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ON ABELIAN EXTENSIONS OF SIMPLE RINGS

By

Kazuo KISHIMOTO®

In [3], the author gave characterizations for a simple ring to have a cyclic
extension, which generalizes the case of division ring extension treated by S.
A. Amitsur in [1], while in [4], he studied as a generalized notion of a simple
ring extension having a sigle commutative generator, a polynomial extension®
of a simple ring as well as relationships between a cyclic extension and
a Galois extension which is polynomial extension.

The present paper is a continuation of these earlier works to give, as
main results, some necessary and sufficient conditions for a simple ring to
have an abelian extension. §§1-2 are prerequisite preparations for the main
purpose. In §1, we shall deal with an e-polynomial simple ring extension
which is gneralized notion of a polynomial simple ring extension considered
in- [4]. It can be seen from the definition that the structure of each -
dimensional fundamental abelian extension of prime characteristic p and Kum-
mer extension given in [Theorems 3,4 of [8] and Corollary 2 of [5]] are
e-polynomial simple ring extensions. In §2, we shall construct two types of
noncommutative) polynomial ring with several indeterminates over a simple
ring. One is defined by means of derivations and the other is defined by
means of endomorphisms both in the basic simple ring. Further, as residue
class ring of above polynomial rings, two types of e-polynomial simple ring
extensions will be defined, the former of which is concerned with p°-dimensional
fundamental abelian extension of prime characteristic » and the latter is con-
cerned with a Kummer extension respectively.

Applying the results of the preceding sections, we shall give in §3, a
necessary and sufficient condition for that a simple ring of prime characteristic
p have a p’-dimensional fundamental abelian extension in Theorem 3.1, and
also a necessary and sufficient condition for a p’-dimensional abelian extension
T over .S of prime characteristic p to be regularly embedded in a p*-dimensional
abelian extension R/S such that R/T is a fundamental abelian extension.
Finally, §4 is devoted to the Kummer extension case. - Namely, we shall obtain
a necessary and sufficient condition for a simple ring to have an n-dimensional

*) This work was done while the author was a Domestic fellow in the Mathematical
Institute, Hokkaido University, on leave from Hokkaido University of Education.

1) Cf. [2]
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abelian extension (whose center contains a primitive z-th root { of 1) in
Theorem 4.1. Moreover, in Theorem 4.2, a necessary and sufficient condition
for that a g-dimensional abelian extension 7" over S such that the center of
T contains ¢ and 7T is TS,-irreducible can be regularly embedded in a gn-
dimensional abelian extension R/S such that the center of R contains { will
be given.

Throughout the present paper, we use the following conventions :

Let A be a ring and a an element of A.

A*: the multiplicative group consisting of the regular elements of A.

A - the set of all inner automorphisms determined by elements of A°.

I,, a: the inner derivation a@,—a, determined by a, the inner automor-
phism a,a;' determined by the regular element a respectively.

J(®, A): the fixed-subring of A under & where & is an automorphism
group of A.

I,|B, ®|B: the restriction of I, to B, of ® to B where B is a subset
of A.

®(B): {c€®; bo =05 for all be B}.

A\B: the set theoretical complement of B in A,

LN, (a; p) (resp. RN, (a;p)) : ap™ *-ap™ *---ap-a (resp. aap -ap™ 'ap™ ")
where © is a (ring) homomorphism of A, by N,(a; p) we denote LN,,(a; p)
if it coincides with RN, (a; p).

Talasp): Diotad”.

A[X;p0,D]: the ring of all polynomials {X’a,; a;€ A} which the multi-
plication is defined by aX =X (ap)+aD for eacha € A where D is a p-derivation
in A. In particular, we set A[X; D]=A[X; 1, D], A[X; pl=AI[P; p,0] and
A[X]=A[X;1,0].

S, Z: a simple artinian ring, its center.

R,C: an extension simple artinian ring of S with common identity,
its center.

V: V&(S), the centralizer of S in R.

@M,: a direct sum of modules M,.

(1, 2, e ). .
= <7r(l),7c(2), "'>7r(e)> : a permutation of e-letters.

The other notations and terminologies used in this paper, we follow [3].

§ 1. e-polynomial simple ring extension.

First of all, we shall begin our study with e-polynomial simple ring
extensions over S.

R is called an #n-dimensional right e-polynomial simple ring extension
over S if R satisfies the following conditions:
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(1) [R:S],=n,
(2) R= Z0=4=m yieyieqr - ypnS where I[¢im,=n, my>1,
(3) S@())) = Loss,gysmes,- 1950y ---y*sc> S is simple for each = and

L <} =(3) 7 2(i-1) (1)
=J =] e’
(4) sys=ysO+sP(s5P, s € .S) for every se .S, Yol ;=Y YsSs;+ £;; for some

(5) w+ 745wl =0 (P eS).

Then, by s—s{¥, and s—>s{), we can define a monomorphism @, in .S and

P-derivation D, in S. Further, s,, is regular and #,, = —¢,s,, since Y=
YiYeSest ;=YY 553505+ L5s8:5+ t;;. Moreover, by (3) and (4), we can see that
each 0,; can be extended a monomorphism P,,, of S(x(j) by ¥.sPus=
Y«oSwwmsy and, a tthe same time, D, can be extended a P, ;-derivation in
S(z(5)-
‘ An n-dimensional right e-polynomial simple ring extension R over .S is
called an n-dimensional e-polynomial simple ring extension over S if [R:S),
=n. Throughout in this section, we assume that R is an 7-dimensional right
e-polynomial simple ring extension over S, and in the rest, for the sake of
simplicity, = will be omitted if there is no danger of misunderstanding.

Lemma 1.1. [S(j):S@l.=1I}_-¢na, for each = and i<j where a,—
2,791 ([S(q): S(gq) PL)’ +1.

Proof. By (3) and (4), S(j) is a right 1-polynomial simple ring extension
over S(j—1) (j=1,2,:--,e and we set S(0)=S). Hence [S(j):S(G—1)],=a,
by [4. Theorem 1.1]. Thus the assertion is clear from the fact that [S():
S@L=[S0): SG—DL. [SG—1): SG—2)L,---[S(i +1): SE)]..

Corollary 1.1. 7The following conditions are equivalent:

(@ [R:S],=[R:S]..

(b) [S():S@)=[Sy): SE). for each i<j and i=0,1,---,e—1.

(c) each @; is an automorphism and it can be extended to an automor-
phism P; in S(j) for ech z.

Proof. (a)—>(b) By Lemma 1.1, [R:S],=1I¢-a; and [SE+1):S()],=
[S(Z+1):S()],. Hence we obtain (b).

(b)—(c) Since [S(1):S],=[S(1):S],, @, is an automorphism in S for
each #. Next, [S(7):S(—1),=[S(j):S(j—1)], shows that P; is an auto-
morphism in S(7). :

(¢)—(a). This is a direct consquence of Lemma 1.1.

Corollary 1.2. If D,=0 and t,;=0 for each i, j, then [R:S],=[R:S],.

Proof. By [4. Corollary 1.2 (b)], #,=%;!|S is an automorphism in S.
Further, (3 - y325t - yis) ys = s (y3 - y3?7* ---yhs) P, shows that P, [S(5)=7%;'|S(j).
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Hence we obtain P;|S(j) is an automorphism in S(j). Thus the assertion
is an immediate consequence of Corollary 1.1.
Proposition 1.1. (a) If each 0,=1, and s;=1 then,
[D;, D;1=D,D;—D;D;=1,,, and
tyDi+tuDi+tD;=0.
(b) If each D,=0 and t;;=0 then,
p;\0;'0,0,=8,; and
505(Sx@5) S g1 = (S 1:P4) Sor (S5P%) -
Proof. (a) Since 0,=1, we have D,=I,|S. Then, s(D,D,—D,D,)=
sy — YY) — (Yl 5— YY) S=5Liz— LS (s€.S) by the latter half condition of (4).
Next, £,,D; +t:Ds+tuDy=[ve> v51, vl +[vs, vel, vl +[ve, vl v,1=0.
(b) Since D,=0, we may assume that 0,=%;'|S is an automorphism in
S [4. Corollary 1.2]. Further, v.y;,=v,¥:¢; implies s;;=(¥,¥:) 'V:¥;- Hence
sP;'0'0,0, =y, YilYa Sy 'Yl 'y,y; shows that 0;'0; 0,0,=8,;;.
Next, (yiyj)yk_yk(yisikyjsjk)_yk(yi’yj(sik‘oj)sjk) ’y/c(yj?li(S“(SMPj)Sjk). On
the other hand,
(yz'!/j) Y= (?lj?li-%j) Y=Y (yjsjk’!/zsz'/c (Swpk)) =Yk (yﬂ/z (sjlcpi> ey (sijplc))
Consequently, we have s;;(5:2,) S5 =(529) Sz (S:50%)-

Proposition 1.2. Let D,=0, t,;,=0 and yp¢€ S for each i. Then R
is R,S,-irreducible if and only if V is a division ring.

Proof. Let V be a division ring. We show that R= RxS for each
x€R\S. Let r=2  yryes' Yi'Sm, (Sygn, €S) be the shortest non zero relation
relative to the representation by {y.eyiei---yi; 0=v,= m;—1} in the element
of RxS. Then we may assume that r€ RxS\S (otherwise, 7€ .S implies R=
RrS=RxS). Noting here sr= 2] ycyces - yisfe-01's,,. ,, (s€S) is contained
in RxS, we may set r=ygycei' - Yt +Zy,’;¢y"e L y{‘*sye...,,l smce SPze0@5e:- Pi'*sS
—SsS=S for each s(#0)eS. Then (yieysest---yi) 'r=14+ 2lyee “eyeer "
LA € RxS (tu, appr-a €S) Since yrie S, we may assume that =1
+Z‘,y;y”e vy iS, p, (Spyn, €5). Hence sr—rs (e RzS) is zero for each se€S.
Consequently, 7€V and hence R=R»S=RxS. The converse is evident.

Let A be a simple artinian ring over S such that [A:S], is finite. AlS
is called ®-regular if A/S is Galois and there exists a Galois group & such
that #®=[A :S],, while A is called an abelian extension over S if AIS is
®-regular for some abelian F-group ®.

