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Abstract

We propose a heat pump model utilizing the Dufour effect and study
this system by numerical and theoretical analysis. Numerically, we perform
molecular dynamics (MD) simulations of this system and measure the cooling
power and the coefficient of performance (COP) as figures of merit. In these
simulations, we confirm that this system is surely useful as a heat pump.

Theoretically, we derive the phenomelogical equations describing this sys-
tem by using the linear irreversible thermodynamics and compare the theoret-
ical results with the data obtained numerically. We also apply the transport
coefficients derived microscopically from the Chapman-FEnskog theory to our

phenomelogical equations and verify the validity of our theory in more detail.
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Chapter 1

Introduction

1.1 History of Dufour Effect

In 1873, L. Dufour discovered Dufour effect, or the diffusion thermoeffect
by experiment.")>?) In his experiments, a porous vessel was contained within
another airtight vessel, and two different types of gasses were infused into
the porous vessel and the space between the two vessels. When hydrogen was
circulated in the space between the vessels, while the inner vessel was filled
with air, he observed a temperature falls inside the porous vessel. A similar
temperature fall was observed, when air was circulated in the space between
the two vessels, while the inner vessel was filled with carbon dioxide. Moreover
he found that these temperature falls occur near the surface of the porous
partition during the diffusion process of the circulated gas into the porous
vessel. These results implied that a diffusive mixing of different gasses induces
a flow of heat in the gas mixture. By considering the molecular weights of the

gases used in the experiment, it was presumed that the heat current of this



phenomenon is transformed from the higher-molecular-weight gas toward the
lower-molecular-weight gas. Later, it was found that the porous diaphragm
of his experiment was not essential for Duffour effect. For example, Miller
(1949) used an iris diaphragm in his experiment® of Dufour effect.

In the 1910’s, Chapman and Enskog succeeded in the first theoretical de-

4):5) they microscopically

scription of Duffour effect. Using the kinetic theory,
analyzed the non-uniform gas mixture, in which the temperature 7" and the
number densities of molecules of the two gasses n4,np are non-uniform in
space. From Chapman-Enskog theory of non-uniform gases, mainly, the two
results concerned with Dufour effect were derived. The first result is that the
heat current g is proportional to the mole fraction gradient Vx4 not only to

the temperature gradient VT, where the the mole fraction of the component

A is defined as

na
= 1.1
Therefore,
q=—rkVT —nkgT?D"V1,, (1.2)

where D" is the coefficient of Dufour effect, kg is Boltzmann constant, and n
is the total number density of all the components, i.e. n = ) . n,. The deriva-
tion of The second term of Eq.(1.2) means that, when the two chemically dif-
ferent gases mix, the heat is transferred from the side of the component B to
the side of A if D" < 0, conversely the heat flows from A to B if D” > 0. The
second main result of the Chapman-Enskog theory concerned with Dufour

effect is that, for such special cases of the intermolecular potential, as the



rigid sphere, inverse power repulsion potentials, and the Lennard-Jones po-
tential, the coefficient of Dufour effect D" is positive if the molecular weight
of the component A is higher than that of the component B. This second
result is consistent with the experiment by Dufour.

In the 1940’s, L. Waldmann constructed the phenomenology of Dufour
effect, by introducing the phenomenological equation of the mole fraction
x4 and the temperature 7. His phenomenology explained the result of Du-
four’s experiment that the temperature changes occur near the surface of the
porous partition. Although the first derivation of the his phenomenological
equation was very complicated, his equation was later derived by using the

liner irreversible thermodynamics')13)

in a comprehensible way. Thus, after
reviewing the liner irreversible thermodynamics in next chapter, we will come

back to the Waldmann’s Phenomenology in the section 2.2.

1.2 Aim of this thesis

Although the Dufour effect was discovered and studied long before, as
seen in the previous section, industrial applications of this phenomena have
not been devised, compared with Soret effect which is the contrary effect of
Dufour effect!. For this reason, our purpose in this thesis is to investigate
a possibility of application of Dufour effect from the fundamental physical
point of view, considering a heat pump model utilizing this effect. Therefore,

we will not go deeply into the industrial field this time. The purpose of this

!Soret effect is the phenomena that the diffusion flow occurs when the temperature
gradient is present in the gas mixture. This effect is well described by the linear non-

reversible thermodynamics. Soret effect is utilized for the Isotope separation.®)
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study is also inspired by the studies of the thermoelectric by H.Callen? and
other physicist.'?)

1.3 Organization of this thesis

The organization of the present thesis is as follows. In chapter 2, we review
the microscopical studies concerned with the Dufour effect. After reviewing

8),1)-13) e review the Waldmann’s

the liner irreversible thermodynamics,
phenomenology.”) In chapter 3, the heat pump model is proposed, and us-
ing the molecular dynamics (MD) simulation,'®~'®) the usefulness as a heat
pump of this mode is confirmed numerically. In chapter 4, we analytically
calculate the cooling power and the coefficient of power (COP) in the simple
case, and this result is compared with the data obtained numerically by the
MD simulation. In this comparison, we use the transport coefficient micro-

scopically calculated by the Chapman-Enskog theory.”) We summarize the

results of this thesis, and discuss the remaining works in chapter 5.



Chapter 2

Review

2.1 Linear Irreversible Thermodynamics

2.1.1 Omnsager Theory and Linear Relation

In 1931, L. Onsager discovered a general and powerful set of reciprocal
relations describing a system in which two or more irreversible processes
occur simultaneously.®) These relations are so called “Onsager’s reciprocal
relations”, and became a genesis of the development of the liner irreversible
thermodynamics. Consider a set of irreversible processes described by a set of
measurable parameters {a;} of the system. If these parameters are changed
by {dc;} in an infinitesimal time 6¢, we assume that the rates of change of

these {a;} can be written as

ooy 05
= Lij— 2.1
5= tuge 21

where the sum ), is taken for all the irreversible processes, and S(a) is

the entropy of the system, and the coefficients L;;’s are called the Onsager

5



coefficients. Since the entropy S(e) should be maximized in equilibrium,
the more the system is apart from equilibrium the more the differentials
(% change from zero. Therefore, Eq.(2.1) means that if the system is in
the irreversible process, the rates of change of measurable parameters «; are
proportional to the differentials (% as a degree of nonequilibrium. These
relations will be called simply “linear relations” in this thesis. From the

assumption of these relations, Onsager derived the following simple symmetry

relations,

Li;=L (2.2)

using the property of time reversal invariance of the microscopic dynamics
of the molecules. This symmetry relation is called “Onsager’s reciprocal re-

lation”, and he won the Nobel prize for chemistry in 1968. In the following,

we call the term % as "force”, and
1

560;2' as “current” of the process.

In this section, the linear relations of the system of the non-uniform gas

mixture will be derived. But, in generally, it is very difficult to calculate the

55
day;
oS

55
process 37, the forces Se

forces £= directly. By calculating the rate of entropy change in the irreversible

and the corresponding currents % can be identified

from the following equation,
05 0S da;
N =7 2.
ot EJ: daj Ot (2:3)

Thus, for deriving the linear relations, we may calculate the rate of entropy

change ‘;—f of the irreversible process in the nonuniform gas system.



2.1.2 Entropy Production of Non-uniform Gas Mix-

ture

To calculate the rate of change of the entropy in the irreversible process,

the variation of the entropy dS is divided into the two terms,
dsS =d. S+ d;S, (2.4)

where d.S is the entropy supplied to the system by its surroundings, and d;S
is the entropy produced inside the system. And the second law of thermody-

namics states
;S > 0. (2.5)

By using the expressions

S:/pst, (2.6)
v

d.S

2 _ Tt - dS2, 2.7
dt /sz:av o 27)
d;S

= d 2.

o= | . (28)

where p is the density, s is the entropy per unit mass, Js is the total
entropy flux, and o is the entropy production rate per unit volume, we can

rewrite eqs.(2.4) and (2.5) in a local form as

Jd(ps
(E;Ot) - _V'Js,tot+aa (29>
o> 0. (2.10)
Using Langrange derivative
d 0
== v 2.11
dt ot + v ) ( )

7



eq. (2.9) can be rewritten in a different form,

ds

Py = -V .- Js+o, (2.12)

where vg is the velocity of the local center of mass and J; is the entropy flux

defined as
Js = Js 1ot — psvg. (2.13)

The entropy production rate o can be given by calculating % using eq.(2.12).

To obtain %

o> we assume the “local equilibrium” which implies that “Al-

though the total system is in nonequilibrium, there exists a local system of
small mass (or volume) elements, where the local thermodynamics variables

fulfill the following equilibrium thermodynamic relation”,
Tds = du + pdv — Z prdey, (2.14)
k

where u is the internal energy per unit mass, p is the equilibrium pressure, v is
the specific volume per unit mass, py is the chemical potential of component
k (defined as partial specific Gibbs function py, = (9G/OMy)7p ), and cx

is the mass fraction defined as

o = PR (2.15)

p
using pi denoting the density of the component k. In particular we assume
that eq. (2.14) remains valid for mass (or volume) elements moving with the
local center of mass, therefore using Langrange derivative eq.(2.11) we can

write

ds du dv dey,

gs _du, 4v .y 9.1
a —at Pa - HE= gt (2.16)



o ds du dv dey
Thus, for calculating %2, we need to calculate ¢, 5 and <7E.
and % come from each conservation law

du dv
dt

The time differentials 7, %
First we use the conservation of mass of each component k,

Ipr
— =—-V_ 2.17
ot (PkVE), ( )
or, summing up eq.(2.17) for all the components,
Ip
—=-V_- . 2.18
Using Lagrange differential eq.(2.17) can be rewritten as %,
d
% =-V- (pkvk) +vg - Vg, (2.19)
(2.20)

=—prV -vg -V - Jp,

pe(vr — vg) is the mass diffusion flow of the component k.

where J, =
Similarly, summing up eq.(2.20) for all the components, we obtain
dp
— =—pV - 2.21
where we used
d J=0. (2.22)
k
Thus, using egs.(2.20) and (2.21), we can calculate dd%’“ and ¢ as
d d 1d d
dex _ dlpr/p) _ Ldps _ prdp (2.23)
dt dt pdt  p*dt
1
=—-V . J, (2.24)
p
dv d(p™h) 1dp
@ - - 2.25
dt dt p? dt (2.25)
1
p



du

Next, we use the conservation of energy for calculating 9. The conserva-

tion law is expressed as

=-V-J, (2.27)

where e is the energy per unit mass and J, is the energy flux. The total
energy density pe including not only the internal energy density pu but also
the kinetic energy and the potential energy of the elements of the fluid is

written as

1

pe = 5,@@% + ; oV + pu, (2.28)

where W, is the external potential energy per unit mass of the component k.

By substituting eq.(2.28) into eq.(2.27),

O pvd Opr¥y  Opu
g +y o T =V e (2.29)

With the conservation of mass eq.(2.17), the second term of eq.(2.29) can be

written as
ap\I/k 8\Ilk 6pk
= U, % 2.
o Mo T Yy (2:30)

——
—VUV-prog

ov

oV,

:pkﬁ—kak"Ug—Fk'Jk—V-(pk\I’kvg—F\I/ka), (232)

where Fj, = —V VU, is the force exerted on the component k& per unit mass.

With the relation derived from eq.(2.18)

da  O(ap)
p% = 7 + V. apvqg, (233)

10



using a denoting an arbitrary function as a scalar or a component of a vector

or tensor, the first and third terms of eq.(2.29) can be written as

dpu du
—=p——-V_ 2.34
5 = P upvg, (2.34)
O pvg, d3vg,
= -V.-= 2.35
8t Y dt UG’UG ( )
Using the equation of the motion of the mass elements
d o
UG == Za Pﬁa+zkaka (0475:33'7%2)7 (236>
the second term of eq.(2.35) can be calculated as
div? dv
27G “vYe
_ 2.37
P dt =PV dt ( )
= — Z Uca Pga + Z puFy - v, <2'38>
= — Z a Pﬁavga -+ Z Pga UGQ -+ Z piF - vg. (239)
A\ (P vg)
where Pg, is the stress tensor, and we write (P - vg)o = Pagtcs-

Substituting eqs.(2.34),(2.35),(2.32) and (2.39) into (2.29), we obtain

Zpﬁa UGa+Zkak UG+ZPk ZPka 'UG_ZFk Jk;+/7dt

(2.40)
=-V-[J.-P v — gvévc =Y ol — > Uy — upvg]
k k (2.41)
= -V [J.— (peve+ Prvg+ Y Wdy)]. (2.42)
. ~ y

11



Thus, the Z—’Z can be written as

— ==V -J - P, a Fy,-J,— —. 2.4
P V. Zﬁ ﬁUG +Zk k k”’“at (2.43)
Using the results of 2, % and & in eqs. (2.24),(2.26) and (2.43), % is given
by
ds 1
[)%:—T __Zpﬁoe ?JGomL ZFk p

——Z k%Jr =V vG——ZukV Ji, (2.44)

J =3 J
- _V.- <%> Jé ZJk V”k
TZFk Ji — fz 5aavGa Zpka\yk

(2.45)
where Ilg,is the viscous stress tensor defined as
Hﬁa = Pﬁa - péﬁa- (246)

Comparing eq.(2.45) with eq.(2.12), it follows that the expressions for the

entropy flux and the entropy production are given by

= %(Jé - Zﬂka)a (2.47)

1 ov, 1 ovy,
T *or, T4""or

(2.48)

:—ﬁJé VT——ZJk {TV%—FJ—

It is convenient to define the force corresponding to the current Jy in the

form without the factor VT'. For this purpose, we use

HEe _ﬂ
\% T =" VT + T[Vuk] (2.49)

12



where hy, is the partial specific enthalpy of component k then, by introducing

a “heat flux” Jg defined as
Jo=Jd. =Y i, (2.50)
k

egs.(2.47) and (2.48) can be written as

1

J, = TJQ + % SpJk, (2.51)
1 1 1 v, 1 oV,
O’I—ﬁJQ'VT—f;Jk' [(V,Uk)T_Fk} _fnﬁaa_xg_f - Pkw'

(2.52)

2.1.3 Linear Relation of Non-uniform Gas Mixture

To rewrite eq.(2.52) more simply, we introduce the assumption of the
mechanical equilibrium state where the acceleration % vanishes, and the
velocity gradients and therefore the viscous stress tensor 1 may be neglected.

