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SINGULAR POINTS OF RIEMANN SURFACES

By

Zenjiro KURAMOCHI

Let D, be a ring domain such that r<|z|<1l. Let U,z) be a harmonic
function in D, such that U,(z)=0 on |[z]=1 and U,(2)=1on |z|=7r. Put

M,:maxan(z)l |8U(z) >: z=x+1y. I wrote that M,—0 as r—0. This

is ifalse. Hence our proof of Theorem 8 in the previous paper? depending
on the above fact is incomplete. The purpose of the present paper is to
correct the above theorem, to simplify the other theorems and further
to discuss new results. For the sake of convenience, I shall begin from
the first. ;

- Let R be a Riemann surface with positive boundary. Let {R,} be
its exhaustion with compact relative boundaries 9R,(n=0,1,2,---).” We
proved the following. '

Theorem.?” Let ReOgyp(Opp)—O0Oys. Then R— R,eO,5(0 ).

Above theorem means that the boundary of a Riemann surface R
which is so complicated as Re O, ;—04:(04,—0;) cannot be represented
in any way as a covering surface over a bounded domain (a covering
surface with finite area). Hence we propose the followmg questions :

1) What part of the boundary does generate the above singular fact?

2) What is the method to characterize the stngularity of the boun-

 dary?

To solve the questions, we must define the boundary of R. There
are various methods to define the ideal boundary of E. But we under-
stand that the following Martin’s topologies are most available.

PART 1

K-Martin’s topology.” Let G(z, p,) be the Green’s function of with

pole at p,. Put K(z, pz)—Gﬁ((—z’p—’)), where p, is a fixed pomt Suppose
. Pos D; e '
1) Z. Kuramochi: On the ideal boundaries of Riemann surfaces. Osaka Math. Jour, 1958.
2) Z. Kuramochi: On the behaviour of analytic functions. Osaka Math. Jour, 1955.
3) R.S. Martin: Minimal positive harmonic functions. Trans. Amer. Math. Soc. 89, 1941.
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{p,} is a divergent sequence of points. We call {p,} a fundamental sequence
determining an ideal boundary point, if {K(z, »,)} converges uniformly in
every compact domain of R. If {K(z, p,)} and {K(z, p/)} determine the
same limit function, we say that {p]} and {p;} define the same ideal boun-
dary point. We denote by B the set of all the ideal boundary points.
We define the distance between two points p and ¢ of R+ B (denoted by
R) by
K(z,p) _ _K(z,49)
op, )=sap 1+ K(z, ») 1+K(z, o)f

Let U(z) be a positive superharmonic function in R. If V(z2)=aU(z):
0=<a=1 for every positive superharmonic function V{(z) such that 0=V(z)
<U(z), U(z) is called a K-minimal function. Let K(z, p) be the above
function. p is called a K-minimal point or K-non minimal point accord-
ing as K(z, p) is K-minimal or not. R.S. Martin proved the following :

1)* Let K, (2, p) be the lower envelope of positive superharmonic

functons in R larger than K(z,p) in un(p)zE]:zeﬁ: o(z, p)<l]. Then
n

lim K,, (2, p)=K(z, p) or 0 according as K(z, p) is K-minimal or mot.

7=00

2)* Every point of R is K-minimal. Let B, and B, the sets of K-
minimal boundary points and mnon K-minimal points respectively.
Then B=B,+ B, and B, is an F, set of harmonic measure zero.

38)* Let F be a closed set in R and let U(z) be a positive superhar-
monic function and let UF”(z) be the lower em)elope of superharmonic
functions larger than U(z) in F, E[zeR o(z, F’)< 1] Then Ugz(z)

=1limU,,(2) s represented by a positive mass on F.

4)* Every positive superharmonic function is represented by a posi-
tive mass “distribution on R+ B, which 1is wuniquely determined and
‘called a canonical mass distribution.

5)* If U(z)= fK(z p)du(p) 18 K-minimal, U(z) 1s a multiple of K(z p):
peA.
1. Harmonic measure of sets in R. Let F be a closed set in R and
put Fn:E[zeR: o(z, F)g%} Let w(F,, z, R,,) be a harmonic function
in R,—F, such that w(F, 2, R,)=0 on aR —F, and w(F,, 2 R,)=1 on
(R, ~F,).. Put w(F,z R)_hm 11m w(F,, z, R,) and call it H.M. (harmonic
measure) of F. Let G be an open set in B. We define w(G,z, R) as
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lim lim w,, ,(2), where w,, ,(2) is a hamonic function in R,—(CG), such
that w,, ,(2)=1 on oR,,—(CG), and w,, .(2)=0 on 3((CG),), where CG=B—G
and (CG)an[ze R: 5(z CG)'SL]. Clearly we have w(G, z, R)=1—w(CG,

z, R). For an F, set: F,= UF1 we define w(F,z R) by 11m w(Z , 2, R)
and for G, in B, i.e. G,,—(']Gi we define w(G,, 2, R) by ll_m w(ﬂGi, 2, R).

Let R~ be the universal covering surface of R and map B> confor-
mally onto |&]|<1. If sup K(z, p)<oo: peR+B,, we call p a singular
point. Clearly K(z, p)=aG(z,p): a>0 for peR, where G(z, p) is the
Green’s function of R. Hence every point of R is not singular. We
denote by B, the set of singular points. Then B,CB,. .

Put F=p and let w(p,2, B) be the HM. of p, ie. w(p,-z, R)
=lim lim w(v,(p), ?, R,,). Then

Theorem 1. a) w(p, 2, B)>0 if and only if peB, and in this case
w(p, 2, RY=aK(z, p): a=>0.

b) Consider K(z,p): peB, in |£|<1l. Then there exists a set E of
positive measure such that K(z, p) has angular limits= M= sup K(z, p) on

E and =0 on CE almost everywhere. Hence w(p,z, R)=w(E, ¢), where
w(E, &) is HM. of E with respect to |&|<1. We call E the image of peB,.

¢) Let K(z,p,): p;eB, and let E, be the image of p,. Then mes E,
>0, mes(E,~E)=0 fo'r 1357 and Zmes E, <27, whence B, i3 at most

“enumerable. Let w(z Di» 2, R)—hm llm w(Z v(D), 2, R,). Then

Y]
> w(p, 2, R)=w(}] v, 2, R) for p,eB,. |

d) Let E; be the image of p,eB,. Then >)mes E, =2z if and only
if H M. of ' B—3>p,=0. ‘ o

e) Let E be the image of a point p of B,. Then every bounded har-
monic (Poisson’s integrable) function U(z) has angular limits=const a.e.

(almost everywhere) on E.
Proof of a). Assume w(p,z, B)>0. Then by 2)* p¢ B, Hence peB,
+R and K(z, p) is K-minimal. Suppose sup K (2, p)=oco. Then w(p, 2, R)
. ZeR

—lim w(v(p), R,): un(p):E[zeR: 5z, p)<i]. Then by 3)* w(p, 2, R) is
» n

represented by a mass on [0, (p)*=p, i.e. w(p, 2, R)=aK(z, p). Now

4) See'3), where un(py means the closure of vnip).
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w(p, 2, B)=<1 and sup K(z, p)= o, whence a=0 and w(p, z, R)—_-O‘. Next
' zeR

suppose sup K (z, p)§M< co, Then w(v,(p), 2, R)_ZK“—"?[(—M by pe(R+ B,)
ZzeR . .

and w(p, , R)gff%ﬂ)w. Hence w(p, z, R)>0 if and only if peB,.

Proof of b). Suppose sup K(z, p)=M. Let E and E’ be sets on |&]|

=1 such that K(z, p) has angular limits =M—¢ on E and K(z, p) has

angular limits between M—2¢ and ¢ on E’ for a positive number ¢:

0<s<—];—[—. Since K(z, p) is representable by Poisson’s integral, E is of

positive measure. Now E’ is a set of meausre zero, because, if it were
not so, we construct a harmonic function U(¢) such that U(&) has the
same angular limits as K(z,p) on £ and =0 on CE. Then U(¢) is a
function in R and is not a multple of K(z, p) and K(z, p)> ,,U(z)':‘ U)>0,
which implies that K(z,p) is not K-minimal. This is a contradiction.
Hence by letting ¢—>0, K(z, p) has angular limits _:M:sul]? K(z,p) on K

and 0 on CE almost everywhere. Hence w(FE, 5):&]‘?’):@0(1@, z, R).

Proof of c¢). Suppose mes (E;,~FE;)>0. Let U(£) be a harmonic fup4
ction in [§|<1 such that U(¢) has angular limits=min (M;, M,) on E;,~E,
and =0 on C(E,~E,. Then for at least one of K(z, p,) and K(z, p,),
0<U@)<K(2,p,): k=7 or j and U(¢§) is not a multiple of K(z, p,).
Hence K (z, p,) is not K-minimal. This is a contradiction. Hence
mes (E;,~ E,)=0. On the other hand, by a) mes E,>0 by w(p,, 2, R)>0 and
S'mes E,<27. Hence B, is at most enumerable.

Clearly > w(p, 2, R)>W(Z iy z'R)>w(i0uz R) 1=1,2,--- k.

By Zw(pz, z, R)>w(2pu z, R) we see W(sz, 2, R)=0 a.e. on C(ZE)
and by 'w(z D5 2, R)>w(pz,z R) we have w(z p, %, B)=1 a.e. on ZE’
Hence w(z piy 2,’,. R):Z w( (2] Z):Z w(pu 2, R)'

Proof of d). Let p,e B, and let E; be the image of p,. Then B—>]p,
is a G; set in B. Hence by definiticn fw(B—f] »,, 2, B)=0 is equivalent to

w(i v, 2, R)=1. Suppose S mes E <2r. By w(f} P, 2, B)=1lim w(é D, 2,
R), for any given positive number < % (5=2n—§ mes E;), there exsts

a number n, such that
w(S) poy 20y R)=w(S] piy 200 B)+e, for n=m,,
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where £=0 is an image of z,.

Now w(S p, 2, B)=31w(E,, &) implies w(3] p,, 2, B)—e=w(3] pyr 20 B)
—1—_9 | whence w(3)p, 2, R)<1. Conversely suppose S)mes E,=2r.
T ’ _ , :
Then w(p, 2, R)Z=w(C v, 2, B)=w(G_ E, z) for every n. Hence w(> p,,
z, R)=1. Thus we have d). |
Proof of e). Assume that U(z) has angular limits being not a cons-
tant a.e. on E. Then we can find two sets £; and E, of positive measure
in E such that U(z)=L on E, and <L—4 on E, for constants L and 4:
0>0. Let W(&)(=W(z)) be a harmonic function in |£|<1 such that W(¢)

—1 a.e. on EECE and =0 a.e. on CE,. Then since U(z) is a function
in B, W(&) is a function in R. Clearly 0<W(z)<%?i) and W(z) is not a

multple of K(z, p). This implies that K(z, p) is not K-minimal. - Hence
every Poisson’s integrable function has angular limits=const a.e. on K.

2. Class H.N.B. We denote by H.N.B. the class of Riemann sur-
faces on which N number of linearly independent bounded harmonic
function exist, where N=<o and the cardinal number of N is Z,.

‘Theorem 2. A Riemann surface ReH.N.B.(N=oo) «f and only if
R has N number of singular points and a set of boundary points of
harmonic measure zero.

Proof. Suppose that R has N number of points p,, ps---P» and a
set of boundary points of harmonic measure zero. Let U(z) be a bounded
harmonic function (Poisson’s integrable) in R. Then U(z) has angular
limits=const a.e. on E; of the image of p, by e) of Theorem 1 and
by d) of Theorem 1. Whence U(z) is a linear form of {K(z, p,)} and
{K(z, p,)} is linearly independent. Hence Re¢H.N.B. Conversely suppose
RcH.N.B. Then the harmonic measure of B—3>" p, is zero, because if
S mes E, <2z, we can construct infinitely (cardinal number=3) many
linearly independent harmonic functions. Let N’: N=N’ be the number
of singular points, then by e¢) ReH.N’.B.ZrH.N.B. Hence N’'=N. Hence
we have Theorem 2. .

3. Harmonic functions and analytic functions in a neighbourhood
of a singular point.

Let G be a non compact domain® in R and let U (2) be a posn:lve

5) In the present paper we suppose that dG of a domain G consists of an enumerably
infinite number of analytic curves clustering nowhere in R.
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harmonic function in G with U(2)=0 on 8G. Let U, ,..(z) be a harmonic
function in R,,,—((R—R,)~G)) such that U, ,..(2)=0 on 9R,,,—G and
U, ...)=U(2) in G~(R,.,;—R,). Then U, ,..(2)*t Ulz) as i—>co and
U,z)t as n—>o. Put GU(z)“llm llm U, ..(2). Let V(z) be a positive

harmonic function in E.  Let m”GARnV(z) be the lower envelope of super-
harmonic functions in G larger than V(z) in G~(RE—R,). Then

V.(2) ¢ as n—>oo. Put ., GV(z):lim inencrnV(2). Then
ex, G U(Z) < 0, then U(Z) ~inex, G(ex G U(z)) ®
Let w,, ,m(z) be a continuous superharmonic function in R —I—(um(p)

R,..) such that w, ,.(2) is harmonic in R - On(D)~R,. ), W nei(R)
_w(p,z R) on (R—R,)~Cv,(p) and w, ,..(2)=0 on oR,,,~v,(p), where

Um(p)zE[zeR": 5(z, p)<_1_]. Then w, ,.(2) } w,(2) as i—co. Now w,(2)
—~ .

is the lower envelope of superharmonic functions in R larger than
w(p, z, R) on (R—R,)~Cv,(p).” We denote it by we,, py~ca—zn(Ps 2, ).
Then we, ~cz-2n(Ds 25 B) ¥ Wocvni(Ds 2, B) as n—>oco. .
Let G be a non compact domain and let pe B,. If w(p, 2z, R)—wee(D, 2, R)
>0, we say that G contains p K-approximately. . .

Theorem 3. a) Let peB,, i.e. w(p, 2, R) is K-minimal and >0.
Then Wp~c,w(Ps 2, ££)=0. o

b) Let wys(p, 2, R) be the lower envelope of positive superharmonic
functions in R larger than w(p,z, R) in CG and let w(p, 2, G) be H. M.
of p relative G, i.e. w(p, z, G)=1lim lim w(v,(p), 2, G~R,), where wW(v.(D),

z, G~R ) s a harmonic function in (G~R,)—v,(p) such that w(v,(P), 2,
G~R,)=0 on (6G~R,)—v,(p)+ R, —v.(p) and w(,.(p), z, GR)=1 on v,(p)
~G. Then : ' ’ '

\’bU(p, 2, G):inex,éw(pi 2, R):?,l)(p, 2, R)—CGw(p’ 29 R)°
c) If w(p, 2, G)>0, w(p, 2, CG)=0 in other words at most one of G
and CG contains p K-approximately.
d) Let v,(p) be a mneighbourhood of peB,. Then v,(p) contains p
K—app'roximately. ' :
Proof of a). By 8)* w,(z) is represented by a positive mass distribu-
tion z, on Cuv,(p)~(E—R,), whence wz-c.,.w(P, 2, B) is represented by an
weak limit z of {¢,} on B~Cbv,,(p) such that we~c.,.m(P,2, K)= f K (z, p)du(p).

B~Cop(0)

6) Z. Kuramochi: Relations between harmonic Dimensions. Proc. Japan Acad. 1954.
7) Cump, means the complementary set of vm -
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Now peB, and by the K-minimality of w(p, z, R), ws-cu,m(p, 2, R)=
aw(p,2, R)=a’K(z,p): a and a’=0. Assume a’>0. Then we can find a point

q<Cv,(p) such that the restriction g, of ¢ on U(q):(E[ze R: iz 9)< %})

>0 for every I. Also by the minimality of w(p,z, R) fK(z, p)dy(p) is
[ &G p)dpp)

yfdﬂz

limit z#* at ¢ as —>o. Hence K(z,9)=K(z, p). This is a contradiction

by o(p, @)=-1 >0. Hence a’=0 and WoCom(Ds 2, B)=0.
m .

also minimal, whence

=K (z, p). Now ) has an weak
dﬂzf

Proof of b). Compare ., ;w(p, 2, R) and w(p, z, RY+wg-cu,,m(0, 2, R) in
(B, ~G)—v,.(D). |

Then ... ¢~z,w(D, 2, R)=0=w(p,2,G~R,) on oG, ines~rnW(Dy 2, )
=w(p, 2, R)=wWo,,.i>~z-2:(D, 2, B) on (0R,~G)—v,(p) and .., c-zw(p, 2, R)
=1=w(,.(p), 2, G~R,) on ov,(p)~G. Hence by the maximum principle

inezc~r,W(D, 2, B) <w(v,(p), 2, G/-\'Rn)_,_woum(p)r\(R—Rn)(pr z, R).

Let n—>oo. Then

inex,cW(D, 2, B)=w(v,(p), 2 G)+we,,r~5(D, 2, R)= w(.(D), 2, G) by (a).
Let m—>oc. Then

inez,cW(D, 2, B) Sw(p, 2, G).
Conversely, clearly w(p, z, R)=w(p, 2, G). Hence by w(p.z G)=0 on G
inez,¢W(Dy 2y B) =000, cW(D, 2, G)=w(p, 2, G).

Thus WD, 2, G)= pe0,aw(D, 2, R).

Let w(v.(p), 2, R,) be H. M. of v,(p) relative R, i.e. w(v,(p), 2, R,) is
a superharmonic function in R, such that w(v,(p), 2, R,) is harmonic in

R,—v,(p) such that w(v,(p), 2, R) 1 on v,(p) and w(v,(p),z, R,)=0 on

oR,—v,,(p).

Let w(v,(p),2, B) be H. M. of v,(p) i.e. w(v.(p), 2, B) is the least
positive superharmonic function in R such that w(,(p),2,R)=1 on v,(p).

Let V,.; .(v.(P), 2) be a harmonic function in (R,~G)—v,.(p) such
that V..., .(v.(p), 2) =w(.(p), 2 R,) on 8G~R, and =0 on 0V, . (p)+ (R,
—Vpn+«(p)). Then - ' ' |

1

Viridon®,D=5= [ w0ul®) & B)-LGurrné, s,

(VG~Rp) =0 g 4 ;(0)

wher G,,., .(% 2) is the Green’s function of (Ry~G)—v,,., (D).
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Now Vi .(v.(D), Z)TVm+;(um(p) z) as m—>o by w(,(p),? R,)*t
w(on(p), 2, R) and -Ef—GM,n@, 2) 1 —Gm”(s, 2) on 3G as m—»oo.
n

Hence by Lebesgue’s theorem
C Venl® = [ wn), & R Gl 2)ds,
3G —v 4P

where G,,. (&, 2) is the Green’s function of G—uv, ., (p).
Similarly by V... (v.(p),2) 1t V(vn(D),?2) as 73-*00,

Vu(®), =5 [ wlo.(0), ¢, R) _G(e, 2)ds, (1)
27[ G »
where G(§, z) is the Green’s function of G.
Hence by (1) V(v,(p), 2). is the least positive harmonlc function in G with
value w(v,(p), R) on aG i.e. V(v,(D), 2) =wee(v.(D), 2, B) in G.
Let m—>c. Then as above

lim V(ou(p), )= [ 1im w(o,(p), 2, R)-2-G(¢, 2)ds=w0s(p, 2 B).
” 2; o m=co on

Let V, .(p,2) be a harmonic function in
(G~R,)—v,(p) such that V,, .(p,2)=w(p,z, R) on
(0G~R,)—v,(p) and =0 on v, (p)+oR,—uv,(p).
Then '

V(D) 2) = —— w(p,€, B) G, (&.2)ds,
T 06~ Fmy—om(®) G ,
lim Vm,n(p’ Z): m(p’ Z):—zl— f w(pr Er R)'—Gm(gy z)ds and Flg. !
0G— Um(p) .
llm Vm(p’ Z)— _fw(p’ S; R)'—'G(S’ z)ds_wCG(p! z, R) (2)
Clearly m,n(p’ z)L<— Vm,n(um(p)y Z)é Vm+i,n(um(p)’ z)'

Let n—>co. Then by V,.v.(D),2)t V(un(p), 2) =Wco(on(p), 2, R)

Vm(p’ Z)é Vm(Um(p)7 Z)é Vm+i(Um(p)7 z)éwCG(Um(p)r Z, R)' (3)
Let m—>c. Then by (2) :

Wee(D, 2, R)<lim V. (v,.(p), 2) =woe(D, 2, R)- (4)

Hence hm Vm(Um(p)’ vz)‘:wCG(p; z, R)

Now V., .(v.(P),2)=0 on (G~OR,)—v,(p)+0ov.(p) and =w(v,(p), ?, R)
on (0G~R,)—v,(p). Hence w(v,(p), 2, R,)—V,, .(vn(D), 2)=0=w(v.(p),2, R,)
on (0G~R,)+(0R,~G)—v,(p) and w(v,(p), 2, R,)—V, .(v.(D), 2)=1=w(v,,
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(p), 2, G~R,) on v, (p)~G~R,.
Hence by the maximum principle
WD), 2, By)— Vo o(0n(D), 2) =w(vn(D), 2, G~ R,).
Let n—>o and then m—>oco. Then by (3) and (4) \
w(p, 2, R)—wee(p, 2, R)=w(p, 2, G).

Proof of c¢). Assume ., cw(D 2, R)>0. Then ..(im.cw(® 2 R))
=w(p, 2, R). Let ﬁn(z) and (\jn(z) be harmonie functions in R, such that
ﬁn(z)=w(,p,z,R), E’n(z)zo on oR,~G and ffn(z):O, ﬁn(z):w(p, z, R) on
dR,—G. Then U,(2)+ U (2)=w(p,2,R). Clearly U,(2)<w(p, 2, R) and U,(2)
=w(D, 2 B)Zines,cw(D, 2, R) on 3R,~G. Hence w(p, z, R)=Tm U,(z)
=1im U,(2)=..,6(inee,cw(P, 2, B))=w(p, 2, R) and 7

lim U,(2)=w(p, 2, R) and lim U,(2)=0.

Similarly as above lim Tj'n(z)zmm,ww(p, 2, R). Hence ,,,., ccw(p, 2z, R)=0.

