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EXPONENTS OF MODULARED SEMI-ORDERED
LINEAR SPACES

By

Sadayuki YAMAMURO

The modulared semi-ordered linear space $R$ is a universally continuous
semi-ordered $1\ddagger near$ space where a functional $m(a)(a\in R)$ is defined such
as the following properties are $satisfied*$

1) $ 0\leqq m(a)\leqq+\infty$ for every $a\in R$ ;
2) if $m(\xi a)=0$ for every positive number $\xi>0$ , then we have $a=0$ ;
$ 3)\sim$ for any element $a\in R$ we can flnd a positive number $\xi$ such

that $ m(\xi a)<+\infty$ ;
4) $m(\xi a)$ is a convex function of $\xi>0$ , that is, $a,$ $\beta>0$ implies

$m.(\frac{a+\beta}{2}a)\leqq\frac{1}{2}\{m(aa)+m(\beta a)\}$

for every $a\in R$ ;
5) $|a|\leqq|b|$ implies $m(a)\leqq m(b)$ ;
6) $a_{\cap}b=0$ implies $m(a-\vdash b)=m(a)+m(b)$ ;
7) if $0\leqq a_{\lambda}\downarrow\lambda e\Lambda a$ , (that is, $a_{l}(\lambda\in\Lambda)$ are positive, and for any $\lambda_{1}\lambda_{\Phi}\in\Lambda$

we can find $\lambda\in\Lambda$ such that $a_{\lambda_{1}}a_{\lambda_{2}}\leqq a_{\lambda}$ , and $a=\bigcup_{\mathfrak{n}e\Lambda}a_{\lambda}$
), then we have

$m(a)=\sup_{\lambda C\sim\Lambda}m(a_{\lambda})$ .
This functional $m(a)(a\in R)$ is called a modular on this modulared

semi-ordered linear space $R$. The so-called $L_{p}$-space $(p\geqq 1)$ , nameIy
a set of measurable functions $a(t)(0\leqq t\leqq 1)$ such that

$\int_{0}^{1}|a(t)|^{p}dt<+\infty$ ,

is obviously a moduiared semi-ordered linear space, putting its modular
as

$m(a)=\int_{0}^{1}|a(t)^{p}|dt$ .
$L_{p}$-space is but an example of the modulared semi-ordered linear space.
However, this is an essentially important example. Because, the modular
$m(\xi a)$ is a convex function of $\xi>0$ and the concept of convexity is
a direct generalization of that of power, that is, $\xi^{p}$ for $p\geqq 1$ . In other
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words, the theory of modulared semi-ordered linear space, which was
considered first by NAKANO [7], may be regarded as a direct generali-
zation of the theory of $L_{p}$-space, in spite of existence of many examples.
which are not $L_{p^{-}}tyRe$ .

The purpose of this paper is to classify modulars by power functions.
For this purpose, we will define two exponents of a modular and discuss
properties of these expouents and characterize some properties of the
modular by them.

The concept of exponents of modulars is not firstly discussed he$re$ .
In fact, in particular cases, where the modulars are of unique spectra,
they were defined by NAKANO [7]. The exponents defined in this paper
can be considered as a generalization of them.

In general cases, where the modular spectra are not always power
functions, we must consider derivatives of modulars for the sake of
validity of exponents, concerning especially about uniform convexity
and uniform eveness. Therefore, \S 1 and \S 2 are devoted to argument
of the derivative\’{s} of modulars and their spectra. In \S 3 we will de-
fine two sorts of exponents of elements and discuss the relations be-
tween properties of elements and their exponents. The exponents
of a space are defined in \S 4 and the problem of determining exponents
of a space by that of elements of the space will be dtScussed there. $-$

In \S 5, conjugateness relations of exponents are est\‘ablished. Relations
between a modular and its norms are regarded as the first problem
which should be solved in the theory of modulared semi-ordered linear
space. As the preparations, we will enumerate in \S .6 some theorems
about norms.

In the following three sections, we will eonsider problems con-
cerning about special types of modulars, namely, bounded modulars,
modulars of unique spectra and constant modulars.

Some of results of this paper may be obtained also in modulared
linear spaces without semi-ordering. But, it is our cherished $0\overline{p}inion$

that the semi-ordered linear space is most suitable for the develop-
ment of modular theory, and the opinion has been testified enough in
the book: NAKANO [7], to which we owe the terminology and proper-
ties of modulars used in this paper. (The general theory of modulard
linear spaces without semiedering was developped by NAKANO [11].).

Before proceeding to the details of the work, I should like to ex-
press, my gratitude to $Professor\backslash $ H. NAKANO for, suggesting $t0$ me the
problems originallyi and for much helpful advice since.
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\S 1. Derivatives of modulars

In the sequel, let $R$ be a modulared semi-ordered linear space and
$m$ be its modular.

Since $m(\xi a)(a\in R)$ is a convex function of $\xi>0$ , we $gan$ define its
right-hand derivative as follows:

$\pi(\xi/a)=\sim\left\{\begin{array}{ll}\lim\frac{m((\xi+\epsilon)a)-m(\backslash \frac{\sim-}{*}a)}{e} & if m(\xi a)<+\infty 4\\+\infty & \end{array}\right.$

if $ m(\xi a)=+\infty$ ,

and we have

$m(aa)=\int_{0}^{a}\cdot\pi(\xi/a)d^{\underline{\wedge}}$ ,

when $ m(\alpha a)<+\infty$ .
Now, we will enumerate some properties of $t\dot{h}eder\dot{w}$ative as the

Preparations for the following sections.
$\pi(\xi/a)$ is obviously a increasing function of $\xi>0$ ;

$\pi(\xi/a)\geqq\pi(\eta/a)$ for $\xi>\eta\geqq 0.,$ $a\in R$ .
Moreove $r$ , we can prove that

(1) $|a|\leqq|b|$ implies $n(\xi/a)\leqq\pi(\xi/b)$ for eve $ry$ $\xi>0$ .
Because, since we have generally the following inequality:

$m(a+c)+m(b+c)\leqq m(a+b+c)+m(c)$

for $a,$ $b,$ $c\geqq 0$ . We need only put here $a=\epsilon(b+c)$ fo $r$ a positive number
$e>0$ and letting $\epsilon\rightarrow 0$ ,

$Fr$om the definition of derivative, it is easy to see that
(2) $r(\xi/aa)=a\pi(a\xi/a)$

for any positive number $a$ and $\xi.$.
Moreover we have

(3) $\frac{m(\xi a)}{\xi}\leqq\pi(\xi/a)\leqq\frac{m((\xi+\eta)a)}{\eta}$

for any $positi^{\backslash }ve$ number $\xi$ and $r_{/}$ . The right-hand inequality is. a im-
mediate consequence of the definition, that is,

$\pi(\xi/a)\leqq\frac{m((\xi+\eta)a)-m(\xi a)\backslash }{\eta}-\leq\frac{m((\xi+\eta)a)}{\eta}*$

If $m(aa)$ is finite, we have
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$m(aa)=\int_{0}^{a}\pi(\xi/a)d\frac{\sim}{.}\leqq\int_{0}^{a}\pi(a/a)d-=\alpha\pi(a/a)$ .
If $(maa)$ is. infinite, $\pi(a/\alpha,)$ is also infinite by the definition, and so, the
left-hand inequality of (3) is obtained.

By this inequality, we have from the definitions of the modular,

(4) $\pi(\xi/a)=0(\xi>0)$ implies $a=0$ ,

(5) for any $a\in R$ there exists a number $a>0$ such that $\pi(a/a)<+\infty$ .
Let $a_{\cap}b=0$ . Then, we have

$m(\xi(a+b))=m(\xi a)+m(\xi b)$

and
$m((\xi+\dot{e})(a+b))=m((\xi+e)a)+m((\xi-\vdash\epsilon)b)$

for any positive number $\xi$ and $e$ , because
$(\xi a)_{\cap}(\xi b)=0$ and $((\xi+e)\alpha)_{\cap}((\xi+e)b)=0$ .

Therefore, by subtracting term by term and letting $\epsilon\rightarrow 0$ , we obtain
the following inequality:

(6) $\pi(\xi/a+b)=\pi(\xi/a)+\pi(\xi/b)$ for eve$ry\xi>0$ ,
$prov\ddagger ded$

. that $a_{\cap}b=0$ .
Similarly, we can prove that
(7) $\pi(\xi/ab)+\pi(\xi/a_{\cap}b)=\pi(\xi/a)+_{t}n(\xi/b)$

for eve$ry\xi>0$ and $a,$ $b\geqq 0$ ,
(8) if $a_{x}\downarrow le\Lambda 0$ and $\pi(1/a_{\lambda})<+\infty(\lambda\in\Lambda)$ , then we $h\backslash $ave

$\inf_{xe_{1}1}$
$rr(1/a_{\lambda})=0$ .

Because, as there exists a positive number $\epsilon>0$ such that $m,((1+$

$\epsilon)a_{\lambda})<+\infty$ , we have
$\inf_{lC\prime 4}$

$m((1+\epsilon)\alpha_{\lambda})=0$

by Theorem 35.1 of NAKANO [7]. Therefore, we have by (3) that

$0\leqq\inf_{RC\Lambda}\pi(1/a_{l})\leqq\inf_{\pi e\Lambda}\frac{1}{\epsilon}m((1+\epsilon)a_{l})=0$ ,

as required.
Some of the relations stated above are truth not only fo$r$ modulars,

but also for any convex functions with suitable propertieS. As to in-
vestigations about convex fumctions, we $\iota hay$ have to refer JENSFN [3],
$ORf_{I}ICZ$-BIRNBAUM[12] and W. H. YOUNG [17].

Remark. To prove the inequality:
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$m(a+c)+wi(b+c)\leqq m(a+b+c)+m(c)$

for $a,$ $b,$ $c\geqq 0$ , we must use the spectral $theory$, which is explained roughly
in the next section. As the modular spectra $\omega(\xi, s, \beta)$ is a convex func-
tion of $\xi>0$ , it is not but the definition of convexity that

$\omega(a+\mathcal{T}, s, \mathfrak{p})+\omega(\beta+\gamma, s, \mathfrak{p})\leqq co(a+\beta+\gamma, s, 0)+\omega(\gamma,s,\mathfrak{p})$

for positive numbe$rs(a,$ $\beta,$ $T$ . Hence, by the integration:

$m(\xi s)=\int_{[s]}\omega(\xi,s,\mathfrak{p})n\iota(d\mathfrak{p}s)$ ,

we can establish the required inequality.

\S 2. Derivative spectra

Since the modulared semi-ordered linear space is a universally
eontinuous semi-ordered linear space, we may need explain some potions
about the spectral theory, stated in NAKANO [7].

For any positive element $p\in R$ , a operator $[p]$ is defined $aS_{\backslash }$

$[p]x=\bigcup_{\nu-1}^{\infty}(x_{\cap^{f}}p)$

for any $x\geqq 0$ . This operator $[p]$ is called a projector. A system of pro-
jectors $0$ is called an ideal, if 1) $\mathfrak{p}\overline{\ni}[0],$ $2$) $\mathfrak{p}\in[p]\leqq[q]$ implies $\mathfrak{v}\ni[q1$, and
3) $\mathfrak{v}\ni[p],[q]$ implies $\mathfrak{v}\ni[p][q]$ . An ideal is said to be maximal, if there
exists no other ideal containing $0$ .

For a projector $[p],$ $ $ we shall denote by $U_{[p]}$ the set of all maximal
ideals $0\ni[p]$ , and naturally $U_{[0]}=0$ .

Considering maximal ideals as points, we obtain a topological space
$\mathfrak{G}$ with the neibourhood system $U_{[p]}$ for all $pr$ojeetors $[p]$ . This topolo-
gical space $\mathfrak{G}$ is called the proper space of $R$ . The proper space is a
Hausdorff space and $U_{[p]}$ is open $\dot{a}$nd bicompact.