In this state, the equation of motion eq.(2.36) can be written as
0=-Vp+>_ pF. (2.53)
k

We assume that our non-uniform system quickly reaches the mechanical equi-
librium state, and therefore we can use eq.(2.53). Indeed in the some cases
such as oscillating systems this assumption may not hold, but for instance,
in the case of diffusion or thermal diffusion phenomena in closed vessels it is
known that one can safely assume this state.

First, we consider the simple case that there are no external forces Fj, = 0.

In this case, the assumption of the mechanical equilibrium state eq.(2.53) can

13



be written as
Vp =0, (2.54)
and the entropy production eq.(2.52) can be written more simply as
_ _JQ ZJ V“’f AV HRTp, (2.55)
If the mixture is consist of the two components A and B, using >, Jj, =0,

> (Vi) =0, (2.56)

k
coming from the Gibbs-Duhem relation Y, ¢x0py = —s6T + p~'op and the

second term of the rhs in eq.(2.55) can be calculated

(v \4 v
S Odry [, Tddes g, Fbodee] (o5
_ g, Va)ry = (Ves)ry (2.58)
T
1
=—Ja- CBT(VMA) (2:59)
1, Oua
T 2.
I CBT(acA)TPV " (2.60)

where we use the state variables (7', p, c4). Thus, the entropy production can

be written as

VT o
o=—Jo T a7

Vey, (2.61)

(89!;: )T,p'

where we use 4 = (
From eq.(2.61), we can identify the forces corresponding to the currents

Jg and J 4, thus the linear relation of the present system can be written as

vT Haa

Jo = ~Log=rz = Laa BTVCA, (2.62)
vr Haa

J LAq T2 CBTVCA, (263)

14



where Lyq, Lga, Lag and L g4 are the Onsager coefficients, and the reciprocal

relation is
Lya = Laqg. (2.64)

Let us introduce the coefficient of thermal conduction s, the Dufour co-
efficient D", the thermal diffusion coefficient D', and the diffusion coefficient

D as following

= (2.65)
D' = pcfcq;‘Tz (2.66)
D = ﬁ (2.67)

D= %. (2.68)

Using these coefficients, the linear relations eq.(2.62),(2.63) can be written

Jo = —kVT — paus,TD"Vey, (2.69)

Js = —pcacgD'VT — pDVcy, (2.70)
and the reciprocal relation becomes
D' =D". (2.71)

We note that the linear relations eqs.(2.69) and (2.70) can be generalized
in the case of the Fy # 0. In this case, the assumption of the mechanical

equilibrium states

Vp=>_ pFi (2.72)
k

15



leads to non-vanishing Vp in general unlike eq.(2.54). Using the relation

0
(Vi) = (Vi)ry + (%)Tc.Vp, (2.73)

the entropy production eq.(2.52) can be written as

o= T2JQ VT — —ZJk V,U,k)T - Fk}, (274)
_ V,uk 1 Opu
_—JQ ZJk _T k Jk |:< ap )TMVp—Fk}
(2.75)

Since Vp # 0, the Gibbs-Duhem relation eq.(2.56) is changed to

Sal(Gy)y, = 279

k

and the third term of eq.(2.75) can be calculated as

2| (), v B

Ja Opa Oup
T {( op >T,cin A ( Bp >T,cin+ B, (2.77)
__Ja Opia .
T [CB(( dp >T,ci P \Vp’ +Fp — Fa|, (2.78)
pAaFA+ppFp
S T )
=~ [(parly = DFa + ppyly Fs). (2.79)
CB

where we used the relation Js + Jg = 0, and pfy = (%L;)T,ci' Then, the

entropy production o eq.(2.75) becomes

vT 1

=—Jo: = —Ja o — [14aVea+ (paphy — 1) Fa + pppty Fg|.  (2.80)

16



Therefore the linear relation in the case of Fj # 0 can be written as

vT 1
Jo = L7 ~Laa % [1aaVea+ (paply — 1) Fa+ ppply Fpl,  (2.81)
vT 1 . » »
Ja =Ly — Laa_— 154V ea + (paply — 1)Fa+ pppty Fpl. (2.82)
B

It is convenient to convert the “per unit mass” expression to the “per unit
volume” expression when we compare the theoretical results with MD (molec-
ular dynamics) simulations. Specifically, we use the mole fraction x4 instead
of the mass fraction ¢4, the force applied to one particle F}, instead of the
force per unit mass Fj, the partial chemical potential fix = (9G/ONy)rp N/
instead of yy, = (0G/OMy)rpa;, and the diffusion flows

TM = ny (v, — ™M), (2.83)

M —

instead of Jy = pr(vp — vg), where v = %Zk niv is the mean velocity.

Noting that the relations

ou ol 1 0@
((%A) Vea = (Vig)ry = (axA> V“:m_A(axj)vV“’ (2.84)

Ja=maZJM  Jp=mpAJY, (2.85)
B TA
are satisfied, the linear relations egs.(2.81) and (2.82) can be rewritten as

Jo = —kVT —nyTD" [,V + (naiify — V)Fs + npi Fgl,  (2.86)

n ~ ~
JV = —nzaxpD'VT — — D[, Vaa + (nafify — 1)Fa + npiif Fgl,

Haa
(2.87)
and in the case of Fj, = 0, more simply
JQ = —xgVT — nATD"[LﬁAVxA, (288)
JM = —naaxgD'VT — nDVi,, (2.89)

where 1% 4 = (Ofia/0% )1,

17



2.1.4 Time Evolution Equation of x4 and T

From the linear relations, egs.(2.81) and (2.82)(or egs.(2.69) and (2.70)),
we can derive the time evolution equation of x4 and T'. Using the conservation

of particle number

6nk 871

W =-V. NEUg, a =-V. nvM7 (290>
the time derivation of the mole fraction 85—;‘ can be calculated as
Ors Ong naon na
A _ A Az = -2), 2.91
" ot ot n ot’ (- za n ) ( )
= -V - -nqvs + n—AV -noM , (2.92)
NLE—

\v@ (MWUM> —noM. gy A
n n

= -V -na(vs—vM) —nv™ . Vayu, (2.93)

) Ox4 M _ =M
..n(ww -VxA)——V-JA. (2.94)

From eq.(2.87) and (2.94), the general expression of the time evolution equa-

tion of x4 can be written as

n(aaitA + oM. VxA) =V {nxA:vBD'VT

n Y N - =
+ = D[,uAAVxA + (nafly — 1) Fa + nB,uZFB] }
Haa
(2.95)
Thus, in the case of v™ = 0 and F}, = 0, eq.(2.95) becomes
(?xA ’
nw =V {nxAxBD VT + nDVxA}. (2.96)

Similarly, the time evolution equation of the temperature can be derived.

18



Using the following relation

0H 0OH oOH
i]j'[/ - <8_T>p,Mk dr + (a_p)T,Mkdp + ; (8Mk)T,p,MI/€
a(( Sk Mih) Cy =hi
OH
o ;Mkdhk C,dT + ( o >TMkdp,
the time derivation of the temperature %f can be calculated as
or Ohy, OH dp
v ;pkw Rat
B Opy 0H @
_Z§<p’“hk k___<ap>T,Mk ot
1 (0H op
=5 Zpkhkz + Z heV - ppo, — — (a_p>T,Mk a5
—_—
pu+p V_T(%)p,l\/fk
8pu ov dp
* thv PROKT (aT)pMk at’

d My,

(2.97)

(2.98)

(2.99)
(2.100)

(2.101)

(2.102)

where ¢, = C,/V is the specific heat at constant pressure per unit volume. By

substituting eqs.(2.43) and (2.50) into eq.(2.34), the first term of eq.(2.102)

19



can be calculated as

dpu du
oy 2.103
5 =P Y Puves (2.103)
0
==V . (J hid, —  Pga—¢a
(Jo + ;kk) 53IBUG
N —_——
>k hepr (v —va) pv'"G"—HBO‘%vG"
+2Fk Jk—Zpk% -V pu wvg, (2.104)
k k ot ~
Zk prhr—p
0
=-V-Jo-> V-lupwy +vg-Vp+ M0 5 Vo
k hxV-prvg+prvi-Vhyg
oV,
F, - J,— —. (21
+Y Fi- i ey (2:105)
k k
Using the viscous stress tensor 1, eq.(2.102) can be written as
aT 0
CZ,E =-V- JQ + Zk:pk'vk -Vhp+vg-Vp+ HﬂaaTUGa
ov, T 0V dp
Fp-Ji - ok —(—) P (2106
+zk: dem g Ty or) e 100
We assume the mechanical equilibrium state as
We _y pag - o+ oF (2.107)
dt — Y — Y - p - PrL'k, .
and constant external forces
oV,
“F_ 2.108
at Y ( )
and the pressure
Jp
— =0 2.109
at ) ( )
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coming from eq.(2.107) and F;, = —V ;. Then, the time derivation of the

temperature can be calculated as

oT
CPE:_V.JQ—FZpkvk'th_'_vG'Zkak_FZFk. Jk
k k K pr(vi—vG)
(2.110)
=V Jo+ Y F - J+> Fono', (2.111)
k k

Substituting the linear relations eqs.(2.86) and (2.87), the general expression

of the time evolution equation of T can be written as

or y ~ . -
CXW -V - {KVT +naTD" |54V aa+ (nafity — 1)Fy + nB,uZFB}}

~ n 5 -
= B {naawsD'VT + e DlaVia+ (naily = D
k AA

—+ nBﬂZFB] } —+ ’UM . anFk
k
(2.112)

Especially, in the case of no external field F, = 0, eq.(2.112) becomes

or

CPE =V - {KZVT -+ nATD”IaZAV.’L‘A}. (2113)

2.2 Phenomenology of Dufour Effect

Waldmann’s phenomenological equations” for the Dufour effect are the

followings
— =DV 2.114
8t TA, ( )
or 83:A
— = KV*T + == 2.115
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— A — anTkT _ k:BnTQD” 3 _ 2’ 3
where K = o and g = e = oD with kr = T'x sxp7 denoting the
thermal diffusion ratio.

Now we can derive these equations from the time evolution equations of

x4, T eqs. (2.96) and (2.113)

83:A

n—o-=V- {nzazpD'VT +nDVx,}, (2.116)
T
cpaa—t =V - AVT +n TD"i%,Vaa}, (2.117)

under the following three assumptions. First, the system can be regarded as
the ideal gas. Second, the temperature gradient due to the diffusion is so
small that the thermal diffusion term in eq.(2.116) is negligible and therefore

the relation

aZ‘A

N = V - (nDVz,), (2.118)

holds approximately. Third, VT and Vz 4 are so small that the coefficients

of VT and Vx4 in egs.(2.116) and (2.117) are approximately independent

of the position and the time. From the first assumption, we can obtain

- Ofia kT
Ti= = = — 2.119
Haa <8xA>T,p xa ( )

thus using the third assumption, eq.(2.117) can be written as

or
Ch oy = kV2T +nT?kpD"V?1 . (2.120)
Similarly, eq.(2.118) can be written as

0
% — DV, (2.121)
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by the third assumption, and substituting eq.(2.121) into eq.(2.120),

oT K nT?kgD" Oz 4

— = — VT . 2.122

ot Cp * cp,D ot ( )
= =

Eq.(2.121),(2.122) are the Waldmann’s phenomenological equations.
Waldmann considered the following ideal situation to find the solutions to
egs.(2.121) and (2.122). Let the two insulating parallel plates of infinite extent
be in the the xy-plane at © = +1[, and a diaphragm at x = 0. Between these
plates, the gas mixture of two components is contained. We initially prepare
the profile of the higher-molecular-weight gas A as z4(x) = 2% £ 029 (z < 0)
and the diaphragm closed. The initial temperature is set to Ty in the whole
system, and the pressure is assumed uniform and constant. The boundary

conditions are

ox A oT
T == =0. 2.123
( Ox );v::i:l ( Ox >ac::|:l ( )
The solution of the phenomenological egs. (2.121) and (2.122) under these
conditions is shown in fig. 2.1 where the non-dimensional parameters are used

T wD? Ty -T
[

s T = —51, = M, (2124)

412

instead of the position x, the time ¢, and the temperature T', respectively.
From fig.2.1, we can observe that the temperature displacement occurs near
the x = 0 where the diffusive mixing occurs at the beginning, and propagates
toward the boundary of the system. This result can explain why Dufour
observed the temperature fall near the the surface of the porous partition,

not in the bulk of the vessel. Because the porous partition retains the flow
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of the gasses, the diffusive mixing occurred mainly near or in the porous

partition.
—1;=05
0'4 / _t_:-_’.___._-——
7=0-001 ///...-—-—""""_
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Fig. 28. The temperature change € as a function of (a) time 7 at various positions
£ in the diffusion vessel; (b) position £ at various times 7. (After Waldmann,

1943.)

Fig. 2.1: Non-dimensional time 7 and position ¢ dependence of the non-
dimensional local temperature 6 in the special case when a relation

D = K holds.?)



In this way, Waldmann constructed the phenomenology of Dufour effect,
by starting from the phenomenological time evolution equations of the mole
fraction x4 and the temperature 7. From his phenomenology, how the tem-
perature difference appears, in the process of the diffusive mixing of the heavy

gas and the light gas, was understood.
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Chapter 3

Model

3.1 Construction of Heat Pump Model

In sections 1.1 and 2.2 we saw that, when the gasses with different molec-
ular weights mix diffusively, heat flows from the higher-molecular-weight gas
toward the lower-molecular-weight gas. In this section, we construct a heat
pump model utilizing this property of the Dufour effect.

