13] and Schult et al. [14] solved a simple one temperature 

model taking into account the effect of the nonlinear radiation term. Also, authors [106-108] solve 

their problems for gaseous fuel combustion taking the radiation heat transfer as a constant with the 

definition of effective thermal conductivity which includes thermal conductivity of the porous medium 

and the radiation heat transfer. But it is difficult to measure the thermal conductivity of the porous 

medium and an effective conductivity depends to a great extent upon the specifics of the porous 

medium [106], so there is an uncertainty of the appropriateness of the data values. Since it is difficult 

to make the problem tractable for analytical solution considering the nonlinear effect of the radiation 

term, hence it is better to use a linear approximation of the term. Although our motivation is based on 

the concept of constant radiation heat transfer but approach is different. Thus, to investigate the 

problem analytically it is presumed that   
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To derive the approximation of the relation defined in (3.34), firstly it is roughly set the possible value  

S = 1  in (3.33) for all X ≤ 0.   

In the downstream region i.e., for X > 0, depending on the heat loss to the environment and heat 

transfer rate, S can vary between 0 and 1. So, two possible values S = 0 and S = 1 are set in (3.33) 

which gives Γ = 1− ε + NR  and  Γ = 1− ε + NR(1 + δ)
3
. Then the values of Γ are summed up and 

divided by 2 that yields Γ = 1− ε + NR{1 + (1 + δ)
3
}/2. 

Moreover, equation (3.29) cannot be solved analytically because of the variable coefficients of 
O

y′  

and 
O

y′′  of the equation that are accounted for the effective diffusion. It is noteworthy that any study 

didn’t solve a model theoretically which assumed the effective diffusivity for modeling the diffusion 
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of oxidizer through the porous medium. As a first attempt, such a problem has been taken to solve. To 

circumvent the difficulty, the largest effect of the coefficients is considered. Since Π is very large, the 

value of ( ){ }1 1 1ε δθ δθΠ + Ω + Π +  tends to ε Ω  when θ attains its maximum value, 

( )f f
Xθ θ∗ = , at X = Xf. Hence, fθ θ ∗=  has been set in this term so that 
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gives the maximum effect on the diffusion term. 

Again, ( )( )2

2 1 1 1ε δ δθ δθΠ Ω + + Π +  tends to ( )2εδ ΩΠ  as θ → 0. Also dθ/dx attains its 

maximum just ahead or behind the maximum value of θ. Thus it can de deduced that the highest effect 

of ( ) ( )( )2

2 1 1 1d dXε δ θ δθ δθΠ Ω + + Π +  on the convection of gas is accounted for by 

taking it as  
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Therefore, the equations to be solved for the outer regions are 
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with the boundary conditions 
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: 0, 1,O FX S y yθ= −∞ = = = =                                                                                                 (3.41) 

: 0, 1,O FX S y yθ= −∞ = = = =                                                                                                 (3.42) 

Now from (3.38), one obtains 

( )1
.

u
S

rbuK Kl

ε ε
θ θ θ

−
′ ′′= + −                                                                                                            (3.43) 

Upon substitution of (3.43) into (3.37) gives  

( ) ( ) ( )

( ) ( ) ( )

( )
1 1 11

1 1 11
0.

iv ex

ex ex

l u l uK KKl

rbu rbu

Kl Kl u K l u KlK

rbu rbu

εε
θ θ θ

ε

ε
θ θ

ε ε

− − −   +−
′′′ ′′− + − + −   

Γ Γ Γ   

− − − 
′+ + + + = 

Γ Γ 

                                           (3.44) 

The analytical solutions of fourth order differential equation (3.44) are not available in the literature. 

For obtaining the solutions of Eq. (3.44), it is required to find the roots of the corresponding 

characteristic polynomial: 

( ) ( ) ( )

( ) ( ) ( )

4 3 2
1 1 11

1 1 11
0.

ex

ex ex

l u l uK KKl
m m m

rbu rbu

Kl Kl u K l u KlK
m

rbu rbu

εε

ε

ε

ε ε

− − −   +−
− + − + −   

Γ Γ Γ   

− − − 
+ + + + = 

Γ Γ 

                                            (3.45) 

Considering the appropriate values of the parameters, it can be shown by Descartes’ rule of signs that 

Eq. (3.45) must have two positive roots, m1 and m2; and two negative roots, m3 and m4, to define the 

finite solutions of the Eq. (3.44). 

Once Eq. (3.44) is solved, the temperature of the porous medium, S, is determined from Eq. (3.43). 

Then the temperatures of the porous medium and gas are given by 

( ) [ ] [ ]1 1 1 2 2 20 exp exp ,S X p a m X p a m X< = +                                                                            (3.46) 

( ) [ ] [ ]1 1 2 20 exp exp ,X a m X a m Xθ < = +                                                                                    (3.47) 

( ) [ ] [ ]3 3 3 4 4 40 exp exp ,S X p a m X p a m X> = +                                                                           (3.48) 
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( ) [ ] [ ]3 3 4 40 exp exp ,X a m X a m Xθ > = +                                                                                    (3.49) 

where 

( )2
1

1 , 1,2,3, 4,
i i i

l u
p m m i

Kl rbu

ε − 
= − − = 

 
                                                                               (3.50) 

and the constants a1, a2, a3 and a4 are found later. 

Thus the temperature of the porous medium at the reaction front (i.e., X = 0) can be expressed as 

follows: 

( ) 1 1 2 20 .fS s p a p a
∗= = +                                                                                                                 (3.51) 

As the activation energy is assumed to be large, the reaction front temperature will be very high. 

Consequently, one of the reactants (fuel and oxidizer) must be depleted after passing through the 

reaction front. Here it is considered that oxidizer is fully consumed at the reaction front (i.e., yO = 0 at 

X = 0) [12, 109] suggesting that the system is controlled by oxidizer. Therefore, the solutions of Eq. 

(3.39) becomes 

( ) [ ] ( )10 1 exp and 0 0,O Oy X X y Xµ< = − > =                                                                    (3.52) 

where 

( ) ( )
2

2 2
1,2

1 1 1 1 1

1 1 4
2.m

Lel u Lel u LelKB B

rbuB B rbuB B rbB
µ

ε

 − −  = − ± − + 
   

 

Also, if f0
*
 is the remained fuel mass fraction at the reaction front, then the solutions of (3.40) can be 

written as 

( ) ( ) 00 1 and 0 .F Fy X y X f
∗< = > =                                                                                      (3.53) 

 

3.3.2 Reaction zone 

In the asymptotic limit β → ∞, the reaction zone becomes very thin which acts as a heat source and 

a sink of oxygen that cause jumps in the heat flux as well as oxygen. For this reason, a stretched inner 
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variable η = βX is introduced to measure the jumps of temperature and oxygen across the reaction 

front. Inner solutions for the dependent variables S, θ and y, and the burning rate eigenvalue Λ are now 

sought as expansions of the form [90, 91]: 

1

1 ,in

fS s Sβ∗ −= + +�                                                                                                                       (3.54) 

1

1 ,in

fθ θ β∗ −= + Θ +�                                                                                                                       (3.55) 

1

1
,

in

O
y Gβ −= +�                                                                                                                             (3.56) 

1

0 1
,

in in

F
y F Fβ −= + +�                                                                                                                   (3.57) 

( )2 1

0 1
,β β −Λ = Λ + Λ +�                                                                                                              (3.58) 

.Xη β=                                                                                                                                            (3.59) 

Thus the reaction zone problem become 

( )
( ) ( ){ }

2

1 1
0 0 1 22

1
exp exp 0,

1 1 1 1
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fin in in

f
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sd S S
F G

d s s

β
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η α α
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∗ ∗

  −   Γ + Λ − =
 − −  − −    

                                (3.60) 

2

1

2
0,

in
d

dη

Θ
=                                                                                                                                        (3.61) 
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( ) ( ){ }
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1 exp exp 0,
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snLeld G S
B F G

d b s s
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η α α

∗
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  −Ω   − − Λ − =
 − −  − −    

          (3.62) 
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( ) ( ){ }
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1
1 exp exp 0.

1 1 1 1

in in
fin in
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f
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sdF S
r F G
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β
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η α α

∗

∗ ∗

  −   + Λ − − =
 − −  − −    

                           (3.63) 

The matching conditions are: 

as η→ −∞, 

 1

0

,
in

X

dS dS

d dXη −=

 
→  
 

                                                                                                                       (3.64) 
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1

0

,
in

X

d d

d dX

θ

η −=

Θ  
→  
 

                                                                                                                       (3.65) 

  1
1

0

,
in

O

X

dydG

d dX
µ

η −=

 
→ = − 
 

                                                                                                          (3.66) 
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1
0,

in

F

X

dF dy

d dXη β −=

 
→ = 

 
                                                                                                             (3.67) 

as η→ +∞, 

1

0

,
in

X

dS dS

d dXη +=

 
→  
 

                                                                                                                        (3.68) 

 1

0

,
in

X

d d

d dX

θ

η +=

Θ  
→  
 

                                                                                                                      (3.69) 

 1 0,
in

dG

dη
→                                                                                                                                       (3.70) 

 0 0.
in

dF

dη
→                                                                                                                                        (3.71) 

Combining Eqs. (3.62) and (3.63) and using the matching conditions, one obtains 

[ ] 1
,

f O
F

st

bB r dy
y

nLel dX

+
+

−
−

 
= −  Ω  

 

which gives 

1 1

0 1 .
f

st

bB r
f

nLel

µ
∗ = −

Ω
                                                                                                                            (3.72) 

From the Eqs. (3.60) and (3.62), it can be found that 

( )

2 2

1 1 1

2 2
0.

1

in inin

st

d S bB d G

d nLel dεγ η ε η

Γ
+ =

− Ω
                                                                                        (3.73) 

Integrating the Eq. (3.73) and matching yields the energy balance 
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That is, 
( )

1 1

0 0

.
1 in

X X st

bBdS dS

dX dX nLel

εγ µ

ε− += =

   
− =   

− Ω Γ   
                                                                 (3.74) 

Similarly, the jump relation obtained from Eq. (3.61) and matching conditions at the reaction front 

(i.e., X = 0) gives the following three constraints: 

( ) ( ) ( ) ( ) ( ) ( )0 0 , 0 0 and 0 0 .S Sθ θ θ θ− + − + − +′ ′= = =                                                           (3.75) 

Now using Eqs. (3.46)–(3.49) into (3.74) and (3.75), one can easily find the constants a1, a2, a3 and a4. 

Integrating Eq.  (3.73) twice and matching yields 
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                                                                          (3.76) 

Therefore, Eq. (3.60) takes the form 
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                                                             (3.77) 

Equation (3.77) is solved by Liñán [92]. According to the relation between Λ and Λ0 given by (3.58) 

along with the definition of Λ given in Eq. (3.23), the moving speed of the reaction front is implicitly 

related to the other parameters by the expression 
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                        (3.78) 

in which 
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( ) ( )2 3 21.344 4 1 1 2 3 ln 1 4 for 0.2 0.5.ψχ ψ ψ ψ ψ ψ ψ ψ = − − − + − − − < <                     (3.79) 

Having obtained the maximum temperature of the porous medium f
s

∗
 by Eq. (3.51), one can readily 

determine the moving speed of the reaction front us from (3.78). The value of ψ can also be found by 

[94] as  

( )
( ) ( )

0
.

0 0

S

S S
ψ

+

+ −

′
=

′ ′−
                                                                                                                     (3.80) 

 

3.4 Numerical method 

In this study, a numerical simulation is also carried out to validate the results obtained by the 

asymptotic analysis. The nondimensional governing equations (3.17)–(3.20) with boundary conditions 

(3.21)–(3.22) are discretized using the implicit finite difference formula in which first-order backward 

difference for time-derivative terms and central-difference for the convection and diffusion terms are 

used. Thus it reduces to a system of tri-diagonal algebraic equations. Finally, this system is solved 

employing Gaussian elimination method.                                                                   

To simulate the initiation of a combustion reaction, a high-temperature profile is set in the porous 

medium and at the end of the computational domain (see Figure 3.2) so that the reaction front 

propagates opposite to the direction of gas flow velocity. The reaction front is assumed to be planar 

and propagates at a constant speed. The species and temperature distributions, as well as the moving 

speed of the reaction front, are solved iteratively, prescribing a front speed for a set of constant 

properties. Here the moving speed of the reaction front is determined following the method described 

in [62, 95]. The calculation is performed setting ∆ξ = 0.01 and ∆τ = 10
−4

, so that the solutions are grid 

independent. 
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Figure 3.2: Schematic of initiation of a combustion reaction when τ = 0 (opposed flow). 

 

Table 3.1: Thermophysical properties used in the analysis and numerical computation  

Specific heat of porous medium : cm (J/kg K) 1100 [83] 

Specific heat of gas : cg (J/kg K) 1007 [21] 

Thermal conductivity of the gas : λg (W/m K) 0.026 [21] 

Density of the porous medium : ρm (kg/m
3
) 1300 [83] 

Density of the gas : ρg (kg/m
3
) 1.187 [21] 

Density of fuel : ρf (kg/m
3
) 550 [41] 

Fuel mass based heat of reaction : Q (J/kg) 3.0×10
7
 [83] 

Frequency factor : A (m
3
/kg s) 1.0×10

10
 [13] 

Pore diameter : d (m) 1.0×10
−3

  

Kinematic viscosity : νg (m
2
/s) 1.517×10

−5
 [21] 

Porosity of the porous medium : ε  0.80  

Zel’dovich number : β  15 

Initial mass fraction of oxidizer : YO,u 0.154 [41] 

Ambient temperature : T0 (K) 300 [100] 

Adiabatic temperature : Tad (K) 1800  
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3.5 Results and discussion  

Before going to the details of the effects of the key parameters, it should be noted that Schnitzlein 

and Lӧwe [110] use 0.83 as the mean porosity of ceramic fiber coil diesel particulate traps while 

Hoffmann et al. [111] measured the porosity of a diesel particulate filter to be 0.77. So, in the present 

study the average value 0.80 of 0.83 and 0.77 is used as the porosity of the porous medium and other 

thermophysical properties are listed in Table 3.1. In this study, solid fuels deposited over the porous 

medium are assumed to be carbon which is the main particle deposit trapped in the diesel particulate 

filter.  

At first, a comparison between the numerical and asymptotic solutions in terms of the moving 

speed of the reaction front, us, is depicted in Figure 3.3. From the figure, it is evident that for the 

moving speed of the reaction front the asymptotic solutions show a better agreement with the 

numerical solution. 
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Figure 3.3: Comparison between the numerical and asymptotic solution. 
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Figure 3.4: Variation of the moving speed of the reaction front with the gas flow velocity. 

