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EXAMPLES OF SINGULAR POINTS

By

Zenjiro KURAMOCHI

The purpose of the present paper is to construct examples of singular
points of first and of second kind.

PART I

In this part we shall construct some Riemann surface to construct
singular points, non N-minimal points and to show that there exists a
Riemann surface which has the set of singular points of first kind of the
power of continuum.

1. Concentrating ring C.R. (a,¢). If a Riemann surface with finite
genus has two circular relative boundaries, we call it a generalized ring.
We call an ordinary ring a simple ring. Let R:1<|z|<expa be a
simple ring with module a:1<|z|<expa. We shall construct from R a
generalized ring G.R. such that any harmonic function such that | U(z) =<1
in G.R. must satisfy the condition

| max U(z)— min U(z)]|<e

iZI=exp.‘2_'. lz]zexp%
on a circle |z|:exp% <in the following we say that U(z) has aberration

<& on |z|=exp —62¥—> We call such a ring a concentrating ring and denote

it by C.R. («, ¢).

a). Determining an integer m: m=4. Let U(z) be a harmonic function

in a simple ring S.R: exp%<|z,|<exp—%a— such that 0 U(z2)<<1 and

continuous on |zl:exp% and on |z|=exp %‘i. Then

U(z>=51_ J U(z)j—nG@, 2) ds,

T 3(S.R.)

where G((,2) is the Green’s function of the above ring.
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Since FB—G(C, 2) is a continuous functions of z on |z|=exp %and on |z|=
n .

exp%— for fixed £ and

| U(z,)— U(ZZ)lé_zLa@fR )l U©) IQ—G(C 21)——"—G(C 2y)|ds,
27

om and |z,|=]z.|

there exists an 1nteger m(a) such that ]arg 2, —arg z,| <=—

:exp—z—lmply | U(z,)— U(zg)[<—47. ch m at present.
L
— 28’

O;< Imz2z=<1 on the z-plane. Let »(2) be the harmonic measure of two

b) Determining a constant p. " Let D be a re'ctangle"

sides of D:|Rez l:—i, i.e. w(z) is a positive harmonic function in D such

that »(z)=1 on |Re z|=§1~ and w(z)=0 on Imz=0 and Imz=1. Now -
o(2)—>0 uniformly on |Rez|=0 as $—0. Let 8* be a constant such that
w(z) <& on Rez=0 for B=<p*. Then any harmonic function U(z) in,D
such that U(2)=0 on Imz=0 and Imz2=1 and | U(z)| <1 satisfies | U(z)|<a

on |Re z|=0, where v
’ . €

= .
8m

“Put y= 3“ and let H, H/, I/-Z, ﬁ and H be rings and [, I’ (+=1,2,
m

.,m) and I" be circles cited below:
H,: exp(i—1l)r<|z|<expiy, H/: exp(a—1ir)>|z|>exp(a—(i—1))
| H;: exp (i—1)y <|z|<exp (a—(i—1)7),

fI_\":"lexp (i——;;>7<] z| < exp <a—<’£——%—>7’>.

2a
H:ex X <lz|<ex
1 expg [2] PS5

.1 /. 1\ °

. = ——7, F:: = < ——< —___>
r,;: |z| exp(z 2)/ 2 exp\ak 1 5 r)
. —_— _.—a
1| z|=exp 2 |
c) Slits for identifying. Let s, ; and s/, (z——l 2 -, m), 1=1,2,8,...,2m™

(where [ is an integer such that
2r

2ml

0< =p"

2



BEramples of Swngular L 0VNts 193

and that s, ; and s{, are contained in H, and H/ respectively, i.e.
S, ;: exp (’é——1+%—>r<|z|<exp (if1+—je—>r: arg 2—22 L(J 1)
S; ;1 exXp (a—(i—1+7i—>r> <|z|<exp <a—<i—1-}¥—111—>r> : arg z=—2%(j—1).

Let H(s) be H, with 3}s,,. Then Hy(s) and H/(s) (i=12,---,m) are
all conformally equivalent.

Fig. 1.

d)  Construction of a concentrating ring: C.R.(a,¢). At first in H,
+H/ identify two edges of s,; and’s;, lying symmetrically with respect to
I,, (real axis). Next in H,+H, identify two edges of s,;, and s, lying
symmetrically with respect to I, ; (imaginary axis). Let E;, be a circular
echelon (¢=1,2,---,m), k=1,2,8,--- 27!) and I, , be a diameter such that

E;.: exp ('z'—ll)r<|z[<exp(a'—(’£—'1)r)‘, (k <argz< gk”.

I . 0=|z|<exp(a—(i—1)y), arg z= 2%’1 (k—1)+7 or - (k— 1)+——+vr

21, 1
In every E,,~(H,+H]) (i=3,4,---, m) identify two edges of’ E(Sij—{—Zs,-j)
lying symmetrically with respect to I, (k=1,2,3,---,2""'). Then we have
identified every s;; and s/, contained in the simple ring and we have a
generalized ring GR We shall prove such G.R. is a C.R. (a, g). Let U(?)
be a harmonic function in G.R. such that |U(z)|<1. '
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Sign of
identification

Fig. 2.

Let T,(2) be the inversion with respect to I,; (real axis). Since
G.R. has symmetric structure, U(T,(2))— U(z) is harmonic in G.R. and
U(T,(2))—U(z)=0 on > (s,;,+8s7;). Now the echelons

Fig. 3.

exp (i¥1+71—>r<lzl< exp (i—1+%)r, %’}(J’fl)<arg z2< 2 g,

and
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. 3" . 1\.\ 2, 2z .
exp (a—(z—1+z>r><lz|<exp <a——<z——1+—4->r>, W(_7 1)<argz\—27_7

are conformally equivalent to the rectangle:

|Rea:|<2Lﬁ,, 0=<I,0<1, f<§*

Consider U(z2)—U(T,(z)) in the above rectangle. Then
| U(z)—U(T(?)) |<e" on Rel=0.
Hence lU(Tl(z))f U(z)|<¢ on I';+1I"), whence by the maximum principle
| U(Ty(2))~Uz)| <&’ on H,DH,. (1)

Let T,(z) be the inversion with respect to I,, (imaginary axis). Then
‘similarly as above -

| U(Ty(2))— U(z)| <€’ on H, | (2)

Fig. 4.

Let 7,(z) be the rotation about z=0 such that ai'g ro(2)—arg z=n.
Then z,(z)=T,Ty(2) for zc E,, and 7,(2)=T,T(z) for ze E,,.

Hence | U(zy(2))— U(z) | <| U(TT'3(2)) — U(T'+(2))|

+|U(T,(2)—U(2)| <2¢" on [',+175.
ﬁz is invariant with respect to r,(z) and U(ry(z))— U(z) is harmonic in ﬁz,
whence by the maximum principle :

| | U(z(2))— U(z)| <26’ on H,
Similarly | UG _2)—Uz)| <2¢' on H, : (3)
where 7_,(z) is the rotation about z=0 such that argr_,(z)—argz= —m.
Let T, .(2) be the inversion with respect to I, (k=1,2). Then 1?3
has symmetric structure, U(T, ,(2))— U(z) is harmonic in ﬁa and vanishes
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only on (&, ,+ E; ,;,)A(Z (8s,;+54 ), where k'= lc+2 and | U(T, k(z)) U(z)l
=1 on (X](ss,;+55,,)) — ((Ey o+ Ey ) ~ (22 (85,;+ 53, ,)))- i
Hence ~ |U(T,(2))—U(z)|<e’ on (s + 1)~ (Ey o+ By ), (4)

Let z,(2) be the rotation about z=0 such that argr,(z)—argz="
Then

t3(2) =T, ,T(z) for ze E3,2+E3,3 and 7,(z)=T,,T,(z) for ze E; ,+ E, ,.
Now T,,Ty(2) and Ty (z) for zc E,, (or E,;) are contained in the same E,,
(or E;,), whence by (4) ) :

| U(T5,.Ty(2))— U(Ty(2)) | <&’ on (3413~ (Ey 1+ E, )

Similarly | U(T, Ty(2)—U(Ty(2)| <&’ on (Iy+I)~(By ot By o).
Hence by 4), (1) and (2)
| U(z4(2))— U(2) | <| U(T5,; T (2))— U(T'(2)) | +| U(T (2))— U(z)l<28 on ['y+1I7%,
where. i=1 for z¢(E,,+E,,) and 1=2 for ze(E,,+ E,,).
ﬁs'is invariant with respect to z,(2) and U(z,(2))— U(z) is harmonic in ﬁa.
Hence by the maximum principle

| Ulzy(2))— U(z)| <2’ on H,. (5)
Similarly | Ue_y(2))— U(z)| <2¢' on H,
Consider U(T, (z))— U(z) in H,. |
At first, | U(T,,1(2))— U(2)| <&’ for ze([ s+ 1) ~(Ey,+ E, ;) (6)