Theorem 1.1. Let R be an n-dimensional right e-polynomial simple
ring extension over S. Assume n=p°, the characteristic X(S) of S is either
zero or >p, 0,=1 and s;;=1 for each i,j. Then,

@) V=2Z implies 8(R/S)=1 where &(R/S) is the group of S—automor—
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phisms in R.
~(b) R[S is @-regular for some & if and only if R=S[C) and C|Z is

a p*-dimensional Galois extension.

Proof. (a) Since (sy;)0=s(y.0) for each ¢e&(R/S) and s€ .S, yo—yeV
=Z. Hence ywo=y,+s,, s,€Z. Thus we may assume that y,o=y,+1 (e.g.

take y,s.,'). I yP=Z525yisi(s9 €.S), then (y,+1) =1, (i) vi=vyl+ 255

(£)ve=mamu((%) +540) = vro = (D30t s)0 = T33(Soo§ ) ut DI,
From those, we can see that p+si¥),=s{®,, where it follows a contradiction
»=0.

(b) Let R/S be G-regular for some &. If ¢(71)e®, then as is shown
in the proof of (a), y,0=yv;+v; (v, (#£0)e V), and we may assume y,0*+#y,
for each 0<k<p’ where 2’ is the order of 6. Then y, 0" =y, +T,;(vs; 0)=y:
shows that #(®|V)=p° and hence V=C. Thus R=S® ,C and J(®|C, C)
=Z shows that C/Z is a p*-dimensional Galois extension. The converse is
evident.

The following is a slight generalization of Jacobson’s Theorem.

Theorem 1.2. Let R be an n-dimensional right e-polynomial simple
ring over S. Assume n=2°, X(S)+#2 and t,;=0 for each i,j. If [S:Z] is
Jfinite, the R[S is weakly Galois with respect to an abelian group & such
that $&=2°. In particular, if R is a division ring, then R/S is abelian.

Proof. Since S(1)/S is a right quadratic extension for each z, we may
assume that yi€.S, and S(1)/S is a Galois extension with respect to 7, such
that y,s7;,=—y,;s by [4. Corollary 4.1]. Let ¢, be an extension of z, such
that y,s0,=y,st, and y,s0,=y,s if i#j. Then o, is an automorphism in R
since 2;;=0, and J(o;, R)=S[yy, s ¥s» -, ¥.). If we set @, the group gener-
ated by oy, 0;,-,0., then &=(¢))x(g,)x --- x(0,) and J(G,R)=S. If R is
a division ring, then so is V, and hence the above fact shows that R/S is
an abelian extension with respect to &.

§ 2. Construction of polynomial rings, e-polynomial simple ring
extension.

Let (¢;;) be an ex e matrix with entries in S such that #,;,= —¢#,;, £;=0
and let D,, D,,---,D, be derivations in S satisfying [D;, D,l=1,,, and ¢,D,
+2;.D;+t,,D;=0. Further, by S[%,.,] we denote {2 XeeXieqt - X8, o3 Sy,
€S}, the set of all polynomials with e-indeterminates and the coefficients in
S (the coefficients written on the right hand and X, means X,,,). We define
in S[%..,] the following multiplication rule and functions E;, j=1,2, -, e.
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ve W . " Yot o ve v vt X Ve 14
(1) sXzeXzep - X :sz%_,:o”' Zaﬁo(ae)”'(ai)xf eX e et ot
prmasDgeDieyr - Di,
(2) (Xp)E; = t, X7 s + Xty X072 + X7, X073 + o+ X3 ys + Xt
(sD;),
(3) (XpeXpep:--- Xis) E; = (XPEy) (Xgtyr - Xs) + X0 (Xt Ey) Xitgt -
S5 e+ XX tp - X3 (XPE ) s+ XX ope - X (sDy),
(4) (T.YDE,= S (Y:E;) where Y, =XXpi5---Xpss, ., for each s,
Sien, €S and I 7.

Proposition 2.1. S[%..] forms an associative ring by the following
rule:

(2 Xpe Xyt - Xf‘s,i...,,l)Xj = X, (2 XXyt - Xf‘s,i...u,)+(Z XXt X
Speni) By for evch j2=i.

Moreover, when this is the case, S[%..) is isomorphic to S[¥.)] for
every '

Proof. We prove the assertion by induction on the number of inde-
terminates. {D,, £;=0} satisfies the conditions stated above and S[X;, D]
is an associative ring for each z. Hence we assume that S[%.._1,]= {25 Xoer
e XS,y S,,_s, €S} 1s an associative ring for each =. Then it is clear
that the map XXy - X2 S, > 0 X050 ) " Xite, Svp_, v, IVES an isomor-
phism of S[%,.-,,] to S[%.(-1] where n(j)==(i;). Now, the assertion is
clear if we prove that E, is a derivation in S[%.._,,], namely, fE.X;+f-(X;E.)

=<Z” (;)X;—ng)Ee for each feS[%,,;. ] and j=1,2,---,e—1 (we set
a=0

S[%.0]=S) since fX;=Za=O<;>X;—“f T S[Ewe-n], XeXy=X,X,+t,=

X,X,—t; for each j=i, and so we may assume that E,=Ix,|S[X..-0], E;=
Iy,|S[¥..-1)] are derivations in S[ZEne-1]-

Firstly, we shall prove that g[E; E;]l=g¢;—2¢g for each geS[%. 1]
and j, k<e—1 by induction on the degree of g¢.

Xs[E;, E)=X[E;, Eils+ X (s[E;, Ex))=(:;De— tiDj)s + X (sty—tss) =
—tDys+ X, (st;s—2t,5) (s€S) by the latter condition on {z;, D;}. On the
other hand, X,st;;— £, X5 = X, (st50— £55) — L Dys. Therefore, we have X,;s[E;,
E,] = X,sty— 2XsS - Suppose that ( TT* ;X;"S) [E;, E:]= (" 11}(:“5) Ly — tjlc( I

v

a=e— a=e— a=e—1

Xas) for each ( [['Xzes) (s€ S) such that 33, v=m. Let 2 'g,=m+1. Then
a=e—1 a=1

(U X/ eS)[E;, Ed =(Xlers Xt [Ey, E) Xos +(Xeer- X7 - (Xos[Ey, Ei])=

a=e—1

(Xeyff‘ . 'Xlﬂltjk - tj/ch#-‘f" X Xis+ (Xlegr-- ‘Xf“) (Xisty— tjch15) = ( J]j;}(f“s) 27
—t( TN X fe5).
1

a=e—
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Next, let f€ S[X,;-1]. Then fEX,;+f - (X,E,)—(X,;E.f+ X, fE.+ fE,E.)
=X, fE.+ fEE;+ft;,— (t;of + X, fE.+ fE,E,)= f|E,, E;]—ft.;+t.;f. Since
we may assume that f is contained in S[%,_;,] which contains S[%,.;-,)] and
X, for a suitable n’, f[E,, E;]=ft,;,—t.;f. Thus we have fEX,;+fX,E.=
(X3 f+fE)E.=(fX,)E,

Next, we shall show that (X4fX,)E,=(X%fE,)X,+(X3f)(X,E,) for each

SE€S[Eusp]-eeee (a).
FOI‘, (ngXj)Ee=(X.qf+1f+ X.%fEJ)E
=X3E X, f+ X§(X,fE)+ X3E.fE;+ XifE,E,
=X3E(X,f+fE)+ X5(X,fE.+fE,;E)
=X3E, (fX )+ X3(fX,E) = X3E.(fX ) + X§(fEX, +f X,E.)
= (X3E8f+ ngEe) Xj + ngXjEe = (ng)Eer + (ng) (XjEe)'

Let us assume that (f Xy ")E.=fEX} '+ fXy'E.. Then we can prove

(fX)E,=fE.X;+fX5E, by use of (a).

For, (fX)E.~ b (1) X fEX) = (Zici(* ) Xy FEYE.X,

HE(* ) X B XN = (F XV EX, +(FX5 ) XE)
=fEX + X5 EX,+(fX5 ) X,E)=fE.X;+ fXGE..

Let i=n'(a;) for each i=1,2,---,e. Then the map X X Xie7--- Xis,
ZX:y(a ;’(ae s X2 1)Ss,s, E1VES an isomorphim, of S[¥%,.,] onto S[X%, (e)]

By S[X..); Dxey] or sometimes, by S[X;, X,, -, X.; Dy, D,---,D,] we
denote the polynomials ring obtained in Proposition 2.1. -

Let (s;;) be an ex e matrix with entries in S* such that s,;=s3', s;;=1,
and let @, 0,,---,0, be automorphisms in S satisfying ©;'0;'0,0,=35,; and
S5 (SeaP4) S50 =(5;205)Ssx (5:;0:). Further, we define the following multiplication
rule and functions P, j=1,2,---,e in S[X..,].

(1) sXeeXieq--- X=X Xeqr - X5 (5020052 -+ - 071),

(‘2) (X3 ;i—ll'”X;ls)Pj=(Xisij)yt(Xz-lsi—lj)vi—"”(Xlslj)vlspj;

(3) (D&Y P;j=2:(YrP;) where Y,=XpXi5--- X5, »
for each s,s,,., €S and j=1i.

Proposition 2.2. S[%..,] forms an associative ring by the following
rule:

(20 XXt X5, ) Xy =X 5( 2 Xt Xt X005, ) Py

Moreover, when thzs is the case, S [%,,(e)] is isomorphic to S[%,.,] for
each 7'.

