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MODULARS ON SEMI-ORDERED LINEAR SPACES IIV
APPROXIMATELY ADDITIVE MODULARS

By

'Sh6z6 KOSHI

The additive modulars on universally continuous semi-ordered linear
spaces were defined firstly by H. Nakaxo and discussed in his book [8];
1950. These spaces are more general and more extensive than the
so-called Orricz spaces which were deﬁned by W. Orricz in 1931.

. Recently he, jointed with Y. Mrvagawa gave the definitions of more
general modulars on universally continuous semi-ordered linear spaces
[11]. Above all they defined two kinds of semi-additive modulars which
may be considered as slight generalizations of additive modulars. One
of them is the upper semi-additive modular and the other is the lower
semi-additive modular, and it will be proved that a modular which is
upper semi-additive and lower semi-additive at the same time, is an
additive modular. But there exist many examples which are upper
or lower semi-additive, but not additive modulars. For examples, a
norm of a universally continuous linear space can be considered a linear
and lower semi-additive modular if the norm is semi-continuous, and
in many cases it is not an additive modular except the so-called L-
type norm. Furthermore, for a semi-continuous norm |jz|| of a univer-
sally continuous semi-ordered linear space R, if we define m(x) as

{ m(x) =0 , if [z]l=1
m(x) = + oo otherwise,

then we have an upper semi-additive modular m(x) on R, and it is
not generally additive except the so-called M-type norm.

The purpose of this paper is to investigate the theory of some
classes of semi-additive modulars which are near to additive cases, and
discuss the relations with additive -modulars. They are the upper
semi-additive modulars for which there exists the greatest among the
additive ones smaller than the given modulars, or the lower semi-

1) This paper continues to the paper: Y. MIYAKAWA and H. NAKANO [11].
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additive modulars for which there exists the least among the additive
ones greater than the given modulars.

In §1 and §2, we shall discuss the semi-additive modulars and define
the approximately additive modulars. Furthermore we shall show that
any spaces having semi-additive modulars can be decomposed into the
approximately additive part and the singular part. ,

The last part of §2 and §3 will be devoted to find some conditions
that semi-additive modulars are approximately additive ones or not.
In §4 and §5, we shall investigate the equivalence problems and the
uniform properties such as uniformly simpleness, between approxi-
mately additive modulars and additive ones. The Bi-modulars which
were defined in [11] will be discussed in §6, along the line of the
present methode. Another approximate methode to additive modulars
will be considered in §7. ' ,

Throughout the paper we use the notations and terminologies same
as [8] and [11]. ‘

The auther of the present paper wishes to express grateful thanks
to Professor H. Nakano for his kind advice and encouragement.

§1. Semi-additive modulars. Let R be a universally continuous
linear space; in other words conditionally complete vector lattice. We
say that a functional m(x) x€ R, whose value takes real or +eo, is an
additive modular on R if it satisfies the following conditions.

1) 0Zm@<+oo. ' |

2) If mEx)=0 for every real &, then x=0.

38) For every element x€R there exists ai;O such that

m (ax) < +oo .
4) m(ax+py)=am (x)+ pm (y) if a+p=1, a, =0
for every =z, y in R.
5) |x| =]yl implies m(x)=m(y).
6) If 0=<z,1.-,« (that is for any 2, ,€4 there exists A,€4 such

that xz, “x,, <z, and Ua:,l—x) then we have
. AeEA .

m(x) = sup m(x,) .
AeA

7 If 2, y=0, then mEx+y)=mx) +m(y).

The condition 7) is equivalent to the following two conditions.
7)) If x,y=0, then we have m(x+y)=m(x)+my).

7 1f x,y=0, then we have m(x~y)<m(x)+m®).
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Definition 1.1. If a functional m(zx) x€R satisfies 1), 2), 8), 4), 5), 6),
and 7’) instead of 7) we say that m(x) is an upper semi-additive modular.

If o functional m(x) x€R satisfies 1), 2), 3), 4), b), 6), 7”/) instead of 7),
and the following condition 2’), we say that m(x) is a lower semi- addsze
modular

2) m@0=0. | .
If R has an upper semi-additive modular m, then m(x) (x€R) has
the condition 2) from the condition 7’) and 1): 7 (0)+m(0) <m(0) and

m(0)=0.
Let B be the totallity of the universally continuous linear functionals
of R; namely E>% means that x, | 2.40 implies 1nf |Z(x2)]=0. Then R

is a universally continuous seml-ordered linear space by the usual order.
R is said to be the conjugate space of R.

In the sequel throughout this paper, it may be supposed that R
is semi-regular ; which means that if #(x)=0 for every Z€R, then we
have =0, roughly speaking R has sufficiently many universally. con-
tinuous linear functionals.

An element 7z of R is said to be modular bounded by m if there
exist positive numbers a and 8 such that ax(x)<p+m(x) for every z in
R. The totallity of such elements constitutes a complete semi-normal
‘manifold (in other word, dense ideal) in B, (cf. [8]) and is denoted by
B™. R™ is said to be the modular conjugate space of R by m.

In B™, we define the functional % (z) of € R” such that-

*) m(z) = sup {& @)—m (@)}
where m(x) is an upper or lower semi-additive modular. = (z) will be
called the conjugate modular of m. :

The main results of [11], obtained by M MIYAKAWA and H. Naxano
are the following theorems. :

Theorem 1.1. If m(x) is an upper semi-additive modular on R, then
m (%) is a lower semi-additive modular on RB™. Similary if m(x) is a lower
semi-additive modular on R, then m(X%) is an upper semi-additive modular on

From this theorem the conjugate modular of an additive modular
is also an additive one.

Theorem 1.2. (Reflexivity theorem)

m(x) = sup {f(x)—ifz(i)} .

xcR™
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Namely m(x) can be considered as the conjugate modular of » which
is a modular on B™, because R is contained in the modular conjugate
space of RB™.

Let N be a normal mamfold of R, this means that N=N1'! where
N'={x||z| ~|y|=0 for every ye N}. For such N, every element z€R
can be written uniquely as z=z,+x.,, €N, x,€N*. The operator
[N]x==, is called the projection operator by the normal manifold N. For
any element p€R, [p] means the projection operator by the normal
manifold {p}'' (which is called the normal manifold generated by p).
[p] is called the projector by p. The totaliy of projection operators con-
stitutes a Boolean lattice 8 with the usual meet, join, and complement;
where [R] is the unit and [0] is 0. Furthermore B is a complete lattice
because R is universally continuous, and the set of pro;ectors is an ideal
in $B.

Now let m be a lower semi- -additive modular on E. We can define
the functional m; such that

m(x) = sup }]m([pi]x) for x€R,

Z‘ CpiJ-EwJ

where f_}[pz.]:[x] means the orthogonal decomposition of [2]. Then
=1

m,(x) satisfies modular conditions 1), 2), 4), 5), 6); these conditions are
deduced immediately from the lower semi-additive modular conditions
except 6).

Relative to 6): if 0=<x,1c,« and i[pi]x:x(z'zl, .-+, n), then
=1

2 m([p]%) < sup 2 m([p]z,) < sup (i‘. m, ([m]wa))
t=1 , Red i=1 AeN 2=1 :

ésup m; (,) ,

and so we have ml(x)—sup m,(x,), because the inverse inequality is

1mmed1ate1y followed.
‘Moreover m,(x) satisfies 7):

if x.y=0 then m,(x)+m(y) =m(x+y) .

Now S is the set of element « such that m,(ax)< +co for some a>0.
Then S is a semi-normal manifold in R, and m, is an additive modular
on S, Set M=S*'! and N=S!. S is a complete semi-normal manifold
of M.
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Supposing that there exists a functional n satisfying 1), 2), 4), 5),
6), 7), except 8) and n(x)=m(x) for every x€ER, we see immediately
n{x)=m,(x) for every x€R. Therefore we may say: S is the existence
part of the additive modular greater than m.

