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PRODUCT SPACES OF SEMI-ORDERED
LINEAR SPACES

'Bv
Hidegord6 NAKANO

Let R and S be two universally continuous semi-ordered linear

spaces.” A bilinear functional ¢ (x Y) (¢ R, yES) is said to be bounded,.
if for any 0<a,€R O<beS we have

sup 2 I¢(wu,yu)l < + oo

for E‘m =a, Eyp_b 0<a;,,€R 0<y.€S(»=1,2, /x—l 2, -, P).

The totahty of bounded bilinear functionals ¢ on R and S constitutes
a universally continuous- semi-ordered linear space if we deﬁne o=y
to mean ¢ (z,y)=¢(x,y) for every 0<x€R, 0=yeS. For the' con,]ugate
spaces® R and S of R and S respectively, putting

zY (2, y) = B(@)¥ @), - for zeR,yeS, zER, yeS,

we obtain bounded bilinear functionals #7 on R and S for every z€R,
7€S. A bilinear functional ¢ on R and S is said to be singular, if ¢
is orthogonal to every my for meR, y€eSs, that is, if |¢|~@7=0 for every
mER 7€S. A bilinear functional ¢ on E and S is said t¢' be totally
continuous, if ¢ is orthogonal to all singular bilinear functionals. o

A Dbilinear functional ¢ on R and S is said to be’ umversally continu-
ous, if ¢ is bounded and ¢ (x,¥) is universally continuous® as a linear
functional on R for every fixed yeS and on S for every fixed z€R.
We shall prove : a universally continuous bilinear functional ¢ on R and S
is totally continuous if and only if 0=<a,=< <a(v=1,2,--), s-lim a,,—O“’ in R

- 1) A semi-ordered linear space R is said to be wuniversally cantmuous, if for any

system of positive elements aa € R (1€ 4) there exists lﬂ ar.
2) Let R be a umversally continuous semi-ordered linear Space A linear functional ¢

on R is qald to be universally contirnuous, if R D xa laeca 0 implies 1nf l¢(xa)|=0. The

totalxty of umversally contlnuous hnear functlonal on R is called the con]ugate space of
R and denoted by E. ' -
‘ )) c. f. 2) ) . : S
4) s-hm ay=0 means that every subsequence from ay (v=1,2, ) contains a subsequence

ay, (= 1 2 --) such that hm Ay, = 0.

JURE]
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tmplies ]im ¢ (@,,¥)=0, considering ¢ (a,y) as elements of the conjugate
space S : - — | |
For a universally contmuous seml—ordered linear space W, if there

exists a corresponpence : (xy)”€ W for every x€R and y€S, such that
(‘:vy)”’ is bilinear for x€R and y€S, universally continuous for z€R and

¥€S, and every order closed manifold of W containing all Z a, (®,9,)”

for every finite number of 0=x,€R, 0=y, €S, a,=0((=1, 2 . ,/c) in-
cludes all positive elements of W, then W is said to be a product space
of R and S by the product correspondence: (2y)”c W(x€R, y€S)". |

" A product space W of R and S by a product correspondence
(xy)”€ W (x€ R, y€S) is said to be ‘ndrnzal if the conjugate space W of
W is a product space of the -conjugate spaces I and S by a product
correspondence (zg)" €W (m€R, yCS) such that ' ‘

S (@) ((2y)”) = ac(ac)y(y)~ ,

If both R and S are semi- regular‘” then the totality of totally con-.
.itmuous bilinear functionals on P and S is a normal product space of\
R and S by a product correspondence

xy (%, ) = w(x)y(y) » for . meR YyES, xER yES

ThlS product space is called the upper product space of R and S and
denoted by RS. The totality of elements z of RS for which we can
find 0=z€R, O<yES such that |2l <wxy, also constitutes a normal product
space of R and S. This product space is called the lower prooluct space
of R and S and denoted by RxS. We shall prove: a product space W
of R and S is normal if and only @ f W s isomorphic to a semi- -normal
manifold® of the upper product space RS such that (xy)W carrasponds to
'xye RS.

. For a normal product space W of R and S, a linear Operator F;
on W into R is said to be a Fulnm opemtor by €S, if F; is universally
contlnuous and ' R
Fiy(wy)” = b(y)x for every xER yeS

1f both R and S are reﬂexwe” then for every be S there exists the

5 A umverrally contmuous semi-ordered hnear space R is said to be semi-regular, if
for every 0=a€ R there ex:sts a universally continuous linear functlonal ¢ on R such that -
¢(a) = 0.
6) A linear manifold S of a lattice ordered linear space R is satd to be semi-narmal
if a€S, |b|=|a| implies bES. :
7) A universally continuous semi-ordered lmear space R is sald to be r¢ ﬂemve, if R
may be considered as the conjugate space E of E.
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Fubml Operator F,, on W into R, and for the F1b1n1 operator F,on W
.1nto S by aEB we have : :

o ‘ a(Fse) = b(F’az) - for every z€eW,
‘ Furthermore we shall prove that the bilinear functional on W omd R
oz, z) = ®(Fiz) for z€W, wGR |

8 }smgulafr for the Fu*zm operator F by every besS .
Let R and S be normed semi- ordered linear spaces. A norm on
a product space W of R and S is said to be a product norm, if

1 Gy)” 1=l lll] for z€R, yeS.
For the upper. product space RS, we obtam a product norm

12]le = 'sup Iz(w,y)[ for meR, g€,

wh1ch will be called the upper norm. For a product norm on a normal
. product space W, its conjugate norm on the conJugate space W is a
- product norm from R and S, if and only if |j2|| =4}, for z€ W. For
a normal product space W, if there exists a complete reflexive® norm
on W, then there exists a complete seflexive product norm on W which

'is equivalent to the former. .
Let R and S be modulared semi- ordered linear spaces. A modular
m on a normal product space W -is said to be a product modular, if

m((wy)W)<———{m(x)+m(y)} for =z€R, yeSs.
For ;the conjugate modulars 7% on I and S, puttipge
m.(7) = sup  {2(5,5) — ~ {m@)+ @@},
ZER.F4ESF ] 2 ,

.we obtain a product modular on the upper product space RS. This
product modular is called the upper modular. For the upper modular
of the upper product space ES of the conJugate spaces E and S, as its”
conjugate modular : : :

m(z) = sup {(2@)-m.@}. for zeRxS',

8) A norm Im:][ on a umversally continuous semi-ordered linear space R 1s said to be
reflexive, if for the conjugate space R of R and the conjugate morm :
Nzl = Sup [z ()| ©.. for z€ER, vER,

‘we have |z =l.§,!u;p1 lz@)|  for eVery ZER.

1



we obtain a product modular on.the lower product space RxS, which
will be call ed the lower modular. A modular m on a nermal product sopaoe
W is a product modular, if and only ¢f m(z)<m1(z) for z€R xS, and its
conjugate modular is a product modular from R and S S, % f and cmly zf m(z)>'
my(2) for zeW. | - ‘ .

‘ In this paper we shall make use of the notatlons in the book

H. NAKANO, Modulared semi- -ordered linear spaces, Tokyo (1950). This
book will be denoted by MSLS.

§1. 'Bounded b.llinear functionals

Let R and S be two lattice ordered linear s'pace’s; A funetioﬁal
(p(x, y) (w€R, y€S) is said to be bilinear, if ' '
¢ (mtw, ?/) = ¢ (15, ?f)+¢ (“7 ‘/)
e @Yty = ¢ @yt (@),
¢ (az, y) = w(x, ay) = ag (z, ?J)
for every real number a. '

. A Dbilinear functional ¢ on R and S is sald to be bounded if for..
every O<a€R 0<beS we have |

Sllp EI(O(’UWyp)] < 4oo - " N
'ti'“ . P .

for Z x,=a, 0<x,,€R, Zyp::b 0<up€S K, P= 1 2 SR

Y= .
The totality of bounded b111near functmna]s on R and S is called
the biassociated space of R and S, and denoted by R,S. The b1assoc1ated

space R, S constltutes obviously a lmear Space by the relation:
(a¢+ﬁ’¢) (&, y) = g (@, y)+ By @, 9)

for ¢, g€ R, R,S, xcR, yeS. For: two b111near functlonals @ ‘,JER R,S we,
define qo>¢ to. mean

‘ ¢ (=, y)>'sb(x,"y) & i'fbr' 0=zeR, 0=yes.

With this definition we have k | - o
Theorem 1.1, The lnassocmteol space R S s a umvefrsally contmuous

semz-ordered lmear space, cmd for every ¢, YER, S O<a;CR O<yES we have

¢’ ¢ (w Zl) Sup 2 Ma‘X {(0 (:c,,,yp_) ‘)b(xwyp-)}‘ ’
o9 (@, Y) = inf 2 Min {qv(wy.yu) <,!'(wu,yp)}
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K : 0 ‘
for x=3 x,, y= 3 yu, 0=x,€R, 0=y, €S, ,r=1,2,-
v=1 p=1 P : S

‘RTS' 3¢a Taca® implies L _
| ¢ (x,y) = sup ¢ (x, y) - for 0=x€R, 0=yES,

omd R S 3 ¢a laca® zmplws | |
: ¢(:r;, y) = 1nf ¢ (x, y) for 0Zxz€R, 0<ye€S.

~

Proof For O<x€R O<y€S puttmg ' '
© (2, y) = sup z Max {w(xwyu) sb(xﬂ yu)}

for x = Zmu,y ’ Zy,;, 0=z, ER O<yp€S £, =1,2,---, we have ob’vi-
~ously foryzvery a>0 B L
, w (azx, y) = o(x, ay) = aw(x,y) . o
' For 0=<a, bER, 1f a+b= 2 Cy» O<c,,ER then we can find . 0<a,,,
b,€R(v=1,2, -+, ) such that | e e

®

=2 a b—Eb,,, c,,-—a,,+b » -
V“l‘ -

'and for y = ﬁy,, 0=y.€S we have "
k ’ k Z Max {(P (cw ?Jy») g (cy, yp.)} | .

= < Z Max {(P(a'w y}b) S[’ (@, y}&)} +2 Max {‘P(bw yu-) ‘/’(bw yﬂ)} ‘

, <w (a y)-l—a) (b, y) ‘ )

Thus we obtain w(a+b y)<w(a, Y)+w (b ). On the other hand, if

Il

TELARYEE

d a’uy b"“zblr Oga’u! bAERr
1 N '

Yo = 2 Y, 0<y;“ ¥, eS,

then we can find 0=z, €S such that

y =

IS 4 o
’ -
y,u"—zrz}l,’?’ ?/v:-,~2 zﬂ«’l!
L. 7tml p=1

.
9) Puttmg ar=a.cl, ap =@, (2 c,/) (2 cu) (;x 2,3, ,-,::), by =cv—ay, we"

V=1

[0 .
have obv1oqs,ly “21 (Zp.’——‘-a,\ 2 Gy) =a, > (;,, =
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and We have
Z Max }qc(a,,,Jp) ¢(ay,yp)}+2 Max {¢(ba,yq> s/'(ba,y»)}

Z MaX {¢(a,,z, ), Sb(a'wzp v)}
e 2 Max {¢(ba,zu D ¢ (B1y2a.0)} <w(a+b Y) .

