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EXPONENTS OF MODULARED SEMI-ORDERED
| LINEAR SPACES

iy
Sadayuki YAMAMURO

 The modulared semi-ordered linear space R is 'a universally contlnuous
‘seml-ordered llnear space where a functional m(a) (a€ R) is defined such
as the following properties are satisfied : /
1) 0=m(a)=< +eco for every a€R;
2) if m(&a) =0 for every positive number £>0, then we have a=0;
3)" for any element a€R we can ﬁnd a posﬂ:we number E such
that m(éa) < + oo ‘ '
4) ~m(éa) is a convex functlon of E>0 that is, a, B>O implies

m(ﬂé )g L {m(aa)—l—m (,Ba)}

for every a€R; :
- b) a|l =1b] implies m(a)<m(b)
6) a b=0" 1mp11es m(a+b) = m(a)+m(b)
~ 7) if 0<a1 laeaa, (that is, a, (A€A) are posnzlve and for any 2, A, €4
we can find A€/ such that a, 0, <a,, and a—~léJAal) then we have

' m(a) = supm (ay) .
- AcA

- This functtio.nal_“ m (@) (@€R) is called a modular on this modulared
’seml -ordered "linear space R. The so-called L,space (p=1), namely
a set of measurable functions a(t) (0=<t<1) such that

g ]a(t)|pdt< +oo, o

is 0bv1ously a modu'lared seml -ordered linear space, putting its modular
as

m(a) = { la(t)|dt .

L, ~Space is but an example of the modulared semi-ordered linear space.
However, this is an essentially important example. Because, the modular
m(éa) is a convex function of £>0 and.the. concept of convexity is
a direct generalization of that of power, that is, £? for p=1. In other
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‘words, the theory of modulared semi-ordered linear space, which was
considered first by NakaNo [7], may be regarded as a direct generali-
zation of the theory of L »-Space, 1n splte of existence of many examples.
which are not L,-type.

The purpose of this paper is to classify modulars by power functions.
For this purpose, we will define two exponents of a modular and discuss
properties of these exponents and characterlze some properties of the
modular by them. :

The concept of exponents of modulars is not firstly discussed here.
In fact, in particular cases, Where the modulars are of unique Spectra,
they were defined by Naxano [7] The exponents defined in this paper
can be considered as a generahzatlon of them. ,

In general cases, where the modular spectra are ‘not always power
functions, we must consider derivatives of modulars for the sake of
vali'dity;'of_ exponents, concerning especially about uniform convexity
and uniform eveness. Therefore, §1 and §2 are devoted to argument
of the derivatives of modulars and their spectra. In §3 we will de-
fine two sorts of exponents of elements and discuss the relations be--
tween. properties of elements and their exponents. The exponents
of a space are defined in §4 and the problem of determining exponents
of a space by that of elements‘of the space will be discussed there. -
In §5, conjugateness relations of exponents are established. Relations
between a modular and its norms are regarded as the first problem
which should be solved in the theory of modulared semi-ordered linear
space. As the preparatlons we w1ll enumerate in §6 some theorems
about norms. , : .

In the followmg three sectlons, we will eensader problems con-
cerning -about special types of modulars, namely, bounded modulars
modulars of unique spectra and constant modulars. D

Some of results of this paper may be obtained also in modulared
linear spaces without semi- -ordering. But, it is our cherished opinion
that the semi-ordered linear space is most suitable for the develop—‘
ment of modular theory, and the opinion has been testified enough in
the book : Nakano [7], to which we owe the terminology and proper-
ties of modulars used in this paper. (The general theory of modulard
linear spaces without semi-odering was developped by Narawo [11].).

‘Before proceeding to the details of the work, I should like to ex-
press my gratitude to Professor H. Nakano for suggesting to me the
problems originally, and for much helpful advice since. :
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§1. Derivatives of modulars .

In the sequel; let R be a modulared seml-ordered linear space and

m be its modular. : o
~ Since m (¢a) (€ R) is a convex functlon of ﬁ>0 we can deﬁne its
right- hand derlvatlve as follows: T

-, lim m((§+ &)a)— m(Za) i m (Ea> “too, '
~and we have . |

| m(aa) = (/) ds,
when m(aa)/+oo . | | .

Now, we will enumerate some propertles of the derwatzve as the

preparations for the following sections.
r(&/a) is obv10us1y a increasing function of e;>0

7 (&/a) = r (/) | for 5?77>0 aeR
Moreover, we can prove that Ll
- () la| =8| implies » (E/a) <n(5/b) for e?er& £>0.
Because, since ‘we have generally the following 1nequa11ty
m(a+c)+m(b+c)<m(a+b+c)+m(c)

for a, b, c=0. We need only put here a = s(b+c) for a posmve number

e>0 and letting £—0.
’ From the definition of der1vat1ve, it is easy to see that

@) 7 (&/aa)=ar(at/a)
for any positive number a and E
Moreover we have ;
M((E+v) a)

® " < < ™

for any positive number & and 7. The rlght hand 1nequa11ty is. a 1m—'

medlate consequence of the definition, that is, ]

M((5+77)a) m(é“a) m(($+>7)a) =
7 = 7 ‘

w(¢/a) <

If m(aa) is finite, we have -
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m(aw) = f r(Eja)ds < g“ 7 (aja)ds = ar (a/a).

If (maa) is-infinite, 7(a/a) is also infinite by the definition, and so the
left-hand inequality of (8) is obtained. S S
. 'By this inequality, we have from the deﬁmtlons of the modular
- (4) n(¢/a)=0 (¢>0) implies a=0, ' e
() for any a€R there exists a number a>0 such that n(a/a)< + oo,
Let a,-b=0. Then, we have -

, m (& (a+b)) = m(£a)+m (Sb)
and
m((E+ ) (a+b)) m((5+ e)a)+m((5 l—s)b)
for any positive number ¢ and g, because |
(Ea) (¢b)=0 and ((c + e) a),\(( £+ €)b) =

Therefore by subtractmg term, - by term and 1ett1ng e->0 We obta:m
the following inequality: : :
(6) n(&/a+b) ———r(s/a)+rr(§/b) for every 5/0
provided that o, b=0.
Slmllarly, we can prove that
(1) =(&/a~b)+n(&/a b)-ﬂ(E/a)+rr( /b)
for every £>0 and @,6=0, SR
(8) 1f aaLlC,IO and n'(l/aa)<+00(2611), then we have

: 1nf 2(1ja;) =

Because, as there ex1sts a pos1t1ve number e>0 such that m((1+
g)a,)< +oo, we have" o
. " 1nf m((1+e)ax) = 0

by Theorem 351 of NAKANO [71. Therefore, we have by (3) that
o< 1nfzr(1/a,1)< inf Lm((l—ks)al)— '

as requlred : : v
" - Some of the relations stated above are truth not only for modula,rs,,
but also for any convex functions with suitable properties. As to in-
vestigations about convex functmns, we may have to refer JENSEN [3],
Oxruricz-Birnsaum [12] and W. H. Youne [17]. '

Remark. To prove the inequality :
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m(a%—c)+m(b+c)<m(a+b+c)+m(c)

for a, b, c=0, we must use the spectral theory which is explalned roughly
in the next section. As the modular spectra «(§,s, ) is a convex func-
tion of £>0, it is not but the definition of convexity that

(a+7,8 D) +o(B+T, 8 0) < w(a+B+7,8 ) +a(7,5D)
for positive numbers a,3,7. Hence, by the integration:

m(€s) = gtsjz')(f,s,'t))na (dp.é) ,

we can establish the required inequality. .

* §2. Derivative spectra

Since the modulared semi-ordered linear .space-is a universally
continuous semi-ordered linear space, we may need explain some potions
about the spectral theory, stated in Naxano [7].

For any pOS1t1ve element pER, a operator [p] is deﬁned as

[ple= 5{ (@~p)

for any x=0. This operator [p] is called a projector. A system of pro-
jectors p is called an ideal, if 1) p>[0], 2) pe[p]=[q] implies P3([q], and
8) h>[pl[q] implies P3[pllg]). An ideal is said to be maximal, if there
exists no other ideal containing 9.