By these considerations we get the following theorem.

Theorem 1.3. Let m be a lower semi-additive modular on E. Then
we can decompose R into the two mutually orthogonal normal manifold M and
N (denoting R=M$PBN) where M contains a complete semi-normal manifold
S on which there exists an additive modular m, greater than m, and on any
semi-normal manifold in N there is no additive modular greater than m. We
can select m, as the least among the additive modulars greater than m on S.

REMARK. In the above theorem S may be c01n01de with M for
some times, but in generally different.

In generally, if a functional » on R satisfies the conditions 1), 2/),
3), 4), 5), 6), 7), then the functional 7% (z), E R defined by the formula (),
satisfies the condition 1), 2), 4), 5), 6), 7); and the converse of this fact
also follows. If n(x)=0 for every z€R, then 7% (Z)=+oco for every
0x=z€PR. The converse of this fact may be deduced. Furthermore
we see the generalization of Theorem 1.2:

Corollary of Theorem 1.2. If n(x) satzsﬁes the additive modular
conditions except 2) or 3), then we have

n (@) = sup {@)—7 (@)

ZER
where B may be replaced by any complete semi-normal manifold of B.

Now we shall consider the case, where R has an upper semi-additive
modular m on B. The conjugate modular 7 of m on E™ is the lower
semi-additive modular by Theorem 1.1 and then by Theorem 1.3. E™
can be decomposed into M and N :R*=M®N, and in M there exists
a complete semi-normal manifold S on which the additive modular iz,
exists. m, may be the least functional greater than 7, satisfying the
additive modular conditions except 3).

Denoting by M the totality of elements x€R such that z(|x|)=0
for every #€N and =0, and by N the totality of elements x€R such
that z(|x|)=0 for every €M and =0,
then we have

R = M®N .

The element of M can be considered as thelelement of the conjugate
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space of S. Furthermore the modular conjugate space of S by m,
contains M. Because, the functional m,(x), x€R defined by the con-
Jjugate formula of () may satisfy the additive modular conditions except
2) and if x€M and m,(ax)=0 for every number «, then by Corollary
of Theorem 1.2 (:m,(¥)=m,(%), we can find that 7,(Z) may take the
value + oo for every z such that z(y)=0 for every y=0 and y€ {x}*
and so x=0 by the definitions of M and S.

If there exists a functional »n satisfying 1), 3), 4), 5), 6), 7), and less
than m, then for the conjugate #, 7, it follows that

7 (%) = m, (%) for every z€R™,
by Theo_rem 1.3. Hence by Corollary of Theorem 1.2, we have
' nx =nxm(x) for every z€eR,

therefore we obtain the following theorem.

Theorem 1.4. Let m be an upper semi-additive modular on R Then
we can find a functional m, less than m such that R can be decomposed as
R=M®N where m, is additive in M and 0 in N. We can choose my as
the greatest modular on M among the additive ones less than m.

REMARK. The formulation of m, in Theorem 1.4 is not clear as
Theorem 1.3, but in some cases we get the strict formula. We call
a modular m on R to be finite if‘m(x)<+oo for every x€R. In finite
cases, we have:

Theorem 1.5. If R has an upper semi-additive modular m, and m is
JSinite, then '

m,(x) = inf Xm([p]wx) for every xz€R.
_ m=élcmi_l

Proof. We put for every e]ement r€ER,
m,(x) = inf Z}m([m]x)
fz]= 2 EmJ

then m.(x) satisfies 1), 8), 4), 5), of the modular conditions except 2), 6),
by the definition of m..
We will prove 6). For every positive elements x and y, we have

:c:(l—-e)y+e<y+—€1;(x—y)>‘ for 1>e>0,

and hence by 4) of m,
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- m@)=m(y)+em <y+ 1 (x—y))
€
namely, m () —m(y) = em (?/ + 1 (x——y))
e

{3 2o

m(Zy)+ _.;_ m (_i__(x_y)) ............ ( 1)

< &,
=g

Let 0<x;}.c,xz. For any decomposition [z]= :E[p@‘] (¢=1,2,---,m),

(£l @—x2)

. (t=12,---,m),.
Summing up 1 to n, ‘we have by virtue of 7’) and above (1)

m([pt]x)—m([pt]wa)éz Z /

2 m(Iple)— L m(mlz)

IA

,wm w\

° Amelple)+ = Hm(Z(plE—w.))

IA

%) + = _—
m(2) + — m( (@%2))
and hence |
mo(@)—ms (@) < = m (@) + =-m (2 @—a)) .
By virtue of 6) of the modular conditions, for any €>0 we have:
ms (%) —sup ms (@) < - m(2)
aeA 2 .

and € being arbitrary, we obtain
mq(x) = sup m,(x,)
rAEA
which is the condition 6) of ms..
Furthermore m, satisfies 7).

Let n(x), x€R satisfy 1), 3), 4), 5), 6), 7), and be less than m. Then
by the definition of m,, we see immediately, .

my(x) =n(x), hence m, () =m (). Q. E. D.

§2. Approximately additive modulars. Let R have a lower or
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upper semi-additive modular m. By Theorem 1.3 and 1.4, we can
decompose R into the mutually orthogonal normal manifolds M and N
such that R=M@ N, where some complete semi-normal manifold of M
has an additive modular related to the given semi-additive modular,
and so we will consider espatially M, in other words we will consider
the case: N={0}. - ,

Definition 2. 1. If we have R=M, namely N={0} in Theorem 1.3,
then the lower semi-additive modular m is ‘said to be lower approximately
additive. Similarly we can define an upper approximately additive modular.

In this section, we shall investigate the modulars which are approxi-
mately additive or not. We say an element x of B to be atomic if
[#]>0, and [#]=[y] implies [¢¥]=0 or [y]=[x], therefore []R is an one-
dimensional space. If the set of atomic elements of B are complete
in R, then R is called discrete. For example (I,) is discrete.

Theorem 2.1. If R is discrete, then any semi- addztwe modular on R
s an approxzmately additive one,

Proof. If x is an atomic element, then m=m, in [x]R, because
[rY]R can not be decomposed any more. Hence R=M, because the
atomic elements are complete in R.

In the case where R is not discrete, we can obtain the examples
of modulars which are not approximately additive on any semi-normal
manifold of R. ‘

If the modulars m on R satisfy the property such that m(x)=
implies x=0, then m is said to be simple. (cf. [8])

Theorem 2.2. If R has no atomic elements, and m is a lower semi-
additive modular on R, and furthermore we suppose the following conditions:

(1) m 18 simple,
(2)  For any elements x,y€R such that m(x) =m (),

and x,_y=0, there exists a definite positive number 1>5>0 such tﬁat :
m@+y) < (1—3) {m@)+m@)} ,

then m is not approximately additive on any semi-normal manifold of ER.

Proof. We shall show m,(x)=+c for every x0. Suppose that
m, (x)< + o and >0, then we will prove that there ex1st y and z such
that m@y)=m (), x=y+=z, yz=0.

For any €>0, there exists orthogonal decomposition of [x] such
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that i}e[pi]:[w] and m(p]x)<e (¢=1,2,---,n,), because R has no atomic
1

clement and m,(x)< +oo. For this decomposition we can select [p, ]
(k=1,2,---,8) and [p;] (=1,2, -8 t+s=mn. from {[p],7=1,2,---,n.} such
that

m(pi]o+ -+ [0 <m(p,)e+ - +[p,]0)

and )
m([(p;]o+ -+ [, ]2+ [0, ]0) = m((p;]e+ - +[ps]2)

where [p,;](k=1,2,--,s), [p;](=1,2,---,0) are different from each others.
We put

[w; ]+ +[ws,] = [0:] .
[0;]+ - +[p;,] = [pe] -
[1%] = [pc] .

