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ON THE EXISTENCE OF FUNCTIONS OF
EVANS’S TYPE

by

Zenjiro KURAMOCHI

We proved the following

Theorem?. Let R be a Riemann surface with null-boundary. Then
there exists a harmonic function U(z) such that U(z) has a negative loga-
rithmic pole at peR and U(z)—oo as z tends to the ideal boundary.

Recently M. Nakai extended the above theorem as follows :

Theorem®. Let R be a Riemann surface with positive boundary. Let
G (2, p) be the Green’s function of R with pole at p. Put G,=E[zeR: G(z, p)
>8] Then there exists a harmonic function in R such that D(min(M, U(z)))
SMa<oo and Ulz)—>oco as z tends of the boundary of R in G, for any
0>0 and that any positive harmonic function V(z)(SU(2)) must be zero,
where a is a conotant. .

We consider the existence of functions of Evans’s type for more general
sets and obtain some results which contain the above two theorems as their
special applications.

1. Generalized Green’s function®. Let R be a Riemann surface with
positive boundary. Let R, (=1, 2, ---) be its exhaustion with compact relative
boundary 9R,. Let G be a subsurface in R. Let w, ,.;(2) be a harmonic
function in R,.,—(GN(R—R,) such that w,,,,(2)=0 on 9R,,,—G and
Wy nes(2)=1 on GN(R—R,). We call lim liin W, »+:(2) the harmonic measure
(H.M.) of the boundary (BN G) determined by G and denote it by w(GNB,
z,R). As for a set F in R. Let w(F,z, R) be the least positive harmonic

function in R—F and =1 on F. We call w(F, 2, R) H.M. (harmonic measure)
of F. Let G,DG, be subdomains in R. Let w, ,.:(2) be a harmonic function

1) Z. KURAMOCHI: Mass distributions on the ideal boundaries of abstract Riemann
surfaces, I. Osaka Math. J.,, 8, 119-138 (1956).

2) M. NAKAI: Green potential of Evans type on Royden’s compactification of a Riemann
surface. Nagoya Math. J., 24, 205-239 (1964).

3) Z. KURAMOCHI: On harmonic functions representable by Poisson’s integral. Osaka
Math. J., 10, 103-117 (1958).

4) In this paper relative boundary G of a subsurface G consists of enumberably infinite
number of analytic curves clustering nowhere in R.
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in (GiNR,.)—(G:N(R,+s—R,)) such that Wy, n+3(2)=0 on 0G,, —aa—a)n',”,i(Z):O
n

on 9R,,;— G,y Wnns(2)=1 on G,N(R,,;—R,). If there exists a const. M such
that D(w, ».:(2)) =M. Then w, ,.:(2)”=w,(2) as i—>c0 and w,(2)= to a func-
tion denoted by w(G.N B, 2,G,) as n—>oo which is called C.P. (capcitary po-
tential) of (G.NB) relative to G,.

Let V(z) be a positive -harmonic function in R except at most a set of
capacity zero where V(z) may be infinite. Put G,=FE[zeR: V(z)=M]. If
w(GyNB, 2, R)=0 for any M and D(min(M, V(2))<Ma for any M< oo, we
call V(z) a generalized Green’s function, where « is a const.

- We proved the following

Lemma 19. Let R be a Riemann surface with null-boundary. Let R,
be a compact disc in R. Let G, be a domain in which U,(z) is harmonic
and Dg,(U,(z))<oo (i=1,2, -+, 1,). Then there exists a sequence of compact
curves {1,} such that 1, separates the boundary B of R from R, {I,} clusters

at B and that [ —aa;Ui (=)

We shall p:ove

Theorem 1. Let V(z) be a G.G. (generalized Green’s functior) such
that D(min (M, V(2)))<Ma. Then

1) Put Gy=E[zeR: V(2)>M] and let w(Gy, z, R) be H.M. uf G,y.
Then V(z)=Mw (G 2, R) in R— Gy and D(min(M, V (2)))=M*D(w (G, 2, R)).

2) Let 6<M. Then w(GyNB,z,G;)=0. Let GM‘be the symmetric
surface of G, with respect to 8G,. Identify 3G, and the image G, of
0G,. Then we have a Riemann surface G+ G,y called the doubled surface
of Gy. Then Gyu+Gy is a Riemann surface witn null-boundary.

3) j _a% V(z)ds=K and D(min(M, V(2))=KM for any M, where Cy—
Cm
E[zeR: V(z)=M].

4) If V(2)>0, then sup V(z)=oco.

5) Let V'(2) be a positive harmonic function except a set of capacity
zero such that V' (2)<V(z). Then V'(2) is also a G.G. and D(min(M, V' (2)))
=< D(min (M, V(2))).

6) Let V,2) (n=1,2,--:) be a G.G. which is harmonic in R and
D(min (M, V(2))) = Ma,. If V,(2)1 and a,Za, then the limit function V()

ds tends to zero as n—oo, for every i.

5) Z. KURAMOCHI: Potentials on Riemann surfaces. J. Fac. Sci. Hokkaido Univ., 16,
5-79 (1962).
6) See (1)
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of {V,.(2)} is a G.G..

7) Let G(z,p) be a Green’s function of R and put R,=E[zeR: G|z,
p)>0]. Let U(z) be a G.G. in R, such that D(min (M, U(2)<Ma. Let
Uy (2) be the least positive harmonic function larger than U (2) in R—G,y,
where Gy=E[z€R: U(R)=M]. Then Uyz)1U(z) as M—oco and U(z) is a
G.G. in R such that D(min(M, U(2))< Ma.

Proof of 1). Let G,=E[z€eR: V(z)>¢] and Gy=E[z€R: V(2)>M] and
let R"=G,—G,: M>e. Let w,(2) be the least positive harmonic function in
R'NR, such that w,(2)=1 on G,NoR,. Put U,(2)=w(Gyy, 2, R)+ Mw,(2)+e.
Then '

Viz) < Mw(Gy, 2, R)+ Mw,(2)+e=U,(2).
Because V(z)=¢<U.,(2) on dG.NR,, V()< M<ZU(z2) on dR,NG, and V(z)=
M=Mw(Gy, 2, R) on Gy. Let n—>oc0. Then w,(z)»w(G.NB, 2z, R
w(G,NB,z, R)=0. Let ¢e>0. Then V(2)=Mw(Gy,2, R) in R—G,. On
the other hand, by the defintion Mw(G,, 2, R)I<V(z). Thus V(z)= Mw(G,,
2, R) in R—G, and D(min (M, V(2))=M*D(w(G, =z, R)).

Proof of 2). Let V,,,(2) be a harmonic function in (G,—G,)NR,., such
that Vi,.(2)=e on 8G.NR,.s Vi.i(z)=M on 3Gy R,., and {——Vn+¢(z)=0
n

on 9R,.;N(G.—Gy). Then D(V,,,()<D(min(M, V(z)). Let w,..s(z) be
a harmonic function in R,,;,NG,—(G,N(R—R,)) such that @, ,.:(2)=0 on

anan+'b wn,n+’t(z)=1 on GMn (Rnii_Rn) and Ea—wn,n+i(z)=0 on aRn+i_GM'
n
Then

< oco.

D(@nmre(2)) < D( Vw(z)s—e ) ~ D(min (M, V(2))

- (M—e)

Hence @, ,..+:(2)>w,(2) as i—c0 and w,(@)=w(z)=0(GyB, 2, G.) as n—oco.
0=0(x)=w(G.NB, 2z, R)=0. Whence o(G,,NB, 2, G)=0. Let w,.(z) be a har-
monic function in (GuN(R,—R,))+(G.NR,,) such that &,(2)=0 on F (where
F is a compact arc on dG,NR,,), w,(z)=1 on G,N(R—R,) and w,(z) has

minimal Dirichlet integral. Then clearly —aq—w; (z)=0 on (0G.NR, —F)+
n

(0GxN(R,—R, )+ (0R,,N(G,—G,)) and D(w,(2))<D(w,(z)). Also it is proved
that o, (2) converges in mean to '(z). Clearly D(o'(2))< D(w(2))=0. This
implies that the doubled surface of (G, N (R—R,))+(G.NR,) is a Riemann
surface with null-boundary. We shall show that G,,+ G,, is a Riemann surface
with null-boundary. Let [ (2) be a harmonic function in G, N R, such that
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o/(2)=0 on F', &/(z)=1 on GyN(R—R,) and iwn( )=0 on (3Gx,NR,)—F,
7l

where F’ is a compact arc on 0G,NR,. Then clearly v} (2)=w0" (2) as n—>oo

and D(e0'(2))<oo. Now (G, is a domain in the Riemann surface R* with

null-boundary (R* is the doubled surface) of (G,,N(R—R,))+G,NR,)). Hence

by Lemma 1 there exists a sequence of compact surfaces R} (m=1,2, ---) of

R}, such that URj=R* and J ‘a—a—m”(z) ds—0 as m—oo. Now D(w"(z))
m n

aR: NGy

- j 2)ds= j _aiw"(z)ds, whence @”(2)=0. Le. Gy+Gy is a Rie-
AR}, NGy &
mann surface with null-boundary.
Proof of 3). Let M<M'. Then I
(@y -Gy YIRS,
By %V(z);o on Cy+C, we have at once jaiV(z)ds=K=const. and
n n

