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CORRESPONDENCE OF BOUNDARIES
OF RIEMANN SURFACEFS

By

Zenjiro KURAMOCHI

Let R be a Riemann surface with positive boundary and let R, (n=0,1,
2, --+) be its exhaustion with compact relative boundary 9R,. Let N(z,p) be
a positive harmonic function in R-—R,--p:peR-—-R, such that N(z,p)=0 on
O0R,, N(z,p) has a. logarithmic singularity at p» and N(z,p) has minimal
D¥*irichlet integral over R—R,, where D*irichlet integral is taken with respect
to Nl(z, p)+log|z—p| in a neighbourhood of p. We call such N(z, p) the N-
Green’s function of R-—R, with pole at p. Consider now a sequence of points
{#:} of R--R, having no points of accumulation in R—R,+dR,. Since the
functions N(z, p,) ({=1, 2, ---) forms, from some 7 on, a bounded sequence of
harmonic functions—thus a normal family. A sequence of these functions,
therefore is convergent in every compact part of R—R, to a positive harmonic
function. A sequence {p;} of R-—R, having no point of accumulation in R
—R,+ 0R,, for which the corresponding N(z, p,)’s have the property just men-
tioned, that is, {N(z, p;)} coverges to a harmonic function—will be called
fundamental. If two fundamental sequences determine the same limit function
N(z, p), we say that they are equivalent. Two fundamental sequences equiva-
lent to a given one determine an ideal boundary point of R. The set of all
the ideal boundary points of R will be denoted by B and the set R—R,+ B
by R-R, The domain of definition of N(z, p) may now be extended by
writing N(z, p)=liirn N(z, p;) (€ R-— R,, peB), where {p,} is any fundamental

sequence determining p. The function N(z, p) is characteristic of the point p
of their corresponding N(z,p) as a function of z. The function &(p,, p.) of
two points p, and p, in R—R, is defined as

- Nzp) __ Nip)
a(PuPZ) —zeil;l—l-)ﬁo 1+N(Z,p1) 1+N(z,P2) '

Evidently, 4(p,, £.)=0 is equivalent to N(z, p,)=N(z, p,) for all points z in
R,—R,. Therefore we have N(z,p,) = N(z, p,) in R—R,, i.e. o(p, ) =0
implies p,=p, and it is clear that 6(p,, p,) satisfies the axioms of distance.
Therefore o(p,,p.) can be considered as the distance between p, and p, of
R—R,.
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The topology (we call N-Martin’s topology) induced by this metric is
homeomorphic to the original topology, when it is restricted in R—R, and we
continue this topology into R,. Since {N(z, p,)}:p.€R—R, is also a normal
family, both R —R,+3R,+B and B are closed and compact. For a fixed
point 2, N(z,p) is continuous with respect to this metric as a function of p
in R—R, except at p. Other topologies can be introduced on any Riemann
surfaces (with null or positive boundary). For example K-Martin’s topology,
Green’s topology, and Stoilow’s topology. We proved that N-Martin’s, and
Stoilow’s and Green’s topologies are Dirichlet-separative®. We define the ideal
boundary B of R by the completion of R. Then R+B is compact with
respect to N-Martin’s and Stoilow’s topology.

We use in the present paper the notions of capacity, superharmonic func-
tions, N-minimal points and others which are referred to the papers®. Suppose
N-Martin’s topology is introduced on R=R+B. Let G be a domain and
caN(z, p) be the least positive superharmonic function in R—R, larger than
N(z,p) on CG (complementary set of G), where pcBY (BY is the set of
N-minimal boundary points). If N(z, p)>ceN(z, p), we say that G contains p

N-approximately and denote it by Gg p. » .

Let w=f(2): 2€R, weR be an analytic function whose values fall on a
basic surface R, where R is a Riemann surface with positive or null- boundary
and a topology is defind on R+ B. Put

M(p)= N f(G.) for peBY

where {G,} means the all sets G, such that G,gp.

-1). For any point peR, there exists an open disc C(p) in R such that
the area of R over C(p) is finite. | o

2). There exists a number 7, such that z(w)<M< o in R—R,,, where
n(w) is the number of points of R over p and {R,} is an exhaustion of R
with compact relative boundary oR,.

If the above two conditions are satisfied, we say that w=f ( ) is of almost
finitely sheeted. Then we proved

Theorem 1°. Let R be a covering surface with positive boundaij and

1) Z. KURAMOCHI: On the behaviour of analytic functions on the 1dea1 boundary II1.
Proc. Japan Acad., 38 (1962). .
2) Z. KURAMOCHI: Potentials on Riemann surfaces. Journ. Fac. Sci. Hokkaido Univ.,
XVI (1962). In this paper we denote it by P.
-3) Z. KURAMOCHI: On the behaviour of analytic functions on the boundary. I. II. III
and IV and Correction to the paper “On the behaviour—”, Proc.. Japan Acad., 39 (1963).
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with N-Martin’s topology over R with D.S. (Dirichlet separative®) topology
and suppose R+ B is compact with respect to the topology on R. If R is
a covering surface of almost finitely sheeted : w=f(z), z€R and weR. Then
M(p) is defined in B except an F, set of capacitly zero and S=E[peB; :
diameter of M(p)>0] is a G,, set of inner capacity zero, where BY is the
set of N-minimal boundary points of R. :

This is an extension of Beurling’s theorem®.

Let w=f(z) be an analytic function in |2]<1 and let R be the Riemann
surface, generated by w=f(z) over the w-sphere K. Let a be any point of
K and R, be the part of R, which lies over a disc C,(a) of radius » with a as
its centre and A(r) be the sepherical area of R,. If

. )
lim £ <eo,

then a is called an ordinary value of f(z) in Beurling’s sense. Then

Theorem 2° (A. Beurling). Let w=f(2) be an analytic function in
|2| <1 : wew-sphere. Suppose the spherical area of the covering surface
generated by w=f(2) is finite. Let a be an ordinary value of f(z) in Beurl-
ing’s sense. Then the set E of €” such that lim f(re”)=a is a set of ca-

r>1

pacity zero.

M. Tsuji® proved the above theorem under the condition that f(2) takes
three values a, 8,7 only a finite number of times in |2]|<1 instead of the con-
dition that the spherical area of the image is finite.

The purpose of the present paper is to extend Theorem 2 to Riemann
surfaces and to study the correspondence of boundaries of Riemann surfaces.

1). Properties of domains” contaltung peBN N—approxnmatelv.

We shall study the properties of a domain G > p:pe BlYsome of which are
useful in the following. We proved the following

| Lemma®. a). For pEBN we have 1°). If Gig‘p, irl_] Gijavp. 2°). If ng)',
(int CG) % p. 3°). E[zER dlst(z )< 1 ] = v, (p) gp. Since R+ B is closed,

4). See 1)

5) A. BEURLING : Ensembles exceptionnelles. Act Math., 72 (1940}

6) See 5) also M. Tsuji: Beurling’s theorem on exceptional sets. Tohoku Math. Journ,
2 (1950).

7) In the present paper we suppose for any domain G in Riemann surfaces R that aG
consists of at most enumerably infinite number of analytic curves clustering nowhere in R.

8) See 1) of 3) and 2).
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by 1°) we have M(p)= f( ) #0, and since R+ B is separable with respect
to the given topology on R+ B, we can find a sequence {G,}: i=1,2,3, -

Jrom {G.} such that M(p)= Nf(G,). We see by 2°) that there exists only

one component G' of G such that G’ ]Evp. 4°). Let G and G' be domains
such that GOG' and D(w (G'ﬂB 2, G))>0. Then there exists at least one

point peBY such that Gap, where o (G'N B, z, G)—hm 11m @, n+¢(2) and
W, n+:(2) 1S @ harmonic function in (GNR,.,)—(G' N (R..:.—R )) —R, such that

Bnns(2)=0 on 0G, @, ,.:(2)=1 on 8(G'N(R,..—R,)), —aa;
oR,..— G and D(wn,n+z(z))§M<od Jor a certain n, and for every i.

b). Let G be a domain in R. Then the set of points € BY not con-
tained in G N-approximately is a G, set, i.e. the set of points €BY contain-
ed in G is an F, set.