Proof of d). Assume woe,,, (D, 2, R)=w(p, 2, R). Then by (3)* w(p,z, R)
_is represented by a mass distribution # on Cu,(p) and by (4)* w(p, z, R)
=aK(z,q): qeCv,(p) and a>0. Now w(p, 2z, R)=a'K(z, p) and by K(p,, »)
=K(p,, 9)=1, a=a’ and K(z, p)=K(2,9). This contradicts p==q. Hence
w(p, 2, R)—we.,,o(P, 2, B)>0 i.e. v,(p) contains p K-approximately.

Theorem 4. a) Let G be a domain containing a point pe B, K-
approximately. Then w(p,z, G)>0. Map the universal covering surface
G~ onto |£|<1. Then w(p, 2, G) has angular limits=1 on a set E of
positive measure and has angalar limts=0 on CE almost ever’ywhere.’
Let U(z) be a Poisson’s integrable harmonic function in G. Then U(z)
has angular limits=const a.e. on E.

b) Let G be a domain in a). Then there exists mo mon constant
analytic function of bounded type in G.¥

¢) Let v,(p) be a netghbourhood of peB,: u.,,(p):E’[ze R: 5(z, p)<l-:l.
n

Then v,(p) contains p K-approximately and by b) there exists mo mon
constant analytic function of bounded type.

Proof of a). BY ..cw(p,z G)=w(p, 2 R), ., cw(p 2 G)=a w(p, 2 R):

8) Z. Kuramochi: Dirichlet problems on Riemann surfaces. 1. Proc. Japan Acad. 1954.
The characteristic 7'(2) of an analytic function A(z) on a Riemann surface R can be defined.

If T(z)<oo, A(z) has angular limits a.e. on [¢|=1, where || <1 is the image of the universal
corering surface R> of R.
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a>0 by the K-minimality of w(p,z, k). We show that w(p, 2z, G) (>0 by
the assumption and by Theorem 3. b)) is K-minimal in G. Suppose there
exists a positive harmonic function U(z) such that U(z)=w(p,z?, G). Then
o, e UR)=.s.cw(p, 2, G)=a w(p, 2z, R), whence by the minimality of w(p, 2, E),
U(z)=b w(p, 2, R): b>0. Hence

U(z):inex,G(cx,GU(z)):in.ex,G(ex’,Gb w(p! Z, R)): % w(p’ 2, G)-

Hence w(p, 2, G) is K-minimal in G. Similarly as b) of Theorem 3, w(p, 2z, G)
has angular limits=1 on a set E of positive measure on |€]=1 and has
angular limits=0 a.e. on CE. Next as ¢) of Theorem 1, it is proved that
every Poisson’s integrable harmonic function U(z) has angular limits
—const a.e. on E.

Proof of b). Let A(z) be an analytic function of bounded type. Then
ReA(z) and ImA(z) have angular limits=const a.e. on E. By mes E>0
and by Riesz’s theorem A(z) must be a constant. Hence we have b).

Proof of ¢). By Theorem 3. d) v,(p) contains p K-approximately.
Hence we have ¢) by b).

et,G

PART II

The present part is an application of the previous paper ‘Potentials
on Riemann surfaces’.

N.Martin topology. Let N(z, p) be a harmonic function in R—R,
with one logarithmic singularity at pe R—R, such that N(z, p)=0 on oR,

* . i
and N(z, p) has the minimal Dirichlet integral over R—R, We use
N(z, p) instead of K(z, p) of K-Martin’s topology. Then we have N-
‘Martin’s topology. The distance between two points » and ¢ of R—R,
is given by '
N(z, p) N(z, q)
a(p,q)= su ! — .
| ® D= 215 NG » 1+ NG 0

We suppose that N-Martin’s topology is defined on R— R,. We use the
same notation as in the previous paper and refer the theorem in “Potentials
on Riemann surfaces” with P. o

4. Theorem 5. (Separation theorem S. 1). Let G, G, and G, be non

compact domains such that GDOG,, GDG, G, ~G.=0 and let B’ be a closed
subset of B. If C.P. o(G;~B’,2,G)>0 and o(G,~B’,z, G—G)” >0,

then o(G,~ B, z, @+ o(G,~B, z, G) for any domain GG,

9) See the definition of w(G:~B*, 2,G) of ‘“Potentials’’.
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where w(B'~Gy, z, G)=lim o(BL~G,, 2, @) and B,’,:E[ze R: oz, B)< l].
n . n

Proof. For simplicity put o' (2)=w(G,~B’,2,G) and 0*2)=w(G,~B’,
2,G—G,). Then () (=1, 2) has properties from P.C. 1 to P.C. 7.1

Put Q=E[2¢G: 6<o*(z)<1l—¢c], and let C; and C,_, be regular niveau
curves of w*(z). Since 2'~G,=0: Q'=FE[2¢G: 0*(2)>6], 0'(z) has M.D. L
over 'O by P.C. 1. Then by Lemma 1. b) of P (we abbreviate Poten-
tials on Riemann surface by P) o}(2)=>0'(z) (=>means convergence in mean
and convergence), where w}(2) is a harmonic function in 2’ ~R, such that

wi(z)=w'(2) on 89’ ~R, and —58-—w},(z)=0 on 3R, ~0".
n
Let »;(?) be a harmonic function in B,~Q such that w(z)=w*z) on
9Q~R, and f_w:(z):o on 6R,~02. Now oX2)=w(Q_., 2, G—G,) (1—é) in
n .

CQi_.: Q{;szE[zeG: w*(2)>1—¢] by P.C.4., whence by 2~Q]_.=0 w%z)
has M.D.I over 2. Hence by Lemma 1. b) of P wi(2)=>0%2) as n—>oco.’

Now [ %w;(z)ds= f %w;,(z)dko: f %w},(z)ds

C5~Ryp » ARp~0Q’ (27— Q)~0Ry,
= f _ —a—w,},(z)ds,
Ciwen By an
whence f @2(z) ai wi(z)ds
n

Cé~Ry,

— f 03(2) -2 wiz)ds=0.
Ci_~Rp an

Hence by the Green’s formula

1 a 2 - 1 a 2 )
f ()L wi(@)ds = f () wi(@ds. ()

Cé~Ry, C1_~Rp

Since C,_. and C, are regular, 0<wl(z)(<1)—>w'(z) and %wﬁ(z)»
n

Fig. 2

aia)z(z) on C;+C,_, imply by Theoyem 8. a) of P
o : .
| ) 1[ wl(z)—é%—wz(z)dSZ C[ wl(z)%w%z)ds. (6)
. 1 . 1 a 2‘ a 2 — 2
Since C,CR and o'(2)<1 in R, fcu () — w*(2)ds <f——w (2)ds= D(0%2)).
: Cs on Cs on ‘

Hence there exists a constant ¢,>0 depending only on w'(z) and C, such
that

10) See 9).
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| f wl(z)aiaﬁ(z)ds <(1—e)D(a(2)). (7)
’ Cs n

Now ¢ is arbitrary so long as C,_, is regular. We choose ¢ so that

O<e< % Now w*(2)=1—¢ on C,_,, whence by (6) and (7) we have

f o¥(2) ainwz(z)ds —(1—¢) f ain w¥(2)ds =(1— &) D(0*(2)) > (1— &) D(w*(2))

1—¢

- 0[ wl(z)ainaﬂ(z)ds= 1[ wl(z)%wz(z)ds.’

This implies 0!(2)30?(2).

Put &'(2)=w(G,~B’,2,G) and &*2)=w(G.~B’,2,G). Then by G2G
and GDO(G—G,) &(z)=w'(z) and D(&'(2))<D(w'(2)) (=1, 2)!. Consider the
same regular niveau curve of w?*(z). Then by @'(2)<1 in R, there exists
a constant g, such that f a’)l(z)a—i—wg(z)ds<(1—80)D(w2(z)).

Cs

*

Similarly as above

L i 2 — [ m 0 1
0[ &(2) 2 wH()ds - 1[ 52) 2 (a)ds.

Eo

Choose 0<e< 5 such that C,_, is regular. Then

f &'(2) ain wX(2)ds = Cf &'(2) -(—a%wz(z)ds <(1—&,) D(w¥(2)) <(1—¢) D(*(2))

i 1[ wz(z)—a%wz(z)ds__é; [ a%(z)ainw2(z)ds.
Thus &'(Z)&%(2). :

Theorem 6. (Separation theorem. S.2). Let G, G, and G, be non
compact domains such that GOG, DG, and let B’ be a closed subset of B.
If o(Gi~B',2,G)>w(G,~B’,2,G)>0, we can find domains D, and D, in G

11) Put B,’,=E[zel_i’: oz, B’)é%]. Let wn,n+:(2) be a harmonic function in (G~Rn+:)
— B, such that Wn,n+i{2)=0 on aGARnﬁ, tg;b‘a)n,n+i(2)20 on 0Rn+s~(G—B)) and wn.n+i(2)
=1 on B). Let @ny,n+i(z) be a harmonic function i’n (gf‘\RnH-)—-B;, such that @n,n+:(2)=0
on aé‘aRm,%wn,m_i(z):o on 9Rn+s~(G—B.) and @n,n+i(2)=1 an B’. Then D(@n,n+i(2))

§D(q)n,n+i(z)). Let ¢—oc ond then n—c. Then Gn,n+i(z)%>ai(z) and wy,+i()=>w'(z). Hence
D(@%(2)) =D(w¥(2)) and D(@(2)) < D(w(2)). |
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such that D,DD, and that 0<w(D;~G,~B’, 2 G)*Fw(D;~CD,~B 2 G)

>0 for any domain GOG. ’ ' .
Proof. For simplicity put o'(z)=w(G,~B’, 2, G) and «*(2)=w(G.~B’,

z2,G). Let DIZE\:ZGG: V(z)> —%l—] and D2:E’|:zeG: V(z)> g%[—j],_where

V(2)=w'(2)—w*(z) and M=sup V(2).
ze G
At first we remak
| DICDZw:E’l:zeG: zuz(z)<1——]l3£:l,
3
because if wz(z)gl—%’l—, V(z)g—]g by »'(z)<1.
Hence by P.C.2. \ :
o(Gy~B’' ~Di, 2z, G)=0 and by D,CDx we have w(B'~D,~G,, 2, G)=0.
. . 3 3
Whenece by o(D;~G;~B,z2, G)+ o(CD,~G;~B', 2, G)=w(G,~B, 2, G)
=w(Gy,~CD,~B’, 2, G), we have ‘
0 (2)=w(Gy~B, 2, G)=w(G;~CD, ~B’, 2, G). | (8)
Put Qn,n+1,n+i+j:(D1’“Rﬁ+i+j)"(G1”'\(D1“Dz)/\BalnH)_(Ba’:”\Dz):
where B;:El:zel—iz o(z, B Y=< —1—]
n
Then by G,~CD,~D,=0 and by Qo e ~(CD;~Gy)=0 *(2)(=w(G,
~CD,~B',z,G) has M.D. L over 2, ,.(=lim Qo ns i nrivs) With value o*(2)
on an,nﬂ.(:(8D1—i—a(B"nH.m(Dl—Dg)mGl)+a(1§;mD2r\G1)) by P.C:2. Hence
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W noi,nris (R)>0%(2) a8 j—>o0, ' -
where 2 ,.; n+:+4(2) is a harmonic function in 2, ..: n+isp such that
Wity weie () =0'(2) ON by nei~Rysi, and _(%w,, weiinsis (2)=0 on 3R,...,
A~ s

Similarly 2, ...~[Gi~{Bh.:~(D,—D;)+(B,~D;)}]=0 implies- that
o'(z) has M.D. 1L over 2, ,,; with value o'(z) on «, ,.,. Hence
WL s, nris (2)=>0N(2) BS j—> o0,

where @2 ,.; ..:+,(2) is a harmonic function in 2, ,.i neis; such that

0
w'}»,n+i,n+i+]’(z):wl(z) on an,n+ir\Rn+i+j and %‘wn n+i n+z+y(z)=0 on a-Rn+1.‘+j'

/\Qn,n+i' Thus

w'}»,fu-i n+i+j(z) (0,, n+, n+z+](z) Vn n+t, 'ﬂ,+l+](z)=>V(z)—w1(z)—w2(z) as j—)oo.
Let @, n.s ne:.,(2) be a harmonic function in 0, ,.; ..., Such that
a’n,‘n+l,’n+l+](z) 0 on aD /\agn n+i,n+i+j2 wn n+1 n+z+](z) 1 on a(‘D2/‘\G /\B'll’l)

and —ég’wn,n+z,n+z+1(z) 0 on aRn+1+J ‘Qﬂ "+1+J+aB”+1A(D D3)/\G
n

Then D(@,, vconve A2) = 1 DV(R)) <o,

because V'(z)= 13‘[ <V(z)—__) 0 on 3D, V(z)=1 on Dy(o>(Dy~G,~BL))

and @, .: ».:.52) has M.D.L over £, ,.; ...; among all functions with
value @, ,.s n+:s(2)=min(1, V'(2)) on a, ..
Hence @, ,.;, nris f(R)DD, o, i(2) B8 J—>00, By 4. i(2)>D,(2) as 1—>o0 and
&,(2)=>0(Dy;~G,~B’,zD,) as n—>o. 9y

Let cu,, net.nriss(Z) be a harmonic function . in 2, ..: neie; such that

——g’)’:wn’"+i’"+i+j(z)'—0 on ‘Qn,n+i aRn+¢+_7 and « wn n+1i, n+z+](z) mln<V(z) 2]?”>

on aQn‘,n+'L’,n+i+j_aRn+i+j'/ :

Put T(z)=V(z) in D,—D, and:%l in Qn..iniis;~D;. Then by the
Dirichlet principle
' D(@s, nsi, nﬂw(z))<D(T(Z))<D(V(z))-
Hence 1t can be proved by Lemma 1, ) of P that

~
~

w'n n+i, 71+l+](z) = (l)n n+1,(z) as -7_>OO

Compare wn,n+1.,n+z+](z)+wn,n+z,n+¢z+](z) and Vn,n+z,n+1.+7‘(z) in Qn,n+i,n+i+j~
Then , .

5n,’n+i, n+i¥i(z)+a}n, n+, n+z+](z)z Vn,n+i,n‘+i+‘j(z) on 3D1,'



94 Z. Kuramocht

by an,n+i,n+i+j(Z):O a’nd 2;;n,n-x»i,n+z‘+j(z):V"n,'n+'L',n+i+_7'(z):_3Jl'4.“ on a‘Z)l'

zn,n+i,n+i+j.(z)_|_'an,'n+i,n+i+j(z)zvr'n,n+i,n+i+j(z) on a(B:n+i/\(D1_D2)AG1)"
BY G nvtyneie &=V =V st mers (@), because V(=2 on (Bl ~(D;

—D,))~G,). Hence

&;n,n+i,n+i+j(z)+a)n,n'.+i,n+i+j(z)_2_lgv(z):Vn,1z+i,n+i+j(z)‘ on a(D2AD1/\B;)’
by @, p.inei+(2)=1 and V(2)=1 on o(D,;~G;~By).

0 ~ 0 ~ 0

%wn,n+i,n+i+]’(z :—a;wn,nn,nm;j(z):%‘Vn,nwmwﬁ(z)zo
. . on a}2n+i4—j/‘\‘gn,n+1:- '

Hence by the maximum principle

~
~

wn, n+1, n+i+j(z)+an, n+i, n+i+j(z)g Vn, ﬁ+i, n+i,+j(z)_°
Let j—>o. Then
az)n, n+i(z)+ajn, n+z(z)£w1(z)—w2(z) = V(z)'

—~
=

Choose a subsequence {7’} such that wn,n+i(z)—>5n(z). Further choose a
subsequence {n’} such that @,(z)—&(z). ,
Assume o(D,~G,~B’,z, D)=0. Then by (9) @(2)+w(D;~G,~B,z, D,)
=V(z) and '
2M>’~" . —
S =w(z)=V(z): sup V(z)=M.
This is a contradiction. '
Hence w(Dy~G,~B', 2z, D,)>0. | ‘ (10)
Now by (8) 0¥ 2)=w(Go~CD,~B’,2,G)>0. @Ay
Since (G,~CD,)~D,=0, S.1. is applicable to (10) and (11) and we have
o(D;~G,~ B, z, §)F&(G,~CD,~B', 2, G).

Thus D, and D, are required domains.

5. Singular points. Let pe R—R, Then N(z,p) is N-minimal and
its C.P. o(p,2)=0 and N(z, p) likes —log |z—p| in a neighbourhood of p.
Hence if w(p,2)>0 for a point peB, it is imagined that N(z, p) and
other function take queer behaviour in a neighbourhood of p. If w(p, 2)
>0, we call p a singular point and denote the set of singular points
by Bjs (see Theorem 7). We call a singular point p a singular point of
first or second kind according as H. M. (harmonic measure) of p: w(p, 2)
=0 or >0. It is clear w(p, 2)=w(p, z). It can be thought that such a
large set 4 as C.P. w(p,2) of p>0) is condensed so intensely by genus
in a neighbourhood of p that 4 may become one point p in N-Martin’s
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topology. In other words, p is larger, the more complicated the structure
of p is, and the more queer the behaviors of functions are in a neigh-
bourhood of p. As an answer of problem 2, we use the notion singular
point. In the present paper the discussions of singular points play the
central part. |
Let G be a domain'® in R—R, and let o(p,z) be C.P. of a singular

point. Let ,sw(p,2) be .a superharmonic funetion in R—R, such that
cc®(p, 2)=w(p, 2) in CG and ,ew(p, 2)=0 on 9R, and harmonic in G with
M.D.L. over G. If ,c0(p, 2)<w(p,2), we say that G contains p N-appro-
ximately. : .

Theorem 7. a) Suppose that a domain G contains a singular
point p N-approximately. Put Vi=E[zeR: ,qo(p,2)>M] (V5 may be
empty). Then there exists a constant M,<1 such that

o(p~V5, 2)=0 for M=M,,
where w(p~Vi, 2) is C.P. of p~V5: o(p~V§, 2)=lim w(v,(p)~VE, 2).

b) Let v,(p) be a neighbourhood of p: pe Bs such that un(p)zE[zeE:
d(z, p)gl]. Then v,(p) contains » N-approximately. '
n

By d) of Theorem 9 of P, there exists a number n such that (v.(p)~R)
CVu(p) for any given M<1, where Vu(p)=E[2¢R: o(p,2)>M]. But
the inverse is mot always true. Now as an almost inversed theorem, we
shall prove the following : ’
¢) For any given v, (p): pe By ,
(Co,(P)~V y(p),2) | 0 as M—>1.

This means that {v,(p)}: n=1,2,--- is almost equivalent to {(Vau,(0)}:
M, <M,--- lim M,=1.

Proof of a). If cw(p,2)=0, our assertion is cléar. Suppose czw(p, z)
>0. Then s0(p,2)>M on Vi~v,(p) and 1¢.,.m(cce(P, 2))*® and (v, (p)

~V, 2) have M.D.I. over R—R,—(v,(p)~V5E). Hence by the maxir;um_
principle

| 0e®(Ds 2)= v min(ca®(Ps 2))=Me(v,(P) ~ V', 2).
Let n-—>oc. Then (P, D)=Mw(p~VE, 2).
Now w(p~V4, 2) has mass at only p by (p~V5)CTp by Theorem 5.b) of
P.ie. |

12) See 5). .
13) See ‘‘Potentials on Riemann surfaces’’ for the definition of Vy~en(ccw(p, 2)). -
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o(p~V, z)—K w(p, z): K=>0.
But by P.C.2. supw(p~V%, 2)= 1-—sup o(p, 2). Whence K=1 and

zZe R

o(p~Vg, 2)=w(p, z). Assume o(p~Vi, z)>0 for every M such that M <1.
Then by letting M—1

o60(D, 2)=lim Mo(p~V, 2)=a(p, 2).
: M1
This contradicts the assumption. Hence we have a).
Proof of b). Assume g, mo(p,2)=w(p,2). Then ovﬂ(mm(p, z) is N-
minimal and by Theorem 5. b) of P .,»o(p, 2z) is represented by a mass

distribution # over R—R,—v,(p) and by Theorem 9. a) of P g,,m»o(p, 2)
—a’N(z,q): @’ >0 and g¢v,(p). On the other hand, by o(p,2)=a N(z,p):

a=>0 and by fiN(z, p)ds—f-——N(z p)ds and by supw(p, 2)=1

=sup w(q, 2), We have N(z, p) N(z g@). This is a contradlctlon Thus

z2e R
o(p, 2)> Cvn(p)w(p: 2). ' :

Proof of ¢). At first, we remark w(p/\CG) 0, if G contains p
N-approximately. In fact, assume w(p~CG,2)>0, then by PO (p~CG),
o(p~CG, z) has mass only at p, i.e. @(p~CG, 2)= Ko(p, z). But by P.C.2.
sup o(p~CG, z2)= 1—sup o(p, ?),

zZe R

hence o(p~CG, 2)=w(p, 2). , (a)
By d) of Theorem 9 of P, there exists a neighbourhood v,,(p) such that
o(p, 2)>1—e in v, (p) for any given positive number ¢. Hence by the
r’;laximum principle
(1—e¢) o(v.(p)~CG, 2)= 1y ~0c@(D; 2) =ceo(D, 2),

because w(p,2)=1—¢ on v, (P)DV.(P)~CG) implies om(oy~ca®(D, 2) =o(D, 2)
>1—¢ on v,(p)~CG. ’

" Let v,(p)—>p and then ¢>0. Then w(p~CG,2)=c0(D, 2). Now by
(@) cew(p, 2)=w(p, 2). This contradicts w(p, z)>Cch(p, 2).
Hence w(p~CG, z)=0. (12)
By (12) and by o(p~CG, 2)+w(p~G, 2)=w(p, 2) We have w(p~G, 2)=w(p, 2)
and by peV,_(p)=FE[2eR: o(p, z)>1—s] we have

o(p, z)——w(pmV (p)~G, z)>0 whence V. (p)~G is non 'vozd (13)

By Theorem 7. a), there exists V§, such that o(Vi,~, z) -0,
where V4 =E[2¢R: go0(p,2)>M, and M,<1]. (14)
At present fix M,. Then by (18) and by (14) and by -
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Vi..(P)nCcG P~V (p)~G~CVi, 2)
+w(pAV1—s(p)AVflnAG7 z)
///// Z(D(pf\ Vl—a(p)/-\Gr Z):(!)(p, z)

C we have
w(p, z)=a)(p/\ Vl_g(p) /\CVlﬁo/\G, z)
and CVE,~ V. (p)~G~v,(p) ‘
Fig. 4. ' is mon void for every V. (p). (15)
Put V=CVg,~V,_ (p)~v.(0) and G=v,(p) and we shall prove c).
Since v,(p) contains p N-approximately, (12), (13), (14) and (15) are valid.
Let a()=w(V,2,G) be C.P. of V relative G. Since @(z) has M.D. L
G—V among all functions with value=1 on V and=0 on 4G : v,(p)=G -
. D(Z)(z))gD(min(l, 1‘1’ (ﬂp/_) 8>>§(1 ﬂ} —: D/ (0, 2) (16)
where o'(p,2) = w(p, z)—CGw(p, z) and w (p, 2)=1—M,—ec on (G~V,_(p))— Vmo
and=0 on 0G.