For any $a\in R$ and $\mathfrak{p}\in \mathfrak{E}$ , let us write $(a,\mathfrak{p})=+\infty$ if $\mathfrak{p}\in U_{[a^{*}]},$ $(a,\mathfrak{p})=0$

if $\mathfrak{p}\overline{\in}U_{[a]}$ and $(a,\mathfrak{p})=-\infty$ if $\mathfrak{h}\in U_{[a^{-}]}$ . Then, if $(a,\mathfrak{p})-\neq 0$ , for any $b\in R$

there exists uniquely $\lambda_{0}$ such that $-\infty\leqq\lambda_{0}\leqq+\infty$ and

$(\lambda q-b,\mathfrak{p})=\left\{\begin{array}{ll}(a^{\prime}\mathfrak{p}) & for \lambda>0\lambda,\\-(a,\mathfrak{p}) & for \lambda<\lambda_{0}.\end{array}\right.$

This number $\text{{\it \‘{A}}}_{0}$ is called the relative spectrum of $b$ by $\alpha$ at $0$ and denoted

by ($\frac{b}{a}$ , $p$) $.Considering$ as a function of $\mathfrak{p}\in U_{[a]},$ $(\frac{b}{a},$ $\mathfrak{v})$ is continuous

and almost finite, namely, finite in an open set being dense in $U_{[a]}$ .
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For the relative spectrum $(\frac{b}{a}$ $\mathfrak{p})$ , we have

$[a]b=\int_{[\grave{a}]}(\frac{b}{a},$ $\mathfrak{v})a\mathfrak{p}_{a}$ ,

where the integral means the limit of the finite sum:
$\lim_{\epsilon\rightarrow 0}\sum_{\nu\approx 1}^{t}(\frac{b}{a}0_{\nu})[p_{\nu}]a$ $(\mathfrak{p}_{\nu}\in U_{rp_{\nu 3}}),$.

and the partition:

$[,a]=[p_{1}]+\cdots\cdots+[p_{\kappa}]$ , $[p_{\nu}][p_{\mu}]=0(\nu\neq\mu)$ ,

is such that

$\sup_{n_{1}.u_{2}e\sigma_{\zeta pyl}}|(\frac{b}{a},$ $\mathfrak{p}_{1})-(\frac{b}{a}\theta\underline{)}|<\epsilon$ $(\nu=1,2, \cdots, \kappa)\backslash $

for a positive number $\epsilon$ .
A element $s$ of $R$ is said to be simple, if $ m(s)<+\infty$ and $m([p]s)=0$

implies ]$p$]$s=0$ . For a simple element $s$ and an arbitrary element‘ $a\in R$ ,
the $reht\dot{w}e$ mdular spectmm of $a$ by $s$ at $0$ is defined as

$m([p]a)$
$\omega(a/s, D)=\lim$

$[p]r$ $m([p]s)$ ’

where the limit means the uppe $r$ limit:

$l79\theta\inf_{[q]}99rpJ_{\approx}rq\sup_{<}i\frac{m([p]a)}{m([p]s)}=\varlimsup_{[p]\rightarrow\{J}\frac{m(}{(?\gamma_{1}}\frac{p}{p}[]s)[]a)$

or the lower limit:

$\sup_{a_{rq1^{9l}}}\inf_{P8CpJ\leqq\Gamma ql}m([p]m(!p_{Cp}\frac{a)}{]s)}=1_{\frac{im}{3\rightarrow 0}}\frac{m([p]\alpha)}{m([p]s)}’$

and both limits coincide in this case.
Considering $m(1^{-}p]a)$ as a measure of $U_{[pIa]}$ , we have

$m([p]a)=\int_{[s]}’)(a/s,\mathfrak{p})m(d\mathfrak{p}_{S})$ .
Especially, $\omega(\xi s/s,\mathfrak{p})$ is denoted briefly by $\omega(\xi,s,\mathfrak{p})a\iota ld$ called the modulw
spectrum by $\xi$ and $s$ at $0$

Now, take a element aER such that $\pi(1/a)<+\infty$ . Then, we have
$\dot{\pi}(1/([p]+[q])a)=\pi(1/[p]a)\cdot+\tau(1/[q]a)$

if $[p][q]=0$ , and $[p_{\nu}]\downarrow\nu\infty-]0$ implies that
$\pi(1/[p_{\nu}]a)\downarrow\nu\sim 1\infty_{0}$ .
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Therefore, by Theorem 36.1 of NAKANO [7], we can define the derivahv $e$

spectrum for a simple element $s\in R- as$ follows:

$\pi(a/s,\mathfrak{p})=\lim_{[p]’ p}\frac{\pi(1/[p]a)}{m([p]s)}$ ,

and here we have

$\pi(1/[p]a)=\int_{[p]}\pi(a/s, \mathfrak{p})m(d\mathfrak{p}s)$ .
Considering as a function of $\mathfrak{p}\in U_{[s]},$ $\pi(a/s, \mathfrak{p})$ is continuous. We will

call it the derivative speetrum of $a$ by $s$ at $\mathfrak{p}\in U_{[s]}$ .
$Fr$om the definition, we see easily that,
(1) $\pi(a/s, D)=0$ for $\mathfrak{p}\overline{\in}U_{[a]}$ ,
(2) $\pi([p]a/s, \mathfrak{h})=\pi(a/[p]s,\mathfrak{p})=\pi(a/s, 0)$ for $\mathfrak{h}\in U_{[p]}$ .
Since $|a|\geqq|b|$ implies that

$\Pi(1/[p]a)\geqq\pi(1/[p]b)$

for any projector $[p]$ by (1) of \S 1, we have
(3) $\pi(a/s, \mathfrak{p})\geqq\pi(b|s,\mathfrak{p})$

if $|\lceil a|\geqq|b|$ and $\mathfrak{p}\in U_{[s]}$ .
Theorem 2. 1 $p$ ‘or the $derivat\dot{w}e$ of the modular spectrum by $s,$ $\xi>0$ at $\mathfrak{p}$ :

$\pi(\xi,s,\sigma)=\bigcap_{\epsilon>0}\frac{\omega(\xi+\epsilon,s,\emptyset)-\omega(\hat{\sigma},s,\emptyset)}{\epsilon}$ $(0\in U_{[s]})$ ,

we have

$\pi$ (ut, $s,D$) $=\lim_{[1^{J}],p}\frac{\pi(\alpha/[p]s)}{m([p]s)}$ ,

provided that $\pi()a/s)<+\infty$ .
Proof. From the assumption, we have

$7r((\alpha,s,\hat{\mathfrak{p}})=\inf_{8>0}\frac{\omega(\xi+\epsilon,s,\mathfrak{p})-\omega(\xi,s,\mathfrak{h})}{\epsilon}$

in an open set being dense in $U_{[S]}$ , and the right-hand side is mono-
tonically decreasing with respect to $\epsilon>0$ . Hence B. LFVV’S theorem
shows that $\rightarrow$

$\int_{\zeta pr}\pi(a,s,\mathfrak{p})m(d\mathfrak{p}s)=$
$\lim m((\alpha+e)[p]\frac{s)-m(a[p]s)}{\epsilon}=\pi(a[p]s)$

for any projector $[p]$ . This means that

$j$

$rr(a,s,.\beta)=\lim_{[p]’ \mathfrak{p}}\frac{\pi(a/[p]s)}{m([p]s)}$ .
$t\backslash $
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for $e\dot{v}e\dot{r}y\mathfrak{p}\in U_{[s]}$ , so that the proof is completed. , $e($

By this theorem, we see easily that

$\pi(\xi s/s,D),=\lim_{Ep3’ p}\frac{\pi(1/\overline{\overline{\sigma}}[p]s)}{m([p]s)}$

$\wedge=\xi\lim_{[p]\rightarrow\}\}}\frac{\pi(\xi/[p]s)}{m([p]s)}=\xi\pi(\xi,s,\mathfrak{p})$ , $\cdot$ .

if $\pi(\xi/s)<+\infty,$ that is, we have
$(4\backslash \ell)$ $\pi\cdot(\xi S/s;\mathfrak{h})=\xi\pi(\xi,s,\mathfrak{p})$ if $\pi(\xi/\backslash s)4+\infty$ . 7 $\neg$

$<$

Now, we will prove the main theorem in this section:
Theorem 2. 2. If, for a $fin\prime ik$ , simple element $s^{\mathfrak{l}}$ of $R_{j\pi}(\xi,s,\mathfrak{h})$ is $c\alpha\iota-$

tinuom with respect to $\xi>0$ , then we.have

$\pi(a/s,\mathfrak{p})=(\frac{a}{s}0)\pi((\frac{a}{s},$ $\mathfrak{v}),$ $s,$ $\mathfrak{p})$

}

in an open set being d\‘ense in $U_{[s]},$ $prWided$ that $\pi(1/a)<+\infty$ .
Proof. We need only $pr$ove that, for a llUmber $\epsilon$ such that $0<e<l$ ,

the inequality:

$(1-e)(\frac{a}{s},$ $\mathfrak{p})$
) $\pi(.(1-e)(\frac{\alpha}{S^{}}\prime \mathfrak{p}),.s,\mathfrak{p})\leqq\pi(a/s,\mathfrak{p})$

$\leqq(1+\epsilon),(\frac{a}{s},$ $\mathfrak{v})\dot{\pi}((1+e)(\frac{a}{s},$ $\mathfrak{v}),$
$s,\mathfrak{p})$

is true in an open set being dense in $U_{[s]}$ . Because, when the inequality
is proved-, the continuity of $\pi(\xi,s,\mathfrak{h})$ gives the proof.

When $\mathfrak{p}\in U_{[\epsilon]}-U_{[s][a]}$ , we have $\$^{J}$

$(\frac{a}{s},$ $\mathfrak{p})=\pi_{\wedge}(a/s,\mathfrak{p})=0_{\nu}$

so that the above inequality is obvious.
Generally, we can find a dense subset $\lambda$ of $U_{[s]}$ such that

$0<(\frac{a}{s},$ $\mathfrak{p})<+\infty$

for every $\mathfrak{p}\hat{\Leftarrow}$ A. And, for any $\mathfrak{p}_{0}\in A$ and a number $e$
. such that $0<\epsilon<1$ ,

there exists a projector $[p]$ such that
$\vee\}$

$(1-\epsilon)(\frac{\alpha}{s},$ $p_{0})\leqq(\frac{a}{s}\prime \mathfrak{p})\leqq(i+\epsilon)(\frac{a}{\epsilon},$ $\mathfrak{p}_{0})$

for every $\mathfrak{p}\in U_{[p]},$ $na\gamma nely$ ,

$(1-e)(\frac{a}{s},$ $\mathfrak{p}_{0})[p]s\leqq[p]a\leqq(1+e)(\frac{a}{s},$ $\mathfrak{p}_{0})[p]s$
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for this projector $[p]$ . Therefore, the formula [3] shows that

$(\pi(1-\epsilon)(\frac{a}{s},$ $\mathfrak{p}_{0})[p]s/s,$ $\mathfrak{p}_{0}$) $)\leqq\pi([p]a/s, p_{0})$

.

$\cdot$

$\leqq\pi((1+\epsilon)(_{\backslash }^{\underline{a}},$ $\mathfrak{p}_{0})[p]s/s,$ $\mathfrak{p}_{0}^{L})$ ..
so th\"at we have $c^{1}$

$\pi((1-.\epsilon)(\frac{a}{s},$ $\backslash \mathfrak{p}_{0})s/s,$ $\mathfrak{p}_{t)})\leqq\pi(a/s, p_{0})$

$\leqq\pi((1+\epsilon)(\frac{a}{s},$ $\mathfrak{p}_{t)})s/s,$ ]$)_{\sigma})$

. $-$

by the formula (2). As the element $s$ is finite, we have

$\pi((1+\epsilon)(\frac{a}{s},$ $\mathfrak{p}_{0})/s).<+\infty$ ,

and so, we can obtain by [4] the inequality which was required above.
Hence, the proof is established.

\S 3. The exponents of elements

In this section, we will define the exponents of elements and discuss
the relations between properties of the elements and their exponents.
$R$ is a modulared semi-ordered linear space with $m$ in the sequel.
.

Let $a$ be an arbitrary element of $R$ . Consider a function of a
variable $\xi>0$ :

..
$\varphi_{a}(a,\xi)=\frac{\pi(1/\sigma^{\simeq}a)}{\xi^{a}}$ $(\xi>0)$ ,

where $a$ is a fixed number such tbat $a\geqq 1$ . It is obvious that $\cdot$

$\xi^{a}\varphi_{a}(a,\xi)=\xi^{\beta}\cdot\varphi_{a}(\theta,\xi)=\pi(1/\overline{\overline{\sigma}}\alpha)$

for any number $\beta$ such that $\beta\geqq 1$ .
If the function $\varphi_{a}(a,\xi)$ is increasing, then $\varphi_{a}(\beta,\xi)$ is also increasing,

whenever $a\geqq\beta\geqq 1$ . In fact, for $\xi>\eta>0$ we have

$\varphi_{a}(\beta,\xi)=\xi^{\alpha-\theta}\varphi_{a}(\alpha,\xi)\geqq\eta^{a-\mathcal{B}}\cdot\varphi_{a}(a,\eta)=\varphi_{t}(\beta,\eta)$ ,

since $a-\beta\geqq 0$ . Similarly, if $\varphi_{a}(\{x, \xi)$ is a decreasing function of $\xi>0$ ,

then $\varphi_{a}(\beta,\xi)$ is also decreasing, whenever $\beta\geqq\alpha$ .
Therefore, we can define as follows:
$Definiti\sigma n$ . The greatest lower bound of such number $a\geqq 1$ that

$\varphi(\alpha,\xi)$ is decreasing as a function of $\xi\geq 0$ is called the $u\wp erexp\sigma nent$



220 S. Yamamuro

of $a$ by $\pi$ , and denoted by $\chi ir(a)$ . The least upper bound of such number
$a\geqq 1$ that $\varphi_{a}(a,\xi)$ is increasing as a function of $\xi>0$ is called the lower
exponent of $a$ by $\pi$ and denoted by $\chi_{t}(a)$ . $t$

From this definition and \S 1(2), we see easily that
(1) $\chi l\mathfrak{k}(a)=x^{\pi}(\xi a)\geqq\chi_{r_{\iota}}(\xi a)=x_{\kappa}(a)\geqq 1$ .

for every number $\xi>0$ and $a\in R$ . . Moreover, it is obvious that $\varphi_{a}(\chi 1t(a),\xi)$

is decreasing and $\varphi_{a}(\gamma_{\pi}(a),\xi)$ is increasing as a function of $S>0$ .
Between a modular and its exponents,

$ $

the $re$ exist following in-
equalities:

(2) $\gamma_{\iota t}(a)\cdot m(a)\leqq\pi(1/a)\leqq\chi 1t(a)\cdot m(a)\sim$ $(a\in R)$ .
In fact, we can prove the right-hand inequality as follows; the case,

when $r(1/a)$ and $m(a)$ are finite, is only to be proved. Then

$m(a)=\int_{0}^{1}\pi(\xi/a)d\xi\geqq\int_{1)}^{1}\xi^{a-1}\cdot\pi(1/a)ae=\frac{1}{a}$ . $\pi(1/a)$

for $a=X^{X}(a)$ , as required. The proof of the left-hand inequality. is quite
similar.