It is known® that for any V,(p)=E[zeR:N(z, p)>M]: M<M*=sup
N(z, p), peBY, there exists a v, (p) such that (RNv,(p)) < Vyu(p). Hence we
have by 1°) of a)

c). For any Vy(p): M<M* and for any domain Ggp we can ﬁnd
a domain G' (=G Nwv,(p) such that peG' Cv,(p) Vyu(p).

d). If o(p, z)=lim w(,(p),2)>0:pecB¥ (this is equivalent to sup N(z,
p)<oo), we call p ansingular point. Let BY be the set of singular points.
Then BY is an F, set and BYC BY. Then

Wyyn+d (Z)ZO on

Jor any v, (p) lim N (2,p)=0 and lim j iN(z, p)ds=0 for
M=o Vp()NCv, (D) M=oo on
PE BY_ BY AV (PXNC (0D
Since min (M, N(z,p))=M o(Vu,(p), 2) and j gn—N(z, p)ds =2r for
aVy(»)

almost M<M¥*,d) means that the system { Vi, ()} (M, <M, <DM,---) is al-

most equivalent to the neighbourhood system {v,(p)}. By c) we know {G.} :
G, gp is finer than {v,(p)}. We shall prove the following theorem to show
that G has the similar properties as {v,(p)}.

Theorem 3. Suppose Ggp :peBY. Then
1). plealN(z,p))=lim v olceN (2, p))=0 for pe BY—By.

n=oo

9) See p. 42 of P. and see 2).
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2). pneelN(z, p)=lim , »nealN(2, p)=0 and anN(zs p)=aN(z, p)=N(z, p)
Jor peBY. i

3). lim ypneol(z )=0 and lim | 9 Niz,p)ds—=0 for peBY,

o e AV (PINCE on .

where M*=sup N(z, p).
By v, (p) gp 3) implies d) of the Lemma.

Proof of 1). Assume ,(N(z, p))>0. Since calN(2, p)) has mass only at
2, olcalN(2, p))=a, N(z, p), where 1=a,>0, by N(z, p).gCGN (z, p). Now p‘ is
a set of capacity zero and 0= U, (2)=(eN(2, p) — plcalN(2, p)) is also super-
harmonic'®. Hence similarly as before U, (2)=a, N(z,p) and U, (z)=a. N(z,
2)+ U.(z) and U, (z) is superharmonic, whence

oUn(2)) = @ns1 N(z,p) and
U,(z)=a,, Nz, p)+ U,..(2), n=12,3, .

Then a,=a,-- and ¥ a,<1, lima,=0 and Un(z)l.' Put U*(2) =1lim U,(2).
Then U*(2) is also sTperharmo;lic“) and U*(z)=a,N(z,p) for any n. Thus
U*(z)=0 and N(z, p)=(2a,)N(z,p). On the other hand, N(z, p)=cN(z, p) on
CG'.. Whence % a,=1 and ;N(z, pij (z,p). This contradicts Ggp. Hence
HealN (2, p))=0. .

Proof of 2). Case 1. peBY—By. In this case , (»needV(2, p)=N(z, p)
= N (2, p) = o, (wlcelN (2, p) on v,(p) NCG. Now since ,U(z)=zU(z) for a
superharmonic function U(z) for A2B,

" oncalN(2s ) = o, imncalcaN (25 2)) = v imlcalN (2, p) by v,.(p) D (v.(p) N CG).

Let n—>oo. Then by 1) ‘

oncalN (2, ) = 5lceN(z, p)) =0 . (1)
Case 2. peBY in this case it was proved that w(p N CG, 2)=0'". Whence
mncalN(z,p) = a o(pNCG,2)=0, (1)

by w(p,2)<1 and N(z,p)=a w(p,’z), where a=2¢t/j—a§2—“w(p, 2) ds. We shall
. R

10) p. 32 of P (see 2)). ,

11) We can prove D (min (N, U*(2))<D (min (M, N(z, p))=<2zM. Then by p. 23 of P U (2)
is superharmonic. ’ ) '

12) Z. KURAMOCHI: Singular point of Riemann surfaces. Journ. Fac. Sci. Hokkaido Univ.,
XVI (1962) and see p. 97 of the above paper.
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prove the latter part of 2). ,N(z2,p)+ nelN(2, p)=,N(z, p). Hence by (1)
and (1') we have ,ncelN(2,2)=0 and &N(z, p)= ,nelN(2, p)=,N(z, p)=N(z, p).

Proof of 3). Case 1. peBY—BY. Put S(z)=lm cenp,pmN({R,p). As-
sume S(2)>0. Then S(z) is superharmonic and sincg =loicm Cap(CGN Vy(p) =
}{1210 Cap(Vu(p)=0, N(z, p)—S(2) is also éu_perhamonic“”M.mOn‘ the other hand,
N(z, p) is N-minimal, whence S(z) must be a multiple of N(z,p), i.e. S(=2)
=aN(z, p):a>0. Clearly N (2, )= canvywmlN (2, 2)=S(2)=a N(z, p). Whence
slealN(z, p)) = yla N(z, p))=a N(z,p)>0. This contradicts 1). Hence
}{iglom(p)ncaN (=, p)= '

Case 2. peBy. In this case it was proved™ that lim o (Vy(p)N CG, 2)=
to show lgr:lw(Cv,,( )N Viu(p), 2)=0. But y,m»ncelV (zf[;S:a o (Vi (p)NCG, 2).
Hence Jiirﬂm ruconcedV (2, P)= |

We show lim J Ni(z,p) ds=0 for pe BY. Mo(Vidp)N CG,2) is M

MM
2 VM(p)ﬂCG

on V,(p)NCG and superharmonic ‘in R. Hence Mo (V,(p)NCG,2)<
vuconoalV (2, P)SN(z, p). Since N(z, p)=M on oV,(p),

| %Mw(v,,(pm cGrasz | —aQ—Mw(VM(p)nCG, 2)ds
R, 5 AWV (HNCE

z | SroVuplNCGRdsz [ S-Nip)ds

AV (HNCE aVM(p)nCG

Assume lim y ainN (2, p)ds=06>0. Then there exists a sequence M,<

Mo
3VM(P)OCG

M. M* such that 0<limMa (Vi(p) N CG,2) by j ——Mim(VMt(p) nCaG,

2)ds>-2. On the other hand, lim Mu(Vy(p) N CG, z)= lim el (2, ).

2 M->M*

This contradicts hm VM(p)mCGN (z,)=0. Hence lim j ai N(z, p)ds=0 for
‘ o ayu(mNCE

pEBY. We consider the domain Gap and we shall show that N’(z, p) (‘

N(z, p) —aN(z,$)>0) in G has the similar properties as those of N(z,p) in
R—R, o

Theorem 4. Let G be a domain in R—R, such that G>p (peBF).
13) See p. 97 of 12) and p. 21) of P. '
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Then

l.a). w»vywlN(EZ, p)=vwN(EZ, p)= Nz, p) and ﬁl{i_r_g N (z, p)=
Nz, p) for pe B¥—BY, where Vi(p)=E[2€G : N'(z, p)>M].

1.b). w(p, 2)=nrywe(p,2): M<1—M,=M** for pcBY, where M, is
the infinimum of numbers M, such that o(p N Vi, 2)=0, M,<1'® and Vi(p)
=E[zeG: w(p, 2)—cew (P, 2)>M], Vi,=E[2€R : cqu(p, ) > M,].

1.0 Dgmin(M, N'(z, p)<2zM for peB¥—B?.
D4(N'(z, p)) < oo for peBY. |

2.a). Let ¥N*z,p) be a function in G such that §N*z,p)=min(L,
N'(z,p) on G'+0G and §N*z,p) has M.D.1. (=2zL by 1.c)) over G—G".
Put 2N’(z p)—hm a!N =z, p). Then ¢N'(z,p)<N'(z, p) for any domain G’ in
G. Thus N'(z p) is superharmonic in G.

