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PRODUCT SPACES OF SEMI-ORDERED
LINEAR SPACES

By

Hidegor\^o NAKANO

Let $R$ and $S$ be two universally continuous semi-ordered linear
spaces.i) A bilinear functional $\varphi(x, y)\backslash (x\subset R, y\in S)$ is said to be bounded,
if for any $0\leqq a\in R,$ $0\leqq b\in S$ we have

$sup\sum_{\nu.\mu}|\varphi(x_{\nu}, y_{1t})|<+\infty$

for $\sum_{\nu-1}^{\kappa}x_{\nu}=a,\sum_{\mu\approx 1}^{\rho}y_{\mu}=b,$
$0\leqq x_{\nu}.\in R,$

$0\leqq y_{\mu}\in S(\nu=1,2, \cdots, r_{\nu} ; /4=1,2, \cdots, \rho)$ .
The totality of bounded bilinear functionals $\varphi$ on $R$ and $S$ constitutes
a universally continuous semi-ordered linear space if we define $\varphi\geqq\psi$

to mean $\varphi(x, y)\geqq\psi(x,y)$ for every $0\leqq x\in R,$ $0\leqq y\in S$. For the conjugate
spaces’) $\overline{R}$ and $\overline{S}$ of $R$ and $S$ respectively, putting

$\overline{x}\overline{y}(x, y)=$ oo $(x)y\Leftrightarrow(y)$ . for $x\in R,$ $y\in S,\overline{x}\in\overline{R}$ , $\overline{y}C.\overline{S}$ ,

we obtain bounded bilinear functionals $\overline{x}\overline{y}$ on $R$ and $S$ for every $x\in R$,
$\overline{y}\in S\leftarrow$ . A bilinear functional $\varphi$ on $R$ and $S$ is said to be singular, if $\varphi$

is orthogonal to every $\overline{x}\overline{y}$ for $\overline{x}\in\overline{R},\overline{y}\in\overline{S}$ , that is, if $|\varphi|_{\cap}\overline{xy}=0$ for every
$\overline{x}\in\overline{R},$ $y\in\overline{S}=$ . A bilinear functional $\varphi$ on $R$ and $S$ is said $t\acute{o}^{f}$ be totally
continuous, if $\varphi$ is orthogonal to all singular bilinear functionals.

A bilinear functional $\varphi$ on $R$ and $S$ is said to be universauy continu-
ous, if $\varphi$ is bounded and $\varphi(x, y)$ is universally continuous3) as a linear
functional on $R$ for every fixed $y\in S$ and on $S$ for every fixed $x\in R$.
We shall prove: a universauy $cont^{l}inu\sigma us$ hilinear functional $\varphi$

(

on $R$ and $S$

is totally cmtinuous if and only if $0\leqq a_{\nu}\leqq a(\iota’=1,2, \cdots)$ , s-$\lim a_{\nu}=0^{4)}$ in $R$

1) A semi-ordered linear space $R$ is said to be unwersally continuous, if for any
system of positive elements $al\in R(\lambda\in\Lambda)$ there exists $\cap a\lambda$ .

$leA$

2) Let $R$ be a universally continuous semi-ordered linear space. A linear functional $\varphi$

on $R$ is said to be $un\dot{w}$ersally contireuous, if $ R\ni xx\downarrow$ a $e\Lambda 0$ iMplies $\inf_{\lambda C\Lambda}|\varphi(xa)|=0$ . The
totality of universally continuous linear functional on $R$ is called the conjugate space of
$R$ and denoted by $\overline{\Gamma i}$ .

. 3) $c$ . $f$. $2$).
4) s- $\lim a_{\nu}=0$ means that every subsequence from $a\nu(\nu=1,2,\cdots)$ contains a subsequence

$ a_{\nu_{\mu}}(\mu=1,2,)\nu\rightarrow\infty\ldots$ such that $\lim_{\mu\rightarrow\infty}a_{\nu_{\mu}}=0$ .
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imphes $\lim_{\nu\rightarrow\infty}\varphi(a_{\nu},y)=0$ , considering $\varphi(a,y)$ as elements of the conjugate

space $\overline{S}$ .
For a universally $conti\iota iuous$ semi-ordered linear space $W$, if there

ex.ists a corresponpence: $(xy)^{W}\in W$ for every $x\in R$ and $y\in S$ , such that
$(xy)^{f7^{\prime}}$ is bilinear for $x\in R$ and $y\in S$, universally continuous for $x\in R$ and
$y\in S$ , and every order closed manifold of $W$ containing all $\sum_{\nu=1}^{\kappa}a_{\nu}(x_{\nu}y_{\nu})^{W}$

for every finite number of $0\leqq x_{\nu}\in R,$ $0\leqq y_{\nu}\subseteq S,$ $a_{\nu}\geqq 0(\nu=1,2, \cdots, \kappa)\backslash $ in-
cludes all $posit\ddagger ve$ elements of $W$ , then $W$ is said to be a $\Psi duct$ space
of $R$ and $S$ by the prduct correspondence: $(xy)^{\prime 7}\in W(x\in R, y\in S)$ .

A product space $W$ of $Ran\dot{d}S$ by a product correspondence
$(xy)^{W}\in W(x\in R, y\in S)$ is said to be normal, if the conjugate space-W of
$W$ is a Product space of the conjugate spaces $\cdot$

$\overline{R\cdot}$ and $\overline{S}$ by a product
correspondence $(\overline{x}\overline{y})^{\overline{W}}\in\dagger\overline{W}(\overline{x}\in\overline{R},\overline{y}\in\overline{S})$ such that

$(\overline{xy})^{\overline{W}}((xy)^{W})=\overline{x}(x)\overline{y}(y)$ .
If both $R$ and $S$ are $semi- regular^{5)}$ , then the .totality of totally con-
$tinuo\iota\iota s$ bilinear functionals on $\overline{R}$ and $\overline{S}$ is a normal product space of.
$R$ and $S$ by a product correspondence:

$w(\overline{x},\overline{y})=\overline{x}(x)\overline{y}(y)$ for $\overline{x}\in\overline{R},\hat{y}\in\overline{S},$ $x\in R,$ $y\in S$ .
This product space is called the $\cdot$ upper product space of $R$ and $S$ and
denoted by $RS$. The totality of elements $z$ of $RS$ for which we can
find $0\leqq x\in R,$ $0\leqq y\in S$ such that $|z|\leqq xy$ , also constitutes a normal product
space of $R$ and $S$. This product spacq is called the lower product space
of $R$ and $S$ and denoted by $R\times S$ . We shall prove: a $\psi duct$ space $W$

of $/R$ and $S$ is numal if and only if $W$ is isomorphic to a semi-numal
manifold6) of the upper procl uct space $RS$ such that $(xy)^{W}$ corresponds to
$xy\in RS$ .

For a normal product space $W$ of $R$ and $S$, a linear operator $F_{\overline{b}}$

on $W$ into $R$ is said to be a Fubini operator by $\overline{b}\in S\leftarrow$ , if $F_{\overline{b}}$ is universally
continuous and

$F_{\overline{b}}(xy)^{W}=\overline{b}(y)x$ for every $x\in R_{i}y\in S$ .
If both $R$ and $S$ are reflexive7), then for every $\overline{b}\in\overline{S}$ there exists the

5) A univerrally continuous semi-ordered linear space $R$ is said to be semi-regular, if
for every $0\neq a\in R$ there exists a universally continuous linear functional $\varphi$ on $R$ such that
$\varphi(a)\neq 0$ .

6) A linear manifold $S$ of a lattice ordered linear space $R$ is said to be semi-normal,
if $a\in S,$ $|b|\leqq|a|$ implies $b\in S$ .

7) A universally continuous semi-ordered linear space $R$ is said to be reflexive, if $R$

may be considered Is the conjugate space $\frac{\simeq}{Ji}$ of $\overline{R}$ .
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Fubini operator $F_{\overline{b}}$ on $W$ into $R$, and for the Fibini operator $F_{\overline{\alpha}}$ on $W$

into $S$ by $\overline{a}\in\overline{R}$ we have
$\overline{\sigma}(F_{\overline{\partial}}z)=b(F_{\overline{a}}z)\leftarrow$ for every $z\in W$ .

Furthermore we shall prove that the biihnear functional on $W$ and $\overline{R}$

$\varphi(z,\overline{x})=\overline{x}(F_{\overline{b}}z)$ for $z\in W,\overline{x}$ C- $\overline{\overline{R}}$ ,

is srngular for the $Fu_{J}^{b}ini$ operator $F_{\overline{b}}$ by every $\overline{b}\in\overline{S}$ .
Let $R$ and $S$ be normed semi-ordered linear spaces. A norm on

a product space $W$ of $R$ and $S$ is said to be a product norm, if
$||(xy)^{W}||=||x||||y||$ for $x\in R,$ $y\in S$ .

For the upper product space $RS$, we obtain a product norm
$||z||_{u}=$ $sup|z(\overline{x},\overline{y})$ [ for $\overline{x}\in\overline{R},\overline{y}\in\overline{S}$ ,

$\overline{x}e\hslash,ges$

which will be called the upper $n\grave{\sigma}m$ . For a product norm on a normal
product space $W$, its conjugate norm on the conjugate space $\overline{W}$ is a
product norm from $\overline{R}$. and $\overline{S}$ , if and only if $||z||\geqq||\dot{\emptyset}\# u$ for $z\in W$. For
a normal product space $W$, if there exists a complete reflexive8) norm
on $W$ , then there exists a complete seflexive product norm on $W$, which
is equivalent to the former.

Let $R$ and $S$ be modulared semi-ordered linear spaces. A modular
$m$ on a normal product space $W$ is said to be a product moclular, if

$m((xy)^{W})\leqq\frac{1}{2}\{m(x)+m(y)\}^{2}$ for $x\in R,$ $y\in S$.
For the conjugate modulars $\overline{m}$ on $\overline{R}$ and $\overline{S}$ , putting

$m_{u}(z)=\sup_{s\overline{x}C\prime\hslash}\{z(\overline{x},\overline{y})-\frac{1}{2}\{\overline{m}(\overline{x})+\overline{m}(\overline{y})\}^{2}\}$ ,
$c$

we obtain a product modular on the upper product space $RS$. This
product modular is called the upper modular. For the upper modular
of the upper product space $\overline{R}\overline{S}$ of the conjugate spaces $\overline{R}$ and $\vec{S}$ , as its
conjugate moduIar

$m_{1}(z)=\sup_{\overline{z}C- IiS}\{\overline{z}(z)-m_{u}(\overline{z})\}$ . for $z\in R\times S$ ,

8) A norm $\Vert x\Vert$ on a universally continuous semi-ordered linear space $R$ is said to be
$reflex\dot{w}e$, if for the conjugate $\S pace_{\sigma}\overline{R.}$ of $R$ and the conjugate norm

$\Vert_{\overline{l}}\Vert=\sup_{\Rightarrow}||x|<1|.\overline{x}(x)|$ for $\overline{x}\in\overline{R},$ $x\in R$,

we have $\Vert x\Vert=up\int^{\frac{s}{x}}|\leqq l|\overline{x}(x)|$ for every $x\in R$.
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we obtain a product modular on the lower product spaee $R\times S$ , which
will be call ed the lower modular. A moclular $m$ on $a$ opwmel product $s\varphi au$

$W$ is a product modular, if and only if $m(z)\leqq m_{1}(z)$ for $z\in R\times S$, and its
$c\sigma ngugate$ modular is a product modular fron $\overline{R}$ and $\overline{S}$ , if and only if $ m(z)\geqq$

$m_{u}(\grave{z})f\sigma rz\in W$.
In this paper we shall make. use of the notations in the book:

H. NAKANO, Modulared semi-ordered linear spaces, Tokyo (1950). This
book will be denoted by MSLS.

\S 1. Bounded bilinear functionals

Let $R$ and $S$ be two lattice ordered linear spaces. A functional
$\varphi(x, y)(x\in R, y\in S)$ is said to be bilinear; if

$\varphi(x_{1}+x_{2}, y)=\varphi(x_{1},..y)+\varphi(x_{-},.y)$ ,

$\varphi(x, y_{1}-\vdash y_{d},)=\varphi(x, y_{1},)+\varphi(x, y_{\lrcorner}?)$ ,

$\varphi(ax, y)=\varphi(x, (ay)=\alpha\varphi(x, y)$

. 1

for every real number $|a$ .
A bilinear functional $\varphi$ on $R$ and $S$ is said to be bounded, if for

every $0\neq a\in R=’ 0\leqq b\in S$ we have

$sup\sum_{\nu.\mu}|\varphi(x_{\nu}, y_{\mu})|<+\infty$

, 1$-\iota$

for $\sum_{\nu-1}^{n}x_{\nu}=a,$ $0\leqq x_{\nu}\in\acute{R},\sum_{\mu\leftarrow 1}^{\rho}y_{\mu}\subset b,$ $0\leqq y_{\mu}\in S,$ $\kappa,$ $P=1,2,$ $\cdots$ .
The totabty of bounded’ bilinear functionals $\cdot$ on $R$ and $S$ is called

the biassociaXed space of $R$ and $S$, and denoted by $\overline{R,S.}$ The biassociated
space $\overline{R,S}$ constitutes obviously a linear space by the relation:

, $(a\varphi+\beta\psi)(x, y)=t\alpha\varphi(x, y)+\beta\psi(x, y)$

,

for $\varphi,$

$\psi\in\overline{R,S};,\varphi\in R_{j}y\in S$. For two bilinear functionals $\varphi,$

$\psi\in\overline{R,S}$ we
define $\varphi\geqq\psi$ to, mean

$\varphi(x, y)\geqq\psi(x, y)$ for $0\leqq x\in R,$ $0\leqq y\in S$ .
With this .definition we have

$t$

Theorem 1.1, The $b\dot{\iota}associated$ space $\overline{R,S}$ is a universally continuous
$s_{\vee}emi-\sigma rdered.hnear$ space, and for $e\iota\cdot ery$ $\varphi,$

$\psi\in\overline{R,S},$ $0\leqq x\in R,$ $|0\leqq y\in S$ we have

$\varphi\psi(x,y)=\sup\cdot\sum_{\nu,\mu}$ Max $\{\varphi(x_{\nu},y_{\mu}), \psi(x_{\nu},y_{\mu})\}-$ ,

$\varphi_{\cap}\psi(x, y)=$
$inf\sum_{\nu,\mu}$ Min $\{\varphi(x_{\nu},y_{u}), \psi(x_{\nu}, y_{\mu})\}$
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for $x=\sum_{\nu-\downarrow}^{l}x_{\nu},$ $y=\sum_{\mu\Leftrightarrow l}^{\rho}y_{\mu},$ $0\leqq x_{\nu}\in R,$ $0\leqq y_{\mu}\in S,$ $\kappa,$ $\rho=1,2,$ $\cdots$

1 $ $

$\overline{R,S}\ni t$ a $\uparrow\lambda C\sim\Lambda\varphi$ imphes

$\varphi(x, y)=\sup_{\lambda C\rightarrow\Lambda}\varphi_{l}(x, y)$ for $0\leqq x\in R,$ $0\leqq y\in S$,

and $\overline{R,S}\ni\varphi_{\lambda}\downarrow l\Theta\Lambda\varphi$ imphes

$\varphi(x, y)=\inf_{\lambda 6\Lambda}\varphi_{\lambda}(x, y)$ for $0\leqq x\in R,$ $0\leqq y\in S$.

Proof. For $0\leqq x\in R,$ $0\leqq y\in S$ , putting

$\omega(x, y)=\sup\sum_{\nu,\mu}$ Max $\{\varphi(x_{\nu},y_{\mu}), \psi(x_{\nu_{J}}, y_{\mu})\}$

/ for $x=\sum_{\nu-l}^{\kappa}x_{\nu},$ $y=\sum_{\mu\Leftrightarrow l}^{\rho}y_{\mu},$ $0\leqq x_{\nu}\in R,$ $0\leqq y_{\mu}\in S,$ $r_{v},$ $\rho=1,2,$ $\cdots$, we have obvi-
ously for every $a\geqq 0$

$\omega(ax,,\phi=\omega(x, ay)=\mathfrak{l}\alpha ca\langle x, y)$ .
For $0\leqq a$. $b\in R$, if $a+b=\sum_{\nu\Leftarrow 1}^{\kappa}c_{\nu},$ $0\leqq c_{\nu}\in R$ , then we can find $0\leqq a_{\nu}$ ,

$b_{\nu}\in R(\nu=1,2, \cdots, \kappa)$ such that

$a=\sum_{\nu\infty 1}^{*}a_{\nu},$ $b=\sum_{\nu-l}^{\kappa}b_{\nu},$ $c_{\nu}=a_{\nu}+b_{\nu^{9)}}$

..

and for $y=\sum_{\mu\approx 1}^{\rho}y_{\mu},$ $0\leqq y_{\mu}\in S$ we have

$\sum_{\nu,\mu}$ Sax $\{\varphi(c_{\nu}, y_{\mu}), \psi(c_{\nu}, y_{\mu})\}$

$\leqq\sum_{\nu,\mu}$ Max $\{\varphi(a_{\nu}, y_{\mu}), \psi(a_{\nu}, y_{\mu})\}+\sum_{\nu,\mu}{\rm Max}\{\varphi(b_{\nu}, y_{\mu}), \psi(b_{\ddot{\nu}}, y_{\mu,k})\}$

$\leqq\omega(a, y)+\omega(b, y)$ .
Thus we obtain $\omega(a+b, y)\leqq\omega(a, y)+\omega(b, y)$ . On the other hand, if

$a=\sum_{\nu<1}^{l}a_{\nu},$ $b=\sum_{l-1}^{\hslash^{\prime}}b_{\lambda}$ , $0\leqq a_{\nu},$ $b_{\lambda}\in R$ ,

$y=\sum_{-\mu 1}^{\rho}y_{\mu}-=\sum_{\eta-\iota}^{0^{\prime}}y_{\eta}^{\prime}$ , $0\leqq y_{\mu},$ $y_{\eta}^{;}C\neg S$ ,

then we can find $0\leqq z_{\mu,\eta}\in S$ such that

$y_{J^{\iota}}=\sum_{\rightarrow 1}^{\rho^{\prime}}z_{\mu.\eta}$ , $y_{\eta}^{\prime}=\sum_{\mu-I}^{\rho}z_{\mu,\eta}$ ,

9) Putting $a_{1}=a_{\cap}c_{1},$
$a\mu^{=}a_{\wedge}(\sum_{\nu=1}^{\mu}c_{\nu})-a_{-()}\sum_{\nu\approx 1}^{\mu\wedge 1}c_{\nu}(\mu=2,3, \cdots, \kappa),$ $b_{\nu}=c\nu^{-a_{\nu}}$ , we

have obviously $\sum_{\mu-1}^{\kappa}a_{\mu}=a_{\leftrightarrow}(\sum_{\nu-1}^{\kappa^{\prime}}C\nu)=a,\sum_{\nu=Y}^{\kappa}b_{\nu}=b$ .
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”

and we have 4

$\sum_{\nu.\mu}$ Max } $\varphi(a_{\nu},y_{\mu}),$ $\psi(a_{\nu}, y_{\mu})$ } $+\sum_{l,\eta}.{\rm Max}\{\phi(b_{\lambda},y_{\eta}^{\prime})\psi\backslash ,(b_{\lambda},y_{v}^{\prime})\}$

$\leqq\sum_{\nu,\mu.\eta},{\rm Max}\backslash $
$\{\varphi(a_{\nu},z_{\mu,\eta}), \psi(a_{\nu},z_{\mu,\eta})\}$

$+-\sum_{\lambda^{\prime},\mu}{\rm Max}\{\varphi(b_{R},z_{\mu,\eta}), \psi(b_{l},z_{\mu,\eta})\}\leqq\omega(a+b,y)$ .
Therefore we obtain $t$) $(a, y)+\omega(b,y)\leqq(U(a+b, y)$ . Consequently $W^{\backslash }e$ have

$co(a, y)+o(b, y)=\omega(a+b, y)$ .
for $0\leqq a,$ $b\in R,$ $0\leqq y\in S$ . We also can Prove likewise

$\omega(x, a)-\vdash\omega(x, b)=\omega(x, \alpha+b)$

for $0\leqq x\in R,$ $0\leqq a,b\in S$ .
For arbitrary elements $x\in R,$ $y\in S$, putting

$\omega(x,y)=\omega(\grave{x}^{+}, y^{+})+CU(x^{-},y^{-})-v(x^{+},y^{-})-\omega(x^{-},y^{+})$ ,

we see easily that ( $U$ is a bilinear functional on $R$ and $S$. Furthermore
it is evident that $0\geqq\varphi$ and $0\geqq\emptyset$ . For a bilinear function.al $\pi\in\overline{R_{!}S}$ , if
$\pi\geqq\varphi$ and $\pi\geqq\psi$ , then for

$x=\sum_{\nu=1}^{\kappa}x_{\nu},$ $y=\sum_{\mu-1}^{\rho}y_{\mu}$ , $0\leqq x_{\nu}\in R,$ $0\leqq y_{\mu}\in S$

we have obviously
$\sum_{\nu.\mu}^{\cdot}$ Max $\{\varphi(x_{\nu},y_{\mu}), \psi(x_{\nu},y_{\mu})\}\leqq\sum_{\nu,\mu}\pi(x_{\nu},y_{\mu})=\pi(x,y)$ ,

and $henoe_{\mathfrak{l}}\omega(x,y)_{\fallingdotseq}<\pi(x,y)$ for $0\leqq x\in R,$ $0\leqq y\in S$ . Thus we conclude $\omega=$

$\varphi\psi$ Therefore the biassociated space $\overline{R,S}is-$ a lattice ordered linear
space. Since

$\varphi_{\cap}\psi=-\{(-\varphi)(-\psi)\}$ ,

we obtain further

$\varphi_{\cap}\psi(x,y)=\inf\sum_{\nu,\mu}$ Min $\{\varphi(x_{\nu}, y_{\mu}), \psi(x_{\nu},y_{\mu})\}$

for $x=\sum_{\nu\rightarrow\downarrow}^{n}x_{\nu},$ $y=\sum_{\mu\Leftrightarrow 1}^{\rho}y_{\mu},$ $0\leqq x_{\nu}\in R,$ $0\leqq y_{\mu}\in S$ .
If $\overline{R,S}\ni\varphi_{l}\uparrow\lambda e\Lambda$ and $\sup_{lC\Lambda}\varphi_{l}’(x,y)<+\infty$ for every $x\in\grave{R}$ , $y\in S\backslash $ ’ then,

putting

$\psi(x,y)=g_{\lambda C\Lambda}u_{\wedge}p\varphi$ , $(x, y)$ Sor $0\leqq x\in R,$ $0\leqq y\in S$ ,

we see easily that for $a\geqq 0$ we have
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$\psi(ax, y)=\oint(x,ay)=a\psi(x, y)$ .
Furthermore, as $\varphi_{l}\uparrow le\Lambda\iota$ we have for $0\leqq a,$ $b\in R,0\leqq y\in S-$

$\psi(a+b, y)=\sup_{\lambda e\Lambda}\varphi$ a $(a+b, y)$

$=\sup_{xe4}\varphi$ a $(a, y)+\sup_{{\rm Re}\Lambda}\varphi$ a $(b,y)=\psi(a, y)+\psi(b,y)\sim’$ .
We also obtain likewise for $0\leqq x\in R,$ $0\leqq a,$ $b\in S$

$\psi(x,a+b)=\psi(x,a)+\psi(x,b)$ .
Thus, putting

$\psi(x,y)=\psi(x^{+},y^{+})+\psi(x^{-},y^{-})-\psi(x^{+},y^{-})-\psi(x^{\rightarrow},y^{+})$

for arbitrary $x\in R$ and $y\in S$ , we see easily that $\psi$ is a bilinear functional
on $R$ and $S$ . Furthermore, if $\varphi_{\lambda}\geqq 0$ for every $\lambda\in\Lambda$ , then we have obvi-
ously $\emptyset\geqq 0$ and hence $\psi\in\overline{R,}$S. Therefore $\overline{R,S}$ is universally continuous,

and $\varphi_{\lambda}\uparrow_{\lambda e\Lambda}\varphi$ implies $\varphi=\psi$ . Since $\varphi_{l}\downarrow\pi eA\varphi$ is equivalent to $-\varphi$ a $\uparrow ne_{/1^{-r}}$ .
we conclude that $\varphi$ a $\downarrow$ ae $\Lambda\varphi$ implies

$\varphi(x, y)--\inf_{ne.4}\varphi_{R}(x,y)$ for $0\leqq x\in R,$ $0\leqq y\in S$ .