Let z and 2’ be points in E;, and E;, such that T, ,(2)=z2". Then there
exists 7,(2) such that T, (z5(2))=2" i.e. T (t5(2))=T5:(2). Now T; (z(2))
and 7,(z) are contained in E;,+ E;, and T, ,(7,(2))=%2". Hence
| T'5,4(z2(2)) — U(zo(2)) | <€’ f0r 2 (Dot )~ (B + B,y ).
Whence by (5) \
| U(T'5,,(2) — U(2) | <| U(Ts,4(z2(2)) — U(zo(2)) |
: +]| U(z4(2))— U(2) | <8¢" for ze(I'y+ 1)~ (E; ,+ E, ,) _
Hence by (6) | U(T's,,(2)— U(2) | <3¢’ on (I's+I';) and by the maximum principle
| U(Tw(2))— U®)| <3¢ in H,. (7)
Let T, ,(z) be the inversion with respect to I, 44 and 7(2)(z_4(2)) be the

rotation about z=0 such that arg r,(z)—arg z= 2” <arg r_(z)—z= —2;” )
Then ~ 2
| UG (2)— Uz) | <(2i—2)¢'  on H, (8)
| Ue_ )~ UR) | <(2i—2)¢' on H,
| U(T, (2))—U(z)| <(2i—1)¢ on H, (9)
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Proof. Assume | U(z,(2))—U(z)|<2(s—1)¢, _
JU(T, (2)—Ulz)| <(2s—1)¢’ on H(s=1,2,---,1).
Then we shall prove that the above inequalities hold for 41,
Similarly as (6) .
|U(T;.., 2))— U(z)| <&’ on (Lo T ) ~Eor, i+ By, ) (10)
Let z,.:(z) be the rotation about z=0 such that argr,, ,(?)—argz

=22 . Since I+ I s+ (o s+ Ty )+ Tu - Lot Ly L)+ -+ T+ s ot

- +1I,,, »i-1) separates ItL+1 into 2!*! parts, for any ze (I",,,+1';,,) there exist
Ts,t(sgi—l—l) and T,,, ,(2) such that ,,,()=T,., T, .(2) and both T,,, ;T .(2)
and T, ,(2) are contained in the same E,,,,. Hence | U(z;,,(2))— U(2)| <
|U(T,..T,, z(Z))—- U(T, () |+ U(T,,(2))— U(z) | =2ie" on ("1 + 10 ) ~Fy i bY
(9) and (10). I:IHl 1s invariant with respect to 7,.1(2) and U(z;,(2))— U(z)
is harmonic in HHI, whence by the maximum pr1nc1p1e

l U(z,.1(2))— U(z)| <2ie’ on H (11)

Similarly ]U( 7,..(2)—U(?)| <2i’ on I-Il+1

Let z and 2’ be points such that T',,,,(z)=2'. If z and 2’ are contained
in B,y | U(T.14(2)—U(z)| <€ by (10) on Lo+ Ti)~E,,. If zand
2’ are not contained in E,,, ,, there exists a r,(2)(z_,(2)) (s=t+1) such that
74(2) and 2z are contained in the same E,, ,, and T, (7,(2))=2"=T;,,.(?).
Hence | U(T';,1,1(2))— U(2) | =| U(T1,1,:(z(2)) — UR) | =| Uy 1,1(7(2)) — Ulz(2)) | +
| U (2)— U2) | <(2i+1)e' =(2i+1)¢ on (Iyoy+I4)~Epyp H,, has
symmetric structure with respect to I,,, ; and U(T., ,(z))— U(z) is harmonic,
whence by the maximum principle-

| U(T14(2)— U(2)| <(2i+1)¢ on H,,.

Similarly :
| U(T;,4,,)2)—U(z)| <(2e+1)¢" on H,,,,.

(=1,2,3,---,m) and j=1,2,-..,2"

Thus (8) and (9) are valid for every ¢ and j. By Hcﬁﬁi
|U(Ti,j(z))—U(z)1<2ms’=§:zeH for 1=1,2,---,m, j=1,2,---,2". (12)

27 2r
2m+2’ 0" 2m 2m+1

Then there exists T, (z) such that T, (re’s)=re'.
Hence ‘ | |U(re”k)—U(q~e“o);<§. , (13)

Put 6,= 1k=1,2,--.,2"and r= exp2<F lzl—exp 2>
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Next for every point z on I”, there exists a point re*’x such that
| larg z—0,| < ;:

On the other hand U(z) is harmonic in the ring H: exp -§<lz l<exp 2“

Hence
|U(z')—-—U(z")|<—Z— for ]‘arg 2 —arg z”[<—§7”n— and lz’]:[é”}:exp »g—.

Thus by (13)

max U(z)— mln U(z) <e,
ze '

and G.R. is a concentrating ring C.R. (a, ¢).

Let R be a Riemann surface with compact relative boundary oR, and
let {R,} be an exhaustion of R with compact relative boundary oR,
(n=1,2,---). R—R, is composed of a finite number of non compact
domains G,.:1=1,2,---9(n). We make an ideal boundary component jp
correspond to {Gy i, Gs, iy Gs, i * *}: Grin DGrii ipyy Where Gy, DG, D, - -
and 0G,; is compact and contained in 0R,. For any given G, ;, if there
exists a number j, such that p,cG,, for j=j,, we say that a sequence {p,}
(7=1,2,---) converges to p. Let U(z) be a harmonic function in R—R,
such that U(z) has M.D.I. over R— R, among all harmonic functions with
value U(z) on 0R,, we say that U(z) is harmonic in R—R,.

Lemma 1. a). Suppose N-Martin’s topology is defined in R— R, and
the distance 3(p,q) is defined as

_ N(z, p) N(z, p)
o(p, q)=su — L
B =R T NG, p) 14N, @)

Let p be an tdeal boundary component such that p=(G, ,,, Gy ;,,--+). If for

any harmonic function® U(z) in R—R, I max U(z)—min U(z) | >0 as n— oo,

'n1, E’ﬂz

‘there exists only one ideal boundary poznt of N-Martin’s topology on .

b). Suppose that there exists only one boundary point of N-Martin’s
topology on a boundary component p={G:, ., Gz - -}, themn for any
~giwen number 1, there exists a number m such that v(p) DG, .. Where

v(p) = E’[zeR—: o(z, p)<%].

1) Let U(z) be a harmonic function in R—R;,. If U(z) has minimal Diri_clllet integral
among all harmonic functions with value U(z) on 0R;, we say that U(z) is harmonic in R
—R,



Examples of Singular Points 157

Proof of a). Let U,(z) be a harmonic function in R,— R, such that

U, (2)=U(z) on R, and -aiUn(z) 0 on 0R,. Then by the maximum

principle
max U,(2)= sup U,(2)= inf U(z)> min U,(2) for n=m.

2€ 0Gm,Tm 2€Gm,im 2€Gm,im 2€3Gn,tm

By Lemma 1 of P? U, (z)=>U(z) hence
max U(z) = sup U(z)= inf U(z)= min U(z).

2€ 3G, im zeGm,tm 2€ G, tm 2€ Gy, tm

Hence by the assumption U(z) converges as z—p. Assume that there exist
two points p and ¢ of N-Martin’s boundary points on p. Then we can
find a point 2z, in R, such that N(z, p)=FN(z q). Let {p,} and {g.} be
fundamental sequences determing p and ¢ respectively. Then both {p,} and
{0} —>p. By N(z, p)=N(p,2,) and N(z, q,)=DN(q; 2,) we consider N(p,, z,)
and N(g,,2,) instead of N(z, p;) and N(z,, q;) respectively. N(z,2,) <M <o
in R— R, and harmonic in R— R,. Hence N(p,, z,)—>N(p, 2,) = N(q, 2,)<-N(q;, )
by the assumption, whence N(z,, p,)=N(z, q). This is a contradiction.
Hence only one point of N-Martin’s topology exists on p.

Proof of b). Assume that b) is false.. We can find a sequence {p;}
such that p,év(p) and p,—p. This means that G, ,,G; ,, - has at
least one point of N-Martin’s point outside of v,(p). This contradicts that
{G,, 1, Gs,.,* - -} has only one point of N-Martin’s topology. Hence we have b).

Example 1. Let l1=7r,<r,<7,---, limr,=2. Let A, and B, be
simple rings cited below: " '

An: ?”2”+1<I2|<7'2n+2' ay, —IOg_M‘
/an+1

3 ‘ ’ 7‘
B,: T3,,:<|2|<T9,.5: B,=log —2nt2

T2n+1

We make a concentrating ring C.R. <an, %):A;?
from A,.
Let s,, be slits in B, such that

exp <log Tzn+2+—i—ﬁn> <|z|<exp <10g 'rzn+2+—i’~/3n> and argz= J:
j:172}3r' * %y zmn_l,
where m, is a number such that every positive harmonic function <1 in
B, vanishing on >1s, ; must satisfy ‘
= _

2?'11

U@ <o on |2]=(Tores, Tons)b- (14)

2) We abreviate the previous paper ‘‘Potentials on Riemann surfaces’’ by P.
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Denote by B} the ring B, with slits >s, ; and put
7
R (AX)=At+Bf+Af+, .- Br,+A¥,
R,(B*)=R(A¥)+B*. Put R= UR (A*)_UR (B).

R— Rn(A*) is a non compact domain and {R—R,(AX)}: n=1,2,--- deter-
mines an ideal boundary component p and R has the following properties:

a). There exists only one point p of N-Martin’s boundary point on p.

b). w(p,2)>0, t.e. p 18 a singular point.

¢). w(p,2)=0, i.e. p 18 a singular point of first kind.