Proof. We prove the assertion by induction on the number of indeter-
minates. {@,, s;,=1} satisfies the conditions stated above and S[X,;@,] is an
associative ring for each r. Hence we assume that S[%,.. ;] is an associative
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ring for each #. Then it is clear that the map > Xle» - X5, ., —> 21 X050
X Sup_yw, BlVES AN isomorphism of S[%,..,] to S[X. (-] where #n(j)=
7'(;). Now the assertion is clear if we prove that P, is a homomorphism in
S[%..-1,], namely, fP.X3P,=X}P, fP;P, for each feS[%.;.,] and j=1,2,---,e—1
(we set S[X.]=S) since f- X;=X;fP;. In S[%X. 1], each P; (j=1,2,---,e—1)
is a homomorphism since (fg)X,;=f(9X;) for each f, g€ S[%.;-1,)]. Then
(3 XXy Xs,,.0,) P;=0 means (2 XpXiq- Xpu,,S00,)=0 where each
u,,., is a regular element of S. Hence each P, is an automorphism in S[%,;].
Firstly, we shall prove that fP;'P;'- P,P;=f§,, for each feS[%X,,.,] by in-
duction on the degree of f.
For, X,sP;'P;'P,P; = X,P;'P;'P,P;sP;'0;'0,0;

— X504, (5060, (55607040 ) (SkeP7 071040 ,) (sP510510,0,)

= X, (55406501)(5:50k) Sk5) (536075 O 3) (S 1S kaS1 5) (S5 1)

= Xy (S;4P:505(S:5P0) Sk 5)S 32 (56P0) S5 (S 1S raSa ) (55 32)

= X, (5;20555) (55 12) =(X,5;4)(s8;.) by the latter conditions on {s;;, ,FP;}.

Assume that (XuXiy---X3s)PiiPjiPP; = (X3 Xyiqy--- Xs)S,, for each
St v, =m. Let Xi,pu;=m~+1. Then (XyiXjty---Xpos) Pi'P;i'PP;=
(XpeXpeqr .o Xtn-) PP P Py(X,ys) PPy tPy Py = (X5e Xt - Xi-1)8 11(Xo5). §5
= (X5eXftyr - X{25)8 5.

Next, let feS[%,,.1]. Then fPX,P,— (X,P.fP,P,) =X;. fP.P;s;c —
X,5;0fPyP.=X,;(fP.P;s;e—5;fP;P.). Since we may assume that fP;'P;'P,P;
= f%,,, we have X,(fP.P;s;— s;fP;P.)=0. Suppose that fP°Xj'P, =
X4 'P,fP;7'P;'P,.  Then,
fP.X3P, = fP.Xy'P.X; P, = Xy 'P.fP; 'P.X ;550 =X 'P.X, fP; ' F.Pysy.
= X;'P,(X,P,s.,) fP; ‘\P.P;s;.=X;'P.X,P, fP; ‘P, P;P;*P,"P,P.
=X3P,-fP;P,. If i=n'(a,;) for each 1=1,2,---,¢, the it is clear that > XX
o X8, s, = DX X0 1y X 1)Sugs, 81VES AN isomorphism of S[%,.] to
S[&z’(e)]'

By S[Z..); Pye] or sometimes, by S[X;, X, ---, X,; 01, 0z,---,0.], we denote
the polynomials ring obtained in Proposition 2.2.

Lemma 2.1. Let f,(X,)=Xpt+ 374 Xis® (s €S) be a polynomial in
S [%R(E)]-

(@) If fi(X.) € S[%uer; Duo), then M=fi(X)S[¥uer; Duwl, a right ideal
generated by fi(X,) is a two-sided ideal if and only if f,(X,) is central.

b) If £i(X,)€S[X.er; Puol, then M is a two-sided ideal if and only if
{s'9} satisfies the following conditions:

(1) 5ol =s"s07¢,

(2) RNu(Sji;p¢)5§¢)=sﬁi)ijNm¢(3ﬂ; 0;).
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Proof. Since f;=f;(X,) is monic, deg f;g=deg f;+deg g for each poly-

nomial g. Hence M is a two-sided ideal if and only if sf;=f;s’ (s'€.S) for
_ [ fi(X,;+f) in case (a).
every s€5 and X,fi= | /:(X,2 +¢) in case (b), for some £ #€.S.

(@) Let M be a two-sided ideal. Since sf;=X7ts+g,; (deg g;<mn;) and
Jos' =X"es"+ g; (deg g’ <m), we can easily seen s'=s. Next, X,f;=/FX,+f.E;
=f,X,;+f:it show that f,E,=fit, and hence t=0 and f,E;=0. Thus f; is
central. The converse is clear.

(b) sfi(X,) = Xpes + et Xisey st and  fi(X,)s' = Xpes' + et XisiPs?,
= X7 f,(Xs) = X7 (X, Ppo) + 204 Xy (X Py) st = X7 X RN, (5505 00) + 2007
XX ;RN, (5555 0,)s89 and f( X)) (X8 +8)=Xm X, ¢ + 274 X X ;5008 + f(X,)¢.
These facts show that M is a two-sided ideal if and only if (1) and (2) are
satisfied.

Lemma 2.2. Let f;(X,) be a polynomial given in Lemma 2.1, i=
1,2, e.

(@) If fi(X,) € S[X.e; Die)] and f1(X,) is central, then M,E; =M, where
M, z(fl(Xl)’fz(X2>, S (X)) Sy 5 @n(e)] .

(b) If fi(X,) satisfies the conditions of Lemma 2.1 (b), then M,P;S M,.

Proof. (a) Since Ej=IXj|S [Zre); Ducey], the assertion is clear.

(b) (Xpi+ 15 Xysi) Py = XpPeLN,, (555 Po)+ 20% ' XG5LN, (5455 0)s . If
we note that (LN, (s;;: 0))*=RN,(s;;; 0,), the condition (2) of Lemma 2.1 (b)
yields at once M,P;= M,.

By Lemma 2.2, we can see that each E,(resp. P;) induces a derivation
(resp. homomorphism) in S[%. ) ; Dunl/ M= S[x;, x5, -+, 2] (resp. S[Xixs
P/ M,=S[z,, x,, ---,x,]) where z; is the residue class of X; modulo M.
We denote by E; (resp. P,), these induced derivation (resp. homomorphism)
again. Then S[xi, 2, -, 2] [Xsi15 Erin]l = { 2. X0 o5 o€ Sz, s, -+, 2]}
(resp. S[xi, 25, -+, 1] [Xss1; Prs1]l) can be regarded as an associative ring
by the rule fX,.,=Xif+fE:. (resp. fX, 1 = Xi:1fP:.1) for each feS
[x:,x;, ---,x;]. Further, when this is the case, each polynomial f.,(Xx.1)
given in Lemma 2.1 can be considered as a polynomial in S[x,x;, -, x:]
[Xii15 Eria] (resp. Slxy, xp, -+, 2] [X41: Proa]) and Jr1(Xi 1) Sz, 25 -+, 4]
[Xii1; Eria] is a two-sided ideal.

Now, let S, =S[%.s); Doyl [ f2(X)S[Xirys Dnir] = STwrl[Xeiarnys Dick+1)]
where w, is the residue class of X, modulo f,(X,)S[%.z; D:x)], and let
Se=8;:1 [ foe(X)Ssi1=S[we, wii, -+ wel [Eus-1y 5 Dus—p], (more precisely, S{w,]
[%z(lc—l); SDﬂ(/c—l)] /flc—l(XIc—l) S[w/c] [xz(k—l); ED,(/c—l)] = S[%Ic’ wk—l] [%n(k—l); @x(lc—l)]
where @, is the residue class of w; modulo f;_1(X;_1)S[wil[Z.>-1); Dre-1)]>
but, by w,; we denote w, again).



62 K. Kishimoto

Lemma 2.3. (a) S, s isomorphic to S[X..); Duny)/M: (resp S[X.x;
Becor ]/ M)

(b) If AA(X) is w-irreducible in S, for each =, then S[x,,z,,-+,2x:] is
simple for each k and .

Proof. The following diagram is commutative where ¢,: S;11—S;.1/
ﬁ(Xz)S¢+1, 0: S[%n(lc): ED,;(/;)]*S[%RU:); @n(k)]/Mk, O=QrPr-1"""%1, and Z[/‘:(an
inverse image of ¢)-0.

1
S[%n(/c)_; SDa(lc)] E— S[xn’(ﬁ:) > S-Dx(/c)]

l Dk

| 6

Sk-1

¥ !

S LL__) S[xl’ny "'9xk]

For, S,3 X wiwiti--ws,,., =0 (s€S), then each inverse image of
Jwitwpkywits,, ., (=0) of ¢ is contained in M,. Hence (X wi*wiky--
w;s,,... )¥ =0, and this means that ¥ is well defined. Next, let (Zw;twity:
s, )¥=0. Then (Dwiiwity-wisy.,)p 'S M. Hence 2 lwitwiki
vpr, =0

(b) Since S[w,,ws, -, w,] 2S[w,, w;, -, w,] 2S5 for each 7, the w-
irrducibility of f(X)) in S._; yields at once that of £i(X)) in S[w,,ws, -+, w;]
[X.; E,]. Hence S[X;; D]/fAi(X)s[X:;D,] is simple for each n. Thus
repeating the procedures, we have the simplicity of S [w;,w;, -, w;] =
S[xy, 24, -+, 2]

Let £;(X;) ¢=1,2,---,e) be a polynomial of S[X,; D,] (resp. S[X;; P,]).
Then f;(X,) is called s.w-irreducible if f,(X;) is w-irreducible in S[X,,X,,
s Xy Xes ELEyy o By EJ /M (vesp. S[X:, Xs, -, Xey s Xas PP,
o, By, -, Pi]/ M) for each 1=<k<e where M is a two-sided ideal generated
by A(X), /(X)) - fi(XD), - fe(X). Moreover, f,(X,) is called s-irreducible
if fi(X)) is irreducible in S[X\,X,, -, Xe, - Xu; E,Eyy oo Egy oo Ed]l/ M
(resp. S[X1, Xz, s Xes s Xas Py Py, Py, ooy Pl M).

