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ON THE INTRINSIC DERIVATIVE IN THE
NON.HOLONOMIC EXSURFACE

By .‘

Yoshie KATSURADA

Introduction. H.V. Craie has shown that M-th order intrinsic deri-
vative of an absolute tensor can be expressed in a form of contraction
of extensors [1]>. The principal purpose of. the present paper is its
generalization, that is, to find the structure of M-th order intrinsic
derivative of a contravariant vector in the space called the non-holonomie
exsurface which is defined by the n independent Pfaffian equations

©.1) @, a0 dEt =0 (@ =1,,m)

a =0

in a space K“ of line-elements of M-th order. A non-holonomic space
{2] and an oxsurface {3] mtroduced by Craic are both special ones of
this space.

~In the present paper we use certain of ideas, notations and results
given in the previous paper [4] without explanation. The present author
wishes to express to Prof. A Kawagucm her sincere thanks for his
criticisms. : :

§1. The non-holonomic exsurface and the intrinsic derivative.
Let us consider the Pfaffian equations defined by (0.1), then under ‘“‘non-
holonomic exsurface” which is denoted by N, we understand a set of
the fields of # mutually independent excovariant extensors 2:; assoc1ated,
with each expoint x‘** of the space K97 . : ' -

We now define the displacement ds* of an ideal point in N, cor-
responding to the dlsplacement dx** of an expoint z“? in K as
follows :

N 1) Cds = 3 As (w200 daf Ot

A =0

Then for two 1nﬁn1tesxmal dlsplacements d, and d,, there ex1sts the
relation

(1) Numbers in brackets refer tp the references at the end of the paper. .
(2) Numbers in parentheses denote times of differentiation with respect to ¢.
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. dldﬁﬂ' —dzdlsaf = Wq :[; jdlx(a)?dgm(e. >J ’
where - o ,

g, AL

1.z Walsy =

Especially, if w.%,= 0, we have the relations
i a;i:; . 3’233 =0
ax(B)j aﬁ(a bYs ,
Whlch shows complete 1ntegrab111ty of the system of partlal dlﬁ'erentlal

al .
equatlons ﬁf
ax

s(x, 2y -y D) whose solutions

(1. 3) o s = (%, o, 20, 8 )
may be considered as the equations of exsurface in an n—dlmensmnal
space. Consequently we can see the followmg theorem: R
Theorem 1.1. If w.5s; = 0 and s are assumed to be rectomgular car-
tesian coordinates of @ point in an n-dimensional Euclidean space E, then the
non-holonomsic exsurface becomes the exsurface defined by CRAIG ([8] p. 792).
The quantities v determined by an excontravarlant extensor v”
of range R(R<M) in K such that '

(]%> v = a E-R(Mi R) Ml; »;;“ ek f

are called the wvector components in N, corresponding to v*°. Similarly,
the tensor components in N, corresponding to higher order excontra-
‘variant extensors can be defined. If v*“*, a=0,1, ---, R, are the com-
ponents of the extensor obtained by differentiating the components of
a vector v’ in K'Y a times along a parameterized arc, then the vector
components in N, of v‘“? are given by : v

M v a o 'ak_';@
- (R =2 ()i

we call such the quantltles Ve R-th order intrinsic derivatives of the com—,
ponents v in N, corresponding to v, i.e.,

v =g,
and put

N _v%‘.

dtR

Next we shall discuss such the 1ntr1ns1c derlvatxve of v, '
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In the case that R:I;._ we have

o —_ it - M . /1 a’ ,(a =M+1)3

(1.4) o M-dt =] _“;‘,j_»(Mﬂl)zuv
, = MAg v“‘“riM_ 07

If we cons1der the rec1procal contravarlant vectors A7, of the covariant

vectors A%, Whlch satlsfy the equation

A% = 0] (61: KRONECKER delta)

under the assumptlon that |25 |>0. Then multiplying the last result
of (1.4) by -—Mza. and summing with respect to o/, we have ’

ASPRRPNE S

on putting
(1.5) =

the above equation is rewritten 1n ‘the form

v PR
2% = vk P
dt

Consequently, KU‘“ is the space ‘with the afﬁne connectlon I'?, I'l being

the function of x‘“ i, a:O,l S M. For. the structure of %t— referred

to the components of the ‘non-h‘olonomlc exsurface, we can state the
following theorem. '