~

Therefore we obtam w (a, y)+w (b, y) = w(a+b, Y). Consequently w{éhave -
L e@yre®,y) = o@tby). | Lo
for 0=a, bER, OS_yES. ‘We also :ca‘n‘px"ove likew.iee |
Lo (@, a)Fo (@ b) = o (w, -+ b .
for 0=<z€R, O<a,beS .
For arbltrary elements xER yES’ puttmg -
@ (x,y)-<u(x* ¥ +w@,y )—w(x,y )——w(w Y )

we see easily i;hat w is a blhnear funetional on R and S. Furthermore
it is evident that w=¢ and w=¢. For a blhnear functmnal nGR S if
x=¢ and r=y, then for

r = iju; Yy = ’J‘z:lyp‘ ’ OéxUER, O§yp,€S P
y= . -] ’v
we have obv1ous1y
Z Max {(D(Ww?/u) ¢(wv'yu)} < 2 Tf(xw?/u) = r(ac,y)

and hence w(:c, )<7r(x y) for 0<wx€R, O<yES Thus we conclude o=
e~g. Therefore the blassoclated Space R, S is a lattlce ordered hnear
space. Smce

ey '=‘—{<—-<o>V<—¢)}‘,i :
we obtain further

("r\‘)b(x!y) = lnf 2 Mln {‘P(xw ?/P») Sb(xwyp,)}

for x——E x,, y—-};‘ Yo, O<x,,€R 0<ypeS

If R, Saqo”@,, and sup tpa(x,’!/) 4 oo for every xCR yeS then,
puttmg ‘ ‘
¢ (x,u) = sup m(x, y) f"}forj”ogxeR‘, 0=yes,

we see easxly that for a=0 we have ,,
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¢ (az,y) = g (@ay) = ap (2, 9).
Furthermore, as q:lh@,l, we have for- O<a,b€R 0<yES
' ¢ lat+by) = sup 02 (a+D, y) | |
= sup ¢ (@, y)+sup ¢a(b,y) = ¢(a y)+¢(b Y) -
We also obtam 11kew1se for 0<z€R, 0=a, beS '
, (x,a+b) = ¢(x,a)+¢(x,b) .
Thus,_ putfing ] . | | ; .
¢ (@,y) = ¢(w*.y )+¢(x Y- </'(x";y )— sb(w ")

for arbitrary rER and y€S, we see easily that gﬁ is a bilinear functlonal
on R and S. Furthermore, if ¢,=0 for every A€ 4, then we have obvi-

ously ¢=0 and hence ¢€R, 'R,S. Therefore R,S is universally continuous,
and ¢, Trea ¢ implies ¢=¢. Since ¢, heﬁp is equivalent to ~¢a T,e,l ¢,
we conclude that ¢, |ic.¢ 1mphes :

<0(x,J)~1nf¢a (z, y) for 0<zcR, 0<y€ES.

Therefore we also obtam

Theorem 1. 2 If O<<oa‘he,,, cpaeRS’ (ZEA) and
sup ¢2(@y) <+  for 0=2ER, 0<y€S
then the're exists ¢ER S such that ¢1TleAqo |

Let M be a normal mamfold of R. For each -go €R,S we define
¢[M] to mean :

o[ M] (e, y)r—(o([M]x, y) . for =€R,yes.

Then we see easily that ¢ [M]GR S for every (ER, RS. . .
Recalling Theorem 1.1 we obtain immediately by definition

Theorem 1.3. For a normal manifold M of R we have
(@MY = ¢ [MIVg[M]. - .
B (e~DIM] = ¢ [Mg[M]
for every ¢, pER, RS.
Theorem- 1. 4. For 0=¢, yERS'we have ‘
(Mg = o g[M] = (o PIM].



170 e T S H.. Nakano

Proof. By virtue. of Theorem 1.1, We have for 0<x€R 0<yeS
(p[M~p A—[M]) (2, )

= Min {¢[M] ([M]m, Y) ¢(1 [M]) (M), y)} .
~ + Min {¢[M]((1-~[M])¢v v, #(1— (M) (A—[M])=, 9)} =0,
because - qo, 5[;>0 by assumptlon Thus we ‘have -
«»[Mw(h[M])—
As g = sl:[M]+¢(1 [M]), we conclude hence by Theorem 1.3
| oM~ = <0[M]m<//LM] =(e~HM].
For an arbltrary subset KcR S we make use of the notatlon :
R K[M] = {¢[M]: ¢€K}
for a normal mamfold M of R. .With this notatlon we have™: .
Theo'rem 1 5. For every subset KCR, S we have |

[K)(¢[M]) = ([(K])[M] = [K[MIe

Sfor every cpeR S and for every 'norma,l mamfold Mof R.
For a normal manifold N of S, we define hkevvlse ¢[N] to mean

[N](w,y)—qo(x.[N]y) _ for z€R, yeS,

and it is evident that the similar results hold for ¢ [N ]
Let R and S be the associated spaces of R and S respectwely
For every T€ER, yCS putting e " -

0@y =T@FY) for - xéR yES.

we obtain obvmusly ¢ER, R,S. This ¢ will _be denoted by Y. Theﬁ we
have obviously for every real number a ~

. ' (a®) Y = T(aP) = aFy .
We see easily" further o Lo

and 0<®cR, 0<7ecS 1mp11es T7=0.
T,

 Theorem 1.6. % T, = 0, 7,, y»>0 zmplzes

w.ym . =0,

10) c. £ MSLS §18 (16).
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L ey T e

v

%, %,=0, 5= 0 wmplies
Proof. If %,%=0, %,%=0, then we have by "Thébréfrf 13t for
0=<a€R, 0<DES. E . S
(@9, ~%:7>) (@, b) RN i SIS
| < 1nf {m,(w)yl(b)+x (a ac)y_(b)}

< (?/,(b) + %, (b)) mf {wl(x)—kx,(a x)} -_ -

‘because (wmw) (a) = 1nf {z, (a:) 7 (a :r)} Thus we obtaln w,ymﬁf %,=0.,
We also can prove like wise ‘the ‘other assertion. . & | -ciw
Theorem 1.7. For T€ER, g/G:S, we have '

(@T7)* : ~ gr+ITY .,
(@) = Ty + 2" y o
NECIE lelyl o

Proof ‘We have obviously
TY = TY A TTY ——(ac*y +Z77Y),
and we conclude by Theorem 1 6 o

R >,\<x 7 +Eg = 0.

Thus we obtain

and hence

_ ye§ we have
U%ng:(U%a)g,
aea aea .
ﬂﬁl? :(n %1)@—’ .
aes Sdea ‘ .

of the right side has any sense. For 0<%€R, y €S (ZE A) we have

U 2%, %rﬁ(:tl?a)"
AcA acA
NEH, = ( ﬁ?a)’

aea ae
if the right side has any sense. _
Proof. For z, %.€R, 0<yES we have by Theorem 17
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CEBYEY = (FG—TH)+7T
= (T, —%,)"% +E2g§ = (™7, 7 .
If Rax,_]‘,_e,,a: then we ha.ve e | ,
' x(x) = sup ml(x) o | for Ogi:‘cGR‘, |
and hence by deﬁmtlon for O<y€S s | .
b‘oy(x, y) = sup % .5, ¥)  for O0<z€R, 0<yCS'

Thus we have acy‘- U way Therefore we conclude the first assertlon.
The secon& will be proved likewise.
Theorem 19. [X]=[%], [#]=[%.) zmplzes \
. [$191]<[%y] o e
Proof, 1f [w,]<[mq] then we have ‘

~ - lwll = Lm"]}xll = U (lxllr\" 1'01)
Thus We obtaln by Theorems 1.7 and 1.8.

T, @] leyil = U ([@%IAV!%%D

= ( '~ (lxl m”'x"l))l%l—l%@ y

and hence [c;g,]_s_[%y]  Furthermore we also obtam 11kew1se [%@I] =
[“329.] : : ‘
Theorem 1. 10 For %, T,ER; y,,y‘,ES we have o

_ ' [xlyl_l ‘1’2.?/2 = ([11?1] L) ([?/1] ?") .

Proof. We have obv1ous1y

.9, = ((]%) (7] yv)+((1 k) wo) \{"Jn] %) +wo((1 @),

and by Theorems 1.6 and 1.7
1% A~ ((1-— [mx]) ) (L%] y»)l =0,
, lmlyllr\lx"((l [?71]).%)[—

Thus we obtain , :
o [xly,] % = [2i9] ([wJ %,) ([#17.) .
On the other hand we have by Theorem 1. 9 ‘

[([m,] x,) ([?1] w)]= [951%]

and hence . - N
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§ 2. Bounded linear operators

A mapping 7 of R into S is called an operator on R into S. Anv
- operator T on R is said to be linear, if : ‘

T (ax+ By) = aTx + 5Ty

for every , y€R and real number a, . In the sequel, we suppose
that the semi-ordered linear space S is universally continuous.
“A linear operator 7T on R into S is said to be bounded, if for every
0<a€R, Tx(0<x=a) is order bounded, that is, there exists
U [T .

N . . 0<z<a . . . .
For two linear operators T, and T, on R into S and real numbers
", B, puttmg ‘
(aTﬁ+,@T )x = aTgH—,BTnx for every xER

we obtam a linear operator a7+ 37 on R into S. Furthermore, if both
T, and T. are bounded, then aT,+ T, also is bounded for every real

=

-~ numbers 4, ,8 ,
For two linear operat.ors T, T, on R into S, we define 1T, =T. to
mean Tw=T,r for every 0=<ax€R. With this definition we have

Theorem 2.1. The totality of bounded linear operators on R into S con-
stitutes a universally continuous semsi-ordered linear space, and we have for
0=aceR :

(T~THe = U (Ta+T.(a—x)),
0Lzxsa

(Ti~Ta= 0 (Ta+Taa—2) ,

zZa

M

|Tla = U [T=|,
0<x =
7 TacaT zmplzes Tx = UThw for 0=zcR,
rca : ’ .
Talle,lT zmplzes Tx = ﬂTloa for 0<=zcR.
) recA !

' Proof It is evident that the totality of bounded linear operators
on R into S const1tutes a linear space. Putting : ,

Ty = u(T,a+T (a %) for 0<a€R, .

0Lxza

~ we have for every real number a=0
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0<a

Tya = U Tyx+T, (t;ta—fx)) = aTw,

and for 0<a, bER

T,(a+b) = gT1x+Ts,(a+b x))
0<zZa+
= U (Tl(x+y)+Ta(a+b x— y))
02z La,08y=

LJ< (T1x+T (a— x))+ U (T]y—f—To(b——y))

| =Ta+Th. '
Thus, pu'tti;ig ] |
o Tox =Tt —Tox"

for an arbltrary xER we see easily that T is a linear operator on R
into S. Furthermore T, is bounded because .for 0=x=<a we have

Tl = Y lTﬂDI+ U [Ty .

0zz£a

It is evident that T >T1,To. If T=T,T.,, then we have for 0<m<a
Tax+T,(a— x)<Tw+T(a ) =Ta, |
and hence Twa=Ta for 0_<_aER. Therefore we have T,=T,~T,. Since
T\~ Te = —(—=T)~(~T2)", |
we obtam further for 0<dER - ,
T,,_\T‘,a = N (Ta+T. (a x)),

0<m§

Tla= U T@z—a)= U Tz

0=z<a -aszZa

= U (Ta~(—Tx)) = U lTxI .

