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LOCALLY FINITE OUTER GALOIS THEORY
By

Y8ichi MIYASHITA

Introduction.

This paper is the continuation of the preceding paper [22]. In §1 and
§2, locally finite (outer) Galois extensions are treated. The main results are
parallel to those of the finite case. In these studies, Nagahara [12] is our
guide. Further several results for finite Galois extensions are added (Th. 1.18).
In §3, we give a normal basis theorem for a finite Galois extension.

§1. As to notations and terminologies we follow [22]. Let A be a ring
with 1 (3 0), C the center of A, G a (finite or infinite) group of automor-
phisms of A, B=A%={x€A; o(x)=x for all ¢ in G}, and G the group of
all B-automorphisms of A. G is then a topological group in finite topology
(cf. Jacobson [7]). We denote the closure of G in G by G*. 4 means the
trivial crossed product of A with G: 4=3,.6® Au,, uu.=u,, (¢,7€G), ux=
o(x)u, (x€A). Then there is a canonical ring homomorphism j from 4 to
End (Aj) defined by j(Z,zw)(y)=2, 2, 0(y) (X, xu,€4, ycA). For any
intermediate ring 7" of A/B, G?={0€G; ¢|T=1,} is a subgroup of G, where
o|T means the restriction of ¢ to 7. We call it a fixed subgroup of G. For
any subgroup H of G, A¥={x€A; g(x)=x for all ¢ in H} is an intermediate
ring of A/B. We call it a fixed subring of A (with respect to G). Then,
as is well known, the set of all fixed subgroups of G and the set of all fixed
subrings of A are anti-order-isomorphic in the usual sense of Galois theory.
A subring T of A is called a G-invariant subring of A if ¢(T)=T for all ¢
in G (or equivalently, ¢(7T)Z T for all ¢ in G). Let N be a fixed subgroup
of G. Then, A? is G-invariant if and only if N is a normal subgroup of G:
N{G. Let T be an intermediate ring of A/B, and put H=G”". Then, for
o,7 in G, ¢|T=7|T if and only if cH=7H. Let H and K be subgroups of
G such that HDK and (H:K)<oo, and let H=a,KU - U, K be the left
coset decomposition. For any x in A¥ we put fgzx(x)=2;0.(x). Then tg 4
is an A¥— A#-homomorphism from A¥ to A%, and is independent of the choice
of ¢,,--,0,. If K=1, we write simply #; instead of #g,.

Here we present several fundamental facts, which are essential throughout
the present study. Let M, and N, be T-left, U-right modules. If M, is
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isomorphic to a direct summand of Ny for some natural number 7, then we
write ,My|-Ny, where ,Nj means the direct sum of r copies of ,N,. If
+My| 7Ny and Ny| M, we write pMy~ Ny (similar) (cf. Morita [21]). To be
easily seen, ,My|.N, if and only if there are 7'—U-homomorphisms f;,:--,f,
in Hom (;My, zNy) and g¢,,---,¢9, in Hom (zNy, zMy) such that 3, f,g.= the
identity of M, or equivalently, Hom (,My, »Ny)-Hom (N, zMy)=Hom (M,
M), where homomorphisms act on the right side.

Let 7 be a ring with 1, M a unital 7-left module, and 7* =End(,.M).

S.1. If ,T|;M then M.|T%. (i.e. My is finitely generated and projec-
tive) and T=End (Mz.). (Morita)

S.2. If ,M|,T then T*.|Mz.. (Morita)

S.3. Let T be commutative. If ,M|,T and ;M is faithful, then ,77|.M.
(Auslander-Buchsbaum-Goldman)

S.4. Let T be an extension ring of 7. If ,T|,T then ,T is a direct
summand of ,7" (and conversely). (Miiller)

S.5. Let 7" be an extension ring of T. If ;T|,T, then T is a direct
summand of ;7,. (The proof is similar to the one of S.4.)

In [22], A/B was called a G-Galois extension if G is finite and there are
elements a,,---,a,; af, --,a} in A such that Ziai-a(a;“)=51,,‘ (6€G). In this
paper, A/B is called a finite G-Galois extension if A[B is G-Galois and
te(c)=1 for some ¢ in A. Then, the following are equivalent:

(a) A/B is finite G-Galois.

(b) G is finite, Az~Bjp and j: 4=~End (Az)

(c) G is finite and ,4~,A.

(Cf. S.1, S.2, [6] and [21]).

A/B is called a locally finite G-Galois extension if there are fixed normal
subgroups N, (1€ 4) of G which satisfy the following conditions: (1) (G : N;)< oo,
and A™:/B is a finite G/N-Galois extension. (2) A=U;A", and {A"; 1€ 4}
is a directed set with respect to the inclusion relation (abbre. A= U, A" is
a directed union). Then we call A= U,;A" a representation of the locally
finite G-Galois extension A/B. If V,(B)=C, an extension A/B is said to be
outer. ~

Now we shall prove first the following

Proposition 1.1. Let G=G* (i.e. G is closed in G). Then the fol-
lowing are equivalent:

(i) {o(x); 0€G} is finite for any x in A.

(ii) G is compact.

(iii) Every directed union of fixed subrings of A with respect to G is
also a fixed subring of A with respect to G, and N H=1, where H ranges
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over all fixed subgroups of G such that (G: H)< co.

Proof. (i)=>(ii)) If we put Tl,c {o(x); 0€G} =D, then GCD and D
is compact. Therefore it is sufficient to prove that G is closed in D. Let @
be any element of the closure of G in D. Then, as is easily seen, @ is a
B-ring isomorphism from A into A. Let a be in A, and put F= {¢(a); c€G}.
Then, by assumption, F is a finite subset of A, so that there is an element
7 in G such that @|F=¢|F. Then, in particular, 2(r *(a))=z(z"*(a))=a. Thus
P is a B-automorphism of A. Hence the closure of G in D is contained in
G. Since G is closed in G, G is closed in D, as desired. (i1) = (iii) For
any x in G, we put H,={6€G; o(x)=x}. Then H, is open in G, and
therefore ¢H, is open in G for any ¢ in G. Then, since G is compact, we
have (G: H,)<oo. Evidently N, H,=1. This proves the second assertion.
Let (A#) T=U;:, T, be a directed union of fixed subrings of A with respect
to G, and let K,=G":. Then each K, is a closed subgroup of G, and A%:=
T;. Let a be an element of A—7T, and put U= {6€G; g(a)=a}. Then U
is open in G, so that each K,—U is closed in G. Since ag T; and A*:=T,,
we have K,—U=+0. For any finite subset {4, ---,4,} of 4, there is an element
2 of A such that 7, 2U,7;,. Then K, cN:K,,, and so 0#K, —U<=N, K,
—U=n, (K;,,—U). Thus {K,—U; 264} has finite intersection property.
Since G is compact, we have N,(K,—U)#0. If ¢ is in N,;(K,—U) then
PeG” and P(a)+a. Therefore aZA*, where K=G”. Thus A¥=T. Hence
T is a fixed subring of A with respect to G. (iii)=>(i) Let H and K be
fixed subgroups of G such that (G: H)<oco and (G:K)<oco. Then HNK
is also a fixed subgroup of G with (G: HNK)<oo. Therefore U A% is a
directed union of fixed subrings of A, where H ranges over all fixed sub-
groups of G with (G: H)<oo. Then, by assumption, U A¥ is a fixed scbring
of A with respect to G. Since NH=1, we have A=UA” For any x in
A, there is an A” such that x€ A%. Therefore if we put L= {0€G; o(x)=x}
then (G:L)<oo. This implies that {¢(x); o€ G} is finite.

Remark. For any x in A, {¢(x); 0€ G} ={o(x); 0 € G*}.

Proposition 1.2. Let N be a fixed normal subgroup of G such that
(G:N)<oo and A¥|B is finite G/N-Galois, and G, a subgroup of G* con-
taining G. Then A”|B is finite G,/N,-Galois, where N,={s€ G,; d|A¥=
1.8}

Proof. Put T=A7. Evidently A¥=7T. Since G is dense in G, and T»
is finitely generated, there holds G|T'=G,|T. Therefore T is G,-invariant,
N, G, and (G,: N})<oco. There are elements a,, -+, a,; aF,---,a* in T such
that 3, a,0(af)=0y, for all ¢ in G. If 7 is in G,—N, then z|T=pe|T for
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some P in G—N, and Y, a; t(af)=23;a;0(af)=0. Thus 3 ;a;-0(af)=0xy,.
for ¢ in G,.

Corollary. Let A/B be locally finite G-Galois, and G, a subgroup of
G* containing G. Then A|B is locally finite G,-Galois.

Proposition 1.3. Let H, (A€ A) be fixed subgroups of G such that
A=U1 A% is a directed union.

(1) If H is a subgroup of G such that (G: H)<oo then APC A" for
some A in A.

(2) If K is a subgroup of G such that (K:1)<oo then KNH,=1 for
some p in A.

Proof. (1) Let [H,UH] be the subgroupof G generated by H,U H.
Since G2[H,UH]2H, we have (G:[H,UH)<(G:H) for all 2 in 4. Let
(G :[H,, UH]) be maximum. We shall prove that A¥C A"*. For any H,
there is an H, such that A®#2AmyUA">. Then H,CH,NH,, and so
[H,UH]S[H,UHIN[H, UH]. Since (G:[H, UH]) is maximum, we have
(H,UH]2) [H,UH]=[H, UH]. Hence [H, UH]C[H,UH] for all 2 in
A. Then AZ=U,(A%N AT =, AEUEI= APUE = AP N A% which means
AZcC A%, (2) Since A=U, A%, we have 1=G*=N;H,. Let K={01=1,
02, ",0,}. Then, for any ¢, (i#1), there is an H,, such that ¢,¢ H,,. By
assumption there is a g such that H,ZN,.,,..,H,. Then HNH, S HN
(Nyeyor Hi)=1.