- For a projector [p],- we shall denote by U, the set of all maxunal
ideals ps[p], and naturally U,,;=0. e A

Considering maximal ideals as points, we obtam a. t0polog1cal space

& with the neibourhood system Up,; for all projectors fp]. This topolo-
gical space & is called the proper space of R. The proper space is a
Hausdorft space and U, is open and blcompact

- For any a€R and DeEE, let us write (a,p)= +co if pEUc“n, (a,)=0
if neU.,; and (a,P)= —oo if PeU,-,. Then, if (a,1)20, for any beR
there exists uniquely A, such that —eo<3,<+ oo and-

j (a,p) for i>,

(la—bp) =1
L . (q'.’ +0) | =(a,) for <4, ,
This number 2, is called. the relative spectrum of b by a at 9 and denoted

by (——, , p) Considering as a functlon of PelUim, (b ’ n) is continuous

and almost ﬁnlte, namely, finite in an open set being dense in UcaJ
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For the relatlve spectrum (— ) we have

&m LJ},Qmm

- where the integral means the limit of .t'h(e finite sum:

- lim ZE: (*2‘ ’ pu) [pu]a | (pue U[pu]) »

€50 p=1

aﬁd the partition | |
[a]=[pJ+ - +m& @Mmkw@#m,

) (“"’p>l<s (”21’2""1;’5}
for a positive number «. - |

| A element s of R is said to be simple, 1f m(s)/ + oo and m([p]s)
implies JpJs=0. For a simple element s and an arbitrary element aER ‘
the relatwe ‘modular spectrum of a by s at P is defined as '

- m([pla)
? - ]' ?
“W8>fmnm®m>
where the limit means the upper 11m1t _
| inf sup . m([p]a) — fim m([p]a) R
, Vpgy2® »olplsta) m([p]s) (M [p]s) SR .
or the lower limit: :

e ([ ]a) _ M([p]a)
Ui}:‘gxx S}ggirq] m(rp]S) cplzlzln m([p]s)

and both limits coincide in this case. -
Con31der1ng m([pla) as a measure of UE,,IaJ, we have

mmw&wwwmme

Espee1ally, w(é's/s, D) is denoted brleﬂy by (0(5,3 p) and called the moduldr
- spectrum by & and s at D, B
Now, take a element a€R such that n(l/a)< +co. Then, we have

'f(l/([p] +leDe) ==(1/[p]a)+=(1/[g]a)
if [p][q] =0, and [p,,]l,,-,() 1mp11es that =
» o 77(1/[1711]“)1»'-10 -

is such that

sup
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Therefore, by Theorem 36.1 of Nakaw~o [7] we' can deﬁne the derivative

spectrum for a sunple element s€R :as follows: : '
. =(1/[pla)

| = w(a/a) = Jim m(pls) *

and here we have

&(1/[p]a) = j n(a/s, ) m(dps) .

Considering as a function of he Um, =(a/s, ) is contmuous. We will
call it the derivative speetrum of a by s at pel,.
. From the definition, we see easily that, '

(1) nla/s,p)=0 for PE U,

(@) =(plajs, 9)==(a/[p]s,p) == (a/s, D) f01‘ Dt'UcpJ

Since |a|=]|b] 1mp11es that ,

=(1/[p]a) = =(1/[p]b)

for any- pro;ector [p] by (1) of §1 we have

(3) n(a/s, )= (bls,N)
it falz[b] and PEU,.

- Theorem 2. 1 F'or the derivative of the modular Spectrum by s, 5 >0 of P

r(eap=n 2ETeN—e@ad) ey,

we have
_ L (fa/[p]S)
| (o ”H}é‘}‘p “m((pl9)
provided that (a/s) < + co . o
Proof. From the assumptlon, we have
w(&‘+s 8 p) w(E,s,p)

n(asp)-—mf

in an open set being dense in Um, and the right- hand side is mono- |
tonically decreasing with respect to €é>0. Hence B. Lx«,vys theorem
shows that o | ) o -

[ o) me) = tim PPN EBI)

PR

for any projector [p]. This means that

’ ﬂ('a/[p]s)
P 71'((1 s, p) — g;glp m([’p]S) .
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for: every pe Um, so- that the proof is completed.
By this theorem, we' see easily that

- =(1/2[p]s)
o= o 5 e
— £lim ~é/Apls) _
TN m(ly T TR
1f n(&/s) < +oo that 1s, we have a o
2 (d) m(Esfs, D)*EE(E,S n)-if 7[(5/8)( + oo | TR
Now, we will prove the main theorem in: thls sectlon

Theorem 2.2. If, for a finite, simple’ *element s’ af R, n(E,s,m is c(m-
tinuous with respect to $>0 then we- have ‘

(o) = (2 0) = (2 n) s, v)

n an open set being dense in Um, m@mded that r(1/g) < + oo,
Proof. We need only prove that, for a number & such that O/z-:<1
the 1nequa11ty

<1—e>(— 0)z(@=e)(5b), sn)<n<a/s )

co o sava (S a(ar o n),n)

is true in an open set being dense in U,;. Beeause when the inequality
is proved, the contmulty of 7 (£,8,9) glves the proof |
- When D€ Upy— Uporas, -We have RO ‘ i

(%) = nlamm=0

so that the above inequality is obvious.
- Generally, we can find a dense subset A of UB,J such that

. 0< (—,n)<+oo e

for every ntA ‘And, for any P,ed and a number & such that O<s<1
there exxsts a projector [p] such that S

a-o ()= (—_,p)<<1+e)(8,po e

for every peU;,;, namely,

(1o (% ,po)[ms<[p]a<<1+e>( JB) el
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for this nre3'<ector [p]. 'T.herefore; the formula [3] shows that .-
(=@—o) (L m) [odsfs, B ) < (plajs, bo)
- =e(ars g :'vo> o).

8O that we ha:ve :

((1“‘-8) <— ’ po) s/s, Dn ‘ <7‘(a/3 D0>

. by the formula (2) As the elem‘ent's is finite; we have

((1+s)( po)/s <+,

and so, we can obtam by [4] the 1nequal1ty whlch was requlred above.
Hence, the proof is estabhshed S , R

§3 The exponents of elements

In th1s section, we will deﬁne the exponents of elements and discuss
the relations between properties of the elements and their exponents.
R is a modulared semi-ordered l1near space with m in the sequel

Let ¢ be an arbltrary element of R Consider a function of a
varlable E>0: Co '

- %(a,g)'___”_(.lé@?l | ,(g>())’,,
where a is a fixed number such that a=1.- *It' is obvious that-

) CE pu(a,8) = €% (B, E)——rr(l/;a)

for any number j such that B>1 : :
If the function ¢.(a,£) is increasing, then ¢v.(B,8) is also mcreasmg,
whenever a=p=1. In fact, for £¢>7>0 we have

(Oa(ﬁ 5) = g8 (Pa(ayf);—zﬂvahﬁ ~<0a(?a7])'= (‘?a(ﬁ’v) ’

since aépgo. 'Slmﬂarly, if @,(a,&) is a decreasing function of £>>0,
then ¢,(3,¢) is also decreasing, whenever 3=x.
Therefore, we can define as follows: o . SR
Definition. The greatest lower bound of such number a=1 that
¢(a,£) is decreasing as a function of £>0 is called the upper exponent
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of a by =, and denoted by %X*(a). The least upper bound of such number
a=1 that ¢,(a, E) is increasing as a function of £>0 is called the lower
exponent of a by = and denoted by X, (a) ool
- From this definition and §1(2) we see easily that
1) A= (@) = 2= (¢a) = 2. (60) = X, (@y=1. |
for every number £>0 and a€R. Moreover it is obvmus that %(X“(m) £)
is decreasing and ¢, (¥.(a), 5) is increasing as a function of 3>0.
Between a modular and its exponents, there exist followmg in-
equalities: : :
(2) 2. (a)- m(a)<n(1/a)<){“(a) m(a) ' '(aER). ,
In fact, we can prove the right-hand inequality as follows: the case,
when n(1/a) and m(a) are finite, is only to be proved. Then

m(a) = n<s/a>dc>j sM (1/a>de—-—~ #(1/a)

for a= X“ (), as requlred The proof of the left hand 1nequa11ty is qulte‘

similar.
From (1) and §1(2), we see ‘easily that

@ L@l én(s/a)gxn(a)ﬂ%@l

for every number E>O and a€R, . e
- Remark. If the modular is of L,-type at a element a€ER, that is,
|  m(E@)=¢&m(@)  (£>0),

then, we can easﬂy obtain the equality in the mequahty (3), and Yﬂ(a) =
X.(a)=p. Now, we can prove the converse, namely, if, for a simple
element a,m({a) is a differentiable function of £¢>0, then

n(&/ay=p 2= Ef“) (£>0)
implies that , | |
e m(fa) E E"’M(‘dj o
for every E"O Because, We have from the assumptlon

n(&'/va) — pm &) (gr’“)

for any g, 77>0 that 1s,,

(&/ym) _p 1
m(Era) R
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thus the integration gives for £=1,
o  log m(&ym)—log m(0) = p - log £ .
‘Hence, we have | ~ | '
m(Era) = &». m(ra)
As S>1 and r/>0 are arbltrary, we have
L | m(Sa) =& m(a)