, Put @&(z)=1 in CG and w(z) 1—&(z) in G. Then @(z)=0 in V and
&(z)=1.in CG and

D(@(2)) = D((2)) < oo.
Consider w*(z)=min(a(V,_.(p),2), &()). Then w*(z)=0 on 9R,+V and
®*(z)=1 on CG~V,_[(p) and
D(w*(2))=D(o(V,_(p), 7))+ D(a(?)),

because |2 (2) gmax< do(V,_(p), )| i@(i)\)
ox | ox ox |/ |
and 18_“’*_(3) = max(‘ 0w(V,_(p), 2) |00(2) )
oy T ay l oy

Let @(2)=(V,..(p)~CG, 2z, R—R,— IN/') Then @(z) has M.D.I. over
R—R,— V (V,_(p)~CG) among all function Wlth value=1 on V,_.(p)
~CG and=0 on 8R,+adV, whence

D(w(2))=D(w*(2)) < oo.
Assume limw(V,_.(p)~CG,2)>0, where D(w(V (P)~CG,2)) < D(a(V,_(p),?)
:W. Then by the Dirichlet principle

0<D((V_(0)~CG, 2)) <D(w(V;.(p) ~CG, 2, R— R,— V")) < D(w*(2)).



vo Lie DNUWTAMTOCILY

Hence _

o(V,_(p)~CG, 2, R— R,—V)=>a(2)>0 as ¢—0, - (16)
where @(z) is C.P. defined by sequence v,. e(p)f\CG} 1=1,2--. and
hms =0. (see 4 of P).

Let C; and C,., be regular niveau curves of @(z) and put Q-
=E[2e R—R,—V: 6<@(2)<l—e] and Q,=E[2¢R—R,—V: a(2)>5].
Then o(p, 2)(=w(V ~p, 2)) by (15)) has M.D.I. over R—R,— V by (V/\p)
~(R—R,—V)=0 by P.C.1. . :

Hence Wy (2)=>w(p, 2) as n—>oo,
where ,(2) is a harmonic function in 2, ~(R,— R,) such that wi(z)=w(p, z)
on 02,~R, and%w},(z)zo on oR,~0;.

Since by (16) @(z) is C.P., wi(2)=>a(2) as n—> o,
where () is a harmonic function in Qi+~ (R —R,) such that w,,(z)—.&?(z)
on 02 *~R, and ——-—w,,(z) 0 on oR,~ 05

on

Hence by the Green’s formula. and by letting n—oco, we have by the
regularity of C, and C,_.

J oo, )L ()= f o, )L (e (17)

w(p, 2)<1 on C,, whence there exists a constant & such that f o(p, z)

—(z)ds- <(1—e))D(@(z)). Above (17) holds so long as C._. is regular.

Choose e<E": Then

.

f (D, z)—%’d)(z)ds: f o(p, z)iﬁ(z)dsg(l—so)p(ﬁ(z))<(1—s)D(ﬁ(z))
n .

(ol } Cl—s

f w(z)—a)(z)ds , (18)

Ci—s

On the other hand, w(p,2)>1—¢ on V,_.(p). Hence by the r;aximum
principle

o(p, z)>(1—6')w(V1 «(p), 2)=(1—¢") o(V,_.(p)~CG, ?)
>(1—&)o(V,_o(p)~CG, 2z, R—R,— V).
Let &—0. Then o(p, 2)=w(z). This contradicts (18).
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. Hence lim w(V,_.(p) ~Cu,(p), ) =0.
e 0
Let F be a closed set of positive capacity in the z-plane and let
o(F') be a neighbourhood of F. Then w(F,z)>0 implies w(F,z, v(F))>0
by sup o(F,z)<1l. We show that G has the same property, if G contains

ze dv(F)
pe Bg N-approximately.
Theorem 8. a) Suppose that G contains pecBg N-approximately.

Then there exists a domain V in G such that a)(V/\p, 2,G)>0 and

" D(w'(,2) _
D( (V G))<(1 M—-e)2< ,

1—e>My>0 and o'(p, 2)=w(p, 2)—ceo(p, 2)>1—M,—e>0 in V.
a’) Conversely if there exists a domain V in G such that 0<

where M, and ¢ are constants such that

D(w(pfﬁ, 2, @)) <o, then G contains p N-approximately.

b) Let V be the domain a). Put Go=E[z: o(V~p, 2, G)<s: 0<s<1].
Then ‘
o(V~p, 2, ) =w(p~CGs, 2, §)=60(CG;, 2, G) in G,.

¢) If G contains a singular point of -second k'md there exists a

domain V in G such that
oV ~p, 2, =w®~T, 2 G)>0 and D(w(V,z, G))g%p’—z)))z

d) Let v(p) be a meighbourhood of a poznt pve Bs. Then v(p) contains
» N-approximately by Theorem ?, b). Hence a) and ¢) are valid for v(p).

e) If G contains pe By N-approximately, CG does mot contain p
N-approximately. .

) If (:=1,2,..--1%)) contains pe By N-approximately, then ﬁ G,
contains p N—apprommately ‘

Proof of a). By a).of Theorem 7, there exists a domain V= CVi,
~V._(p) such that V§ =FE[zeR: ,z0(p, 2)>M,]: 1>M,>0 and w(p~ Vi)
=0.. Then

@' (p, 2)=w(p, 2)— ce(p, 2)>1—M,—e>0 in V/'\G/\Un(p) and 0 on oG for
every m by (15).

Since w(V z,G) has M.D.I. over G—V among all functlons with Value
0 on 4G and 1 on 4V, :

%}%Zp@(v 2, G)=D(eX(V ~v.(p), 2, G))>0,

because o'(p;2)>1—M,—¢ on V and=0 on 4G.
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On the other hénd by the Dirichlet principle and by (15)

D(w(V 2, ) =D(o(V ~v,(p), 2, G))=D(X(V ~v,(D), 2))>D(w(Vmp, 2))
= D(w(p, 2))>0.

Let n—>oo. Then o(V~p,2 G)>0. Thus V is the required domain.
Proof of a') Let Cu,: M,<M,<1 be a regular niveau curves of
o(p~V, 2 G) such that

f 9 (p~T, 2 Gds=D(a(p~T, 2 G)).

NOW ce@(D, 2) is harmonlc in G (yeuw(p, z) is harmonlc in G and has M.D.I.
over G). Hence

C’Gwn(p’ z)écaw(p, 2) as n—>oo
where q0,(p,2) is a harmonic function in Q3 ~R, such that 0.(p,?)

=ce0(D, 2) on 023:~R, and —aa—mwn(p, 2)=0 on oR,~Qi2: Qir=E[zeG:
n

M, <w(pm17 2, G)<M,]. o :
Also o(p~7, z,nG) has M.D.I. over 23, whence w,(p~V,z, G):>a)(p/-\17, z, @)
as n—> oo, where w (p~V, 2, @) is a harmonic function in 2%~ R, such that
o, (P~ V, 2, G)=w(pm17, 2,G) on 0Qw*~R, and —a%con(pmv, 2,G)=0 on
Q32 ~0R,. Then

f ca@a (D, z)%wn(p/\ V, 2, G)ds—_—f ce@a(D, 2) —a%wn(p/\ﬁ, 2, G)ds.

Cmr~Bn . ‘ C My~ Rn
By letting n— oo and by Theorem 6 of P and since cqw(p, 2) <1 on Cu,~R,
there exists a constant g, such that

D(w(p~T, 2, D) —5,= f e z)——w(p/-\V 2, G)ds

Ca
—f ca (D, z)———w(p/\V z, G)ds.
0"7;[2
Hence
lim | ceo(p, 2) —a— w(~V, 2, G)ds<D(o(p~V, 2, G))—d,. (18)

Mz)
M2

On the other hand, w(p~V,z2, G)—>1 on CM, as M, % 1 and by o(p, z)
>w(p~V,z G) we have
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lim [ o, 2) -2 w(p~7,2 GQds=1lim [ M, w(p~V, 2 Gds
Mg 1 . . on Mz.ch on

= D(w(p~V, 2, G)). (19)
(18) means by (19) that sce(p, 2) <wo(p, 2). Thus G contains p N-approxi-
mately. v :
Proof of b). D(a(V~p~Gsz G)=D(wV,2G)<c and by P.C3.
w(Vmpr\G,,, z,G)=0. Now

A P~T G, 2, )+ (0~ TV ~CGs, 2, D= (p~ T, 2, ) =0(p~V ~CG, 2,G).

Hence o(p~V, 2, =0~V ~CG,, 2, G).
o(p~ 17, z,G)=0 on 3G, and has M.D.I. over G—(un(p)meCG,;) for every n.
Hence wo(p~V, 2, ) =w(CG;, 2, G).

Proof of ¢). We use the same notation in as ¢) of Theorem 7. Put
VS =E[zeR: ,w(p,z2)=M,] and suppose that o(p~V5,2)=0.  Let
wee(p, 2) be a function such that wa(p, 2)=w(p,2) in CG and wee(P, z) is
the positively least harmonic function in G. Then Woe (D, 2) Zceo(P, 2) by
w(p, 2)=w(p,z). Put Vi°(p)=E[2¢R: w(p,2)>1—¢] and Vi_(p)=E[zeR:
o(p, z)>1—¢]. Then

| VE(®CV._(p).
By P.H.5,
wP~GA~V(D), 2) +w®~G~CVi_(p), 2)
+w(p~CG, 2)=w(p, 2)=w(p~G~Vi_(Dp), 2)-

Now w(p~CG, 2)=w(p~CG, 2)=0 by (12) and w(pmGr\CV{”_s(p),,z)zo by
P.H.3. Hence

w(p, 2) =w(P~G~ViL(D), 2). (20)

Next w(p~VE,~G, 2)=w®~V5, 2)=o(p~Vi, 2)=0, whence '
0 <w(p, ) =w(®~G~(ViL(D)— Vi), 2). (207)

Thus 0, (D) ~GA~(VE(0)—VE,) is non void for every v,(p). (21)

w(p, 2) —wee(p, 2)>1—M;—e>0 in G~V (0)—VS%,) (non void) by
Wee(Dy 2)=cew(D, 2) <M, in Vi, Hence
- w(p, 2)—Wea(D, 2)> 0. | (22)
Put 8,,(p) =v,(0) ~G~(VIZ(0)—VS,). Then s,(0)~G~(ViL(p)— Vi)
- ~(G—s,(p))=0. Hence by P.H.1. and by (20" ' ’
w(p, D)(=wO~G~(ViL(p)— Vi), 2) =lim wa(2),
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where w,(z) is a harmonic function in (G—s,(p))~(R,—R, such that
wi(2)=w(p, 2) on (6G+0s,(p))~R, and wi(z)=0 on oR,~(G—s,(p)).

Since w(p, 2) is the positively least harmonic function in G with ccW (P, 2)

=w(p, 2) on dG, by P.H.1. w..(p, z)_llrn wi(2), where w:(2) is a harmoniec

function in (G—s,(p))~R, such that wn(z) Wee(p, 2) on (GG—}—asm(p))mR
and wy(?)=0 on (G—s,,(p))~0R,. Hence
1> wi(2) —wi(z) =w(p, ) —cew(p, 2)>1—M,—¢c on sm(p) and w,,(2) —w;,(2) = O
on (G—s,(p))~oR,. |

Let w}(z) be a harmonic function in (G——sm(p))r\R such that w}(?)
=0 on 9G+oR,—s,(p) and wX*(z)=1 on 8s,(p)~R,.
Then by the maximum prineiple

W (R)=w,(2) —wi(2).
Let n—oco. Then w(s,(p),2, G)=w(p,2) —wss(p,2). Let m—>oo. Then by (22)
- w@AGAVD) = Vi), 2, ) =w(p, 2)—wee(p, 2)> 0. (23)

By o(p, )=w(p, ?), o'(p,2)=0(p,2)—cq0(p, 2)>1—M,—¢ in Vi (20) Vi,
and o'(p,2)=0 on dG. Hence by the Dirichlet principle

Dop~GA (VD)= Vi), 2 D= DAV (D)= Vi 2, = 2P D). (20)

Hence by (23) and (24) G~ (V. (p)—VE,) is the required domain.

Proof of d). v,(p) contains p N-approximately by b) of Theorm 7,
hence we have d). ‘

Proof of e). Suppose G and CG contain p N-approximately. Then
there exist V and V' in G and CG respectively such that w(p~V, z, G)
>0 and 0<w(p~V’', 2 CG)=w(p~CG,z). On the other hand, by (12)
o(p~CG,z)=0. This is a contradiction. Hence we have e).

Proof of f). Since G, contains p N-approximately, by a) there exists

é. domain V in G, such that V CVM“/\V1 +(®) and 1—M, ;—¢,>0 and

o> D(a(V, 2, G = D((p~ V,2,G)>0: i=1, 2, e g
By the Dlrlchlet principle '

D(w(VIAVMo is %, ZG )) D(w)Vly Z, 1)) < oo, ?::2»' %y iO’
because ( Vlr\ Ve, ) V, and ZGiJGI. Similarly
DT, ~CVo_ (0), 2, G ) =D(w(Vy, 2, Gr)) < 00, =2, +, 4y, °
: 1

%
Hence by the maximum principle \
o(p~ Vr\Vi'o,e, 2, %Gi)§a)(p/\ Vite»2)=0 by Theorem 7, a) and
1
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oP~FACV,.(0), 3°6) S0(p~CV,_(9),)=0 by P.C3.
Hence by CIZC(VJ.?}”—I—CV —.(p)) and by the Dirichlet principle
D(o(p~V,~CP,, 2, ﬁGi))§D(w( V1 2,G)) <o and w(@~TF~CV, 2, gG)
=o(P~ Vi 2)+o(p~CV,_ (D), 2)=0. i=2---,1,
Hence by P.C.5. o~ Fin(3ICT), 7, ﬁG.):o

~ i0~

On the other hand,.by V,~{((}¥)+7V,~(3CP))=7,
(P~ Vlf\(ﬂ V), 2 ZG ) to(p~ V1A(ZCV) 2, ZG )
Zo(p~ T, 2, 36) =0~ T, 2,G)>0. Hence
o(p~((17, 32G)>0 and D(w(p( (7.2, SG) <. (25)
Put w(z)=min (@(¥, 2, G)). Then D(w(z)= ﬁD(w(f/i, 2, G)) < o,

gmax< @’_(ELZ’_G) and |92 (z) <max<‘ 8w(V,, 2, Gi)[>.
Now w(z) is a contlnuons funection in (ﬂG) (ﬂV) such that w(z) 0 on

a(ﬂG) and w(2)=1 on (ﬂV) Hence

because Mz_)

0<D(w((1¥, 2 (IG)=D(w(@) <.
1 1 N
Whence by the Dirichlet principle and by ( ﬁG-)C(ﬁG‘) and by (25)

0> D (I 7, 7, (1602 D m) ~ (17, 2 (16)
gmw(gn(p)m(rg 79,2 336)>0.
Let n—>co. Then , .
o> D((} V0 2, (J6 N2 Do ~(17), 2 (16) = Dlatp~(117),2336)> 0
and 00>D(w(pr\(.[ij‘ 7, 2), 2, iﬁGi)>0. | |

. , '
Hence by a’) ﬁG,— contains p N-approximately.
1 .

A sufficient condition for a point Be bS to be a point of second kind.
Theorem 9. Suppose that a domain G contains pe Bs N-approximately
and let G be the closure of G. If G~ (B—p) s an F, set of harmonic
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measure zero, p is a singular point of second kind.
Proof. By (16) we can find a domain V in G such that

oo > D(w(V ~G, 2, @) =D(w(p~V, 2, G)>0.

Now (@—p)AB is an F, set of harmonic measure zero, i.e. F,=>1F",:
w(F*, 2)=0. Let w(F%, z) be HM. of F;:E[zefe: 3z, F)< _1_J Then
v _ m

for a given point z, in G—(V ~v,(p)), there exists a number m(n) such
that w(F;,@,), )= . Put w(F, ) =33w(Fiey 2) and w*(F., 2)
" n=0

._Z o w*(F'%, 2). Then w*(F,,z)—> as z—>F, Put .Q:E'[zbeR: nw*(F,, z)

=<2]: »>0. Then 2 does not tend to (B—p)~G. Hence for any given
positive number 7 there exists a number [, such that QA(R—RZ;,—un(p))
=0 for I>1,. Let w,,.(2) be a harmonic function in G~ (&,,—v,(p)) such
that w,, .(2)=0 on (aGr\Rl,})—{—(aRl ~G)—v,(p) and w,, ,,(z) 1 on eraun(p)
Then by the maximum principle ’

oV ~0(D), 2, G)—1w*(F., 2) Swy, o(2) <w(va(p), 2, ),
where w(,(p), 2, G) is H.M. of v,(p) relative G.
Let n—c and then 7—0. Then

0 <w(p/\17, z, ) Zw(p, 2, G)§w(p, 2).
Thus p is a singular point of second kind.

6. Image of a singular point of second kind on the unit circle.

Theorem 10. a) Let V,(p)=FE[zeR: w(p,2)>M]. Then
Vi) {as M1 1 and

lim w(v,(p), 2) =w(p, 2)=1im w(V.y(p), 2).

b) Map the universal covering surface (R—R,)* of (R—R,) onto
€] <1 by £€=f(2). Let o(p,z) be C.P. of a singular point p of second kind
and let E be the set where o(p,z) has angular limits=1 almost every-
where. We call E the image of p. Then mes E >0 and w(p, 2)=w(H, &),
where w(E, &) is the harmonic measure of E in |&|<1. Let p, and p,
be singular points of second kind: p,=Fp, and let E, be its image. Then
mes (E,~E,)=0. Hence the set of singular points of second kind s at
most enumerable. _

Proof of a). By Theorem 9. d) of P, for any given V,(p)(M<1),
there exists a number 7, such that V,(p)D(.(p)~R) for n>mn, whence
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lim w(V 4(p), 2)=1im w(v,(p), 2)=w(p, 2). On the other hand, by Theorem
M1 n

7. ¢) o(Cou(®)~Vu(D),2) 40 as M1 1.
This implies w(Cv,(p)~V ,(p),2) | 0 as M+ 1. Hence by

w(V (D), 2) Sw(V 3 (0) ~Cv(p), 2) +w(V (D) ~vu(D), ?)
we have 11m w(V ,(p), z)\nm w(V (D) ~v,(D), 2) <w(v,(p), 2) for every n.

Whence llm w(VM(p) z)<11m w(,(p), 2)=w(p, 2).

Thus we have a).

Proof of b). f(dR,) consists of an enumerably infinite number of arcs
on |&]=1. Let G(z, p) be the Green’s function of (R—R,)-and let E, be
the set on |£]=1 where G(z, p) has angular limits=0 on |§|=1. Then
mes E,=2z. Put inf G(z, p)=4,. Then since oR, is compact, §,>0. Let

ze dRy,

E, be the set on |&|=1 such that E,~f(0R;)=0 and w(p,2) has angular
limits <1.

Assume mes E,>0. In this case, by Egoroff’s theorem, for any given
positive number ¢ we can find ka‘,.closed set E'C(E,~E,) (by mes E,=2r)

such that mes (E'— E,) < % and o(p, 2) converges uniformly in an angular

domain A(a):E’[s: . arg £—¢

ew

2":! for every point e¢” in E’ as £§=f(2)

tends to E’ in A(A). And further we can find a closed set E'”CE" and
a constant M’ <1 and a number m such that
mes (E,—E")<e: w(p,2)<M’ in A(@)~N,, for e’c K", (26)
where R, is a ring domain: 1——1— <|&|«1.
m

Let D be a domain containing an end part of A(f): e”<c E” and bounded by
SY 0A(B)+E” and a circle Gz : |£]=—;—. Then D may consist of at
etlc g7 : :
most three components. Hence there exists at least one component D’
such that mes (6D'~E"”)>0. Let D* be one of them. For simplicity
denote it by D newly. Let w”(¢) be a harmonic funection in D such that
w?(E)=1 on 6D—E” and w”(&)=0 on E”. -Then by the rectifiableness
of D w”(€)<1 and w?(€) has angular limits=0 a.e. on E”.

Put Vy(p)=E[2¢R: o(p,2)>M]. Then by a) w(p, z)_hm w(V »(p), 2).

Let Wy () be a harmonic function in (R,—R,—V(p)) such that wM (2
=0 on oR,— Vy(p)+0oR, and w, (p)=1 on oV 4(p).

Then lim lim w,, ,(2) =w(p, 2)
M=1 n=co
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Consider the image of (B,—R,—V,(p)) in D. :

Since w(p,2)<1 in R—R, fO@V,(p)—>I,: |é|]=1 as M—>1. Hence
there exists a number M, such that f(V,(p)CR, for M > M, Hence
by (26) ' ‘

fevy (P,))
M = max(M,, M,)

Fig. 5.

F(Vu(0)) ~D=0 for M>M,=max (M, M,). @7)
Since inf G(z, p)=6,>0,f(0R,) does not tend to E” in D, (28)

2e 0Rp . i
because, if it were so, there existed a sequence &,¢ f(0R,) such that

§,—~FE" as k—>oo inside of D. But by E"CE, G(&, p)—0. This is a
contradiction. Hence f(0R,) separates E” from I, : |&|=1— % in D and
AR, —R)~E'"=0. '
Compare wy ,(2) and w?() in D~f(R,—R,—V,(p)): M=> M,
Then w?(¢)=1 and wy ,(2) <1 on 0D ~f(R,—R,—V ,(p)),
w?(§)>0 and wy ,(2)=0 on D~3(f(R,—R,—Vy(p))(CTf(OR,)).
Hence by the maximum principle “
W2(Q) =Wy o(2) in D F(R,—Ro— V(D).