Experimental data are taken from Torero et al. [112] and numerical data are from Ohlemiller et al. 

[12]. 

In Figure 3.4, a comparison is made between the experimental data of Torero et al. [112] and the 

asymptotic solutions of the present model. Since the properties of Ohlemiller et al. [12] are almost 

equal to or of the order of Torero et al. [112], the numerical data of Ohlemiller et al. [12] is also 

presented for being certain up to the mark. In this figure, the solutions of the present model are 

obtained using the thermophysical properties of Torero et al. [112] and others required data are chosen 

from Table 3.1. Evidently, the present model can predict correctly the numerical data of Ohlemiller et 

al. [12]. On the other hand, the model shows a good qualitative agreement with the experimental data 

of Torero et al. [112] which correspond to the solutions of oxygen-limited regime [113]. Even the 

simplified model of [13] used by Torero et al. [112] fails to predict the solution of the fuel-limited 

regime. This is mainly due to the fact that in the present study, it is assumed that the oxidizer is fully 

consumed at the reaction front which often occurs for reverse smoldering combustion as observed by 

Ohlemiller et al. [12] and Ohlemiller and Lucca [109]. That is, the solutions of the present model as 

well as Ohlemiller et al. [12] are for the oxygen-limited regime. Therefore, it can be concluded that the 
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present model predicts very well the qualitative trend of behavior of the moving speed of the reaction 

front with the variation of the gas flow velocity within the oxygen-limited regime. In addition to, as 

the present model demonstrates a good qualitative agreement with the experimental and numerical 

data of smolder combustion, it can be concluded that the present model also works well for predicting 

the characteristics of smoldering combustion.     

Below, the effects of the key parameters such as the radiation-conduction parameter, NR, porosity 

of the porous medium, ε, initial mass fraction of fuel, YF,u, mass transfer coefficient, hm, heat transfer 

coefficient, h, heat loss coefficient, hex, and the effective diffusion, Deff, have been investigated on the 

moving speed of the reaction front, the amount of fuel leakage through the reaction front, temperature 

and species distributions. Since the asymptotic solutions are found to agree well with the numerical 

solution as presented in Figure 3.3, the following results and discussion are made on the basis of 

asymptotic solutions.  

 

3.5.1 Effect of radiation-conduction parameter 

The moving speed of the reaction front, us, and the amount of fuel leakage, f0
*
, through the reaction 

front with the variation of the radiation-conduction parameter, NR, is presented in Figures 3.5(a) and 

(b), respectively, for λm = 0.4 W/(mK), ε = 0.80, YF,u = 0.30 and hex = 10
4
 W/(m

3
K) with different value 

of ug. In the figures, the upper branch (dashed line) of the curves lying above the turning point usually 

called quenching point corresponds to stable solutions while the lower branch (solid line) of the curves 

corresponds to unstable solutions [91]. As the unstable solutions are not of great physical interest [91], 

the main concern of this study will be concentrated on stable solutions. From the Figure 3.5(a), it is 

observed that the moving speed of the reaction front monotonically decreases with an increase of NR. 

Using the definition of the parameter NR given by (3.23), it can infer that when the value of NR 

increases, the Rosseland extinction coefficient decreases. Also it is known that the pore diameter 

increases with the decrease of the Rosseland extinction coefficient. Since the radiative heat transfer 

effect becomes prominent for larger diameters [17], the net heat lost from the reaction zone will be 

higher that results to decrease the moving speed of the reaction front; and for further increase of NR, 

the reaction front extinguishes. It happens because with the increase of NR the heat loss from the 
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porous medium has surmounted the critical value to be sustained the reaction front. Since the heat 

generation increases owing to the increase of gas flow velocity, the critical value of heat loss through 

the radiation for the reaction front extinguishment is increased. Figure 3.5(b) shows that the amount of 

fuel leakage through the reaction front decreases when the value of NR is increased. This is due to the 

fact that the reaction zone broadens with the increase of NR that enhances the consumption of fuel. 

Moreover, the fuel leakage increases with an increase of the gas flow velocity, ug. It is note that gas 

deficient case is considered in this study. Consequently, although the moving speed of the reaction 

front increases as the gas comes faster to the reaction zone with larger gas flow velocity, the reaction 

front with thin pre-heat region moves to the fresh fuel leaving more un-reacted fuel behind. 

Interestingly, though the radiative heat transfer has significant effect on the moving speed of the 

reaction front and the fuel leakage through the reaction front; and extinction could be occurred due to 

higher value of it, these facts are not reported to date in the open literature of DPF regeneration 

process, SHS and smoldering combustion. 
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Figure 3.5: (a) Moving speed of the reaction front and (b) the amount of fuel leakage, f0
*
, through the 

reaction front as a function of NR while λm = 0.40 W/(mK), ε = 0.80, YF,u = 0.30, hex = 10
4
 W/(m

3
K). 

 

The effect of the radiation heat transfer on the temperature (Tm = porous medium, Tg = gas) and 

species profiles is shown in Figures 3.6(a) and (b), respectively, for λm = 0.4 W/(mK), ε = 0.80, hex = 3 
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× 10
4
 W/(m

3
K), YF,u = 0.30 and ug = 0.50 m/s. In Figure 3.6(a), the value of the radiation-conduction 

parameter NR = 0.0 indicates that there is no radiation effect while NR = 0.005 represents an effect of 

radiation in the phenomena. It is seen that the maximum temperature increases when radiative heat 

transfer is not considered. This confirms that the suppression of radiative heat transfer caused a large 

increase in the peak reaction zone temperature [13, 17]. Also, it is clear that the pre-heat region 

becomes wider owing to the increase of radiative heat transfer through the porous medium and 

accordingly the reaction zone becomes thicker and thermal nonequilibrium between the porous 

medium and gas increases. In addition to, the maximum temperature of the gas increases with an 

increase of the radiative heat transfer. It is understandable because the heat loss due to radiation from 

the porous medium and the wider pre-heat region give rise to increase the temperature of the gas. The 

results provide one striking phenomena alike to [62, 92, 114] that although oxidizer is exhausted just 

after the reaction front, fuel can leak through the reaction front. The species profiles shown in Figure 

3.6(b) reveal that the amount of fuel leakage through the reaction front decreases with the radiation 

heat transfer. This happens because the thick reaction zone developed by the radiation heat transfer 

facilitates to burn out more fuel but reduces the moving speed of the reaction front.  
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Figure 3.6: (a) Temperature and (b) species profiles in dimensional variables for λm = 0.4 W/(mK), ε = 

0.8, YF,u = 0.3, ug = 0.5 m/s, hex = 3 × 10
4
 W/(m

3
K) when NR = 0.0 (without radiation) and NR = 0.005 

(with radiation). 
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Figure 3.7: (a) Moving speed of the reaction front and (b) the amount of fuel leakage, f0

*
, through the 

reaction front as a function of ε while λm = 0.40 W/(mK), NR = 0.01, YF,u = 0.30, hex = 10
4
 W/(m

3
K). 

 

3.5.2 Effect of porosity 

The effect of porosity on the moving speed of the reaction front, us, and the amount of fuel leakage, 

f0
*
, through the reaction front is shown in Figures 3.7(a) and (b), respectively, for λm = 0.4 W/(mK), NR 

= 0.01, YF,u = 0.30 and hex = 10
4
 W/(m

3
K) with different value of ug. From the Figure 3.7(a), it is 

evident that the moving speed of the reaction front decreases with the decrease of ε. The decrease of 

porosity of the porous medium results in a decrease of the surface area of the porous medium. 

Consequently, the reaction rate and hence the moving speed of the reaction front decreases owing to 

the decrease of porosity. With further decrease of porosity, the reaction front extinguishes. Figure 

3.7(b) shows that the amount of fuel leakage through the reaction front decreases due to the decrease 

of ε. This is because the effective thermal conductivity of the porous medium increases with the 

decrease of porosity for which the reaction zone becomes thicker along with the wider pre-heat zone 

and hence the fuel consumption increases. In addition to, the fuel leakage increases as the gas flow 

velocity, ug, increases. It is worthwhile to mention that the extinction of the reaction front and the 

aspect of fuel leakage through the reaction front with the variation of porosity of the porous medium 

have not been investigated in any literature of DPF regeneration process, SHS and smoldering 

combustion.  
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3.5.3 Effect of initial mass fraction of fuel 

Figure 3.8 exhibits the moving speed of the reaction front, us, with the variation of the initial mass 

fraction of fuel, YF,u. Evidently, the moving speed of the reaction front gradually increases with an 

increase of the initial mass fraction of fuel. It is well established that the rate of the moving speed of 

the reaction front is primarily determined by a balance between the rate of heat released by the 

reaction and the energy required to heat the solid fuel and gaseous oxidizer to the reaction temperature 

[109, 115]. In this case, since the gas flow rate is fixed and the amount of fuel increases, hence the 

energy required to heat the fuel to the reaction temperature gradually increases. For this reason, the 

initial mass fraction of fuel gradually accelerates the moving speed of the reaction front.        

Y
F, u

u
s
(m

m
/s

)

0.2 0.4 0.6 0.8

0.9

1.0

1.1

1.2

1.3

 

Figure 3.8: Moving speed of the reaction front as a function of YF,u for λm = 0.40 W/(mK), ε = 0.80, ug 

= 0.60 m/s, YO,u = 0.154 m/s, hex = 10
4
 W/(m

3
K) and NR = 0.01. 

 

3.5.4 Effect of mass transfer coefficient 

The moving speed of the reaction front, us, against the mass transfer coefficient, hm, is depicted in 

Figure 3.9. It is found that when the mass transfer coefficient is increased, the moving speed of the 

reaction front increases. This is because the relations (3.10) and (3.11) give that the mass transfer 

coefficient becomes larger due to the increase of the gas flow velocity (or gas diffusivity) that 

enhances the amount of oxygen to the surface of fuel at the reaction front. This agrees with the 
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observation of Wang et al. [21] for smoldering combustion. Hence the present model could affirm the 

similar trend of the moving speed of the reaction front with mass transfer rate as predicted in 

smoldering combustion. It is also clear from the figure that the amount of fuel leakage through the 

reaction front increases as the mass transfer coefficient increases. This is due to the fact that since the 

system is gas deficient and the gas flow velocity (or gas diffusivity) is high for larger mass transfer 

rate, so the reaction front with thin pre-heat zone moves fast to the fresh solid fuel leaving the larger 

amount of fuel unburned    

h
m

(m/s)

u
s
(m

m
/s

)

f 0

*

0.24 0.28 0.32 0.36
0.0

0.5

1.0

1.5

2.0

0.15

0.17

0.19

0.21

0.23

0.25

f
0

*

u
s

 

Figure 3.9: Moving speed of the reaction front and the amount of fuel leakage, f0
*
, through the reaction 

front as a function of hm for λm = 0.4 W/(mK), ε = 0.8, YF,u = 0.3, hex = 10
4
 W/(m

3
K) and NR = 0.01. 

 

3.5.5 Effect of heat transfer coefficient 

For different values of the radiation-conduction parameter, the moving speed of the reaction front 

with the variation of the heat transfer coefficient is presented in Figure 3.10. From the figure, it is seen 

that the moving speed of the reaction front monotonically decreases owing to the increase of the heat 

transfer coefficient. If it is continued to increase, the porous medium will no longer be able to keep 

enough heat for the reaction front to sustain and finally the reaction front extinguishes at a critical heat 

transfer rate. This finding was numerically observed by Leach et al. [16, 17]. It should be mentioned 

that although Leach et al. [16] employed equation (3.8) for the heat transfer coefficient, but they didn’t 
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confirm it that extinction was predicted using equation (3.8). For the present investigation, the heat 

transfer coefficient was increased by using equation (3.8) and decreasing the pore diameter of the 

porous medium. As the pore diameter decreases, internal surface area of the porous medium and the 

convective heat transfer increases with the fixed gas flow velocity. On the other hand, net heat 

production remains constant due to the fixed amount of oxidizer, fuel and gas flow velocity. 

Consequently, the increasing of heat transfer coefficient reduces the temperature of the porous 

medium so that it fails to retain enough heat to sustain the reaction front and eventually the reaction 

front extinguishes. To this end, the critical value of heat transfer rate for which the reaction front 

extinguishes is seen to be higher when the radiation-conduction parameter decreases. Evidently, the 

radiative heat loss from the porous medium becomes lower as the radiation-conduction parameter 

decreases and as a result the critical value of heat transfer rate for the extinction becomes higher.   
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Figure 3.10: Moving speed of the reaction front as a function of volumetric heat transfer coefficient, h, 

for λm = 0.4 W/(mK), ε = 0.8, YF,u = 0.3, ug = 0.40 m/s and hex = 10
4
 W/(m

3
K). 

 

3.5.6 Effect of heat loss coefficient 

The effect of heat loss coefficient on the moving speed of the reaction front, for different values of 

the gas flow velocity, is shown in Figure 3.11. It is seen from the figure that the moving speed of the 

reaction front decreases with the increase of heat loss coefficient. Due to increase of heat loss 
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coefficient, more heat is lost from the porous medium that induces to decrease the moving speed of the 

reaction front. With further increase of heat loss coefficient, the net heat released by the exothermic 

reaction fails to increase the temperature of the fresh fuel high enough for the propagation of the 

reaction front and eventually the reaction front extinguishes at a critical heat loss coefficient. This 

finding obviously corroborates the previous result that the heat loss rate must not exceed the heat 

generation rate for the self-sustained propagation of the reaction front [22, 98, 99]. Moreover, this 

critical value increases with an increase of the gas flow velocity. The reason is that the production of 

heat increases owing to the increase of the gas flow velocity.   
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Figure 3.11: Moving speed of the reaction front as a function of heat loss coefficient, hex, for λm = 0.4 

W/(mK), ε = 0.8, YF,u = 0.3 and NR = 0.01. 