‘ 0Laza [th=t4-71

It T, 12e4 and T ,x (A€ 4) is bounded forhevei'y"ogxeR, then, putting
Tax = U T.x for 0<z€R,
Tw = Tw*—Tw~ . for an arbitrary z€R,

we' see easily that 7', is a linear operator on R into S. Furthermore,
if T;=0 (1€4), then it is evident that 7,=0, and hence 7, is bounded.
Therefore the totality of bounded linear operators on R into S con-
stitutes a universally contmuous hnear space, and we ‘have ‘obviously

that TaTae,lT implies -

Te=yTw 'for ‘og'xeR,
. REA .
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We also have proved

Theorem 2.2. If 0T, lics ond T,x(A€ ) is bounded for every 0=
a:ER then there exists T for which T3 11¢,4T .
" Now we suppose that both R and S are universally continuous. A
lmear operator T on R into S is said to be wmiversally continuous, if T
is bounded and R3x; .40 implies [T|z; |1¢4,0. With this definition,
it is evident that if 7=0 and 7 is universally contmuous, then x, 1ic1%

implies Tz = U Tx,, and z; |ac 2 implies, Tx = N Tz, .
AcA Ac4Aa

If both 7, and T, are universally continuous, then a7, + BT, also is
universally continuous for every real numbers a, 5. If T, is universally
continuous and |7, =|T.|, then T, also is universally continuous.- Thus
the totality .of universally continuous linear operators is obviously a
semi-normal manifold of the totality of bounded linear operators.

Theorem 2.3. If 0=T;1ie.T and all T, (A€A) are umvefrsally con-
tinuous, then T also is universally continuous.

Proof. We suppose R2a, |,cr0. For each 7,€I’, we have by

Theorem 2.1
. ’ Tla'roTleATa’roi k
and- hence - - .
‘ (T—T)ar,laeca0 .
On the other hand, we have for a,=a,
Ta, = Tray + (T~ Tl)a,<Taa, +(T—T)a,, .

Since all T, (1€ A) are ‘universally contmuous by assumption, we obtaln'
hence : : :

N Targ(T~Ta)a,0 - for every ZEA.
rer
Consequently we have N Ta, =0. Therefore T is umversally contmuous

rer

by definition.

By virtue of this Theorem 2.3, we obtain

Theorem 2.4. The totality of wuniversally continuous linear operators is
a normal manifold of the totality of bounded linear operators.

Let A be a complete semi‘normal manifold of R.  Each operator
T on R into S also may be conmdered as an Operator T“‘ on A into S,
that is, - ,

T% = Tx ;for every x€EA.

1f T is universally contlnuous then T+ also is obviously universally con-
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tinuous. It is evident that 7=0 implies 74>0. Convei'sely, if. T=@

‘and 7T is umversally contmuous, then we have 7=0.. Because for every
0<zeR, we have 0 1s20c4%, and hence »

Tx = U Ta = U T4 =0 .

. zzaC A xzaCAd o S

Let F be a positivé linear operator on A into S. If we can find

a universally continuous linear operator 7, on R into S such that 7T4>=F,

then there exists a linear operator T on R mto S such that T4=F,
Because for every 0<z€R, we have '

T = U TAa> U Fa

xzaC A zzaC A
and hence, putting ) ' o R
’ Tex= U Fa ~ for O<xER
xzaCA .
T = Taxt—Tx~ for an arbltrary 2€R,

we see easily that T is a linear operator on R mto Sand T“= F Thus\
we can state

Theorem 2.5. For a complete semi-normal manifold A of R, the total?,ty‘
of universally continuous linear operators on R into S s zsomomohw to a sems-
normal manifold of the totality of bounded lirnear opemtors on A into S by
the correspondence T—T4 .

Next we suppose that both R and S are seml-regular, and B, S
are the conjugate spaces of R and S respectively. If a linear operator
T on ‘R into S is universally contmuous, then for each yCN, puttmg

9@ =y(Tw) for z€R,

we obtain a universally continuous linear functional ¢ on R. In fact,
it 1s obvious that ¢ is a linear functional on R. As

lo (@) =17l (]T[ l]) for every zER,
R>x, l,LCAO 1mplles 1nf |¢{x)| =0, and hence ¢ is umversally contmuous,‘
that- is, (pCR Therefore, putting T7=¢, namely
| Ty(:c) = y(T'x) \,‘ ~ for every zeR,

we obtam an operator T on .; mto BE. This operatof T is called the
congugate operator of T. The conjugate- operator T is obviously a linear
operator. As , .

1T @) <71 (T l¢)) = (TDI7|(|=]) ,
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we' obtain |Ty| <(|T|)|7|, and hence T is bounded. ‘Furtherrﬁqfé we
conclude by Theorem 2.1. ' - ' '

\7\=(TD),
and SDyalac/lO 1mphes for every O<x€R

(lTl)ya (33} = Ja(,Tlx)lACAO

and consequently |T] Ja l2¢40. Therefore T is universally continuous.
Concerning conjugate operators, we have obviously

oT = o,
T,+T, = T,+T,,
- T, =T, if and only if T12T.;.
Thus we have 7~71, =T, T, and Jhernce
| T“-T.=T~T,.
.Frém this relation we conclude immediately
‘ | T, T, <T,.T .
Theorem 2.6. If R is semi- -regular and S s mﬂemw, then for any
universolly continuous linear operator K on S into B, we can Jind umquely
@ universally continuous linear operator T on R mto S such that K=T

Proof. Since S is reflexive by assumption, corresponding to every
x€R, we can find: uniquely y€S such that :

o Ky(x) = 7(2/) for every i ges,

because Ky(x) (¥€S) may be considered as a umversal y continuous
linear functional on g. Puttlng y=Tx for such z€R, ycS, we obtain
a umversally continuous llnear operator 7' on R into S, and it 1s obvmus
that K=T

Theorem 2.7. If R s semi-regular and S is refletive, then we ha-ve
TVT. =T~T, T,.T.=T..T..

Proof. By virtue of Theorem 26, we can find a umversally con-
tinuous linear operator T on R into S such that T~T,=T, Then we
have T,, TQSJ},,‘ and hence 7,~T,<7, This relation yields ‘

ZY VT <T]vfp
On the other hand we have T T, T, =TT, as proved already. Thus
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we obtain the first assertion. " We conclude the second assertion. im-
mediately from the first. '
For #,€R, y,€S, putting

Tx = & ()Y for every T€ER,

we obtain obviously a universally continuous linear Operator T on R
into S For thlS operator T, we have for every JyES

- Y(Tx) = - T, (x)J(%) = (?/(%)900)(37)
Thus we have

Ty = 27(?/0) E.) . for every 3765" .
§3. Universally continuous bilinear functlonals

Let ¢ be a blllnear functmnal on R and S. For each a€ R, putting
‘ @ (4) _‘qa(a,, Y) for every yeSs,

we obtain obviously a linear functional ¢ on S. If ¢ is bounded, then
¢ also is bounded. .Becausé, for 0<beS, we have by Theorem 1.1
for 0=<y=<b - '

e @ =l¢ (a*,y)l + I¢(a )

= {le(@",»l+ e, b— y)l}+{l¢(a ) H(p(a b— Ji}

< l¢l@*, b)+l¢l@,b) .
rTherefore anR RS 1mp11es ¢(“>ES for every aER and

B ]q“”l <le¢l for 0 <a€R.
Furthermore it is evident by definition that
' @I = gt Ge® |

Thus, pgtting _— v ,
Tox = ¢, " for exery zeR,

‘we obtain a linear Opetator Ty on R 1nto the ass001ated space S of S
Since

]T¢xl<|q|‘°‘> o for O_S_‘:vER,Y

Ty is a bounded linear operator. : ‘ :
Conversely, for a bounded linear operator T on R into S puttmg

¢ (z,y) = Tz (y) for zeR, yes,
’w._e obtain obviously a bilinear functional ¢ on R and S, and ¢ is
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bounded, because we have for 0=<z€R, 0=<yeS.

l¢ (@, y) =|T|x(y),

We also see easily that we have Tq,>0 if and only if (p>0 Therefore
we have -

-~ Theorem 3.1. The biassociated space 1/?\.'—5’ 28 z’somorphic to the totality of
bounded l'mear opemtors on R into the assoctated space S by the correspondence :

| ¢—>To, va = ¢@ Jor every x€R .
Recalling Theorem 2.1, we obtam by this Theorem 3.1
Theo'rem 3.2. For every ¢, ¢ € R,S, we have for 0<a€cR

\ ((P 5/}')(“) — U (co(mj_{_‘(/}(a—x))

(PP = O (¢ g,

Oszsa

Lol = U l¢].

" Theorem 3.3. 0=<g¢, $€R,S, [¢]=[s] smplies
. [¢] = [¢*] " for 0<uER.
. Proof. If [¢]=[¢], then we have

o = [elg = CJ RS
and hence
ﬂ (P=r0)" = ,
Smce we have by Theorem 3.2 for 0<x€R
: (¢ —W)*(’”’ g(sb—w)(m = (@ —re™)",
we obtain hence | |
ﬁ° (¢cx>_y¢<x5)+ =0,

and consequently ] =[¢™].

Next we ‘suppose that both "R and S are universally contmuous

A bounded bilinear functional ¢ ER,S is said to be universally continuous,
if |¢|(x, y) is universally continuous as a linear functional on R for fixed
y€S and on S for fixed xeR, that is, B3%; |1¢40, S3¥Y+ l+cr0 implies

Cinf (¢l (®a,y) =0 for 0=yeS,
Rea . . . .
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inf |9l (z,4.) = 0 © for 0ZxeR.

Since |¢ (@, )| <=|¢l([7],lY]), we see easﬂy by definition that, denoting
by S the conjugate space of S, we have ¢€eS for every xCR, if ¢
is universally continuous. Thus, if ¢ is universally continuous, then T,
is a universally continuous linear operator on R into S. _Conversely,
if T, is a universally continuous linear operator on R into S, then ¢
is universally continuous. Therefore we obtain by Theorem 2.3 and 3.1

Theorem 3.4. If both R and S are unsversally continuous, then the
totality of umversally continuous bilinear f unctionals on R and S is a normal

manifold of R, RS and isomorphic to the totality of universally contmuous linear
operators on R into the congugate space S of S..

Theorem 3.5. If 0=¢, ¢ €R,S, and both ¢ and ¢ are universally con-
tinuous, then T : , '

(a) (/’(a) — 0 O _S:GER
implies ¢ [a]msb[a]mo o R B
Proof. Slnce ¢ and d; are umversally continuous by assumption,

we have by definition ¢@, €S, Thus, if ¢ gb@—-O then for any
yES we can find Y1, Y.ES such that ‘ :

o [v]=[w]+{w], o [?f] sb(‘“[y.] 0.
Then we have by deﬁmtlon
((P[y ])(a) — q(a)[y] — 0
,and hence for O<aER we have ‘
¢[y1] [a] =0.
We alsg obtain likewise ‘
olw.]la] = 0.
Thus we have by Theoxem 1.3
(¢ [a]~¢ [aD(v]=(¢[al[v] ~p [a)[5.]) + (¢ [a] [y~]r'\¢ [a] [v.]) =
Since ¥€S may be arbitrary, 'We obtam therefore (D[ijngb[a]——

~ -

'$4. Integral representatlon

" Let both R and S be universally contlnuous, ‘and & and & the
proper spaces of K and S respectlvely. We. shall denote by U, the
neighbourhood in & corresponding to a projector [p], and by Ug, the
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S~

neighbourhood in'lz*y corresponding to a projector [¢]; and by US,UE,

a point set in the product space ©®&. The product space €x ‘is

obviously a locally compact Hauseorff space, and UZ,Ug, (pER, q€S)

constitutes a nelghbourhood system of Cx% . ~
For O<¢ERS 0=a€eR, 0b€eS, putting

- m(U§,Ug) = ¢([pla, [q]b) (pER, QES)
we obtain a topological measure mon @RF. For a contmuous function
w(p,q) on UcpJ Ug, we shall denote by \
w (D, 0) ¢ (dpa, dqb)
[p1x[ql

the 1ntegral of  (0,4q) by m in UE,UE,.