The main concept of the model is the following. Because the Dufour effect
occurs only when a diffusive mixing occurs, we need to make a diffusive mix-
ing happen constantly or intermittently. But, since a diffusive mixing process
is transitional, it is difficult to keep the process constant like the steady state
of the Peltier effect.?19 For this reason, we separate the chemical compo-
nents of the mixture after the previous mixing process is finished, and then
the next diffusive mixing is resumed after the separation of the components.
By repeating this procedure, diffusive mixing processes where a heat flow is

induced by the Dufour effect are performed on and off. We use an external
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electric field for the separation of gasses.
Let us define the model in detail. We consider a gas mixture of the two
components A and B, and the molecular weight of the component B assumed

to be higher than A, so that
my < mpg, (3.1)

where m, and mp are the molecular weight of the gasses A and B, respec-
tively. To separate the mixed components into A and B by an electrical field,
electrical charges g4 and ¢g are given to the molecules A and B, respectively,

and we assume

ga=—q, qs=gq (¢>0), (3.2)

for simplicity. we also assumed that the particle numbers of the components
in the system are N4 and Ng, and other properties of the components A and
B such as a particle interaction or a shape of the molecules are supposed to
identical.

This gas mixture is contained in the system as schematically depicted in
Fig. 3.1. The boundary at z = 0 is attached to the heat bath with a high
temperature T}, at all times, and the boundary at x = L, is attached to
the heat bath with a low temperature 7, in the separating process or the
insulated wall in mixing process. An area of cross section perpendicular to

the x-direction of the system is S.
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Fig. 3.1: A Schematic figure of the system and the procedures of the heat

pump model.

To pump a heat from the bath T, to the bath T},, two procedures we call
the separating process and the mizing process are repeated. As schematically

depicted in Fig. 3.1, the definition of these processes are following.

1. separating process During this process, the heat bath with T, is re-
moved from the system and is replaced with the insulated wall. Fur-
thermore, a static external electric filed E, = E(> 0) is applied in the
x-direction. After continuing this process for a time Atgp, the system

is switched to the mixing process.

2. mixing process During this process, the heat bath with T, is attached
to the boundary at « = L,, and the electric filed is turned off (E, = 0).
After continuing this process for a time At;y, the system is switched

to the separating process.

28



In the separating process, the components of the gas mixture are sepa-
rated so that the component A is gathered around the boundary x = 0, and
B is gathered around the boundary z = L,. In other words, a negative gra-
dient of the mole fraction 8;—;(< 0) is built. The heat energy due to the work
done by the external field is leaked to the heat bath with T}, and the system
approaches the steady state at the temperature 7T}, if the time Aty is taken
sufficiently long. Especially, in the case of T), = T, the system approaches
the equilibrium state at temperature T}, (or 1,) if At,., is taken longer than
the relaxation time of the system to the equilibrium state.

In the mixing process, a diffusive mixing of the components A and B
occurs. Since the gradient of the mole fraction ag—;‘ at the beginning of this
process is negative and we assumed m4 < mp, a heat flow toward the B-rich
region, that is, in the negative z-direction is expected to occur by the Dufour
effect, which means that the heat flows from the heat bath with 7, to the heat
bath with 7},. In the case of T}, # T, after a relaxation time of the diffusive
mixing process, the heat begins to flow to the opposite direction due to the
temperature difference of the heat baths. Thus, to improve the efficiency of
the heat pump, we should switch the mixing process to the separating process

and remove the heat bath T, before the opposite heat flow begins.

3.2 MD Simulation of the Model

In this section, we confirm a performance of this heat pump model nu-

merically by using MD simulations.
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3.2.1 The Simulation Model

In our simulation model, the time evolution of the system is governed by
a Hamiltonian

N o2 N N 2
H= Z Qp;,il. + Z U™ (Jr; —750) = Z%Ex(t)l'i + ZZ Urell(|z; — @),
=1 i=1

i<j i=1 a=1

(3.3)
where p;, r;, m;, ¢;, and x; denote the momentum, the position, the mass, the
electrical charge, and the x-coordinate of the i-th particle , respectively. U™
denoting the interaction potential for the center-to-center distance r of the

particles, is taken to be a hard Herzian potential,

) Yo —r|2 r<o
U™(r) = | I+ ), (3.4)

0 (o <)
where o is the diameter of the particle, and a constant Y is taken to be
Y = 10%e0~ 2 with an energy unit e. Herzian potential is known to be able to
produce the properties similar to hard-sphere system.')-1%) U¥l(r) denotes

the wall potential at the boundaries of z-direction which is defined as

U;vall(r) _ 6(%) + UO (7‘ S J) 7 (35>

0 (r > o)
where Uy is taken so that the potential is continuous at r = o. () = 0 and
? = L, denote the positions of the walls. The external electric filed E,(t)
is defined

E  (for the separating process)
E.(t) = ) (3.6)

0  (for the mixing process)

30



where F is independent of time t¢.

VA
L2

L,

Ly

VA

(Th,n) (Te, ¥e)

Fig. 3.2: A schematic figure of the system used in the simulation.
(Th,vn), (Te,7.) are the bath temperature and the viscous friction
coefficient of the heat bath h, ¢ respectively. The boundaries in the
y- and z-directions are connected by periodic boundary conditions,
and the potential walls eq.(3.5) are placed at the boundaries in the

x-direction at = 0 and x = L.

The geometry of the system is shown in Fig. 3.2. The particles are confined
in a cuboid box, whose size is denoted by L, x L, x L,. In the y— and
z—directions, periodic boundary conditions are imposed. Heat bath regions
are attached to both sides of the z-direction with a width L, /5. The kinetic
temperatures in these regions are controlled by the Langevin thermostat?®

with different temperatures 7}, and T.. The time evolution of the particles
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are governed by the equation of motion

OH ) OH

T

if the i-th particle is in the bulk L,/5 < z; < 4L,/5, and governed by

Langevin equation'®
. OH . OH Pi
i = ) P = - Ja T a t == h, y 3.8
Rt =T Pien) a=ho, 69

if the i-th particle is in the bath region a, where a = h corresponds to the
region 0 < z; < L,/5 and a = ¢ to 4L, /5 < x; < L,. &€,(t) is the Gaussian

white noise whose time correlation functions satisfy

<£aa(t)§aﬁ(t/)> = 2'7akBTa5aB§<t - t/> (Oé, ﬁ =T,Y, Z)a (39)

where kg is the Boltzmann constant, 6(¢) is the delta function, and ~, is the
viscous friction coefficient.
The time evolution of the system is performed by integrating eq.(3.7) or

eq.(3.8). If the i-th particle is localed in the bulk L,/5 < x < 4L, /5, we use

the velocity-Verlet scheme!”:1®)
vt + 5t) = mi(t) + vi(t)5t + £—<n? (3.10)
wilt + 6t) = wi(t) + L0 gfff Filt) . (3.11)

where v; denotes the velocity of the i-th particle f; is the potential force

applied to the ¢-th particle, that is f; = —g—H. If the i-th particle is located

r;
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in the bath region a(= h, c¢), the velocity-Verlet scheme is replaced with

AW,

| . IR A Ei(t) 50
ril(t 4+ 81) = mi(1) + (1 2mi5t>’uz(t)5t+ o O (3.12)
1 VaOl Fi(t+ ot) + Fi(t) AW,
v(t + 6t) = T (1— 2mi)vl(t)+ T st =
(3.13)

where {AWy;}, {AW3;}(j=z,y,-) are the normal random numbers which obey

<AW1]'> - <AW2]> - O, (314)
) ) ot?
(AWE) = 29kpTodt,  (AWE) = 23kpT,—, (3.15)
ot>
<AW1]'AW2J'> == 2’7akBTa77 (316)

for j = x,y, 2. Egs.(3.12)-(3.16) will be derived in Appendix B.1. We use
these schemes with a time resolution ¢t = 0.001, and the viscous friction
coefficients of the bath v, = ~. = 1.

In the following simulation in this section, we use the scale unit as m4 =
l,0 = 1,e = 1, and kg = 1, which define the unit of the mass, the length,

the energy, and the temperature, respectively. In this unit, the unit of time

is /mao?/e.

3.2.2 Results of the Simulations

Fig. 3.3 shows an example of the snapshots of the system. We can confirm
that the components A and B are separated by applying the external field

E in the separating process and the components are diffusively mixed if the
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external field is turned off in the mixing process. In the simulation, the system
size are L, = 40, L, = L, = 10, the number of the particles are N = 1000,
where Ny = N = 500, the external field £ = 0.1, and the temperature of
the baths are Tj, = 1.01,7. = 0.99. Each particles of the component A, B
has the mass my = 1,mp = 10, and the electric charge g4 = —1,q5 = 1,

respectively. This result can quantitatively be verified in fig.3.4 which shows

Separating Process Mixing Process
a) N\ () \

Atsep Atmix

-

Fig. 3.3: The example of the snapshots of the system when, (a) just after the
process switch from the previous mixing process, (b)just before
the process switch to the next mixing process, (c)just after the
process switch from the previous separating process, (d) just before

the process switch to the next separating process.

an example of the time evolution of the local mole fraction z4(z,t) in the

mixing process and the separating process.
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mole fraction of component A (Separating Process)
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Fig. 3.4: The profile of the mole fraction x4(z,t) in the mixing process
(5000 < ¢t < 10000), and in the separating process (10000 < ¢ <
15000), with Ats, = Atgep = 5000. A curve of ¢ = [ty : t5] state a

profile averaged in the time between t; <t < ts.

Fig.3.5 depicts typical results of the time evolution of the global tem-
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perature T'(t) defined as the temperature averaged over the whole system.
Although the global temperature instantly falls to a constant in the mixing
process (5000 < ¢ < 10000 in fig.3.5), a peak of the global temperature is
observed in the separating process (10000 < ¢ < 15000 in fig.3.5). This peak
is due to the heat produced from the work done by the external field E,
turned on at t = 10000. The temperature fall to T}, in the separating process
implies that the heat produced by E, leaks to the heat bath with 7}, and the
system reaches to the equilibrium state at the temperature 7},. The same re-
sult can also be confirmed in fig.3.6, which shows that the local temperature
T(x,t) of the system becomes spatially homogeneous at the temperature T,
after a rapid temperature increase. Furthermore, from fig.3.6, we can see that
the system reaches the nonequilibrium steady state with the heat conduction

with a spatially linear temperature profile.
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Fig. 3.5: A time dependence of the temperature averaged over the whole
system. The system is in the mixing process when 5000 < t <
10000, and in the separating process when 10000 < ¢ < 15000 and
t < 5000, with Atgp = Atsep = 5000. The temperature of the hot
bath T), = 1.01, and the average temperature T = (T}, +7,)/2 = 1.0

are also plotted.
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Temperature Profile (Mixing Process)
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Fig. 3.6: The profile of the local temperature T'(z, t) in the separating process
(5000 < t < 10000), and in the mixing process (10000 < t <
15000). A curve of t = [t; : t9] is drawn following the same rule

with fig.3.4.

Fig.3.7 shows the time evolution of the number-density distribution of
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the particles n(z,t) with the same parameters as in figs.3.4 and 3.6. We can
find from fig.3.7 that the distribution n(z,t) in the mixing process instantly
reaches the steady profile, and this relaxation time of n(z,t) is small than
xa(x,t) and T'(x,t) as we can see in figs.3.4 and 3.6. This result is assumed

to hold in general for the phenomenological analysis in the next section.
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Fig. 3.7: The profile of the number-density n(z,t) of the particles in the
separating process (5000 < ¢ < 10000), and in the mixing process
(10000 < t < 15000). A curve of t = [ty : L] is drawn following the
same rule with fig.3.4. In this simulation, we use N = 1000, L, = 40
and L, = L, = 10, thus the averaged number-density 7 = 0.1.
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We measured the heat current QhOt(t) which flows from the system into
the heat bath with 7}, and Q% (¢) which flows from the bath with 7, into
the system, defined as

“ho 5M/ih0t t 3o

Qo =- Y WU g

i€HotBath i€ColdBath

> W(S—t(t) (3.17)

where the notations Y,y ipan a0d D ccoqpatn iMPly the summations for all
the particles in the bath regions 7}, and T, respectively. W¢(t)(a = h,¢) in
eq.(3.17) denotes the work done by the Langevin bath a to the i-th particle
in the time 0t, and becomes approximately

_ Fi(t+dt) + Fi(t)
2

SWE(t) ~ %vf(t +6t) — %vz(t)

(2

(it +0t) — (1)),
(3.18)

as derived in the Appendix B.2 using the stochastic energetics.??) Fig.3.8
shows a examples of the time evolutions of Q"*(t) and Q% (t). We can see
that Qh"t(t) has a peak corresponding to the heat leak due to the external
field in the separating process, and the equilibrium state is realized at last.
The heat current Q°4(t) is zero in the separating process, simply because
the heat bath T, is removed during this process. The peaks of QhOt(t) and
QCOld(t) in the mixing process which have a similar profile imply that the
heat flows from the cold bath 7. toward the hot bath 7},. Therefore the heat

pumped by the Dufour effect is observed.
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Fig. 3.8: The time dependence of the heat currents QCOld(t) transferred from
the bath 7., and Q"(t) transferred into the bath Tj,. The system
is in mixing process when 5000 < ¢ < 10000, and in the separating
process when ¢ < 5000 and 10000 < ¢ < 15000.