Proof of a). Let U(z) be a harmonic function in R— R,(A¥) such that
0<U(z)<M. Then since A} is a concentrating ring,

| max U(z)— min U(z)|<| max U(z)— min U(z)|->0 as n—>oo.

z2€0A4%n 41 z€ 3A*p 1 |2[=vrani1e ‘Tem+2 12|=VTans1-Tenee

Hence by Lemma 1.a) we have a). _
Proof of b). By Lemma 1.b) there exists a number % such that

v(P)DR—R,(A¥), where Ul(p)ZE[ZGR—: o(z, p)<——1—]. Let w,(z) be aharmonic

function in R,(A}) such that 0,(2)=0 on C=E[z: lz]—-lj and wn(z) 0

on >1s,; contained in Rn(A;‘i) and w,(2)=1 on o(R,(A))). Then by the
-2,J .

Dirichlet principle
D('w(Uz(p) 2))=D(o, (z)) N
where o(v(p), 2) is C.P. of ut(p)

Clearly wn(z)z—lgg—,—zl—, since >s,; are radial slits. Hence -
log 73,.4 o
1 2z —=1im D(w,(2))<1im D(v,(p), 2) = D(w(p, 2)). .
og 1=co

Thus p is a singular point.

Proof of ¢). Let w,(z) be a harmomc function in Rn(A*) such that
w,(2)=00on C+>s,; and w,()=1 on d(R(A})). Then w(v,(p), z)<w,(z), where
w(v(p), z) is H.M. (harmonic measure) of v,(p) and v, (p)C(R—R,(A})).
Consider w,(z) in B%_,. Then by (14)

w,(2)=-—1
m_

Hence by the maximum principle w,(2)<
and then n—>o and then m—>oo. Then

on | 2|=(am, Tomri)?

on R, (A% ). Let [—> oo
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w(p,2)<limw,(2)=0 in R.
Thus p is a singular point of first kind.
" Remark. In Example 1, if we do not make slits s,; in B,, i.e. B, has
no slits and B, is a simple ring. Then it is easily seen that w(p,2)=w(p, 2).
Hence in this case p is a singular point of second kind.

Example 2. Let 1=7r,<7,<7,---,limr,=2. Let A, and B, be simple
rings: ‘ n
Ce: -
C4, |
(\ \"\ O
vy : \ \
nio|oljres el
.//I/;// | I‘ C B‘n
s (30000000000 S
r,
Fig. 6.

r
An: 7‘2n+1<lzl<r2n+2r anzlog*_}_ni
2n+1

. r
Bn' 7‘2n+2§,zl<7‘2n+37 ﬁn:l()g 2ntd
. ) 2n+2

Let A} be the same concentrating ring C.R. (a’n, %—) defined in Example
1. Let C;, and Cz, be circles in B, cited below:

Csn: |2|=exp <logr2n,z+—i—ﬁn>, C:.: |z|=exp <log Tzn+2+%ﬁn>.

Put R=Af+B,+A+,--- . Let w(s,z?) be C.P. of s, in R, i.e. w(s,, 2) is
a harmonic function in R such that o(s,,2)=0 on |z|=1, w(s,,2)=1 on s,
and has M.D.I. over R, where s, is a slit in B,:

8, Ton.2 €XD < [;” —tn> <|2|<P4n,2€XP <%—I—tn>, arg z=0.

Clearly (s, 2){ 0 as t,—0, i.e. as the length of s,—~0. Hence there exists
1 A

2n+2

a number m, such that (s, z)< on C,,+C}%, for t<m,. Put t,=m,.

3
on Cg,+C%, and by the maximum principle

Thenl (s, 2)<

2n+1

3) See ‘‘Potentials on Riemann surfaces’’.
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1

2n+1

w(s,,2) < in R—B,. - (15)

In every B, we make a slit s, mentioned above and denote by B the B,
with a slit s, ' - |

Put R(A*) A¥+B¥+,---,Bx ,+A¥ and R(B})=R(A})+B} and R*
=UR, (A*) |

Let B;f- be a ring with one slit s, which is symmetric to B} with
respect to the imaginary axis. Let-A* be the ring with is dentical to AX.

Put R(Ay)=Ar+Br+A4y, - Br,+Ar and R(BH=ER( gm % and
R*= R(Ay). |

Connect R and R by identifying two edges of s, and §, (n=1,2-..).
Then we have a Riemann surface %t which is symmetric with respect to
>1s,. Then R has the following properties:

a) ReH,2.B and H,2.D.*

b) R has no vrregular points for the Green s function of N and 8% has
no N-minimal harmonic function N(z,p) such that sup N(z, p)=oc and

ze R

peB (B is the set of boundary point of R).

¢) R has two singular N-minimal points of second kind, which form
the whole set of N-minimal boundary points and N has non N-minimal
points. - v : ;
- Proof of a). Let I'(A}) be a circle in A} such that

‘ lz,:("'znn{ ”'2n+2)%-

Let I', be the compact relative boundary of 3t on |z|=1.
Let U(z) be a bounded harmonic function in —>7s, such that U(z)=0
on Fo—{—F and |U(z)|<M. Put a,= max U(z) and b,= min U(z). Then

ze I'(A*p) . ze I'(A*p) .
since A} is a concentrating ring,
M
0<a,—b,<— (16)
n

We show lim a, and lim b, exist and lim a,=1lim b,.

’ 44

Assume lima,=a’>lima,=a’”. Let O<e<il_—ocl- Since lim a,=a’ and
u V(3

lima,=a’’, there exist numbers n’, n’”” and »n”’ such that

la'—anfl<e, |a"—a,.|<e |a’—a,~|<eand n'<n” <n” and 2M <4-M<e 17)

4) We denote by H,.2.B.(H,.2.D.) the class of Riemann surfaces with compact relative
boundaries 0R, such that there exist 2 lmearly independent bounded (Dirichlet bounded)
harmonic functions vanishing on J0R,.
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Let (I'(A%), I'(A%,)) be the part of R* bounded by I'(4%)+I(Ax~)

+ le Let U’(z) be a harmonic function in (I'(4}), I'(A%~)) such that

///_1

U'(z)=b,, on I'(A%), U'(2)=0 on 23 and U'(z)=b,~» on I'(A%,). Let w(s,,2)

be C.P. of s, relative R= A*+B +Af+B,,--- . Then
| U(2)=U'(z)— Mglw(sl, 2). (18)
Now by (15)
Mglw(sz, D<- M 1( 41 +22+, )<§J‘£ on (I'(A%), I(43))— 2 'B..

Hence by (17)

U(z)=min <bn,—%, b, — g)
=min (an, M JW,, a r”—-ﬁ— M> a/——s—£ on I'(A}).
n 2" n 2 n

‘Whence (¢”"+e>a ,,>) b,,”— min U(z)>a —2¢. This contradicts (17). Hence
*nr)

a’=a" and 11m a, ex1sts Similarly hm b, exists and by (16) 11m a, —hm b,.

Put RN, nH——R(A*)—{—R(AnH) (see Fig. 6). Then %, , ., is bounded by o+

0—{— Zs +F(A*)—|—F(A,,+,) Let @, ,..(2) be a harmonic function inR, ...

such that @, 2+1(2)=0 on F0+F0, W, n.i()=1o0n I'(A}) and ___w, ,;;(2)=0
on

on F(A,,+,)+ Z}s Let @,(z) be a harmomc function in R*(A4,) such that
@,(2)=1 on Iy, ,(2)=1 on I'(A}) and wn(z) 0 on Zs Then @,(z)=
on
log | 2|
% lOg 7‘2n+1’r2n+2

and

2r
log2

Let 5— oo and then m—co. Then Wy ns1(R)=>0,(2) and w,(z)=>C.P. deter-
mined by a sequence {R*— R(A})} (n=1,2,---) which we denote by w(B, z).

Then by (19) w(B,z)>0. Consider o, ,,; (?) in R(A,,ﬂ) Now —a—@—-wn,;ﬂ(z)zo
n

D(@,, 1. (2))=D(@,(2))=

(19)

on F(A,,ﬂ) and <1 on >} s; and w, ,.(2)=0 on P Let @(s,,, 2) be C.P. of
s,, in E. Then @,m(sm, z) > w(s,,?) as n+1,—>oo where @, (s, 2) is a
harmomc function in R,,+Z (symmetrlc surface of R,.) such that Dy, i(Ss 2)
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0

=1 on s, ®,,(8,,2)=0 on fo and —a,,(s,,2)=0 on f(/f;',:,i). Hence by

the maximum principle

n n+z(z)< Zwru-z(sm’ z) ln R(An+z
Let 72— and then n—>c. Then
(B, 2)=< 3),.,(s,,,2) in B,

By (15) w(B,z)éia(sm,z)§% on ﬁ(zzl\;f). Since w(B,2)=<1 in R,
n=1

1
lim a)(B z) exists and lim w(B Z)=— ie. lim max o(B,2)=lim mm (B, z)
N=X ¢ I"(A*n) N= z¢ I'(A*n) . n=oo ze I'(A*n) _ N=® 2e l"(A*'n)

1

=4 , | |
Now (B, z)>0 implies sup o(B,z)=1 by P.C.2.” Consider (B, z) in R*(4})
+R*(A¥). Then o(B,2)< max (B,>2) in R*(A¥)+R*(A¥). Hence

ze (I A+ (Ap)
lim max «(B,z)=1lim min w(B, 2)=1, since A* is C.R. < —>
n=co ze I‘(A*”) m=co ¢ I'(A*n) n

Let a)(B 2) be C.P. of the ideal boundary determined by the sequence
{R —R*(A;‘:)} similarly as w(B,%2). Then

(B, ) %= (B, 2).
If we denote lim w(B,z) and hm o(B, 2) by values of a)(B 2) at B and B

e () ze I(Arn)
respectively. Then ‘
value of w(B,z2) at, B=value of w(ﬁ, 2) at B=1
value of w(B,z) at B=value of w(BA, z) at Bg—i_.
Let U(z) be a harmonic function in R such that U(z)=0 on ry+ 7,
and lU(z)l <M. Then lim max U(z)=Ilim min U(z) and lim max U(z)

n=oc0 z¢ I'(A*p) n=o0 z€ I"'(A*p) n=oo zEl"(A*n)

=lim min U(z) which we denote by a and a respectlvely Then it is
n=00 4 e FA*n)
proved as before that there ex1st two constant 8 and ,8 such that

U(z)=Bw(B, z)—l—ﬁw(B, 2).
Hence Ne H,.2.B, because «(B,2z) and w(ﬁ, z) are linearly independent.
Map the universal covering surface R~ of N onto |E[<1 Suppose

5) See the properties of capacltary potentials and harmonic measures of ‘‘Potentials on
Riemann Surfaces’.
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U()eH,.D (H,.D. means the class of Dirichlet bounded harmonic functions
vanishing on I",+4 ﬁo). Then U(z) is Poisson’s integrable. Hence U(z) must
be a linear form of w(B,z) and w(ﬁ, 2). Hence NeH,2.D, because w(B,z)

and a)(ﬁ, z)e H,D and linearly independent.