Theorem 4.1." If a positive bilinear fzmctwfnal ¢ €ER, RS is umversa,lly
cantmuous then for 0=<a€R, 0<beS, [p]=<[al, [¢1<[b] we have

<0([p]w, lely) = j (*— p)(_ q)w(dpa dqb)

"CPIXEa)
Sfor every x€R and y€S.
Pfroof Since we have by the spectral theory _

[p]wzf(t—, D)dba, [q]y=», = ,q)dqb,

we need only prove that limgzg, =2, limy,=vy 1mp]1es

vV Yoo Y o0

Y

. llm ¢(xuyy) = ¢(, ¥) .
On the other hand we' have |

, [¢(x,,, yu)_(/’(x! y)i = [(Ol(lxu’ ’ lyu “y[) + [(ll(lxu _xl: ly[ ).
Since ¢ is universally’conﬁnuous by assumption, we obtain our assertion.

Theorem 4.2. For 0=¢, </)eRS if [e]l=[¢], then for any €>0,
0<aeR 0€S, we can find >0 such that '

2 o([p,]a,[¢,10) <3,
[p,)[p:]1=0 or [qy][qp] =0 for vy
zmplzes Zgb([p,.]a [q,,1b)<e ‘

Pfroof Since [¢]=[¢] by assumptlon, we have
(¢— #¢)+ 13-4 0.,
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and hence for any s>0 0=a€R, 0<beS we. ean. ﬁnd p/O by Theorem
1.1 such that f P

(¢—p9)"(a, ) < % ..

For such p, putting 3:—21'— e, we see by Theorem 1.1 -that
-z elple [01)=4, |
[pV] [pu] =0 ,QI' [qu]..[qp,]‘: 0. _for yvae u,

implies |
2. ¢(p.]a, [g.]0) -

<(<,b p¢)*(a, b)+p2 ¢(lp.]a, [QU]b)

1
< - e+pi=c¢.
=5 eted

Theorem 4.3. For <p¢€f2\§ if [¢]<[(p]‘ ¢=0, and ¢ s universally
_continuous, then we can ﬁnd a Borel f unction (l’ (SN0 on tke prooluct ‘space
U®%} such that

¢ @)= | o) edpa, dqw

[w]sz/J
fO'r every xES yES.. ' g

Proof. Recalling the integration theory, if [¢]<[<p] ¢>0 then
we conclude by Theorem 4.2 that for every 0<aER OﬁbeS we .can

find a Borel function o(p, q) on UL,UE, such that
¢<[p]a (16 = | @ Dedpa, o)

CplxCql :
for [p]<[a,} lg] <[b] Since ¢ is universally continuous by assumptlon,
¢ also is so by Theorem 34, -and hence we can conclude further by
Theorem 4.1 that : :

¢([p)=, [tﬂy) : ch Jd) (D, ul ¢(de dqy)
for [p] [x]=[a]; [g], [y]<[b] 1(9)<qa:CR 0<yES Therefore we obtaln
 a Borel function @, q) on L@& such that .
e y>”mi 2. (o, dqy) | o
for every 0=<z€R, 0=<y€S. | For ah atbltrary ER, S but [<,b]<[¢] we



Product Spaces of Semi-Ordered Linear Spaces , 183

have [¢*], [gb“]g[q;], and hence we obtain our assertion, because ¢ =
Y=g
" Let 0<¢€R, R,S be universally contmuous and @ (p, q) a Borel func-

tion on &@F. If @(p,(q) is integrable by ¢(x, y) for every 0=z€R,
0=y€S, then, putting :

¢@y) = |.00,0) ¢(dpw, dy) . for 0=zeR, 0=yeS,

Cx] <tv]
¢g@y) = ¢y )+¢@,y)—¢ @ y)—¢ @, ¥"),
we obtain obviously a bilinear functional ¢ on R and S This bilinear
functlonal ¢ will be denoted by

§ @, q)odpdg.

Theorem 4.4. For a umversally continuous bilinear functional 0<¢Eﬁ
+f a Borel function @, (q) is zntegmble by ¢(x,y) for every 0=x€R, 0=yeSs,
then, putting :

o= S(t’(p,qwdpdq«

we obtain a universally continous bilinear functional ¢ on R and S, and we
have ' R ‘ . - .

[e1=Tlel,
¢r = [ @ (0, q) odpaq, |
o = (o0 edpdy, -
ol = {10, Ol edpdy -

for @+ (9,q)=Max {w(p 10,0}, - ={—2®H,0}" . -
~ Proof. We suppose firstly @(,4)=0. Then we have obviously
¢=0. For 0=<a€R, 0=beS, we have ‘

(o) ad) = S Max {&(, q)—»,ow(dpa,dqb)

‘ Calx EbJ
and

| - Max {¢(®,q) —»,0} 15,0
up to a measure zero set by the measure ¢([pla,[¢]d). Thus we obtain
(g —10)"(@, b) 1510 . |

From this relation we conclude [¢]<[¢].
In the general case, we have obviously



4 _S:S ¢*(9,) o dpdl, |
- e =feemedday.
Thus we have [<,;+]<[¢] [~ ]<[qa] as proved just above - Consequently
we obtaln o o
_ ¢l = [p1™~ e 1=<[e] -,
Therefore ‘¢ also is universally continuous by Theorem 3.4.

Furthermore, for any positive bilinear functional w=¢, we can find
by Theorem 4.3 a Borel function Z()), q) on: ERF such. that i e

[e)o = { 2, q) ¢dpdy .
Then, since [¢]<u>[q]¢ ¢, we see -eagily that
Z.0=2" (0.0

up to a measure zero set by the measure (p([p]a [g]06) for cvery‘ 0<aER
'O<c€S Thus we have

| wz[¢]o = § W(n, ) edpdy .
Therefore we’ obtain

From this relation we concludé easily the others.

~§5. Totally éontinuous bilinear functionals

| Let R and S universé.lly éohtinuous and B and S the conjugate
spaces of R and S respectively. A bilinear functional (peé,\ST is said
to be totally continuous, if |
‘ . lo1= U [wy]l¢[

C SIET
With thls deﬁnmon, we see at once that a bilinear functmnal quR R,S
is totally contmuous if and only if ¢ is contained in the least normal

manifold of RS containing all x7 for wcR,%€S. Thus the totality of
totally continuous bilinear functlonals is the least normal manifold of-

R S containing all @y for zeR, 7€ S. This normal mamfold W111 be
denoted by R,S in the sequel.

Theorem 5.1. If @€l is complete in [a]R and bES is complete in [b]S
then we hcwe for every ¢ €R,S :

[ab]qo[a][b}— olallt] T
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Proof We. need only consider the case: (p>0 In this case, we
have obvmusly ‘ v

| N '[aﬁfa]w[a][bquo[a]:[b]
On the other halnd, for every mc R, 7¢S, we have
 [#7]¢[a][b] = [(@[a]) (¥ f615].<0[a][b] .

Since 7 is complete in La]R and b is complete 1n [b]S by assumptlon,
we have

[zla]l= ['7] ; [37[61] = [—J ,

and hence we obtain

\ (@7 ¢ [a][b] <[ab]elal[b] .

Since ¢€R,S by assumption, we have by definition

¢ = hﬂw

CR

Thus we conclude k.
¢ [a] bl1<[able[a]ld] .

Theorem 5.2. Let a bilinear functiondl ¢& R, S be positive and universally
continuous. In order that ¢ be totally continuous, it s mecessary and sufficient
that 0=a,<a(»=1,2, --), s-lim}ay:O in R implics

imeg“’ =0 i S
Y oo ‘*

-~ Proof. "We need only cons1der the case where both R and S are
semi-regular. We suppose firstly that ¢ is totally continuous. Let [a]
and [b] be regular projectors in R and S respectively, and 0<7€R,
0=<b€&S complete in [a]R [b]S respectively. Then we have by The-
orem 5.1 ~ ' ‘

[@]¢[a][b] = ¢[a](0] .

Thus we ean ﬁnd by Theorem 4.3 a Borel functton (/)>O on@@g such
that ' ,

oTallb] = | & (0, @) abdpdy - |
If 0=<a,<a,(v=1,2, ), slima,=0 in R, then we have by the mtegra-*

Y >0

tion theory for every 0<yeS and »=1,2, --
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¢<[a1au,[b]y> = | mn D (dpa.)bdqy)

L [adx(2)
= {{ 5 2(.) a(dpa,)} b(dy) »
[21 Cal
and further for v=1,2,

0 < | P(.q)a(dva,) < | 2(p,0)a(dpa)

; Cal . Cal
We denote by R, the relative segment of R by a,, that is, R consnsts
of all those elements « fOr which we can find «>0 such that [x|<f,za0.
For each q, 1f LR v <

1 o, D adpa)< oo,

then 5 oM, q)adp is a un1versally contmuous linear functmnal on Ro,
- Ca)
and hence

lim S o, q)a(dpa,,) ~0.
V2o ra)
On the other hand we have _ ,
(Ea]ay) )
34 ’ v) = \—= ’ - ‘
- | j ®. 0 = (5 7)
in U 51 up to a nowhere dense closed set, and

¢ CDaw ([Bly) = 5 { §¢'(p q)a(dbay)} b(dqy)

2] [La]

i}

Thus we .obtain ind-lim ¢€43%[p] = 0 in S. - Since a regular projector

Y oo

[6] may be arbitrary, we have hence -

ind-lim (p‘f‘”“""‘—O - in §.

Y o0

Since. ¢ < ¢t} in §, we conclude further lim tp‘c‘”“”’—O in 8.
' Vo0 ;

Furthermore since , -
; <0 ayd) — ¢([($36y)+ ¢((1 [aj\ay) <q,((fa:lau)+ ¢(U-[a])au ,
we obtain hence Hm ¢ << ¢~ Eadiay for every regular projector [a] in

P

R. Therefore we conclude lim qo(“u’—O because

Y »co
SO “ (A—-[a])a) 0 ©  for all regular projector [a].

. Conversely, we assume that ¢ is universally continuous, and 0=
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a,<a,, slima,=0 1mp]1es lim ¢¢»>=0. Putting

Y oo V—)ec
g=9¢— U [37]e¢,
we have obvmusly 0=y=¢ and |

, #~ =0 . for every 0=x€ER, 0=Y€S.
Thus we have by Theorem 3.4 . -
| Tes T = 0 ~ for 0=<z€R, 0=7€S,

and hence by Theorem 2.1 v
N @@+ =0 inS., -
¢ 0fxZa ’
If [b] is an arbltrary regular’ prJector in S and O<mES 1s complete
in [b]S, then we have naturally :

LN @ (@) glbl+geb) = 0.

Since [6]S is superuniversally continuous, we can find a sequence 0=
z,<a(r=1,2, - ) such that \ .-

| A (a(a,) FLE]+ g = 0 .
For such ngy a (v-—l 2, ) we have obviously
% (x,) y[b']Jrg/;"“"c v (b] >ac(a:,,) y[b]

and hence we conclude’ naturally
N (w('vu) ?/[b]+¢(“"’””“[b]) =0

’ ac(zy)<T
for every p=1,2,---. Thus we can find. a subsequence vy (1=1,2,---)
such that _
lim (= (x,,) y[b]+<,b<“ =V ) Lbj) =0,

B oo

hm % (x, W) = 0.

