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GEOMETRY IN A SPACE WITH GENERALIZED
| METRICS 117

By

Takeo OHKUBO (Dairen)

Introduction

As a natural generalization of a RIEMANNian space, we have a
FINSLER space?. In a FINSLER space the distance between two
consecutive points is given by ds = L(x, dx) while in a RIEMANNian
space it is given by ds= v'g;;(x)da’de’, where L is a positively
homOgeneous function of degree one in the dxzi. In a FINSLER space’
gw(:x; dx) = —azL/adxzadxﬁ) is adopted as the fundamental tensor

and the functlons g:i{z, dx) are homogeneous of degree zero in the dx'.
- Other generalizations have béen made by E. CARTANY, L.‘
BERWALD?, A. KAWAGUCHI® and S. HOKARI?. The first two studied
a theory of a generalized space (CARTAN f&pace®) in which geometry
is ruled by an (n—1)-ple integral. On the other hand the last two
established geometry in an n-dimensional metric space with a con-
nection which depends on an m-dlmensmnal (m <n) surface element )
(@, p) (=1,2, ..., n; a= 1,2, ...,m). ’ '
The author, in his recent Work‘”, studled an n-dimensional metric
space with an euclidean connection having the fundamental tensor
g;; depending on a line-element (%, 2’), where g;; are homogeneous
functions of degree zero in the #’* and are given a priori. The con-
tracted tensor A}, (k fixed) was decomposed into ‘A, by Postulate 5°19,
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But, in general, it is not natural and, in this paper, it is propcsed to
take in place of that postulate the following: ‘‘The two vectors
o' and K;'w* are identical ”’. ‘ '

In Chapter I an euclidean connection is determined in the space.
The method employed is similar to that of L. BERWALD. But it is
" to be noticed that the vectors 6; and o play an important part in
this theory (8 6). In Chapter II the theory of curves is explained and
in Chapter III the torsion and curvature tensors are calculated. The
last chapter is devoted to the establishment of theory of hypersur-
faces, which is almost analogous to that in a FINSLER space.

The author wishes to express his best thanks to Prof. A. Kawa-
GucHI for his kind advices.

Chapter I. A general metric space with an
euclidean connection.

§ 1. The space with an euclidean connection. First it is proposed
to explain the notion of a space of line-elements with an' euclidean
connection. A line-element means the figure formed by a point
(«!, 22, ..., ") and a direction issuing from this point : this direction
can be defined by » homogeneous parameters z’!, z’2, ..., &’* which
have vector charactor and only their mutual ratios are essential.
The point (x) is called the element. A space of line-elements with
an euclidean connection is denoted by K’ and defined analytically
by the following two postuldtes for the metrics and for the parallel
displacement of a vector. It is desirable that the metrics is euchdean
in the neighbourhood of each line-element :

(I) The square of the distance from any pomt (x) to its con-
secutive point (z+ dx) with respect to ‘the line-element in (x) is
represented by a positive definite quadratic differential form g.;dx*da,
the coefficients ¢.; = g; depending on only the line-element.

Postulate I means that the g;; are the functions of z* and «’* and

positively homogeneous of degree zero in the z’. Moreover it is as-
" sumed that they are analytic in a certain simple-connected region of
the z* and for all the values of the'x’* with exceptian of the value-
- system (0, O, , 0). ) o

The ﬁgure Whlch determines the metrics is therefore two points
infinitely near to each other (x), (x+dx) and the line-element (z, z’ ).
The figure is said to be an infinitesimal vector (dx) in the line-element
(%, «’). One thus gets the fragment of an euclidean space which is
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associated to each line-element and he can also arrive at finite vectors,
tensors and any other geometric objects. Hereafter the components
of a geometric object are always considered as functions of a line-
element, that is, z* and 2’¢, which are homogeneous of degree zero
in the z/:." ~

"For ‘a finite vector Postulate I shows that the square of the
length of a vector (X) in a line-element (w, z’) is given by

(1) , , 0ii(, 2 )X X7 .

Hereafter the éxpression gj a’z’’ will be denoted by ¢ and- the
inverse system of g¢;; by ¢¥ and raising and lowering of a suﬂ‘ix
can be defined by means of g% and g;;.

