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Theoretical study on resonant transmission of acoustic phonons propagating
through a superlattice-liquid interface

Seiji Mizuno
Department of Applied Physics, Hokkaido University, Sapporo 060-8628, Japan
(Received 17 July 2000; published 22 December 2000

We theoretically studied the resonant interaction of acoustic phonons with the vibrational mode localized
near a superlattice-liquid interface. We calculated the phonon transmission rate and examined the peculiar
resonance peak due to the localized mode. The peak value depends on the number of(Nerddse
superlattice, and this resonant feature disappears for ldrged also smalN. We derived the formula
describing the resonance line and discussed the condition for such a resonance to be seen.
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[. INTRODUCTION face vibrational mode. However, strictly speaking, the sys-
tem he considered has an interfdbetween the SL and the

The theoretical investigation of phonon properties in theliquid) and not a free surface. In addition, we should notice
superlattice(SL) starts with the calculation of the phonon- the serious problem related to the conservation of energy.
dispersion relations? The outline of the dispersion relation The phonon displacement corresponding to the surface mode
of the SL can be understood by folding the dispersion curvegecays exponentially away from the surface. Conversely, the
for a bulk solid into the mini-Brillouin zonéBZ) of the SL1  displacement of the phonon injected from the substrate in-
In this folded dispersion relation, moreover, the frequencycr€@ses in SL exponentially, i.e., the energy flux of the pho-
gaps are generated at the center and edges of the mini-B3¥N IS amplified in the SL. Th|_s means that we can extract a
due to the Bragg reflection. The size of the mini-BZ is de-h'gh_er energy t_haf? tha_t of the incident phonon. Clearly, more
termined by the length of the unit period of the SL. Thus, wede'tl"’“lehd Investigation is neceszaryr.] . fth
can set the frequency gaps in an experimentally accessiblen n the fc)rese{lr;[ pgpLe_r \t/vellstu_ dylg € t:jansrr:|hsspn rate Of the
frequency rangé~sub-TH2, changing the unit period of the phonons from the INto fiquid, basec on the rigorous Tor-
SL. Actually, the existence of the frequency gaps was experiEnUIa' In particular, jve examine thd depender_lce of the

‘ - . resonant feature and give the physical explanation. In Sec. Il
mentally confirmed for the GaAs/AlAs SL, etc. with the use e priefly summarize the general expression for the trans-
of phonon Spec"f)scoﬁy' _ _ _ mission rate of phonons propagating through the periodic

In the calculation of the dispersion relations, the perfeci| which is used for the later analysis. As a numerical ex-
periodicity should be assumed and the periodic boundargmpie, in Sec. Il we apply this analytical formula to the
condition is applied. On the other hand, in the realistic SL,GaAs(GaAs/AIA9,-H,0 and GaAsGaAs/AlA9y-*He
various kinds of inhomogeneity are embedded. The mosgystems. The result Kato calculated numerically is also re-
typical example is a free surface or a defect layer, whichproduced in this section. In Sec. IV we explain the main
causes localized vibrational modes inside the frequencyeature of the frequency dependence of the transmission rate
gaps. Theoretically, the impurity and surface vibrationalin these systems. In particular, the necessary conditions for
modes have been studied for the infinite and semi-infiniteéhe resonance to be seen are examined. In Sec. V we discuss
SL’s, respectively:® Experimentally, the surface modes the peculiar resonant properties of phonons propagating
have been detected in various SL’s by using the picoseconthrough the SL-liquidSL-L) interface in detail. A summary
ultrasonic techniqueand Raman scattering experimehts. and conclusions are given in Sec. VI.
The impurity-layer mode is also suggested in Raman

spectrunt. _ : Il. GENERAL EXPRESSION OF THE PHONON
Very recently, the effect of another inhomogeneity, such TRANSMISSION RATE
as the size effect or internal surfadsubstrate-SL or
detector-SL interfage has been discussed theoreticafly'? A schematic picture of the situation we study is illustrated

Actually, the SL is grown on the substrgend often covered in Fig. 1. In order to define the transmission rate, the exis-
with a cap layer or detector layesind the number of periods tence of the substrates) and detectokD) is indispensable;
(N) of the SL is finite (~10%), which is much smaller than this fact becomes important in the present study. Here, we
that of a bulk solids £ 10°). Thus, in some case the effects consider the case where the wave vector of phonons is per-
of these become important for the realistic SL. It is relevantpendicular to the interfaces of the layer. In this case, three
to calculate the phonon transmission or reflection rate fophonon modes are decoupled from each other if the inter-
such a finite-size SL grown on a substrate. faces are a mirror-symmetry plane. That is, we can treat only
In 1999 Katd? calculated the phonon transmission rate ofone mode, e.g., the longitudinal mode. Also, the continuum
the GaAs/AlAs SL in contact with a distilled water, numeri- model which should be valid for sub-THz phonons is as-
cally. His calculation shows that the resonance peak exists isumed for each constituent layer. The displacement field of
the frequency gap. This resonance was attributed to the suincident phonons in the substrate is simply represented by
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FIG. 1. Schematic of the superlattice system.