B »o00 .. :
Now let [a] be an arbirary regular pro;ector in R and & complete in
[¢]R. Then

lim % ((a] ,,) = 0 '

. P yoo

implies s-lim[a]z,,=0, and hence

s-lim [a] (a—x»',,‘») =a,
fooe L ’
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Thus we have by assumption L
' lim ¢(Ea3<a—wu ”'))[,b] ¢(a)[b] in §.

> ¥ o0
On the other hand, we ‘have ;
- lim (w([a]wuu)y[b]+¢‘“““ ”‘”“”[b]) =0,
as proved just above Thus we conclude ““[b]= 0 in S for every regular
projector [a] in R and [6] in S, and hence ¢=0, that is,

é‘[wy] ¢.

¢ =
x@R ﬂe

——~—

A bilinear functional goER S is said to be absolutely continuous, if we
can ﬁnd aeR and €S such that |¢|<ah. With this deﬁnmo_n, every
absolutely continuous bilinear functional is obviously totally continuous,
and the totality of absolutely continuous b111near functlonals constltutes

a semi-normal madifold of R,S.

Theorem 5.3. If a Inl'mewr functwnal quR R,S 4s absolutely continuous,
then

whma,,~0 in B

. . Y -»c0
implies 1im ¢““»> =0 in S .
’ V >0

Pfroof We need only prove the case: cp>0 If
0<¢=<ab, 0<acR, O<b€S \
then we can find a Borel function @ (9, () onkx’@& such that -

¢ = { @ (v, q) abdpdg,
| 0=ae, Cf) =1.
'Then, putting for each qcc& |
dg=[e@®qad,
we have a@,cR. Thus, if W-hma,_o then we have

N e L

lim @, (a,) = 0.

Voo,
Since ¢« = | @,(a,)Bd], we obtain hence
ind-lim ¢®» =0 in &.
N S

On the other hand we have for every 0<yeS

4
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¢ (@, W)l ¢ (o, ) =a(a.) b@),

and hence [qo(“*?’[ <d(la,])b in § for every »=1,2,---. Thus, recalling
Theorem 464 in a book™, we conclude ' : :
lim ¢t“v> =0 .

. ) Y >0

The totality of absolutely continuous bilinear functionals on R and
S will be denoted by R><S Then BxS is obv1ously a seml-normal
manifold of R, R,S and complete in R,S.

For a umversa]ly continuous semi-ordered linear space W, a system -
of positive elements aneW(ZE/I) is said to be positively fundamental in
W, if every closed manifold of TV containing all linear combinations

Z ql/a'ly

for: every ﬁn1te number of elements 1,€4 and positive numbers e
(v=1,2,---,%), includes all positive elements of W.

Theorem 5.4. The totality of bilinear functionals xy (0= zeR, 0<7€eS)
on R and S is positively fundamental in I xS. ‘

Proof. For each 0=<¢,cR xS, we can find by deﬁnltlon 0<acRk.
"0<FeS for which ¢,<ak. Let 0=<a€R, 0=<beS be arbitrary, and we
shall denote by A the relative segment of BxS by (a[a])(3(6]). Then
we have obviously ¢.[a][b]€A, and for every ¢€A, putting .

lell = lo|(a,b),

we obtam a norm on A We see easily that th1s norm is continuous:
Recalling Theorem 4.3, we can find a Borel functlon ¢(0,q) on g@oo
such that : . .

| ‘Po(a b) = g (D, q)a(olna)b(dab)
Ca]x[bJ _
0=a(M=1.

Then, by virtue of the integration theory, for any e>0 we can find
a contlnuous function Z,(p, q) on. U, <xUE £ stich that 0<'17 (D, q)<1

: [ 120, %D, @)1 @ (dpas) b(dqd) < e,
ajx[b]

and further a finite number of real numbers ex,, " and of prOJectors
prm [¢.] such that

_ A1) H. NAKANO. Modern spectral theory, (1950), Tokyo, Theorem 46.4,
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W= Bl=2l0) 0Sq.,<1,
I%(p,q)wa,,,&i‘/\ e  for peuaﬂ,,qé,t}g@.{
Then we have S
| Il%[a][b] Zau,u (C&[pv]) (b[qu])l
l%[a][b] Zdvp (@ [py])(b[qp])l (a,0)

’:z [ lwo\p,q)-—au;pla(dm)b(dqb)f

VB £pydxtapd

= | 1em -2, q)m(dna)b(dqb)

‘ [aJX[bJ ‘

+eX a([m]a) b(lq,16) < & 1 +a(a)b(b))

Therefore we can ﬁnd a sequence of linear combinations
gy =2 6@, ) Cle)Ed (=12

such that 0=6,<L X[p, J=[a], Z[a,] =041,
| lim (lg,— %{a][b] =0,

and hence . ‘
' ~ s-ind- hm g, = ¢0[a] [b]

On the other hand, we have obv1ously

; 0=< ¢, < (afa] B[b]) for every v=1,2,.
and hence we conclude s—l1m ¢y = @ola][b]. Since 0<aeR 0<beS may
be arbltrary, we obtain therefore our assertion.

Since R x S is a complete semi-normal manifold of R,S, the totality
of positive elements of E xS is positively fundamental in R S Thus
we conclude 1mmed1ate1y by Theorem 5.4. S

Theorem 5.5. The totality of bilinear functwnals :ry (0=<mel, O<y€S)
on R and S 18 posztwely fundomental in R,S. :

Theorem. 5.6. I f a bilinear functional g on B and S is totaZly contmu-~

,ous, then there exists umquely a ungvesally contmuous lmea,r Sfunctional ¢ on
R xS such that :
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¢ 9 =¢ @) ~ for every mER, yES.
If go %8 posztwe then ¢ also is positive. -
" Proof. We need obviously conslder the case: $=0. Let a, =0
(1€ 1) be a complete orthogonal system of R such that [a, 1R is regular

for every 1€4, and b,=0 (r€’) a complete orthogonal system of S such
that [b,]S is regular for every rel’. Putting

af@) =%(@,) . . for every meR,
b3 (y) = y(b) ° for every ¥Y€S,

we have obviously afecR, b5eS. and af(1€ A) is a complete orthegonal
system of R, and b{(€I) is a complete orthogonal system of §. Since
=0 is totally continuous by assumption, we have by definition
7=,y laii17,

TeA,7Er

p@EY =3 [aRbS‘](p(w,y) for 0<weR, 0<7€S.

Considering the canonleal spaces & and Fof R and S respectively, we
obtain by Theorem 4.3 a Borel function @, ., (D, =0 on the product
space &®F sueh
that
(05651 = | @2 (D, 9 atbs dpdy .
Lap3«024]
Then we have for 0<wmeR, 0=yesS

[asfbg}qo(w, N= | e, S q)my(dwa,dqb )
) B . [a; IX[2,2
and hence o o
FEn= 2 | . q>my(dma,dqb)

| REMTEL [aIX[04]
Now, putting for 0<¢C RBxS
g(@)= = [ @, 0 ¢ (dpas, dge,) ,
. AEA.TEr [ayIx[dy]

we have ¢(¢) <+ oo for every 0=g¢ GRxS because for each 0<¢%R><S '
we can find O<aceR 0<yES such that. ¢<a‘cy, and then

F‘?i“therfnoi’e;puttikng. | | - '
¢ (@) = ¢leN)—¢(e7) for every ¢€RxS,
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we see easily that ¢ is a positive lvinear_func‘tional on B x §, and
¢ @) = ¢ (% 7) for every %€ B, yes.
- If w0y0>¢pl,,c,,0 in’ RxS then for any €>0 we can find 6>0 such
that; puttmg

¢173(Dq Mln{¢a T(D PR 3}
we have : ; o :
{wa,,ym,q)—wa,r,s (0,0)} &do(dpaa, db,)<e,
Ca 3 3% 0] . : . \ ,
and hence

'y-coa.y(b,q)%(dba,dqb)g {000,000 (dpan, db,)

caux[by-" _ B Y & Y %

{¢a ’r(p q) (px T, s(p Q)} 900%<dpa/1, dqb ) = 0¢, (a b)+€

Cap IxC073
This relation yields |
' inf S (La?(p q) bo (dﬁamdqb ) = O

oeP Ca2IXCoe] : .

Thus we conclude easily that llelf ¢ (¢0,)=0, that is, ¢ is un1versa11y con-

tinuous. By virtue of Theorem 5 4, we conclude easily the umqueness
of such a universally continuous linear functional ¢ on RxS.

Theorem 5.1. R S is isomorphic to the co'ngugate space P x S of R xS
by a correspondence : ,

BSsp—pt cins, ¢ (a)=p(@9) for 5B, GES.
Proof. By virtue of Theorem 5.6, for each ¢€S,E we can find

uniquely ¢RX§€RXS such that ¢R“(wy) o(@,y) for mER, €S, and (p>0
implies $**S=0. Conversely, if g® =0, ‘then we have obviously $=0.

Thus we have ¢RX§>¢RX§ if and only if g=¢g. If O§w§<p"">f§, wER XS,
q)CRS then, putting - o

& @,7) = o@7) " for mER, FES,
we obtaln obvmue.ly a pos1t1ve bilinear functmnal @ on I and S. S'ince,‘

; O<co(ac,y) <¢(m,y) - for O<'fE‘IT3‘ 0<?7E§
@ is totally contmuous that is GERS S. Reeallmg Theorem 5.4, we see

, further that ™=, Therefore aRXs“(q) €R,S) constxtutes a seml—normal
manifold of R>< S . Furthermore; since ~ ‘
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?X TKCA(UCPX S q;‘l. EI—ES (/{E A)

implies
sup go;t(oo y) = a)(acy)< + oo for Ogﬁeﬁ, 0<y€Ss,
there exists goER S for which @2 1204¢. For such p€R,S we have
o(%,7) = w(acy) ; for 0<z€cR, O<g€§

‘and hence ¢**=w. Thus ¢ (g€ER,S) constltutes a normal manifold

of RxS. For any w€Rx5S, if $7(w)=0 for every $E€R,S, then we

have w(x,y)=0 for every z€R, yeS, because, putting 2%(z)=%(x) for

z€ER and ¥ (@) =y (y) for y€S, we have x*y°€R,S, and '
. (@EY S () = w(x,y)

- by Theorem 5.6. Therefore 37*%(g €, S) coincides with the whole T xs.

'§6. Singular b{lilinear functionals.

v Let R and S be universally continuous, and F and S the conjugate
- . gpaces of R and S respegtively A Dbilinear functional ¢ €R,S is said
' to be singular, if [ocy]qa 0 for every m€R, y€S, that is,

aoy,.\l (| = for every ze€lR, yES

lWlth this deﬁmtmn, .we see easily that the totahty of singular blhnear
functionals is a normal manifold of R, R.S and the orthogonal complement
of the totahty of totally continuous bﬂmear functionals in R; S

Theorem 6.1. Let R be semsi- regular and B the congugate space of R ’
If R has no dzscrete element except f or 0, then putting :

. ‘ ¢ (#,x)=®(@®)  for ®ER, a:ER

- we: obtam a smgular bilinear functional ¢ on B ond R.

