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THE PRINCIPLE OF LIMITING AMPLITUDE
By

K&6ji KUBOTA and Taira SHIROTA

1. Introduction.

We shall be concerned with the initial value problem

(1.1) | 2 —4+a@]u o =fie >0),

ulz, 0)=fi@), 2z 0)=fi),
where x is a point of 3-dimensional Euclidean space R*=FE, 4 denotes the
Laplace operator in E, ¢ is a positive number, and g(x) is a real-valued function
defined on E. The principle of limiting amplitude for the problem (1.1) con-
sists in the following: The solution #(x, ) of the problem (1.1) is such that
at any point x€ E we have

ivat

lim «(x, t)e" ' = u,(x, o) (6>0),

o0

where u,(x, ) is the solution of the equation (—4+q)u=ou+f, with the
Sommerfeld radiation condition :

ou.,
d|x|

at infinity. In [1] O. A. Ladyzhenskaya gave this proof for the case that g
and f; have compact supports, fo=f;=0, and the operator A has no eigenvalue
(For the definition see §2). But in this case it should be assumed, in addition,

that there exists no solution w & L*(E) of the equation (—4+q)w=0 satisfying
0w

u.(x, o) =0(|z|™), (z, 0)— iy o us(x, o) = o(|z|™)

the conditions w=0 (|x|™?), =0 (]x|™? at infinity, although it is not as-

ox;
sumed there. In [2] D. M. Eidus gave this proof for the case that ge C'(E),
g=0(jz| > (a>%> at infinity, and f,e D(A), fie D(AY), f,e L}(E), £,=0

(Jx|*" r>0) (=0,1,2) at infinity, assuming that ¢(x)=(0Q iz E, which
quarantee the absence of not only eigenvalues of the operator A, but also the
above-mentioned functions w. In [3] K. Asano and T. Shirota constructed
such a function @ for the case that ge CZ(E) and the inequality
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1

—q(r)= TPE

does not hold in E. In [5], by using such a function w the present authors
constructed a solution %(x, £) of (1.1) with ge C}E), f,€ CiE), fr€ Ci(E) and
f>=0 such that

u(zx, t) = w(x) for |z|=t.

The so constructed solution u(x,#) of (1.1) is special but interesting to us,
because that it give a relation of the principle of limiting amplitude and charac-
teristics. They also remarked in [5] that, in the case that ¢ and f; (7=0,1,2)
have compact supports and the operator A has no eigenvalue, the principle
of limiting amplitude for (1.1) is valid if and only if the before-mentioned
functions w do not exist. Therefore it seems natural for us to conjecture the
following: The principle of limiting amplitude for (1.1) with the condition
g=0 (|| 2% (@>0) (Jx|—>o0) is valid if and only if the operator A has no
eigenvalue and the above-mentioned functions w do not exist.

In the present paper we establish that the above conjecture is true for
g=0(|z|7% %) (Jx|—>o0) with some differentiability conditions. In particular
the condition g=0 (Jx] %) (@>0) (|x|—>o0) is used in proving the equality
(5.5), Lemma 8, Lemma 10, and the inequality (5.20). The main results of
this paper were presented in our note [5].

2. Results.

For simplicity and clearness we restrict ourselves in what follows to the

problem
2. 1) [5_;—4+q(x)] wz, =0 (£>0),
w(x,00=0, %(z,0)=f(x).

ot

Throughout the present paper ¢(x) and f(x) are assumed to satisfy the
following conditions (C,), (C,) and (C;):
(C) q(x) is a locally Hélder continuous real-valued function defined on
E and behaves like 0 (|x|™?"*) (a>0) at infinity, i.e. there exist positive
numbers a, C,, R, such that
lg(x)| = Co|x| >~ for |x|ZR,.

Under the condition (C,) the operator —4+¢q defined on Cy(E) has the
unique self-adjoint extension in L?*(E), which we denote by A. It is known

that the domain D(A) of A is the Sobolev space WZ(E).
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(Cy) A has no eigenvalue.
1
Under the condition (C,) A is positive definite. By ®(A2) we denote

the domain of the self-adjoint operator A%.
1
(Cs) f belongs to D(A2) and behaves like 0(|x|™>77) (r >0) at infinity.
In what follows we denote S o(X)p(x)dx by Lo, d).
- E

We have the following.
Theorem 1. Assume that {f, w)=0 for all solutions w & L*(E) of the

equation (— A+ q)o=0 such that @=0 (x|, aa;"j —0(|z|"?) (|z|->00). Then
the solution u(t)=u(x,t) of the problem (2.1) is such that we have

(2.2) ll.g.} (u(t), @)z =0 for all ¢e L*E),
and

2.3) . ltl_ri: |2 ()| z2¢zy =0 for all compact KCE.

Furthermore, suppose that fe D(A) and sup |Vq(x)|<oo, where Vq(x) denotes
e E
grad q(x). Then we have

(2. 4) lim sup |u(x, £)] =0 Sfor all compact KCE.

t—oo €K

The main result is the following.