Remark. Let A/B be locally finite G-Galois, and A= U, A" its repre-
sentation. If G is finite then A=A%: for some 2.

Proposition 1.4. Let T be an intermediate ring of A[B such that
G|T is finite, and let H=G", and G=0,HU---Uo,H a left coset decompo-
sition of G. If there are elements t,, -+, t,; &, -, tx in T such that 3, t;o(t))
=dg, for all ¢ in G, then there hold the following.

(1) T=AZ and Ty is finitely generated and projective.

(2) % A(Sru)T=5 Au,=Hom(Ty, Az), where j* (5, zut,)(t)=
3. xi-0x(2), and this induces the B—T-isomorphism (zTr=) (X t,)T=
Hom(7T%, Bg).

(3) The following are equivalent: (i) Bg|Ts. (ii) zB|sT. (iii) Zg.a(c)=1
for some c in T.

Proof. (1) tg.x is a B— B-homomorphism from A¥ to B. For any y in
AZ, ToX, ty ten(tiy)=Det: Dk 0x(8Y) =225 200 ti0,(tF)or(y)=y. Hence A®
—T, and T is finitely generated and projective (cf. [3]). (2) j* ' is the
mapping such that 7* ' (f)= 2, f(&)(5s )¢ (fe Hom(T s, Ap). The second
part will be easily seen. (3) The equivalence (i)&= (iii) is easy from (2).
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Therefore (i) and (ii) are equivalent, because the situation is right-left symmetric.

Proposition 1.5. Let A/B be locally finite G-Galois. Then there hold
the following :

(1) G* is compact.

(2) By j, 4 is isomorphic to a dense subring of Hom(Az, Ajg).

(3) A subgroup H of G is a closed subgroup of G if and only if H
is a fixed subgroup of G.

Proof. Let A=U, A"t be a representation of the locally finite G-Galois
extension A/B. (1) If = is in A then x€A® for some v in 4. Then
(G: N,)<oco implies that ({¢(x); 0 € G} =) {o(x); 0 € G*} is finite. Hence, by
Prop. 1.1, G* is compact. (2) By Prop. 1.4 (2), Im j is dense in Hom (A3, Apg).
Therefore it suffices to prove that j is 1—1. Let a;, -, 0, be different elements
in G. Then there is a finite subset F' of A such that ¢, F+#o¢.|F provided
i#k. From this fact and Prop. 1.4, we can easily see that j is 1—1. (3)
Evidently, a fixed subgroup is a closed subgroup. Let H be any subgroup of
G, and put H'=G7?, where T=A%. Then T=A%. It suffices to prove that
H is dense in H'. To prove this, we take any finite subset F of A. Then
FC A%« for some N,. Put N=N,. Then, by finite Galois theory, we obtain
(G/N)»=HN|N and (A/N)"t=H'N|N, where T,=A%" and T7=A"% (cf. [22;
Prop. 2.2]). Since A =A"NAY=A" N A¥=A"%, we have HN/N=H'N|N,
that is, HN=H'N. Hence H|A*=H'|A”, and so H|F=H'F. Since F is
arbitrary, this implies that H is dense in H’. This completes the proof.

Theorem 1.6. Let A/B be locally finite G-Galois, G=G*, and H a
subgroup of G, and let A' be an indecomposable extension ring of B such
that V ,(B)=V (A’'). Assume that there is a B-ring homomorphism g from
A to A’. Then, for any B-ring homomorphism f from A¥ to A’, there is
an element ¢ in G such that f=go|A~.

Proof. Let A=U,, A"+ be a representation. For each N,, there is an
element ¢ in G such that f|A#¥i=g¢|AZ: ([22; Th. 4.1]). For each 2, we
put K;={0€G; f|AT1=gg|A®¥:}. Then K,#0, and {K,; A€ A} has finite
intersection property. Let z be in the closure of K, in G. = Since (A% is
finitely generated, z|A™:=a|A?: for some @ in K,. Then t]|A™i—q|A%¥:,
and so f|AT"i=ga|A®Yi=gr|A®¥:. Hence r€ K;, and therefore X, is closed
in G. Since G is compact (Prop. 1.5), we have N, K,#0. If ¢ is in N, K,
then f|A"™:=gp|A": for all 2in 4. Since AZ=U; A", we know f=gp|A~

The following theorem will follow at once from Th. 1.6 and Cor. to
Prop. 1.2.

Theorem 1.7. Let A/B be locally finite outer G-Galois, and A an
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indecomposvble ring. Then G*=G, that is, G is dense in G.

Proposition 1.8. Let A/B be:locally finite G-Galois, and G=G* (cf.
Cor. to Prop. 1.2). Then there hold the following.

(1) For an intermediate ring T of A|B the following are equivalent.
(i) T=A" for some subgroup H of G. (ii) There are subgroups H, (r€I)
of G such that T=U, A%, (G:H)<oo and {A%r; TGF} is a directed set
with respect to the inclusion relation.

(2) If H is a subgroup of G such that (G: H)< oo then (A%)g is finitely
generated.

Proof. Let A=U., A" be a representation of the locally finite G-Galois
extension A/B. (1) (i)=>(i) T=A%"=U,(A"NAY)=U,; A" is a directed
union, and (G : HN,)<oo. (ii)=>(i) follows from Prop. 1.1. (2) By Prop.
1.3, AZC A® for some v in 4. Then, A"=A"%" is a fixed subring of the
finite G/N,-Galois extension A%¥/B, and therefore (A”)s|(A™)= (cf. [22; §2.
p. 118]). Since (A™), is finitely generated, (A¥); is finitely generated.

Let T be an intermediate ring of A/B, and S a subset of A. T is called
a G-separable cover of S if T satisfies the following conditions:

(1) T/B is a separable extension, and T2S.

(2) G|T is finite.

(3) G|T is strongly distinct (i.e. if ¢|T+#7|T for o, 7 in G then ¢|T
and z|7T are strongly distinct).

Theorem 1.9. Let A/B be locally finite outer G-Galois, and T an
intermediate ring of A/B. Then the following are equivalent: ‘

(i) T=A" for some subgroup H of G such that (G:H)<co.

(ii) T/B is a separable extension, Ty is finitely generated and G|T is
strongly distinct.

(iii) T is a G-separable cover of B. ,

Proof. Let A= U, A" be a representation. (i)=»(ii) By Prop. 1.3,
T=AZC A® for some v in 4. Then 7 is a fixed subring of the finite G/N,-
Galois extension A™/B. Then, by [19; Prop. 3.4], 7T/B is a separable
extension. By Prop. 1.8 (2) (cf. Cor. to Prop. 1.2), T, is finitely generated.
By [22; Th. 2.6], G|T is strongly distinct. (ii)==>(iii) This follows from the
fact that {o(x); o€ G} is finite for any x in A. (iii)=>(i) Let {(z, #);
i=1,---,n} be a (B, T)-projective coordinate system of 7/B. Then, by [22;
Prop. 1.2] 3, t,-0(tf)=0x, for ¢ in G, where H=G". #¥(G|T)<-<oo implies
(G:H)<oco. By Prop. 1.4, A#=T.

Combining Th. 1.9 with Prop. 1.8, we obtain the following theorem (cf.
[12; Th. 3], [28,; Theorem]).
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Theorem 1.10. Let A/B be locally finite outer G-Galois, and G=G™*.
Then, for an intermediate ring T of A|B, the following are equivalent.

(1) T =A% for some subgroup H of G.

(ii) For any finite subset F of T there is an intermediate ring T, of
T/B such that T,2F, T,/B is separable, T, is finitely generated, and G|T,
is strongly distinct.

(iii) Any finite subset of T has a G-separable cover which is contained
in T.

Next we shall proceed to the characterization of locally finite outer Galois
extensions.

Proposition 1.11. Let V (B)=C, T a G-separable cover of B, and
{(&, t}); i=1,---,n} a (B, T)-projective coordinate system for T|B, and put
H=G?". Then there hold the following.

(1) Xt o(tf)=0g, for all ¢ in G.

(2) AZ=T, (G:H)<oo, and T|B is a projective Frobenius extension.

(3) Let K be a subgroup of G containing H. Then, 3, txa(t,)a(ty)
=0x., Jor all ¢ in G, T is (B, A¥)-projective, T|AX is a projective Frobenius
extension, and G|A¥ is strongly distinct. Further the following are equiva-
lent. (a) (A" x|Tux. (B) uxy(A®)|uxyT. ) twxw(c)=1 for some c in T.

Proof. (1) follows from [22; Prop. 1.2], and (2) is obvious by (1) and
Prop. 1.4. (3) It will be easily seen that Y, ¢x.u(%)0(¢f)=0dx, for all ¢ in G.
Since X ,2t,Qt = 2,t,Qt5t (€ TQ pT) for tin T, X,y -txr(t) Rt =21 itxn(2)
Rtry (€ AX®T) for all y in A¥X. Hence the mapping x— 3, txu(t)RtFx
from T to A¥®zT is an AX-AX¥-homomorphism. Since ;¢xx(t)tifx==x,
it follows that 7 is (B, A¥)-projective. Let P|A¥+#7|A* for 0,7 in G. Then
7'0¢g K, and so 0=7(2 txua(t)c 0(t})= it (tau(t,)0(f). Thus, by [22;
Prop. 1.1], @|A%X and 7z|AX are strongly distinct. If we set G=K in Prop.
1.4, the remainder follows from Prop. 1.4.

