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ON THE GEOMETRY OF A SYSTEM OF PARTIAL
DIFFERENTIAL EQUATIONS OF THIRD ORDER

YBY‘

s

‘Hiroshi HASHIMOTO

The gebmetry of paths was studied at first in Princeton, and
extended to the general c'ase_‘

- d%xt ( ; dad . ‘
—t+H* 2, —<) =0 v Ty e =1,2, ...,
ae T\ ) @ 7 ")
by J. DOUGLAS® in 1928. Thereafter, these studies gave rise to re-
search about the system of ordinary differential equations of order m

" | dmat A " da? dm-1g9 :

H(t 2,8 __*)= 0,
dtm + , dt dgm-!

and its differential geometry was constructed®. Moreover J. Dou-
GLAS has treated of the system of partial differential equations

o 8% ( - ax")
1) . ———+ Hi( a7, =0,
( )"_ ,ﬁu“ﬁu“ P u* /

2y oo =1, 2, cee s My @y, By o.. =i, 2, ...,K

under the peculiar transformation-group of parameters u*®. The
geometry of the system of differential equations (1) under the ge-.
neral transformation-group of parameters u* was well established by
E. BOoRTOLOTTI®.

(1) J. DouGLAs, The general geometry of paths, Annals of Mathematics, (2),
29 (1928), 143-168.

(2) D.D. Kosamsl, Path-spaces of higher order, Quarterly Journal of Mathe-
matics, Oxford Ser., 7 (1936), 97-104; A. KAwAGUCHI and H. Homgsu, Die Geo-
metrie des Systems der partiellen- Differentialgleichungen, this Journal, ser. I,
6 (1937), 21-62; S. HOKARI, Zur neuen Behandlung der Geometrie des Systems der
gewdhnlichen Differentialgleichungen hoherer Ordnung, this Journal, ser. I 8
(1940), 47-62. ‘ A

(8) J. DoucLaAs, Systems of K-dimensional manifolds in an N-dimensional space,
Mathematische Annalen, 105 (1931), 707-733. ‘

(4) E. BorTOLOTTI, Trasporti non lineari: geometria di un sistema di equazioni
alle derivate parziali del 2° ordine, Rendiconti di Lincei, (7), 23 (1936), 16-21, 104-
110, 175-180.
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164 H. Hashimoto

- Thé geometry of the system of partial differential equatlons of
m—th order

amxi 5 (us 29 axj amhlxj ) — 0
dut...uxm w7 T g8 T 7T ubi. . L Bubma

a generalization of (1), was treated by A. KAwAGuUCHI and H. HOMBU,
but its studies under the general transformation-group of parameters

u® are not yet completed. When m = 8 and Hay,u,, is of second order
. N 32 J‘
with respect to aubs dubs
mined by T. OHKUBO® by the method of ehmmatlon Lately D. D.
KosaMBI has written to Prof. A. KAWAGUCHI on the suitability of his
method of variation for the study of the system of partial differential

equations of second order.

In this paper, the present author, w1shes to establish the differ-
ential geometry of the system of partial differential equations of third
order by the method of variation. The coefficients of connection can
not be perfectly determined by the given quantltles Halanas in general.

9%
duts dube _
ly determine the coefficients of connection by the given Hilagas .

1. Preparations. z*(i=1,2,...,n) are the coordinates of a
point in an n-dimensional manifold X, , and u*(a=1,2,..., K; K< n)
the mutually independent parameters. With these parameters, a
K-dimensional surface is given by «f= 2%u*). At every point on
this K-dimensional surface, a surface element of second order can be
determined by

, the connection has already been deter-

But, when Ha,a,a, is linear with respect to , one can perfect-

i T 3 L ¢ | a%i
(2) PEEE) PSP T umaen

| Now addmg to every point in X, an arbitrary system of values
(2), one has the manifold F®. This manifold is of (n+2)+n—1
dimensions, which is treated in this paper.

It is my intention to handle here such a system as obeys the
following postulates A;, A2, As, and the speclal transformation-
group under which the postulates hold :

(1) T. OsKUBO, Die Geometrie der leferentlalglelchungen dritter Ordnung,
Japanese Journal of Mathematics, 14 (1938), 59 66. .



The Geometry of a System of a Partial Differential Equations of Third Order 165

A; The system of equations is transformed accordmg to the
 temseor law,
A; the equations of wvariation of the given system are also
tensorial when the variation itself is a vector,
As there exists at least one operator, which is vectorial in
character and corresponds to total differentiation with res-
pect to one of the independent parameters.

‘We shall name the quantity in F®? which is transformed accord-
ing to the tensor law under the transformation-group of coordinates
and parameters

(3) o=@, 2%, ..., 2", @ =l u ..., ub),

the intrinsic quantity, according to E. BORTOLOTTI.

We can speak of z-transformations or wu-transformations alone,
and of x-tensors or u-tensors accordingly. Tensor will mean, unless
otherwise mentioned, a geometrical gbject which has the proper law
of transformation for both sorts of indices.