Theorem 2. Assume that g€ C*(E) and q=0 (|x|™* %), D*q=0 (|| %)
(Jx|—o0) (|8l=1,2). Then the solution of (2.1) is such that for any ¢ € L*(E)

satisfying ¢ =0 (|x|~%7?) <5>%> (|Jx|]—>o0) we have

(2.5) lim <u(), ) = dr g, 0D - (fs wd-<q, @),
where w is the one mentioned in Theorem 1.
By virtue of Theorem 2 and theorem 6 in [2] we have

Corollary. Let q(x) be as in Theorem 2. Then the solution u(x,t) of
(2.1) és such that we have

lim sup |u(x, )] =0 for all compact KCE

1o zeK

if and only if such functions w as in Theorem 1 do not exist.

3. Proof of Theorem 1.

Since we can’t find the Theorem in the literatures, for the sake of the
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completeness of description we shall give the proof.
Let us define an operator 7" for functions in L%(E) by

To(x)=— 1 S q(y) o(v) dy (p€ L(E)).
A )z |x—vy|

Lemma 1. 1) 7T is a compact operator on L°*(E) to L*(E) and the
adjoint operator T* of T with respect to the bilinear form {,) is a compact
operator on Lg (E) to Lg(E) given as follows:

6
T*¢(x) = —LQ(:C)S W) _ g ((/)G LE(E)).
4 = |lx—y|
2) By M, M' we denote the subspaces {we€ L°*(E); (I—T)w=0}, {co’elfg (E);
(I—T*)o/ =0} of LYE), LE(E) respectively, where I denotes the identity

operator. Then we have

0 =0 (Jz|Y), aa;" —0(jz|?) (|Jz]>0)  for weM,
J
and ‘ |
o' =0(z|3*) (Jx|—>00) Sfor o' €M.

Proof. First we shall show that 7" is a bounded operator on L’(E) to
L%(E). In what follows we denote by C constants independent of xe€ E.

we have
| SE—Iqll(_;/:)_"’z(/_?]’)]_dyéllsollu [SE(_lli%)/lT)g dy]%_

S lg(v)] )%dy can be estimated as follows:
Vo

|z—v]|
8 6 [ [+
[ (Ll Pay<spiowi®] T pdy+Cif (o)
=\ |x—v| lv|=R, lyISR, |lz—y|s lv|2R, xz—y| |yl
<CQ+|z)) B+p.(a),
where
, _3.86, 1
o.(D)|=C(1L+|z|) 578 for 0<a<--,
.S_C(1+|xl)_§+‘ - for a=—%—,
<CO+z])8 for a>—é-,
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5
and ¢ is an arbitrary positive number, so that for any a>0 [2, (x)]® € LS(E).
These estimates imply that

(3.1) T @)| <Cligllz [+ |2 + . @)F] ,
and
(3. 2) Tl ==Cllgll

which shows the boundedness of 7.

Next we shall show that 7T is a compact operator on L°(E) to LS(E).
The inequality (3.2) implies that ||7T¢||;+ are uniformly bounded with respect
to ¢ satisfying ||¢||;s<1. On the other hand an argument similar to the one
used in deriving (3.2) gives

To

H oz, =Clliell (j=1,2,3),

1‘-6

which imply that T¢ are uniformly equi-continuous in L°%(E) with respect to
p € L°(E) satisfying ||¢||;+<1. Thus T is compact. From this it follows by

6
the Riesz-Schauder theory that 7'* is also a compact operator on L7(E) to
L3(E)and that dim M—=dim M'<oo .
For ¢pe€ L%(E) and ngLg(E), since

[ lq(y)li:o(_yijslﬂx)' dxdygllgollLeLIgb(x)l[SE( lfﬁ’ijll )g dy]%'dx

= Cligllzligll o »
we have

(T*¢, 9> =<, Tpd
— S;b(x)[_ 1 S q(y) o (y) dy]dx

dn Jp |z—y|
= [ o] o £ azay,
Which implies that
To@=— g Hay  for geL¥®).

For we M we have
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(3. 3) . o(x)=— 1 S () o(v) dy .
| Ar Jp |x—v]|
It follows from (3.1) and (3.3) that not only w(x) is bounded, but also w=0
(el ), 22 =0 (jz] ) (z]>c0).
Xy

For o' € M’ we have

(3. 4) w'<x>=—ﬁq<x>j %dy,

which implies that

It follows from the condition (C,) that

[ el gyscd

z |lz—y||ly—=| =T 142

where C is a constant independent of x, x€ E. This implies that

S 9@ gy gz <o) , -
EXE ]x—yll’y—zl d

Therefore we obtain

o (z)| = Cllo'll ¢ 1+ ]x])".

This and (3.4) imply that o' =0 (|x|* %) (Jx|—>o0).
Thus we have proved Lemma 1.

Lemma 2. Suppose that g€ L*(E), =0 (|x]|™%7?) <5 >—;—> (|x]—>o0), and

{p, ) =0 for all w€ M. Then we have ngR(A%), where R(A%) denotes the
range of A%.

