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ON THE UNCONDITIONAL CONVERGENCE
IN SEMI-ORDERED LINEAR SPACES

By

~ Ichiro AMEMIYA

In continuous semi-ordered linear spaces, an unconditionally conver-
gent” series is not, in general, absolutely convergent. In this paper
we shall give on the one hand, a sufficient condition of the space for
this with some examples of the spaces satisfying it; the space of M-
type,® the space of all functions on a set, the sequence space ¢, and
ete.. On the other hand, we shall show in every infinite-dimensional
space of L,type” there exists a series which is unconditionally and
not absolutely convergent. On account of it, we shall give a necessary
and sufficient condition for monotone complete® normed spaces under
which two notions of convergence are equivalent.

Let R be a continuous semi-ordered linear space throughout the
paper.

1. Let a,(v=1,2,---) be a sequence of elements in RB. For every
finite set J of natural numbers, we write o(J) for >)a,, then the
. : : CVEJ

absolute convergence of the series >) a, is equivalent to the order-
V=1 L

boundness of all ¢(J), because we have always
{ UoW}r=2ab.
VEJ,

JCT,
If 3>)a, is unconditionally convergent, then for every 'mutually
orthogonal J,, ¢(J,) is order-bounded, since there exists a rearrange-
ment of the series in which every J, consists. of some succesive

1) Convergence means order-convergence. Cf. [1].

2) The space with the norm and an element >0 for which |[x[[<(1 is equivalent to
le]| <e. ' ' c

3) The space of all numerieal sequences that converge to 0. .

4) A normed space is said to be Lp-type if we have |x-+y|?=z|r+/ly[? for every
mutually orthogonal z, . ' - _

5) A norm is said to be monotone complete if 0<aataea, sup flaall< -0, imply the

existence of (N aa.
1€
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numbers. . |

Let B be the collection of all order-bounded sets, then 9 is an
ideal in the lattice of all subsets in B. For an ideal 9, we write I*
for the ideal generated by all the sets

A+B={x+y; €A, yeB}  for A,Bel.

Now we shall prove that if B is the intersection of all the ideal. 912,
such that 9 has a countable basis and B 91, then every wunconditionally
convergent series converges also absolutely.

In fact, suppose the set {s(J)} is not order-bounded, and an ideal
9l generated by A, (v=1,2,---) is such that {s(J)} €9, then for every
Jo, the set {a(J); J~J,=0@} is not in 9|, and so we can find a mutually
orthogonal J, such that «(J,)¢ 4, (v=1,2,---), that is, a sequence {s(J,)}
is not order-bounded. Thus the series can not be unconditionally
convergent. : '

If the order-boundness coincides with the topological boundness by
some linear topology in R, then the condition above for 9 is evidently
satisfied. The space of M-type and the space of all functlons on a set
have this property.

If R is generated by countable order-bounded sets, then B itself
has a countable basis. The “Stufenraum” of G. K6tHE [2] is an example
of the space of this type (1t also satisfies the topological condition
above). ~
The sequence space ¢, is also in our case. In fa.ct, for every é>0,
let 9l be the totality of the set A for which there exists a fixed natural
number v, such that {£,} €A implies |§,]|<<e for every v>v, then 9. is
an ideal with countable basis and we have B=9% since % < ...

) ‘ £<o0

2. In the sequel we shall restrict ourselves to the case R is a

normed semi-ordered linear space where the norm is monotone complete.
We put. :

a = a(R)= inf slup 1@y 2, - 4 ,
@138z Gy Ty1Tp00000y, {‘|a1|+lazl+"'+lanl “

where the infimum is taken for every finite set a,, a,,---a, in R, the
supremum for every permutation ¢,%,---%, of 1,2,---n and a (3, %,,---4,)
= |a; |~ |a;, +ag |~ - |a, +a;,,+--+a, |. We have always O<a<% and

for every space of M-type, as easily be seen, a= % .
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a(N) is also defined for every normal manifold N of R and we
can prove easily the following relations:

(1) a(N), a(M)>e and N1 M imply a(N+M)>-
(2) Nlacx N and a(N)=0 imply infa(N;JzO.”’
. €

Now we shall prove that the two notions of convergence are equivalent
iof and only if a>0. ’

If a>0 and > a, is not absolutely convergent, then by the monotone
completeness of the norm, we have

”I“““l +lap o+ F A ||| T+ 00 for every p=1,2,-

Since for some permutation 4,4, -3, of 1,2,---v we have
. . . ax . .
Ha(Zn o Ty) || = 7 [0 41 +lau+2l<+"'+la;&+u’[ l,

where a(i, %, ---4,) is as defined above for au.:, @p.s - Qu.y, We can
find a rearrangement of a,(»=1,2,---) such that all the sum of suc-
cessive elements are not order-bounded, and hence, >}a, is not un-
conditionally convergent. ' ‘

Next we suppose a=0. If for every normal manifold N, either
a(N) or a(N*') is not 0 (anyway one of them is 0 by (1)), then {N;
a(N)=0} is an maximal dual ideal of the Boolean algebra of all normal

manifolds and this ideal is not atomic since a= 1 for every one

dimensional space, and hence we have by (2) inf a(W)=0. Therefore
a(NY>0

for every N such that a(N}=0, we can devide N into two orthogonal
normal manifolds N’, N’ where one of a(N’) and a(N"”) is 0 and the
other is either 0 or arbitrarily small, and hence we can find mutually

orthogonal normal ‘manifolds N,x0 (»=1, 2, ---) such that a(N, )<

_ p2¥’
Now from every N, we take a finite sequence of elements a,, a,,--a,,
such that |l[a,|+|a[+ +|a, [|=» and for every permutation i, z,, Ty

'.la(zl,zz,-- i)l < then puttlng such a sequence a,a,, - -a, one_after

another for v——1,2 .-, we obtain an infinite sequence of which the series
is obviously uneconditionally and hnot absolutely convergent.