’for every $>0
If the upper exponent of a by # is ﬁmte, then the element a is
a finite element, that 1s,

' , m(&a)/+oo' ' (E>0)

In fact, 1f there exists a number 3 such that m(sa) 400, then we have
n(l/éa)= + oo, 80 that the funection' vq(a, &) ean not be decreasmg for
any number a=1. Th1s -contradicts to the assumption that X (a) is
finite .

Theorem 3.2, Let L™ (a) be ﬁmte Then the functzon of E >0:
- méa) '
R . } E”‘ ’ -
is decreasing for a=2x"(a), and is increasing for a=2Xy (a).
' Proof. By Theorem 3.1, m(éa) is a finite; convex function of £>0.
Hence, the 1nequa11ty (3) in this section is equivalent to our theorem,
.because the right-hand der'vatlve of mfa/s”

2 [m(fa)i [ (&/a)— “m(fa)]

&-d

is always pogitive for a=1%.(a), and is always negative for a= 1*(a).

~ Apart from this theorem, we can define new. exponents as follows:
The greatest lower bound of such number a=1 that m(éa)/&" 1s de-
creasing is called the uppefr exponent af a by m and denoted by X™(a).
‘The least upper bound of such number 2=>1 that m(éa)/é® is increasing
is called the lower exponent of o by m and denoted by ¥%,,(a).

~Then it is easy to see that

1t (@)= 21" (a)=x" (505 =1, (Ea)\ =X (a) =Y. (@)

for every £>0 and a€R. ’ \ : ,
A element a€ R for which there exist numbers «,7>1 such that
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m(nea) =< o (¢a)

for every E>0 is called upper bounded For a upper bounded element
a, it is obvmus that

, O<m(5a)<+'oo, ' . -
namely, 0 < 7 (¢/a) < +oo for every £>0.
Upper boundedness of the convex function was consxdered first by
Coorer [2] and next by Birgirn [1]. Few years later, MULHOLT,AKD
[6] similarly as Ogrr Ioz-BmNBAUM [12}, consuiered it as a_property of

more special functlons, namely, sub- nmltzplwatwe functlons I (E) which
satlsfy the followmg relatlon . o

J (577) <f ©)-F(»
.for every & and 7, ‘Th'e_ converse inequality :

- FEN=f@-ro) |
for every & and 7, was called super—multiplieativity of the function by
MrraorranD [6]. Corresponding to thlS, we can deﬁne lowe'r boundedness
of elements as follows : ’ » ce
If there exist numbers r>a>1 for which

m (»xsa) > Tm (éa)

holds for every £>0, then the element aGR is ealled lower bownded
For a lower bounded element a€R we have o

lim m(§8) _ 0 , B 11m M =+ oo,
gs0 & I :
that is, l1m n(é/a) 0 and 11m n(E/a)
Now, we w1ll make clear the relatlon between exponents and
boundedness ‘properties. :
Theorem 3.8. In order that a element aER be upper bounded zt 8 3 neces-
- sary and suﬂiczefnt that 1™ (a) < + oo,
~ Proof. Let a€R be upper bounded that is, there ex1sts a number
7=2 such that ‘ g

\m(2$a)§7’-m(5a) o (5\7_,'0)\‘.

Since we have o * s
' m(2ga) m (Ea) < (7 —1 )m (ca)

and the- convex1ty of m(Ea) implies that
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7 (1/6a) < m(28a)—m(Sa) ,
‘we obtain , : et
' r(1/¢a) < (T—1) -m(&a) (>0),
which shows that the functlon of & >0 ‘
mEa)
gt
is decreasing, hamelyw .
’ ' (@) <7r—1.
;Ccv)nvers,ely, if 1™(@)=p is finite, then we have
m(2£a) < 27 - m(§a)
for every $>‘_(‘), as required‘, because 27 =>2.
| This theerem is an imprevement of a lemma of Coorer [2]- BURmﬂ

[1], which asserts that, if a€R is upper bounded, then we ean find
‘numbers p,7>0 such that | . . \
‘ - m(€a) <7 m(m)
S £v v 7
for every E/r;>0 that 1s the function of 5>O
m(&a)
. Ep .
is quasz-decreasmg by the termmology of MurHorLAND [5].
Between quas1—decreas1ngness, and usual decreasingneéss, there is

a wide’ difference., In fact, a function f(£) is quasi- decreasmg if 'and .

only if there exists a decreasing function g(¢) such that
o k-g(E)éf(c)ég(E)r - (E>0),
for a fixed number k. To see this, we need only put

g¢)= lnf f () .

Theorem 3. 4 In order that a element a€R be lower boufnded it is neces-- ;
sary and su fficient that X, (a) is strwtly greater thcm one.
Proof When Yn(a) is strictly greater than one, ‘we have
- m(aka) = an(sa)

for any number a>1 and £>0. Therefore, a is lower beunded.
Conversely, if a is lpWer_ bounded, then there exist numbers «, 7
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such that O<T<a/1 for which we have
m (aka) <7 m(éa)

for any £>0. Because, we can ﬁnd numbers 3,6 such that 1< B<s for
which we have :

m(gEa) =5 -m (5@)
for any £>0, so that we have |
m(_;_ ¢ yg%_;m(‘sa}){ (>0,

where 1>i>—;—. Hence, we ‘have, for such a and 7,

‘. m(Ea:)l_?Z(aga) i : m(Sa) ;

’ o 'm(Ea) m(a&a)s(l a)n'(é’/a)
Therefore, We o’btaln '

Lo m(a) \nem)

for any E/O thch 1mp11es that
| r
Ln(a )—— —

We. have deﬁned above two. sorts of exponents No‘w,: we will
consider ' the problem When these expon.ents comclde In ordery to have
the equalties: : B

1.

‘ 1™ (@) = 1= (@), 'x,,,(d):xn @,
it is necessary and sufficient that | .
¢a(X™(a), §), or «a(?’ (@), )

is mcreasmg or decreasmg reSpectlvely as a functlon of £>0. And, for
this, it is necessary and sufficient that the r1ght hand derivative of the
function of £>0, ¢.(a,8) is negatlve for a= (@) and is positive for
a=%,(a), prov1ded that =(/a) is continuous as a function of £>0. _

But, this is not 1nterest1ng "As a more snrnple crlterlon, we have
the following : , : )

 Theorem 3.5. If the functz’an of E?O:
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7 (1/Ea)
. m (Ea)
s decreasing, then we have LT @)=1" (@), and if the functwn s increasing,
then we have Y (@)=2. ().
" Praof. For £>7>0, since
| m(6a)/EX™®
is decreasmg Wlth respect to £§>0, we have, for p-~xm(a)
n(l/&a) _ n(l/fa) = m(a)

& m (§a) &
< x(/y@)  m@a) _ x(1/pa) ,
- m(’?“) , /a8 : 7}1),

and this means that 2™(@)=2x"(a). Similarly, the later half will be
proved. :

When m(éa) is differentiable as a functlon of £>0, there ex1sts
a number p such that

m (Ea) = spm<a> >0,

when and only when we have
- (e _
m (§a)

for every 5>0 as we have stated in the previous remark.