Proof For every xz€R, putting ‘

' xR(x) = w®(x) - " for evry wER

1

. we o‘otaln a universally contmuous linear functlonal xF on B, and de-
noting by R the conjugate space of B, we see easily that z®(reR)
constltutes a complete semi-normal manifold of & . :
The bilinear functional ¢: ¢ (#,4)=x(x) for ocEB TER, is obvmusly
positive and universally continuous.. We shall prove firstly that for
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every positive y€R, y€R we have

Y9 =0. |
For this purpose, we. need by Theorem 3.4 prove
| T, ey ,\Tq‘, =0,

that is, by Theorem 2.1
' - ﬂ (oc(y)y+(a-ao)) = O for every 0=<ack,

lll\
lIl\

because Tﬁqac—ac(y)y T(p a*aé)-—a % . Puttlng

h= 11 (w(y)y +(@—w)),

0s7s

we have obviously 0<5=<7. For each point B of the proper space &
of B, we have obviously | . |
[%]7 lezies O |
because R has no discrete element except for 0 by assumption. Thus
we have - R R

| dnt [1a@) =0

’ ' fzlep B o
Since for [90] €ep S

’ (__ n) ([w]w(y)y+(1 [ac])a, p)

),

we obtam hence (—~ ; n) —>0 for every pomt IJ, and consequently b-.‘\ oo

0. Therefore we conclude Lo
R YH =0 ‘_ |
for every O<y€R 0<gyeR. Since B (x€R) is complete in R recalllng« ‘
‘Theorem 1.8, we see by definition that @ is ‘singular.

Theorem 6.2. Let both R and S be semz—'regular, and B and S the con-

Jugate. spaces of R and S respectively. I f R has no dzscrete element except .
Sor O then for each yES puttmg . .

@, (¢, x) = ¢ (=, y) (¢ €R,S, wER)

we obtam a smgular bzlmear functzonal @, on R, RS cmd R :
Proof We need only prove that &, is a singular bilinear functl.»onal ’

on R, R,S and R for 0<yES For every 0=<yeS, it is obvious that ¢, is

a positive universally continuous bilinear functional on R, R,S and R. ‘We
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shall prove ﬁrstly that for every positive unlversally continuous linear
functional &, on R,S and % on R, we have

G0 &y =0,
thaf is, by Theorem 3.4 o
| | | ToozonTs, = 0 .
For arbltrary 0<aER 0=<bhes, puttmg
¢ = (Te., ,\T,zj Yahb ,
we have by Theorem 2.1 '
| T, O+ T4z, @—¢))

( D+ Go(db—¢) @) -

Ef:

Ql)/\

|]I\

l

n
0

EI/\

Thus, for every prO]ector [#] in B, putting ¢=((1—[p])@)h, we have
o 0=c¢=<b() A—[B)a+p.([Bla)b)a, . |
fEspecial_}y, putting [p] = 0,__we obtain 0=c¢=<bh(v)a. For every point P
in the proper space @ of E, we have ; ’ T

[pla lcmcn 0,

because R has no d1screte element except for 0 by assumptlon Con-
sequently we obtain by Theorem 1.8

ot & (((pla) =0,

“Since (T , n) = qao(( [p]a)b)( o, p) for every [’[)] Eb we obtam therefore

/'(ﬂ_—, ’ D) 0 for every point n, and hence c= O Recalhng Theorem 54

and 2.5, we conclude thus further that T -, ,\T ,=0. Therefore &,
singular by deﬂnltlon

'§7. Product spaces
Let R ”and S be universally continuous. For a un1versally con-
tlnuous semi-ordered linear space W, if there exists a correspondence
(xy)?’EW ' for every x€R and yeS,
such that : '

1) ((a2)y)” = (x(ay))W = g (xy)” ~ for every real nUmber a,
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- 2) (4 x)y)” = (w,y)W+ ()" for =, x,€R,yeS,
- ‘(oc(yl—{—y_))'”’ = (xy)"+(zy.)¥  for x€R, y, €S,
3) Reux, (ReN), x= ﬂxl, 0<yES 1mp11es (xy)? = ﬁ(xay)
- 0Zzx€R, y,€ (REA) y_-ﬂy;L 1mphes (xy)W— ﬂ(xyl ,
4) (xy)” (O<xcR 0<yES) is pos1t1ve1y fundamental in W,

- then W is said to be a product space of R and S by the correspondence E
()7 <& W(CBER yGS), and this correspondence is called the product cor-
respondence. ‘ :

Concerning the product correspondence (wy)WG W(wER yES) we ob-
tain obv1ously by 1) :

(Oy)W = (9‘00)"’ —0 for every xz€R,y€S,
and by 3) that _ ' B -
LT = implies (xy)” =(x.)”  for every 0=<yeSsS,
¥, =y, implies (wy,)” = (zy.)” ~ for every 0<z€R.
Thus ‘we have obviously that (y)"=0 for every 0<z€R, 0<y€S.

Let both R and»‘ S be semi-regular and B and S the conjugate
spaces of R and S respectively. A product space W of R and S by
a product correspondence (xy)WEW (x€R,y€S) is said to be normal, if

W is semi-regular and the conjugate space W of W is a produet space
of P and S by a product correspondence (aay)We W(aaER ye S) such that

) (acy)w((xy)"’) = &@¥(@Yy) for xER yesS, ocEE yes

: ‘_‘.Wlth this deﬁmtlon, if a product space W is. normal then the product

correspondence (FY)VEW (z€R, 7€T) is determined uniquely, because
‘(xy)W(0<x€R 0<yES) is p051t1ve1y fundamental in w. )

Let W be a normal product space of R and S by a product cor-
respondence (wy)”€ W(z€eR,y€S). For every zEW putting .

¢:(z, y) = 2((xzn)”) for Z€ER, yeES,

we obtain obviously a bilinear functlonal ¢:on Rand S For this bilinear .
‘funct1ona.1 ¢:(2€W), it is obvious by deﬁmtlon ‘that

o Paz, 182, = a¢z,+ﬁ¢z FORLI for Z1y z,EW

7 and z2=0 1mphes ¢:=0. . Conversely, if ¢z_>_0 then we have

B +((acy)””)>z (@y)™) - for 0=<w€R, O<yES~.
Thus, puttmg A= {z: z‘“(z)>z (z) €W}, we have
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A> 2 ay (wny)W

for every ﬁmte number of elements 0=z,€R, 0<y,,CS and real numbers

=0 (v=1,2,---,£). Furthermore we see easily that A is closed in :
W Consequently A contalns by the condition 4).all positive elements.
of W, that is, '

z* (z) =2 (?) - for ev_ery 0=zeW.

This relation yields 2~ = z*_# =0. Therefore ¢.=0 implies 2=0. Thus
we have ¢; =¢. if and only if =2 in W. :

WB?A LacaZo implies @z, laca¥z,

‘because, if W32, |is4% then we have obviously ¢ aea and for every
0<z€R, 0<y€eS we have

| e (@) = 2(@)") = ink 2 (@V)") = inf ¢, (@ 22
We also can prove likewise
- Cn ’Wamiic,l?, implies Iz Taca¥s, -

If we denote by W, the totality of those elements ze'W for Wh1ch s
is totally contmuous then we have obv1ous1y

WJBZM(%%)W ‘ R : gy

for every finite number of- elements 0<E,,EI? 0=<%,€S and real numbers
&, =0 (v=1,2,--5,5). If W,)z,t laeaZo, then we have (/zlllc,l([zo, as proved
just above, and hence W,3%, ~Since (#%)" (0=%€ R, 0<yCS) is positively
/fundamental in W, we conclude hence W,= W that is, ¢, is totally
continuous for every Zz€ w. | v
-We denote by W, the totality of those elements 7EW for - which
¢: is absolutely continuous. Then we have obviously (zy)" € W, for every
wER 7€ S, and hence W, is a complete semi-normal manifold of W, be-
cause (79" (0<m€R, 0<y€S) is positively fundamental in W by as-
‘sumptton Furthermore ¢:(z€W,) is obv10usly a linear mamfold of 1—3 x S.
For every z€ W, putting : :

5.,9) = @) for ®ER, yEST,

we obtain 11kew1se a totally contmuous bilinear functmnal P= on R and
S. su<:h that : :

. a‘a'zl +8 Z4 = ;5({5?;’."*‘ B¢z2 . for zl’_zle W’
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and we have $., =¢., if and only if z;>z{ :

- For a positive bilinear funectional & on F and S, if there is a positive
element a€ W such that $=<g,, then ¢ is obviously totally continuous,
and hence there exists by Theorem 5.6 a un1versally continuous positive
linear functional gon B xS such that

| e (my) = (acy)‘ for every sER, 7€S.
Since ¢z(z6 W, is a l1near mamfold of RxS putting | ,
' ¢(7) = «,b(qo,) L for every zeW,,

we obtain a positive llnear functmnal ¢ on VV0 Furthermore ¢ 1is “uni-
versally continuous, because Woaz,L Laea0 1mpl1es qnq 110 20, as proved
Jjust above, and hence

1nf ¢ (Z)) = 1nf & (¢z1) =0.
For this ¢, we have for ever‘y' .OS'@GIB OSQES

(@)Y = ¢(@7) = ¢@ ¥) = ¢a(&Y) = (wy)‘”(a)

S1nce (@y)" (0<wmER, 0<yC S) is pos1t1vely fundamental in Wo, wée con-
clude hence ’

0= < ¢(z) = z(a) for every 0=ze€ Wo

S1nce Wo is a complete semi- -normal manifold of W, we can hence extend'
¢ un1versally contmuous over W such that '

0<¢(z)<z(a) l:'or every 0oszeW.

Thus there exists beW such that O<b<a and \
) @ =20 ~ for every z€ W.

For this bEW we have
o (, y)_( )W(b) ¢((wy)W) ¢ (%)

for every zER, yGS that is, Ps=. Therefore goz(zC W) is. a seml—
normal manifold of R,S. . , : : »_

. Since R is 1somorph1c to a complete seml-normal mamfold of. lR
by -the correspondence R>xz— wFER, mR(ao)—oc(x) for m€R, and S is
isomorphic to a complete semi-normal ° ‘manifold of S by the corres-
pondence S3y—y seS, ¥’'@)=u(y) for €S, we see easily by Theorems
1.8 and 5.5 that Payyw O=TwER, O<y€S) is pos1t1vely fundamenta.l in

R, S and hence ¢= (z€ W) 1s a complete sem1~normal mamfold of E,S.
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Thus we can state that if a product space W of R . and S is normal
by a product correspondence (2y)*€ W (z€ R, y€S), then W is isomorphic
to a complete semi-normal manifold of E,S by a correspondence
W32—5.€R,S, ¢.,#®7) =5®)7(y) for z€R, yeS, me R, es.

Conversely, if a product space W of R and S by a product corres-
pondence (wy)WeW(xCR y€S) is isomorphic to a complete semi-normal
'manifold of R,Sbhya correspondence Waz——»;oze R,5, Payy? @ ¥) =% (2)4(Y)
for z€R, ye s, € R, y€S, then, since R S is by Theorem 5.7 1somorphlc
to the con;;ugate space - Eé??é‘ of RxS by a correspondence

R,», 9¢—+¢RX°ERXS Rx¢(wy) = gp(w,y) for zER, y€ES,
R x S is isomorphic te‘a complete semi-normal manifold of ‘the conjugate
space W of W by a correspondence B x Sy¢—Z,€W, §2*5(¢)=%(2) for
¢eEE xS, zeW. Thus putting (a&7)"=2;; for TR, 7ES, we see easily
that ‘W is a product space of R and'S by this correspondernce (xy)WE’W
(meR yES) and we have for every z€R, yeS

(@) (@) = 2y (@)”) = §E5 (37) = Py (@, 4) = w(x)y(y)
Therefore the product space W is normal by definition. Now we can
state : , : : :
' Theorem 7.1. A 'product space W of R and Sty a produ_ctga _corre’s.-
pondence Ca:y)WE W (x€R, y€S) is normal if and only if W is isomorphic
toa complete semi- norma,l mam fold of . B, S S by a correspmzdence Wsz—p.€ R S

SD(mJ)W('” ¥)= w(w)y(y) - for wER yES.

