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A QUASI-DECOMPOSABLE ABELIAN GROUP
WITHOUT PROPER ISOMORPHIC QUOTIENT GROUPS
AND PROPER ISOMRPHIC SUBGROUPS II

By
Takashi ITO and John M. IRWIN

1. Introduction

This paper is a continuation of our paper [2] with the same title. In
[2] one of theorems was stated without detailed proof. The purpose of this
paper is just to give a complete proof of it. So we shall omit an origin of
our problem and general background for it, see the first section of [2] and
references in [2].

Let p>1 be a fixed prime number, C(p") be a cyclic group of order 2%
2. be the direct sum of cyclic groups C(p”), IT be the direct product of cyclic
groups C(p") and C be the torsion group of I7, that is, >, is the standard
basic group and C is the torsion completion of 3.

Our theorem is as following, that is Theorem 3 in [2].

Theorem. There exists a pure subgroup G of C which contains 3
and satisfies properties;

1) G has no proper isomorphic quotient groups,

2) G has no proper isomorphic subgroups,

3) G has a decomposition G,®D G, such that G, and G, are not bounded.

2. Group Homomorphisms on C[p].

The p-socle C[p] of C is a vector space over the prime field of charac-
teristic » and can be topologized as a totally disconnected compact topological
group, because IT is clearly a totally disconnected compact topological group
with respect to the product topology of compact discrete topologies and the
p-socle C[p] of C is the closed subgroup {x|xell, px=0} of II. Actually
U,={x|xe C[p] and the hight of x=xn}=(p"C)[p] (n=1,2---) are open
compact subgroups of C[p] and {U,} is a fundamental system of O-neigh-
borhoods in C[p]. These two structures on C[p] which are a vector space
and a totally disconnected compact group are used in an essential way.

Every continuous group homomorphism 7" on C[p] defines compact subg-
roups E (T )={x|xeC[p] and Tx=qgx} (0=g<p) and the compact subgroup
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E(T)Y=E{(T)DE,(T)® - ®E,(T). We call T is a singular homomorphism
if E(7T) is an open compact subgroup of C[p]. For instance a continuous
projection on C[p] is singular. If a continuous group homomorphism 7" on
C[p] has a dense subgroup which is invariant under 7" and on which 7' is
one to one, T is called a semi-isomorphism on C[p].

In the final step in our proof of the theorem we shall use following
proposition which is shown in [2] (Theorem 1 of [2]).

Proposition. Let G be a pure subgroup of C which contains ), and
G[p] be the p-socle of G.

1) If G[p]l is not invariant under any non-singular onto homomor-
phism on C[p], then G has no proper isomorphic quotient groups.

2) If G[p] is not invariant under any non-singular semi-isomorphism
on C[p], then G has no proper isomorphic subgroups.

Therefore our main work in this paper is to show existence of a group
Q which is between 3 [p] and C[p], and which is not invariant under any
non-singular homomorphism but invariant under the canonical projection P,
onto even coordinates (see Lemma 2). In our proof of this fact we have
some difficulity which comes from non-commutativity between non-singular
homomorphisms and P.,. So we classify degree of non-commutativity in the
following section.

3. Proof of Theorem

We introduce eight classes (essentially four) of non-singular homomor-
phisms depending on degree of non-commutativity. Hereafter we shall use
notations A°=P,(A) (A°=(I—P,) (A)) for a subset A of C[p] and x°=P,x
(z°=x—P,x) for an element x in C[p]. Every continuous homomorphism
T on C[p] defines compact subgroups