From (1) and \S 1 (2), we see easily that

(3) $\chi_{1f}(a)\frac{m(\xi a)}{\xi}\leqq\pi(\xi/a)\leqq x^{n}(a)\frac{m(\xi a)}{\xi}$

for every number $\xi>0$ and $a\in R$ .
Remark. If the modular is of $L_{p}$-type at a element $a\in R,$ that $\cdot$ is,

$m(\xi a)=\xi^{p}\cdot m(a)$ \langle$\xi>0$),

then, we can easily obtain the equality in the inequality (3), and $\gamma^{\pi}(a)=$

$\chi_{1I}(a)=p$. Now, we $ca\grave{n}$ prove the converse, namely, if, for a simple
element $a,$ $m(\xi a)$ is a differentiable function of $\xi>0$ , then

$\pi(\xi/a)=p\frac{m(\xi a)}{\xi}$ $(\xi>0)$

implies that
$m(\xi a)=.\xi^{p}m(a)$

for every $\xi>0$ . Because, we have from the assumption

$\pi(\xi/\eta a)=p\frac{m(\xi\eta a)}{\xi}$

for any $\xi,$ $\eta>0$ , that is,

.
$\frac{\pi(\xi/\gamma_{J}a)}{tn(\xi\gamma_{\text{ノ}}a)}=p\cdot\frac{1}{\xi}$ ,
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thus the integration gives for $\xi\geqq 1$ ,

log $m(\xi r_{/}a)-\log m(\tau a)=p$ . log $\xi$ .
Hence, we have

$m(\xi r_{J}a)=\xi^{p}\cdot m(\gamma_{/}a)$ .
As $\xi\geqq 1$ and $\eta>0$ are arbitrary, we have

$m(\xi a)=\xi^{p}\cdot m(a)$

for every $\xi>0$ .
If the upper exponent of $a$ by $7T$ is finite$\cdot$, then the element $a$ is

a Pnite element, that is,

$ m(\xi a)<+\infty$ $(\xi>0)$ .
$]n$ fact, if there exists a number $\xi$ such that $ m(\xi a)=+\infty$ , then we have
$\pi(1/\xi a)=+\infty$ , so that the function $\varphi_{a}(a,\xi)$ can not be decreasing for
any number $a\geqq 1$ . This contradicts to the assumption that $\gamma\kappa\vee(a)$ is
fin te,

Theorem 3. 2. Let $\chi\not\subset(a)$ be finite. Then the function of $\xi>0$ :

$\frac{m(\overline{\epsilon}a)}{\xi^{a}}$

is &cre\mbox{\boldmath $\alpha$}sing for $a=X^{\pi}(a)$ , and is in.creasing for $\alpha=\chi_{\pi}(a)$ .
Proof. By Theorem 3.1, $m(\xi a)$ is a finite, convex function of $\xi>0$ .

Hence, the inequality (3) in this section is equivalent to our theorem,
because the right-hand derivative of $m;a\wedge/\hat{\sigma}^{a}$ :

$\frac{d}{d_{s}^{\xi}}[\frac{m(\xi a)}{\xi^{a}}]=\frac{1}{\xi^{a}}[\pi(\xi/\alpha)-a\frac{m(\xi a)}{\xi}]$

is always positive for $\alpha=x_{1t}(a)$ , and is always negative fo$ra=x^{\kappa}(a)$ .
Apart from this theorem, we can define new exponents as follows:

The greatest lower bound of such number $a\geqq 1$ that $m.(\xi a)/\xi^{a}$ is de-
creasing is called the upper exponent $af$ $a$ by $m$ and denoted by $\chi^{m}(a)$ .
The least upper bound of such number $\alpha\geqq 1$ that $m(\xi a)/\xi^{a}$ is increasing
is called the lOwer exponent of $a$ by $m$ and denoted by $Z_{m}(a)$ .

Then it is $e$asy to see that

$x^{\iota r}(a)\geqq x^{m}(a)=x^{m}(\xi a)\geqq X_{m}(\xi a)=X_{m}(a)\geqq\chi_{\pi}(a)$

for every $\xi>0$ and $a\in R$ .
A element $a\in R$ for which there exist numbers $\alpha,$

$\gamma>1$ such that
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$m(\alpha\xi a)\leqq Tm(\xi a)$

for every $\xi>0$ , is called upPer bounded. $s$ For a upper $bou\overline{n}ded$ element
$a$ , it is Obvious that

$ 0<m(\xi a)<+)\infty$

namely, $ 0<\pi(\xi/a)<+\infty$ for every $\xi>0$ .
Upper boundedness of the convex function was consideyed first by

COOPER [2] and next by BIRKILL [1]. Few years later, $M\kappa yr\lrcorner\tau roT_{I}I_{I}AND$

[6], similarly as $ORI_{1}ICZ$-BIRNBAUM[12], considered it as a property of
more special functions, namely, sub-maitiplicative functions $f(\xi)$ which
satisfy the following relatiom:

$f(\xi\eta)\leqq f(\xi)\cdot f(\eta)$

’ for every $\xi$ and $\eta$ . The converse inequality:
$f(\xi’\eta)\geqq f(\xi)\cdot f(\eta)$

for. every $\xi$ and $\eta$ , was called super-multiphea vity of the function by
$M_{f^{v}I_{I}HOI_{\lrcorner}I_{\lrcorner}AND}[6]$ . Corresponding to this, we can define bower bozrndedness
of elements as follows:
If there exist numbers $\gamma>a>1$ for $whi^{\backslash }ch$

$m(\alpha\xi a)\geqq\gamma m(\xi a)$

holds for $e$very $\xi>0$ , then the eleinent $a\in R$ is called $l\sigma wer$ bounded.
For a lower bounded element $a\in R$ we have

$\lim_{\epsilon\rightarrow 0}\frac{m(\xi a)}{\xi}=0$ , $\lim_{\xi\rightarrow\infty}\frac{m(\xi a)}{\xi}=+\infty,$ $/$

that is, $\lim^{\pi(\xi/a)=0}$ and $\lim_{\epsilon\rightarrow+\infty}\pi(\xi/a)=+\infty$ .
Now, we will make clear the relation between exponents and

boundedness properti$es$.
Theorem 3. 3. In order that $a$ element $a\in R$ be upper bounded, it is neces-

sary and sufficient that $ x^{m}(a)<+\infty$ .
Proof. Let $a\in R$ be upper-bounded, that is, there exists a number

$\gamma\geqq 2$ such that
$m(2_{\tilde{\sigma}}^{-}a)\leqq\gamma.m(\xi a)$ $(\xi>0)$ .

Since we have $\nearrow$

$m(2\xi a)-m(\xi a)\leqq()-1)m(\xi a)$ ,

and the convexity of $m(\xi a)$ implies that
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$\pi(1/\xi a)\leqq m(2\xi a)-m(\sigma\prime a)$ ,

we obtain
$\pi(1/\frac{\sim}{\sigma}a)\leqq(\gamma-1)\cdot m(\xi a)$ $(\xi>0)$ , ,

.

which shows that the function of $\xi>0$ ;

$\frac{m(\xi a)}{\xi^{\gamma-1}}$

is decreasing, namely
$x^{m}(a)\leqq r-1$ .

Conversely, if $x^{m}(a)\pm p$ is finite, then we have
$m,(2\xi a)\leqq 2^{p}\cdot m(\xi a)$

for every $\xi>0$ , as required, because $2^{p}\geqq 2$ .
This theorem $ia|$ an improvement of a lemma of COOpER $[2]- BuRKn_{\lrcorner}T_{J}$

[1], which asserts that, if aER is upper $b\sigma unded$ , then we ean find
numbe.rs $p,$ $\gamma>0$ such that

$\frac{m(\xi\alpha\cdot)}{\xi^{p}}\leqq\gamma\frac{m(7,a)}{\eta^{p}}$

for every $\xi>\eta>0$ , that is, the function of $\xi>0$ :

$\frac{m(\xi a)}{\xi^{p}}$

is $\supset quasi$-decreasing by the terminology of MULHOTmAND [5].
$Between\backslash $ quasi-decreasingness, and usual decreasingness, there is

a wide difference. In fact, a function $f(\xi)-$ is quasi-decreasing if and
only if the$re$ exists a decreasing function $g(\xi)$ such that

$k\cdot g(\xi)\leqq f(\xi)\leqq g(\xi)$ $(\xi>0)$ ,

for a fixed $nu\grave{m}$ber $k$ . To see this, we need only put
$ g(\xi)=\inf_{-}\acute{f}(\eta)0\leqq\eta\leq\xi$

$Theo^{s^{(}}rem3.4$ . In order that $a$ element $a\in R$ be lower bounded, .it is neces-
sary $a\dot{n}d$ sufficient that $\chi_{m}(a)$ is strictly greater than one.

Proof. Whe $n\gamma_{m}(a)$ is strictly greater than one, we have
$m(\alpha\xi a)\geqq a^{q}m(\xi a)$

for any number $a>1$ and $\xi>0$ . Therefore, $a$ is lower bounded.
Conversely, if $a$ is $1$ower- bounded, then there exist numbers $a,$ $r$
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such that $0<r<\alpha<1$ for which we have
$m(\alpha\xi a)\leqq\gamma m(\xi a)$

for any $\xi>0$ . Because, we can find numbers $\beta,\delta$ such $\overline{t}hat1<\beta<\delta$ .for
which we have

$m(\beta\xi a)\geqq\delta\cdot m(\xi a)$

for any $\xi>0$ , so that we have

$m(\frac{1}{\beta}\xi a)\leqq\frac{1}{\delta}m(\xi a)$ $(\xi>0)$ ,
$k$ .

where $1>\frac{1}{\beta}>\frac{1}{\delta}$ . Hence, we have, for such $a$ and $\gamma$ ,

$m(\xi a)^{\gamma}1\frac{-m(a\xi a)}{-a}\geqq\frac{1-}{1-}\infty ma(\xi a)$

and
$m(\xi a)-m(a\xi a)\leqq(1-\alpha)\pi(\xi/a)$ .

Therefore, we obtain

$\frac{1-\gamma}{1-a}- m(\xi a)\leqq n(\xi/a)$

for any $\xi>\backslash 0$ , which implies that

$\chi_{m}(a)\geqq\frac{1\leftarrow\gamma}{1-\alpha}>1$ .
We have defined above two sorts of exponents. Now, we will

consider the problem when these expo ents eoincide. In $or$de $r$ to have
the $e$qualties:

$x^{m}(a)=xI(a)$ , $x_{m}(a)=x_{it}(a)$ ,

it is necessary and sufficient that

$\varphi_{a}(x^{m}(a), \xi)$ , or $\varphi_{a}(\gamma\backslash (a), \xi)$

is increasing or decreasing respectively as a function of $\xi>0$ . And, for
this, it is necessary and suflicient that the right-hand derivative of the
functim of $\xi>0,$ $\varphi_{a}(\alpha,\xi)$ is negative for $a=\gamma m(a)$ and is positive for
$\alpha=x_{m}(a)$ , provided that $\pi(\xi/a)$ is continuous as a function of $\xi>0$ .

But, this. is not interesting. As a more simple criterion, we have.
the following:

Theorem 3. 5. If the funetim of $\xi>0$ :
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$\underline{n(1/\xi a)}$

$m(\xi a)$

is decreasing, then we have $\chi$ ’ $(a)=x^{m}(a),$ and. if the function is increasing,
tlwn we have $\chi_{\kappa}(a)=x_{m}(a)$ .

Praof. For $\xi>\eta>0$ , since
$m(\xi a)/\xi^{X^{m}(a)}$

$\ddagger s$ decreasing with respect to $\xi>0$ , we have, for $p=X^{m}(a)$ ,

$\frac{\pi(1/\xi a)}{\xi^{p}}=\frac{\pi(1/\xi a)}{m,\backslash (\xi a)}$ $\frac{m(\xi a)}{\xi^{p}}$

$\leqq\frac{\pi(1/\eta a)}{m(\eta a)}$
.

$\frac{m(\eta a}{\eta^{p}}\underline{)}=\frac{\pi(1/r/a)}{\eta^{p}}$

and this means that $x^{m}(a)=\chi^{Jf}(a)$ . Similarly, the later half will $be/$

proved.
When $m(\xi a)$ is differentiable as a function of $\xi>0$ , there exists

a number $p$ such that
$m(\xi a)=\xi^{p}m(a)$ $(\xi>0)$ ,

when and only when we have

$\frac{\pi(1/\xi a)}{m(\xi a)}=p$

for every $\xi>0$ , as we have stated in the previous remark.
The example which shows the difference between $x^{\pi}(a),$ $\chi_{f\zeta}(a)$ and

$X^{m}(a),$ $\chi_{m}(a)$ can be easily obtained. Moreover, the following theorem,
$w\grave{h}^{\backslash }ich$

, is a generalization of the theorem of Pappus in Euclidean space,
can be obtained only fo$rx^{\pi}(a),$ $\chi_{tl}(a)$ .