 

3.5.7 Effect of Knudsen diffusion 

A comparison of the effect of the inclusion of Knudsen diffusion and tortuosity on the effective 

diffusivity, Deff, and the molecular diffusivity, D, on the temperature and species profiles is shown in 

Figures 3.12(a) and (b), respectively. It is found from Figure 3.12(a) that the temperatures of gas and 

porous medium for molecular diffusivity are higher than that for effective diffusivity. This is due to 

the fact that the molecular diffusivity is smaller than the effective diffusivity and hence the gas 

remains longer time in the reaction zone during the molecular diffusivity relative to effective 
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diffusivity. On the other hand, Figure 3.12(b) exhibits that the mass fraction of gas for the molecular 

diffusivity starts to decrease earlier than the mass fraction of gas for the effective diffusivity and the 

amount of fuel leakage through the reaction front for the effective diffusivity is higher than that for 

molecular diffusivity. 
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Figure 3.12: Temperature and species profiles for the effect of including Knudsen diffusion with 

molecular diffusion for λm = 0.4 W/(mK), ε = 0.8, YF,u = 0.3, ug = 0.6 m/s, hex = 2×10
4
 W/(m

3
K) and NR 

= 0.005 while  Deff  with Knudsen and molecular diffusion and  D with molecular diffusion only. 

 

3.5.8 Extinction limit diagram 

In Figure 3.13, the extinction limit is presented in terms of radiation-conduction parameter and gas 

flow velocity. The figure shows that the extinction limit in terms of heat loss decreases owing to the 

increase of the radiation-conduction parameter while it increases with the increase of gas flow 

velocity. Evidently, as heat lost by radiation increases then it is expected that the reaction front will be 

extinguished at a lower heat loss to the environment. On the other hand, it is well-known that heat 

production increases when the gas flow velocity is increased. So the extinction limit in terms of heat 

loss becomes higher for larger gas flow velocity. Additionally, a comparison between the effects of the 

effective diffusivity, Deff, and the molecular diffusivity, D is presented on the extinction limit of the 
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reaction front. Although the reaction front cannot be extinguished due to effective diffusivity, but it 

broadens the extinction limit compared to molecular diffusivity.      
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Figure 3.13: Extinction limit diagram as a function of radiation-conduction parameter and gas flow 

velocity for λm = 0.4 W/(mK), ε = 0.8 and YF,u = 0.3. 

 

3.5.9 Summary of the quantitative studies 

The quantitative interactions among the physical parameters over a wide range of conditions are 

demonstrated above which reveal the following characteristics of combustion wave:  

(i)    the moving speed of the reaction front increases with the increase of porosity of the porous 

medium and the initial mass fraction of fuel and the decrease of the heat transfer rate from 

the porous medium to the gas, the heat loss coefficient and the radiation-conduction 

parameter; 

(ii)    the amount of fuel leakage through the reaction front decreases with an increase of radiative 

heat transfer and the decrease of the gas flow velocity and mass transfer coefficient; 

(iii)    extinction occurs due to lower porosity of the porous medium, higher volumetric heat 

transfer from the porous medium to the gas, higher radiative heat transfer from the porous 

medium and higher heat losses from the porous medium to the environment; and  
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(iv)    the extinction limit in terms of heat loss coefficient decreases due to the increase of the 

radiation-conduction parameter and the decrease of gas flow velocity while it becomes 

higher due to effective diffusivity compared to molecular diffusivity. 

So the current study can quantify the effect of various transport mechanisms that control the 

propagation and extinction of combustion wave of the present phenomena. From practical point of 

view, since the focus of investigation of smoldering combustion, DPF regeneration process and SHS is 

to control the propagation of combustion wave, thus the observations presented above could be 

applied for the development of new technology. Before going to apply them, one should keep in mind 

that the present theoretical analysis has been performed for oxygen-limited opposed flow combustion 

with single-step reaction. On the contrary, there are a variety of possibilities to occur within these 

processes, e.g., forward flow, fuel-limited and multi-step reaction mechanisms. Therefore, it might be 

required further study to investigate these phenomena.      

 

3.6 Conclusions 

A one-dimensional model for the combustion of solid fuel deposited over an inert porous medium 

has been investigated using large activation energy asymptotic. Analytical expressions for the moving 

speed of the reaction front as well as temperature and species distributions are derived. From the 

validation of the solution of present model, it is found that the current model predicts correctly the 

qualitative trend of smolder propagation with the variation of the gas flow velocity. The effect of 

radiation on the reaction front structure and peak temperature of the porous medium shows the similar 

tendency as observed in smoldering combustion. Furthermore, the behavior of the moving speed of the 

reaction front with the variation of the heat transfer coefficient, the mass transfer coefficient and the 

heat loss coefficient have been justified by the previous findings available in the literature of 

smoldering combustion. Therefore, it is anticipated that the present model could be applicable and 

adaptable for predicting the characteristics of smoldering combustion and hence SHS process. In this 

regard, the features of combustion wave of the present phenomena observed over a wide range of 

conditions can also be used in the other processes. As the present model is developed taking into 
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account all of the transport mechanisms controlling the combustion wave of smoldering combustion, 

DPF regeneration process and SHS, the analytical expressions derived here can be readily and suitably 

used to examine the behavior of combustion wave so that the acquired knowledge is utilized for the 

development of new technology. Despite having the consequence of simplifications, the present study 

is also able to quantify the effect of physical parameters (such as, the heat transfer coefficient, the 

radiation heat transfer, the porosity and the effective diffusivity) at any point that are not possible by 

the studies available to date due to numerical solution or the lack of mechanisms considered in them. 

In this sense, the present work is valuable in academia as well as for practical applications.    
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Chapter 4 

Forward and Opposed Combustion of Solid Fuel 

over an Inert Porous Medium  

 

 

4.1 Introduction 

One-dimensional propagation of a combustion wave is characterized as two modes: forward and 

opposed. In forward mode, the combustion wave propagates in the same direction as the oxidizer flow 

while in opposed mode it propagates in the opposite direction of oxidizer flow. This relative direction 

of oxidizer flow and the propagation of a combustion wave is a very important factor of the 

combustion of solid fuel which is rather unclear in many realistic configurations [116]. So the forward   

and opposed modes have been the focus of research to date in the fire safety context or technological 

point of view.   

Purely forward and purely opposed mode are quite rare in fire safety problems, because the real-

world fire-safety problems are deemed as coupled-forward and -opposed modes [22]. Yet, most of the 

studies in the field of fire safety (e.g., [13, 14, 16-19, 117]) focused on forward and opposed modes 

separately; while both of these modes comparatively studied in [20, 109, 118, 119]. The qualitative 

and quantitative differences between the two modes are identified experimentally in [109, 118, 119]. 

However, experiments have some limitations to investigate the responses of these modes to the 

important mechanisms of the process. Also their focus was to explore only the steady except unsteady 

features of the combustion wave.  

On the other hand, there are some noticeable numerical studies [16-20] that mainly concentrated on 

finding the conditions of steady propagation of forward and opposed modes for the purpose of fire 

safety control. Among them, Rein et al. [20] only examined both modes in microgravity conditions 

considering the heat loss but neglecting the buoyancy effect. They found that the inclusion of the 
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external heat loss to the exterior makes a significant difference in the combustion wave characteristics. 

But the model was solved numerically that is relatively time-consuming and difficult for anybody to 

be carried out for a physical parameter if required. Even they conceded that modifications in the 

ignition protocol significantly affect the results. 

Apart from fire safety context, the necessity of identifying the insights of different features of 

forward and opposed modes of the propagation of a combustion wave is also highly admired in 

technological applications. Very recently, both forward and opposed modes have been recognized in 

diesel particulate filter (DPF) regeneration process [120, 121] by which solid particulate matters 

trapped in the porous channel walls of a DPF are burnt out at a steady state. Due to unknown aspects 

of the combustion of solid matters in the DPF, uncontrolled and unsteady combustion occurs during 

the DPF regeneration process. Consequently, the DPF may encounter a loss of its mechanical integrity 

and sometimes it undergoes complete damage and so fails to trap particulate matters from the exhaust 

gas. Thus the regeneration process poses a major technological challenge. So it has attracted much 

attention to reveal the unsteady conditions as well as the underlying insights of the combustion of solid 

particulate matters in the DPF. 

Therefore, it is evident that both forward and opposed modes of a combustion wave are jointly 

observed in fire-safety problems and in technological applications and the reasons of their steady and 

unsteady characteristics are not fully uncovered to the scientific community. In particular, unsteady 

conditions needs to be found out because most hazardous circumstances and technological problems 

are often brought about by unsteady behaviors of the combustion wave. So the motivation for 

comparative study of two modes is to provide the line of demarcation of their unsteady behaviors 

beyond which the combustion wave might demonstrate uncontrolled and unpredictable characteristics 

so that one can control fire-hazard or protect a system from technological failure. 

In this chapter, the upgraded model developed in Chapter 3 is used to study both forward and 

opposed modes combustion of solid fuel over an inert porous medium. To accomplish this goal, the 

governing equations formulated in Chapter 3 have been solved here for forward mode with appropriate 

boundary conditions. Large activation energy asymptotics is employed to obtain analytical expressions 

of the moving speed of the reaction front, temperature and species profiles. The corresponding 
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solutions of opposed mode are utilized from the Chapter 3. Then the effects of the thermal 

conductivity of the porous medium, initial mass fraction of oxidizer, heat transfer coefficient and the 

gas flow velocity, on the moving speed of the reaction front of forward and opposed modes have been 

examined with a view to identifying the line of demarcation of unsteady behaviors of reaction fronts 

that can be applied in fire safety as well as in the development of new technology.  

 

4.2 Mathematical formulation 

The model configuration employed here is illustrated in Figure 4.1. The figure represents an 

infinitely long porous medium over which solid fuels are deposited. Oxidizer enters into the reaction 

zone from left to right through the porous medium. In the reaction zone, oxidizer reacts with solid 

fuels and generates heat. Accumulating enough heat from the heterogeneous exothermic oxidation of 

solid fuel, the reaction front propagates in the direction of fresh fuel and the gas flow velocity. For 

such type of phenomena, there are some important mechanisms that must be considered into a model 

have been elucidated in [122]. For simplicity reasons, the reaction mechanism is modeled here using a 

single-step exothermic heterogeneous reaction and so it is assumed that solid fuel is converted 

(oxidized) directly to the gaseous product: 

1 g (unburned solid fuel) + n O2 → (1+ n) (gaseous product), 

where n is the mass of oxygen per mass of fuel ratio. 

 

 

Figure 4.1: Physical configuration of the model. 
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The model used here was developed by Roy et al. [122]; and according to this, the volume-

averaged energy equations for porous material and gas, and species equation for gas and fuel are 
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Here Tm, ρm and Tg, ρg are the volume-averaged temperature and the density of the porous medium and 

gas, respectively, ε is the porosity of the porous medium, ρf  is the density of fuel, YO and YF are the 

volume-averaged oxidizer and fuel mass fractions, ug is the gas flow velocity, Q is the fuel mass based 

heat of reaction, h is the volumetric heat transfer coefficient from the porous medium to gas, qr 

represents the radiative heat flux from the porous medium, hex is the heat loss coefficient from the 

porous medium to the environment and hm is the mass transfer coefficient from the gas stream to the 

surface of fuel, d is the pore diameter and W is the rate of the chemical reaction, given by an Arrhenius 

law 

( ) [ ]1 exp / ,f g O F mW A Y Y E RTε ε ρ ρ= − −                                                                                      (4.5) 

where A is a pre-exponential factor, taken to be constant, R is the universal gas constant, and E is the 

activation energy.  

For forward mode, the appropriate boundary conditions to be satisfied by Eqs. (4.1)–(4.4) are 

2 ,: , , , 0,m u g u O O u Fx L T T T T Y Y Y ′= − = = = =��                                                                           (4.6) 

1 ,: , , 0, .m u g u O F F ux L T T T T Y Y Y′= = = = =��                                                                            (4.7) 

For opposed mode, the boundary conditions to be satisfied by Eqs. (4.1)–(4.4) are 
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2 , ,: , , , ,m u g u O O u F F ux L T T T T Y Y Y Y= − = = = =��                                                                        (4.8) 

1 : , , 0, 0.m u g u O Fx L T T T T Y Y′ ′= = = = =��                                                                                (4.9) 

As in [118], the volumetric heat transfer coefficient, h, used in Eqs. (4.1) and (4.2) is determined by 

Fatehi and Kaviany [62] as, 
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In Eq. (4.10), the interfacial solid-gas surface area of the porous medium Asg/V = 6(1−ε)/d, where Asg is 

the solid-gas surface area and d is the pore diameter; the correlation for the interstitial Nusselt number, 

Nu, is given by Wakao and Kaguei [87] as,  

1 3 0.62 1.1Pr Re , 15 Re 8500.Nu = + < <                                                                                   (4.11) 

Here, the Prandtl and Reynolds numbers are defined as Pr = νg/κ and Re = εugd/νg, respectively, and νg 

and κ are respectively the kinematic viscosity and the thermal diffusivity of the gas. 

The solid-gas mass transfer coefficient, hm, appeared in Eq. (4.3) indicates the mass diffusion of 

oxygen from the gas stream to the surface of fuel and is included in the model according to [20]. It is 

defined by Fatehi and Kaviany [62] as, 
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where the interstitial mass transfer Sherwood number is correlated by Wakao and Kaguei [87], 
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The Schmidt number Sc is defined as Sc =  νg/D. 

Gas phase radiation is neglected here while the radiation heat transfer from the solid has been 

included. It is because the temperature of the porous medium is quite high owing to exothermic 

reaction between the gas and solid fuel on the porous medium. The radiant heat flux term which is 

valid for an optical thick medium is expressed by the Rosseland diffusion approximation [102]: 
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where σ is the Stefan-Boltzmann constant and a is the Rosseland extinction coefficient. 

The effective diffusivity, Deff, introduced in Eq. (4.3) is defined by [103] as  
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where the Knudsen diffusion coefficient, DK, is given by [104] as 
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Here M is the molar mass of the gas. In Eq. (4.15), Ω is a tortuosity factor which accounts for the 

extension of the path that a gas must pass through the porous medium. The tortuosity factor typically 

depends on the structure of the porous medium and it is normally determined experimentally. The 

value of Ω is assumed here to be 2 [105]. 