The example Wthh shows the difference between X"(a), X.(a) and
X”‘(a) X.(@) can be easily obtained. Moreover, the following theorem,
Whlch is a generalization of the theorem of Pappus in Euchdean space,
can be obtained only for 1*(a), X (a).

Theorem 3:6. If A~ (a,) <2, then we have
| (u(a+ﬂ/a)+cu(a—ﬂ/a)<2{wa/a)+w(ﬁ/a,)}
Jor a>p>0. If L, (a)=2, then we have
| @ (atBla)+o(a—p /a)>2{<v(a/a)+w(ﬁ/a)}
for a>B>0, where
‘(5/"”“”@(s fall)

for' the second norm ||al| (@€ R), which will be explained in §6: :
Proof. Let us denote the right-hand derivative of w(¢/a) by z(¢/a),
which evidently has the same properties as n(¢/a). If X*(a) <2, then
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we have | R |
| w(a+Bla)+ fe(rx—ﬁ/a)—-;Zw(ld/a): (777" 2 e terras

* :‘-UM"Y ]r(é/d)dfz r[r(5‘+d/a')-—’r(é'+a/—'5/q)]aslv"»

= @z = pr (i) = <(1/fa) < 20 (3fa)

'S0 that the first half of this theorem is proved The rest can be proved
similarly. _
Remark. For mstance, the next example shows the difference be-
tween X*(a) and X,.(a). Let m(E) be a modular on the line defined as
follows : ‘ o T : '
(0  for 0<¢=1,

m (&) = \5;2*'%‘ for £51,
then;cOnSideringiabou't,the element 1, we have T

X,(1)=2 ane 2, (1)=1.
By definition, this modular is not’ sxmple, that is, m(a) =0 does not
always imply a=0. Therefore X"‘(l) 7“(1)——+oo

§4. The exponents of manifolds 3

o The exponents defined in the previous sectmn depend on each
element We will define in this section exponents which depend only
on the modular, and dlscuss the problem determmmg them by that

of elements. :
" Definition. For a subset M of R,

Ym(M) = sup?’”’(w)

is called the upper exp(ment of M by m, and
y - (M)——mf% (x)

is called the lower exponent of M by m.. Similarly, we can deﬁne the upper

and, lower exponents of M by =, and they are denoted by %* (M) and ¥ (M )

respectively. If M=R, they are briefly denoted by xm,x and. X"
It is evident that

1< X,t(M) I<x,,,(M) <xm(M) <7“(M) <+ oo
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for every subset M ozf R :

Theorem 3.3 shows that if n(l/a;-“a)/m (Ea) is 'a decreasing functlon
of £>0 for every a€M, then we have ¥, (M)=X,.(M), and if the func-
tion of £>0 is increasing for every a€R, then we have X, (M)=1 (M ).

At first, we will treat the exponents by m. :

Theorem 4.1. If, for a simple element s of R,
| (") (& s0)/¢"

is zncreaszng as a Sfunction of £€>0 in an open set being densé in Um, then
we have :

i ‘ , X, ([s] RY=a.

If the function (*) is decreasing with respect to 5> 0 in an open set being
dense in U, then we have :

1 ([S]R) < « .

Proof. Let a be an arbitrary element and £>7> 0. -We can assume
that n(¢/a)< + oo without loss of genelarlty Then, from the assumption,
we have ,

w (Eys’p) Z (U(Visyp)
| S IR A |
in an open set being dense in Uj;. On the other hand, we have
_ a \
(o(Ea/s,p) = w(E( . ,P)‘, s, D)
in an open set b‘eing dense in U, and that
E( ,D) >7/( ,D)
is obvious. Therefore, we have

k_a\)(Ea/s,p) : ‘"(5(_"’) 8 p)
£°

(0 (_’ ”) > ”> _ @ (afs,b)

7"
in an open set being dhnse in ‘cht, SO that the lntegratlon glves
m(é[sla) m(f/ [8] @)
£ . v

| ‘IlV




228 a0 8 Yamamuro -

that is, X,([s]a)=a for every. a€R, and this means that .
- o LR za. .
The later ‘half of thls theorem can be. proved s1m11ar1y .
Theorem 4.2. If, for a stmple element s of R, we have |
Ln ([p]8) = « |
for e'very progector [»], then we have :
gt o 1, ([s]R) =a.
If, for a szmple element s of R we have
2™ ([pls) < «
for every projector [p], then we have _
| o  r([s]R)<a.
Proof For $>77>O we have

¥

@D _ o mElpls)

&” - [pdap E“ m([p]s)
> lim m[pls) _ w(sb)
trd>e 7 m[p],g) S

Hence, the previous theorem glves the proof T.he later ha'lf-. can be
" proved similarly. :

Theorem 4.3. If” there emsts a oomplete system of elements a, (XE/I)
such that ‘ ; _

. Xm.([%]R) =a '(/16 /1) ,
then we have = B -
| Xn(S) = a

Sor the set of Szmple elements S If there e:msts a complete system o f elemeénts
ay (A€ A) such that | o -
L R ss  Ged,
the%_ we have v e T
. = a. k

Proof We need only prove the first. half For any s¢S, we have
by the assumptmn, . , : R

A ([p][a'a]S) = (JE 4)
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for every projector [p] Therefore s1m11ar1y as the proof of the previous
'~ theorem, we can know that :

@ (E’ S, p) : (U(E [aKJS! p) » (pe lz:;k]fsl)
&* &° e .
is an 1ncreasmg funection of S >0 Therefore ‘
' w(§,5D) |
éa

1s an 1ncreasmg functlon of E>0 for every sES, because
Ce] - (Z UCaA]EaJ)

by the assumption. Hence, Theorem 4.1 gives
.S =a,

since ¥, (s)=a for 'every seS.

Theorem 4. 4. If thefre exists a complete system of, simple elements a, (A€ A)
such that

An(Plad) = « (A€ A)
" for any projector (p], then we have '
LSy = a.
If there emsts a complete system of elements a; (1€ ) such that

xm([p]aa) =a o (A€ )
‘for any p'rogector [p] then we have ' '
"< a.

Proof. We need only prove ‘the first half. ~ From the assumption

-~ we have

| ’ Yn([a]R) = o (REA)
' by Theorem 4.2, ans. so the previous theorem gives
‘ 1a(S)=a,

as requ1red : -
In the rest of this section, let the appearing n(&/a) be all continuous
as a functmns of £>0. Therefore, if X is finite, then we have o

ol (8 )
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in an open set being dense in U[,;J, by Theorem 2.2.". l.Thé’re'fOre,. by the
similar argument as the above theorems, we have the following theorems:
Theo'rem 4. 5 If, for a szmple element s of R,
@ ﬂ(r:,s, py/es

is a olec'rea,szng f unction of £>0 zn an open set being dense in Um, ‘then we
have o,

e ([s]R) >a.

If the functwn ) is zncreaszng with respeet to 5/ 0 in an open set being
dense in Uy,,, then we have :

pA ([s] R) < o
Theorem 4 6. If, for a sv,mple element 3 of R we have:
Lo (p)s) = n
Sfor every progecto'r [p], then we have
7 ([s]R) =a.
If for a simple element sof R, we have
1= ([p]s) < «
for every progector [p] then we have
xLr ([s]R) <a. _
Theorem 4.7. If there exists a complete system of elements ®a (1€ d)
such that : :
B X,; (2 ]R) = a
then we have SN
Ae(S) = a

for the set of all simple elements S. If there emsts a complete system of
elements a, (A€ A) such that _ :

| n 1= ([a,)R) < &,
then we have L
A< a.