2.b). As a special case we have

min (M, N'(z, p))=M o (Vy(p), 2z, G) for M<oco and peBY—BY,

min(M, o'(p, 2))=M o(Vi(p), 2, G) for M<M** for peBY,
where o (p,2)=w(p,2)—cqw(p,2) and o(Vi(p),z, G) is C.P. of Vi(p)
relative to G. ' |

And
Vi(p) 2p.

By 2.a) and 2).b) it is seen that Viy(p) has similar properties as Vy(p) in
R—R,, :
where Vi (p)=E[zeG: N'(z,p)>M] for p €BY—BY and Viy(p)=E[z€G:

w(p, 2)>M] for peBy. |

3). Let G' be a domain in G such that ¢N(z,p)=N(z,p). Then
aN' (2, p)=N'(z, p). .AS' a special case éy V() :_va we have
N'(=z,p) = 3N'(=, £) = lim ., o8Nz, §) =, SN'(2, p) for peBY .

Now v, p)’gp‘, hence by considering v,(p) a domain G we have by 2).b) the
followzng fact for any v,(p) there exists a domain G'(= Vi(p)) such that

(p)DG’ap Hence for any Viylp) there exist v,(p) and V'(p) such that
Vyu(p) Dva{p) D Vf.,,(p) 3p. This means {Vyu(p)}, {v.(p)} and {Vi(p)} are

equivalent. .
Proof of 1).a). Now peBY—BY. In this case N(z, p)=<celN(2, p)+M



Correspondence of Boundaries of Riemann Surfaces 103

on CV/i(p). Hence

CVE‘{(p)ﬂpN(Z, P) = oy mnp (CGN (=, P)) -+ CV",,,(p)ﬂpM = CVy(»HNp (CGN (Z> P)) +
Mao(p N CVi(p), )= ca(N(z, £))=0 by w(p,2)=0 and by 2) of Theorem 3.
On the other hand,

criyonslN (2, )+ vyoneN (2, p) = ,N(z, p) = N(z,p). Whence
Nz, p)=vy»N(z, p) = VM(p)npN (z, p) = N(z, p). . Hence
J},n;n viconeN (2, p) = N(z, p).

Proof of 1).b). Since peBY, N(z,p)=a wo(p,z):a>0. Let 1>M'>M,
>0. Then w(pNVS,2)=0, where V§,=E[2€R : cew(p,2)>M']. Further
we have

o(V...Np, 2) = o(p, 2,
where V,_,=CV% N V,_,(p) = E[z€G : w(p, 2) —cew (P, 2)>1—e—M']. Since
w(p,2)>1—¢ on Vi, 407, 0(p,2) Z 0, 1—e)=(1—0(pNV.,2). We
have by letting ¢—0 h{?pﬂ?l_‘ o(p, 2)=w(p, 2).

-

Because lim w(pNV,_, 2) has mass only at » and sup w(pNV,.,, 2)=1.

Clearly Vi/(p)2V,_, for M<1—e—M' and
o (P, 2) Z 15w (P, 2) Zlimy,_ n,0(p, 2)=w(p, 2). Thus

o (p, ) = vy wo(p, 2).
Proof of 1).c). Case 1. peBY—BY. By 1).a) v}wN(z, p)=N(z,p) and
since v, wnr.N(2, p) 1 vywN(2, p)=N(z, p) as m—>oo, there exists a number
m, such that '

Fig. 1.
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0 =< N(z, p)— vionr, N(z, p) >¢ on R, for m =m,, (2)
for any given R, (R, is an exhaustion of R) and ¢>0. Let N,.(z,p) be a
harmonic function in R,—R, such that N, ,.(z,p)=0 on 6R., N, .z, p)=
N(z,p) on R, N Vi (p) and ainNm,n(z, 2)=0 on 0R,. Then

N, (2, P):>V'M<p>nﬁmN(z,p) (= Vju(mN(z; P)) as n—co,

where = means convergence in mean. Hence there exists a number 7, (m)
such that

|V, (2, ) — i N (2, p)|<e on R, for n=n, (m) and n >m. (3)
Let U ma.(2) be a harmonic function in R,—(R,NCG) such that U, .(2)
— N, (2, p) on 3(R,"CG), a—i—U,_m,n(z)zo on 9R,. Then by (2) and (3)

| U mn(2) —N(2, )| <26 on 0(R,NCG) for n >n,(m)and n >m . (4)

On the other hand, let U}, .(2) be a harmonic function in R, —(R,N CG) such
that U} ....(2)=N(z,p) on 9(R,N CG), Fan— 1ma(2)=0 on 0R,. Then by the
maximum prihciple a ‘

| Urmin®) = Ul n?)| < 26 in R,—(R,NCG).  (5)
Let n—>oco. Then by Uj ., .(2)=cenr N(z, p)

*
lim U n(2) = cane N (2, p|<2¢ in R,—(R;NCG), (6)

where li;kn U,,m,»(2) means a limit by a converging subsequence of {U;,,. .(2)}.
Hence there exists a number 7n,>7n, such that '

| U mn(%) — cane, AN (2, p)| <3e for n>n, in (R, NG)D(R,, N Vilp). (7)
Now by cenz,N(z,2) 1 ceN(z,p) as I-—>c0 we have U, .(2)<ceN(z,p)+3e on
R, N Vidp). On the other hand, M < N(z, p) —calN(2, p) S N(2, p) — Us m (%) + 3¢
on R, N Vi(p). Since N, .(2)=U;,n2) on (R, NCG) and N(z, p)=N(z, p)
on R, N Vi(p),

V*=E[zeR, — (RNCG): N, .(2,0) — Upnnlz) >M—3]D E[z€R,,:
N(zp)—caN(z, p)>M]= Vi (p)NR,, .

Whence N, .(2,p)— U mn(2) is harmonic in R,—(R,NCG)— V*. It follows
that -
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Oé j- ain m, n( ’P dS = j _Nm n(-Z,P) dST j a—an‘[/}w(p)anN(z’P) ds

V¥R, aR,

J—Nz, Vds = 2 as n—co.

On the other hand, j a—i—U,,mm(z) ds = j %U,,m,n(z)ds =0. Hence

IR, AR, NV

j —a-a;(Nm,n(z, D)= U mn(2)ds < 2r+¢ for n > n,(m, ), whence
IRy,

D (Nuu2, p) = Usm,n(2)) = (27 +¢) (M—3e) . (8)

R,—(CGNR)-V*
Let @ be a compact domain completely contained in G— V/( ?). Then since
(Now, (2, £) = Up,mnl2) = (vagemnz, N2, ) — canz, N (2,p) + 5(2) as n— oo, (where |3(2)]|
<2¢) by (6) and since CG N R, is compact, (vy,mwnz,N(Z, p) — can =N (2, p)+ d(z)—
(7 N)(Z, p) — conr,N(2, p) + 8(z) as m—>oco. Further vi,m»N(2, p) — canr,N(2, p)
+0(z)—>N(z, p) —celN(z, p) as I—o0 by v, wN(z, p)=N(z, p). Hence there exist
numbers /,m, n such that 8< (R, —(CGNR,)— V*) for any ¢>0 by (8) and

D (N2, £) = Usm,n(2)) = (27 + ) (M —3e) .

Let 7—>oco0. Then D (N,(2, p)— Uy »(2)) <lim D (N, (2, ) — Uy, m.n(2)). Similarly
& n & .
let m—oco and then /—oco and then ¢—>0 and then &—(G— V7, ( 7). Then

D (N(z, p)—calN(z, p))=D(min (M, N(z, p) < 2zM .