Now let us consider a system of partial differential equations of
third order

2% . . . .
(4) W+H:GT(7'{/V’ x” p31 ’ p31v2) = 0 ’
“ih .. =14,2,...,n; &8 ...=1,2, ..., K,

and assume that H¢;,, the function of surface elements of second
order, is continuous, differentiable and symmetric with respect to
a, 83,7

Under the transformation-group (3), the functlons H}. must
have the transformation law

. . 9& du” u’ uU” . 9%° durf
5 _—H" o= — 2 < y +
(5) aBy P02 9u® 9u* ou’ P 9x? u*dutou’
du’ du’ " 9%x*
+ pivkph— ;
oP 8u* 9u* oW’ 9aida*as’
3 2, o o zu“
+3ppo 0F B’ 0w’ | gpppy 0T w9

27 2u® outam™ a3z 3u* 2utu"

. 9%t Jut du° Ju’
+3 k ":3 R . - .
Pl an 3uC 0w’ 9w
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. For St 2, pgi, pglpz), a quantity in F'@, one introduces the
non-tensorial operator of differentiation with respect to u*

__ 8f of . ;s Oof ; of
6 0./ = + Po——+ ;’c —— H?
( ) . Jus p 3x° b Bﬂapé af,Bs Bp 8

’ .

where 93.f is the differential of f along an integral surface of (4).
Then we may assume the covariant differential of 7%, an intrinsic
tensor in F@, along an integral surface of (4), to be of the form

() DT = 8T+ V4T, —v5Th+ TL T —TH TS .

The laws of transformation for the two sets of coefficients under
.the transformation-group (8) must be as follows::

0T . OF P _ 3% JuP

a e, LA = — =
) 8x” Vp “oxmax® due - 7 ox® ou”

(8)

b) I% u’ = du° But | %Y )
ur du* 3u®  uou’

From the last relatlon we can assume that Iy, is symmetriec

with respect to both lower indices. Our purpose is to determine
v I'es each as the function of HY, . -

2., The ﬁrst 'varz'ation. By the transformation of coordinates
¥ = x(x! 2%, ..., 2"), the surface elements of third order are trans-
formed as follows :

R e YW ~5 ax
x‘—xz(w?)’ ’ p;_aopd’
iy = (o s+ pgrpﬂ ’
9 ax’a k
(9) : - |
. =i o 8x*  ; 9%t
- Dapr = —5;’-“19«37. Py kpaﬁpk T3 ’a kpa'rpB
.aZE'i % 63‘Ei o
+ . J ¢+'——.—_ﬁ g .
dwioar LTt T axisaaad LoL LT
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Now we consider the infinitesimal transformation of coordinates
(10) B = a'+elt,

\ v .

where the parameters #* must remain unaltered. Here 2’s, the
function of «®, x4, pgl , pglﬁé , represent the components of an intrinsic
contravariant vector, and ¢ is infinitesimal.

(9) and (10) give us following relations:

pi = pi+edl, To:‘,q = pia+e0;8.4°,
(11 A
pa:i*r = pam+ea apa ﬂ

Let us put (10) and (11) into

: 83Ei .

ITi v =
Swrown TS BB, PLL) =0,

which are the equations of paths relating to .

Expanding H},, into power series of &, and neglecting the terms
of €% and highgr powers, we have the equations of variation

aHaﬂTa 3 Zk aHaBT a Ak aHaBT

12 0,9,0.4°+
( ) 8 T_ ap]:p app axk

=0.

Use of the relations (7) enables us to get the following equations
D,,A" = 9, + vk, |
D.D,i* = 8.0,2° +Y%8: 4+ 8.y%; - ¥+ o5, D3 — 'S, Doi* ,
DoDD. 3% = 8,8,9:4% + v%;8,0,4% + y£;0, D47 — 58, D A"
+ %D DA — I8, D, DAk — I8 Dy D, 2% + 357%; - 34
+08.7%; + 38 + 3,75« Dol — 0,05y + DoR* + 8,055« 4 .

Putting these equations into (12), one can derive the invariantive
form

13) D,DyD 2+ 2E52 D D% + F 0. D30 + Gl = 0,
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where

Eiy = aaﬂiﬂf + TE8:8i+ TE8385+ T8 — i, 8380 — i 5300 — ;188

J
PT

1T e aH ;’PT

Jolt T

—3;)’,,",- * 8: - aﬁ')’f’j ¢ er u'YTJ 8&3 + 'YTr%.’iS + '}'Tr'yza + 'Yt‘;r'yz.‘l ‘:’

T

— T — Ly — L5yt i+ 0,05  8i+ T I8 — 27, 8Hy: r: 9. H,, ,
app‘: ap,,,
. GH; g 4 . aH aHs
o S g OO By Vi B oy — R

; (}
+ 'Y},.a ¢'Yp:, + - gqﬂ‘r'ykr')"tj 'YTr'Yrk'YGJ .
opk.

In order to determine v¢;, I'y; as intrinsic, we assume that all pos-
sible contractions of Ei(? vanish. Then we have

2Bty = 228 oK1 2) 13— (K+ 2K+ 1oy = 0,

b

2 B = 298w | on(K 4 2) I8, — (K+2)(K+1)yi; = 0,
(14) apn

2Ez<g¢> -—zaH“’*+n(K+3) e (1588 + 7558

PT

—(K+2)(3%vs+80%) = 0.