Theorem 4.8. If there exzsts a complete system of s'lmple elements a, (AE A4) -
- such that . , |

Y (Pla) =a
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Sfor every projeetor [p], then we have
‘ ‘ x.,‘: (S Y= a .
If there exists a complete system of elements a; (1 €A) such that-- -

Xe(play) = a
f or every proyectm‘ [p], then we have
. xﬁ <,

The results obtalned in thls sectlon wul play 1mp0rtant roles in
§7 and §8 : :

§5 On ‘conjugate modulars

In this section we will cons1der relations between exponents of a
modular and that of the modular of its conjugate space. Let R be
a modulared semi-ordered linear space. . The modular conjugate space R~
of R 1s composed of such linear functionals @ on K that . .

a, laeAO implies inf @@ =0,
o rea
and
‘ sup |@(x)} < + oo .

m(x) <l

It is known that, (See Naxkawno (7)), putting R T O
(@)= sup {a(x) m (@)}

B™ is a ‘modulared semi- ordered linear space whose modular is' com-
plete. If we define a modular in L, space as :

: 1 'fl
m @)= | la@)”de,
then, by easy calculatlons we have )

ﬁ(a)— S Ia(t)l dt

where RE™ coincides w1th Lp.-space —:)——%-%— =1,
Let us denote the exponents of B™ by X”‘ y - and X*, Xz etc.
" Theorem 5.1. Under the above definitions, we have :
S S U
xm Y X, X7 : ' L
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~ Proof. If, for a number a>1,

m(§a) /&% =

is 1nereas1ng‘ for any a€ R as a function of £>0, then for such a number
B that (a—1)(p—1)=1, the function of ¢>0:

| RIGIER
is decreasing for any geB™. Because, we have for =1,
m(a) = sup {a(x) m(x)} >sup {a(x) mgx)}

= ~:~ sup{ ““‘a(fw) m(éx)} =

: ftCR
Therefore We have, for such a number 7 ‘that 5“—77":«577 o
| " | 7" m(a)>m(7/a) |
that is, m(Ea)/EB is’ decreasmg for any acR™ w1th respect to $>O
Conversely, if for a number a, the function of §>0:
| 7 (2a) ] &
is decreasing for any @€ R™, then
| “m (¢a) [ &8
is increasing for any a€ R with respect to £>0, where (d—l) B—1y=1.
Similarly, we can prove the dual propert1es, from which the proof
is established.

A sequence of elements a,,,(u-—-l 2 ) is said to be modular bounded
if we have

sup m(Ea,,) < + oo

Y1 8
for any number £>0. Then we have : o .

Theorem 5.2. If m is complete and 1< X, <A™ < + co , then every modular
bounded sequence a,(v=1,2,---) contains a subsequence a,, (=12, ) and
there exists a€R for whwh we have ' SR . :

11m a(ayuj = d(a)

for any aeR™. Y : ' » : : -

Proof. At first, we can prove that the sequence a (u—l 2, )‘is
equi-continuous (See Nakano [7], §27), namely, for any a,l,,_x() i,€R and
e>0, there ex1sts Yo f0r wh1ch we have - ~
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a, (a,)=<e L=z,

Since we have ., o - o | A
- wla)smE)rm@), - L.
and ,>1 1mphes 1™ < + co by the previous theorem, there ex1sts v, for
‘which we have B .;
o Eﬁ;n(l%i)éésﬁLm(ay) =12,
so that we have ' | - :

Lah=e o (=12,
On the other’ hand, the completeness of m 1mp11es that R is re-

flexive and R=E™". Therefore, Theorem 27.5 of NAKANO [7] gives a sub—
sequence a, L(=1,2,--)and a€R 'such that

11ma(a,, ) = a(a)
for any - aeRm |

- Remark. This theorem isa generahzatlon of one given by Oxr Ioz[15]
wh1ch was stated for fanctions f(x) such that o . . :

j M[ocf(x)]dx< + o

for a suitable number a>0, where M [¢] is a continuous convex functlon
satisfying some cond1t10ns The set of all such funections was denoted
by L. . ‘ . S
- Next, we W111 prove a theorem concerning about the exponents L
and X, :
: Theorem 5 3. For any element aER such that X*(a)< + oo, there exzsts
a linear functzonal a€eR™ such-that |
1 1 -
-+ =
@)  Xz(@)

Proof. Since the ‘element «a 1s s1rnp]e and domestlc, puttlhg
a@ = | (Z.0)mam,

we have 0<a€R™, and

M@mn—jw<ammum>

by Theorem 38.11 of NAKA:NO [71, where w(e,a p) is the congugate
modular spectrum, namely, :
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w("t’a’mfZ_ fg (—g'b) zu('c/a,p)] L . o

denotmg by D the set of all demest1c elements of R, (See NAKANO [7]
§37).  On the other hand, since the modular spectrum «(¢,a,()-isa finite,
increasing, convex funetion of ¢>0 for each NE U, the functlcn it

m(& 0= {<u(E+s a,9)—w(£,a, -
is ﬁmte and continuous W1th respect to pe Um Therefore, we ﬁ_avé y

Ba(na 0= | o

for any a>0 and e Um, by Theorem 31. 8 of NAKANO {7] Hence, -putting '

77 n(&,a D), we have ™ - . 'f L |
D.a(,0,0)= hm—l— {w(n(¢+8 d, p) a p)—~w(7r(5,a m, p} e,

S0 that the functlon D w(r/,a p) is a 1nverse f.unctlon of zr(E a, p) T_here’- |
fore, since . . L e

| .n(s/as)':[;j[ag(ns,a,p)m(dm

and | ' RIS
N 7(¢/a) = inf m<<é%f>g> m@) j- Dew«aa p)m(dpa)
we have | o , '
o 11

@) m(a') ,’

as required, : » ‘ A :
Let 1<X;<X* < +co, Then, since the modular m is mmple and finite,
the set of func’cmnals

i@ = J(— ) m (dpa)
is 'comﬁlefe ’inVIT’/’\‘,' becauseﬂ it is easﬂy seen that
. ‘\ Ca: UEaJ
Hence, Theorem 5. 3 and 4.8 shows that
Y AT /AP —1>1,

provided.that all m(£/a) are conbjnudus Wlth respect to £>0,
Now, let 1 <X, <¥* < + = and-the modular m be monotone complete,
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and all #(¢/a) (@eR™) are cohtiﬁuous with respect to £>0. Then, R is
conjugately similar by Theorem 61.5 of Naxano, [7], because, in this case,
m and its conjugate modular % are both normal and monotone com-
plete. Namely, between. B and its modular conjugate space R™, there
is a one-to-one correspondence R3a—af€R such that
m (@) + i (aF) = af (a) ,

where : ,
@) = [ raan (% ,9) m(dpa),
by Theorem 39.1 of Naxkawno [7], where =(%,a,) denotes the right-hand
~ derivative of the modular spectrum o(§,a,p). In other words, we have
the following theorem whlch is a generalization of that obta,med by
"Orracz [15]: . ' -

Theorem 5.4. If m is monotone complete 1<ZT_<_X“/+oo and all

n(;/a) (@ER™) are continuous with respect to E>0 then for any acR™, we
can’ find @ element atR such that : ,

@ = 'namm( @m@W)

Sfor every mER
Remark When R is conJugately s1m11ar and m is 1ts modular, then
we have

¥ ~(Efa) = 0@ . @eR)
for almost all £>0. Because, we can easily see that
hm ((E + e) a)¥(a) = (Ea)E (@)
- and
im ((E +e)a)(@) = =(¢/a)

for almost all €>0.