Theorem 3. 6. If $x^{\iota r}(a)\leqq 2$ , tlwn we have

$\omega(a+\beta/a).+o(a-\beta/a)\leqq 2\{\omega a/a)+\omega(\beta/a)\}$

for $a>\beta>0$ . If $\chi_{\pi}(a)\geqq 2$ , then we have
$\omega(a+\beta/a)+(0(\alpha-\beta/a)\geqq 2\{(’/(a/a)+\omega(\beta/a)\}$

for $a>\beta>0,\grave{w}$here

$co(\xi/a)=m(\xi\frac{a}{\Vert|a\Vert|})$

for the second norm 11 $a$ lli $(a\in R)$ , which $wiu$ be exphin$ed$ in \S 6.
Proof. Let us denote the right-hand derivative of $\iota$) $(\xi/a)$ by $\tau(\xi/a)$ ,

whicb evidently has the same properties as $\pi(\xi/a)$ . If $x^{\kappa}(a)\leqq 2$ , then
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we have

.
$ro(a+\beta/a)+(\iota J(\alpha-\beta/a)-2co(a/a)=\backslash [\int_{0^{\backslash }}^{a+6}+\int_{0}^{a-\mathcal{B}}-2\int_{0}^{a}]\tau(\xi/a)d_{\tilde{\sigma}}$

$=[\int_{a}^{a+6}-\int_{\alpha-\beta}^{a}]\tau(\xi/a)d.\xi=)_{0}^{\beta}[\tau(\xi+\alpha/a)-\tau(\xi\dotplus a-\beta/a)]d\xi$

$\leqq\int_{0}^{\theta}\tau(\beta/a)d-\wedge=\beta\tau(\beta/a)=\tau(1/\beta a)\leqq 2\omega(\beta/a)$ ,

so that the first half of this theorem is proved. The rest can be proved
’

similarly.
Remark. For instance, the next example shows the difference be-

tween $x^{j\zeta}(a)$ and $\chi_{m}(a)$ . Let $m(\xi)$ be a modular on the line defined as
follows :

$m(\xi)=\left\{\begin{array}{ll}0 & for 0\leqq\xi\leqq 1,\\\xi^{2}-\frac{1}{\xi} & for \xi>1,\end{array}\right.$

then, considefing about, the element 1, we have

$\chi_{m}(1)=2$ ane X. (1) $=1$ .
By definition, this modular $is$ not simple, that is, $m(a).=0$ does not
always imply $a=0$ . Therefore $ x^{m}(1)=x^{\iota r}(1)=+\infty$ .

\S 4. The exponents of manifolds

The exponents defined in the previous section depend on each
element. We will define in this section exponents which depend only
on the modular, and discuss the problem determining them by that
of elements.

Defimtion. For a subset $M$ of $R$ ,

$x^{m}(M)-\mapsto\sup_{xeu}\chi m(x)$

is called the $ uppe\gamma$ exponent of $M$ by $m$ , and

$\chi_{m}(\prime M)=\inf_{xeM}X_{m}(x)$

is called the lower expment of $M$ by $m$ . Similarly, we can define the upper
and ZOwer exponents of $M$ by $\pi$ , and they are denoted by $x^{\iota r}(M)$ amd $X.(M)$

respectively. If $M=R$ , they are briefly denoted by $\chi^{m},$ $\chi_{m}$ and $- x^{\pi};x_{\pi}$ .
It is evident that

$ 1\leqq X_{\tau t}(M)\leqq\chi_{m}(M)\leqq x^{m}(M)\leqq x^{\kappa}(M)\leqq+\infty$

,
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for every subset $M$ of. $R$ .
Theorem 3.3 shows that, if $\pi(1/\xi a)/m(\xi a)$ is a decreasing function

of $\xi>0$ for every $\alpha\in M$ , then we have $\chi_{m}(M)=x_{\kappa}(ltr)$ , and if the func-
tion of $\xi>0$ is increasing for every $a\in R,$ then $\cdot$ we have $\chi_{m}(M)=\chi_{lt}(M)$ .

At first, we will treat the exponents by $m$ .
Theorem 4. 1. If, for a simple element $s$ of $R$ ,

$(^{*})$ $co(\xi, s, \mathfrak{p})/\xi^{a}$

is increasing as a function of $\xi>0$ in an open set being dense in $U_{[s]}$ , then
$\grave{w}e$ have

$\gamma_{m}([s]R)\geqq a$ .
$If_{\backslash }the$ functim $(^{*})$ is decreasing with respect to $\xi>0$ in an open set bein$g$

dense in $U_{[s]}$ , then we have
$ x^{m}([s]R)\leqq\alpha$ .

Proof. Let $a$ be an arbitrary element and $\xi>\eta>0$ . We can assume
that $\pi(\xi/a)<+\infty$ without loss of genelarity. Then, from the assumption,
we have

$\frac{\omega(\xi,s,\mathfrak{p})}{\xi^{a}}\geqq\frac{\omega(\eta,s,\beta)}{\gamma/^{a}}$

in an open set, being dense in $U_{[\ell]}$ . On the other hand, we have

$\omega(\xi a/s,\mathfrak{p})=\omega(\xi(\frac{a}{s},$ $\mathfrak{p}),$ $s,$ $\mathfrak{p})$

in an open set being dense in $U_{[s]}$ , and that

$\xi(\frac{a}{s},$ $\mathfrak{p})\geqq\eta(\frac{a}{s},$ $0)$

is obvious. Therefore, we have

$\frac{\omega(\xi a/s,\mathfrak{p})}{\xi^{a}}=\frac{co(\xi(\frac{a}{s},\mathfrak{p}),s,\mathfrak{p})}{\xi^{a}}$

$\geqq\frac{(U(\eta(\frac{a}{s},\mathfrak{p})^{\prime},s,\mathfrak{p})}{-\eta^{a}}=\frac{((\rangle(\eta a/s,0)}{\eta^{a}}$

in an open set being dhnse in $U_{\zeta s\mathfrak{c}}$ , so that the integration gives

$\frac{m(\xi[s]a)}{\xi^{\sigma}}\geqq\frac{m(\eta[s]a)}{\eta^{a}}$
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that is, $X_{m}([s]\alpha)\geqq a$ for every $a\in R$ , and this means that
$X_{m}([s]R)\geqq a$ .

The later half of this theorem can be proved similarly.,
Theorem 4. 2. If, for a simple element $s$ of $R$ , we have

$\chi_{m}([p]s)\geqq\alpha$

for every projector $[p],$ then we have
$j_{t}$ $\chi_{m}([s]R)\geqq\alpha$ .

If, for a simple element $s$ of $R$ , we have
$x^{m}([p]s)\leqq a$

for every projector $[p]$ , then we have

$X^{m}([s]R)\leqq a$ .
Proof. For $\xi>\eta>0$ , we have

$\frac{(t)(\xi.s,\mathfrak{p})}{\xi^{a}}=\lim_{[p]->r}\frac{m.(\xi[pJs)}{\xi^{a}m([p]s)}$

$\geqq\lim_{[p]*b}\frac{m(\eta[p}{\eta^{a}\cdot m[p}\frac{]s)}{]s)}=\underline{\omega(\eta}\frac{\prime^{S,\mathfrak{p})}}{\eta^{a}}$ .
Hence, the previous theorem gives the proof. The later half can be
proved similarly.

Theorem 4. 3. If’ there exists a $com\phi ete$ system of elemmnts $a_{l}(\lambda\in\Lambda)$

such that

$X_{m}([a_{l}]R)\geqq a$ $(\lambda\in\Lambda)$ ,

then we have
$\chi_{m}(S)\geqq a$

$f\sigma r$ the set of simple elements S. If there exists a complete system of. elemints
$a_{\lambda}(\lambda\in\Lambda)$ such that

$ x^{m}([\alpha_{\lambda}]R)\leqq\alpha$ $(\lambda\in\Lambda)$ ,

then we have
$X^{m}\leqq a\backslash \backslash $ .

Proof. We need only prove the first. half. For any $s\in S$, we have
by the assumption,

$\sim\gamma_{pn}([p][a_{l}]s)\geqq a$ $(\lambda\in\Lambda)$
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for every projector $[p]$ . Therefore, similarly as the proof of the previous
theorem, we can know that

$\frac{\omega(\xi,s,\mathfrak{p})}{\xi^{a}}=\frac{\omega(\xi,[a_{\lambda}]s,\mathfrak{p})}{\xi^{a}}$ $(\mathfrak{p}\in U_{\subset a_{\lambda l[\epsilon]}})$

is an increasing function of $\xi>0$ . Therefore

$\frac{\omega(\xi,s,\mathfrak{p})}{\xi^{a}\backslash }$

1
is an increasing function of $\xi>0$ for every $s\in S$ , because

$U_{[s]}=(\sum_{lC\rightarrow \text{ノ}1}U_{fa}\lambda\supset[\epsilon])^{-}$

by the assumption. Hence, Theorem 4.1 gives

$\chi_{m}(S)\geqq a$ ,

since $\chi_{n}(s)\geqq a$ for every $s\in S$ ,

Theorem 4. 4. If there exists a complete system of simple elements $a_{\lambda}(\lambda\in\Lambda)$

such that
$ X_{m}([p]a_{\lambda})\geqq\alpha$ $(\lambda\in\Lambda)$

for $any^{\backslash }$ projectw $[p]$ , then we have
$\chi_{m}(S)\geqq a$ .

If there exists a complete system of elements $a_{l}(\lambda\in\Lambda)$ such that
$\chi^{m}([p]a_{\lambda})\leqq\alpha$ $(\lambda\in\Lambda)$

$\backslash f\sigma r$ any projector $[p]$ , then we have
$X^{m}\leqq a$ ,

Proof. We need only prove the first half. From the assumption
we have

$ X_{m}([a_{\lambda}]R)\geqq\alpha$ $(\lambda\in\Lambda)$

by Theor$em4.2$ , ans. so the previous theorem gives

$X_{m}(S)\geqq a$ ,

as required.
In the rest of this section, let the appearing $\pi(\xi/a)$ . be $a1\overline{1}$ continuous

as a functions of $\xi>0$ . Therefore, if $X^{\kappa}$ is finite, then we have

$\pi(a/s, \mathfrak{p})=(\frac{a}{s},$ $\mathfrak{p})\cdot\pi((\frac{a}{s\prime},$ $\mathfrak{p}),$ $s,$ $\mathfrak{p})$
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in an open set being dense in $U_{[\epsilon]}$ , by Theorem 2.2. Therefore, by the
similar argument as the above theorems, we have the following theorems:

Theorem 4. 5. If, for a simpk element $s$ of $R$ ,

$(\#)$ $n(\xi, s, \mathfrak{p})/\xi^{a-1}$

is a decreasmg funetion of $\xi>0$ in an open set being dense in $U_{[s]}|$ then we
have

$\chi_{\iota r}([s]R)\geqq a$ .
If the function ( $\#^{\backslash }$ is increasing with respect to $\xi>0$ in an open set bein$g$

den$e in $U_{[s]}$ , then we have
$\chi^{iI}([s]R)\leqq a$ .

$The\overline{\sigma}rem4.6$ . If, for a simple element $s$ of $R$ , we have

$\chi_{1t}([p]s)\geqq a$

$f\sigma r$ every projector $[p]$ , then we have
$\chi_{\pi}([s]R)\geqq\alpha$ .

If, for a zmple element $s$ of $R$ , we have

X $\pi([p]s)\leqq\alpha$

for every projectr $[p]$ , then we have
$\chi\iota r([s]R)\leqq a$ .

Theoyrem 4. 7. If there exists a complete system of elements $a_{a}(\lambda E\Delta)$

such that
$\chi_{1t}([a_{\lambda}]R)\geqq a$ ,

then we have
$X_{\kappa}(S)\geqq a$

for the set of all simple ekmeMs S. If there exists a complete system of.
elements $a_{l}(\lambda\in\Lambda)$ . such tha

$X^{rr}([a_{\lambda}]R)\leqq a$ ,

then we have
$x^{n}\leqq a$ .

$’\backslash $ ’

Theorrem 4. 8. If there exists a complete system of simple elements $a_{l}(\lambda\in\Lambda)$

such that
$ X_{n}([p]a_{R})\geqq\alpha$
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for every projeetor $[p]$ , then we have
$\chi_{\kappa}(S)\geqq\alpha$ .

If there exists a complete system of elements $a_{L}(\lambda\in\Lambda)$ such thnt
$\chi_{\pi}\langle[p]a_{l})\leqq a$

far every $\Psi ojecWr[p]$ , then me have
$\chi^{\kappa}\leqq a$ ,

The results obtained in thig section wiil play important r\^oles in
\S 7 and \S 8.

\S 5. On conjugate modulars

In this section we will consider relations between expcnents $of^{1}$ a
modular and that of the modular of its conjugate space. Let $R$ be
a modulared $8emi$-ordered linear space. The moclular conjugate space $\overline{R}^{m}$

of $R$ is composed of such linear functionals $\overline{\alpha}$ on $R$ that
$a_{\lambda}\downarrow ne40$ implies $\inf_{\lambda\circ-\Lambda}|\overline{\alpha}(a_{h})|=0$ ,

and
$\sup_{m(x)\leqq 1}[\overline{\iota\iota}(x)\}<+\infty$

It is known that (See NAKANO (7)), putting

$\overline{m}(\overline{\alpha})\sim=\sup_{xeR}\{aa(x)-m(x)\}$ , $rf$

$\urcorner$

$\vec{R}^{0\hslash}$ is a modulared semi-ordered linear space whose modular is com-
plete. If we define a modular in $L_{p}$-space as

$m(a)=\frac{1}{p}J_{0}^{1}|a(t)|^{p}dX$ ,

then, by easy calculations we have

$\overline{m}$ (aa) $=\frac{1}{p}’\int_{0}1^{\prime}|\{\rightarrow\iota(t)[p^{\prime}dt$ ,

whe $re\overline{R}^{m}$ coincides with $L_{p^{\prime}}$-space, $\frac{1}{p}+\frac{1}{p},$ $=1$ .
Let us denote the exponents of $\overline{R}^{m}$ by $X^{\overline{m}},$ $\chi_{\overline{m}}$ and $\chi\overline{\pi}\chi_{\overline{\pi}}$ etc.
Theorem 5.1. Under the above defimtions, we have

$\frac{1}{\chi m}+\frac{1}{\chi_{\overline{m}}}=\frac{1}{\gamma_{m}}+\frac{1}{\chi\overline{m}}=1$ .
$;\backslash $
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$\backslash $ Proof. If, for a number $a>1$ ,.
$m(\xi a)/\xi^{a}$

is increasing for any $a\in R$ as a function of $\xi>0$ , then for such a number
$\beta$ that $(a-1)(\beta-1)=1$ , the function of $\xi>0$ :

in $(\xi\overline{a})/\xi^{\beta}$

is $decrea\acute{s}in\acute{g}$ for any $\overline{a}\in\overline{R}^{m}$ . Because, we have for $\xi\geqq 1$ ,

$\overline{m}(\overline{tl})=\sup_{xeR}\{\overline{\mathfrak{c}\iota}(x)-m(x)\}\geqq\sup_{xeR}\{\overline{a}(x)-\frac{m(\xi x)}{\xi^{a}}\}$

$=\frac{1}{\xi^{a}}\cdot\sup_{xeR}\{\xi^{a*1}\overline{\iota\iota}(\xi x)-m(\dot{\sigma}x)\}=\frac{1}{\xi^{a}}\cdot\overline{m}(\xi^{a-1}\overline{\alpha})$ .

