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FOURIER SERIES VIII: ABSOLUTE RIESZ
| SUMMABILITY

By
Shin-ichi 1ZUMI and Masako SATO

1. The series X a, is said to be |R, A(n),0| summable, if

o Aw) _ 3 -1

g:,‘z )™ n7_=] Am) (A(w)—2A(n))?'a,| < oo .

Many results are known about the |R,A(n), 8] summability of Fourier
series. .

If A(n)=log », then the summability |R, log n,s| has the local
property for 6>1, but does not for 0<s=<1 (1], [2]). The summability
| R,logn,8] (6>1) is treated by many writers. In [2] and [3], sufficient
conditions, of course non-local, for | R,logn,1l| summability of Fourier
series are found. We shall here prove similar theorem for the summa-
bility | R,logn,d| (0<dé<1l) (Theorem 1)

We consider more generally the summability |[R, A(n),d] and prove
the corresponding theorem (Theorem 2). Finally we treat the corre-
sponding problem concerning |C, 8| (Theorem 3).

2. Theorem 1. Let 0<d=1—a<1 and €¢>0. If

W) [Er—fE—t)ds = O Un = log mye)
uniformly in & and

@ [ @—Fertyd =0 am=(ogm )

for a fived x, then the Fourier series of f (1) is | R,logn,d| summable at x.
Proof. It is sufficient to prove that

co 1 w=—1 Iog. n j‘m ‘
J = ST () cosntdt! <
Ez w(log wy~* |»= (log w/n)* J, ¢:()c 1 *°

where

¢.t) = flx+t)+ flx—t)—2f (x).
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The inner sum of J is
w=1' Jogm (% w1 logn
I(w)= 2—~———— (pxtcosntdt-—j «(t 2 —
W)= 2 /).,,j (®) 0 Z, oz winy®
By Abel’s lemma we write |
=2 log n sin(n+1/2)¢
I n(;
: (w) = j ¢ ()[n=- <10g (w/n)) 2 sin ¢/2

log (w—1) sin (w——l/2)t:|dt — L)+ Lw) .
(log w/w—1)* 2sint2 | = ?

We shall first estimate I,(w) and the corresponding sum

°° I, (w)]
J,= 5 :
) wf;] w (log w)y =

Let w—1/2=v and divide the interval (0,z) into the following sub-
intervals:

(3) 0, 1), (z, t+=a/v), (t+=x/v, 4+ 2n/v), -, (v+ (2K —1)n/v, 7)
where 0<7r<2z/v and K is an integer such that r+(2K—1)n/v:7r—7r/v,
and hence

: 21w : 21w 2

Then we have

cos nt dt .

_ log (w—1) _sinvt
L (w) (— log (1—1/w))* jo ¢-() 2 sint/2

_ log (w—1) ¢ - sinvt
(— log 1—1/w))* HO ® 2sint/2 it

RS f/< ¢u(t+@h—W)nf) r.px(t+(2k—{3)7r/v) )Sinvtdt]
E=1J, 2sin(t+(2k—4)z/v)/2 2sin(t+(2k—3)x/v)/2

_ log (w—1) "o (@) SInvt
(= log (1—1/w))" lj ¢+(t) 2 sin t/2 d?

S (el + @ — D)) — @b+ R —B)T/) i o gt
r=1 2sin (t+ (2k—4) =/v)/2

T

K+1

+ 2 [T e @—3)m)

< 1 1 | > sin vt dt ] \
2sin(t+ (2k—4)7/v)/2 231n(t+(2lc 3)z/v)/2/ -
= Iy (W) + Ls(w) + Is(w) . |
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We shall begin to estimate I,,(w). If 3z/2v<r<2rx/v, then

(" guy S cit:“mu+jr ] L) Sn%_ g
SOQO () 2sint/2 Jo 3/ M () ZSint/Z

£ 1 7 :
= X dt—————j () df
vj‘o ¢ (> 2Sin 377.'/” gmlqup ()

by the second mean value theorem, where 0<£<3r/2v<y<7; and then®

o) _Sinvt g ‘o, dt
L‘” ® 2 sin £/2 j ¢: () at

In the case 0<7r<3n/2v we get also the same estimation. Thué we get
(et

< Aw'* log w/w'* *(log ’w)’“e =< A/(log w)*+c~!