Assuming &,=>¢,=---, and lim &,=0, we can suppose [p.|=[v.]<--

7>

and [p.]=[p:.]= - and [pe,]!.0, since m,(x)< + co.

Putting [p:,]1.[»"] and [pe,]1.[?"], we can conclude m([p’]x)=m([p"]x),
and [p/]+[p”"]=[x] from the construction of [p'] and [p”], and the semi-
continuity of m.

Hence

m @) =m ([ )z +[p"]2) < 1—0) {m([p]®)+m([p"]®)} ,

therefore for every integer 7,

7” I4 :
<—1—i—3—> mx) < sup Em([m] x) = m, (x)
[m]=i}_31[pz]
which is m, ()= + oo, because m(x)>0 from the hypothesis (1). This
prove the theorem. Q.E.D. '

A norm of a universally continuous semi-ordered linear space can
be considered a lower semi-additive modular. If R is L,-space (p>1)
and we consider the L,-norm as the lower semi-additive modular, then
this modular is not approximately additive on arbitrary semi-normal
manifold. But more general spaces have this property. L,-space (p>1)
is uniformly convex by the sense of CrerksoNn and Naxaw~o (cf. [10]),
and if a norm of a universally continuous linear space is uniformly
convex, and moreover this space has no atomic elements, then the
hypothesis of Theorem 2.2 may be satisfied by considering the norm
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as a lower semi- add1t1ve modular. Hence we have the Corollary of
Theorem 2.2:

Corollary of Theorem 2.2. If a universally continuous semi-ordered
linear space has a semi-continuous norm, and this norm s uniformly convezx,
and furthermore has no atomic element, then the lower semi-additive modular
defined by this norm s not approximately additive on any semi-normal manifold
in this space.

As the similar theorem on upper semi-additive modulars, we have:

Theorem 2.3. If an upper semi-additive modular m on R having no
atomic elements, satisfies the following conditions:

(1) m s finite, |
(2) mE@E+=1+) {m@+m®)} if z.y=0 and

m(x) = m(y), (0 ts a definite positive number independent from the choice of
x and y), '

then m is not an approximately additive modular on any semi-normal manifold
n R.

Proof. We shall prove that m,(x)=0 for every element x of E.
For any element x€ R, we consider j: the totality of projectors such
that m ([p]2)=0 and [p]<Z[z]. If we put %Jje[p]:[p’], then m,([(p']z)=0

pleay

by the definition of m,, because of the semi-continuity of m and
Theorem 1.5. If m(x—[p]z)=0, then we have m,(x)=0.

Supposing that m(x—[p]Jx)>0, for any e>0 we can decompose
z—[p]o=y such that y=3 [¢.]y (=1,2, -, n) and m([gly)=e (=

=1
1,2,---,m,). As like as the preceeding theorem, there exist projectors

lecl=lg.]+ - +[9.]) [ec1=[g;]1+ - +[g;] and [g;]1=[q.] [¥]l=[g.]+ -+
[%s] + I:QJ'I] + -4 [q_ft] such that
m (([ge]+[ge)) v) = m (([¢i]—[gD v) ,
m([ge]y) = m([g<]v) ,
m([gely) < e .
Hence, if e—0, we can select [g:] and [¢:] such that [¢.] is increasing
and [¢.] is decreasing, and furthermore we can ‘suppose that [¢.] is

decreasing.
As we can find projector [¢’], [¢"] such that

[gc]1:[¢’], and [gc11[9”],
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it follows that [¢’]+[¢”]=[¥], and [g.] |0 from the choice of y. Further-
more we conclude m([g]y)=m(¢Jy), and so by the hypothesis of this
theorem m (y)=(1+0) {m(qly)+m(@')y)}. For every integer n=2, we
have ‘

1 ”
_— = , f =0.
<1+5) m(y) =m, (y), therefore m,(y) =0

Which shows m,(x)=0. Q. E.D.

The conditions of the above two theorems can be changed into
slight different forms. In the following we state the theorem of this
type. : ' ‘

Theorem 2.4. If a lower semi-additive modular m on R has the follow-
ing conditions : '

(1) of m@x)= m(y) and x,.y=0, then there emsts a positive number
n<1 such that for some suitably choosen for x and y.

—;—m(p(w-i-y)) <(1—8) {m@+m@)} 1>5>0
where o 18 independent from tke choice of x and y.

(2) infﬂ-és—x)— >0 for every element x€ R different from 0.

§>0
(8) R has mo atomic elements.

then m is not an approximately additive modular on any semi-normal
manifold of R. ’ ‘
In the upper semi-additive case:

Theorem 2.5. Let m be an upper semz-addztzve modular on R. If m
satisfies the following conditions,

(1) for any elements x and y such that m (x)=m (y) omd x, y=0, there
exists a definite posztwe number 6>0 such that

—;— m (9@ + 1)) = (1+9) {m (@) +m @)}

for p>1 which is suitably choosen for x and y.

(2) sup ﬂz—(;x—) < + oo for every element x€R .
& >0 )

(3) R has no atomic elements,

then m s not an approximately addz’tive modular on any semi-normal manifold
of R.
Proofs of the above two theorems are similar to that of Theorem



Modulars on Semi-ordered Linear Spaces IT 177

2.2 and 2.4 and so the&y are omitted.

§3. Ascending modulars. A lower or upper semi-additive modular
on R is said to be linear if m (sx)=¢Em(x) for every element z in R and
every positive number & If m is a lower semi-additive modular on
R, then it will be considered as a norm on R by the modular condition
4). In the case of upper semi-additive modulars, we obtain the following.

Theorem 3.1. If m is an upper semi- addztzve and lmea’r modular on
R, then m s an additive one.

Proof. By the modular condition 4) we can find that

m@+y)S - m 20+ m(2) = m@)+m)

Combining the modular condition 7/), we have the additive property :
.y =0 implies m@+y) =m@+m®). |

If a semi-additive modular m(x), x€ R takes only 0 or +woo as its value,
then m is called a singular modular. The relation between the linear
modular and the singular one is conjugate. (cf. [8]).

Theorem 3.2. If a modular m is Zinecir, then the conjugate modular
m of m is singular. Conversely, if a modular m is singular, then the con-
Jugate modular m of m s linear.

Let R have a semi-continuous norm ||z||, € R, then the norm may
be considered as a linear lower semi-additive modular, and the con-
jugate modular 7w of m on E™ satisfies

()]m(x)—() if ||z]| =<1
| m@) = + o if ||z|| > 1

where ¥ is in the norm conjugate space of R by this norm, and
lll] = sup | ()] .

REMARK. The conjugate form of Corollary of Theorem 2.2 may
be explained as follows: If a nmorm of a wuniversally continuous semi-
ordered linear space (semi-continuous norm) is uniformly even and this space
has no atomic element, then the modular oleﬁwed by the formula (%) is not
approximately additive, because the conjugate norm of a uniformly even
norm is uniformly convex. (ct. [10]).

We say that a modular m on R is ascending if

m (Ex)
¢

inf >0 for x€R different from O.

£ >0
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Hence linear modulars are ascending ones.

Theorem 3.3. If an upper semi-additive modular m on R is ascending,
then m s approximately additive.