the plane wave'** of unit amplitude. The incident phonon is
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N

multiple scattered from each interface. After the scattering,

the displacement fields of the transmitted and reflected _
phonons in the substrate and the detector layer are expressed {= —Sinkada Coskgdg—

ast(k)e'®™ andr(k)e ', respectively. Heret(k) andr (k)

are the transmission and reflection amplitudes, respectively.
The energy flux of incident and transmitted phonons are

given by
()
2

respectively’ Here,  is the angular frequency of the phonon
and Z;=pjv; (i=S5,D) is the acoustic impedance given by
the product of the mass densjiyand the sound velocity; .

_1 2.0 _1 .2
Ps=3pswvs=3s0Zs,

Pp=3pp0?vp|t(k)|?=30?Zp|t(k)|?,

The transmission rate is defined as the ratio of these energy

fluxes,

P
_Po_
Ps

Zp
Z—glt(k)lz. 3

oy =| A hN 6 (10
=|——| cos ,
|+
+A
coshg= 'u—‘ , (12)
2
and
Zp .
)\zcoskAdAcosdeB—Z—smkAdAskadB, (12
B
. Zp .
o=sink,d, coskgdg+ Z—coskAdA sinkgdg. (13
B
Zg .
——coskada sinkgdg, (14)
Zp
Zg . .
u=coskad, coskgdg— Z—sm kada sinkgdg. (15
A

In these equationk;= w/v; is the wave number and, and

dg are the thicknesses @& andB layers, respectively. The
above expression®)—(11) are applicable to phonons inside
the frequency gap of the superlattice. Equatidih shows
clearly that the transmission rate depends on the acoustic
properties of the substrate and detector throdglandZy .

Ill. NUMERICAL EXAMPLE FOR
GaAs{GaAdAIAs)SL-H,0 SYSTEM

As the next step, we apply the above formula to the GaAs/
AlAs SL grown on the GaAs substrate and being in contact
with H,O. That is,S=GaAs andD=H,0 in Fig. 1. The

For the periodic SL, the analytical expression of the phonorfrequency dependence of the transmission rate is shown in

transmission rate is given in our previous papefhe result
is

)
T= = 4
(2o Zp_ \* Zp_ |
Z_Ale_ Z_ST21 | Taot Z_ST11

whereT;; is the matrix elements of transfer matrix for the
periodic SL,

A
T11=TS(N)+C(N), 5)
T1,=0S(N), (6)
T21=¢S(N), (7)

A
T22=—TS(N)+C(N), (8)

where
[ wtn \NtsinhNg

S(N)= |+ \] sinhé ©)

Fig. 2. Here, the number of periods is assumed to be 8
(bold line) and 16(broken ling. There are two possibilities
for the stacking order of constituent layers, i.€a) A
=AlAs, B=GaAs, or(b) A=GaAs, B=AIAs. The calcu-
lated result is quite different with the stacking order. The
solid line (N=8) in Fig. 2b) reproduces the previous
result!?

In both cases, the transmission rate oscillates around
Ts.p=4Z<sZp/(Zs+Zp)?, which is the transmission rate
for the phonon propagating directly from the substrate to the
detector(i.e., the single interface casé’he most noticeable
feature is the structure within the frequency gaps. In general,
the transmission rate in the frequency gap becomes consid-
erably small due to the Bragg reflection, i.e., the phonon
displacement decays exponentially away from the interface
between the substrate and SL. However, there exist sharp
peaks in the first and third frequency gaps in Fif)20n
the other hand, there is no such a peak in the second gap in
Fig. 2b) and all gaps in Fig. @). The origin of these peaks
will be examined in Sec. IV by analyzing the exact formula
of the transmission rate given in Sec. Il.