Proof. Let o' € M’ and set w(x)=— 4171_ SE l;’,iy;| dy. Then we find by
the equalities (3.3) and (3.4) that ¢(x) w(x)=0e'(x) and w€ M, because that it
follows from Lemma 1 that «'(x) is continuous in E and '=0 (||

(Jx|—>o0). Hence the assumption implies that 1 S 2¢)) dye L5(E) and

1 () dy, w’\ =0 for all o' € M’. Therefore by virtue of Lemma
A7 )z |x—vy| /
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1 and the Riesz-Schauder theory we find that there exists a solution u € L°(E)
of the equation

U=Tu= o e ay

which implies that «(x) satisfies the equation (—4+gq)u =¢ with the con-
=0 (x| (Jx|—>o0), so that due L*(E) and ue W2,,..

ditions «=0 (|x| "9, L
ox,

Set u,(x)=u(x)e ™" (¢>0). Then we find that «, € D(A), sup HA'%u;HL’< o,
where ¢, is a positive number, and lim ||Ax, —¢l|;:=0. I;ls‘ofact, due L}(E)
implies that «,€L*(E) and Au‘ELZ(E),?.:'OIn which it follows that =, € WZ(E)
=D(A). The conditions =0 (|z|?), Ou =0 (Jx|™*7?) (Jx|]—>0o0) imply that

J

2

| doe, — du||7: < ZsEIAulz (L= 2dz+0 (%) +0(c?) (e—0),

from which it follows that ||4u,—du||;»—0 as ¢—0. Since gu=0 (|| =)
(lx]—>o0), it is clear that |lqu,—qu| ;=0 as ¢—>0. These show that ||Au,—

¢|l2—0 as e—>0. Noting that A% is self-adjoint and @(A)C@(A%), we have

latuli <23

=] E

d—

u2dx+S[ﬂhmd¢+O(

X 4 B

4062 (e—0)

which shows that Sup HAfu |l;z<oco. Thus we have shown that u«, € D(A),

sup HA’u |zz<oo and ||Awu,—¢l|;»—>0 as ¢—>0. The fact Sup HAfu |2 << 00
0<e=¢, <t

implies that there exists a function g€ L*(E) and a sequence {¢,}5., such that

lime;=0 and A%y,

J—oo

hull of {A%u,j}‘f:l. Then it follows from the fact lim ||Au,—¢||;z=0 that
-0

., converges to g in L*(E) weakly. Let H be the convex

{9, ¢} belongs to the weak closure of the graph {H, A%H }, so that {g, ¢}
belongs to the strong closure of {H, A%H }. This shows that ge® {A%}
and ¢=A% g, because that A%u‘ € SD(A%). Thus we have proved Lemma 2.

Proof of Theorem 1. Let E, be the resolution of the identity generated

by the operator A such that E, ,=E,. Then, since fe @(A%) and A has no
eigenvalue, the solution %(#) of the initial value problem (2.1) is given by

(3.5) w(t) = S “ZﬁztdEf”
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We decompose «(£) as follows:

(Y sinyd 2t © siny 1t
u(f) = So AL aE, £+ S L dE,f

N

= 2, () +u, () .

Then, since

(3.6) s (Bl = S”Mczn&fnzz

= llf [F=

we can choose N so large that Huz(t)ll I becomesv sufficiently small uniformly
with respect to £>>0. Let N be fixed sufficiently large. Since it follows from
the assumption and Lemma 1 that {f, ©)=0 for all we M, we ﬁnd by the

condition (C;) and Lemma 2 that there exists a functlon g€ SD(AE) such that
3.7) Atg—f.

Therefore we have

(w0 (2), @)z = S:vsin J 1 td(Eg, 0) for all e LX(E).

On the other hand it follows from condition (C,) and theorem 6 in [4] that
(E.g, ¢);: is an absolutely continuous function of 1€ [0, N], so that —%(E;g, o)z
€ L'(0, N). Consequently by virtue of Riemann-Lebesgue’s theorem we obtain

| ) }1.12 (21 (2), @r: =0 for all ¢e L*E).

This and (3.6) prove (2.2).
Now we proceed to prove (2.3). It follows from the condition (C,) that
the operator A is strictly positive definite, i.e. A satisfies the inequality

(3. 8) | - (Ap,9)>0 for 0%fpeD(A).
We define a functional (g, ¢), for functions 0, € Cy (E) as follows:
3.9) @ 0 = | (Po@Pp@+q@) @ 9@)dz.