Theorem 1.12. Let V (B)=C. Then the following statements are
equivalent.

(1) A/B is locally finite (outer)G-Galois.

(ii) For any finite subset F of A there is a G-invariant G-separable
cover T of F such that zB|zT.

(iii) For any finite subset F- of A there is a Gsseparable cover T of F
which satisfies the following: If T, is an intermediate ring of T|B such
that (@) T is (B, Ty)-projective, (8) T|T, is a projective Frobenius extension,
() G|T, is strongly distinct, then  1T,|r T .

(iv) For any finite subset F of A there is a G-separable cover T of F
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which satisfies the following: If T, is an intermediate ring of T|B such
that () T is (B, T,)-projective, (8) T|T, is a projective Frobenius extension,
1) G|T, is strongly distinct, (0) Ty is a G-invarinat fixed subring (with
respect to G), then 5 To|zT. \

‘Proof. (i)=>(ii), (iii) Let A=U,,A"? be a representation of the locally
finite G-Galois extension A/B. Then any finite subset F of A is contained
in some A% (ued). By [22; Th. 1.5], A% is a G-invariant G-separable
cover of F such that zB|zA%*. Let T, be an intermediate ring of A**/B such
that A% is (B, T,)-projective and that G|7, is strongly distinct. Then, by
[22; Th. 2.6], T, is a fixed subring of the finite outer G/N,-Galois extension
A%:|B, whence 5 Tolr,, T by [22; §2. p. 118]. (ii)=>(i) Let F be a finite
subset of A, and 7 a G-invariant G-separable cover of F such that zB|zT.
If we put N=G7, then A¥=T, NG and (G:N)<oo (Prop. 1.11). By
Prop. 1.11, A¥/B is a finite G/N-Galois extension. Noting that (A%)z is
finitely generated, A/B is a locally finite G-Galois extension. (iii)=>(iv) is
trivial. (iv)=>(i) Let 7} be a separable cover of an element x in A. Put
G%:=H,. Then #(G|T,) < oo implies (G: H;)< oo and #{o(x); seG}< .
Thus any finite subset of A is contained in a G-invariant finite subset of A.
Let F be a G-invariant finite subset of A, and 7" a G-separable cover of F
as that in (iv), and let {(#, #f); i=1,---,n} be a (B, T')-projective coordinate
system of T/B, and H=G?. Then, by Prop. 1.11, A?=T, (G : H)<oo, and
S .t-0(t})=06m, for all ¢ in G. Set N=G”. Then HC NG, and FCAYC
AZ=T. By Prop. 1.11, T is (B, A”)-projective, T/A¥ is a projecttive
Frobenius extension, and G|A? is strongly distinct. Then, by the assumption
for T, (A, T, so that ty.z(c)=1 for some ¢ in T" (Prop. 1.11 (3)). Put
ti=ty.a(t) and t¥ =ty.a(tfc). Then, ¢, t7'€ A¥, and 3t 0(¢f)=0x, for all
¢ in G (Prop. 1.11 (3)). Further, as is easily seen, X1;#-0(¢!)=dy,, for all ¢
in G. Since zB|zT (Prop. 1.11 (3)), we have zB|zAY. Thus A¥/B is a finite
G/N-Galois extension. Noting that (A%¥) is finitely generated, we conclude
that A/B is a locally finite G-Galois extension.

Proposition 1.13. Let A*D2TDB* be rings such that A* is (B*, T')-
projective, A' an extension ring of B* such that V. (B*)=V .(A), and
fi, - fe B*-ring homomorphisms from A* to A' such that f;|T and fi| T
(i#k) are strongly distinct. If (B*)p«—>>Tg. then (A')s —>>(A')y.

Proof. Let {(¢;, a});i=1,---,n} be a (B*, T')-projective coordinate system
for A*. Then, by [22; Prop. 1.2], 2.fa()fe(aF)=04 for all h, k. Let ¢
be a A’-right homomorphism from 7 ®3zA’' to (A’)y defined by ¢(t®a')=
(i®a, -~ f(f)a). Since X, fu(t:)fe(ai)=0rs, ¢ is an epimorphism. (B*)z
—>T's. implies that (A’)y >T ®zA’'s. Hence we have (A'); —>>(A')y, as
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desired.

Concerning Prop. 1.13, we consider the following condition.

Condition (F): If ,A"—>,A® for positive integers r,'s, then r>s.

Remark. Let ,A”—>>_,A® for positive integers 7, s. Then, since ,A’ is
projective, ,A® is isomorphic to an A-direct summand of ,A~.

(1) If LA is finite dimensional, then 7-dim ,A>sdim A4, and so r>s
(cf. [11]). : |

(2) Assume that there is a proper ideal A of A such that A/ is finite
dimensional. Then, since ,A7/A"—> ,A°/A°, the above (1) yields 7>s, because
4ATA = (A/NY and LA /A~ (A/AN).

(3) If A is commutative, then r>s by (2).

Proposition 1.14. Let V,(B)=C, and A an indecomposable ring satis-
Sying (F), and let T be an intermediate ring of A/B, and S a subset of A.
Then the following are equivalent:

(i) T is a G-separable cover of S.

(i) T2S, T/B is a separable extension, and Ty is finitely generated.

Proof. (i)=>(ii) is evident by Prop. 1.11. (ii)=>(i) By [22; Lemma
2.7}, A is (B, T)-projective. Then, by Prop. 1.13, we have #(G|7T)< oo, and
hence T is a G-separable cover of .S.

If A is commutative, then A satisfies (F). Therefore, by Th. 1.12, S. 3
and Prop. 1.14, we have the following :

Theorem 1.15 (Nagahara [12]). Let A be an indecomposable commuta-
tive ring. Then the following are equivalent.

(1) A/B is locally finite G-Galois.

(i) For any finite subset F of A there is an intermediate ring T of
A[B such that (a) T|B is a separable extension, anf Ty is finitely generated,
(8) T2F.

Proposition 1.16. Let A/B be locally finite G-Galois, and H a sub-
group of G. Then G|A¥ is strongly distinct. | »

Proof. Let o,7 be in G, and e a central idempotent of A such that
o(x)e=t(x)e for all x in A”. Let A=U,,A™ be a representation of the
locally finite G-Galois extension A/B. We may assume that e€ A" for all
2 in 4. Suppose that ¢|A%+#7|A”. Since A= U1 AV, 0| A¥" £7|AY for
some g in A. Then, by [22; Prop. 2.4], (G/N,)|A¥+™ is strongly distinct.
Therefore we have e=0. Thus G|AF is strongly distinct.

Theorem 1.17. Let A/B be locally finite outer G-Galois, and T an
intermediate ring of A[B. Then the following are equivalent.

(i) T=A" for some subgroup H of G, and A, is finitely generated.
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(ii) T=A" for some subgroup H of G such that (H:1)<oo.

(iiiy A/T is a projective Frobenius extension, Hom(Ay,, A7)S4, and G|T
is strongly distinct.

When any of the above conditions is satisfied A|A® is finite H-Galois.

Proof. Let A=U;1A% be a representation of the locally finite outer G-
Galois extension A/B. (i)=>(ii) Let A=, T +---+x,7. Then x,,---,x,€ A%
for some pe A, so that A=A"T=A".A". Hence N,NH=1. Since (G:N,)
<oo we have (H:1)<oo. (ii)=>(iii) By Prop. 1.3, HNN,=1 for some
p€A. There are elements ay, -, a,; af, -, a, in A% such that X],a;-a(a;)
=0y, for all ¢ in G. Then Y,a, o(af)=é,, for all ¢ in H. Hence A/A*
is H Galois. Therefore AJ/A¥ is a projective Frobenius extension (cf. [22; p.
121]), and Hom(A,, Ap)=X.enAu.Sd4. By Prop. 1.16, G|T is strongly
distinct. (iii)=>(i) Let A=Y .cza.u, be a Frobenius homomorphism of A/T,
where H is a finite subset of G and a,#0 for all z in H. Then, since th=ht
for all ¢ in T, we.have ta.=a,z(¢) for all ¢ in T, in particular, ba, =a.b for
all » in B. Hence a.€ V,(B)=C for all z in H. There are elements 7, /,
in A such that x=3,h(xr)l,= 3 7rs+h{lx) for all x in A (cf. [27]). Then
wy= 2 rihl, =217 Siera-t(l)u.= Dieerr sl t(l)u., and so 1= X ,ral, =
a, Y.7d;. Thus a, is an invertible element in C, and a;'=2j;7,. Since H
is finite there is an N, such that z |A¥=# | A”+ provided t#P (r, € H). Since

