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Preface

For a polytope P whose symmetry group is a reflection group W , a canonical
system of basic invariants for W plays an important role to determine if the
space of all P -harmonic functions coincides with the space of all W -harmonic
functions. The main purpose of this thesis is to describe explicit formulas for
a canonical system of basic invariants for a finite irreducible reflection group.

This thesis is mainly based on [17] and [18]. The paper [18] is a joint-work
with Norihiro Nakashima and describes formulas for canonical systems of fi-
nite Euclidean reflection groups. The paper [17] is a joint-work with Norihiro
Nakashima and Hiroaki Terao and proves the existence of canonical systems
for unitary reflection groups. These materials are included in the thesis with
a kind permission of those coworkers.
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Chapter 1

Introduction

In this chapter we give the definition of a canonical system for a finite reflec-
tion group. Throughout this paper, K denotes the real number field R or the
complex number field C and V an n-dimensional vector space over K. Lehrer
and Taylor [15] describe the theory of unitary reflection groups in detail.

1.1 Finite reflection groups

In this section, we recall the definition of a reflection and the classification
of finite reflection groups.

Definition 1.1. A linear transformation s ∈ GL(V ) is a reflection (or a
pseudo reflection) if dimK Im(1 − s) = 1 and the order of s is finite. For
a reflection s, the hyperplane Ker(1 − s) is called the reflecting hyperplane
of s. A finite subgroup W ⊆ GL(V ) is a finite reflection group if W is
generated by reflections. When K = R a reflection group is sometimes called
a Euclidean reflection group and when K = C a reflection group is called a
unitary reflection group or a complex reflection group.

Let W ⊆ GL(V ) be a finite reflection group. There exists a W -invariant
inner product ⟨·, ·⟩, that is, there exists a bilinear form ⟨·, ·⟩ : V × V → K
satisfying the following:

(1) ⟨u, v⟩ = ⟨v, u⟩,

(2) ⟨u1 + u2, v⟩ = ⟨u1, v⟩+ ⟨u2, v⟩,

(3) ⟨au, v⟩ = a⟨u, v⟩,

1



2 Chapter 1. Introduction

(4) ⟨v, v⟩ ∈ R and ⟨v, v⟩ ≥ 0,

(5) ⟨v, v⟩ = 0 if and only if v = 0,

(6) ⟨wu,wv⟩ = ⟨u, v⟩
for all u, u1, u2, v ∈ V, a ∈ K and w ∈ W , where a = a when K = R or a
denotes the complex conjugate of a when K = C.

Let s ∈ W be a reflection and H the reflecting hyperplane of s. The
orthogonal complement H⊥ has dimension 1.
Definition 1.2. A generator α of H⊥ is called a root of the reflection s.

Let α be a root of s. For any u ∈ H,

0 = ⟨u, α⟩ = ⟨su, sα⟩ = ⟨u, sα⟩.

Therefore sα ∈ H⊥ = Kα. Hence α is an eigenvector of s. Assume that
sα = ζα for some ζ ∈ K, ζ ̸= 1. An arbitrary vector v ∈ V has a unique
decomposition

v = u+ aα,

where u ∈ H and a ∈ K. Since ⟨u, α⟩ = 0, we have a = ⟨v,α⟩
⟨α,α⟩ . Therefore

sv = su+ asα = u+ ζaα = v − (1− ζ)
⟨v, α⟩
⟨α, α⟩

α. (1.1)

Proposition 1.3. Let s1, s2 be reflections with roots α1, α2 respectively. Then
s1 and s2 commute if and only if Kα1 = Kα2 or ⟨α1, α2⟩ = 0.
Proof. From (1.1), we have

s2s1v = v − (1− ζ1)
⟨v, α1⟩
⟨α1, α1⟩

α1 − (1− ζ2)
⟨v, α2⟩
⟨α2, α2⟩

α2

+(1− ζ1)(1− ζ2)
⟨v, α1⟩⟨α1, α2⟩
⟨α1, α1⟩⟨α2, α2⟩

α2,

where siαi = ζiαi (i = 1, 2). By symmetry a similar expression holds for
s1s2v. Therefore

s1 and s2 commute
⇔⟨v, α1⟩⟨α1, α2⟩α2 = ⟨v, α2⟩⟨α2, α1⟩α1 for any v ∈ V

⇔Kα1 = Kα2 or ⟨α1, α2⟩ = 0.
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Proposition 1.4. Let s be a reflection with root α and U ⊆ V a subspace.
Then U is s-stable, that is, sU = U if and only if α ∈ U or α ∈ U⊥.

Proof. Assume that sU = U . Then sU⊥ = U⊥. Write

α = u+ v (u ∈ U, v ∈ U⊥),

then

su+ sv = sα = ζα = ζu+ ζv.

Since sU = U and sU⊥ = U⊥, we have su = ζu and sv = ζv. By definition
dimK Im(1− s) = 1, one of u and v must be 0 since ζ ̸= 1. Hence α ∈ U or
α ∈ U⊥.

Conversely, assume that α ∈ U⊥. Then the reflecting hyperplane of s
contains U . Therefore U is s-stable. If α ∈ U then U⊥ is s-stable so is
U .