In simulating the heat pump, our measurement is started when the system
exhibits a steady cyclic behavior with the period Atix + Atgep after transient
repetition of the mixing and separating process. To confirm that our model
is surely useful as a heat pump, we measured the cooling power ac and the

coefficient of performance (COP) e defined as

Q.= L / TIQCOId(t)dt, (3.19)

T =70 Jry
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, (3.20)

I
= |

where 7y is the relaxation time of the system to become cyclic with a period of
time (Atpix+ Atgep), and 7 is chosen so that 73 — 79 is the integral multiple of
(At pix+Atgep)- W in eq.(3.20) denotes the average work done by the external

field F per unit time. Since the system becomes cyclic after the relaxation

time ¢t = 19, W satisfies the first law of thermodynamics written as
W=@Q,-Q., (3.21)

where éh is defined as

0, = /ﬁQhOt(t)dt. (3.22)

™ — To 0

Since éc and éh can be calculated from the data obtained in Fig.3.8 using
egs.(3.19) and (3.22), we can measure the COP ¢ using the relation

€= _‘Q—C__, (3.23)
Qn — Q.

coming from eqs.(3.20) and (3.21). We can confirm that this system is surely
useful as a heat pump by choosing the parameter region where the COP and

the cooling power are positive, as follows.
As we saw in Fig.3.8 that the heat flows oppositely (from the hot bath
T}, to the cold bath T) after the relaxation of the diffusive mixing. Since this
opposite heat flow may decrease the COP and the cooling power because of
eqs.(3.23) and (3.19), we need to choose an appropriate value of Aty to
obtain the positive COP and cooling power. Fig.3.9 shows the Atf,;,, and

Atgep dependence of the COP € and the cooling power 60- We can see that €
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and 66 have the maximum positive values, and these results imply that this
system is useful as a heat pump. We also measured the temperature difference
AT between the baths dependence of ah and €, as shown in fig.3.10. But the
result of fig.3.10 implies that, this heat pump is useful only when AT is very

small.
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Fig. 3.9: Aty and Aty,ix dependence of the cooling power and the COP with
the temperatures 7T}, = 1.01 and T, = 0.99.
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Fig. 3.10: The temperature difference AT = T, —T. dependence of the cooling
power and the COP, with the process times Atge, = Aty = 3000,
and the temperatures 7, = 1 + AT/2 and T, = 1 — AT/2.
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Chapter 4

Theoretical Analysis

4.1 Expression of the Cooling Power and the
COP

We consider a simple case that the heat baths have the same tempera-
ture Ty(= Tj, = T.), and a process is switched to another process after the

equilibrium state is realized, which means
Atsep > 7-sepa Atmix > Tmix (41)

where Ty, and T,ix are the relaxation times to the equilibrium state of the
system in the separating process and the mixing process, respectively. We
assume that the mechanical equilibrium state is realized quickly in the mixing
process. From this assumption and eq.(2.53), since the external field does not
exist (£ = 0) in the mixing process, Vp vanishes. Furthermore, we assume
that the number-density of the particles n(x,t) in the mixing process reaches

the steady distribution quickly compared with the relaxation times of the
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mole fraction x4(x,t) and the temperature T'(x,t). From this assumption

, where NV is the total number of particles in the system

)
n(z,t) becomesn = &
and V' is the volume of the system. The latter assumption is confirmed to hold
in our system by the numerical result of fig.3.7. Although we can develop the
analysis without the latter assumption, the result becomes too complicated
and the essential physical result becomes very similar to the result from the
analysis in this section.

The goal of our analysis is to calculate the cooling power 56 and the COP
¢ defined as eqs.(3.19) and (3.20), respectively. In this section, we calculate

these quantities, in the case of T, = T}, under eq.(4.1).

4.1.1 Time Evolution of 4 and T in the Mixing Pro-

cess

Since the external field does not exist, the linear relations eqs.(2.88) and

(2.89) hold and we write them simply as

or 0
JQ(Q?,f) = —llla(x,t> — lu%(iﬁ,t), (42)
- oT 0

i (@,t) = ~la (1) - 122%(3;,@, (4.3)

where 11, [12,l51 and lys are expressed as
I =k, lig =naai4TD", loy =nzaxpD’, loy =nD, (4.4)
and they depend on the position z and the time ¢ thorough p, T, x4 and n as

Lij(z,t) = lij(p(x,t), T(x,t),xa(z, t), n(x,t)  (i,7 =1,2). (4.5)
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Using [;;, the time evolution equations eqgs.(2.96) and (2.113) become

or, 9o orT x4
CPE(LE, t) = % [111<I, t) %(ﬂf, t) + 112(567 t) W(SL’, t>:| s (46)
Ory, . 0 or x4

If we neglect the second-order of 9= and 85—;, eqs.(4.6) and (4.7) become

8T 82T 82,I‘A
CPE(ZE, t) = lll(l’, t) w(l’, t) + lm(l’, t) W(l’, t), (48)
ox 0T 0%z
s 2w, t) = b (2,1) 5 (28) + (2, 8) 52 (1), (4.9)
using % = g—z = 0 which comes from the assumptions. These time evolution

equations are solved with the boundary conditions
JA0,t) = JA(L,,t) =0, (4.10)
T(0,t) = T(Lg,t) = T, (4.11)

since the both boundaries of z-direction are the heat walls of the same tem-

perature Ty. The initial condition of the mixing process are
T(x,0) =Ty, wa(x,0)=25(2), (4.12)

where 2% (z) denotes the mole fraction distribution of the equilibrium state
in the separating process with the external field E. The distributions of the
mole fraction x4 and the temperature 7T in the final state of the mixing

process are written as
T((L’, Atmix) = T(), (L’A(l‘, Atmix) = fA. (413)

where T4 = % is the mean mole fraction and the N4 is the number of

particles of the component A in the system.
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4.1.2 Expression of the Cooling Power

The cooling power eq.(3.19) can be expressed as

6 _ _Qmix(Lx)

= 4.14
¢ Aﬁsep + Atmix’ ( )

where Quix(7) is defined as

Atmix
Quin () = / S, t)dt. (4.15)
0
S is the area of cross section of the system. By eliminating 85”—; from eqgs.
(4.2) and (4.3), and substituting J into eq.(4.15), we obtain

Atmix 121 oT Atmix 112 -
Quix(z) = 5 ; — b+l %(-’E,t)dt + 5 i Z_JA (x,t)dt.

l22 22

(4.16)

Using the boundary condition eq.(4.10), the cooling power eq.(4.14) becomes

= 5 A I\ OT
_ 12 (L, b, 417
QC Atsep + Atnlix A ( 1+ a2 lzz) 83: ( ) ( )

4.1.3 Expression of the COP

We can write W introduced in eq.(3.20) as

Wk

e We
Atsep + Atmix

(4.18)

where Wg denotes the total work done by the external field £, = E to
the system in the separating process. Wy can be calculated from the initial
distributions of the mole fraction x, and the the number-density n of the

particles in the separating process

) =T

=
Il
3
—~
3
Il
<|=

) (4.19)



and from the final distributions xf(x),n®(z) in the separating process. By

defining dz% (z) and dn®(z) as
65 (z) = 2 (2) — 74, OnP(x) =nf(z) -7, (4.20)
WEg can be expressed as

Wi = ¢plei=°(x), n"="(2)] — Yplef (z),n" (z)], (4.21)
= g[Ta, 71| — Yp[Ta+ 02 (z), 7+ on”(2)], (4.22)

where gz 4(z), n(z)] is the potential energy of the system due to the electric
field £, = E. Eq.(4.21) can be derived only from the fact that the present
external field £, = F is conservative. Remembering that the electric charges
of the particles are given by ¢4 = —¢ (¢ > 0) and g = ¢, we can write the

potential energy ¥plra(x), n(x)] as

Yplra(z),n(x)] = / z {qu xa(z)n(x) +(—qE)$£1 —xza(x))n(x) }Sdm,
0 N——

Vv
na np

(4.23)

= qES/O ' n(a}) (2$A(.1') — 1)$ d-’ll', (4'24>

where n4 and ng denote the number-density of particles of each components

A and B, respectively. By substituting eq.(4.24) into eq.(4.22), Wg becomes

Ly
Wg = qES/ ﬁ(2f14 - 1)I dz
0

—qFL, /OLZ <ﬁ + 5nE(JJ)) { 2(%,4 + 5:(:5(:1;)) — lj}x de,  (4.25)

N

g

(QEA—l) +262E (z)
Ly
= —qE'S/ {5nE(x) (2T4 — 1) + 20025 (z) + 25nE(x)§xf(x)}x dx.
0

(4.26)
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Therefore, by substituting eqs.(4.26) and (4.17), the COP can be expressed

as

Q
= c 4.27
‘ WE/(Atsep + AZfmix) ’ ( )

_ foAtmix ( — I+ llQ%) o T (L, t)dt .
qF fOLI {(25,4 —1)onP(z) + 2ndxf(z) + 25nE(x)5x£(x)}x dr

4.2 Approximate Calculation

4.2.1 Assumptions for Approximation

We make two assumptions to solve the time evolution equations egs.(4.8)

2%
2 and E are very

and (4.9) approximately. The first assumption is that aT
small so that the coefficients {11, l12, l21, l22, ¢, and n which appear in the time
evolution equations and the linear relations, approximately depend only on
the average values p, T, T4 and 7, which do not depend on the time and the

position. From this assumption, we can linearize the time evolution equations

eqs.(4.8) and (4.9) with the constant l11, 12, lo1, lo2, G, and 7 as

or - 0*T 02

Epa—(x,t) =ln— 52 (2, 1) + L1z ax;‘ (z,1), (4.29)
8xA = 82T = 82{L‘A

nﬁ(x t) =lyy— 2 (,t) + log—— 2 (z,1). (4.30)

The second assumption is that the mixture can be regarded as the ideal gas
when the system is in the equilibrium state. Under the second assumption,
the number-densities n%(x) and nf(z) of the particles of the components A

and B in the presence of the external field E can be written as

1
E _
na(®) = o7 gm0 ") = ogEn (4.31)
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respectively, using the equilibrium statistical mechanics, where 3 = 1/kgT.
Using these expression, dnf(x) and dz%(x) become

_ BEq N BB =)  Npe—BEa’f—2)

E —_—
- 4.32
on”(x) g Bhl  smdy n, (4.32)

L,
~ (24 —m)BEg( — ). (4.33)
NaN BEq(%—w) _ —BEq(%—a)

(5IE($) = AYB € L2 € 2 _ 7 (434)

NA + NB NAe,BEq(T-fo) + NBefﬁEq(T'”fx)

L,

~ 274 (1 — Ta)BEq (=" — =), (4.35)

2
where we expanded the equations up to the first order of E. Since the mixture

is the ideal gas mixture, we can write /15 as

kT
liy = nafi , TD" = ny~2=TD" = kgT*nD". 4.36
AA T

4.2.2 Cooling Power

Now, we can calculate approximately the cooling power 56 expressed as

9

eq.(4.17). Eliminating ;jf;‘ from eqgs.(4.29) and (4.30), the time evolution

equations become

_aT_ - - 721 82T - ﬁ(‘?xA
Cpg == ( 11 — 12;)@ + ZIQE W, (437)
——
=0 =l

where we introduce 7,1 and ZIQ for simplicity. By integrating eq.(4.37) with
respect to the time ¢ on [0, Aty,] and using the initial condition eq.(4.12)
and the final state eq.(4.13) of the mixing process, eq.(4.37) can be written

as

At i 2
7 mix 2T — E
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By substituting eq.(4.35) into eq.(4.38), this equation becomes

- 0? Atmix —/ _ L,
0= ll@ i T(x,t)dt — 21,0 A(1 — xA)ﬁEq(7 — ). (4.39)

By integrating eq.(4.38) with respect to z, we obtain
3

Atmi 7/ — —
mix 21 1-— E L,
o(z) = / T(x,t)dt = 274l 7 T4)PEq ( - % + Zﬁ) + Cix + Oy,
0

1

(4.40)

where C and C; are integral constants. Under the boundary condition 7°(0,¢) =

To, thus ¢(0) = ToAtix, we can write
Cy = ToAbuix. (4.41)

Similarly using the boundary condition T'(L,,t) = Tp, therefore ¢(L,) =
Ty At ik, the integral constant C is given by

B 20,TA(1 — Ta)BEq L

(4.42)

Therefore we can write eq.(4.40) and its z-derivative as

3 2

C2TA(l—Ta)BEq 2 L, , L2
o(z) = ; ( —+ 12:5) Ty Al (4.43)
96, . Lwa(l—Ta)BEq ) L?
: %(x) = 7 < —2° 4 Ly — F) (4.44)
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By substituting eq.(4.44) into eq.(4.17), the cooling power can be calculated

as
— _S _ _ 221 Atmix aT
=—|\ -1 l _—> — (L, t)dt, 4.4
Q. Aley +Atmix< 11+ 12122 /0 8x( ) (4.45)
%2(Ls)
-5 (— = 721 Z;EA(l — EA)ﬁEq L?
= 11 — l12_—> - _1177 (446)
iy
—IyTa(1 —T4)BEqSL?
_ 237A< Ta)BEq T (4.47)
6(Atsep + Atmix)
 —kgTD"TA(1 — Ta)BEqSL2 (1.48)
B 6D (Atsep + Atix) 7 '
where we used Z; = 712% = kBTZW%” from eq.(4.36). Since the Dufour

coefficient D" is negative when m, < mp as stated in Section 1.1, eq.(4.48)

is positive in our model in the case of T}, = T..
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4.2.3 COP

Substituting eqs.(4.33) and (4.35) into dzf(x),onf(x) in eq.(4.26), Wg

can be written as

P (x)
L, é L o
Wy = —qES {2——1 94 — 1) BEq(ZE —
v = —abs [ {(2m - 1) @ —msEa( )
n(2z4—1)
dxfl (z)

A

Ve

+ 21 - 2T 4(1 — EA)BEQ(% — ) —i—ﬁ(Ez)}x dx

Ly L
=~ —SB(qE)* n{(2Ta — 1)* + 4T4(1 — Ta) } / (7% — 2?)dx,
\0 J/

VT
L3

_ SLB(¢E)m
- 12 '

Therefore, using eqs.(4.48) and (4.51), the COP eq.(4.27) becomes

 —2kpT D"Ts(1 —Ta)
‘= L.qED ‘

(4.49)

(4.50)

(4.51)

(4.52)

Again we note that since D” < 0, € > 0 in our model in the case of T}, = T,.

4.3 Numerical Confirmation

4.3.1 Simulation Model for Confirmation

To confirm the validity of the theoretical results, we compare them with

the numerical data obtained by the MD simulations. Before the confirmation,

we note that the MD simulations in this section are performed in the 2-

dimensional system, with the more accurate simulation model of the heat
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bath, for saving the computation time and for improving the accuracy of the
numerical data.