¥.B is finite G/N,Galois, there are elements d, e, in A% such that
Yedi-a(e)=0x,, for all ¢ in G. Put 4d,=Hom(A,, A;). Then 4,=AhA,
and AoaZ,cz-(d,c)hek—zaegzkr(d,‘)a gley)u,=au, for ¢ in H. Thus 4,=
ARA=73 . ca®Aau,. Since A/T is a projective Frobenius extension with
Frobenius homomorphism %, ,LA® A 4=~ 44,4 by the correspondence x@y—xhy.
Let ¢ be the A-left homomorphism from 4 to 4, defined by o(Dex,)=
3 exx.au,, and ¢ the A-left homomorphism from 4, to 4 defined by ¢(xhy)=
. x-h(yr)vl;, where v=73 cxu.. Then, as h(tr,)a.=7h(yr,)a. (r€ H), p¢p=1.
Since au.= 3 ,7(d)her, we have ¢(au)= Y2 .v(de)hlers)vli= 2. peadie 2
t(dr) e P(er) P(rowl,= 2l uen 2ea. t(ry)ul;, and so P (@au.)=2er 2iea a, t(r) X
v(Z)u,. On the other hand, ¢¢(a.u.)=au,, and hence a’-z(X.;7.l;)=a. for all
r in H. Since a;'=Y],7r:l;,, we have a?-=a, r(a). Noting that z(a;) is an
invertible element of C, Aa.a.=Aa, t(a)=Aa,, and so A=Aa.+Ann,(a,),
where Ann,(a,)={xe€ A; xa,=0}. If xa € Ann,(a.), then 0=zdl=xa. 7(a.),
so that za,=0. Thus A=Aa.@®Ann,(a). Therefore Aa. is written as Ag.
with a central idempotent ¢g. of A. Since Aau.S4,, we have g.u.€d,, and
so g.-t=g.z(t) for all ¢ in T. Consequently, 4= 2 .x® Awu, and H=G7.
Hence End (,,A)=(A"). the right multiplications of elements of A. Since
au. € d,=End(A,), we have au.€End(A ). Noting that a. is in C, we
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can easily seen that ag.u, € Hom( u,A sy, uiyAus). Thus A=73, cnau. €
Hom ( 4ty A 45y, (uthAsy). Then, by [27; Cor. 1], A/AZ is also a projective
Frobenius extension with a Frobenius homomorphism A. Since (H:1)<oo,
there is an N, such that HNN,=1 (Prop. 1.3 (2)). Then A"":C A%™, and
H=~HN,/N, canonically. Therefore there is an element ¢ in A”: such that
tz(c)=1 (cf. [22; §2. p. 118]), which implies (A7) 4, A5, because the A”-
right homomorphism x—tg(cx) (re A) from A to A7 splits. Therefore there
is an element d in A such that A(d)=1. Then, for any x in A%, T 3h(dx)=
h(d)x=x. Thus we obtain T'=A*. as desired.

Theorem 1.18. Let A/B be finite outer G- Galozs and T an inter-
mediate ring of A/B. Then the following are equivalent.

(i) T=A" for some subgroup H of G.

(ii) A/T is a projective Frobenius extension, and G lT is strongly
distinct.

(ili) T/B is a separable extension, and G|T is strongly distinct.

Proof. (i) (ii) is evident from Th. 1.17. (i)==>(iii) follows from [22;
Th. 2.6] and [19; Prop. 3.4]. (iii)==>(i) follows from [22; Th. 2.6 and
Lemma 2.7].

§2. Heredity of locally finite Galois extensions.

Let A, be a G*-invariant subring of A such that the mapping oc—a|A,
(6 € G*) is one-to-one and such that A,/A¢ is a locally finite G-Galois extension,
and let G* be compact (as an automorphism group of A). Put B,=A§, and
let Ay=U,;,A{* be a representation of the locally finite G-Galois extension
Ay/B,. Then G/N, may be considered as a finite group of automorphisms
of A¥». And, by [22; Th. 5.1 and §2. p. 118], A=A Q3 B, A"/B is
finite G/N,-Galois. Since U,;A?": is a directed union, the compactness of G*
implies that U;A%3(2A,) is a fixed subring of A with respectto G* (Prop.
1.1), so that A=U, A", because 6—ad|A, (6 € G*) is 1-1. Thus A/B is locally
finite G-Galois. Let H be any subgroup of G. Then, A?=U, (A" NAM)=
U,A%%. By [22; Th. 5.1], A" =A™ /"M@ B= A" @3 B. Hence
A =U;(Af"1-B)=Af-B, and AJ® B> Ay -B=A" canonically. Since the
isomorphism A{":® B~ A§f"¥:B(C A”) may be considered as AT"® zB—
AY®pB—A", we know A7=AY®jzB. Symmetrically we obtain A" =
B®j» A7. Next we consider the set of all A,G-left submodules of A and the
set of all By-left submodules of B. Let X be any A,G-left submodule of A.
Then X NA%* is an A¥(G/N,)-left submodule of A?%:. Therefore, by [22;
Th. 5.1], we have XNAM=AM(XNA*)NB)=A{®z (X NB), so that
X=UAXNAY)=U,(AF(X NB)=A4,(XNB). Since AYi®z (X NB)=AX(X
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NB)C X for all 2, we have X=A,®5 (X NB). Evidently X NB is a By-left
submodule of B. Let X be any By-left submodule of B. Then, as is easily
seen, A, X is an A,G-left submodule of A, and A, X=U,Ay+X. By [22;
Th. 5.1], AY»XNB=X for all 2 in 4, so that A, XNB=U,(A*XNB)=X.
If Y is a G-invariant intermediate ring of A/A,, then Y N B is an intermediate
ring of B/B,, and Y =A,(Y NB). Symmetrically we have Y=(YNB)A4,. If
Y is an intremediate ring of B/B, such that A,Y=YA,, then A,Y is a G-
invariant intermediate ring of A/A4,. Since A=U,A%:, we have Y =U ;XN
AY)=U, Y%, and Y?*/(Y NB) is finite G/N;-Galois ([22; Th. 5.1]. Hence
Y /(Y N B) is locally finite G-Galois. Thus we have obtained the following.

Theorem 2.1. Let A, be a G*-invariant subring of A such that
o—0c|A, (6€ G*)is 1-1 and such that A./B, is locally finite G-Galois where
By=A¢, and let G* be compact. Then there hold the following:

(1) A/B is locally finite G-Galois.

(2) A"=BQ3A;=AF® B for any subgroup H of G. In particular,
A=B®BOAO=AO®BOB-

(3) Let {X} and {X} be the set of all A,G-left submodules of A and
the set of all By-left submodules of B, respectively. Then, X—X NB and
X—>AX=A,®5X are mutually converse order isomorphisms between {X}
and X.

(4) Let {Y} and {Y} be the set of all G-invariant intermediate rings
of AlA, and the set of all intermediate rings of B|B, such that A,Y=YA,,
respectively. Then Y/[/(Y NB) is locally finite G-Galois, and Y—Y N B and
Y—>A,Y=YA, are mutually converse order isomorphisms between {Y} and
{Y}. .

Let A, A’ be R-algebras such that AR rA’'#0. Assume that A/B is
a locally finite G-Galois extension such that R-1C B, and assume that A’ is
a locally finite G’-Galois extension such that R-1C B’.- Then each %7 in
G x G’ induces an automorphism of A®zA’. Let A=U,A% and A’'=
UsA’¥ be representations of A/B and A’/B’ respectively. Then, by [22; Th.
5.2], (A%® ,A'")/(BQB') is a finite (G/N,) x (G/N,)-Galois extension. Let ¢,
be the canonical R-algebra homomorphism from A% ® A" to AY:Q A
(CARzA. Weput (ARRA'D) AYQA™i=A, and (AR rA'2) BB =B*.
To be easily seen, Ker ¢,; is a (G/N,) % (G'/Ny)-invariant ideal of A%® A% .
Hence A.;/B* is (G/N,)x (G'|N';)-Galois ([22; Th. 5.6]). There are elements
c and ¢’ in A% and A’%; respectively such that z4x (c)=1 and zg,x;(c')=1.
Then c®c'€ A, and tgn x@wp(c®c)=1®1. Hence A,/B* is a finite
(GIN,) x (G'/N';)-Galois extension, and {6 x7€G xG'; o xt|Am=1,,}=
N,x Nj. Since N, 5NV, %x N;)=(N.N,)x (N N;)=1, G x G’ may be considered
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as a group of automorphisms of A®A’. Let H and H’ be subgroups of G
and G’, respectively. Then, (AQrAN =, ;AT = U, ;(AVTRQANH) =
(Us AYRQ(U, AP )= APQA™ by [22; Th. 5.2]. In particular (A& pA")Y«*¥s
=AYQRQA" = A,, and evidently (GxG’': N,x N,)<co. Since ARpA'=
U sfAY* Q@A™ is a directed union, AR ,A'/BRB’ is a locally finite G x G’-
Galois extension. lLet a€ A and a’€ A’. Then it is evident that {¢xze€
GxG'; o(@®7(@)=a®a'} 2{0eG; g(a)=a} x {reG’; t(a’)=a’}. Put {c€eG;
=a}=K and {reG’; r(a’)=a’'}=K'. Then A¥C A% and A’*' C A" for
some a, B (Prop., 1.3), so that N,CK and N;,CK'. By [22; Th. 5.2],
(G/N, x G'| N;y*"®4"" = K/N,x K'/N;, and hence (GxG)*"®4* = KxK'.
Since (A%); and (A'%"),, are finitely generated, (A*®A'* )zep is finitely gener-
ated. Hence the finite topology of G x G’ with respect to A®zA’ is the
product topology of the finite topology of G with respect to A and the finite
topology of G’ with respect to A’. Thus we have proved the following

Theorem 2.2. Let A andA’' be R-algebras such that AQpA'+#0. If
A/B is a locally finite G-Galois extension such that R-1CS B, and A’'|B' is
a locally finite G'-Galois extension such that R-1C B', then (AQrA")/(BRB')
is a locally finite G x G'-Galois extension, and (AR rAY"H =A"QRA"™ for
any subgroup H of G and any subgroup H' of G The finite topology of
G x G' with respect to AR RA’ is the product topology of the finite topology
of G with respect to A and the finite topology of G' with respect to A'.

Corollary. Let A/B be a locally finite G-Galois extension such that
BCC, and A' a B-algebra such that AR zA'#0. Then (AQRQsA"N(1RA') is
a locally finite G-Galois extension, and (AzQA'Y =A"QR A’ for any subgroup
H of G.