, we shall prove that m/(x) is a

Proof. Putting m/ (x) = inf m(gx)
£>0

linear and upper semi-additive modular; m’ (x) satisfies the conditions
1), 2), 8), 4), 5), and 7’) of modulars by the definition of m’. As to 6),

if 0<x,1.c.% then we have
mEy(@—%3) 1240 for some number &,>0,

therefore we have sup m! (x,)=m'(x) from the relation: m/(@x—x,)+m’ (x,)

=m/(x). Hence, m (q:) r€R is a linear and upper semi-additive modular.
By Theorem 3.1. m/(x) x€R is an additive modular on R. Hence R
has the modular m, which is greater than m’ by Theorem 2.4; there-
fore m is an approximately additive modular on R. Q. E.D.
Let m be an arbitrary upper semi-additive modular on R, and

m’ (%) = 1nfﬂ?’(six)— as in the proof of the above theorem. If we set

N={x|m/(x)=0}, then N is a mnormal manifold of R. Because, if
0=aT2ea; namely a— @a laea 0, then we have m/ (@a—a)=m((@—a2))! 140
for some &,. By the inequality: w/(a)=m/(a,)+ m'(a—a,), we have
m! (@)=0 if m/(a;)=0, which deduce the following theorem. ‘

Theorem 3.4. If m is an upper semi-additive modular on R, then R
can be written as follows: R=NHN*+ where m is ascending on N and m s
not ascending for every normal manifold in N,

We say that an element z of R is a zero-element by the modular m,
if m(x)=0. If the set of zero elements in R is complete in R, then R
is said to be semi-singular by the modular m.

When R has a lower semi-additive modular m, and NV is the normal'
manifold of R which is generated by the set of zero-elements in R,
we can write R=NOAN?! and m((x)=0 implies x=0 for x€N*'. The
relation between the ascending modular and the semi-gingular one is
similar to the case of the additive modular. |

Theorem 3.5. If m is a lower semi-additive modular on R, and semi-
singular, then m is an approvimately additive one. '

The proof of this theorem will be found by the next theorem and
Theorem 3.3. But we will show an immediate proof: if m(x)=0, then
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m, (@)=, sup 2)m(p;]®)=0. Such zero-elements are complete in R,
2 [py3-Lx1 =1 ' '
¢=1

and so we see that M in Theorem 1.3 equals to E.

Theorem 3.6. Let R have a lower semi-additive and semi-singular
- modular m. The conjugate modular m of m which s an upper semi-additive
modular on E™, is ascending.

Proof. For any positive element z€R™, we have
m(if):sg]? {Z(x)—m(x)}. Since the zero-elements are complete in E, we

can find an element />0, such that z(x)>0 and m(z)=0. Hence

E“_gf:ml — _;_ sup {Eaf(x)—m(x)} = z(x')>0

for every number & which shows that # is an ascending modular on B™.

Theorem 3.7. Let m be an ascending and upper semi-additive modular
on R. Then the conjugate modular m on R™ is a semi-singulor and lower
sems-additive one. :

‘Proof. Let m’/(x) be as in Theorem 3.3, then m/(x) is a linear and
additive modular on R. If we put

7 (2) = sup {%(&)—m @)
< sg}g) {i(x)—m’ (x)} = m/ (%) for zER™,

then #/(%) is a singular and additive modular on E™ by Theorem 3.2.
Since m () < m'(3), x€R™ c B”, and RB™ is a complete semi-normal
manifold of B”, we see that # (x) is semi-singular.

By the above two theorems, we can state that an upper semi-
additive modular is ascending if and only if the conjugate modular
by this modular is semi-singular, and conversely a lower semi-additive
modular is semi-singular if and only if the conjugate modular is
ascending.

§4. Essentially additive modulars. Let m be a lower or upper
approximately additive modular on E. Namely there exists an additive
modular m,; which was given by Theorem 1.3 and 1.4. Before we
" investigate the relation between m and m, we shall give a rough
speaking of the properties of the modular norms which were given by
Nakano. Naturally, these properties follow in the case of general
modulars, and whose special cases are semi-additive modulars.
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If we put | .
(1) Izl = inf 1 . for z€ER,

S

m (& X)Ll IS
then [{z}] is a norm on R and W111 be called the second norm of m. If
we put-

(2) - lellz sup, | % ()]

then we have a norm on R and 1t w111 be called the first norm of m.
Another form of this norm is:

(3) lz| = inf 1TmE)
£>0 E

which was given by I. AmMEmiva, Between the first norm and the second
norm, we have the relation:

el = llell = 2tz .

For the first and the second norm of the conjugate modular % on RB™,
we have

(4) lwl) = sup |2@) , izl = sup |3@)l ,
(5) |zl = sup 12@) , 117l = sup |3@)] .

Let m be a general modular on a universally continuous semi-ordered
linear space R. We call m to be monotone complete if 0=<x, 1., and
m(x,), A€A are bounded, then there exists the upper bound of z,:
Ux,=x€R.

Aed :
A modular m on R is monotone comlete if and only if the first or

second norm of the modular m is monotone complete. (cf.[11]). The
modular conjugate space EB™ of R by m is always monotone complete
by the conjugate modular #. If a semi-regular space R has a modular
(a lower or upper semi-additive), then R is imbeded in the space which
has a monotone complete modular, because of Theorem 1.2. Supposing
that n and n’ are both lower or upper modulars on R and n (x)=»’(x)
for every x€R. If »’ is monotone complete, then n is monotone complete
by the definition. The additive modular m, on S which is defined in
Theorem 2.2 is monotone complete if m is a monotone complete modular
on R.

z€R is modular bounded if and only if # is bounded by the first
or second norm as the functional on R. _

A sequence {z,} (v=1,2,---), x,€R is said to be modular convergent
to « if £im mE&(@, —x)=0 for every £>0.
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The modular m is said to be com'pletel if

lim m(&(x,—x,) =0 for every £>0

L, Yoo

implies the modular convergence of the sequence z,€R(v=1,2,---). A
modular m is complete if and only if the first or second norm of m
is- complete as the norm of R. ' '

The following theorem was proved by Naxkavo. (cf. [8]).

Theorem 4.1. If m is a monotone complete modular on R, then m s
complete. '

Proof. If m is a monotone complete modular on R, then the first
or second norm by m is monotone complete. If the norm is monotone
complete, then the norm is complete. (cf. [1]). Hence m is complete
because the modular norm is complete.

Now we shall come back to the approx1mately add1t1ve modulars.

Let m be a lower approximately additive modular on R. Then
there exists a complete semi-normal manifold S of R and an additive
modular m, such that m,(x)=m(x), €S as already shown by Theorem
1.8.. Hence we obtain the first norm and the second norm of the
additive modular m, on S such as (1), (2) above and denoted by |lx|; and
llzl;. For any element x€S, we have the relations:

o) < |lxll,, x€S; |l <z, =xE€S,

In the case of an upper approximately additive modular m on R, we
see by Theorem 1.4, m,(x)<<m(r) for every x€ R, and hence '

zll, = llzl], x€R; lielly < llzll, x€ER .

In the lower or upper semi-additive case, if the norm ||z|] and ||zl
are equivalent: that is ||z]|<a|z|, and ||xl| =d'||lx|| for some number a,

’, then we say that the approximately additive modular is essentially
additz’ve, which is equivalent to the fact that both second norms are
equivalent. (If the modular is lower semi-additive, then we say lower
essentially additive and if the modular is upper semi- add1t1ve, then we
say wupper essentially additive).