Then by virtue of (3.8) we find that Co(E) is a pre-Hilbert space with the
inner product (¢, gb) (go, g€ C(E). Let H, be the completion of C7(E) for
the norm || - |l,=+0C,-; and let © be the Hilbert space H, x L*(E) with the
inner product
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(@> P)o = (¢1, 1)+ (025 P2) 2y (p, € D),

where o= [501, 502] , = [Sbl, el and o1, g€ Hp Oz, Yo € L*(E).
Let us define an operator G, of  to § as follows:

0o L
&= o]
N o],

where the operators L : L*(E)—H, and N: H,—L*(E) have domains D)=
Co(E)=3D(N), and

Lo =¢ for eD(L),

N¢ =(4—q)¢ ' for ¢eD(N).
By G we denote the closure of G, in . Then we find that the operator G
generates a strongly continuous contraction semi-group on . In fact, the
equality
' (Gop, 9)o + (9, Gog)o =0 for ¢€D(G,)
implies that for 2>0 we have the inequality |

(3. 10) A —=G)plle = 2llells for e D(Gy),

where ||¢llo=v (@, §)s for ¢€ H. Furthermore the condition (C;) and (3.8)
imply that

(3. 11) D(G)DD(A) x D(AF).
By (3.11) we find that for 1>0
(3.12) RA—G)oD(G,)

where R(42I—G) denotes the range of the operator A/—G. (3.10) and (3.12)
imply that for any 2>0 the operator 2/—G has the inverse (A/—G)™! defined
on § such that |[AI—G)Y||s<217'. From this it follows by the Hille-Yosida’s

theorem that G is the infinitesimal generator of a strongly continuous semi-
group U(¢) on $ such that

(3.13) U@l =1 (t=0).
Since it follows from (3.11) that [0,f]€ D(G), we can find that

(3. 14) U@I0, /1= [u(x, 2), ulz, 1] for £>0,

where u,(zx, ) =a—atu(a:, £). (3.13) and (3.14) imply that
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[, 8, w8 < 1A for >0,
3.15) | [IPulz, 0F +q@u@ o+ lu(z OF] de<ifll:  for £>0,
from which it follows by (3.8) and (3.9) that

(3.16) loee (-, Ol e < 1 SF Nl 2o for ¢>0.

On the other hand (3.5) and (3.7) imply that
(3.17) lee(-, Dl 22 = gl 22 for £>0.

From (3.15), (3.16) and (3.17) it follows by the boundedness of g(x) that
(3.18) We(-, )l - =C for >0.

Hereafter we denote by C contants independent of £>0. Thus from (2.2),
(3.17) and (3.18) we obtain by the Rellich selection theorem that '

(2. 3) lim ||z(-, &)l 22y = O for all compact KCE.

Next we shall prove (2.4). It follows from (3.11), (3.13), (3.14) and
the identity GU(?)[0,f]1= U(¢)G[0,f] that

[ [wute o +g@letz, o+ | (4—g@)ue OF] dz < | A¥Flz for 0.

From this, (3.16) and (3.17) we find by the boundedness of g(x) that we have
(3.19) Ndu(-, Dl =C for ¢>0,
(8.20) Wu, (-, | =C for ¢>0.

Furthermore, suppose that € D(A) and sup |Fg(x)|<oo. Then by (3.11)
ze F
[£,0]le D(G). Hence. setting v(x, t)=u,(x, f) we find that

U@LS, 0] = [v(z, 9, vz, 8)].
Therefore an argument similar to the one used in deriving (3.20) gives
(3.21) o, (-, D= C for all 2>0.
On the other hand we have ‘

Vau(x, t) = Vu,(x, £)+V (q () u(x, t)) .

From this, (3.17), (3.18) and (3.21) it follows by the boundedness of g¢(x)
and Pg(x) that
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(3.22) WWdu(x, t)|| - < C for all £>0.

From (2.2), (3.19) and (3.22) we find by the Rellich selection theorem
that

(3. 23) 11_2} | dee(-, &)\ 22y =0 for all compact KcC E.
Consequently from (2.3) and (3.23) we obtain by Sobolev’s lemma

(2. 4) }13: sup |u(x, £)] =0 for all compact KCE.

Thus we have proved Theorem 1.

4. Lemmas.

In this section, we shall establish some lemmas required in proving
Theorem 2.

The following lemma 3,4 and 5 can be verified easily.
Lemma 3. 1) Let a>0, t>0 be fixed. Then the integral
e

@+ g0
Sa—ioo 2+C2
is a bounded continuous function of i€ (0, o).
2) Let a’'<0, t,>0 be fixed. Then the integral
e’

a’ +goo
Sa’—ioo 2 + Cz

converges uniformly with respect to t=t,. Furthermore we have

iz

2/4

dg

a’ +goo eCt
(4.1) Sa’—m FENT dt=0 Sor all t>0.

Lemma 4. Let t>0, a>0 be fixed. If 1(3) is locally bounded in
(0, ) and belongs to L'(0, o), then the integral

3

é*

oo l a+iN
So | (l)ldzg-m-uv A+ &
converges for any fixed N (|[N|>3a).
Lemma 5. Let a>0 be fixed. Then
u)= 5" e R(-rsar
27T Ja—ieo

is the solution of the problem (2.1), where R(—C{%f denotes (A+L))'f.
Now we shall study an asymptotic property of functions of the form
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o (2) =S 2w _ gy

»lx—Y| _
We have the following one similar to Lemma 3.2 in [4].
Lemma 6. Let v(x)e L*(E) and v(x)=0 (|z|*%) (0<e<1) (|x|—>00).
If SE'v(x)dx =0, then we have

(4.2) @(x) =0 (lz| 77 (Jz|—>o0).