In following we shall give necessary and sufficient conditions for a simple

e

ring to have an e-polynomial simple ring extension of dimension 7n = T[ m,,
¢=1
m;>1. ’

...wl“ls

Proposition 2.3. (a) In order that S have an n= ﬁ m, (m>1)-dimen-
¢=1

sional e-polynomial simple ring extension such that 0;=1 and s;;=1, it is
necessary and sufficient that there exist derivations D,,D;,---,D, in S, (¢;)
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an ex e matrix with entries in S such that t;;= —t;, t;=0 and (s$9) 1 xm,
matrices (i=1,2, - e) satisfying
(1) [Dij] L,

(2) tijD/c+tjkD +tk¢Dj=O,
(3) <mi_hk+h>5Dh52) lc+h_S£n,¢ &S

i
% —
(4) Sgyf;—/cDj—_-Zh o(mi hk+h) t. D77 s 5,2 k+hs
(5) filXy)=Xpe+ 3 m; 1 Xos® is s.w-irreducible.
(b) In order that S have an n= ﬁmi (m,>1)-dimensional e—polynohu’al
¢=1

simple ring extension such that D;=0 and t,;=0, it is necessary and sufficient
that there exist automorphisms P.,0,,---,0, in S, (s;;) an eX e matrix with
entries in S° such that S;;=s;}, su=1 and (s) 1xm, matrices (i=1,2,---,¢)
satisfying

(1)' p;lpi‘lpjpi::e””,

(2)  $o5(S0xP5)S 35 =(55400) Sex (5:594) 5

(3) so;s5i9 =s{Vsppe,

(4) RN, (545 0,)s? =S£¢)ijNm¢ (5305 04),

(5) fiX)=Xr:+ 2 ™1 XesD is s.w-irreducible.

Proof. By proposition 2.1, (1) and (2) are equivalent with the existence
of a polynomial ring S[¥X.;D.]. Let M=(f(X)), fo( X)), ---.f(X.) S[X.; D.].
Then (3) and (4) imply the fact that each f£,(X,) is central. Hence M is a

two-sided ideal. Now, by (5),R*=S[%,;D,]/M is an n= ]f[ m~dimensional
¢=1

right e-polynomial simple ring extension over .S. Further, if we note that
each ;=1 and s,;=1, [R*: S ]r—[R* S]; by Corollary 1.1. Conversely, let

R=S5[x,x,,-,x,] be an .n= T[ m, (m,;>1)-dimensional e-polynomial simple

ring extension over S such that sxy=x,;5+5 (59 €S) for every se S and
xx;=x;x;+t;. Then, by Proposition 1,1 (a), each D,=1,]|S, t;;=xx;—x;x,
satisfies (1) and (2). Let a7+ 274 xisi®=0. Then s(xfe+ X 75 xisl?) =

(xpe+ 2 xist?)s and @ (ape + X mig taystt) = (e + 3, ™y aysiP) ,; imply (3) and
(4) for each 1xm,; matrix (s{#). Finally (5) is an immediate consequence of
(3) of the definition of an e-polynomial simple ring extension and Lemma

2.3. :
(b) Sufhiciency is clear from the proof of (a). Conversely, let R=S

€

[z, x5, -, x,] be an 7n = T[] m,; (m,>1)-dimensional e-polynomial simple ring
=1

extension over S with sz, = x;50; and xx;,=x,x,s,;, then each Z;'|S=0,,

x;7'x; 'z x;=s,; satisfies conditions (1) and (2). The rest of the proof is same
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as that of (a).

§ 3. Abelian extensions of prime characteristic p.

In this section, we shall deal with p’-dimensional abelian extensions of
a simple ring of prime characteristic p. A p°-dimensional abelian extension
R over S is called a p°-dimensional fundamental abelian extension over S if
2(S)=p and there exists a Galois gronp @ =(g,) X (g2) x -+ X (a.), a direct product
of o,, with $0,=p and @ is an F-group. Then, one of principal theorem of
this section can be state

Theorem 3.1. Let X(S)=p. In order that S have a p°-dimensional
fundmaental abelian extension, it is necessary and sufficient that there exist
derivations Dy, D,,---,D, in S, (t;;) an ex e matrix with entries in S such
that t,;= —ty, ty=0 and (s;) 1xe matrix with entries in S satisfying

(1) [D., D=1,

(2) tyDip+tuD,+tD;=0,

(3> D’f_Di=Iaz> SzDz=07

(4) t,Dy '+t +5;D,=0,

(5) XPu4— Sty =X — Xuy—Sx0y 15 Sw-irreducible.

More precisely, if there exists {D,,D,, -+, D,, (), (s))} satisfying (1)~(5),
then M=(X?—s,, X2 —s,, -+, X2 —5.)S[%,;D,] is a maximal ideal of S[X.;D.],
R*=S[y1, s, - ¥ ]=S[X.; D)/ M is a pt-dimensional fundamental abelian
extension with respect to &* =(o7)x(aF)x .-+ x (6¥) such that $o} =p and
Yo f =Ys+0,; where each y, is the residue class of X, modulo M. Conversely,
if R is a p°-dimensional fundamental abelian extension over S with respect
to ® =(g)x(g,)x - %x(a,), then we can find such {D,,D,, -, D,,(t;),(s)}
satisfying (1)~(5) that there holds an S-isomorphism ¢*: R*=R with ¢*o,
=a/p*.

Proof. Since s(X?—X,—s,;)=Xs—X,s+sDf—sD,—ss;, and X;(X?—X,
—s5)=X2X,;+ X, X;—sX;+5;Dr ' —s;,+5s.D;, (3) and (4) are equivalent with
X?—s5, is central in S[%.;9,]. Thus, by Proposition 2.3 (a), R*=S[y:,v.,
o %] =S[%.; D]/ M is a p°-dimensional e-polynomial simple ring extension
over S. Let @, be the map of S[%.;D.] defined by X, X:f,— 2. (X, +1)f.(f.€
S[X:, X, Xes s X3 D, Dy, Dy, -+, D). Then (f0)X@,=f" (X,+1)
= X, f+fE;+f= (X, f+fE;)®, shows that @, is a ring homomorphism of
S[%.:D.], and moreover, ®?=1 (since X(S)=p) means that @, is an auto-
morphism of order p. From the definition of @,, @,0,=®,P, is clear. Next,
(X —5,)0,;,=(X;+ 0, —(X;+0,5)—s=X{—s. Hence each @; induces an auto-
morphism ¢% of order p in R*. Let (¢})n(oF,05, -,05-1)20*=0;*. Then
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Y0° =y;+k=y,08%0;% 03"+ =y, show that ¢*=1. Consequently, we have
&*, the group generated by o}, 65, ---,0F, is an abelian group of order p such
that the direct product of o¢f,05, - -,6F. Noting here J(¢f, R*)=S[v1, Y2, ",

Ysr > Y], we have J(&*, R*)= ﬁJ(o;‘,R*)=S. Thus R*/S is a p°-dimensional
i=1

weakly Galois extension with respect to @*. Thus in following, we shall
show that V*=V,.(S) is simple. By [Lemma 2 of [6]], it suffices to prove
that C*[v,,v,, ---,v:] is a field where {9,,%,, -, Ts} =®*,V*.

Since ;05 =0650;, Vo] =c;v; for some c¢;;€ C*=V*(R*) (and 0,0;,=7,9,
since v,;0;=c-v; for some ce C* implies v,=v,H%=c"v,). Noting here that
C* is cyclic over J(g}|C*, C*) and N,(c;;;0F)=1, there exists an element
d,;€ C* such that c¢;}=d;}(d;;6F). Setting here wu;;=v,d,;, then u,; is con-
tained in Vi, 4,.5,,-02(0S) =V3. Hence v,€ C*[V] for erch j=1,2,--,¢,

and so, v,€ NC*[V}]. Noting that NC*®gesV* = C*Qgers(N V) = C*

i=1 : J=1 J=1 ‘

Qc+nsZ (considered in C*®cx,sV*) and (EWC* [V*] is an epimorphic image of
J=1

ﬁC* Qs V5, we have v,€ C*[Z]. Now we shall show that C*[Z] is a field.
J=1

For, each z€Z, 2E,=z2y,—vy.2€Z and hence, 2PE,=p(zE;2?")=0. Hence
2?€ C*,S. While, C*®.gsZ is a commutative semi-simple artinian ring since
C*/C* .S is a finite Galois extension field. Let uv=0 for some u, v€ C* Qc:nsZ.
Then 0=(uv)*=uPv® yields at once u?=0 or V?=0 since u? v?€C*, and
hence =0 or v=0. Thus C*®c:sZ=C*[Z] is a field. Consequently,
C*[v,] is a field since [C*[v,]:C*]<oo. Repeating the same procedures, we
have C*[v,,v,, -+, v:]S(C*[Z]) is a field.

Conversely, let R be a p*~dimensinal fundamental abelian extension over
S with respect to & =(0,)x(g,)% ---x(6,). Then R = S[x,,x,, -, x.] with
x,0;=2;+ 045 [Corollary 2 of [5]]. Then D,=1,|S is a derivation in .S since
(sx;—x:8)0; = s(x;+0y;)— (s +6;;) s = sx,—xs.  Further, (x,x;— x;x,) 0, = (x;
+0.1). (x4 0)—(x;+0)(x;+ 0s) =22, —x;2,. Hence, if we set t,;=x,x;
—x;x;, then t,;=—t;, t;,;=0 and {D,,D,, ---,D,,(¢,;} satisfies conditions (1)
and (2). Thus there exists a polynomial ring S[¥%,;®D,]. Next, (x¥—x;)0;=
(x; + 8, —(x,+8;;) shows that s;=a?—x,€S and X?—s, is central in S[X,;
®,]. Hence conditions (3) and (4) are satisfied. Finally, if we note that V
is a field [Theorem 5 of [5]], each intermediate ring of R/S is simple [Lemma
1.4 of [7]]. Hence X?—s,; is s.w-irreducible. Let ¢* be the map defined
by Xxlexieqts APS, > YNYET YRS, Of R=S[x, 25, -, 2.] to R* =
S[¥1, %2 > Ye], then it is clear that ¢* is an S-isomrophism of R to R*
satisfying ¢*o; =0,0".
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Corollary 3.1. Let X(S)=p. (a) In order that S have a p°-dimensional
fundamental inner abelian extension, it is necessary and sufficient that there
exist {Dy,D,, -, D,,(t;),(s)} satisfying (1)-(4) of Theorem 3.1 and (z,) a
1 x e matrix with entries in Z° satisfying

(6) =2D;=2,04.