Therefore We a18o obtain

Theorem 1. 2. If $0\leqq\varphi_{l}\uparrow xe\Lambda’\varphi_{\lambda}\in\overline{R,S}(\lambda\in\Lambda)$ , and
$\sup\varphi_{\lambda}(x,y)<+\infty$ for $0\leqq x\in R,$ $0\leqq y\in S$,
$\lambda e\Lambda$

then there exists $\varphi\in R,S\sim$ such that $\varphi$ a $\uparrow\pi e\Lambda\varphi$ .
Let $M$ be a normal manifold of $R$ . For each $\varphi\in\overline{R},\acute{S}$ we define

$\varphi[M]$ to mean
$\varphi[M](x,y)=\dot{\varphi}([M]x, y)$ for $x\in R,$ $y\in S$ .

Then we see easily that $\varphi[M]\in\overline{R,S}$ for every $q\in\overline{R,S}$ .
Recalling Theorem 1.1 we obtain immediately by definition

Theorem 1. 3. For a nyrmal manifold $M$ of $R$ we have

$(\varphi\psi)[M3=\varphi[M]\varphi^{\prime}[M]$ .
$(\varphi_{\cap}\psi)[M]=\varphi[M]_{\cap}\psi[M]$

for evew $\varphi,$

$\psi\in\overline{R,S}$ .
$The\sigma rem\cdot 1.4$ . $ F\sigma r0\leqq\varphi$ , $\psi\in\overline{R,S}$ we $ have\rightarrow$

$\varphi[M]_{\cap}\ell^{\prime}=\varphi_{\cap}\psi[M]=(\varphi_{\cap}\psi)[M]$ .
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Proof. By virtue of Theorem 1.1, we have for $0\leqq x\in R,$ $0\leqq y\in S$

$(\varphi[M]_{\cap}\Psi(1-[M]))(x, y)$

$\leqq{\rm Min}\{\varphi[M]([M]x, y), \phi(1-[M])([M]x, y)\}$

$+Mim\{\varphi[M]((1--[M])x,\grave{y}), \emptyset(1-[M])((1-[M])x, y)\}=0$ ,

because $\varphi,$ $\psi\geqq 0$ by assumption. Thus we ‘have
$\wp[M]_{\cap}\psi(1-[M])=0$ .

As $\psi=\psi[M]+\psi(1-[M])$ ,‘ we conclude hence by Theorem 1.3
$\varphi[M]_{\cap}\varphi^{r}=\varphi[M]_{\cap}\psi[M]^{\prime}=(\varphi_{\cap}\emptyset)[M]$ .

For an arbitrary subset $\overline{K}\subset\overline{R,S}$ , we make use of the notation::
$\overline{K}[M]=\{\varphi[M]: \varphi\in\overline{K}\}$

for a normal manifold $M$ of R. , With this notation we $havel$),

$The\alpha rem1.5$
(

$F\sigma r$ every subset $\overline{K}\subset\overline{R,S},$
$u\cdot e$ have

$[\overline{K}](\varphi[M])=([K]\varphi)[M]=[\overline{K}[M]]\varphi$

for every $\varphi\in\overline{R,S}$ and for every normal manifold $M$ of $R$ .
For a normal manifold $N$ of $S$ , we define likewise $\varphi[N]$ to mean

$\varphi[N](x, y)=\varphi(x, [N]y)$ for $x\in R,$ $y\in S$ ,

amd it I\S .evident that the similar results hold for $\varphi[N]$ ,
$\backslash Let\tilde{R}$ (and $\overline{S}$ be the associated s’paces of $R$ and $S$ respectively.

For every $\sim x\in\overline{R}$ , $\tilde{y}\in\overline{S}$ , putting

$\varphi(x, y)=\sim x(x)\sim y(y)$ for $x\in R,$ $y\in S$ ,

we obtain obviously $\varphi\in\overline{R,S}$. This $\varphi$ will be denoted by $\overline{xy}$ . Then we
have obviousl $y$ for every real number $a$

$(\alpha\sim x)\overline{y}=\tilde{x}(’\alpha\overline{y})=aX^{\prime}\check{f}\sim$ .
We see easily further

$\sim x(\overline{y}_{1}+\sim y_{2})^{\sim}(\sim X_{1}+\sim x_{\sim},)\tilde{y}=x_{1}y_{1d}=x\tilde{y}\check{\text{ノ}}_{2}’\sim I_{x\prime}^{x_{2}y}\sim$

,

and $0\leqq\sim x\in\overline{R},$ $0\leqq\sim y\in\overline{S}$ implies $\sim x\tilde{y}\geqq 0$ .
Theorem 1. 6. $\sim x_{1\cap}\tilde{x}_{2}=0;\overline{y}_{1},$ $\overline{y}_{2}\geqq 0$ implies

$\sim\sim\sim\sim x_{1}y_{1\cap}x_{2}y_{2}=0$ ,

10) $c$ . $f$. MSLS \S 18 (16).
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$\sim\sim x_{1},x_{d},$ $\geqq 0$ . $\sim y_{1\cap}\tilde{y}_{3}=0$ imphes- $\rightarrow\rightarrow..\wedge\backslash $

$\sim$

$\sim\sim\sim x_{1}yx_{\backslash }\tilde{y}_{\epsilon}=0$ .
Proof. If $\tilde{x}_{1\cap}\tilde{x}_{\wedge},$ $=0,$ $y_{1},y_{-}\sim\sim,$ $\geqq 0$ , then we have by $rhe\dot{o}r\prime en1’\dot{1}^{\vee^{\vee}}i^{t}-$. for

$0\leqq a\in R,$ $0\leqq b\in S$

$(^{\sim\sim}x_{-}\overline{y}_{\sim},)(a, b)$
$\wedge\backslash \neg$

$-$

$\leqq\inf_{0\leqq x\leqq a}\{\sim x_{1}(x)\sim y_{1}(b)+\tilde{x}_{A},(a-x)\sim y_{\supseteq}(b)\}\backslash \cdot$.
$\rightarrow$

$\leqq(^{\sim}yl(b)+\overline{?\text{ノ}}(b))\inf_{0\leqq x\leqq a}\{\sim x_{1}(x)+\sim x_{2}(a-x)\}=0$
,

$r$

because $(\tilde{x}_{1\cap}\sim x_{?,\lrcorner})(a)=\inf_{0\leqq x\leqq a}\{\sim x_{1}(x)+\sim x_{\underline{\supset}}(a-x)\}$ . Thus we obtain $\sim\sim x_{1}y_{1\wedge\leftrightarrow}\mathfrak{B}_{2}^{\sim}y_{2}\supset 0$ .
We also can prove likewise the other assertion. :;’

$\tau$

Thauem 1. 7. For $x\sim\in\overline{R},\overline{y}\in\overline{S}$ , we have
$(\sim x\tilde{y})^{+}=\sim x^{+}\overline{y}^{+}+x^{-}y^{-}\sim\sim$ ,
$(\sim x\tilde{y})^{-}=x^{+}\sim\check{y}^{-}+\overline{x}^{-}\overline{y}^{+}$ ,
$|\sim x\tilde{y}|t=|x\sim||\overline{y}|\cdot$ .

Proof. ’ We have obviously

$\sim\sim xy^{\prime}=\overline{x_{t}}^{+}\overline{y}^{+}i+\tilde{x}_{\overline{!}}\sim y^{-}-(\sim x^{+}\sim y^{-}+\sim x^{-}\tilde{y}^{+})$ ,

and we conclude by Theorem $1\cdot 6_{1}$ { $t$ 1

$(x^{+}y^{+}+x^{-}y’)_{\cap}(\sim x+y^{-}\sim\sim\sim$

Thus we obtain
$(xy)^{+}=-\sim x^{+}\tilde{y}^{+}+x^{-}y^{-}$ , $(\alpha y)^{-}=\overline{x}^{+}\sim\sim\sim$

and hence
$|\hat{x}\sim y|=\sim x+\sim y^{+}+\overline{x}-\sim\sim+\sim\sim\sim$

$\tau he\sigma rem1.8$ . For $\overline{x}_{\lambda}\in\overline{R}(.\lambda\in\Lambda),$

$0\leqq\sim y\in\overline{S}$ we have

$\bigcup_{\lambda e,1}x_{\lambda}y=\sim\sim(\bigcup_{RC\prime\Lambda}\overline{x}_{l})y\sim,$ .
$\bigcap_{le\Lambda}\sim x_{R}\dot{y}=A(\bigcap_{ie\Lambda}\sim x_{l})y\sim$ ,

$iJ$ the right szde has any sense. For $0\leqq\sim x\in\overline{R},$ $\sim y_{\lambda}\in\tilde{S}(\lambda\in\Lambda)$ we have

a
$u_{\Lambda}\pi_{\tilde{y}_{k}}e=x\sim(\bigcup_{\lambda C\sim\Lambda}\tilde{\varpi}_{\chi})$

,

$\bigcap_{l\omega\Lambda}\varpi_{y}^{\sim}$ a $=\sim x(\bigcap_{\pi e\Lambda}^{\vee}y_{l}\sim)$ ,

if the right side has any sense.
Proof. For $\tilde{x}_{1},$

$x_{2}\sim\in\overline{R}$ , $0\leqq\sim y\in\overline{S}$ , we have by Theorem 1.7
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$x_{1}\sim\tilde{\ovalbox{\tt\small REJECT}}\tilde{x}_{2}y=\sim(\sim x_{1}\tilde{y}-x_{\sim}\sim.,\tilde{y})^{+}+\sim x\overline{\mathscr{B}}$

$=(x_{1}-x_{2})^{+}\acute{\tilde{y}}+x_{2^{-}}\sim_{\tilde{y}=}(\sim x_{1}^{\cup\sim}x_{\underline{9}})- y\sim$ .
If $\overline{R}\ni\tilde{x}_{a}\uparrow_{aeA}\tilde{x}$ , then we bave

$\sim x(x)=\sup_{\lambda e\Lambda}x_{R}\sim(x)$ for $0\leqq x\in R$ ,

and hence by definition for $0\leqq\sim y\in\overline{S}$

$\mathfrak{B}y\dot{\sim}(x, y)=\sup_{ne\Lambda}\sim x_{l}\overline{y}(x, y)$ for $0\leqq x\in R,$ $0\leqq y\in S$ .
Thus we have $\sim\dot{\sim}xy=Ux_{l}\tilde{y}\sim$ . Therefore we conclude the first assertion.

$xe_{1}1$

The iSecond’ will be proved likewise.
Theorem 1.9. $[\sim x_{I}]\leqq[x_{2}\sim],$ $[y_{1}\sim]\leqq[-\tilde{y}_{2}]$ implies

$[x_{1}y_{1}]\leqq[x_{2}\sim\hat{\tilde{y}}_{2}]$ .
Proof, If $[\sim x_{1}]\leqq[\sim x_{2}]$ , then $\hat{w}e$ have

$|\tilde{x}_{1}|=[-\sim x_{2}]|\sim x_{1}|=U(|_{X_{1}}^{\sim}|_{\cap}\nu|X_{2}|)\nu-l\infty$

Thus we obtain by Theorems 1.7 and 1.8

$[X_{-,\hat{y}_{1}]|x_{1}y_{1}[=\bigcup_{\nu-1}^{\infty}(|\varpi_{y_{1}|_{\cap}\nu|x_{2}y_{1}|)}}\sim\backslash \sim\sim]\sim\sim\sim$

$=(\lfloor(|\sim x_{1}1_{\cap^{t\prime}}|_{X_{2}}^{\sim}|))|\tilde{y}_{1}|=|\sim x_{1}\dot{\mathfrak{Y}}_{1}|\nu-l\infty\cdot\cdot$

’

and hence $[x_{1}y_{1}]\leqq[\sim x_{2}\sim y_{1}]$ . Furthermore we also obtain likewise $[x_{2}y_{\iota}]\leqq$

$[\sim x_{2}\sim y_{-},]’.$ .
Theorem 1. 10. $For\sim x_{1},$ $\varpi_{2}\in R:y_{1}\simeq,\tilde{\sim}y_{2}\in\tilde{S}$ we have

$[x_{1}y_{J}]\sim x\overline{\mathscr{B}}_{2}=([\overline{x}_{1}]x_{2})([\sim y_{1}]\varpi_{2})$ .
Proof. We have obviously

$\sim x_{2}\overline{y}_{2}=([\overline{x}_{1}]\tilde{x}_{2})([\sim y_{1}]\sim y_{2})+((1-[\sim- x_{1}])\sim x_{2})([\overline{y}_{1}]\tilde{y}_{\underline{9}})+\sim x_{2}((1-[\sim y_{1}])\tilde{y}_{2})-$ ,

and by Theorems 1.6 and 1.7
$|x_{1}y_{1}|_{\cap}\rceil((1-[\sim x_{J}])\sim x_{2})([\overline{y}_{I}]\sim y_{2})|=0$ ,
$|\sim x_{1}\overline{y}_{1}|_{\cap}|\sim x_{9}((1-[\dot{\ovalbox{\tt\small REJECT}}_{1}])\sim y_{2})|=0$ .

Thus we obtain
$[x_{1}y_{1}]\sim x_{2}\tilde{y}_{2}=[x_{1}y_{1}]([x_{1}\sim]\Phi_{2})([\Phi_{1}\rceil\sim y_{2})$ .

On the other hand we have by Theorem 1.9
$[([\sim x_{1}]x_{2})([-\sim y_{1}]y_{2})]\leqq[x_{1}y_{1}]$ ,

and hence
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$-[\overline{x}_{1^{-}}\sim y_{I}]([\overline{x}_{1}]\overline{x}_{2})(\overline{[}\overline{y}_{1}]\sim y_{2})=([\sim x_{1}]\overline{x}_{2})([\hat{\dot{y}}_{1}]\sim y_{2})$ .

\S 2. Bounded linear operators

A mapping $T$ of $R$ into $S$ is called an operator on $R$ into $S$. An
operator $T$ on $R$ is said to be linear, if

$T(ax+\beta y)=aTx+\}\Psi y$

for every $x,$ $y\in R$ and real number $a,$ $\beta$ . In the sequel, we suppose
that the semi-ordered linear space $S$ is universally continuous.

A linear operator $T$ on $R$ into $S$ is said to be bounded, if for every
$0\leqq a\subset- R,$ $Tx(0\leqq x\leqq a)$ is order bounded, that is, there $ex\underline{i}sts$

,

$\bigcup_{0\leqq x\leqq a}|Tx|$ .
For two linear operators $T_{1}$ and $T_{2}$ on $R$ into $S$ and real numbers

$|x,$ $\beta$ , putting
$(aT_{1}+\beta T_{9}-)x=\alpha T_{1}x+\beta T_{2}x$ for every $x\in R\backslash $ ’

we obtain a linear operator $|\alpha T_{1}+\beta T_{2}$ on $R$ into $S$. Furthermore, if both
$T_{1}$ and $T_{2}$ are bounded, then $aT_{J}+\beta T_{2}$ also is bounded for every real
numbers $a,$ $\beta$ .

For two linear operators $T_{1},$ $T_{2}$ on $R$ into $S$ , we define $T_{1}\geqq T_{2}$ to
mean $T_{1}x\geqq T_{2}x$ for every $0\leqq x\in R$ . With this definitiom we have

Thecrem 2. 1. The totdity of bounded.linear operators on $R$ into $S$ con-
st,itutes a.universally continuous semi-ordered linear space, and we have for
$0\leqq a\in R$

$(T_{1}T_{\sim},)a=\bigcup_{0\leqq x\leqq a}(T_{1}x+T_{2}(a-x))$ ,

$(T_{J\cap}T_{2})a=\bigcap_{0\leqq x\leqq a}|(T_{I}x+T_{2}(a-x))$ ,

$|T|a=b^{1}|Tx|0_{\Leftrightarrow}<x\leqq a$ ’

$\mathcal{I}_{\lambda}^{\prime}\uparrow ae\Lambda T$ imphes $Tx=\bigcup_{ne\Lambda}T_{\lambda}x$ for $0\leqq x\in R$ ,

$T_{\lambda}$. $\downarrow\lambda e\Lambda T$ imphes $Tx=\bigcap_{ite\Lambda}T_{\lambda}x$ for $0\leqq x\in R$ .

Proof. It is evident that the totality of bOunded linear operators
on $R$ into $S$ constitutes a linear space. Putting

$T_{0}a=\cup(T_{1}a+T_{2}0\leqq x\leqq a(a-x))$ for $0\leqq a\in R$ ,

we have for every real number $|\alpha\geqq 0$
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$T_{r/}\prime xa=\bigcup_{0\leqq x\leqq aa}$($T_{1}x+T_{2}$ (aa–x)) $=aT_{0}a$ ,

and for $0\leqq a,$ $b\in R$

$T_{()}(a+b)=.\bigcup_{<0_{\Rightarrow x\leqq a+b}}(T_{I}x+T_{2}(a+b-x))$

$=\cup(T_{1}0\leqq x\leqq a,0\leqq y\leqq b(x+y)+T_{2}(a+b-x-y))$

$=\bigcup_{0\underline{\leq}x\leqq a}(T_{1}x+T_{2}(a-x))+0\leqq y_{\varpi}b\bigcup_{<}(T_{1}y+T_{2}(b-y))$

$=T_{0}a+T_{0}b_{\sim}$

Thus, plitting
$T_{0}x=\Phi_{0}x^{+}-T_{0}x^{-}$

for an ,arbitrary $x\in R$, we see easily that $\mathcal{I}_{0}$ is a linear operator on $R$

into $S$. Furthermore $T_{0}$ is bounded, because for $0\leqq x\leqq a$ we have

$|T_{0}x|\leqq\bigcup_{0\leqq\ovalbox{\tt\small REJECT}\leqq a}|T_{1}x|+\llcorner^{1}|T_{2}x|0\leqq x\leqq a$

It is evident that $T_{0}^{\prime}\geqq T_{1},$
$T_{2}$ . If $T\geqq T_{1},$ $T_{2}$ , then we have for $0\leqq x\leqq a$

$T_{1}x+T_{2}(a-x)\leqq Tx+T(a-x)=Ta$ ,

and hence $ T_{0}a\leqq\Pi\iota$ for $0\leqq a\in R$ . Therefore we have $T_{0}=T_{1}^{\cup}T_{2}$ . Since
$T_{1\cap}T_{i1}=-((-T_{1})(-T_{2}))^{\prime}$,

we obtain further for $0\leqq a\in R$

$T_{1\cap}T_{2}a=\bigcap_{0\leqq x\leqq a}(T_{1}x+T_{2}(a-x))$ ,

$|T|a=\bigcup_{0\leqq x\leqq a}T(2x-a)=\bigcup_{-a\leqq x_{R}a}Tx<$

$=\bigcup_{<0\leqq x_{\rightarrow}a}(Tx(-Tx))=\bigcup_{<0_{\varpi}x\leqq\mu}|Tx|$ .
If $ T_{\lambda}\uparrow ae\Lambda$ and $T_{\lambda}x(\lambda\in\Lambda)$ is bounded for every $0\leqq x\in R$, then, putting

$T_{0}x=\bigcup_{\lambda e\Lambda}T_{\lambda}x$ for $0\leqq x\in R$ ,

$T_{0}x=T_{0}x^{+}-T_{0}x^{-}$ for an arbitrary $x\in R$ ,

we see easily that $\mathcal{I}^{v_{0}}$ is a linear operator on $R$ into $S$ . Furthermore,
if $T_{\lambda}\geqq 0(\lambda\in\Lambda)$ , then it is evident that $T_{0}\geqq 0$ , and hence $T_{0}$ is bounded.
Therefore. the totality of bounded linear operators on $R$ into $S$ con-
stitutes a universally continuous linear space, and we have obviously
that $\mathcal{I}_{f}^{\prime}\uparrow\pi e\Lambda T$ implies

$Tx=\bigcup_{ne_{4}}T_{\lambda}x$ for $0\leqq x\in R$ ,
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We also have proved

Theorem 2. 2. If $ 0\leqq T_{\lambda}\downarrow le\Lambda$ and $T_{\lambda}x(\lambda\in\Lambda)$ is bounded for every $ 0\leqq$

$x\in R$ , then there exists $T$ for which $ T_{l}\uparrow$ ae $\Lambda T$ .
Now we suppose that both $R$ and $S$ are universally continuous. A

Jinear operator $T$ on $R$ into $S$ is said to be $un\dot{w}$ersctlly cmtinuous, if $T$

is bounded and $ R\ni x_{l}\downarrow$ a $e\Lambda 0$ implies $|T|x_{l}$ lae $\Lambda 0$ . With this definition,
it is evident that if $T\geqq 0$ and $T$ is universally continuous, then $ x_{l}\uparrow$ a $C\Lambda x$

implies $Tx=\bigcup_{\lambda C\sim\Lambda}Tx_{\lambda}$ , and $x_{l}\downarrow ae\Lambda x$ implies $Tx=\bigcap_{le\Lambda}Tx_{\lambda}$ .
If both $T_{1}$ and $T_{2}$ are universally continuous, then $aT_{1}+\beta T_{2}$ also is

universally continuous for every real numbers $\sigma,$ $\beta$ . If $T_{1}$ is universally
continuous and $|\mathcal{I}_{1}|\geqq|T_{\underline{\prime}}|$ , then $T_{2}$ also is universally continuous. Thus
the totality of universally continuous linear operators is obviously a
semi-normal mamifold of the totality of bounded linear operators.