< Av max
o<¢g<ert/v

| In(w)| < Aw*® log w-v max

0<¢<2x/v

and then

Joy = i | Loy (w) | <Ai 1

= w(log wy~* =  w=2 w (log w)'*®

~ We denote by &, the extremum point of sin v#/2 sin (t+(2k—4)7/v)/2
in the interval (z, r+7/v), then we get by the second mean value theorem

log (’I,U—]_) K+1 ft+ /v ¢x(t+(2k 4)77.'/?)) (Dx(t-}—(Zk 3)72-/?))
(—log (1 —1/w))" #= = s 2 sin ¢+ (2k—4) n/v)/2 sin vt dt

- ( _llii(ff _ll;w))“%l U ekJ“j Hw

I.(w) =

¢ (t+ (2k 4) n/v) — @ (t+(2k—3)z/v)
2sin (t+2k—4) n/v)/2

_ log (w—l) Kl sin v,
(— log A—1/w)* z== 2sin (&, +(2k—4)7/v)/2

) UZ +.j::][¢x(t+<2k——4)n/v)—¢x (t+(27c-——3)7r/-v)] dt

sin vt dt

where r=7,<§.=¢:=r+n/v, and then

A log (w—1) L v (5 Ao — a.
=T log A—T/w)* & & S,,k [“’*“f(z"" Dr/v)—eu(t+(2k—3) /v)_]dt‘.

Hon(w)| <

Thus we have

1) We denote by A an absolute constant, which need not be equal in different
occurences.



Fourier Series VIII: Absolute Riesz Summability 133

Jos = i ]Iae(w)J
w=2 w (log w)y =~ |
<A 1 5w S “ [0 (t-+ (2ho—4)/0)—a ¢+ (2k—B)m/0) |t
w=z (w log w)'~* k=2 k |J,
<axnlys 1 1 |
o2 Jp wezz 'w““(log ,w)l-a w1+u(]ogw)1+a+e
_aply 1 a5 1
k=2 kw2 w(logwy*® —  #=2 k(logk)'*®
By Abel’s lemma, we get now
log (w—l) E+1 ft+t]v .
Ly(w) = (E+(2k—3 t
S0 = e Tl ), ¢t @h—Ymisiny

| ( 1 _ 1 )dt
2sin (t+ 2k—4)7/v)/2  28in ¢+ (2k—3)7/v) /2

. log (w—1) t+ly .
= (Zlog (1—1/w)* {L ¢ (t+m/v) sin vt

K+1 1 1
j‘?z (2sin (t+(25—4)x/v)/2 "~ 2sin t+(25—38)m/v)/2 ) &
K+1 fe+aiv

+ 2 [qox(t—l—(Zk—S)n/v) —<oz(t+(2k——5)7r/v)] sin vt

K41 1 1
2 (2em C+@2i—d)n/w)2  2sin (t+(2j—3)n/v)/2>dt}
= Ipgy(w) + Ly (w).
Then

j‘r+ﬂ:/v ¢z(t+ n-/’v) sin t(+ (2]——3)71‘/1))/2—Sin (t +(2J—4)7T/v)/2

2sin (t+(2j—4)z/v)/2-sin (E+ (2 —3)n/v)/2

— sin el - sin vt-cos (2t +(45j—T)m/v)/2
sin /44, ) T (@i —)m/v))2 - Sin G+ (2j—3)= /D) 2

sin vt dt

= 015 ¢, (E+7/v) dt
By

by the second mean value theorem, where E, consists of a finite set
of intervals contained in the interval (zr, c+=/v)

0, <A1 .V 4%
. _

7 J
Thus we get
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[ Lo (w)] = Aw* log w %1—H %(t+7r/v)dt1 < A(log w)'~=-*
E,