Tberefore we have, for such a number $\eta$ that $\xi^{a}=\eta^{6}=\xi\eta$ ,

$\eta^{\beta}\cdot\overline{m}(\overline{\mathfrak{c}\iota})\geqq\overline{m}(\eta\overline{\sigma})$ ,

that is, in $(\xi\overline{\alpha})/\xi^{6}$ is decreasing for any $\overline{\mathfrak{c}\iota}\in\overline{R}^{m}$ with respect to $\xi>0$ .
Conversely, if for a number $\alpha$ , the function of $\xi>0$ ;

$\overline{\text{{\it \^{e}}}}(\xi\overline{(\iota})/\xi^{a}$

is decreasing for any $a\in\overline{P}^{m}$ , then
$m(\overline{\xi}a)/\xi^{\mathcal{B}}$

is increasing for any $a\in R$ with respect to $\xi^{\sim},$ $0$ , where (at–1) $(\beta-1)^{\underline{A}}1$ .
Similarly, we can prove the dual properties, from which the proof

is $e$stablishe $d$ .
A sequence of elements $a_{\nu}(\nu_{\overline{r}}1,2,\cdots)_{-}$ is said to be $mdular\ovalbox{\tt\small REJECT} nded$,

if we have
$\underline{\sup_{\nu l9\lrcorner}}\ldots m(\xi a_{\nu})<+\infty$

for any mumbe$r\xi>0$ . Then we have:
Theorem 5. 2. If $m$ is coyn plete and $ 1<\chi_{m}\leqq X^{m}<+\infty$ , then every motlular

bounded sequence $a_{\nu}(\nu=1,2,\cdots)$ cmtains a subsequence $a_{\nu_{\mu}}(\mu=1,2, \cdots)$ and
there exists $a\in R-$ for which we have

$\lim_{\mu\rightarrow\infty}\overline{\alpha}(a_{\nu_{\mu}})=\mathfrak{c}\rightarrow\iota(a)$

for any $\overline{a}\in\vee\overline{R}^{m}$ .
Proof. At first, we can prove that the sequence $a_{\nu}(\nu=1,2,\cdots)$ is

eqm-cmtmuons (See NAKANO [7], \S 27), namely, for any $\overline{\sigma}_{\nu}\downarrow\nu\infty-10,\overline{\alpha,\nu}\in\overline{R}$ and
$\epsilon>0,$ there exi8ts $1_{0}^{1}$ for which we $ha$ve
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$\overline{\sigma}_{\nu_{o}}(|a_{\nu}|)\leqq\epsilon$ $-.(\nu=1,2,\cdots)$ .
Since we have

..
$\xi\overline{a}_{\mu}(|a_{\nu}|)\leqq\overline{m}(\xi\overline{\sigma}_{\mu})+m(a_{\nu})$ , ’.

$)$

and $X_{m}>1$ implies $ X^{\overline{m}}<+\infty$ by the previous theorem, there exists $\nu_{0}$ for
which we have

$\xi\overline{\alpha}_{\nu_{o}}(|a_{\nu}|)\leqq\xi e+m(a_{J})$ $(\nu=1,2,\cdots)$ ,

so that we have
$\overline{a}_{\nu_{o}}(|a_{\nu}|)\leqq\epsilon$ $(\nu=1,2,\cdots)$ .

’On the other hand, the completeness of $m$ implies that $R$ is $re$.
flexive and $\overline{R}=R^{m}\neg$ . Therefore, Theorem 27.5 of NAKANO [7] gives a sub-
sequence $a_{\nu_{\mu}}(f^{1}=1,2,\cdots)anda\in R$ such that

$\lim_{\mu\rightarrow\infty}\overline{\alpha}(a_{\nu_{\mu}})=\overline{a}(a)$

for any $\overline{a}\in\overline{R}^{m}$ .
Remark. This theorem is $a$ generalization of one given by $ORI\lrcorner Icz[15]$ ,

which was stated for functions $f(x)$ such that

.
$\cdot$

$\int_{0}^{1}M[\alpha f(x)]dx<+\infty$

for a suitable number $a>0$ , where $M[\xi]$ is a continuous convex function
satisfying some conditions. 1 The set of all such functions was denoted
by $L^{M}$ .

Next, we will prove $a$ theorem concerning about the exponents $\gamma\pi$

and $\chi_{\pi}$ .
Theorem 5. 3. For any element $a\in R$ such that $\chi\pi(a)<+\infty$ , there exists

a linear fundm $\vec{a}E\overline{R}^{m}$ such-that 7’

$\frac{1}{\chi\pi(a)}+\frac{1}{\chi_{\overline{\pi}}(\overline{\alpha})}=1$ .

Proof. Since the element ($\iota$ is simple and domestic, puttihg

ct $(x)=\int_{[a]}(\frac{x}{a},$ $\mathfrak{p})m(d\mathfrak{p}a)r$

we have $0\leqq a\in R^{m}$ , and

$\overline{m}(\xi\overline{a}[p])=\int_{[p]}\overline{\omega}(\xi,a,\mathfrak{p})m(d\mathfrak{p}a)$ ,

by Theorem 38.11 of NAKANO [7], where $\omega\leftarrow(\xi,a,\mathfrak{p})$ is the conjugate
modular spectrum, namely,
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$\overline{\omega}(\xi,a,\mathfrak{p})=\bigcup_{Dx\epsilon\}}\{\xi(\frac{x}{a},$ $\mathfrak{p})-\omega(x/a,\mathfrak{p})\}$ , $\backslash $

-A

denoting by $D$ the set of all demestic elements of R. (See NAKANO [7],
\S 37), On the other hand; since the modular spectrum $co(\xi,a,\mathfrak{p})\cdot\dot{a}sa$ finite, $\cdot$

increasing, convex function of $\xi>0$ fo $r$ each $\mathfrak{p}\in U_{[a]}$ , the function

$\pi(\xi,a,\mathfrak{p})=e>0$

is finite and continuous with respect $to\prime \mathfrak{p}\in U_{\overline{1}a\supset}$ . Therefore, we have
$\overline{\omega}(\pi(a,a,\mathfrak{p}),a,\mathfrak{p}).=\int_{0}^{a}\xi d_{\xi}\pi(\xi,a, \beta)$

for any $a>0$ and $\mathfrak{p}\in U_{[a]}$ , by Theorem 37.8 of NAKANO [7]. Hence, putting
$\eta=r_{\Gamma}(\xi,a,\mathfrak{p})$ , we have

$D_{\eta}\overline{\omega}(\eta,a,\emptyset)=\lim_{8\rightarrow 0}\frac{1}{e}\{\overline{\omega}(n(\xi+\epsilon, a,\mathfrak{p}), a,\mathfrak{p})-\overline{\omega}(\pi(\xi,a,\mathfrak{p}),$ $ a,\mathfrak{p}\}=\xi$ ,

so that the function $D_{\eta}\overline{\omega}(\eta,a,0^{\prime})$ is a inverse function of $\pi(\xi,a, \mathfrak{p})$ . There-
fore, since

$\pi(\epsilon/a)=\int_{[a]}(\pi\xi,a,\mathfrak{p})m(d\infty)$

and $\iota\downarrow$

$\overline{\pi}(\tilde{\tilde{\sigma}}/\overline{a})=\inf_{e>0}\frac{((\xi+\epsilon)\overline{(\iota})-}{e}\underline{\overline{\dot{m}}}.\underline{\overline{m}_{\backslash }(\xi\overline{a})}=\int fa3_{t}D_{\epsilon^{\omega(\xi,a,\mathfrak{p})m(a\mathfrak{p}\alpha)}}^{r}$ ,

we have

$\frac{1}{\chi^{\pi}(a)}+^{\prime}\frac{1}{\chi_{\overline{\kappa}}(\overline{a})}=1$ ,

as required,
Let $ 1<\chi_{\pi}\leqq\chi n<+\infty$ Then, since the modular $m$ is simple and finite,

the set of functionals:

$\overline{a}(x)=\int_{\zeta c\iota 3}(\frac{x}{a},$$\emptyset)m(dD^{a)}-$

is complete in $\overline{R}^{m},$ because- it is easily seen that
$C_{\overline{\alpha}}=U_{[a],\backslash }$ . $\iota$

Hence, Theorem 5.3 and 4.8 shows that
$\chi_{\hat{\pi}}\geqq\chi\pi/\chi lf-1>1$ ,

$provided|\prime that$ all $\overline{\pi}(\xi/\overline{a})$ are continuous with respect to $\xi>0$ .
Now, let $ 1<\chi_{\pi}\leqq\chi x<+\infty$ and,the modular $m$ be monotone complete,
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amd all $\overline{\pi}(\xi/\overline{a})(\overline{a}\in\overline{R}^{m})$ are continuous with respect to $\xi>0$ . Then, $R$ is
conjugateZy similar by Theorem 61.5 of NAKANO, [7], because, im this case,
$m$ and its conjugate modular $\overline{m}$ are both $normal$ and monotone $com$.
plete. Namely, between $R$ and its modular conjugate space $\overline{R}^{m}$ , there
is a one-to-one correspondence $R\ni a\rightarrow a^{6}\in R$ such that

$m(a)+\overline{m}(a^{E})=a^{i5}(a)$ ,

$where^{\backslash }$

$a^{\overline{R}}(x)=\int_{[a]}\pi(1,a,\mathfrak{p})(\frac{x}{a},$ $\mathfrak{p})m(d\mathfrak{h}a)$ ,

by Theorem. 39.1 of NAKANO [7], where $\pi(\xi,a,\mathfrak{h})$ denotes the right-hand

derivative of the modular spectrum $/y(\xi,a,\mathfrak{p})$ . In other words, we have
the following theorem which is a $gene\dot{r}alization$ of that obtained by
ORT,icz [15]:

Theorem 5. 4. If $m$ is monotone mnplete, $ 1<X_{\pi}\leqq x^{\pi}<+\infty$ and au
$\overline{\pi}(\xi/\overline{\alpha})(\overline{a}\in\overline{R}^{m})$ are continuous with respect to $\xi>0$ , then, for any $\overline{a}\in\overline{R}^{m}$ , we
can $find$ $a$ element $a\in R$ such that

$\overline{a}(x)=\int_{[a]}\pi(1,a,\mathfrak{h})(\frac{x}{a},$ $\mathfrak{p})m(a\mathfrak{p}a)$

$fw$ every $x\in R$ .
Remark. When $R$ is conjugately similar and $m$ is its modular, then

we have
$\pi(\xi 1a)=(\xi a)^{E}(a)$ $(a\in R)$

for almost all $\xi>0$ . Because, we can easily see that

$\lim_{\epsilon\rightarrow 0}((\xi+\epsilon)a)^{\overline{B}}(a)=(\xi a)^{E}(a)$

and
$\lim_{\epsilon\rightarrow 0}((\xi+\epsilon)a)^{E}(a)=\pi(\xi fa)$

for almoet all $\xi>0$ .
\S 6. On norms by modulars

In the modulared semi-ordered l\’inear space, there defined two
sorts of norms, that is, the first narm:

$||a||=\inf_{\xi>0}\frac{1+m(\xi a)}{\xi}$ ,

and the secmd norm:
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$\Vert|a||=\inf_{m(\xi a)^{\backslash }\leqq l}\frac{1}{|\xi|}-$ ,

and we have

1J $\alpha\Vert|\leqq|[a||\leqq 2\Vert|a$ fll
for every $a\in R$. These norms were introduced generally by NAKANO [7],
and the first norm’was defined in a classical form by $ORT\lrcorner ICZ[14]$ . Forms
stated above were obtained by I. AMEMIYA, who has given the following
theorem in a slightly different form:

Theorem 6. 1. We have
$\Vert|a|\Vert^{\chi_{m}}\geqq m(\alpha)$ and $\Vert|a||^{\chi^{m}}\leqq m(a)_{4}$

if $\Vert|a\Vert|\leqq 1$ , and
$\Vert|\alpha\Vert\Vert^{\chi^{m}}\geqq m(a)$ . $ar\iota d$ II $a\Vert|^{\chi_{m}}\leqq m(a)$ ,

\’if $\Vert|a\Vert|\geqq 1$ . Morewer, we have

$\left|\begin{array}{l}|\\|\end{array}\right|I_{b|\}|^{\chi}\geqq}^{b|||^{\lambda_{m}}\leqq}n\Vert|_{a|_{1}|^{\chi^{m}}}^{a|||^{\chi_{m}}}I|_{||b}^{\sqrt b}\Vert|_{\chi^{m}}^{X_{m}}$

,

provided that $|a|_{\cap}|b|=0$ .
Proof. If $\Vert|a|\Vert\leqq 1$ , then, Putt\’ing $\chi m=\alpha$ , we have

$m(a)/||a|||^{a}\geqq m(\frac{a}{\Vert|a\Vert|})$ ,

so that $m(a)\geqq\Vert|a|||^{a}$ .
$\int$

Similarly, we can prove that $||a\Vert|\geqq 1$ implies
$\Vert|a^{1}\Vert|^{\chi^{m}}\geqq m(a)$ . Since we $h$ave

$\Vert|\frac{a}{\Vert|a+b\Vert|}\Vert|’\Vert|\frac{(b}{\Vert|a+b\Vert|}\Vert|\leqq 1$ ,

we can conclude that

$\frac{\Vert\{a|\Vert^{a}+\Vert|b\Vert|^{a}}{\Vert|a+b|\Vert^{a}}\leqq m(\frac{\alpha}{\Vert|a+b\Vert|})+m(\frac{b}{\Vert|a+b\Vert|})=m(\frac{a+b}{\Vert|a+b\}\Vert})=1$ ,

so that we have 11 $a\Vert|^{a}+\Vert|b\Vert|^{a}\geqq|||a+b\Vert|^{a}$ . The other formulae can be
proved quite similarly.