Theorem 4.2. In order that an approximately additive modular m on
R is essentially additive, it is mecessary and sufficient that R™ coincide with

Proof. The necessary condition is evident from the definition of
the essentially additive modulars. ~

Conversely, suppose that BR»=R~. The modular conjugate spaces
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B™ and B™ by m and m, are monotone complete and have the semi-
additive modulars. Hence, by Theorem 4.1 of this section, we see
that the first norms and second norms of % and %, defined by m and
m; are complete. By the theorem of Narawo (cf. [8]) or the Banacu’s
theorem, we see that these norms are equivalent each others. By the
formula (4) of this section the first norms or second norms of m and
m, are equivalent to each others. ‘
In the case of lower approximately additive modulars, we see:

Theorem 4.3. If m is a monotone complete and lower approximately
additive modular on R, then S in Theorem 1.3 coincide with R if and only
f m is essentially additive.

In the case of upper approximately additive modulars, we have:

Theorem 4.4. Supposing that R has o monotone complete upper approxi-
mately additive modular m, m is essentvally additive if and only if m, is
monotone complete in R.

Theorem 4.3 and 4.4 are the 1mmed1ate consequences from Theorem
4.2 and the following lemma which is due to Naxkavwo.

Lemma 4.1. If a modular m on R s  monotone complete, then any
element of R is modular bounded : that is R*"=R.

REMARK. This lemma follows even if m is complete. (cf. [8]).
Proof. By virtue of the monotone completeness of m, x,=0 and
m(a:,,)gl (»=1,2,---)imply that i —:21—93” is order convergent to z (: x =

oo

= 2V ) Let some z€R be not modular bounded. Then there exists
y=1

&v,, for every v, v=1,2,--- such that z(x,)=2" and m(z,)<1. Hence, for
z = > zlx we obtain @)=k (k=1,2,-): #@)=-+oco which is con-

V=1
tradict. Q.E.D.  (This proof is same as [8].)

In the following we will explain the another conditions for an
approximately additive modular to be essentially additive in the case
where the modular is upper semi-additive and finite. For this purpose
we prove the following lemma. '

. Lemma 4.2. Let m be an upper semi-additive and ﬁmte modular on
R. Then y; | 1c.0 implies m (y3)|16,40.
Proof. Let some y, (A,€4) be fixed. For any Ya=V,,, it follows by

the modular condition 7’) that m (Ya)+mYr,—y)=m(y,). Hence, by
the semi-continuity of w, namely 6), we have
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m (ylo’_yl) Taeam (’.’Jno)
which implies
mYa) laca 0 -

Theorem 4.5. If a finite modular m on R 1is monotone complete and
upper approximately additive, then m is essentially additive if and only if

N m(x,) < + oo implies the existence of X x, (in order sense)
v =1 Yy =1

for every positive mutually orthogonal sequence x,€R (v=1,2,---).

Proof. Let m be an essentially additive modular on E. By Theorem
4.4 we see that m, is monotone complete. Hence, from the relations

21m1 ()< Z}Im(x,,)< +oo and i‘ my(x,)=m, (an xu) we have Uz, =
Y= V= V=1 v =1 Y= .

:‘i‘x,,:xER, which shows the necessity of this theorem.

Vv =1

Sufficient condition: Firstly we consider the Boolean ring of pro-
jection operator of R. As R is universally continuous, this Boolean
ring W is complete as a lattice. Now let 8 be the set of all dual
maximal ideal of 8. Then 0 is compact by the usually introduced
topology. (Consider the family of dual maximal ideals including some
fixed projection operator. In this topology such families are open bases).

We shall prove that there are mutually orthogonal normal manifolds
which cover R:R=N,®N,DH ---BN, with the following properties:
there exist positive numbers &,>0 (¢=1,2,---n,) such that

m(x)=e, impiies_ m(x)<1 for every x€N,(1=1,2,---,n).

For any element § of ¢, if we find the normal manifold N whose pro-
jection operator is in § and which satisfies that m,(x)<e implies m (x)=1
for x€N, then we can select finite numbers of normal manifolds N,
(¢=1,2,--,k) which generate R and satisfy the above condition, by the
compactness of . Taking the intersection or difference of N, (i=
1,2,---,k) each other, we can find the mutually orthogonal manifolds
as above. | | | v

Supposing that for some ),€58, there does not exist a projection
operator in {), which satisfies above condition. If ), has an atomic pro-
jection operator [N], then m and m, coincide with each others in [N]R,
since [N]R is one-dimentional. Hence P, has no atomic projection
operator. ‘ '

Firstly we can find a positive element z, in R such that
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h’o(x,)> 1.

m

Since {), is not atomic, we have N [N]=0, and hence 0xc[z,]—[x;][N]E€D,

CN3zn,
for some [N]ep,. Hence we can take x, as [z,]€f), without changing

the above inequality, since m and m, are semi-continuous. For any
natural number », by induction, we can find mutually orthogonal positive
elements x, in R such that

m, (xu)<% ,  mx,)>1
and . .

T, ~Zp =0 if vacp (v, p=1,2,-.-)
and furthermore [N,]€f,, where [N,]is a projection operator generated
by z, ©, X3y -, 0y, T,

On virtue of the finiteness of m, we see that for any z,, there
exist mutually orthogonal projectors [p,, ] (¢=1,2,---,¢,) such that

Blpod=[x] and Fmp,do)S o

by Theorem 1.5.

Hence we have 2 m([pu de)< + oo which implies the existence
1¢1

. n
of X[p, 2, which means the order convergence of > x, to some
T,V : V=1

element ye€ R. Therefore there exists i x, =Yy, for every pr=1,2,.
. . ‘ et , -
Then we have y,],.0. By Lemma 4.2 we see that

m@yu)l.0 and mx,)=m,),

‘which contradict the assumption.

Hence we can find mutually orthogonal manifolds N,(¢=1,2,---,n,)
such that R=N,ON,;H---SN,, and m,(x)<e, implies m@x)<1 for xE N,
(7,_1 2,---,m); here &, may be choosen as 0<e,<1.

- Because |jx,/i=e&, implies m, (x,)<e, for x,€N,, we see that

llaclly < e, implies [l <1 .

Therefore |lzll; =< Min {s¢} implies [x|<n,, for xz€R, which prove the

ZiEn,

theorem :
Another sufficient conditions for essentlally additive modulars are

as follows.
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Theorem 4.6. .Let m be an upper semi-additive modular on R. If m
satisfies the following condition :
(* 1) there exists a definite positive number o such that

m(x) —
el

for every element x€R different from 0,
then m 1is not only an approximately additive but also an essentially additive
modular on R. :
' REMARK. Naturally a linear upper semi-additive modular satisfies
the condition (*1). We may say that the condition (*1) is near to the
linear condition. ’

Before we prove this theorem, we shall consider the conjugate
condition of (*1):

(* 2) there exists a positive number € >0 such that

el < e implies m@x)=0.

Theorem 4.7. Let m be an upper semi-additive modular on R satisfying
the condition (*1). Then the conjugate modular m of m satisfies the condition

(*2).

Proof. By the definition of the conjugate modular, we have
m (@) = sup {d (a,)—m(a)}
achk

< sup llall {Ia— m(“”
R3ax0 all f
Hence, we find that
m@ = 0 if la]] < & .
Because the second norm and the second norm of m are equivalent,
the condition (*2) for 7 follows.
The conjugate form of this theorem is:

Theorem 4.8. Let m be a lower semi-additive modular satisfying the
condition (*2). Then the conjugate modular m of m satisfies the condition (*1).
Proof. For an.element a>0, acR, we have
m@ _ a m (@)
up | ——— (@)— ==
Il aen l [l @) laly S

- a . m(a) 1
*ﬁf‘fe{mdm YT
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s |
| ?a‘ﬁ«{ @i @ =70

because sup |d(a) =¢|jall and @>0, therefore Theorem 4.8 follows.

llali=e

If we prove the following theorem, we have the proof of Theorem
4.6 by Theorem 4.7 and 4.8.