Theorem 2. 3. If $0\leqq T_{\lambda}\uparrow le\Lambda T$ and au $T_{l}(\lambda\in\Lambda)$ are $un\dot{w}$ersally cm-
tinuous, then $T$ also is $un\dot{w}$ersauy $c\sigma ntinuous$ .

Proof. We suppose $R\ni a_{\gamma}\downarrow_{re\Gamma}0$ . For each $\gamma_{0}\in\Gamma$ , we have by
Theorem 2.1

$T_{R}a_{\gamma_{0}}\uparrow xe.4Ta_{\gamma_{O}}$ ,

and hence
$(T-T_{l})a_{r_{o}}$ lae $\Lambda 0$ .

On the other hand, we have for $a_{\gamma}\leqq\alpha_{\gamma_{0}}$

$Ta_{\gamma}=T_{\lambda}a_{\gamma}+(T\backslash -T_{l})a_{\gamma}\leqq T_{f}a_{\gamma}+(T-T_{\lambda})a_{r_{o}}$ .
Since all $T_{\lambda}(\lambda\in\Lambda)$ are universally continuous by assumption, we obtain
hence .

$\bigcap_{7e\Gamma}T^{1}a_{\gamma}\leqq(T-T_{l})a_{r_{o}}$ for every $\lambda\in\Lambda$ .
Consequently we $have\bigcap_{xe\Gamma}Ta_{\gamma}=0$ . Therefore $T$ is universally continuous
by definition.

By virtue of this Theorem 2.3, we obtain
Theorem 2.4. The $totality$ of universally continuous linear operators is

a normal manifold of the totahty of bounded hnear operators.
Let $A$ be a complete semi-normal manifold of $R$. Each operator

$T$ on $R$ into $S$ also may be considered as an operator $T^{A}$ on $A$ into $S$,
that is,

$T^{A}x=Tx$ for every $x\in A$ .
If $T$ is $\backslash universally$ continuous, then $T$“ also is obviously universally con-
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tinuous. It is evident that $T\geqq 0$ implies $T^{A}\geqq 0$ . Conversely, if $T^{A}\geqq 0$

and $T$ is universally continuous, then we have $T\geqq 0$ . Because, for every
$0\leqq x\in R$ , we have $a\uparrow_{x\geq a}eA\neg x$ , and hence

$Tx=\bigcup_{\approx^{a}}T\alpha=\bigcup_{xx>eA>\Rightarrow aeA}T^{A}a\geqq 0$ .
Let $F$ be a positivt linear operator on $A$ into $S$. If we can find

a universally continuous linear operator $T_{0}$ on $R$ into $S$ such that $T_{0}^{A}\geqq F$,
then’ there exists a linear operator $T$ on $R$ into $S$ such that $T‘‘=F$.
Because for every $0\leqq x\in R$ , we have

$T_{0}x=_{x>\infty^{aC-A}}\lfloor\rfloor T_{0}^{A}a\geqq\bigcup_{x\geqq aC- A}Fa$ ,

and hence, putting

$Tx=\bigcup_{x\geqq aeA}Fa$ for $0\leqq xC- R$ ,

$Tx=Tx^{+}-\mathcal{I}^{\dagger}x^{-}$ for an arbitrary $x\in R$ ,

$we\backslash $ see easily that $T$ is a linear operator on $R$ into $S$ and $T^{A}=F$. Thus,

we can state
Theorem 2. 5. For a complete semi-normal manifold $A$ of $R$ , the totality

of universally continuous linear operators $\sigma nR$ into $S$ is isomorphic to a semi-
normal manifold of the totahty of bounded linear operators on $A$ into $S$ by
the $c\alpha r\gamma esp(mdenceT\rightarrow T^{A}$ .

Next we suppos’e that both $R$ and $S$ are semi-regular, and $\overline{R},\overline{S}$

are the conjugate spaces of $R$ and $S$ respectively. If a linear operator
$T$ on $R$ into $S$ is universally continuous, then for each $y\in S$ , putting

$\varphi(x)=y=(Tx)$ for $x\in R$ ,

we obtain a universally continuous linear functional $\varphi$ on $R$. In fact,
it is obvious that $\varphi$ is a linear functional on $R$ . As

$|\varphi(x)|\leqq|\overline{y}|(|T||x|)$ for every $x\in R$ ,

$R\ni x_{\lambda}\downarrow\pi e\Lambda 0$ implies $\inf_{\lambda C\Lambda}|\varphi(x)|=0$ , and hence $\varphi$ is universally continuous,

that is, $\varphi\in\overline{R}$ . Therefore, putting $\overline{T}\overline{y}=\varphi$ , namely

$\overline{T}\overline{y}(x)=\overline{y}(Tx)$ for every $x\in R$ ,

we obtain an operator. $\overline{T}$ on $\overline{S}$ into $E$ . This operator $\overline{T}$ is called the
conjugate operator of $T$ . The $c0njugate\cdot$. operator $\overline{T}$ is obviously a linear
operator. As

$|$ TY $(x)|\leqq|\overline{y}|()T||\varphi|)=(\overline{|T]})|\overline{y}|(|x|)$ ,
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we obtain $|\overline{T}\overline{y}|\leqq(\overline{|T|})|\vec{y}|$ , and hence $\overline{T}$ is bounded. Furthermore we
conclude by Theorem 2.1.

$|\overline{T}|\leqq(\overline{|T|})$ ,

and $\overline{S}\ni\overline{y}_{\lambda}\downarrow$ a $e\Lambda 0$ implies for every $0\leqq x\in R$

$\overline{(|T|})\overline{y}_{\lambda}(x)=\overline{y}_{X}(|T|x)\downarrow hC-\Lambda 0$ ,

and consequently $\overline{|T|}\overline{y}_{h}\downarrow\lambda e\Lambda 0$ . Therefore $\overline{T^{\prime}}$ is universally continuous.
Concerning conjugate oPerators, we have $0\hat{b}viously$

$\overline{aT}=a\overline{T}$ ,

$\overline{TT_{1}+T_{2}}=\overline{T}_{\iota}+\overline{T}_{o,\sim}$ ,
$\overline{T}_{1}\geqq\overline{T}_{2}$ if and only if $T_{1}\geqq T_{2}$ .

Thus we have $\overline{T_{1}2_{2}}\geqq\overline{T}_{I},\overline{T}_{2}$ , and hence
$\overline{T_{1}T_{\backslash -}}\geqq\overline{T}l\overline{T}_{2}$ .

From this relation we $concl\dagger 1de$ immediately
$\overline{T_{1\cap}T\underline,}\leqq\overline{T}_{\tau_{\cap}}\overline{T}$ .

Theorem 2. 6. If $R$ is semi-reguhr’ and $S$ is reflexive, then for any
univermuy continuous linear operator $K$ on $\overline{S}$ into $\overline{R}$ , we can find uniquely
a $un\dot{w}$ersally continuous linear operator $T$ on $Rin\dot{t}oS$ such th. $K=\overline{T}$ .

Proof. Since $S$ is reflexive by assumption, corresponding to every
$x\in R$ , we can find uniquely $y\in S$ such that

$K\overline{y}(x)=\overline{y}(y)$ for every $\overline{y}\in\overline{S}$ ,

because $K\overline{y}(x)(\overline{y}\in\overline{S})$ may be considered as a universally continuous
linear functional on $\underline{S}$ Putting $y=Tx$ for such $x\in R,$ $y\in S$ , we obtain
a universally continuous linear operator $T$ on $R$ into $S$ , and it is obvious
that $K=\overline{T}$ .

Theorem 2. 7. If $R$ is semi-regular and $S$ is refle tive, then we lmve
$\overline{T_{1}T\underline{.)}}=\overline{T}_{J}\overline{T}_{\supset,\sim}$, $\overline{T_{1\cap}T_{-},}=\overline{T}_{1\cap}\overline{T}_{\underline{o}}$ .

Proof. By virtue of Theorem 2.6, we can Pnd a universally con-
tinuous linear operator $\acute{T}_{0}$ on $R$ into $S$ such that $\overline{T}_{v}^{\cup}\overline{T}_{2}=\overline{T}_{()}$ . Then we
have $\overline{T}_{1},\overline{T}_{2}\leqq\overline{T}_{0}$ , and henee $T_{1}T_{A}\supset\leqq T_{0}$ . This relation yields

$\overline{2_{1}T_{2}}\leqq\overline{T}_{1}\overline{T}_{2}$ .
On the other hand, we have $\overline{T_{1}T_{2}}\geqq\overline{T}_{1}\overline{T}_{2}$ , as proved already. Thus
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we obtain the first assertion. We conclude the second assertion im-
mediately from the first.

For $\overline{x}_{()}\in\overline{R},$ $y_{0}\in S$ , putting

$Tx=\overline{x}_{0}(x)y_{0}$ for every $x\in R$ ,

we obtain obviously a universally continuous linear operator $T$ on $R$

into $S$ . For this operator $T$, we have for $every\overline{y}\in@\backslash $

$\overline{y}(Tx)=\overline{x}_{0}(x)\overline{y}(y_{0})=(\overline{y}(y_{0})\overline{x}_{r)})\langle x)$ .
Thus we have

$\overline{T}\overline{y}=\overline{y}(y_{()})_{\overline{X}_{0}}$ . for every $\overline{y}\in\overline{S}$ .

\S 3. Universally continuous bilinear functionals

Let $\varphi$ be a bilinear functional on $R$ and $S$. For each $a\in R$ , putting

$\varphi^{(a)}(y)-\neg\varphi(a, y)$ for every $y\in S$ ,

we obtain obviously a linear functional $\varphi^{(a}$‘ on $S$. If $\varphi$ is bounded, then
$\varphi^{(a)}$ also is bounded. Because, for $0\leqq b\in S$ , we have by Theorem 1.1
for $0\leqq y\leqq b$

$|\varphi^{(a)}(y)|\leqq|\varphi(a^{+},y)|+|\varphi(a^{-}, y)|$

$\leqq\{|\varphi(a^{+},y)|+|\varphi(a^{+}, b-y)\{\}+\{|\varphi(a^{-}, y)|-\vdash|\varphi(a^{-}, b-y|\}$

$\leqq|\varphi|(a^{+}, b)+|\varphi|(a^{\rightarrow}, b)$ .
Therefore $\varphi\in\overline{R,}S$ implies $\varphi^{(a)}\in\overline{S}$ for every $a\in R$ , and

$|\varphi^{\zeta a)}|\leqq|\varphi|^{(a)}$ for $0\leqq a\in R$ .
Furthermore it is evident by definition that

$\varphi^{(aa+\beta b)}=a\varphi^{(a)}+\beta\varphi^{(b)}$ .
Thus, putting

$T_{\varphi}x=\varphi^{(x)}$ for exery $x\in R$ ,

we obtain a linear operator $T_{\varphi}$ on $R$ into the associated space $\tilde{S}$ of $S$ .
Since

$|T_{\varphi}x|\leqq|\varphi|^{(x)}$ for $0\leqq x\in R$ ,
$\backslash $

$T_{\varphi}$ is a bounded linear \‘Operator.
Conversely, for a bounded linear operator $T$ on $R$ into $\tilde{S}$ , putting

$\varphi(x, y)=Tx(y)$ for $x\in R,$ $y\in S$ ,

we obtain obviously a bilinear functional $\varphi$ on $R$ and $S$, and $\varphi$ i$
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bounded, because we have for $0\leqq x\in R,$ $0\leqq y\in S$.
$|\varphi(x,.y)\leqq|T|x(y)$ ,

We also see easily that we have $T_{\varphi}\geqq 0$ if and only if $\varphi\geqq 0$ . Therefore
we have

Theorem 3. 1. The $biassoci\sigma Xed$ space $\overline{R,S}$ is isomorphic to the totality of
bounded linear operatOrs on $R$ into the associated space $\overline{S}$ by the correspondence:

$4\rightarrow T_{\varphi}$ , $T_{\varphi}x=\varphi^{(x)}$ for every $x\in R$ .
Recalling Theorem 2.1, we obtain by this Theorem 3.1

Theorem 3. 2. For every $\varphi,$

$\psi\in\overline{R,S}$ , we have for $0\leqq a\in R$

$(\varphi\psi)^{(a)}=\bigcup_{0m<x\leqq a}(\varphi^{(x)}+\psi^{(a-x)})$ ,

$(\varphi_{\cap}\psi)^{(a)}=\bigcap_{0\leqq x\leqq a}(\varphi^{(x)}+\psi^{\prime}\backslash a-x))$ ,

$|\varphi|^{(a)}=U|\varphi^{(x)}|0\leqq x\leqq a$

Theorem 3. 8. $0\leqq\varphi,$ $\psi\in\overline{R,S},$
$[\varphi]\geqq[\psi]$ implies

$[\varphi^{(x)}]\geqq[\psi^{(x)}]$ for $0\leqq x\in R$ .
Proof. If $[\varphi]\geqq[\psi]$ , then we have

$\psi=[\varphi]\emptyset=\bigcup_{\nu=/}\psi_{\cap^{f}}\varphi$ ,

and hence
$t$

$\bigcap_{\nu\rightarrow l}^{\infty}(\psi-\nu\varphi)^{+}=0$ ,

Since we have by $Theo_{\vee}rem3.2$ for $0\leqq x\in R$

$(\psi-\nu\varphi)^{+(x)}\geqq(\psi-\nu\varphi)^{(x)+}=(\psi^{(x)}-\nu\varphi^{(x)})^{+}$ ,

we obtain $hence\backslash $

$\nu\rightarrow\bigcap_{1}^{\infty}(\psi^{(x)}-\nu\varphi^{(x)})^{+}=0$ ,

and consequently $[\varphi^{(x)}]\geqq[\psi^{(x)}]$ .
Next we suppose that both $R$ and $S$ are universally continuous.

A bounded bilinear functional $\varphi\in\overline{R,S}$ is said to be unwersally $c\sigma nfinuous$ ,
if $|v|(x, y)$ is universally continuous as a linear functional on $R$ for fixed
$y\in S$ and on $S$ for fixed $x\in R$ , that is, $R\ni x_{\lambda}\downarrow ae\Lambda 0,$ $S\ni y_{r}\downarrow re\Gamma 0$ implies

$\inf_{\pi e\Lambda}|\varphi|(x_{l}, y)=0$ for $0\leqq y\in S$ ,
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$\inf_{e\Gamma}|\varphi|(x, y_{\gamma})=0$ for $0\leqq x\in R$ .
Since $|\varphi(x, y)|\leqq|\varphi|(|\iota|, \}y|)$ , we see easily by definition that, denoting
by $\overline{o^{\sigma}}$

“ the conjugate space of $S$, we have $\varphi^{\langle x)}\in\overline{S}$ for every $x\in R$ , if $\varphi$

is universally continuous. Thus, if $\varphi$ is universally continuous, then $T_{\varphi}$

is a universally continuous linear operator on $R$ into S. -Conversely,
if $T_{\varphi}$ is a universally continuous linear operator on $R$ into $\overline{S}$ , then $\varphi$

is universally continuous. Therefore we obtain by Theorem 2.3 and 3.1
Theorem 3. 4. If both $R$ and $S$ are universauy cmtinuous, then the

totahty of universally contbnuous bihnear functionals $mR$ and $S$ is a nermal
manifold of $\overline{R,S}$ and isomorphic to the totality of universally continuous linear
operators $mR$ into the cmjugate space $\overline{S}$ of $S$ .

Theorem 3. 5. If $0\leqq\varphi,$
$\varphi^{\prime}’\in\overline{R,S,}$ and both (( and $\psi$ are universauy cm-

tinuous, then
$\varphi_{\cap}^{(a)}\Psi^{\prime}(a)=0$ , $0\leqq a\in R$

implies $\langle/[a]_{\cap}\psi[a]=0$ .
Proof. Since $\varphi$ and $\psi$ are universally continuous by assumption,

we have by definition $\varphi^{(a)},$ $\psi^{(a)}\in\overline{S}$ . Thus, if $\varphi_{\cap}^{(a)}\psi^{(a)}=0$ , then for any
$y\in S$ we can find $y_{1},$

$y_{2}\in S$ such that
$[y]=[y_{1}]+[y_{\supseteq}]$ , $\varphi^{(a}[y_{1}]=\psi^{(a)}[y_{2}]=0$ .

Then we have by definition
$(\varphi[y_{1}])^{(a\rangle}=\varphi^{(a)}[y_{1}]=0$ ,

and hence for $0\leqq a\in R$ we have
$\varphi[y_{1}][a]=0$ .

We alsct obtain likewise
$\psi[y_{\supseteq}][a]=0$ .

Thus we have by Theorem 1,3

$(\varphi[a]_{\cap}\psi[a])[y]=(\varphi[a][y,]_{\cap}\psi[a][y_{1}])+(\varphi[a][y_{\lrcorner},]_{\cap}\psi[a][y_{\sim})])=0$ .
Since $y\in S|$ may be arbitrary, we obtain therefore $\varphi[a]_{\cap}\psi[a]=0$ .

\S 4. Integral representation

Let both $R$ and $S$ be universally continuous, and $C^{y}$ and $\mathfrak{F}$ the
proper spaces of $R$ and $S$ respectively. We. shall denot$e$ by $U_{[p]}^{\mathfrak{E}}$ the
neighbourhood in $\mathfrak{E}$ eorresponding to a projector $[p]$ , and by $U_{[q]}^{\mathfrak{F}}$ the
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neighbourhood in $\mathfrak{F}cor\dot{r}esponding$ to a projector $[q]$ ; and by $U_{[p]}^{\mathfrak{E}}U_{fq3}^{\mathfrak{F}}$

a point set in the product space $\mathfrak{E}\otimes \mathfrak{F}$ The product space $\mathfrak{E}\otimes \mathfrak{F}\prime Is$

obviously a loeally compact Hauseorff space, and $U_{[p]}^{\copyright}U_{[q]}^{\mathfrak{F}}(p\in R, q\in S)$

constitutes a neighbourhood system of $\mathfrak{E}\otimes \mathfrak{F}$

For $0\leqq\varphi\in\overline{R,S},$ $0\leqq a\in R,$ $0\leqq b\in S$ , putting

$m(U_{[p]}^{\mathfrak{G}}U_{[q]}^{\mathfrak{F}})=\varphi([p]a, [q]b)$ $(p\in R, q\in S)$ ,

we obtain a topological measure $m$ on $\mathfrak{E}\otimes \mathfrak{F}$ . For a continuous function
$\omega(\mathfrak{p},\mathfrak{g})$ on $U_{[p]}^{\Theta}U_{[q]}^{\mathfrak{F}}$ we shall denote by

$\int_{[p]\times[q]}\omega(\mathfrak{p}, \mathfrak{g})\varphi(d\mathfrak{p}a, dJb)$

the integral of $\omega(\mathfrak{h}, J)$ by $m$ in $U_{[p]}^{\mathfrak{G}}U_{[q]}^{\mathfrak{F}}$ .
Theorem 4. 1. If a positive bilinear funchmal $\varphi\in\overline{R,S}$ is universally

cantinuous, then for $0\leqq a\in R,$ $0\leqq b\in S,$ $[p]\leqq[a],$ $[q]\leqq[b]$ we have

$\varphi([p]x, [q]y)=\int(\frac{x}{a}[p)X[q]$
$\mathfrak{p})(\frac{y}{b},$ $\mathfrak{g})\varphi(dpa, \phi b)^{-}$

for every xER and $y\in S$.
Proof. Since we have by the spectral theory

$[p]x=\int_{[p]}(\frac{x}{\overline{a}}$ , $\mathfrak{v})d\mathfrak{h}a,$

$[q]y=\int_{[q]}(\frac{y}{\overline{b}},$
$q)$ dqb ,

we need only prove that $\lim_{\nu\rightarrow\infty}x_{\nu}=x$ , $\lim_{\nu\rightarrow\infty}y_{\nu}=y$ implies

$\lim_{\nu\rightarrow\infty}\varphi(x_{\nu}, y_{\nu})=\varphi(x, y)$ .
On the other hand we have

$|\varphi(x_{\nu}, y_{\nu})-\varphi(x, y)|\leqq|\varphi|(|x_{\nu}|, |y_{\nu}-y|)+|\varphi|(|x_{\nu}-x|,|y|)$.
Since $\varphi$ is universally continuous by assumption, we obtain our assertion.