Proof. Let R, be fixed so that |v(x)|<C|z|?** for |z|=R, and let |z|
be so large that —;—]x]=R>R1.
Then we have

(4. 3) gp(x)=$ —mdy+g -—v(—y)—dyEI+I'.

JIvisR lx—y| vizr | XT—Y|

I' can be estimated as follows:

1I'|§clg dy_

lylzR lz—ylly]**
<C (" risin 0 dod
o Snso r3+‘(]xl2+r2—2]x|rcosﬁ)12‘ r

o fr 2 d 1
-C ro 1 24429 02 dod.
SRSO v Talr 8 (x| +7 || 7 cos ) r

= C—I—SM| rivdr+ CSw ridr

|| Jz
<Clx|™ .

lz|

Hereafter we denote by C constants independent of x. We proceed to estimate
I. We have

= dy—-1 lv|*2 ()
1] Slylsﬁv(’y) 4 |z| Slylsﬁ lx—y[(|$|+lx——y[)
+2 (l—;cl-’y)v(y)
Sms:e lz—y|(Jz| + |z—yl) dy=L+1L+1;.

It follows from the assumption that

This implies that
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dy

|3+5

IAEYALE S

vizr |Y
=Clx| .

I, (j=2,3) are estimated as follows:
Ll =clal=[f o+
lvIsR,
<Clz|3+C|x| ™,

Ll =Clel=[{  Ivllvw)idy+
< Clz|?+C1—e) 2| - .

vl ol |

R, slyls

_Jvlle)lay]

These estimates and (4. 3) give (4.2).

Lemma 7. Let w€ M and w+#0. Then {q,0)#0 and furthermore
dim M=dim M'=1, where M and M’ are the ones defined in Lemma 1.

Proof. Suppose that we M and {q,w)=0. Then the function w(x)
satisfies

(3. 3) (r) =— 1 S q(y) (y) dy .
Ar )z |x—y|

Since Lemma 1 implies that =0 (Jz|™") (Jx|—>o0), from (3.3) it follows by
Lemma 6 that =0 (|x|*%). Applying repeatedly Lemma 6 to (3.3) we find
that we L*(E). Hence we D(A) and Aw=0. Therefore by the condition (C,)
it follows that w=0. Thus {q, w)#0 for we€ M such that w#0. From this
it follows that dim M=1, which completes the proof of Lemma 7, since
Lemma 1 implies that dim M=dim M'.

Remark. Lemma 7 will be established also in the course of the proof
of Theorem 2, for the case that ¢ satisfies the assumptions in Theorem 2.

Lemma 8. For 1>0 we set

Ziri <u+ (x, A) ——- u_(x, 2)) ,

0(2) =0(x, 2) =

where wu.(x ,A)=R(1+:0)f(x). Let us define the norm for functions @€
C*}(E) by
3+a

lpllz, = sup |D%p(x)]-(1+|x]?) =

a Z€E,|p| <2

and let C3.. be the Banach space {p € C*(E); |lo| . < oco}. Then the function
3+a
of 2 T\(p)=<0(A), 0y (p€ C%..) is a nuclear operator on C:., to L'(0, ), and
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WTallz, )= =10l )+ setongs 10 110, 0).
Proof. We introduce the finite measure
dp=(1+|zP) T dx

in E, where dx is the Lebesgue measure in E. Then we decompose T
as follows:

e S e L mrw B mrdd

v e |81=2 16152
v {we-a+in {00+ 12T g 2

Sowr L pe@n) =L L. Ixw P Lidx) 5 10, 0).
w W . w w ‘ W
p-(L+1zP)T o+l el ¢ 2

Let F be the closed subspace of all vector-valued functions {(Dﬁgo) -1+

3+a

lxlz)T}m,gz in l;Iﬁsz(dx) whose components (D?p)- (1 + lx\z)g%e L*(dx) (|8|=2).

Furthermore let P, be the projection operator of II L?*(dx) onto F and J;
be the operator of F to W} which assigns each pvector—valued function
{(D‘ggp)-(l—i- ]x[z)izl} , in F to the scalar-valued function ¢-(1+ |z|?** in W3.

Then J, may be regarded as the composite operator J;-P,. Hence J; is
defined on the whole space T[ L?(dx), so that by the closed graph theorem J;
3

is a bounded operator on JI L*(dx) to W3.
5

I, (=1,2,3) are identities. Since dpu is a finite measure we find that [,
and I, are semi-integral (see [8]). And Sobolev’s lemma implies that I, is
bounded. It is obvious that J, (k=1,2,4) are bounded. Thus the identity
operator on C2,, to L*(dx) is nuclear (see [8], theorem 14).