Proof of b and ¢). N-Martin’s topology can be defined in 9. Let B, the
idéal boundary points %t with respeet to N-Martin’s topology. Let ,(?)
be a harmonic function ini'R\(‘:l\;{‘)—}-R(A;‘;) such that »,(2)=0 on F0+ﬁ0
and ,(z)=1 on I'(A¥*)+T(A¥). Then lim w,(2) =w(B., 2)=w(By, 2), where

- w(By,2) and w(By,2) are C.P. and HM. of B,.

Clearly o,(2)=w(B,z) and gw(ﬁ, z). Hence for any given positive
number & there exists a number 7, such that w(B,z)>1—e¢ on I'(4})
and w(B,2)>1—¢ on f(ﬁ;}‘) for n=n,. Hence by the minimum principle
®,(2)>1—¢ on R—(R(A¥)+ R(A¥) and o(By,2)=w(By,2)>1—¢cin R —(R(4%)
| —l—R(ﬁ;,“)), whence every point of B, is regular for the Green’s function.

Hence by Theorem 11. b) of the previous paper “Singular Pointsof Riemann
Surfaces” there exists no N-minimal function N(z, p) such that sup N(z,p)= o0

by Re H,.2.D and by Theorem 16. ¢) of the same paper B, has two singular
points of second kind, beccuse Re H,.2.D. Let {p;} be a sequence contained

in ési such that {N(z, p,)} converges uniformly to N(z, p). By the symmetry
t=1 ) i

of N, N(z, p)=c(w(B, z)+w(§, z)), where c is a constant. (B, z)—l—a)(ﬁ, 2) is
not N-minimal, since (w(B, z)+w(§, 2))—w(B, z) and w(B, z) are superharmonic
in . Hence N(z,p) is non N-minimal, whence {p,}] determines a non
N-minimal point and R has non minimal points. ‘
2. Intense connection. Let J be a simple ring: 1<|z|<expa and
s, be slits:
27(7—1)
2m

Let J(s) be the ring J with slits >s, and let f(S) be an identical examplar
as J(s). Connect f(s) and J(s) crosswise on Zsj; Then we have a two-
sheeted Riemann surface R:J(s-)—[—f(s). Let U(z) be a harmonic function
in R and let P(z) be the transformation in K such that P(z) and z have
the same projection. Then U(P(z))— U(z) is harmonic in B and vanishes
. on branch points (endpoints of >}s,). If |U(p(z))—U(2)|<M in R, then
there exists a constant i1<1 depending on 9 such that

8yt exp—z—<|z|<exp%, arg z= , J=1,2,- -, 2m.
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JUPR)—UR)| <Mz on |z|=exp%,

if 0<M< 2“ <3M.

s

m

In the present paper we fix M and suppose that the ratio —%— of

. . . . . T
any intense connection used in this paper satisfies .
M<—E  <39Mm. (20)
,r .
m B

In fact, map R onto 0<Rel{<a by {=logz2 Assume that there exists
no: constant 2 mentioned above, we can construct a two-sheeted Riemann

surface R, with (“i >—><:Z>: M< gi <3M and we can also find a

L
sequence of harmonie functions U,(z) on R, (R, varies) such that max |(U(P(z))

—U(2))|=M on Re Cz—g— Now U(z) is a normal family in {R,}: the set

of Riemann surface. Choose a subsequence U,(z) of { U,(2)} such that U,(2)

44

E‘.

Clearly U(z) is a harmonic function in the limit surface R=lim R; and
: 4

U(P(z))— U(z)=0 on endpoints of >1s;, whence U(z) is non constant. This
contradicts the maximum principle. Hence

converges uniformly to U(z) such that | U(P(2))—U(z)|=M on |z|=exp

T

|U(P(z))—U(z)| <Mz on |z|=expa, if M< 2"‘<39;vz

m

Intense conmnection a for two-sheeted Riemanmn surface. Let J be a
simple ring: 1<[z|<expa and let m be an integer such that 1™ <e.

Let H,, H and I',, I'} (:=1,2,---, m) and I be rings and circles cited
below:

" H,: exp (i—1)y<|z|<expiy, H: exp (a—iy)<|z| exp (a—i—1)7).
Pi: I'zl:eXp (’L'—'%>T, I';: !z]:exp <a—<7’_';—)7>’

I |z|=ex &
|z] P5

SN
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Let s, (si,) (4=1,2,---,2l) be slits in H,(H/) such that

where y=—% .

2m—+1
8; ;1 exp ((’é—l)+%>r<|z|<exp(’i—l-{—%)r, arg zzzl_”(j_l)_
S; ;1 exp (\a—(i—l+%>r><|z|<exp <a—<i—f1—i—71—>7>, arg z:%(j_i),

where the ratio —— safisﬁes )
2r _ 2r

<3M. L l

Let J(s) be the ring with slits
SV(s;+5i;) and let f(s)'be the identical *
leaf as J(s).

Connect j(s) and J(s) crosswise
on > (s;,+si;,). Then we have a two-
7]

sheeted Riemann surface J(s)+f(s).
Let P(z) be the transformation in
R=J(s)+J(s) such that projP(z)
=projz. Then since R is invariant
with respect to P(z), U(P(z))— U(z)
is harmonic in R and |U(P(2))—U()|<M2 on [',4I'], whence by the
maximum principle | U(P(2))— U(z)|<M2 on the part of R bounded by
I+ Also |U(P®))—U(z)| <Mz in H,+ H] implies | U(P(2)— U(z) | < MA*
on the part of R bounded by I',+7"5. In this way we have

Fig. 7.

| U(P(2))— U(z) | < Ma™ on ]z[:exp'—g—.

Every harmonic function in R such that 0<U(z)<M has almost equal

values with projectional deviation <—J‘;:T i.e.

IU(zl)—U(zz)|<-Jiw— for projz,=projz.cl.
Such a connection will be called an intense connection in the ring 1<|z|
<exp a with projectional deviation <—§]‘Z~.

Intense conmection of 2 number of rings with projectional devia-
tion e,.
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Let J be a simple ring 1<]z]<exp a. Let H, H] be rings F,, r;, r
be circles (I=1,2,---,q,) cited belows: )

H,: exp(I-1)p<|z|<explB, H: exp(a—(l,@))<lz[<exp(a——(l—l),@)

I',: |z|=exp <l—1+—1—>ﬁ, : |2]=exp (a (l——l—i——)ﬁ).
2 2
I': z= 2,
z=exp 2
where ﬁz——]—‘—.
29,+1

H, and H/ (I=1,2,---,q,) are conformally equlvalent In every H/(H))
we make slits Z(s, ;x+50;,) which are conformally equivalent relative

Fig. 9. |

H, (H]) independent of ! for intense connection so that every harmonic
Sunction 0<U(z)<M in HL+I:\I,(HZ’ —l—ﬁl’) must have the projectional devia-

\ s
En ) on I',+1I'], where H,(H)) is the examplar which is identical
q.

to H,(H]) and H, and g (H/ and H’) are cennected crosswise on Z(s, &7
+s/,,.) contained in H,(H]). (see Fig. 9)

We denote be I(1) the ring J with slits for intense connection. Let
1(2), I(3),- - -, I(2""1) and I(1), IA(Z), 1(8)- - -, IA(2‘1”‘1) be identical examplars
as I(1). : | ‘

First connection and first order group.

tion & <s’ =

Connect I(7) and I(?,) on shts crosswise on the slits contained in H, -+
H! as follows:



Examples of Singular Points . , 167

1) I2),------ 13)y, -+, (2=
1 {AI} !
1) I1(2),------ 1(3)),- - - , I(217-1),

ﬁ’rst' order group.

2-nd connection and 2-nd order group.
I(1) 1(2), .. I(2j+ 1) I(2j+2) yoo 1(2011‘1_1) I(an-l)

i 2. \Jei+d 1ei+2),--- kee—1) I@ey
2-nd order group

I(2j+1) and 1(25+1) and I(2j+2) and I(25+2)Jare crosswise on the
slits contained in H,+ H,. '
3-rd conmnection and 3-rd order group.