The unit vector along a hne-element (%, ’) has the contravariant
and covariant components :

. . X o _1 .
‘(2) F=g"g 2%, I = gi;V?
respectively. '

To obtain the euchdean connectlon, it is necessary to deﬁne the
parallel displacement of a vector from a line-element to 1ts con-
secutive one. ' '

(I1) Let (X) (whose components are necessarily‘ homogeneous
functions of degree zero in the z’*) be any vector in a line-element (z, &’)
and (x+dx, x+dx’) a consecutive line-element of (x, x’).* Then the
vector (X+dX) in the line-element (x+dx, x’+d2’) is said to be
parallel to the vector (X) in the line-element (z, «’), if :

(3) DX =dX'+CipXda'*+ i Xida* = dX'+ w0} X7 = 0
holds good, where the Cj, ,‘k are given functions of ¢ and x’¢, and
(4) o} = Ch dx'*+ I} dx* .

As the vector (X+dX ) should depend on only two line-elements
(%, ') and (x+dx, 2’ +dx’) it must be unahltered when o(x, z’)z’:
takes the place of the #/¢ where the function p(x, #’) is. positively
homogeneous of degree zero in the z’*. This leads to the following :

(a) The functions Iy (x, ') and Cj are homogeneous of degree
zero and —1 in the 2’¢ respectively ;

®) | a2 = 0.
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The functions Cj and I}, should not be absolutely arbitrary. It is-
desirable that parallel displacement is euclidean :

(III) The length of a vector in a line-element does not change
when it is moved by parallel displacement to a consecutive line-
element. )

This condition gives the followmg relations :

(5) )  dgi; = guef +gjsz = wji+ @i ,

(6) gis.x = Diyn+ i Qij. & = Cuk+ngk ,
where . | |

(7) - Ta=gal%,  Cur=0aCh,

and the partial differentiation w1th respect to «* is denoted by ,:
and that with respect to 2 by ;7.

§ 2. Determz'nation of the functions Cj . In order to determine
the coefficients Cj,, I}, , which depend on g;; and its derivatives only
and define the euclidean connectlon additional postulates must be
introduced. : s

(IV) Let (X) and (Y) be,two vectors in the same line-element,
and (DX) and (DY) their covarlant differentials when their con-
travariant components X* and Y* remain unaltered and when their
common line-element is subject to the same infinitesimal rotation
about the center. Then the law of symmetry

holds good

By the definition of the DX one has DX* = X?C}, dx'®, hence the
above law of symmetry is written as follows:

X‘ Yk Ckih dx't = Y"Xk Ckih dx”‘ °"

As the relation holds for any vectors and for any differentials of
- the 2%, it follows that

(8) - Cin = Chrin -
From (6) and (8) one obtains

(9) . Cijk=—;—gij;k .
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The functions C;j- thus obtained are homogeneous of degree —1
in the #* and symmetric with respect to the first two  indices.
When the functions C;x are multiplied by g#* and summed up from
1 to n with regard to 7, one gets '

(10) , Ch = %g"‘g.—,-;k .

The functions C}, are homogeneous of degree —1 in the 't

§3. The tensor Ay. Now a general method will be shown
which permits deducing a new tensor from any given tensor.

The simplest tensors in the space, which we have encountered
till now, are the unit vector I’ and the fundamental tensor gii. Let
f(x, «’) be a homogeneous function of ‘any degree p in the 2’%, then
the expressions

ay Fis = 0% s

are the homogeneoué functions of the same degree p.

Let a notation be introduced for the contracted product of any
geometric object and the unit vector [, that is,

Tijlj =Tw. ‘
On account of the homogeneity of f(x, #’) one has

(12) S =opf .

- - Next, consider any tensor (contravariant, covariant or mixed),
for example, a covariant tensor with two indices Tii(x, %) whose
- components are necessarily homogeneous of degree zero in the «’s.
The expressions Ty are the components of the tensor with one
more covariant index. Put :

(13) Aij, = —é”gij//k = Q%Cijk ,

which are the components of a tensor. From (13) it follows::
The RIEMANNian spaces are characterized by Aur=0.
On.account of the homogeneity of the gy it follows:

(14) . - ' A,‘jo =0,
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The tensor A;jk is symmetric for the first two indices. If they
are symmetric for all indices, the considered space is FINSLERian.

The following relations are easily verified :
(15) | { 9 = 290+ Aw), Uy = 8—8+ Auy),
Liji = 2 A+ i—bili—l: Aw; .