J

and then , ' |
> Iy (w)| > 1
T =5 @ g5 1
m =2 w(logw)y =« = Z, w (log w)'** ~
Similarly
K+1 K+l
[ Lose (W) < Aw* logwkZé 2

(t+ (2k—8) 7/v)— @, (E+ (2l — 5)7z/v)]dtl

K+1 K+1 1 1

< Aw'+* log w Z% ch T w1+a (log ,w)1+a+s

1 K+1 1
<4-—= > - < Ao i
- (logw)“”k% kE — (log )
and then
- | Iose (w)] < A - 1
Eﬂ w (log wP-* — Z w (log w)'*¢

Thus we have proved that

Jo < Jos+ oo+ (Jo + Joge) < o0

Let us now turn to the estimation of I,(w) and the corresponding
sum J,=X)|I,(w)|/w(log wy}~*. We have

I](w):j %(t) n-o ( logn )sm(n+1/2)t> d

0 (log w/n)“ 2sint/2
. log n r sin (n+1/2)¢t
o ( (log w/n)* )j @:(t) 2 sin /2 dt

We put m=n+1/2, and divide the intervaly(O, 7) in the following:
(0, 7) = (0, 72) U(tms Tn+7/m) U -+~ U(tn+ (2Kn—1)m/m, =)

where (<r7,<2r/m and rn+(2K,;—1)ﬂ/m:n.—n/m, and then

K — %= Tn g n+1

2 2
We write
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1) =5 d(o R ) o) R

w/n)* | 2sint/2
+ Kz;“j‘n*“‘m @ (t+2k—4)n/m)—q¢,(t+ (2k—3)m/m) sin mé d
e Ve, 2 sin (t+(2k—4) =/m)/2 ,

:? jtm w @ (t+(2k—38) /m) sin mi

k= )

1 _ 1 dt}
2sin (t+@k—4z/m)2  2sin (t-+(@k—3)m/m)/2
= I,;(w)+ 1,5 (w)+ I;(w) .
Then
w=2 log n
[Iuw)| <4 3 A(W>

<A | ”’"’ ~logn
o (log w/n)

"o sin m¢ dt‘
L(PQZsint/2 |

"o ®) dt

N N

log n 1
° . (log w/n)*/ n*(log n)***

éA[’”Z"‘lz log n 1 4+ logw 1 ]

(log w/n)* n'**(log n)**¢  (log w/(w—2))* w* (log w)*+*©
1
n=2 n'**(log n)***~(log w/n)*

+ (log w)“““e] .

Accordingly

[T < Z} [In('w)l
o=z w (log W)~
< 1 ot 1 e 1
<A +> -
= [§2n1+ a(log ,n)a+e-1‘w=‘$—;}+2w(log w)z—a(log w/,n)a b w(log w)l+e]

where

’ i 2—1a éj 2?? a
w=n+z w(log w)~*(logw/n)* — J .. w(log wy~ *(log w/n)

:[ 1 logw)“_T, sA[ 1 + L ]gﬂi,
alog n \log w/n wensz LB " *(logny;~“ logmn logn

and then

|J11|§A[i;o 1 +i ————1———]<oo

n1+a(log n)a+e w=2 w(log w)1+s
Now
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ws o logm  \Fad s 1
Io(w)| <A 4(——2—"— 7.
| Lo ( )I = Ez <(10g ,w/n)d> e k n't“(log n)1+a+e

i log n 1
232 ( (log w/n)“> n®(log n)*+¢

zl/\

Similary as J,;,, we have \ , ‘

| Jon | = lIm(w)i_a
w=2 w (log w)