Cy

9 V(z)

ds—0 as m—>co.
on

D(min(M, V(2)))=MK for any M.
Proof of 4). Assume M,<sup V(z)<M. Then by (1)
V(z) = Mw (G, 2, R) = Mw(Gy,N Gy 2, R)
Let M;4 M. Then G M;—»B or the set of capacity zero where V(z)=oc0. Hence
0=Vi(z) = Mw(G,,NB,z,R)=0.

Proof of 5). Put Gy=E[zeR: V(2)>M], G,=E[zeR: V(z)>¢] and
=E[zeR: V'(z)>M]. Then G,OG,DOG}. Let V/(z) be a harmonic
function in (G,=G3»)NR, such that V/(z)=¢ on 9G,, V/(z)=M on 38G%, and
aiv,:(z)=o on 3R,N(G.—G%), Then V(z) has M.D.L over R,N(G.—G)
n

with value ¢ on 9G, and M on 0G%,, whence D(V/(z ))<D(V( N=Ma. Hence
Vi(z)=>V¥(z) as n—~>oc0 and D(V*(2))<Ma. On the other hand, 0=ZV.i(2)=
e+ Mw (G, 2, R)+ Mw(G,N B, 2, R)=¢+ Mw(G,yN(R—R,), z, R) and V*(2)<
e+ Mw(Giy, 2, R)+ Mw(G,N B, 2, R)=¢+ Mw(G%, 2, R). Let e——>0. Then also
Vi(z)=>V*(2) and V*(2)=<Mw (G}, 2, R) and D(V*(2))<Ma. By the defini-
tion of w(GY, 2, R)V*(2)=Mw (G, 2, R). Hence

V*(2) = Mw (G, 2, R) . (1)

Also Mw(Gy, 2z, RIS V(2)<e+ Mw(G,NB, 2, R)+ Mw (G, z, R). By letting
¢—0 and by (1) we have



On the Existence of Functions of Evans's Type 5

V' (2) = Mw(GY%, 2, R)=V*(z) in R-—Gj.
Next by D (V*(z))<oo we can prove similarly as the proof of (3)
a R—GM
J%V’(z)ds=K and D(min(M, V’'(z))=MK, next by D(min (M, V(z)))=Ma
c
vire have K<a. By V’(z)=< V(z) we have at once w(G/N B, z, R)<w(G,N B,
2, R)=0. Thus V'(2) is a G.G.

Proof of 6). At first we show V(2)<co in R. Let V,(z) be a G.G. and
put G,=E[z€R: V,(2)>I]. Then by w(G,NB,z, R)=0 we see V,, .(2)=>
Va(2) as n-—>o0, where V, .(2) is a harmonic function in R,N(G,—G») such

that V,.(2)=M on 8G, V..(z)—=¢ on 3G. and aiVm,n(z)=O on aR,N
n

(G.—Gy). Let D be a compact disc in R. Suppose V(z)=L on D. Let
w,(z) be a harmonic function in (R,—D)NG, such that w,(z)=1 on D,

w,(2)=¢ on 0G,, and 36—(»,,(2)=0 on 0R,. Then
n

D(V,pn(2)— Ly (2) , 0,(2)) 2 0.
Hence by mean convergency of V,, .(z) and w,(z) as n—>oc0 we have
La=D(min(L,V,(2) = L*D(w.(2)),

where w,(z)=1lim w,(z) and D(w,(z))< co.
Let e>0. Then w,.(2)=>w(z)as e>0 and La=L*D(w(z)). Whence min V,(2)<

2€D

ol ::(z)) and 11161;1 V(z)é_D(:(z)) . Hence by Harnack’s theorem V(z)< oo
in R.

Put Gy,=E[zeR: V(z)>M] and G,=E[zeR: V,(2)>M). Then by
V()2 V..(2) G4yDGye Since V,,(2)=Mw(Gym, 2, R), V,,(2) is the least posi-
tive harmonic function in R—G, with value V,,(z) on 8G,. Hence V,(2)=
limV,, .(z), where V,, ,.(z) is the least positive harmonic function in R,—G,,

such that V,, .(2)=V,(z) on Gy and V, ,.(2)=0 on dR,—G,. Hence

Vin(2) = —— j Vm,n(C)—a%Gn(C,z)ds,

2
3G "Ry,

where G,({, 2) is the Green’s function of R,—G,,.
Let #—>c0. Then %Gn(c, z)T—a—a—G(C, 2) on G, where G (g, 2) is the Green’s
n 0

function of R—G,,. Hence Vm(z)zi f Vm(C)—a—G(C, z)ds. Now V,(2)=
2 on

3@y
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V()M on 9G,, hence V,, (C)%G &, =)ds ié uniformly integrable and
n

Vig) = —— j V©)-2-G(C, 2)ds = L lim [ V,.(0)-2-G (¢, 2)ds =lim V,,(2).
© 2m on T m=eo on m
3@y 3Gy

This means that V(z) is the least positive harmonic function in R—G,, with
value M on 90Gy, i.e. V(z)=Mw(Gy, 2, R) in R—Gy,. ' ' '

Let w, (2) be the least positive harmonic function in R—Gy,—(R—R,)NG.)
such that w,(2)=1 on (R—R,)NG.. Then w,(2)»w(G.NB,z, R—G,) as
n—>oo and V(z)=ew(G.N B, 2, R—G,). Since V(z) is the least positive har-
monic function in R—G,, larger than M on G,, w(G.NB, =z, R—G,)=0.
Clearly w,(z)+w(Gy, 2, R)Zw(G,NB, 2, R), because w,(2)+w(Gy, 2, R)=1
on G,N(R—R,). Hence

w(Gy, 2, R) = w(G,NB, 2, R—Gy) +w(Gy, 2, R) = w(G.NB, 2, R).

Let M—>oco. Then w(Gy, 2, R)—0. This implies w(G,N B, 2z, R)=0 for any
€>0. Let G be a compact domain completely contained in R—G,. Then
there exists a number 7, suce that GCE[zeR: V, (2)<M] for n=n,. Then

D(V(z)) = D(lim V,(2)) = lim D(V,(2)) = lim D(min (M, V,(2)) < aM .

G

Let G=E[zeR: V(2)<M]. Then Dmin(M, V(2)))SMa«a: Thus V(z)is a G.G.
Proof of 7). Let U,(z) be the least positive harmonic function in R,—G),

such that U, (z)=M on 8G,y, U,(z)=0 on 8R,—R,, aa U.(z)=0 on (R,NR,)
n

—Gy. Then D(U,(2)<Dmin(M,U(z))<Ma. Also let U} (z) be the least
positive harmonic function in R,— G, larger than M on G,. Then

0= U (2) = Unl2) = Uy (2) + Mw(R,N(R—R,), 2, R) .

Let n—oco. Then since G(z,p) is a G.G., w(R,N(R—R,), 2, R)—»w(R,N B, 2,
R)=0. Hence 0Z1im U} (2)=lim U,(2)=Uy(2z). By Upx(z)=lmU,(z), we have

D(min (M, U, (2) < lim D(U,(2)) = Ma . (2)
By Uy(z)=1lm U, (=), i
" Uylz) = Mw(Gy, 2, R) (3)
and Uy(z)= Nw(Gy, 2, R) in R—G%, where Gy=E[2€R: U,(z)>N]+ G, for
any N<M and for any DCR—G,,

Usdz) = 2—177 f UM@)—;—G(C, 2)ds , (4)
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where G({, 2) is the Green’s function of D.
By (2) and (3) we have similarly as the proof of 2), w(Gy B, 2z, Gy)=0: M=
N >N.