§ 4. The angula'r metrics at a point. The angle between a line-
~element and its consecutive line-element with the same center is
obtained as follows. Let the angle be d®, then one has

L;(U + 87) — 1
VI +8E I+ 8l V14388

(16) ' cbs dp =

because by the definition the relation /;li = 1 is obtamed from Whlch
another relation [;50¢ = lI:3l; = 0 is gotten by covariant differentiation,
where the notation § shows the covariant differentiation when- the
center remains unaltered. After a short calculation from (16) one
gets (neglecting the higher order of the infinitesimal dg) '

a7 de? = g8l
=97 {g"” dac’ dag'? + 2 Aoy da’ dx'? + Al Ag;da’ dx'
| —25ida’ Aw;da'i— (L da' P — (Awsda)2) .

It is clear that the last member remains unaltered when z’¢ are
substituted by p(z, 2’ )x", where p(x, 2’) is a homogeneous functlon
of degree zero in the x’t |

§ 5. Covariant derwatives. By definition the covariant dif-
ferentials of any vector vi(x, ') and the unit vector I’ are written as
follows: '

. (18) Dvt = dvt+ CHvidx"™ + I“,cv’dx ,

(19) of = DU = g~ 36+ A ds" + 2 (g™} + T de*
~ Now put |
(20) ’ 82+A0‘ik = H‘k

and assume that the determinant | H%,| does not vamsh identically,
then one obtains the inverse system K;*, that is,
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21- H'.K;? = 8.
1
When (19) is multiplied by ¢ZK;*, one has
- 1 . 1 . 1 [ |
(22) da" = g2 K; ‘o' — 9% K; ' I, dx*—gZ%a" d (g %),

because x’*K d = m"

When (22) is substituted into (18) on account of the relation (b),
one obtains

(18)’ . Dvi = dvi+ IFivida*+ Thvie® ,
where '
(23) . TR =T5—TilG, T = AjK;t.

As A}, K;', N* and o* are the components of tensors or vectors,
the expressions /'}{ are transformed in like manner the coefficients of
the affine connectlon under the transformation of coordmates Making
use of (22) one can write (18) in another form :

(18;" Dv* = ppvida®+ Fivte”
where . b | | .
24) Favt = v?'h~g%K;"1“&v?k+l}’§."v’.
(25) Phvt = gERGF 4 T, 0
because vi,&’* = 0. We call F,v¢ and r,v¢ the covariant derivatives

of the first and second kinds of vfrespectlvely In particular we
- have for the vector I and the tensor Gij :

(26) | ralt = U+ B+ Aan)K 5T, = 0,
(27) | Prgis =0 .

§6. The vectors 0; and o*. In this section will be introduced a
very important vector ;. '

-1
Theorem. Let g ZFdx, 2’) be the:components of a covariant
vector in t'e space K\ which are the homogeneous functions of degree
zero in the x'*, then the PFAFFian forms
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. L ] 1
(@8) 6= L (Furt B )dbr (g P s

-1 _1 y
+Fi.;.ll—g 2F; ;+ ¢ 2F}, i}dw"“

are also the components of a vector.

Proof. Under the transformation of the codrdinates x* = 2> ()
one gets the relations:

(29) (Fi;+F5,.dl = (Fx; o+ Fu; ))APQ—(Fh; w+ Fo, QI Q; dart,

. 1 . 1 : .
(30) 7'92-F"i;.1';lr(;koldxzv= ‘"gsz}‘; ®w3 vr'é"b' dx)‘ Q}”
|  —gFy, . de QUIFEQE,
Bl)  Fijalde’ = Fy,,. ' de* Qi+ Fr, ., da* QuIFI QY
o +FA;uQi)illdxiQ;+Fl;udxAij;clk’

(82) g EH(—Fi;+F; )dat = g H(—Fy,,+F,.)de*Q}

—Fy, w02’ Qi+ F, .2 QF Q1 dx*,
where ' ‘
Q} CEM » _ 0%x?

dx® Y datead

s

When (29), (30), (81) and (32) are substituted into (28), one obtains
T ek, %, dab, da'®) = 6,a*, 2, da*, da™)Q},

as g(x, #’) is the scalar. ' : Q.E.D. -
Now put gix, ') = gi;x’?, 2Gi; = gi;;+9;:: and take g; instead
of the functions F}; in the above theorem. If it is assumed that the
determinant |Gi;| does not vanish identically, it is possible to define
the inverse system E%, that is, G ;E* =8/. As G; and E%* are
+the components of the tensors, there follows ' ‘
]

Theorem. The expressions . , o *

(83) o, o, du, do') = A+ B —g¥0u,5. I
| - I "3 -2 \
Y05 ll—9 20k +9 205 kjdu*

are the components of a vector.
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Finally from (18)" one gets
(34) i Kio® = dlit+ I'{idx* .