§6 On norms by modulars

In the modulared semi-ordered linear spaoe, there defined two
sorts of norms, that is, the first norm:

|MW—mﬂ£ﬂ?@ﬂ

and the second norm:
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1,
llall= inf 2 e

‘an"d'{zve' have
| | o)< llall <2flall .

for every aGR These norms were introduced generally by Nakano [7]

and the first norm was defined in a classical form by Orricz[14). Forms

stated above were obtained by I. AMEMIYA who has given the followmg
theorem 1n a. sllghtly dlﬁ"erent form

- Theorem 6. 1. We have N
| llial|!’°m>m(a) Cmd el <m(a)

§

if lall<1, and 4 |

o | maun%"‘>m<a> and fuaulxm;_s_gmw)

if ) -lllazm‘gl. M(rreovefr we hcwe o ; .
B Yot bl < fla o+ b
ua+b|ux’“>mamxm+mbmxm

provzded that la[hlbl
}Proof If [({a{l|<1 then, puttmg r=q, We have

ma)/lall* Zm (¢ ja m)

so that m(a)>}“a|}] .. Slmllarly, we can prove that Ham>1 1mp11es
la)|*™ = m(a). Slnce we have . -

b

|t
‘llla+bIH |
we can conclude that

ol +IB* (- _ b'} \_ . ( a+b
e+l (Hla+blll ) (Il{a+blll ) (:lla+bi!
so that we have [la|*+|b]* =|la+b]*. The other formulae can be'
proved quite similarly.’ o :

'The later half of this theorem means that
If the upper éxponent ¥ is finite, then

0 b=0, |lafl=[5]= » lléa+vpli=1, 5,77>0

implies &*" +7%X"<1. If the lower exponent X, is strictly greater
than one, then the above condition implies &%n+y%m>1,
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Therefore we have: . |
Theorem 6.2. If A™< -+ oo, then the second norm is uniformly monotone,

and, if X,>1, then the second norm is uniformly flat. |

For the first norm, corresponding to Theorem 6.1, we have:
Theorem 6. 3 We have

lal <pv o7 lla]  (@€R),

if p§2, and

| lal<qwa'« lall  (a€R),
e <2, and always we have |
I TR T §
| Min. {p?p'¥, g7 ¢'7 | |al| < lla] =2|lall ,
provided that
g ‘p=2A" g=1Ly, 'p’=1im, g =1

are finite.

the deﬁmtltm of the first norm, we see ‘easily that

Proof. We can assume that |[|a||] =1 without loss of:generality. By

1

llalf = 1nf%< inf 1+mED) inp 1‘;5” = prpv,

¢ 21 '3 - gzt

if p<p’ namely »p<1 by Theorem 4.1, and

Hall<1nf }ﬂ—(@ =< inf 1';Eqi—?qe q’»q ,

ose =t £ LETEY
g=q’, namely ¢=2.
Since we have

lall =1+m(a),

and [jaf| <1 implies m(a) <1, it is obv10us that | al| <2

On the other hand, we have ,
HaH—Mm {mf 1+'”;’(_§ﬂ, inf _l_m)_}

ose <1 3
2M1n.{mf 1+ , Inf 1+&n
: ¢=1 £ osest &

’

>0 3 &£>0 & J

= Min. {mf 1+¢ inf —11&2)1

S 1 T 1
= Min. {qTq’? , p?p’?} ,
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as required.
From. this -theorem, when ¥"=¥,=p, we have: o
lall = 7 /% Jla|) if 1<ps oo -
and o - | ' o v
lall = lal| Cif p=1or +eo.
In the spaces L, (ﬁgl)', if we put n

m (@) = _j @@,

then we have XmFX ——'p, and hence, the above qua11t1es are sa,tlsﬁed‘
where we can see easﬂy that \

= (5 |a(t)]”dt>

Therefore, in this case, we have
(*) Hla bl = Iﬂalll"ﬂnbl\”

whenever |a} b} = : o o5

Generally, in any madulared semz-ordereol lmear space; havmg at least.
“two lmearly independent elements 'when the secoml norm sa,tzsﬁes the above
condition (+) for a exponent a, then we have e

L, <a=sAm.
Because, when |a].|b|=0, puttihg
lafl =&, o) =&

a. , we have

a_

for a’' =

_ gl +|117/blﬂ —Wfa+vbm = (Hlfa'||”+|||77bll"’)_
for p=2x~. Therefore we have

(el +HleI)_ = ol + llle_

which implies that p=a. Similar argument shows that X a, which
establishes the above propos1t10ns o -
Hence, if a,b=0 implies

| Nla+bf = o +!llb(1l
then we have X,=1. And if Ia[,.\!b' 0 1mp11es

lla+b]| =Max. {[|a], [I6]}

/o
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then we have Y= 4 co. :
In these cases, we can not exchange X, and X" each other. As
the example, we need only define on the plane as- follows :

j 4+ oo - if y>1,
| m (@)= e if o<y=<1.

Then we see easily that :
2™((0,1)) = Xn((01)) =+ oo,

1 ((0,1) =1, ((0,1))=1,

(D)= Hoe, L(LI)=1,

and X" =+, X,=1, where

[(z, y)H = |2 +[y] , \

(=, »)|| = Max. { |=l, lyl}

For the first norm, we have always B
llell<1+m@)  (a€R).

" Here the eauality does not always hold. For instance, if an:"x;,, :‘-1 ,
then the left-hand side is strictly smaller than the right-hand side.
Concerning about this, we have the following theorem : - :

Theorem 6.4. If there s o 'number a>0 which satzsﬁes the relatwn
) | (ﬁ) laall = 1+m(aq),
then we have A™ (@)>1. Conversely, if 2. (a)>1 and 7 (&/a) is contmutms as
a function of £>0, then we can ﬁnd a number a>0 for which the fomula
(%) is satisfied.

~ Proof. The relation (ﬂ‘.) implies that

‘ 1+m(aa) 1+m(§a)

\ a . 13 .
for every 570 by the deﬁmtlon of the first norm. Therefore, we havez
for any number >0, :

a(l+m((a+e)a)) = (a+e) (1 +‘m(aa))/ :

*

that is, ;
a(m (((,H— e)a)—m(aa)) = e(1+m(aa)).
Hence, we have lettmg e tends to 0,

1+ m(aa,) -

r(aja) = po
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Since C
“n (l/aa) < X"‘(a)‘- m'(aa) ;
we have | | |
(X”‘(a) 1) m (aa) >1,

which means that xm (@)>1. : _ :
Next, we will prove the later half of thls theorem. As there is
a number £>0 such that n(&/a)<+oo we have

hm T (g/a) = 0

Therefore, there 'is a 'number E,}>O such thatm |
r(1/6a) <1 +m(§la) . |
If =(1/¢a) <1+m(éa) for every £>0, since
L, (a) - m(éa) =< n(1/¢a) ,
we have | '} |
o (%a(@)—1)-m(ga) <1.
As the convex1ty of M(Ea,) 1mphes that

hmm({-‘a) +oo,

&0

we have X.(a)=1 from the above inequality. Heﬂee, if xm(a)>"1,‘then
we have a number &, >0 such that o TR

n(1/6.0a) = 1+m (£.a) .
Therefore, the continuity of =(¢/a) 1mphes» the existence of such a

. number a>0 which satisfies the formula (§).

-~ Remark. In this theorem, we cannot replace X™(a) and X,(a) bv
%.(a) and X"(a) respectively. For example, we need only consgider the
followmg modulars on the line:

m(e) = et —1 (>0,
and :

¢ (o=esl),

(6> 3)-

m(E) =
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In the norm theory, the fundamental inequality is that of HOvDER.
But, in the theory of modulars, the inequality: ,‘ :

™) le@=m(a)+m@ (a€R, wER’"‘)

plays the essent1al réle in stead of the HOLDER’S mequahty. As (%) is
stronger than HOLDER s 1nequa11ty, we can state HOLDER s inequality by
words of modulars- using (). That is, under the: same assumption as
Theorem 6.3, we have " :

@ (a)] < { ”’”""”'m@” m@f"' if pem(@) <p'®@),
R " m(a) m(a) 7 if ¢ m(a)<qm(a)

For the proof we need only apply the operatlon of exponents to the
formula:

@) S mea)+m(pa)  E>0),

and calculate the minimum value of the rlght hand snde

§7; "On bounded modulars

A modular m on R is called upper bounded if there exist numbers
«, ¥ > 1 such that

m (ax) <7 -m(x)

for every element z€R, and m is called lower bmmded if there exist
numbers 7>a >1 such that : »

m(ax) = rm (a:)

for every z€R.