For each ng Yy€e S, denotlng by Ty a blhnear functlonal on R‘
and S such that

o (5, ) = 5(2) W)  for meR, yE€S,
we see easﬂy by Theorems 1 8 and 5.5 that xy (0<xER 0=<y€eSl) is posi-
tively fundamental in R,S. Thus .S ,S is a product space of R and S

by a product correspondence xy (xER y€S) and furthermore. normal
by Theorem 7.1. This product space R,S is called the upper product
space of R and S, and denoted by RS '

- For the upper product space RS, the totahty of those elements
2€ RS for which we can find 0<z€R and 0<y€S such that z<zy, con-
stitutes obv1ously a complete seml-normal manifold of RS which is by
Theorem 7.1 a normal product space of R and S. This product space
is. called the lower product space of R and S, and denoted by RxS.




200 ~ ' 4 H. Nakano

With this definition, we see -at once that every hormal-.product SpaCe
of R and S is isomorphic to a complete semi-normal manifold of the
upper product space which includes the lower product space..

Theorem 1. 2. R,S is isomorphic to the C(mjugate space R x S of the
lower product space Rx S by a correspondence

RSB¢—>¢R’<SCR><S - ¢S (y) = <p(x,y) for xCR yCS‘

Pfroof For 0=<¢€R,S and O<yCS we obtain a unlversally con-
tinuous posxtwe linear functional ¢(x,y) (xE R) on R, and hence putting

" S (%, y)—supco(x,y) for xeR zeR,

x-:.l!\

and for an arbitrary" yES 7 |
OFS(B,9) = ¢B5(E, ") — ¢ B (Fy)
we obtain a umversally contlnuous pos1t1ve blhnear functlonal ¢R S on

R and S. From this ¢®% we obtain likewise a umversally contlnuous
positive bilinear functwnal ¢®% on R and S such that

¢§§(:c3,y§)~—¢(x y) L fo:r z€ER, yES

Since wﬁ(0<xCR) is posxtwely fundamental in R, and »°(0< yeS) is
pos1t1vely fundamental in §, we see easily that we have RS>y if
and only 1f ¢1>¢n and ¢a laea0 lmplles (fa huO Thus_ (Da,laeAqJ
implies ¢%° | 1c4¢®, and ¢ilie,¢ implies ¢551,c,¢%7. Denoting by
A the totality of those blhnear func'aonals 0=<¢€R,S for which ¢% 8 ,"
totally contmuous, we have hence ‘that Az, 116 AquRS 1mphes anA

7’

and Aa«z,l IMA(peRS 1mphes ¢€A. Furthermore we have A3 Za,,m,,y,,‘

for every finite number of elements O<wyGR 0<7,€SN, and numbers
=0 (u—l 2, - w,) because

(@9)%S = &ty .. for 0<wER O<y€S.\

Thus A4 contams by Theorem 5.5 all 0<¢€R,S, that is, (pR S is totally

continuous for every 0<(pER R,S.. Therefore there exists by Theorem
5.6 a umversally contmuous posn:lve linear functlonal ¢ B%S on .ﬁ x S such
that '

gx°(§27)—’¢ﬁ§(x %) for xER yES

Since R>< SC R x SC RS by deﬁmt1on, for each cpER S there exists. hence
¢"*%.¢ Rx S such that -
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R"S(:vy)—-qc(x y) r \for rE€ER, yeS.

Furthermore we can prove likewise as in Proof of Theorem 5.7 that
¢**S(¢€R,S) coincides with ExS.

For each zé Ex S we obtain 285§ x R, as proved Just above. -Thus

R.S is isomorphic to the upper product space_RS = R, S of R and S by
a correspondence ‘ : ‘

R R,S35¢—¢® S‘GR 5, ¢® @%y)=¢(xy) for weR, yeS.

Consequently R xS is by definition isomorphic to the lower product
space of B and §. Thus we can state-

Theorem 7.3. R,S is isomorphic to the ‘upper product space RS of R
and S and R xS is zsomorphzc to the lower product space of B.and S.

Theorrem 74. If & product space W of R and S is normal, then the
conjugate space. W of W also is a normal product space of I. omd S.

Proof. If a product space W of R and S is normal, then W is by
Theorem 7.1 isomorphic to a complete semi-normal manifold of the upper
product space RS which includes the lower product space BxS. Thus
the con;ugate space W is isomorphic to a complete" semi- normal mani-

fold of tee conjugate space RxS of BRxS, and hence w is norma.l by
Theoremr 7. 1 and 7.2. '

'§8. Product norms

Let R and S be ‘normed lattice ordered linear spaces. A bi‘\inear
funetional gaeR R,S on R and S is said to be norm bounded, if

sup |¢|(fvy)<+oo - (xeR, yefl).

Jlzfj£1,] ylis1
The totality of‘ norm 'bounded v€R, 2, S is _called the norm biassociated
space of R and S, and denoted by RS . It is obvious that R,S' ie a semi-
normal mamfold of R,S. For each ¢eRS" we _define the norm lloll as

el = = sup L(vl(x y) (xER yES)

_ "With thlS deﬁmtlon, we see easﬂy that R, RS is a normed semi-
ordered linear space. .

Theorem 8.1. The norm of R,S" is universally semi-continuous and
universally monotone complete, : .
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Proof. 1 0=¢:1icxr ©:€R8 (1€4) and
o supfledi< e,
A4 ,

_then we_have obviously ’ | o
sup¢l(w,y)<+oo ~ for 0<zeR, 0<yEeSs,

and hence there ex1sts by Theorem 1 29 CR RS for whlch iz Tac/1<0 eR,S.
For such ¢€ R S since . , . :

(%y)—supm(xy)  for 0<szER, 0=<yeS,

we have <o(x,y)<supllcpau for H:v][<1 llyl|=1, and consequently
llell <supllesll, ¢€RS' .
AcA :

Thus the norm of R,S is un‘i\‘rers'alvly monotone complete. Further-
more, it is obvious that [l¢||=]|¢al] for every 1€4; and hence ||¢| =
sup[lqp‘all ~ Thus the norm’ on R,S' is universally semi-continuous |
Ac

Theorem 8.2. If both R omd S are norm complete together, then R,S'
comczdes with R,S. R :

" Proof. If 0=¢€R,S and ¢(z,,y,)=2", 0=x,€R, 0<y,€S, nx;u<1,
ly 1=1 (v=1, 2 --), then, since‘both B and S are norm complete by-
assumptlon, we can find 2€R, y€S such that ' AR

N

and we. have for every &= 1 2, -

<p(x,y)«£y§ 2y <0(wu, yu) =r

contradicting (p(x,y)< + o, Therefore every ¢ E?S’ is norm bounded.
~ Let two normed semi-ordered linear spaces R and S be semi-regular
and the norms bo complete and reﬁexwe that is,

llol =-supl@@|  for =€, weR,

llyll = suply(y)l ~ for yES yes

k)

-Since B and S are norm complete, every goCB S is norm bounded by
Theorem 8,2, Thus we can define a norm |jz|l,. on' the upper product
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sp}aceARS as )
lzll.= sup |2(z,7)] for Z€RS, z€ER, yES.,

NIGIESE lwy”<1

Thls norm [[z[lu(zeRS) will be called the upper norm. We see by Theo—_
rem 8.1 that the upper norm is universally semi- contmuous and uni-
versally monotone complete Furthermore we have

leyll=llll llyl] for z€R, yeS,

because the norms of R and S are reflexive by assumptlon The upper
norm also is reflexive. Because, for thé conjugate. space RS of RS and
the conjugate norm

H?H = zsop | 2(2)] ~ for zERS, 3€RS,
we have obviously ' | N R “
| 12} = ?E}Jlill) | 2(2)] L'fbr “zGRS, 2eRS .
On the other hand, for every a‘eeﬁ, 7€S, we have x7€RS as
| - ®7(2) = 2(®7) " for zePs,
and we have by the deﬁmtlon of the upper norm Hzﬂ

lzyll = sup Iz(w,y) 1= ENEIR

Thus we obtain - | o
sup lé(Z)'l = sup |2(m,8)| = |2l -
1zl <l iz <1, )|gll<1 .
Therefore we have ‘ : .
llzll, = sup |2 (2)] for zcRS, 2€RS,

that 1s, the upper norm is reﬁexwe
Since R andS are norm complete by assumptlon, every ¢€cR,S is
norm bounded by Theorem 8.2, that is, R, R,S also. is a normed semi-
ordered hnear space.’ bmce R, R,S is isomorphie to the conJugate space
B x R xS of the lower product space Rx S, we can define a norm |[z2{|; on the
lower product space Rx S as the conJugate norm from R,S:
“Z”z = Sup [¢®%(@)  (z€Rx S, ¢ €R,S)

‘

for the isoinorphm- correspond‘ence m acﬁ——,—»qakxng xS,
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¢R%S(xy)':; ¢ (x,9) - for =z€R, yGS :
This norm |jzl,(2€ R x 8) will be called the lower norm. The lower norm
llzll,(z€ Rx S) is reflexive, because it. is defined as the conjugate norm
from R,S, and Rx S is lsomorphlc to a comp]ete semi-normal mamfold
of the con;ugate space ‘R,S of- R S Furthermore we have v

| nyu, = llallllyll  for zER, yeS,
because we have obv1ously by definition | ’ A

nyllz = supl @, Y| = |z Hlyll

sup lo(x,9) | = sup | (@) y('u)l = IE4] HyH

since ny[} = ||z]] ||¥]| by definition. :

Now we consider a normal prodiict space W of R and-S. Since
W is by Theorem 7.1 isomorphic to a’complete semi-normal manifold'
of the upper product space RS including the lower product space Ex S.
Thus we can assume without loss of generahty that W is a semi-normal
manifold of RS and :

RxSC WC RS
A norm Hzll(zCW) on W 1s sald to be a product norm, if
Hw?/[l—lleHyH ‘ : for -’JGER yES

W1th this definition, it is obvious that both the upper norm and
the lower norm are product norms, And we have -

. Izl < 2]l - for 2ERxS,
because: we” have by definition ‘ o
lzll: = sup | ¢**(@)| >§;19 2@ 9
| ‘gmﬁs]up’qlz(m, D =2l .

Recalhng Theoremr 7. 2 and q. 3 we have obv1ously by deﬁmtlon

o Thearem 8. 3 The ‘upper norm on RS i3 the congugate norm: of the Zower
norm on B x S the upper norm on BS is the congugate norm of the' lo'we'r norm
on RxS. ' ‘

For a product norm ]tzl}(ze,W-),'_'the norm- cenjugate space W' of
W may be considered as a complete semi-normal manifold of the upper
product space BS, and we have for the conjugate norm |z|[(zeW)
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!zH = 8up lz(Z)l >§;1p]l2(wy)l> J{tfslu'p 1Z2(@xy)| = || 2{] -
Thus, if the conJugate norm | z|| (Z€'W) also is a product norm from R
and S then we.have by the same reason ‘ ;

Hz[l>suplz(z)i>|}z]l o for zew.