Let n—c and then Mt 1. Then w?(&)=w(p, 2).
Now D is an arbitrary component and let e—>0. Then w(p, 2) has angular
limits=0 a.e. on E;, (w(p,2)=0 on af(oR,)).

Let E; be the set of |£|=1 where w(p,z) has angular limits=1.
Similarly as above, we can find a closed set E'‘CE, and a domain D

i
¢ | < 23”:] for e?c £/ and

ei(i

containing an endpart of 'A(ﬁ):E’[S: !arg 3
bounded by > 0A4(0)+ E’ such that

etbe g7

mes (E,— E')<¢ and o(p, 2)—>1 as é=f(z2)—>E  in D. (29)
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Let D (newly denoted) be one of the components of D such that
mes (D~ E’)>0. Let w”(¢) be a harmonic function in D such that w?()
=0 on éD—E’ and w”()=1 on E’. Then w”(&)>0 and w”(¢) has angular
limits=1 a.e. on E’. By (29) f(dV,(p)): M<1) does not tend to E’ in D.
Hence : : ’
dist (f(@V x(p))~D), E'Y=4,>0 and by (29)
D ~f(Vu(p)) DE". (30)
Since f(R,)—1,: |6|=1 as n—>o, there exists a number J, such that
dist (f(0R,), £=0)>1—3dy,. Then by (80) f(E,—R,Vx(p))D(D— f (VM(p))
for n>mn,. Hence as above we have w”(&)=<w, ,(?).
Let n—>c and then M—1, w”(&)=w(p,2) and by letting >0, we see
that w(p, 2) has angular limits=1 a.e. on E. Thus
w(p, 2)=w(E, §) and mes E>0 by w(p, 2)>0.
Assume mes (E;,~E,)>0. Then as above it is proved that
w(E,~ By, &) =w(p,~ Py, 2) (S0(01~De, 2)).
Now (p;~ps 2) has mass only at p, (i.e. o(p,~Dy2)=K o(p,z2)) by
(P:~P)Cp;. By P.C.2. sup o(pi~p;, 2) =1=sup-w(p,, 2). Hence o(p;~py, 2)

=w(p,, ). Similarly o(p,~p,, 2)=w(p,, 2). This implies N(z, p,)=N(z, p,).
This contradicts »,=Fp.. Hence mes (E,~E,)=0. Let p, be a singular
point of second kind and let E; be its image. Then mes (E;,~E,)=0 for
1=5Jj. Hence by > mes E,<2r the set of singular points of second kind
is at most enumerable.

Remark. Toplopical structure of Bj. Let B, the set of singular
points p, such that Cap(joi)gi and p be a limit point of a sequence
n

{p.}eB,. Then by v,(p)>5p, Cap(p,)=Cap(v.(p)) for every m. Hence
Cap(p):lim Cap(v,.(p))= l and B, is closed. Whence by Bs=|JB,, Bs 8

an F' set.

By Theorem 10 the set of singular points of second kind is enumerable,
but the set of singular points of first kind is not necessarily enumerable.
In reality there exists a Riemann surface which has the set of singular
points of first kind of the power of continuum (see the following paper
“Examples of singular points”).

7. Harmonic functions in a neighbourhood of a singular point of
second kind. Harimonic domain and their harmonic measures. Map
the universal convering surface G* of a domain G in R—R, onto |&|<1
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by &£=f(z) conformally. If a harmonic function H(z) in G has angular
limits a.e. on |&|=1, we say that H(z) is of F-type. Clearly of H(z)c HB
or e HD, H(z) is of F-type.

Consider a system of harmonic functions H,(z) of F-type (¢=1,2,---1).
If a domain D¥ is defined as D%= ﬂE[zeG H,(2)=a,;], we call D7 a
harmonic domain in G. Let B, be the set on |£|=1 where H,(2) has
angular limits=a,. Put B(D¥)= ﬂB We call B(D") the image of the

ideal boundary of D¥. Let Di= ﬂ E’LzeG : H()=a,— —11;] Then D#
= (]]D};’. |
Put w(p~[D?], 2z, @) =lim lim w(v,(p) ~ Dy, z, G),
’ n 3

where w(v,(p)~DZ, 2, G) is HM. of v, (p)~Djy relative G, i.e. w(v,(p)~Dy,
2, @) is the least positive superharmonic function in G larger than 1 on
v.(0)~ Dy
In the following we dlstlgulsh it from w(p ~D",z, G)_hm w(un(]o)/«DH z2,G)
by [ 1. Then it is clear :

w(p~DF, 2, Yy =w(p~[D?], 2, ) =w(p~D", 2, G).

Theorem 11. a) Let Di be a harmonic domain in GC(R—R,).
Put VZ:E[ZGG: w(p~[D¥],2,G)>M]. Then VPV (p)=E[z2cR:
w(p, 2)>M]CVy(P)=E[2¢R: o(p,2)>M] by w®~[D"], 2 G)=w(p,?)
=w(p,z). Then for any domain G’ and G” such that G'CG and G'CG.

1};1’111 lklm w(V¥ ~G" ~DE, z,G)—_hm w(V /\[DH] G,z G).

b) Let G be a domain in R—R, and D" be a harmonic domain in
G. Let E be the set of positive measure where w(p~[D%],z,G) has
angular limits=1 on |&|=1 and let B(D”) be the image of the ideal
boundary of D¥. Then

mes(E— B(D))=0,
and ‘
w(p~[D"], 2,G)=lim w(V7 e, G):lim w(V?% ~[D"], 2, G)=(lim lim w(V?
~DZ, z, ) =w(E, 5) where w(E‘ 5) is the harmonw measure of E with
respect to |&]|<1.

¢) Let D7 be a harmonic domain in GCR—R,. Let U(z) be a
harmonic function of F-type in G such that U(z) has angular limit U(e®”
at e® which is not a constant a.e. on E, where mes E>0 and w[p~[D")],
2, G) has angular limits=1 a.e. on E. Then we can jfind two constants
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L and & such that
wlp~ [DH]me, 2,GI~G>0 and ’w(pr\ [DF]~GE_;, 2, GE~G)>0,
where GI=FK[zeG: U(z)>a] and Gi= EzeG: U(z)<a].
Whence w(p~DZ~GY.,, 2, GLAG)>O and w(p~DF~Gi_;2,G~GE)>0
for k< .
Proof of a). w(Vi~Co(p)~[D*]~G", 2 G") =w(Vyi(p)~Cv,(p), 2)
<oV () ~Cv,(p), 2)—>0 as M—1 by ¢) of Theorem 5.
By w(VE)~Cv,(p) ~[D*]~G", 2, G)+w(V} ~v,(0) ~[D*]~G", 2, &)
‘gw(’f/g’ﬁ[D*’]r\G”, z,G'), we have by letting M—1
lim w(V ~[D¥]~G", 2, G) = im w(V ~[D"]1~v(p)~G", 2, G) = w(va(p)
5 M5 1
~[DE]~G",2,G). Let n—>co. Then
lim w(V¥ ~[ D] ~G", 2z, GY=w(p~[D¥]~G", 2, &).
M-1 .

Proof of b). Let G(z, p) be the Green’s function of G and let E, be
the set where G(z, p) has angular limits=0. Then mes E,=2z. Put I';:
|é]=1. If mes E,>0: E,=I",—(E~E,~B(D")), for any given positive
number ¢, we can find a closed set E’ of positive measur in (E,~E,) and

a constant >0 such that mes (EC—E’)<—28— and at least one of w(p~[D¥],

2, @) and H,(2)(1=1,2,---,1) has angular limits<1—4 or <a,—d as f(?)
—=£&—FE’ along Stolz’s path. Further we can find two closed sets £ and
E® in E’ such that EY ~E®=0, mes (E'—(E"+ E®))<e and domains
D and D® such that D®(i=1,2) containing an endpart of
A(@):E[g: ‘arg §—e? <’5’f] for ¢’c E and bounded by SI0A(0)+E®
e’ 3 ei0 ¢ B(D
1

and a ring R, : 1— — <|&|<1 such that w(pA[D”],G)<1—% in D®
m

~%,, and ILo(z)<a,~o——g— in D®~%, for a number' 1, respectively. Hence
F(VEY~DP ~R, =0 and f(DF)~D®~%, =0 for M>1-——- and I<§
where DI = nE 2€G H(z)>a — 1} (@)

Now D is composed of a finite number of components. Let D’ be one
of them such that mes(D’'~E®)>0. Now w(p~[D"],2z G)=lim M w(VE,
. _ M1

z, O=lim w(V%, 2, G) (by P.HA4.) and =lim lim (v, (p)~D¥,2,G). Put G,
M. 1 n &
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:E’:zeG: 5(6Gj, z)> —1—] Let wy ;.(2) be a harmonic function in (R,

AG,)—V such that wy , (2)=0 on 0G;+JR,— — V¥ and Wy ;.()=1 on

oV¥. Consider the image of (G,~R,)— V¥Z. Then by EVCCE,

image of (0G,+0R,) separates I',_1: |§|= 1— L from E in D/,  (b)
m

because G(z p)>9;. n>0 on oG ,+oR,.

Hence as usual (see the proof of Theorem 8) by a) and b) and by the
maximum principle

Wi ;. (2) =W7(8),
where w?(§) is a harmonic function in D’ such that w?(€)=1 on oD’'— E®
and w?(&)=0 on 0D’ ~E®. Let i—>oco and then n—>oo and then M—>1. Then

w(p~[D"], 2, G)=lim w(VE, 2, G)<w”(). (c)

Since w”(¢) has angular limits=0 a.e. on E and D’ is arbitrary, w(p~
[D"], 2, G) has angular limits=0 a.e. on E“ by letting ¢—0.
Let w,,.(?) be a harmonic function in (R,~G,—Df such that
W, ;.2(2)=0 on 0R,4+0G,—D; and w, ., (2)=1 on dDf. Then the image
1

of (G,~R,)—0oD;7 separates ]El:l—%— from E‘® and as above
Wy ;. (R) =w”(§) and w(p~[D"], 2, G)=w”(8), (d)

where w?(¢) is a harmonic function in D® such that w?(&)=1 on 6D®
—E® and w?(¢)=0 on oD®~E®. Let ¢>0. Then by (¢) and (d) w(p~
[D#], z,G) has angular limits=0 a.e. on E,. - Hence mes (E— B(D#))=0,
because if mes(E—B(D¥))>0, we can find a subset of E— B(D¥) of
positive measure on which w(p~[D¥?], 2, G) has angular limits=0. This
contradicts the definition of E on which w(p~[D¥], 2, G) has angular
limits=1 almost everywhere.

Now by mes E,+mes E=2r w(p~[D¥],z, G) has angular limits=1
on E. Hence

| w(p~[D"], 2, @) =w(E, §)=limw(VZ, 2, G). |
lim w(VE, 2, G)=lim w(VE~[D"],2,G) is clear. We show limw(VZ,z G)
M=1
_llm 'LU(VM/\[DH], G)_hm hm 'I,U(VM/\[D 1,2, G). By mes (E— B(D"))
_0 ‘mes E—mes (EAB(DH)) It w(E, £)=0, mes (E~B(D"))=0.
We have Ozhm w(VE, 2, G)=lim w(I’;{,”m[DH],z, G) and we have our
=1 M=1 .
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assertion. Hence we assume mes (E~B(D¥))>0. 1n this case, for any
. given posmve number & we can find a closed set E”C(E’AB(DH)) such

that mes ((E~B(D¥)— E'Y<e and a domain D <D is containing and endpart
of A(#): e”c E’ and bounded by >0A(#)+ E’ and a circle: IEI--) ani

el c B/
bounded a number m, such that

 w(p~[D7], z,G)>1—2—1k, H(2)= a—-——(z—l 2,..-,1) in DA%,

N, _"[[5 1———<[$|<1] Hence
m

dist (f(VZ1+3Df)~D, B)=6,> >0 and (VL1 ~D})D(D~,). (a)

0
Since the image of 4G, : GJ:E'LzeG: 353G, 2) > i,] and R, tend to |&|=1
: J
as n—>o and j—oco, there exist numbers n, and j, such that
dist (f(OR,)+ f(0G,), £=0)>1—4, for n=n, and j=J,. ®)

Let D’ be a component of D~R, such that mes (6D’ ~E’)>0. Then by
() f(0R,+0G,) does not fall in D’ for n=n, and j=7,.

- Let w”(&) be a harmonic funetion in D’ such that w”(&)=0 on oD'—E’
and w”(¢)=1 on E’. Then by (a) and by the maximum principle

w?(E)=w, ; (), for n=mn, and 7=J,,
where W, j_k(é) is a harmonic function in.(anGj) (V}.’.’LAD,C) such that
| W, ;)= 0 on dG,+oR, —(Vfl’ir\DH) and w, ; (2)=1 on a(fokif\Df).
Let n—>o and j=co and then k—>c. Then w”(f)ggyz }cl_Ill w(V¥ ~DZ, 2, G)
§%}gl w(V¥%~DE, z, G). But D’ is arbitrary and by—letting e—>0,
lim w(VE~[D"], 2, G) has angular limits=1 a.e. on (E~B(D¥)). On the

other hand, w(E, &)=lim w(VE, 2, G) (=lim w(VE ~[ D], 2, G)) has angular
limits=0 a.e. on CE. Thus

lim w(V¥, z, @)=lim w(V% ~[D%], 2, G).
M=1 M=1

Proof of ¢). Since U(e*)=:const a.e. on E, we can find two constants
L and >0 and two sets E, and E, of positive measure in E such that
the angular limits U(e”)>=L-+25 on E, and U(e?)<L—25 on E, respecti-
vely. For any given positive number ¢ we can find a closed subs;et E’
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of E, and a domain D such that mes (E,—E’)<e and D. is containing an
endpart of A(6): e’cE’ and bounded by E’4>) dA(6) with the property

etl e 7
as follows:

U(f)—»gL—i-ZB as E>E' in D. - (@)
wm~[D*], 2,G)~>1 and H,(2)>=a,(1=1,2,---,1) as §é>E' in D. (b)
Put GZ=FE[2¢G: U(R)>L]. Since U(r)>=L+25 as é~>FE’, f(0GE) does

not tend to E’ in D, whence dist (f(0G%)~D, E')>d,>0. Let ®, be a

ring domain: 1>]$|>1————1—. Then
m A

U@=L in D~%, for 1 <5, ©)
DA~%R, is composed of at most n(m) number of components. Let D’ be
a component such that mes (E'~D")>0 and let G, be the component of
GZ such that there exists a point ¢ in D’ with f(z)=¢: zeGL We denote
it also by G;.
By mes (E— B(D¥*))=0, w(ip~[D%], 2, G)—~>1 and H,(z)—>=a, as 5—>E’ in
D', dist (f(aVl__+6‘DH)AD’ EN= 5k>0 for k>0 and since U(z)>=L+42¢
as £—>FE,
: dist (f(0G%.s)~D’, E')=07>0. - (d)
Let szE’l:zeG: %z,36)> L] Then since fGR,+3G)—>|¢|=1as n—>oco
J .
and j— o, there exist numbers =, and j, such that ‘
dist (f(@R,+3G,)~D', £=0)>1—0: §=min (3, 6, 3,) for n=n, and j=J,. (e)
Let w; ...(#) be a harmonic function in (R,~G,~GL)— (Vl_ 1 ~GE.s

DH) such that w;,.(?)=0 on 906G, ~R AGU) (Vl_ 1 AGLHAD,G) and

w; (=1 on a(Vl_ir\GLHAD,’;") Then by (e) for ngno and j=7, the
image of (AR,+0G,) does not fall in D’ and by (c) 0GY does not fall in

D’ and also by (d) 6(VWLAG +e~DF) separates E’ from |§|——1———1—.
m

Let w?(¢) be a harmonic function in D’ such that wP(€)=0 on 0D'—E’
and w?@E)=1 on E'~8D’. Consider w”(¢) and w,, ,(2) in D'~f(R,~G,~GE

—(VF 1AGL+,,ADH)) Then O:w”(&)éfwj_n,k(z) on oD'—E’ and w”(€)<1

=W; (%) on D~fVY -1 AGLHAD,C) Hence by the maximum principle

wp(é)éw]nk(z)
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Let j—>oc and n—>o then

wD(é)é'w(vK.;_/\Ggw’\Df, 2, GZ~G)=Ilim lim wj.'n.k(z)'
n J

Hence by letting k— oo and letting ¢—0, lim w(VI'; _I:_AD,,H ~GY .5 2, GI~G)
k=co

has angulaf limits=1 a.e. on E,, since w”(¢) has angular limits=1 a.e. on
E,. Thus by Theorem 11. a)

0<lim lim w(VE ~DZ ~GL,,, 2, GZ~G)=w(p~[D*]~G%4,, 2, GZ~G).

M=1 k=oco

Similarly w(p~[D*]~G%_;, 2, GE~G)>0, whence
O<w(p/\D7€~I”\Gg+a; z, GZAG) and 0<’Ll)(p/\DkH/-\G£_5, z, Gf/\G).

Theorem 12. a) Let p be a singular point of second kind and
suppose a domain G contains p N-approximately. Then there exists

by Theorem 8. ¢) a harmonic domain Dy = E’[zeG w(p,2)>1—e— _llc—]

~E[26G: —goulp, D> —M,— %] such that 0 <w(p~[D],2 (=

o(p~DF, G) and D((Df2,G)) <22 =cctD2) < oo for 1—M,— 2 >0.

=
Then there exists no function U(z)e HD (HD means the class of harmonic
Sfunction with bounded Dirichlet integral) with constants L and o such
that w(p~D¥,GY.; 2, GI~G)>0 and wp~DF~Gi_;z, G~GE), where
GVl=E[2¢G: URR)>a] and GE=E[zeG: U(z)<a].

b) Let G be the domain in a) and .let Di be also the harmonic
“domain in a). Map the universal covering surface G= of G onto |&|<1.
Let E be the set where w(p~[D?],2, G) has angular limits=1 almost
everywhere. Then mes E>0 by 0 <w(p~[D"], 2z, G)=w(E, &) by Theorem
11. b). Let U(z)e HD. Then U(z) has angular limits=const a.e. on E.

¢) As a special case of b), map the umiversal covering surface
(R—R,)> of (R—R,) onto |£]<1. Let E be the image of a singular point
of second kind. Then U(z)e HD has angular limits=const a.e. on E.

Proof of a). Let ), , ..:(?) be a harmonic function in (G~GI~R,.,)
—({(R,,;—R,)~G%,;~DZ ~v,(p)) such that o, , ,.,(2)=0 on 6GZ~G~R,,,,
npinid@ =1 00 A(Ryi— ) ~Ghasm DErvn(@) =a and -L o, 0.i(2)
=0 on (0G~R,, )+ (OR,,,—(GLs~DZ~v,(p)). Then

PR Z1Z 00 00 8) 81 0l noDFO BY 0l (=1
n :

)

=maXx (l):,,, n, n+1.(z) on a.
ze@
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U()—L

)= 0=, .. (7) and —a‘f’—w:,, i@ =0 by @y o i2)
) n

_mln W nonss(7) ON 0GE~G~R,.,.

Hence \D<£(i5——l—’—wm,n,n+i(z), w,',,,,,,n”(z))go, whence

D(w:,,,n,mi(z));%D(U(z)koo. @31

D(w(Df, 2, G)) < M < ~ implies D@y, 5, n (1) =M< oo for every n and m
and ¢, where w,, ., ,.:(2) is a harmonic function in (G~G,, 2 — (D) ~DF

~(R,.,—R,) such that w,,,n,,,,w(z):o on 9G~R

n+ir

a wm n,n+i(z):O on
"

—On(P)~D%) and o, . 0. (8)=1 on (v, (p)~Di)~(R,,,—R,). Put
wm n, n+z(z) mln ((!)m n, n+z(z) m n,n+z(z))' Then

Do, 1,0 (N ZD @12+ D, N EMF oy DUE) <0, (32)

Let w), ., ..:(2) be a harmonic funetion in (RnHAGU) (DF mun(p)f\(;;’“
~(R,.,—R,)) such that o}, ,..(2)=0 on G+ (G% AR,LH) O nei(?)

=0 on a}en+z (Dk mum(p)/—\(G +6/\(Rn+z n)) and wmnn+z(z)—1 on Dk
~v,(p) ~(R,,;—R,)~G%,,;. Since v/, , ,..,(?) has M.D.I. among all functions
with value 1 on G%HADk—r\um(p)m(RnH R,) and=0 on G+ (0GL~G),

D@, e s(2)) S Dl i) SMA - DU (E) <0

and ' ‘
lim lim lim !, n+z(z)__a)(p/'\Dk ~GY.;, 2, GZ~G) exists. (32")

M=00 =00 L==00

As above we have also the existence of w(p~DE~GZ_;, 2, GE~G). Suppose
w(p~DF ~Glys, 2, GE~G)>0 and w(p~Df ~GE_,, 2, GZi~G)>0. Clearly
o(P~DF ~GZ.; 2, GL/\G)>w(pADk ~GZis 2, GZ~G)>0.
o(p~DF ~Gi_;, 2, GE~G)=w(p~DF ~GE_,, 2, GE~G)>0. . (33)
Now GZ~Gi=0 and o(p ~Di ~GZ,;, 2, GZL~G) and w(p~DZ ~G%_;, 2, G5, ~G)
can be consiered as C.P.s. defined by sequences {(v.(p)~D¥~GY,,)} and
{(v () ~DF ~GZ_;)} (n=1, 2,- - -) respectively. Hence these have properties
from C.P.1. to C.P.6. Hence the Separation Theorem S. 1 is applicable by
putting G=R— R, and B’=p, whence |
(P ~Di ~GL s, 2)Fo(p~Df ~GE_ 3 2). . (34)
On the ther hand, w(p~DF~GY,;, z) and o(p~DJ ~G%_;,2) have their

masses only on ﬂun(p) p by n(p)D(un(p)f\D ~GL5 s But by

n=1
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sup w(p ~D; ~GY.,, z) l_sup o(p~Dy ~GE_;, 2), these are equal to w(p, z2).
This contradicts (84). Hence we have the theorem. .