Theorem 4. 2. For $0\leqq\varphi,$ $\psi\in\overline{R,S}$, if $[\varphi]\geqq[\psi]$ , then for any $e>0$ ,
$0\leqq a\in R,$ $O\in S$ , we can find $\delta>0$ such that

$\sum_{\nu-l}^{\kappa}\varphi([p_{\nu}]a, [q_{\nu}]b)\leqq\delta$ ,

$[p_{\nu}][p_{\mu}]=0$ or $[q_{\nu}]L^{\sim}q_{\mu}]=0$ for $\nu\yen_{J^{1}}$

imphes $\sum_{\nu-1}^{\kappa}\psi([p_{\nu}]a, [q_{\nu}]b)\leqq e$ .
Proof. Since $[\varphi]\geqq[\psi]$ by assumption, we have

$(\psi-\rho\varphi)^{+}\downarrow_{\mu-1}^{\infty}0$. ,
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and hence for any $e>D,$ $0\leqq a\in R,$ $0\leqq b\in S$ we. can find $p>0$ by Theorem
1.1 such that

$(\psi-\rho\varphi)^{+}(a, b)\leq\frac{1}{2}e$ .

For such $\rho$ , putting $\delta=\frac{1}{2\rho}6$ we see by Theorem 1.1 that

$\sum_{\nu-1}^{\kappa}\varphi([p_{\nu}]a,, [q_{\nu}]b)\leqq\delta$ ,

$[p_{\nu}][p_{\mu}]=0$ or $[q_{\nu}][q_{\mu}]=0$ for $\nu\neq^{-}\mu$ ,

imPlies
$\sum_{\nu\Leftarrow 1}^{\kappa}\psi([p_{\nu}]a, [q_{\nu}]b)$

$\leqq(\psi-\rho\varphi)^{+}(a, b)+\rho\sum_{\nu\approx 1}^{\kappa}\varphi(\overline{\lfloor}p_{\nu}]a, [q_{\nu}]b)$

$\leqq\frac{1}{2}e+\rho\delta=e$ .
Theorem 4. 3. For $\varphi,\psi\in\overline{R,S}$, if $[\psi]\leqq[\varphi],$ $\varphi\geqq 0$ , and $\varphi t\prime sun\dot{w}$ersal $ly$

$con\theta ir_{b}uous$, then we can find a $B$ $el$ functim $cp(\mathfrak{p}, q)$ on the product space
V $\otimes \mathfrak{F}$ such that

$\sqrt{}(x,y)=|\Phi(\mathfrak{p}, q)\varphi(d\beta x, dqy)[x]\times[y]$

for every $x\in S,$ $yeS.$ ,

Proof. Recalling the integration theory, if $[\psi]\leqq[\varphi],$ $\psi\geqq 0$ , then
we conclude by Theorem 4.2 that for every $0\leqq a\in R,$ $0\leqq b\in S$ we .can
find a Borel function $\Phi(\mathfrak{h}, J)\backslash $ on $U_{[a]}^{\mathfrak{E}}U_{[b]}^{\mathfrak{F}}$ such that

$\psi([p]a, 1^{\sim}q]b)=\int_{[p]\times[q]}\Phi(0V)\varphi(d\mathfrak{p}_{a,d\mathfrak{g}b)}$

for $[p]\leqq[a],$ $[q]\leqq[b]$ . Since $\varphi$ is universally continuous by assumption,
$\psi$ also is so by Theorem 3.4, and hence we can conclude further by
Theorem 4.1 that

$\psi([p]x, [q]y)=\int_{[p]\times[q]}\Phi(\mathfrak{p}, \mathfrak{g})\varphi(d\mathfrak{p}x, dJy)$

for $[p],$ $[x]\leqq[a];[q],$ $[y]\leqq[b];0\leqq x\in R,$ $0\leqq y\in S_{:}$ . Therefore we obtain
a Borel functim g) $(\mathfrak{p}, q)$ on $\mathfrak{E}\Phi \mathfrak{F}$ such that

$\psi(x, y)=\int_{[x])\langle[y]}\Phi(\mathfrak{p}, \mathfrak{g})\varphi,(d\beta x, d\zeta|y)$

for every $0\leqq x\in R,$ $0\leqq y\in S$. For an arbitrary $\psi\in\overline{R,S}$ , but $[\psi]\leqq[\varphi]$ , we



Product Spaces of Semi-Ordered Linear Spaces 183

have $[\psi^{4}],$
$[\psi^{-}]\leqq[\varphi]\backslash $ , and hence we obtain our assertion, because $\psi=$

$\psi^{+}-\psi^{-}$ .
Let $0\leqq\varphi\in\overline{R,S}$ be universally continuous, and $\Phi(\mathfrak{p}, \mathfrak{g})$ a Borel func-

tion on $\mathfrak{E}\otimes \mathfrak{F}$ If $\Phi(0,0)$ is integrable by $\varphi(x, y)$ for every $0\leqq x\in R$,
$0\leqq y\in S$ , then, putting

$\psi(x,y)=\int_{[x]_{\wedge}[y]}.\Phi(\mathfrak{p},q)\varphi(dpx, dJy)$ for $0\leqq x\in R,$ $0\leqq y_{t_{-}^{\wedge}}^{\prime}S$ ,

$\psi(x,y)=\psi(x^{+}, y^{+})+\psi(x^{-},y^{-})-\psi(x^{+},y^{-})-\psi(x^{-}, y^{+})$ ,

we obtain obviously a bilinear functional $\psi$ on $R$ and $S$. This bilinear
functional $\psi$ will be denoted by

$\int\Phi(\mathfrak{p}, \mathfrak{g})\varphi d\mathfrak{p}d\mathfrak{g}$ .
Theorem 4.4. For a $un\dot{w}$ersally cmtinums bilinear functional $0\leqq\varphi\in\overline{R,S}$ ,

if a Bore.$l$ functim $\Phi(\mathfrak{p}, q)$ is integrable by $\varphi(x,y)$ for every $0\leqq x\in R,$ $0\leqq y\in S$ ,

then, puuing
$\psi=\int\Phi(\mathfrak{p},\mathfrak{g})\varphi d$pdq,

we obtain a $un\dot{w}$ersally continozts bilmear $ functima_{\nu}^{7}\psi$ on $R$ and $S$ , and we
have

$[\psi]\leqq[\varphi]$ ,

$\varphi^{+}=\int\Phi^{+}(\mathfrak{p}, q)\varphi d\ovalbox{\tt\small REJECT}$ ,

$\psi-=\int\Phi^{-}(\mathfrak{h}, J)\varphi d\ovalbox{\tt\small REJECT}$ , $\rightarrow$

$|\psi|=\int|\Phi(\mathfrak{p}, q)|\varphi d\mathfrak{p}dq$

for $\Phi^{+}(\mathfrak{p},q)={\rm Max}\{\Phi(\mathfrak{p},\mathfrak{g}), 0\},$ $\Phi^{-}(DJ)=\{-\Phi(\mathfrak{p},\mathfrak{g})\}^{+}$

Proof. We $suPpose$ firstly $\Phi(\mathfrak{p},\mathfrak{g})\geqq 0$ . Then we have obviously
$\psi\geqq 0$ . For $0\leqq a\in R,$ $0\leqq b\in S$, we have

$(\psi-\iota\varphi)^{+}(a,b\rangle\leqq\int_{[a]x[b]}{\rm Max}\{\Phi(\mathfrak{p},\mathfrak{g})-\nu, 0\}\varphi(d\beta a, d\mathfrak{g}b)$

and
Max $\{\Phi(DW)-\nu, 0\}\iota_{\nu\approx 1}^{\infty}o$

up to a measure zero set by the measure $\varphi(\overline{[}p]a, [q]b)$ . Thus we obtain

$(\psi-\nu\varphi)^{+}(a, b)I_{\nu\leftarrow 1}^{\infty}0$ .
From this relation we conclude $[\psi]\leqq[\varphi]$ .

In the general case, we have obviously
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. . $\psi^{+}\leqq\{\int cI^{4}(0;J)\varphi d\mathfrak{p}dQ^{t}$ , $t$
$\backslash $,

$\psi^{-}\leqq\int rp-(\mathfrak{p},q)\varphi d\mathfrak{p}dJ-$ . $\backslash $

Thus we have $[\psi^{+}]\leqq[\varphi],$ $[\psi^{-}]\leqq[\varphi]$ , as proved just above. ConsequentIy
we obtain

$[\psi]=[\psi]^{+}[\psi^{-}]\leqq[\varphi].$. $1^{\backslash }i$

Therefore $\psi$ also is universally eontinuous by Theorem 3.4.
Furthermore, for any positive bilinear funetional $ cv\geqq\psi$ , we can find

by Theorem 4.3 a Borel function $\Psi\cdot\langle \mathfrak{h},$ $q$) on. $\vee/\wedge \mathcal{J}\otimes \mathfrak{F}$ such that , ..
$[\varphi]\omega=\int\Psi’(00)\varphi dpd\mathfrak{g}$ .

Then, since $[\varphi](v\geqq[\varphi]\psi=\gamma^{\prime}$ , we see easily that
$\Psi(0,0)\geqq cP^{+}(\mathfrak{p},q)$

up to a measure zero set by the measure $\varphi([p]a, [_{-}q]b)$ for $cver\gamma 0\leqq a\in R$,
$0\leqq c\in S$ . Thus we have

$\omega\geqq[\varphi]\omega\geqq\int(f^{\neq}(\mathfrak{p}, q)\varphi d\mathfrak{p}dJ$ .
Therefore $we^{\prime}$ obtain

$\psi^{\iota}=\int\Phi^{+}(\mathfrak{p},q)\varphi d\mathfrak{p}dq$ .
From this relation we conclude easily the others.

\S 5. Totally continuous bilinear functionals

Let $R$ and $S$ universally continuous and $\overline{R}$ and E9 th$e$ conjugate
spaces of $R$ and $S$ reSpectively. A bilinear functional $\varphi\in\overline{R_{r}S}$ is said
to be totally cmtinuous, if

1 $\varphi|=$ $\cup[\overline{x}\overline{y}]|\varphi|$

$\overline{x}eE.\overline{y}es$

With this defimition, we see at once that a bilinear functional $\varphi\in\overline{R,S}$

is totally contihuous if and only if $\varphi$ is contained in the least normal
manifold of $\overline{R,S}$ containing all $\overline{x}y<$ for oo $\in\overline{R},\overline{y}\in\downarrow\overline{S^{\prime}}$ . Thus the totality of
totally continuous bilinear funetionals is the least norm $a1$ manifold of
$\overline{R,S}$ containing all $\overline{x}\overline{y}$ for $\overline{x}\in\overline{R},\overline{y}\in\overline{S}$ . This normal manifold will be
denoted by $\overline{R,S}$ in the sequel.

Theorem 5. 1. If $\overline{a}\in\overline{\overline{R}}$ is complete in $[a]R$ and $\overline{b}\in\overline{S}$ is complete in $[b]S$ ,
then we have for every $\varphi\in\overline{R,S}$

$[\overline{\mathfrak{c}\iota}\overline{b}]\varphi[a][bJ=\varphi[a][b]$ .
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Proof. We need only consider the ease: $\varphi\geqq 0$ . In this case, we
have obviously

$[\overline{\alpha}\overline{b}]\varphi[a][b]\leqq\varphi[a][b]$ .
On the other hand, for every $\overline{x}\subset\overline{\overline{R}},\overline{y}\in\overline{S}$ , we have

$[\overline{x}\overline{y}]\varphi[a][b1=[-(\overline{x}[a])(\overline{y}\underline{\lceil}b])]\varphi[a][b]$ .
Since $\overline{(J}$ is eomplete in $\lfloor a$] $R$ and $\overline{b}$ is complete in $[b]S$ by assumption,
we have

[fi $[a]$] $\leqq[\overline{rr}]$ , $[\overline{y}[b]]\leqq\underline{\lceil}\overline{b}]-$ ,

and hence we obtain
$[\overline{x}\overline{y}_{\rfloor}^{\urcorner}\varphi[a][b]\leqq[\overline{tl}\overline{b}]\varphi[a][b]$ .

Sinee $qi\in\overline{R,S}$ by ausumption, we have b\’y definition

$\varphi=$ $\cup$ $[\overline{x}\vec{y}]\wp$ .
$\overline{x}eF,\overline{y}C’\overline{s}$

Thus we conclude
$\varphi[a][b]\leqq[\overline{\sigma}\overline{b}]\varphi[a][b]$ .

Theorem 5.2. Let a bilinear functimal $\varphi\in\overline{R,S}$ be postitive and universally
cmtinuous. In order that $\varphi$ be tofally continuous, it is necessary and slfficient
that $0\leqq a_{\nu}\leqq a(\nu=1,2, \cdots),$ $s\rightarrow\lim_{\nu\rightarrow\infty^{l}}a_{\nu}=0$ in $Rimph^{\circ}s$

$\lim_{\mathcal{V}^{\rightarrow}\infty}\varphi^{(a)}\nu=0$ in $\overline{S}$ .

Proof. We need only consider the ease where both $R$ and $S$ are
semi-regular. We suppose firstly that $\varphi$ is totally continuous. Let $[a]$

and $[b]$ be regular projectors in $R$ and $S$ respectively, and $0\leqq\overline{r\mathfrak{s}}\overline{\in}\overline{R}$ ,
$0\leqq\overline{b}\in\overline{S}$ complete in $[a]R,$ [$b\rceil S$ respectively. Then we have by The-
orem 5. 1

$[\overline{(x}\overline{b}]\varphi[a][b]=\varphi[a][b]$ .
Thus we can find by Theorem 4.3 a Borel function ($p\geqq 0on\mathfrak{E}\otimes \mathfrak{F}$ such
that

$\varphi[- a]\lfloor b]=|\Phi(0, ff)$ $\overline{c\iota}\overline{b}d\mathfrak{p}dq$ .
If $0\leqq a_{\nu}\leqq a_{t)}(\nu=1,2, \cdots),$. $s-\lim_{\nu\rightarrow\infty}a_{\nu}=0$ in $R$, then we have by the integra

ti.on theory for every $0\leqq y\in S$ and $\nu=1,2,$ $\cdots$ ,
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$\varphi([a]a_{\nu}.[b]y)’=\int\Phi(0J)\overline{t\iota}(d\mathfrak{p}a_{\nu})\overline{b}(d\mathfrak{g}_{y)}[a]x[b]$

$=\int_{[b]}\{\int_{\zeta a}\Phi(0,ff)\overline{a}(d\mathfrak{p}a_{\nu})\}\overline{b}(d\eta y)i$

and further for $\nu=1,2,$ $\cdots$

$0\leqq\int_{[a]}\Phi(\mathfrak{p},\mathfrak{g})\overline{\alpha}(d\mathfrak{h}a_{\nu})\leqq\int_{[a]}\Phi(\mathfrak{p},q)\dot{\overline{a}}(d\mathfrak{p}a_{0})$ .
We denote by $R_{0}$ the relative segment of $R$ by $a_{0}$ , that is, $R_{0}$ consists
of all those elements $x$ for which we can find $\prime x>0$ such that $|x|\leqq\prime xa_{\theta}$.
For each $q$ , if

$\int_{[a]}\Phi(\mathfrak{p}, \mathfrak{g})\overline{a}(dw_{0})<+\infty$ ,

$w$

then $\int_{[a]}\Phi(\mathfrak{p}, q)\overline{a}d\mathfrak{p}$ is a universally continuous linear functional on $R_{0}$ ,

and hence

$\lim_{r}\int_{aJ}\Phi(\mathfrak{p}, q)\overline{\alpha}(d\mathfrak{p}a_{\nu})=\nu\rightarrow\infty 0$ .

On the other hand, we have

’

$\int_{[a]}\Phi(\mathfrak{p}, \mathfrak{g})\overline{\sigma}(d\mathfrak{p}\alpha_{\nu})=(\frac{\varphi^{([a]a_{\nu})}}{b\leftrightarrow},$

$\mathfrak{g})$

in $U_{[b]}^{\mathfrak{F}}$ up to a nowhere dense closed set, and

$\varphi^{([a])a}\nu)([b]y)=\int_{[b]}$ { $\int_{\zeta a1}\Phi(\mathfrak{p},q)$ a $(d\mathfrak{h}a_{\nu})$ } $\overline{b}(d\eta y)$ .

Thus we obtain $ind-\lim_{\nu\rightarrow\infty}\varphi^{([a]a}\nu$

)
$Ib$] $=0$ in S. - Since a regular projeetor

$[b]$ may be arbitrary, we have hence

$ind-\lim_{\nu\rightarrow\infty}\varphi^{(\Gamma alafi}=0$ in $\overline{S}$ .
Since. $\varphi^{([a]a)}\nu\leqq\varphi^{([a]a_{\circ})}$ in $\overline{S}$ , we conclude further $\lim_{\nu\rightarrow\infty}\varphi^{([a]a_{\mathcal{V}})}=0$ in $\overline{S}$ .
Furthermore, since

$’\tau 1_{s}$

$\varphi^{a)}\nu=\varphi^{([a]a)}\nu+\varphi^{((1-[a]\backslash a_{\mu})}\leqq\varphi^{([a]a_{\nu})}+\varphi^{((1-[a])a_{o})}$ ,

we obtain hence $\varlimsup_{\nu\rightarrow\infty}\varphi^{(a)}\nu\leqq\varphi^{((1-[a])a_{\delta})}$ for every regular projector $[a]$ in
$R$ . Therefore we conclude $\lim_{\nu\rightarrow\infty}\varphi^{(a}\nu$

) $=0$ , because

$((1-[a])a_{0})\downarrow_{[a]}0$ for all regular pr\^ojector $[a]$ .
$Conver8ely$ , we assume that $\varphi$ is universally contimuous, and $ 0\leqq$
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$a_{\nu}\leqq a_{0}$ , $s-\lim_{\nu\rightarrow\infty}a_{\nu}=0$ implies $\lim_{\nu->\infty}\varphi^{()}a\nu=0$ . Putting

$\langle/J=\varphi-$ $\cup$ $\underline{\lceil}\overline{\alpha}\overline{y}$] $\varphi$ ,
$iie\varpi,\overline{y}es$ .

$\iota$

we have obviously $0\leqq 0\leqq q$ and
$\overline{x}\overline{y}_{\cap}\psi=0$ for every $0\leqq\overline{x}\in\overline{R},$ $0\leqq\overline{y}\in\overline{S}$ .

Thus we have. by Theorem 3.4
$\vee$

$T_{\overline{x}\overline{y}\cap}T$ . $=0$ for $0\leqq\overline{x}\in\overline{R},,$
$0\leqq\overline{y}\in S\backslash $

’

and hence by Theorem 2.1
$\bigcap_{0\leqq x_{-}^{\prime}a}(\overline{\lambda^{\backslash }}(x)\overline{y}+\psi^{(a-x)})=0$ in $\overline{S}$ .

If $[b]$ is an arbitrary regular prjector in $S$ and $0\leqq x\in S$ is complete

in $[b]S$, then we have naturally

$0\leqq x=a\bigcap_{\prime}$
(ru $(x)\overline{y}[b]+\psi^{(a-x)}[b]$) $=0$ .

Since $[b]S$ is $superuniversally$ continuous, we can find a sequence $ 0\leqq$

$x_{\nu}\leqq a(\nu=1,2,\cdots)$ such that

$\bigcap_{\nu=1}^{\infty}(\overline{\prime r}(x_{\nu})\overline{y}[b]+\psi^{(a-x)}\nu[b])=0$ .
For such $0\leqq x_{\dot{\nu}}\leqq a(\nu=1,2,\cdots)\backslash $

’ we bave obviously

$\overline{x}(x_{\nu})\overline{y}[b\rceil+\psi^{(x)}a\vee\nu[b]\geqq x(x_{\nu})\overline{y}[b],$

and hence we conclude naturally

$\overline{x}(x\nu\bigcap_{)\leqq\frac{1(}{\mu}}\overline{x}(x_{\nu})\overline{y}[b]+\psi^{(a-x)}\nu[b])=0$

for every $\mu=1,2,$ $\cdots$ . Thus we can find a subsequence $\nu_{\mu}(\mu=1,2, \cdots)$

such that

$\varliminf_{\mu.\infty}(\overline{x}(x_{\nu_{\mu}})\overline{y}[b]+\psi^{(a-x\nu_{\mu})}[\sim b])=0$
,

$\lim_{\mu\infty}$ to $(x_{\nu_{\mu}})=0$ .
Now let $[a]$ be an arbirary regul $ar$ projector in $R$ and th complete in
$[a]R$ . Then

$\lim_{\mu\rightarrow\infty}\overline{x}([a]x_{\nu_{\mu}})=0$

implies $s-\lim_{\mu\rightarrow\infty}[a]x_{\nu_{\mu}}=,0$
, and hence

s-$\lim_{\mu\rightarrow 0_{9}}[a](a-x_{\nu_{I^{L}}})=a$
,
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Thus we have by assumption

$\lim_{\mu\rightarrow\infty}\psi^{([a](a-xy_{\mu}))}\lfloor b]=\psi^{(a)}[b]$ in $\overline{S}$ .
On the other hand, we have

$\varliminf_{\rightarrow\mu\rightarrow\infty}$
(ca $([a]x_{\nu_{\mu}})\overline{y}[b]+\psi^{([a]_{\backslash }^{\prime}a-x\nu_{\mu}))}[b]$) $=0$ ,

as proved just above. Thus we conclude $\psi^{(a)}[b]=0$ in $\overline{\overline{S}}$ for.every regular
projector $[a]$ in $R$ and $[b]$ in $S$, and hence $\psi=0$ , that is,

$\varphi=\overline{xe\hslash.\varpi e^{\mathfrak{t}}}\cup\xi^{\overline{x}\overline{y}]\varphi}$ .
A bilinear functional $\varphi\in\overline{R,S}$ is said to be absolutely continuous, if we

can find $\overline{a}\in\overline{\overline{R}}$ amd $\overline{b}\in S$ such that $|\varphi|\leqq\overline{a_{0}}\overline{b}$. With this definition, every
absolutely continuous bilinear functional is obviously totally continuous,
and the totality of absolutely continuous bilinear functionals constitutes
a semi-normal madifold of $\overline{R,}S$ .