Proposition 2.3. Let A/B be locally finite G-Galois, and G=G*. If
H and K are closed subgroups of G, then A" ¥=A"-A*=A¥-A%. In
particular, if HNK=1 then A=A"-A¥=A%. A"

Proof. Let A=, A" be a representation of the locally finite G-Galois
extension A/B. First we assume that (G:K)<oo. Then, by Prop. 1.3,
AX¥C A? for some peA. Since (A¥)z is finitely generated and (A¥),x is
a direct summand of (A™),x ([22; §2. p. 118]), (A%); is finitely generated.
Therefore we may assume that AXC A% for all 2€ 4. Then N,CK for 1€ 4,
and AH AI( (UAeAAN‘H)(U,eAAN I() UzeA(AN ANzK) UAAN‘HHN‘K= UZANZHDK
by [22; Prop. 5.3]. Since NNHNK=N,(HNK) for all 2, we have AZ-A¥=
U, AVENE) — AENK  Next we return to general case’ For any finite subset F'
of A%, we put Kp={06€G; o|F=1;}. Then (G:Kp)<oo, A¥*C A¥, and
(A¥F), is finitely generated. Therefore A¥=U,A*F is a directed union, and
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hence A"-A%=A"(UpA¥F)=UzA"-A%r) is also a directed union. Since each
A" A¥r (= A"0Xr) is a fixed subring of A, A”-AX is a fixed subring of A
(Prop. 1.1). Hence, as is easily seen, A”-A¥= A""%,  Symmetrically we have
AFNE=AX. A",

Corollary. Let A/B be locally finite G-Galois, G=G*, and H,(rel)
be closed subgroups of G. Then, [U,A"]=A":, where [U, A"r] means the
subring of A generated by U,A":. "

Proof. Evidently [U,A%]=U[A®U---UA"=], where {7},---,7,} ranges
over all finite subsets of I'. By Prop. 2.3, A%n0-N¥m — A¥n... A% =
[A®ny---UA"™], and therefore [U,A™] is a directed union of fixed subrings
of A. Hence, by Prop. 1.1, [U,A%] is a fixed subring. Since {c€G;
c|[U,A"]=1}=N,H,, we obtain [U,A%]=A"", as desired.

Proposition 2.4. Let A/B be locally finite G-Galois, N a G-invariant
proper ideal of A, K a closed subgroup of G, and N a closed normal sub-
group of G such that (G:N)<oo. Then there hold the following:

(1) AXO¥IAX is finite K/(KNN)-Galois. In particular, A¥|B is finite
G/N-Galois.

(2) (A¥+W)/AW)/((B+W/N) is finite G/N-Galois, and ((A¥+A)/A)* =
(A +N)/U for any subgroup H of G. '

Proof. Let A=U,;,A" be a representation of the locally finite G-Galois
extension A/B. (1) By Prop. 1.3, A¥C A% for some p€ 4, and then N,C N,
AY=(A%)¥¥a.  Therefore, by [22; Prop. 5.7], A%/B is finite (G/N,)/(N/N,)-
Galois, or equivalently, finite G/N-Galois. Accordingly, A?/A¥% is finite
NK/N-Galois, or equivalently, finite K/(KNN)-Galois. K/(KNN) may be
considered as a finite group of automorphisms of A*"¥, because KNN< K.
Then A*"Y/AX is finite K/(KNN)-Galois. (2) By (1), A¥/B is finite G/N-
Galois. If tgx(c)=1 for ¢ in A%, then #gy(c+A)=1+A. Then, by [22;
Th. 5.6], (A¥+A)/A)/(B+A)/A) is finite G/N-Galois, and ((A¥+A)/AW)* =
(AY +A)/A for any subgroup H of G.

Let A/B be locally finite G-Galois, K a closed subgroup of G,N a closed
normal subgroup of G, and U a G-invariant proper ideal of A. Let A=
U:ea A% be a representation of the locally finite G-Galois extension A/B. Then
A¥=U;(A"N AY)=J,A"": is a directed union, and each NN, is a closed
normal subgroup of G, because (G : N,)<co. Then, by Prop. 2.4 (1), A¥":/B
is finite G/NN,-Galois. Therefore there are elements a,,---,a,; b, -, b,
in A" such that },a;,-0(b)=0ww,. for ¢ in G. Hence A*":/B is finite
(GIN)/(NN;)/N)-Galois. Hence A?¥/B is locally finite G/N-Galois. Next we
consider K. A=U;A% ¥ is a directed union, and each N,NK is a fixed
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normal subgroup of K such that (K:N,NK)<oco. By Prop. 2.4 (1), each
AMNE[AK is finite K/(N,N K)-Galois. Hence A/A¥ is locally finite K-Galois.
Finally we consider . Evidently, A/ =U,(A%+A)/A). By Prop. 2.4 (2),
(A7 + )/ W)/(B+AW)/A) is finite G/N -Galois, and (A% + A)/A)" =(AY# + A)/A
for any subgroup H of G. Therefore (A/A)7=U,(A% +20)/A)7=U,(A%" +
A)/A=(A%+A)/A for any subgroup H of G. Hence ((A + A)/A)/(B~+ A)/AN)
is locally finite G-Galois. Thus we have proved the following

Theorem 2.5. Let A/B be locally finite G-Galois, N a closed normal
subgroup of G, K a closed subgroup of G, and N a G-invariant proper ideal
of A. Then there hold the following :

(1) APY/B is locally finite G/N-Galois.

(2) AJA* is locally finite K-Galois.

(3) (A+W)/W)/(B+W)/A) is locally finite G-Galois, and (A + N)/AW)T =
(AZ+W)/A for any subgroup H of G.

Corollary. Let A/B be locally finite G-Galois, and e a non-zero idem-
potent in BNC. Then Ae/Be is locally finite G-Galois, and (Ae)"=A"-e for
any subgroup H of G.

Let A/B be locally finite G-Galois, n a positive integer, and J the ring
of rational integers. Then, (J), is a J-algebra, and (J),®,;A=(A),#0. If we
define o((a;:))=(o(a;s)) for any ¢ in G and any (a;;) in (A),, then (A),/(B). is
locally finite G-Galois and ((A),)*=(A"), for any subgroup H of G (Th. 2.2).
Now, let {e;; 7,k=1,---,m} a system of matrix units contained in B, and
A=U;4 A" a representation of A/B. Put A,=V,({e:}) and B,=BN A,.
Then, as is well known, A=, @ A, Ao~ Ae; by the right multiplication
of e;:. To be easily seen, A":=73, , Ale,,, and A=V x5 ({ew}). There is
an element ¢ in A%z such that z,. x(©)=1. Let c= 3, :xueu (X € Ad?). Then
1=te.n,(0)= 2 rle:n, (L)€, and so te:v,(xn)=1. Thus, by [22; Th. 5.8],
A{3B, is finite G/N,-Galois. Since A,=U,;A¥: is a directed union, A,/B, is
locally finite G-Galois. Therefore, by Th. 2.1, A=A,® 3 B. Thus we have
obtained the following

Theorem 2.6. Let A/B be locally finite G-Galois.
(1) For any positive integer n, (A),[/(B), is locally finite G-Galois, and
((A))*=(A"), for any subgroup H of G.

(2) If {ews i, k=1,---,m} is a system of matrix units contained in
B, Ay=V ({e}), and By,=BNA,, then AyB, is locally finite G-Galois, and
A=A0®B°B.

Let A/B be finite G-Galois, and M a 4-left module. For any subgroup
Hof G, we put M7={meM; um=m for all re H}, which is an A%
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submodule of M. Evidently M*2 A" - M€, and the mapping ¢ : A¥® zM*— M*
defined by a@m—>am (ae€ A, me M%) is an A“-left homomorphism. By
assumption there are elements a, -+, a,; af, ---,a%, d in A such that }},a,-0(a;)
=0,, (6€G), ta(d)=1. Put t,=tu(a,). Then, t,c A¥ and },t; o(a;)=0x,, for
oin G. If m is in M#, then AZ-M®3¢, ) cqt.(a;dm)=2;t; 2 ca0(aid)um
=ty(dym=m. Hence ¢ is an epimorphism. If a€ A% and m,€ M?, then
2eti® X et (afdame) = 2,4, 3 eao (afda)ym,= 25,1, 31 eqo(al da)@m,= ta(da)
Qmy=a@®m,. From this fact, as is easily seen, ¢ is 1-1. Thus we have
M7Z=ARR zM€?¢ Next we proceed to more general case.

Let A/B be locally finite G-Galois, A = U, A" its representation, and M
a d-left module. Let G=¢,N;U - U, N, be the coset decomposition of G, and
let 4, be the trivial crossed product of A" with G/N,: 4,=3,®A"vz, v;vs;
=V, Ug a=o,(a)v;, (6,=0;N, 6,=0,N€G/|N,, ac A"). For any m in M™
and any },x,v; in 4;, we define 3, zv;;(m)= 2, xu,,m. Then, as is easily
seen, M?: is a 4,-left module. Since A?:/B is finite G/N,-Galois, we obtain
that M= AM® ;M€¢ and M 7 =AY ,M®¢ for any subgroup H of G.
Since A=U,;A%" is a directed union, so is U,M?:. For any subgroup H of
G, (U, M™% =, MY = J, A¥". M = AZ.M9, and AYZQ zM®~ AV". M€
canonically. The last isomorphism may be considered as AY#Q zME—
AZR zME—> AZ-ME, and hence we see that (U,M )"=A"Qz;M®¢. For any
m in M we put H,,={0€ G; u,m=m}, which is a subgroup of G. Assume
that (G: H,)<oo and that H,, is closed in G. Then, by Prop. 1.3, H,,2N,
for some ve 4, so that me M¥. Conversely, if m is in U, M?:, then m € M=
for some N,, so that H,2N,. Then, since (G:N,)<oco and N, is closed in
G, (G:H,)<oo and H,, is closed in G. Thus we have proved the following

Theorem 2.7. Let A/B be locally finite G-Galois, and M a d-left
module. Then there hold the following :

(1) A-M€¢ is a d-submodule of M, and (A-M%"=A"Q M for any
subgroup H of G.