(b) In order that S have a p*-dimensional fundamental outer abelian
extension, it is necessary and sufficient that there exist {D,,D,,---,D,, (t;),
(s.)} satisfying (1)~(5) of Theorem 3.1 and

6" =zD,;=0 for all j=1,2,---,e.

Proof. By Proposition 2.3 (a), there exists a p°*-dimensional e-polynomial
simple ring extension R*=S[y:,¥,, -, ¥.] over S where each y, is the residue
class of X; modulo M. Let 370X} f, be a polynomial of S[y,,v., -, ¥;-1]
[X,; E;] (f.€SI¥1,¥s -, ¥s-1]). Then, for each z; satisfying (6), z,(Z 23 X’1)
= (25 Tinol ¥ ) X2af) = B23(Tino(} ) Xifiz). Hence we have (Z23Xif)
Iz, =(p—1)!227'f,_, by induction on the degree of the polynomial. Thus each
X?—s, is s.w-irreducible. Consequently, R* is a p°-dimensional fundamental
abelian extension of S. Next, 2,D;,==z,y,—vy,2;,=2,0,; shows that zy,2;'=
y;+0;;. Thus we may adapt 2, as o since zfe C*.

Conversely, let R/S be a p°-dimensional fundamental inner abelian extension
over S with respect to & =(%,) % (T,) x --- x(3,), v;€ V. Since V=C[Z] [Theo-
rem 5 of [5]], we have v,=}] .z, where {c} (ZC) is a Z-basis for V.
On the other hand, v.x;v;'=x;+6,; implies v,E;=v,x;—x;0,=v0,;. Hence
v ;=38P (P E ;) =vd,; shows that the existence of (2, 2,, -+, 2.) satisfying (6).

(b) Under the same notations of the proof of (a), if &* contains 7 =
ormgre...grt =9 (vEV™), as was shown in the latter half of the proof of
(a), there exists z€Z° such that 2D;=a,2 (j=1,2,---,k), and this contradicts
ZD;=0 for all j=1,2,.--,e.

Conversely, if R is a p*~-dimensional outer Galois extension over .S, then
Z<C. Hence ZD;=0 since CD,;=0 for all j=1,2,..-.e.

R is called a trivial extension over S if R=S[C]. Then we can prove
the following:

Corollary 3.2. Let X(S)=p. Then the jfollowing conditions are
equivalent.

(@) S has a p*-dimensional fundamental trivial abelian extension.

(b) There exist elements 2,,2;,--,2, in Z° such that the algbraic set
associated with a two-sided ideol M =(X?—z,,X}—=, -, X?—2,)Z[X,,X,,
-, X,] is an algebraic variety.

(¢) There exist elements s,,S,,---,s, in S such that X?—s, is s.w-irre-
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ducible in S[X,,X,,---,X.].
Proof. (a)—(b) Let R=S[C]=S®,C. Then J(B|C,C)=Z means that

C/Z is a p*~dfmensional fundamental abelian extension with the (abelian) Galois
group &|C. Hence (b) is clear. ‘

(a)—(c) Let R=S[C] amd {cleciei---ci*; 0=y, =p—1, ¢;€ C} be Z-basis
such that ¢?—c,€Z. Then X?—c, is s-w-irreducible in S[X;, X, -, X;].

(b)—(a) Since Z'=Z[X;,X,, ---,X.]/M is a p°-dimensional fundamental
abelian extension, S® ,Z’ is a requested one.

(c)>(a) Let M= (X?—s,, X8 — 55, -,X?—5,)S[X,,X,,---,X.]. Then
S[X,, X;, -, X.]/M is a requested one.

Let X?—s, be s-irreducible. Then S[%,;D,]/M is a division ring. Hence
we obtain

Corollary 3.3. Let S be a division ring of X(S)=p. In order that
S have a p*-dimensional fundamental abelian division ring extension, it is
necessary and sufficient that there exist {D.,D,,---,D,, (t;),(s;)} satisfying
(1)~«4) of Theorem 3.1 and

(5") XP—s; is s-irreducible.

Let R/S be a p*-dimensional fundamental abelian extension with respect
to &. Then R/S is called a parallel extension if R=S[T] such that T/ThS
is a p°*-dimensional fundamental abelian extension with respect to G|7. A
p-dimensional fundamental parallel abelian extension is called a d-parallel
(resp an f-parallel) extension if T can be a division ring (resp. a field).

Corollary 3.4. Let X(S)=p. (a) In order that S have a p*-dimensional
Sundamental parallel extension, it is necessary and sufficient that there exist
{D:\,D,,---,D,, (t,), (s;))} satisfying (1)~(5) of Theorem 3.1 and

(6) there exists a simple subring W(31) of S satisfying WD, S W,
{{t;}, {s}}EW and XP—s, is s-w-irreducible.

(b) In order that S have a p°-dimensional fundamental d-parallel abelian
extension, it is necessary and sufficient that there exist {D,,D,,---,D,, (),
(50} satisfying (1)~(5) of Theorem 3.1 and '

(6") there exists a divison subring W(31) of S satisfying WD, W,
{{z.,}, (s} EW and XP—s, is s-irreducible in W%..,; Dyl

(c) 1In order that S have a p*-dimensional fundamental f-parallel abelian
extension, it is necessary and sufficient that there exist {D,,D,,---,D,,(t;,),
(s;){ satifying (1)-(5) of Theorem 3.1 and

(6") there exists a subfield W(31) of S satisfying XP—s, is s-irreducible
in WX, X,, -+, X.].

Proof. Let R* =S[y, v v ]=S[X.;D,]/ M, and T*= {3 yleyie -
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YIW, s Wiy, € W Then J(@*|T*, T*)=T*,S=W and p=4§O*=[T*:
W] .and R=S[T*]. .

(@) Since T*=WI[X.; D/ My, My = (Xt —s51, X3 —s3, -+, XP—s5.) W[&.;
D,], T* is a simple ring.

Conversely, if R=S[T] is a p°-dimeesional fundamental parallel abelian
extension with respect to &, then T/7T,S is a p°-dimensional fundamental
abelian extension with respect to &|7. Hence there exists {z,%, -, 2} ST
with t0;=t,+0,;. If we set D,=1,|S, t;;=tt;—t;t,, s,=t{—t, and W=T,S,
then our assertion is easy by the proof of Theorem 3.1.

(b) Combining (a) with Corollary 3.3, we readily obtain (b).

(¢) Combining (a) with Corollary 3.2, we readily obtain (c).

Now, in the following, we shall deal with a regularly embedding problem
of an abelian extension.

Let R/S be G-regular, and an intermediate ring 7 of R/S be satisfy
J(O, T)=S and [T:S5]1=#9 where HZG. If $=6|7, T/S is said to be
regularly embedded in R/S.

Let T/S be a p°-dimensional abelian extension with respect to =
(1) X (1) X ++» X (), #(z;)=p"%. We shall give a necessary and sufficient con-
dition for 7/S can be regularly embedded in R/S where R/S is a p/+m™+*.
dimensional abelian extension with respect to & = (6y) X (03) X+ X (O ) X (Om+1)
X oo X(Omez) if =0 and @ =(g,) ¥ (02) X ++* X (Omsr) X (Tpsrs1) X ++* X (7)) Iif —mm
<k<O.

Let s be an element of SSS[X%.;D.], and let 459 (s)=1 and 4 (s)=42,(s) D,

+ 49.(s)s. Then we have (X¢+s)"=22=0(ﬁ )deiflk(s) [S§1. T, (i) of [4]].

Theorem 3.2. Let X(S)=p and T/|S be a p’-dimensional abelian ex-
tension with respect to 9 =(7)) X (ty) X «+- X (t,), $rs=p". In order that T/S
can be regularly embedded to a p;.,,.-dimensional abelian extension such
that k= —m, it is necessary and sufficient that there exist derivations
D,,D,,-,D,,, -, D,.r in T, (t;;) an (m+Ek)x (m+ k) matrix with entries in
T, (t,) a 1x(m+k) matrix with entries in T satisfying the conditions (1)—(5)
of Theorem 3.1 (in T) and (b,;) an (m+k)x (m+k) matrix with entries in
T satisfying

(1) Dgy—7;D;, =11y,

(2) T#rj(bzﬁ 75)="0u;,

(3) ;f)(b“)—b”=t¢(rj—l),

(4) t;(te—1)=bu(t3'Dyre)—b Dy,

(5) bu(‘i'k_l):bz'k(z'j—l)

More precisely, if there exists {D,, -, D, .., (t:;), (&), (b:;)} satisfying the
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conditions, then R* =T [y1, Yz, s Ym> Umsi> > Ymsid = T [Zmss; Omar] /M, M=

(XP—t,, X —t, -, X =t t) T Xz Dnsr]l and vy, is the residue class of
X modulo M, is a requested one with generating automorphisms oy ,a¥, -,
O >0msr SUCh that (y,t)e} =(y,+b,,) (tr,) (te T) and &*|T=9 where &* =

(0F) % (03)x < x(am) % - X (omsre) If k=0 and &*=(of)x(05)x -+ X (0h:4) X

(Tmsia1) X =+ X () if £<0. Conversely, if T|S can be regularly embedded in a
P -dimensional abelian extension with respect to & =(a,)x (65) %X -+ X (G 2)
then there exists such {D,,D,, -, D, .., (), (&), (b:y)} satisfying the conditions
in Theorem 3.1 and (1)~(5) that there holds a T-isomorphism ¢*: R*=R
with ¢*o;,=ap*.

Proof. Firstly, we set b,;=4,; if £>0, j>m or b,;=0, if k<0'and j>m.
Then, clearly, they satisfy the conditions (1)~(5).

