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A GENERALIZATION OF THE FRENET’S FORMULAE

Shimpei YANO ]
_ § 1. Introduction. P. Dienes considered the mixed tensors of rank o
Ajsy: (x,4,%,---), whose componentes are functions of a line-element,
and apphes them to many theorems in hls'"papersm ‘The purpose of
the present paper is to show that the Frener's formulae -may take the
same form as those found in the Riemannian geometry. At first let
us give a brief explanation of notations and contractions according to
P. Dienes. The absolute derivatives of a contravariant vector A or of a
covarlant vector B, along a curve, be expressed by the foliowing forms

SA* _ dA? ¢ Ao 0B, dBi o

6t dt T AT ot dt +f0Bs,
where the connection parameters f?, and f,° are functions of the para-
meter of the curve and have no relation among themselves. Then
the absolute derivative of the tensor A:jv: along the curve may by ex-
pressed in the form

iy y

M SAL: = B 8 Ay RS,
where only one of the two functions f‘c, and f,,? in every term is’
equal to 1.

The space in which absolute derivatives of tensors are of the form
(1) is called a mmwdromw space: In the monodromic space, the ab-
solute differentiation of the sum or the product of two tensors A and
B follows to the ordinarily estabhshed formal rules,

6(A+B) _ o4 + BB, L O0AB _ 34 B+ASE 0B
ot st ot ot ot at

There .are two kinds of metric tensors, one of which is the covariant
tensor g,; and the other the contravariant g*?. These tensors are related
to each other as g,,0** = E%, where EX=0 if k # jand =1 if k = j.
If A‘, are the components of a tensor A, the length of the tensor may

be defined and written as
st gugllAGAR, = |- g,,g"‘_A“gArg ~femsgrmanan = FAA{ = [A]|*.




12 - S. Yaono

Similarly, if A% and B¢, are components of two tensors A and B, whose
lengths are |A| and | B} respectively, 6 being the angle between these-
tensors, we have .
|A]|B] cosb = |[-AB-. ‘

A prominent property of this space is that there is the following
relation between an absolute differentiation and a contraction:

0A:%Y

@ 2

I—AJy ](ip ja> +A‘y Eg%:;} Ba'
ot .

SES _

Ep» .fd)

where C*, = f*, +fa*, and Wle notice that C“ ' therefore the

C*, is a tensor.
- §2. Isotropic spaee. Let us consider. an arbltrarﬂy gwen con-

tinuous, differentiable field of a normalized orthogonal n-nuple A“ along
a curve. Since the absolute derivative of a vector at any point.is also
a vector at the point, there must be the functions P* which satisfy

the relations
@

: ‘ a [ ‘ s
@ = Peds Gk=120,m),
App]ymg the relatlon (2) twice we have ,
\]______B(A“A“q@l —_ 3(A"A“g,-g) +(jia(ﬁsg SC“
ot : (a,‘r)(a.m ot (a 'f)

2y )

(
'—'A As(grgc +gaac g)
On the other hand, (3) gives .

Aam S ey 'BA T W Bgr,,

8
) B(A“A gra? = A“g,-a + A* ~Grs +A“A3
ot @, TYE,B) 2 ot ot <a{r)(s.a>
— P“+P”+A“AB 59«3 :
ot
Comparing the two above relations, we get
DD Sg.s O D e
- (4) PY + P+ A“A“—}—;—“— =A*A(g;5C 0 +943C%) . ...
Partlcularly, if there is the relatlon ) o
(5) ' Bgas = 0r sC +gasc B

ot
at any point of space, (4) may he replaced by the more simple relation
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6) P9+ Pr=0.

) @*
Similarly, for a normalized orthogonal covariant n-nuple A,, there are
some functions F,; along the curve, satisfying the following equations:
" @

(7) - '33‘;1“ = P4, ,

@8 ® (A) (9*°C*, + g#°C*,) = P, + P, +‘X (25 5g*# ,
particularly, if we have the relation

(9) | , 3gt __gapcs +gt°Ce,

at any point of the space, the equation (8) may be replaced by the
relation o

ao) . Py +P;,,=0.

‘More generally, consider a normalized orthogonal system of tensors
[€2) ' :
Resve

{v- along the curve, then any tensor 6f the same kind may be ex-

pressed by a linear form of the tensors A jv>. Then there exist some
functions F*# on the curve, which satisfy the equatlon
(a)

0A%Y:
11 Jy-
(11) =

and we get the followmg equatlon : . .
(a) ' Folp.

ot
. V(a)i .(B).k ()
’ : A-{z:A‘z}f- E(Ctp xp + C/cp q,) 91 ¢,,k,, epskpl

O=1
+ (Clpjp 4 ijlp) g:.z;’/;cg:[fp,lp]]’
where C¥ = g**C?,, C,; = 9,,C?, .