We use the thermalizing wall model?® as the heat bath in this section.
If a particle of the mass m collides with the thermalizing wall with the tem-
perature T, its velocity is stochastically changed to the value v according to

distribution functions

2 2

m muv, m muv
P,(v,) = ——=|vn (_ = >7 P, = (_ : >7
<U ) /{ZBT |U ’ P 2]€BT t(Ut) 27TkBT P 2]€BT
(4.53)

where v,, and v; are the perpendicular and parallel to the heat wall, respec-
tively, and the sign of v,, is determined so that the direction of v is opposite
from the thermalizing wall. When the thermalizing wall is the boundary of
the z-direction, these components become v, = v, and vy = v, in the 2D
system. If the velocity of the particle before the collision with the thermaliz-
ing wall is vy, the energy gain of this particle collision from the thermalizing
wall can be expressed as Z(v® — v{) with no approximation. This is because
we use the thermalizing wall instead of the Langevin bath for the accurate
measurement of the hear currents Q" (¢), Q"(¢).

The geometry of the system is changed as schematically depicted in Fig.
4.1. The system is the two-dimensional rectangle with the size L, x L,. The
periodic boundary condition is imposed in the y-direction. The boundary
of the z-direction at x = L, is the thermalizing wall with the temperature
T, in the mixing process, and the elastically reflecting wall in the separat-
ing process. In this model, the wall potential term UYa! is removed from
the Hamiltonian eq.(3.3). The boundary at z = 0 is the thermalizing wall

with the temperature 7}, in the both processes. The velocity-Verlet scheme
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egs.(3.10) and (3.11) is used for all the particles in the system with the time
resolution ¢ = 0.0005.

(Separating Process) Lm (Mixing Process)

v
8

£

|
(!
=

Fig. 4.1: A schematic illustration of the system in this section. Although
the system in fig.3.2 used the Langevin heat baths and was three-
dimensional, but the present system uses the thermalizing walls and

is two-dimensional.

As results of these changes in the simulation model, snapshots of the
system become as shown in fig.4.2. In the simulations, the system size are
L, = 40, L, = 25, the number of the particles are N = 100, where N, =
Np = 50, and the temperatures of the heat baths are T}, = T, = 1. Other
parameters such as the masses and the electric charges of the particles are

identical with §3.2.2.
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Separating Process

Mixing Process —~

Fig. 4.2: The example of the snapshots of the system in this section. In this
simulation, the number of the particles are N = 100, Ny = N =
50, the system size are L, = 40,L, = 25, the temperatures of
the heat baths are T;, = T, = 1, and each particle has my4 = 1,
mpg =10, g4 = —1, g = 1.

4.3.2 Numerical Calculation of k7

To compare eq.(4.48) and (4.52) with the numerical data, the transport
coefficients in these equations should be determined. It is convenient to use
the thermal diffusion ratio k7 defined as

/

D
kZT = TZL‘AZEBB, (454)
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which can approximately be calculated by the Chapman-Enskog theory,*:?

and the results in eqs.(4.48) and (4.51) can be rewritten with the thermal

diffusion ratio as

—  —kgTkynBEqSL?
— z 4.55
@ 6(Atsep + Atmix) (4:55)
—2kpTky
= 2= 4.
T T LqE (4:56)

where kr is approximated with the mean values as kp ~ (TZZpD/D’), and
we used the Onsager reciprocal relation eq.(2.71).

We numerically calculated kr of the two-dimensional system in the first
order approximation (Appendix A). Using the parameters my = 1,mp =
10,7 =1, T4 = Zp = 0.5, and Y = 10° of the Herzian potential eq.(3.4)

used in fig.4.2, the approximate value of kr becomes
kp ~ —0.142339, (4.57)

where we used the extended midpoint method?®) with the accuracy e = 107,
Using eq.(4.57), and the same values of n(= NL;'L;*),T,q,S(= L), L,

with fig.4.2, eqs.(4.55) and (4.56) become

100 - 40 - 0.142339

0. = E 4.58
Q. 6(Alsep + Atmix) ( )
~92.0.142339 1

Since eqs.(4.55) and (4.56) are derived under the assumption that Aty and
Atpix are larger than e, and 7y, respectively, so that the system reaches the
equilibrium state before the process is switched to another, the parameters
Algep and Aty are not essential for the confirmation of our theory. For this

reason, when the comparison of eq. (4.58) with the numerical data, we plot
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(Atsep + Atmix)éc, which implies the heat pumped from the cold bath T, in

a cycle, not in unit time.

4.3.3 Comparison with Theory

Fig.4.3 shows the numerical results measuring the work done by the exter-
nal filed F, = E as varying E, together with the theoretical result eq.(4.51)
in the case of S = L, = 25,L, = 40,¢ = 1 and n = 0.1. From fig.4.3,
we can see that the numerical data deviate from the theoretical curve when
0.07 < E. This result implies that the assumption of small E in the theory is
not satisfied when 0.07 < E and the approximations in eqs.(4.33) and (4.35)
may not be accurate. A possible reason why the numerical data are smaller
than the theory is that the repulsive intermolecular potential disturbs the
compression of gasses done by the external field E, therefore decreases the

work done by F.
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E

Fig. 4.3: Comparison between the theoretical result eq.(4.51) and the nu-
merical data using MD simulation with the same parameters in

fig.4.2

The cooling power and the COP of the theoretical results in eqs.(4.58)
and (4.59) are compared with the numerical results by the MD simulations
in fig.4.4. We can confirm a good agreement between the theory and the
numerical data in the region £ < 0.05, and the mismatching in the region
0.07 < E where the assumption of small E is not satisfied. Therefore, the

validity of our theory of the heat pump model is verified.
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Fig. 4.4: Comparison of the theoretical results egs.(4.58) and (4.59) with the

numerical data by the MD simulations.
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4.4 The Case of T} # T.

Finally, we show that a similar analysis can be executed in the case of
T, # T,., but the temperature difference 0T = Tj, — T, is very small, and
Atgep and Aty satisfy eq.(4.1). In this case, the time evolution equations
egs.(4.8) and (4.9) hold, and we assume that the linearized version egs.(4.29)
and (4.30) are also valid. Now, the boundary condition of the temperature

eq.(4.11) is changed to
T(0,t) =Tn, T(Lgt)="T.. (4.60)

but the boundary condition of JA written as eq.(4.10) does not change. The
initial condition and final state of T'(x,t) and x4(z,t) in the mixing process

(egs.(4.12) and (4.13)) become

T(x,0) =Ty, za(z,0)=25(2), (4.61)

T(x, Atpmix) = T5T(3:), rA(T, Alpix) = a:‘i,T(a:), (4.62)

where T°7(x) and 2] (x) denote the steady state distribution of the temper-
ature and the mole fraction, respectively, when the temperature difference
0T between the heat baths exists.
In the steady state of the mixing process, by eliminating (0?x 4 /02?) from
eqs.(4.29) and (4.30), we can write
0*TT ()
0x?
By integrating eq.(4.63) and using the boundary conditions eqs. (4.60) and

—0. (4.63)

(4.12), we can write T°7 (z) as
oT

T
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where 0T = T}, —T.. When the temperature is not homogeneous in the system
like the case of eq.(4.64), the steady state distribution of the number-density
of particles and the mole fraction in the mixing process, which are denoted
as 2% () and n°T(x) respectively, are generally not homogeneous. We can
determine 257 (z) and n°7 (x) with the additional assumption that the mixture
can be regarded as the ideal gas in the local systems when the system is in

the steady state of the mixing process, not only in the equilibrium state of

the separating process. From this assumption, we can write

_ p(l') _ p(l’) o p(x) (1+ oT w)
kBT‘sT(x) kBTh(l — %x) kgTh, WL,

6T(

nT (z) (4.65)

where we use dT < 1 in the last approximation. Since p(z) = const., which
comes from the assumption of the mechanical equilibrium state Vp = 0, we

can determine the coefficient of r.h.s. in eq.(4.65) by using the relation

Le
N = Sn’T (z)da, (4.66)
0
pS 0TL,
_ L, 4.67
kBTh( * 2Ty, ) ( )
S N T Sy (4.68)
kgT 2

where T is the average temperature between the heat baths, V is the volume

of the system. From eq.(4.68), eq.(4.65) becomes

I
n’(x) = 7 (1+ Tthm), (4.69)
noT L,
L 4.70
Rt (e =), (4.70)

where m = N/V. By denoting dn°T (z) as the displacement from the average
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number-density 77, eq.(4.70) can be written as

on®T(z) =n®T(z) — 7 (4.71)
noT L,
= L (e =5) (4.72)

From the expression for 797 (z) written as eq.(4.64), we can determine 6x% ()

defined as the displacement of the mole fraction 29! (z) from Z 4. In the steady

state of the mixing process, the linear relation eq.(4.3) becomes

- oTT - 0xoF
0——l21 or (11)—122 o (l’) (473)

By substituting eq.(4.64) into eq.(4.73), 29I (z) can be written as

3x5AT(:I:) . _721 ( _ 5_T

= - 4.74
TATpD 6T

>~ 2 - - 4.75

DL, (4.75)
TATp DT

- (@) = %x +C. (4.76)

The integral constant C' can be determined from that n°T (z) satisfies

NA:/ Snl (z)dx, (4.77)
0
L - = !
B T ST AT D'0T
_ /0 Sn (x)(—DLx x—f—C)dx, (4.78)
L =T = == !
v 5T nl' TaTpD'0T 9
_ Do 2AMBE 08 T 4.
0 S(C’n (o) 4wt O ))dx, (4.79)
SAT ToTpD'0T L?
=(CN = 4.
CN + T DL 2 (4.80)
(4.81)
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thus,

1 TaTgD'0T SLART
O = —<N . z ) 4.82
N4 DL, 2T, (4.82)
_ TAzgD'oT L, T
— T — 4.83
A DLQ; 2Th ) ( )

where ndl () is the steady state distribution of number-density of the parti-
cles of the component A when the temperature difference §7 exists, and can

be written as n’ () = n’T(2)x%L (). From eq.(4.83), we obtain

5T EAEBD’(FT( Lgc) _

= TATBT O (p o . 4.84
% () DL, T = ,—mA (4.84)

52:%(1)

We note that eq.(4.36) is valid in the case of T}, # T, i.e.
- - kT — _

lis = AAE A TD" = ia2—TD" = kT aD", (4.85)

TA

because of the additional assumption of the ideal gas.

4.4.1 Cooling Power

The expression of the cooling power eq.(4.17), which is derived from the
linear relations and the boundary condition J M(L,,t) =0, holds in the case
of 8T # 0. A difference in analysis due to 6T # 0 appears when eq.(4.37) is
integrated with the time ¢ for [0, Atyix], and eq.(4.38) is changed to

5T - Atmix 82T — 5T E
¢ (T (x)—Th) = ll/ wdt + 1y (629 (z) — 25 (2)). (4.86)
— 0
:—%x (- eq.(4.64))
By substituting eqgs.(4.35) and (4.84), the second term in eq.(4.86) becomes

D'oT orp’
DL, 2L, D

593‘?(9:) - 53:5(3:) = fAfB< + 25th>x — EAEBL,;< + Bth>,

(4.87)
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where f, = 1/kgTy,. With ¢(x) = fOAt"“" T(x,t)dt, we can write eqs.(4.86)
and (4.87) as

0%¢ Atmix §2
C o) = /0 () (4.88)
1 ¢,0T =
_ Z_’{ — T — T, (62 () - 5355(3:))}, (4.89)
1 x
1 { e,0T  LEaZpD'6T -/ _
=59 — + + 20,727 Eq |x
I [\ L, DL, . J]
$1
Lz aTpD' 0T
AT LTt B L } (4.90)
b0
hence, by integrating eq.(4.90), ¢(x) becomes
o(z) = —%x?’ + ;257(,)582 + Ciz + Cs. (4.91)
1 1

where we defined constants ¢, ¢g in eq.(4.90). From the boundary condition

T(0,t) = Ty, thus ¢(0) = T, At iy, the integral constant Cy is written as
Cy = T Al (4.92)

Similarly, from the boundary condition T'(L,,t) = T¢, C; is calculated as

$1 Po

T Aty = —— L2 + = L2 + C1 Ly + Ty At ix. (4.93)
6/, 21,
6T At iy L? L,
O == + ‘bl_,l“ - %_, . (4.94)
L, 6l, 21,

68



Substituting eq.(4.94) into eq.(4.91), we obtain

0T At i L? L,
90 y= g2y S, +( 4 0uls _ dol ) (4.95)
O 211 [ Ly 6, 20,
ST At i
{2¢1L2 —3¢oL, } — — (4.96)
1 5T  1FaTpD'oT -
_ _5{2L2<C”L + QxAgBL +2l'2@fBﬁth>
1 xX X
LzATpD'0T o 0T At iy
—3L, <2T + lngxBﬁthLz>} - (0)
1 (. [, ZATpD'6TL,
:—T,I{Qcp(iTijL T
. ST At i
+ l;fAfBﬁthLi} _ O8I (4 98)

T

Therefore, by substituting eq.(4.98) into the expression of the cooling power
(eq.(4.17)), 60 can be written as

—= —S - Atmix 9T
Qo= (— L1 + 112_21> / ——(Ly, t)dt, (4.99)
0

Atsep + AIfn’llX l22 ax
=1, (c.f. Eq.(4.37)) 29 (L)
_S 1T AT D' 0TL
— 2¢,0T L, + -2 ud
6(Atyep + Atmix){ GO L 2D
i} 61, 6T At
+ LT ATn Bl + L= } (4.100)
_S 1 ZATpD'0TL
~ 2¢,0TL, + -2 z
6(Atup + Atmix){ GOT Lt 2D
5T 61 6T At s
I R
+ QxAxBﬁ T Lz
(4.101)
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where we write T3, = T + 2L, and use &((6T)?) ~ 0. Z; and le in eq.(4.101)

can be written from eqs.(4.4) and (4.85) as

- - m _o D" - - -1 —o__ _ D"
ly=lp— = kgT e L=1 =l &k — kT NTATH 5

22 22
(4.102)

We can easily see that eq.(4.101) becomes eq.(4.48) when 67" = 0.