- Theorem 4.9. Let m be a lower semi-additive on R satisfying the
condition (*2). Then m is not only an approximately additive but also an
essentially additive modular on R. |

Proof. If m satisfies the condition of (*2), then % on R™DR, being
monotone complete, satisfies also. Hence we can suppose that m is
monotone complete. ’

- For any element a€R, we can find a p051t1ve number £ such that
ll€all <& <1, which implies m(a)=0. Hence

m, (§a) = sup zé‘;m(s[fp,;]a) =0;
Ca:l- 2 [m]
which shows B=S in Theorem 1.8.. By Theorem 4.3, we find the proof
of this theorem.
A singular and lower semi- addltlve modular satisfies the condition
(*2). We may say that this condition is near to the singular modular
condition. ' '

§5. Uniformly structures of modulars. Uniform structures con-
cerning modulars and modular norms were investigated by Naxawo.
(cf. [10)). He defined various kinds of uniform properties such as
uniformly simpleness and studied the relations between each others.
In this section we will study the relations of m and m, which is defined
by an approximately additive modular m, concerning with these proper-
ties. And we will generalize the theorems in the case of additive
modulars to the case where modulars are approximately additive or
essentially additive. For this purpose we will explain the definitions
of uniform structures in slight different forms from the NAgANO’s ones.

- We call a modular m to be uniformly simple on R, if
limm(x,,) =0 +mplies. lyim e, il =0 .
Here we may change the second norm by the first norm.

This definition is equivalent to: for any £>0, |
infwE|x)>0 where w(|x)= (E —)

0x2€R it ol
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which was given by Nakano.
Similarly we call a modular m to be uniformly monotone if
lim |z, =0 and x,%0 v=1,2,
Y -»o0
‘ implies
m@,) _
voeo iz,

Here we may change the second norm by the first norm.
This definition is equivalent to:
lim sup -l—cu(élx) =0.
§0 O0xzerR &
Uniformly simpleness and uniformly monotonity are the dual pro-
perties to each others.
If a modular m on R 1is uniformly simple, then the conjugate modular
m of m on B™ is uniformly monotone. And conversely, if m is a uniformly
monotone modular on R, then the conjugate modular % of m on RB™ is uni-
Sormly simple.
This fact was proved in [10], but we show the simple skech of

these proofs as follows.
Let e>0 and >0 be such that

|l = ¢ implies m@x)=0.

We have
_ )l -/ ex
— < _
@—m@ == w nuxm) <H‘w'|l
< 1 e zl1—s) <0,
if no-cué—i— and [l =e¢,
therefore
7 (@) = sup (s @—m@} <llslle, for llal= 2.

Since & may be arbitrary, we see that m is uniformly monotone.
Conversely, let m be uniformly monotone. For any number &>0
there exists 6>0 such that

Izl <3 implies m(x)= ¢ |l .
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Then

@) = sup {5@—m @)
= sup (2@ m@)

Il /=3
= sup {lzdl - lleell — el }

HENES

(IIWII—e’) 5.

v

If we choose &’ suitably for the given number >0,
- ||zl =€ implies m(Zx)=(s—¢&") >0,

which shows that # is uniformly simple. _
Let m be a modular on R, we call m to be uniformly finite if for
every natural number n there exists a positive number n’ such that

i <n  implies m@)=n’,
in other words:

sup w(|x)< + oo | for every £>0.

Ox2CR

We will call a modular m to be umformly increasing if for cmy
natural number n there exists a positive number n' such thot

el =n" implies ;m(x)gnnmm ’
in other words: | V
1

lim — 1nf w(Elx)— +oo .
g £

In these definitions, we may change the second norm by the first
norm,

We will show that if m is uniformly finite, then m is uniformly
increasing. For any >0 there exists a positive number />0 such that

z|| <1 implies m@) <1 .
Then

I

7 (@) = sup {z@)—m @)
sup {iz - el =}

(el I—1" .

v

v

Making ||z|| sufficiently large, we see easily m is uniformly increasing.
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Conversely, if m is uniformly increasing, then for any positive number
[ there exists a positive number I’ such that

« x| =¥ implies m(@)=1|z| .
Then we can find that: ,
% () —m (@) < [\ - ||| —1 ||]] < 0

it |V, 2l <I.
Therefore

m (@) = sup {T@—m @} <@, it j@<l,
xCER . .

which shows m s uniformly finite.

If an additive modular m on R is uniformly simple and further-
more R has no atomic elements, then m is uniformly finite. In an
approximately additive case, this theorem may be written as follows.

Theorem 5.1. Let m be an upper approximately additive modular on
R and uniformly simple. If R has no atomic elements, then for any positive
number 1 there exists a positive number U such that

el <1 implies m(@) U .
Hence m, is finite. -
Proof. Suppose that we can select a,€ R(»=1,2,---) sﬁch that
ol < e<1 and m1 (la,)=2Y-v for some number 1>0.

Since R has no atomic elements, for every a, (v=1,2,---) we can find
orthogonal projectors [p, ;](¢=1,2,---,v) such that

Zlpda, =a, and m(lp.Je)<- .

Hence we have
m([p,.]a,)=2" for some 4, 13, =v.

Let [p,.]=[p,], namely
m(@p,]a,) =m(p,]a,) =2" and m(pJa) <1

The sequence [p,]a, is convergént to 0 by the norm, because .
lim m([p,]a,)=0 and m is uniformly simple. But this contradicts to
V>0 v .

IHe[p,]a,ll =lip,]a,ll, =1.
The conjugate form of this theorem is as follows:
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Theorem 5.2. Let m be a lower approximately additive and uniformly
increasing modular on R. If R has mo atomic elements, then for any positive
number 1, there exists a positive number U such that

lall =V implies T2® >
el
Hence for every element x€R different from 0, we have

lim 72 %) _
& »oo
where m, s defined in Theorem 1.3.
KaricunA’s theorem which is generalized by S. Yamamuro in the
cases of additive modulars is also applicable to the lower semi-additive

cases.

+ oo ,

Theorem 5.3. A lower semi-additive modular m on R is uniformly
simple if m is simple and monotone complete and furthermore the modular
norms of m are continuous. (Y lac,0 tmplies inf |ly,||=0.)

AeAa

" Proof. Suppose that there exist z,>0 (v=1,2,.--) such that

limm (x,) = 0 and |x,[[=6>0 for some positive number ¢.

Y >0

"We can choose z, as m(xy)gé‘; .
Then |
e = Yy
exists by the lower additivity: the modular condition 7”) and the
monotone completeness of m. ‘

We have

X, 7%,

1

oy - (»=L2,-),

mYy,) =

therefore the sequence y, is order convergent to 0, since m is simple.
ly,ll = eyl implies {izn e, |l = 0.
But this is a contradiction, and hence m is uniformly simple.
In the case of an upper essentially additive modulars we may prove
the following. ' '

Theorem 5. 4. " Let m be am upper essentially additive modular on R.
If m is monotone complete, simple and modular norms are continuous, then
m 18 uniformly simple.
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Before we prove this theorem, we need the following lemma.
Lemma 5.1. Let m be an upper essentially additive modular on R.
If m is simple, then we have for every element T€R™

inf ®€7) _ ¢
£>0 &

Proof of Lemma: We put

7 = {ﬂm/(@) — inf 72 (%) <o} .
£€>0 IS _
We shall prove that M is a normal manifold of B». For this purpose

we need only prove

@G, €M (A€ A), @;11.,@ implies aeM .