The later half of this theorem means that:
If the upper exponent $\chi m$ is finite, then

$a_{\cap}b=0$ , Il $a\Vert|=\Vert|b\Vert|=1,$ $\Vert|\xi a+\gamma/b|\Vert=1,$
$\xi,\grave{\eta}\geqq 0$

implies $\xi^{\chi^{m}}+\eta^{\chi^{m}}\leqq 1$ . If the lower exponent $\chi_{m}$ is strictly greater
than one, then the above condition implies $\xi^{\chi_{m}}+\eta^{\chi_{m}}\geqq 1_{i}$
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Therefore we have:
Theorem 6. 2. If $\chi^{m}<+\infty$ , then the seconxl ruyrm is uniformly monotme,

and, if $\chi_{m}>1$ , then the secmd norm is uniformly flat.
For the first norm, corresponding to Theorem 6.1, we have:

Theorem 6. 3. We have
$||a||\leqq p^{\frac{1}{p}}p^{\prime^{\frac{1}{p^{\prime}}}}\Vert|a\Vert|$

$(a\in R)$ ,

if $p\leqq 2$ , and
$||a||\leqq q^{\frac{1}{q}}q^{\frac{1}{\prime q}}|\Vert|a\Vert||$

$(a\in R)$ ,

if $q\leqq 2$ , and dways we have
${\rm Min}.\{p^{\frac{l}{p}}p^{\prime^{\frac{1}{p}}},$

$q^{\frac{1}{q}}q^{\prime^{\frac{1}{q}}}\}$ Il $a\Vert|\leqq||a||\leqq 2\Vert|a\Vert|$ ,
,

provided that
$p=X^{m},$ $q=\chi_{m},$ $p^{\prime}=\chi_{\overline{m}}q^{\prime}=\chi\overline{m}$

are finite.
Proof. We can assume that $\Vert|a\Vert|=1$ without loss $qf$ g$nerality. By

the definition of the first norm, we see easily that

$||\alpha||=\inf_{e>0}\frac{1+m(\xi a)}{\xi}\leqq\inf_{\xi gl}\frac{1+m(\xi a)}{\xi}\leqq\inf_{\epsilon\geqq 1}\frac{1+\xi^{p}}{\xi}=p^{\frac{1}{p}}p^{\prime^{\frac{1}{p^{\prime}}}}$ ,

if $ p\leqq\#$ namely $p\leqq 1$ by Theorem 4.1, and

$||a||\leqq\inf_{0\leqq\epsilon\leqq 1}\frac{1+m(\xi a)}{\xi}\leqq\inf_{0\leqq\xi\leqq 1}\frac{1+\xi^{q}}{\xi}=q^{\frac{l}{q}}q^{\prime^{\frac{1}{lq}}}$ ,

if $q\geqq q^{\prime}$ , namely $q\geqq 2$ .
Since we have

$||a||\leqq 1+m(a)$ ,

and $\Vert|a\Vert|\leqq 1$ implies $m(a)\leqq 1$ , it is obvious that $||a||\leqq 2$ .
On the othe $r$ hand, we have

$||a||=MIn^{\nu}$ . $\{\inf_{\epsilon\geqq 1}\frac{1+m(\xi a)}{\xi},\inf_{0\leqq\xi\leqq 1}\frac{1+m(\xi a)}{\xi}\}$

$\geq{\rm Min}.\{\inf_{\epsilon\geqq l}\frac{1+\xi^{q}}{\xi},\inf_{0\leqq e\leqq l}\frac{1+\xi^{p}}{\xi}\}$

$\geqq{\rm Min}.\{\inf_{\xi>0}\frac{1+\xi^{q}}{\xi},$ $\inf_{\epsilon>0}\frac{1+\xi^{p}}{\xi}I$

$={\rm Min}.\{qq^{\prime}\div\frac{1}{q},$ $p^{\frac{1}{p}}p^{\prime^{\frac{1}{p}}}\}$ ,
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as required.
$Fr$om this theorem, when $x^{m}=x_{m}=p$ , we have

ノ

$|_{|a||}^{1}=p^{\frac{1}{p}}p^{\prime^{\frac{l}{p}}}\Vert|a\Vert|$ if $1<p<+\infty’$ .

and
$||a||=\Vert|a\Vert|$ if $p=1$ or $+\infty$ .

In the spaces $L_{p}(p\geqq 1)$ , if we put

$m(a)=\frac{1}{p}.\int_{0}^{1}|a(t)|^{p}dt$ ,

then we have $\chi^{m}=x_{m}=p$ , and hence, the $a\grave{b}^{\prime}o$ve qualities are $satisfied_{t}$

where we can see easily that

$\Vert|a\Vert|=(\frac{1}{p}\int_{0}^{1}|a(t)|^{p}dt)^{\frac{l}{p}}$

Therefore, in this case, we have
$(^{*})$ $\Vert|a+b\Vert|^{p}=\Vert|a\Vert|^{p}+\Vert|b\Vert^{p}$

$when_{\hat{b}^{-}\backslash ^{r}}er$ } $a|_{\cap}|b|=0$ . . V .

Generally, in any mdulared semi-ordered linear $spaaee_{l}$
. havzng at lecust

two linearly indepndent elements, when the second norm satisfies the above
conditim $(*)f\sigma r$ $a$ exponent $a$ , then we have

$\chi_{m}\leqq\alpha_{1}\leqq\chi m$
$c$

Because, when $|a|_{\cap}|b|\approx 0$ , puttihg
$\backslash $

$\Vert|a\Vert|=\xi^{-a\prime}$ , $\Vert|b\Vert|=\xi^{-a\prime}$

for $a^{\prime}=\frac{\alpha}{a-1}$ we have

$\Vert|\xi a\Vert|^{a}+\Vert|\gamma/b\Vert|^{a}=\Vert|\xi a+\eta b\Vert|^{a}\geqq(\Vert|\xi a\Vert|^{p}+\Vert|\eta b\Vert|^{p})^{\frac{a}{p}}$

for $p=X^{m}$ . $Th^{\wedge}erefore$ we have
$(\Vert|a\Vert|+\Vert|b\Vert|)^{\frac{p}{a\prime}}\geqq lffa\Vert|^{\frac{p}{a}}+\Vert|b\Vert|^{\frac{p}{\sigma}}$ ,

which implies that $p\geqq a$ . Similar argument shows that $\chi_{m}\leqq a$ , which
establishes the above propositions.

Hence, if $a,b\geqq 0$ implies

$\Vert|a+b\Vert|=\Vert|K|+\Vert|b|||$ ,

then we have $\chi_{m}=1$ . And, if $|a|_{\cap}|b^{1}\sim=0$ implies

$\Vert|a+b\Vert|=4{\rm Max}.\{\Vert|a\Vert|, \Vert|b\Vert|\}$ ,
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then we have $\chi m=+\infty$ .
In these cases, we can not exchange $\chi_{w*}$ and $X^{m}$ each other. As

the example, we need only define on the plane as $\cdot$ follows:

$ m((x,y))=\{\lceil x[+\infty$
if $y>1$ ,
if $0\leqq y\leqq 1$ .

Then we see easily that
$\chi^{m}((0,1))=\chi_{m}((0,1))=,$ $+\infty$ ,
$x^{m}((0,1))=\chi_{m}((0,1))=1$ ,
$x^{m}((1,1))=+\infty,$ $\chi_{m}((1,1))=1$ ,

and $\chi m=+\infty$ $X_{m}=1$ , where
$||(x,y)||=|x|+|y|$ ,
$\Vert|(x,y)\Vert|={\rm Max}$ . $\{|x|, |y|\}$ .

For the first norm, we have always

$||a||\leqq 1+m(a)$ $(a\in R)$ .
Here the eauality does not always hold. For instance, if $\chi m=\chi_{m}=1$ ,

then the left-hand side is strictly smaller than the right-hand side.
Concerning about this, we have the following theorem:

Theorem 6.4. If there is a number $a>0$ which satisfies the relatim:
$(\#)$ $||aa||=1+m(aa)$ , $J$

then we have $\chi m(a)>1$ . Conversely, if $\chi_{m}(a)>1$ and $\pi(\xi/a)$ is cmtinums as
a functim of $\xi>0$ , then we can find a number $a>0$ for which the fomula
$(\#)$ is satisfied.

Proof. The relation $(\#)$ implies that

$\frac{1+(m(aa)}{a}\leqq\frac{1+m(\xi a)}{\xi}$

for every $\xi>0$ by the definition of the first norm. Therefore, we have,
for any mumber $\epsilon>0$ ,

$a(1+m((a+e)a))\geqq(\alpha+\epsilon)(1+m(aa))$ ,

that is,

$\alpha(m((a+e)a)-m(aa))\geqq\epsilon(1+m_{\yen}(aa))$ .
Hence, we have, letting $\epsilon$ tends to $0$,

$n(a/a)\geqq\frac{1+m(aa)}{a}$ .
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Since
$n(1/aa)\leqq\chi^{m}(a)\cdot m(aa)$ ,

we have
$(\chi m(a)-1)m(aa)\geqq 1$ ,

which means that $x^{m}(a)>1$ .
Next, we will prove the later half of this theorem. As there is

a number $\xi>0$ such that $\pi(\xi/a)<+\infty$ , we have

$\lim_{\xi*0}n(\dot{\sigma}/a)=0$ .
Therefore, there is a number $\xi J>0$ such that

$\pi(1/\xi_{1}a)<1+m(\xi_{1}a)$ .
If $\pi(1/\xi a)<1+m(\xi a)$ for eve$ry\xi>0$ , since

$\chi_{m}(a)\cdot m(\xi a)\leqq n(1/\xi a)$ ,

we have
$(\chi_{m}(a)-1)\cdot m(\xi a)<1$ .

As the convexity of $m(\xi a)$ implies that

$\lim_{\epsilon\rightarrow\infty}m(\xi a)=+\infty$ ,
$\sim$

we have $\chi_{m}(a)=1$ from the above inequality. Hence, if $X_{m}(a)>1$ , then
we have a number $\xi_{2}>0$ such that

$\pi(1/\xi_{2}a)\geqq 1+m(\xi_{2}a)$ .
Therefore, the continuity of $\pi(\xi/a)$ implies the existence of such a
$num_{\sim}bera>0$ which satisfies the formuIa $(\#)$ .

Remark. In this theorem, we cannot replace $\chi^{m}(a)$ and $X_{m}(a)bv$

$\chi_{m}(a)$ and $\chi^{m}(a)$ respeotively. For example, we need only consider the
following modulars on the line:

$m(\xi)=e^{e}-1$ $(\xi>0$ ,

and

$m(\xi)=\left\{\begin{array}{ll}\xi^{\varphi}\rightarrow & (0\leqq\xi\leqq\frac{1}{2}),\\\xi-\frac{1}{2} & (\xi>\frac{1}{2}).\end{array}\right.$
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In the norm theory, the fundamental inequality is that of H\"oLDER.
But, in the theory of modulars, the inequality:

$(^{*})$ $|\overline{a}(a)|\leqq m(a)+\overline{m}(\overline{a})$ $(a\in R,\vec{a}\in\overline{R}^{m})$

plays the essential r\^ole in stead of the $HoLDERS$ inequality. -As $(*)$ is
stronger than $H\dot{o}^{\tau}\tau_{J}DERS$ inequality, we can state $H\ddot{\grave{o}}r_{\lrcorner}DERS$ inequality by
words of modulars. using $(*)$ . That is, under the same assumption as
Theorem 6.3, we have

$|\overline{a}(a)|\leqq\left\{\begin{array}{ll}p^{\frac{1}{p}}p^{\prime}\frac{1}{p}m(a)\div\overline{m}(\overline{a})^{\frac{1}{p}1} & if p\cdot m(a)\leqq p^{\prime}\overline{m}(\overline{a}),\\qq^{\prime}m(a)^{\frac{l}{q}}\overline{m}(\overline{a})^{\frac{1}{q}} & if q^{\prime}\overline{m}(\overline{a})\leqq qm(a).\end{array}\right.$

For the proof, we need only apply the operation of exponents to the
formula:

.
.

$|\overline{a}(a)|\leqq m(\xi a)+\overline{m}(\frac{1}{\xi}a)$ $(\xi>0)$ ,

and calculate the minimum value of the right-hand side.