Fo(T) = {zze C[p]* and (T =0},
E.(T)= {xlxe U and (Tx) = qx} for ¢=0,1,--, p—1;

n=1,2,---. F°(T) and E2,(T) are defined similarly. Let EX7)=Es.(T)®
EC.(T)® - @®E1,(T) and E(T)=E§, (T)RE.(T)®--® E1.(T).
Following eight types about T are defined
I°  there exists N such that F°(T)DUg$ and EXT)pUS for all n,
m=N,
II° F°(TYpU? for all n=1,2,--- but there are N and q such that
on(T)DUs,
IIT° F°(T)pU? for all n=1,2,--- and E2,(T)DUS for all n,m=
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1,2,--+ and q=0,1, -+, p—1, but there are N'=N such that EH(T)
- Ul(\)I’ >

IVe F(T)2pU;g for all n=1,2,--- and EX(T)p U2 for all n,m=
1,2,

I°, II°, III° and 1V® are defined by exchanging odd and even.

We note that every non-singular homomorphism is at least of one of the
above eight types. Because, suppose 7" is of none of the above eight types,
then there are N, n and m such that n, m=N and

1) F(T)DU§ and F°(T)DUj%,
2) ET)DUSZ and ET)DU;.

Then 1) implies EQ.(T)CE,T) and E; . (T)CE/(T) for all ¢g=0,1,---, p—1.
So 2) implies E(T)=E(T)®--PE, ,(T)DULPUL=U,,. This means that
T is a singular homomorphism.

In order to construct Q explained at the end of section 2 we need the
following ;

Lemma 1. For an arbitrary non-singular homomorphism T we can
find a one-parameter family A(T )= {z,|0=t=<1} of elements in C[p] which
has one of the following six properties; 1° 2°, 3° 1°, 2° and 3°,
1° z,, Tz, € C[p]° for all 0<t<1 and four elements x,, z,, Tx, and
Tz, are linearly independent for arbitrary s+t,

2°  there exists q, 0=q=p—1 such that x,€ C[p]° and Tx,—qx,€ C[p]°
SJor all 0=t<1 and four elements x,, x,, Tx,—qx, and Tx,—qzx,
are linearly independent for arbitrary s+t,

3° x,€Clpl° for all 0=t<1 and six elements x,, x,, (Tx,’, (Tx,’,

(Tx,)° and (Tx,)° are linearly independent for arbitrary s+t.

1°, 2° and 3° are dual properties of 1°, 2° and 3° by exchanging odd for

even.

Proof. Of course the choice of these six properties about 4(7") depends
on types of 7" defined above. Therefore the proof is divided into four cases,
a)~d).

The following fact (*) which was shown already in [2] (see b) of the
proof of Lemma 3 in [2]) will be used in cases a), b) and d).

(*) Suppose x, and T'x, are linearly independent and {z, =2y, %} is
a group [x]®[7Tx]. Then we can take U, such that z,+ Uy,+T(U,)
(0<i<p*—1) are disjoint, and if {y,|0=<t<1} cU,, satisfies the condition that
y.—vy, and T(y,—vy,) are linearly independent for arbitrary s+#, then four
elements x,+vy,, xo+y,, T(xo+y,) and T(x,+y,) are linearly independent for
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srbitrary s#¢.

a) If T is of type I°, then A(T) having property 1° exists.

If a compact group US/E2(T) is finite, then E3(T)D Uy for some m,
which contradicts our assumption. Therefore, since a compact infinite group
has at least cardinality &, dim US/E2(T)=Q for all n=1,2, -, then Ug=
E(T)®D, for all n=1,2,--- and dim D,=& for all »=1,2,---. Choose
0+ xo€ Dy, then Tz, C[p]° since Dyc USC F°(T') and x, and T'x, are linearly
independent. By the above (*) we can determine M =N and choose a basis
{¥:/0=¢=<1} of D,, then Ty, Cl[p]° for all 0=¢t=<1 and for s#¢ y,—y.
and T(y,—v,) are linearly independent, because D, N Eg(T )= {0}. Therefore
by (*) 4T )= {x,+v,/0=<t<1} has the property 1°.

b) If T is of type II°, then A(T) having property 2° exists.