This implies that the doubled surface (Gy +Gy.) is a Riemann surface with
null-boundary, whence jai Ux(2)ds=Fk=const., where by (2) 2=<a for any
n

C,=E[z€eR: UM(z)=l],czand D(min (N, Uy(2)) < Na for NS M. (5)
Clearly Uy,(z)1 U(z) as M—oco. Then by (5) D(min(N, ﬁ(z)))_s_}goD(min(M
Un(2)<Na and T(z)<oo. (6)

Also by (4), since Uylz)t U(z)
1 9 '
U(e)=-, £ U(0)—-G(C, =)ds

i.e. U(z) is the least positive harmonic function in R—G, larger than M on
Gy=E[z€R: U(z)>M], whence we have similarly as (7)

w(GMﬂB,z,R)=O for any M. (7)
Thus by (6) and (7) U(z) is a G.G.

2. Green’s potential. Let R* be a Riemann surface with positive
boundary and let {R}} be its exhaustion with compact relative boundary aR}

(n=1,2,:-). Let p, be a fixed point in R and let (*}'(z, po) be the Green’s

*

function. Put R=E[zeR*: G(z, p,)>0]. Then by Theorem 1), 2) the doubled
surface R+R is a Riemann surface with null-boundary. Let G(z, p) be the
Green’s function of R. Then G(z,p) is a G.G. in R. Let {p,} be a diver-
gent sequence in G,=E[zeR: G|z, p,)>¢] such that {G(z, p,)} converges to
a positive harmonic function. Then we say that {p,} determines an ideal
boundary point p. We denote by B the set of all the ideal boundary points.
Also we denote lim G(z, p,) by G(z,p): p€B simply. Let g€dR and let v(q)

be a compact neighbourhood of ¢ in R*. Then G(z, p,)<M on v(g)NR for
n=n(g). Hence G(z,p) (p€B)=0 on dR and w(RNB, 2z, R)I<w(RNB, 2z, R*)
=0. Also by Fatou’s lemma D(min(G(z, p), M))<2zM for pec R+ B. Thus
G(z,p) is a G.G. for peR+B. Let R=R+ B. Then the distance between D
and p, in R is defined as

_ Gz, p) G(z, p.)
5 1y 2] — - ’
(Po ) = sup| =~ ) 1+Glz p)

where R, is a compact disc in R.
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Remark. Let p,#p, in B. Then G(z,p) may be a multiple of Gz,
p.)". In fact, let C be a unit circle: |z2|<1 and let F be a closed set such
that =0 is contained in the closure of F and F is so thinly distributed in
a neighbourhood of =0 that 2=0 is an irregular point of the Dirichlet pro-
blem in C—F. Then there exists only one linearly independent G.G. vanishing
on F+0C except =0 and for any point p on 2=0, G(z, p) is a multiple of
a fixed function.

Let G(z,p): pER and Vy(p)=E[G(z, p)>M]. Let U(z) be a G.G. in R
and let Uj(z) be the least positive harmonic function in V,(p) with boundary
value min(L, U(z)) on aVy(p). Then Uf(z)=U(z). Also by w(Vu(p)NB,z,
R)=0, Uf,(z)=lij1;n U.(z), where U,b(z) is a harmonic function in V,(p)NR,
such that U,(z)=min(L,U(z)) on aVy(p)NR, and U,(z)=0 on R, N Vi(p),
where D(U, (2))< Dmin (L, U(z))>oco. Since R+ R is a Riemann surface with
null- boundary, there exists an exhaustion {R.} of (R+ R) such that

‘— UfL(z)|ds and j ——G(z p)lds—0 as n—oo: M >M by

R ﬂVM(p) R, —'VM (p)
Lemma 1. By Green’s formula

o @ Lo @
j Uslz)— Gz, pds+ j Usilz) -Gz 9)

aVy (PINR;, IR, NV (D) =V (D))
j UL(2)-2_ Gz, p)ds+ j Gz, p)-0 UL (z)ds
on on
Wy (PINE,, wWy(DNE,,
[ 6 p)ai UZ (2)ds + [ G(z,p)aiwz)ds.

, Wy (PNR,, 7 BR;LH(VM(.p)— V(D)) &
Now j Gz, p) ———U‘( \ds— M [ —;—Uﬁ,(z)ds=0=

Wy(PNER,, Vu(»)NR,, &

j‘ Gz, p) Ui (= )ds—M’ j %Uﬁ (z)ds and other integrations,

| 472 (D)HR 3VM (p)ﬂR

jUL 9 G (z,p)ds and JG 2, p) ——UL (2)ds over 0R,—0 as n—>oco. Hence

by TG(z,p)gO on Cy+C,, and by letting L—>o0, we have
n

j Uz)-2 Gz, p)ds=lim | Ui(2)-2- Gz, p)ds
on on

L=co
V(D) IV py (D)

7) Z. KURAMOCHI: Relations between harmonic dimensions. Proc. Japan Acad., 30,
576-580 (1954).
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= lim Ui(z) — 9 G(z, p)ds < J Uz 0 ——G (2, p)ds. Hence

L=o> on 3n

AV (p) aVpy(p)

j U(z)aiG(z,p)dsT as M1 co.

V(D) &
We define the value of Ulz) at p by _21_ lim U(z)—aa—G(z, plds. If peR,
T M=o n
V(D)

this definition coincides with U(p) clearly. Then

- Theorem 2. G(z,p): peR is a G.G. and the value of Gz, p) is well
defined on R and

). Glp,0)=Gla.p) and Glp,p)=o0.

2). G(p, q) is lower semicontinuous in R x R.

3). If peR, G(z,p) is continuous in R.

Theorem 2 can be proved (without any essential alteration) similaaly as
G(z,p) of R—R, where R is a Riemann surface with null-boundary and R,
is a compact disc.” But in the previous paper, it was proved that G(z, p) is
lower semicontinuous in R for fixed p. In this paper we shall prove only 2).
For any given number ¢>0, we can find numbers M and R, such that

2(Gpa)~e)= [ ClL.9GE pds
| Wy(DINR,,
We cover Vu(p)NR, by a compact domain D such that 8D intersects 8Vy(p)
orthogonally. Let p,—p and ¢,—~q. Then G(z, p,)—>G(z, p), G(z, ¢;,)—G(z, q)
and Vi (p)— Va(p) uniformly in D. Hence for >4, and j>J,

2zG(ps, q)) = hm J. G, q)— 6 G, p)ds= j G(g, Qj)-— (&, po)ds
aVM(pi) 3V py(py)
> J’ G( 0 _
> c,p)—ézc(c, q)ds—2me = 2z (G(p, q)—¢) .

wVy(p)ND

Let ¢—0. Then lim G(p,, ¢;)=G(p, q). Thus 2) is proved.
7

3. Energy integral and capacities of Green’s potential. Let R=R}

3
=E[zeR*: G(z, Po)>6] and {R,} be an exhaustion of R. Let F be a compact
set in R. Put I(g ”G D> q)du(p)dulq), where p is a positive mass distri-

bution on R. Since F is compact, G(z, p)+log|z—p| is harmonic in a neigh-

8) See (1).
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bourhood of p and the continuity principle is valid in R and theorems of
logarithmic potentials are also valid. Hence there exists a uniquely determined
mass distribution g, called equilibrium distribution such that I{ ) is the mini-
mal among all distributions of mass unity on F, the potential U(z) of u=L
(const.) on F except a set of capacity zero and U(2)<L in R. Cleary U(z)=0

on 3R and by w(BNR,z, R)=0, Uz)=Lw(F,z, R) and I(p)=L= D(;J(z) ,
| | T
2z

. , Cu=E[z€R: w(F, z, R)=M], M<1,
(o = Rds’ " [zeR: w(F, z, R)=M], M<

Cu
We define the capacity of F' as I(l ) (=%) . Let F be a closed set in R=
Ue .