4.4.2 COP

The final state of the mixing process in the case of 6T # 0 differs from
that in the case of 7" = 0. In the case of 7" # 0, eq.(4.22) changes to

Wg = Yp[Za + 025 (x),7 + 0n’T (2)] — Yp[Ta + 025 (x), 7+ onP(2)].
(4.103)

From eq.(4.24), eq.(4.103) becomes

Wg =qES /LZ (ﬁ—l— (5n‘5T(;E)> { Q(EA + (535?{(30)) -1 }:L‘ dx (4.104)

(.

-~

(2@1—1) +2625T ()

—qES /OLZ (ﬁ + 6nE(x)> { 2(@1 + 5:1:5(:6)) -1 }:c dx, (4.105)

[\ J/

v

(QEA—1)+25a:’j(x)
= qES/D ) {(5n5T(x) — onP(z)) (274 — 1) + 20 (62% () — 6275 (x))

+ 26n°T (2)625F (x) — 25nE(x)5x£(x)}x dx.
(4.106)
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Substituting eqs.(4.33), (4.35), (4.72) and (4.84) into eq.(4.106), Wg can be
written as

5n8T (y) on® (x)
L (- N

v noT L L
Wy = gES {2——1[_ — YY) _ (2m4 —7) B Eq(ZE - }
E=( /o ( TA ) TLy(y 5 ) ( na n)ﬁh Q( 9 x)

7

H(ZTAfl)

A\

T TaDeT Lo\ L, .
ST (o) - )]

+ 06T + ﬁ(E?)}m dr, (4.107)

o " o T o 2
=~ ngES { [(ZxA —1)=— + (274 — 1)"BuEq
0 TL:(:
2T 4T D'0T
—xAzBL + 4@@35th1} a?
L

I R
— |@Fa = D+ (24— BB

2
TATpD'6T L,
+ % + 4@@36th7]$} dr,  (4.108)

o~ ﬁqES{éT[(ZfA _ 1)(3% . %) EAggD/}Li

12T
Lo
B Eq(?‘?)}’
(4.109)

o qESL2 (T 7, _ 2T ATpD’ 6T
et 27, -1+ . | +8(1- QT>EQL”” . (4.110)

Therefore, by substituting egs. (4.101) and (4.110) into (4.27), the COP
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becomes

_ Qo
B WE/<Atsep + Atmix>’
2 1, ZaTpD'6TL,

= T_M]TL% {2cp(5TLx + %)

€ (4.111)

oT

i} 61, 6T At i
+ 1;5@35@ — ﬁ>EqLi + 1—}

L,

(25,4 -1+ QEAfBD//DﬁST oT
/{ - +ﬁ<1—ﬁ)Equ}, (4.112)

=/ =/
where, [, and [; are

_ . D// _ . D//2
[, = IcBTZﬁE, [, =k — kpT MTATE o (4.113)

respectively. We can see that eq.(4.112) becomes identical with eq.(4.52)
when T, = Tj,.
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Chapter 5

Summary

This thesis has been devoted to study a heat pump model utilizing the
Dufour effect for investigating a possibility of application of this effect.

In Chapter 2, we reviewed the linear irreversible thermodynamics and
the phenomenology of the Dufour effect proposed by Waldmann. We first
derived the linear relations of the system consisting of the gas mixture with
two chemical components A and B, in which the mole fraction x4 and the
temperature 7" are inhomogeneous. Using the linear relations, the time evo-
lution equations of x4 and T" were derived. From these results, Waldmann’s
phenomenological equations for the Dufour effect were derived, and their
solution was shown.

In Chapter 3, we proposed a heat pump model utilizing the Dufour effect,
and numerically confirmed its usefulness as a heat pump. In this heat pump
model, the separating process in which the mixture is separated by the exter-
nal electric field, and the mixing process in which the diffusive mixing occurs

and the heat is pumped due to the Dufour effect, are repeated alternatively.
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Next, using the MD simulation, we measure the cooling power @ and the
COP € of a typical three-dimensional system of the heat pump model. Since
@ and € are positive in a specific parameter region, we confirmed that this
system is useful as a heat pump.

In Chapter 4, we theoretically analyzed the model using the linear irre-
versible thermodynamics. Using some assumptions and approximations, we
derived the expression for the cooling power @ and the COP ¢ from the time
evolution equations of x4 and T', in the case of Aty > Teep, Almix > Tmix
and zero temperature difference between the heat baths 07 = T, — T,. To
confirm this theoretical result, we calculated @ and e by substituting kr de-
rived from the Chapman-Enskog theory as varying the external field F, and
compared them with the data obtained from the MD simulation of a typical
two-dimensional system in the case of 07 = 0. As a result, a good agreement
between the theory and the data was observed when the external field E is
sufficiently small, which is a condition used in our theory as an assumption.
From this agreement, the validity of our theory was verified.

Finally, we discuss some remaining tasks. First, we do not check some
theoretical results derived in Chapter 4 numerically yet, for example L, and
n dependencies of @ and € in the case of 4T = 0. Second, the theoretical
results of @ and € in the case of 0T # 0 are not confirmed in this the-
sis. To confirm these results numerically, we must calculate the values of
the transport coefficients such as x and D” by the Chapman-Enskog theory.
Third, the theoretical calculations of @ and e in the case of Atgp < Tep and
Atmix S Tmix are remaining. To derive these expressions generally, we need

to solve the time evolution equations of x4 and 7' in the separating process.
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Since the time evolution equations become very complex in the presence of
the external field as we showed in egs.(2.95) and (2.112), and this would make
the theoretical analysis difficult. But it is possible and feasible to solve the
time evolution equations numerically and calculate @ and € in the case of
Atsep S Toeps Almix S Tmix and 07" # 0. One of the purposes to study the case
of Atsep S Toep and Atpix S Tiix is to confirm the relation between our model
and the Curzon-Ahlborn theory,? which derived a universal expression of
the efficiency of nonequilibrium engines. It is an open problem whether our
model can be described within the Curzon-Ahlborn theory or another mod-
ified theory is needed. The final remaining work is to confirm our model by
experiment, but it is not sure whether the electric field is the best scheme to

separate the mixture in an experiment. This is also an open problem.
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Appendix A

Chapman-Enskog theory

A.1 Expression for the thermal-diffusion ra-
tio [kT]l

The first order approximate expression for the thermal diffusion ratio [kr|
of the three-dimensional system is derived by the Chapman-Enskog theory.*
From the similar derivation, the two-dimensional expression for [kr]; can be
written as

1 1
—3 —3
IAMA (a_1_1a01 - a0—1a1—1) + «TBMB (a0_1a11 - a01a1_1)
2
G_1-10a11 — A7_4

[kr] =2
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where M4 = ma/mgy, Mg = mp/mg, myg = ma + mp. The matrix elements

a1, a1, a_1-1, ap; and ag_; in eq. (A.1) are defined as

2 N /
G11 = Tyaqy; + TATRA
/ 2 N
A_1-1 = TATBA_1_1 +Ta_;_q,
/
a1-1 = TATBA_q,

/
Qo1 = TATBOy,

e e e e
OOl
S Ot e W N
~— N~ ~— ~— =

!/

" ! !/ 1 / / !/
where a7y, a},,a",_,a",_,a]_1,ay and ag_; are expressed as

3 3 ~ ~ ~ ~
di =2MiME{ - 0 3) + 401 (2) - 1008 (1) + 20§ @)}, (A7)
ay = 203 (203085 (1) — MO (2)) (A8)

ahy = 2] (6MEMys + AMEOL (1) — AMEL) (2)
+ MO ) + 2 MEOF )}, (A9)
ahy =203 (20300 (1) - M3OR(2)), (A.10)
o= 2{(6M3M + DAY (1) — 400D (2
+ MO E) +2MsME0E @)}, (A1)
dfy = QP?(2), (A.12)
a’ =0P2). (A.13)
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Here, Q\)(r), le)(r) and OV (r) (I,r =1,2,---) are defined as

0 12k N

Ql?() 2U(mOMAMB W (T), (A]‘4)
. 1 (kgT\? ..

Q§”<r>=§a(—n§A) 7 Ow), (A.15)
) 1 T\? .

le)(r):§a(—k;53> # O (r), (A.16)

where o is the diameter of the particles, and # ) (r) are the non-dimensional

values defined as

g

#O(r) =2 /000 /01 e >+ (1 — cos! x) d(é)d(LqQ). (A.17)

A parameter y in eq. (A.17) is the scattering angle between the particles of
Herzian potential, which is defined as U™ (r) in eq. (3.4), and is the function

of the scattering parameters g, b written as

X(g,b) = w—Q/: {2—2(1 - Z;;;g) —r2} dr, (A.18)

where R is the root of

N

Uint (7”) b2 _

S (A.19)
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A.2 The Derivation of the two-dimensional

expression

A.2.1 Boltzmann’s equation and Enskog’s method
Boltzmann’s equation

Boltzmann’s equations for a binary gas-mixture are written as

dfa dfa Ofa  0Ocfa
ofp Ofp dfp  O.fB
ot T e T 5, T T (A.21)

where ¢ is the velocity of molecules of the component s(= A, B), Fj is
the external force on molecules of s, f; = fs(cs,7,t) is the distribution of
velocities of molecules of s. (0. fs/0t) denotes the rate at which the velocity
distribution fs is being altered by collisions with molecules. (9, fs/0t) may

be divided into the parts due to the collisions with molecules of A and B,

Oefs _ (Ocfs Oe fs _
L (35) (%) eam o

If the gas-mixture is very dilute so that collisions between molecules occur

thus

only as a two-body collision, we can derive

(aEJ;A) = //(f},f]’g — fafB)gaap de' deg, (A.23)

B

(%{A)A = //(f’fix — ffa)goa de' de, (A.24)
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by using the conservation of probability. Here, €’ is defined as
de’ = sin ydxd,

_ (smx/‘g—i‘) db, (A.25)

where x is the scattering angle, b is the scattering diameter, and g denotes

the relative velocity g = ¢ — ca. If ayp is defined as
0b
aap = b‘a—x‘/sinx, (A.26)
we can write simply
bdbde = app de’. (A.27)
We note that a4 denotes aq4. Thus, we can write egs. (A.20) and (A.21) as

Dafa+ Jalfaf) + Jas(fafp) =0, (A.28)
Dsfp+ Je(ff) + Jpa(fafs) =0, (A.29)

respectively, where we defined

0f, 0fs 0fs
D, = aJ; b, aﬁ +Fs~a£s (s = A, B), (A.30)
Talfaf) = / / (Ffa— I'f))gande de. (A31)
Tan(fafs) = / / (Fafe — Fify)gons de' des, (A32)

with similar definitions for Jg(fgf), Jea(fafs).

Enskog’s method

Enskog’s method is one of successive approximate method to solve Boltz-

mann’s equation. In this method, f, Z,fs, Ja+Jag and Jp+ Jg4 are written
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as

fa= A SO e =S S
(A.33)
Dafa=9+ 9V + 90+, Dpfs =98 + 25+ 29+,
(A.34)
Ia+Jap =IO +T0 4D+ Ty dpa =IO+ TP D
(A.35)

and Boltzmann’s equations eqs. (A.29) and (A.30) are subdivided into the

set of equations

70+ J7 =0, 78+ I =0 (r=0,1,23--). (A.36)

Furthermore, we assume that 7% (s = A, B) depends only on fs(o), 5(1)7 cee r=1)

for r > 1, and 29 =0 for r = 0, and that Jsr)(s = A, B) depends only
on f 8 ... £V By defining a appropriate set of {.@s(r)},{Jy)}(r =
0,1,2,---), the functions fs(o), fs(l),fs(z), --- can be obtained one by one so
that the distribution functions f4 and fp are approximately obtained from

Eq. (A.33).
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In this method, {J{"}, {JU'} are defined as

IO = La(FFO) + Ias(£O 15, (A.37)
J,(I) = ']A(ff(l())f(T)) + JA( f(ll)f(rfl)) RS JA(ff(gr)f(OU

+ Tap(FO ) + Tap(FO ) + -+ Las(FP ) (r > 1),
(A.38)

Jg)) = Jg( g))f(o)) + JBA(f,E;O)fJ(BO))a (A.39)
I8 = s ) + Jp(f) F) 44 Tn (£ 1)
+ Ipalf OIS + Tea(f VS + -+ Tpa(FYFS)) (r>1).
(A.40)

From these definitions, the divided Boltzmann’s equations eq. (A.36) for

r = (0 become

IV = Ta(fYFO) + Las(1P19) =0, (A41)
T3 = Ta(f5' 1) + Tea(F15)) = 0. (a.42)

From Egs. (A.41) and (A.42), the first approximate solutions can be obtain

as

m m
f,S;O)(CA’ T,t) =MNAa 27T]€:;T exp { — QkBAT[(uA . UO)2 + (UA o 00)2]}, (A43)

mp mp
fg))(cBr,t) =ng kT exp { — 21{:BT[<UB —up)? + (vp — vo)z]}, (A.44)

where u and v denote the z— and y— components of ¢, respectively, and ¢,
is the mean velocity of the mixture. We note that n4,ng, ¢y, and T" generally
depend on 7 and t.

To define {.@S(r)}, we divide an mean value of ¢ which is a function of e, r,
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and t, into {g_b(r)} so that

b= % / fode = % / ; FDode = ;am, (A.45)

and

= _ 1 [ .
" =~ / FDsde. (A.46)

In particular, we divide P and q defined as

P=P4+Pp=psCsCy+ ppCpCh, (A.47)

pAC?qx pACAa:CAy i pBC%;L‘ IOBCB:ECBy

pACAyCAx PAC_iy pBCByCsz PBC_%y
(A.48)

q=49a+gp=naLsCy+npEpCp, (A.49)

into {P™} and {q™}, respectively, so that

P= Z P g = Z q™, (A.50)
r=0 r=0

where

pr :mA/CACAff(lr)ch+mB/CBCBfg)dCB7 (A.51)

g = / BACafYdes + / EsCifSdes, (A.52)

and p; is the density of the component s (= A, B), Cs = ¢; — ¢y, and F, =

tm,C2. If r = 0, we can calculate

q® =0, PO = uyp. (A.53)



by using eqs. (A.43) and (A.44).