If the relations (5) and (9) are satisfied simultaneously in the space,
then the relation (12) is simply expressed as in (6) and (10) by the form

0y P*8 + P8 — 0,

The relations (6) and (8) give some dependence among f,*% f*‘ and
9.; or g . We call therefore the space in which (6) and (8) are satisfied,
an isotropic space. We shall examine in detail the isotropic space.

= 'pasA-iu- (@, f=1,2 - , ©)
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From (5) we have

% z0
'——-————Bg or = og gor+ C% + 9°°9:sC%5 »
et e O .
on the other hand from (2) the followmg equation is obtamed
7
\__ 39\ Goe_ — O, + gzagpkcoa = C*, + ¢°°90:C’4
v ] Qt 4,0 4 '
Comparing the above two equations we have
<0
(5 0 =0

ot

Conversely, the relation (5) ean be deduced from (5). Similarly it will
be seen that the relatlon 9 IS equlvalent to the form 7

. agaB —
9) =0
() 5t

. .
In the 1sotrop1c space we get the relatlons 09ap B%t =0, whlch

are equlvalent to the equation g*°C#, g‘“’C"l =0, but do not necessi-
tate the condition C?, = 0, namely f8, +fof = 0 as in the RIFMANNlan
geometry. - ,

Since these relations are sat1sﬁed both in the Finsr.er®- space and
the CArTAN space, the two spaces are isotropic spaces.

§3. The FRENET’s formulae and the curvature. Consider an ‘arbi-
. . -
trarily given continuous dif‘ferentiable tensor field Bjv: along a c¢urve

‘and linearly mdependent tensors B deﬁned by the following equations

- OB) g @ (Ba@ ; (z+1) wnt (@)
y = 3 y D . y- w
g = Bfv., .- .____..__‘ B bB"’V' = B:v: .

St : ‘-j{,-‘, r lﬁt jy ’ g - v Fye

By the ScavipT's: method® as expounded in the Rremannian geometry,

we have then a normahzed orthogonal system of tensor fields A v. along
a curve '

(63}

(1 1), : (1 =D B
94 =161, Gi— 1)
i o Vo Dz 1D¢ ,_

where D.i =

. . V Ai K
eeeneenneens |y (2,9) =P,].-BB-I-
| (4, 1) -+ (4, %) o
bmce A are homogeneous linear forms of B, B, ..., B, we have

E».A
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) ' :
M (2) [ @+
ﬁ':a,B-szB.—I- +aB+_L"‘——~B .
ot - D, D,

(13 (") ®
But B is a homogeneous linear form of A4, A4, ---,A. Hence

@
<+ &) : ’ '

86:1’ —3P94 e ,P"“"-: 0, when k>1.
=t D : "

It follows by (10) and (11) that in an isotropic space we have also
. P =Pt =0 and P“=0, when k>1.
On the other hand ‘

@+ 6A E+D @E+D D ’_ v D D
PNH__A Jd=]-A B- =1 = e=17s41 |
. J I v Di—lDi D,

Z+1
Let 0 be the extremal angle between a ténsor B)and a plane P which

o @ ¢
is determined by the tensor B, B, --- ,B). P. Diexes used the relation®

2 (0) (P) (Z+1)

¥ D,-B B -

o D=1 L
cos ¢ A i DO k) W (k) T+14+1 ’

2 DD EB-FBE |
@ 1), (LE—1)(1,5+ 1), 1,5+ 1), ,(1,)

.........................................................

(z, ), @ Ek— 1) (¢, ¢+ 1),(, k+ 1),---, (2,7)

Denote by a the angle between F and P (C:¢|[¢°). The limit of the
£ sin a

(€]

quotient 7% or that o , as 4£—0, is called the ¢'" curvature of the

tensor field. He had following relations®™:

(€3]

gy G+ =1
3:;1;5- — i Ajy: — 71 Ay (t=2-,0—1),
ot . i i—1
S 1%, w1 e
-jy- — A:;z: , .JU. - - A:;z: .
ot 7 ot ' r“"'l

. O @ @
Consider a parallel polyhedron composed of tensors B, B, ---, B, then its

volume + 7,  is expressed in the form
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= [|&D s &)
N, a) -
Since |
1,1), (1,9),(1,2+1) o -
0=|G 1), (i), Git 1) =@itDVi=2GRD:, <1,

(j, 1): R | (jr 7:)7 (j!?:+ 1) .
(1,1) covemrernenniennns (1,i+1)

Vo= |G 1) G 141y = G LD Vem X D+ 1),
(¢+ L,1)---(¢+1,3), ¢+1,6+1)

ZD.Gi+ 1) JEBG+

V(i+1,2+1) h/fv;,%)‘(j’“_l)m /(z+1 t+1)V,?

we have at last
Vt—I “/i'&l

VV¢+1=‘/('5+1,'5+1) sind vV, , sz—.—v‘g—;
N ¢
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