 

4.3 Forward mode   

The detailed derivation of the analytical expressions of the moving speed of the reaction front, 

temperature and species profiles of forward mode will be described. With a view to achieving this 

target, the following group of dimensionless variables and parameters are introduced: 
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Therefore, the system of Eqs. (4.1)–(4.4) becomes 

( ) ( )
3 2

1 1 ,
ˆ ˆ ˆ1 1 1

ff

exR
f

K SNS S K
S r w S

t x x
δ β εγ θ

ε ε ε

 ∂ ∂ ∂ 
= + + + − − −  ∂ ∂ − ∂ − −  

                                     (4.18) 

( )
2

2
,

ˆ ˆ ˆ

f

g g

K
r c r cu l S

t x x

θ θ θ
θ

ε

∂ ∂ ∂
+ = + −

∂ ∂ ∂
                                                                                       (4.19) 

( )

( )
( )

( )

2

22

2

ˆ ˆ ˆ2 1 1 1

11
1 ,

ˆ1 1

g gO O

f

f st m gO
O

Ler c Ler cuy y

l t l x x

Ler cn LeK r cy
w y

x l l

ε δ θ

δθ δθ

β εε δθ

εδθ

 
∂ ∂Π ∂ + −

 ∂ ∂ ∂Ω + + Π +  

Ω −∂Π +
= − − −

∂Ω + Π +

                                  (4.20) 

( )2
1 ,

ˆ
F

y
w

t
β ε

∂
= − −

∂
                                                                                                                       (4.21) 

where  

( )
( )
1

exp .
1 1

O F

S
w y y

S

β

α

 − −
=  

− − 
                                                                                                        (4.22) 

Again using the transformations ( )ˆx x f t= +  and ˆt t=  for the moving coordinate attached to the 

reaction front, Eqs. (4.18)–(4.21) reduce to  

( ) ( )
3 2

1 1 ,
1 1 1

ff

exR
t f

K SNS S S K
f S r w S

t x x x
δ β εγ θ

ε ε ε

 ∂ ∂ ∂ ∂ 
+ = + + + − − −  ∂ ∂ ∂ − ∂ − −  

                       (4.23) 

( ) ( )
2

2
,

f

g g t

K
r c r c u f l S

t x x

θ θ θ
θ

ε

∂ ∂ ∂
+ + = + −

∂ ∂ ∂
                                                                           (4.24) 

( )

( )

( )
( )

( )

2

22

2

2 1 1 1
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g g tO O

f

f st m gO
O

Ler c Ler c u fy y

l t l x x

Ler cn LeK r cy
w y

x l l

ε δ θ

δθ δθ

β εε δθ

εδθ

 
+∂ ∂Π ∂ + −

 ∂ ∂ ∂Ω + + Π +  

Ω −∂Π +
= − − −

∂Ω + Π +

                                  (4.25) 
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 ( )2
1 ,F F

t

y y
f w

t x
β ε

∂ ∂
+ = − −

∂ ∂
                                                                                                      (4.26) 

The corresponding boundary conditions (4.6)–(4.7) become 

( )2 : 0, 0, 1, 0,O Fx L f t S y yθ ′= − + = = = =                                                                    (4.27) 

( )1 : 0, 0, 0, 1.O Fx L f t S y yθ ′= + = = = =                                                                      (4.28) 

 

4.3.1 Asymptotic analysis  

4.3.1.1 Combustion zone 

In the preheat region x > 0, the source term in the conservation equations is exponentially small and 

in the burned region x < 0, all the chemical reaction has gone to completion due to the assumed 

complete oxygen consumption. So the source terms are negligible in these regions. 

To analyze the problem theoretically, the difficulty arises due to the coefficient 1 + NR(1+δS)
3
/(1− 

ε) of Eq. (4.23). In [122], it was assumed approximately to Γ, where  

( ) ( )

( ){ } ( )

3

3

1 1 1 , 0
.

1 1 1 2 1 , 0

R

R

N x

N x

δ ε

δ ε

 + + − ≤
Γ = 

+ + + − >

                                                                               (4.29) 

Moreover, Eq. (4.25) cannot be solved analytically because of the variable coefficients of 
O

y′  and 

O
y′′  of the equation. But this difficulty was circumvented in [122] by taking the coefficients of 

O
y′′  and 

O
y′  as ( )1 1 1 1

f f
B ε δθ δθ= Π + Ω + Π +  and ( )2 2 ,

fx x
B xεδ θ ±=

= ∂ ∂ ΩΠ  respectively, where 

θf is the maximum temperature of gas at x = xf.  

Therefore, for large time i.e., the steady-state combustion front, the system of equations (4.23)–(4.26) 

in the outer regions become 

( ) ( )
3

1 1 ,
1 1 1

ff

exR
t

K SNS S K
f S S

x x x
δ θ

ε ε ε

 ∂ ∂ ∂ 
= + + − − −  ∂ ∂ − ∂ − −  

                                                    (4.30) 
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( ) ( )
2

2
,

f

g t

K
r c u f l S

x x

θ θ
θ

ε

∂ ∂
+ = + −

∂ ∂
                                                                                           (4.31) 
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2

2 1 2
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f

g t m gO O
O

Ler c u f LeK r cy y
B B y

l x x lε

+  ∂ ∂
− = − − 

∂ ∂ 
                                                         (4.32) 

 0F
t

y
f

x

∂
=

∂
                                                                                                                                       (4.33) 

Now it is often observed that oxidizer is fully consumed at the reaction front (i.e., yO = 0 at x = 0) 

[12, 109] suggesting that the system is controlled by oxidizer. Thus the solutions of (4.32) in this zone 

become 

[ ]11 exp , 0

0, 0
O

x x
y

x

µ − <
= 

>
                                                                                                           (4.34) 

where 

( ){ } ( )1 2
2 2

1,2

1 1 1

1
4 , and .

2

f

g t m g
Ler c u f LeK r cB

B B C B C
lB B lB

µ
ε

+
= ± + = − =                               (4.35) 

Also, if 
F

y
∗

 is the remained fuel mass fraction at the reaction front (i.e., at x = 0), then the solutions of 

Eq. (4.33) can be written as 

( ) ( )0 and 0 1.F F Fy x y y x
∗< = > =                                                                                           (4.36) 

Now, from Eq. (4.31) one can find 

( ) 2

2
.

g t

f f

r c u f l
S

K x K x

ε θ ε θ
θ

+ ∂ ∂
= + −

∂ ∂
                                                                                             (4.37) 

Substitution of Eq. (4.37) into (4.30) gives  

( )
( )

( )

( )
( )

( )
( )

4 3 2

4 3 21
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f ff
g g tt ex

t t

f f f f f
g ex t ex
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u f u f

x l x l l x

r c K K K f K K
u f

l l l

θ θ θ

ε ε

θ θ
ε ε ε ε

   +∂ ∂ ∂
− + + − + − +  

∂ Γ ∂ − Γ Γ ∂   

 +
′ + + + + =

− Γ Γ − Γ  

                                    (4.38) 
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To obtain the solutions of Eq. (4.38), it is necessary to find the solutions of the corresponding 

characteristic polynomial: 

( )
( )

( )

( )
( )

( )
( )

4 3 2

1

0.
1 1

f ff
g g tt ex

t t

f f f f f
g ex t ex

t

r c r cff K KK
m u f m u f m

l l l

r c K K K f K K
u f m

l l l

ε ε

ε ε ε ε

   +
− + + − + − +  

Γ − Γ Γ   

 +
 + + + + =

− Γ Γ − Γ  

                                          (4.39) 

Considering the appropriate values of the parameters, it can be shown that the characteristic 

polynomial must have two positive roots, m1 and m2 and two negative roots, m3 and m4, to define the 

finite solutions of the Eq. (4.38). 

Once Eq. (4.38) is solved, the temperature of the porous material, S, is determined from (4.37). Then 

the temperatures of the porous material and gas are given by 

( )
[ ] [ ]

[ ] [ ]
1 1 1 2 2 2

3 3 3 4 4 4

exp exp , 0

exp exp , 0

p a m x p a m x x
S x

p a m x p a m x x

 + <
= 

+ >
                                                                       (4.40) 
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[ ] [ ]

[ ] [ ]
1 1 2 2

3 3 4 4

exp exp , 0

exp exp , 0

a m x a m x x
x

a m x a m x x
θ

 + <
= 

+ >
                                                                                (4.41) 

where 

( ) 2

1 , 1, 2,3,4;
g t i i

i f f

r c u f m lm
p i

K K

ε ε+
= + − =  

and the constants  a1,  a2,  a3 and  a4  are found later. 

Thus the temperature of the porous medium at the reaction front (i.e., x = 0) can be expressed as sf = 

S(0) = p1a1 + p2a2. 

 

4.3.1.2 Reaction zone 

As the activation energy is assumed to be very large, the reaction zone becomes very thin. So the 

reaction zone is elongated introducing ξ = βx in order to obtain the jump conditions of the temperature 

and species profiles. It should be mentioned that temperature and oxygen mass fraction will be 
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spatially independent to leading order. Thus the quantities S, θ, yO and yF are sought in asymptotic 

series in β
−1

 as 

( ) ( )1 1 , ,fS s Sτ β ξ τ−+ +∼ �                                                                                                        (4.42) 

( ) ( )1 1 , ,fθ θ τ β θ ξ τ−+ +∼ �                                                                                                        (4.43) 

( )1 1 , ,O Oy yβ ξ τ− +∼ �                                                                                                                    (4.44) 

( )0 , .F Fy y ξ τ +∼ �                                                                                                                        (4.45) 

Substituting (4.42)–(4.45)  into (4.23)–(4.26), the following equations are found 

2 1

2
0,in

f

S
r εγω

ξ

∂
Γ + =

∂
                                                                                                                      (4.46) 

2 1

2
0,

θ
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∂
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∂
                                                                                                                                          (4.47) 
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ε ω
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Ω∂
− − =

∂
                                                                                               (4.48) 
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1 0,F
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fτ ε ω
ξ

∂
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∂
                                                                                                                    (4.49) 

where    
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s s

β
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α α

  −  = − 
 − −  − −    

                                                             (4.50) 

Therefore, matching the solutions of the outer variables yields the following jump conditions 

[ ] [ ] [ ] [ ]0, 0, 0, 1 ,
O F F

S y y yθ
+ + + + ∗

− − − −
= = = = −                                                                         (4.51) 
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0
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f F f stO
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r f y nLer c fyS
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τ τ
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∗ ++

∗

− −

− Ω∂∂ ∂     
= = = − −    ∂ − Γ ∂ ∂     

                          (4.52) 
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From the last equality of (4.52), the amount of remained fuel mass fraction at the reaction front is 

obtained as   

1 11 .F

f st

lB
y

nLer c fτ

µ∗ = +
Ω

                                                                                                                    (4.53) 

Again, Eqs. (4.46) and (4.48) give the similarity solution 

( )1 1

1

1
in

st

O

nLec
y S

lB

ε

εγ

− Γ Ω
= −                                                                                                           (4.54) 

Now, from (4.46) and (4.49) one can easily find 

( ) 1
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S
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r f
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εγ ξ

− Γ ∂
= +

∂
                                                                                                                  (4.55) 

Upon substitution of (4.54) and (4.55) into (4.46) give 
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                                    (4.56) 

Integrating Eq. (4.56) from 0 to +∞, the following relation is obtained  
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( ){ }

22

0 1

2

2
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S
S s

s

ε α βε
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α
α

=

 − Ω − − − − Γ ∂ 
+ = −   

∂ − −       

 
   × − − −
     − −  

         (4.57) 

Thus the dimensionless moving speed of the reaction front, ft, is implicitly related to the other 

parameters by the expression (4.57). Having obtained  ft  from (4.57), one can readily find the 

dimensional moving speed of the reaction front, 
s t

u x f t∗ ∗= , using the relations given in (4.17).     
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4.4 A brief of solutions of opposed mode 

Details of the analysis have been presented in [122]. The important expression of the analysis is the 

implicit relation of determining the moving speed of the reaction front, us, as given below: 

( ) ( ){ } ( )

( )
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2
2

0 ,

2 2 2

1 1 1

1 1 1 1
2

1
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β αε α ε λ ρ ρ

εγ µ ρ β

β
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∗ − − Ω Γ − − − Ω 
 
  

 −
= − 

− −  

                       (4.58) 

in which  ψχ = 1.344ψ − 4ψ
2
(1 − ψ)/(1 − 2ψ) + 3ψ

3
 – ln[1− 4ψ

2
]   for  − 0.2 < ψ < 0.5. 

The value of ψ can also be found from the definition ψ = S′(0
+
)/{ S′(0

+
) − S′(0

−
)}. 

  

 

The temperature and species profiles are similar to Eqs. (4.40), (4.41), (4.34) and (4.36). In this case, 

m1, m2, m3, m4 are the solutions of 

( )
( )

( )

( ) ( )
( ) ( )

4 3 2
1 11
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11
0,
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g gex

ex g ex

r c U r c UK KK
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l l U l

ε ε

ε ε ε ε
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− + − + −   

Γ − Γ Γ      

 + − 
+ + + = 

Γ − − Γ  

                                                   (4.59) 

where 
2 2 2 2 2 2, ,m m s m ex ex m m s m s gK h u c K h u c U u uλ ρ λ ρ= = =  and other constants are same as the 

present analysis. 

The following is the detail of  the effects of various physical parameters on the moving speed of the 

reaction front of both forward and opposed combustion using the relations (4.57) and (4.58), 

respectively. 

 

4.5 Results and discussion 

For the validation of the solutions of forward mode, a comparison of the present solutions with the 

experimental data of Torero and Fernandez-Pello [123] and the numerical data of Leach et al. [18] is 

shown in Figure 4.2. All of the parameters are taken from Torero and Fernandez-Pello [123] except Q 

= 32300 kJ/kg [124], A = 3.92×10
11

 m
3
/(kg s) [12] and others required data are Tad = 1800 K, YF,u = 
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0.30 as assumed in the present study. Since Leach et al. [18] made a comparison between their 

computational results and the experimental data of Torero and Fernandez-Pello [123], hence both of 

these two data are presented here. It is seen from the figure that the present solutions agree very well 

with the experimental data of Torero and Fernandez-Pello [123] and numerical data of Leach et al. 

[18]. 
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Figure 4.2: Variation of the moving speed of the reaction front with the gas flow velocity. 

Experimental data are taken from Torero and Fernandez-Pello [123] and numerical data are from 

Leach et al. [18]. 