§ 7. Determination of I},. In order to determine the coefficients
% let the last two postulates be introduced :

(V)Y The two vectors o° and K;*«* are identical.

(VI) The coeﬂiments I} are symmetric with respect to j and
k, namely :

- (3) He=I%.

Postulate (V) gives the relations
36) S EY{~gu 5,18+ 0,5.0—0 2005+ 0 2050} = It
When (56) are multiplied by l*, one gets
(2Gy +9%go;i;z)F6k§ = 90:;i.o"‘g_%go.i"'g_%gi.o;

. 1 ’ .
Put 2G4+92%90.:;. = My and assume that the determinant | My]| does
not vanish identically, so that N%* can be defined as the inverse
system of M;. Therefore the above equations are solved for I as
follows :

. S LN 1
(37) I$§= N90:5.0—9 %0.5+9 2.0} -

If (37) are substituted 1nto (36), I'yi is gotten from the given functlons
g:; and their derlvatlves

-1
(38)\ FOk = —;——.Ew{—gk;j;lNﬂ[gng;r.O'—'gO. r+ gr, 0]

, _1 _1
+0k:5.0— 0 2ge.; +0 2054} -
On the other hand from (23) one gets
(39) . I = TIg—T8 Iy, = (8. — T

1) In a FINSLER space where the arc length of a curve z¢=zi(t) is given by
the integral SF’ <x, fi z )dt the coefficients of the euclidean connection I‘,k and C,k

are determined perfectly by the postulates I, II, III, IV, VI only and the postulate
V oi=K; vk is satlsﬁed identically (See E. CARTAN [1]).
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And from (20) by multiplication of K;* one has the relations
- K+ ALK =8
from which it follows

40 Si—AbK;* = Kj¥ .
From (39), (49) and (20), is gotten
(1) | Lh=H, S
On accdunt of (6) and (23) one gets
(42) | L5+ 15 = 9is e—2Tuw I
and from (33)
(43) Ige = I -

From '(42) and (43) it follows by' the same calculation as in a Rie-
MANNian space (Aix = 0)

(44) A G = Yir+ Taa I—Tim F e— Tl ,

where v;i are the CHRISTOFFEL’S symbols of the first kind with
respect to g;;. From (44) and (23) one gets

(45) E - Ty = 'Yijk+ Tl Olj_ Tia I .
When (39) are substltuted into (44) and (45) on account of (21), one
obtains

(46) I = vigpt Aar I'S5— Ajir I'§— Ajor T'0F,

47 o Lge= i+ Aitor T85— Agir 5%
' If the suffix 5 in 1“,,,c and ka is raised up by multiplication of
g™, one obtains , : :

48) I'sh= rysﬁA,-k,r*aggfh'—-A,z;r _anry,

49 Ih = bt Auw Di0%— AL I8T,

where «%, are CHRISTOFFEL ) symbols of the second kind with respect

to gi;.
Finally if (86) are substltuted into (48) and (49), I'i* and I'} are
obtained as functions of gi;; and their derivatives up to the second.
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Thus the coefficients I} and Cj of the connection in K can be
completely determined.

. Chapter II. :I‘heory_ of curves. |

§1. The ge‘odesz"c line and the extremal. In this chapter ‘the
unit tangential vector I* to a curve is taken as line-element and the
arc length s as parameter. So we have

L]

' . , : dxt

1 lz — —_— t
(1) _ ds v
(_2)* : \ ' oz, ) =1.