1

R+B. We also define Cap(F) by ————, where p is a positive mass distri-
inf I(p)

o ]
bution of unity on F. Put Cap(F)=sup Cap(K), where K is a compact set
' KCF

in F. Then if F is compact, Cap(F)=Cap(F) and Cap(F )=Cap(F) for closed
set F (in reality it can be proved Cap(F )=Cap(F)). In this paper we use
only Cap(F) for Green’s potential.

where L is given by L=

Capacities of the irregular set of R of Green’s function. Let G(z, p)
be Green’s function of R=E[R*>z: G(z, po)>0]. Then G(z, p,) is continuous

in R. Let F,=E[zeR: Gz, p)g%]. Then F, is closed in R. Ulz)=
min (%, Gz, po)> is a continuous function in R such that U(z)=0 on 0R,

U(z)=—}~ on F, and D(U(z))gzl_". Let R, (n=1,2, ) be an exhaustion

of R with compact relative boundary dR,. Let w(F;N(R—R,), 2, R) be a har-
monic function in R—(F,N(R—R,)) such that o(F;N(R—R,), 2z, R)=1 on F;N
(R—R,), =0 on dR and has M.D.I.. Then by the Dirichlet principle D(w(F;N

(R—R))), =, R)g—llz— (U(z))<oo. Itis evident w(F;,N(R—R,), 2, R=w(K, 2, R)
for any compact set K in F,N(R—R,) and by w(RNB, 2z, R)=0, w(F;N
(R—R,), 2z, R\=w(F;N(R—R,), 2, R). Let n—>oco. Then o(F,N(R—R,), 2, R)
converges in mean to a function V(2)=w(F,NB, 2, R). Clearly V(2) is a G.G,,
hence by Theorem 1. (5) V(2)=0. This implies D(w(F;N(R—R,),2, R)|0 as
n—>oo and lim Cap(F,N(R—R,))=0 as n—>oco.

Loss of mass. As usual mass m(p) of G(z,p) (pER) is given by —2—1- j
T

V(D)
0

TG(z, p)ds (m(p) does not depend on M by Theorem 1. (3)). It is clear

n
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i,_where k=lim sup G(z, po) In

kl n=o 26€R-R,

G(, p)ds. Now 90V(p) clusters at B as

m(p)=1 for peR. If peF,NB, m(p)=
5
on

8V (p) : '
M1 oo. Hence for any number ¢>0, there exists a number M such that

fact, G(p, p,)= 2 lim G(E, po)
2n M=

G(L, p)—e=k on aVy(p) for M>M,, whence —217 j )—a%G(C,P)ds; l(kl—l—s) .
aVy(p
Hence by letting ¢—0, m(p)g%l,_

4. N-Green’s function and N-Martin’s topology.” Let R be a Rie-
mann surface with positive boundary and let {R,} be its exhaustion with
compact relative boundary dR,. Let U(z) be a positive superharmonic function
in R—R, such that U(z)=0 on 9R, and D(min(M, U(z)))< oo for any M< co.
Let ,U(z) be a continuous function in R— R, such that ,U*(z)=min (M, U (2))
on 0D and ,UY(z) has M.D.I. over R—R,— D, where D is a compact or

non compact domain. Let ,U(z)=1lim ,U¥(z). If U(z)=,U(z) for any domain,
M=oco

we call U(z) a superharmonic function. Let U(z) be a superharmonic function.
If V(z)=aU(z) for any superharmonic function V(z) such that both V(z) and
U(z)— V(z) are positively superharmonic, we call U(z) an N-minimal function.
Let N(z,p): peR—R, be an N-Green’s function in R—R, such that N(z, p)
is harmonic in R—R,—p, N(z, p) has a positive logarithmic singularity at p
and N(z,p) has M.D.I. (Dirichlet integral is taken with respect to N(z, p)+
log |z—p| in a neighbourhood of p). We use N(z, p) instead of G(z,p) and
define the ideal boundary points and the distance 8(p,, ) is defined as

_ N(z,p) _ Nz p)
o ) = P T N p) 14Nz )

for p, and p, in R—R,+B=R—R,, where B is. the set of the ideal boundary
points.

bd

Let F be a closed set in R—R, and put F,,=[z€f2: o(z, F)<—1—]. Let
n

o(F,, z, R—R) be a harmonic function in R—R,—F such that o(F,, 2, R—R)
=1 on F,NR, o(F,,z,R—R)=0 on 0R, and w(F,,2, R—R) has M.D.I..
Let n—oo. Then w(F,, 2, R—R)=>w(F,z,R—R,). We call o(F,z R—R,)

CP. of F and define Cap(F) by EI—D((»(F, 2z, R,—R,)). We state briefly the
T

properties of B and N(z, p) without proofs.’®

9) See (5).
10) See (5).
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Theorem 3. 1). B=B,+B, and B, is an F, set of capacity zero.

2). Nz, p. is N-minimal if and only if peB,.

3). If w(p,z, R—R)>0, supN(z, p)< oo and peB,. We denote the set
z€ER

of p such that o(p, 2, R—R)>0 by B, Then if peB,, Nz, p)=ko(p,=,
R—R). - o
4). For peR—B,, aiN(z, p)ds =2z, (10)
n

aVp(D)

for almost M, i.e. the set of M such that (10) is not hold is a set of
measure zero. We call such 9Vy(p) a regular niveau if (10) is satisfied,
where Vy(p)=E[z€R: Nz, p)>M], M<M*(p)=su]£>N(z,p).

z€

5). For peR—B,, N(z, p)=Mo(Vy(p),z, R—R,) in R—R,— Vy(p).

6). Let pcR—B,. For any M<M*(p), there exists a number n such
that ; ‘

Vi) D(R—R)Nv,(p), where «o,,!p)=E[zeR: 5(z,p)<—1—-:|.

n

7). Let pcR—B,. Then for any v,(p)
lim j 9 Nz, p)ds=0, lim j 9 Nz, p)ds = 2z,

M- M*(p) an M->M*(p)
AV p(p)NCv,, (D) AV p(P)NYy, (D)

where 0V (p) is regular.
And lim N (2,p)=

M->M*(p) Va(0)NCvy(p)

8). The value of N(z, p): peR—R, is given as follows :
a). geR—B,, N(q,p)= 11m ——jN & 2 N(, q)ds
> on

where 0V y(q) is a regular niveau.
b). geB,. In this case N(z,q) is represented as \.N (2, r)dp,(r) and

N{q, p)= \‘N (r, p)Ap,(r) and the value N(q, p) does not depend on particular
dzstrzbutzon Ha (7).
9). N(p,q)=Nlq, p) and N(z,p) is lower semicontinuous in R—R, for
Sixed p. |
10). If peR—B,
1
N ) = —
(P92 ch, —-N(Z, p)ds
Wy (D)

Energy integral and the capacites. Let F be a closed set in R—R of
positive capacity, i.e. @(F, 2, R—R,)>0. Then there exists a canonical distri-
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bution of unity on F (if =0 on B,, p is called canonical) such that ther energy
integral I(p)=inf I(y,)'"” and the potential U(z) of p=w(F, 2, R—R,) and I(p)=

g

— D(o(F, 2z, R—R,))=L, where pu; is a canonical mass distribution of unity
T

on Fand L= Zz/j——w (F,z, R—R,)ds. We call —},— the capacity of F. Also

define Cap(F) by hm Cap(F,), Cap(F, 1/1nf I(y;), where p, is a distribution
of unity on RﬂFn (not on (R—B,) OF) We see at once Cap(F)=<Cap(F).

5. Transfinite diameters. We. discuss transfinite diameters and others
of closed sets on Riemann surfaces. The properties of the surfaces have much
influence on them. Therefore we divide types of Riemann surfaces into three
types as follows: (A). R is a Riemann surface with positive boundary and
N-Martin’s topology is defined on R—R,=R+B—R, (B) R=R,=E[zeR*:
G*(z, p)>6>0], where R* is a Riemann surface with positive boundary and
G-Martin’s topology is defined on R=R + B. (C). R is a Riemann surface
with null-boundary and G-Martin’s topology is defined on R—R,+ B=R—R..

Let F be a closed set in R. We define transfinite diameters D (F), D*(F)
and D(F) as follows:

(A). 1/D(F)=lim inf 37 N(ps,p;), 1/D¥(F)=Ilim inf 3]
n=c0o ., DPiEF—B, n=0o ., DE€EF-B,
PgF Dy Pg#Dj

N™(p,, p;) and l°)(F)=1im D(F), where N*(z, p)=min (M, N(z, p)).
(B) and (C). 1/D(F)=lim- 1

inf X, G(p,p;), 1/D¥(F)=lim X
nL2 p{:;:t:f 7 22
inf_ % G¥(p, p,) and D(F)=lim D*(F), where G*(z, p)=min(M, G(z, ).
pj.p,tEF =o0
Pg*Dj

Then clearly inf Z":N”(pi, p,) and é inf i G™(ps, p;)1 as n—>o0 and D¥(F)

n>-2 n-2

V| D(F)= D(F) as M*% oo and D¥(F), D(F), D(F) are increasing functions of F.