 

In Figure 4.3, the temperature profiles of forward and opposed modes are presented. In this study, 

the thermophysical properties of the porous medium and gas are taken from [83] and [21], 

respectively; while others are  ρf = 550 kg/m
3
, YO,u = 0.154 [41], A = 1.0×10

10
 m

3
/kg s [13], λm = 0.40 

W/(mK), ε = 0.80, d = 1.0×10
−3

 m, β = 15 and T0 = 300 K [122]. From the figure it is found that the 

reaction front temperature of forward mode is higher than that of opposed mode. This is because in 

forward mode, the gas is being preheated by the hot porous medium as it enters into the reaction zone 

passing over the burned region. On the other hand, the hot product gas flows over the fresh fuel 
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resulting in increasing the temperature of preheat region. For the same reasons, the preheat region of 

forward mode is wider compared to that of opposed mode. It is also observed that for opposed mode 

the gas temperature in the preheat zone is lower than the porous medium temperature when its 

opposite scenario is found in forward mode. Furthermore, the difference between the temperatures of 

gas and porous medium of opposed mode is larger than that of forward mode.    
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Figure 4.3: Temperature profiles of forward and opposed modes while hex = 10
4
 W/(m

3
K), NR = 0.01 

and ug = 0.4 m/s. 

 

The responses of the moving speed of the reaction front of forward and opposed modes to the 

thermal conductivity of the porous medium are presented in Figure 4.4. In the figure, the upper branch 

of the curves lying above the turning point corresponds to stable solutions while the lower branch of 

the curves corresponds to unstable solutions. As the unstable solutions are not of great physical 

interest, the main concern of this study will be concentrated on stable solutions. Now, it is well-known 

that when the thermal conductivity of the porous medium is gradually decreased, the rate of heat 

conduction through the porous medium also slows down and hence the heat loss from it. Accordingly, 

with decreasing the thermal conductivity of the porous medium the reaction front temperatures of both 
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forward and opposed modes continue to increase that make high temperature gradient along the porous 

medium together with the adjacent fresh fuel. Thus the moving speed of the reaction front of both 

forward and opposed modes is increased owing to the decrease of the thermal conductivity of the 

porous medium. However, the steepness of decreasing behavior of forward mode due to the increase 

of the thermal conductivity of the porous medium is lower than the opposed mode. It is because in 

forward mode, gas becomes preheated over the burned region before it enters into the reaction front; 

hot product gas flows over the fresh fuel and there also occurs heat recirculation from the burned 

region to the preheat region, while in opposed mode there are no such type of supportive conditions. 

Moreover, it can be inferred that the opposed mode shows unsteady behavior when λm > 0.306, while 

both modes will exhibit unsteady behaviors if λm > 0.572.       
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Figure 4.4: Moving speed of the reaction front as a function of thermal conductivity of the porous 

medium, λm, while hex = 10
4
 W/(m

3
K), ug = 0.3 m/s and NR = 0.01. 

 

The effects of the initial mass fraction of oxygen on the moving speed of the reaction front of 

forward and opposed modes are shown in Figure 4.5. With an increase of YO,u, the moving speed of the 

reaction front of forward and opposed modes increases linearly away from the boundary of steady 
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moving of the reaction front. But the rate of increase of the moving speed of opposed mode is steeper 

than the forward mode. To be clear about this trend, it should be recalled here that the analysis has 

been performed presuming complete consumption of oxygen at the reaction front. Under this 

assumption, in opposed mode the larger amount of oxygen relating to higher YO,u directly attacks the 

fresh fuel within the regions of preheat as well as the reaction thickness, while in forward mode gas 

only reacts with that of the reaction thickness. In addition to, it can be deduced from the figure that the 

opposed mode demonstrates unsteady behavior when YO,u < 0.1472, while both modes will exhibit 

unsteady behaviors if YO,u < 0.116.    
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Figure 4.5: Moving speed of the reaction front as a function of initial oxygen mass fraction, YO, u, 

while hex = 10
4
 W/(m

3
K), ug = 0.4 m/s and NR = 0.01. 

  

The effects of heat transfer coefficient on the moving speed of the reaction front of forward and 

opposed modes are shown in Figure 4.6. It is seen from the figure that the moving speed of the 

reaction front of forward mode increases with an increase of the heat transfer coefficient. But the rate 

of increment of the moving speed of the reaction front gradually slows down owing to the increase of 

heat transfer coefficient. This is due to the fact that the heat transfer coefficient increases 
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approximately to 1/d
2
 with the decrease of d. With the increase of heat transfer coefficient, the heat 

transfer layer of forward mode within which the fresh fuel being heated up decreases. Moreover, the 

temperature of gas rises through the heat transfer from the porous medium during its flow through the 

pores of smaller diameter and over the burned region. So, it is understandable that the moving speed of 

the reaction front of forward mode increases as like as the trend of increasing the heat transfer 

coefficient when d is decreased. Contrary to this, it decreases owing to the decrease of heat transfer 

coefficient and eventually the reaction front shows unsteady behavior at a smaller heat transfer rate. 

The reason is that the heat transfer layer becomes very large for smaller heat transfer coefficient and 

the reaction front requires a large amount of heat to sustain. As long as the energy required to heat the 

fresh fuel becomes lower than the generation of heat by the exothermic reaction, the reaction front 

quenches immediately. But for opposed mode, it is seen that the moving speed of the reaction front 

monotonically decreases with an increase of heat transfer coefficient. If it is continued to increase, the 

porous medium will no longer be able to keep enough heat for the reaction front to sustain and finally 

it exhibits unsteady features at a critical heat transfer rate. Thus the responses to increasing heat 

transfer coefficient of the moving speed of the reaction front of forward and opposed modes are 

completely opposite. Furthermore, it is worthy of mentioning that there is an “unsteady solution 

region” (as shown in the figure for condition (i)) in between of the critical heat transfer coefficients of 

forward and opposed modes in which the reaction front could demonstrate uncontrolled and 

unpredictable characteristics. 
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Figure 4.6: Moving speed of the reaction front as a function of volumetric heat transfer coefficient, h, 

for hex = 10
4
 W/(m

3
K) when (i) ug = 0.30 m/s, NR = 0.01 and (ii) ug = 0.40 m/s, NR = 0.02. 

 

The moving speed of the reaction front of forward and opposed modes varying the inlet gas flow 

velocity is depicted in Figure 4.7. The figure shows that the moving speed of the reaction front 

increases linearly with the increase of the gas flow velocity except near the boundary of steady 

moving. This tendency is similar to as observed in [12]. Also, it is seen that for a given set of 

parameters, the reaction front becomes unsteady for ug < 0.255 m/s and ug < 0.332 m/s of forward and 

opposed modes, respectively. It implies that the reaction front of forward mode can sustain at a lower 

gas flow velocity than the opposed mode. This is obviously due to the fact that in forward mode, the 

reaction front requires relatively lower energy to heat the adjacent fresh fuel to the reaction 

temperature as the gas is already preheated during its flow over the burned region. Furthermore, it can 

be concluded that the moving speed of the reaction front of forward mode is about 3 times higher than 

that of opposed. Above all, it can be inferred that the reaction fronts of both forward and opposed 

modes will be unsteady when ug < 0.255 m/s and the opposed mode might show unsteady features if ug 

< 0.332 m/s.   
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Figure 4.7: Moving speed of the reaction front as a function of gas flow velocity while hex = 10
4
 

W/(m
3
K) and NR = 0.01. 

 

4.6 Conclusions 

Analytical expressions of forward and opposed combustion behaviors of solid fuel deposited over 

an inert porous medium are obtained utilizing large activation energy asymptotics. It is found that the 

reaction fronts of both modes demonstrate unsteady behaviors for higher thermal conductivity porous 

medium, lower initial mass fraction of oxidizer and lower gas flow velocity. The response of the 

moving speed of the reaction front of forward mode to increasing heat transfer coefficient is 

completely opposite to that of opposed mode. In between of the critical heat transfer coefficients of 

forward and opposed modes, an “unsteady solution region” has been recognized in which the reaction 

fronts of both modes could be uncontrolled and unpredictable. This comparative study exposes the 

insights behind the distinguished features of the forward and opposed modes as well as the line of 

demarcation beyond which the reaction fronts of both modes will be unsteady. In this regard, it will 

help to make a bridge between these two modes. Also, from practical point of view, this understanding 

could be used for preventing unwanted fire hazards or, for the development of new technology by 

utilizing any of the two modes or by combining them that is suitable for a system.          
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Chapter 5 

Combustion of Solid Fuel over an Inert Porous 

Medium ignited around the Middle   

 

 

5.1 Introduction 

A diesel engine is widely used over the world ranging from light to heavy-duty vehicles because of 

its higher efficiency and longer durability. The major drawback of the diesel engine is its harmful 

emissions, especially for particulate matters (PMs)/soot. At present, a variety of ceramic and sintered 

metal-based diesel particulate filters (DPFs) have been adopted in order to remove emissions from the 

exhaust gas. Most efficient are the so-called wall flow filters, where the exhaust gas is forced to pass 

through the porous walls of successive channels. PMs are trapped accordingly over the surface of the 

channel walls. After the relatively long run, accumulation of PMs could lead to increase a considerable 

pressure-drop across the filter, resulting in decreasing engine performance. For this reason, the trapped 

PMs have to be removed to regenerate the DPF, either periodically or continuously, during the regular 

engine operation. The on-vehicle filter regeneration is most commonly done by oxidizing (burning) of 

solid PMs in the filter. During the regeneration of the DPF, a high temperature combustion wave is 

generated by the exothermic heterogeneous reaction between solid PMs and oxygen. Sometimes, the  

temperature of the combustion wave becomes higher than the melting temperature of the DPF material 

that causes significant structural damage to the DPF. As a result, the DPF fails to trap the PMs 

efficiently. 

To date, the efficient combustion of PMs is deemed to be the major obstacle of the PM removal 

technolgy. Numerous modeling works have been studied to understand the regeneration process. A 

detailed mathematical formulation of the regeneration process of PM layer was first described by 

Bissett and Shadman [40]. This was a zero-dimensional model dealing with PM combustion in one 
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point of a filter channel which was then extended to one-dimensional accounting for the axial heat 

conduction, and the PM layer and flow distribution along the channel [41]. In addition to, Bissett [42] 

made an attempt to describe the process in a somewhat general setting with an aim to provide the 

interesting physical and mathematical features of the process. However, the majority of the models in 

use today could be considered as an extension of Bisset and Shadman [40] and Bisset [41] (see [84]). 

All models have considered only one mode of propagation and investigated the characteristics of 

regeneration process based on steady-state propagation of the reaction front. Recently, both forward 

and opposed modes have been jointly recognized experimentally in DPF regeneration process [121, 

125, 126]. These studies only examined the influences of inlet gas temperature and velocity, and the 

oxygen concentration on the moving velocity of the reaction front and temperature profile. Moreover, 

Chen et. al [126] reported the effects of oxygen concentration on one or more ignited locations. When 

conducting experiment they obseved that the heat loss from the reactor wall affects the temperature 

profiles and the location at which the ignition occurred. Nevertheless, they tried to pass this effect off 

by heating the sides and bottom of the reactor with an electrical ceramic fibre heater.  

Therefore, the combustion behaviors of two reaction fronts propagating in the upstream and 

downstream directions from the ignition point have not been completely studied yet. Because the 

influences of heat loss from the DPF to the environment, radiative heat transfer from the DPF, heat 

transfer from the DPF material to the gas and the mass tansfer from the gas stream to the surface of 

solid PMs must be investigated, but it is very difficult to reveal these effects by an experiment. On the 

other hand, no study has taken an attempt to formulate a model illustrating this application. Thus the 

objective of this chapter is to develop a model for the combustion of solid fuel over an inert porous 

medium while it is ignited around the middle, and to provide a body of knowledge of identifying an 

efficient regeneration process.  

To formulate the model of the present problem, the governing equations developed by Roy et al. 

[122] are used first. Then the required boundary conditions are imposed at the ends of the DPF and 

also at the ignition point. Analytical expressions of the moving speeds of the reaction fronts and 

temperature profiles are obtained utilizing the theoretical concepts of Chapter 3 and Chapter 4. Using 
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these expressions, the effects of the heat transfer coefficient on the moving speeds of the reaction 

fronts as well as the temperature profiles of both forward and opposed modes are presented. 

  

5. 2 Mathematical formulation 

The physical configuration of the problem is shown in Figure 5.1. The sample is an infinitely long 

porous medium over which solid fuel are attached. Oxidizer (gas) is flowing from left to right over the 

porous medium. It is ignited crosswise (as shown in Figure 5.1) somewhere around the middle. Due to 

fuel availability on both sides of the ignition source line and under necessary conditions, it can be 

presumed that the single reaction front propagates with sufficient heat to the opposite ends of the 

sample and the thickness of the reaction zone gradually broadens. After a short period of time, the 

single reaction front is separated as two reaction fronts. Since oxidizer flows from left to right, hence 

one reaction front propagates against the gas which is referred to as opposed mode, while the other 

reaction front moves in the same direction of the gas which is referred to as forward mode.   

  

 

Figure 5.1: Physical configuration of ignition at the middle. 

 

To formulate the above described problem, the governing equations developed by Roy et al. [122] 

are utilized here. The volume-averaged energy equations for porous material and gas, and species 

equation for gas and fuel are 

( ) ( ) ( ) ( )
2

2
1 1 ,m m r

m m m m g ex m u

T T q
c QW h T T h T T

t x x
ε ρ ε λ

∂ ∂ ∂
− = − + − − − − −

∂ ∂ ∂� � �
                            (5.1) 
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2
,

g g g

g g g g g g m g

T T T
c c u h T T

t x x
ερ ερ ελ

∂ ∂ ∂
+ = + −

∂ ∂ ∂� � �
                                                                      (5.2) 

( ), ,
m gO O O

g g g g eff O O u

hY Y Y
u D nW Y Y

t x x x d

ρ
ερ ερ ερ

∂ ∂ ∂∂  
+ = − − − 

∂ ∂ ∂ ∂ � � � �
                                         (5.3) 

.F
f

Y
W

t
ερ

∂
= −

∂�
                                                                                                                                 (5.4) 

Here Tm, ρm and Tg, ρg are the volume-averaged temperature and the density of the porous medium and 

gas, respectively, ε is the porosity of the porous medium, ρf  is the density of fuel, YO and YF are the 

volume-averaged oxidizer and fuel mass fractions, ug is the gas flow velocity, Q is the fuel mass based 

heat of reaction, h is the volumetric heat transfer coefficient from the porous medium to gas, qr 

represents the radiative heat flux from the porous medium, hex is the heat loss coefficient from the 

porous medium to the environment and hm is the mass transfer coefficient from the gas stream to the 

surface of fuel, d is the pore diameter and W is the rate of the chemical reaction, given by an Arrhenius 

law 

( ) [ ]1 exp / ,f g O F mW A Y Y E RTε ε ρ ρ= − −                                                                                      (5.5) 

where A is a pre-exponential factor, taken to be constant, R is the universal gas constant, and E is the 

activation energy.  