1) K2) I3) I(4),--- (I2j+1) I2j+2) [25+3) 1(2.7'4'4)1,”'
1) 12) I(3) I(4),--- \I(2j+1) I(2§+2) I(25+3) 1(23'+4)J’°"
3-rd order group.

) — e o0 .2_._q_______n—1 _4_
.7“071727 4 .

Examplars with an arrow are connected crosswise on the slits contained
in H, and Hj.

1-th conmnection and i-th order group

125 +1) I25+2),- - K@ 14277) [(2'+20241),- - - [(2 15201

12j+1) 125+2),-----I2j+27") I2j+22+1),----- K242
1-th order group '

2an-1__9i-1

§=0,1,2,- - - o
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Examplars contained in the 4-th groups with an arrow are connected
crosswise on the slits contained in H,+ Hj.

q,-th connection and q,th order group
In this case ¢,-th group is only one and

IA) I(2), -+ , I(207-2) [(20m-241),. .. I

f(l) f(z),. RN RZQn—2) j\'(zqn—2+2), ...... f(zq,,-l)

Examplars with an arrow are connected crosswise on the slits contained
in H,+H; . Then we have a 2""-sheeted covering surface R over I(1)=..

Let P,(z) be the transformation such that proj P,(2)=projz and P(z)
and z are contained in the examplars with an arrow in the first connection.
Then U(P,(z))— U(z) is harmonic in R and | U(P(z))—U(z)|<¢& on I',+1,
whence by the maximum principle | U(P(2))— U(z)| <& on I', that is

|U@R)—U(z")|<¢, if projz'=projz”’el’ and z'c¢I(¢) and 2"eI(z). (21)
Let P,(z) be the transformation such that proj P(z)=projz and z are con-
tained in the examplars with an arrow in the second connection. Then
as above :

|U(z)—U(z")| <&’ if projz'=projz”’el” and 2’ and 2z’ are contained in
the examplars with an arrow in the second connection. . (22)
By (21) and (22) | ‘

| U(@)—U(")|<2¢': projz'=projz’ecrl,

where 2’ and 2" are contained in the examplars in the same group of
second order. ‘ , - (23)

oooooo

Let P,(z) be the transformation corresponding to i-th connection as
above. Then
| U(P,(2))— U(z)| <&’ on I', whence similarly as above
| URNY—U((R")| <ie’: projjz’=projz’el,
where z and 2" are contained in the examplars in the same group of
1-th order. Now the ¢,-th group contains all examplars. Hence
|URN—U(R")|<q,.& =¢,: projz’=projz’el’, (24)
where 2z’ and z” any points of 27 examplars. ' ‘
Thus U(z) has almost equal value on Izlzexp—g— with projectional devia
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tion ¢,. We call such a connection 2%-sheets intense conmnection with
projectional deviation s, . '

3. Folded concentrating ring of 2% number of sheets with aberra-
tion <g,. '

We shall combine the two operations: concentrating and intense connec-
tion. .
Let G be a simple ring: 1<|z|<expa. Let L, L, L, L], L;, L] be
rings and I',, I",, I, ', I'5, I’ be circles cited below:

L,:1<|z|<expB,, L,:expp,<|z|<exp2B,, L,:exp2B,<|z|<exp3s,.

Li:expa>|z|>exp (a—B,), Lj:exp(a—p,)<|z|<exp(a—28,),

L;:exp (a—28,)<|z|<exp (a—88,).

FiiexpB=lzl,  ylzl=exp 2, ryijel=exp S5,

\

I'l:|z|=exp (a— ‘2"), I'}:z=exp (a——gﬁ” >, ri: Izléexp (a—-i—,@.,,),

2
where 78, <a.

for intense connection for 2%
examplars

concentrating rings

Fig. 9.

In L; and L{ (+=1,3) we make slits for intense connection for 2-examplars

with projectinal deviation < 82” on I'; and I'} (+=1,3). These slits con-

tained in L, and L! inust be conformally equivalent. In L, and L; we
make slits and identify their edges so that every harmonic function

|U(z)| <1 in L, (L}) has circular aberration < 82” on I’y (I';). Hence we

have a generalized ring I(1) with two concentrating ring L, and L; and
has slits for intense connection for 2¢#-examplars with projectional devia-

tion < 52 . Let I(2), I(3),- - -, I(2=-%), I(1), I(2),- - -, I(2%~1) be 2»—1 number

of generalized rings with slits which are identical to I(1). Perform the



170 Z. Kuramochi

intense connection about I(1),-.- I(2%1), /I\(l),- .- f(2‘1"‘1), i.e. they will be
connected crosswise on the slits for intense connection mentioned as 2)
(“Intense connection”). Then we have a covering surface of 2 sheets
over I(1). We denote it by E. Then R has the following property.

Let U(z) be a harmonic function in R such that 0=<U@R)<1. Let
P,(z) be the projectional transformation such that I(2'-'54 k)Hf(Zji‘1+2i'2
+k). Then U(P,/(z))—U(z) is harmonic in K, Then | UP,(2))—U(z) | <¢,

s’=§;‘; on I',+I'y(}+TI%). Hence by the maximum principle | U(P,(z))—
U(z)| <&’ on L +L;. Hence U(z) has projectional deviation <%'on I',+1I3.
Next L.(L{) is a concentratlng ring. U(z) has circular aberration <& 2 on
I'y(I')). Whence we see that there exist constants a’ and a” such that

|U(z)—a’ | <e, for zeR and log [z[:%,en, . (@)

| U(z)—a” | <e, for zeR and loglz]za—%ﬂn.

We denote such a 2-sheeted covering surface over a generalized ring by
(@, Bny @ns €,) and call a folded concentrating ring. :

Lemma 2. Let S be a sector such that 1<|z|<exp 7, O0<argz<®
with a finite number of radial slits. Let U(z) be a harmonic function
in S with boundary values ¢(e”’) and ¢(re®) on |z|=1 and |z|=expr=7,
where ¢(e”) and ¢(re”) are continous functions of z. Then

DUz 5 f ' g(e) —p(re) 2 do.

Proof. We divide S into sufficiently narrow circular rectangles
A1 <|z| <expy, §,<argz=0,., (J=1,2,3,--- m) such that max ¢(e)

1 1 PjSﬂSOj_,_l
— min go(ew)<—- and max ¢ (re*’)— min go(re”’)<__
0;=6=0j4, 67505071 05<0<0j.1 n
Let {47} and {A4}} be {A”} such that max go(e”’)\ min ga('re”’) and
jS0Sﬂ‘7 =0=0 ;s

, 1201;18 go(e“’)>0 n%aic ¢(re'’) respectively and let {A}'} be rectangles contained
JS0S0;4 g+t

neither in {A’} nor in {A}}. Suppose A,c{Aj}. Let U, A(z) be a harmonic
function in A; such that U (2= max ¢(e”’) on |z|=1, U, Az)= min (re”)

]§3§01+1 ]_.0§0]+1

on |z|=exp7r and a—U(z) 0 on two segments:l<|z|<expy, argz=6,
n
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and 1<|z|<exp7, arg z= 0.1 and on radial slits in 4;. Let U(z) be a
harmomc function in A’ such that U(z) ¢(e’) on |z|=1 and U(z) o(re’)

on |z|=expy and Ea—Uj(z):O on two segments:1l<|z|<expy, argz=6,
n .

and on 1<|z|<expy, arg 2=40,,, and on radial slits contained in A,. Then

since U,(2)— U,(2)=0 and %ﬁj(z)go on [z|]=1 and ﬁj(z)—ﬁj(z)go and

—E)a—Uj(z)_S_O on |z|=expy, we have
n

D, (U, U,@)— T (2)=0, whence D, (T,2)=D.(T,(2).
Clearly

2
max ¢(e’)— min ¢(re”)| .
0]§ﬁ§pj+1 0j§0$0j+1

DT =00

On the other hand, D, (U(z)— U.(z) ﬁ.(z)) =0, whence D, (U(z)),_ZDAj(ﬁj(z)).

Hence DAj(U(z))zDAj(U(z))> f ISD(e‘”) o(re’) |2— %@_

In case A,e{A}}, we have similarly the_ above inequality. In case A4,c¢{A}’},
let 17 A(2)=0.
Then D, (U@)=0= f lo(e)—g(ren) |~ A0=0)
2ryn®
Hence D(U(z))>Z‘.D(U(z))>—1— f | 6(e) — plre)[*—
2nrn
Let n—>oo. Then we have the lemma.

Example 3. We shall construcet a Riemann surface which has singular
points of first kind of power of continuum.

3.1. Let A, be a rectangle: 0 <Re z<log 2, 0 <Im z<2x.

Let A, , ... (,=12. i,=1,2"--,4,=1,2) be a rectangle such that
log 2) (14+-L+. ] ,
(log )<+2+ = 1)<ReZ<(og2)(1+ et o)
: ,—1 | 2,—1 7, —1
2 <?,1 2 o o o n >
T 2 + o2 + -+ o
<Imz<za(bodpfdy g hnly 1)

22 2" 2"

For every A, .,....,:, identify the two segments
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A | A log 2 —
22 (AT R AN
A
2 VL vy
A, Yy vy b
Ag H, H, ! |H.;
’le ’I ’,l/
A, /’ I /II//
‘ ; L ‘L
/| 7
Eﬂﬂ
Proje.of B, Proje. of B,
Fig. 10.