Our assumption F°(T):pUy for all n=1, 2, --- implies that compact groups
Ug/Fo(T)NU; for all n=1,2, - are infinite, so Ug=(F°(T)NU:)® H, for
all n=1,2,--- and dim H,=Q&. And we have (Ty)+#0 for all 0£yeH,.
Let T'=T—q(I—P,), then our assumption E2y(T) DUg implies E¢x(T)=Ug,
and Tx=(Tx) for all zeUgZ. Choose 0#x,€ Hy, then 0T x,eC[p]° and x,
and Tz, are linearly independent. We can apply (*) to T, so M can be
chosen as in (*) and {y,/0<#<1} can be a basis of Hy. Then Ty,cC[p]°
for all 0<¢<1 and for s#¢, y,—v, and T (y,—v.) are linearly independent,
because y,—y,€ HycUg§ and T (y,—y.)€C[p]®. Therefore by (*) we can see
that 4(T)={x,+,/0<t=1} is a one-parameter family having the property 2°.

The following fact (**) will be used in cases c) and d).

(**) Suppose 0#x,€C[p]° such that x,, (Tx,)° and (Tx,° are linearly
independent and suppose {2, 21, ***, 2,21} is the group [P [(Tx,) 1P [(Tx0)].
Then we can take U, such that z,+ Uy +(T(Uy)+(T(Uy)y (0Zi=p’—1)
are mutually disjoint, and if {v,/0=<¢=<1}C Uy satisfies the condition that
three elements y,—v,, (T(y.—v.))° and (T(y,—v,)° are linearly independent
for arbitrary s#¢. Thus 4(T)={x,+vy./0=<¢<1} is a one-parameter family
having the property 3°. :

Now (**) can be shown as follows; it is clear that there exists U/, such
that 2,+ Uy (0=<i<p°—1) are mutually disjoint. By continuity of P,7" and
(I—P,)T there is M=N such that (T(Uy)’, (T(Uy)* Uy, then U, is as
desired, since z2,+ Uy+(T(Uy)P® +(T(Uy)rCz2,+Ux+Uy+Uy=2,+Uy (0=
i=p’—1). Next, suppose 7,(xo+y,)+n(T(xo+y,))° +7n:(T (20 + y,) =ni(x0+
Ys)+ 12(T (X0 +y,)° +n3(T (2o +y,))° for some s+#t, where n,, n,, n;, nj, n, and
n; are integers, then n.x, + 7,(Tx,)° + n,(Tx,)° =z, for some 7 and nx, + 7;,(Tx,)°
+n3(Tx,)° =2, for some j. So z,+my,+n,(Ty,)° +n{Ty,) =z;+ny,+ny(Ty,)’
+73(Ty,)f and my, + 2 Ty,)° +ns(Ty.), my,+ n(Ty,)° +ns(Ty.) € Uy +(T(Un))
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+(T'(Uy))y. By our choice of U,, z; must be equal to z,, this implies 7, =7,
mod p, 7,=7n; mod p and 7n;=n; mod p. Therefore we have n,(y,—y,) +
n(T(y,—y,)° +ns(T(y,—y,)*=0, but our assumption about {y,} implies 7,=
n,=7n;=0 mod p. Hence 4(T)= {x,+y,/0=2=<1} satisfies property 3°.
c) If T is of type III°, then A(T) having property 3° exists.
Fo(T)pU? for all n=1,2,--- yields a decomposition of U2 such that

(1) Ug=(F(T)NU)Y®H, and dim H,= for all n=1,2,--.. EZ(T)>D
U4 yields a decomposition of U? for n=N’" such that

(2) U=E(T)®D, and dim D, <, for all n=N".
Because, UZ/E(T)c U |EAT)CEYT)ET)

p-1 .
qu;o (qu,N(T)/Eq(:n(T))’ but for each q, Eq?N(T>/Eq?n(T)
=En(T)EXN(T)NUR=(ELN(T)+ UR)/ U UR/U; and Uy/U;
is finite.
And assumptions Eg(T)D Uy and E2,.(T)pUS for all n,m=1,2,--- and

q=0,1,---, p—1 imply that there are ¢’+#¢q’’ not depending on n such that
(3) dim E? ,(T)=dim E2. ,.(T)=& for all n=N".