< oo,

 Finally

w-~2 log n Tp+ T im ‘ .
I = 4 —=—— t — t
w() = B 4( B0 | T gt @e—3)nm) sin m

K, +1 1 . 1 .
Z} (2 sin (t+(25—4) n‘/m)/2 2sin (t +(2j—38)n/m) /2) at
+ 5 " [+ @—8)mim)— .t + 2k—5)m/m) | sin ot

i K, +1( 1 1 >dt:|
2sin (t+(25— 4)7r/m)/2 2sin (t+ 25— 3)7r/m)/2

:v I]31 (W)+I13-3(7/U) .
Then
|I131 (?/U)l < A 2_0 < 101;%/0’7%)“ + ———Ij (L’z (t+71‘/1’)’b) dtl
2 ot
2 ( log n >K m 1
2 (log w/n)” 7 m'* (log m)*+¢
SAMZA(‘IOgn ) 1
= 2=\ (log w/n)*/ m*(log m)*+*

where r7,<¢£,<79,=Zr,+n/m, and- further

| Ise(w)| = A ? ( (1olg0gw?;n)°‘>

”21 x5, +1—2|j ?[%OH_(zk_g)n/m)_q;m(t+(2k—5)7r/m):|‘s;inmt dt
=3 j=x J n
w2 . log n Ky+1 K, +1 m 1 ‘
<A 44—
T =2 <(log 'M)/'n)a> lcz'i jZ}k 7 m 1+a(10g m)'+ e
w2 logn "z 1 1
<A 4 ——="—
=T <(log w/n)* ) ‘3 m® (log m)'~<*¢
w o logm 1 |
<A 4 -
= foynr (log w/na)) ma (]Og m a+€
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where 7,<¢§,<7.Zt,+n/m. Thus we get
Ji STyt T+ (T +Jhg) < oo,
Collecting above estimations, we get the theorem}.
3. Let uS consider the | R, A(n), 6] summability. We put
' A(n) = e*™ |

We supose, as usual, that i1(n) is monotone 1ncreas1ng and d1fferent1a.ble.
Further we suppose that

1° _ Ap(n) < p(2n) < Bp(n) ,
2° n(u(n)® 1 for 0<o6<1,
3° ¢ m) | .
These conditions are satisfied in the following cases:
A (,n) e(log log n)* e(log n)* ‘ en“
©(n) (log log n)* (log n)* ne _
o (n) o (log log n)*~* a (logn) =« an®-
nlog n 7
a a > O. a>0 O<a<1

For such absolute Riesz summability, we prove the following
theorem.

Theorem 2. If,” for 0<d<1,

(4) j:'&;f?)'—wa/t»a dé < oo
and

(5) | 2 n log n (4 () M(n) < o ,
where o

M) = max | [V (Fe+t—re—b)as

2) If we replace the condition (4) by the condition
K @z (& [dt( u (& (u)® du < oo,

then the condition 2’ is needless
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then the Fourier series of f() is | R,A(n),d| summable at t=x.

It is sufficient to prove that

AT

By I(w) we denote the inner sum, then

pRID ('z(w)'_'i(n))a_]r%(t) cos ntd‘.t“‘< o .

n=2

I(w) = wz;:zm) (A () — A ()2 -1 f :%(t) cos nt dt

= J: @ (t) %;A(n) (A (w)—A(n))®~* cos 'nt] dt

_ (" K o vaon Sin(m+1/2)¢
J 0] Z 4000 @020 ST

B o i sin (w—1/2)¢ "
+ 2 (w—1) (A (w)—2 (w—1))? 5 sin 172 »Jdt

= I,(w)+I2(w) .

| Let us first estimate I.(w) and the corresponding sum

_ 5 Hw) |
J, = Ez (Z(w))3 | I, (w)] . ;

Since

A(w)— A (w—1) = j’“’ X (w) dw = ¢ ) 2w dw

) A(w—1) < A(w)—A(w—1) < ¢/ (w—1)A(w),

we have, using the notation in §2,

| e sino—12)t
|2 (0) | S (=1 (o )~ [ oult) S dt’
, (e sinvt
= Go—1 () ([ 0t G ER00- de

KZ*’ j”‘”” @+ (2k—4) n/v)— @, (t+ (2k—3) 7 /v)
. 2sin ¢+ (2k—4) n/v)/2

-+

k=2

sin vt de \

+

:il me @ (t+ (2k—3)m/v) sin vt

=2

. 1 . 1 dt

< 2sin(t+ (2k—4)n/v)/2  2sin(t+(2k—3)z/v)/2 ) ﬂ
- = Iy(w)+ Is(w) + s (w) '