Proof of b). Assume angular limits U(e”)==const a.e. on E, by
Theorem 11. ¢) we can find constants L and ¢ and domalns GY.5 GY, GE_;
and G such that

w(p ~DF ~GY.;, 2z, G~GY )>w(pm[DH]mGL+a, 2, G~GY)>0 and w(pr\
D ~GE_;, 2, GAGD>wP~[D¥)~G]_;,2,G~GE)>0. By D(w(D¥,z,G)) <o
by a) and by (32) and (33), 0<D(w(p~DI~GY.s 2,Gi~G)) <o and
0<D(w(p~Di' ~Gi_;, 2, GE~G)) <. Hence we have the theorem, because
such consts L and ¢ do not exist by Theorem 12. b).

Proof of ¢). Put G=D,=R—R, Then by b) we have at once c).

8. Amnalytic functions in a neighbourhood of a singular point.

Theorem 12. a) Let p be a singular point of second kind and
suppose that a domain G contains p N-approximately. Then there exists
no non constant analytic function T(z) in G with D(T(z)) < .

b) Let p be a singular point of second kind and let G be a domain
containing p N-approximately. Then there exists no non constant analytic
Sunction T(z) in G such that the spherical area A(T(z)) of T'(z) s finite.

¢) Suppose a domain G contains a singular point p (of first or
second kind). N—apprommately Then there exists mno mon constant
analtytic function T(z) in G such that n(w)<M< oo, where n(w) is the
number of zero points of T()—w in G. .

Remark. Theorem 12. ¢) is Theorem 8 of the previous paper men-
tioned at the top of the present paper. Since I thought that M,—0
as r—0, the condition n(w)<M< o~ was left unnotlced where M,

oU,.(w)| |oU, (w)D
ou ! ow I/
r<|w|<1 such that U, (w)=1 on ]w]-'r and U,(w)=0 on |w|=1. But
the condition that n(w) <M< oo is necessary. In reality, there exists a
Riemann surface R such that the area of R is finite and R has a singular
point of first kind. (See the example 4 of the following paper “ Examples
of singular points”).

Proof of a). Map the universal covering surface G* of G onto |£]|<1.
Then by Theorem 12. b) there exists a set E of positive measure on [€]
=1 such that ReT(z) and ImT(z) have angular limits=a and b respectively
a.e. on K by D(T(z))<. Hence by Riesz’s theorem T(z)=a-+ib. This
is a contradiction. Hence we have a). \

=max Q w=v+1w and U,(w) is a harmomc function in
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Proof of b). Put Dy= VK,_LACVM_H where V¥, _2a

k
>1—¢—'-;c-_] and Vg,__;:_:E’[zeR: — oD, z)g—-M—l—T]. Then DX

=(VZ . ~CVZCDY and D¥ and Dy are harmonic domains. Then by
Theorem 8. ¢) '

D(o(DE, 2, G)) < D(o(p, 2)— cc(, 7)) <M*: 1—-M— =2 5 >O. (35)

=)

and w(p~Dy,2,G)=1im lim w(v,(p) ~D2,2,)=w(p~[D"],2,G)=w(p~DF,

m=o00 k=oc0
2z, @) =w(p~D¥ z,G)>0.
Map the universal covering surface G of G onto |&|<1 by £=£(z). Then
A(T(2))< oo implies that 7'(z) has angular limits a.e. on |§|=1. Whence
ReT(2) and I, T(z) are of F-type. ’
Let 47 be a rectangle: E[w: t:=Rew=1+1, j=Im w=j+1]. Then 4
—E[zeG T(2)ed?] =E[2eG: Re(—T(R)=—1—1]~E[zeG: ReT(z) =11
~E[2eG: Im(—TRR)=—3— I]AE[zeG Im T(2)=3] is also a harmonic
domain in G.
By w(p~D%,z, )<Zw<p/'\DH/'\A“, 2, G), there exist numbers 1, and J,

E’l:zeR: w(p, ?)

and at least one component 4 of 4,;(d;; may consist of an enumerably
infinite number of components) such that

Cw(p~4~D7,z,G)>0. (36)
Without loss of generality, we can suppose that 4 is a component of
E[2zeG: |Rew|=<1 and |Im w|=<1].

Let 4, be a component of E[zeG' [Re'wlsﬁl—l——l— and |Im wlSl—l——}mj

containing 4. Then 4= ﬂA and 4,~Dj} and 4 ~D¥ are harmonic domains.
Hence lim lim ’w(vm(p)/\(d ~D3N, z, G)>w(pm[AmDH:| 2, ) =w(p~4~D*",

2, G)>(,)n ;nlzi—wby Theorem 11. b)
0<w(p~[4~D7], 2, G)=w(kE, £), whence mes E'>0,
where E is the set on which w(p~[4~D"], 2, G)=1 almost everywhere.
Also by mes(E—B(D”~4))=0 by Theorem 11. b). Hence
w(p~[4~D"], 2, G)—>1 as £é—FE along Stolz’s path and (a)
T(2)(¢=f(2))—>4, as §—>FE along Stolz’s path. : (b)
Hence for any given positive number ¢, we can find a closed set £’ in

E such that mes(E—E") < % and the above functions converge uniformly
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in angular domains A(f): e”c E’. Then we can find a closed set E'CE’
such that mes(E”—E”)<—;— and a domain D <confcaining an endpart of

A(6): e’c E” and bounded by >10A(f)+ E” and |E|=1——1—> and a number
etl ¢ B m
k, such that ’

w(p~[4~D"], 2, G)=> 1—% and (@)

0

T(z)eAW‘:E\;w: [Rew|<1+—1—, |fmw[<1+ ;

0 0

] in D~R, @)

for f(z)e D3, : —E[g 1>|s|>1—_d]
Let 4V =FE[|Rew|=3, lImw|<3] and 4, be the component of
T-1(47) containing 4,D4). Put G, E'[zeG 5z, aG)>~] Then f(3G,

+((@R,~G)) tends to |$|_1 as n—oo and j—oo, l.e.
1

dist(af(0G,+dR,), £=0)>1— — for n=mn, and =7, (e)
: m
Now by (") f(@4,~G) does not fall in D. (d)
By (a') | '
f(VW 1 AD,G) covers D~N, and f(o(VZ L /\AH)) separates E’ in D~R,,
where Vl_l__.El:zeG w(p~[4~D¥ 1,2 G)>1— __] ©)

Let w,;, .(?) be a harmonic function in (4,~G~R, f\G) (VP 1 ~4,~DF)
k

such that w;, . (?)=0 d(4,~R,~G;)— (V"Z%AA ~Df) and w,, (2)=1 on

G(VK%AAEAD,C). Let w?(€) be a hormonic function in D~MN,, such that

wP?(€)=0 on o(D~N,)—E”’ and w”(E)=1 on E”. Then by the rectifia-
bleness of 9D and by mes E'’">0, w”(&)>0.

Then by (¢) and (d) a(4, ~G~R wG ) — (fo,l ~4,~Dj) does not fall

in D~®, for n=n, k=k, and j=j, and by (e) f(VW1 ~4,,~Dg) covers
E"” ~8D. Hence by the maximum principle
w; . (B=wP(&) for n=n, k=k, and =70
Let j—>o and n-—>co and then k—>oo. Then by Theorem 12. a)
w(p~doy~d,~Dz, 2, 4 r\G)>1im w(p~dy~d,~Dg, z, 4~G)

>£1_m w(Vl_,l, ~d,~DE, z, 4,~G)=w"(§). Hence

w(p~dy,~Dg, 2, 4~G)>0 for k,<oo. 37)
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Let a(w) be a continuous function in the w-plane such that a(w)=1

1 , harmonic in 2+—l:— <|w|<38 and a(w)=0 in |w|=3.
. 0 © ’ . 0
Put a(z)=a(T'(z)). Then a(z) is a continuous function in G and a(z)=1

in 4,, and a(z)=0 on 04,~G, because |T(2)| <2 + 1

|T(2)|=8 for z¢dd,~G. Clearly
D(a(2)) < M*KA(T(2)) < M** < oo, (38)
z€ do .

2 :
) and K= max< area .element element)
spherical area

for zed,, and

where M=max ('

’

ou
in 4, and w=u-+1v.
Put o'(z)= mln(w(un(p)ADko,z G) a(z)) Then o'(2)=0 on d4,+0G
and «'(#)=1 on 4,,~Dg~v,(p), -where o(v,(p)~Di;, 2, G) is C.P. of
n(p)mD,co relative G.
By (35) and (38) and as in case of the proof of Theorem 7. ¢)
D('(2)) = D((v,(p) ~ D5, 2, G))+ D(e'(2)) < M *+ M ** (39
Let o(v.(p) ~Dg,~4, 2, G~ 4,) be C.P. of (v,(p)~DE~4,,) relative 4,~G.
Then it has M.D.I. among all functions havmg value 1 on (Un(p)kaor\A,m)
and 0 on 9(0G~4,). Hence by (39)
D((v,(0) ~Dig~ Aoy 2, G~ 40)) < D('(2)) < 0.
Now by (37) a)(pr\Dgf\Ako, z, GK\AO)>O.
Hence by Theorem 8, a) G ~4, contains p N-approximately. On the other
hand, clearly D,,(T(2))<KA(T(z))<o. Hence by Theorem 12. a) T(z)
must reduce to be a constant. This is a contradiction. Hence we have b).
Proofv of ¢). - By Theorem 8. a) there exists a harmonic domain
=FE[zeR: w(p,2)>1—e]~E[2eR: ,s0(p,2)<M] such that co(DH/\p,
" D(0'(p, 2)) :
z, G)>O and D(w(D?", z, G))<»~———(1 M_€)2<oo
Let €,(47") be a triangulation of the w-plane and @5,”1(4”’ "*1) be a
subdivision of &, and becomes as fine as we please as n—>w. Put
=F[zeG: T(2)ed?"].. Then 47, may consist of at most enumerably
infinite number of components 47 ;. By w(D¥~p,z, G)SZ@(D”AA”‘ ~p,2,G)
there exists at least one 47 ;, such that w(D#~47, ; ~p, z,G)>0. Similarly-
there exists at least one (47, ;,D)47%;, such that w(43Li~p, D7,z G)> 0.
In this fasion we can construct a sequence 47 ,C 47" C.-- such that
o(p~D%~47,,2,G)>0 for every n and i(n) and j(n). We denote them

by 4,.04,D:-- and suppose diameter of T(A")<i and put q:—.ﬁT(A"),

ov
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Let L be a compact curve on 4G such that dist(T(L),T(A"))>6>O for
n=mn,. Such a curve L can be chosen by the fact that T(0G) is not a point.

Let C; and C, be circles with radii 6 and 2 (5> ~2~> with centres at ¢
n A) no

such that C, encloses T'(d,) for n>n, and T(L) lies outside of C,.

Let «,(w) be a continuous function in the w-plane such that a,(w)=0
outside of C,, a,(w) is harmonic in C;—C, and a,(w)=1 in C,. Then
D(a,(w))} 0 as n—>oco. Put a,(?)=a,(T(z)). Then a,(z) is a function in G
such that a,(?)=1 in 4, and=0 on L. And by n(w)<M, D(a,(2))
=MD(a,(w)) < . ' - _ v

Let U, .(2) be a harmonic function in (R, ~G)—(D¥~v,(p)~4,) such
that U, ,.(2)=0 on 4G ~R", a—i— .m(2)=0 on aRm——(DHr\un(p))_ and U, ,.(z)

=1 on (D" ~v,(p)~4,). Let Ur.(z) be a harmonic function in (R, ~G)
— (D" ~v,(p)~4,) such that UX,(2)=0 on L,ga— Ur.(2)=0 on ((6G~R,)
—L)+ @R, — (D" ~v,(p)~4,)) and Uf,.(z)=1 on (4,~D"~v,(p)). Then by
the maximum principle '
U, .= UF,.(2). ‘
Clearly D)= [ Uk, (@)-2 Ut @ds= -2 Uz (2)ds.
/) on on
» A(DH ~opn(p)) + o
On the other hand, a,(2)=0 on L and a,(2)=1 on 4,(D(D*~4,~v,(p)).

Since UzX,.(2) has M.D.L among all functions with value=0 on L and=1
on (D*~uv,(p)~4,), |

D(U. n(2) = D(a,(2)) = MD(ax,,(w)). ,
Unn(®=>U,(2)=0@(p) ~4,~D", 2,G) as m—> oo and Ur.(2)=>Uk(z) as

m—>oo by D(U,,.(2))=D(w(D" 2, G)) <o and D(UZ,(2))<D(a,(2)) respec-
tively for every m. ’

Now UX(R)=w(v,(p) ~D"~4,, 2, G)gw(meHr\An/\z, G)>0 and
S % Ut (2)ds=D(U*(2)) = MD(a(w)),

because w(p~D"~4,,2,G)>0 by the assumption.

Since MD(a,(w)) | 0 as %-)OO’ai US(2) 0 on L uniformly by the com-
n

pactness of L as n—>oo. Hence there exists a number », and a point 2,

in a neighbourhood of L such that ‘
0<a(p~D7~4,, 2, G) < Uk(z,) <aw(p~D7, 2, G).

In Separation Theorem S. 2 put B'=p, G,= D", G,=D"~4, and G=R
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—R,. Then there exist domains D, and D, such that

0Fw(P~D¥~D,, 2)Fao(p~CD,~D*~4,, 2)=0 (40)
But these have their masses only at p, whence as usual they are equal to
w(p, z). This contradicts (40). Hence we have c).

Corollary 1. Let v,(p) be a neighbourhood of a singular point of p,
then there exists mo analytic function in v,(p) such that n(w)<M.

Corollary 2. Let R be a Riemann surface of finite genus. Then
there exists no singular point. ' ‘

Corollarly 1) is evident, since v,(p) contains p N-approximately. And
the Riemann surface of fininte genus g can be represented as a covering
surface of at most 29 number of sheets over the w-plane. Hence by
Theorem 12. ¢) we have Corollary 2. -

9. Relation between HD unteilbare Menge and N.minimal points.

Let R be a Riemann surface with positive boundary. Map the
universal covering surface (R—R,)* onto |£|<1, where R, is a compact
set of R. Constantinescu and Cornea' introduced the HD class and the
maximal HD indivisible sets to extend Theorem 1 in some way. - We
shall consider the relations between theirs and ours. : E

Let U(z) be a positive harmonic function. If U(z)=V (2)>0 implies
V(2)=KU(z), U(?) is called a minimal function.

If there exist decreasing positive harmonic functions U,(z): U,k(?)
€ HD'™ such that U(z)=lim U,(2), U(?) is called a function in HD class.

Let E be a set on |£|=1 such that every U(z)e HD has angular
limits=const a.e. on E. Then FE is called a HD indivisible set. If there
exists no set E* such that EF*DOF and mes (E*—E)>0 and E* is HD
indivisible, E is called a maximal indivisible set. They proved the following

Theorem 13. If E is a maximal indivisible set, then H.M. (harmonic
measure of E) w(E,§) is minimal in the class HD. If U(z) is minimal
in HD class, U(z)=K w(E, ), where E is a maximal indivisible set.

We show that a maximal indivisible set is the image of a singular
point of second kind.

Theorem 14. a) Let o(p,z) be C.P. of a singular point p of second
kind and let E be the. image of p, i.e. the set on which o(p,?2) has
anguler limits=1 almost everywhere. Then E is maximal indivisible and

14) C. Constantinescu. A. Cornea: Uber den idealen Rand und einige seiner Anwen-
dungen bei der Klassifikation der Riemannschen Flichen. Nagoya Math. J., 1958.
15) HD means the class of Dirichlet bounded harmonic functions.
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w(p,z) (H.M. of p) is minimal in HD class.

b) If E is maximal indivisible, there exists a singular point p of
second kind such that w(p,2)=w(E, &) and E is the set where o(p, ) has
angular limits=1 almost everywhere.

Proof of a). At first we show that w(p,?) is in HD class. Let p

be a singular point of second kind. Let Vl_,;_z[zeR: o(p, ?)> 1—-5;—].

Let T, n i neie;2) be a harmonic -function in R, iv;—(Rpsir;—Ruid)
A(Vl—g-—V1—~}-))_((Rn+i—Rn)mVl——lr)le;n,n,n+i,n+i‘+j such that

Tm,n,n+i,n+i+j(z):‘—'0 on aRO+(aRn+i+j—V,—»2A)+(avl—-r—:;/\(Rn-;-ii-j_Rn+i))’
Tr;z,n,n+i,n+i+j(z):1 on ((Rn+i_Rn)AV1—i) and "a_a_ Tm,n,n+i,n+i+j(z):0 on
. m n .
aRn+i/\(Vlf—z~_Vl—%)'
| —(1—-2
o(p, 2) (1 m>
1

m
Let S’(z) be a function in 2, , n.:,.::+; such that S’(z)=min (1, S(z)) in
V,_: and S'(2)=0 in R—R,—V,_1. Then by the Dirichlet principle

' D(S'(2)) < DS@) < L, D(w(p, 2)) = M, < o. (41)

1 2

| ()
Let S%*(z) be a harmonic function in 2, . sii,n+i+; SUCh that S2%(2)=S'(z)
on aR0+(aRn+i+J’_V1—~2m—)+a(V1-——5{/\(Rn+i+j_Rn+i))+((Rn+i+j_R'n)/—\V1—f;'—))'

Then by the Dirichlet principle D(S%*(2))<D(S(2)). Now
D(Sz(z)—Tm,n,n+i,n+i+j(z)? Tm,n,n+i,n+i+j(z)):0’ whence
D(Sz(z)_"Tm,n,n+7:,n+i+j(z)):D(S2(z))—D(Tm,n,n+z’,n+i+j(z))7 hence

D(Tm,n,n+i,n+i+j(z))§]u—m<Oo' ‘ (42)
Clearly T, u neiniis;R) D Tononei(2) a8 J—>o00 and by (41) and by Lemma
1. 5) of P T, ».i(®=>T, .(2) as i—>oo and T, .(2) | T,(2) as n—>oo. '

Let E’ be the set on which w(p, 2) has angular limits<1— 2 almost

m
everywhere and let E, be the set where the Green’s function G(z, p) has
angular limits=0. Then we can find for any given positive number ¢ a
closed set E”"C(E’'~E,) such that mes(E'—E")<e and a domain D

containing an endpart A(f): ¢“c E” and bounded by >} 0A()+E" and a

etlc E/
1

ring 2]%;:. 1>|§|>1-——l— with the following property

 Put S(z)= Then S(z)=0 on oV ,_2 and=1 on 3V ,_ L.

e
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o(p, z)<1— .2 —0 in D~MR, for a positive constant 5
m

Hence the image of oV, 2 does not fall in D~%,. (a)

Since E"CE, and G(z, p)>6,,;,,>0 on aR,HHj, oR,.,.; does not tend to
|£]|=1 and by ‘ ‘
3R,...,~|¢|=1 as j>oco, oR,..., separates B from ;51;1—%. ®)

Hénce by the maximum principle
Tm n,n+1 n+z+](z)<wl)(€)
where w?”(¢) is a harmonic function in D~%, such that w?(&)=0 on E”

and =1 on 9(D~N,)—E"”. Now w”’(£)=0 a.e. on E’. Hence by letting
+e—>0 T,(2) has angular limits=0 a.e.on. E’. Similarly T,(z) has angular

limits=1 a.e. on the set where w(p, 2) has angnlar limits>1— —1—— Hence

T,(2)J w(E,£) as m—>o. On the other hand, by (42) Tm(z)eH D. Hence
w(E, &) (=w(p, 2) by Theorem 10. a)) is HD class.

By Theorem 12. ¢) every U(z)e HD has angular limits = const a.e. on
E. Hence E is an indivisible set. Assume £ is not maximal, then there
exists a set E*2DOFE such that mes (E*—FE)>0 and E* is indivisible,
whence T,.(2)=w(p, 2)=w(E, §) implies T,,(2)=w(E*, z). Whence lim T, ()
=w(E,£) has angular limits=1 a.e. on E*. This contradicts the fr:ct that
w(K, £) has angular limits=0 a.e. on CE. Hence F is maximal.

Proof of b). Let E be a maximal indivisible set. Then w(E,£) can
be considered as a function w(E,z) in R—R, Put V,,=[zeR: w(E,z)
>M;]. Then {Vau,}: M,<M,<M,- - li;n M;=1 is a sequence of decreasing
domains. Let w(Vu, 2) be C.P. of Vy, Then o(Vy,2) and lim w(Vy,, z)
(=w({V} 2) is C.P. defined by a-sequence of decreasing domains) are

superharmonic in R— R, by Theorem 5. a) of P.
Let w(Vau,;, 2) be HM. of Vi, Then by PH.4 M, w(Vy,, 2)=w(E, 2)
whence lim w(Vy,, 2)=w({V}, 2)=w(H, 2z). Clearly o(V ., 2)=w(Vy,, 2).
Zz .

Hence

1Zw({V} 2)=w({V}, 2). | - (43)
On the other hand, v, o({V}, 2)=w({V}, 2) for every M, by P.CA4.
Let U(z) be a positive superharmonic function in R—R, such that
o({V}, 2)— U(2)=T(z) is also superharmonic in R—R,. Then

v, U(R)=U(2) and v, ,T(2)=T(z).
Now. o({V}, )= U@+ T (D)= v, U@ + v, T @) =va,0({V}, )= 0({V}, 2),
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whence 1, U(z)=U(z) and ,,, T(z)=T(2).