(2) A-M%={meM; (G:H,)<oco and H,, is closed in G}, where H,,
={oe G; um=m}.

Corollary. Let A/B be finite G-Galois, and M a 4d-left module. Then,
M7= A"Q zME for any subgroup H of G, in particular, M=AQ zM€® (cf.
[4; Th. 1.3] and [22; Th. 5.1 (2)]). |

Proposition 2.8. Let A/B be finite G-Galois. Then the following are
equivalent.

(1) There are elements a,, ---,a,; a;,---,a; in V (B) such that }¥,,;a;-a(a})
=0, (6€G) (cf. [22; Cor. to Th. 5.1]).
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(i) pAgz|zBs.

Proof. Since (42) (25,u,)A=~Hom (Az, Bs) by j, it follows that (3], u«,)
V.(B)=Hom(zAz, sBg), and it is evident that V (B)~Hom(zB5, sAz) canoni-
cally. . To be easily seen, zAp|zBg if and only if there are elements f,, -, f,
in Hom(zAp5, sBs) and ¢,,---,9, in Hom(zBg, 3Az) such that Y ,g.fi(x)=x
for all x in A. Consequently (ii) is equivalent to that u,=Y,a,(X,u,)af
(=2.2:a;0(af)u,) for some a,,---,a,; a¥, --,af in V,(B). Hence (i) and
(ii) are equivalent. '

Corollary. Let G be finite. Then the following are equivalent.

(i) A/B is outer G-Galois, and zAgz|zBxg .

(ii) There are elements a,,---,a,; af,---,ar in C such that },;a; o(a})
=0,, (6€G).

Proof. This follows from [22; Prop. 6.4 and Prop. 6.5] and Prop. 2.8.

A/B is called a completely outer G-Galois extension if G is finite and
completely outer (cf. [22]).

Theorem 2.9. Let B' be a ring with identity, Z its center, and G’
a finite group.

(1) If A'I|B is completely outer G'-Galois and 5 A'p|p By, then A'=
B'®,C', where C' is the center of A’, and C'|Z is G'-Galois.

(2) If ClZ is G'-Galois and C' is commutative, then A'=B'® ,C’' is
a completely outer G'-Galois extension over B', p A'p|pB'p and 1QC' is the
center of A'.

Proof. (1) By [22; Prop. 6.4], A’/B’ is outer G’-Galois and V .. (B')=C",
where C’ is the center of A’. Then, by Cor. to Prop. 2.8 and [22; Th.
5.1], C'/Z is G'-Galois and A'=B'®,C’. (2) By [22; Th. 5.2 and Prop.
6.5], A’/(B'®1) is completely outer G’-Galois. Since ,Z is a direct summand
of ,C', B~B'®1 canonically, and A’z |z'B's, because ,C'|,Z. Then, by
Cor. to Prop. 2.8, C*/Z is C’'-Galois, where C* is the center of A’. Since
C*21®C'2Z and (1RC")/Z is G'-Galois ([22; Th. 5.1 or Th. 5.6]), we have
C*=Z-(1®C)=1®C" ([22; Th. 5.1]).

Lemma 2.10. Let T be a ring, and U a subring of T.

(1) Let T/U be a separable extension. If a T-left module M is U-
projective, then M is T-projective.

(2) If s TQuTr| 7Ty and yU|yM for a T-left module M, then ,T)|,.M.

(3) Let T, be an intermediate ring of T/U. If T is (U, Ty)-projective
and T, is a Ty-Tydirect summand of T, then T,/U is a separable extension.

Proof. (1) Since the mapping x®y—xy form T®,T to T splits as a
T-T-homomorphism, the mapping x®m—-am from T®,M to M splits as



18 Y. Miyashita

a T-left homomorphism. Since ,M is projective, so is ;T ®yM. Therefore
M is T-projective. (2) Since ,U|,M, ,T|;T®yM. Since ;TQ®uyTy| Ty, We
have ,T®,M|;M. Hence we have ,T|,M. (3) Let ¢ be the canonical
homomorphism from 7T,®,7T to T defined by ¢(t,®¢t)=t¢, and let ¢ be
a T,-T,-homomorphism from T to T,®,7T such that ¢¢(x)=x for all x in
T. If ¢1)=3:a:Rb; (a;€ Ty, b,e T), then 3;ab;,=1 and Y ,va,®b,=
3,a,Qby (e To®,T) for all y in T,. Let = be a T(-Ty-homomorphism from
T to T, such that n|Ty=1,. Then, since },ya,Qb;=2,,a:Qb.y (eTo®yT)
for all y in 7,, we have X ,a,z(b)=1 and },ya,Q®nb,)=22.:a,Qx(b,)y
(€ To®yT,) for vy in T,. Then the mapping y—X,a,Qx(b;)y from T, to
T.®pT, is a T,-T,-homomorphism, and ,a, n(b,)y=y. Hence T,/U is

a separable extension.

Proposition 2.11. Let A/B be finite G-Galois, and Z the center of B.
If B is a separable Z-algebra and ZZC, then V4 B)/Z is finite G-Galois.

Proof. By [2; Prop. 1.5], B®,B° is a central separable Z-algebra, where
B is the opposite ring of B. Since A and ,B are finitely generated and
projective, so is ;A. Then, by Lemma 2.10 (1), zg,sA is finitely generated
and projective. By [2; Th. 2.1], 3g,5B® B’ sg,»B, and hence pAz|zBs.
Then, by Prop. 2.8, V(B)/Z is finite G-Galois (cf. S. 3).

Theorem 2.12. Let G be finite, = the group homomorphism defined
by n(o)=0|C (6€G), Z the center of B, and Z,=C¢%, and assume that A is
indecomposable. Then the following statements are equivalent.

(i) A/Z, is separable, and = is 1-1.

(ii) V.(B)=C, A/Z is separable, and »Ap|zBg.

(ili) V,(B)=C, and both B|Z and C|Z are separable.

(iv) Both B|Z and C|Z, are separable, and = is 1-1.

(v) V.(B)=C, A/B is separable, A is (Z, B)-projective, and pBg|sAsg.

(viy A=B-C, and A|Z is separable.

(Vil) 45,4AR 7, A% g a4, and Hom(,Au,,, 4Au,,)=0 for any o in G
such that o+1.

Proof. (i)=>(ii) By [2; Th. 2.3], A/C and C/Z, are separable. There-
fore, by [4; Th. 1.3], C/Z, is G-Galois. Then, by [22; Th. 5.1], A=B®_,C.
Hence V,(B)=C, and Z=Z,. Since ,C is finitely generated and projective,
3Ag|sBs. (i)==>(iii) V,(B)=C implies Z=Z, (cC). By [22; Lemma 2.7],
A/C and A/B are separable, so that A/B is outer G-Galois ([22; Th. 1.5]).
Then, by Prop. 2.8, C/Z is G-Galois, so that C/Z is separable. Since A/C
is separable, B/Z is separable ([22; Cor. to Th. 5.1]). (iii)=>(iv) In this
case, Z=Z,. By [2; Th. 3.1], A=B-C, whence = is 1-1. (iv)=>(v) By
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[4; Th. 1.3], C/Z, is G-Galois. Hence, by [22; Th. 5.1], A/B is G-Galois,
and A=B-C. Then A/B is separable, V,(B)=C, and Z=Z,. Since Z is
commutative, ,Z is a direct summand of ,C (S. 3), so that #z5(c)=1 for some
cin C. Then B is a B-B-direct summand of A (cf. [22; § 2. p. 118]). Since
B/Z is separable, A is (Z, B)-projective ([22; Lemma 2.7]). (v)=>(vi) By
Lemma 2.10 (3), B/Z is separable. Then, by [2; Th. 3.1], A=B®,C.
Since both A/B and B/Z are separable, A/Z is separable ([22; Lemma 2.7]).
(vij=>(i) As A=B-C, V(B =C, Z=2Z,, and = is 1-1. Thus we know
that (i) ~(vi) are equivalent. (i)==>(vii) In this case, V,(B)=C, Z=Z,, and
B/Z is separable. Then, by [2; Th. 2.1], zg,5»B®,B|ss,sB. Therefore
sB®:Bg|sBg, and then ,A®, A, ARzA,. By [22; Prop. 1.3], d.=
4A®pA,. Hence .5, AR®;A°\4,44- The second assertion follows from
[22; Prop. 6.3]. (vii)=>(i) By assumption, End( 18,,4°4) = Do End (4g, 0 Au,)
(external direct sum as rings). To be easily seen, End( 4@z a0 Au,)=C, which
is commutative. Hence End( 4®7,4°4) is a commutative ring. Then, by S. 1 and
S.3, 4®z,4°d 18 finitely generated and projective. Hence @zt 18 finitely
generated and projective, that is, A/Z, is separable. Let f be the projection
from 4 to Aw, with respect to the decomposition 4= 3,® Awu,. Then, since
End (g, «°4) is commutative, f is in the center of A®,A° (cf. S.1). By [2;
Prop. 1.5], the center of A®;A°’ is CQC, so that f is written as f=
2a;®a; (a;, af € C). Then, u,=3,a,(3 ,u,)af (=X.(3.a;0(af))u,), and
hence X;a;-0(a})=0,,. This completes the proof of the theorem.