A functional of R™ :

;@) = inf 16D Gepm
£>0 £
can be considered a bounded linear functional on the positive elements
in B™. Since m is an essentially additive modular we have by Theorem
4.2 R»=PF™. ' |
From

772/’ (d)é m,(d_da)‘l‘ 7%, (dl) ’ %, (d—aa) g 7%;(@—(71) l ;lE/].O y
we have )
sup m’ (@,) = m’' (@ = 0,
AeA

which shows that aeM.

Let B™ be decomposed such as: E"=M®ON, where in N we have
a linear modular #’. ‘ '

For an element x€ [N]2R", we have

m(x) = sup {56(90)—77&(@)}
XEN .
< sup {z@)—w (@)} = m.(@) .
ZTeN ) .
m’(Z) is linear and hence m,(x) is a singular modular on a complete
semi-normal manifold of [N]*R, therefore m (x) is not simple in any

semi-normal manifold of [N]*R: that is [N]=0. Namely M = R™.
Q.E.D.

1) [NIFR={x||x|~ly| =0, for z(lyl)=0, zEN} Cf. [8].
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Proof‘ of Theorem 5. 4. Suppose that m is not uniformly simple.
Then we can find a sequence of positive elements a,(»=1,2,---) in R

such that m(oa,,)s—;“7 and Jla,||=06>0 for some positive number §>0.

From the monotone completeness of m, we obtain E”=RE, and hence
by the definition of the conjugate modular we have:

m(a,)+m D) = ¢ |al (a,)

for any element @€l and £=0. Let @ be fixed. By the above Lemma
5.1, we see that for any e >0 there exists a pos1t1ve number &,>0 such
that

m(&a) — &
& 2
therefore choosing v, suitably, we obtain |a@|(a,)<e for v=y,,
that is
lim |@|(@,)=0: |w|-1ima,,:0 in the notation of Naraxo [8]. By

Y >

Theorem 27.10 in [8] we find that s-ind-lima,=0, since R is supper

Y oo

universally continuous. Then we can select a,,(¢=1,2, --) such as .

ind-lima,, = 0.
£ o
Because m,; is monotone complete and
1
1

m,(@,,~a,, e, YEm(@, )+ (@, )= T & , We can

find the order limit y, of ¥;,.=a,,~-va,,  (¢=1,2,--). Hence, we have

9, 1.y for some y, that is lim a,=y. On the other hand, ind-lima, =0
Y o0 Y oo

means that there exists a sequence of projectors [p;]1.[¥] such that
| 11m [pi]a,, =0=[p]vy,

therefore y=0 that is y;|,0. By the continuity of the modular norm we
have ||yl |,0: namely ||a,/| |;0 which is contradict the assumption. Q.E.D.

In an essentially additive modular m, the uniform structures may
be transfered to m;. '

Theorem 5.5. If R is discrete, and an upper essentially addztwe modular
m on R, and m is uniformly simple, then m, is uniformly simple.

Proof. We can suppose that m is monotone complete. m, is also
monotone complete by the assumption. m, is simple because R is
discrete.
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We shall prove that the modular norms of m are continuous. For
any Ya laes0, there exist a positive humber &>0 and 1,€4 such that
m&Y,,)< +oo. Hence we have by the modular condition 6) and 7’)

lalel/j; m(EoYa) = 0 .
Since m is uniformly simple, we obtain inf l€yall=0 which is inf llyall=0.

Because we have ||z|,<|z|l for every element x€ R, the modular norm
of m,; is continuous. :

If the additive modular m, is considered a lower semi- add1t1ve one,
m, satisfies the assumption of Theorem 5.3.

Hence m, is uniformly simple.

The converse of this theorem is:

Theorem 5.6. If m s an upper essentially additive modular on R and
m, t8 uniformly simple, then m is uniformly simple.
Proof. Let lim m(x,)=0, then llm m,(x,)=0. Because m, is uni-

Yo

formly simple, we obtain that lim mx,,\u,—o From the essentially addi-

Y >

tive property of m we have lim |jz,||=0, which shows that m is uni-

Y>>

formly simple.

The dual forms of above theorems are:

Theorem 5.7. If R is discrete and a lower essentially additive modular
m on R is uniformly monotone, ther m, is uniformly monotone.

Theorem 5.8. If m is a lower essentially additive modular on R, and
m; 1S untformly monotone, then m is uniformly monotone.

In the following we shall explain the theorems of the same k1nds
without proof. ,

Theorem 5.9.  Let m be an upper essentially additive modular on R.

If m s uniformly finite, then m, is uniformly finite;

f m, 1s uniformly increasing, then m s uniformly increasing ;

wf m s uniformly monotone, thern m, is uniformly monotone ;

if m, is uniformly monotone, then m is uniformly monotone.

In the case of lower semi-additive modulars we see the dual forms
of above theorems. ,

Theorem 5.10. Let m be a lower essentially additive modular on R.

If m is uniformly stmple, then m, s uniformly simple ;

of m, is uniformly simple, then m s uniformly simple ;

of m, 18 uniformly finite, then m s uniformly finite;

tf m is uniformly increasing, then m, is uniformly increasing.
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REMARK 1. On the upper additive cases, the uniformly finiteness
of m, does not imply the uniformly finiteness of m. And m, is not
uniformly increasing for some times, even if m is uniformly- increasing.
In the lower semi-additive cases we have the similar remarks.

REMARK 2. We say that a modular m on R is upper bounded if
there exists a positive number 7 such that m (2z)<rm (z) for every x€R.
Similarly a modular m on R is called lower bounded if there exists a
number 7>2 such that m (2x)=rm (x) for every x€R. .If m is a modular
and upper bounded, then the conjugate modular 7 is lower bounded.
Conversely if m is lower bounded, then % is upper bounded, by the
same argument in [8]. Furthermore if m is an approximately additive
modular on R, and m is upper or lower bounded, then m, is also upper
or lower bounded by the construction of m,.

If a modular m on R is upper bounded, then m is uniformly simple
and uniformly finite, and if a modular m on R is lower bounded then
m is uniformly monotone and uniformly increasing, Hence, in these
cases, uniform properties of m may be transfered to m,.

§6. Bi-modulars. Bi-modulars are the functionals of two variable
and were defined by M. Mrvagkawa and H. Nakaxo [11]. Let X, Y be
universally continuous semi-ordered linear spaces. Then the functional
M (x,y) of two variables x€X and y€Y is said to be a bi-modular of X
and Y, if the following conditions are satlisfied.

1) Mz, y) is an additive modular on X if y0 is fiwed.
2) M, |yl +1y))=M (x, y)+ M@, ).

8) For any number a>0, M (x,ay)=alM (x,y).

4) For any element Y€ Y there exists a0 such that

M(aac, Y)< + oo Sor every x€X.

If we have M (x, y)<+oo for every x€M and y€Y, we say M (x,y) is
Sinite.

From M (x,y) we can define a norm modular of M if ¥ has a norm
and a double modular of M if Y has a complete additive modular. The
double modular M, (x) of M is defined as follows :

M, @) = sup {M @, y)—m. ()}

if there exists an complete additive modular m,(y) on Y.
This modular is upper semi-additive on X.
‘In this section we shall consider the condition that the double modular
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is an approximately additive modular. In the following we suppose

that M is finite. '
Let Y be one-dimensional space. Then the modular on Y= {¢} may

be considered a convex function of real variable : m,(§)=¢(£), €Y.
Hence, we have

M, (w) = sup {M @, &)—m, (&)}
= sup (M@, )—¢©)} =7 {M @ 1)

where ¢ has the Younc-relation with ¢. (that is ¢ (7)=sup {p—e¢$)}).
£

In the case where X has no atomic elements, any element x€X

can be decomposed as 2 z,—x for every natural number » such that
=1
1 M@= Ma, 1),
n -

z, = [p]xr and d2;1[11)@]-———[:::} (t=1,2,---,n) .
Hence
Zn] @ {M(xi, 1)} =ng li M (x, 1)} convergent to ¢’(0) M(x, 1) as n—co,
¢=1 n

\;vhere 7’ (0) is the r-differential coefficient of ¢(¢) at 0. Therefore we
have
Mp, (x) = inf Z Mp([p]2)=¢'(0) - M(x, 1)

2 Epg] [z]

which is deﬁned in Theorem 1.4. '

#(0) >0 if and only if &(f) is ascending as the modular: that is
¢ (¢) is semi-singular as the modular by Theorem 3.7, which is the proof
of the following theorem.