3. The second variation. From (14), 7i; and I')s can be deter-
mined, if we can express I}, as function of Hj.. For this purpose,
we give a vector variation ‘

(15) | u* = u*+ep”

to u*, where u* are functions of u* and the components of u-contra-
variant vector.

From (15), the folloWing relations are obtained :

Dé = Di+epid.u’,
Phs = Dis+ (D001 + D281 + DE,0.1°) + [7]
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pgﬂ'f = ﬁgﬂr + 3(53313 ﬂaaﬂ'P + 5&pa’ra (X#’p + ﬁgparaaﬂp
+ ﬁ'pa paaﬂp + 3?2(;581‘)#‘?) + [52] ’

where [e?] denotes terms of second and higher order of &.
When ¢ is infinitesimal, we may replace 7%, Di,, P&, with »i,
Dis, D&r. Expanding Di. into power series of ¢, it follows
aHuﬂT

3H
— — p YLLaBT
pcﬂr"‘ HJBT Ep ——— 3u’ + pzapl‘ ap},

+ €(p a aP"" +pPVa‘fF' + pw‘:apf“y) aI;“BT"‘ [62]

pT

From these relations, we get the equations of variation

(16) p(fa aﬁacf" +9.9,1" - P a:;ﬂw'*'Spp(? ey’
pT
+ 8Dk (p8r)M° + D0, 1Y BH + 301" vOH:s:
i opi.
+pi o e e 8HE _ g
2 auf‘

pT
On the other hand

Dop? = Qu? + I'Fp” ,

. DﬂDMP = pauﬂ +Hayp D‘:#V_"_aﬁl"“?v * Il'v 14

D.DyDep® = 3:3,8.1° + /N33 * DoDopt” + IS (I Dopt® — I D-1°)

where
1155 = L8+ — I8,
Bver = 110589+ ['8,838; — I'58380 — 114838 «

eviY

an

By virtue of thése relations, we can write down the equations of
variation (16) in the following invariantive form

(18) PiD.DyD? + P33, - DD + Qi Do’ — Risrpt® = 0,
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where
Pt = 2(31’\4(78(081;‘{'1}7 aH{‘;‘“ 205/\&%‘%’) ’
"co)
ig'rv = ppﬂmpr;v ppnavprrq: D aafgum- pw 3pp(~(H¢]v1(3)
A

(19) + p.‘) ag;:T pp aapum‘ +p" aaHaBT —'3Hv(¢68~r) ’ .

po Ds~

b = pi 2 g T+ 8Dl bt P 8Hess o
D i

9, 2B oy pg AHin ey —~8H{”* o
app‘t app-: au

4. Determination of the coefficients of connection. In the case
of the system of partial differential equations of second order, I.;
can be determined from the coefficients of D.ux* as D. D. KosAMBI
has shown. Hence in our case also at first we shall consider all
possible contractions of Py, as equal to zero.

For example, let us consider ., then it follows

(20) p:(/\gzga + /\a'wo = aﬂ ’

where

B — 2(3?)1(0 (081 +p’t aHaBo )

10)

2Fyd
We multiply the tensor Hf = 3213.}1;;’;-- on both sides of (20), and
ap OUp ‘
contract them, then we have \
(21) . (K+ 1) a«:p P 38" FJ’GS(‘; - B;g N
where
. _ ALH?

ag =

ngf
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From (21) B{, =0 is easily concluded and I}, cannot be determined.
We cannot determine I'§, from any possible contractions of Pg,.

Next, we shall consider all possible contractions of Qf%,, as equal
to zero. Now we have -

Qétes = Vit —ph- 22 13— 3 120 = 0,
p'r.
where
0 aHaBT 9 wi*r aHuB'r ) G
= + + pl-=omeer S 8%,
BTV p ap,, pp appo pv apg‘: v(epO7)
accordingly
. i . o
(22) pz%%ff—rpwsmusss;,m— M= 0.
pT '

We shall now go on to a special case when Hp, is linear with

reszpect to pd;. Differentiating (22) by pf., we have, by use of
2 BT

app»aplw N
81(8(07 +8(o%)8q2+8(oa P::)Ppo'c = 3§¢$ ’
where
? a o
| Ya = ap;:v :
From this, it follows that
“S(ar)r| B+ S(Oﬁ)r‘?a "S(OG)PBT = _Yagﬂ":

Putting A = a, = B, and contracting these indices, one géts

| 1 2
23 Poo - _—Y:vagi ’
( ) . T (K 2) Br

from which we can determine I7, as the function of H‘,,BT ; and ac-
cordingly 7%, I'y; from (14). Therefore it is stated:
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" Theorem. When H}. in the system of partial differential equa-
tions (4) ts linear with respect to pl,, then the intrinsic parameters of
connection Vs; and Iy can be perfectly determined from Hi, .

I wish to express sincere thanks to Prof. A. KAWAGUCHI and S.
HoOKARI. for their kind’ guidance during the present researches.

January 1940