Pemark. The following are also equivalent to (i) (+=>(iii)).

(viii) A/C is separable, and C/Z, is G-Galois (cf. Kanzaki [8]).

(ix) A/B is outer G-Galois, and B/Z is separable.

Proposition 2.13. Let A/B be locally finite G-Galois, and b an element
of B which is not a right zero divisor of B. Tnen b is not a right zero
divisor of A.

Proof. Let a be an element of A such that ab=0. Then Aab=0, and
so 0(Aa)b=0 for all ¢ in G. Hence, ((3,6(Aa))NB)b=0. Then, by assump-
tion, (21,6(Aa))NB=0. Then, by Th. 2.1 (3), X,0(Aa)=A(2.,0(Aa)) NB)
=0. Hence a=0.

Let A/B be locally finite G-Galois, and S>1 a G-invariant multiplicative
system of regular elements in A such that a left quotient ring A of A with
respect to S exists. Then G may be regarded as a group of automorphisms
of A. To be easily seen, {¢(x); 6€ G} is finite for any x in A. Then, by
Th. 2.1, A/B is locally finite G-Galois and A=B® A =A® zB, where B= A¢.
To be easily seen, any element in BNS is a unit of B. For 4 in B, we put
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={xe A; xbe A}, which is a 4-left submodule of A. Then (8N B)bCB.
If @NBNS+#0d, then sbe B for some s in BNS. Therefore, if we assume
that 4(s)\NBNS=#@ for all s€.S, then B is a left quotient ring of B with
respect to BNS. Thus we obtain the following

Theorem 2.14. Let A/B be locally finite G-Galois, and S31 a G-
invariant multiplicative system of regular elements of A such that a left
quotient ring A of A with respect to S exists. Further, assume that
AS)NBNS+#0 for all s in S. Then there hold the following:

(1) A/B is locally finite G-Galois and A=BRzA=A®;B, where
B= AS.

(2) A is a left quotient ring of A with respect to BNS. B is a left
quotient ring of B with respect to BNS.

Remark. Let A/B be locally finite G-Galois, and S a G-invariant multi-
plicative system of regular elements in A such that SCC and S51. Then
S satisfies the conditions in Th. 2.14. .To see this, we put H= {s € G; o(s)=s}
for sinS. If G=6,HU:--Uo,.H is the left coset decomposition of G, then
.o:(s)ed(s)NBN.S.

A non-zero ring T with 1 is called a left Goldie ring if T satisfies the
following conditions: (1) 7" is a semi-prime ring. (2) Any independent set
of non-zero left ideals is finite (i.e., ;7" is finite dimensional). (3) T satisfies
the ascending chain condition for annihilator left ideals.

A left Goldie ring has a complete left quotient ring which is a semi-
simple ring with minimum condition for left ideals, and conversely (Goldie
[17]). (Cf. [7])

Theorem 2.15. Let A/B be locally finite G-Galois, A a left Goldie
ring, A a complete left quotient ring of A, and B a semi-prime ring. Then
there hold the following :

(1) A/B is locally finite G-Galois, where B= A°.

(2) B is a left Goldie ring, and B is a complete left quotient ring of B.

Proof. Let S be the set of all regular elements of A. First we shall
prove that B is a left Goldie ring. Since ,A is finite dimensional, ;A is finite
dimensional. Then, by Th. 2.1 (3), zB is finite dimensional. Let I C 1" be
left ideals of B. Then I (rz())Sl(r5("), where rz()={y€ B; ly=0} and
Lirg()={xe A; x-rz(1)=0}. From this fact, B satisfies the ascending chain
condition for annihilator left ideals of B. Hence B is a left Goldie ring. By
Prop. 2.13, SN B is the set of all regular elements of B. For any s in S,
4As is essential in ,A, so that ,4(s) is essential in ,A. Then, by Th. 2.1
(3), 5(4(s)N B) is essential in zB, so that 4(s)N B contains a regular element
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of B ([17; Th. (3.9)]). Hence 4(s)\NBNS+#0 for any s in S. Thus the
present theorem follows from Th. 2.14.

Remark. In the following cases, the condition that B is semi-prime is
superfluous. :

(1) G is finite and completely outer (cf. [22; p. 132]).

(2) B is contained in the center of A.

Let 7T be a ring. If T-left modules M and N have no non-zero isomor-
phic subquotients, we say that ,M and ,N are unrelated (cf. [22]).

Lemma 2.16. Let T be a ring, and let M and N be T-left modules,
and W a T-submodule of M. If {M|W) and N are unrelated, and W
and ;N are unrelated, then M and ,N are unrelated.

Proof. Assume that there are isomorphic subquotients X/X, and Y/Y,
of ;M and ,N, respectively. Then, as is easily seen, X+ W=2X,+ W or
XNW2X,NnW. If X+ W2X,+ W, then Y/Y,~X/X,—>> (X+ W)/(X,+ W)
#0, a contradiction. If XN WZX,NW, then (XN W)/(X,N W)=(X,+
(XN W)X, S X/X,=Y/Y,, which is also a contradiction.

Proposition 2.17. Let 0,7 be in G, and assume that ,Au,, and Au.,
are unrelated. Then, for any finite subset {x,, -, x,; Y1, *»Ys} of A, there
are elements a;, b, (k=1,---,t) in A such that 3 ,a,x,ob,) =z, and
Zka/cyn'f(bk)=0 Jor all x,, y,. ,

Poof. By Lemma 2.16, ,(Au,); and ,(Auw.), are unrelated. Then, since
Az, u,, -, xu,, Ytt., -, yu.)A is an A-A-submodule of (Au,) ® (Aw.),
(Xt s 2ty 0,-+-,0)€ A(xgt,, -+, x,tty, Yrthe, -, Ystt.) A (cf. [22; Prop. 6.1)).
Therefore there are elements a,, b, (=1, ---,¢) in A such that 3 ,a.(xu,, -,
Xy Yilhes 5 Ysth)bp= (200, , -, x,u,, 0,---,0). Then, X a,x;a(by)=x, and
Zkak’!ln"l'(bk)=0 for all Zys Yn- |

Combining Prop. 2.17 with [22; Prop. 6.11] we can easily see the
following

Proposition 2.18. Let A and A’ be R-algebras with AR rA'+#0, and
let G and G' be completely outer finite groups of R-automorphisms of A
and A’, respectively. Then, G x G’ is completely outer as an automorphism

group of ARRA'.

§ 3.
Proposition 3.1. Let A/B be locally finite G-Galois, and X a d-left
submodule of A. Then X=A(XNB). '

Proof. This follows from Th. 2.1 (3).
Proposition 3.2. Let A/B be locally finite G-Galois, {B} the set of
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all maximal ideals of A, and {p} the set of all maximal ideals of B. Then
the following. are equivalent:

(i) PB—=PNB is a mapping from {SB} onto {p}.

(i) ApA+#A for all pe {p}, and N.,qo(PB) is 4-A-maximal for all
Pe {B}. |

If (1) holds, then the following are true:

(1) pA=Ap+A for any pe {p}.

(2) {N,c(B); Be {B}} is the set of all maximal 4-A-snbmodules of A.

(3) RUAN=RAN=R(Bs)A=A -R(Bg), and R(AHINB=R(sB5)

(4) B is B-B-completely reducible if and only if N;N,e(PB,)=0 for
some B, (i=1,---,n) in {P}.

Proof. (i)=>(i) If P is in {P}, then PNB=¢(P)N B for any ¢ in G,
and so PNB=(N,s(B)NB. By Prop. 3.1, A(N,ePB)NB)=N,a(PB)=((N,
c(P)NB)A. Hence Ap=pA+A for all p in {p}. Let X be a 4-A-
submodule of A with A=ZX>2N,o(p). Then B2XNB2(N,e(P)NB=PNB,
and so XNB=(N,e(P))NB. Then, by Prop. 3.1, X=N,e(P). Thus N,c(B)
is 4-A-maximal. Let Y be a maximal 4-A-submodule of A. Take a maximal
ideal P, of A with B,2Y. Then N,o(P))2Y, and so N,a(P,)=Y. Thus we
obtain (2). Therefore R(,A,)=R(4A,). Since R(,A,)NB=R(3Bz), we have
RLA)=A -R(zBp)=R(zBz)A (Prop. 3.1). B is B-B-completely reducible if
and only if N,;p,=0 for some p,,---,p, in {p}. Thus we obtain (4) (cf. Prop.
3.1). (ii)=>(i) Let pe {p}. Then, as ApA+A, p<P for some Pe {P},
and so p=PN B by the maximality of p. Let Q be in {PB}. Then q2NB
for some g€ {p}. There is a Q'€ {P} with Q'NB=q. Then (N, o(Q)NB
=Q'NB2ONB=(N,s(Q))N B, and therefore N,s(L)2N,a(LQ) by Prop. 3.1.
By assumption, N,o(Q)=N,a(LQ). Hence q=Q'NB=2QNB. This completes
the proof.

Concerning Prop. 3.2, we state the following

Lemma 3.3. Let P be a maximal ideal of A such that ﬂaeéd (B)=
N,0,(P) for some o,,--,0, in G. Then N,d(PB) is 4-A-maximal, and
{o,(B); i=1,---,n} is the set of all maximal ideals containing N,o(P).