Converse]y, if HzH>HzHu for zeW then we obtain by Theorem 83 for
every zeRx S - -

nzll, = sup |2(2)] >sup| 2@)| = zll ,

and "uzn‘_‘guéuu for. z€W, as proved just above. Thus we have
&) 17 = ||1z7]], = ||77]] = > &gl = (|| 1|71] ,

and hence" Hacyll-—Hw[lHyH, that is, ||z]|(zeW") is a product norm from B

and S.. Therefore ‘we can state ' ‘

Theorem 8.4. The comugate norm of a product norm Hzll(ze W) 8
a product norm from B and S if and only if

lzll=lzll. fm‘ zeW,
‘and then Sor the conjngate norm ||z|| (zeW'") we have _
llzllz>ll?‘ll>llz|lu fOT 26[3X§

Theorem 8. 5 For' a normal p'roduct space W of R and S, zf there is a
complete norm |z||(ze W) on W, then there exists a product norm Hsz on W
such -that Hzﬂlg]]z[]p>llzllu Jor every ze Rx S, [|z||,(ze W) is reﬂemve and
every 2€W is norm bounded by this norm ||zll,.

Proof. As the norm []zll(ze W) is complete by assumptlon we can
ﬁnd a>0 such that : : :

' al}z(|>[|z||u E for zEW
For such a>0, puttmg lzll« =a|lz|], we obtain a norm |jzl|. on W, and

for the conJugate norm [z||.(ZeW) of ||z]l. (z€ W) we have by definition -
that W DR xS and

H?‘l =zl for éeﬁxg

Putting Ilzllp—~Max{[J Loss Up”,,} for zeW, We ‘obtain a norm ”?Hp on W
such that - '

C E=E, = nzu, for 2eExS.
Thus ||z]],(zeW) 1s a product norm from I and S, and equwalent to



206 . - L H. »Nakaho

the norm ||zl (W) . Because we have obvxously ;
Tzl < 1z, o for | zeW

and s1nce the conjugate norm |}z{|. (Z€&! W ) is monotone complete, we can
find B>0 su.ch that Bl]z]la _>_[|?l]p for zeW . Therefore, putting

Il = sup Iz(z)l | for W,
, S 2l p=1
we obtain a product norm llz], on w such that ’
llzllu_}IZJ!p<llz}|z for 2eRxS,

and it is obvious that this norm (2|, (z€& W) 1s reﬂexwe and every G_W
is norm bounded by Hzl}p (ze W) o

§9. Product modulars

Let. R and S be modulared semi-ordered linear spaces, and- both

R and S ware universally continuous. A bilinear funetlonal ¢€/\S is
said to be modular bounded, if

sup ¢ (x, y)< + oo for xER' yeSs,.

m(x)<1 m{y)E1
that is, 1f ¢ is norm bounded for the second norm- (Il ]l (z€ R) and wll
(yeS). With this definition, we can prove easily

-Theorem -9.1. In orolefr that a bilinear functional ¢ ER S be moolulwr
_ bounded, it is mecessary and sufficient that we can find two posztwe numbers
a and ¥ such that

a}qo (x,y)<7+~#~(m(x)+m(y)) | for’ meR yeS

The totahty of modular bounded blhnear functtonals tpER S 1s called
the modular bwssoczated space of R and S, and denoted by R, S . For.
each (OEP S we deﬁne the modular m(cp) as

m((p) Sup {qo(x Y)— (m(w)+m(y))}

‘With this deﬁnltlon, we see easily that R S is a monotone complete
modulared semi-ordered linear space. '
" By virtue of Theorem 8.2, we obtam immediately ; f
| Theorem 9. 2 If both R cmd S are modular complete, then R, RS comczdes
with B;S. . : ;
Let' two modulared semi-ordered hnear space R and S be semi-



Product Spaces of Semi-Ordered Linear Spaces ' - 207

regular and modular complete. . Since B and S are modular complete,
‘every (pER S is modular bounded by Theorem 9.2. Thus we can find
a modular mu(z) on the upper product Space RS as .

| mu(z) = sup {z('t: y)———~—(m(oc)+m(y)) }

’ TCR,ICET
ThlS ‘modular m, will be called the wupper modular. Coucerning the

upper modular m,(?) (z€ BS) we have
’ 1

mie)S Lm@en@)  for sk, yes,

because we have by definition

sup {z (x)y(y)—f«m(mm(y»}

m,(xy) =

xe

= sup {(@ ®+m(@) (m(y>>+ my) = 5 (m(w)+m(y)) }

<> fm (@) +m@)} .

Smce R and S are modular complete by assumptlon, every (oeR S
is modular bounded by Theorem 9.2, tha_t is, _R,S also is a modulared
semi-ordered linear«space. Since R,S is isOmorphic to the conjugate
space R xS of the lower product space R xS, we can find a modular
m, on the lower product space R x S as the conjugate modular from E,S:

m,(2) = sup {¢"5(2)—m(¢)} - - (zERxS) :
. PER.S .
for the 1somorphlc correspondence R,S ae—w”’“ eRxS,
J'*"'g(c::y)—qo(:z;,y) . for z€R, yES’

This modular m, will be called the lower moolular Concerning the lower
modular ml, we also have

| m,(xy)< ; {"l’b(illa')—l-"l??,(:tl‘)}2 - for =z€R, yéSv,

because wo have by the definition of 7(¢) (¢ €R,S)

K4 R

 ing(xy) = sup {qa(x y)-m(q))} ; {m(w)+m(y)}

PER,S |
Let W be a normal product space of R and S, and R><SC WC RS’
A modular m on W is said to be a product modular, if

'm(xy)<%{ (az;)—l—m(y)} ~ for zeR, yes.,
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.~ With this definition, we have ‘obviously that both the: upper. and:
the lower modular are product moddulars,,the upper modular on RS
is the conjugate modular of the lower modular on B xS, and the upper
modular on ES is the conjugate modular of the lower modular on R xS,

Let m(2) (z€ W) be a product modular on W, Since the modular
conjugate space Wm of W may be considered as a complete semi-normal
manifold of the upper product space ES; we have for the conjugate
modular #.(z) (z€ W™) ‘ | - o

v_ 775(5’) = félu? {é(zjfm(z)} ersélfes{ﬁ(x,y)%m(xy)j} -
o L ) sy s
=, ggf@s{ 2@ ) — 5 @) +m@)) = m.()

for every 2éWm, and henge for everyreRxS '
m(z)— sup z(z) m(z)} < sup {z(z) —mu(z)} = m,(z) ;

Conversely, if m(z)<m,(z) for zeRxS then we have- 0bv1ously ior re R,

m (xy) Sm,(zy) = ; {m(m)-i—m(y)}

Therefore ‘we can state N L

- Theorem 9.3. A modular m(2) (z€ W) 8 a pfroduct modulafr, af omd
only if m(z)<m,;(z) for zeRxS.

From this Theorem 9.3 we conclude 1mmed1ate]y

Theorem 9.4. The conjugate modular of m(z) (z€ W) is @ product modular
Srom B and S, if and only if m(2)=m.,(2) for z€ W,

§10. Fubini operatbrs o

Let R and S be semi- regular, and W 1 normal product space of
R and S. Since W is by Theorem 7.1 1somorphic to a complete semi-
normal manifold of the upper product space RS 1nclud1ng the lower
product space Rx S, we can assume R xSC WC RS. - For every. b€ S,
a linear operator F from W into R is said: ’co be a Fubbm ‘operator on
W mto R by b 1f F is un1versally contlnuous and

R Ffb-xy = b(y}x | | for every mER yeS

Such a llnear operator F; is determined umquely, because xy (O<x€R
0=<yeS) is positively fundamental. in w,
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Concerning Fubini operators F (bES) ‘we have obv1ously by de-
ﬁmtxon : ~ :
A | FBZ,W_.;;F +7F, for" b,c€S,
and we have F >0 if and only if b>0 , | : -
~Theorem 10.1.  For-a linear operator T on W mto R zf T 8 umvereally
contmuous and for any x€R, yeS there exists a real number “a,, such that

Txy= a,,x, then T is a Fubini operator.
Proof. For two hnearly independent elements x, ©.€ R, since

T (:v, +x1) y=Txy+Tzy,
we have a,,,. ., (x+x,) = Ay o %i + U o s, and hence
ey = O rayy = ey -

Thus «,, is independent from z€R. Therefore we can put a_,,—.a for
every z€R., Since :

Tx (By,+ em) = BTy +pTwy.,

we obtain ag,,,is,,, = B, +tt,,. Thus a, is a linear functlonal on S.
Furthermore recalhng Theorem 1 8, we see that « a, is un1versally con-
tinuous as a linear functional on S, because T is umversally continuous
by assumptlon Therefore T is a Fubini operator.
. Theorem 10.2. If R is reflexive, then for any normal product space of
R and S there exists the Fubini operator F on W into R for every bES.
Proof We need only prove that there exnsts the Fubini operator
F's on the upper product space RS into R for every 0=<beS. . Every
26RS - may be considered by definition a totally continuous bilinear
functlonal on B and S. Thus, puttmg

%@®) = 2@, b) - for wER

we obtain a universally continuous hnear functlonal Z; on R. ance R
is reflexive by _assumptlon there exists then unlquely z,€ R for which

oc(x) = 2@, b for every zFER,

and puttmg Flz=— z, for every 2& RS, we obtain a universally continuous
linear Operator F,, on RS into R. Furthermore we have for every weR

z (Fyey) = oo(x) b(y) = m(b (»)x),

and hence Fbmy Z(y)x Therefore Fs is the Fubini operator on RS into
R by b. ) ‘
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/

Theorem 10.3.  For every beS, there exists the Fubini operator F'5 on
the lower product spuce "RxS into R by b.

Proof. By virtue of Theorem 10.2, there exists the Fubini operator .
F's on the upper product space RS for every &eS. Since R is isomorphic
to B, and R is isomorphic to a complete semi-normal manifold of R,
we can consider that RS coincides with RS and R is a complete semi-
normrl manifold of R. Then for each 0<2€ Rx S, we can find OxweR
0<ye€S, such that z<zy, and for every 0<beS we have

Fie<Fsxy = b(y)x€ER.

Thus we have F2€R for every 2€ RxS. Therefore there ex1sts the
Fublnl operator F; on Rx S for every bES: :
For a linear operator 7 on R into S, puttmg

%(w ¥) =¥ (Tx) | for xER yes,

we obain a bilinear functional ¢, on R and S. If ¢, is singular as
a bilinear functional, then T is said to be singular. '

With this definition we have B

Theorem 10.4. Every Fubmz opemtor F,, on a normal product space
W is singular. = . ' ,

Proof. By virtue of Theorem 2.5, we need only consider Fublm

operators on the upper product space ‘RS. As proved in Proof of
Theorem 102 we have o :

z(w b)—ac(F,,z) B for acGR zERS

Putting <o(z oc) = z(#,b) for m€ER, 2€RS, we . obtain by Theorem 6.2 a
singular bilinear functional ¢ on RS and B. Therefore the Fublm
operator F%.is singular by definition.

‘We also define likewise Fublm operators F,, on W 1nto S by aER‘
Then we have for every ze W

a (F2) = 2(a, b) = b(F 2),
as proved in Proof of Theorem 10.2. Therefore we have

Theorem 10.5. For Fubini operators F, on W into S by aER cmd F,,
on. w mto R by b€S, we have ' . -

@ (Fy2) = B(F.2) for every _zGW.