Let @, (j=1,2,---,m+k) be the mapping of T'[%,.:;Dn.:] defined by
22Xt X0ty o> 2 ( Ko i s+ O ag) ™5 ( X+ b1, - (2, o0, T5) (We set 7,=
1 if j>m). Then we can prove that @, is an automorphism by induction on
the number of inderteminates. By (1), we have (¢@,)X,®,=(tr,)(X,+b;,)=
Xi(try))+te; D+ tr ;0,5 = Xty +tDyr;— (tr by —byytry) + e,y = Xotr;+ Dyt +
bitr; =Xt +tD,;)®,. Hence @, is a (ring) epimorphism of 7T[X,;D,]. Further
(D2Xit) @y = Bo(Xe+bug) (6r) = Xtz + X0 (7" 1 )besDetm s+ n-17) +

s+ (AP (byg) T+ - +EyT;) shows that @, is an automorphism. Hence, we
assume that @; is an automorphism in 7T[%,.:-1; Dn+z-1]. Thus it suffices
to prove (Y@,)(X,.:@;) = (X 2®D;)(YOP,) + (YE,,,,)®,; where Y€ T[%, . r;
Dmsz-1]. Now, (YO,) (X s2Ps)=(YO;)(Xs s +bmsrs) = X a(YO)+(YP)E,, .,
+(Y¢j)bm+lcj and (Xm+k@j) (Y¢j)+<YEm+lc)¢j=(Xm+k+bm+lcj) (Y@j)+(YEm+k)¢.f'
Hence the assertion is clear if we show that (Y®))I,, , =Y (E, @;—®;E,, ;).

NOW’ Xi (Em+k@j_¢jEm+lc) = (tim+/t‘> Tj_tim+/c_—bijD7rL+Ic = sz (T‘;lenrlc?j) -
bmiisDi—b; Dy by (4) and X,®@;1, . = (X;+b8:5)buiis—bmrrs(Xe+byy) =
b:50mirs = Omirsbss — bmirs Dy = (szf.;l)fjlb,,,,”_, — DDy = (043575Y) (Dt —
TiDmi2) —m 1D =05 (75D, 47 5) — 033D s — b x;D; by (1). Hence we have
Xi(Emss@3;—@,E,, 1)=(X@)L,,, .- v

Let us assume that Y(E,,..@;,—@,E, . ,)=(Y®,)I,, . for each Y=X s
Xt , oo € T[Eniz1;Dpiz ] such that deg Y=g. Then, for each Y=
Xorfeqre o Xt X0ty o s X (Bt @3—D4E . 2) = Yi(E k@ ;— P E,, . 1) (YD)
+ (Y19,) (Yo (Ens k@5 — D E, 1 1) = (Y19,1,,.,,) (Y:0,) + (Y,90,) (Y2¢ijm+l(j) =
(Y,Y,)®?,1,,,,,, where Y,=Xmxq--- X3, Y,=X, Xy Xint, Therefore,
we can see @; is an automorphism.

XP0,=X,+by+b,7, XD:®;=X,+b,;+b,7; shows that 0,0,=0,9,
if and only if there holds (5).

m+k—1""%1"
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X 0%1=X;+ Ty, (bs;; 7;) shows that (2) is equivalent with ¥@,=p"*7 if
j<m and £@,=p if j>m. Now (X?—1)0,=X!+(45(bis)—bsis)—tir; shows
that (3) is equivalent with that X} —¢, is left invariant under @,. Thus each
@, induces an automorphism o} of order ps*' if j<m, of order p if j>m in
R*=T[y1, Y2 > Ymst) Z T [Ens25 Dnsrl /M where R* is a P e m_dimensional
simple ring extension over S.

Let g€(o})n(af, 05, 051). If o=07%=0{"07"--07%{-1, We may assume
that each «, is a multiple of each #z; since 1=¢|T =1y =r{r5*---z527*, Then
Yo=y;+Ta,(bs557) =V +a,lfT; = y,ofM05 - 0%y =1y, yields at once o=1.
Hence ®&*, the group generated by ¢f,05, -+-,0%. ., is coincides with the direct
product of them. Finally, SSJ(®*, R*)=J(®*|T, T)=S. Thus the rest, we
shall show that &* is an F-group.

Firstly, we note that C*[Z] is a commutative semi-simple artinian ring
as same reason as that of Theorem 3.1. Let {1, -, %n} =% V*. Then
v ¥ =c,;v; for some ¢;;€ C* such that N#,;(c,;j; o¥)=1 and vv;=v,v;. Thus,
we can see that C*[v,, 7, U, ]=SC*[Z]. If v=Xcw., c.c C* and w, =
vhmybm-s...vh is an arbitrary element of C*[vy,v,, e, U], then v?" € C* for
some positive integer a. Thus C*[v,,v,, ", v,] is a field.

Conversely, let T/S can be regularly embedded in a p’**""-dimensional
abelian extension R/S with respect to & = (6,) X (2) X =+ X (0) X (G 1) X -+ X
(Gmar) if 2=0 and @ =(0y) X - X (Fmsr) X (Tmsser1) X +o0 X () if —m <k <0 such
that $a,=(7,)p, 0,T=1; if j<m and $0,=p, o,|T=11if j>m. Since V is
a field and [R: T ]1=p™"*, R/T is a fundamental abelian extension with respect
to @(T)=(o{’f‘)>< x(a,‘?f"‘)x(am“)x o+ X (Om+z). Then R= @ xiexiey---xT,

0Svz<
2,071 —x,=08,; if j<m and ze;—x,=0;; if j>m. Evidentlyt bp“=x¢aj—x¢ is
contained in 7" and T, (by; 75)= D835 (20 ;— ;) 0%5=0,4, further, b;;(r,—1)
= (05 — x,) (0 — 1) = (05 — x;) 02 — (205 — ) = (405 — X3) 05 — (X0 — Xg) =
boe(z;—1).

Now, we set D;=1I,,, t;=x]—x, and ¢,=x,x;—x;x,. Then one will
easily check that {D;,D;, -, D, (L), (t:))} satisfies the conditions (1)—~(5) of
Theorem 3.1 in 7. :

t(Dyt;— ;D)= (tx;— Z4t) 75— (tr 570, — xZtr ;) =t (xi0;—25)— (x5 — xi)tr;
=tr;d,,, (teT)

t5(te—1)=(z:x; — X,X) 02— (XX y— 2 32;) = (xoxs)or—2i(X500)— (xsxs)or+
24047 — (L 40— X 5) Ty + X4 (2,00 — ;) = (X104 — ) X 30— 40 (05— ) —b 52Dy
=buti Dygr—buD;.

Finally, (x?—xz;)0;,=xF+ 45 (bis)—x:i—by; shows that 43 (b;;)—bs;= (xf —
x,)(0;—1)=1t:,(z;—1). ‘
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The map ¢*: 2 X XVt = 2Y% YL e, (2, € T) is a T-isomor-
phism of R* onto R satisfying ¢*o;=0] 0™ .

Combining Corollary 3.3 with Theorem 3.2, we can easily obtain

Corollary 3.5. Let T/S be a p-dimensional abelian division ring ex-
tension of X(S)=p with respect to D= (1)) x (t;) X -+ X (7,,) such that $r,=p".
In order that T[S can be regularly embedded in a p’***™-dimensional abelian
division ring extension such that k= —m, it is necessary and sufficient that
there exist derivations D,,D,,---,D,,., in T, (¢;;) an (m+ k)< (m+ k) matrix
with entries in T, (t;) a 1x(m+£k) matrix with entries in T satisfying the
conditions (1)-(5") of Corollary 3.3 (in T') and (b;;) an (m+ k) x (m+k) matrix
with entries in T satisfing the conditions (1)—(5) of Theorem 3.2.

§ 4. Kummer extensions.

Throughout the present section, we assume that Z contains {, a primitive
n-th root of 1. An n-dimensional abelian extension R over S is called an
n-dimensional Kummer extension if C>{ and there exists a Galois group

S =(6y) x () x --- x(0,), a direct product of ¢, with ¥¢,=7,, ﬁm:n and &
=1

is a DF-group.
One of principal theorem of this section is the following

Theorem 4.1. In order that S have an n-dimensional Kummer ex-
tension, it is necessary and sufficient that there exist automorphisms P,,P,,
0, in S, (s;;) an e x e matrix with entries in S° such that s,;=s;}, s;=1
and (s;) a 1 xe matrix with entries in S° satisfying

(1) ‘O;lpi—l‘oj‘oi=§z'j,

(2)  555(50205)8 35 =(5£0:) S12(S:50%) »

(3) ©3:=58;' such that ﬁlni:n, s;,0,=s, and {P,=(,

(4) RNni(quz; Pg)=(5:'0,)s;,

(5) (X)) =X. i — 540, is sow-irreducible in S[%,.,; Buol,

(6) If g(X) is a polynomial of S[%.e); Bl \ M, M=(f(X,),
J(Xo), -, f1XL), then X,f:(X)9(X)u;=1 modulo M for some fi(X)
€ S[Xxe); Prer], us€S.

More precisely, if there exists {0,,0,,---, 0., (S:), (s.)} satisfying (1)—6),
then M=(f(X.),f(Xa), -, f(X.)S[%.; B.] is maximal and R* =Sy, ¥, -, V.l
=S[%X.; B.l/ M, vy, is the residue class of X, modulo M, is an n-dimensional
Kummer extension with generating automorphisms of,o5, --,6F such that

« ] = x LM if i=j
%7\ = g, if i#j.
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Conversely, if R is an n-dimensional Kummer extension over S with
e

respect to & = (a,) X (6) X - x (a.), $0,=n, and Tl n,=n, then we can find such
=1

{0.,,0,, -, 0., (5:), ()} satisfying (1)-(5) and S[%.;*P.] satisfying (6) that there
holds an S-isomorphism ¢*: R*=R with ¢*o,=0d;¢* for each i=1,2,---,e

Proof. By Proposition 2.2, there exists a polynomial ring S[%.;P.] =
{3 XeeXbeq - X3S, 3 Sy €S} such that sX,; = X,(s0,), X, X; = X;X,5:,; (1)
and (2)).

Since X;(Xsi'—1)=XpX RN, (5;:; Ps)si*—X;, (4) means that X ,(X7ss;!
—1)=(Xms;'—1)X,. Thus, with the first two conditions of (3), we can see
that M=(F(X.), f(Xa), - f(X.) S[%.; B.] is a two-sided ideal, and by (5), it is
maximal.