On the other hand J; is a bounded operator on L*(E) to L'(0, c0). In
fact, setting

o0

%(Ez £ go)‘ d (pe LAB)) ,

we find that ©(¢p) is a semi-norm on L*(E) and satisfies the inequality

o(p) = | fll%+ llglZ for all pe L*E),
which implies that
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elp) = | fllZz=+1 for |lpll=1.
This implies that

o(lellz2p) = I F 115+ 1 for 0#¢pe L*(E),
so that

Pp) < (I F 12+ Dol for all peL*(E).
This shows that J; is a bounded operator on L?(E) to L'(0, oo), if we note
that %(E; f,0)=0(2), ¢) for all pe L*(E). Thus 7T, is a nuclear operator

on Ci,, to L'(0, o), so that HT;]I(Cz ) € L' (0, oo), which completes the proof
3+a
of Lemma 8.

5. Proof of Theorem 2.

Suppose that there exist functions w€ M such that w#0. Then Lemma
7 implies that dim M=1. Therefore, taking we€ M such that {g, w>=1,
since ¢=0 (|x| 3 %) (Jx|]—>c0), we see that any ¢ € L?(E) satisfying the con-

dition ¢=0 (]x[‘"z“’)(ﬁ >%> (|x]—>o0) can be decomposed as follows:

o =<, g+ (p—p, ®)q)
=@+,

while {¢,, ) =0. An argument similar to the one used in proving Theorem I
gives that lim {u(#), ¢,» =0. Therefore we have only to prove
Z—00

(5.1) lim <u(#), ¢> = 4n {f, w) .
Now it follows from theorem 4 in [2], the condition (C,) and theorem 6
in [4] that %<E; f,q> is continuous in 1€ (0, oo) and belongs to L!(0, co).

Therefore by virtue of Lemma 3, Lemma 4, Lemma 5 and Fubini’s theorem
we obtain

a+¢oo 47

1 * d e
b, = —(E.f,q>da d
) qp = S < (E.f,0> SWHCZ ¢
1 ° d e+ * siny 1t d )
_ A (oS dc + v E.f, ¢>d
o S & (E:f.a> S PR SNZ AL GBS, ay

for N>3a, where I, and I', are the curves {s—iN; 0<s=<a}Y{a+ir;—N<
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<N} {s+iN; 0<s=<a}, {s+iN; —a<s<0}Y{—a+ir; —N<t<N}Y{s—

iN; —a<s<0} taken in the positive direction respectively. Then we can take
* siny 1t d E i

SN= iz @ e

with respect to £>0. Let N be fixed sufficiently large. Since for (el

Re <0, Lemma 4 and Lebesgue’s theorem imply that

N so large that becomes sufficiently small uniformly

. *d e
1 = KE,f,q>da dt=0.
tgggo dz< I @ Srz N 4

Consequently we have only to prove

. ° d et a2
5.2) lim So E(Elf,qngrl L rde =87 (fw).

Lemma 4 and Fubini’s theorem imply that

> d e’ _ 2 ce
(5.3) Sogl—@zf,qmgn T dc_Sr,<R( O)f gy ds .

For Re{>0 we set u@)=R(—Cf. Then u({) satisfies

. 1 e—clx—yl . 1 ee:lx—yl
6.4 ww0= | T | T L awu dy

for Re>0. | This and (3.4) imply that

(5.5) <u<c>,q>=—-1—s T ) (@) 0 (@) dady + £ (@), pO)

€ Jaxz lx—v]

for Re{>0, where
(5.6) pQ)=px ()= q(x)SEq('y)w(y) lx—y|dy S:dz-'s re=Slz-viee o

1
0

In fact, setting o’ =qgw we see that o’ satisfies (3.4) and S o' (x)dx=1. (5.4)
E

implies that .

(Q), oy = 15 e"'“'“f<y>w'<x>dxdy—ig L )ul,0)x

- 47 Jaxr |x-—y| A7 Jexm lx_?/l

, 1 e-clx—:lll_l ,
w o (@)drdy — 47:5 oy W D' @)dzdy
EXE -

(3.4) shows that the second term in the right-hand side is equal to {u({), ®).
This implies that ’

( e“'“'f(y)w'(x)dxdy=—cS 9W)u(y, Qw (@) dzdy| ede-rirde

EXE ]x—yl EXE 0
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~—t| a0 @dzay+2f  awuw.0w @le—yldedy

EXx

1 1
’ — — =
xgodr S re = vie' dr |

0

which gives (5.5). Furthermore (3.3), (5.3), (5.4), (5.5) and (5.6) imply that

(5.7) S“’i@f g> da S < _a
o d2 ’ r, A+C

— 4nlf, @S "C dC+S

ry

& F(Q)dC +S e (R(— L TP )L,

rl 1

where

EXE

FEQ) ={  fWe@o@dzdy | eerde+ 03 (T, p@D

1 e-clx—yl
4 = d >
¢ (@) =~ SE — Sly)dy

e—clx—:l/l

Tep(x) = — l'j

4 B |z—y|
Tep@) == pa@)| T owdy,

. T%@)=¢x), T'P(x)=T(T""'¢)x) (/=1,2,3).
First we shall show that

q(v) g (y)dy ,

e tlz-vl

5.8) lim 4;r<f,w>S ig—dC=87r2i<f,w>.