Next, we divide the time derivative 2 into {Z}(r =0,1,2,--+) so that
L T . S (A54)
where
= e G = e (h55)
o I w) >0, (A.56)
le(;jo = P{% } paFa+ ppFp — (;% PO (A7)
= paFs+ ppFp — 2_2;’ (A.58)
a(gjo = _a% PO (1> 0), (A.50)
nkp DDOtT = nkB{ag—f co - Z—Z} = —p(% - Cp, (A.60)
nkp (9(;? = nkg(% (nACX) + B@g)) + pACX) - Fy
+ pgég) - Fp — 82'1“ .q" —P" %co (r>0), (A.61)
and
% _ % .. a%’ (A.62)
eV =L [ f0Cudes, T =L [ 19Cudes (A.63)
na B
=3 ). Cy=3 Y. (A64)
r=0 r=0

are assumed so that the conservation laws of energy, momentum and mass

are satisfied. With these subdivided time derivatives {0,/0t}(r =0,1,2,---),
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the subdivision of Z;fs (s = A, B) in eq. (A.34) are defined as

(r-1) (r—2) (0)
g =l O T Gl +<cs 0 a)fs(r‘”,

s ot o ot ar TE e

(A.65)

for r > 1. We note that 98(0) =0 for r = 0.

A.2.2 Second approximate solution of Boltzmann’s equa-
tion
Second approximations J and 20

The second approximate solutions fﬁ‘l), fg) are obtained by solving the

subdivided Boltzmann’s equation eq (A.36) for r = 1. If we define the func-

(1) (1)
Oy

tions ®),, ® B fA fﬁf , B = fB (1), JS) can be written as

IV = T D)+ Ta (VO + Tan (O D) + Tas(FOFY),  (A66)
= Ja(f FOD) + La(£ 0 FO)
+ Tap(f D0 + Las(FO0P £, (A67)
= [[ (#0500 = £0 OO 4 (P00 10 - pO00 0 gy def de

NG f;(“)fg“@;é”
+ £ O _ plogn) p10) )g@AB de' dep, (A.68)
= / fﬁ;o)f(o) oM — @' 4 (13541) — @;gl))gal de’ dc
/ 7y fB Vo) @jgl))gaAB de' deg,  (A.69)

= n21,(®W) + nAnBJAB(cbfj) + o', (A.70)
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where 14, [ 45 are the integrals defined as
n4la(F) = // f,&o)f(o)(FA + F — F), — F')gaade'de,

nanglap(K) = // fg))f](go)(K — K')gapde'deg,

(A.71)

(A.72)

F'is a function of ¢4, and K is a function of ¢4, cg. Similarly, we can write

T = 03 I5(0W) + nanplpa(@Y + %)),
where Ig and Ig,4 are
nplp(F) = / / fO O (Fp 4+ F — Fjy — F)gapdede,
Ipa(K) = O O g g de'd
nanplpa(K) = [ [ f4 fp'( )gaapde'de,.

From eq. (A.65), .@S) is defined as

©
1) _ %fa REZNE S (0
Ia’ =5, +(cA o TE g |1

It is convenient to change the variables as
(ca,m,t) = (ca — co(r,t),7,t) (= (Ca,7,t)).

Then, eq. (A.76) is transformed into
30f,£;0) . doco 3]0&0)

(1) .
T T o)
o1y (0 N ofy oy
(Cateo) {ar = (5) oc, [ TE oy

By using the vector relation,

a-{(Vb)-c}t = a;(9:bj)c; = {(a - V)b}-c,
=ca: Vb,

36

(A.73)

(A.74)

(A.75)

(A.76)

(A.77)

(A.78)
(A.79)



where A : B is defined as A: B = Z Ai;Bj;, we can write

(0) (0)
1) Oofa (9f Ofa
Dor
ot
e O (D)) O
ot aC, ° \or ') aC,
7O
coi(9icoy) ZfTAA)j
ofy o\ off
F. - (L) - A
56, G {(arc"> aCA}’ (A.80)
N £
Ci(dicoj) ( )
D (0) o (0) o o (0) o o o (0)
_ ofa L, fa~ Ooco Ofy _( _ﬂ>. fA L F. fa
ot Yor ot ac, \7 ar) aC, oC.,
(P20 50)- 240
afA Co
Cy:—,(A81
8CA At Gy (ASD
Doty oY Docoy 0fY  of B
=" TGy +<F Dt> 9C, 90, oy
(A.82)
_ 40 Doln c 81nf£10)+<F_D0c0> ol £
— 4 Dt A or Dt aC 4
8111fA 0
Cy:— A.
ac, arCO} (A.83)
By substituting the first approximate distribution
2
In ff(lo) — const. + In -4 — maCi (A.84)

T3  2kgT’
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eq. (A.83) becomes

.@S) = ff(xo){ (ﬁ - 2)CA VInT +x,'dap - Ca+ 2656 - VcO}?

(A.85)
where €4 and d4p are defined as
ma %
= A.
=5 o (A.86)
dip=24AVinpy — pap: (Fa— F5) — p—AVPa (A.87)
p PP
respectively, and we denote the product C{C}y as
Uz —1c? UV,
coc, =4 T4 A (A.88)

VaUs  V3-1c3

From the similar calculation for the component B, we can write

2\ = ;@{ (%g - 2) Cp-VInT +a5'dps-Cp + 2656 : VCO}-

(A.89)
where €5 and dp,4 are defined as
mp %
= A.
éa= () Cn (A.90)
dBA = $BV1DpB — PPz (FB — FQ) — p—BVp, (Ag]_)
Pp pp

respectively. If the assumption of the mechanical equilibrium state (see Sec. 2.1.3)

and Fy = Fg = 0 are satisfied, d 4g becomes the mole fraction gradient, i.e.

dAB = VxA. (A92)
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Second approximations f1(41) and fg)

From egs. (A.70) and (A.73), the subdivided Boltzmann’s equation can

be written as

P = —2 1(0D) = nanplip(@Y) + oY), (A.93)

_@g) = —nZB[B(CD(l)) - TLATLB[BA((I)S) + (I)(B})) (A94>
Since VInT,dp, and V¢, occur linearly, CIDS), @591) are expressible in the
forms

o) = —A,-VInT — D, -dap— 2B, : Ve, (A.95)

o) = Ay - VInT — Dgy-das — 2By : Ve, (A.96)

where, the vectors A, D and tensor B are defined as
A, =C,A,(Cy), Ds,=C,Ds(Cy), By, =CC,B,(Cs) (s=1,2), (A.97)

and A4(Cy), Bs(Cs) and D4(Cy) are the functions of ng, T and C,. Hence, the
second approximate solutions f4 = fi0)+ fill) and fp = fg)) + f](31) are written
as
fA = ff(lo){l — AA(CA)CA . VIHT — DA(CA>CA . dAB
—9BA(CA)C3C : Vco}, (A.98)
fB = g)){]_ — AB(CB>CB . VIHT — DB(OB)CB . dAB

— 2B(CR)CSC - Vco}, (A.99)
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From eqs. (A.85) and (A.89), these functions Ag, Dy and tensor By must

satisfy the integral equations

fzgo) <<€j _ %)CA - niIA(AA) +nanplap(As+ Ap),

o (A.100)
B <%ﬂ§ — %) Cp = TLQBIB(AB) +nanplpa(Aas+ Ap),

fng)‘(E;llCA :n?qu(DA)+nAnB[AB(DA+DB)7 (A 101)
—fg))aﬁglcg = n2B[B(DB) + nAnB[BA(DA + DB),

féo)cgjcgjq = nilA(BA) + nAnB[AB(BA + BB), (A 102)
fg))%g(gg = TLQBIB(BB) + TLA?”LBIBA(BA + BB),

respectively.
It is convenient to rewrite eq. (A.100), (A.101) and (A.102) with the
bracket {-,-} defined as

n*{F, G} = n4[F,Gla +nang[Fa + Fg,G A+ Gplap +n%[F,Glp,

(A.103)
where the brackets [-, |4, [, | and [-, -] ap are defined as
F,Gly = / Gals(F)des, (A.104)
[F,G]p = /GBIB(F)ch, (A.105)
[Fa+Gp,Ha+ Kplap = /FAIAB(HA + Kp)dea

+/GBIBA(HA+KB)CZCB, (A106)

respectively. By using these brackets, egs. (A.100), (A.101) and (A.102) are
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rewritten as
n*{A,a} = n3[A, ala +nanplas + ap, Aa + Aplap + nE[A, als,
(A.107)

:ni/aA~IA(AA)ch+nAnB/aA-]AB(AA+AB)CZCA

+TlA7LB/aB~[BA(AA+AB>dCB+n2B/CLB'[A(AB)dCB,

(A.108)
) )
= /fjgo) (ng — §)CA . aAch + /fg]) (Cgé - 5)03 -ap dCB,
(A.109)

n*{D,a} = n4|D,ala +nanglas + ap, D4+ Dplap + n3[D, als,
:ni/aA-]A(DA)ch+nAnB/a,A-IAB(DA+DB)ch
+nAnB/aB-[BA(DA+DB)ch+nQB/aB-IA(DB)ch,

:xAl/fIExO)CA‘aAdCA—SCBl/fg))CB'aBdCB, (A.110)

and
nQ{B,b}:/ff)fgm : bAchJr/fg))%B?%B b deg, (A.111)

respectively.

A.2.3 Expression for the thermal-diffusion ratio kp
Calculation of the the diffusion flow

The expression for k7 can be obtained by calculating

6,4 - 63 = i/fAC'AdCA — i/fB(deCB. (A.112)
na np
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We note that the diffusion flow J} can be written with eq. (A.112) as

o o
Ci—Cp="81"GE, L (@i—e). (A.113)
np T BT A N e
a

By substituting egs. (A.98) and (A.99), eq. (A.112) becomes
C,—-Cp
1
= _a/‘fng){AA(CA)CA -VInT + DA(CA)CA . dAB}CAdCA,
1
+ TL_ / fg)){AB(CB)CB -VInT —+ DB(CB)CB . dAB}CBdCB,
B
(A.114)
1 1
- —{— / FOA,4(CA)C1Cades — — / fg])AB(CB)CBCBch} VT
na np
1 1
_ {— / FODA(CA)CACades — — / fg”DB(CB)CBCBch} “dap,
na npg
(A.115)

1 1 1
=—3 [{_/f,gO)AA(CA)CAOAdCA - —/féo)AB(OB)CBCBdCB}VmT
na np

1 1
+{ [ 10DaCCsCdes~ [ 1) Da(Ca)CaCrden}din).
na np

1({1 1 1
-5 {E {a/f/gmAA . Cadey — E/fgug .Cp ch} VinT
nQ{B,A}
1y1 (0) 1 (0)
+ - {a fia Dy -Cydes — E fg' Dp - CBdCB}dAB ;
nQ{B,D}
- —g [{D,A}V1HT+ {D,D}dAB}, (A.116)
where we used the relation
1
/F(Cf)CsCs dC, = 5U /F(Cf)cf dC, (s=A,B). (A.117)
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Thus, by comparing with egs. (2.89) and (A.113), we can obtain

p="4"8rp Dy, (A.118)

2n
D’ D A
kT = TJZAJIB— = u

D {D,D}’

(A.119)

Expression for {D, A} and {D, D}

To calculate the brackets {D, A} and {D, D}, we introduce the Sonine
polynomials 57(7?)(:6). Let s be a positive number (s > 0), and the polynomial

S (x) is defined as

(1 —s) M lemos/U=s) = Z s"S (). (A.120)
n=0

It is derived that S& (x) is written as

n

SE () = 3 (=a)(m + )y /plln — )L, (A.121)

p=0
where the subscript in (m+n)@,—p) denotes the product of the (n—p) factors
m+nm-+n—1---,m+n—q+ 1. Especially, it is also derived that the

polynomial S5 (x) satisfies

SOy =1, SW@)=m+1-z, (A.122)
o 0 p#q)
/ e~ 8P (1) S\ (z)2™ da = ( ) (A.123)
’ HmtE) (p = g).