This (3) can be shown easily, see a) in the proof of Lemma 3 in [2].
(1) and (2) imply that there is ¢’”’ not depending on 7 such that

(4) dim (EQ.. . (T)E2. (T)NF°(T)=QR for all n=N".
Because, suppose
Ew (T)ELy (T)NF°(T) are finite for all 0=<g=<p—1.

Then, since
1 o (TNEQ(T)NFT)Z(ES w(T)+ F(T)NUR)FA(T)N Uz,

(8 Eox D)+ Fo(TINUS) [F(T)N Us, = (5 (T)+ Fo(T)N Us) [ F(T)N Us,
must be finite. However Dy, is finite by (2), so we see that
(E$(T)+ Dy +F(T)NUS)/F(T)NUZ =Ug |F°(T)NUg is finite. This
contradicts the facts that Ug/F°(T)N Uy =Hy and Hy is infinite by (1)
Therefore we have that there exists ¢'”’ such that E2., y (T)/E2. »(T)NF°(T)
is finite. If n=N', then ES. 5 (T)/E&. . (T)NF°(T) is infinite, because
Ep (T)ZTEQ. x»(T). On the other hand E2. x(T)/ES.. .(T) is finite, be-
cause Eg.r s TVESrn(T)=Ego n (T)Eg x(T)N U2=(Egsr 3 (T)+ US) U C
Ux/U; and Ug. /Uy is finite. These two facts imply clearly that E2., ,(7T)/
Ep. .(T)NF°(T) is infinite for all z=N'. Therefore (4) is shown (note that
every compact infinite group has at least cardinality &).

Without loss of generality we can assume ¢’”’=¢’ in (3) and combining
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{3) and (4) we can see that there exist ¢’#¢" not depending on 2 such that
for all n=N' we have

(5) dim E2 (T)=dim E2, (T)=dim (E2 .(T)/ES..(T)NF°(T)= & .

n=

Since E{ .(T) and E2. .(T) (n=1,2,---) are decreasing and ﬁl Uz= {0},
the following three cases may occur. '
(@) ES . (T)NF°(T) is infinite for all n=N’, .
(6) (B) Eg (T)NF°(T) is finite but EZ  (T)NF°(T)
is infinite for all sufficiently large n=N’,
(1) E2(T)NF(T)=ES . .(T)NF°(T)= {0}
for all sufficiently large n=N'.
We want to show that

(7) If n satisfies (6), then there exists {y,|0=<t<1}CU;?
such that y,—y,, (T(y,—v.)° and (T(y,—y.)° are
linearly independent for arbitrary s#¢.