GV (»)
Case 2. peBl. In this case it is evident that D(w(p, 2z))<oo and D (cew(p,
z))<oco and we have at once D(w(p, 2)— oo (p, 2)) < co. |
Proof of 2).a). Let ,N7(z,p) be a function such that ,N%(z, p)=min(7T,
N(z,p)) on D and ,N”(z,p) has M.D.I. over R—R,—D and let & N7z, ?):
G'CG be a function in G—G’ such that &N'7(z, p)—O on 0G, Nz, p)=
min(7, N'(z, p)) on G’ and & N'?(z, p) has M. D. I. over G — G’ (this can be defined
by 1).c)). Then by Ni(z,p)= N'(z,p)+N(z,p) we hare caraN* (2, p) =
daralcaN(2, p)+ cara (N (2, p)) on 8G+8G’ and by the maximum principle*'®
ca+a N (2, p) Z cara-(caN* (2, p) + N'*(z, p)). Let L—>oco. Then

ca+a N (2, )= ca+alcalN (2, )+ N'(z, p)).
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Next similarly we have cg.a- N (2, p) <lera(ceN(2, p)+ N'(2, p)) andge. e N(z, p)
<caralaN (2, p)+ N'(z, p)). On the other hand, by CG+G' DCG we have
caralcaN (2, P)=calN(z, p). Hence by cs.a(IN'(2, p)) =&N'(z, p) we have

calN(2, )+ N'(z, p)=N(2, p) Z ca+a N(2, p) = caN (2, p) + & N'(z, )  (9)

and N'(z, p)=¢N'(z,p). Thus N'(z,p) is superharmonic in G.
Proof of 2).b). By 1).a) and 1.b) v,,wN(z, p)=N(z, p) whence
Nz, p)=cav+vywN(2, p) = ryu»N(z, p)=N(z, p) for M< oo for pe Bl — By,
ca+viwN(z, p)=r,w»N(z, p)=Nl(z, p) for MIM*:
N(z, p)=a w(p,z) for peB;.
Hence (oN(z, p)+ N'(z, p)= Nz, p) = ca+ vy N(z, p) =ca+ viymlcaN(z, p) + N'(z,))
=caN(z,2)+ 73N (2 P),
because ce+ vy (N (2, ) =calNV(2z
= %ICP)N’ (z,p). Hence N’ (z D)=
=M o(Vi(p), 2z, G). Hence

p) by (CG+ V' (p) DCG and ca-+vy»N'(2, p)
w»wN'(z, p). Clearly by definition ’;M(mN’(z,p)

’
*k
V

N'(z,p) =M o(Vi(p), 2z, G) in G—=Vi(p).

We show Vi (p) gp. Case 1. p3BY—BY. Assume Vi(p) gp. Then
covywN (2, p) = N(z,p) and (eN(z, p) + N'(z,p) = N(z, p) = erpoN(2, p) =
v (calN (2,P)) + crapm N (2,p) SceN(z,p) + M. Whence N (z,p)= ,N(z,p) =
JcaN(2,p)+ Mo(p, z). But by a) of Theorem 3 ,(ceN(2, ))=0 and o(p, 2)=0 by
peBY—BY. This implies N(z, p)=0. This is a contradiction. Hence V( p)gp.

Case 2. peBY. It is sufficient to prove for w(p,z2). Now o'(p,z)=
o(p, 2)—cew(p, ) and

Ca+CVm® (P, 2) = careviwlca® (P, 2)) + orym(@' (P, 2) . . (10)

Assume Vig(p)€p. Then cvymo(p, 2)=o(p, 2) and o(p, 2)Zcosrymo(p, 2)=
vy (P, 2)=w(p, ). On theo ther hand, V}u(;“’,'( £, 2)=M o(Vi(p), 2, G) for
M<M**. Hence sup o'(p, 2) ZM** and o' (p,2)> (py @' (P z)(gM), Hence
by. (10) and by ce+crim(cew (P, 2)=cew (P, 2) We have |

@ (P, 2)=ca+criwo (P, 2)= e (P, 2)+ crym @ (P, 2) <cew (P, 2) + @'(p, )= 0 (p, 2) -
This is a contradiction. Hence V(p) gp for M<M**.
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Proof of 3). By &Nz, p)=N(zp) we have w.qN(z p)—N(z,p). This
implies ¢N(z, p) + N'(z, p) = N(2, p) = caraN(2, P) = caralcaN (2, ) + & N'(z, )
=caN(2, p)+ N'(z, p)=<N(z,p). Hence gN'(z,p)=DN'z,p).

2. On capacitary potentials. Let {G,} (n=1,2,3, --:) be a decreasing
sequence of domains in R—R,. Let G be a domain in R—R, such that GD
G, and let I be a compact arc on 0G. Let wZ,.2) be a harmonic function

in (R,.;NG)—G, such that f,.,(2)=0 on 0G, oS ,.(2)=1 on G, and

%"wﬁmﬂ(z)zb on 0R,.;—G,. Then if D(w¢ . (2))<M< o for a number 7,

and for every i, then %, (2)=w%(2)' as i—oc0 and wi(z)=>w({G.,}, 2, G) called
C.P. (capacitary potential) of the set determined by {G,}as n—~>c. If G=R—R,,
we denote @9, ,(2) by @, ..(2). Then D(w,,,.{(2))<M< oo for any and ¢ by the
fact that dist (0R,, G,)>0. We denote w({G,}, 2, R—R,) simply by «({G.,}, 2).
Let w.,.,(2) be a harmonic function in {R.+¢N G)—G, such that ¥, [(2)=1

on Gy @led2)=0 on 8, <= @%, f2)=0 on (6G—T)+(0R,..—G,). Then
since I" is compact and by dist (I, G,) >0, D(w2,.{2)<M<co for n=n, and
every i. Then o} ,.. (2)=w(z) and v, (2)=w({G,}, 2, G,I'). It can be proved
easily if w({G,}, 2, R—Ry)>0, w({G,}, 2, R—R})>0 for any compact set R{
such that RiN G, =0 (n, is a certain number). 4

Theorem 5. If the condition D(w3 ,.(2) <M< oo for a number n, and
Sor any number i is satisfied, then

1). w({G,}, 2)>0 if and only if o({G,}, =z, G)>0,

2). w({G,}, 2, G)>0 if and only if w({G,}, 2, G, I)>0,

3. If w({G,}, 2, G, IN>0, w({G,}, 2)>0 without the above condition.

Proof. Suppose w({G,},z) >0. Then by the Dirichlet principle
D(w,, .. {2) =< D(wg ,..i2). By the mean covergency of ®,.,..2) and @§ .. (2)

we have
Dw({G,}, 2, G) = D(w({G,}, 2)) >0. Hence w({G,}, =z, G)>0.

Next suppose w({G,}, 2z, G)>0. Then by the maximum principle ®,,,(2)
= @F 1 42)- Hence

w({G,},2)>0.

14) See p. 21 of P.
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By 0({G,}, =z, G)=w({G,},2,G,I') and by D(w({G,}, z, G))=D(w({G,}, 2z, G,
I')) we have 2. Also by the Dirichlet principle D(w({G.,}, 2, G))=D(w({G.,},
z,G,I')) and we have 3).

It is known that w({G,}, 2, G) (or w({G,}, 2, G I')) attains 1 almost on
{G } in the following sense: w({G,N V3_.},2, G)=0 (or 0({G,NVz:_}, 2, G,
I')=0), where V{_,=E[zeG: w({G,}, 2, G)<1 —¢] (or Vi .=E[zeG: w({G,},
2, G,I')<1—¢]) for any ¢>0. Conversely we shall prove. Let G, and G, be
two domains (or closed domains), if there exists at least one C,'-function U(z)
such that U(z)=0 on G,, U(z)=1 on G, and D(U(z))< oo, we say that G,
and G, are Dirichlet-disjoint. "

Lemma 1.1) If there exist numbers i, and n, such that CG,, and
G, +:, are Dirichlet-disjoint,

0(CG, NV,_,,2,G—G, .,)=0 as e—>0, and
w(CG, NV,_,2,G)=>0 as e—>0,
where V,_,=E[zeG: 0({G,}, z, G)>1—¢].
This fact means that w({G,}, z, G)<1 almost everywhere outside of G, .
1"). If there exist numbers i, and n, such that CG, and G, ;, are
Dirichlet-disjoint,
o(CG, NV,_\,2,G,I)=0 as e—>0,

where V,_,=E[zeG: w({G,},2, G, [)>1—¢]. .
2‘_).7 Under the condition of 1)