The appropriate boundary conditions for the present problem are 

Case 1: 

, ,
0 : , , , ,

m u g u O O u F F u
x T T T T Y Y Y Y= = = = =�                                                                            (5.6) 

*
: , , , 0,F

ig m u g u O O

Y
x x T T T T Y Y

x

∂
= = = = =

∂
� �

�
                                                                            (5.7) 

1 ,: , , 0, .O
m u g u F F u

Y
x L T T T T Y Y

x

∂
= = = = =

∂
��

�
                                                                         (5.8) 

Case 2: 

, ,0 : , , , ,
m u g u O O u F F u

x T T T T Y Y Y Y= = = = =�                                                                            (5.9) 
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*
: 0, 0, , 0,

gm F
ig O O

TT Y
x x Y Y

x x x

∂∂ ∂
= = = = =

∂ ∂ ∂
� �

� � �
                                                                      (5.10) 

1 ,: , , 0, .O
m u g u F F u

Y
x L T T T T Y Y

x

∂
= = = = =

∂
��

�
                                                                       (5.11) 

 

5.3 Asymptotic analysis 

5.3.1 Opposed Mode ( )0
ig

x x< <� � : 

The main interest of the present problem is to examine how the reaction fronts propagate towards 

the opposite ends from the ignition source line. Therefore, the moving speed of the reaction front, us, 

has been taken as a right choice of characteristic speed. To render the governing equations into 

dimensionless form, the following group of dimensionless variables is utilized: 

2

, ,

, , , , , .
g um m s m m s O m uF

O F

m m O u F u ad u ad u

T Tc u c u Y T TY
x t y y S

Y Y T T T T

ρ ρ
ξ τ θ

λ λ

−−
= = = = = =

− −
��                  (5.12) 

Thus the conservation equations (5.1)–(5.4) reduce to 

( ) ( )
3

1 1 ,
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exR
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S S Sδ εγω θ
τ ξ ε ξ ε ε

 ∂ ∂ ∂ 
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                                       (5.13) 
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ω
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= −

∂
                                                                                                                        (5.16) 

The associated boundary conditions become 
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Case 1: 

0 : 0, 0, 1, 1,O FS y yξ θ= = = = =                                                                                        (5.17) 

0: 0, 0, , 0.F
ig O

y
X S y gξ θ

ξ

∂
= = = = =

∂
                                                                           (5.18) 

Case 2: 

0 : 0, 0, 1, 1,O FS y yξ θ= = = = =                                                                                        (5.19) 

0: 0, 0, , 0.F
ig O

y
X S y gξ θ

ξ

∂
′ ′= = = = =

∂
                                                                          (5.20) 

Here the nondimensional parameters 

( )

3
,

2 2 2

,

2 2 2 2

,

*
,

02 2

,

16
, , , ,

3

4
, , , ,

3 2

, , , ,

F u ad u m u
R

m ad u u m s m m
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                                   (5.21) 

where γ is the dimensionless heat release, δ represents the thermal excursion during the burning 

process, K is the heat transfer parameter, NR is the radiation-conduction parameter, Kex is the heat loss 

parameter, Km is the mass transfer parameter, Le is a Lewis number which is assumed to be unity and 

Λ is the burning rate eigenvalue, the determination of which will yield the dimensional moving speed 

of the burning front, us, according to its definition. 

The nondimensional reaction rate, ω, is given by 

( )
( )

1
exp ,

1 1
O F

S
y y

S

β
ω

α

 −
≡ − 

− − 
                                                                                                     (5.22) 

where 

( )
2

and ,
ad uad u

ad ad

E T TT T

T RT
α β

−−
≡ ≡                                                                                          (5.23) 
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are the dimensionless heat of combustion and the Zel’dovich number, respectively. The other 

additional parameters are defined by 

, , , and .
g f g gs

g f

m m m g m

cu
r r l U c

u c

ρ ρ λ

ρ ρ λ
≡ ≡ ≡ ≡ ≡                                                                    (5.24) 

With the definitions of the aforementioned quantities, the nondimensional moving speed of the 

reaction front is equal to unity. Thus, the transformation of the moving coordinate attached to the 

reaction front is X = ξ − τ. In this case, the moving speed of the reaction front becomes time-

independent. Therefore, the system of equations (5.13)–(5.16) along with this transformation takes the 

form  
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exR
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dX dX dX
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ε ε ε

  
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                                      (5.27) 

( )1
.F

f

dy

dX r

ε
ω

− Λ
= −                                                                                                                         (5.28) 

The corresponding boundary conditions become 

Case 1: 

0 : 0, 1, 1,O FX S y yθ= = = = =                                                                                                (5.29) 

0: 0, , 0.ig O FX X S y g yθ ′= = = = =                                                                                      (5.30) 

Case 2: 
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0 : 0, 1, 1,O FX S y yθ= = = = =                                                                                                (5.31) 

0: 0, , 0.ig O FX X S y g yθ′ ′ ′= = = = =                                                                                     (5.32) 

Our purpose is to solve the steady problem given by equations (5.25)–(5.28) subject to the 

boundary conditions (5.29)–(5.30) for Case 1 and (5.31)–(5.32) for Case 2, and thus to determine the 

burning rate eigenvalue Λ by carrying out an asymptotic analysis. This can then be used to find the 

dimensional moving speed of the reaction front us, according to its definition (5.21).  

 

5.3.1.1 Outer solutions 

At first, the reaction front of opposed mode is assumed at X = XO. As the nondimensional activation 

energy, β, is large, then the reaction is concentrated to a thin O(β
−1

) reaction zone. In this regard, the 

source terms in the conservation equations are exponentially small in the preheat region X < XO and all 

the chemical reaction has gone to completion in the burned region X > XO. Thus the reaction terms can 

be neglected in these regions. 

According to [122],    

( )
3

1 1 ,
1

R
N

Sδ
ε
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−

                                                                                                                    (5.33) 
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                                                                                 (5.34) 

Again, the coefficients of 
O

y′  and 
O

y′′  of the Eq. (5.27) are presumed as follows in [122]:  
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1 1 1 1
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f
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ε δθε δθ

δθ δθ

∗

∗

Π +Π +
≈ =

Ω + Π + Ω + Π +
                                                                          (5.35) 

and  
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where ( )f f
Xθ θ∗ = . 

Therefore, the equations to be solved for the outer regions are 
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− 
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0,F
dy

dX
=                                                                                                                                            (5.40) 

with the boundary conditions 

Case 1: 

0 : 0, 1,O FX S y yθ= = = = =                                                                                                    (5.41) 

0: 0, , 0.ig O FX X S y g yθ ′= = = = =                                                                                      (5.42) 

Case 2: 

0 : 0, 1,O FX S y yθ= = = = =                                                                                                    (5.43) 

0: 0, , 0.ig O FX X S y g yθ′ ′ ′= = = = =                                                                                     (5.44) 

Now Eq. (5.38) implies 

( )1
.

g
r c U l

S
UK K

ε ε
θ θ θ

−
′ ′′= + −                                                                                                       (5.45) 

Using (5.45) into (5.37), one can find the following equation 
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Obtaining the solutions of Eq. (5.46), it needs to find the solutions of the corresponding characteristic 

polynomial: 
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                                                   (5.47) 

Considering the appropriate values of the parameters, it can be shown by Descartes’ rule of signs that 

Eq. (5.47) must have two positive roots, m1 and m2; and two negative roots, m3 and m4, to define the 

finite solutions of the Eq. (5.46). 

Once Eq. (5.46) is solved, the temperature of the porous medium, S, is determined from Eq. (5.45). 

Then the temperatures of the porous medium and gas are given by 

Case 1: 
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Case 2: 
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where 

( )2
1

1 , 1,2,3, 4,
g

i i i

r c Ul
p m m i

K UK

εε −
= − + =                                                                               (5.52) 

and the constants  a1,  a2,  a3 and  a4  are found later. 

Thus the temperature of the porous medium at the reaction front (i.e., X = XO) can be expressed as 

follows: 

( ) 1 1 2 20 .fS s p a p a
∗= = +                                                                                                                 (5.53) 

As the activation energy is assumed to be large, the reaction front temperature will be very high. 

Consequently, one of the reactants (fuel and oxidizer) must be depleted after passing through the 

reaction front. Here it is considered that fuel is fully consumed at the reaction front (i.e., at X = XO), 

then the solutions of (5.40) can be written as 

( ) ( )1 and 0.F O F Oy X X y X X< = > =                                                                                  (5.54) 

Now the solutions of Eq. (5.39) become 

( ) ( ) ( ) ( )0 1 0
1 1 exp and .

O O O O O
y X X g X X y X X gν< = − − − > =                                 (5.55) 

where 

( ) ( )
2

2 2
1,2

1 1 1 1 1

1 1 4
2.

g g g mLer c U Ler c U Ler cKB B
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ε

 
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5.3.1.2 Reaction zone 

In the asymptotic limit β → ∞, the reaction zone becomes very thin which acts as a heat source and 

a sink of oxygen that cause jumps in the heat flux as well as oxygen. For this reason, it is required to 

introduce a stretched inner variable  η = βX  for measuring the jumps of temperature and oxygen 

across the reaction front. Inner solutions for the dependent variables S, θ and y, and the burning rate 

eigenvalue Λ are now sought as expansions of the form: 
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1

1 ,in

fS s Sβ∗ −= + +�                                                                                                                       (5.56) 

1

1 ,in

fθ θ β∗ −= + Θ +�                                                                                                                       (5.57) 

1

0 1
,in

O
y g Gβ −= + +�                                                                                                                    (5.58) 

1

0 1
,in in

F
y F Fβ −= + +�                                                                                                                   (5.59) 

( )1

0 1
,β β −Λ = Λ + Λ +�                                                                                                                (5.60) 

.Xη β=                                                                                                                                            (5.61) 

Thus the governing equations for the reaction zone problem become 

( )
( ) ( ){ }

2

1 1
0 0 0 22

1
exp exp 0,

1 1 1 1

in
fin in

f
f

sd S S
F g

d s s

β
εγ

η α α

∗

∗ ∗

  −   Γ + Λ − =
 − −  − −    

                                  (5.62) 

2

1

2
0,

in
d

dη

Θ
=                                                                                                                                        (5.63) 

( )
( )

( ) ( ){ }

2

1 1
1 0 0 0 22

1
1 exp exp 0,

1 1 1 1

in in
finst

f
f

snLecd G S
B F g

d l s s

β
ε

η α α

∗

∗ ∗

  −Ω   − − Λ − =
 − −  − −    

           (5.64) 

( ) ( )
( ) ( ){ }

00 1
0 0 2

11
exp exp 0.

1 1 1 1

in in
fin

f f
f

sdF S
F g

d r s s

βε

η α α

∗

∗ ∗

  −Λ −   + − =
 − −  − −    

                               (5.65) 

The matching conditions are: 

as η→ −∞, 

1 ,

O

in

X X

dS dS

d dXη −=

 
→  
 

                                                                                                                       (5.66) 

1 ,

O

in

X X

d d

d dX

θ

η −=

Θ  
→  
 

                                                                                                                      (5.67) 
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( )1
0 11 ,

O

in

O

X X

dydG
g

d dX
ν

η −=

 
→ = − − 
 

                                                                                              (5.68) 

0 1
0,

O

in

F

X X

dF dy

d dXη β −=

 
→ = 

 
                                                                                                           (5.69) 

as η→ +∞, 

1 ,

O

in

X X

dS dS

d dXη +=

 
→  
 

                                                                                                                       (5.70) 

1 ,

O

in

X X

d d

d dX

θ

η +=

Θ  
→  
 

                                                                                                                      (5.71) 

1 0,
in

dG

dη
→                                                                                                                                        (5.72) 

0 0.
in

dF

dη
→                                                                                                                                         (5.73) 

Combining Eqs. (5.64) and (5.65) and using the matching conditions yield 

[ ] 1 ,
O

O

O

O

X
X O

F X
Xf st

dylB
y

nLecr dX

+

+

−

−

 
= −  Ω  

 

which implies 

0

1 1

1 .
f st

nLecr
g

lBν

Ω
= −                                                                                                                         (5.74) 

Adding Eqs. (5.62) and (5.64),  

( )

2 2

1 1 1

2 2
0.

1

in inin

st

d S lB d G

d nLec dεγ η ε η

Γ
+ =

− Ω
                                                                                       (5.75) 

Integrating the Eq. (5.75) and matching yields the energy balance 

( )
1 1 1 1 1 ,

1

in in in in

in

st

dS dS lB dG dG

d d nLec d d
η η η η

εγ

η η ε η η
→−∞ →+∞ →−∞ →+∞

        
− = − −        

− Ω Γ          
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That is, 
( )

( )
1 0 11

.
1

O O

in

X X X X st

lB gdS dS

dX dX nLec

εγ ν

ε− += =

−   
− =   

Ω − Γ   
                                                              (5.76) 

Similarly, the jump relation obtained from Eq. (5.63) and matching conditions at the reaction front 

(i.e., X = XO) gives the following three constraints: 

( ) ( ) ( ) ( ) ( ) ( ), and .
O O O O O O

X X S X S X X Xθ θ θ θ− + − + − +′ ′= = =                                                 (5.77) 

Now using Eqs. (5.48)–(5.49) into (5.76) and (5.77), the constants a1, a2, a3 and a4 can be determined 

easily.  

Again, Eqs. (5.62) and (5.65) provide the similarity solution 

( ) 1
1

.

in in

F

f

dS
y

r d

ε

εγ η

− Γ
=                                                                                                                      (5.78) 

Therefore, Eq. (5.62) takes the form 

( ) ( )
( ) ( ){ }

2
0 01 1 1

22

11
exp exp .

1 1 1 1

in in in
f

f f
f

sgd S dS S

d r ds s

βε

η ηα α

∗

∗ ∗

  −− Λ   = − −
 − −  − −    

                               (5.79) 

Equation (5.79) is solved by Liñán [92]. According to the relation between Λ and Λ0 given by (5.60) 

along with the definition of Λ given in Eq. (5.21), the moving speed of the reaction front is implicitly 

related to the other parameters by the expression 

( )
( )

( ){ }
( )

( )
( )

( ){ }

, 0

2 2

2

2

2 1

1
1 1 exp .