\S 7. On bounded modulars

A modular $m$ on $R$ is called upper bounded, .if there exist number8
$a,$ $\gamma>1$ such that

$m(ax)\leqq r\cdot m(x)$

for every element $x\in R$, and $m$ is called ZOwer bounded, if there exist
numbers $\gamma>a>1$ such that

$m(ax)\geqq\gamma m(x)$

for every $x\in R$ .
If $m$ is upper bounded, then the conjagate modular $\overline{m}$ of $m$ is

lower bounded, and if $m$ is lower bounded, then $\overline{m}$ is upper bounded.
An uPper bounded modular is uniformly simple and uniformly finite,
and the lower bounded modular is uniformly monotone and uniformly
increasing.

If a modular is upper or lower bounded, then every element is
upper or lower bounded respectively. But the connverse is not always
true. Practically, there is a non-upper bounded modular which has
uppe $r$ bounded.elements: In order that a modular be upper or lower
bounded, it is necessary that the appearing factors $a$ and $\gamma$ are uniquely
determined for every element. Thus the properties of boundedne$ss$
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of modulars are, so to speak, ”uniform” properties.
Now, we are going to eompute the degree of the uniformity by

its exponents,

Theorem 7. 1. A mduhr., $m$
$\backslash $

is upper bounded, if and onty if $\chi^{m}$ is
finite, and then $we_{Y}$ hnve

${\rm Min}$ . $\{1, \xi^{\chi^{m}}\}\leqq\omega(\xi/\alpha)\leqq{\rm Max}.\{1,\xi^{\chi^{m}}\}$ .
If, moreover, $\chi^{\pi}$ is finite, then we have

$co(a/a)\geqq a^{\prime x^{1f}}/[(x\pi-1)\beta^{x^{n}}+1]$ ,

pravided that $0\leqq\alpha\leqq\beta<1$ ann $O\pm i- a\in R$ .
Proof. If $m$ is upper bounded, there exists a number $\gamma\geqq 2$ such that

$m(2x)\leqq\gamma m(x)$

for every $x\in R$ . By the same argument as Theorem 3.2, we have

$\chi m=\sup_{xeR}\chi m(x)\leqq r-1$ ,

that is, $\chi m$ is finite. Conversely, if $xm=p$ is finite, then we ha$ve$

$m(2x)\leqq 2^{p}m(x)$

for every $x\in R$ , that is,. $m$ is upper bounded, because $(\backslash 2^{p}\geqq 2$ .
When $xm=p$ is finite, it is obvious by the definition that $\backslash $

$m(\xi a)\geqq_{l}\xi^{p}m(a)$ if $0\leqq\xi\leqq 1$ ,
and

$m(\xi a)\leqq\xi^{p}m(a)$ if. $\xi\geqq 1$ .
Since $m$ is upper bounded, we have

co $(\xi/a)=m(\xi a)$

if $m(a)=1$ . Therefore we have
${\rm Min}.\{1, \xi^{\chi^{m}}\}\leqq o(\xi fa)\leqq{\rm Max}.\{1, \xi^{\chi^{h}}\}$ .

Let $x^{\pi}=p$ is finite and $0<\beta<1,$ $m(a)=1$ . Then, for $ 0<a\leqq\beta$ , we
have

$\omega(a/a)=\int_{0}^{a}\pi(\xi/a)d\xi$ .

$t\geqq\int_{0}^{a}\frac{\pi(\beta/a)}{\beta^{p-1}}\cdot\xi^{p-1}d\xi=\frac{\pi(\beta a/)}{\beta^{p-1}}$
$\frac{a^{p}}{p}$

On the other hand, we can see ea\S ily that
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$1=\int_{0}^{1}\pi(\xi/a)d\hat{;}=(\int_{(}^{8}+\int_{\beta}^{1}),$ $\pi(\xi/a)d^{\xi}$

$\leqq\beta r_{\iota}(\beta/a)+\int_{6}^{1}\frac{\pi(\beta/a)}{\beta^{p}}\cdot\xi^{p^{\lrcorner}1}d\xi=\frac{(p-1)\beta^{p}+1}{p\cdot\beta^{p-1}-}$ : $n(\beta/a)$ .
Therefore, combining with the above formula, we have

$\omega(\alpha/a)\geqq\frac{\alpha^{p}}{1)\beta^{p}\dotplus 1}\overline{(p-}$ ,

as required.

Theorem 7, 2. A $m\grave{p}$duhr $m$ is lower bmnded, $i,f$ and mly if $\chi_{m}$ is strictly
greater than $\sigma ne$ . Then we have

$\omega(\xi fa)\leqq\xi^{\chi_{m}}$ $i,f$ $0\leqq\xi\leqq 1$ ,
$\sim$ .

and
$\omega(\xi/a)\geqq\xi^{\chi_{m}}$ if $\xi\geqq 1$ .

If, moreover, $\chi_{\pi}$ is strictly greater than one, then we have
$\omega(\xi fa)\leqq\xi^{\chi_{\pi}}/(1-\xi^{\chi_{\pi}})$ if $0\leqq\xi\leqq 1$ .

Proof. If $m$ is lower bounded, then the conjugate modul $ar$ is upper
bounded. Therefore $X^{\overline{m}}$ is finite by the previous theorem, so that $X_{m}$

is strictly greater than one, because
$(\chi_{m}-1)(\grave{\chi}\overline{m}-1)=1$ ,

$($

by Theorem 5.1.
We can Prove the first half similarly as the previous theorem.
When $q=X.>1,0\leqq a\leqq 1$ and $0\neq a\in R$ , we have

$\omega(a/a)=\int_{0}^{a}\tau(\xi/a)d\xi$ -\sim

$\{_{\}}$

$\leqq\int_{0}^{a}\frac{\tau(afa)}{a^{q-J}}\cdot\xi^{q-1}d_{b}^{g^{\prime}}=\frac{\tau(a/a)}{q\cdot a^{q-1}}\cdot\alpha^{q}$ .

On the other hand, we have

$1\geqq\omega(1/a)=\int_{0}^{1}\tau(\xi/a)d\xi\geqq\int_{a}^{J}\tau(\xi/a)d^{\zeta}$

$\geqq\frac{\tau(\alpha/a)}{\alpha^{q-1}}\int_{a}^{1}\xi^{q\leftarrow 1}d\xi=\tau(\alpha/a)\cdot\frac{1.\cdot-a^{q}}{qa^{q-l}}$

Therefore, combining with the above formula, we have

$\omega(a/a)\leqq\frac{1l^{q}}{1-a^{q}}$ ,
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as required.
From these theorems, it is not difficult to see that:
Thecrrem 7. 3. $f^{\prime}\alpha r$ a simple element $s$ of $R$ , we’ have

$\xi^{\chi_{m}}\leqq o(\xi,s,l)\leqq\xi^{\chi^{m}}$ if $\xi\geqq 1$ ,

and
$\xi^{\chi^{m}}\leqq\omega(\xi,s,\mathfrak{p})\leqq\xi^{X_{m}}$ if $0\leqq\xi\leqq 1$ ,

and, moreover we have,

$\frac{\xi^{X^{\pi}}}{(\chi^{\pi}-1)\xi^{X^{\kappa}}+1}\leqq\omega(\xi,s,\mathfrak{p})\leqq\frac{\xi^{\chi_{K}}}{1-\xi^{\chi_{\pi}}}$ if $0\leqq\xi\leqq 1$ ,

pravided that the appeanng expmeMs are fimte,
We will write here some more results about uniform convexity of

modulars. A modular $m$ on $R$ is said to be uniformly cmvex, if for any
$\gamma,$ $e>0$ there exists $\delta>0$ such that

$ 0\leqq a,<\beta\leqq\gamma$ , $\beta-a\geqq\epsilon$

implies

$\frac{\iota\iota y(a/a)+\omega(\beta/a)}{2}\geqq\omega(\frac{a+\beta}{2}/a)+\delta$

for all $a\in R$ . A modular $m$ on $R$ is said to be uniformly finite, if

$\sup_{e}co\cdot(\xi/x)<+\infty$

for any number $\xi>0$ . If a modular $m$ is uniformly convex and uni-
formly finite, then the second norm by $m$ and the first norm by iii are
uniformly convex in CLARKSON’S sense. A modular $m$ is said to be
uniformly even, if, for any $r,$ $e>0$ there exists $\delta>0$ such that

$\gamma\geqq\alpha\geqq|\beta|$ . $ a-1\beta\leqq\delta$

implies

$\frac{(o(a/a)+\omega(\beta/a)}{2}\leqq\omega(\frac{a+\beta}{2}/a)+(a-\beta)e$

for all $0\neq a\in R$. This property characterises the conjugate modulars
of uniformly convex modulars. These were defined and proved in
NAKANO [7] \S 50 and \S 51.

Now, new sufficient conditions for a modular sh\’ould , be uniformly
convex or uniformly even are obtained:

Theorem 7.4. If a mcxlular $m\dot{w}$ uniformly simple:
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$\yen\inf_{0xeR}\iota o(\xi/x)>0$ $(\xi>0)$ ,

and $X_{\sim}\geqq 2$ , then the modular is uniformly convex.
Proof. By Theorem 3.6, we have

$-\omega(a/a)+\omega(\underline{\beta/a)}2\geqq\omega(a\frac{+\beta}{2}/a)+\omega(\frac{\alpha-}{2}\beta/a)$

for $a>\beta>0$ and $0\neq a\in R$ , and uniform simpleness implies

$\inf_{0\fallingdotseq xeR}\omega(\frac{\alpha-\beta}{2}/a)>0.$ ,

so that the proof is established.
Since the modular is uniformly simple if $ x^{m}<+\infty$ , this theorem

shows that, $a$ modular is uniformly convex if $ 2<\chi_{Jl}\leqq x^{m}<+\infty$ .
Theorem 7.5. If a modular $m$ is uniformly monotme:

$\lim\underline{1}\sup\omega(\xi/x)=0$ ,
$\xi\rightarrow 0\xi 0\approx xeR$

and $\gamma’\ddagger\leqq 2$ , then the modular is unifcyrmly even.
Proof. By Theorem 3.6, we have

$\frac{\omega(\alpha fa)+\omega(\beta/a)}{2}\leqq\omega(^{a+\beta}2/a)+\omega(a2-\beta/a)$

for $a>\beta>0$ and $0\neq a\in R$ , and uniform monotonity implies the proof.
Since the modular is uniformly monotone if $Y_{m}>1$ , this theorem

shows that $a$ modular is uniformly even if $1<\chi_{m}\leqq x^{\pi}\leqq 2$ .
Remark. Theorem 7.4 and 7.5 are improvements of theorems given

in NAKANO [7] \S 52 and \S 53, which assert that a modular is uniformly
convex if it is uniformly simple and of convex type, and uniformly
even, if it is uniformly monotone and of concave type. A modular $m$

is said to be of cmvex type, if its derivative $\pi(\xi/a)$ is a convex function
of $\xi>0$ and $\lim_{\xi\rightarrow 0}n(\xi/a)=0$ for every $a\in R$ , and of concave type if $\pi(\xi/a)$

is a concave function of $\xi>0$ for every $a\in R$ . It is obvious that, we
have $\chi_{il}\geqq 2$ if the modular is of convex type, and $Y^{\kappa}\leqq 2$ if the modular
is of concave type.

\S 8. On modulars of unique spectra

Let $R$ be a modulared semi-ordered linear space and $m$ be its
modular. Since the modular spectrum $\omega(\xi,s,\mathfrak{p})(\mathfrak{p}\in U_{[s]})$ for $a$ simple
element $s$ is a convex function of $\xi>0$ and $w(O,s,P)=0$ , we can define
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its exponentv quite similarly as that were defined in \S 3. We will denote
such exponents as $X^{m}(s,\mathfrak{p}),$ $\chi_{m}(s,P)$ and $\chi^{tr}(s,\mathfrak{p}),$ $\chi_{I\tau}(s,\mathfrak{p})$ , and call them
spectral expments by $m$ or by $\pi$ respectively.

Then, we have the following inequalities:

$\varliminf_{[p]\rightarrow\theta}x^{m}([p]s)\geqq\chi^{m}(s,\mathfrak{p})\geqq\chi_{m}(s,\beta)\geqq\varlimsup_{[p]\rightarrow \mathfrak{p}}\chi_{m}([p]s)$

for every pe $U_{[s]}$ . Because, if there exists such a number $a>0$ that

$X^{m}(s,\mathfrak{p})>a>\varliminf_{[p]\rightarrow \mathfrak{p}}X^{m}([p]s)$
,

the left-hand side inequality implies the existence of a projector $[p]$

$such$ . that
$7^{m}([q]s)>a$ $(\mathfrak{p}\ni[q]\leqq[p])$ ,

and the right-hand side inequality means that, for any projector $[p]$

there exists $[q]\leqq[p]$ such that
$a>\chi^{m}([q]s)$ .

Hence, we have the contradiction. Another inequality can be proved
similarly.