(log 2) (1++---+ ><Rez<10g23<1+%~+---+;n>,

277.1

- Im z=27r<%1_1 - 11 R —I—-’L.———"—l)
2n

2 22

and | ‘
1 1 1 1
1 2<1 — ><R < 2<1 e >,
(log 2) (14— 42 ez <(log 2)(1+o+- -+

=1, i,—1 —1, 1°
Imz=2 <@1 B S I .
me=2r (Mo G T ) v
and A4, inﬂ , have boundary

Bix"'in—x lylng on Re z:(log 2) <1+—§17—1—>, 27‘[( 'hgl + + + Zn - 1 >

Then A, ...;, becomes a ring A7..; . A

130 tnig,1

§Imz§2ﬂ'<h;1+ %2;1_'_.+Zné1n_—11_‘_23‘_1> Connect (x‘li1 ”"n,-11+

AF ) with A% on B,

2y z'n 1,2

g+ rin_q ireein., fOTr every A, ... :n<m. Then we have

a Riemann surface AZ. Put A®= UAR Then AF is a Riemann surface of

planer character and has 2% — % number of boundary components. We
call a ring Af.,, a ring of n-th grade. Let AF, (n=1) be one of n-th
grade. We shall construct a generalized ring (folded concentrating ring).
Every AZ..., is conformally equivalent to A;,. Map Af.... onto {-plane
as follows: :

‘n

O<Re<10g2 0<Im<2r.
Let H,, H, H, H{, H/, Hl and I', I’ be rings and circle c1ted belows
H, :0<Rel{<B,. H,:8,<Ref<28,. H,;:28,<Rel<38,.

H :log 2>Re {> (log 2)—B,. Hj: (log 2)— 8,>Re {>(log 2 _28,.
H) : (log 2)—28,>Re>(log 2)—38,.
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I': Re C:%,Bn. I' : Re {=(log 2)—%,3,”

log 2 :
h = 26
where | B S 5 6 (26)
In H, (H}) we make slits and identify their edges so that H, (Hj) in
AE...;, becomes a concentrating ring (,Bn, —1%)—71), i.e. circular aberration on

F(F’)§1—10n- (see Fig. 10). In H,, H, and H{, H] we make slits for intense
on I"'(I").

connection for 2?» sheets so that the projectional deviation < 1%)

When we perform the intense connection, a covering surface over A7

11 1"/1

becomes a 2-folded concentrating ring (log 2, Bus Tus —1-07), where q,=2n.

We remark: the ratio of slits for intense connection is between N and
3Mm. '

Let s, ,, be slits in H, for the intense connection (H,, H{, H;). Then s, ;,
is as follows: )

let k, ;(hi;) be a ring o
hy;: —1)r=Rel=yjy, 0=Im{<2r. hi{;: B,—ir=Rel=B,—(GE—Dr,

0=<Im{ =<2 where r:i——.
2q9,+1

8; ;. is a slit in A, (hj) as follows:

S0t (i=1+ 5 r=Rel=(i=1+2 ), Im{=2c L1 k=1, L,G=12, -, 0,)

n

<38M indeperdently of n. Especially

and the ratio 27’ satisfies M <

2n 2z

lﬂ l?l
we observe s,,; in a ring h, which is used for the first intense connection,
where h,:0=Rel=7y, 0=Im{=2n. s;,,: %§Re£§-il, Im C:,zzrk .

(see Fig. 11) '

Put I1)=AZ%.. , let I2),---, [2«") and I(1), I(2),- - -, I(2*"") be ex-
amplars which are identical to AZ... . and perform the 2"-intense connection
by use of slits contained in H,, H,, H/ and H;. Then we have a 2 sheeted--

folded concentrating ring <log 2, B, Q. 1 > We denote it by ALS% .

10"
All A 0"’% of m-th grade folded concentrating ring are coformally equi-

valent to A{;%%
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H, H, H,

Fig. 11.

Let A{.% ; Dbe a generalized ring with slits for in‘_tense connection and
put Ag’R:AR"‘ (A1+A2) + (A11+A12+A21+A22) +-e-+ (Ailiz---in+Ai1,in+9 . A)

and ASP=[]AS=, 2" number

3.2. Covering surface over ACE, _
Put CAS=A%F— A%, Then CA%*® is composed of 2" components, i.e.

CAG R Z (A’Ll 1,,,+Ailzz LL7o "n+1+ * ')'

We denote by m CA m number of examplars which are identical to C’A
Put RoB=A o+ (211 —1)CAT "4 (22— 21)C AT #4,. . . (27— m-1)CA,+ - -

Then REZ is a covering surface (consisting of infinitely manyvdisjoint
components) over A%*. We shall construct a Riemann surface Rt from
R%% by intense connection. Every A7¥:%. . (of n-th grade A$%) is covered
by R%E 2m-times. We shall perform the intense connection among 2%
number of sheets over A% , as follows:

0-th step. I°(1)=A,+> A, +> A, .+ -+, where A, is a simple ring.
. - iy 21, %3 .

AO Al Az
Bo/ B,
B, B. E
B2 —
B2l =
B., o
Fig. 12.
First step. Put I'1)=CA, I'@Q=I'@®)=-.-=I'(2u)=I'(1)=1'2)

c=IY2u ) =I'(1). A§E+APZ is covered by 3 I'(j)+1'(j). We perform
the intense connection among the above 2%-sheeted covering surface by~
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the slits contained in A,+ A4, (the slits are contained in H,+ H/+H,+ H]
of A, (1-st grade A,). Then we have a Riemann surface R, which has the
following properties.

a). 3, has the following relative boundary B, which lies on Re z=0,
0<Imz<2r and B, consisting of 22:—1 number of components lying on
Re z=log 2, 0<Im z< 7, and B, consisting of 2%—1 number of components
lying on Re z=log 2, 7<Im z<2x.

b). The part of R, lying over Re z;(log 2)( 1+ ) is now a generalized
ring with slits for intense connection.
¢). The part of R, lying over log 2<Re z<(log 2)(1 —|-%> has no slits,

since the intense connection is performed and the part over A,(4,) is a
folded concentrating ring <log 2, B; qs —1%>
Suppose n-1- th step is performed.
n-th step is as follows: Let I"(i) be examplars cited below
I"(1) =I""1'(1)

I(2m-1Y) = ["-1(2m-11)
In(2m-—141)=T7"1(1)

ooooooooooooooo

...............

In(2(Ifn—l) ‘:j\'n—l(2q'n-1"1)
I7(2m-141)

In(2-1)

----- | newly added at the n-th step and I*(j) is
---- identical to CAS%%.

ooooo
.....
-----
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We perform the intense connection (for 2 sheets) by slits contained
in A§;%,,. Let &, be the above Riemann surface obtained after the intense
connection and put '

R=URN,.
n=1
a). N, has relative boundary B,4-(B;+B;)+-:-- > B,..;, and is

LFTLPILLN in

open. Bil-'--il is composed of 22—2%-1(I<n) components lying over

1 1 =1, 4,1
Re z=(log 2)(1+ 4+ 57 ), 2a( oo Bt L)
i—1, d—1, 4,—1 , 1
<Imz<zr(bbitolitecl g 1),

b). The part of R, lying over Re 2> (log 2)-(1—|——é——l—- . +—21n—> is now
a generalized ring with slits (about which the intense connection is not

performed) and consists of infinitely many components.
A). We denote by AL%ZE the part of R, over AZ%, . Then ALSE is

EZRRL 2 Zyeevin

a folded concentrating ring <log 2, B Qus %O">

"We map A= onto 0<Re {<log 2, 0<Im{<2r on the {-plane. Af%7 is
a 2%-sheeted covering surface consisting of
I7(1),- - -, I(2%-1), In(2en-141)- - - [7(2n-1), In(1)- « -, In(en-1)
N("1(z))
of which 2%—2%-: number of sheets (IN("I(7))) are newly added at the n-th
step and B;....,, of 3 is the relative boundary of N(I(7)) (the set of I(¢) and

I(7) which are added newly at the n-th step). Every I"(z) and f"(i) are
connected at the first connection, that is, I"(2) and f"(i) are connected

in

crosswise on Z 8; ;- We observe s,,,, where Z‘, 8, ;; are slits in A, —I—h

and hl(hl) 0<Re (<7, 0<Im C<2n- (see Fig. 13).
) 3

Syt —‘1—< Re C<—4—r, Im ;C= 2ln (k=1,2,---1,) the ratio - 27;: is bounded so
7 B L 7
: M<L—<3M: 7= -—"2, 2
as 277: ‘ T ‘2‘171-»1 ( )
l,

%, is the set which is identical to h, in "I(3).
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Now & —I-h1 is a generalized ring connected crosswise on 281 i and has
four relative boundaries f8;, B. B B. (see Fig. 13). :

Pk gyl

(KX}

1A

=2
o

Proje.of I';, ...iy
Fig. 13,

Let itz(z) be a harmonic function in h+/i;, such that 0<w(z)<1 é,nd

=0 on one of B, B, B; and B,. Then since M < <8I, there exists a
T
constant g such that 1, ’
| ' 0<w(z)<pz<1 on Re Cz_;_ ' - (28)

Let r;,...., be the set of % lying over Re £= ; Then I;,...;, censists

of 2% number of circles which are contained in Af;%:7. Let w(z) be a
harmonic function in R such that 0<w(z)<1 and w(z)=0 on Bo—i—(B +B2)