1

We have

ett d =.-R e{t —S ecz dC
Snc S e

Lebesgue’s theorem implies that lim§ e’ d{=0, which gives (5.8).
r

t—0o0

Next we shall show that

(5.9) lim Sr SF(C)dE =0 .
The conditions (C;) and g = 0 (|| 3"%) (Jx|—> oo) imply that F(£) is holomorphic
in {; Re{>0} and is continuous in {{; Re{=0}. From this it follows by
Lebesgue’s theorem that
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N
S &FdE =1 S e F(is)ds ,
r, -N

from which we obtain (5.9) by Riemann-Lebesgue’s theorem.
Thus the proof of Theorem 2 will be complete, if we prove the following

Lemma 9. Let g(x) be as in Theorem 2. Then

—>00

5. 10) lim | et CR(—)£ puO> L =0,
where p;(£) = ps(x, §) = Tp(x, §).

To prove Lemma 9 we shall establish the following.

Lemma 10. 1) For fixed 2>0 {8(A), ps(L)) is a holomorphic function
of e {Rel >0}, where 0(A) is the one introduced in Lemma 8.

2) Let q(x) be as in Theorem 2. Then we have

3+a

sup |Dips(x, O)[(1+ |z 2 = Cxk for Re(=0, [{|=K,

z€E,|Bl<2

where K is a positive number and Cy is a constant independent of x€ E,
e {Rel=0, |C|=K}.

Proof of Lemma 10. 1) It follows from the condition (C;) and theorem
4 in [2] that for 2>0 6(x, 4) is a continuous function of x£€ E and behaves
like 0(|x|™") (Jx&]—>o0). Therefore, since ¢g=0 (|x|727) (|x|-—>o0), we see easily
that for 2>0 <#(2), ps(€)> is a holomorphic function of {€ {Re {>0}, which
proves 1).

We proceed to prove 2). The condition ¢=0 (|x|2*) (|x|—>o0) and (5.6)
imply that for Re {=0

611 2@ 0l s le@I[12l{ lawowldy + | 1vllawewldy|
<C(1+|z|)z=.

Here and in what follows we denote various constants independent of (Re £=0)
by C. (5.11) and the equality

~{lz—w]
Tip(x, €) = —i‘—g(x)§ Y by, ©) dy
T = |lx—vy|
imply that
(5.12) T p(x, Q) S CAL+ |x|) for Re{=0

In the same way we obtain

(5. 13) | T p(z, ) < C(+ |z|)*= for Rel=0 (j=2,3).
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The condition D¢=0 (|x|* %) (Jx|—>o0) (|8]=1,2), (5.12) and (5.13) imply
that

D2y, Ol = Cx 1+ |2])* ™ for Re(z0, [LI=K (I8]=2),

which proves 2) of Lemma 10.

Proof of Lemma 9. It follows from 2) of Lemma 10 and Lemma 8
that there exists a function g¢(2)€ L*(0, o) such that

(5.14) 1<8(2), ps(O>| = 9(2) for Re{=0, |{|=K.
This, Lemma 4, 1) of Lemma 10 and theorem 4 in [2] imply that

S L KR(— L), pal0)) dC = S te de S“ 0@, £5(L) (;2);1232(&» a2

— lim Smdzs Cet <6(2), ps(E)> dc
=0 Jo r, A+C ’

where I', is the path obtained replacing a by ¢ in I';. Therefore, by virtue
of (5.14), Lemma 4, 2) of Lemma 10, theorem 4 in [2], Lebesgue’s theorem
and Riemann-Lebesgue’s theorem we find that we have only to prove

r

(5. 15) lim lim S‘N sz‘”N 0@ sV poregr —o .
1o =0 ) —N 2+8

Now we shall prove

(5.16) lim lim SNd,lSN el (1—s) <20('22)’P3(6+i5)>ds =0.
t—o0 =0 ), _N (2—5)2+€2

Set p=t—(|lx—y|+|y—=|+|z—u|+|u—v|rr’). Then by virtue of Fu-
bini’s theorem, for fixed £>0 and fixed ¢>0 we obtain

5. 17) SN et A=3) (L), pale+is)) 50 (Lyedg 0(z, )., (x, Ddz,

N (A—sP+¢ Az E
where '
(5.18) o..(z, 2)=q(x)S ﬁ%dyg T%dzs Tg%dus lu—v|q(v) x

P R
Xw(v)de dr S TEe ( )dTS——deS

0 0

First we shall show that

(5. 19) nmSNsz” v (A= 8)COR), psle+is) 4o

e
_N (A—s)P+ ¢’

e—0

0
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1 \3(¥ ]
= (—) S dlS 0(x, ) lim ¢, ,(x, )dx .
47-[ 0 B «—0
Let £>0 be fixed. Then we find that there exists a constant C such that
3+a
(5.20)  sup |Dip..(z, d)|(1+ |x|2>7§c(1+log N ”)
2€E, |8l S2 N—2

for all A< N and all ¢<¢,, where ¢, is a positive number. In fact, since
scoss is a odd function, for A<N we have