Theorem 5. 3. If a bilmear’ functional $\varphi\in\overline{R,S}$ is absolutely continuons,
then

$w-\lim_{\nu\rightarrow\infty}a_{\nu}=0$ in $R$

imphes $\lim_{\nu\rightarrow\infty}\varphi^{()}a\nu=0$ in $\overline{S}$ .
Proof. We need only prove the case: $\varphi^{t}\geqq 0$ . If

$0\leqq\varphi\leqq\overline{\alpha}\overline{b},$ $0\leqq\overline{\alpha}\in\overline{R},$ $0\leqq\overline{b}\in S_{l}^{-}$

then we can find a Borel function $\Phi(\mathfrak{p}, q)$ on $\mathfrak{E}_{\text{ノ}}^{i}\otimes \mathfrak{F}$ such that
$\varphi=\int\Phi(\mathfrak{p}, q)\overline{a}\overline{b}d\mathfrak{p}d\mathfrak{g}$ ,

$0\leqq\Phi(\mathfrak{p},q)\leqq 1$ .
‘Then, putting for each $ff\in \mathfrak{F}$

$\overline{\sigma}_{\mathfrak{g}}=\int\Phi(\mathfrak{p},\mathfrak{g})\overline{\sigma}d\beta$ ,

we have $\overline{\sigma,\sigma}\in\overline{R}$ . Thus, if $w-\lim_{\nu\rightarrow\infty}a_{\nu}=0$ , then we have

$\lim_{\nu\rightarrow\infty}\overline{\alpha}_{\sigma}(a_{\nu})=0$ .
Sinee $\varphi^{(\alpha_{\nu}}$

)
$=\int\overline{a}_{\sigma}(a_{\nu})\overline{b}dJ$

(

, we Qbtain hence

ind-$\lim_{\nu\rightarrow\infty}\varphi^{(a_{\nu})}=0$ in $\overline{S}$ .
On the other hand we have for every $ 0\leqq y\in S\sim$
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$|\varphi(a_{\nu}, y)|\leqq q(|a_{\nu}|, y)\leqq\overline{\alpha}(|a_{\nu}|)\overline{b}(y)$ ,

and hence $|\varphi^{(a_{\nu)}}|\leqq\overline{(}(|a_{\nu}|)\overline{b}$ in $S$ for every $\nu=1,2,$ $\cdots$ . Thus, recalling
Theorem 46.4 in a bookl1), we conclude

$\lim_{\nu\rightarrow\infty}\varphi^{(a}\nu)=0$ .
The totality of absolutely continuous bilinear functionals on $R$ and

$S$ will be denoted by $\overline{R}\times\overline{S}$ . Then $\overline{R}\times\overline{S}$ is obviously a semi-normal
manifold of $\overline{R,S}$ and complete in $\overline{R,S}$ .

For a universally continuous semi-ordered linear space $W$ , a system
of positive elements $a_{a}\in W(\lambda\in\Lambda)$ is said to be positively fundamental in
$W$ , if every closed manifold of $Wcontaini\iota lg$ all linear combinations

$\sum_{\nu=1}^{r}fx_{\nu}a_{\lambda\nu}$

$for\downarrow every$ finite $nu\grave{m}$ber of elements $\lambda_{\nu}\in\Lambda$ and positive numbers $\alpha_{\nu}$

$(\nu=1,2,\cdots,\kappa)$ , includes all positive elements of $W$ .
Theorem 5.4. The totahty of bilinear functionals $\overline{x}^{\infty}y(0\leqq\overline{x}\in\overline{R}, 0\leqq\overline{y}\in\overline{S})$

$mR$ and $S\prime is$ positwely fundamentctl in $\overline{R}\times\overline{S}$ .
Proof. For each $0\leqq\varphi_{0}\in\overline{\overline{R}}\times\overline{S}$ , we can find by definition $0\leqq\overline{\alpha}\in\overline{R}$ .

$0\leqq\overline{b}\in\overline{S}$ for which $\varphi_{0}\leqq\overline{\sigma}\overline{b}$ . Let $0\leqq a\in R,$ $0\leqq b\in S$ be arbitrary, and we
shall denote by $\overline{A}$ the relative segment of $\overline{R}\times S$ by $(\overline{\sigma}[a])(\overline{b}[b])$ . Then
we have obviously $\varphi_{0}[a][b]\in\overline{A}$ , and for every $\varphi C\overline{A}$ , putting

$||\varphi||=|\varphi|(a,b)$ ,

we obtain a norm on $\overline{A}$ . We see easily that this norm is continuous:
Recalling Theorem 4.8, we can find a Borel function $\Phi_{()}(\mathfrak{p}, q)$ om $\mathfrak{E}\otimes \mathfrak{F}$

such that

$\varphi_{0}(a,b)=\int_{[a]\times[b]\wedge}\Phi_{0}(\mathfrak{p},\mathfrak{g})\overline{\sigma}(d\mathfrak{p}a)\overline{b}(dqb)$

,

$0\leqq\Phi_{0}(\mathfrak{p},q)\leqq 1$ .
Then, by virtue of the integration theory, for any $e>0$ we can find
a continuous function $\Psi_{0}(\mathfrak{p}, q)$ on $U_{[a]}^{\mathfrak{E}}\times U_{[b]}^{\mathfrak{F}}$ s\’uch that $0\leqq\Psi_{0}(\mathfrak{p},q)\leqq 1$ ,

$[a]x[b]\int|\Phi_{0}(\mathfrak{p},q)-\Psi_{0}(\mathfrak{p},\mathfrak{g})|\overline{\alpha}(d\mathfrak{p}a)\overline{b}(dqb)<e$
,

and further a finite number of real numbers $\alpha_{\nu,\mu}$ and of Projectors
$[p_{\nu}],$ $[q_{\mu}]$ sueh that

11) H. NAKANO. Modern spectraS theory, (1950), Tokyo, Theorem 46.4.
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$[a]=\sum_{\nu\backslash -1}^{\kappa}[p_{\nu}]$ , $[b]=Z_{1}^{\backslash }[q_{\mu}]\mu\Leftrightarrow\sigma$ $0\leqq a_{\nu,\mu}\leqq 1$ ,

$-$

$|\Psi_{0}(\mathfrak{p},q)-a_{\nu,\mu}|\backslash \backslash <e$ for $\mathfrak{p}\in U_{rp}^{t\mathfrak{Y}}\backslash \nu 1’ q\in U_{[q_{\mu}]}^{\mathfrak{F}}$ .
Then we have

$||\varphi_{0}[a][b]-\sum_{\nu,\mu}a_{\nu,\mu}(\overline{a}[p_{\nu}])(b[q_{\mu}])||\leftarrow$

$=|\varphi_{0}[\acute{a}][b]-\sum_{\nu,\mu}\alpha_{\nu,\mu}(\overline{\sigma}[p_{\nu}])(\overline{b}[q_{\mu}])|(a,b)$

$=\sum_{\nu,\mu}\int_{\zeta p\nu 3\times\zeta q_{\mu 1}}|\Phi_{0}(\mathfrak{p},\mathfrak{g})-\alpha_{\nu.\mu}|\sigma(d\mathfrak{p}a)\overline{b}(dqb)$

$\leqq\int_{[a]\times[b]}|(p_{0}(\mathfrak{p},\eta)-\Psi_{0}(\mathfrak{p},\mathfrak{g})|^{\leftrightarrow}a(d\mathfrak{p}a)\overline{b}(d\mathfrak{g}b)$

$+e\sum_{\nu,\mu}a([p_{\nu}]a)\overline{b}([q_{\mu}]b)<e(1+\overline{\alpha}(a)\overline{b}(b))$ .

Therefore we can find a sequence of linear combinations

$\psi_{\nu}=\sum_{\mu-l}^{\kappa_{\nu}}\xi_{\mu}(\overline{\alpha}[p_{\nu,J^{b}}]\rangle(\overline{b}[q_{\nu,\mu}])\in\overline{A}$ $(\nu=1,2, \cdots)$

such that $0\leqq\xi_{\mu}\leqq 1,$ $\sum_{\mu\approx 1}^{\kappa\nu}[p_{1\nu}\mu]=[\alpha]$ , $\sum_{\mu-1}^{\kappa_{\nu}}[q_{\nu,\mu}]=[b]$ ,

$\lim_{\nu\rightarrow\infty}||\psi_{\nu}-\varphi()[a][b]||=0$ ,

and hence
$s- ind-\lim_{\nu\rightarrow\infty}\psi_{\nu}=\varphi_{0}[a][b]$ .

On the other hand, we have obviously

$0\leqq\psi_{\nu}\leqq(\overline{\{x}[a]\overline{b}[b])$ for every $\nu=1,2,$ $\cdots$ ,

and hence we conclude s- $\lim_{\nu\wedge\infty}\phi_{\nu}^{y}=\varphi_{0}[a][b]$ . Since $0\leqq a\in R,$ $0\leqq b\in S$ may

be arbitrary, we obtain therefore our assertion.
Sinc $e\overline{R}\times\overline{S}$ is a complete semi-normal manifold of $\overline{R,S}$, the totality

of positive elements of $\overline{R}\times S\leftrightarrow$ is positively fundamental in $\overline{R,S}$. Thus
we conclude immediately by Theorem 5.4.

Theoyrem 5. 5. The totdity of bilinear functionals $\overline{x}\overline{y}(0\leqq\overline{x}\in\overline{R}, 0\leqq y\Leftrightarrow\in\overline{S})$

$mR$ and $S$ is $p0\dot{\mathfrak{N}}t^{s}ivel\grave{y}$ fundamental in $\overline{R,S.}$

Theorem 5. 6. If a bllinear functional $\overline{\varphi}m\overline{\overline{R}}$ and $S$ is totally cmtinu-
ous, then there exists uniquely a univesally continuous linear funetimal $\psi^{\rightarrow}m$

$\overline{R}\times\overline{S}$ such that
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$\overline{\varphi}$ ($x$ , Zi) $=\psi$ (ey) for every $\overline{x}\in\overline{R},\overline{y}\in\overline{S}$ .
If $\overline{\varphi}\dot{u}$ positive, thm $p$ also is posihve.

Proof. We need obviously consider the case: $\overline{\varphi}\geqq 0$ . Let $a_{l}\geqq 0$

$(\lambda\in\Lambda)$ be a complete orthogonal system of $R$ such that $[a_{\lambda}]R$ is regular
for every $\lambda\in\Lambda$ , and $b_{r}\geqq 0(\gamma\in\Gamma)$ a complete orthogonal system of $S$ sueh
that $[b_{\gamma}]S$ is regular for every $\gamma\in\Gamma$. Putting

$a_{h}^{E}(\overline{x})=\overline{x}(a_{\lambda})$ for every $\overline{x}\in\overline{R}_{\theta}$

$b_{r}^{s}(\overline{y})=\overline{y}(b_{\tau})$ for every $y\in S$ ,

we have obviously $a_{\lambda}^{\hslash}\in R=,$ $b_{\gamma}^{s}\in S=$ and $a_{h}^{\hslash}(\lambda C-\Lambda)$ is a complete orthegonal
system of $\overline{E}$ , and $b_{\lambda}^{s}(\gamma\in\Gamma)$ is. a complete orthogon$a1$ system of $ S\Leftrightarrow$ . Since
$\overline{\varphi}\geqq 0$ is totally continuous by assumption, we have by definition

$\overline{\varphi}=$ $U$ $[a_{\lambda}^{R}b_{\gamma}^{s}]\overline{\varphi}$ ,
$ re\Lambda,7e\Gamma$

$\overline{\varphi}(\overline{x},\overline{y})=$ $\sum$ $[a_{\lambda}^{fi}b_{r}^{s}]\overline{\varphi}(\overline{x},\overline{y})$ for $0\leqq\overline{x}\in\overline{R},$ $0\leqq\varpi\in\overline{S}$ .
a $e\Lambda,r$ er

Considering the canonical spaces $\mathfrak{E}$ and $\mathfrak{F}ofR$ and $S$ respectively, we
obtain by Theorem 4.3 a ’Borel function $\Phi_{l,7}(00)\geqq 0$ on the product
space $\mathfrak{E}\otimes \mathfrak{F}$ such
that

$[a_{l}^{F_{v}}b_{\gamma}^{s}]\overline{\varphi}=\int_{[a_{\lambda}]_{\wedge}[b_{Y}]}\}$

Then we have for $0\leqq\overline{x}\in\check{\overline{R}},$ $0\leqq\overline{y}\in\overline{S}$

$[a_{1}^{\overline{R}}b_{r}^{s}]\overline{\varphi}(\overline{x},\overline{y})=\int_{\lambda[a]\times[b_{7}]}\overline{x}$ ,

and hence

$\overline{\varphi}$ (oo, $\hat{y}$) $=$ $\sum$ $\int$ $\Phi_{\lambda.\gamma}(\mathfrak{p},q)\overline{x}\overline{y}(d\mathfrak{p}a_{\lambda}, dJb_{r})$ .
$le\Lambda,re\Gamma \mathfrak{c}a_{\lambda}J\times[b_{7}]$

Now, putting for $0\leqq\varphi\in\overline{R}\times\backslash \overline{S}$

$\psi(\varphi)=\sum_{ae\Lambda,re\Gamma\Gamma a_{\lambda}}J_{[b_{7}]}^{\Phi_{\lambda,r}(\mathfrak{p},q)\varphi(d\mathfrak{p}a_{\lambda},dqb_{r})}$

we have $\psi(\varphi)<+\infty$ for every $0\leqq\varphi\in\overline{\overline{R}}\times S,$

,
because for each $0\leqq\varphi^{\{\epsilon\overline{R}}\times\overline{\tilde{S}}$ ,

we can find $0\leqq\overline{x}\in R\leftarrow,$ $0\leqq y\Rightarrow\in\overline{S}$ such that $\varphi\leqq\overline{x}\overline{y}$, and then
$\psi(\varphi)\leqq\overline{\varphi}(\overline{x}, y<)<+\infty$ .

Furthermore, $putting$

$\prime^{\prime}(\varphi)=\psi(\varphi^{+})-\psi(\varphi^{-})$ for every $\varphi\epsilon\overline{R}\times S$ ,



192 H. Nakano

we see easily that $\sqrt{\prime}$ is a positive linear functional on $\overline{R}\times\overline{S}$ , and
$\psi$ (rny) $=\vec{\varphi}\{\overline{x},$ $ y\neg$) for every $\overline{x}\overline{\in}\overline{R},\overline{y}C-\overline{S}$ .

If $\overline{\alpha}_{C}\overline{y}_{0}\geqq\varphi_{\rho}\downarrow_{\beta C^{p}}^{\backslash }0$ in $\overline{R}\times\overline{S}$ , then for any $e^{l}>0$ we can find $\delta>0$ such
that, putting

$\Phi_{\chi,\gamma}$ , a $(\mathfrak{p}, \mathfrak{g})=$ Min $\{\Phi_{R,7}(\emptyset, \forall), \delta\}$ ,

we have

$\int_{[a_{\lambda}]\times[b_{\gamma}]}\gamma$ ’

and hence

$ra_{\lambda\supset\times \mathfrak{c}b}\int_{?}.\Phi_{l.\gamma}(\mathfrak{p},q)\varphi_{\rho}(d\mathfrak{p}a, dqb)J\leqq\int_{\gamma}\Phi_{l,r,\delta}(\emptyset,ff)\varphi_{\rho}(d\beta a_{\lambda}, d\mathfrak{g}b_{\gamma})[a\lambda]\times rb)$

$+\int_{[a_{\lambda}]\times[b_{\gamma}]}\{\Phi_{\lambda,\tau}(\mathfrak{p},\mathfrak{g})-\Phi_{\lambda,r,\delta}(\mathfrak{p},\mathfrak{g})\}^{=}\overline{x}_{C}y_{0}(d\mathfrak{p}_{a_{l},d}\mathfrak{g}b_{\gamma})\leqq\delta\varphi_{\rho}(a,b)+\epsilon$ .

This relation yields

$\inf_{pc\wedge P}\int_{[a_{\lambda}]\times[b_{\gamma}]}\Phi_{\lambda,\tau}(\mathfrak{p},q)\varphi_{\rho}(d\mathfrak{p}a_{\lambda’\sim}d\phi b_{\gamma})=0$ .

Thus we eonclude easily that $inf\psi(\varphi_{\rho})=0$ , that is, $\psi$ is universally con-
$oeP$

tinuous. By virtue of Theorem 5.4, we conclude easily the uniqueness
of such a universally continuous linear functional $\psi$ on $\overline{R}\times S\leftarrow$ .

Theorem 5. 7. $\overline{\overline{R},\overline{S}}$ is $iscmc\gamma phic$ to the eonjugate space $\overline{\overline{R}\times\overline{S}}$ of $\overline{R}\times\overline{S}$

by a $c\sigma rresp\sigma ndence$ :
$\overline{\overline{R},\overline{S}}\ni\overline{\varphi}\rightarrow\overline{\varphi}^{E\times\overline{S}}\in\overline{\overline{R}\times\overline{S},}$ $\overline{\varphi}^{ff\times S}(\overline{x}\overline{y})=\overline{\varphi}(\overline{x},y=)f_{\Theta}r\overline{x}\in\overline{R},\overline{y}\in\overline{S}$ .
Proof. By virtue of Theorem 5.6, for each $\overline{\varphi}\in\overline{S},\overline{R}$ we can find

uniquely $\overline{\varphi}^{5\times S}\in\overline{\overline{R}\times\overline{S}}$ such that $\overline{\psi}^{E\times S}(\overline{x}\overline{y})=\overline{\varphi}(\overline{x},\overline{y})$ for $\overline{x}\in\overline{R},\overline{y}\in\overline{S}$ , and $\overline{\varphi}\geqq 0$

implies $\overline{\varphi}^{E\times S}\geqq 0$ . Conversely, if $\overline{\varphi}^{R\times S}\geqq 0,$ $.then$ we have obviously $\overline{\varphi}\geqq 0$ .
Thus we have $\overline{\varphi}^{\overline{R}\times S}\geqq\overline{\psi}^{\overline{R}\times S}$ if a\’{n}d only if $\overline{\varphi}\geqq\overline{\psi}$ . If $0\leqq\omega\leqq\overline{\varphi}^{\hslash\times\overline{s}},$

$\omega\in\overline{\overline{R}x\overline{S}}^{-}$

$\overline{\varphi}\in\overline{\overline{R},\overline{S}}$, then, putting
$\overline{\omega}(\overline{x},\overline{y})=\omega$ (ooy) for $\overline{x}\in\overline{R},\overline{y}\in\overline{S}$ ,

we obtain obviously a positive bilinear functional tu on $\overline{R}$ and $\overline{S}$ . Since
$0\leqq\overline{\omega}(\overline{x},\overline{y})\leqq\overline{\varphi}(o\overline{e},-\overline{y})$ for $0\leqq\overline{x}\in\overline{Ii},$ $0\leqq\overline{y}\in\overline{S}$ ,

$\overline{\omega}$ is totally continuous, that is $\overline{\omega}\in\overline{\overline{R},\overline{S}}$ . Reealling Theorem 5.4, we see
further that $\overline{\omega}^{E\times S}=po$ . $Therefore\overline{\varphi}^{il\times S}(\overline{\varphi}’\in\overline{\overline{R},\overline{8}})$ constitutes a semi-norm\‘al

manifold of $\overline{\overline{R}\times\backslash S\leftarrow},$ Furthermore, since
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$\overline{\varphi}_{l}^{\hslash\times S}\uparrow\lambda e\Lambda^{(0\in\overline{\overline{R}\times\overline{S}}}$, $\overline{\varphi}_{l}\in\overline{\overline{R}\overline{S}}(\lambda\in\Lambda)$

i.mplies

$\sup_{\lambda e\Lambda}\overline{\varphi}_{\lambda}(\overline{x},\overline{lf})=\omega(\overline{x}\overline{y})<+\infty$ for $0\leqq\overline{x}\in\overline{R},$ $0\leqq-\vec{y}\in\overline{S}$ ,

there exists $\overline{\varphi}\in\overline{\overline{R}^{-}\overline{S}}$ for which $\overline{\varphi}_{\lambda}\uparrow\lambda e\Lambda\overline{\varphi}$ . For such $\overline{\varphi}\in\overline{\overline{\dot{R}},\overline{S}}$ we have
$\overline{\varphi}(\overline{x},\overline{y})=(o(\overline{x}^{-}\overline{y})$ for $0\leqq\overline{x}\in\overline{R},$ $0\leqq\overline{y}\in\overline{S}$ ,

and hence $\overline{\varphi}^{r\overline{t}\times S}=Ct$). Thus $\overline{\varphi}^{B\times S}(\overline{\varphi}\in\overline{\overline{R},\overline{S}})$ constitutes a normal manifold
of $\overline{\overline{R}\times\overline{S}.}$ For any $v\in\overline{R}\times\overline{S}$ , if $\overline{\varphi}^{\overline{R}\times\delta}((0)=0$ for every $\overline{\varphi}\in\overline{\overline{R},\overline{S}}$ , then we
have $\omega(x,y)=0$ for every $x\in R,$ $y\in S$, because, putting $x^{\overline{R}}(\overline{x})=\overline{x}(x)$ for
$\overline{x}\in\overline{R}$ and $y^{s}(\overline{y})=\hat{y}(y)$ for $\overline{y}\in\overline{S}-$ , we have $x^{E}y^{9}\in\overline{\overline{R},\overline{S}}$ , and

$(x^{\overline{B}}y^{5^{i}})^{F\times 5}((0)=co(x,y)$
$1$

by Theorem 5.6. Therefore $\overline{\varphi}^{ff\times S}(\overline{\varphi}\in\overline{\overline{R},\overline{S}})$ coincides with the whole $\frac{4}{\overline{R}\times\overline{S}}$.

\S 6. Singular bilinear functionals

Let $R$ and $S$ be universally continuous, and $\overline{R}$ and $\overline{S}$ the conjugate
’ spaces of $R$ and $S$ respectively. A bilinear functional $\varphi\in\overline{R,S}$ is said

$to$ be stingular, if $[\overline{x}\overline{y}]\varphi=0$ for every $\overline{x}\in\overline{R},\overline{y}\in\overline{S}-$ , that is,

$\overline{x}\overline{y}_{\cap}|c|=0$ for every $\overline{x}\in\overline{R},\overline{y}\in\overline{S}$ .
With this definition, we see easily that the totality ofi singular bilinear
functionals is a normal manifold of $\overline{R,S}$ and the orthogonal complement
of the totality of totally continuous bilinear functionals in $\overline{R\prime S}$.