8) To prove this we may make use of the following property of the monotone complete
norm, that is, there exists ¢>3 such that -
0<laatr 4 o implies always siuégx laal=zlall. Cf. [3].
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Thus the proof was completed.
3. Here we shall show a=0 for every infinite-dimensional ‘space
of L,-type (1<p< o).

For this purpose we shall compute a=a, for the 2”—d1men81onal
space where the norm of an element xz= {£,} is defined as

lzll = Z | €al”

Let M, be the (n 2")-matrix below
+1 +1.-- +1 —1 —1 .- —1

---------------

#1141 —1—1+1 41 cooeeees
+1—1+1 —1+1—1 «eoeeeee

that is, for the #** row, the first 2°-' are all +1 and the next 2! are
—1 and so on alternatively. Let a, be the #* row-vector, then for
every permutation %,,4%,---¢, of 1,2,---n, there exists a permutation of
the co-ordinate axes by which the sequence aj,a,,:--a, is transformed

to a;, a,,---a,,, since any of 2" possible sequences of +1 emerges as a
column of M

Consequently we have

”a'(ily iﬂrin)H = “a(l, 2,%)” ’

making use of the same notation as in 2.

Putting
'a(+):a;"’(a,—ijaz)";"’---V(a,,+a2+---+an)_+,
and a(—)=ar (&, +a)" - “(a,+a+--+a,)”,
we have a(l,2,---m)=a(+)"a(—), lla(Hl=la()],
and hence (@ 3520 || <2]l@a(+)]], or by the definition of a,,

(1) 2'na, <[la(+)]l .
In the sequel we write a“ for a(+) and B, for Ha(”’ll
The matrix M,,, has the form

4+1 41 +1 —1 —1 - —1
Mn M’n

so if a“™={&, &, --&»}, then we can see easily that
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G = (8,41, 61, o fun +1, &6y, b eg e}
where : B ‘
_ - for every m such that £,>0
|l o - elsewhere .
Since Bn =2 > €2, we have

(2) Bun —25n+7 - ZAE 1)+, —1y— —28.}

where 7, is the number of those m’s for Wh1ch 5 —0
Now we devide the three cases.

(i) 1<p<2: Then (@+1yY+(@—1)»—22% is a decreasing function
of x>1, and hence the third term in the right side of (2) is smaller
than 2”(2” 2). Therefore we have the inequality

Bt <283, +27(27—1),
or since B:i=1, |
| - et K20+ 02727 —1) = 2°0(n) ,
and hence by (1)
- o @, = O (n'-?).

@) 2<p: Then (@+1)°+@—1)—227 is increasing and so we have,
since (n+1)?+nm—1)?—2n? = O(n” 2 , ,

Bn+1<2‘8n 2”0(7?,” )
or | Bus 1 <202 O )——2”0(7?,”“)
that is, |

a, = 0(n™).

(iii) p=1: Here the third term in the right side of (2) vanishes
and we have :

Brs1.= 2"+ Z A o
If we had proved ‘that the second term of the right side does not
exceed 2"*'Yn ., then we can conclude from that
| —owdH.

Let e, &;---8,(e; = +1) be the m** column of M, for an arbltrary
m=1,2,-.--27, then g.=0 if and only if
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&;+e, +---+¢e,<0 for every =12,

If r is the smallest of those numbers for which &,+¢&,+---+¢, has the
least value of all &,+¢,+:--+¢,, then &,=—1 and both the sequence
—&,11y —€,42, ' —¢&, and &,_;, €,_,, ---&; has the same property as men-
tioned above, that is, every partial sum of them does not exceed .o,
and these conditions determine r. If we put ¢ (m)=r where r is de-
fined above, then since there exist 7,.., number of possible case for
€41y Epy2y---&,, and 7,_; for e,_,,&, ., .-, the number of those m’s for

which ¢m)=7r is 7,_,7,_,(",=1). Since then Z‘] Yn-rT.—1=2" we have,
. r=1 ’

putting 7 = i“Z”‘iT,; ;

=1

72 — Z Q2n—r-— .sT T, < T\ Z 2n - t+ITt rTr = — 9q 2n+1 ,

r,8=1 t-1 r=1

that is, 7<2"*'V7% as required .

Therefore we have always

lima, =0,

and since in our space we can find a subspace which is isomorphic to
the 2*-dimensional space considered above for every =, the proof was
completed. :

To construct an example of the series which is unconditionally and
not absolutely convergent in the sequence space [,, let us decompose
the space into mutually orthogonal normal manifolds N, (®n=1,2, )

where N, is of 2*-dimension, and in every N, take a sequence a,, ., --a,

n _y L
as constructed above but multiplying them by 2 7% "7, then the

union of all such sequences for n=1,2,.-- provides our example.

(September, 1954)
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