1 1 1 1

m g f O u

O

f m s m

f O

f

f
f

A Y e g
S X

r u c

s S X
s

s s

β αε λ ρ ρ

ρ β

β
α

α α

−

+

∗ +

∗

∗ ∗

−
′ = −

  −   × − − −
 − −  − −    

                                                       (5.80) 

Having obtained the maximum temperature of the porous medium f
s

∗
 by Eq. (5.53), one can readily 

determine the moving speed of the reaction front us from (5.80).  
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5.3.2 Forward Mode ( )1ig
x x L< < �� � : 

Let us now introduce the following group of dimensionless variables along with them as defined in 

Eq. (5.12) 

[ ]2

,

exp
ˆˆ , , , , .

adm

m m g O u

E RTtxx t
x t u x t

x t t c A Y

βλ

ρ ρ
∗∗

∗ ∗ ∗

∗ ∗ ∗

≡ ≡ ≡ ≡ ≡
��

                                              (5.81) 

Thus the Eqs. (5.1)–(5.4) reduce to 

( )
( )

( )

( )

3 2
1

1 1 exp
ˆ ˆ ˆ1 1 1

,
1 1

R
f O F

ff

ex

SNS S
S r y y

t x x S

K SK
S

β
δ β εγ

ε α

θ
ε ε

 − ∂ ∂ ∂ 
= + + + −    ∂ ∂ − ∂ − −    

− − −
− −

                                  (5.82) 

( )
2

2
,

ˆ ˆ ˆ

f

g g

K
r c r cu l S

t x x

θ θ θ
θ

ε

∂ ∂ ∂
+ = + −

∂ ∂ ∂
                                                                                       (5.83) 

( ) ( )
( ) ( )

( )
( )

2

2 2

2

1

ˆ ˆ ˆ ˆ1 12 1 1 1

1 1
exp 1 ,

1 1

g gO O O

f

f st m g

O F O

Ler c Ler cuy y y

l t l x x x

Ler c LeK r cS
y y y

l S l

ε δ θ ε δθ

δθδθ δθ

β ν ε β

α ε

 
∂ ∂ ∂Π ∂ Π + + − =

 ∂ ∂ ∂ ∂Ω + Π +Ω + + Π +  

 Ω − −
− − − − 

− − 

      (5.84) 

( )
( )

( )
2

1
1 exp .

ˆ 1 1

F
O F

Sy
y y

t S

β
β ε

α

 −∂
= − − − 

∂ − − 
                                                                             (5.85) 

Here the dimensionless parameters 

, , , , ,
g igf f fex m

ex m ig

m m m m

u xh t h tht
K K K u x

c c d u xρ ρ
∗ ∗∗

∗ ∗

= = = = =
�

                                                      (5.86) 

where 
fK  is the heat transfer parameter, 

f

ex
K  is the heat loss parameter and 

f

m
K  is the mass transfer 

parameter. 

The remaining dimensionless parameters used in Eqs. (5.82)–(5.85) are defined in Eqs. (5.21), (5.23) 

and (5.24). 
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The corresponding boundary conditions are 

Case 1: 

0
ˆ : 0, 0, , 0,ig O Fx x S y g yθ ′= = = = =                                                                                (5.87) 

ˆ : 0, 0, 0, 1.
O F

x L S y yθ ′= = = = =                                                                                   (5.88) 

Case 2: 

0
ˆ : 0, 0, , 0,ig O Fx x S y g yθ′ ′ ′= = = = =                                                                              (5.89) 

ˆ : 0, 0, 0, 1.
O F

x L S y yθ ′= = = = =                                                                                   (5.90) 

Now the use of the transformation ( )ˆx x f t= +  and ˆt t=  for the moving coordinate attached to the 

reaction front transforms the Eqs. (5.82)–(5.85) to  

( )
( )

( )

( )

3 2
1

1 1 exp
1 1 1

,
1 1

R
t f O F

ff

ex

SNS S S
f S r y y

t x x x S

K SK
S

β
δ β εγ

ε α

θ
ε ε

 − ∂ ∂ ∂ ∂ 
+ = + + + −    ∂ ∂ ∂ − ∂ − −    

− − −
− −

                     (5.91) 

( ) ( )
2

2
,

f

g g t

K
r c r c u f l S

t x x

θ θ θ
θ

ε

∂ ∂ ∂
+ + = + −

∂ ∂ ∂
                                                                           (5.92) 

( )

( )

( )
( ) ( )

( )

( )

2

22

2

2 1 1 1

1 11
exp

1 11 1

1 ,

g g tO O

f stO
O F

f

m g

O

Ler c Ler c u fy y

l t l x x

Ler cn Sy
y y

x l S

LeK r c
y

l

ε δ θ

δθ δθ

β ε βε δθ

αδθ

ε

 
+∂ ∂Π ∂ + −

 ∂ ∂ ∂Ω + + Π +  

 Ω − −∂Π +
= − − 

∂ − −Ω + Π +  

− −

                           (5.93) 

( )
( )

( )
2

1
1 exp .

1 1

F F
t O F

Sy y
f y y

t x S

β
β ε

α

 −∂ ∂
+ = − − − 

∂ ∂ − − 
                                                              (5.94) 

Then the boundary conditions become 

Case 1: 
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( ) 0: 0, 0, , 0,ig O Fx x f t S y g yθ ′= + = = = =                                                                    (5.95) 

( ) : 0, 0, 0, 1.O Fx L f t S y yθ ′= + = = = =                                                                       (5.96) 

Case 2: 

( ) 0: 0, 0, , 0,ig O Fx x f t S y g yθ′ ′ ′= + = = = =                                                                  (5.97) 

( ) : 0, 0, 0, 1.O Fx L f t S y yθ ′= + = = = =                                                                       (5.98) 

 

5.3.2.1 Combustion Zone 

Since it is assumed that the activation energy is very high, hence in the preheat region x > xig + xf, 

the source term in the conservation equations is exponentially small and in the burned region x < xig + 

xf, all the chemical reaction has gone to completion due to the assumed complete oxygen consumption. 

So the source terms are set to zero in these regions. At large time i.e., for the steady-state combustion 

front, the equations to be solved are 

( ) ( )
3

1 1 ,
1 1 1

ff

exR
t

K SNS S K
f S S

x x x
δ θ

ε ε ε

 ∂ ∂ ∂ 
= + + − − −  ∂ ∂ − ∂ − −  

                                                    (5.99) 

( ) ( )
2

2
,

f

g t

K
r c u f l S

x x

θ θ
θ

ε

∂ ∂
+ = + −

∂ ∂
                                                                                         (5.100) 

( )

( )

( )
( )

2

2

2

2 1 1 1

1
1 ,

1 1

g t O

f

m gO
O

Ler c u f y

l x x

LeK r cy
y

x l

ε δ θ

δθ δθ

ε δθ

εδθ

 
+ ∂Π ∂ −

 ∂ ∂Ω + + Π +  

∂Π +
= − −

∂Ω + Π +

                                                           (5.101) 

0.F
t

y
f

x

∂
=

∂
                                                                                                                                     (5.102) 

To analyze the problem theoretically, the difficulty arises due to the coefficient 1 + NR(1+δS)
3
/(1− 

ε) of Eq. (5.99). In the previous study [122], it was simplified as follows   
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( )
3

1 1 ,
1

R
N

Sδ
ε

+ + ≈ Γ
−

                                                                                                                  (5.103) 

where 

( )

( )
( ){ }

3

3

1 1 ,
1

.

1 1 1 ,
2 1

R
ig f

R
ig f

N
x x x

N
x x x

δ
ε

δ
ε


+ + ≤ + −

Γ = 
 + + + > +

−

                                                                         (5.104) 

Moreover, Eq. (5.101) cannot be solved analytically because of the variable coefficients of 
O

y′  and 

O
y′′  of the equation. But this difficulty was circumvented in [122] by taking the coefficients of 

O
y′′  and 

O
y′  as ( )1 1 1 1

f f
B ε δθ δθ= Π + Ω + Π +  and ( )2 2 ,

mx x
B xεδ θ ±=

= ∂ ∂ ΩΠ  respectively, where 

θf is the maximum temperature of gas at x = xm. Therefore, the equations to be solved for the outer 

regions are 

( )
2

2
,

1 1

ff

ex
t

K SS S K
f S

x x
θ

ε ε

∂ ∂
= Γ − − −

∂ ∂ − −
                                                                                        (5.105) 

( ) ( )
2

2
,

f

g t

K
r c u f l S

x x

θ θ
θ

ε

∂ ∂
+ = + −

∂ ∂
                                                                                         (5.106) 

( )
( )

2

2 1 2
1 ,

f

g t m gO O
O

Ler c u f LeK r cy y
B B y

l x x lε

+  ∂ ∂
− = − − 

∂ ∂ 
                                                       (5.107) 

0.F
t

y
f

x

∂
=

∂
                                                                                                                                     (5.108) 

In this study, it is assumed that oxidizer is fully consumed at the flame front (i.e., yO = 0 at x = xig + 

xf) suggesting that the system is controlled by oxidizer. Thus the solutions of (5.107) becomes 

( )
( )( )0 11 exp ,

0,

ig f ig f

O

ig f

g x x x x x x
y x

x x x

µ  − − − < +  = 
> +

                                                          (5.109) 

where 
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( ) ( )
2

2 2
1,2

1 1 1 1 1

4
2.

f

g t g t m gLer c u f Ler c u f LeK r cB B

lB B lB B lB
µ

ε

 
+ +    = − ± − +   

     

 

Also, if 
F

y
∗

 is the remained fuel mass fraction at the reaction front (i.e., at x = xig + xf), then the 

solutions of Eq. (5.108) can be written as 

( ) ( )and 1.
F ig f F F ig f

y x x x y y x x x∗< + = > + =                                                                   (5.110) 

From Eq. (5.106), one can find 

( ) 2

2
.

g t
r c u f l

S
K x K x

ε θ ε θ
θ

+ ∂ ∂
= + −

∂ ∂
                                                                                             (5.111) 

Using Eq. (5.111) into (5.105), the following equation is obtained  

( )
( )

( )

( )
( )

( )
( )

4 3 2

4 3 21

0.
1 1

f ff
g g tt ex

t t

f f f f f
g ex t ex

t

r c r cff K KK
u f u f

x l x l l x

r c K K K f K K
u f

l l l

θ θ θ

ε ε

θ θ
ε ε ε ε

   +∂ ∂ ∂
− + + − + − +  

∂ Γ ∂ − Γ Γ ∂   

 +
′ + + + + =

− Γ Γ − Γ  

                                  (5.112) 

To get the solutions of Eq. (5.112), the solutions of the corresponding characteristic polynomial have 

to be found. Considering the appropriate values of the parameters, it can be shown by Descartes’ rule 

of signs that the characteristic polynomial must have two positive roots, n1 and n2 and two negative 

roots, n3 and n4, to define the finite solutions of the Eq. (5.112). 

Once Eq. (5.112) is solved, the temperature of the porous material, S, is determined from Eq. (5.111). 

Then the temperatures of the porous material and gas are given by 

Case 1: 

( )
( ) ( )

( ) ( )

1 1 1 2 2 2

3 3 3 4 4 4

exp exp ,

exp exp ,

ig f ig f ig f

ig f ig f ig f

l b n x x x l b n x x x x x x
S x

l b n x x x l b n x x x x x x

    − − + − − < +    
= 

   − − + − − > +    
  

                  (5.113) 

( )
( ) ( )

( ) ( )
1 1 2 2

3 3 4 4

exp exp ,
.

exp exp ,

ig f ig f ig f

ig f ig f ig f

b n x x x b n x x x x x x
x

b n x x x b n x x x x x x
θ

    − − + − − < +    
= 

   − − + − − > +    

                        (5.114) 



111 

Case 2: 

( )
( ) ( )

( ) ( )

1 1 1 2 2 2

3 3 3 4 4 4

exp exp ,

exp exp ,

down ig f ig f ig f

ig f ig f ig f

S l b n x x x l b n x x x x x x
S x

l b n x x x l b n x x x x x x

    + − − + − − < +    
= 

   − − + − − > +    
  

      (5.115) 

( )
( ) ( )

( ) ( )
1 1 2 2

3 3 4 4

exp exp ,
.

exp exp ,

down ig f ig f ig f

ig f ig f ig f

S b n x x x b n x x x x x x
x

b n x x x b n x x x x x x
θ

    + − − + − − < +    
= 

   − − + − − > +    

            (5.116) 

where 

( ) 21 , 1, 2,3,4.
g

i t i if f

r c l
l u f n n i

K K

ε ε
= + + − =                                                                        (5.117) 

The constants b1, b2, b3 and b4 are found later. 

Thus the temperature of the porous medium at the flame front (i.e., x = xig + xf) can be expressed as sf = 

S(xig + xf) = l1b1 + l2b2. 

 

5.3.2.2 Reaction zone 

With a view to solving the reaction zone problem, the spatial coordinate x is made wider by 

introducing the transformation ξ = βx. It is noted that the temperature and oxygen mass fraction will be 

spatially independent to leading order. Thus the following asymptotic series in β
−1

 are used for the 

quantities S, θ, yO and yF: 

( ) ( )1 1 , ,fS s Sτ β ξ τ−+ +∼ �                                                                                                      (5.118) 

( ) ( )1 1 , ,fθ θ τ β θ ξ τ−+ +∼ �                                                                                                      (5.119) 

( )1 1 , ,O Oy yβ ξ τ− +∼ �                                                                                                                  (5.120) 

( )0 , .F Fy y ξ τ +∼ �                                                                                                                      (5.121) 

Upon substitution of (5.118)–(5.121) into (5.91)–(5.94) implies  
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( )
( ) ( ){ }

2 1 1
1 0

22

1
exp exp 0,

1 1 1 1

fin

f O F

f
f

sS S
r y y

s s

β
εγ

ξ α α

  −∂  Γ + − = 
 ∂ − −  − −    

                                   (5.122) 
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Equations (5.122), (5.124) and (5.125) give 
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From the first and second equalities of Eq. (5.126), one obtains  
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Integrating the Eq. (5.127) and matching yields  

( )
1 0 1 .

1 in

st

lB gS

x nLec

εγ µ

ε

+

−

∂ 
= − ∂ − Γ Ω 

                                                                                                    (5.128) 

Again, the second and third equalities of Eq. (5.126) provide 
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Integrating Eq. (5.129) and using the matching conditions, the remained fuel mass fraction at the 

reaction front can be found as  

1 0 11 .F

f st

lB g
y

nLer c fτ

µ∗ = +
Ω

                                                                                                                  (5.130) 

Similarly, the jump relation obtained from Eq. (5.123) and matching conditions at the reaction front 

(i.e., x = xig + xf) give the following three constraints: 
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The definition that is used in the above equations is  [ ] ( ) ( )igf igf
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−
= −  with xigf = xig + xf.    