[ ZoliGh=0 10ase—0.
v, _NCGn,
2').  Under the condztzon of 1')
j %w{G} zGF)lOaSs—»O

P vV, _NCGn, ) ) R
Proof. Since w(Vi_.,2,G) has M:D.I. over G— Vieo Dw(V,_,, 2, G))
gD( 1_1_ o({G,}, =, G)) = M’ < oo, because w({G,}, 2, G)=(1 —¢) on V,_, and

=0 on 0G. Now CG, and G, ., are Dirichlet-disjoint, whence there exists
a C,function U(z) such that U(z)=0 on CG, .;, U(z)=1 on G, and D(U(=z))
<M'"<oco. Put S(z)=min(w(Vi_,, 2, G),U(z). Then S(z)=0 on dG+9G, .,
S(z)=1 on V,_.,NCG,, and D(S(z))<M +M"<oo. Hence D(w(V,-,NCG,,
2,G—G, ..)=D(S(z))<oo and lirzl o(V...NnCG, ,2, G-G, .,) exists. By

15) If Uz has partial derivatives almost everywhere, we call U (z) a C;-function.
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Dw(V,_,nCG,, 2z, G)=D((V,-.N CG,,,z, G—=G, ) limo(V,._.N CG,,, =, G)
exists. Assume o(z)=lim o(V,_.,NCG, , 2z, G—G, .;)>0. Let C,=E[z: w(2)
=7]. Then

D(w(2)) for almost 7,

ey
<))
S
&
S
I

such C, is called a regular niveau curve™.
Now w({G,}, 2z, G) is a harmonic function in G—G,,,,, having M.D.I. over
G—G,,.;, among all functions with the same value on 9G+09G,, ., ", whence

A, (2) = 0({G,}, 2, G)as m—>oco,
where A,(z) is a harmonic function in R, N(G— G,,:s,) such ‘that A(2)=
(G}, % G) on (06 +3G,,.1) N Ry a0d o A,(2)=0 00 (G=Gyr) 1 R Also
w(z) has M.D.1. over G—G,, ., — V,_,, whence w,(z)>w(2), where ,,(2) is
a harmonic function in R,, N (G—-G,,OMO——VI_,) such that ,(2)=w(z) on ov._.,
0oy, (2)=0 on 0R,,N (G—G,,“.%—T/',_,,), where V,_,=E[z6G—G,, .., w(2)>1

on
—e]. Then by Green’s formula

j Am(z)—a%—a)m(z)ds= j A (2) a(,;';m (2) ds ,

Ci—eNR,, Cs(\ Ry,

where C,_, and C, are regular niveau curves of w(2). Then by letting m—>o0

j (u({Gn},z;G)—a%w(z)ds= jw({Gn},z,G)—a%w(z)ds)

01 —& . CJ

By w(2)<w({G,}, 2z, G) we have

(1— jw 2)ds < j ({Ga}, 2 G) 5 w(z)ds

jw{G}zGai (2) ds . (11)

On the other hand, C,c G, w({G,}, 2, G)<1 in G and there exists a number
& >0 such that

'16) See theorem 2 of P.
17) See See 15)
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[ w({Gn},z,G)—a%w(z) ds < (1—e) j —a§n~w(z) ds = (1—e) D(w(2)) .
Cs Ci_.

Take ¢ < % Then (11) will be a contradiction. Hence

(z)=lim o(V,..,NnCG,,z, G—G,,.,)=0.

>0

Also by the Dirichlet principle we have lim o(V._.NCG, 2z, G)=

Proof of 2). Assume lim aincu({Gn},z, G)ds>6>0. Then by

CGn,NoV,.

r w(V,NCG,, 2z G — Gn+¢.,)<w ({G.},2,G) and r (V. NnCG,, z, G—-G, .,)
w({G,}, 2, G)=r on aV, and we have

rsr | —a-a;w({Gn},z,G)ds<r j aa (V. NCG,,z,G—G, ..)ds<

C,.NCGn, c,NCGn,

J rain o(V.NCG,, 2, G)ds<r D(w(V,NCG,, 2, G—Gno+zo).
a(V,.NCGn )
Let »—~1. Then by r o(V,.NCG,, 2, G—G, .;)>w(z) we have D(w(z))>0d
and w(2)>0. This is a contradiction. Hence

lim —aan—wuc;n},z, G)ds=0.

. C@nyNav,.
The other part can be proved similarly.
Angular domain 4(p) of peBY. Let 4(p) be a domain. If

im spnu,mN (=, p) >0,

72 -»00

we call 4(p) an angular domain with vertex at ?- Then -

Theorem 6. 1). Let G be a domain. If lim —a—N(z,p) ds>0, G

M->Mun
GNCy

is an angular domain, where Cy= E[z€R: N(z, p) M]: M<M*=
sup N(z, p).

2CR ‘ =

2). If Ggp, G is an angular domain.

3). Let 4(p) be an angular domain. If Ggp, then GNd(p) is also an
angular domain.

Proof of 1. Suppose hm j N(z,p)ds>0>0. Then there exists a
cMna
sequence M,, M,, --- and M, 1 M* such that J ainN(z,p) ds>2T5 for 7=>1.

ciNG



Correspondance of Boundaries of Riemann Surfaces 111

Now for any given v,(p) lim j —a% Nz, p)ds=0 by Theorem 3.)3).
M > M*
EVMﬂCv,‘(p)

Hence by (8 V() N0, ()N G)+ (0 Vy(p) N Co,(p)N G)=08V,(p) NG, there exists

a number z,(n) such that [ —a—N(z, plds = % for i>1i,(n). Now

. on
Va0, (NG

M, o(Vi(p)Nv(p)NG, 2) = 1 N(z, p) S Nz, p) and M, o(Vi(p)N0.(P)

NG, 2)=M,=Niz, p) on 8Vyp), whence | gn—Mi (Vi p) U (p) N G, 2)ds =

iR,

9 9 5
j —— M, o(Vap) N o) NG, 2 ds = j = Nz p)dsz 5 -

eV, (N, (NG AV, (pXNv,(HHNE

On the other hand, by M, o(Va,(p) Nv.{p) NG, 2)= v, men,onelN (2, p) we have

a9 0 -
j‘ —6—7—1— VM,;(p)ﬂv,,(p)ﬂGN(z’P) ds z E’ . Let n—> 00, Then VM(P) n vn(p) n G '_)P n G

R,

for any given M;<M?* by Vy(p)Dv.(p): ' =n'(M) and lim , ynenvuy,mV(ZP)
n=§ z
_0_
2
2

has its mass only at p and lim ,,nenv,wdY (2, P) = N(z, p)>0. Thus G
is an angular domain.

Proof of 2). If Ggp, j - "‘-é% Nz, p)ds 10 as M4+ M* by Theorem

aVM(p)ﬂCG
3).3). But j 9 N(z, p) ds=2r for almost M. Hence lim 9 N(z,p)ds
67’1 M->M* an
MOV(D) aVM(p)ﬂQ

=27 and by 1) G is an angular domain.

Proo of 3). - By va(p) N 4(p)=(v.(p) N 4(p) N CG)+ (va(p) N 4(p) N G) and by

lim , »neelV (2, )= pncelN (2, p)=0 by Theorem 3).2) we have
l'gn v eV (2 D) éliin o mnacmneelN (2, p) + li’fn. v o> nacmnadY (25 P) and

lim , p»namnelN (2, p)>0. Hence GN4(p) is also an angular domain.

Let R be a disc: |2|]<1 and R, be |z|<—é—. Then Ni(z, p)= Ulz)+

log Iz—l—Pl : p=€", where Ul(z) is a bounded harmonic function in E [z —;——
S PO -
<|z|<2:|. Hence it is easily verified that E [z arg— 5 <? = A (e?)
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satisfies the condition of Theorem 6).1) and A(e”) is an angular domain in
our sense.