If a contravariant vector I is transported in its own direction
parallely, there is obtained the line which is called a geodesic line.
From Chap. I, (18) follows its equations

‘ Dzi‘ = K (dzﬁk *k dx” dx* -

—

: +I';j5——— ~-)=0,
ds “\dg? % ds ds \
which can be Written in the form
'3 ] k
(3) | d*x +[.*,-dx9 da* _ 0,

ds? *ds ds S

because the de{;erminant of the tensor H?, does not vanish.
Next calculate the differential equations of the extremal in the
theory of wvariation 8s =0. The EULER’s equations of the base
1 4
function g% are

| J L |
(4) 2L gh).—h.i =0,
‘ 8
that is, o |
1 ! ) 1 1
(5) 92(9'%); g i +gg:’(g%); i g, = 0.

ds? ds

On the othér hand differentiating (2) with respect to s and then
‘ 1
multipling with (¢2),; one gets

NP N AP N N -
(6) (g ):i(g‘ );.7 ds? +(g );z(g )..7 ds .
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When (6) is added to (5) side by s1de, the equatlons of the extremal .
are obtained : .

d?a? dx? . _
g.;i;’j”Tis'Tz—+g;i..’i ds —g{i"_

that is, .
(2Gu+g 0o i, .7) +ggo i, o——gg'go .+g 29;.0=0,

and, according to Chapt. T, (37) their contr_avariaﬁt forms are the-
same as (3). Therefore in our space K" the geodesic line is identical
with the extremal in the theory of variation 8s =0 as in a FINSLER

space.

§ 2. FRENE&T’s formulae. In this section the space of three
dimensions only is considered. As a curve is regarded as the locus
of their tangential line-elements, the theory of curves is the same
as in the euclidean geometry. The unit tangential veetor is ! and
its covariant derivative with respect to s is v

Dl = Hi, di* +F*hdx

ds ds ds

and we put

- Dl
7

(7) “ds

— 4 ‘
—’Cn ’ ‘-

Where ntis a unlt vector along %li and « is called the curvature.
It is seen that the vector n® is perpendicular to the vector !, because
when the relation lil;=1 is differentiated covarlantly, I 3 "+l D 5 =0

is obtained, namely'ltzl; =0. !

Now let a unit vector b’ be introduced which is perpendicular

to each of the vectors I and »‘ and has the same line-element as ¥
and »nt. Then the covariant derivative ZZ is written in the form

Dnt

= €l +mi4 b,
s 3 n'+ ¢

(8)
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but 7 must‘bé zero because the vector Z’s?‘z is perpendicular to the

vector n*. When 1“;he relation n¢l; = 0 is differentiated covariantly,

one has ,li% = -ﬁiid)s"—" . From the last equation and (1) one gets
-, Dn?
9 - li - - .
(9) | Is Ic ,

When (8) are multiplied by I; and summed up for 7 and substltuted
by (9), § = —« is obtained. So that (8) becomes .

flo) : %"s‘-— = — i OB

Analogously one obtains the result:

Db

11) ds -

= —{nt.

Equations (7), (10) and (11) give the FRENET’S formulae.

Chapter III. The torsion and curvature tensors.

§ 1. The torsion tensor. The covariant differential (18)Y in
Chap. I of any vector v* is written in the form

(1) | Dv' = dvi+ w¥ie?, !
where _
(2) % = Mdat Tho! = of .

If 4 is the covariant differential of -v¢* which corresponds to the
increment &, the torsion of the space is defined dy

(3) _ (4AD—DdNx* = &°,

v(rhere Dx* = dxt, dx° = 8z and d and & are exchangable
From (3) one obtains. !

4 = [de*o¥] = Tiy[da*o"].

Therefore the ténsor T}, is the torsion tensor of the space.
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§2. The curvature tensors. The curvature of the space is
defined by ’ ‘

_or

(5)  (4D—DJ)v* = Qiv*. o
Then one has |

(6) 2 = [t —(ol

(6) 2 = [0 okl —(@}) ,
where Q= 929 .

These .forms are decomposed in the following wise :

( 7 ) 2 = % sinte [ dx"] + Pijpr [da® o*] + —;- ik [0" 0] .

- But as the relation l{w; =0 holds good this decomposition is not
unique. If the condltlons

(8) Piw=0,  Siuw=20

are .added, the decomposition is unique. Thus there are obtained the
curvature tensors Rin., Pimx, Sime of the space. From (2) the
first term of the second member of (6)’ is written in the form:

(9) [o*Twh]= w([v i ka“r 3% L s [da da®]+ T mh[w"dwh]
+ r;m i [ 0] + %{ TJ Tomi— T3 Tomn) [0 o] .