Suppose 7 satisfies (). Then dim (ES. .(T)NF°(T)=&. By (6) E2 .(T)
has a decomposition E¢ . (T)=(E2 , (T)NF°(T))@A, and dim (A4,)=&. Let
{z:/0<t=<1} be a basis of A, and {2}|0=<t=<1} be a basis of E2 .(7T)N
F°(T), then {y,==z;+2/|0=<¢t<1} has the desired property. Because, if
(Y= Ye) + (T (Yo —v.) +7:(T(y,—v.))° =0, then n,(y,—v.)+7(T(y,—v.))°
=0 and 75(7(y,~v.)’=0. m(y.—v.)+7(T(y.—v,)°=0 implies that (7, +7.q’)
(zs—=)+(m+nq") (2 —2/)=0, but z,—=z,#0, 2'—=2,/+#0 and EZ2,.(T)N
ES .(T)=1{0}, so m+n,q =n+n,q"'=0 mod p. This implies 7n,=7n,=0
mod p since ¢’'#¢q"” mod p. And 7;(T(y,—v,)°=0 implies 0=7,(T(z,—=2.)°
+n3(T(2) —=2/)) =ns(T(z;—=2))°, but (T'(z,—=.))°+#0 since 0#£2,—=z.€ A,,, there-
fore we have 7n;,=0 mod p. Suppose 7 satisfies (8). Then automatically
dim (E2, .(T)/E2. .(T)NF°(T))=Q. Therefore the same argument as in (a)
applies by replacing ¢’ with ¢’. Suppose 7 satisfies (7). Let ¢, be a canonical
projection onto H, from U?, which is well defined by a decomposition Ug=
(F(T)NU®H, in (1). The condition in (7) means that ¢, is one to one
on Ep . (T) and EQ. . (T). This implies dim (¢,(E2 .(7T))=dim (¢.(EZ .(T))
=K. Let Xi=pu(E2.(T)), X! =p(Eg..(T)), Xi=Y.®X.NX/) and X,
=Y, /®X,NX,)). I dm(X,NX,)=&, then choose {y,/0=t=1}CU;? as
follows. Let {«,/0<t=<2} be a basis of X,,NX,. Then there exists uniquely
z; in Eg ,(T) such that u,=¢,(z;) for all 0<t=<1 and uniquely 2; in E2, .(T)
such that u,.,=¢,(2;) for all 0<z<1. Let y,==z.+=2) for 0<¢<1, then it
is easy to see the linear independence of (y,—y.) and (7(y,—yv.))° for s+t



200 T. Ito and J. M. Irwin

(see case (@)). And (T(ys—y.) =(T(zs— =2+ 2 —2) =(T(wty—tts + 1y, — ;1))
#0, because O#wu,—u,+us1—u,.,€H,. Therefore y,—vy,, (T(y,—vy.)° and
(T'(ys—vy.)’ are linearly independent for arbitrary s#¢. If dim (X, NX, )<,
then dim (Y,)=dim (Y,)=&. Let {«,|0=<#<1} be a basis of Y, and {v,/0=
t<1} be a basis of Y,’, then {«,} U {v,} is a linearly independent system in
H,. We can take unique z; in E2 . (7T) and z2; in E2, ,.(T) such that u,=
©,(2;) and v,=¢,(2;") for all 0=£=<1. Then the system {yt—z, +2/|0=t<1}
is as desired, which is proved in the same way as above.

Now we can present the proof of ¢). By (7) there exists 0#x,eC[p]°
such that x,, (Tx,)° and (7x,)° are linearly independent. By (**) we can
determine a large M which satisfies the condition stated in (**). Without
loss of generality we can assume this M satisfies one of (a), (8) and (7), be-
cause M can be replaced by a larger one if it is necessary. (7) guarantees
the existence of {y,|/0=¢<1}c Uy for which y,—v., (T(y,—v.)° and (T (y,
—v,))° are linearly independent. Therefore (**) shows us that 4(7")= {x,+ v.|
0=<t=<1} is a one-parameter family having property 3°.

d) If T is of type IV° then A(T) having property 1° or 3° exists.

Our assumptions yield decompositions of Up;

Ur=F(T)NU)PH, and dm H,=Q& for all n=1,2,---,

Us=EJT)®D, and dimD,= & for all n=1,2,---.
We can see that for all n=1,2, -
dim (F°(T)NUg/F(T )nt =& or dim(H,/H,NET) =K.