3. Capacitary potentials of the boundary determined by a domain
G containing an end part 4(p) or containing p N-approximately.

Theorem 7). 1). Let F be a closed set (with respect to N-Martin's
topology) on B of positive capacity. Let G be a domain such that G>O
(A(p)Nv,(p)) for pe(B¥NF), where n depends on p and A(p) is an angular
domain of p. Then : .

lim w(GNF,, 2)>0,

where F,= EI:zGR s dist (2, F) < i:l .

n
2). Let G be a domain such that GDG,(n=1,2, ---), where {G,} is a

decreasing sequence of domains and Gnévp Jor any pe(B¥NF). Let I" be a
compact arc on G. Then

w({G,}, =2, G, I')>0.
Further if CG and G, (n, is a certain number) are Dirichlet-disjoint, then
w({G,},2)>0 and w({G,},z, G)>0.

Proof of 1). Since Cap(BY)=0, we can suppose that Cap(FNB¥)>0. By
the condition GD(4(p)Nv.(p) for n>n(p) and F,Dv.(p): pcFNBY, we

have

anrlN (2, p) =lim g,z N(z, p) = lim anamne eV (z, ) >0. (11)

. . . 0
Now N(z, p) is continuous for z€R with respect to p and j Gy F0Fm0 rAV(2,

: aR,
p)ds is also continuous with respect to p and anr 5, V(2 P) 1 ans, N(2, p) as

m—0, gnp N(2,p) | anrlN(2, p) as n—>oo. Hence the set AZ=E[zEFﬂ BY .

J —a% anrlN(2, p) ds>%:] is a Borel set and

R,
ST A,— FNBY.
=1

Capacity of Borel sets in B is the supremum of total mass of positive canoni-
cal distributions {g} such that the potential U(z) of 4 satisfies the condition
that U(z)<1 (this is equivalent to that the infinimum of energy integrals I(s)
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of canonical distributions of unit masses =1/Cap). Hence Cap(A,) 1 Cap(F) as

[—> oo, because ‘a is Borel measurable. Therefore we can find a set A,CF such

that Cap(A,) Cap(F ). Since o(F,, z) | o(F, z), for any given number

1
( o )s>0 there exists a number 7z(s) such that

j ai (des> J——w Fn,z)ds—-s<clearly> j—wF NR,, )ds—s).

3R, R, aR,

(12)

Since 5 nz,N(z,p)1 7 N(z, p)=#N(z, D) as m—> oo,

N
% nmzAla (13)

where A, .= E[pe A;,NBY: J T r.nr, N2, p)ds > —27]

R,
Hence there exists a number 72 (n(¢)) for any number 7(e) such that

Cap(A....) = % Cap(4, = % Cap(F) for m >m(n(e)).

By the definitions of Cap(A., ), there exists a positive canonical mass distribu-
tion g on A,, such that § dpy=IM>0 and its potential Uf(z) satishes U(z)

<1 in R. Since N(z,p) is continuous with respect to p, we can find a se-

quence {U;(z)} of the form U,(z)= jZ,‘: ¢c; Nz, p;): ps€Am: ¢;20, 2 ;=M

< —lll—Cap(F ) such that Uy z)— U(z) for any compact set R,, of R. Hence we

can suppose Ufz)<1+e on R,y Whence (1+e)o(F, N Rumey 2)=Ufz) on
R,.n»- Hence by (12) and (13) we have by w(F,NR,2)=w(F,NR,, 2)

j (1+s)ainw<F, 2)ds+e= j (1 +e)ainm(anRm(,,)m, 2)ds =
aR, iR,
9 3 m
[+ U 2 rprmy Uil2ds = | o5, Niz,p)dsz 5 >0.
AR, R,
Thus by letting e—0 o(F,2)>0.

Proof of 2). By G :SVG,,S'p( peFNBY) we have by Theorem 3).2)
N(z, p)=N(z, p) and by Theorem 4). 3) ¢:N'(z, p)=N'(z, p)>0 for any n and
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‘.a—i—N’(z, p)ds>0, where N'(z, p)=N(z, p)—caN(z, p). Let Al,an[peFﬂ BY:

r

| 9 Nz p)ds>i] and A =E[pan BY: J'—a—N'-'z p)ds>i]- Then
on ’ l ! ' on~ 7 .1

r r

A; . and A, are measurable, A,,=A4;and }; A,,=FNBY. Hence ther‘é exists
- .

a set A,;. such that Cap(A,.)= -;—Cap(F) for any n.- Now 3N’'(z, p)=
lim *N'%(z, p)=1im pnz*N'(z, p)'® for any domain D in G can be proved as super-
L=co 7 = o

harmonic functions in R—R,, where ,nz*N'(z, p) is a function in G such that
*N'(z, p)=N(z,p) on (DNR,)NG)+dG and pnz*N'(z,p) has M.D.I. over
G—(DNR,). Hence i A pm=A,,=A, where

A= E[peA, : jaingnhﬁf;N'(z, p)ds > %ﬂ ,
r
There exists a number (n) such that Cap(A; ,..) > %Cap(F )=M for m>
m(n). By the definition of Cap(A,,,,,), there exists a positive canonical mass
distribution g on A4,,,, such that —E-gi = jdp and the potential U(z) of u<1
in R—R,. Since GNR,, is compact, U(z) can be approximated on GNR,, by

2
number ¢>0 Uyz) <1+¢ on GNR,, for i>i(s). Whence

’ ¢ m
a sequence Uyz)= 21 ¢; N(z,p;): p;€Asmn 2. ¢;=——. Hence for any given
Jj=1 B

(1+6)@(GuN R 2, G, N = Uf2) = 3. ¢, N(z, p) on GNR,,.

On the other hand, clearly N(z,p)=N'(z,p) in G aild 2.¢; Nz, p,)=0=<
- 7
w(G, NR,,2,G,I') on dG. Whence by the maximum principle

(1+e)@(GuN R 2, G, I = écj N'(z,p,) and

Cap(F)
g

0 ‘ d
[1+92-0(GnRy 2 G 1yas 2 f S (T &1 Nz p)ds=
r

r

Let 7— o0, then m—> oo, then #—>c0 and then ¢—0. Then

18) See theorem 3 of P.
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Cap(F)

3 Thus «({G,}, 2, G,I')>0

[ o-liG),2 G, Mas 2
) |

By Theorem 5). 2) we have at once w({G,}, z, G)>0 from w({G,}, 2, G, I')>0
Theorem 7) is an extension of the following

- Theorem'. Let F be a closed set of positive logarithmic capacity in
the z-plane. Let S(p) be a sector with vertex at p and with aperture 0 :
28>0>0. Let G be a domain (its connectivity may be o). Suppose G
contain an endpart of S(p) for any peF. Then w(F,z,G,I')>0, where I

is a compact arc on 9G.

4. Correspondence of sets on boundarles of Riemann surfaces by
analytic functions. ‘

Let R be a covering surface over R. We suppose R is a' surface with
positive boundary and N-Martin’s topology is defined on R+ B=R (N(z, p) is
defined in R—R,) and suppose that R+ B (B is the boundary of R and R is
of with null or positive boundary) is compact with respect to the topology
defined by a metric in R. Let ¥ be a closed set in R+ B and let D be a
compact” disc in R such that dist (%,D)>0. We define the -capacity

‘J'—a—w%wR D)ds of ¥, where o (%, w, R—D) is C. P. of §. Clearlylf

‘;} is contained in a local parameter disc C(p) of peR, & is of capaczty zero
if and only if § is of logarithmic capacity zero.

Put %,,=E|:26R:dist(w, %)_3_712-]. If for any given n, there exists a
number 7(n) such that §, and C%,., are Dirichlet-disjoint, we call § a D-regu-
larly closed set. Of course, if ¥ is a compact set in R, we can construct a
domains . D, and D, such that D,.c D, D,O%.,.,, DC§.,, dist(éD,, 6D,)>0,
0D,(i=1, 2) is composed of a finite number of analytic curves and there exists
a harmonic function in D,— D, such that U(w)=1 on 0D,, U(w)=0 on oD,
and D(U(w))<oo. Put Ulw)=1 in R—D,, Uw)=0 in D,. Thus § is D-
regularly closed.