*  On the other hand, as oy = Iida*+ Cydz’ from Chap. I, (18),
the second term of the second member of (6)’ is Written in the form

(10) (wy) = -;—{ ’i;k.h*l}jh.k—“ggl"ﬁk;s[( I’,,+g i, s K32 TG,
1 1 V
—9%Cir n K, 7 IS, + 9%Cijr, kK"'f('?h} [dx*dx¥]

+ 08 T, KT dM) +-L K G i~ Co a0 o).
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When (9) and (10) are substituted into equations (6)’, one gets from
(7):

(A1) Ripe = 572 Cim— 5% r’fnh+ L, n— L ign, 6— Ligiye K ° Ko,
, + Mg K; * 6~ 9% Cagr h_K;’Fo‘%-F 02 Cor  Ki7 [,
(12) - Pim = 9°Cisr, WKy — Ligne Ki® + T¥7 Tt — T M
and '
(13) Siink = T3 Time— T3 Timn -
The tensors Ry and Sijx are skew-symmetric with respect to 4, k&

and %, j respectively. For the tensors Piy: and S;. the conditions
(8) are satisfied identically. In fact, as K,”I* = [~ it follows that

 Bine K ?lF = i, ,w =0,

because I} are the homogeneous functlons of degree zero in the
x’*.  Similarly it follows C,, # K l* =0, Timel®* = 0. Therefore one
gets Pjwo=0 and Sio=0.

- For our connection we have the equatlons DguvG =0, therefore
the relations

(14) (UD—Da)gi; = i+ 2 = 0

hold. As any two of the three exterior products [dz*dx*], [da*«®],
[#*»*] can be made to vanish by a suitable selection of da*, sz*,
while the other remains without vanishing, it follows that the first
two indices of the three curvature tensors are skew-symmetric by
substitution of the last equations in (7) ; namely

(15)  Rime+Rjme =0, Pine+Pine = 0,  Simx+ Ssine = 0.

From the skew-symmetry of the curvature tensors one gets im-
medlately * v

. Rrrhk = Prrhk = Srrhk =0.

§3. BIANCHTI's identities. BIANCHI's identities are given by
exterior derivation of £ and 2%, namely :

(16) (@Y —[de Q]+ [k 24 = 0,
(17) ' (2:) —[a)_, Lip] + [wF 23] = 0 .
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he gets , , _
(8) aixf=28%, g.,a}=guaxi, g*zi=g%x;, g¢* = g*atz].

Any tensor defined in the normal line-element (z(u), ¥’(w)) on the-
hypersurface is decomposed in the. manner :

(9) | TF = Tiaiak + Taoxdle+ T®lixk+ Toolsl*,

where T§ = Tiahai, Tew= Twxi, T¢ = Téxi. The T} are called
the space components and the T,, the hypersurface components of
the tensor TF. If Ty = Tf =0, Tew=0 and the T} is the hyper-
surface tensor. An example of a hypersurface tensor is the tensor

gii—Ul; and its hypersurface components are g.;. From (7), (8) and
(9) one gets: - S

(10) gapw:xg = g‘ﬁl’i""lilj , gasx.&xg = g”—l"l’ ,
(11) x;x; =8i—LlF. \
Putting , | R
ay  TR=T thotet, [l = Motebl,
rs = It lite :

one obtains the relations:
| (‘13)‘ f rss= Poom"f'PMZ' r :i‘?i :I:_r?)‘lg»’
l P ,1k = P ‘ e lt

The second fundamenta] form of the hypersurface is deﬁned as in
the RIEMANNian space by

14  Gepdutdu’ = mpdu®  (Gup = ) ,
where .

A5 - m=LDr = —ah = —w, . '
From (14) and (15) one gets Py |

(16) Gy = 1 ¥kt 4 i 87 da* ;2 9z’ am”‘}

‘l,au“auf’ T au® au’ au u’

= s‘o"(l Fw B+ rs )

= R?u( . * )»‘ ’
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. L]
where $?%, is the inverse system of 82+ T%g% and %, = K:%0"0s. .
'If one puts | ' '

a?n m = g du’ = xf Dxi = —ai Drg,

the functions 73, are the coefficients of the parallel displacement in-
duced in the hypersurface. Because for a hypersurface vector
(v.l* = 0) one has

= (Dvy) xi = D('vzxa) —v: Dzt = dv,—miv,,

where the parallel displacement in the hypersurface is denoted by
the symbol §.
From (17) one gets

. ”
Ed

a8 g =a a,,;‘ -+ P =T g% .