Now, let ¥, (i=1,2,---,e) be the map of S[X,; P.] defined by 3] XieXies:
---X;i---Xilsue‘..uleZX:eX;e_—ll--~(X,,-C"/"i)”%‘---X;'s,e...,l. Then ¥, is an automor-
phism For, fU,XW,=f X" =X,(fP){"™ and [X,(fP)¥ ;=X L fP;=

X, ( fP)C”/"» (by the last condition of (3) for each feS[Xi,---, X, -, X.;
pP,--- ..,P]]. Hence ¥, is a ring epimorphism, and $¥;=7n, shows that
v, is an automorphlsm

(X7e—s,) W, = (X, L")y —s,= Xyt —s, implies that M¥;=M. Thus each
¥, induces an automorphlsm aF of order n, in R*=S[v, ¥, ', ¥.] where R*
is an n-dimensional simple ring over .S which is isomorphic to S{[Z%.; %B.]/M
and y, is the residue class of X, modulo M. A

Let g€ (af)(of, 05, -, 051). I o=af“=0%0 " 0%, x2i0; = LA =
2,0f e gf4-1=x, shows that s=1. Hence &*, the group generated by
o, af, -+, aF, coincides with a direct product of them since ¢;¢] =0jo; is clear.

Thus we have J(&*, R*)= ﬂJ(o,t , R*)=S.
The condition (6) is equlvalennt with that R* is R}S,-irreducible. Hence,
by Proposition 1.2, V* is a division ring.

Conversely, if R is an n-dimensional Kummer extension over S with
respect to & =(0,) x (62) x -+ X (a.), $0,=n;, then R= @ zie---2}*S where each

0§/vi§ni——1
. . . . = (™" 1f 1=
x, is an element contained in R’ and x,0; f ¢ f ] J [Theorem 4 of
l— v o 1]( 1

[811.

We set 0,=%Z;'|S, s;=x%, sy;=x;'x;'xx;. Then (x;'sz,;)o;=x7'sx,,
xpig;=xy and s,0,=s,; show that @, is an automorphism of S, s, s,€S
respectively, and @, satisfies (3).

Now s0;10;10,0,= ;52310710 ,0, = (2,527 27 )P 0, = 27 x5 X 455 27 5204
=s8,; for each seS.
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(545) (5610 5) 8 50 = (X7 "5 s ) (25 20 Mo e ;) (e s es) = 05 s o a2,
On ther other hand, (5;.0;)s:(5:,0:) = (a; ' xy ' jzc2,) (x5 'k ' o,z
(xr 't rxs o, o) = (a0 ooy Yy oy o) (g "y Yoy T yxcy) = g r oyt g 4, . Thus
there holds (2).

Next, RN, (555 0:)=/(5;0)(5500)-(5;07%-) .
= (530)(5 ' 1020) (X725 5025) - -+ (2057738 gox =) = (5 3027 Vo2 (8 02 752)
= (5 @y x ) (X s aa) = (x5 ) (g ) = 2y eyt = (s10,) 8.

Since R=S[x,,z;, -, x.]=S[X.; B.]/ M, M=(Xp—xp, Xpz—ap, -, Xpe
—a2e)S[X.; B.], X.P;=X;s;;, S|P;=0,, and V is a division ring, each X7 —x7:
is s.w-irreducible in S[%,; %e] and S[%,; P.] satisfies (6).

If we define the map ¢* of R* to R by. Z y,zey“6 T YIS, e, > D ToETLE
x3s,,...,, ¢* is an S-isomorphism satisfying ¢/¢* =¢*g, for each i=1,2,---,e.

Corollary 4. 1. (a) In order that S have an n-dimensional outer Kummer
extension, it is necessary and sufficient that there exist {0,,0,,---,P., (5:,), (s))}
satisfying the conditions (1)-(5) of Theorem 4.1 and if PlPles---P3=3F§ for
some s€ .S, then,

(7) 5p1;=RMl(3n; ) {RNuz (Sdz 5 pz)} o {RNn, (S35 ,03)} 0220,

RN, (Sic; Pc) @52+ 01s.

(b) In order that S have an n-dimensional inner Kummer extension it
is necessary and sufficient that there exist {0,,0,,---,0., (5:;),(s;)} satisfying
(1)~6) of Theorem 4.1 and there exist a 1xe matrix (t;) with entries in
T satisfying

(7")  Qet---ppi=E,
tipfz:RN»,i (Sa15 @) {RMZ.;(-%% 0,)} O} {RNp“z(5z3§ P3)} PPy -

{RN,,,(Sic; L)} Oieqte - 03,0/
(Sa15 @1) {RIV,,,, (5225 £2)} 07 {R vy (Sias @)} P5o01- -
(RN, (513 )} Pie---00 (i)

In particular.

(¢) In order that S have an n-dimensional inner Kummer extension
such that V=Z, it is necessary and sufficient that there exist {0,,0,,::-,0,,
(855), (50)} satisfying (1)—(4) of Theoem 4.1 and there exist a 1 x n matrix (z;)
with entries in Z° satisfying
= zzC"’"i if i=j

if i#j.

Proof. I there exists {0,,0,, -, 0,,(s:,), (s;)} satisfying the conditions (1)-
(5) of Theorem 4.1, then there exists an n-dimensional simple ring extension
R*=S[v., 9., -, v.] over S such that J(&*, R*)=.S.

(@) Let v=73] yieysey---yhs,, .., be an element of V*. Then sv=wvs (s€S

t,2;=RN,

“12

) o]
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yields at once X yie---yiis@le---00s, ., = 2 yse---yPs, ... s. Hence each yie---yps, ..,
is contained in V* and @---0;:=3§, ., since S=Ss, ., S=S80---0}s, ., S=s,_ ..S.
Thus Pre.-.p0=§ if and only if yl-.-yjs is contamed in V*. Now, let v=

y2's be in V*. Then ve C* if and only if y;uv=vy, for each y,, and,
that is RN, (Sn 5 0) {RN,, (8:25 0,)} O} {RN (Se33 @3)} P03+ {RMe(Sze; O.)} Pt -+
Pls=sP,.

(b) As was shown in the proof of (a), @:---P}=E, is equivalent with
V= ..ynet, is contained in V*. Hence if ¢, satisfies the two conditions
of (7 ), then VYy = Yori - Y10y 0 = y:“--- Y1y, RN, , (5515 01) {RN,,, (5515 05)} 07
{RN,2 (535 03)} 952'5401“"'{RM6¢(5¢“ o)} Qe+ 01" =y 0¥ and vy =y
Yty 8,0, =yt yivy,; RN, (5515 0) {RN(sz P} 01t {RN, , (5355 05)} 05207 -
{RN, ,(ssc; Po)} Pieyt---Pii=y, v, for each j#i. Consequently, we have
vyt =Y grime if i=j

| = Y if i#J.

Conversely, if R=S8[x,,z,, ---,xe] is an n-dimensional inner Kummer ex-

e ——

tension over S, then ¢,=%9,= D xlexies- xllﬁi for each 1=1,2,---,e. Hence
each £?., satisfies the condition (7).

(¢) If there exists (z,) satisfying (7”), then we can prove that each f(X,)
= X7 —s, is s.w-irreducible in S[X,; P.]. For let ¢(X,)= 2%, X} f, be a proper
left factor of £f(X,) in S[v:, -, v:.1]1[X:; P;] where f,€ S[v, +-,%:1]. Then
fo#0. Since the constant term of 2z,0(X,)—g(X,)=z,L*/" is foz,(1—{*/)+£0
and deg (2,0(X,)—g(X;)2,L*")<k, an easy induction will yield at once (g(X,))
=Sy, o, Yo} [ X Bl

L= Y& if i=j

Next, since =z,¥,2;'=¥;2.0:2; | = o, if ity we may regard (g;) as
(67). Then V*=J(&*|V*, V*)=Z. The converse is almost evident.

Now as is shown in the proof of Corollary 4.1 (b), if ©,=5§, (s;€.S) for
each i=1,2,---,e, then y;5,€ V* where R*=S[y,, -",¥.]. Hence we obtain

=S®,V*=S[V*]. Using this fact we have
Corollary 4.2. The followings are equivalent.

Thus we may adapt o, as of.

(1) S has an n-dimensional trivial Kummer extension.

(2) There exist elements z,,%;,+,2, in Z such that the associated
algebraic set of the ideal (XP+—z,, X5 —=2,,-,Xpe—2,) in Z[X,,X,, -+, X,]
is an algebraic variety.

(3) There exist inner autmorphisms 0,,0,,---,0, in S, (s;;) an exe
matrix with entries in S°, (s;) a 1xe matrix with entries in S° satisfying

(1)~(4) of Theorem 4.1 and if P.---P1*=S§ then s satisfies (7') of Corollary
4.1 (a).
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Proof. The implication (1)—>(2)—>(3) is easy. (3)—(1) is an immediate
consequence of the remark above mentioned and Corollary 4.1 (a).

The condition (6) of Theorem 4.1 was need only to see that the cen-
tralizer V* is a division ring. Accordigly we have

Corollary 4.3. Let S be a division ring. In order that S have an
n-dimensional Kummer division ring extension, it is necessary and sufficient
that there exist {P,,0,,---,P,, (s;), (s)} satisfying (1)~(4) of Theorem 4.1 and

6" f(X)=Xpt—s, is s-irreducible in S[%.; B.]

The following is corresponding to Corollary 3.4 and we can prove it as
similar to that of Corollary 3.4.

Corollary 4.4. Let S be a simple ring with automorphisms 0,,0,, -, 0;,
(s50) and (s;) satisfying the conditions (1)~(6) of Theorem 4.1.

(@) In order that S have an n-dimensional parallel Kummer extension,
it is necessary and sufficient that there exists a simple subring W of S con-
taining {s;}, {s;} such that Wo,C W, V,(W)3C and Xpi—s, is s- w-irredu-
cible in WIZX,; B,] for each i=1,2, --,e. :

(b) In order that S have an n-dimensional d-parallel Kumer extension,
it is necessary and sufficient that there exist a division subring W of S
containing {s;;}, {s;} such that Wo,Z W, V,,(W)el and X7 —s, is s-irreducible
in WI[ZX,; B.] for each i=1,2,---,e.