Theorem 1 2. The relation

L4 . Bva’ dval a’ A0’
dt dat
holds good, where |
ar % AMZ: 2 +DIE,
v’ Ic = ax‘“” ’b
— i, —xg;gﬁk
1

—_ a’'() 3%
e ——/{M_l j&jc‘_l{Mé)Rbt . ‘\

"Proof. Differentiating the expression v = R?,fv“’f'deduced frem
v¥ = A& v* with respect to ¢, we have C
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PVt — qu v’(l) @y ar ala' w(« +1>.7‘,Ua' :
‘ ax‘“’f S
let replace v“* in the last result of (1 4) w1th the r1ght hand member

of the above equatmn, then it follows that
ov? @’ (3% o (DD’ 8/'1,,. (o +135 545" 1 ) - ’
dt &3 (Z ?}( ax(“)j? +1, vb)+_—M_2M—]J a’go ’Ub

= v(”“'—{—( LY Jp + 2%, _odg, x<a+m) »?
x(ﬂ)d

:?)(I)G +th'v",_ ’

28, aAMz

on making use of .
x(“)j

Theorem 1. 3. The're exzsts the relation |

(L.6) u =5 (M 1)Na,b,vb’<8' o

"b‘bhe're
N &y = 2 (ﬂ’)’i PYRCRY 0N

-Bl

Proof. Calculatmg the right-hand member of (1.6), it follows that
87231 (M 1)NB'6' VBIMID = Nyp. Q'v”'+MNa‘}' ’0”'“)

_ j(a M+1)1 o’ a’ b'(1)
”{a-M.(M 1)/1 A4 v+ MAY A v
= { Ay s Mo+ MAZAHO} o + Mag: ' bfm
o 1 ]
~dw{m+0mmmﬁﬁzub)v} 
|
J

_M{ '“>+(mx ) 2‘“1)2’)7)7"

= M "+ T = M ovt’
» “dt

In general for the structure of the hlgher order mtrlnsm derlvatlve
of v“’, we have the . . |

Theorem 1.4, It follows that

M 3” a @’ BB =Mt R
( ) dte - JB'=M-R(M R)Nﬁ’bv ’

where
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Ngy =32 ( &) AT |

Such the quantities N ;¢ s% are called as mtmnsw demvatzon coeﬁiczents
of the non-holonomic exsurface. g
Proof By virture of the definition, we-can observe

f\R a’ . , €M
(M) d:g)R :a-%:—R(M_R _Raaj’U( MRS

Differentiating -the equation v’ = 4, (a— M+ R) times by LEIBNITZ'S
rule, the. followmg expressmn is obtained

LA —-M+R : B
,vj(a -M+R)___: 2+ aq— M+ R)\RZ’(a _M+E_R_§)va;(6) .

Accordingly, it follows that

(M) v - )) E M+R _M+R).Rj(d:_-M+R—B)vb’.(B5
dtR -M—- M R -8 .-0 o - - ¥ '
A : a - M—R+p J(a ~M+R—B) 3yb'(B |
—_.' Bgo a=§+M R(M“R—{—ﬁ)( )2 2 )? )'
& (M- R+p\ Joa M T B B
L= 320 M—R a=B+M— (M R+9)/L,j) M -R;’ > B>

. _ g% (M R+B NM-R+Bb'vb'(B)

L (B VN e (putting: §—M—R4 f).

| | B’§{~R( Me— R) N &pv (puttmg & | B

. §2. Specialization. The corresponding statements for the exsur-
face 'x“':f “ (z, a, .-+, 2*) are obtained by replacing /1” in the preceding

af a
statements with .
x>

Let us consider a non-holonom1c space N, wh1ch is given by n
1ndependent Pfaffian equatlons

AP (x) d:c” =0 @=1,-,m

corresponding to an n-dimensional space K, with an affine connection

‘(x) referred to the coordinate system z°, then if we take the quanti-
ties Ay TF; in place of 1¢; in the preceding statements, 7'J; being the
higher order extensive derivative of ¢ introduced by Craig, that is,
D¥|54,([1] p. 338), the correspondlng results. for the higher. order in-
trinsic derivatives of tensors in N, are observed. Also if N, coincides
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with the original n-dimensional space K,,, then in use of the quantities
T%, corresponding to 1%, the above statements w1ll give the results

obtained jby Crarc [1].

(July 1952) ' Mathematical Institute, _ /
- Hokkaido ‘University, Sapporo.
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