Lemma 2. Let p, (i =1,2eR—B,. Let D, be a compact or non com-
pact domain in Vy(p;)=E[z€R: N(z, p;)>M]. Let w(D,, z) be C.P. of D,
i.e. (D, 2)=w(Dy, 2, R—R,). Then Mw(D, 2)(<N"(z, p;) can be represented
by a canonical mass distribution p} on D, such that Mw(D,, 2)={N(z, q) x

duf(q) in R—R, and (clearly jdy;"g 1)

[ Mo(D,, a)dpr (@)= N"(p0 1) ij=1,2,
where not neccesarily p,+p;.

11) See (5).
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(B) and (C). Let Dy=V,(p,). Then Mw(D,, z)=Mw(D, z)=min(M, G(z, p,))
(pER for (B) and peR—R, for (C)) is represented by a mass p; on R such
that p,=0 on B and

jMw Dy, q)dp,(q) < G*(po, 1), ji=1,2,

where not necessarily p, + Do

Proof. Case 1. p,eB, or ¢ D,. Put D,,=D,NR,. Then D,, is com-
pact. In this case, we can find a number M’ such that V,.(p,)N D, ,=0 and
3V (ps) is regular, because Vi(p,)—B as M—M*(p,). Put dﬂ,,n=_21‘_4. x

X ; -
0
P (D, ., )ds on oD, ,, i
o(D,..., z)=jN(z, Adpalr),  zeR—R,. (11)

Let m>n and let N, (z,‘ 2.) be a harmonic function in R,,—R,— V. (p.) such
that N, (2, )= N(z, p2) on 9R,+ 3V () and —N (2, £2)=0 on OR,,— Vyp (p2).

Then by Theorem 3. (5) N, (z, p)=>N(z, p.) as m—>oco and

1 2 — - 2 ’ 1
lim j A, (2) 0N, (=2, p)ds = jA anN(zP) 2)

m =0
WV (DINRy, WV p(ps)

by the Lemrpa‘z), for any A, (2) such that 0=<A4,,(2)=<L<oo on dV,.(p,) and
lim A,,(2)=A(2) on dV(p.). Also let w,(D, ., 2) be a harmonic function in

R,.—R,— D, such that (D, 2)=w(Di.., z) on aR,+D,,, and 3‘%m,,,(pl,,,,
z)=—-'0 oﬁ oR,,. Then com\(IDl,,,, 2)=>w(D, ,, 2) as m—co. Then by
j 9 (D, 2)ds= j g
on

—w(D,,,, 2)ds=0 we have Green’s formula
Wy (0) Ry, SR\ V(D)

on
M j N, pz)-ai on(Dimy Ods =M j wn(D; ., C)E‘}Nm(c, pa)ds

D,,, OV (D) Ry

Let m—>oo. Then by (12)
1 P 1 )
_ o) —— 1,m5 = - 1,79 - s P2 d
=M j N(Z, p) (D O)ds = j Mo (D, §) o~ NG, p)ds

D, ,p 3V (p;)

) 0
< 5 —min (M, N, 2) 5N p)ds

12) See (5).
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é 21 min <M’ hm J N(C) Pl) a N(C, PZ)dS) ZVNV(P” Pl) ° (13)
T M > M*(p,) on
_ 3V (p;)
Put dﬂl,n(g)=§f_ %w(p,,n, 2)ds on aD,,. Then by (13)
| M pddp @) < N(p. ). (149

3D, .

Next suppose reR—R,. Theh_

M [ ~e, 7 —-0(Dys, Qs = Mo (Do 7).

BD,m
whence Mw(D,.,, z)=Nl(z, C)dp, .(5), zeR—R,. (15)

Hence p,,,,(€) is the mass distribution of Mw(D, ,, 2) and ,\'d;zl,néi. Let n—>oo.
Then there exists an werk limit g, on D, of {g ,} such that

SNz, ) dp.,. (©)>SN(z, ) dp (£) for zeR—R, as n—>c0 and Mo (D,, 2)
=lim Mw(D,.,, 2) ={Niz, 0)dp, () for ze R—R,. We can find a canonical

distribution g such that Mw(D,, 2)={N(z, {)dp} () for zeR—R,. On the
other hand, since pw(D,, 2)=w(D,, 2) for any /, any canonical distribution of
(D, z) has no mass on CD,*, where ,w(D,, 2) is the harmonic function in
R—R,—D,; such that ,w(D,z)=w(D,, 2) on D, and ,w(D, 2) has M.D.L

and DZ=E[z€R: o(z, Dl)<—%—]. Hence g is a canonical distribution on
D.N(R—B,) such that Mw(D,, 2)={N(z, )du({), zER—R,. (16)
By (16) and the definition of w(D,, p) for peR—R,— B,

Mo (Dw)—%— lim (0D, c> N, p)ds=2L lim j N(&,7) x
T M->M*(p) 2w M>M*(p)
AV py (D)

ey 9 M 3 —( u

dpt () NG, plds=27 lim | j (€ n) = NG p)dsdpr ()= | lim
V(o

M nie, ) N, p\ds) dp ()= [ N(p, p)dpet () , - (17)

27r

because by j N, » N(C, p)dst as M1 M*(p) the order of integrations

an
V(D)

and letting M1 M*(p) can be changed. Hence (16) is valid for zeR—R,— B,.
Similarly we have by (11)

13) See (5).
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w(D,,n,p)=jN(C,p)dy1,n(C) for peR—R,—B,,  (18)

i.e. (11) is valid for ze R—R,—B..
Further by (D, ,, 2)1o(D,, 2) as n—oo, we have

oDy p)=—— lim (w(D, z)—aa—.Mz,p)ds
n

2 M> M(p)

27 M->M*(p) n
AV py (D)

~ 1 m ( [ tim oD, z)—aa~N(z,1>)ds)

1 .. . 0 .

= _—1 1 D,, z)— N(z, = 15 P) -

Sim (i, [ @D RN 4] =limolD, ). 09
V(D)

Hence by (17), (19), (15) and (14)

Mo (D, 7)dp () < j N(C, po)dpt (z)
= Mw (D, p,) = lim Mw(D,,,, p.) = N*(p., p) -

(20)

Case 2. p,€e DN(R—R,)(j=1 or 2). In this case N(z, »)=M in D,. Hence
N(pw 1) = N(p, pi) =M . (21)

There exists a number n such that D, ,3p,. Let m>n and let N,(z, p.) be
a harmonic function in R, —R,—p, such that N,(z, p,)=0 on 0R,, N, (2, p.)

as a logarithmic singularity at p, and Ea—Nm (z,£.)=0 on 0R,. Then N,(z,
n

p:)=>N(z, p.) as m—oo. Let w,(D; ,, 2) be the function in case 1. Then

M j No(, )~ wn(D,., O)ds
2r

on
BDhn
M 0 M 0
_ M (D -2 Ntz pyds =M [ L NL¢, p
znf‘"( o &) Gy N (2 Pl s 2njan € u)ds
D, ,, 4D, .,

<M. Let m—oco. Then by (21)

M j N, p)-2-w(D,,., 0)ds < M= N"(py, p,).
2r on

317:,7;
Put dyn=—]\—4 2"—’(Dm, {)ds on 0D, ,. Then as in case 1), there exists a ca-

2r On
nonical distribution g such that Mw(D, z)= J Nz, {)dps (€) and

R-B,.
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M (D, p)dpt () < | Ny pddpet () < N“(pop) .+ (22)

If p.eR— D,, we have more easily (22). Thus by (21) and (22) we have the
former part of Lemma 2. '

(B) and (C). Suppose p.& Vy(p,). Then by Green’s formula and by
Lemma 1

GM<vp1,pz)=G(pl,pz)=2i j G(C, p)-2 G(L, p)ds
T on
MaVM(Pl) a (23)
=2 [ o(Vidpd £) -G p)ds

aVM(p‘)

If p.€ Valp)), G(p1, p)=M and

G(pp) = Mz
2r

j o(Vadah z)%G(z,p,)ds. (24)

3Vpy(Dp,)

Put dpl-——-z—ln Ea;G(z, p)ds on dV(p,). Then p,=0 on (B) and by (23) and (24)

[ Mo (Vilp), 2)dpu(2) = G¥(s ) (27)

Theorem 4. (A). Let p, (i=1,2,---,n) in R—B,. Let D, be a domain
in Vay(p)). Then there exists a canonical distribution u, of mass <1 on D,

such that Mw(D, z)=SN(z, p)dp(p). Put p=-1 3 p. Then
n
= ([ N2, 9 du(p)dpia) < — 3N (5o 1)
J=1

(B). Let p, (¢=1,2,---,n) on R. Then there exists a dzstrzbutzon s on
RN Vil pi \‘dy¢<1 by loss oﬁmass) such that Mwo(Va(p), 2) =Gz, p)du:(p).