+(By,+Bys+By+B)+, -+ . Then since at least one of I"(i) and I"(s)
is added newly at the n- th step, one of B, Bs Bs, ,84 must be contained

in B,,....,, on which w(2)=0." Now h,l—{—h1 in I“(z)—I—I"(z) of every A, is
conformally equivalent to that of I"(l)—|—IJ"(1). Hence by (28)

w(z)<i<l on [;..,. (29)

Let R be the component of R eontaihing B, divided by | > T,

4,=1,2, 43=1,2,e+3,=1,2

from %.. Then R (n=1,2,---) is an exhaustion of ®, ie.
L URI=n. T (30)

B. Let ['2. . and *I'?... be the sets of AL%:E lying over the ring

Byeerip Tye* z,,

Re = 3.31», 0<Im{<2r and Re{=(log 2)—%,3,., 0<ImC<27r;

The part Af:S:Z of R over Ai, ,,, 18 a folded concentrating ring. Let w(z)

ceip
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be a harmonic function in AL% 7 such that 0<w(2)<1l. Then there exist

two constants a;...., and ai...;, such that
' 1
2)—al} cerip <—— 0n lpf...i .
l(l)( ) (21 l 10n 1+*ip
- |w(z)—ai,...,|< 1 on "7 ...
10" "
Suppose la%,...i,,—af_l...,-,,l>—1%;. Then the slits used for the intense con-

nection are radial in A7%,, and Af;S:EF is composed of 2 sheets. Hence
by Lemma 2

‘ 2 \? 2
24n (a}l...in—afl...,—n— 10 ) X 2r 27r<a$1...,-,,,—a31...¢,,—— 1?)” > 24n
D(w(2))> = '
(log 2)—35, , log 2
1q,=2n (31)
H\ . \ \ I,
A} \
\\\ \‘ . ‘\\ ‘\ Ailfl.c-'-siu-l, in l' )
: . .- \
‘\ \ | ALCE L\ _
; : ' ll Proje.lr?L-nin—l.in
T R !
//l ’/ -Aillc n /I
Proje.of T}y, ..in Proje.of “T}y....ia Proje. 2Fr:1....in—1
| Fig. 14."
_ C). Let w(2) be a harmonic function in AL%E +ALSE . such that
0<w(2)<1l. Then there exist constants ai...,, and aj,..,_, ., such that-
1 - 1 3 |
’ w(z)—agr“in-l l < 1On_1 on 2F7]3)1"'in-1 and |w(lz)—a;!1"'®'n—l,i'n,< 10n on 1?]ﬂ‘ﬁ"‘i'n-l,"7-73‘
. * 2
Then as abOVG lf l azl...in_l —?%1...5"_17 in I > *I—O",—z—jl— ’
2 \2 ! ) 2
<a§1'“i-n-1_ a’;x"'in-h in~ 10"_1) T (a;zl“'f'n, i'n—l_a’iv“'i'n-x, f'n-—%>
D(w(2))= » = _ ‘
31879,—1 . 1 10g2 '
2 2
:f= B2 @)
TTr ex2m

R has relative boundary B,+(B;+By)+(By,+B,,+B;,+B,,)-++ . RE is



Examples of Singular Points 179

compact and R—R] is composed of 2" number of non compact components
which we denote by G......, (,=1,2, ,=1,2,- --), where G,,...,, is the part of
R lying over (A;,...in, 1A, i, 2)+(A;, i, 1 1+A11 ip, 1 2+Ai1 i, 21+Ai, vim, 2,2)
Frr s Giiin DGty in DG, i ing s - - determines an ideal boundary
component p(%,, Jo* -+, %, --). The set B* of p clearly the power of con-
tinuum. Then R has the following properties.

a). Let N(z,p) be the N-Green’s function of R and suppose that
N-Martin’s topology 18 defined in N and

Nz, p) _  N(z49)
5(p, q)=sup 1+NG@ ) 14+NGE 9

Then there exists only one ideal boundary point p of N-Martin’s topology
on a boundary component p(i,, is---).

b). w(p,2)>0, i.e. p is a s'mgula'r point.

¢). w(B* z)=0.
Hence B*>p and by w(p, z)<w(B*, 2)<0. Ewvery point p is a singular
point of first kind. Hence R has the set of singular points of Sirst kind
of power of continuum.

Proof of a,) Let R2T be the eomponent of R ccmtalmng B, divided by

Y., from R, R—R2T is composed of 2 number of non compact
£1=1,2, cseeee, ip=1,2

components G,1 an lying over ALSE 4+ (Aivin 1+ Aiin, )+ - Clearly
{G......,} and {G? ...} equivalent and Gil...i,,:)Gil...,”,imG,;,,i,,,im,,%,D---
determines also p(%,,%s---). Let U(z) be a harmonic function in R—A,
and 0<U(z) <M. Then A[%:E is a folded .concentrating ring. Hence

| max U(z)— min U(z)l<—116——->0 as m—>oo:

zelfﬁ ; ‘ze Pi veip

Hence by Lemma 1, there exists only one point p of N-Martin’s topology
on P (i, gy - ) : '

Proof of b). Let w(B*,z) be a harmonic measure of B*. Then w(B*,2)
=0 on By+(B;+B;)+--- and <1. Hence by (29) w(B*, 2)<pg<lon I,,..,,.
By the maximum principle w(B*, z)=<pg on RI, whence sup w(B*, z) <p<l.
Hence by P.H.3.> w(B*, 2)=0. o

Proof of ¢). Let p be an ideal boundary point of N-Martin’s topology

over a boundary component p(i,,,-:-). Put v,(p)= El:ze‘R o(z, p)> 1]

Then by Lemma 1 there exists a number m such that v,(p) DG,...,,. Let
5) See 4)
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o(v(p), 2) and (G,,...;,,2) be C.P.’s of v(p) and G,,...,,,. Then
o(p, 2) =lim w(v,(p), 2)=lim ©(G,,...,, ?).
l=o0 m=c0

For simplicity put »,(2)=w(G,,...;,, 2). Now ,(z) has M.D.I. among all
harmonic functions with value 0 on B and ,()=1 on G;,...;,. Hence by
the D1r1chlet pr1nc1ple

_ 2m

g29 - (33)

D(w

where @(z) is a harmonic function in A, such that w(z) 0 on Rez=0 and
@(2)=1 on Re z=log 2. ’ .

Since A[:S:F (n=1) is a folded concentratlng ring, there exist constants
ai,...., and aj,...;, such that f

]wm(z)—a},..';i,,|<——1%)7 for ze'l'7..;, n=1 and m>n,

: (34)
1 for ze['2. ..
10

Where a; and a;,...., depend on w,(2). .

Put A4,,(3;, % -+, 1,)=MaX | 0,(2)—»,(2"")|, where 2’¢! ﬁ a, and 27e? P, .
n=1 (see Fig. 14). ) -

Iwm(z)—,afl.,.,-,,]< n=1 and m>mn,

ifeecin

Then by (34)  |A,(4;, %, - ,zn)lz[ail iy — Ay, | 1on . (35)
Put  AL(%,9s -+ oy 1,) = MaX | 0,(2)—w,(2")|, where 2 e2I%..., and
V€T i in: M2 S
Then by (84) | Ah(in ba- ) in)| <@ty =Gl |+ o

Now by (34), (33) and (81)

Aiynniyy ™ ai nl < - . 3
) | ai evin] '/(log2>2""><27r+ 10" 2" + 10" : (36)

Slmllarly by (84), (33) and (32)

"2 .‘ 1 2
P S </< > log 2 | Lo
I i : i in I log 2 271_ X 22(;,,._1). . 1071,—1 2n lon 1 (37)

We show o(p, z)>0 Assume 11m wn(2)=0. Then for any given p031t1ve

number &£>0 and for any given ?I%,.. vimg there exists a number m (2, ,zz,
“1n €) such that ,
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w,(2)<e on °I'}..,. and o,(2=1 on °I%,..,,.
Now |
. me . m . . m 4 1
>1— e — O —
£ in ou@Z1= S Al )= 5 A, 50> 2 (so=+)
.. . . i 4 1 1
This is a contradiction for >} 10n—1+ onE <—2-, for n,=4. Hence «(p, 2)

=lim w,(z)>0.

PART 1I

We shall construct a covering surface over the z-plane which has
finite area and has a singular point of first kind. Theorem 12.¢) of
“Singular points of Riemann surfaces’” shows that there exists no singular
point, if the number of sheets of the covering surface is bounded and
the Theorem 12.a) shows that there exists no singular point of second
kind, if the area of the covering surface is finite. Hence this example
means that the condition that the number of sheets of the covering
surface is bounded is necessary for the validity of Theorem 12.c.

Example 4. Let A be a disc 0<|z|<1l. Map A onto — <Re <0,
0<Imé<2r. Let A, be a ring (A4, is a rectangle in itself, but for the
simplicity in this paper we call a ring) such that :

—n(log 100) <Re £ < —(n—1) log 100, 0 <Im § <2x.
For n=>2, we shall construct a 2%(q,=4n)-sheeted covering surface over
A, by intense connection. Let H, H/, and I',, I',, I',, I'* be rings and
circles cited below:

H,: —(n—1)(log 100)—2r <Re &< —(n—1) log 100, 0=<Im &< 2x.

H.: —(nlog 100) <Re &£ < —n log 100+2y, 0<Im £<2x.

H,: 2r—nlog 100 <Re &£ < — 2y —(n—1) log 100, 0=<Im £<2x.

I',: Ret=—(n—1)(log 100)—7r, 0=Im £<2~x.