§2. The "to'rsion and cu'rvature tensors of the hypersurface. The
decompositions of o' and Dxi are

(19) ®'= 0%l = —7at,
and . .
o
(20) Dl = miui —wolt = wlai+ w,ll = dai + olak .

The above two equations lead to the following:

19y . BB py et |
8 * 8u : 8 e
and ' .
(20)’ 3%at — = 4 ¥ i+ T a° +a l.
8 “au" ap —b')'aﬁ o callp o8

As Dg;; = 0 , one gets _
ey =0
or ‘ .
(22) —gi—““ = Yarr+Vpar  (Yosr = GonyS) -

This shows that the induced connection is euclidean. The torsion
tensor of the hypersurface is defined by

a * &




N
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@) B = [du'n?] = B s dusdu®),
where

(24) By = Yay—se = G The—a;

- by virtue of (18).
From (22) by suitable exchange of indices and addition are
obtamed on account of (24),

_, | 1 9Gus , 80sr  80:a), 1 ‘
‘ (25) Fapr = 'é‘{ 3363 + ag‘: - a‘(:;ﬂ }'*“—2‘{ Byg:+ Bras— By }

= "y +aq TfrBt—ag Tiee -
Moreover from (24) we have the relations: -
(26) - Bypy = —Bypes Bapr+ Bsre+ Biog =0.

On the other hand the curvasure tensor of the hypersurface is
defined by ‘

27 B = [vr..vr f1— (vr ) = —-B(,“T,s[du"du"] ,
where
8
(28) Baﬁfa = aa')’;:; - aarh: +')’u'r'7~:6 ')':6'737 .

!

§ 3. BIANCHTS identities. Conditions of integrability. BIANCHI’S
identities are: '

(29) ' B“)’ [du B"]-i—[vr‘:B‘] =0
and -
(30) (Baﬂ)”—['” Ba'c]""['”'a Bm] =0, (Bab = gTBB ).

(29) yields the identities: |
(31) ’ » Baomf'{' B:TBtoﬁ*B¢qBT+ CYCIic (aﬁ')’) = O\,

where B,%; represents the covariant derivation in the’ sense of the
connection on the hypersurface and +cyclic(e8y) shows the expres-
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sions made from the written expression by exchange of the indices
e, 8 and ¥ cychcally On the other hand from (30) one gets :

(32) " Busisie+Bugs BE+ cyclic (y8e) = 0.

From Chap. III, (6) and the deﬁnltlon of covariant differential
one gets

(33) [Dakwi]l—(Dxi) = Qiak .

On account of (20) the first term of the first meml;er of (33) becbmes
B4 [Datef] = [whmilat+ [mdom,) l— [ dci] + [ i .

On the other hand the secbnd term becomes
(35) (D) = [daimi]+ (wl) zi+ml 18— [7om ] ot —[wh ] I° .

Therefore if (35) is substracted from (34), one obtains, taking heed
of (27),

36) "2 xk = Blai+ [, ]ak + [7S o] —arl 315 .

When (36) is multiplied by zf and /; and summed up for 7, then
one gets ‘

B0 Cizkal = 0 = D¢, [du du’] = Bi+[n"m.]
and | o -
(38) Bk = Q0 = [wlmr,]—r

respectively, where
‘ DGSTG = Raﬂ-rs'— aﬂTa d?a-!' Plss as +Sise asas .
(37) becomes explicitly
(39) - R s— o« ra B3+ P,’ssa5+ Sd’se a3as
= Buﬂrs + a? Ays— ag QAax .«

Equations (39) are the Gauss’ equations for the hypersurface.
From (38) it follows :

(40) R 6 Pa Yo a6+P¢060a~r+Su 0 AT M == Quxis™ Qasjy + Braaae

_ This is the CoDAzzI s equations for the hypersurface.
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By exterior derivation of (87) and (38) one obtains more identities
on account of (30), (27) and (37), (38) themselves:

(41) (24p) = [m5 o] —[73 Ly-]+ [7ms Lao] —[7e L]
(42) | (240) = [m3 2] —[Bim-] .
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