Put ﬂ_7 El te. Then I( )<—ZG”(p¢,pj)

(C). Let p(i=1,2,---,n) on R R,. Then there exists a distribution u,

on RN Vy(p:) such that Mw(Vy(p,), 2) = j (2, p)dps (p) and jdm—l Put
y=%gﬂ,. Then I(p )>n_§GM(p¢,pj)
F=1
Proof of (A). Ulz)= [ (z,p'dp(p). Then U(z)=M Y, w(D,,z). Then

by Lemma 2, I(y)=

=1

i oDy 2) 5 dps-1 3 N"(pu ).
F=1

It is proved similarly for (B) paying attention to dpi=-53—G(z, p)ds on aVy(p)
n
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and J %’G(z,p)dsg&r (by loss of mass) i.e. {dp; <1 and ;=0 on (B)
aVy(p) 7
and for (C) to I iG(z,p)ds=27r.
on

AV py(p)

Lemma 3. Let A and A be closed sets such that A~:>A
(A), 1). If there exists a number M such that j 9 Mo (Vu(p)N
iR,

2)ds>0>0 for any pe AN(R—R,—B,), then
1/DY(A) = 6*/Cap (A) .

2). If there exists a number M such that 1 j aiN (2, p)ds=0>0
7TaVM(p)cE &

for any pc AN(R—R,—B,), 1/D*(A A)=6%/Cap (A).
2'). (B) and (C). If there exists a number M such that

_51_ I —a—G(z , p)ds>d6>0 for any pEA 1/D*(A)=8*/Cap (A).
3

avy(pINd

3). (A). Let G be an open set such that GDA and GD 3, Vy(p), then

DPEF

1/D*(A) z 1/Cap (G)
where Cap (G)=sup Cap(F), F is a closed set in G.
F
3). (C). Let G be an open set such that GDA and GO Y, Vy(p). Then
peFR

1/D"(A) =z 1/Cap(G) .
Proof of 1). Let D(p,)=Vi{p)NA. Let u,(p) be the canonical distri-
bution of Mw(D(p,),z) on D(p)cA. Then by Theorem 4, putting p=—1—><
n

% mulp), we have ([ Nip, a)du(p)dula)s— 3 N“(p0, ,)
j l
Now the total mass of =6 and x=0 except AN(R—R,— B,), whence by the

defintion of the capacity I(p)=0%/Cap(A). On the other hand,
( Z NM(Pi, Pj)) Z N”(P,;, pj) ,,;Z N‘l(pz, Pf,;). Hence

Pg#FEp
¢<jj .7' l

1/D}(A) = inf ZNM i 5)].C:. = 8*[Cap (A
¢<j

Let n—>co. Then 1/DY(A)=¢*/Cap (A).
Paying attention to Mw(V(p,), 2)= j‘ Nz, p)dp( p) (G¥(=, ps)= j Gz,

3V (pg) aVp D)

n—l )
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q)dp.(q) for (B) and (C) and >0 only on aV,(p)NR, we have 2), 2') simi-
larly as 1). Next since N¥(z, p)= Mo (Vy(p), ) (G*(z, p)= Maw(Vy(p), 2)) for
(C) and the mass of Mw(Vy(p), 2) is unity. Hence by (1) we have 3) and 3’).

6. Activity of a point pEE—Ro to a closed set F. Let F,=FE [zER:

5(z,F)§—1—:|. (A). Put lim lim j Mo(F, 0 Vil p), 2)ds=5(p) and
7 n WMD) 2
R,

lim lim j Mo (F,N Vy(p), 2)ds=8(p), where dV,(p) is a regular
n M->M*p) 277:
Wy(PINF,

niveau. We call 5(p) and 8(p) the weak and strong activity of p to F
respectively.
(B). &8(p) is given as lim li m_L j ——fG(z p)ds

n M= 2r on
P y(PNF,

Clearly 6(p) to F=6(p) to F and 8(p) to F=4(p) to F, if FOF.

Lemma 4. 1). §(p)=8(p)
2). Suppose pe¢ R—R,— B,. If peF, é(p) to F=1. If sup Niz, p)=
ZER

and pg F, 6(p) to F=0.
3). Let F be a closed set of capacity zero. Suppose U(z)= j Nz, p) %

F-B,
du(p). Then lim lim Mw(V, N F,,z)=Ulz), where Vy=E[zeR: Ulz)>M].

n M-

Let peB,. Then Nz, p)= fN (z, pq)dp(p). Let p' be the restriction of p on
Bl
F. Then N(z, p)= #N(z, p)= f Nz, pq)dy! (q) and 8(p) to F=Sdp’=31-><
: T
FOB,

j—"’-FMz, p)ds
on
iR,
Proof of 1). j _aa_Q,(an Vil p), 2)ds< j _a"’—w(F,,n Vil ) 2)ds
WVy(PINF, 7 HF,NV (D)) "
< j—aa—w(Fuﬂ Vaulp), 2)ds, whence we have at once 1).
R, &
Proof of 2). Since pe F—B, j aa Nz, p)ds—0 and

n
AV p(P)NCv5p (D)

j %N(z, p)ds—2r as M—>M*(p) by Theorem 2, where 3V (p) is a

WV y(P)Nv,,(p)

regular niveau. Whence §(p) to Fis 1. Let pgF and pg B,. Then there
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exists a number 7z such that pgF,. Put U(z)=lim 5y, Nz, p): m>n.
; o
Then N(z, p)=U(z) and N(z, p)—U(z) is superharmonic' by lim Cap (V,(p))
M=o00

=0. On the other hand, N(z, p) is N-minimal, whence U(z)=xN(z, p) and
the mass distribution of U(z) must be a point mass at ¢ & F,,. This implies N
(z, p)=N (2,q9): q¢&F,. This is a contradiction. Hence 0= U (z)=lim Mo

M=co
(F.N Vxy(p), 2) and 6(p) to F=O0. :

Proof of 3). We proved the following proposition'. Let F be the kernel
of canonical distribution of a superharmonic function in R—R, vanishing
on 0R,. Then the kernel of any other canonical distribution is also F. Put
V(z)=)1”im cr,nvyU(%). Then since li;[n Cap(V,)=0, V(z)=}}{n yynce, V(2) and

V(z)= J N(z, q)dp(q) and U(z)— V(z) is also superharmonic'®. Assume
ﬁ;_Bo : _
V(z)>0. Consider U(z)=(U(2)— V(z))+ V(2). Then U(z) has mass on CF,—
B,. This contradicts the above proposition. Hence V(z)=0. Let V’(2)=
lim z (cp, U(2), then also U(z)—V'(2) is superharmonic and lim g ey, V' (2)=

V’(z). Whence the canonical distribution g/ of V'(2)<pg, and the kernel of
¢ is contained in F. On the other hand, sup V'(z)=M<oco. Assume V’'(2)
>0, since Cap (F)=0, sup V’(z)=0co. This is a contradiction. Hence V(z)=0.
2eR
Clearly by N-maximum principle'”
Mo (VyNF,, 2) +annVMU(z) + CI_’MnFnU(z)z URR)lZzMo(VyNF, z).