- I'l: Reé=—n(log 100)+7, 0=Im {<2r.
I',: Re §=—(n—1+—;—>log 100, 0<Im &< 2r.
r'r: Reé=—c,: —2r+mnlog 100>c,>2r+(n—1) log 100, 0=1Im &< 2x.

log 100

where 7= 3
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We make slits in H, and H, (n=2) parallel to the real axis for intense
connectlon for 2 sheets so that

1
10"

for 2/ and 27¢4,(1)+---, An(2‘1ﬂ'1)—|—]1\n(1)+ .- +ﬁn(2""‘1) and proj 2z’ =proj
2’e(',+TI!) for any harmonic function U(z) such that 0<U(2) <1, where
A,(1),---,A,(2"" 1) are examplars which are identical to A4,(1). Hence by
the maximum principle (maximum principle is used for the projectional
transformations z’'—2z2")

[U(z)—UR") | <

|UERNY—UE") | <—i%)—n~ for projz'=projz’e ﬁn

Put §,=A4,+A4,4,---+A4,_, and C&,=A—(A,+A4,+,---+A4,_). We
denote by mC®, the m number of surfaces C®, with slits for intense
connection. As in case of the Example 8 we construct a Riemann surface.

— H,—~4—  H, —ef—H,— R
C__J-—— A, A,
DDy oz= \
— 7 | 1
) —_— l !
| {
r r T, B? B, B,

Slits for intense connection

Fig. 15.

First step. Put I'(1)=A.

n-th step.

In(2qn_1—1) -=In—1(2qn_,-1) .
In(zqn_x + 1) :fn - 1(1)
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In(2%-1) = I 1(2n-1-1)

12

Q)
newly added at the n-th step. These are
identical to C@,.

I(2%-)

We perform the intense connection by slits in 4, i.e. by slits contained
in H 4 H) of A,. Let R, be the above Riemann surface obtained after
the n-th intense connection and put

RN=UR,. \
Then R, has relative boundary B,+B,,---+B,_ , and is open. B,_, is
composed of 2%»—2%-1 circles lying over Re é=—(n—1) log 100, 0=<Re &< 2z.
Now the part of R lying over Re &< —n log 100 is a generalized ring with
slits of which the intense connection is not performed. We denote by ;1',‘
the part of % over A,. Then A, is a Riemann surface of 2% sheets and

0=<U(2) <1 has projectional deviation < %)” on the part of i lying over
H,ie. |U@) |‘<-—U(Z”)<L for projz =projz’cH, and 2/ and 2”c%.

10"
N has the following properties:

a). R has only one zdeal boundary point p of N—Ma'rt'ms topology
on z=0.

b). N is a covering surface over |z|<1 and has a finite a,frea.
c). p is a singular point of first kind.

Proof of a). Let U(z) be a harmonic function in iﬁncA:fIn=

n=1
El:z: —exp (n———}r)log 100<|z| < —exp (n—%) log 100] (see Fig. 15) such
that Dyz,(U(z)) <oo. Then there exists a sequence of circles I'%: |z|=7,,
in zﬁn such that |

. f’—@——U(z)'ds—»O as n,~>.
on

I'myg
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In fact, put re“?=—log|z| and put L(r)= f ,—aa—- U(re)|r dé. -Assume
: r

lim L(r)>5,>0 for re> E,, where E, is the circular projection of (—log
|z|:z€ H,) on the real axis, i.e. E,= E’l: >log 100>'r><'n— )log 100:|

Then .
dr< f L) g < f f {( 2 U(z)) <aae U(z))2¢2}¢drdo’:D(U(z)).

ZH'n
Let r—> oo. Then D(U(z))=o. This is a contradiction. Hence there
exists a sequence {I",} such that

[\—aﬂU(z)dsl—w as Mm;—>oo.

This sequence {r.} depends on the function U(z).
0
Put ¢, = ’——U ’d, .
ut e, J 2 U@)|ds - (38)

Let I'* * be the set of N lying over I';; (see Fig. 15). Then f* is composed
of 2% c1rcles F* divides 3 into two components Let Rz;, be one component
‘of them containing B,. Then {Jz: J is an exhaustlon with compact
relative boundary B,+ B, - +Bmz , and l’;f, where B, lies over Reé=—
log 100 Hence

R= UER~* :

Now ﬁnz (CAni) and A?ﬂ- is intensely connected with 2—1 exampiars of
RN on the slits contained in H, and H, of 4,, hence |U(z)—U(z")|<

-]% for proj 2’ =proj 2z’ eﬁni and 2z’ and 2" are contained in R.. Hence by (38)

| max U(z)— min U(z)]<e R 10n . , (39)
ze 4 h; T zer .,,L .

Let I, be the set of R over I,. _Then I’ is composed of 2 circles
over I',. I, divides % into two parts. Let Rz, be one of them containing
B,. Then {Rz,} is also an exhaustion of N, i.e. R=JNz,.

Clearly {}z;} and {E)Epn} are equlvalent and {R—Nr,} determmes an ideal

boundary component p on z=0.
Let N(z,p) be the N-Green’s function of ® and &(p, q¢) be defined by

| N(z,p) - N(z,9)
o(p, g)=—su — .
P =80 | T NG ) T NG, 0)
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Consider N(z,p):peA,in A—A,. Then N(z, p) is harmonic and D(N(z, p))

< oco. Hence there exists a sequence {/'}}} such that n=

f -2 NGw)

Hence by (39)

ds——>0 as n,—>oo and F*eH of 4,..

| max N(z, p)—min N(z, p) |>0 as n,—>co.

2€ I‘;,i Z€ F;‘;i
Hence by Lemma 1 there exists only one point of Martin’s topology on
the boundary component p. '

Proof of b). Since the area of A,,:n( 10021‘"“ > —'10162”): 9900z , area

4 n
of R= 990%2( ) 9900~zz< 2 ><oo,_for g, =A4n.

100%" 2=1\ 10072 )
Proof of ¢) Let U(z) be a harmonic function in Rz, (m>n) such that
D(U(z)) g_gﬁ—— . Let A27'be the ring: —exp (n—l—{—i) log 100<|z| <
log 100 2
—exp (n—l———é—) log 100. , , , , ,
L ! !
Assume |U(r,_.e")— U(r,e”)| > —3,—,: Lo Au Anas l
) = | ! A |
| 10 - o Do
on the set of 6 of angular measure >—22% |”““A T
. , A

on A" ' as a function of z on A", wheré

e le“’an , and 7, evel, (Fig. 16).
Now there exist 2% number of examplars 1dent1cal to A, which are con-

‘Fig. 16.

on I . whence

nected intensely with projectional deviation < 1(1)

| U(z)Y—U(z")| <—117 for proj 2/ =projz’e I, and 2 and 2”¢R.

Hence

| Ur,e)— Ulr,. ) | > —2— 2n

for  of angular measure >-—2— (40)

10
on 2= examplars lying. over A?~! where 7,_,e” lie and 7r,e” on the same
examplar.

Let A™! be the part of % lying over Ar1, Then by Lemma 2 and
by (40) |
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lo 100* = 2 X (log 100) X10"-*x2* =~ 10" (log 100) log 100
This is a contradiction for n=3. Hence n
| Ul 16)— Ulr,e?) | <—3__: n=3, @)

10 ®

except at most ah exceptional set O, , (E) of angular measure <—2§7n1 on
the ring A. . . B

Let Fn be the set of R lying over fn Then IA“,; divides R into two
parts. Let R be the one of them containing B,. Then {Rz} is an
exhaustion and {R3} is equivalent to {Rz;}. {R—R7 } determines the ideal

boundary component p and by a), by Lemma 1 for any given v,(p) there
exists a number m, such that ‘

(§R—8%}m)cul(p)=E'[zeﬂi§: 5(rz,~p)<%—] for m=m,.

Hence
C.P. of p w(p,z)_hmw(ul(p), z)>11mcu(9t RE L, 2), .
where w(‘ﬁ Rz ,2) is CP. of R—Rz_

For simplicity put o n(B)=0(R—NRZ , 2 ) Assume lim w,(2)=0. Then for

any given positive number 5<T16-, there exists a number m, such that

»,(2)<e on ﬁszE[|z|=——exp <4+—;-> log 100] for m;mo. Now on(z)=1

on I' (CH—A, and has M.D.L. over 3%t. Hence by the Dirichlet principle
2z '

log 100’ .

where @(z) is a harmonic function in A, such that @(2)=0 on |z|=1 and

w(z) 1 on Izl—%)—. Hence by (41)

| Ulrae) = Utr,i0) | <—2 except 6, ,(B), (42)

1

10 =

D(w.(2)) <D(a(2)) =

where 6, ,_,(E) depends on w,(z).
Let @ be the complementary set of Z O, . 1(H). Then angular measure

of O>2z (1— > 21)> lg—”. Suppose G¢®. Then by (42)
n=4
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Iw(h,ﬁ“)—w(ne"")l<i} ?:,_1 < 8 .
n=>0 10 2 10

On the othgr hand, ®,(2)=1 on f“m, i.e. w(r,e*)=1, whence
i>zs‘>mal.x wm(z)>1——§—— on fs.
10 e by 10

This isra contradiction. Hence 0<lim_wm(z)<w(p, z).

Next by Theorem 12. a) (of the previous paper “On Singular points” &
has no singular point of second kind. Hence p is a singular point of first
kind. Thus we have ¢). o
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