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Simulations on the vibrational density of states of very large percolation clusters are presented.
Above threshold (p > p.), not only does one find no accumulation of modes around the phonon-
fracton crossover, but the number of modes is also depressed throughout the fracton region.
These “missing modes” accumulate near the upper frequency cutoff. The reason for this pileup is
explained, and scaling considerations account for the dependence on p —p. of the size of this

effect.

The vibrational density of states (DOS) of fractal
structures, initially studied by Alexander and Orbach,' is
a subject that continues to attract much attention. Frac-
tal networks, characterized by a Hausdorff dimension D
and an exponent 8 for the anomalous diffusion,? have a
DOS that follows the universal law D(w) < 0?~', where
d=2D/(2+6) is the spectral dimension."> On the basis
of some known values of the exponents, Alexander and
Orbach conjectured that for scalar waves on infinite per-
colation clusters, d= %, independently of the network
geometry and of the underlying Euclidean dimension d.'
Such_strongly localized excitations were named fractons,
and d is also called the fracton dimension.

Computer simulations have been essential to develop
more insight into fracton dynamics. The early work con-
centrated on the existence of a phonon-fracton crossover,
on the localization of fractons, and on the dependence of
d on the nature of the elastic forces.**> More recently,
very large percolation clusters of more than 10° particles
could be investigated, revealing a wealth of detailed quan-
titative informations.®~® The latter work became possible
with the advent of array-processing supercomputers, and
with the use of a numerical method that does not re%uirc
diagonalization, as developed by Williams and Maris.

The new simulation results confirmed that the connec-
tion between the phonon and fracton regimes is smooth,
with no visible accumulation of modes, or “hump,” in the
DOS around the crossover frequency w..%"'" This is at
variance with earlier predictions based on scaling con-
siderations,'' as well as with calculations using the
effective-medium approximation.'? The earlier considera-
tions were based on the observation that the crossover
from fractons to phonons implies “missing modes” in the
normalized DOS. In the present Rapid Communication,
the whereabouts of these missing modes are discussed, and
we show that there are, in fact, a much larger number of
them distributed over the entire fracton frequency range.
We find how the weight of these modes scales with p —p,,
where p is the occupation probability of the percolation
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network, and p. is the percolation threshold. All these
modes tend to accumulate near the upper end of the frac-
ton frequency range, for reasons that will be explained,
and produce there a visible hump in the DOS, growing
with p —p..

We should first recall the early considerations about
missing modes.'' The DOS of a percolation cluster above
threshold (p > p.) is characterized by two regimes: the
fracton DOS, Dp(w,p)xw?™', at high frequencies
(o > w.), and the phonon DOS, Dy (w,p) xw? ™!, at low
frequencies (w < w.). Assuming strict similarity in the
fractal regime, one might expect D (w,p) =D (w,p.),
where the DOS is normalized to one per particle. Since d
is always larger than d, it results that Dy, is smaller than
D¢, when the latter is extrapolated to phonon frequencies.
As the integral of Dy, was already normalized to one for
P =p., some modes must be missing in D(w,p > p.), in
view of the existence of the phonon regime. Their spectral
weight must be recovered somewhere, and it was argued
that the most reasonable place for accumulation is near
w,, leading to a hump in the DOS, and to a corresponding
hump in the low-temperature specific heat. This con-
clusion has influenced a large body of literature in which
fracton explanations have been proposed to account for
anomalies in the low-temperature specific heat of amor-
phous materials. The present authors already commented
on this elsewhere at some length.%!>~!> The main point is
that a hump is neither seen in simulations of the phonon-
fracton crossover,*S nor in actual experiments on fractal
materials.'® ~'® A separate objection is that a hump in the
specific heat is not the hallmark of amorphous systems. '?
Given the on-going debate on the applicability of fractons
to amorphous materials, it remains of importance to clari-
fy the question of the missing modes in the DOS of fractal
networks.