Another noticeable feature is that the peak value depends
on N. The N dependence was not studied by K&tdzigure
3(a) shows theN dependence of the peak value in the lowest
gap. It has the maximum value ldt= 8. For comparison, the
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FIG. 3. N dependence of the peak value in the lowest ga@jin
FIG. 2. Frequency dependence of the transmission rate of th&aAs{GaAs/AlAs)-H,O and (b) GaAs{GaAs/AlAgy-*He sys-
longitudinal phonons in the GaA&aAs/AlAs)y-H,O system with  tems.
N=8 (solid line) and N=16 (dashed ling (a) A=AlAs and B

=GaAs; (b) A=GaAs and B=AIAs. The unit period is N—p 2
(GaAs5(AlAS);s5 Y2T2 = yZ(TS(N)+C(N)) <7y, (17
result calculated for the GaASaAs/AlA9y-*He system is - - )

also shown in Fig. ®). In this case, it has the maximum Y T1=y0°S(N)*=< v, (18
value at N=20. The physical interpretation is given in

Sec. V. T3,=?S(N)%=< y, (19

IV. MATHEMATICAL ANALYSIS OF THE RESONANT N— s 2
TRANSMISSION T§2=( - TS(N)+C(N)) =7, (20

In this section we explain the resonant properties shown
in Sec. I, analyzing the exact expression for the transmisshould be satisfied simultaneously.
sion rate. First, we examine the necessary conditions for the Now we are considering the case ¢&1 because the
resonance peak to be seen in the frequency gap and deridietector layerD is assumed to be liquid, whose acoustic
the approximated expression for such a resonance line.  impedance is in general much smaller than that of a solid.
Thus, Eq.(19) leads to|Z|<1 or {~0, becausgS(N)]
=sinhN@/sinhé>N. In the previous work? it is shown that

A. Necessary conditions for the striking peak to be seen the equatiorr=0 gives the eigenfrequenay, of the surface

Equation(4) can be rewritten as localized mode. That is, there is the possibility that 1 is
realized only for the frequency neat,. This eigenfrequency
4y 6 is expressed &%
T= , 16
VAT T+ To+ To+2y
&
. =wn,+ =— w, Si
where y=Zp/Z,. Here we used the relationT ;T 5= omT 57 01 SIN2ondalva), @)

—T45T21=1, which is the general feature of the transfer ma-

trix. To avoid unnecessary complications, we assumed in Eqvhere w,,=mw,=mm(ds/va+dg/vg) ! is the mth order
(16) that the substrate is composed of the same material @&ragg frequency and=Zgz/Z,—1 is the acoustic mismatch
layerA, i.e.,Zs=Z, . A necessary condition for the striking between the constituent layefsandB. For most of the SL’s
peak to be seen is given @y~ 1 inside the frequency gaps. Z, is close toZg, i.e.,|e|<1. In the derivation of Eq(21),
Since the terms in the denominator of Efj6) are all posi- more than the second-order termseoére neglected.

tive, this condition leads to the equations From Eg.(20), we can obtain the equation
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P 1.0F T
m|3|n(wdA/UA)|”_l- (22 8 (a)
o
Therefore,e should be negative, i.e., _g o5l Exact
Z5<Zp, (23 £
C
g < “,
and also = =~ Approximated
R breerree e’ ) | . . I'--. ay,
|sin(wpdalva)|~1 (24 0.290 0.300 0.310
should be satisfied. For the SL with the free surface,(E8). Frequency (THz)

is a necessary condition for the existence of surface-localized
modes>**Also, Eq.(24) means that the phonon amplitude is
well localized near the surfacé.

The remaining conditions, Eq$17) and (18), give the
limitation of N. This is shown by deriving the approximated
expression of Eq(16) with the use of the condition23) and
(24).

Peak Value

B. Approximated expression for the resonance line

Using Eqg.(24) we can derive the approximated expres-
sions of the elements of the transfer matrix in théh fre-

quency gap,

Ty=(—1)™e N, (29
FIG. 4. (a) Phonon transmission rate versus frequency around
Too=(—1)™NeNe, (26) the lowest-frequency gap in the GafGaAs/AlAgy-H,O sys-
tem. (b) N dependence of the peak value in the lowest gap. The

. solid line and dots are transmission rate calculated based on the
sinhNe

™ . .
T=(— 1)™N— (@ — O } (27) exact and approximated formulas, respectively.
wq &
To=T (289 re
21~ l12- T= m, (32)
Inserting Eqs(25)—(28) into Eq. (16), we have the resonant
form where the peak width is expressed as
T= ael 4 4 Zpn Zp\*
CNe . New2 , T ,Sinh*Ne = 8wl(,},fl_y)fl: E@1(2A_ D) (33
(ye e +e™)+(1+y) ?(w_wm)T ™ m \Zp Za
1
(29

For the system studied in Sec. Il, the frequency dependence
Within the present approximation, the resonant frequency isf the transmission rate calculated from the formulag)

the same as the eigenfrequency of the surface localizedand (33) is compared with the exact result in Fig@ajt In
mode. This is also equal to the Bragg frequengybecause addition, theN dependence of the peak value calculated from
the second term of the right-hand side of E®l) is negli- Eq. (29) is compared with the exact result in Figbst Our
gible under the condition Ed24). From Eq.(29), it is easy approximated results are in good agreement with the exact
to find thatT(w,,)~1 if the relation one. As another example, the results calculated for the
GaAs{GaAs/AlAs)\-*He system are also shown in Figs.