We have
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() < AG@)? (¢ @) ~w [ gult)] de
and hence

Ju = Z» ¢ W) I, (w)

=2 Gy -
u (w) ’ -1 B |
R UML) N PCTE
<4 i;z( ‘@) e| e o) d

Oa T/k -
2 yw 3 (7 e d
=0l gpaen

—4F j 0O d 2 ()7 w

T /(k+1)

= Aj- |‘ . (&) ] dt [:Zijzw (¢ (w))® éAJm lﬁ"_::_(_t)_] (¢ (1) dt

which is finite by the assumption (4), since w («/(w))? increases.
Secondly we have _

In(w) < A Q(w))? (¢’ ('W))s’ j (0a(t+(2k—4)r/v) — . (t + (2 — 3)7r/v))dt

= AQ(w))? (y’ (w))® " w M(w) ,§ 7 = AQ(w))?® (¢/ (w))® "wlogw M(w) ,
and then

oy = 53 &‘ ((")’))3 I (w) = Ewlogw(ﬁ’(w))sM(w)

which is finite by the assumption (5).
Finally, by Abel’s lemma,

55) r”’”%(m(zk—?,)’n/u)

= Je

( 1 1 ) sin vt dt
2sin ¢+ (2k—4) 7 /v)/2 ~ 2sin (t+ (2k 3)r/v)/2
=" gut+zp)
.5 ( 1 1 sin vt dt
2sin (t+(2j—4)n/v)/2 ~ 2sin t+(25—8)z/v)/2
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K+1

+ 5 S”“'” [0.(t+@k—3)/)— 0. (t-+ (2k—5)x/v)

k=3

sin vt dt,

. K+1 1 1
<2s1n(t+(2_7 d)r/v)/2 2s1n(t+(2,7 —3)/v)/2

dccordingly

Iy (w) < A(R(w))? (,,/(w))a-lw[é_;-;j“’"| 0. (E+ o+ 7v)| df

+2 2

-J—j (¢.(t+ @h—3)7/0)— @, (t+(2k—B)m/v)) dt’]
< AG@)? @ @)e~w| |71 0. 0)) di+logw- Mw) |

and then, by the condition (4) and (5)

= A 3 (¢ w)*w j lea®) dt+ A B (W) wlogw- Mw)

w=2

S<AWJu+Je) <o
Thus we have proved that
(6) Jo ST+ JutJn < AWu+J) < oo .

Let us now estimate I,(w) and the corresponding sum
— 2 W) ' (w) I,(w)] .
T =2 Ly 1B
If we write
4y = A3 () R@)—AM)F) ,
then

Law)='3 A,,r L Sinmt_ g
(W) ofv":‘z 0,¢ ® 2sin /2

Similarly estimating as L(w),

L) <A™S 4., [ S " <pz(t)ldt+nlogn-M(n)] |

n==2 x

and hence
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5 #0) Sy [n {WI¢x(t)ldt+n1°g”‘M(n)]

: @ws a
<A én““’"[ e.(O) dt+logn- M(n)] p:) (f;;%;a 4= AT+ ).

0

J=A

0 v

The inner sum is

—| 5 #w) — 5-1)
K(n) = 2 Aw) A (n) (A(w)—2A(n)) )

< Aw:w{%‘%g[2’(?’&)(2(’60)—%(%))5“’ + 2 () 2 (1) (3 <w)—z(n>>8-2]

— ’ < /1, (w) _ -1
= Al (n)w §+2 ) (A(w)—2(n))®

HATMAm) B D) am) - = K, m)+ Ku(n)
wimse (Aw))?

where ;
K| < Ax )|~ ‘('{—(i% (2 (w)— 2 ()~ duw

1/ aw) T o

() 2(w)——2(n)> ] =Arm) ,

w=n+2

— A,v(n)[

| K.(n)| =< Al’(%)l(")r %(ﬂ (w)—2A(n))>~* dw

_ ’ 1 A(w) A ’
=4l (n)[/l(n) ( A(w)—A(n) ]w-m =Aum) .
Accordingly K(n)< A, (n), and then

co In oo oo Tl
Ju S AR m )| 0.0l dt = A ') 3
n=? n=2 SRY g K x4

L. (8)] dt

@D m=AR (" 1e.0ld E i w)

o [alk
4R
E=20¢ 1 2¢+1) TICE+D

<a| 1Ol rappa<e,

And hence v
J. < A f‘j nlogn-py/'(n)- M(n) < co

Thus J;< e, which gives with (3) the required:
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In the special cases, stated at the begining of this section, we
get the following corollaries.