- If m is upper bounded, then the conjagate modular 7z of m is
lower bounded, and if m is lower bounded, then 7 is upper bounded.
An upper bounded modular is uniformly simple and uniformly finite,
and the lower bounded modular is uniformly monotone and uniformly
increasing. :

If a modular is upper or lower bounded then every element is
upper or lower bounded reSpectwely But the connverse is not always
true. Practically, there is a non-upper bounded modular which has
upper bounded elements. In order that a modular be upper or lower
bounded, it is necessary that the appearing factors a and 7 are uniquely
determined for every element. Thus the properties of boundedness
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of. modulars are, so to speak, “umform” properties. :
Now, we are gomg to compute the degree of the umformlty by
its exponents, -

Theorem 1. 1 A modular m zs upper bounded, if cmd only if X"‘ .S
Jfinite, omd fhen we. ha.ve o

. Mm {1, *"m}<cu($/a)<Max {1,8%™ }
If, moreover, X™ s finite, then we have
w(aja) = a*" /[(X“—l) ﬁx"+1]

provzded that 0 <a=<p<1 ann O0xa€R . :
P'roof If m is upper bounded there ex1sts a number =2 such that

| m (200) <rm ()
for every z€ R. By the same argument as Theorem 3.2, we have
| 1" =supX™(x)<7r—-1,

g ‘ . =ER | | o
that is, 2™ is finite. Conversely, if X =p is finite, then we have
m(2x) < 2°m(x)

for every z€R, that is, m is upper bounded, because-2? =2,
When X"=p is finite, it is obvious by the definition that

m(éa) Z=&ma) - if 061,
m(fa) < ePm(a)  if £=1.
Since m is upper bounded, we have - .
w (¢/a) = m (§a)
1f m(a,)—l Therefore we have '
Mm {1, s%"‘}<w(5/a)<Max {1,6*"}y. |
Let’ X‘—p is finite and 0< <1, m(a)= -1. Then, for O<a<,8 we
have o .
w(a/a)',: j ;r(e/m) ds . |
(B/a) e ﬂ(ﬁa/)
K zj Bpl,epds e ﬂp.
On the other hand we can see easily that

L2
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1 —J n(¢/a) dz = (j +j )n(&/d)d» N
<ﬁr(ﬁ/a>+j SO . g DI

p-pr
Therefore combmlng with the abOve formula, we have

ap
HNE G

as required.

~ Theorem 7.2. A modula'r m s lower bozmded ) f and only zf X, s strwtly
greater than one. Then we have ,

o w (/) < §%m i 0=¢=1,
and R NIRRT L
| Cw@Eayzem  if £zl

If, moreover, X, is strictly grea,ter than one, then we have
@ (E/a)<67°ﬂ/(1 E"ﬂ) f 0=¢<1.

| Proof. If m is lower bounded then the conjugate modular is upper
bounded. Therefore X™ is finite by the previous theorem, so that X,
is str1ct1y greater than one, because

(X -1)(xm—1) =1,

by Theorem 5.1.

" 'We can prove. ‘the first half similarly as the. prevmus theorem
When q & >1 0=ax1 and O#aER we have S

-» w<a/a>=<--§ r(E/a)dE |
éj z'(05/‘1) . ga- Idy:_, T(“/a)

et q-a?!

i

On the other hand we have

1zo(l/a) = jr(s/a)d»> j T(s/a) s

q—l

‘Therefore, *combining ~w1.th the above formul_a, we have -

’

*1_
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as required. .
From these theorems, 1t is not difficult to see that:
Theorem 7 3. For a stmple element s of R, we have
5%m<m(5,s,p) < gx™ of &=1,
and . o
X" < w(g,8,P) S &% if 0<f&<1,
and, moreover we have,
Sl
(A= —1)&r" +
provided that the appeamng exponents are Sinite,
We will write here some more results about uniform convex1ty of

modulars. A modular m on R is said to be umformly convex, if for any
7, €>0 there exists §>0 such that ,

cSe@ens UL i osest,

0<a<p=r, | ﬁ—'az_>_e

implies

ol @) o, (£ 6) 1 .
2

for all a€ R. A modular m on R is sald to be umformlu fimte 1f

sup w(E/m) <+ oo
for any number ¢>0. If a modular m is umformly convex and uni-
formly finite, then the second norm by 7 and the first norm by #% are:

uniformly convex in CrLARKSON’S sense. A modular m is said to be
uniformly even, if, for any 7,&>0 there exists >0 such that

rza2ifl,  apso

implies

w(a/a,);—w(ﬁ/a) < U(Et:i-[)’/a + (a 3)8
for all 0xa€R. This property characterises the con;)ugate modulars
of uniformly convex modulars. These were deﬁned and proved in
Naxano [7] §60'and §51. : :

Now, new Sufﬁcient conditions for a modular should be uniformly
convex or uniformly even are obtained :

Theorem T.4. If a modular m is umformly simple:
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inf'w;(s/x)>0- : (c>0)
0Ox2E R
and X.=2, then the modular is zmzfo'rmly convex.
Proof. By Theorem 3.6, we have

@ (a/@_’;‘f’(ﬁ/“) > w (“;@ Ja)+ w (“; B / a) .

for a>8>0-and 03a€R, and uniform simpleness implies :

~inf o “_ﬁ/a-)l‘/ 0

Ox2C R

so that the proof is established. S |
Since the modular is umformly simple 1f. A™ < 4+ oo , this theorem
‘shows that, a modular is uniformly: convex if 2< ¥ . <¥"< + oo,

Tkeorem 75. If a modulam m 8 umfo'rmly monotone

lim i sup (E/x) =0,
£§50 £ O0szER

and Y* <2, then the modular is umformly even.
Proof. By Theorem 3.6, we have
- w(afa)+ola) (a—l—ﬁ/a +w( B/a)
2 o .
for a>,8>0 and 0=a€ R, and uniform monotonity 1mp11es the proof

Since the modular is unlformly ‘monotone if Ln>1, this theorem
shows that a modular is umform]y even if 1<¥,S¥°<2. '

Remark. Theorem 74 and 7.5 are improvements of theorems g1ven
in NAhANO [7] §62 and §53, which assert that a modular is umformly
convex if it is uniformly simple and of convex type, and unlformly
‘even, if it is uniformly monotone and of concave type. A modular m
is said to be of conver type, if its derivative =(§/a) is a convex function
of £>0 and iugl 7(&/a)=0 for every a€R, and of concave type if =(¢&/a)

is a concave function of &£>0 for every acR, It is obvious that, we
have X,=2 if the modular is of convex type, and %<2 if the modula.r
is of concave type. ~ :

§8. On modulars of uhiojue spectra
Let R be a modulared semi-ordered linear space and m be its

modular. Since the modular spectrum o (&,s,p) (DEU,,). for a simple
element s is a convex function of ¢>0 and w(0,s,p)=0, we can define
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its exponents quite similarly as that were defined in §3. We will denote
such exponents as %X"(s,p), %.(s,p) and X"(s,p), 7Z.(s,p), and call them
spectral exponents by m or by n respectively.

Then, we have the following inequalities:

lim X" ([pls)=Xx"(s, b) = Xon(S, D)> llm 7’m([p]s)

[p] »>p

for every peU.;. Because, if there exists such a number a>0 that .
p (s, P)>a> lim xm([p]s)

Epl—ﬂl
the left-hand side inequality 1mp11es the existence of a pro,]ector [»]
such- that
A (CIDEE 3[q] =[],

and the right-hand side 'ineq‘u)ality means that, for ahy projector [p]
there exists [q]<[10] such that -

a =1 ((qls)

Hence, we have the contradiction. . Another inequa.lity can be proved
similarly.

Concerning about the case When the equallty holds in the above
1nequahty, we have the following: .