Now, Eqs. (5.127) and (5.126) give the similarity solutions 
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Upon substitution of (5.132) and (5.133) into (5.122), following equation is obtained 
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Integrating Eq. (5.134) from 0 to +∞, one can easily find 
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Thus the dimensionless moving speed of the flame front,  ft, is implicitly related to the other 

parameters by the expression (5.135). Having obtained  ft  from (5.135), one can readily find the 

dimensional moving speed of the flame front, 
s t

u x f t∗ ∗= , using the relations given in (5.81). 

For Case 1, the problem is closed when the positions of the reaction fronts of opposed and forward 

mode  xO  and  xf, respectively are chosen arbitrarily, the unknown constants  b1, b2, b3  and  b4  are 

found using Eqs. (5.128) and (5.131) and the point  xig  is determined by the matching condition     

( ) ( ).
ig ig

S x S x− +=                                                                                                                             (5.136) 

Now for Case 2, the unknown constants are b1, b2, b3, b4, Sdown and xig, when the positions of the 

reaction fronts of opposed and forward mode xO and xf, respectively are taken arbitrarily. To close the 

problem, the following two matching conditions have to be used with the others in Eqs. (5.128) and 

(5.131):   

( ) ( ) ( ) ( )and .
ig ig ig ig

S x S x x xθ θ− + − += =                                                                                   (5.137) 

 

5.4 Results and discussion 

The temperature profiles of the porous medium and gas for Case 1 and Case 2 are shown in Figure 

5.2 and Figure 5.3, respectively. The thermophysical properties use in this study are listed in Table 3.1 

except d = 2.0×10
−3

 m, YF,u = 0. 30 and YO,u = 0. 23. Figure 5.2 shows that for opposed mode, the gas 

temperature is higher than the porous medium temperature in the downstream region while in forward 

mode, the same scenario is seen in the preheat region. The reasons are that in opposed mode, porous 

medium temperature gradually goes down in the downstream region because of the heat loss from the 

porous medium and so the gas temperature decreases through the heat transfer mechanism between the 

gas and the porous medium; on the other hand, in forward mode the temperature of the gas becomes 

higher when it passes over the burned region, and it remains higher in the preheat region as long as the 

gas temperature is equal to the porous medium temperature. When the heat flux at the ignition point is 

imposed as zero (Case 2), in opposed mode the gas temperature slowly increases to the porous 



115 

medium temperature and at the ignition point, the temperatures of the porous medium and the gas 

equilibrate at a higher temperature than the ambient. The temperature profiles of forward mode are 

same as Case 1 except the initial temperatures that are the final temperatures of opposed mode of Case 

2. Moreover, the reaction front temperature of forward mode of any of the cases is always higher than 

that of opposed. 
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Figure 5.2: Temperature profiles of forward and opposed modes of Case 1 while hex = 10
4
 W/(m

3
K), 

NR = 0.01, d = 2×10
−3

 m and ug = 0.4 m/s. 
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Figure 5.3: Temperature profiles of forward and opposed modes of Case 2 while hex = 10
4
 W/(m

3
K), 

NR = 0.01, d = 2×10
−3

 m and ug = 0.4 m/s. 
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Figure 5.4: Species profiles of forward and opposed modes of Case 1 while hex = 10
4
 W/(m

3
K), NR = 

0.01, d = 2×10
−3

 m and ug = 0.4 m/s.  
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Figure 5.5: Temperature profiles of forward and opposed modes of Case 2 while hex = 10
4
 W/(m

3
K), 

NR = 0.01, d = 2×10
−3

 m and ug = 0.4 m/s. 

 

The species profiles of fuel and oxidizer of Case 1 and Case 2 are shown in Figure 5.4 and Figure 

5.5, respectively. As the reaction fronts generated somewhere around the middle propagate in the 

upstream and downstream regions, so there are fresh fuel at the opposite ends. Here it is assumed that 

oxidizer is flowing from left to right. Consequently, it is seen in the opposed mode that the level of 
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ambient oxidizer decreases at the reaction front and fuel is fully consumed; there remains excess 

oxidizer in opposed mode. Eventually, this excess oxidizer reaches into the reaction front of forward 

mode passing over the burned region of it and reacts with the fresh fuel. Contrary to the opposed 

mode, oxidizer is fully depleted at the reaction front and unburned fuel remains behind the reaction 

front.      
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Figure 5.6: Moving speed of the reaction front of forward and opposed modes of Case 1as a function 

of the heat transfer coefficient, h, for hex = 10
4
 W/(m

3
K), ug = 0.40 m/s and NR = 0.01. 
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Figure 5.7: Moving speed of the reaction front of opposed mode of Case 1 and Case 2 as a function of 

the heat transfer coefficient, h, for hex = 10
4
 W/(m

3
K), ug = 0.40 m/s and NR = 0.01. 
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The effects of the heat transfer coefficient on the moving seeds of the reaction fronts of forward 

and opposed modes are presented in Figures 5.6 and 5.7, respectively, for the Case 1 and Case 2. At 

first, the focus of attention is on forward and opposed modes of the Case 1. When the heat transfer 

coefficient is increased from low to high value, at the very beginning the moving speed of the reaction 

front of forward mode increases swiftly and then it gradually increases (Figure 5.6) but in opposed 

mode, the moving speed of the reaction front drastically increases first and later on it slowly decreases 

(Figure 5.7). The same trend is seen for Case 2. It is well-known that the moving speed of the reaction 

front and the reaction front temperature always maintain the similar tendency. Accordingly, the same 

features are also observed here. In addition to, the turning points of the Case 1 that are found in 

changing the gradients of the moving speed of the reaction front are lower in heat transfer coefficient 

compared to that of the Case 2. 

 

5.5 Conclusions 

In this chapter, a model has been formulated to study the combustion of solid fuel over an inert 

porous medium ignited around the middle. Analytical expressions of the combustion behaviors of 

solid combustible are derived using large activation energy asymptotics. It is found that the moving 

speed of the reaction front of forward mode is monotonically increases owing to the increase of heat 

transfer coefficient but in opposed mode, it first increases and then decreases as the heat transfer 

increases. In addition, the reaction front of forward mode always shows higher temperature than the 

opposed mode. 
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Chapter 6 

Concluding Remarks and Future Works 

 

 

6.1 Concluding remarks 

Stringent regulations to reduce the diesel particulate emissions are introducing day by day. For this 

reason, the major challenges of the present PM trap system and the efficient combustion of PM have 

gained much attention of international research community to develop a new technology for reducing 

the PM emissions from the exhaust gas of diesel engine. To give a new dimension to the ongoing 

researches on this engineering problem, a mathematical model has been developed for understanding 

the combustion of solid fuel over an inert porous medium. The step-by-step advancement in 

formulating a universal model and justifying its applicability, and the contributing findings are 

summarized below:  

In Chapter 2, a simple mathematical model is proposed to study the combustion behavior of solid 

fuel over an inert porous medium that can be used for the development of particulate matter trap 

design and in the engineering of the regeneration process. Analytical expressions of the temperature 

profiles of porous medium and gas, species profile of gas and the moving speed of the reaction front 

are obtained using large activation energy asymptotics. Also the numerical simulation of the governing 

equations was carried out to determine the sensitivity of the asymptotic analysis for variation of each 

of the parameters and to give a clear concept about the deviation of the asymptotic analysis from the 

numerical solution. The following results are concluded that may provide in-depth knowledge about 

the focusing problem of this thesis: 

(i) The moving speed of the reaction front first increases while the thermal conductivity of the 

porous medium is slightly increased from that of the gas; and then it decreases for further 

increase of the thermal conductivity.  

(ii) The moving speed of the reaction front almost linearly decreases due to the increase of 
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deposition of solid fuel.  

The simple model developed in Chapter 2 possesses some limitations. It could not be used for 

determining the fuel distribution and to examine the forward flow combustion of solid fuel over an 

inert porous medium as well as it is lack of some key transport mechanisms. As a result, an upgraded 

model for the combustion of solid fuel over an inert porous medium was formulated in Chapter 3 that 

could be applicable and adaptable for predicting the characteristics of DPF regeneration process, 

smoldering combustion and SHS process. The model equations are solved theoretically for opposed 

flow configuration and it provides analytical expressions of the combustion characters of solid 

combustible over the inert porous medium. Analytical solutions are then validated for smoldering 

combustion. Below, the major contributions of this chapter that reveal the important characteristics of 

the reaction front have been summarized: 

(i) The moving speed of the reaction front increases with the increase of porosity of the porous 

medium and the initial mass fraction of fuel and the decrease of the heat transfer rate from the 

porous medium to the gas, the heat loss coefficient and the radiation-conduction parameter. 

(ii) The amount of fuel leakage through the reaction front decreases with an increase of radiative 

heat transfer and the decrease of the gas flow velocity and mass transfer coefficient; 

(iii) Extinction occurs due to lower porosity of the porous medium, higher volumetric heat 

transfer from the porous medium to the gas, higher radiative heat transfer from the porous 

medium and higher heat losses from the porous medium to the environment. 

(iv) The extinction limit in terms of heat loss coefficient decreases due to the increase of the 

radiation-conduction parameter and the decrease of gas flow velocity while it becomes higher 

due to effective diffusivity compared to molecular diffusivity. 

In Chapter 4, the upgraded model developed in Chapter 3 is used to analyze the forward flow 

combustion of solid fuel over an inert porous medium. The detailed derivation of the analytical 

expressions of temperature profiles of the porous medium and the gas, species profiles of the fuel and 

the gas, and the moving speed of the reaction front has been carried out in this chapter. It is observed 

that for any of the physical parameters, the moving speed of the reaction front of forward mode is 

always higher than that of opposed mode. Moreover, the effects of various parameters demonstrate 
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similar trends as opposed mode without some exception. As a result, in spite of examining the forward 

mode separately, there has been presented a comparative study between the forward and opposed 

modes. From this chapter, the following conclusions can be inferred: 

(i) The reaction fronts of both modes demonstrate unsteady behaviors for higher thermal 

conductivity porous medium and lower initial mass fraction of oxidizer.  

(ii) The response of the moving speed of the reaction front of forward mode to increasing heat 

transfer coefficient is completely opposite to that of opposed mode. In between of the critical 

heat transfer coefficients of forward and opposed modes, an “unsteady solution region” has 

been recognized in which the reaction fronts of both modes could be uncontrolled and 

unpredictable.  

In Chapter 5, a practical application of forward and opposed modes has been imitated by presuming 

a process in which two reaction fronts generated from the ignition source somewhere around the 

middle of a sample propagate towards the ends of the sample. Although the problem has been solved, 

the results are not analyzed yet. So, the detailed study of the effects of various parameters has not been 

presented here. In this chapter, it was concluded that the moving speed of the reaction front of forward 

mode is monotonically increases with an increase of the heat transfer coefficient but in opposed mode, 

it first increases and then decreases as the heat transfer increases. Furthermore, the reaction front of 

forward mode always shows higher temperature than the opposed mode. 

 

6.2 Future works 

In this dissertation, an upgraded model has been developed for understanding the combustion 

characteristics of solid fuel over an inert porous medium. Finally, an attempt was made to formulate a 

model of a practical technological problem. However, after the formulation, the problem is somewhat 

solved but not investigated completely. So, a further study can be done on this problem.  

It is worthwhile to note that although the present upgraded model of the combustion of solid fuel 

over an inert porous medium is very simple in regard to its input data and analytical solutions but the 

analytical solutions of the present model cannot be directly validated for the DPF regeneration process. 
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It is possible if the available data is changed as like as in this model.     

Moreover, a single-step reaction mechanism is used here for the simplicity reasons. So, detailed 

reaction kinetics can be considered. In that case, the theoretical investigation may not be possible and 

the modified model must be solved numerically. Then it can be examined that how much accurately 

the present analytical solutions can predict the actual phenomena.     
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Appendix 

 

In this appendix, the derivation of some important expressions of the thesis is described in detail. To 

have the implicit relation given in Eq. (2.50), a lot of analysis has to be done. At first, define the 

following transformations: 
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Substituting Eqs. (A.1)–(A.4) into Eq. (2.49) give 
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Now, differentiating both sides of Eq. (A.1) with respect to η, it is found that 

( ){ } ( )( )

( ) ( ){ }
2

1

2

0

1 1
1 1 .

1 1 1

in

f

X
f

u dSdf dS
s

d d dXn ru s

εγ φ
α

ξ ηε α +

∗

∗
=

− +  
− − − × = −  

 − − −
                                  (A.6) 

As ξ → − ∞, Eq. (A.6) along with matching condition implies 
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Therefore, using Eq. (2.47) the above relation results in 
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Similarly when ξ → + ∞, Eq. (A.6) gives 
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[ ]2 exp .q pχ= −                                                                                                                               (A.9) 

Using the value of  q  into the Eq. (A.9) and after some simplifications, one can easily find  

( ) ( ){ }
( ) ( ) ( )

( )
( )

2
2

2 2 2

1 1 1 1
exp .

1 1 1 1 1

f fm

m s m f

n ru s snLel A e
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u b u c s

β αε α βφ λ
χ

εγ φ φ ρ β α

∗ ∗−

∗

   − − − −   = −
 − + − − −    

                     (A.10) 

This is the solution of Eq. (A.5) subject to the boundary conditions (A.7) and (A.8). The moving speed 

of the reaction front is determined from this relation as given in Eq. (2.50). In addition to, Eq. (3.78) is 

obtained doing the similar analysis as presented above. 

Now the value of  χ can be found from Eq. (A.3) as  
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That is, 
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( ) ( )
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.
0 0

S

S S
χ

+

+ −

′
=

′ ′−
                                                                                                       (A.11) 

When the expressions of the temperature of the porous medium given in Eqs. (2.31) and (2.33) and the 

values of  a1,  a2,  a3  determined by the matching conditions are used in Eq. (A.11), it is seen that 

( )
( ) ( ) ( )

1 2 3

1 2 3 2 3 1 3 1 2

.
p m m

p m m p m m p m m
χ

−
=

− + − + −
                                                                        (A.12) 

Equation (2.52) of the Chapter 2 is derived as like as Eq. (A.12). It should be mentioned here that 

since the values of a1,  a2,  a3,  a4 cannot be explicitly determined from the matching conditions, hence 

the expression given in Eq. (A.11) is the value of   χ  which is same as of Eq. (3.80) of the Chapter 3. 
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