Corollary 1. -If, for 0<o<1,

j“ ¢.(t) (log log 1/g)*—»2
o U7 3 (10g 1/t)8

dt < oo ,
and

(n log n)'~2 (log log n) D3 M(n) < oo,

!LMS

then the Fourier series of f(t) is | R, e"* log ™% 5 | summable at t=x, for a>0.
Corollarv 2. If, for 0<o<1,

© 00 (10 1) g o
L £ (logt> <o

and

}_,n‘ 3 (log m)'*¢*~13 M(n)< co ,

n=2

then the Fourier series of f(t) is | R, e*¢™", 5| summable at t=x, for a >0.
Corollary 3. If, for 0<d< 1,

[* 40 g1 < oo,

t1+a

and

N _Ein M@m) < oo,

n=2 n(] ayy —

then the Fourier series of f(t) is | R, e*", 8| summable at t=x, for 1>a>0.

4. In the case a=1 in Corollary 2, | R, n, | summability is equiva-
lent to |C, 5| summability. In this ease we get better theorem:

Theorem 3. If

) rl_“ifﬂdMoo, N = M) < oo ,

then the Fourier series of f(t) is summable |C,5] (0<d<1) at t==.

Proof. Let ¢’ be the n-th (C, ) mean of the Fourier series of
f (@), then it must be proved that

3 [0 (@) —o (@) | < oo .
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The left side is
| 03 |02 (@) — 0P (@) | n
= D@ @ —f@i/n + 2 1eP@—f @ n = S+ S, .
It is well known [4] that, if we write

a;6><x)—f<x)=-71r—'j“ 0.(t) KD (0) de -

then :
| K2°O1=Cn, |K®@H|=C/n2t+?,
and '
K@@t =GPO+HP @) ,
where ;

G2’ (t) = sin [(n+1/2+6/2)t—o67/2]/ A2 (2 sin t/2) 3,
(HP @) < C/n#
for 6> —1. We have

S, =L i =S &) K@ @) dt
T o n=1.N
=ilnt !j . (t>K<8><t)dt|+ | ¢x(t)K§,5>(t)dtl>
7T n=1 N /n
SR (e 271900 a)
o o (T/k »n ‘ '
= A"Eﬂ("§"} n:l(lc+1>[¢x(t)' di+ }+5 gi fn/(lcﬂ) lqol;gtgl dt)
=43k Jema+an L[ 10l g
k=1 Ik +1) T ICk+1)

<Aj I(Oz(t)l dt .

Let us estimate S,.

s:_l_i

T

"0 (&) H3-(0) dt l) — S 48, .

"0.() G O(t) dt | +
0 : |

Then, as in the estimation for S,,

lSmiéArlL;@Ldt.
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Furthermore, putting m=n+1/2+4+6/2 and defining r, as in §2,

Sy=L1 5 l(j’"wt)c;;s-w(m dt +

T n=1 7

Tn

j“ 0.(t) G () dt \) Syt S

We have easily

oo Tln T
Su=AB L on[Tie.mia<af 10 g
0

. 7= 0
As in §2, we write S,;=8,2+S. Where

jcnmrm @ (t+ 2k /m) — @, 8+ (2k +1) m/m)
(2sin (/2 + kr/m))?

S,,OSAi

- sin (mt—or/2) dt !

° | j (@t + 2k /m) — @, (E-+ (2 +1) z/m)) de ‘

S]"g' é A E%Stn+m/ml¢x(t+n/m>ldt E ¥k78;{ < Aj‘ﬁ [(fxt(t)' dt ..

Tp 0

Thus the theorem is proved.
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