2D e 5(a) and §b). For the liquid whose acoustic impedance is
Y= Z_S”e (30 smaller, the maximum peak value is realized for the latger
according to Eq(31).
or Equations(32) and(33) are calculated for the case where
Zs=Z,, but these can be generalized 0¢#Z, . In that
1 Zp 1 Zg case, Eq(393) is replaced by
N 5 Inzs—2|8|lnZD (31

48(1)1 ZS ZA ZA ZD -1
o \Zpn Zs Zp Za

is satisfied. Then, we can get the well-known Breit-Wigner
form

(34)
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1.0F T T T J I ) 7] Un:[ﬂ(wm)]nUO: (35
(a) 4He
plwm)=(—1)"1+e sif(ondalva)]. (36)

Here, U, is the phonon amplitude at theth interface(n
=0 denotes the surfagelf Eq. (24) is not satisfied, i.e.,
| sin(wyda/va)|~0, phonon amplitude hardly decays. That is,
N=21 the corresponding localized vibration behaves as a bulk
i 4 mode in the frequency band. In other words, the existence of
0.290 0.300 0.310 the well-localized surface modes is a necessary condition for
Frequency (THz) the resonance enhancement in transmission.

In the SL being in contact with liquid, this situation re-
mains intact if the third conditiof31) is satisfied. The result
shown in Fig. 2a) is calculated for the system in which Eq.
(23) is not satisfied. In fact, no sharp peak can be seen in the
frequency gaps. On the other hand, condiii@d) is satisfied
in the system considered in Fig(k, but in the second fre-
guency gap Eq24) is not satisfied and there is no resonance
peak.

Next, we will examine the third conditio(81). Here, we
consider the case where the conditidi®8) and (24) are
satisfied. As a reference system, we examine the SL with the
free surface again. In this system the phonon displacement of
the surface-localized mode decays exponentially, as shown
in Eg. (36). Conversely, the phonon amplitude increases ex-
ponentially away from the substrate-SL interface into SL

FIG. 5. (a) Phonon transmission rate versus frequency around
the lowest-frequency gap in the GakGaAs/AlA9y-*He sys- [Uogl NNl
tem. (b) N dependence of the peak value in the lowest gap. The m_(1+8) =e, (37
solid line and dots are the transmission rate calculated based on the
exact and approximated formulas, respectively. whereU, andU , are the phonon displacement at the surface
and the substrate-SL interface, respectively.

applicable to the case where the phonons are injected frogPlution. However, this mode may exist in the finite-size SL.
the liquid. The transmission rate is defined as the ratio of energy flux, as

shown in Eq.(3). In this definition, the acoustic impedance
Zg and Zp for the substrate and detector materials are in-
cluded. This means that the transmission coefficient may in-
crease exponentially witNl if the acoustic impedancg, is

In Sec. IV we have shown that the resonance peak apsufficiently smaller thaizg. The maximum amplitude is re-
pears in the frequency gap, when the conditions E2{3), stricted by the law of the conservation of energy,
(24), and (31) are simultaneously satisfied. To study the
physical meaning of these conditions, we first consider the Po Zp 5
SL being in contact with the vacuum regiéire., the SL has T= p_S: Z_S|t(k)| <1 (38)
a free surface instead of the SL-L interfacAs mentioned
before, Eq.(23) is a necessary condition for the existence of The condition, Eq(30), is equivalent to the equation giving
surface-localized modes in the SL with a free surfate. the upper limit of Eq.(38), because|t|> corresponds to
These modes correspond to the Wallis modes of the semjy,/U,|? in Eq. (37).
infinite one-dimensional chain with two atoms per unit
cell ®>~Y|t is well known that the Wallis mode appears when V1. CONCLUDING REMARKS
the atom at the end has smaller mass than the other atom.
The heavier atom next to the lighter atom being at the end In the present paper we studied the resonant transmission
cannot follow the faster vibration of the lighter atom. As a of phonons propagating through a SL-L interface. We calcu-
result, the corresponding phonon amplitude decays exponetated the phonon transmission rate and studied the peculiar
tially away from the end. This explanation is similarly appli- resonance peak due to the vibrational mode localized near
cable to the present system. SL-L interface. The peak value depends on the number of

Equation(24) means that the phonon amplitude is well periodsN of the superlattice, and this resonant feature disap-
localized near the surface because the corresponding phonpears for largeN and also smalN. Only for appropriateN
amplitude is expressedds can we see the resonance. We derived the formula describing

Transmission Rate
o
n
T
1

o
o

Peak Value

V. DISCUSSIONS
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