Theorem 8.1. If the spectral upper exponent %™ (s,D) is a upper semi-
continuous f unctwn of P at a point N,€ U, then we have

E(s,10) = hm 7 " (pls) »

cmd zf the spectral lower exponent Vm (s, p) is a lower zemz-ccmtmuous Nk zmctzon
of p at. a point p(,EUm , then we have

Ln(8,9) = hm ym ([pls) .
Proof. At ﬁrst we will prove tha.t
S supIm(s, P) = - sup /’”([p]S)

) . e nCUE-'!J :
Let a>0 be an arbltrary number such that

a= sup X™ (s, P .
DCUD]

Then :the function. £>0:

(U(E,S’p) ’
Ea
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is decreasing for every PeU.,, so that the integration. gives that the
function of £>0;

- m ([ps)
. 5“
is ‘decreasing for any [p]<[s]. This means that

a = sup 1™ ([p]S)
Cpislel -

Hence we have
sup X"(s,p) = = Sup X ([p]S)

PEUL,,

Another inequality can be proved similarly. .
In this equality, since [s] may be replaced by any nelghbourhood
of p, taking infimum of both sides, we have

lim 2 ([p]s) = z"i(s,p) ,

as 1™(s,P) is upper semi- contmuous as a function of p. Hence there
exists the limit: ’ '

lim % ([p]s)
Cpl>p

and it is equal to X™(s,p). The later half of this theorem is proved
quite 31m11ar1y,

A modular m is said to be of unique spectra, 1f for any s1mp1e
element s, and s,, we_have

N w (Eyslyp) = (U(E,SQ,D) ’
for every PEU, y,,;. In this case, there exists a c‘ontinu;qus 'function
e () on Uy, such that ' : o

. Cw@Esp) = |
for all peU,, and £>0. Therefore it .is obv1ous that
| M =TasD=P@ DU

for this continuous function e (p). Moreover we have the following
theorem : : 3

Thearem 8. 2. I n order that a modular m should be of wunique spectra
in [s]R far a szmple element s, it is mecessary and suﬁiczent that.

c}o]i]?n 1" (pls) = lim Xmﬁ[p]S) DE Us.) -

(p)>p
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Proof. Since the necessity is almost evident, we need only prove
the converse. Putting : '

P(p)=1i’ﬁi“ A1 ([pls) = lim An(pls)  (PEUL),

for any number >0 there ex1sts by the deﬁmtlon of the limit a pro-z
Jector [wo] such that

p)+e = (o)
and ‘ Co
P —& < X.(pls)
for every [p]=[p.]. Therefore‘we have LT *
| | CEM=Len=ee).
for every peUm, namely, “
' (E,S,D) — go

for pe Um, which means that = is of un1que spectra in [s]R
The function 2(p) can be extended uniquely and contlnuously to
the proper space & and the numbers

P, = sup P(P) and @,= inf P(b) :

have been called the upper and lower exponent of m reSpectlvely It is
obvious that, if m 1s of unique Spectra, we have

1rr=xA"=p, and y - 7 =pP,.
Hence the followmg theorem is not but a paraphrase of Theorems
54.7-10 of Naxkawo [7]: L :

Theorem 8.3. Let m be of unique spectra. Then, 'in order 'that A™ i
JSinite, it is mecessary and sufficient that m is uniformly simple or that m is
uniformly finite. Iw order that X, is strictly greater than one, it is necessary
and su fficient that m is uniformly monotone or that m is unifirmly increasing.
In order that m is uniformly convex or that m is uniformly even, 3t ©s neces-
sary and sufficient thot :

1<%, = S 7”‘< + oo, )
 Let p(t) be a measurable functlon on 0 <t< 1 and be p(t)>1 ~ Then
the set of measurable functions a(t) such that. ' L

jo laa(®)] O dt< + =
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for some number a>0 is a modulared semi- ordered 11near space, taking
its modular as ; : :

oo ‘

m(a :j e Ia,(t lp‘”dt .
)=, o @) ) '

This space is denoted by L,,, and dlscussed first by Naxkawo [9]. The

above modular on this space L, is of unique spectra, and :

™ = sup p(t) and %, = 1nfp(t)

0szs1

The correspondmg sequence space is the set of sequences {¢,}, for
which ~

‘51 lag&, |.1;V < 4 oo

‘ V= ‘ - -

for some number a>0. Hence the numbers p,=1 (v=1,2,--) determines

this space, which is denoted by I(p,p.---). In the sequence space of

this kind, a pathological phenomenon occurs, namely, we may have
l(ph Ps,y - ) _— Z(Qn CI?; )

for d1ﬁ"eren1: sequences {p,} and {g,}. The problem when these two
spaces coincide is considéred first by Orricz [13] and solved completely
by Nagawo [11].

Before concluding this sectlon, we will state a theorem concermng
about the relation between a modular and its norms:

Theorem 8.4. If m is of unique spectra, X™< + co and
~ liplall = 2]i[plall
for any [p] < [a] then we have
mEa) =em(@  (E>0).
Proof By Theorem 7.3, we have o

lmu<p?w?mwn

1f p= 2””’(&)<2 where p’ = 'pbl . Therefore, if we have
o ave.

lTplali = 2 i(plall

for a projector [p] then X””([p]a)<2 1mp11es X”’([p]a) = 2 because we
have ‘
1<prpr<2.

IA
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Hence, oz ([p]la) must be greater than 2 for any projector [p]=[a]. '
Similarly, we can conclude that X,.([p]a) is smaller than: 2 for any'
[p]=[a]. Therefore we have
7”‘([10]a)>2'>7 ([p]a>

for any [p]=[a] Since m. 1s of umque spectra by the assumptmn ‘we
have : , .

| P (p) = lim 2" (pla) = lim X, ((p]s) = 2

. . . CPJ—N.‘ =
by Theorem 8.2, because ‘every element is simple. Therefore, as
o@Ean=¢ (>0
for all peU,,, we have S

m (Sa) = &m (a,) R

as required., : : oo ‘

| In this theorem, the assumption “X""<+c>o can not be dropped
(but may be weakend). As the example, we need only cons1der the
followmg modular on the line space:
| <z<1),
n@—| *  OS==D,

T 4 @),

where we have
-

A™ = 4+ o0 , Lo =1-

§9, On constant modulars

Let R be a modulared semi-ordered linear space and m be its.
r_nodula-r. A element ¢ of R is said to be co'nstant if 1t is s1mple ‘and

m (£[p]c) _ m(&)
m([p]c) m(c)

for every number £>0 and every projector [p]. When, for any element
a and b, there" ex1sts a constant element c such that N o

[cla,  [c]o=0,

then the modular is called constant modular. :

In the theory of constant modulars, the followmg theorem wh1ch
has given by Naka~o [7] is fundamental :

If a modular m is constant, then for any constant elements 0xa, bER,
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there exists a number a>0 such that ab zs constant and

m(éa) _ m({-‘ab)
m(a) - m (ab)

for all £>0.

From this theorem, it is obvious that, for any constant element
a and b, we have v ‘
R 1 (@) = %™(0) and Anm(@) =2, (b),

and moreover,

A5 (@) =72%(b) and Y. (@) = X (D).

Since, if ceR is a constont element [p]c is also constant for every
projector [p], we have

1 ([ple) = X"‘(C) and %, ([pJC) L (€)
and
1= ([ple) =2%(c) and Z.([ple)=X.(c)

for every projector [p] Therefere, by Theorem 4.4, we have the fol-
lowing theorem : -

Theorem 9.1. If a modular m is constant and not singular, then we have
| A =¥m(c) and X,=Xn.(c)

for every constant element c€ R. Moreover, if =(&/c) is a continuous function
of >0, then we have

= =2A%(c) and A.=1A.(c).

Therefore, it is evident that, m is' upper bounded when and only
when there exists an upper bounded constant element, and m is lower
bounded when and only when there exists a lower bounded constant
element. : » :

As an. example of the modulared semi- ordered linear space with
constant modular, the simplest one is the space L,(p=1). Here, we
will introduce somewhat eccentric spaces of this kind.

The function:

| e@=e —6—1  (£>0),

is a convex, inereasing function of £>0 and ¢(0)=0. Therefore, the
space L., of measurable functions a(t) (0<t<1) for whlch the integral:
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[} et@acnar

Y

is finite for some number a>0 is a modulared seml-ordered linear space
and its modular :

m(@) = . ¢(a@) dt.

is complete. Namely, this space is a Banach space. (But it is dlﬁ‘icult
to obtain the concréte form of its norms.) As the constant function
1 belong to this space, this modular is constant. Hence we have

1= (1), A= Ln(l)

.

and _ ,
i =271, Xe=%Q1),
by Theorem 9.1. It is easiivy‘s_een that _

I% =A% = +oo and ¥, =71, =2.

This modular is not finite and not uniformly convex, and the conjugate
space is generated by the convex functmn

$(&)= (1+8) 10g(1+5) e,

These spaces are 'so- calle'd Oruicz spaces, which were concidered first
by Oruicz [14], and then by Orvicz [15], ZveMUND [19], Takauassr [16]
ZAANEN [18], KrasNoserskI [4] and others. - And Orricz spaces may be
considered as examples of modulared -semi-ordered linear spaces W1th
constant modulars. :
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