Theorem 6. 1. Let $R$ be semi-regular and $\overline{R}$ the coniugafe space of $R$ .
If $R$ has no discrete element except for $0$ , then putting

$\varphi(\overline{x}, x)=x\leftrightarrow(x)$ for $\overline{x}\in\overline{R}_{;}x\in R$ ,

we obta.in a ningular bilinear functimal $\varphi m\overline{R}$ and $R$ .
Proof. For every xC-R, putting

$x^{R}(x)=x(x)$ for evry $\overline{x}\in\overline{R}$ ,

we obtain a universally continuous linear functional $x^{\overline{R}}$ on $\overline{R}$ , and de-
noting by $R=$ the conjugate space of $\overline{R\cdot}$ , we see easily that $x^{6}(x\in R)$

constitutes a complete semi-normal manifold of $\overline{\hslash}$ .
The bilinear functional $\varphi$ : $q$ (te, $x$) $=\overline{x}(x)$ for $\overline{x}\in\overline{\overline{R}},$ $x\in R$, is obviously

positive and universally continuous, We shall prove firstly that for
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every positive $y\in R,$ $y\Rightarrow\in\overline{R}$ we have
$y^{R}\overline{y}_{\cap}\varphi=0$ .

For this purpose, we need by Theorem 3.4 prove

$T_{v^{R_{\overline{y}\cap}}}\cdot T_{\varphi}=0$ ,

that is, by Theorem 2.1
$\bigcap_{0\leqq\hat{x}\leqq\alpha}$ (fo $(y)\overline{\overline{y}}+(\overline{q}-\overline{x})$) $=0$ for every $0\leqq\overline{\mathfrak{a}}\in\overline{R}$ ,

because $T_{\nu^{\overline{R}}lt^{\overline{X}}}=\backslash \overline{x}(y)\overline{y},$
$T_{\varphi}(\overline{\alpha}-\overline{x})=\overline{\alpha}-\overline{x}$ . Putting

$\overline{b}=$

$\bigcap_{\prime,0\leqq\overline{T}\equiv a}$(be $(\backslash y)\overline{y}+(\overline{\sigma,}-\overline{x})$),

we have obviously $0\leqq\overline{b}\leqq f7$ . For each point $\overline{\mathfrak{h}}$ of the proper space $\dot{}\circ$

’

of $\overline{R}$ , we have obviously

$[o\overline{e}]\overline{\sigma}\downarrow_{[\overline{x}]e}\tau F0$ ,

because $R$ has no diserete element except for $0$ by assumption. Thus
we have

$inf[\overline{x}]\overline{a}(y)=0$ .
$[\overline{x}]e]3$

Since for $[\overline{x}]\in\overline{\mathfrak{p}}$

$(\frac{\overline{b}}{\overline{a}}$ $\check{\mathfrak{p}})\leqq(\underline{[\overline{x}]}\frac{\overline{a}(y)\overline{y}+,(1-[o\overline{e}}{\overline{\alpha}}\underline{])\overline{a}}$ $\overline{\mathfrak{p}})=[\overline{x}]\overline{a}(y)(\frac{\overline{y}}{\overline{a}},$
$\overline{0})$ ,

we obtain $henc9^{\backslash }(\frac{\overline{b}}{\overline{\sigma}}$ , $rm)=0$ for every point $\overline{\mathfrak{p}}$ ; and consequently $\overline{b}=$

$0$ . Therefore we conclude
$y^{i\overline{3}}\overline{y}_{\cap}\varphi=0$

for every $0\leqq y\subseteq R,$ $0\leqq\overline{y}\in\vec{R}$ . Since $x^{E}(x\in R)$ is complete in $R=$ , reealling
Theorem 1.8, we see by definition that $\varphi$ is singular.

Theorem 6. 2. Let both $R$ and $S$ be semi-regular, and $\overline{R}$ and $\overline{S}$ the con-
jugate spaces of $R$ and $S$ respectively. If $R$ }$ms$ no discrete element except
for $0$ , then for each $y\in S,$ puWing

$[$

$\Phi_{y}(\varphi, x)=\varphi(x, y)$ $(\varphi\in\overline{R,S}, x\in R)$ ,

we obtain a singulttr bilinear functiona $\Phi_{y}m\overline{R,S}$ and $R$ .
Proof. We need omly prove that $\Phi_{y}$ is a singular bilinear functiona}

on $\overline{R,S}$ and $R$ for $0\leqq y\in S$. For every $0\leqq y\in S$, it is obvious that $cp_{y}$ is
a positive universally continuous bilinear functional on $\overline{R,S}$ and R. $\tau$ We
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shall prove firstly that for every positive universally continuous linear
functional $\overline{\varphi}_{0}$ on $\overline{R,S}$ and $\overline{x}_{0}$ on $f?$ , we have

$\overline{\varphi}_{0}\overline{x}_{0\leftrightarrow}\phi_{y}^{1}=0$ ,

that is, by Theorem 3.4
$T_{\overline{\varphi}_{o}\overline{x}_{o\cap}}T_{\Phi_{y}}=0$ .

For arbitrary $0\leqq\overline{a}\in\overline{R},$ $0\leqq\overline{b}\in\overline{S}$ , putting

$\overline{c}=(T_{\overline{\varphi}_{o^{\overline{x}}o\cap}}T_{\Phi_{y}})\overline{a}\overline{b}$ ,

we have by Theorem 2.1

$\overline{c}=\bigcap_{0\leqq\varphi\leqq\overline{\alpha}\overline{b}}(T_{\Phi_{y}}\varphi+T_{\overline{\varphi}_{o}\overline{x}_{O}}(\overline{\alpha}\overline{b}-\varphi))$

$=\bigcap_{\downarrow)\leqq\varphi\leqq\overline{a}\overline{b}}(\varphi^{(y)}+\overline{\varphi}_{0}(\overline{a}\overline{b}-\varphi)_{\overline{X}_{0}})\backslash $ .
Thus, for every projector $[\overline{p}]$ in $\overline{R}$ , putting $\varphi=((1-[\overline{p}])\overline{a})\overline{b}$ , we have

$0\leqq\overline{c}\leqq\overline{b}(y)(1-[\overline{p}])\overline{a}_{r}+\overline{\varphi}_{0}(([\overline{p}-\rfloor\overline{a})\overline{b})_{\overline{\mathfrak{B}}_{0}}$ .
Especially, putting $[\overline{p}]=0$ , we obtain $0\leqq\overline{c}\leqq\overline{b}(y)\overline{a}$ . For every point $\overline{\mathfrak{p}}$

in the proper space $\mathfrak{E}$ of $\overline{R}$ , we have
$[\overline{p}]\overline{\alpha,}\downarrow_{[\overline{p}]e\overline{\}J}}0$ ,

because $R$ has no $dIscrete$ element except for $0$ by assumption. Con-
sequently we obtain by Theorem 1.8

$inf\overline{\varphi}_{0}(([\overline{p}]\overline{a})\overline{b})=0$ .
$[p]e$ ii

Since ($\frac{\overline{c}}{\sigma\sim}$ , $\overline{\tilde{\mathfrak{p}}})\leqq\overline{\varphi}_{0}((.[\overline{p}]\overline{\sigma})\overline{b})(\frac{\overline{x}_{0}}{\overline{\alpha,}}$ , $\overline{\mathfrak{p}})$ for every $[\Phi]\in \mathfrak{p}\vee$ , we obtain. therefore

’ ($\frac{\overline{c}}{\overline{\sigma}}$ , $\overline{o})=0$ for every point $\overline{l}$ , and henee $\overline{c}=0$ . Recalling Theorem 5.4

and 2.5, we conclude thus further that $T_{\overline{\varphi}_{0}\overline{x}_{0}\cap}T_{\Phi_{y}}=0$ . Iherefore $\Phi_{y}$ is
singular by definition.

\S 7. Product spaces

Let $R$ and $S$ be universally continuous. For a universally con-
tinuous semi-ordered linear space $W$, if there exists a correspondence

$(xy)^{W}\in W$ for every $x\in R$ and $y\in S$ ,

such that

1) $((\alpha x)y)^{W}=(x(\alpha y))^{W}=$ at $(xy)^{w}$ for every real number Ct,



196 H. Nakano

2) $((x_{1}\dashv\cdot x_{d},)y)^{W}=(x_{1}y)^{W}+(x_{2}y)^{W}$ for $x_{1},$ $x_{-},\in R,$ $y\in S$ ,

$(x(y_{1}+y_{2}))^{W}=(xy_{1})^{W}+(xy_{\supseteq})^{W}$ for $x\in R,$ $y_{1},$ $ y_{2}\in S\cdot$,

3) $R\in x_{\lambda}(\lambda\in\Lambda),$ $x=\cap x_{1},0\leqq y\in S$ implies $(xy)^{W}=\cap(x_{R}y)^{W}$ ,
$ le\Lambda$ a $e$ A

$0\leqq x\epsilon R,$ $y_{\lambda}\in S(\lambda\in\Lambda),$
$y=\bigcap_{\lambda e\Lambda}y_{\lambda}$ implies $(xy)^{W}=\bigcap_{\lambda C-\Lambda}(xy_{l})^{W}$ ,

4) $(xy)^{W}(0\leqq x^{\prime}cR, 0\leqq y\in S)$ is positively fundamental in $W$ ,

then $W$ is said to be a product space of $R$ and $S$ by the correspondence
$(w)_{c}^{W}W(x\in R, y\in S)$ , amd this correspondence is called the product $ c\sigma r\sim$

respmdence.
Concerning the product correspondence $(xy)^{W}\in W(x\in R, y\in S)$ , we ob-

tain obviously by 1)

$(0y)^{W}=(x0)^{W}=0$ for every $x\in R,$ $y\in S$ ,

and by 3) that
$x_{1}\geqq x_{2}$ implies $(x,y)^{W}\geqq(x_{-}\}y)^{W}$ for every $0\leqq y\in S$ ,

$y_{1}\geqq y_{J}$ implies $(\cdot xy_{1})^{W}\geqq(xy_{2})^{W}$ for every $0\leqq x\in R$ .
Thus we have obviously that $(xy)^{W}\geqq 0$ for every $0\leqq x\in R,$ $0\leqq y_{\backslash }\in S$.

Let both $R$ and $S$ be semi-regular and $\overline{R}$ and $ S\leftarrow$ the eonjugate
spaces of $R$ and $S$ respectively. A product space $W$ of $R$ and $S$ by
a product correspondence $(xy)^{W}\in W(x\in R, y\in S)$ is said to be normal, if
$W$ is semi-regular and the conjugate spaee $\overline{W}$ of $W$ is a product space
of $\overline{R}$ and $\overline{S}$ by a product correspondence $(\overline{xy})^{W}\in\overline{W}(\overline{x}\in\hat{R}, y\rightarrow\in\overline{S})$ such that

$(\overline{x}\overline{y})^{\overline{W}}((xy)^{W})-=\overline{x}(x)y\Rightarrow(y)$ for $x\in R,$ $y\subseteq S,\overline{x}\in\overline{R}\cdot,$ $\overline{y}\in S$ .
With this definition, if ,a product space $W$ is normal, then the product
correspondence $(\overline{x}\overline{y})^{ffi}\in\overline{W}(\overline{x}\in\overline{R},\overline{y}\in\overline{S})$ is determined uniquely, because
$(xy)^{W}(0\leqq x\in R, 0\leqq y\in S)$ is positively fu\’{n}damental in $W$ .

Let $W$ be a normal product space of $R$ and $S$ by a product cor-
respondenee $(xy)^{W}\in W(x\in R, y\in S)$ . For every $\overline{\approx}\in\overline{W}$ , putting

$\varphi_{\overline{z}}(x, y)=\overline{z}((xy)^{W})$ for $x\in R,$ $y\in S$ ,

we obtain obviously a bilinear fUnctional $\varphi_{\overline{z}}$ on $R$ and $S$. For this bilinear
functional $\varphi_{\overline{z}}(\overline{z}\epsilon\overline{W})$ , it is $\backslash obvious$ by dePnition ethat

$\varphi_{a\overline{z}_{1}+\beta\overline{z}_{g}}=a\varphi_{\overline{z}_{1}}+\beta\varphi_{\overline{z}_{a}}$ for $\overline{z}_{1’ 2}\overline{r_{\vee}}\in\overline{W}$ , /

and $\overline{7_{\vee}}\geqq 0$ implies $\varphi_{\overline{z}}\geqq 0$ . Conversely, if $\varphi_{\vec{z}}\geqq 0$ , then we have

$\overline{z}^{+}((xy)^{W})\geqq\check{z}^{-}((xy)\eta$ for $0\leqq x\in R,$ $0\leqq y\in S_{b}$

$-$

Thus, putting $A=\{z:\check{z}^{+}(z)\geqq\overline{z}^{-}.(z), z\in W\}$ , we have
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$A\ni\sum_{\nu\approx 1}^{\kappa}a_{\nu}(x_{\nu}y_{\nu})^{W}$

for every finite number of elements $0\leqq x_{\nu}\in R,$ $0\leqq y_{\nu}\in S$ and real numbers
$a_{\nu}\geqq 0(\nu=1,2, \cdots, r_{\vee})$ . Furthermore we see easily that $A$ is closed in.
$W$. Consequently $A$ contains by the condition 4) all positive elements
of $W$ , that is,

$\overline{i}^{+}(z)\geqq\overline{z}^{-}(z)$ for $every\sim$ $0\leqq z\in W$ .
This relation yields $\overline{z}^{-}=\overline{z}_{\cap}^{+}\overline{z}^{-}=0$ . Therefore $\varphi_{\overline{z}}\geqq 0$ implies $\overline{z}\geqq 0$ . Thus
we have $\varphi_{\overline{z}_{1}}\geqq\varphi_{\overline{z}_{\dot{A}}}$, if and only if $\overline{a}\geqq-\&$ in $|\overline{W}$ .

$\ulcorner V\ni\overline{z}_{\lambda}\downarrow R\Theta\Lambda\overline{z}_{0}$ implies $\varphi_{\overline{x}_{\lambda}}$ , a $e\Lambda\varphi_{\overline{z}_{0}}$ ,

because, if $\overline{W}\ni\overline{z}_{l}\downarrow\lambda 9\Lambda^{K’}0\wedge-$ , then we have obviously $\varphi_{\overline{z}_{\lambda}}\downarrow le\Lambda$ and for every
$0\leqq x\in R,$ $0\leqq y\in S$ we have

$\varphi_{\overline{z}_{o}}(x,y)=\overline{z}_{0}((xy)^{W})=\inf_{le\Lambda}\overline{z}_{l}((xy)^{W})=\inf_{\lambda C-\Lambda}\varphi_{\overline{z}_{\lambda}}(x,y)$ .
We also can prove likewise

$\overline{W}\ni\overline{z}_{\lambda}\uparrow_{\lambda e\Lambda^{\overline{Z}})}$ implies $\varphi_{\overline{z}_{\lambda}}\uparrow\lambda e\Lambda\varphi_{\overline{z}_{O}}$ .
If we denote by $W_{1}$ the totality of those elements $\overline{z}\in^{1}|\overline{W}$ for which $v_{\overline{z}}$

is totally continuous, then we have obviously

$\overline{W}_{1}\ni\sum_{\nu=1}^{\kappa}\alpha_{\nu}(\overline{x}_{\nu}\overline{y}_{\nu})^{\overline{W}}$

for every finite number of elements $0\leqq\overline{x}_{\nu}\in\overline{R},$ $0\leqq\overline{y}_{\nu}\in\overline{S}$ and real numbers
$\alpha_{\nu}\geqq 0(\nu=1,2, \cdots, \kappa)$ . If $\overline{W}_{1}\ni\overline{z}_{l}J_{xe\Lambda}\overline{z}_{0}$ , then we have $\varphi_{\overline{z}_{\lambda}}\downarrow ne\Lambda\varphi_{\overline{z}_{0}}$ , as proved
just above, and hence $\overline{W}_{1}\ni\overline{z}_{0}$ . Since (cay)tu $(0\leqq\overline{x}\in\overline{R\cdot}, 0\leqq\overline{y}\in S\leftarrow)$ is positively
fundamental in $\overline{W}$ , we conclude hence $\overline{W}_{1}=\overline{\overline{W}}$ , that is, $\varphi_{\overline{z}}$ is totally
continuous for every $\overline{z}\in\overline{W}$ .

We denote by $\overline{W}_{0}$ the totality of those elements $\overline{z}\in\overline{W}$ for which
$\varphi_{\overline{z}}$ is absolutely continuous. Then we have obviously $(\overline{x}\overline{y})^{\overline{W}}\in\overline{W}_{0}$ for every
$\overline{x}\in\cdot\overline{R},\overline{y}\in\overline{S}$ , and hence $\overline{W}_{0}$ is a complete semi-normal manifold of $\overline{W}$ , be-
cause $(\overline{x}y)^{F}\Leftrightarrow\backslash (0\leqq\overline{x}\in\overline{R}, 0\leqq\overline{y}\in\overline{S})$ is positively fundamental in $\overline{W}$ by as-
sumption. Furthermore $\varphi_{\overline{z}}(\overline{z}\in\overline{W}_{0})$ is obviously a linear manifold of $R\times\overline{S}$ .

For $every\backslash z\in W$, putting

$\overline{\varphi}_{z}(\overline{x},\overline{y})=(\overline{x}\overline{y})^{\overline{W}}(z,)$ for $\overline{x}\in\overline{R},\overline{y}$es,
we obtain likewise a totally continuous bilinear functional $\overline{\varphi}_{z}$ on $\overline{R}$ and
$\overline{S}$ such that

$\overline{\varphi}_{az_{1}+\delta z_{3}}\simeq..a\overline{\varphi}_{\epsilon_{1}}+\beta\overline{\varphi}_{z_{2}}$ for $z_{1},$ $z_{-},\in W$ ,
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and we have $\overline{\varphi}_{z_{1}}\geqq\overline{\varphi}_{z}$ , if and only if $z_{1}\geqq z_{2}$ .
For a positive bilinear functi\‘onal $\overline{\varphi}$ on $\overline{R}$ and $\overline{S}$ , if there is a positive

element $a\in W$ such that $\overline{\varphi}\leqq\overline{\varphi}_{a}$ , then $\overline{\varphi}$ is obviously totally continuous,
and hence there exists by Theorem 5.6 $a$ universally continuous positive
linear functional $\psi on\overline{R}\times\overline{S}$ such that

$\overline{\varphi}(\overline{x},\overline{\tilde{y}})=\psi(\overline{x}\overline{y})$ for every $\overline{x}\in R\rightarrow,\overline{y}\in\overline{S}$ .
Since $\varphi_{\overline{z}}(\overline{z}\in\overline{W}_{0})$ is a linear mani old of $\overline{R}\times\overline{S}$ , putting

gs $(\check{z})=\psi(\varphi_{\overline{x}})$ for every $\overline{z}\in(\overline{W}_{0}$ ,

we obtain a positive linear functional $\overline{\psi}$ on $\overline{W}_{0}$ . Furthermore $\overline{\psi}$ is uni-
versally continuous, because $\ovalbox{\tt\small REJECT}_{0}\ni\overline{z}_{l}\downarrow le\Lambda 0$ implies $\varphi_{\overline{z}_{\lambda}}\downarrow$ ae $\Lambda 0$ , as proved
just above, and hence

$\inf_{{\rm Re}\mu}\overline{\psi}(\overline{z}_{1})=\inf_{Re4}\psi(\varphi_{\overline{z}_{\lambda}})=0$ .
For this $\overline{\psi}$ , we have for every $0\leqq\overline{\alpha}\in\overline{R},$ $0\leqq\overline{y}\in\tilde{S}$

$\overline{\psi}((\overline{x}y\Rightarrow)^{\pi})=\psi(\overline{x}\overline{y})=\overline{\varphi}(\overline{x},\overline{y})\leqq\overline{\varphi}_{a}(\overline{x,}\overline{y})=(\overline{x}\overline{y})^{\overline{W}}.(a)$ .
Since $(\overline{x}\overline{y})^{\overline{W}}(0\leqq\overline{x}\in\overline{R}, 0\leqq\overline{y}\in\overline{S})$ is positively fundamental in $\overline{W}_{0}$ , w6 con-
clude hence

$0\leqq\overline{\psi}(\overline{z})\leqq\check{z}(a)$ for. every $0\leqq\overline{z}\in\overline{W}_{0}$ .
Since $\overline{W}_{0}$ is a complete semi-normal manifold of $\overline{W}$ , we can hence extend

$\overline{\psi}$ universally continuous over $\overline{W}$ such that
$0\leqq\overline{\psi}(\overline{z})\leqq\overline{z}(a)$ for ever\’y $0\leqq\overline{z}\in\overline{W}$ .

Thus there exists be $W$ such that $0\leqq b\leqq^{-}a$ and
$t$

di $(\overline{z})=\overline{z}(b)$ for every $\overline{\approx}\in\overline{W}$ .
For this $b\in W$ , we have

$\overline{\varphi}_{b}(x\neg,\overline{y})=(o\overline{e}\overline{y})^{i7}(b)=\overline{\psi}((\overline{x}\vec{y})^{\mathbb{F}})=\varphi\neg(\overline{x},\overline{y})$

for every $\overline{x}\in\overline{R\cdot},\overline{y}\in\overline{S}$, that -is, $\overline{\varphi}_{b}=\overline{\varphi}$ . Therefore $\overline{\varphi}_{g}(z\in W)$ is a $se\dot{m}$ i-
normal manifold of $\overline{\overline{R\cdot},S\leftarrow}$ .