Proof. Let Q be a maximal ideal of A with Q2 N,e(PB). If Q#0:(P)
for all 7, then Q+o0,(B)=A for all 2. Then we have a contradiction A=
L+ No,(P)=+ N.o (P).

Remark. In the following cases, the assumption in Lemma 3.3 holds.
(1) G is finite. (2) The ring A/R(,A,) satisfies the descending chain con-
dition for ideals. (3) G* is compact, and every maximal ideal of A is A-A-
finitely generated. (Cf. Prop. 1.1).
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Proposition 3.4.

(1) Let A/B be locally finite outer G-Galois, and B B-B-completely
reducible. Assume that, for any maximal ideal B of A, there are elements
01,0, tn G such that N,6;(P)=N,a(P). Then A is A-A-completely
reducible.

(2) Let G be finite and completely outer, and By|Ayz. Then A is
A-A-completely reducible if and only if B is B-B-completely reducible. If
there is a maximal ideal B of A such that N,o(P)=0, then B is B-B-minimal,
and conversely.

Proof. (1) Any maximal ideal p of B is written as p= Be with a central
idempotent e¢ of B. Then, by assumption, (1#) e€ V,(B)=C. Therefore,
Ap=Ae=eA=pA+A. Thus, by Prop. 3.2 and Lemma 3.3, A is A-A-
completely reducible. (2) In this case, aA=Aa#A for any proper ideal a of
B (cf. [22; p. 132]). Then, by Prop. 3.2 and Lemma 3.3, the first assertion
is evident (cf. [22; Prop. 6.4]). For any P in {$}, (N, e(PB)NB=) PNB=0
if and only if N,s(P)=0 (Prop. 3.1). Thus we know the second assertion.

Theorem 3.5. Let A/B be finite G-Galois, B a semi-primary ring,
and ApPA+#A for any maximal ideal p of B. Then zeA=eBG, that is,
A has a normal basis. (Cf. [13; Th. 1]).

Proof. By [22; Th. 1.7], it suffices to prove that A is free. Let g=
(G:1). (1) First we assume that R(B)=0. Then B is a direct sum of
simple rings: B=a,+---+aqa,. Let 1=Y,¢;, e;,€0a,. Then a,=Be,=e,B and
ei=e;. By assumption we have (1—e;)A=A(1—e;) (Prop. 3.2 and Lemma
3.3), so that ¢, is a central idempotent of A contained in B. Then each
Ae,;/Be; is G-Galois ([22; Cor. to Th. 5.6]). Since Be; is a simple ring, 5, Ae;
is free (cf. [7]). Hence Ae;, has a normal basis, so that gz, Ae;~ p.(Be,) for
all 7 ([22; Th. 1.7]). Hence zA=~yB’. (2) Next we proceed to general case.
Since A and B are semi-primary ([22; Prop. 7.3]), R(4AL)=R(A) and R(zBz)
=R(B). Then, by Prop. 3.2 and Lemma 3.3, R(A)=R(B)A=A-R(B) and
RA)NB=R(B). By [22; Th. 5.6], (A/RA)/(B+RA)/R(A)) is G-Galois,
and satisfies the same conditions as A/B, because (B+R(A))/R(A)=B/(R(A)N
B)=B/R(B) canonically. By (1), we have zA/R(A)= z(B/R(B)f= zB/R(BY.
Since R(A)=R(B)A and pA is finitely generated and projective, we have
sA=zB° by the uniqueness of projective cover. This completes the proof.

Corollary. Let A/B be finite G-Galois, B a semi-primary ring, and Z
the center of B. Assume that ZZC and that B is a central separable Z-
algebra. Then A has a normal basis.

Proof. In this case, any proper ideal of B is written as aB with an ideal
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a of Z (cf. [2]). Then, as Z<C, (aB)A=aA=Aa=A(Ba)#A ([22; Lemma
7.1)). ,

Let AA/B be finite G-Galois, BCC, and g=(G:1). For any prime ideal
p of B, we denote by B, the quotient extension of B with respect to p. Then
B, is a B-algebra, canonically. By [22; Cor. to Th. 5.2], (B,®3A)/B, is
G-Galois. Since B, is a local ring, Bpo® A~ Bp(Bp)g (Cor. to Th. 3.5). We
denote by K, the quotient field of B/p. Then we have x, K, ®pA= x(Kp)
similarly. Thus we obtain the following

Proposition 3.6. Let A/B be finite G-Galois, BCC, and g=(G:1).
Then, Bpo® BA:BP(B,,)” and KpK,,@ s A=~ KP(K,,)” for any prime ideal p of
B, where B, is the quotient extension of B with respect to p and K, is the
quotient field of B/p.

The following lemma is of some interest.

Lemma 3.7. Let RDS be rings, Ry is finitely generated and projective,
and S is a direct summand of sR. If rpR is injective, then ¢S is injective.

Proof. Let | be any left ideal of .S, and f any S-left homomorphism from
I to jR. Since Ry is finitely generated and projective, we have Rl=R®g.
Therefore f can be extended to an R-left homomorphism from RI[ to R,
canonically. Then, by assumption, there is an element a in R such that
r-(s)f=rsa for r in R and s in I, so that (s)f=sa for all s in I. Therefore,
as is well known, ¢R is injective. Since &S is a direct summand of R, &S
is injective. ,

Lemma 3.8. R(A)NB<C R(B).

Proof. Let b be in R(R)NB. Then 1—5 has an inverse in A. Since
B=A% 1—b has an inverse in B. Hence R(A)N B is a quasi-regular ideal
of B, that is, R(A)N BSR(B).

Proposition 3.9. Let G be finite. If there is an element ¢ in A such
that 1 —ty(c)e R(A), then there is an element d in A such that tg(d)=1.

Proof. By Lemma 3.8, we have 1—1#,(c)e R(A)NBC R(B), so that
ts(A)+R(B)=B. Since t4(A) is an ideal of B, we have #,(A)=B. Hence
te(d)=1 for some d in A.

Theorem 3.10. Let A/B be G-Galois, A a commutative ring, H a
subgroup of G, and A' a B-algebra. Then, A'Q®zA" is a direct sum of
minimal ideals if and only if A' is a direct sum of minimal ideals (cf. [7;
p. 178. Th. 2]).

Proof. In this case, (A'®zA)/A’ is finite G-Galois, G is completely outer
as an automorphism group of A’®3zA, and (A’'R A =A'®zA" (cf. [22; Th.
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5.2 and Prop. 6.5]). Thus the present theorem is an easy consequence from
Prop. 3.4 (2). ‘
Concerning [22; Th. 6.9], we note the following

Lemma 3.11. Let A/C be separable, and e an idempotent of A such
that eAC Ae. Then e is a central idempotent of A.

Proof. Since A/R (A) is a semi-prime ring, we have (eA+R(A))/R(A)
=(Ae+R(A))/R(A), that is, eA+R(A)=Ae+R(A), and so Ae=eA+(AeN
R(A)=eA+R(A)e. Since A is a central separable C-algebra, R(,LA,)=R(C)A
by [2; Cor. 3.2]. Since R(LANDR(A)DR(C)A, we have RA)=R(O)A,
and Ae=eA+R(C)Ae. Hence Ae=eA, because  Ae is finitely generated.
Consequently, e is a central idempotent of A. |

Proposition 3.12. Let A/B be locally finite G-Galois, and assume that
there is a representation A= \U,, A" of A|B such that each R(B)A~: is an
ideal of A™. Then R(A)=R(B)A=A -R(B), and R(A)NB=R(B).

Proof. Let J be a right ideal of A such that R(B)A+J=A. Then
R(B)AM+([FNAY)31 for some 2 in A, so that R(B)AY+(JNAY)=AM
Since R(B)AMCR(AM), we have FN A¥= A%, and hence I=A. Thus we
know that R(B)ACR(A). Combining this with Lemma 3.8, we have R(A)N
B=%R(B). Hence R(A)=R(B)A=A-R(B) (Prop. 3.1).

Theorem 3.13. Let A/B be lacally finite G-Galois, BCC, and A’ a
B-algebra such that A'=A'®1 (CA'®3zA) canonically.

(1) RA'®zA)=RA'®RA), and R(A'QRA)NA'®1)=R(AR1.

(2) If A is commutative, then R(A'RQAF)=R(ANRQAZ for any sub-
group H of G.

Proof. Let A=U;4 A" be a representation of the locally finite G-Galois
extension A/B. Then (A’®zA)/(A’®1) is a locally finite G-Galois extension
with representation A’'®zA=U,A’QAY, where A’QAY=(A'®zA)" is a
finite G/N,-Galois extension over A’®1. (1) This will be easily seen by Prop.
3.12. (2) We may assume that H is closed in G. Then each AZ"¥i/A¥ is
finite H/(H N N;)-Galois, and H/(HNN,) is completely outer as an automor-
phism group of A*"%: ([22; Th. 6.6]). Then H/(HN N, is completely outer
as an automorphism group A’'®zA“"": (Prop. 2.18), and so H/HNN,) is
completely outer as an automorphism group of A’QAZ"™: (CA'®zA) ([22;
Prop. 6.11]). Now, (A’®zA)/(A’'RAF) is a locally finite H-Galois extension
with representation A'®zA=U, A’QA" ¥, where A'QAZ"i=(A'R zA)Z"N¥:
is a finite H/(H N N,)-Galois extension over A’®A®. Then, by [22; Th. 7.10]
and Prop. 3.12, R(A'®zA)=RA'QATN(A’®zA). On the other hand,
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R(A'RA4)=R(ANRQA=RANRAT)(A'®pA). Hence R(A'QAM)=R(A)®
A% as desired (cf. [22; Lemma 7.1]).
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