¥ (s—A)e* [ scoss (@ ssins
_N(S 2) +¢ (=N=p S + &P (=N=2)p S +&° 0

(2—-N)e (2-N)p
cos s cos s
= ™ [S ds—eZPZS e
(-n-2p S (- -0 S(8*+€%0%)

(N—2)o : (N—-2)p 3
) sin § . sin s
+ 1 [S ds—zezpzs —;Tds]
(-N-2p S (-0 S(s*+ 0%

which implies that

(5. 22) \S:%ds

§C’<1+log N+2),

where C' is a constant independent of ¢, 4, 2. Since ¢=0 (Jx|™* %), Dq=0
(lx]727%) (Jx|—>o0) (|| =1,2) and £—P =0, (5. 18) and (5.22) imply (5.20). On
the other hand it follows from theorem 4 in [2] that for each function ¢
2+a
satisfying |o(x)|<C(1+ |x|?) 7, S 20(x, ) p(x)dx is a continuous function
E

of 1€ (0, c0). Consequently by virtue of (5.17), (5.20), Lemma 8 and Lebe-
sgue’s theorem we obtain (5.19).
Next we shall show that

(5. 23) lim deg 0z, ) lim o, , (z, ) dA=0 .
y o e—0

t—0 J0

From (5.18), (5.21) and (5.22) it follows by Lebesgue’s theorem that for fixed
A<N we have

(5. 24) l}?o @, e(x, 2) = q(x)S —M—dys ——qiz)—dzs -MduSElu——'vl x

1 1 (A—N)po
w q(v)(0) de dz-'S e dr “ COSS s tin
0 0 (-N-2p S

+ il

| S(N-x)p sin § dS—n:] ] EJl,:(x, A+ (x, )+ Js,.(x, 2) .

(-N-2e S I
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Set

Pao(x, A) = e J, ,(x, A).
Then, since P=t—(lz—y|+|y—=z| + |z—u| + |u—v|cr’) and ¢=0 (Jz| %),
D’q = 0(|x| %) (J]x|—>o0) (|8] =1,2), we find that

3+ta
sup |Dp,(x, 2)|(1+ |x])?2 =C

Z€E. |8l <2

for all A< N, where C is a constant independent of A. Therefore by virtue
of Lemma 8 and Riemann-Lebesgue’s theorem we obtain

(5.25)  lim SNsz 0(x, 2)Jy,(z, D) dr

t—o0 0

Z-»00

= lim SNe“’ d]S 20(x, 2)p,(x, )dx=0.
0 po

Let 0—2 be.ﬁxed. Then #—oo as z—>oco. This implies that®for fixed
A<N and fixed o—¢

(2= e (N-Dp
. Ccos s . sin s
llmS ds=th ds—rz=0.
(-N-2)p S oo J(—-N-2)p S

Z—oo

Consequently an argument similar to the one used in proving (5. 19) gives
that

(5. 26) lim SNdx Lw(x, 2)J,(z, Ndx =0 k=1,3).

z—00 J 0

Thus (5.24), (5.25) and (5.26) imply (5.23). Therefore (5.19) and (5.23)
prove (5.16).

An argument similar to the one used in proving (5. 16) gives that

lim 1imS2”d,zS” gerion B=S)OE) pole+is)) 4o

im0 Ja -~ (A—s)P+¢&?
lim 1imS2NdISN gierinn SO, pyle+i5)) g
om0 )y )y (A—sf + e

These and (5.16) imply that

lim lim SZNdISH-me“ (%), Ps(c» dt=0.
im0 0 ), c—iN A+g

In the same way we obtain

lim lim Sz”dzg”“veu BE), 5E2 gz —0 .

tmee =0 ), c—iN A—1C
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Thus we have proved (5.15), which completes the proof of Lemma 9.

Remark. If the condition (C,) is not assumed, then, as O. A. Ladyzhen-
skaya pointed out in [1], it is seen that in general the principle of limiting
amplitude is not valid. Let E; be the resolution of the identity generated by
the operator A. Furthermore let — p, (#,>0) (n=1,2,---,k) be the negative
eigenvalues of the operator A and ¢,(n=1,2,--,k) be the eigenfunctions as-
sociated with the eigenvalues —p,, and ¢,(n=1) be the eigenfunctions of A
associated with the eigenvalue zero. Then the solution «(£) of (2.1) is repre-
sented as follows:

w(t) = Sw SNV GE ot 5 (F daogn + 5 E T (f, o)

0+ N/ A n=1 n=1 2N/ Hn
The first term in the right-hand side behaves like 0 (z) at infinity. Therefore
Theorem 2 implies that our conjecture is true in the case that g=0 (|x|™*"*) at
infinity. ’
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