Theorem 6.1. Let X have no atomic elements and Y be an one-
dimensional modulared linear space. Then the double modular M, (x) of finite
bi-modular M is upper approximately additive if and only if Y is semi-
singular as a modulared space.

Let Y be a discrete space and m,(y), yEY be an addltlve modular
on Y. Then the element y of Y may be written as

Y= {E1}rea and m,(y) = %m(ﬁ)

where ¢,(1€4) are the convex functions of real variable.
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By the same argument as above, if X has no atomic elements, we
see :

My(@) = 2 52 | M@, 1))

where 61(}16 4) has the Youne-relation with ¢,, and 1, are the element
of Y such that &,=1 and otherwise 0. |
Hence we have :

Theorem 6.2. If X has no atomic elements and Y is discrete.
Then we have . : ' - |

MD,I(x) = ;61’(0) : M(CB, 11) .

Hence M), is approximately additive if and only if ot least one of ¢, (A€ A)
is semi-singular.

In the case where Y is not discrete, if m, is semi-singular, we
have the following theorem.

Theorem. 6.3. If m, is a semi-singular modular on Y, then the double
modular M,(x) is approximately additive.

Proof. For any 0xy,€Y such that m,(ay,)=0 for some a>0, we
have

M, (@) = sup (M@, 0)—m. @)
= sup M (@, &9)—m, (Em)} = 5u, | M@, 3]

where g, (1) is the Youne-relation with ms(§y0)2¢yo(5). ‘Therefore we
have '

Mp,(x) = ,,(0) - M(x, yo)

by Theorem 6.1 which means that M, is approximately additive.

In the above three theorems we see that the modular norm of M,
is stronger than the modular norm of M (x,y) for a fixed y€Y, where
m, (¢y) is semi-singular modular on reals &. »

If Y has no atomic elements and m, is not a semi-singular modular
on Y (: that is simple), we have the examples of double modulars
which are approximately additive or not.

We will consider the following case.

Theorem 6.4. Let X have no atomic elements and an complete additive

modular m,(y) on Y be simple. If we have {f.(y), x€ X} are finite dimensional
in the space of bounded linear functional on Y, then M, is not approximately
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additive modular, where f.(y)=M@x,y")—M@x,y), x€X.

Proof. We need only prove the case that {f.(y), *x€X} is one-
dimensional. | _

Let M(x,, )50 for some x,€X, %€Y. For any z€X, y€Y, we can
find a number 2 such that

ZM(xo, Yo) = M(x, Yo) » AM (x,, y) = M(x! ?/) ’

therefore
Mz, y) = M(x, y,) —fo—”éx—’% .
Putting'v
M@w") _ M) _ _,
— =f(y) and M(x,y,) = m@x),
M@0 to) M (@ Yo) ) ’
we have "

M@,y) = m@) | f@)+f @)}

Because X has no atomic elements and f can be considered a modular
bounded linear functional by the completeness of m, we see that M,
is not approximately additive by the same argument as above.
REMARK. If X is discrete, then a double modular M, of M is
always approximately additive by Theorem 2.1. '

§1. Infinitely linear modulars. This section is devoted to the
approximate methode different from the preceeding ones.
Let m be an upper semi-additive modular on B. We say that an
element « of R is infinitely linear if
m (Ex)
&

lim <‘+oo .

£ »oo
The totality of infinitely linear elements constitutes a semi-normal
‘manifold of R because of the modular condition 4) and 5). If this semi-
normal manifold M is complete in B, we say that R is infinely linear
by a modular m. In M, if we put

n@) = lim—'nLgm)~ for zeM ,
& »0

then n(x) satisfies 1), 2), 8), 4), 5), 6), 7/) of the modular conditions.

Furthermore we see that n is linear. By Theorem 3.1 we see that

n is a linear additive modular on M. We shall investigate the relation
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between an infinitely linear modular m and its conjugate modular.
Theorem 7.1. If m is an upper semi-additive modular on R, and R

is infinitely linear by m, then m on B™ is infinite : this means that for every

element 03-z€R™, there exwists some number a>0 such that # (a%)= + oo,
Proof. We see that: (as same as [8])

m(a%) = sup {aa‘c’ (Ea)——m(éa)}
= supé {a:f: (a)— ma) .
£§20 E I
If a is sufficiently large and z(a)2c0 for some a€ M, then the right hand
of the above inequality equals to +wco. This prove the theorem.
The conjugate form of this theorem is: )

Theorem 7.2. If m is a lower semi-additive modular on R, and R is
infinite by this modular m, then the conjugate modular @ on E™ is infinitely
linear. .

Proof. Let z be an arbitrary element of E™. The set N =
{x| z(|x])=0, x€ R} is a normal manifold of R and N‘={0} if #2=0. For
any element z€N', #(|z[)=0 implies =0, and hence N' is supper-
universally continuous, therefore [x]R(x€N') is totally continuous.

We shall show that for any element >0, x€ N+, we can find some
positive number »,>0 and 0<[p,J<[x] such that we have

- m(v[p]x) = +0 . for every O<[p]§[foo].

Suppose that we can not find such [p,] for every v»; (v=1,2,---).
Let v be fixed. (*=1,2,--).
For any [p]>0, there exist 0<[p']<[p] such that

m@[p]x) < +oo .

If mQp[p]o)< 4+ (E=1, --,8), then m {v(p]~ - -~[p;])x}< + from the
lower semi-additive condition 77). ‘

Hence for the fixed », we can find the sequence of projectors [p!].
(¢=1,2,---) such that

m(v[p!]x)< +oo ¢t=12--)
and ' _ .
[p/]11. (] , | b=12, ).
From the totally continuity of [z] R, we can find 0< [p]=[x] such
that : :

m (v [Do] ) < + oo for every v=1,2,--- which means that 0x[p]z is
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a finite element in R. This contradict the assumption.
If we have m (p)< + oo, for some p€R, then [p,|p=w[p,]x. Because,
if we have not

[pdp<wlple, that is 0% [(m]p—rlmla)1<In],

theri for any [p,] such that

03 [p] < [(m]p—wolpd®)*]

we obtain [p]p=v,[p]x, therefore it follows that‘ m([p,]p)= +o from
the modular condition 5), which is contradict.
We find that:

m (62 [pa) = sup {éz([p] @)—m @)
< % (v([p] @) < + o0,

thei'efore 9?2(;@ m(EZ[P]) < + oo, namely m[po]#o is infinitely linear element

in B™. ThlS means that B is infinitely linear by the: modular 7.

From these theorems we see that if an upper semi-additive modular
is infinitely linear, then there exists a linear modular greater than
this modular and if a lower semi-additive modular is infinite, then
there exists a singular modular less than this modular.

In the first case, if the modular m is monotone complete then the

m(

modular n(x) = lim E’x) defined in the complete semi-normal manifold

&€ o0
of the space is monotone complete. And furthermore if all the element
of the space is infinetely linear, then the modular norms defined by
m and n are equivalent to each others. Another argument similar to
the approximately additive cases also follows. In order to avoid the

‘repeated process, we omitt the further arguments for the present
topics.
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