Because, suppose both dimensions are less than &, then
dim (F(T)N U+ E(T)/ E(T)< R and dim (H,+ E(T))/ E(T))< & since
F(T)NU/F(T)NENT)=(F(T)NUR+E(T)/ENT) and H,/H,NE(T)
=(H,+EX(T)/ET). Therefore R >dim(F(T)NU)+H,+E(T)/E(T))
=dim (UZ/E2(T))=dim D,=§&. This is a contradiction. Next, if dim (F°(T)
NUF(T)NE(T))< R for some 7, then dim (F(T)NUL/F(T)NEL(T)<R
for all m=n. Because F(T)NULF (T)NET)=F(T)NULF(T)NUZ
NEAT)=(F(T)N U+ ENT) EXT)C(F(T)NUg+E(T) | Eg(T)=F°(T)
NUF(T)NEZ(T). Therefore the following two cases may occur;

(6) dim(F(T)NUL/F(T)CELT) = for all n=1,2, .-,

(¢) There exists N such that dim (H,/H,NE(T)=R for all n=N.

If () happens, then we can show the existence of 4(7") having property
1°. (0) implies that

F(T)NUL=(F(T)NEAT)® X, and dim (X,)= & for all n=1,2, -
We take 0+#x,€X,;, then (Tx,)°=0 and x, and Txo are linearly 1ndependent.
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According to (*) we can determine M which satisfies the condition stated in
(*). For this M we take a basis {y,/0=<¢=<1} of X,, then {y,} CU; and
{Ty.} cC[p]°. Suppose n(y,—y.)+n,T(y,—y.)=0 for s#¢, then we have
n,=n,=0 mod p, because, if 7,70 mod p, then T(y,—vy.)=q(y;—y.) for some
g, 0=g=<p—1. This leads to a contradiction 0#vy,—v.€ E3(T)N X5={0}.
By (*) 4(T)={x,+v.|/0<t<1} is a one-parameter family having property 1°.
If (¢) happens, then we can show the existence of 4(7T) having property 3°.
(¢) implies that

H,=H,NEYT)®DY, and dimY, =& for all n=N.

We can take 0#x,€ Xy, then we can see that x,, (7Tx,)° and (7x,)° are linearly
independent. According to (**) we can determine M. Take a basis {y,|0=<
t<1} from Y,, then we see also that y,—v,, (T(y,—v.))° and (7T (y,—y.))° are
linearly indepenpent for s#¢. By (**) 4(7T)={x,+y:/0=t=<1} is a one-
parameter family having property 3°.

Exchanging odd and even in a)~d) we have

e) If T is of one of types I°~IV?®, then A(T) having one of properties
1°~3° exists. ‘

Q.E.D.

Now we are in a position to show existence of a group Q which plays

fundamental role to our ideas.

Lemma 2. For any family {T,]2€A} of non-singular homomorphisms
on Clp] there exists a subgroup Q between ), [p] and Clp] such that Q
is not invariant under any T,(A€A) but invariant under the canonical pro-
jection P, onto even coordinates.

Proof. {T,|icA} is a given family of non-singular homomorphisms on
C[p]. We can assume that 4 is a well ored set of ordinal numbers which
are less than the first ordinal number whose cardinality is &. Choose ceC[p]
but ¢°, ¢°& XJ[p]. By transfinite induction we can construct the following
family of subgroups R,(1€4);

a) T(pl=RCRCR,CClp] if 0=a<p (1, ped),
b) card R, < (card 2)- X< for all 1€ 4,

c¢) R; isinvariant under P, for all 1€ 4,

d) ¢°® and ¢°¢ R, but there exists x,€ R,N4(7T;) such that

c—Tx, or ¢*—T,x; or c—Tx;eR, for all 2e 4.
Suppose R, has been constructed for all A<ped. Let R,=UR,. Then card