In this Rapid Communication, the corresponding de-
tails of the DOS are discussed on the basis of extensive
simulations. The latter, already described elsewhere,® are
made on 4 =2 percolating clusters of /V particles of unit
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mass connected by unit springs. The equations of motion
are

ﬁi-ZKijuj, (1)
J

where u; is the scalar displacement of the particle at site i.
The forces connect nearest neighbors, with K;; =1 if both
sites i=j are occupied, zero otherwise, and K;; = —z,
where z; is the number of occupied sites neighboring i.
The DOS of this system, for p > p,, is now written

D(w,p)=A(p)o? 'Flojw,) . ()

For infinite site-percolation clusters, the phonon-fracton
crossover frequency scales as w.=Q(p —p.)*P/ where
v is the exponent of the correlation length &, with
E=Z(p —p.) ~"._ The scaling function F(x) =1 for x> 1,
and F(x) =x?"?for x < 1. This defines . as the abscis-
sa of the intercept of the asymptotic phonon and fracton
straight lines in a double logarithmic presentation of the
DOS vs @.'” For d=2, one has D=3 and v=1%; for
the underlying square lattice used here, @=13, and
£=0.95.2

Simulation results are illustrated in Fig. 1. They show
the appropriateness of Eq. (2) in_the phonon-fracton
crossover region. Since one expects d = %, the ordinate in
Fig. 1 is the quantity D(w)/@'" vs w, so that the fracton
regime corresponds to the horizontal line of height A(p).
Data at the percolation threshold (p. =0.593) are shown
by solid circles. In that case, the network was prepared on
a 700x700 lattice, with N =116991. The Alexander-
Orbach conjecture holds over the range of @ presented in
the figure, without apparent crossover to a Debye regime.
The reason is that, since p=p,, £ is of the order of the lat-
tice size in this simulation. With £=700, one expects
©.==0.001, which is below the w range that can be shown,
as insufficient accuracy is obtained at a frequency near the
cutoff imposed by the lattice size. The DOS for a cluster
with p=0.67 (N =317672) is shown with open circles.
In that case, one recognizes clearly the two regimes, with
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FIG. 1. The calculated DOS, normalized to one per particle,
divided by w'”, as a function of the frequency w. The solid cir-
cles correspond to the critical percolation density p.. The open
ones are for p =0.67. The horizontal lines are guides to the eye.

a crossover frequency w.==0.1. It is clear that the simula-
tion does not exhibit any noticeable hump near w.. Fur-
ther, the magnitudes of the DOS in the fracton regime are
different in the two simulations, invalidating the assump-
tion D (w,p) =D (w,p.), and justifying a nontrivial
dependence A(p) in Eq. (2). Finally, one notices that the
two curves of Fig. 1 could not possibly be made to scale
towards the upper end of the fracton range. This is clearly
the (region where modes have accumulated, invalidating
Eq. (2).

To understand these observations, it is helpful to con-
sider first the simple models illustrated in Fig. 2. From
the Sierpinski gasket of Fig. 2(a), one can construct
large-scale homogeneous systems in different ways.!> A
first manner, illustrated in Fig. 2(b), is the carpet calcu-
lated by Southern and Douchant.?! The modes of the
simple gasket, Fig. 2(a), have been investigated in consid-
erable detail. 2 They can be classified into “hierarchical”
ones, whose density for d=2 peaks at w=+/5, and
“molecular,” or strongly localized ones, with highest den-
sity near the upper cutoff, at @ =+/6. These modes are
only slightly modified by the higher coordination of a few
sites (z=6) in Fig. 2(b). This higher z just produces a
few modes at frequencies above the Sierpinski gasket
“band,” in the region V6 < @ < 3. One notes that o =3
is the upper cutoff of the d =2 triangular lattice. An al-
ternative way to construct a large-scale homogeneous sys-
tem is illustrated in Fig. 2(c). That model corresponds
more closely to the intuitive picture of fractal clusters that
reach their correlation length by *“growing into each oth-
er.” In that case, the whole region v6 < w < 3 becomes
rather density populated with modes, at the expense of the
DOS in the fracton regime. In fact, our preliminary simu-
lations suggest that the relative number of modes in that
high-frequency interval is very nearly equal to the relative
number of sites with coordination z =6. The correspond-
ing “missing” spectral weight is rather uniformly distri-
buted over the low-frequency region.

The above considerations can now be extended to per-
colating clusters of finite correlation length £&. The discus-
sion is facilitated by adopting the nodes-links-blobs pic-
ture (Skal-Shklovskii-de Gennes model),? as illustrated
in Fig. 3. The backbone consists of a network of quasi-
one-dimensional strings (links) tied together at nodes, and
connecting more strongly bonded regions (blobs). The
typical separation of the nodes forming the macroscopi-
cally homogeneous network equals the correlation length
&. From & upward, the network supports phonons. The
vibrations of those nodes form a band that cannot extend

FIG. 2. Lattice models based on the Sierpinski gasket: (a) il-
lustrates a gasket up to the fourth level of hierarchy; (b) is a
unit cell made of such a gasket and an empty triangle; (c) is a
denser unit cell, possibly more representative of real fractal ob-
jects, obtained by the junction of two gaskets such as in (a).