Since $R$ is isomorphic to a complete semi-normal manifold of $\overline{\overline{LR}}$

by the correspondence $R\ni x\rightarrow x^{\hslash}\in tRx^{R}=$, (oo) $=\overline{x}(x)$ for $\overline{x}\in\tilde{R}’$ , and $S$ i8
$isomorphI\dot{c}$ to a complete semi-normal manifold of $ S\Rightarrow$ by the corres-
pondence $S\ni y\rightarrow y^{g}\in S=,$ $y^{s}\backslash (\overline{y})=\overline{y}(y)$ for $y=\in\overline{S}$ , we see easily by Theorems
1.8 and 5.5 that $\overline{\varphi}_{(\approx y)^{W}}(0\leqq x\in R, 0\leqq y\in S)$ is positively fundamental in
$\overline{\overline{R},\overline{S}}$ , and hence $\overline{\varphi}_{z}(z\in W)$ is a compl $e$te $semi,normal$ manifold of $\overline{R,\overline{S}\leftarrow}$ .
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Thus we can state that if a product space $W$ of $R$ and $S$ is normal
by a product correspondence $(xy)^{W}\in W(x\in R,\underline{y\in S})$ , th\’en $W$ is isomorphic
to a complete semi-normal manifold of $\overline{R},\overline{S}$ by a correspondence
$W\ni z\rightarrow\overline{\varphi}_{z}\subseteq-\overline{\overline{R},\overline{S}},\overline{\varphi}_{(xy)}W(\overline{x},\overline{y})=\overline{x}(x)\overline{y}(y)$ for $x\in R,$ $y\in S,\overline{x}C\overline{R},\overline{y}\in\overline{S}$ .

Conversely, if a product space $W$ of $R$ and $S$ by a product corres-
$|pondence(xy)^{W}\in W(x\in R, y\in S)$ is isomorphic to a complete semi-normal
manifold of $\overline{\overline{R\prime},\overline{S}}$ by a correspondence $W\ni z\rightarrow\overline{\varphi}_{z}\in\overline{E,\overline{S}},\overline{\varphi}_{(xy)^{W}}(\overline{x}^{\leftarrow}y)=\overline{x}(x)\overline{y}(y)$

for $x\in R,$ $y\in S,\overline{x}\in\overline{R},\overline{y}\in\overline{S}$ , then, since $\overline{\overline{R\cdot},\overline{S}}iS$ by Theorem 5.7 isomorphic

to the conjugate space $\overline{\overline{R}\times\overline{S}}$ of $\overline{R}\times\overline{S}$ by a correspondence
$lte\overline{\overline{\llcorner Q}},\ni\overline{\varphi}\rightarrow\overline{\varphi}^{fi\times S}\in\overline{\overline{R,}\times\overline{S}}$, $\overline{\varphi}^{B\times S}(\overline{x}\overline{y})=\overline{\varphi}(\overline{x},\overline{y})$ for $\overline{x}\in\overline{R\cdot},\overline{y}\in\overline{S}$ ,

$\overline{R}\times\overline{S}$ is isomorphic to a complete semi-normal’ manifold of the conjugate
space $\Phi$ of $W$ by a correspondence $\overline{\Gamma_{\mathcal{V}}}\times\overline{S}\ni\varphi\rightarrow\overline{z}_{\varphi}\in\overline{W},\overline{\varphi}_{z}^{\overline{B}\times S}(\varphi)=\overline{z}_{\varphi}(z)$ for
$\varphi\in\overline{\tilde{R}}\times\overline{S}$ , $z\in W$. Thus putting $(\leftarrow x\overline{y})^{\overline{W}}=\overline{z}_{\overline{x}\overline{y}}$ for $:\in\overline{R},\overline{y}\in\overline{S}$ , we see easily
that $|\overline{W}$ is a product space of $\overline{R}and^{\backslash }\overline{S}$ by this correspondence $(\overline{xy})^{\overline{W}}\in$

]$\overline{W}$

$(\overline{x}\in\overline{R\cdot},\overline{y}\in\overline{S})$ and we have for every $x\in R,$ $y\in S$

$(\overline{x}\overline{y})^{\overline{W}}((xy)^{W})=\overline{z}_{\overline{x}\overline{y}}((x\iota J)^{W})=\overline{\varphi}_{(xy)}^{\hslash\times s_{W}}(\overline{x}\overline{y})=\overline{\varphi}_{(xy)^{W}}(\overline{x},y\leftarrow)=\overline{x}(x)\overline{y}(y)$ .
Therefore the product. space $W$ is normal by definition. Now we can

$r$

state:
Theorem 7. 1. A product space $W$ of $R$ and $S$ by a product corres-

pondence $(xy)^{W}\in W(x\in R, y\in S)$ is nwrmal if and mly if $W$ is isomorphic
to a complete semi-normal manifold of $\overline{\overline{R},\overline{S}}$ by a corresporzdence $W\ni\emptyset\rightarrow\varphi_{z}\leftarrow\in\overline{p_{\nu,\overline{S}}}^{-}$

$\overline{\varphi}_{(xy)^{W}}(\overline{x},\overline{y})=\overline{x}(x)\vec{y}(y)$ for $\overline{x}\in\overline{R\cdot},\vec{y}\in\overline{S}$ .
For each $x_{L}^{r}\cdot R,$ $y\in S$, denoting by $xy$ a bilinear functional on $\overline{R}$

and $\overline{S}$ such that
$xy$ (oo, $ y\Rightarrow$) $=\backslash \overline{x}(x)\overline{y}(y)$ for $\overline{x}\in\overline{R},\overline{y}\in@$ ,

we see easily by Theorems 1.8 and 5.5 that $xy(0\leqq x\in R, 0\leqq y\in S)$ is posi-
$tively\gamma$ fundamental in $\overline{\hat{R},\overline{S}}$ . Thus $\overline{R},Sis\overline{\rightarrow}$ a product space of $R$ and $S$

by $a$ product correspondence $xy(x\in R, y\in S)$ and furthermore normal
by Theorem 7.1. This product space $\overline{\overline{R},\overline{S}}$ is called the upper prduet
space of $R$ and $S$ , and denoted by $RS$ .

For the upper product space $RS$, the totality of those elements
$z\in RS$ for which we can find $0\leqq x\in R$ and $0\leqq y\in S$ such that $z\leqq xy$, con-
stitutes obviously a complete semi-normal manifold of $RS$ which is by
Theorem 7.1 a normal product space of $R$ and $S$. This product spaCe

is called the lower product space of $R$ and $S$ , and denoted by $R\times S$.
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With this definition, we see at once that every normal product space
of $R$ and $S$ is isomorphic to $a$ complete semi-normal manifold of the
uPper product space which includes the lower product space.

Theorem 7. 2. $\overline{R,S}$ is isomorphic to the cmjugate space $\overline{R\times S}$ of the
lower produet space $R\times S$ by a correspondence

$\overline{R,S}\ni\varphi\rightarrow\varphi^{R\times S}\in\overline{R\times S}$, $\varphi^{R\times S}(xy)=\varphi(x,y)$ for $x\in R,$ yC- $S$ .
Proof. For $0\leqq\varphi\in\overline{R,S}$ and $0\leqq yC- S$ , we obtain a universally con-

tinuous positive linear functional $\varphi(x,y)(x\in R)$ on $R$, and hence putting

$\varphi^{R,s}(x=,y)=$
$\sup_{\leftarrow-,x^{ff\leqq x}}\varphi(x,y)$

for $ x\in R,\overline{\overline{x}}\in R\simeq$ ,

and for an arbitrary $y\in S$

$\varphi^{\overline{R},S}(x=,y)=\varphi^{ff,s}(=x,y^{+})-\varphi^{R,S}(\overline{x},y^{-})\Leftrightarrow$ ,

we obtain a universally continuous positive bilinear f.unctional $\varphi$

tis on
$\overline{R}--$ and $S$. From this $\varphi^{\ovalbox{\tt\small REJECT}.s}$, we obtain likewise a universally continuoUs
positive bilinear functional $\varphi^{E,S}$ on $R=$ and $S=$ such that

$\varphi^{\ovalbox{\tt\small REJECT},ff}(x^{\hslash},y^{S^{i}})=\varphi(x,y)$ for $x\in R,$ $y\in S$ .
Since $x^{fi}(0\leqq x\in R)$ is positiv\‘ely fundamental in $\overline{\overline{f@}}$ , and $y^{s}(0\leqq y\subseteq- S)$ is
positively fundamental in $E$ , we see easily that we have $\varphi_{1}^{H,9}\geqq q_{2}^{R,S}$ if
and only if $\varphi\grave{l}\geqq\varphi_{2}$ , and $\varphi_{\lambda}\downarrow Re\Lambda 0$ implies ($i_{l}^{ii,S}\sim\downarrow\lambda e\Lambda 0$ . Thus $\varphi_{l}\downarrow\lambda e\Lambda\varphi$

imPlies $\varphi_{\lambda}^{5,S}\downarrow\lambda C\rightarrow\Lambda\varphi^{\overline{B},S}$ , and $\varphi$ a $\uparrow\lambda e\Lambda\varphi$ implies $\varphi_{\lambda}^{5.\delta}\uparrow$ aen $\varphi^{5,5}$ . Denoting by
$A$ the totality of those bilinear fUnctionals $0\leqq\varphi\in\overline{R,S}$ for which $\varphi^{f^{r}lS}\rightarrow$

, is
totally continuous, w\’e have hence that $ A\ni\varphi$ a $\downarrow RC\sim\Lambda\varphi\in\overline{R}\overline{S},$ implies $\varphi\in A$ ,

and $A\ni\varphi_{\lambda}\uparrow\lambda 6l4\varphi\in\overline{R,S}$ implies $q\in A$ . Furthermore we have $A\ni\sum_{\nu-1}^{r}a_{y}\overline{\alpha\}}\nu\overline{y}_{\nu}$

for every finite number \‘of elements $0\leqq\overline{x}_{\nu}\in\overline{R},$ $0\leqq\overline{y}_{\nu}\in\overline{S}$ , and numbers
$\alpha_{\nu}\geqq 0(\nu=1,2,\cdots\kappa,)$ , because

$(\overline{x}\overline{y})^{E,S}=o\overline{e}^{5}\overline{y}^{S}$ for $0\leqq o\overline{e}\in\overline{R},$ $0\leqq\vec{y}\in\overline{S}_{d}$

Thus $A$ contains by Theorem 5.5 all $0\leqq\varphi\in\overline{R,S}$, that is, $\varphi^{ff,S}$ is totally

continuous for every $ 0\leqq\varphi\in\overline{R,S}\backslash \cdot$ Therefore there exists by Theorem
5.6 a universally continuous positive linear functional $\varphi^{E\times S}$ on $\ovalbox{\tt\small REJECT}\times S\Leftrightarrow$ sueh
that

$\varphi^{R\times S}(\overline{\overline{x}}y=)=\varphi^{\hslash,S}(x=,y\Rightarrow)$ for $x=\in\overline{\overline{\overline{R}}},$ $y=\in S=$ .
Since $ R\times S\subset R=\times S\subset RS\propto$ by definition, for each $\varphi\in\overline{R,S}$ there exists hence
$\varphi^{R\times S}\in\overline{R\times S}$ such that
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$\varphi^{R\times S}(xy)=\varphi(x,y)$ for $x\in R,$ $y\in S$ .
Furthermore we can prove likewise as in Proof of Theorem 5.7 that
$\varphi^{R\times S}(\varphi\in\overline{R,S)}$ coincides with $\overline{R\times S}$ .

For each $\overline{z}\in\overline{R\times S}$ we obtain $\overline{z}^{ff\times S}\in\overline{S\times(B==}$ , as proved just above. Thus
$\overline{R,S}$ is isomorphic ‘to the upper product space $\overline{R}\overline{S}=\overline{R,S==}$ of $\overline{R}$ and $\overline{S}$ by
a correspondence

$\overline{R}\overline{S},\ni\varphi\rightarrow\varphi^{E}$ ’ $’\in\overline{R,S==}$ , $\varphi^{\overline{B},S}(x\ovalbox{\tt\small REJECT},y^{s}\prec)=\varphi(x,y)$ for $\cdot x^{\prime}\in R,$ $y\in S$ .
Consequently $\overline{R}\times\overline{S}$ is by definition isomorphic to the lower $product\backslash $

space of $\overline{R\cdot}$ and $\overline{S}$ . Thus we can state

Theorem 7. 3. $\overline{R,S}$ is isomorphic to the upper product space $\overline{R}\overline{S}$ of $\overline{R}$

and $\overline{S}$ , and $\overline{R}\times\overline{S}$ is isomorphic to the lower product space of $\overline{\Gamma i}\alpha’?d\overline{S}$ .
Theorem 7.4. If a product space $W$ of $R$ and $S$ is mrmal, then the

cmjugate space $F$ of $W$ also is a ncrmal product space of $\overline{R}$ and $\overline{S}$ .
Proof. If a product space $W$ of $R$ and $S$ is normal, then $W$ is by

Theorem 7.1 isomorphic to a complete semi-normal manifold of the uPper

product space $RS$ which includes the lower product space $R\times S$. Thus
the conjugate space $\overline{W}$ is isomorphic to a complete semi-normal mani-
fold of tee conjugate space $\overline{R\times S}$ of $R\times S$ , and hence $\overline{W}$ is normal by

Theoremr 7.1 and 7.2.

\S 8. Product norms

Let $R$ and $S$ be normed lattice ordered linear spaces. A biiinear

functional $\varphi\in\overline{R,S}$ on $R$ and $S$ is said to be norm bmnded, if

$\sup_{||x|)\leq 1,|y||<\rceil}|\varphi|(x,y)<+\infty$
$(x\in R, y\in S)$ .

The totality of norm bounded $\varphi\in\overline{R,S}$ is called the norm biassociated

space of $R$ and $S$, and denoted by $\overline{R,S}^{||}$ It is obvious that $\overline{R,S}^{||}$ is a semi-

normal $manifold$
’

of $\overline{R_{r}S}$ . For eaeh $\varphi^{t}\in\overline{R,S}^{||}$ we de.fine the norm $\Vert\varphi\Vert$ as

$\Vert\varphi||=\sup_{y^{c}|x|\leqq l,(\leqq 1}.\lfloor\varphi|(x,y)$

$(x\in R, y\in S)$ .

With this definition, we see easily that $\overline{R,S}^{1l}$ is a normed semi-
ordered linear space.

Thecrem 8. 1. The norm of $\overline{R,}\overline{S}^{||}$ is universally semi-cmtinuous and
$\dot{u}$niversauy monotone complete.
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Proof. If $ 0\leqq\varphi$ a $\uparrow\lambda e\Lambda’\varphi_{l}\in\overline{R,S}^{1}$ ,
$(\lambda\in\Lambda)$ and

$\sup_{RC\sim,1}||\varphi_{l}||<+\infty$ ,

’
then we. have obviously

$\sup_{\lambda C\sim}\varphi_{l}(x, y)<+\infty$ for $0\leqq x\in R,$ $0\leqq y\in S.$
’

and hence there exists by Theorem 1.2 $\varphi\in\overline{R,S}$ for which $\varphi_{\lambda}\uparrow_{\lambda e\Lambda}\varphi\in\overline{R,S}$ .
For such $\varphi\in\overline{R,S}$ , since

$\varphi(x,y)=\sup_{le\Lambda}\varphi_{\lambda}(x,y)$ for $0\leqq xC- R,$ $0\leqq y\in S$ ,

we have $\varphi(x_{J}y)\leqq\sup_{RC\rightarrow\Lambda}||\varphi_{R}||$ for { $|x\Vert\leqq 1,$ $||y|$ ] $\leqq 1$ , and consequently

$||\varphi||\leqq\sup||\varphi_{\lambda}||$ , $\varphi\in\overline{R,S}^{||}$ .
$aeA$

Thus the norm of $\overline{R,}\overline{S}^{||}$ is universally monotone com lete. Further-
more, it is obvious that $||\varphi||\geqq||\varphi_{R}||$ for every $\lambda\in\Lambda_{;}$ and hence $||\varphi||=$

$\sup||\varphi_{R}||$ . Thus the norm’ on $\overline{R,S}$
)( is universally semi-continuous.

$xe_{/1}$

Theorem 8. 2. If both $R$ and $S$ are norm complete together, then $\overline{R,S}^{||}$

coincides with $\overline{R,S}$ .
Proof. If $0\leqq\varphi\in\overline{R,}\overline{S}$ and $\varphi(x_{\nu}, y_{\nu})\geqq 2^{\nu},$ $0\leqq x_{\nu}\epsilon R,$ $0\leqq y_{\nu}\in S,$ $||x_{\nu}||\leqq 1$ ,

$||y_{\nu}||\leqq 1(\nu=1,2, \cdots)$ , then, s\’ince . both $R$ and $S$ are norm complete by-
assumption, we can find $x\in R,$ $y\in S$ such that

$x=\sum_{\nu=1}^{\infty}\frac{1}{2}x$ , $y=\sum_{\nu\approx 1}^{\infty}\frac{1}{2}\nu y_{\nu}$ ,

and we have for every $r_{v}=1,2,$ $\cdots$

$\varphi(x,y)\geqq\sum_{\nu-1}^{\hslash}\frac{1}{2}\underline{\cdot\supset}\nu\varphi(x_{\nu}, y_{\nu})\geqq r_{\vee}$

contradicting $\varphi(x,y)<+\infty$ . Therefore eve $ry\varphi\in\overline{R,S}$ is norm bounded.
Let two normed semi-ordered linear spaees $R$ arld $S$ be semi-regular

and the norms be complete and reflexive, that is,

$||x||=’\sup_{lI\overline{x}||<1m}|$ izi $(x)\lceil$ for $x\in R,\overline{x}\in\overline{R}$ ,

$||y||=|(\overline{y}||\leq 1\sup_{-}|\overline{y}(y)|$ for $y\in S.\overline{y}\in\overline{S}$ .
Since $\overline{R}$ and $\overline{S}$ are norm complete, every $\overline{\varphi}\in\overline{\overline{R},\overline{S}}$ is norm bounded by
Theorem 8,2. Thus we can define a norm $||z||_{u}$ on the upper product
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space $RS$ as
$||z||_{u}=\sup_{-}|z(\overline{x},\overline{y})||)\overline{x}||<\approx l.||\overline{y}||\leq\iota$ for $z\in RS,$ $\overline{x}\in\overline{R},$ $y=\in\overline{S}$ .

This norm [ $|z||_{u}(z\in RS)$ will be called the upper norm. We see by Theo-
rem 8.1 that the upper morm is universally semi-\caontinuous and uni-
versally monotone com.plete. Furthermore we have

$||xy||_{u}=||x||||y||$ for $x\in R,$ $y\in S$ ,

because the norms of $R$ and $S$ are reflexive by assumption. The upper
norm also is reflexive. Because, for the conjugate space $\overline{RS}$ of $RS$ and
the conjugate norm

$||\overline{\epsilon}||=\sup_{<|z|_{u\Leftrightarrow}1}|\overline{z}(z)|$ for $z\in RS,\overline{z}\in\overline{RS}$ ,

we have obviously

$||z||_{u}\geqq\sup_{||\overline{x}||\leq l}|\overline{z}(z)|$ for $z\in RS,\overline{z}\in\overline{RS}$ .
On the other hand, for every $\overline{x}\in\overline{R},\overline{y}\in\overline{S}$ , we have $\overline{x}\overline{y}\in\overline{RS}$ as

$\overline{x}\overline{y}(z)=z(\overline{x},\overline{y})$ for $z\in RS$ ,

and we have by the definition of the upper norm $||z\{|_{u}$

$||\overline{x}y=||=\sup_{|’ z\}|_{u}\leqq 1}|z(\overline{x},\overline{y})|\leqq||\overline{x}||||\overline{y}||$ .
Thus we obtain

$\sup_{||\overline{x}||\xi 1}|\overline{z}(z)|\geqq\sup_{<1|\overline{x}||_{\approx}1.|(\overline{y}\}|\leqq}\rfloor^{z(}\overline{x},\overline{y})|=||z||_{u}$ .
Therefore we have

$||z||_{u}=\sup_{)|\overline{x}||\leqq 1}2(z)|$ for $z\in RS,$ $\overline{\overline{z}}\in\overline{RS},$ .

that is, the upper norm is reflexive.
Since $R$ andS are norm complete by assumption: every $\varphi\in\overline{R,S}$ is

norm bounded by Theorem 8.2, that is, $\overline{R,S}$ also is a normed semi-
ordered linear space. Since $\overline{R,S}$ is isomorphic to the conjugate space
$\overline{R\times S}$ of the lower product space $R\times S$ , we can define a norm $||z||_{l}$ on the
lower product space $R\times S$ as the conjugate norm from $\overline{R,S}$ :

$\}|z||_{l}=\sup_{)\}\varphi|)\leq 1}|\varphi^{R\times S}(z)\}$

$(z\in R\times S, \varphi\in\overline{R,S})$

..

for the isomorphic correspond\’ence $\overline{R,}S\ni\varphi\rightarrow\varphi^{R\times S}g\overline{R\times S}$ ,
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$\varphi^{RXS}(xy)\neg-\varphi-(x,y)$ for $x\in R,$ $y\in S_{=}$

This norm $||z||_{t}(z\epsilon\sim R\times S)$ will be called the lower norm. The lower norm
$||z||_{l}(z\in R\times S)$ is $re$flexive, because it is defined as the conjugate norm
from $\overline{R,S}$, and $R\times S$ is isomorphic to a complete semi-normal manifold
of the conjugate space $\overline{\overline{R,S}}$ of $\overline{R,S}$. Furthermore we have

$||xy||_{l}\Leftarrow||x||||y||$ for $x\in R,$ $y\in S$ ,

because we have obviously by definition

$|1xy||_{l\prime}=\sup_{||\varphi|\leqq 1}|\varphi(x,y)|\leqq||x||\rfloor|y||$ ,

$\sup_{/|\varphi||1}|\varphi(x,y)|\geqq\sup_{(\overline{\tau}\overline{y}\}1\leq 1}|$ zzi $(x)\overline{\overline{y}}(y)|\geqq||x||||y||$ ,

since $||\overline{x}\overline{y}||=||\overline{x}||||\overline{y}||$ by definition.
Now we consider a normal produet space $W$ of $R$ and $S$. Since

$W$ is by Theokem 7.1 isomorphic to $a^{\prime}$ complete semi-normal manifold
of the upper product space $RS$ including the lower product space $R\times S$ .
Thus we can assume without loss of generality that $W$ is a semi-normal
manifold of $RS$ and

$RxS\subset W\subset RS$ .
A norm $||z||(z\in W)$ on $W$ is said to be a product norm, if

$||xy||=||x||||y||$ for $x\in R,$ $y\in S$ .
With this definition, it is obvious that both the uPper norm and

the lower norm are prOduct norms. And we have
$||z||_{u}\leqq||z||_{l}$ for $z\in R\times S$ ,

because $we^{-}$ have by definition

$||z||_{l}=\sup_{||\varphi||\leq 1\vee}|\varphi^{R\times S}(z)|\geqq\sup_{=}|z(\overline{x},\overline{y})|(|\overline{x}\overline{y}||1$

$\geqq s\iota\iota p|z(\overline{x},\overline{y})|||\overline{x}||\leqq 1,||\overline{y}|\}\leqq 1=|tz||_{u}$ .
Recalling Theoremr 7.2 and 7.3, we have obviously by definition
$The\sigma rem8_{1}3$ . The upper ncrm $m^{i}RS$ is thae conjugate norm of the bwer

norm on $\overline{R}\times\overline{S}$ , the $up^{r}p$er norm $m\overline{R}\overline{S}$ is the emjugate norm of $the-l\alpha wer$ nom
$mR\times S$ .