Let U(@®)(T(?)) be positive superhearmonic in R—R, and harmonic in
R—R, Then by Theorem 5. a) andvb) of P U(z):fN(z, p)dy(p) and
D(min (M, U(z))=MK <. But sup U(z)gl and sup T(2)=<1, whence U(2)

ZER z

and 7'(z) are contained in HD. ~

Since K is indivisible, U(z) and T'(2) have angular limits=¢, and c,
a.e. on E. By (43) and ¢,+c,=1 a.e. on E we have ¢,+c,=1. U(z) has
angular limits==0 on CE and ¢, on E almost everywhere. Hence U(z)=>
¢, w(&, z). This implies U(z)_gclMi on V. Hence

U(@)=v,,UR)=c,0(V,,,2) and U(z)=c,o({V}, 2).
Similarly T'(z)=c.,0({V'}, z). Hence
o({V},2)=U@)+T(R)=cio({V}, 2)+ec.o({V}, 2)=0({V}, 2).
Thus U(z)=c,0({V'}, 2) and w({V}, 2) is N-minimal, hence w({V}, 2)
=K N(z, p).
Let w(p,z) be C.P. of p. Then w(p,2)=K'N(z, p). By sup o(p, 2)=1
=sup o({V'}, ), we have K=K’ and o(p, 2)=w({V}, 2). By sup N(z, p) <o,
. : . ZeR .
peBs. Let Vy,(p)=FE[2eR: w(p,2)>M;]. Then by w({V}, 2)=w({V}, 2)
=w(E,£), o({V},2)>M,on V,,=FE[zcR: w(E,£)> M,]. whence V,,(p) DV 4,
Hence w({V,(p)}, 2) (H.M. determined by a decreasing sequence V., (p):
lim M;=1) is larger than w({V}, 2)=w(E, §)>0. Now by Theorem 10, a)
T=00 R .
w(p, z)=lim w(V,(p), 2)=w{V}), 2)=w(E, £)>0. Whence p is a singular
M;=1 N

point of second kind. Hence a singular point of second kind corresponds
to a maximal indivisible set.
Let % be theé image of p (E is the set on which o(p, 2)=1 almost every-
where). Then by w(p, 2)=w(p, 2)=w(E, &) EDE. Now E is maximal by
a). By the assumption E is maximal and we have E=FE. Next by Theorem
10. b) mes (B~ E;)=0, where E; is the image of a singular point p, of
second kind such that p=p,. Hence a uniquely determined singular point
of second kind corresponds to a maximal indivisible set. Thus we have b).

10. Class H.N.D. Let H.N.D. be the class of Riemann surfaces on
which N number of linearly independent harmonic functions ¢ HD exist,
where N=<o and the cardinal number of N is ..

Theorem 14. The set of HD functions in R 4s isomorphic to the

set of HD functions in R—R, vanishing on dR,. Hence without loss of
generality, we can consider the set of HD functions vanishing on oR,
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instead of HD function in R.

Proof. Let U(z) be a Dirichlet bounded harmonic function in K with
positive boundary. Let U,(2) be a harmonic function in R,— R, such
that U,(2)=U(?) on oR, and U,(2)=0 on dR,. Then U,(2)

f U (5) 9 Gn(f, z)ds, where G,(&,2) is the Green’s function of (R,—R, )

Now Gn(f, 2)—>G(&,2) as n—o and aiG(E, z) is continuous on aR0 by the
n .

compactness of oR,. ‘Hence lim U,(z) exists and lim U,(?)
f U (5)—G(§, 2)ds, Where G(¢, z) is the Greens function of R—R,.

Put 11mU .()=U’(z). Since U,(2)—U’(z)=0 on R, U,(2)— U’(?) is harmonic
in a nelghbourhood of 0R,. Now U,(z)—>U’(z) implies —a-a—Un(z)—> 0 U'(2)

uniformly on oR, and aa U’(z) is continuous on 6R, Hence
n

D(U, (z)) fU (z) 0 U (z)ds—>fU (z)——U () ds=D(U”’ (z))<oo
Ry dFo
whence U,(2)=>U’(z). Put U*()=U(z)—U’(z). Then U*(z) is uniquely
determined by U(z) and D(U*(2))=D(U(2)+D(U’'(z))—2D(U(z), U’'(z)) < oo.
Put B,=R—R, and let w(B,, 2, R,— R, be a harmonic funection in
R,—R, such that w(B,,?, R,—R;)=1 on oR, and w(B, z, R, R) 0 on
o0R,. Then by the maximum principle

|U.(2)|=<M(1—w(B,, z, R,—R,), where M=max|U(z)| on dR,. Let n— .
Then w(B,, z, R,— R,)—>w(B, 2, R—R;) (H.M. of B relative R—R,). (44)
Put G,=FE[z2eR: w(B,z2, R—R;,)<¢]. Then by P.H2. w(G;~B,z R—R,)
—lim w(G;~B,, 2z, R—R))=0 for 6<1, where w(G;,~B,,2, R—R,) is H.M.

of G,,r\B relative (R R,)). By (44) we have : :
| U'(2)| < M(1—w(B, z, R—R,)). ‘ (45)

Let w(G;~B,, 2z, R) be HM. of G,~B, relative R, i.e. w(G;~B,, 2, R)
is the least positive superharmonic function in R larger than 1 in G;~B,,.
We show w(G;~ B, z, B)=lim w(G,~B,, 2, R)=0.

1—’00(31’ z,BR*RO)gl in G, and =1 on 6R,. Hence by the

1—w(B, z, R—R0)>w(GaﬁB 2 R).
1—6 ’

By P.H.2. supw(B,z R—R)=1, Whence inf w(G;~B, z R)<1 and

In fact,

maximum principle
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w(G;~B, z, R)¥%1. Assume w(B~G,, 2, R)>0. Then by w(B~G;, 2, R)=1
max w(B~G;, 2z, R)=M,<1 on 0R,, But by P.H.2. sup w(BmGa, z, R)=1.
On the other hand, by the maximum principle

w(B~G;, z, R— Ro)_hm w(G;~B,, z,R— R)>11m'w(G5r\B ,z,R) M,>0.

Hence we have w(Br\G,,, 2z, R—R)>0. This is a contradiction. Thus
w(B~G,, z, R)=0. ‘

Let U/(z) be a harmonic function in R such that U.)(z)=U’(z) on
oR,. Then by (45)

U/(z)=M(1—d)+ Mw(B,~G; 2, R),
because |U’(2)|<1—d in CG, and |U'(z)| =M in R~G,.
Let n—>c and then 0—>1. Then hm U/(z)=0, by w(B~G,, 2, R)——O

~ Let U,)”’(z) be a harmonic functlon in R, such that U.’(z2)=U*(?)

=U(z)— U’(z) on dR,. Then U’ (z)=U(2)— U,/(z). Hence by lettlng N—> oo

U (z)—U(z). |

Thus U(2) is uniquely determined by U*(z) and the sets{U(z)} and
{U*(2)} are isomorphic hence we have the theorem.

Green’s function and generalized Green’s function.'®

Let ¢ be a point of B and let G(z, p) be the Green’s function. We
call ¢ a regular or irregular point for the Green’s function according as
lim G(z, p)=0 or llm G(z, p)>0, where z—q means that z converges with

z22q

respect to the - metrlc Let B, be the set of irregular points for the
Green’s function. Then by Theorem 11. b) of P B, ,is an F, set of capacity
zero. Map the universal covering surface (R—R,)* conformaily onto
|€|<1. If a harmonic function G(z) which is positive and D(min(M,G(2)))
<MK: K< and G(2) has angular limits=0 a.e. on [£|=1, we call G(z)
a generalized Green’s function.

We proved in the previous paper the following

Theorem.'” Let W(z) be positive superharmonic in R—R, and har-
monic in R—R, Then W(z)=P(2)+G(z), where G(z) is a generalized
Green’s function and P(2)(=W(z)) is a harmonic function representable
by Poisson’s integral.

Now we shall prove , .

Theorem 15. Let peB, ,~(B,—Bs) and let G(z) be a generalized

16) Z. Kuramochi: On harmonic functions representable by Poisson’s integral. Osaka

Math. 1959.
17) See 16).
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Green’s function such that G(z)<N(z, p). Then N(z, p)= P(z), i.e. G(z)=0
and N(z, p) is representable by Poisson’s integral, where B, . s the set

of regular points for the Green’s function.
Proof. Assume G(z)>0. Put R,=FE[2¢eR—R,: G(z)>4] and Ra

—E’[zeR R,: G(z, p)> —] Map the universal covering surface (R— R,)*

of (R—R,) onto |&£|<1. Let w(Bng,, z) be H.M. of (BART) (HM. of
the boundary determined by R%). Then w(BmR,g , 2) has angular limits

=0 a.e. 'on the set E where G(z) has angular lirﬁits<g. In fact for

any given positive number ¢ we can find a closed set E'CE such that
mes (E—E’)<e and a domain D' containing an endpart of A(f): e¢”’cE’

and bounded by >16A(#)+ E’ and a ring N,,: 1> ]§]>1———1— and a number
™ :

et0 ¢ 7
k such that » : -

G&>9 -1 inp-n .
2 &

Hence usually it can be proved that w(Br\R_c;, 2)=0 on E’. But G(z) has
angular limits=0 a.e. on |§|=1, whence mes £=2r. Hence w(Br\'Rg,,z)
=0 and _ ' '
‘ 0—w(BmRa z)>w(BmRa z, B2)=0. , (46)
Let ®, ,.;(2) be a harmonic function in (Ra /\Rnﬂ) (R,..,— n)mR,,)

such that @, n.:(2)=0 on aRa W,,..:(2)=1 on (R,,,—R,)~R;) and
0 4D 3 (G(Z))
W, 2+:(2)=0 on 0R,,,—R,. Then D(w, nﬂ.(z))w———————— < oo. Hence

o " ; <l>

0
@y, 0+i(R)=>w,(2) as 1> and w,(2)=>0(B~R;, 2, R'Z") as n—>oo. On the other
hand, w(BmRa k2 Ré):lim w,(2), where w,(2) is a harmonic function in
R, r\Ra such that wn(z)—O on aRa ~R, and w,(2)=1 on oR, /“\RfF

By the maximum prmcuole w (z)>(un n::(2) and w,(2)=w,(?). Whence by
letting n—>o, 0= w(Br\R; z, R,z)gw(BmR,,, z,R,g). Whence

D(w,(2)) 4 0 as n—>oo. ) A7)
Put R*=(K: ~R,)+R, where n, is a certain number. Let F be a

closed compact arc on aR; ~R,. Let «},.(2) be a harmonic function in

R*~R, such that «}()=0 on F, w/(2)=1 on R,~dR, and Ea—w;(z)zo on
n
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(aR*mRn) F. Then D(wi(2))<D(w,(2)). Hence w.(z){ 0 as n—>co and
hmD(w,,(z)) 0. '

Hence there exists a sequence of harmomc functions wk(2) in R*~R,
such that «*(z)=0 on F, Ea—a)n(z) 0 on (0R*~R,)—F and w}(z) =M, on
n

oR,~R* and faiw;f(z)ds:&r and M,% o .as m—>oo. For any 'given
P "

number n’ there exists a number »” such that w*(z) < Zg” in R*~(R~R,)

for n>n'’, i.e. -every niveau curve of w*(z) with height ]g” is contained

in R*~(R—R,,), because ,(z)—>0 as n—>.

Lemma a. Let G, be a domain in R* and let U,z) be a function in
R*—G, which is harmonic in R*;Gi and on 3G, such that the Dirichlet
integral of Uyz) is finite (1=1,2,--- 1,). Then there exists a sequence of
compact curves {r;} such that 7, separates B from F, {r;} clusters at B
and that ’ o U(z)

7 5 (R*—Gy)

Pfroof Let U(z) be one of {U,(2)} and put
: . 0 . 0 ' _ * . k()
| L(r)_c[%w(z)]rrda_c[%_ U(2)ds, C,=E[ze R*: wi(z)=log r]

ds—0 as j—>oo for every 1.

where 7 e/ =gon ®+i® gand @%(2) is the conjugate function of w}(z).
Suppose that there exist two positive constants » and ¢ and infinitely
many numbers »n’ with the following properties :

There exists a closed set H, in the interval (e~ ez%) such that

%&0 and L(r)=6>0 for any r<H,.

(eM”, —e2

Since f d0=<2z, we have by Schwarz’s inequality

P O=([{(%0)+ 2 %)) rar o & [

ar 06
eMp :
2
=1 fL(T)dr> 15 f L gr— Ma1 e,
2r r 47
eMn/2 eM'n/2+’i(Mn)-—M-n/2)

Let n—>o. Then D, ,(U(z))t . This is a contradiction. Hence there

exists a sequence of exceptional sets H, in the interval (¢¥», e2) such

that lim €S H, < 1, and that »¢ H, implies L(r)<,, where lim §,=0.

n o (eMm—et)  4ig
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Returning to case of U,(?). Let {Hi,n}'be a sequence of exceptional
sets corresponding to U,(z) and 4, , be the corresponding quantities of H, ,.

7o
‘men (N H,,)
Then we see that lim L = and maxd,,~0 as n—>o. On
n (eMﬂ_eT) 4 z

the other hand, the niveau cuvrs with height= J‘g" are contained in

R*—R,, since a);,“(z)<y—" in (R,~R;)—R,It follows that | f . (z)]ds
2 rf‘\(R—Gl)
<max §,,(—>0 as n—>) and every niveau curve C, with re(e", e‘z')
z .
—H, , clusters at B as m—>oo. Consider niveau curves C, mentioned
£ .

above as 7, Then we have the lemma.
Lemma b. Let V,(p)=FE[zeR: N(z,p)>M]: peB,—Bs and v,(p)

:E[zeﬁ: o(z, p) < —1—] Then
m

Eﬂ VM(P)’;C'um(vp)N(z, p) :0
Put N'(z, p) :}lifn vuor-comyN (@, D). Since sup N(z, p)= oo
}41:111 Cap(V y(p) A_Um(p))él}li:m Cap (V ,(p))=0.

Hence by Theorem 6. b) of P, N(z, p)— N'(z, p) is superharmonic in R—R,.
Hence N’(z, p)=aN(z, p): a==0 by the N-minimality of N(z, p). By Theorem
9. a) of P N'(z,p)=a' N(z2,q9): ’=0 and ¢qeCv,(p)~B;. But by

f 0 Nz, p)ds__f—a__N(z, q)ds we have N(z, p)=N(z, q).

R
Th1s is a contradiction. Hence llm vit~comoy N (2, ) =0.

Let U, »(2) be a harmonlc functlon in R;— (R, ~v,(p)) such that

U, x(?)=0 on oR, and U, ,(z)=M—6 on d(Ry ~v,(p)) and has M.D.L, where
Ry=E[2eR;: G(z)>M]. Then by the Dirichlet principle

DU, u(2) Sor,D(G(2)=MK.

Let U} x(z) be a harmonic function in R, ——(RerCum(p)) such that

U! x(2)=0 on 8R, and U, x(?)=G()—d on (Ry~Cv,(p) and has M.D.L

over R;—(Ry~Cuv,(p)). Consider (U,, (2)+ Uy, u(2)) and G(2)—0 in (B;— Ry)
~R,. Then by the maximum principle

U, x(?)+ U, x(2)+Mw(B,~R;, 2, B;)=G(2)—0= Um,M(Z)—M’w(BnARa, z, R;),

where B,=R—R, and w(B,~R;, 2, R;) is HM. of B, ~R, relative to R;, i.e.

w(B,~R;, 2, R;) is a harmonic function in R,—(B,~R;) such that w(B,
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~R;, 2, R;)=0 0R,—(B,~R;) and=1 on d(B,~R;). Let n—>oo.
Then w(B,~R;,z,R;)>w(B~R;,z, R,,)gw(Bng_, 2, R%):O by (46). Hence

U, n(@+ U, x(2)=G(2)—0=U,, 4(2).
Now by G(R)<N(z, p), E[z2: GR)>M]=R,CV,(p). U..(2) and N(z, p)
have M.D.I. over Ra—(RMACum(p)) U, M(z)<G(z)(N(z p) on oR;
+d(R,, ~Cv,,(p)), whence by the max1mum principle
U, .u(2) =N(z, p).
Hence by Lemma b lim U, M(z)<hm v st~comyIN (Z,0) = 0.

. M=c0
Hence ‘ lim U, M(z)_G(z) 0. (48)
Let G(z,9) be the Green’s function of R, and let v(q) be a neighbour-
hood of ¢q. Then D(G(z q)) <. By D(U, ,(2))<MK, hence by Lemma a)

Rs—o(@)
there exists a sequence {r,} such that

1 9 U, w(z)\ ds—0 and fl—-G(z q)l ds—0

. Tj
and 7, clusters at B as j—>o.

Let R; be the compact part of Ra divided by 7,. Then R‘,=GRJ..
Put Qfi=E[2eR,: My,<U, 4()<M,] and Cy,=E[z¢R: U, .(x)=M,].
Then ' '

f 2 U, u(z) ds= f - w(2) ds+ f 2 U, u(2)ds.  (49)

(,MOAR C_MIAR T /\.QM
Since Ea—Um #(2)=0 on C,, and C,, we have by (49)
f D U, u@ ds=lim [ 22U, .(z) ds=lim f U, .(2) ds
S on ' j=oo on jmoo ’
M CMDA-RJ C_MIAR
= [ 20U, u(ds). | - (50)

UMI

Slnce D (U, 4(2)= f m, M(z) ,;,M(z) ds-+ f Um,'M(z)——a U, x(z)ds
B j—(RM~om () on
O(RM""m(p))"\R 7 —(RM"‘Dm(P)

and U, M(z)__M—5 on a(RMr\um(p)) we have by letting _7—>oo DU, x(z))
= [ Unu@ -2 s u(@)ds (SME). Since U,. ()= M —5 on 3(Burvn(p),

A(BM~vm(P))

we have by (50) _ :
f—é%-Um,M(z)ds_gzK for %>5, for every L. _ (51)
L
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By the Green’s formula

NI | ’
[ Un@rGleads = Gz, O U u(2)ds.
30 (@) + (7 j— (R~ o m(®N +Q(RU~v m(P)I~R ) v(D+(7; ""(RM’\Um(P))'i'(a(R.M""m(p))"‘R P

Now U, 4(2)=M—¢6 on (R, ~v,(p)), Whence |
U (2) Gz, 4) ds=(M—) L6 qds=—5) [2G,a)ds

I(BM~om(PIIR; ) a(RMr\um(p))r\R 1 R~ m(0)

=(M— q) ds

—>0 as 3—>oo

BY U,, M(z)<M“ f m, M(z)———G(Z, q)ds <Mf! G(z, q) dsl~>0 as j—>oo.

7 j= (B~ m(D)

Similarly by G(z q)<L, in Cu(g), f G(z, q)_a_;Um,M(z')ds-»o ag j—>co.
7= (R~ (D))

Hence by . letting j—o, we have

U= [ GG a)2-U, (a)ds. (52)
2r , on _
(BpAom(D))
p is regular by the assumption. Hence for any given positive number &
there exists a neighbourhood v, (p) such that G(z, ¢) <e in v,,(p). Hence by
(61) and (562)

Let M— . Then G(q)__hm U, »(@)+d by (48.) But ¢ and é are arbitrary{

Hence G(z)=0. Thus N (z, p)=P(z) and N(z, p) is Poisson’s integrable.

Let U,?) ((#=1,2,--- N). and the cardinal number of N<%) be a
harmonic. function in R— R, vanishing on o0R,. If any finite number of
{U,(2)} are linearly independent, we say that {U,(2)} is linearly independent.

Theorem 16. a) {N(z, p)}: p;eB, is linearly independent.

b) If there exists a point in B, ,~(B;— By), then there exist infinitely
many linealy independent H.D. functwns vanishing on oR,, where B,,
18 the set of 'regular points for the Green’s function.

c) ReHN.D.(N= and %,) if and only if both B, . ~(B,—Bg) and
B, (set of singular points of first kind) are at most’ enumerable and
the number of points of Bs, (set of singular points of second kind)=
and %, '

d) ReHND(N<oo) if and only if B, A(B BS) 0= BS , and the
number of points of By, 18 N.

Proof of a). Assume {N(z, p,)} is not linearly 1ndependent Then
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l : )
there exists a linear form >)¢,N(z, p,)=0. Suppose ¢, ¢y -+, ¢,>0 and
j=1
Cm+17'°':cl<0° : ’
m L
Then >e;N(z, pi) =>) ciN(zr D).
1 m+1

Put U(z):f} ¢, N(z, p;,) and F:Tz} D F’:”;Epi. Then F and F’ are
closed and dist (F', F')>0. By Theorem 12. a) and b) of P

U@=rU@)>sU@®. - (63)

On the other hand, U (2) is also Sl__,‘ ¢;N(z, p,), whence as above U(z)= \1;,,U(z)

> U(2). This is a contradict',ior?:.+1 Hence {N(z, p,)} is ]inearly independent.

"Proof of b). Map the universal covering surface (R—R,)* of R—R,
onto [£|<1. Put V,(p)=FE[2e¢ R: N(2, p)>M]. Then H.M. of (V,(p)~B):
w(B A~V 4 (p), 2)=w(¥, &), where E is the set on which N(z, p) has angular
limits=M. Now by Theorem 15 N(z, p) is Poisson’s integrable in |£|<1,
and sup N(z, p)=co by pe(B,— By), whence mes £>0. On the other hand,
by the Dirichlet principle 0<D(w(B~Vy(p), 2)< 2min U‘]ﬁ Nz p)
<27M pecause %’ﬂzl on V,(p) and 0 <w(B~V y(p),2) =o(B~V y(p),?).

=T
Put D,,=D(w(B~V,(p),?). Let M, , be a number such that
p. - Dmin(M,,,, N(z, p))) _ 2z _
. Mi2+1 ~Mi+1 -
Then D(o(B~Vy,, (p),2))<Dy,. Hence we can find a sequence M,
M- - -, lim M;=oco and D(&(B~Vu,(p), 2)<D(w(B~Vau, (p),2). Now
E,DE,DE,- - -, whence such {w(B~V,(p),2)}is linearly independent, where
E, is the set on which N(z, p) has angular limits=M,. Hence we have-b).

Proof of ¢). By Theorem 14 it is sufficient to consider H,D functions
vanishing on 0R, instead of HD function in R. Necessity. Suppose
RcHN.D.(N=o and N=2%,. Suppose the cardinal number of points of
B,,~(B,—Bg) is . Let peB,,~(B,—Bg). Then N(z, p) is Poisson’s
integrable. Let U,(2) be a harmonic function in R,— R, such that U,(z)
=min (M, N(z, p)) on dR,+dR,. Then U,(2)—>U(z, M, p) as n—>oco, where

N 1 M(,i0 1—»? :
Ule M, p)= ?ﬂ—fgo (¢ )1——2r cos(gp—ﬂ)+r2d(6)’

where ¢”(e'’)=min (M, ¢(¢*)) and ¢(e’’) is angular limits of N(z, p) at €.
On the other hand, by the Dirichlet principle D(U (z, M, p))
=D(min (N, N(z, p))=2zxM. Hence U(z, M, p)e H,D.

Dy, >
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Let a and a, be the cardinal numbers of linearly independent functions
{N(z, p,)} and {U(z, M, p,)}: p,€ B, ,~(B,— Bj) respectively. Assume a=1%.

Since a=Ilim «a,, there exists a constant M, such that a,,=%. Hence
M=co

there exist an % number of linearly independent H,D functions in R— R,
vanishing on 0R, whence ReHN.D.(N=3%). This is a contradiction.
Hence B,,~(B;—Bg) is at most enumerable.