RAPID COMMUNICATIONS

1080

FIG. 3. Illustration of the nodes-links-blobs model for the
backbone of percolation clusters. The solid circles indicate
nodes forming the homogeneous network.

beyond @=2+/2, which is the cutoff for the square lattice.
In fact, since sites near nodes are generally loaded by the
larger effective mass of surrounding blobs, one expects a
cutoff at a somewhat lower value. It is precisely in the re-
gion 1.5-2.0 that a strong accumulation of modes is ob-
served (Fig. 1). With Dp=A(p)o/w?® and Dy
=A(p)w'", one calculates the relative number of “miss-
ing modes” associated with the phonon regime M, as

M= [ (D =Dpdo=1t A(p)of

=1 4(p)adp—p)*P. (3)

With A(p)=A(gc) =0.4 from Fig. 1, one estimates
Mpw=3(p—p,)"°. This value is normalized to one per
occupied site. The number of occupied sites in the corre-
lation area &2 is £2Pw, where Po=Po(p —p.)?, with
B=3 and Py=1.53.2° Hence, the actual number of
missing modes within the correlation area is =§2Pprh
=3=2P,, which is independent of p—p, since the ex-
ponent —2v+pB+vD is identically zero. Further, the ac-
tual value is of the order of one. Thus, these missing
modes have approximately the weight of the phonon
branch. One should also note that, for any non-negligible
¢, the absoluté number My, is very small compared to
one, the corresponding area in Fig. 1 being overem-
phasized by the logarithmic presentation.

Numerically more important is the relative number of
missing modes My, produced by the depression of the
fracton density from A(p.) to A(p), as per Eq. (2). Ig-
noring the hump near the high-frequency cutoff, this num-
ber is

M, "j; (D (w,p.) — D (w,p)ldw =1— -j‘;((ﬁ% .

4)

For the second equality, use was made of Eq. (2), and of
the fact that the integral of Dy (w,p.) over the full fre-
quency range is already normalized to one. The experi-
mental values of My, are shown in Fig. 4, demonstrating a
critical behavior, M =M(p—p.)™. The solid line,
drawn with m =%, gives Mo=4.1. The behavior can be
explained tentatively as follows. Within the area &2, a
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FIG. 4. The relative number of missing modes, M., produced
by the depression in the fracton density of states, presented vs
p —pc. The error bars are standard deviations. The straight line
of slope v=1% is shown to agree with the asymptotic behavior
for p— p..

number of sites have higher coordination than in the clus-
ter at p.. The number of these sites is much larger than
the small number of nodes that eventually form the homo-
geneous system (Fig. 3), and whose relative density is
1/(§2Pw) =M. Based on the naive picture of Fig. 2(c),
one could expect that the number of these sites is propor-
tional to the length of the perimeter, i.e., &9~ In the
case of the percolation cluster, the perimeter at £ is a frac-
tal of dimension D —1, and its length is «<£2~!. The to-
tal number of occupied sites within this perimeter being
&P, the relative number of modes rejected to high frequen-
cy is then M =EP7 /P (p —p.) .

Actually, taking either a square of side & or a circle of
diameter &, the ratio of occupied perimeter sites to occu-
pied area is exactly 4/6=4.2(p—p.)", and one notices
that v=% for our d =2 case and the numerical prefactor
is =M. This supports the correctness of this interpreta-
tion. Although there is, strictly speaking, no well-defined
“perimeter” at £ for which the connectivity of all sites is
increased, the concept appears to remain well defined
from an average point of view. The effect of the higher
connectivity is to depress the number of modes throughout
the fracton regime.

The above considerations have been developed for the
vibrational problem on Sierpinski gaskets and percolation
clusters in d =2. One should expect that these effects are
rather general, and should occur also at higher dimensions
and for mode problems other than mechanical vibrations.
In particular, they should be observable on superconduct-
ing deterministic fractals. Samples such as shown in Fig.
2 have actually been made by lithography, and their mode
properties have been investigated.?* These seem to be
rather obvious candidates for a quantitative experimental
test of the above ideas.
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