Concerning about the case when the equality holds in the above
inequality, we have the following:

Theorem 8. 1. If the spectral upper expment $x^{m}(s,\mathfrak{p})$ is a upper semi-
continuous functim of $\mathfrak{p}$ at a $p\sigma int\mathfrak{p}_{0}\in U_{[s]}$ , then we have

$\wedge$ $x^{m}(s,\mathfrak{p}_{t)})=\lim_{[p]\rightarrow p_{o}}x^{m}([p]s)$ ,

and if the spectral lower expment.$\gamma m(s, \beta)$ is a lozver $iemi- cm\hslash nuous$ functim
of‘ $l,$

.
at a $p\dot{\omega}nt\mathfrak{p}_{0}\in U_{[s]}$ , then we have

$\gamma_{m}(s,\Phi_{0})=\lim_{[p]\mathfrak{p}_{0}}\chi_{m}([p]s)$ .
Proof. At first we will prove that

$\sup_{\mathfrak{p}e\sigma_{[s]}}\chi^{m}(s, P)=\sup_{f\Phi 3\leqq 3}\gamma m([p]s)$ .
Let $a>0$ be an arbitrary number‘such that

$\alpha\geqq\sup_{p6U_{[S]}}x^{m}(s, \mathfrak{p})$ .
Then the function $\xi>C$ :

$\frac{\omega(\xi,s,\mathfrak{p})}{\xi^{a}}$
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is decreasing for every $\mathfrak{p}\in U_{[p]}$ , so that the integration gives that the
function of $\xi>0$ ;

$\frac{m(\xi[p]s)}{\xi^{a}}$

is $decreasing$ for any $[p]\leqq[s]$ . This means that

$a\geqq\sup_{[p]\leqq[\epsilon]}x^{m}([p]s)$ .
Hence we have

.

$supx^{m}(s,\mathfrak{p})\geqq\sup_{[pJ\leqq[s]}X^{m}([p]s)$ .
$peU_{[S]}$

Another inequality can be proved similarly.
In this equality, since $[s]$ may be..replaced by any neighbourhood

of $\mathfrak{p}$ , taking infimum of both sides, we have

$\varlimsup_{[p]- l}x^{m}([p]s)=x^{m}(s,\mathfrak{p})$ ,

as $x^{n}(s, \mathfrak{p})$ is upper semi-continuous as a function of $\mathfrak{p}$ . Hence there
exists the limit:

$\lim_{[p]-\prime \mathfrak{p}}x^{m}([p]s)$

and it is equal to $x^{m}(s,\mathfrak{p})$ . The later half of this theorem is proved
quite similarly.

A modular $m$ is said to be of unique spectra, if for any simple
element $s_{1}$ and $s\underline{.,}$ , we. have

$\omega(\xi,s_{1},\mathfrak{p})=\omega(\xi,s_{2},\mathfrak{p})$

for every $\mathfrak{p}\in U_{[s_{1}1\epsilon_{4}]}$ . In this case, the$re$ exists a continuous function
$\rho(\mathfrak{p})$ on $U_{[s],\prime}$ such that

$\omega(\xi,s,\mathfrak{p})=\xi^{\rho(l\})}$

for all $\mathfrak{p}\in U_{[s]}$ and $\xi>0$ . Therefore, it is obvious that
$x^{m}(s,\mathfrak{p})=x_{m}(s, p)=\rho(\mathfrak{p})$ $(0\in U_{[\epsilon]})$

for this continuous function $\rho(P)$ . Moreover we have the following
theorem:

Theerem 8. 2. In order that a mdular $m$ should be of unique spectra
in $[s]R$ for a simple element $s$ , it is necessary and sufficient that

$\varlimsup_{[p]\rightarrow p}x^{m}([p]s)=\varliminf_{[p]\rightarrow \mathfrak{p}}x_{m}([p]s)1$
$(0\in U_{[s]})$ .
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Proof. Since the necessity is almost evident, we nee,$d$ only $pr$ove
the converse. Putting

$\rho(\theta)=\varlimsup_{[p]\rightarrow r}x^{m}([p]s)=[p]\rightarrow p\underline{\lim}\chi_{m}([p]s)$
$(\mathfrak{p}\in U_{[s]})$ ,

for any number $\epsilon>0$ there exists by the definition of the limit a $proa$

jector $[p_{0}]$ such that
$\rho(0)+e\geqq X^{m}([p]s)$

and
$\rho(\beta)-e\leqq\chi_{m}([p]s)$

for every $[p]\leqq[p_{0}]$ . Therefore we have
$X^{m}(s,\mathfrak{p})=x_{m}(s,\mathfrak{p})=\rho(\mathfrak{p})$

for $e$very $\mathfrak{p}\in U_{[s]}$ , namely,

$\omega(\xi,s,\mathfrak{p})=\xi^{\rho(\mathfrak{p})}$

$\backslash $for $\mathfrak{p}\in U_{[s]}$ , which means that $nt$ is of unique spectra in $[s]R$ .
The function $\rho(\mathfrak{p})$ can be extended uniquely and continuously to

the $proper\backslash $ space $\mathfrak{G}$ and the numbers:

$\rho_{u}=\sup_{JC-\otimes}\rho(\mathfrak{p})$ and $\rho_{l}=\inf_{\sim,rc\mathfrak{G}}\rho(\mathfrak{p})$

ha $ve$ been called the upper and lower expment of $m$ respectively. It is
obvious that, if $m$ is of unique spectra, we have

$\chi^{1l}=x^{m}=\rho_{u}$ and $\chi_{\kappa}=x_{m}=\rho_{l}$ .
Hence the following theorem is not but a paraphrase of Theorems
54.7-10 of NAKANO [7]:

Theorem 8. 3. Let $m$ be of unique spectra. Then, in order that $x^{m}\dot{w}$

finite, it is necessary and sufficient that $m$ is uniformly si,mple or that $m$ is
uniformly finite. In $\sigma rder$ that $X_{m}$ is strictly greater than me, it is necessary
and sufficient that $m$ is uniformly mmotme or that $m$ is unifirmly increasing.
In crder that $m$ is unifcrmly cmvex or that $m$ is uniformly even, it is neces-
sary and $suffi\dot{\alpha}ent$ that

$ 1<\chi_{m}\leqq x^{m}<+\infty$ .
Let $p(t)$ be a measurable function on $0\leqq t\leqq 1$ and be $p(t)\geqq 1$ . Then

the set of measurable functions $a(t)$ such that

$\int_{0}^{1}|aa(t)|^{p(t)}dt<+\infty$
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for some number $a>0$ is a modulared semi-ordered linear space, taking
its modular as

$m(a)=\int_{0}^{1}\frac{1}{p(t)}|a(t)|^{p(t)}dt$ .

This space is denoted by $L_{p^{r}t)}$ and discussed first by NAKANO [9]. The
above modular on this space $L_{p(t)}$ is of unique spectra, and

$\chi^{m}=\sup_{0_{\Leftarrow}<t\leqq 1}p(t)$ and $\chi_{m}=\inf_{0\leqq t\leqq l}p(t)$ .
$\tau$

$whichThecor_{I}respondIng$
{

sequence space is the set of sequ\’ences $\{\xi_{\nu}\}$ , for

$\sum_{\nu^{-}=1}^{\infty}|a\xi_{\nu}|^{v\nu}<+\infty-$

for some number $a>0$ . Hence the numbers $p_{\nu}\geqq 1(\nu=1,2, \cdots)$ determines
this space, which is denoted by $l(p_{J},p_{\sim}, \ldots)$ . In the sequence space of
this kind, a pathological phenomenon occurs, namely, we may have

$l(p_{1}, p_{\lrcorner},, \cdots)=l(ql’ q_{2}, \cdots)$

for differengt sequences $\{p_{\nu}\}$ and $\{q_{\nu}\}$ . The problem when these two
spaces coincide is considered first by $O_{R}r_{r}Icz[13]$ and solved completely
by NAKANO [11].

Before concluding this section, we will state a theorem concerning

about the relation between a modular and its norms: $r$

Theorem 8.4. If $m$ is of unique spectra, $ x^{m}<+\infty$ and

$||[p]a||=2\Vert|[p]a|||$

$f\sigma r$ any $[p]\leqq[a]$ , then we have
$m(\backslash \xi a)=\xi^{2}m(a)$ $(\xi>0)$ .

Proof. By Theorem 7.3, we have

$||a||\leqq p^{\frac{1}{p}}p^{\prime^{\frac{1}{p}}}\Vert|a\Vert|$

if $p=x^{m}(a)\leqq 2$ , where $p^{\prime}=\frac{p}{p-1}$ . Therefore, if we have

$||[p]a||=2\Vert|[p]a\Vert|$

for a projector $[p]$ , then $x^{m}([p]a)\leqq 2$ implies $x^{m}([p]a)=2$ , because we
have

$1\leqq p^{\frac{I}{p}}p^{\prime^{\frac{1}{p}}}\leqq 2$ .
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Hence, $x^{m}([p]a)$ must be greater than 2 for any projector $[p]\leqq[a]$ .
Similarly, we can conclude that $\chi_{m}([p]a)$ is smaller than 2 fo $r$ any

$[p]\leqq[a]$ . Therefore we have
$X^{m}([p]a)\geqq 2\geqq\chi_{m}([p]a)$

for any $[p]\leqq[a]$ . Since $m$ is of unique spectra by the assumption, we
have

$\rho(\mathfrak{p})=\varlimsup_{[v]\rightarrow p}x^{m}([p]a)=\varliminf_{[p]\rightarrow P}\chi_{m}([p]s)=2$

by Theorem 8.2, because every element is simple. Therefore, as
$\omega(\xi,a,\mathfrak{p})=P|$ $(\xi>0)$

for all $\mathfrak{p}\in U_{[a]}$ , we have
$m(\xi a)=\xi^{\underline{o}}m(a)$ ,

as required.
In this theorem, the assumption $ x^{m}<+\infty$ ’ can not be dropped

(but may be weakend). As the example, we need only consider the
following modular on the line space: :

$m(x)=\left\{\begin{array}{l}x\cdot(0\leqq x\leqq 1)\\+\infty(x>l)\end{array}\right.$

$w$here we have
$ X^{m}=+\infty$ , $X_{m}=1$ .

\S 9. On constant modulars

Let $R$ be a modulared seini-ordered linear space and $m$ be its
modular. A element $c$ of $R$ is said to be cmstant, if it is simple and

$\frac{m(\xi[p]c)}{m([p]c)}=\frac{m(\xi c)}{m(c)}$

for every number $\xi>0$ and every projector $[p]$ . When, for any element
$a$ and $b$, there exists a constant element $c$ such that

$v$

$[c]a$ , $[c]b\neq 0$ ,

then the modular is called constant mdular.
In the theory of constant modulars, the following theorem which

has given by NAKANO [7] is fundamental:
If a mdular $m$ is constcent, then for any constant elements $0\neq a,$ $b\in R$ ,
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there exists a number $a>0$ such that ab is constant and

$\frac{m(\xi a)}{m(a)}=\frac{m(\xi ab)}{m(\alpha b)}$

for abZl $\xi>0$ .
From this theorem, it is obvious that, for any constant element

$a$ and $b$ , we have
$\chi m(a)=x^{m}(b)$ and $\chi_{m}(a)=x_{m}(b)$ ,

and moreover,

$x^{\pi}(a)=x^{\alpha}(b)$ and $\chi_{\pi}(a)=X_{it}(b)$ .
Since, if $c\in R$ is a constont element, $[p]c$ is alsQ constant for every
projector $[p]$ , we have

$\wedge l^{m}([p]c)=x^{m}(c)$ and $\chi_{m}([p]c)=x_{m}(.c)$

and
$x^{\pi}([p]c)=x\iota r(c)$ and $\chi_{\kappa}([p]c)=\chi_{1I}(c)$

for every projector $[p]$ . Therefore, by Theorem 4.4, we have the fol-
lowing theorem:

Theorem 9. 1. If a $\acute{m}$dular $m$ is ccmstant and not singular, then we have

$x^{m}=x^{m}(c)$ and $\chi_{m}=\chi_{m}(c)$

for every cmstant element $c\in R$ . Moreover, if $\pi(\xi/c)$ is a cmtinuous functiom
of $\xi>0$ , then we have

$\chi^{1I}=\chi^{1t}(c)$ and $\chi_{n}=\chi_{\pi}(c)$ .
Therefo$re$ , it is evident that, $m$ is upper bounded when and only

when there exists an upper bounded constant element, and $m$ is lower
bounded $w$hen and only when there exists a lower bounded constant
element.

As an example of the modulared semi-ordered linear space with
constant modular, the simplest one is the space $L_{p}(p\geqq 1)$ . Here, we
will introduce somewhat eccentric space $s$ of this kind.

The function:
$\varphi(\xi)=e^{\epsilon}-\xi-1$ $(\xi>0)$ ,

is $a$ convex, increasing function of $\xi>0$ and $\varphi(0)=0$ . Therefore, the
space $L_{\exp}$ . of measurable functions $a(t)(0\leqq t\leqq 1)$ for whieh the integral:
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$\int_{0}^{1}\varphi(a|a(t)|)dt$

is finite for some number $a>0$ is a modulared semi-ordered linear space
and its modular:

$m(a)=\int_{0}^{1}\varphi(|a(t)|)dt$ .

is complete. Namely, this space is $a$ Banach space. (But, it is difficult
to obtain the concrete form of its norms.) As the constant function
1 belong to this space, this modular is constant. Hence we have $\leftarrow$

$x^{m}=X^{m}(1)$ , $x_{m}=x_{m}(1)$

and
$x^{\pi}=x^{\iota r}(1)$ , $\chi_{n}=X_{\pi}(1)$ ,

by Theorem 9. 1. It is easily seen that
$ X^{m}=X^{\pi}=-\vdash\infty$ and $\gamma\vee m=\chi_{f}=2$ .

This modular is not finite and not uniformly convex, and the conjugate
space is generated by the convex function:

$\psi(\xi)=(1+\xi)$ log $(1+\xi)-\xi$ .
These spaces are so-called ORLICZ spaces, which were concidered first
by ORTJCZ [14], and then by ORLICZ [15], ZYGMUND [19], TAKAHASHI [16]
ZAANEN [18], KRASNOSET,SKI [4] and others. And ORIJCZ spaces may be
considered as examples of modulared semi-ordered linear spaces with
constant modulars.
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