Since V' (2)=0, for any ¢>0 there exists a number #,(e, 2,) such that z ¢y, U(20)
<e for n>n, and :

Mo (VN F,, 20) + crynvyURo) +eZ Uz 2 Mo (VN Fy 20) -
Let M—oco and ¢e—0. Then '

Mw(VMn Fn, Z)—_—‘ U(Z)
for any n and lim lim Me(VyNF,,2)=U(z).

n M=o

(26)

Let peB,. Then N(z,p) is representable by a canonical distribution g
such as N(z, p)= jN (z, q)dpr(q). Let g/ be the restriction of g on F. Then
B, '

14) See (5
15) See (
16) See (
17) See (5).
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N(z, p)=Ul(z) + i V.(2), where V, (2) is the potential of the restriction of g
on CF,, ,—CF,,. Assume ,V,(2)>0. Then since Cap (F )=0, #(#Vn(2)=
#Vn(2) and ;V, (2) is representable by a canonical distribution on F. But any

kernel of canonical distribution of V,,(z) is contained in CF,,,,—CF,. This
contradicts the above proposition. Hence ,V,,(2)=0. Put V,=E[zeR: N(z,
p)>M]. Then

lim}‘,iin Mo (V,NF,, 2) _
| S UR)+ (2 Va(2) = #UR) + 2 5Valz) = 2U(2) = Ul?),
whence 276 (p)=lim lim j 7@ Mao(VyNF,, 2)ds< j ai Ulz)ds=2r Jdp'. 27)
n M n n

oR, aR,

Put Vy,=E[z€R: U(z)>M]. Then V,, DV, and

276(p) = lim lim [ -2 Ma (V)N F,, 2)ds .
n M=) 0n s
R,

Now U(z) is the form U(z)= j N(z, q)dy’ (g). Hence by (26)
F-B,
225 (p) = j ai Ulz)ds = 2n de’ . (28)
iR, 7

Thus by (27) and (28) 8(p) to F=jdp'.

Also Ul(z)=(zU(2)+ ZFV (2))= £N(z, p) —F(jN (=, @)dp' (q)) = U (z)= Ulz),
hence 3(p jd# ——FN (2, p)ds

aR‘,
7. A property of irregular points of Green’s functions. (A). Let
(B, 2) be C.P. of B, i.e. w(B, 2)=1lim w,(z), where w,(z) is a harmonic func-

tion in R,—R, such that ®,(2)=0 on 0R, and w,(2)=1 on 9R,. Then w(B,
z)=1 on B except a set of capacity zero®. Let G(z,p,): p,€R, be the Green’s
function of R. Then G(z, p,)>0 if and only if w(B,2)<1. Now w(B, =) is

well defined on R—R, and lower semicontinuous. Hence S,=E [zEB : w(B,
zgl—-—}—] is closed and of capacity zero. i.e. D(w(S; ,, 2)) |0 as n— o0, where

S,,n=E|:zEI-é: o(z, S,)§i] and E[z€B: w(B,2)<1] is an F, set of capacity
n

18) See (5).
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zero. Let pe€S;NB,. Then by Lemma 3.(1) (p) to S,=1. Let 2€S;N B,.
Then N(z,p)= ‘N(z, q)dp(q) and the value of w(B,2) at p is given as w(B,

p)=Yo(B,q)d(g). Assume p(g) has mass >1— 211 1 on B,—S;. Then
o (B, p)<1——;—. This is a contradiction. Hence p(g) has its mass = 5 ll ]
on S,, and by Lemma 4. 3) d(p) to S,,= 211 T

(B). Let R=E[zeR*: G*(z, p))>5]. G(z, p) of R is well defined on R=
R+ B and continuous in R. Put F1=E[26R:(GZ,P0)2‘—}'] and S,=BNF,.

Let {R,} be an exhaustion of R with compact relative boundary dR,. Let
S, .=F;N(R—R,). Then D(w(S;,, 2))10 as n—>oco (see ‘“energy integral and

capacities”). The value at pesS; is given as %-g G(p, po)=§1—lim j Gz,
T Moo

Vp(p)
) g G(z, p)ds and
on
lim [ Gle,p) 2-Glz plds = 20G(p,p)—lim [ Gle p)o-Gle, p)dls
Wy (P)N(R-R),)N\Fy; (GVM(P)Q(R-R;)ﬂCFu)+(3Vu(p)ﬂng;\lR,‘)

Let 2=lim sup G|z, po)——sup G(z, p)). Now V,(p) clusters at B as M1 oo.

n zER-R,

Hence for any given R, there exists a number M, (n) such that Vy(p)CcR—R,,
for M=M, Hence lim - j aic;(z, p)ds=
n

M= 27
aVM(p)nszl,n

kl for any n and é(p)

to Sun = 2kl for any n

(C). Let B be the ideal boundary of R with null-boundary. Then
Vulp)—B as M—>co for any peB, whence 5(p)=1 to B for any point peB.

Lemama 5. 1). Let F and F be closed sets in R—R, such that FOF.
Put F‘,,=E|:zeR: oz, =< —}—]
n

n M=oco \ peF 7n
R,

1/D(F)=1/D (F) = &*/Cap (F

2). If limlm [inf [ % N, p)ds) >273,

n M=o \peF an
WVpy(p)

1. (A). If limlim (mf —é—Ma)(VM( 20 F‘,,,z)ds)gzna,
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1/D(F)=1/D (F) = &*/Cap (F) .
2. (B) and (C). If lim lim (mf a_G(z p)ds>>2n5

n M=o per
an(P)

1/D(F) = 1)D(F) = &*/Cap (F) .
3). (A). Let M(p,n,d') be the number such that ‘I%Mw(VM(p)ﬂF

R,
2)ds=2rd" for M=M(p,n,d'): peF. Then M(p,n,d’) is upper semicontinu-
ous, if 6(p) to F=o for any peF, then

1/D(F)= */Cap (F).
If 8(p) to F>6 for any peF, 1/D(F)=d/Cap (F).
3). (B) and (C). If lim lim I 9 Gz, p)ds=228(p)>6 for peF,

n M=o - an
Vy(p)NF,

1/D(F)=6/Cap (F).

Proof of 1). Since jaiMw(VM(P)nF"’ 2)dsl as n—oo, for any ¢>0
n
iR,

there exists a number M,=M({e, p) such that —21— j %Mw(VM(P) NF,, z)ds=
T n

IR, o
0—e ior M= M, and for peF. Then by Lemma 3 1/D (F)=1/D*(F)=(6—¢)*/
Cap (F',). Let ¢—0 and the n—>oc0. Then we have (1).
2) and 2’) can be proved similarly as (1) using Lemma 3.

Proof of 3). Let M=M(py, n,&). Then -1 j O Mo (Vulp) N F,, 2)ds

=0'. For any ¢>0, there a compact set G in VM(po)ﬂF‘ . such that —ZLJ
T

R,

_a?-Mm(VM(po) NG, 2)ds=d'—e. Since Nz, p)—N(z, p,) in R as py—>ps, E[z€
n

R: Nz, p)>M]>G for i>i, and J—a?—Mw(VM(pi)nFn,z)ds;
7

aR,
9 Mo (Va(p) NG, 2)ds. Let 0. Then-L lim [ 9 Mao(Vu(p)nF., 2)
am on 2 1!),;-»10‘,6;2 on

ds=¢'. This implies lim M(p;, n, 8') £ M(p,, n, ¢') by definition of M (p, n, &').

gD,
Also for any point peF lim M —a—~w(VM(p) NF,,2)ds=6(p) =limlim 1
m== 2 ) on n M=» 2

R, iR,
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_a?JMw(VM(p) NF,, z)ds, whence M(p,n,d—e)<<oo and -M(p, n, —e¢) attains
its maximum M (n,6—e) on F. Let M > M (n, 5—e¢). Then 1/D (F)=1/D,,
(F) = (6—¢)*/Cap (F,). Let e—0 and then n—>co. Then 1/ (F)=6*/Cap (F',).

3’) is proved similarly as (3).

8. Existence of functions of Evans’s type.

Theorem 5 (G. C. Evans)®. Let F, (i=1, 2, ---) be a closed set in R—R,.
If D(F,)=0, there exists a potential U(z)= j Nz, p)du(p) (or f G(z, p) %

X F;—-B,

du(p)) such that {dud=<1 (A) p=0 except 2 F—B,) ((B) and (C) ,u O except
ZF) Ulzg)=00 on X} F;,—B, and lim U() oo (Ulzg)=0c0 on XL F, and

limU(z)=oco for (B and (C)). e

z>F

Proof of (A). For given p,, ps, -+, p, on F;—B,, let V,(z)=

nN,
Znnz =

p) and put R(py, -+, pn)=infV,(2) on F,—B, Let R, be the least upper
bound of the R(py, p: -5 Pn) @ 1, P2 -+, Pn vary on F,— B, Then for any

given ¢>0 (e< ), there exists a system (p), p¥, ---, p5) such that V}(2)=

2rn

( 15 ---,p;‘;)>R = on F,— B, Next N(p,q)=NI(q,p), »n+:1Cs/ Dpi,(F;)=inf
Zl (Pa,pj))<72(2 'Ni(po ) and we have R,Z1/D,..(F), where D,..(F)

—1 4=1
j=1

=1 inf(

n~2

N(ps, p;). Hence

X?Ma

Vi(z)=1/D,(F) on F;,—B,. (29)
Let L>4. Since D (F,)=Ilim D,(F,)=0, for any m there exists a number Z,
1

27nl,,

L™ on F,—B, Put U,(z)=23

m=1

-=L™ Let V! (2) (defined in (29)). Then V; (2)=
Vim(2) )
2m

such that 1/D, (F)—

Then U,(z)=oc0 on F,—B, and its

mass =0 except F,—B, Put Ulz)= i U;Sz) . Then U(z) is the function

=1
required. For (B) and (C) the assertion is proved similarly.
We constructed a Riemann surface with positive boundary such that R
has the following properties :*? 1). Let R, be a compact disc, then there exist

19) G. C. EVANS: Potentials and positively infinite singularites of harmonic functions.
Monatsheft fiir Math. und phys., 43, 419-424 (1936).