Cluster sets at peBY. Let w=f(z) be an analytic function: zeR, weR.

Put M(f(p))= Nf(G.), where G, runs over all domains G,'lavp and
£42) = DA o (7).

19) Z. KURAMOCHI : Corfespondence‘.bf of sets on the boundaries of Riemann surfaces.
Proc. Japan Acad., 36 (1960).
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Then we have the following

Lemma. Let § be a closed set on R+ B. Then
1). Suppose ,f(p)eF. Then f '35, contains an endpart of A(p).

2). Suppose M(f(p)€F.- Then f(F. )Bp Sfor any n.

In fact, clearly ,f(p) is closed and non void. For any given number n
there exists a number 7 such that f(4(p)Nv.(p) .. Hence f( % )D(4(p)
Nva.(p). Next M(f(p)) is closed. Since R+ B is a metric space and sepa-

rable, we can find a sequence G,, G,, --- from {G} :Ggp such that ﬁ fGy)
= M(f(p)). Hence for any given 7 there exists a number 7 such that }'} F(G))

DB n Put G" G.NG;--NG,,. Then G, 9p Whence by £ (F,) DGl we

have (%, 9p for any n.
Let n(w) be the number of points lying over weR. Put #(w)=Ilim (sup

n=co wWEv, (w)

n(w)):weR+B. If #(w)<co for any point p of ¥, we can find a number M
such that zn(w)<M< oo for we (v,(w)NR). We shall prove the following

Theorem 8). Let w=f(z) be an analytic function from R into R. Then

1). Let F<(R+B) be a D-regularly closed set of capacity zero and
suppose n(w)<oo for weF. Then the set A=E[peBY: , f(p)CF] is of
capacity zero. ' '

2). Let FC(R+ B) be a (not necessarily D-regularly) closed set of ca-
pacity zero and suppose n(w)< oo for we®. Then the set A=E[peBl:
M (f(p)eB] is of capacity zero.

Proof of 1). By the condition of 1) we can find a number 7’ such that
n(w)SM<oo in §, and a number n(>n') such that R—f%,) has a com-
pact disc D. In fact, let G be a sufficiently small disc. Then f(interior of
G) is an open set and f(G)N K, =0 for n=#»' (n’ is a certain number). Hence
there exists at least one point w, such that w, . f(G) and w,€F,.. f'(F.NR)
is closed and f ' ($F.,.) € po(€ f “(w,)). Hence there exists a neighbourhood v(p,)
such that v(p,) Nf 4 (F.) =0 (n>n'). Take v(p,) as D. Then D is the re-
quired domain.

Aussume A is of positive capacity. Then there exists a positive canonical
mass distribution ¢ whose I(y)<<co. In this case we can find also a closed
set F in A of positive capacity. Now a closed set F is of positive capacity
if and only if F is of function theoretic capacity positive*”, whence w(F, 2)
(=w{F,2,R—R,))>0. Let D be a compact disc in R such that f(D)cD

20) See p. 73 of P.
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Then w(F, 2)>0 if and only if w(F,2, R—D)>0. Similarly by Cap(%)>0 we
have o(%, w, R—D)>0. Let n” be a number such that DCR—§,... (n"'>n’)
and fix »” at present.

Since ,f(p)C®, by lemma f~YF,) contains an endpart of J(p) for any

? and m. Then by Theorem 7). 1) by putting G,,=f (&)

lim o(f(Fn) 2z R—D)Zlim o(FNfFn),z, R—D)>0. (14)
Now §F is D-regularly closed and there exists a C-function U(w) in R such
that U(w)=0 on 0%, ., Ulw)=1 on F, ., and D(U(w)<L<oco. Hence

& (m> W, Fn)) <L for m>n""+1, and since § is of capacity zero
w%m7w;%n” lo as m—>oo . | (15)

Consider U(2)=U(f(w)) in f(Fn")—f Fn). Then by n(w)=M in ...
@ (7 Em)s 2 S (Fn )= MD(U(w) S ML< oo and

() f—](%m)’ zaf_](%n” <MD %m’ w, C§n ) . ( 16 )
Let m—>oco. Then by (15) and (16)
D((f7(En) 2, (Bn)) 1 0 as m—o0. (17)

On the other hand, by the Dirichlet principle and by (14) D(w(f *(F») NF,

S U B )= Dlw(f(Fm)NF,z, R—D))>0. This contradicts (17). Hence A is,
a set of capacity zero.

Proof of 2). As (1) we can find a number n’ such that 7' (w)S<M<oo
in §,. and R—f"%,) contains a compact disc D. Fix »’ at present. Put
G=RNf E~)- Then G may consist of an enumerably infinite number of
domains (components) G', G?, ---. Since M(f(p)CF, G.=f"(F,) contains any
point of ANBY by Lemma 4). Let A, be the set of points contained NN-
approximately in G’. Then A, is a Borel set by Lemma b) and Zi: A=A

Hence there exists at least one component G’ of G such that G'sp, pe A’ and
Cap(A’)>0, where A’ is the set of points contained in G’. Hence we can find

a closed set F' of positive capacity in A’. Since I is a set of capacity zero,
we have by Theorem 5).3)0=w({, w, R— D) implies

O (Fn> W, Frrs [0)) =0 as n—>o0, (18)

where I',, is a compact arc on 0%, -

Let I', be a compact arc on G’ such that f(I",)cI",. Since G,,gp : pe
(BYNF), we have by Theorem 7). 2)

o({FNG,},2, G, I',)=1lm o(FNG,,2, G, I",)>0. (19)
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Now Ulz)=f " @ (Fr> W, Fn> ) is a harmonic function in G'—(f(F.) N G)
such that Uiz)=1 on f 4%, =G,.2(G,NF) and U(z)=0 on I',Cf*(I",) and
since w(G,,z, G',I",) has M.D. 1., -

Dlw(G,, z, G, F))<MD ?gn,w,%,,, )4{0 as n—>oco. (20)

But o(G,, 2 G, I" J=w(G.NF,z, G, F). This contradicts (20). Thus A is
a set of capacity zero.

Similarly as (1) we can prove the following

Theorem 7).3). Suppose 7n{w)<M< o outside of a compact set D of R
Then 1) is valid even if ¥ is not D-regularly closed.

In fact, in the proof of 1) take R— /)’ instead of $,, where D' is a com-
pact domain such that ’D>D, D'N%, =0 (n, is a certain number such that
7n,>1) and dist (0D, 8D')>0. Then D(w(f B.), 2, R-—f NEMD(0($
w, R—D)<L<oo for n>n, and o ({G,}, 2, R—f D) can be deﬁned where

G,=f 4%, We used the Dregularlty of F.. only to define w({G,}, 2, f*
(Bn.) in the proof of 1). Hence the above theorem can be proved similarly
as 1)

Remark. The assumption of 1) on §§ is stronger than that of 2) but the
assumption of 1) on the cluster set at p is weaker than that of 2). The as-
sumption of 3) on the cluster set is that of 1) but the assumption of 3) on
n(w) is strongest.

We shall consider an extension of Beurling’s theorem. Let ¥ be a com-
pact set in R and suppose & is contained in a local parameter disc £:2 can

be thought equivalent to |2|<1 and suppose $§ is contained in E[z: |z] < %:I
In this case we suppose that the distance between two points in £ means the

enclidean distance. Let A(7) be the area of R over §,=E [zE.Q : dist (2, %')

r:r< —;—:I ‘Then we have the following

Theorem 9. Let w=f(z) be an analytic function from R (with posi-
tive boundary and with N-Martin’s topology) into R. Let § be a closed

set contained in a local parameter disc 2= E[|z| <1] and § in E[lzl < %:I .