(c) In order that S have an n-dimensional f-parallel Kummer extension,
it is necessary and sufficient that there exist a subfield W of S containing
{sis}> {s:} such that 0,|W=1, W>( and Xyi—s, is s-irreducible in W[Z%,; .1
for each i=1,2,- .-, e.

Finally, we shall deal with the regular embedding problem of Kummer case.

Lemma 4.1. Let T be a q-dimensional simple ring extension over S
such that T is T,S,-irreducible and V,(T)>C, and let R be an n-dimensional
Kummer extension over T. Then R is R,S,-irreducible if and only if V is
a division ring.

Proof. Let R=Tlx,---,z.], x7€ T, and let V be a division ring. We
shall show that R=RaxS for each z€ R\S. Let y= 2 xexeyt - xys,,..,, be the
element which is the shortest non zero relation contained in RzS. Then,
without loss of generality, we may assume that yeR\S. Since T is T3S, -
irreducible and each z; is regular, we may assume that the constant term of
y is 1. Thus sy—ys=0, thst is, R=RyS=RxS. The converse is clear.

In what follow, we assume that 7" is a g-dimensional abelian extension
over .S with respect to 9 =(z;) x(z;) X -+- X (z,,), $7;=¢; such that T is 73S,-
irreducible and V,(T)>C.
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Theorem 4.2. In order that T can be regularly embedded in a qn-
dimensional abelian extension R/S such that R|T is an n-dimensional Kummer
extension such that V is a division ring, it is necessary and sufficient that
there exist automorphisms 0y,0;,++,0,., (k> —m) in T, (s;;) an (m+ k) x (m+ k)
matriz with entries in T, () a 1 x (m+k) matrix with entries in T  satis-
fying the conditions (1)~(5) of Theorem 4.1 (in T) and (bs;) an (m+k) x (m+k)
matrix with entries in T satisfying

(1) 7707 'c,0,=bsy,

(2) {RM,;(biv); Ti):Cn/n5 ,

RN, (b:s; 75)=1

(3) LN, (bsy; P)=1t" - 1Ly,

(4)  5i5(Barls) b3 =(b1:L0) bar(S:574) 5

(5) uc(bﬁ‘l'/c) ba:j(bucfj)

(6) If g(X) is a polynomial in T[%m+k,$m+k]\M M=Xn—t, Xp—
by oy Xomit—t, ), then X, i(X)g(X)s;=1 modulo M for some fi;(X)eT
[Xsr; Brmiil, SES.

More precisely, if there exists {Py,0;, -, P, (5:y), (&), (bsy)} satisfying the
conditions, then M=(Xp—t,, -+, X4t —tmi i) T [Emszs Poss] and R**=T1|y,,
s Yms Ymitr > Ymai =T [Ems s Bmail | M, yq is the residue class of X, modulo
M, is a requested one with generating automorphisms 6,05, -, 0miz Stch
that (yt)ot =ybytr; t€T) and &*|T=9 where &*=(of)x (07)x -+ x (o)
(0E.) X+ x (0ksn) if B>0 and &* =(a})x (65)x -+ X (05:4) X (Tmsrs1) X -++ X (Tom)
if k<0. Conversely, if T[S be regularly embedded in a gn-dimensional
abelian extension with respect to &=(a))x (0;) X -+ X (Om+s) Such that R|T is
an n-dimensional Kummer extension, then there exists {0i,0;, -, 0., (i), (),
(b:,)} satisfying the conditions in Theorem 4.1 (in T') and (1)—(5) that there
holds a T-isomorphism ¢*: R*=R with ¢*o,=0]¢* for each i=1,2,---,m+k.

— pgn/ng —

Proof. Firstly we set by { _ f ii z;g’aznijz ar{d>zm]>m

or k<0 and j>m+k
Then we can easily checked that they satisfy the conditions (1)—(5).

Let ¥, (j=1,2,---,m+k) be the mappings of T{%n:z;Pm:x] defined by
Xt X0, > 2 (Ko s O g (Xibiy) (b, poniTs) (We set 7,=1 if
j>m). Then we can prove that ¥; is an automorphism by induction on the
number of indeterminates.

(0 )XW ;=(tc,)(Xib,s)=Xgr by and (X20)¥ ;= Xibs;+ 10:7; and hence
the condition (1) yields (¢X,)¥,=(X#0)¥;, and further, ¥¥;=n,q; (by (2))
shows that ¥, is an automorphism in T'[X,; p,]. Hence we assume that the
assertion is true for each 7T [%ni4-15 Bmiral. Then it suffices to prove
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YV ,)( Xk ¥) = (X i¥,)(YP,, .. ¥;) where Ye T [%,.11; Brozi]. Since
(ij) (mecw'j) = quj (Xnm O /cj) = Xw+/c(quij+/c) bm,—i»/cj and (Xna+kwj) YPmej
=X k0mii;(YP,.. ¥;), it suffices to prove Y¥,P, ,=YP, .. ¥ bn.r;. Now,
Xiwjpm+k:(X‘ibij)Pm+Ic:Xisinz+lcbijpm»kk and X¢Pm4-kwjzm+kj=bm+ijibdj(Sim+ij)
b2 k7= XD 25003 5(Sim275) 07 5.  Hence the condition (4) shows that X, %' ,P,, .,
=X,P,.i¥ b.r;. Thus we assume that Y& ,P,,.,=YP, ¥ b,.:; where Y=
Xemapsre - Xy Xy Then (Xoppry - X X0V P i = (V¥ 1P ) YU 5P 1)
=X, wb-;-kw.jzm+/ch2Pm+kw'jzm+kj= (X ;iﬂ‘lX;l)Pm+kw‘j‘b.‘m+kj where Y, =
Xemik~r-.. Xy and Y,=X,---Xp. Consequently, we have YV¥,P,.,=
YPm+kw.j‘5m+kj for each Ye T[%,.1-1; Brsr-1l-

(X7t ' — 1)U ;= X}*LN, (b;; 0;)t;'t;—1 and the condition (3) show that
MU ,=M. Hence each ¥; induces an automorphism ¢} in R*=T1]y,, -,
Ymstd =T [Xpi; Bir]/ M, y, is the residue class of X, modulo M, is a gn-
dimensional simple ring extension over S. Moreover, by (2),

« ] =am; it jEm
#aj | =n, if j>m’

Y:050F =YD (bytr) =yibi;(bur;)=1vy.0505 by condition (5) shows that ¢%e}
=gro;. Let o*€(of)qlof,05, -,07,). Then ¢*=¢f"=0{"05" -0}%- and
o*|T=ri=r1f--75¢7 show that each «; is a mutiple of g;, and hence y,0*=
Yo7 Vo 07 =y, by RN, (by;7;)=1. Consequently, we have o*=1.
Thus, ®*, the group generated by o¢f,a5, -,0) .., is a direct product of each
o, and J(®*, R =J(G®*|T, T)=J(D, T)=S. '

Finally, if (6) is satisfied, then by Lemma 4.1, V* is a division ring.

Conversely, let 77/S can be regularly embedded in a gn-dimensional abelian
extension R/S with respect to & =(g,)x (g2) X +* X (0,n) X +** X (6,p+2) if £=0 and
®=(07) % - X (@) X (erras) X -+ 5 (£) if —m<k<O such that #a,=(z)n,,
;| T=7; if j<m and $o,=n,, o;/T=1if j>m.

Since V is a field and [R: T]=#n, R/T is an n-dimensional Kummer ex-
tension with respect to & (7")=(69) X (632) X +++ X (627) X (Gpp+1) X *** X (Gm+z)- Then
R= ® xp+p---apT where each x;€e R°, x,0¥ {: zLm Tf *™J for each

0<v;Smg—-1 o = X if 77
= L %f 1=J for each j>m. Then 0,=Z;'|T, t;,=x},
=z, if 75
s;; =3 'xjx,xc; satisfy the conditions (1)-(5) of Theorem 4.1 (in 7).

j<m and x,0; ]

Now we set b, ;=x;'(x;0;). Then b0 =x; 02,00 =
— -1y —-n/n; Fn/ngy — -1 — : S — s
{ xi_lf )<x727]C )=z o=y Ii ;&j for each 2<m and b;0,=(x;*
= X; \Xy0;)=0;;
(x,0;))0,=b;; if k>m show that b;;e€ 7.

NeXt, tbij = x;l (x,z O'j) t(x{lo_,-) Xy = x,;l (x?;tf_;lx,i_l) O;X; = x,;l(tf; lp.;l) : ajx¢ =
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x; (tr; 07 v ), =tr 0 T ,0,.

RN, (bogs T5) = xi (X0 5) (27 10) (2407) - (x5 0% 7Y (20%) = 27 20050
f = g/ if 4=y
\ =1 if i#j

LN,, (b5 05) = (s mexi a0 5) 274 Y) (af iy Nz 'e ) 23 7?) - xi (o) = 20 ™
(oo ) =7 ™ (x}ia ;) =15 (t05).

503 (BaeaP;) by = (@7 x5 2k 5) (205 25 (240 4) X5) X7 (2500) = 271257 (X004) (X404) =
(it (x; z 00 2s) (x5 (25" 04) (x,04) (s04) = b3 Ps(xxi M (204) (27 04) (5 x,x;)0%) =
bixPbur(SisTr).-

Zy(Bor (BosTi) = 240 101 = 2,040 3= XDy 5(bixt;) shows that by (byste)="b4;(but;).

Finally, since V is a division ring, 7S, -irreducibility of T yields at once
the condition (6) by Lemma 4.1 in T[%,.; B...] where X,P,=X,s,; and
S|P;=0;.

The condition (6) of Theorem 4.2 was need only to see that the centralizer
V* is a division ring. Accordingly, we readily obtain the following

Corollary 4.5. Let S be a division ring, and let T/S be a q-dimensional
abelian division ring extension satisfying the condition of Theorem 4.2. In
order that T|S can be regularly embedded in a qn-dimensional abelian
division ring extension R[S such that R|T is an n-dimensional Kummer
extension, it is necessary and sufficient that there exist {0y, 0, ", 0,, (5:s), (%),
(bs,)} satisfying (1)-(5") of Corollary 4.3 (in T') and (1)~(5) of Theorem 4.1.
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