20) Z. KURAMOCHI: Examples of singular points. J. Fac. Sci. Hokkaido Univ. 16, 149-
424 (1936).
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only two linearly independent positive harmonic functions vanishing on R, in
R—R,. 2). Bi=Bs=p,+p:, B,#0, i.e. N(z,p)=ww(p:,2) and sup N(z, p,)
<oo: z=1,2, and any positive harmonic function is a linear form of a)( D1 2)
and (p,, 2).

Let p€B,. Then Cap(p)=0, but there exists no harmonic function U(z)
in R—R, such that limU (2)= co and the Evans’s theorem does not hold. . Also

z>p

in this surface, there exists no superharmonic function U(z) (not necessarily
harmonic in R—R,) such that U(p)=co. In fact, Niz,p)— j Nz, p)dpu(p)=

Bl
aN(z, p))+ BNz, p.): a+B=1, a=0, =0 and U(p)=alU(p,)+BU(p:). Sup-
pose U(p)=oco. Then at least one of U(p,) and U(p,) must be infinite. With-
out loss of generality we can suppose U(p,)=oc0. By the lower semicontinuity
of U(z), for any given M< oo, there exists a number n (M) such that U(z)=M
on v,(p). U=, »nU(2)=Mo(v,(p), 2). Let n—>oc0 and then M—>co. Then
Ulz)=z,U (z)_Z_Em Mo (p, 2)=00. Hence U(z)=o0c0. Thus Evans’s theorem

does not hold for superharmonic function. We shall prove the following

Theorem 6. Let F be a closed set of capacity zero. Then there exists
a positive superharmonic function in R—R, such that U(2)=0 on R, and
U(z)=oc0 on F—B,. Clearly this theorem is valid for an F, set of capacity
zero.

Let F,,=E[ze1?: 5(z, F)g—l—] and w(F,, 2) be CP. of F. Then w(F,, 2)
=1 in F,NR and by Cap(F,) |0, J.Tw(F 2)ds |0 as n—>oco. Let L>4 and
n

let »’(L) be the number such that ——j——w s 2)AS S %7 Put U(z)=

Z o(F,,z). Then Ulz) is the function requlred Because mass of U(z)=<1
and U(z)<co. Let pcF—B, Then U(p)=-_L lim j U(z)—aa—N(z, p)ds and
n

2r
aVpy(Dp)

Jlim I aiN(z,p)ds=2n- for any F,. Since U(z)=7 in F,,NR, U(p)=
—» 0o n
7,03V p (D)

By the lower semicontinuity of U(z). U(z)—>oco as z—peF—B..

Theorem 7. (A). Let F and F be closed set in R—R, such that FoF
and Cap (F)=0. If (p) to F=5,>0 Jor any peF. Then there exists a po-
tential U(z)— j Nz, p)du(p) such that Ulz)=co on F— B, D{min(M,U(z)

F-B,

=2xM and by the lower semicontinuity of Ulz), U(z)—oo as z—peF—B,.
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If 6(p) to F>38,>0, the above Eotential U(z)=oc0 on F.
(B) and (C). Let F and F be closed sets in R such that FoF and

Cap (F)=0. If 8(p) to F=5,>0, then there exists a potential U(z)=jG(z,
F

p)du(p) such that U(z)=o0 on F and D(min(M,U(z)))=2rM and by the
lower semicontinuity U(z)—>co as z—peF.
Proof. (A). By Lemma 5 1/D(F)=d;/Cap (F)=co. Hence by Evans’s

theorem there exists a potential U(z)= I N(z, p)du(p) such that U(z)=oc0 on
F-B,

F—B, Put Vy,=E[zeR: U(z)>M]. Then V,DF—B, and cp,nx,U(2)+

ryns, URZ 7 U(R)=U(2). lim g,z U(z)<lim Mo(F,, 2)=0. Hence y, Uz)=

Ulz) for any M and min(M,U(2)=Me(Vy, 2) and D(min(M,U(2))= M[

iR,

ai Ulz)ds—=2zM. Suppose 8(p) to F=8,>0. Let pe FNB,. Then N(z, p)=
n

[N (z,q)du(q). Let g be the restriction of ¢ on FF—B, Then de' >0, and

U(p)= j U(q)dp(g)= oo, whence U(z)=oo on F.
FOB, )
(B) and (C) can be proved similarly.
Corollarly. (A). Let S be the irregular set of Green’s function. Then

there exists a potential U(z) such that U(z)= f Nz, p)dp(p), U(zg)=o00 on S
s-B,
and D(min (M, U(z)))=2zM.

(B) (Theorem of M. Nakai). Let R* be a Riemann surface with positive
boundary. Then there exists a generalized Green’s function U(z) in R* such
U(z)—>oo as z—B in R,=E[zeR*: G*(z, p)>4d] for any 6>0.

Proof. Put S=E[z€B: G(z, p)>0]. Then S=E[2€B: w(B, 2)<1]. Let
Sl=E[zeB: (B, z)gl——}—]. Then S, is closed and Cap (S,)=0. Now (p)
to Sug%l— for any p€S,, By Theorem 7, there exists a potential U, (z)=

j Nz, p)du(p), jdu(p)=1 such that U(z)=oco on S;— B, and D(min (M, U, (2)))

$p-B,

=2rxM. Let U(z)= f} _U’(z)

1=7,+1 2t %

where [/, is a number such that S, NB,#0.

Then Ulz)=oo on S—B, Let peS,NB, Then Nz, p)= j Nz, ¢)dp(q).
Bl



On the Existence of Functions of Evanss Type 27

Let ¢/ be the restriction of £ on S,. Then Jd’,u (q)gzll.,, whence U(p)=

[ V@dwig=co and UR)=c0 on ZSu=S. Put Usle)= 5 Ui(z) |

B8, - 2‘
Then since Cap(3,S5,)=0, %s,U,. (2)= U, (2) and min(M, U, ( ) =Mw(Vy, =
where Vy=E[2€R: Us(2)>M]. Whence D (min (M, U, (z M(l 5 21)
and D(min(M, U’ (2)))=2zM. On the other hand, by U, (2)—U (2) D (min (M,

U(z)) =2zM. Thus D(min(M, U(z)))=2zM.

(B). Let R=E[zeR*: G(z,p)>6] and let S=E[zeR: G(z, p)>d]l=E[z€
R*: G(z,p)>26]. Let {R,} be an exhaustion of R with compact relative
boundary 9R,. Then Cap (Sa »)=0 as n—oco, where S, ,=S, ﬂ(R—R ). Now

o(p) to S%,,, —2—— for any peS;= ﬂS,, » and for any n, where 2=lim sup G(z,

n=00 26R-R,

?). Whence by Lemma 5. (2) D(S;)=0. Hence there exists a potential Uj(2)=
SG z, p)dp(p), Sdu(p)=1 such that U(z)=c0 on S,, Now clearly U,(z) is

a G.G. in R. Next let Uy(2) be the least positive harmonic function in R*
such that Uy(z)=M on E[z€R: U,(zx)=M]. Then by Theorem 1. (2) U,(z)=
}llfn Ux(2)=U(z) is a G.G. in R* such that D(min(M,U,(z))<2zM. Now
| o Us (2)

clearly U;(z)—>o0 as z—>Bin R=E[zeR*: G(z, p)>20]. PutU (2)=3 zz"n
Then T (z) is a G.G. in R* by Theorem 1. (6) and D(min (M, T ( 2))=2zM and
U (2)—>o as z—B in E[zeR*: G*(z, p)>d] for any 6>0. Thus U () is the
function required.
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