Suppose
Alr)

lim < oo .
- 2 .
7 >0 r

Then A=E[zeBY : M(f(p)CB] is a set of capacity zero.
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Alr,)

Proof. We can find a sequence 7, 7, --- such that <K<co. Put

G,=1(8.), Where B:=E[we :dist(w, ) <7;]. Then we see for sufficiently
large number Z —f(%:)#0. This 1mphes that R —f (%) contains a com-
pact disc. Hence we can suppose without loss of generality that R—f (%,

Alry)

DR({R,} (n=0,1,2,---) is an exhaustion of R) for /=1 and <K for

Z

i=z1. Now G,=f"%%,) consists of enumerably infinite number of components
G\ G+ & G'=G. By Lemmab) A'=E[pcA . peG] and E[peA : pe G]

N
are measurable. Since G,5p implies that there exists only one component G’
of G, containing p N-approximately. Hence

S A=A
J

Assume A is a set of positive capacity. Then there exists at least one G’
such that Cap(A7)>0. We fix G’ at present and denote it by G. We can
find a closed set F' of positive capac1ty in A?. Put G,;=GNf¥,). Then

also Gz- 5p for any p of A’ and G, is clearly non compact. Hence by Theo-
rem 7). 2) o(FN{G,}, 2, G,I")>0 and by Theorem 5).3) w({G;}, 2, R—R,)>0,
where I' is a compact arc on 0G. Put w({G,}, 2, R—R,)=U(2)>0. Then

U(z)—0 on 3R, j %U (2)ds= D(U(z)) — j aiU (z)ds for almost M: 0<

aVy

M<1, where VM——E [zeR: U ( )>M ] and such 0V, is called a regular niveau
curve.

We shall show that G, and CG,.;: G, ;=f ' B:.;,)NG are Dirichlet-
disjoint. In fact, dist (0%, 0%:.,)>0 and 0%, and 0%,.,; are compact. We
can construct compact domains £, and £, such that §,D2,00, D%H s
dist (0£2,, 92.)>0 and 02, (:=1, 2) is composed of a finite number of components
of which each one is consists of only one analytic curve. Hence we can define
a Cifunction V(w) in R such that V(w) is harmonic in 2,—2,, V(w)=1 in

£2,, V(w)=0 on CR, and 6 V( )’<L (w)| <L: L < oo, where w

v
=u+iv. Put Viz)=V(f" (w)). Then D(V(2))=KL*r;. Thus G; and G,,;
are Dirichlet-disjoint. Hence by Lemma 1). 2)

(21) y %U(z)dslo as M1 1 for any given G,.

Vy—-Gy

Put a=D(U(z)). Then J o U( )ds=a for a regular niveau curve oV,. Let
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U¥(z) be a harmonic function in R,—R,— V, such that U}(z)=0 on 9R,,

UMz)=M on 9Vy—R., -a—i—Uf,’(z)= 0 on R, — Vi and put a¥—D(U¥=z)

j __UM ( J ainUnI"(z)ai«;, since R,—R,— V), is compact). Then

3R, WVyNR,

UY2)=> U(z) and a¥f - a, as M— 1.

Suppose 0V, is regular. Then by aY—a and by lim j ain U¥z)ds = J

aWyNGy VNG,
aan U(z)ds we can find a numbers M and n,(e, 7, M) for any given numbers
¢ and 7 such that
j —é%—U;‘,’(z)ds?_:a—Ze for n>ne, i, M). (22)
@VyNRING;
, ({0 z 0 17
Put  D(F.) = ” ) (- Ue) + ———U(z)) dxdy and
_ W\ ox oy J
ARG TY)
D CVunRI= ([ 1)

FTHEHINCYyNR,

! (5?5 U;zf(z)) g (—agy— Uit’(z)) } dzdy.

Afp ) )-)O as k—oo. Smcef )

analytic in R and for any R, area of f (%) in Rn——>0 as k—oo, D(U(z)) over

Rn nf—l %lc —0 as k—>oo. Further D((J(z))<00 and D (U(Z))——)O as n—oo and
R-R,

D (U(z))< (U (z))—l— D (U(z)). Hence for any given number ¢ we

S ‘(%k)rve
can find a number k(e) such that

D (U= ))<e for 2> k. (e) .

NG TS

I
Hence D(F.)} < U f(@) dedy D (Ule) < Alre < Krie for k>4 and
k .

LG TS

D(F) < VKe 7x for 2>k, . (23)

Put D(Fs CVi)= ” Lf(=)] {(—aa; U(z)2+ (aiy U(z))zi% dzdy. Then

CVuNF (T
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by U¥z)=>U(z) D(r, CVyxNR,)—>D(F:, CVy) as n—>oco. Hence for any e
we can find a number 7.(e, 2, M) such that

D(%k, CVMan) é D(%/M CVM)+€§D(%1¢)+E for ngnz .

Next by (22) for any given &, and §, (>%) and ¢ we can find M’ and =,
such that

j‘ —a—i—Uﬁ”(z)ds>a——Zs and D(Fr, CVie NR,)<AKe re+4c

G NR, NV

(24)
for n>n,>max(n,, n,).
We consider D(%:, CVyNR,) in the following. Put s=exp(UX(=)+
iV¥(2)=re”, where V(z) is the conjugate function of U (z). Then |3|=€"
on 0V, NR, and by (22)

[ an= O U )dsza—2e . (25)
on

oWy NRyNGy aVyrNR, NG

Now
2| | 1 ( 0 )'1%
D(., CVxNR,)= ﬁ (= 'l( )) (55 V@) | dr do
GmR NCV
H | fre")| |5 U (re) | 7 dr dB and UX(2)
GiﬂR,,ﬂCVM

is harmonic in a compact domain R,—R,— V%. Hence UX|(z) has a finite
number of branch points and we can trace the trajectries 7, along which @
—const from r=1 (U¥(2)=0 on oR,) to r=e" (U¥(z)=M’' on dV,.). Let
© be the set of 6 such that 7, intersects G, when z goes from R, to 0V,
along 7,. Then by (25) O®>a—2¢. If €6, image f(T, of T, must intersect

G, and Gi,whencej | f'(re”)| dr=r.—r; and

D(@E:)+e=D(Fr, CVy NR,) = (a—2¢) (r—71) - (26)

Let ,—0 and then ¢—0. Then (26) contradicts (23). Hence A is a set of
capacity zero.

As an application of Theorem 9 we shall prove

Theorem» 10. Suppose R is a covering surface almost finitely sheeted
over R and K=R+ B is compact. Then the set A of point p€BY such
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that ,f(p)CF is a set of capacity zero, where § satisfies the condition

lim Alr) < oo

Ji— >

70 r

and A(r) is the area of R over §,=E[w: euclidean dist (w, F)<r].
Proof. By Theorem 1. M(f(p))=one point g for any point p of BY
-except at most a set of capacity zero. Suppose M(f(p))=q. We can find

-a sequence G,(i=1, 2, ---) such that Giaﬁb_and Nf1Gy)=q from {G.}: G,gp.
' (2

Put G,=G,Nv,(p). Then also G-;gp and by the Theorem 6).3) - 4(p)NG} is
an angular domain, whence f(4(p)N G%) =0 for every i. On the other hand,
NAd(p)NGI)) NAd(p)Nvip)=.flp)C ﬂf JJ=4q, hence ,f(p))= M(f(p)
=q€%. Thus by Theorem 9) we have Theorem 10.

In the previous paper*® we constructed a covering surface R over the w-
plane : w=f(z): zeR with finite area such that R has a singular point peB?’
with the following properties: 1) w(p,2)>0 and 2) Nf(v,(p))=one point.

This example shows that even when $ =one point, some condition (for in-
A:j) ) is necessary for the validity of Theorems 9) or 10.)
Alr)

(Remark to the condition in Theorem 9). The condition lim " <oco in

70

70

Theorem 9 imposed on a closed set ¥ in R does not necessarily mean that
¥ is so small as Cap(F)=0 but means the part of R over §, is so small as
o({8,},2)—>0 as r—0. In reality the part of R over {, may be so small
even when § is a segment.
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21) The last example of the paper ‘Examples of Singular points: Journ. Fac. Sci. ‘Hokkai-
do Univ., XVI (1962). :