For a product norm $||z||(z\in W),$
. the norm conjugate space $\overline{W}^{||}$ of

$W$ may be considere $d$ as a complete semi-normal manifold of the upper
product spaee $ R5_{f}\leftarrow$ and we have for the conjugate norm $||\overline{\approx}||(\overline{l}^{}\in\overline{W}^{I1})$
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$||\overline{z}||=\sup_{)z)\}\leqq 1}(\overline{z}(z)|\geqq\sup_{)|xy|(\leqq 1|}|\overline{z}(xy)|\geqq\sup_{\sim}|\overline{z}(w)||\}x^{(}|\leq l||y|^{1}\leq 1=||\check{z}||_{u*}$

Thus, if the conjugate norm $1\overline{z}||(\overline{\approx}\in\ulcorner W)$ also is a product norm from $\overline{R}$

and $\overline{S}$ then we have by the same reason
$||z||\geqq\sup_{|\overline{z}|g1}|\check{z}(z)|\backslash \geqq||z||_{u}$ for $z\in W$ .

Conversely, if $||z||\geqq||z||_{u}$ for $z\in W,$
$t\overline{h}en$ we obtain by Theorem 8.3 for

every $\overline{z}\in\overline{R}\times\overline{S}$

$|\uparrow\overline{z}||_{l}=\sup_{u\leqq 1}|\overline{z}(z)|\geqq st1\dot{p}|\overline{z}(z)|=||\check{z}||||x|(|z||\leqq\downarrow$ ’

and $||\overline{\rho}||\geqq||\check{z}\{|_{u}$ for $\in^{\}}\overline{W}$ , as proved just above. Thus we have
$||\overline{x}||||y\supset||=||_{\overline{\mathfrak{B}}\overline{y}}^{-}||_{l}\geqq||\overline{x}\overline{y}11\geqq||\overline{x}\overline{y}||_{u}=||\overline{x}|||$ lyll,

anid hence $\backslash ||X\overline{y}||=||\overline{x}||||\overline{y}||$ , that is, $||\check{z}||(\overline{z}\in\overline{W}^{()})$ is a product norm from $\overline{R}$

and $\overline{S}$. Therefore we can state
Theorem 8. 4. The cmJugate norm of a $pr\alpha Juctnw^{1}m||z||(z\in W)$ is

a product norm from $\overline{R}$ and $\overline{S}$ if and omly if
$||z||\geqq|\{z||_{u}$ for $z\in W$ ,

and then for ‘ the cmjngate $mrm||\overline{\epsilon}||(\overline{z}\in\overline{W}^{||})$ we have
$||\overline{z}||_{l}\geqq||\overline{z}||\geqq||\overline{z}||_{u}$ for $\overline{z}\in\overline{Ii}\times@$ .

Thearem 8. 5. For a normal product space $W$ of $R$ and $S$ , if there is $a$

complete 7zorm $||z||(z\in W)mW$, then there exists a product nom $||z||_{p}mW$

such that $||z||_{l}\geqq||z||_{p}\geqq||z||_{u}f\sigma r$ every $z\in R\times S,$ $||z||_{p}(z\in W)$ is $re$flexive, and
every $’\in\overline{W}$ is $n\sigma m$ bcnrnded by this $7\dot{w}m||z||_{p}$ .

Proof. As the norm $||z||(z\in W)$ is complete by assumption, we can
find $a>0$ such that

$\alpha||z||\geqq||z||_{u}$ for $z\in W$ .
For such $a>0$ , putting $||z||_{a}=a||z||$ , we obtain a norm $||z||_{a}$ on $W$, and
for the conjugate norm $||\overline{z}||_{\alpha}(\check{z}\in\overline{W})$ of $||z|]_{a}(z\in W)$ , we have by definition
that $\overline{W}\supset\overline{R}\times\overline{S}$ and

$I|:II$ . $\leqq|I\overline{z}||_{l}$ for $\overline{z}\in\overline{R}\times\overline{s}$ .
Putting $||\overline{z}||_{p}={\rm Max}\{||\overline{z}\lfloor|_{u},$ $\{|\overline{z}[|_{a}\}$ for $\overline{z}\in{}^{t}\overline{W}$ , we obtai $n$ a norm $||\overline{z}||_{p}$ on ff
such that

$||\check{z}||_{u}\leqq||\overline{z}||_{p}\leqq||\overline{z}||_{l}$ for $\overline{z}\in\overline{R}\times\overline{S}$ .
Thus $||\dot{\overline{x}}||_{p}(\vec{z}\in\overline{W})$ is a product norm from $\overline{R}$ and $\overline{S}$ , and equivAlent to
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the norm $||\check{z}||_{a}(\overline{z}\in|\overline{W})$ . Becau8e we have $obvio\psi sly$

$||\overline{z}||_{a}\leqq||\overline{z}||_{p}$ for $\overline{z}\in\overline{W}$ ,

and since the conjugate norm $|$ } $\check{z}||_{\alpha}(\overline{z}\in(’\overline{W})$ is monotone complete, we can
find $\beta>0$ such that $\beta||\overline{z}||_{a}\geqq||\overline{z}||_{p}$ for $\overline{z}\in\overline{)W}$ . Therefore, putting

$||z||_{p}=\sup_{p\rightarrow}|\overline{z}(z)|||\overline{z}||<1$ for $z\in W$ ,

we obtain a product norm $||z||_{p}$ on $W$ such that
$|\}z||_{u}\leqq||z||_{p}\leqq||z\Vert_{l}$ for $z\in R\times S$ ,

and it is obvious .that this norm $||z||_{p}(z\in W)$ is reflexive and every $\check{z}\in\overline{|W}$

is norm bounded by $||z||_{p}(z\in W)$ .

\S 9. Product modulars

Let $R$ and $S$ be modulared semi-ordered linear spaces, and both
$R$ and $S$ are universally continuous. A bilinear functional $\varphi C\overline{R,}5$ is
said to be mdulnr bounded, if

$\sup_{m(x)\leqq 1,m_{\backslash }y)\leqq 1}]\varphi|(x,y)<+\infty$ for $x\in R,$ yC-S,

that is, if $\varphi$ is norm bounded for the second norm $\Vert|x\Vert|(x^{1}\in R)$ and 11 $y\Vert|$

$(y\in S)$ . With this definition, we can prove easily
. Thecrem 9.1. In order that a bihnear funchmal $\varphi\in\overline{R,S}$ be modubr

bounded, it is necessaw and sufficient that we can find two $posit\dot{w}enumb\alpha rs$

$\alpha$ and $\gamma$ such that

$a|\varphi|(x,y)\leqq\gamma+\frac{1}{2}(m(x)+m(y))^{2}\backslash $ for $ x\in R,y\in S\dagger\cdot$ .
The totality of modular bounded bilinear functionals $\varphi\in\overline{R},S\vee$ is called

$-m$
the modular btassoczated space of $R$ and- $S$ , and denoted by $R,S$ $For\sim$

each $\varphi\in\overline{R,S}^{m}$ we define the modular $\overline{m}(\varphi)$ as

$\overline{m}(\varphi)=\sup_{x\text{\’{e}} R,yC-N}\{\varphi(x,y)-2(m(x)+m(y))^{z}\}$ .. 1

With this definition, we see easily that $\overline{R,S}^{m}$ is a monotone complete

modulared semi-ordered linear space.
By virtue of Tbeorem 8.2, we obtain immediately

Theorem 9. 2. If both $R$ and $S$ are modular complete, then $\overline{R,S}^{m}$ cOdncides
with $\overline{R;S}$ .

Let‘ two modulared semi-ordered linear space $R$ and $S$ be semi-
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regular and modular complete. Since $\overline{R\cdot}$ and $\overline{S}$ are modular complete,
every $\overline{\varphi}\in\overline{\overline{R},\overline{S}}1s$ modular bounded.by Theorem 9.2. Thus we can find
a modular $m_{u}(z)$ on the upper product space $RS$ as

$m_{u}(z)=\sup_{e\overline{x}efi,\overline{y}s}\{z(\overline{x},\overline{y})-\frac{1}{2}(\overline{n}\overline{b}(\overline{x})+\overline{m}(\overline{y}))^{2}\}$ .
This modular $m_{u}$ will be called the upper modular. Concerning the
upper modular $m_{u}(z)(z\in RS)$ we have

$m_{u}(xy)\leqq\frac{1}{2}\{m(x)+m(y)\}^{2}$ for $x\in R,\dot{y}\in S$ ,

because we have by definition

$m_{u}(xy)=\sup_{\overline{x}C\sim ff,\overline{y}es}\{\overline{x}(x)\overline{y}(y)-\frac{1}{2}$ $($ iii $(\overline{x})+\overline{m}(\overline{y}))^{\underline{\sigma}}\}$

$\leqq\sup_{\overline{x}eR,\Phi es}\{(\overline{m}(\overline{x})+m(x))(\overline{m}(\overline{y}))+m(y))-\frac{1}{2}($ iii $(\overline{x})+\overline{m}(\overline{y}))^{2}\}$

$\leqq\frac{1}{2}\{m(x)+m(y)\}^{\underline{9}}$

Since $R$ and $S$ are modular complete by assumption, every $\varphi\in\overline{R,S}$

is modular bounde $d$ by Theorem 9.2, that is, $\overline{R,S}$ also is a modulared
semi-ordered linear space. Since $\overline{R,S}$ is isomorphic to th\‘e conjugate
space $\overline{R\times S}$ of the lower product space $R\times S$ , we can find $\cdot$ a modular
$m_{l}$ on the lower product space $R\times S$ as the conjugate mc dular from $\overline{R,S}$ :

$m_{l}(z)=\sup\{\varphi^{R\times S}(z)-\overline{m}(\varphi)\}$ $(z\in RxS)$
$\varphi e\overline{R,S}$

for the isomorphic correspondence $\overline{R,S}\ni\varphi\rightarrow\varphi^{R\times S}\in\overline{R\times S}$ ,

$\varphi^{RXS}(xy)=\varphi(x,y)$ for $x\in R,$ $y\in S$ ,
This modular $m_{l}$ . will be called the lOwer modular. Concerning the lower
modular $m_{l}$ , we also have

$m_{l}(xy)\leqq\frac{1}{2}\{m(x)+m(y)\}^{2}$ for $x\in R,$
$y\in_{\tau}S$ ,

because wo have by the definition of $\overline{m}(\varphi)(\varphi\in\overline{R.S})$

$\dot{7}\%(xy)=s_{\wedge}\{\varphi(x,y)-\overline{m}(\varphi)\}\leqq\frac{1}{2}\{m(x)+m(y)\}^{2}\varphi c^{\frac{up}{R,S}}$

Let $W$ be a normal product space of $R$ and $S$ , and $R\times S\subset W\subset RS$ .
A modular $m$ on $W$ is said to be a pro(Zuct modular, if

$m(xy)\leqq\frac{1}{2}\{m(x)+m(y)\}^{2}$ for $x\in R,$ $y\in S.$ ,
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With this definition, we have obviously that both the upper. and:
the lower modular are product moddulars, the upper modular on $RS$

is the conjugate modular of the lower modular $m\overline{R}\times\overline{S}$ , and the $upp_{1}er-$

modular on $\overline{R}\overline{S}$ is the conjugate modular of the lower modular on $R\times S$ ,
Let $m(z)(z\in W)$ be a product modular on $W$, Since the modular

conjugate space $\overline{\overline{W}}^{m}$ of $W$ may be considered as a complete semi-normal
manifold of the upper product space $\overline{1i}S$, we have for the conjugate
modular $\overline{m}.(\overline{\prime})(\check{x}\in\overline{W}^{m})$

$\overline{m}(\check{z})=I\sup_{zCW}\{\overline{z}(z)-m(z)\}\geqq_{x}\sup_{eR,yC-S}\{\overline{z}_{\iota}^{\prime}x,y)-m(xy)\}$

$\geqq xC\rightarrow R,y\sup_{es}\{\vee k(x,y)-\frac{1}{2}(m(x)+m(y))^{\underline{\varphi}}\}=m_{u}(\hat{z})$

for $every\backslash \overline{z}\in\overline{W}^{m}$ , and henpe for every $z\in R\times S$

$m(z)=\frac{s}{W}m_{9\vec{z}}up\{\check{z}(z)-\overline{m}(\overline{z})\}\leqq\sup_{\overline{z}e\overline{R}S}\{\overline{z}(z)-m_{u}(\overline{z})\}=m_{l}(z)$ .
Conversely, if $m(z)\leqq m_{l}-(z)$ for $z\in R\times S$ , then we have obviously for $x\in R$ ,
$y\in S$ $\}$

$m(xy)\leqq m_{l}(xy)\leqq\frac{1}{2}\{m(x)+m(y)\}^{2}$

Therefore we can state
Theorem 9. 3. A modular $m(z)(z\in W)$ is a product moclular, if and

$\sigma nly$ if $m(\backslash z)\leqq m_{l}(z)$ for $z\in R\times S$ .
From this Theorem 9.3 we conclude immediately

Theorem 9. 4. The co-njugate modular of $m(z)(z\in W)$ is a produet moduhr
from $\overline{R}$ and $\overline{S}$ , if and mly if $m(z)\geqq m_{u}(z)$ for $z\in W$ .

\S 10. Fubini operators

Let $R$ and $S$ be semi-regular, and $W$ a normal product space of
$R$ and $S$. Since $W$ is by Theorem‘ 7.1 isomorphic to a complete semi-
normal manifold of the upper product spaee $RS$ including the $lowerL$.
product space $R\times S$ , we can ‘assume $R\times S\subset W\subset RS$. For every $b\in\overline{S}$ ,
a linear operator $F_{\overline{b}}$ from $W$ into $R$ is said.to be a Fubini. $\varphi eraX\sigma r$ on
$W_{4}$ into $R$ by $\overline{b}$ , if $F_{\overline{b}}$ is universally continuous and

$\backslash F_{b}xy=\overline{b}(y)x$ for every $ x\in R_{l}y\in S\backslash \cdot$

Such a linear operator $F_{\overline{b}}$ is determined uniquely, because $xy(0\leqq x\in R$ ,
$0\leqq y\in S)$ is positively fundamental in $W_{\tau}$
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$’\lambda$ Concerning Fubini operators $F_{\overline{b}}(\overline{b}\in\overline{S})$ , we have obviously by de-
finition

$F_{\beta\overline{b}+\gamma c}=\beta F_{\overline{b}}+\gamma F_{\overline{c}}$ for $\overline{b},\vec{c}\in\overline{S}$ ,

and we have $F_{\overline{b}}\geqq 0$ if and only if $\overline{b}\geqq 0$ .
. Theorem 10. 1. For a hnear operator $TmW$ into $R$ , if

$\grave{T}$

is unwersally
continuazes and for any $\cdot$

$x\in R,$ $y\in S$ there exists a real number $\alpha_{x,y}$ such that
$Txy=a_{x,y}x$ , then $T$ is a Fulylm operator.

Proof. For two linearly independent elements $x_{1},$ $x_{A}\supset\in R$ , since
$T(x_{1}+x_{1})y=Tx_{1}y+Tx_{2}y$ ,

we have $a_{l_{1}+x,y}(x_{1}+x_{2})=\& xl’+\alpha_{x_{2},y}x_{\underline{?}}$ , and hence
$a_{x_{1},y}=a_{x_{1}+x_{3},y}=a_{x_{2},y}$ .

Thus $a_{x,y}$ is independent from $x\in R$. Therefore we can put $a_{y}=a_{xy}$ for
every $x\in R$. Since

$Tx(\beta_{1}y_{1}+\beta\underline{\varphi}y_{2})=\beta_{1}Tw_{1}+\beta_{2}Tw_{2}$ ,

we obtain $a_{\beta_{1}y_{1}+\beta_{\underline{0}}y_{2}}=\beta_{1}\alpha_{y_{1}}.+\beta_{2}a_{\nu_{B}}$ . Thus $a_{y}$ is a linear functional on $S$.
Furthermore, recalling Theorem 1.8, we see that $a_{y}$ is universally con-
tinuous as a linear functional on $S$ , because $T$ is universally continuous
by assumption. Therefore $T$ is a Fubini operator.

Theorem 10. 2. If $R$ is refle vzve, then for any normal product space of
$R$ and $S$ there emsts the Fubini operator $F_{b}mW$ into $R$ for evew $\overline{b}\in\overline{S}$ .

Proof. We need only prove $that/there$ exists the Fubini operator
$F_{\overline{b}}$ on the upper product space $RS$ into $R$ for every $0\leqq\overline{b}\in\overline{S}$ . Every
$z\in RS$ may be considered by definition a totally continuous bilimear
functional on fti and $\overline{S}$. Thus putting

$z_{\overline{b}}\hat{\leftrightarrow}$ (oo) $=z(\overline{x},\overline{b})$ for $x\rightarrow\in\overline{R}$ ,

we obtain a universally continuous linear funetional $ z_{\overline{b}}\simeq$ on $\overline{R}$ . Since $R$

is reflexive by assumption, there exists then uniquely $x_{z}\in R$ for which
$\overline{x}(x_{z}),=z(’\overline{x},\check{b})$ for every $\overline{x}\in\overline{R}$ ,

.

$\sim(and$ putting $F_{\overline{b}}z=x_{z}$ for every $z\in RS$ , we obtain a universally continuous
linear operat,or $F_{\overline{b}}$ on $RS$ into $R$ . Furthermore we have for every $\overline{x}\in\overline{R}$

$\overline{x}(F_{\overline{b}}xy)=\overline{x}(x)\check{b}(y)=\overline{x}(\overline{b}(y)x)$ ,

and hence $P_{\overline{b}}^{v}xy=\partial(y)x$ . Therefore $F_{\overline{b}}$ is the Fubini operator on $RS$ into
$R$ by $\overline{b}$ .
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Theorem 10. 3. For every $\overline{b}\in\overline{S}$ , there exists the Fubmi operator $I_{\overline{b}}^{1}$ on
the lower product space $R\times S$ into $R$ by $\overline{b}$.

Proof. By virtue of Theorem 10.2, there exists the Fubini operator
$I_{\overline{b}}^{1}$ on the upper product space $RS=$ for every $\overline{b}^{\prime}\in\overline{S}$ . Since $\overline{\overline{\overline{R}}}$ is isomorphic

to $\overline{R}$ , and $R$ is isomorphic to a complete semi-normal manifold of $\overline{\overline{\overline{R}}}$ ,

we can consider that $RS$ coincides with $RS=$ \’and $R$ is a complete semi-
normrl manifold of $R=$ . Then for each $0\leqq z\in R\times S$ , we can find $0\leqq x\in R$ ,
$0\leqq y\in S$ , such that $z\leqq w$ , and for every $0\leqq\overline{b}\in\overline{S}$ we have

$F_{\overline{b}}z\leqq F_{b}xy=\overline{b}(y)x\in R$ .
Thus we have $F_{\overline{b}}z\in R$ for every $z\in R\times S$. Therefore there exists the
Fubini operator $F_{\overline{b}}$ on $R\times S$ for every $\overline{b}\in\overline{S}J$

For a linear operator $T$ on $R$ into $S$ , putting

$\varphi_{T}(x,\overline{y})=\overline{Jl}(Tx)$ for $x\in R,\overline{y}\in\overline{S}$ ,

we obain a bilinear functional $\varphi_{T}$ on $R$ and $\overline{S}$ . If $\varphi_{T}$ is singular as
a bilinear functional, then $T$ is said to be $S\dot{b}nguhr$.

With this definitim we have.
Theorem 10. 4. Every Fubini operator $F_{\hat{b}}m$ a normal product space

$W$ is singular.
Proof. By virtue of Theorem 2.5, we need only consider Fubini

operators on the upper product space $cRS$ . As proved in Proof of
Theorem 10.2, we have

$z(\overline{x},\overline{b})=x\leftrightarrow(F_{\overline{b}}z)$ for $\overline{x}\in\overline{R},$ $z\in RS$ .
/

Putting $\varphi(Z,\overline{x})\subset z(\overline{x},\overline{b})$ for $\overline{x}\in\overline{\overline{R}},$ $z\in RS$ , we obtain by Theorem 6.2 a
singular bilinear functional $\varphi$ on $RS$ and $\overline{R}$ . Therefore the Fubini
operator $F_{\overline{b}}$ ,is singular by definition.

We also define likewise Fubini operators $F_{\overline{\alpha}}$ on $W$ into $S$ by $\overline{a}\in\overline{R}$ ,

Then we have for every $z\in W$

$\tilde{(}\overline{\iota}(\Gamma_{\overline{b}}\prime z)=z(\overline{\sigma}, \overline{b})=-\overline{b}(F_{a}z)$ ,

as proved in Proof of Theorem 10.2. Therefore we have
Theorem 10. 5. For $Fu\theta i\dot{m}operat\sigma rsF_{\overline{\alpha}}$ on $W$ into $S$ by $\overline{a}\in R\leftarrow and$

$F_{\overline{b}}$

$mW$ into $R$ by $\overline{b}\in\overline{S}$ , we have
$\overline{\alpha}(f_{\overline{b}}^{\prime}z)=\overline{b}(F_{\overline{a}}z)$ $f\sigma r$ every $z\in W$ .