i<p

R;< (card 2)- Ro<c and R; is invariant under P, and ¢° and ¢®*¢ R;. By Lemma
1 4(T,) having one of properties 1°~3° and 1°~3° exists. Suppose 4(7T)
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has property 1°, then we can find z,€4(T,) such that (R,+[c°]1+[c°])N([x,]
®[T,x.})={0}. Let R,=R,+[x,]+[c°—T,x,], then clearly R, satisfies above
a), b) and c). And ¢° and ¢*¢ R, also holds. Suppose ¢°c€R,, then ¢°=
x+nx,+m(c®—T,x,) for some x€R, and some integers n and m, so —x+
(1—m)c®*=nx,—mT,x,, but by our choice of x,, nx,—m7T,x,=0 and x+
(m—1)c°=0. This implies z=m=0 mod p and ¢°=x€R, which is a contra-
diction. Suppose c¢°€R,, then c*=x+nx,+m(c°—T,x,) for some xR, and
some integers n and m, but x, and 7,x,eC[p]°, so c°=x€R, which is also
a contradiction. Suppose 4(7’,) has property 2°, then we can find x,€4(T,)
such that (R,+[c°]+[cDN([x]D[T,x,—qx.])= {0}. Let R,=R,+[z,]+
[c°—T,x,+qx,], then clearly R, satisfies above a), b) and ¢). And ¢° and
€ R, also holds. Suppose c°€R,, then c°=x+nx,+m(c*—T,x,+qzx,) for
some z€R, and some integers n and m, but x,€C[p]° and T,x,—qgx,eClp]°,
hence we have c®°=x°+nz,, that is, —x°+c°=nx,. Our choice of z, implies
nx,=0=—x°+c°, so we have c°=x°€R, which is a contradiction. Suppose
c°€R,, then *=x+nx,+m(c®*—T,x,+qx,) for some xeR, and some integers
n and m. Hence —x+(1—m)c®*=nx,—m(7T,x,—qzx,), but by our choice of
x, we see —x+(1—m)c®*=0=nx,—m(T,x,—qx,). This implies n=m=0
mod p, so c°*=x€R, which is also a contradiction. Suppose 4(7,) has
property 3°, then we can find x,€4(7,) such that (R,+[c°]+[c])N([x,]D
(T @ (T, )= {0}. Let R,=R.+[x]+[c"—(T.x,) 1+ [c*—(T,x,r].
Then R, clearly satisfies a), b) and ¢). And ¢® and ¢°¢ R, can be seen as
follows. Suppose ¢®°=x+nzx,+m(c®—(T,x,)°)+m'(c°*—(T,x,)) for some zeR,
and integers n, m and m’, then ¢®=2x°+nx,+m(c*—(T,x,)r), so —z°+
(1—m)c°=nx,—m(T,x,). This implies nx,—m(T,x,)°=0=—zx°+(1—m)c°.
by our choice of x,. Hence m=0 and c°=x°€R, which is a contradiction.
We can see also ¢°¢€ R, for same reason. And x, and ¢—7,x,€R, is clear.
The construction of R, for 4(7T,) having one of properties 1°~3° is exactly

similar by exchanging odd for even.
Let Q= UR,. Then the above properties a)~d) for all R, guarantee that

2€4

Q is a subgroup between 2 [p] and C[p] not invariant under any 7,(1€4)
but invariant under P,.

Q.E.D.

Proof of Theorem. We have clearly C=C°®C’and ) =3°®>°. By
Lemma 2 there exists a subgroup Q between X [p] and C[p] such that Q
is not invariant under any non-singular homomorphisms on C[p] but is
invariant under P,, therefore X °[p]=2[plPcQ°cClplc=C°[p], X°[r]l=
2plcQ°cCipl°=C[p] and Q=Q°PQ°. We can show that there exists
a pure snbgroup G, (G,) of C° (C°) which contains }° (33°) and G,[p]=0Q°
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(G:[p]1=Q°). This fact is known as the purification property, see Lemma 1
in [2] and more general form in [1]. Clearly G, and G, are not bounded.
Let G=G,®G,, then G is a pure subgroup of C which contains 3] and
Glpl=Gip1®G.[p1=Q°®Q°=Q. By Proposition G has the properties 1)

and 2) in Theorem.
Q.E.D.
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