Next N(z,p)=a w(p,2): a=>0 for pe By ,(CB,) (whence N(z, p)ec HD).
Hence by a) {w(p, 2)} is linearly independent, whence B, is also at most
enumerable. We show Bg , consists of infinitely many points (clearly<=%,
by Theorem 10. b). Assume that Bj, consists of n,< oo number of points
D1 Pos* %5 Py If B, %0, let geBg,. Now Bg,+(B,,~(B;—Bjg)) is at
most enumerable, B, (set of irregular points) is an F, set of 'capac\ity
zero by Theorem 11. d) of P, B, is also an F, set of capacity zero.
Whence H.M. of B, ,+B,,+B,+B,,~(B,—By) is zero. Let v,,(q) ‘
=FE[zeR: i(z,9)<d,]: 26,=2min d(p,, 9). Then B~(v;(¢)—q) is an F,

set of harmonic measure zero. Hence by Theorem 9 geBs,. This is a
contradiction. Hence if Bg,=pi+ -+ + Duy Bs.1=0.

Assume Bg,=p,+p+ -+ D0,, Then B,+B,,+Bs,+(B,,~(B,—By)) is
an F, set of capacity zero (clearly of harmonic measure zero). Hence it
can be proved similarly as in Theorem 1. d)

ﬁ} mes K, =27r—mes (imagel of 0R,),
=1

where FE, is the image of p,e By, on |£|=1. |
By Theorem 12. ¢) every U(z)e H.D. has angular limits=const a.e. on E,.
Whence Re HN.D.(N=mn,). This is a contradiction. Hence By, consists

of infinitely many points and we have also i mes E,=27r—mes (image of
OR,). ‘
Sufficiency s emdent Thus we have c¢).
Proof of d). Suppose Re HN.D. N< . Then by a) B, ,~(B, BS) 0
and B, consists of at most n,=<N number of points. Whence as in ¢)
Bs, =0 and :

ﬁ mes E,=2r—mes (image of oR,).

where FE, is the image of p,e Bg,.
Whence Re Hn,.D. Hence n,=N, i.e. Bs, consists of N number of pomts.
Thus we have d). .
Remark. If ReH.N.D. (N< oo), w(p, z) of peBg, is an HD function.
In fact, w(p,,?2)=>a, w(p,?2). Now {w(p,2z)} is linearly independent,
J
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whence the determinant |a,;|30 and w(p‘j, z):Z‘,,Bjia)(pi, z), where |8,;| is

the inversed matrix of |a;;|. Hence w(p,, 2)e H.D.

PART III. On Subdomains.

Let G be a domain'® in R—R,. Let w(B~G,z,G)be HM. of (B~G)
relative to G. i.e. w(B~G, z, G)=lim w,(2), where w,(?) is a superharmonic

function in G which is harmonic in G~R,, w,(?)=0 on G~ R, and w,(z)
=1 on (R—R,)~G. Map the universal covering surface G~ of G onto
|&|<1. Then w(B~G,z,G) has angular limits=1 or 0 a.e. on |&|=1.
Proof. The image of 0G is composed of enumerably infinite number
of arecs on |&|=1. Clearly w(B~G, 2 G)=0 on the image of dG. For
simplicity put wiR@)=w(B~G, 2, G). If w(z)=0, our assertion is trivial.
Suppose w(z)>0. Then by P.H.2. sup w(z)=1. Let E, be the set where
the Green’s function G(z, p) of G has angular limits=0. Then mes E,=2xr.
Let E be the set where w(z) has angular limits between 0 and 1. Assume
mes £>0. Then for any given positive number &, we can find a closed

set E'C(E~E)), a number >0, a domain D and a ring %, : 1>{&|>1

_ 1 such that mes (E— E’)<e, D is containing an end part of A(#) of
m

e’e £’ and bounded b)} S 0A0)+E’ and a circle ]5]:1—-L with the
€0 ¢ E m

following property: 1—§>w(2)>d in D~N,, i.e. D~R, is contained in

the image of QI 7’=FK[zeG: d<w(z)<1—o]. Since 0G is composed of

analytic curves and w(z)=0 on 090G, the image of 9G does not fall in

D~%,, image of (0R,~G)—~>|&|=1 as n—>c and dR,~G separates £’ from

IE]:I—% by G(z,p)>0 on dR,~G. Let w”(&) be a harmonic function

in D such that w”(&)=1 on £’ and=0 on 9D—FE’. Then as usual
w(B~2;7° 2, G)>wD(£=)>O
On the other hand, w(Q;°~B, z,G) =w(B~G, z,G) and sup w(G~Q}°
2,G)=1—6. Hence by P.H.2. w(2;°~ B,z G)=0. This is a contradiction.
Hence mes £—=0. Thus w(BmG z, G) has angular limits=0 or 1 a.e. on
lé]=1.

Let {z;} be a sequence such that z,—~B and lim w(z,) <1, we say that

’

{2:} cbnve;rges to the annexed relative boundary. Let Ey , be ,th-e set
where w(z) has angular limits=0 and is not the image of 3G. We call

18) See. 5).
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E, , K-annexed relative boundary. We call E, where w(z) has angular
limits=1 the image of the ideal boundary. Then by the above fact
w(B~G,z,G)=w(Ey &), where w(Ey,&) is H.M. of E; with respect to |&]| <1.
We denote by H,.B. (H,D) the class of bounded (Dirichlet bounded)
harmonic functions in a domain G vanishing on 8G. Also we denote by
Ono s (Om,p) and H,N.B.(H,N.D) the class of domain in which there
exist no non constant H,.B.(H,D.) function and there exist an N number
of linearly independent H,.B.(H,.D.) functions respectively.

11. Class Og,s and H,.N.B. Since G is a Riemann surface, we
can define K-Martin’s topology in G and we have at once Theorem 2.
But it is more interesting to characterize the class H,.N.B. by K-Martin’s
topology of RDG.

Theorem 17. a) FEvery H,B. function has angular limits=0 a.e.
on Ky ,.

b) GeOy,p if and only if mes E,=0.

¢) GeH,.N.B. if and only if G contains K—apprommately N number
of singular points p, of B and w((B— sz)/\G z,G)=0.

d) If ReHN.B., Ge H,N'.B. and N’<N

Proof of a). Let U(z)eH,.B. and let U,(2) be a harmonic function -
in G~R, such that U,(2)=|U(?)| on (0R,~G)+(6G~R,). Then |U(2)|
=<|U,?)|=M w,(z), where M:szlelg U(z) and w,(?) is a harmonic funection -
in G~R, such that w,(?)=0 on G~R, and w,(2)=1 on -G~oR,. Let
n—>co. Then |U@R) | =M w(B~G,z G). (54) .
Hence ‘we have a). | | '

Proof of b). If mes E;=0, w(B~G,z G)=0 and every harmonic funec-
tion U(z) has angular limits=0 by (54) and G¢Oy,z. Suppose mes E,>0.
Then w(B~G,z,G)>0 and G¢0g,;. Thus we have b).

Proof of ¢). Suppose G contains p,eB;, K-approximately. Then
w(p~G, 2,G)>0 and K-minimal in G by Theorem 4. a). Let E; be the’
set on which w(p,~G, 2 G) has angular limits=1 almost everywhere.
Then by Theorem 1 w(p,~G,z, G)=w(E, ) and every U(z)cH,B. has
angular limits=a, a.e. on E;, and mes E,~E,=0 for p;=p,;. Hence the
only one uniquely determined bounded K-minimal function in G corresponds
to every E,. If w(B~G,z G)>w(2 plAG z, G), we can construnct an %

number of linearly 1ndependent H,. B functions. Hence if GeH.N. B (N
=%,), mes (E,—S E)=0. Conversely suppose mes (E;—>E;)=0. Then
every function € H,.B is a linear form of {w(G~p,, 2, @)}, Hence we have b).
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Proof of d). This is clear by c).

12. Class Og,, and H,.N.D. Let N’(z, p) be a harmonic function
with one logarithmic singularity at », N'(z, p)=0 on 3G and N’(z, p) has
minimal D*irichlet integral. Then N’(z, p) is uniquely determined. We
call N'(z, p) N-Green’s function of G. Let G(z, p) be the Green’s function
of G. If N'(z, p)>G(z, p) for at least one point p, we say that G has
the ideal boundary of positive capacity. '

Theorem 18. a) If N'(z,, p)>G(z, p) for two points p and z, then
N'(z, ¢9)>G(z, q) for any points q¢ and z in G. '

b) Let Ey , be the set where N'(z, p) has angular limits=0 (which
is not the image of 0G), we call E, , N-annexed relative boundary. Then
every U(z)e H,.D. function in G has angular limits=0 a.e. on E, , omd
EN ADEK A-

c) The Jollowing conditions are equivalent.

1) G has the ideal boundary of positive capacity, t.e. N'(z, p)
>G(z, p)**.

2) G<¢0g,p-

3) mes (Ey—E, ,)>0. :

Proof of a). N'(z,p)=G(z,p). If for a point z, N'(z,, p),=G(2, D),
N'(z, p)=G(z, p). This is a contradiction. Hence N’(z, p)>G(z, p) for any
points p and z. Next by the Green’s formula N'(p,q)=N’(g, p) and
G(p, 9)=G(q, p), whence N'(p, ¢)—G(p, q)>0 and N'(z, q)>G(z q9). Hence
we have a).

Proof of b). If mes K, ,=0, our assertion is tr1v1a1. Suppose mes £, ,
>0. Let U(z)eH,.D. Then U(z) has angular limits a.e. on |£|=1. Suppose
U(z) has angular limits=-0 a.e. on E, ,. Then we can find a closed set
E’ in Ey, and a number a >0 such that U(z) has angular limits >a
or <—a a.e. on E’. Without loss of generality, we can suppose that
U(z) has angular limits>a=>0 a.e. on E’. Put Q,=F[2¢G: U(z)>a] and
Q,=FE[zeG: U(z)>0]. Let o(G~Q,, 2, 2,) be C.P. of (G~2,) relative Q,.
Then by the Dirichlet priciple

D(AG~ 2, 2% D) =D@G 2,2, 2)= 2T E < b < oo,
a

Let ,2.=FE[zeG: N'(2, p)<e]. Then by (42.~2,)C02,
D(w(y2.~ R4 2, ) =D(0(G~2,, 2, G)) =M.

19) This condition is a far simpler for G §$0r,p than the condition given by A. Mori:
On the existence of harmonic functions on a Riemann surface. Journ of the Faculty of
Science University Tokyo. Vol. VI, 1951.
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Now as usual it can be proved_that HM. w(y2.~2,~B,z2,G) of
(¥ R.~2,~B)=w(E’, £)>0, because N'(z, p) has angular limits=0<¢ on E’
and U(z)>a a.e. on E’. Hence

0<w(yR.~2,~B, z, G =o(y2.~2,~B, 2z, G).

Let F, be a closed set in G such that F, 1t F. If D(w(F,z, G))<co.
Then D(w(F, 2z, G))=D(w(F,2,G)). Hence D(lim w(F,, z, G)) < lim D(w(F,,
2, ) =D(w(F, 2,G)). Now limw(F, 2 G)=1 on F except at most a set
of capacity zero and has M.D.I. On the other hand, w(F,z, G) has also
M.D.I. Hence by Lemma 1. b) of P

o(F, z,G)=1lim o(F,, 2, G).

Put G :E[zeG: 3z, 9G) = —1—Jr\R. Then +0.~Q.=lim (GI~,2.
~£,). Hence for the same ¢ used for 2. and a point z,¢ (0. A.Q .), there
exists a number n, such that

O(yR. A~ A~GX, 20, G)> (2.~ 2,, 20, G)—c¢, (55)
Then also by the Dirichlet principle .
D(o(y2.~2,~GX, 2, O)) <D(w(y2,~0,, 2, G)) <M.
 Let N,(z,2,) be a harmonic function in G~R, with a logarithmic

singularity at z,¢ (y2.~2,) such that N)(z,z,)=0 on 6G~R, and :98—
"

N'.(2,29)=0 on aR,~G: n=n, Then N}(z, 2,)=>N'(z,2,). Let w,(2) be a
harmonic funection in (G~R,)—(yQ2.~2,~G}) such that w,(z)=0 on 6G~R,,

0,()=1 on (4R.~2,~GY) and -a—a—wn(z):O on oR,~G. ‘Then w,(2)=>
, n ‘
o(v2.~2,~Gk, z,G) and by the compactness of o(y2.~2,~G%
—a———wn(z)ds_.D(w(N.Q ~R,~GX, 2, G)) <M.
n

) (2.9 a"\ano>
By the Green’s formula

’ 0 ’ o 0 ’
f Ni(z, 20)—o,(2)ds= [ ,(2)Ni(z 2)ds.

70!

By f (z) N’(z z )ds=0 we have
Ay ’“ﬂa"‘{'mﬂ ,

®,(2,) = E; f N/(z, zo)—wn(z)d s= 1 max N/(z, z,) f a'—an—w(_z)ds

T 2¢3(NQ ~Rqg—GFr0d
W2 e DarGngd o SarTe IND DT

g_l_' max N)(z, z))M. Let n—>oo. Then

T zeNQ.
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(32~ R, ~GE, 20, )= —2‘1 M by N'(z, z,) <e in y0.. (56)
’ T

Take ¢<min ( ]}4 w(NQs’“QfB’ Zor G)>. Then by (55) and (56)

0<'w(N.Qe/—\'QaAB’ %oy G)éw(N.st\gaf\Gz, 20y G)+5§$+ —é§~M
Sw(NAQsA‘QaABy ZO’ G). i

. o 2 o
This is a contradiction. Hence mes E'=0 and every U(z)c H,.D. has
‘angular limits=0 a.e. on Ey ,. There exists a number M such that
N(z, p)<M in G~(R—R,,) for a number n, whence N(z, p)<Mw(Gr\B
2,G) in (R—R,). Hence E; CEy ,. Thus we have b).

Proof of ¢). Clearly by D(N(z,"p) G(z, p)) < oo, D(N(z, p))<oco and

D(G(z p)) << oo we have D(N(z p) G(z, p))< o, Where z)(p) 1s a neighbour-

R—v(p)

hood of p. Hence N(z, p)—G(z, p)eH D. and 1) implies 2).
Assume mes (E;—Ey ,)=0. Then by b) U(z)c H,.D. has angular limits=0
a.e. on |£|=1, whence Ge0,, ,. Hence (2) implies (3).
Assume N'(z, p)=G(z, p). Then N’'(z,p) has angular limits=0 a.e. on
|é|=1, whence mes (E;—Ey ,)=0. Hence (3) implies (1).

Suppose that G has the ideal boundary of positive capacity, i.e.
N'(z, p)—G(z,p)>0. In G we can introduce N-Martin’s topology by use

of N-Green’s function of G, but f —a—N(z p)ds is not necessarily=2r

but =<2r. Then we have Theorem 16 Now as in case of H.N.B. it is more
useful to characterize the class H,N.D. by the N-Martin’s topology of
R—R, Even when sup N(z, p)= o : pec R— R,+ B,, we say that G contains
p N-approximately, if N(z, p)>oeN(z, ) and if (.cN(2, p))=0. We
denote by Bs and B, , the sets of singular points, of regular points for

the Green’s function of R—R,.

Superharmonicity in a domain G. Let U(z) be a function of C;-class
such that U(z)=0 on oG, U()>0 in G and D(min (M, U(z)))<oco for
M< oo, Let D be a domain with compact dD. Let 3U¥(z) be a function
in G such that zU(2)=min(M, U(z)) on D, 3U"(z)=0 on G and 3U(2)
has M.D.I. over G—D. Put 5U(z):1uim sUM2). If zU()<U(z) for any

domain D with compact 0D, we say that U(z) s superharmonic in G.
Then it is easily seen that all theorems about superharmonic functions in
R—R, are valid for superharmonic funections in G. Hence for a non compact
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domain D zU(2) is also defined.
Theorem 19. a) Let un(p):E[zeR o(z, p)<._j] peR—R,+B,—Bs

with respect to N-Martin’s topology of R—R, Then un(p) contains p
N-approximately.

b) Let G be a domain in R—R, such that G contains pe(R R,
+B,— Bs) N-approximately. Then N(z, p)—ocN(z, p) is superharmonic
in G and ;N(z, p)_N(z, D), where N(z, P)=N(z, p)—ccN(z, D).

¢) If G contains pe(B,—Bs)~B,, N-approximately. Then Kf(z, )
18 representable by Poisson’s integral and sup Jv(z, p)=oo., Hence there
exist infinitely many linearly independent H,D. functions in G.

Proof of a). p is the kernel of the ecanonical mass distribution of

N(z, p) and dist (p, C,(p))= ”}{ Hence by Theorem 183), ¢) of P N(z, p)

> o (2, p).  Since Cap(p)=0, by Theorem 6) a) of P ,,,,»N(z, )
— p(concN (2, P))=U(z) is supeharmonic in R—R,. - Let F be the kernel
of the canonical mass’distribution of U(z). Assume ,(c,,N (2, p))=>0.
Then F+p is the kernel of the canonical mass distribution of ¢, N (2, p)
(=UR)+ (coneoN(z, 0))=U(2)+a N(z2,p): a>0). On the other hand, F”’
(the kernel of the canonical mase distribution of (,,.,N(z, p)) is contained
in Cv,(p) by Theorem 13 d) of P. But by the same theorem F’'=F+p.
This is a contradiction. Hence ,(c.,w»N(z, »))=0. Thus v,(p) contains p
N-approximately. . -
Proof of b). Put N(z, p)= N(z pP)—oeN(2, D). We show that Mz, p)
is superharmonic in G. Put V,=E[2¢G: Nz, p)>M1. vnoy~ov N (2, D)
and, . coy~ovu(ca N (2, D)+ M o(V , 2)) are superharmonic in R—R, and har-
monic in R— Ry~ (v,(p) ~CVy) and ,,~cr,N (2, 0)=N(2, p)<.:N(z, p)+M
= vuwncvaulcaN(Z, D)+ M &(V y,2)) on 3(v,(p) ~CV,)4 R, where v, (p)=

* _
E[zeR: o(z, p)<ij{. Whence by the maximum principle

vr3~07 N2y D) = umcpymev sloaN (2, D)+ M ox(V 3, 2)) < v caN (2, D) + M o(v,(p),2)).
Let m—>oco. Then by the assumption that ,(.«N(z, »))=0, we have by
Cap(p)=0 .
vno~ov 1o N (2, D)+ M o(v,(p), 2)) 0 as n—>oo and Hm ., pyov 2N (2, p)=0.
oncor~v 5N (2, D) Fonirnov N (2, D)= N (2, D)=, nem~v 2N (2, P), Whence
Nz, D)Z vnar~vulN (2, P)ZUM v 2N (2, p)=N(z, p)(=lim ,,»N(z, p))



DUIvy it  puuvivLs Uj VT rtty OuT j uces 10T

Hence - Nz, P)=vuN(2, D)=, >~ruN(Z, P)=N(z, p). (56)
By Theorem 4. c) of Py, N, p)*tv,N(, p)=N(z, p) as n—>co.
vu~rnN(2, D) and 6@y 4~z N (2, »)) are superharmonic in R— R, by Theorem
4. a) of P. Now vy, ,(N(2, P)=N(z,p) on V,~R, and c(vy~z.IV(Z, D))
=ceN(z, p), whence
VairinlN (2, )= (v un2aN (2, P)ZN(z, p)— 6N (2, D)= N(2, )=M on V,~R,.
On the other hand v, N2, D)— ce(y pmzn(2, D)) =0=N(z, ») on 3G. Hence
E[zeG: 0<yy~r,N(Z, D) —ca(ru~zN(z, ) < M] =02 D"
=E[2eG: 0<N(z, p)<M].
Since V,~R, is compact v, N(z, p)\z gljf'frnN (z, p)<M *<oo in R—R,
—(Vy~R,), whence -
D g zo- 7 ym ) ym5nN (2, 0)) =22 M* and Dy_xp,- (VMARn)(OG(VMARn(z D)) =2z M*
by Lemma 2. ¢) of P. Hence
D v 31 20y e~ 2N (2, D) — c6(v sy~ N (2, D)) < 0.
Let A, (2) be a harmonic function in R,,— R,—(V,~R,) such that A4,(z)

=vsinN(z, §) 00 8(Vy~R,)+3R, and iAm(z) 0 on 9R,. Then A,(2)
Sy u~rnlV(Z, ) as m—>oo. Let B, (z) be a harmomc function in G/\R
such that B, (2)=¢(yy~z,N(7, P)) on 0G~R,, and .—-aiBm(z)_O»on oR, ~G.
n - ‘
Then B, (2)=¢(vy~z.N(2, »)) a8 m—>oo. Put
QY. .=FE[zeG: 0<A,(?)—B,(r)<M]~R,,.
Consider the Dirichlet integral of (Am(z) B,.(2)) on Q7.

Then Dy (A,(2)— B (2)=M f —(Am(z) B, (2)ds=M f (2)ds
—f_ n(2)ds, because f aiBm(z)ds:f, B(z)ds=0.

'nm ,m

m(z)=>VM,\;nN(z P)=N(z, p) as m—oo. Hence for any given positive

number ¢, there exists a number Mg such that f o (2, D)8

61\’0
<f—y,,,\RnN(z p)ds+e<f 9 N(z, p)ds+e=2x+¢, for m=m,. Hence
aro
D,n (Am(z) B, (2))=<(2r+¢)M for m>m0
By Am(z)=>VMM,,,N(z p) and B, (2)=¢(r y~zalV (2, D)) a8 m—> o0,
> 2= E[26G 0<y 31, N(2, D)= 06(v snrnN(2, D)) ] @S M—>00.
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Let 2 be a domain completely contained in QX Then for any given
number [ there exists a number m’ such that (2 ~R))CQ¥, for m=m'.
Then by Fatou’s lemma :

D 2,(v py~2a N (2, p)_CG(VM’“EnN(z p)))\llmD u (Am(z) Bm(z))(Zﬂ'M
Let > and then 0 1 QM. Then
. D g2y 32N (2, D) = 06(7 1gm 5N (2, D)) =21 M.
Next v~z N2, 0) v, N(2, ) as n—>os and by Theorem 4. i) of P
\CG’(VM"‘R'nN (2, ©)) 1 06(v N (2, D)) =0cN (2, p) as n—>co. Hence as above
- D(min(M, N(z, p)) =D, ,(N(z, p)—ccN(z, p)) <2z M. (57)
Let D be a domain in G with compact 9D. Then there exists a
number 7, such that ¢DCR,,. Let J3(2) be a harmonic function in

(G~R,)—D(n=n,) such that JX(z)=min (M, N(z, p)) on D+(6G¢Rn) and

Ea——Jﬁ‘(z)—_—O on 0R, ~(G— D), where M>su1; N(z, p). Then D, ro-(J2(2))
n zw@ : .