Now, we define the vector function A, (s = A, B) as

{A, D}

A, = A, — (D.D}

D, = A, — krD,, (A.124)
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and the expansion coefficients {a,}, {d,} written as

+oo / +oo /

Ay= > aa?, Ap=Y aal, (A.125)
p=—00 p=—00
+00 oo

Dy= Y daf, Dp=)Y" da?, (A.126)
p=—00 p=—00

where {aff)}, {ag)} are defined as

1 1
o® = Mirsbn o _ _ Mipats (A.127)
p p
af) = SP(€NC, ay” =0, af) =0, ay” =5V (€))% (p#0).
(A.128)

and the notation Y implies that the summation does not include the term

of p = 0. The expansion coefficients {d,} can be obtained from the equations

“+00 o0
{D,a9} = { Z d,a® a?} = Z dyapg =0, (q= —00,+,+00)

p=—00 p=-00
(A.129)
where the matrix element a,, is defined as
apg = {a?, a9} = q, (A.130)
and 9, can be calculated as
1
1 (2kgT\?
50:—< b ) : (A.131)
n mo
;=0 (¢#0). (A.132)

Similarly, the expansion coefficients {a,} can be obtained from the equations

—+oo/ +o0,/
{A,.a} ={>" a,a" a9} = " a0y =0a, (¢#0), (A.133)
p=—00 p=—00
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where «a,(q # 0) can be calculated as

o (2ksT\?  2np (2ksT)\?
“l??( m) , _F< mB> ’ (A.134)
a, =0 (q#+1). (A.135)

From Cramer’s rule, {d,} and {a,} is written as

(m)

d, = 0o li oy A.136
0 ik (4130
(m /(m
. 061%/ ,1%
4y = lim S @7/ . (p#0). (A.137)

where o™ is the determinant with elements {a,,}(—m < p < m, —m <

q<m), %(pm) is the co-factor of ag, in the expansion of &™) and .7, ') s

the co-factor of a,, in the expansion of &'(™ = 42%00 . Thus, {D, D} and
{D, A} is written as

+o0o
(D, A} =) d,{a® A} =dioy +d_ya_y, (A.138)
oo \T/
g™ g™
= 06150 W%l_rgo % + @,150 hm %, (A139)

2na [ 2kgT 2 2kpT 52{0({”)
= —— . lim
n? ma n\ mo m—oo gf (M

2np (2T\* 1 (2ksT\? | o)
—_— — o — lm ——
n2 mpg n\ mo m—oo gf (M)’

(A.140)
4o, kgT A Ag kT o™
- xAlB - lim g;(lm) _ xB;B - lim Q;(;@l)’ (A.141)
n2mimg " n2mimé "
_ 4kgT T A )
B nE; i ralmamo) 2%, Jme(mBmO) 0L (A.142)
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+oo
{DaD}: Z dp{a’(p)JD}:d0607

p=—00 6p

) o
=g lm —0s,

1 2kgT .. &'™

= — 1m ——-.
n2 mg m—o0 e/Q{(m)

From eqs. (A.145) and (A.142), the expression for ky becomes

{D,A}
kr = )
{D,D}
1 m _1 m
AkpT . a:A(mAmO)_E%(l )+ xp(mpmyg) 2%(_1)
= — lim
n? m—oo %(m)

1 2kgT .. '™
n? mg e of (m)’

_1 .
_ 9 mAMAZ%(ﬁ) +xB]WBQ'%(,—%
= /() ’

where My = ma/mo, Mg = mp/mg, and mg = ma + mp.

A.2.4 Calculation of the matrix elements
The m-th approximation to kp is given by

-1 B
raAM "+ wp MR o)

[k:T]m =-2 %l(m)
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(A.144)

(A.145)

(A.146)

(A.147)

(A.148)

(A.149)



If we take m = 1, the determinations in eq. (A.149) are written as

G_1-1 Aa-io
%(11) = = = _(aflflalo - &071CL171)7 (A-150)
a1-1 10
a_10 G-11
A = — = —(ap-1a11 — ap1a1-1), (A.151)
a10 a1
a_1-1 Aa-1
JZ%/(I) = %%1) = = a_1-1011 — a%_l, (A152>

a_11 a1

and the first approximation to kr becomes

_1 _1
IAMA 2 (a_1_1a10 - a0—1a1—1) + xBMB : (a0_1a11 - a01a1_1)

krly =2
[ T]l G_1-1011 — a%_l
(A.153)
By using the relations
apy = {a?, a3, (A.154)

= s3fa 0]+ raralal? + o)l + oLy + el

(A.155)
and ag_l) = aél) = 0, the matrix elements a11, a1_1 and a_;_; are written as
ap = ZL’?A [agl), agl)]A + xAxB[agl), a(ll)]AB, (A156)

= $124 \[S(%j)%f;, S((gj)%A]é +xATB \[S(ng)%A, S((gj)%A]ABJ; (A.157)

g g

afy afy
A_1—-1 =2 AZRB [ag_l), ag_l)]AB + I'QB [ag_1)7 ag_l)]B, (A158)

g g
’

a_j1-1 ay
a1 = zazplal’, al V) ap = wazp [S(€3) %4, S(C3) ) as, (A.160)
a’ltl
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1
where we denote S(z) = S(§ )(x) Here, the new elements af;,a};,a’ {_;,a”; 4
2

and a}_; defined as
afy = [S(CA)Ca, S(€1)Cala, ay = [S(C1)Cn, S(€})Calan, (A.161)
a_y_y = [S(3)Cn, S(€5)Cplap, ali_y =[S(€5)Ch, S(€5)Cn]s,

(A.162)

ay_y = [S(€1)Ca, S(€3)CB]an, (A.163)
can be calculated as

afy = 0 (2), (A.164)

at, = 2{(6ME M + MO (1) — AMEQD (2)
+ MEQRE) + 2MaMEOF ()}, (A165)
@y = 2{ (6MEML + MDA (1) — 40D (2)
+ MAOE (3) + 2MpM30E ()}, (A166)
" =0P(2), (A.167)
v oz d oW AW (9) _ 1000 oo A
ayy = 2MiMp 12 (3) + 4805 (2) — 1005 (1) + 2075 (2) ¢, (A.168)
respectively. Similarly, from the relations

ao, = {a?,al?}, (A.169)

= zila’,af"la+ wavsla’ + 0, al? + aif|ap + ilay’, aff s,

(A.170)
= zAxB{[a(lo), a\? +a¥ap + [ad, al” + aéq)]AB}, (A.171)
= xAxB{%M% (€4, agq) + agq)]AB — %Mé (€5, agq) + agq)]AB},

(A.172)
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and a,§°’ = @%A, a§°> = —@‘KB, the elements ag; and ag—; become
1 1
o) = xAxB{%Mj Gn,alap — % M (s, agD]A@}, (A.173)
*M,% [“a,aV]ap
1
= Z'Aib’BMj [%A,agl)]AB, (A.174)
= [L’AZEBMZ [CKA,S(CKE;)%A]ABJ, (A175)
g,
1 _ 1 _
ap—1 = .I'A:L'B{%Mj [%A, aé D]ABJ_%ME [CKB; aé 1)]AB}> (A176)
*Mé (5,05 Vs
1 _
= —$A.Z'BM§[%B,CL§ U]AB (A177)
= —TATB Mgl[ch,S(ng)ch]ABJ (A178)
ag_1
Here, the elements ag, and a_, defined as
1 1
agy = M€, S(€X)Calap, ay_y = MB[€p, S(63)Cnlap.  (A.179)
can be written as
ahy = 20 (2030 (1) - MEOL (2)) (A.180)
ah-y = 2M3 (2M300 (1) - M0 (2)), (A.181)

respectively. As a result, the two dimensional expression in Sec. A.1 is derived.

99



Appendix B

Derivations of the MD

Algorithms

B.1 The Derivation of egs.(3.12)-(3.16)

In the following derivation, we write the Langevin equation eq.(3.8) sim-

ply as
1) = olt),
0(t) = % + %,
s = -ZPOD )

where the Gaussian white noise £(t) obeys

(€) =0, (E@OE) =2vksT6(t —1').

By integrating for [¢,t 4 dt], eq.(B.2) becomes

t+6t t+<5t
v(t + dt) / tYdt' + — /
m m
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By substituting the relation

() = Flto) + £ (fo) (¢ — to) + / at" / fEmde. (B.6)

the second term of eq.(B.5) becomes

t+0t 6 2 t+ot
[ Wt = ftyst+ 12 ‘/ d{/dﬂ/ FrEde (B.7)
f(t+ 5t) f(t) 6t

= f(t) ot + 5 5 + R,(t) (B.8)
_ fe+6t) + f(t)
_ 5 5t 4 Ry(t), (B.9)

where the remainder term R, () is defined as

t+6t t+ot
/ dt/ f// // dt//+/ dt/ dtl// fl/ l/l ///

(B.10)
With eq.(B.9), we can write eq.(B.5) as
A
v(t + 6t) = v(t) + J(t+00) + /(1) 5t + W) + R”(t), (B.11)
2m m m
where AW, (t) denotes
t+6t
m%@z/ £(t)dr. (B.12)
t
By expressing eq.(B.11) using F(t) = —%—t‘, we can derive

Yot F(t+0t)+ F(t) ., AWy(t) R,(t)
v(t40t) = —— v(t)+ ot+ + .
( ) + ;_if < 2m> ®) 2m m m+ 77&'
(B.13)

If the function f(t) is smooth, R,(t) can be evaluated as R,(t) = O(dt3).
Therefore eq.(B.13) is approximately equal to eq.(3.13) when §t is sufficiently

small.
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Similarly, by integrating for [t,¢ + 0t], eq.(B.1) becomes
t+ot
r(t+0t) =r(t) + / v(t")dt’ (B.14)
t
+
¢

= r(t) + v(t)dt /+6tdt’ /t/i;(t”)dt”. (B.15)

By substituting eq.(B.2)

t' pran /
o(t') = /) +/ Mdt” + it), (B.16)
m . m m
eq.(B.15) becomes
B f(t) ot? AW,(t)
r(t+ ot) = r(t) + v(t)ot + —— + R.(t) + p— (B.17)
where AWy (), R, (t) are defined as
t+5t ¢
AWy(t) = / dt’ / ("ydt”, (B.18)
¢ ¢
t+0t t/ t" g
Ro(1) = / % / " / JUT) gy (B.19)
t t t m
respectively. By expressing eq.(B.17) using F(t) = —%—7:, we can write
_ _ E(t) oo AWa(1)
r(t+ 6t) = r(t) + (1 2m5t>v(t)5t+ 5y 00+ = EL 4 R(1). (B.20)

With a similar discussion with R,(t), eq.(3.12) can be derived approximately
from eq.(B.20), when 0t is sufficiently small.

AWy(t) and AWsy(t) are the Gaussian random numbers, since they are
superpositions of the Gaussian noise £ as seen in the definitions eqs.(B.12)
and (B.18). Although they are continuous functions of time in general, it is

convenient to discretize them so that

tnt1 tnt1 t
AWy, E/ Et)ydt, AWs, E/ dt/ &(s)ds. (B.21)
tn tn tn
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The time correlation of the AWy, and AW, can be written using eq.(B.4)

as
tnt1
@w) = [ gwpar=o (B.22)
tn \_zo-’
tnt1 t
(AWap) =/ dt/ (€(s))ds = 0. (B.23)
tn tn
tn41 tn/+1
(AW, AW ,0) —/ dt/ dt’ <§(t)§(t/)> (B.24)
tn [
tn+1 tn+1
s [ / it () (B.25)
tn tn N——
2'kaT6(t—t’)
tni1
— G / dt - 2y T (B.26)
tn

tni1 t toli1 t’
(AWon AWyp) = / di / ds / Tt / ds' (£(s)€(s) (B.28)
tn tn t t

— G /t " /t s /t " /t oy E()E(s))  (B.29)

tnt1 t tnt1
= O 2’yk;BT/ dt/ ds/ dt' 0(t' — s) (B.30)
tn tn Jta

tna1 t
= Opn Q’YkBT/ dt/ ds (tps1 — s) (B.31)
tn tn
tnt1 t2 t2
= Sy QVkBT/ dt [t (t —tn) — 7+ 5”] (B.32)
tn NS
~1[=tn )2~ (n1-1)?]
ot
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(AW A W) — / " / " / ds' (E(DE()) (B.34)

/

= G /tt+ dt /tt+ dt’ /tt ds' (€BE(s))  (B.35)

tni1 tni1
= Opn 27kpT / dt / dt' 0(t' —t) (B.36)
tn tn
tn+1
— S 27k T / 0t (ti1 — 1) (B.37)
tn
ot?
= Oy 27/<;BT7. (B.38)

The normal random numbers obeying egs.(B.22)-(B.38) can be created by

expressing them as

3 _
AW, = \/2’kaT(5t%77, AWy = /2vkpT &72(17 + %), (B.39)

where 7,7 are the standard normal random numbers.

B.2 The Derivation of eq.(3.18)

Suppose the ¢-th particle obeys Lnagevin equation

o), (5.40)

Ty =V, MV = —

then the “heat” d(@); which the i-th particle gains from the heat bath in the

0)

time Ot is defined in stochastic energetics®®?!) as

dQ, = (_ yui(t) + E(t)) o dri(t), (B.41)
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where the notation "o’ implies that the integral must calculated by Stratonovich

integral,?? which is defined as

n—0o0 2

/t f(8) 0 dB(s) = lim " it &0 1) gy, 1 an) - B()).
(B.42)

where B(t) is a certain time dependent random variable, and {¢;} are the
discretized times defined as tg =t <ty < -+ <t,y1 =t,and t;,1 =t;+At;.

Using eq.(B.41), W, defined in §3.2.2 can be written as

t+ot
W= [ (=0l + &) odris) (B.43)
t
or, by substituting eq.(B.40),
146t
SW, = / <m,~i)i(s) - E(s)) o dry(s), (B.44)
t
where F; = —gi’:. If 6t is very small, and Fj(s) is a sufficiently smooth

function, the second term of eq.(B.44) can be approximated as

t+6t

F;(s) o dr(s)

i ) (Fi(tj + AtQj) + -Fi(tj)> (rty + AL) — (1))

j=1
(Wheret:t1 <t2<<tn+1:t+5t>,

(B.45)

_ Filt +6t) + Fy(t)

5 (it + 0t) — ri(t)). (B.46)
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Since we can write, by the definition of Stratonovich integral eq.(B.42),

i+t D g (ts . Gt
/t i(s) odz(s) = lim Z it + A) + #:(ty) (zi(t; + Aty) — z4(t5)),

n—00 2
J=1

(B.47)
o — @i(ty) ity + At) —m(ty)
=2 A, A
, "L a(t AL x4t 4+ ALy) — 34(t)
1 J J J J J ,
R D T
(B.48)
t+6t - (46t -
:/ @x'(s)ds—l—/ ®x'(s)ds, (B.49)
t 2 t 2
t+6t d l’(S) 2
() e (8.50)
a0t alt)
-2 > (B.51)
the first term of eq.(B.44) can be written as
t+ot . ,
/ mii(s) o dri(s) = %vf(t 4 6t) — %vf(t). (B.52)
t

Substituting into eq.(B.42), we can derive eq.(3.18),

F;(t+ ot) + Fi(t)
2

OW; ~ ﬁ1)1-2(25 + 6t) — %vf(t) —

5 . ('rl-(t + dt) — 'rl-(t)).

(B.53)
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