=<2zM by Lemma 2. ¢) of P and J}(2)=¢¢.pN"(2,p) in G—D as n—co,
where .;,pN"(z, p) is a function in R— R,—(CG+ D) such that
ca+pN"(z, p) has M.D.L. over (R R ——(CG+D)) and ¢, ,N*(2, p)=min (M,
N(z, p)) on CG+aD.

Let H»(z) be a harmonic function in (G~R,)—D such that H)Y(2)

— min (M, .xN(z, p)) on (6G~R,)+oD and ba—H,f“(z)zo on 9R,~(G—D).
. n

Then DG rp-o(H,(2))=2rM and H}'(2)=¢e+5(csN(2, p)) in G—D as n—>oo.

Then J¥(2)— H.'(z) is a harmonic function in (G~R,)—D such that

J(2)— H;(2)=0 on 6G~R, (because N(z, p)=.;N(z,p) on 0G), J(z)— H(2)

=min(M, N(z,p))=N(2,p)—caN(z,p) by M =>sup N(z,p)>N(2,p)—ccN(z p)

on 0D and -aa—(J,f"’ (z)‘—- HY(2))=0 on oR, ~(G— D) and D(J}(z)— H(2)) <8z M.
n ~ ;

Hence (J(2)— H(2)) has M.D.I. over (GmRn)-l—D among all functions
with value 0 on dG~R, and (N(z, p)—oN(z,p)) on 0D. Now (JX(z)
— H}(2)) converges in mean as n-—>oco.
Put 3ﬁ(z, p)=lim (J}(2) — HY(z)). Then 52\7(2, p) has M.D.1. over G—D
with value N(z, p)—N(z, p)(:ﬁ(z, p)) on dG-+0D and
Bﬁ(z’ p)zhin (Jn(z)—Hn(z))(zCG+DNM(z’ p)—CGﬁN(z, p)) for every M.)

Let M—>co. Then 3N(z, p)=cs.oN(, P)—co.nlcaN(z, D). |
On the other hand, by Theorem 4. b) of P ;N(?, »)=ce.p(ccN(z, »)). Hence
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T)ﬁ(zy p):CG+DN(zr p)'—CG+D(CG'N(z” p))§N(Z, p)'—'CGN(z! p):ﬁ(zy p)' (58)

Put D=v,(p)~R,~G. Then zﬁ(z, P)=ce.oN(z, p)—oaN(z, p). Let
n—>oo. Then by (v,(p)+CG)>p we have ,, »iceN(7, )=N(z, p). Whence
by letting m-— oo

Nz, ) =Nz, p)—coN(z, p)= N (2, 0). 59)

Assume N‘(z, p)=M<oo. Then ;N(z, P)=Mw(p,2)=0. This is a contra-
diction. ,
Hence sup N(z, p)= . ' : (60)
By (67), (58), (69) and (60) we have b). -

Proof of ¢). Put N(z,p)=N(z,p)— ccN(z, D). Suppose pe B, ,~(B,—Bs).
Then there exists no non constant generalized Green’s function in F— R,
smaller than N(z, p) by Theorem 15. .Assume that there exists a non

constant generalized Green’s function 5(2) in G smaller than ﬁ(.z, D).

Put V,=FE[zeG: E(z)>M]. Let G%(z) be a harmonic function in R;,
—R,—V, such that G3(z)=min(M,G()) on V,+dR,, Gu(2)=0 on oR,
4+ (@R,—G) and has M.D.I. over R,—R,—V,. Then by the Dirichlet
principle D(G%(2)) <D(min(M, g(z))< . Put G(z):lim li‘m Gr(2). THen

G(z) is a generalized Green’s function in R—R, smaller than N(z, p).
This is a contradiction. Hence there exists no generalized Green’s func-

tion G(z) smaller than Nz, p). Hence N(z, p) is Poisson’s integrable and
by (60) sup N(z, p)=oo. Thus by Theorem 16. b) we have c).

Theorem 20. a) If G contains pe Bs, N-approximately, G contains
p K-approximately by Theorem 12. b) and there exists a harmonic
domain V such that D(w(V,z G)< o and o(p~V,2,G)>0. Map the
universal covering surface G= of G onto |E|<1. Let E be the set on which
o(p~V,2,G) has angular limits=1 almost everywhere. Then mes K=>0,
mes (E~Ey ,)=0 and E does not depend on the domain V, in other
words, let V, and V, be domains such that oo =>D(w(V,z,G)) and
o(p~V, 2z, =wp~V,2, G >0 (1=1,2) and let E; be the set where
w(p~V, 2, G) has angular limits=1. Then E,=FE, We call E the image
of p relative to G. Ewvery U(z)e H,.D. has angular limits=const a.e. on K.

b) Suppose G contains p,;c Bs, N-appaoximately. Then o(p,~V,z,G)
has angular limits=const<1 a.e. on E, where E, is the image of p;:
p;5p, and p,+p,eBs, and G contains p, N-approrimately.

c) If G contains p K-approximately and mot contains p N-appro-
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ximately, then the set E, where w(p~G,z, G) has angular limits=1 is
contained in E, ,.

Proof of a). By Theorem 12. b) mes E>0 and U(z)e H,.D. has angular
limits=a a.e. on K. Next U(z)e H,.D. must have angular limits=0 a.e.
on Ey ,, whence mes (E~FEy ,)=0, because w(p~V,2,G)eH,D.

Assume mes (E;~FE,)=0. Then o(p~V,, 2, G)=1 a.e.on £, and=a<1
ae. on K, Put Q,=FE[2¢G: o(p~V,,2 G)>1—25] and .QI—E[zeG

o(p~V,,2,G)>1— 5] where 0= 1— =—%  Then

D(F"(Qu 2, ;)= —52— D(w(p~V, 2 G))<M< .

Put- V,_.(p)=FE[z: o(p,2)>1—c] and V,_.=FE[z2eG: w(p~V,, 2, G)>1—¢].
Then V,_.(p)DV,... By Theorem 7. ¢) we have ,

w(CUn(p)AVI—s’ Z, G)éw(cun(p)AVI—S(p)) Z)—>O a's 5“)0' (61)

By P'H~3° w(CVI—s/—\py z; G):O and by w(p/\gl, z, Q2)§w(vl‘s/\phglf z’ 92)

+w(CV,_.~pRy, 2, 2,) we have :

w(p~02y,2, 2)=w(V,_.~p~04, 2, 2;) for any £>0. : -(62)

hm w(Vy,.~0,(0) ~24, 2, .Qz)—l—hmrw(V1 ~Cu,(p) ~024, 2, 92)>hm w(V1 824,

z 92) 11m w(V1 sr\un,(p)f\ﬂl,z Qz) Let #—>c. Then we have by (62)

and (61) ,
w(pAQI; Z, QZ):llm w(Vl—sf\‘er z, QZ)’
e=0

Since mes £ >0, we can find a closed set £’ of positive measure in E such
that both w(p~V,,2,G) and w(p~V, 2 G) converge uniformly along
Stolz’s path at every point of E’. Hence we can find a closed set E’

and a domain D containing an endart of A(#): e”c £’ and is bounded by
1

E"4+37 0A(0) and a circle |[&|=1— — such that the image of 92, does
not fall in D and the image of 3(V,_..) separates E’”’. Hence as usual,
we have w(‘pm.Ql,z,.Qz))zlsigl w(V,_.~0,,2,92;)>0. Hence D(o(p~2,,2,02,)
>0 and D(w(p~2,, 2, 2:)) =D(w(£24, 2, 25)) <M < oo. |
Similarly we have oo >D(w(p~C%,, z2,G)) >0. ,
Putting 5=R—R0 and B’=p, we have w(p~2,, 2)Fro(p ~C2;, z) by Separa-
tion Theorem S. 1. But these have their masses at only p and by P.C.3.
sup o(p~CQ,, 2)=1=sup w(p~2,, 2, 2,) whence these are equal to w(p, 2).
This is a contradiction. Hence mes (&, ~E;)>0. On the other hand, U(z)
€ H,.D. has angular limits a, a.e. on. E; and a, on E,, but by mes (£, ~ E,)
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>0, a,=a, and E,=E, Thus E does not depend on V.

Proof of ' b). Map the universal eovering surface (R— R,)* onto |&]|< 1.
Let E; be the set where o(p;,2) has angular limits=1. Suppose (p;, ?)
“has angular limits=a a.e. on \E, (i37). Assume a=1. Put Vi . =[z2¢R:
“w(p,, 2)>1—c¢].

By Theorem 10. b) w(p,, 2)=w(E,, £). Since a=1, w(p,, 2)=w(E,, §), whence
o(p;, 2)>1—¢ on Vi_. Hence by w(p,,2)=(1—¢) on Vi, o(p,?)
=(1—¢) vi_o(p; 2)=(1—¢) o(Vi_.~v,(p,), 2)=(1—¢) w(p;, 2)>0. Now
o(p;~Vi_, 2)=lim o(Vi,~v,(p,),2) has its mass only at p, and by P.C.3.
sup w(p;,~Vi_., 2)=1.Hence o(p,~Vi., 2)=w(p,;, 2). Let ¢>0. Then

' o(p,, Z)Zw(pj, 2). (63)
But by Theorem 12. ¢) of P o(p,2)<1 in R—R,—p, except at most a
set of capacity zero. (63) means that w(p,2)=1 on a set p, of positive
capacity. This is a contradiction. Hence a<1. ,

o(p,~V, 2, G)=o(p,?2) and o(p,~V,, 2, G)<w(p, 2). Hence w(p, 2, G)
has angular limits<1 on the image of p, relatlve to G. Hence mes(FE; AE)
=0, because if mes(&;,~FE,;)>0, w(psz z,G) has angular limits=1 a.e.
on K+ FK,.

Proof of ¢). Assume E; T E,,. Then there exists a. funetion U(z)
€eH,D. such that U(z) has angular limits==0 a.e. on E,. Then we can
suppose without loss of generality that U(z) has angular limits>a >0 on
a set E'(CE,) of positive measure. Put Q,=E[2¢G: U(z)>0] and 2,

' :E’I:zeG: U(z)> —g’—] Then

D(w(p~2, 2 O)=D(@(2, 2 0) = 2O < oo
. | (=)
As usual we can fiind a closed set E” (CCE’) of positive measure such
that both U(z) and w(p, 2, G) converge uniformly along Stolz’s path ter-
minating at E’ and it can be proved that

w(p~2,, %, G):l}n: w(VY¥ . ~02,,2¢G: w(p, 2, G)>0,

. where VK,:E[éeG: w(p, 2, G)>[1—¢]. Hence

oo > D(w(p ~82,, 2, G)) =>0.

‘This means that G contains p N-approximately. This contradicts the
assumption. Hence we have c).

It is necessary to make many preparations to study the class H.N.D.
(N=o and=%,. Hence we consider only the class H, N.D. (N< ).
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Theorem 21. GeH, N.D.(N< ) if and only if G contains N number
of points €Bs, of R—R, N-approximately and does mot contain any
point of B, ,~(B,— Bs)+ Bs; N-approximately. Map the universal covering
surface G onto |&|<1. Then the set I': |&|=1 is divided into three
kinds of sets, 1° image of G, 2° image of p(eBs) contained N—appro-'
ximately in G and 3° Ey, and :

mes (EB_ENA):Z mes Ei’ )
where E, is the image of p, relative to G and E, is the image of the

ideal boundary (B~G).
Proof. Map the universal coverlng surface (R— R,)* onto |C|<1 Let

ge B—Bs, and let v,(q)= E’[zeR 5(z, q)<__] Let w(v,(p)~B, ) be C.P.

of (v,(q9)~B) determined by v,(q). We prove the following

Lemma. For any given point qc B— Bs, and for any given positive
number ¢=>0, we can find a number n(q) such that the measure of the set
E,<¢, where E, is the set on which w(un(q)/\B z) has angular limits=1
almost every everywhere.

Assume o{v,(q)~B,2) has angular limits=1 on a set E of positive
measure 6>0 for every n. Then by letting n—> o

w(g, 2)=w(E, £)>0, (64)
where 'w(E’ ¢) is H.M. of E with respect to |{|<1
On the other hand, by Theorem 10. b) for ge B ,, w(q, z)_hm wVi_.(), z)

where V, .(¢)=FE[zeR: o(q,2)>1—c¢], i.e. w(q,2) is H.M. of the set on
which (g, 2) has angular limits=1. But by ge¢Bs,, w(q, 2)=0, i.e. (g, 2)
has angular limits<1 a.e. on |[&§|=1. For ge B— Bs, we have (g, 2)=0.
This contradicts (64). Hence the measure of the set E, (where o(v,(q)
~B, z) has angular limits=1)| 0 as n—>co. ' '

We show

mes (Ey— Fy,— S E) >0 implies Ge H.N.D. (N= ). (65)
Put E*=E,—Ey,—>E,. We cover B—3> p,(p;cBs,) by a system of
neighbourhoods v,(g,) of ¢, B—Bs, such that w(v,(q,)~B, ?) has angular

limits=1 on the set whose measure <%(un(qj) depends on g,).

By Ew(B/\un(q]), G)—{—Zw(pz,z G =w(B, z,G)

there exists at’ least one v,(q,;) such that mes (E} ~E*)>0, where E} is
the set on which w(v,(q;)~B, z,G) has angular limits=1. Denote the
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above v,(q,) by ¥B(q,). Next cover B(q,) by o,,,(q) q;¢ B—Bs, such that
the measure of the set (where a)(u,,(qj)/\B, 2) has angular limits=1)< -21—
Then there exists at least one v, Aq;) such that mes (E} ~E*)>0, where
EY is the set where w(v.(¢})~B(;,)~B, z,G) has angular limits=1. Put
582(q)=281(q)/xun,(q;.). In this way we can find a sequence

B1(9:)DBy(g) D+ -

This sequence has the following properties :

1°. The measure of the set where o(B,(q,)~B,z2) has angular limits=1
1 : ' .

2" , |
2° Let EY be the set where w(3B,(q,)~B, 2, G) has angular limits=1.
Then EYDOEYD:--, mes (B ~E*)=a,>0 and. by w(B,(q,)~B,z G)<

«(8B,(q,)~B, z) and “n<_21;{ we have lima,=0.

From the above seque'hce‘ we extract a subsequence as follows:
Put LBj(¢,)=%B,(q;). Let m, be the least integer such that ——;—<a’1

Put ¥B3(¢.)=3,(¢). Suppose B.(q,) is defined. Let »’’ be the least integer
such that 2% <a, and put B.,,,(q,..,)=2,..(q.~). Then we have a sequence

Bi(g,) DB (g2) D - -
The above sequence has the following properties :
1°. The measure of the set where w(B’(qn)mB z) has angular limits=1
<a,_1.
2°. The measure of the set (K7 ~E*) (where w(B,, (q,,) ~B,2,G) has angular
limits=1 on E}Y)=a,, a,>0 and a;>a,>a;>---: lima,=0.

Let I be a given integer, we shall construct ! number of linearly
independent H,.D. functions in G. N(z, p)—G(z, p)>0 on E*.- We can
find a closed set £ in -E*~FEY such that mes ((E*/«EI")—E’\)<5° and
N(z, p)—G(z, p)>5=>0 on ;E'\ where FEY is the set on which w(Bi(g,)~

B, z,G) has angular limits=1 and ¢,= min (a Apir)
n=1,2,e00l—

Put Q;E[zeG: Nz, p)—G(z, p)>—é——]. Then

D((@, 2, )= PN DG D) <y o,
(z)

Since w(B ~2B!(q,), 2, G) 1 a.e. on E’W/\E’(n 1,2,--.1), it can be proved as
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usual M=>D(w(2~B~BL(q,), 2, G)), (2 ~B~B)(q,), 2, G)=w(2 ~B~P(q,),
2,3) and .w(Q@~B~%(q,),?2 G)=1 a.e. on E,;WAE\', where E!” is the set
where w(B~%,(q,), 2, G) has angular limits=1.

Let E? be the subset of E* where w(2~B~%/(q,),?, G)=1 and let a,
be its measure. Then by «(2~B~%B/(q,), 2, ) <=w(B~B,(qw), ?) a,.1=a,.
Next by o(2~B~B(q), 2, G)=w(2~B~B(q),2,G) and (Ee ~E)D(E” ~E)
we have a,=>a,—¢,, Hence a,,_,=>a,=a,—¢,. Whence by the property of ¢,

lal>a2>a3>"'>alo (66)

Clearly by (2 ~B~%8(q,)D(2~B~%,.1(,.,)) and by (66) {«(2~B~T(q),
2, @)} is linearly independent and ¢ H,D. Now ! is any integer. Hence
Ge H.N.D. (N=o0). : .
We show if G contains v.€Bs,(k=1,2,---n,), then we can construct
n, number of linearly indepent H,.D. functions.
Since C.P. of p,: w(p,~V,z2,G) dose not depend on V by Theorem 20. a),
we denote it by w(p;, 2, G) for simplicity. Let E|, be the image of p,c By,
relative to G. Then by Theorem 20. b) w(p,, 2,G)=a, on E, and a,<1: k=j.
Put a":mgg.gc a, and put 2=FE[2¢G: o(p,, 2, G)>a*+¢]. Let V==E[2cG:
J . : ‘

'=1,.uno .
o(py, 2, d)>1~s]: 1—2¢>a*. Let &k ,.; ».:.;(2) be a harmonic function
in (G~R,.,.)—(2—=V)~(B,.i.;— Rp.)))—(V~(R,.,—R,)) such that
wn,n+i,n+i+j(z)=O on aRn+i+j;—‘Q+aG’ ’a%wn,n+i,n+i+j(z):0 on 3Rn+zf\(.Q——V)
and wn,n+i,n+i+j(z)=1 on ((Rn+z*Rn)Av)’ Then wn,‘n+i,n+i+j(z)Twn,n+i(z)’
@y e i(R)2>0,(2) and ,(2) | 0*(2). It can be easily proved that «*(2)=1 a.e.

on B, and=0 a.e. on 3} F, and D(@k(z))g-Dgi”ip;f&)f)). Whence {w*(9)} is

linearly independent and ¢ H,.D.
Proof of the theorem. Suppose Ge H, N.D.(N< ). Then by Theorem
19. ¢) G does not _contain any point of B, ,~(B,— Bs) N-approximately
and by (65) mes (Ey;— Ey ,)=mes > E,. Let N’ be the number of points
€ Bs ; contained in G N—approximalely.‘ Then we can construct N’ number
of linearly independent H,.D. functions. On the other hand, every H,.D.
function has angular limits=a, on E;,, whence Ge¢H,N’.D. and N=N'.
Conversely if G contains p,eBs,(i=1,2,---, N) N-approximately and
mes (Ez— Ey ,)=mes > E;, we have Ge HN.D. Thus we have the theorem.
By Theorems 16 and 20 we have easily the following

Corollary. If R—R,eHN.D. (N<o and N=%,, GeH,.N'.D. and
N’<N. |
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In fact w(B— BS 2y 2)=0 implies mes (E' —Ey )= mes E E,, where E,

is the image of p,e Bs, contained in G N-approximately. Hence we have
by Theorem 12. b), Ge H,.N.D. and N’'<N.

13. Covering property of Riemann surfaces.

Consider an analytic function w=f(?): zeR. Let w, be a point of the
w-plane. Then the part of R over |w—w,|<<r consists of at most an
enumerably infinite number of components. Such one component is called
a comnected piece on |w—w,|<<r. Then A .

Theorem 22. a) Let Re HN.B.(N<oo, N=2%,. Then every con-
nected piece G over |w—w,|<r covers |w—w,|<r except at most a set of
capacity zero.

.b) Let ReHN.D(N<oo,N=%,. Let G be a connected piece over
fw—w,|<r. If the area of G 1is finite, G covers |w— w,|<r except at
most a set of capacity zero.

Proof of a). Suppose that G does not cover a set F (clearly closed)
of positive capacity. Then there exists -a subset F),, of F' of positive
capacity such that F’, is contained in the circle [w—w,|<r,<r. Let T(w)
be a bounded harmonic function in E[w: |w—w|<r]—F, such that
T(w)=0 on |[w—w,|=r and T(w)=1 on F,,, Then T(z)=w(T(2))>0inG
and=0 on dG. Hence w(B~G,z, G)=T(z)>0.

w(B~G, 2z, ) =w(B—B,,z,@)+w(B,~G, 2, ) => w(B~p, 2, G),
where p,e B, and w(B—B,,2,G)=0 by ReH.N.B.
Hence there exists at least one point peB, -such that w(p~G,z, G)=>0.
This means that G contains p K-approximately. Hence by Theorem 4. b)
there exists no non constant bounded analytic function. On the other
hand, f(z) is bounded in G. This is a contradiction. Hence we have g).

Proof of b). Suppose that G does not cover a set of positive capacity
in |[w—w,|<r. Then there exists a number 7, such that F, of F in
|w—w,|<r,<r is of positive capacity. Put Q=FE[ze¢G: |f(?)—w,|<7r,].,
Then w(Q~B, z, G)=T(z), where T(z) is the function used in a). Since
Re HN.D., w(B— Bs,, 2)=0, hence there exists at least one point peBs,
such that w(Q ~p,2,G)=>0. Let S(w) be a continuous function in |w—w,|<r
such that S(w) is harmonic in r,<|w—w,|<r, S(w)=0 on |w—w,|=r
and S(w)=1 on |[w—w,|<7r,. Put S()=S(f(z)). Then

D(S(z))=M? A,

}GS(W)l laS(w) }; w=u+1v.

where A is the area of G and M=max {
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Hence 0<w(Q~p,2, G)=w(2~p,2, G) and D(o(Q2~p, 2, ?)<D(S(z)) < oo,
This means G contains pe Bs, N-approximately. = Hence by Theorem 12.
a) there exists no non constant analytic function with finite area in G.
But f(2) has finite area. This is a contradiction. Hence we have b).
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