Proposition 1.5. Let U ⊆ V be a W -stable subspace and W ′ ⊆ W the
subgroup generated by reflections with roots in U . Then W ′ is a normal
subgroup of W .

Proof. Let s ∈ W ′ with root α ∈ U . For any w ∈ W we have

s(w−1v) = w−1v − (1− ζ)
⟨w−1v, α1⟩
⟨α1, α1⟩

α1.

Therefore

(wsw−1)v = v − (1− ζ)
⟨v, wα1⟩

⟨wα1, wα1⟩
wα1.

Thus wsw−1 is a reflection with root wα. Since U is W -stable, we have
wα ∈ U . By definition of W ′ we can conclude that wsw−1 ∈ W ′. Hence W ′

is a normal subgroup of W .

Definition 1.6. Let W ⊆ GL(V ) be a finite reflection group. We say that W
is essential if V W := {v ∈ V | wv = v for all w ∈ W} = 0 and W is reducible
if W = W1 × W2 for some non-trivial reflection subgroups W1,W2 ⊆ W .
When W is not reducible, we say that W is irreducible.

Proposition 1.7. The K[W ]-module V is irreducible if and only if W is
essential and irreducible.
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Proof. By Maschke’s theorem V has the orthogonal decomposition

V = V W ⊥ V1 ⊥ · · · ⊥ Vk,

where Vi (1 ≤ i ≤ k) are non-trivial irreducible submodules. Assume that
the K[W ]-module V is reducible. We may assume that W is essential and
k ≥ 2. Let Wi ⊆ W be the subgroup generated by reflections with roots in
Vi. Then the following three conditions hold:

• When i ̸= j, elements w ∈ Wi and w′ ∈ Wj commute by Proposition
1.3.

• W = W1 · · ·Wk by Proposition 1.4.

• Wi is a normal subgroup of W by Proposition 1.5.

Hence W = W1 × · · · × Wk. Thus W is a reducible reflection group. Con-
versely, we may assume that W is essential and reducible. Then W has a
decomposition W = W1 × W2, where W1 and W2 are non-trivial reflection
subgroups. Let V1 ⊆ V be the subgroup spanned by roots of reflections in
W1. The subspace V1 is W1-stable by Proposition 1.4. Since an element in W1

and one in W2 commute, the subspaces V1 and V2 are orthogonal by Propo-
sition 1.3. Hence V1 is contained in the reflecting hyperplanes of reflections
in W2. Therefore V1 is also W2-stable. Hence V1 is a non-trivial W -stable
subspace. Thus the K[W ]-module V is reducible.

Irreducible finite Euclidean reflection groups were classified by Coxeter
[3] [4] in terms of Coxeter-Dynkin diagrams. They consist of four infinite
families An, Bn, Dn.I2(m), and six exceptional groups E6, E7, E8, F4, H3, H4.

Shepherd and Todd [22] classified irreducible finite unitary reflection
groups into 37 cases, three infinite families (symmetric, imprimitive, cyclic
) and 34 exceptional groups (denoted by G4, . . . , G37). The three infinite
families are described by an infinite family G(m, p, n) depending on three
positive integer parameters with p dividing m.

Proposition 1.8 (Bourbaki [1]). Let V be an Euclidean space and W ⊆ O(V )
a finite Euclidean reflection group. If V is an irreducible R[W ]-module then
EndW (V ) = R. Hence V is absolutely irreducible, that is, V ⊗R C is also
irreducible as a C[W ]-module.



1.2. Chevalley’s Theorem 5

Proposition 1.8 provides that each irreducible finite Euclidean reflection
group can be regarded as an irreducible finite unitary group. The correspon-
dence is listed below:

Infinite family Exceptional group
An G(1, 1, n+ 1) E6 G35

Bn G(2, 1, n) E7 G36

Dn G(2, 2, n) E8 G37

I2(m) G(m,m, 2) F4 G28

H3 G23

H4 G30

1.2 Chevalley’s Theorem

Let S be the symmetric algebra S(V ∗) of the dual space V ∗. For any basis
x = (x1, . . . , xn) for V ∗, we may regard S as the ring of polynomial functions
K[x] of V ∗. A finite reflection group W acts on S in a usual manner:

wf := f ◦ w−1

for all w ∈ W and f ∈ S. Let SW be the ring of W invariants and SW
+ its

irrelevant ideal, that is, the ideal generated by homogeneous invariants of
positive degrees. The following classical theorem is due to Chevalley [2].

Theorem 1.9 (Chevalley [2]). The following assertions hold:

(1) Let {f1, . . . , fm} be a minimal system of homogeneous generators of
SW
+ . Then m = n and f1, . . . , fn are algebraically independent.

(2) There exist algebraically independent homogeneous invariants f1, . . . , fn
of positive degrees such that

SW = K[f1, . . . , fn].

(3) The multiset of the degrees {deg f1, . . . , deg fn} is independent of a
choice of generators for SW

+ .
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Definition 1.10. The set of generators {f1, . . . , fn} in Theorem 1.9 is called
a system of basic invariants (or a basic invariants shortly) for W . The
multiset {deg f1, . . . , deg fn} is called the degrees of W .

Assume that V is reducible as a K[W ]-module. Write V = V1⊕V2, where
Vi is a non-trivial K[W ]-module. From the proof of Proposition 1.7, we have
W = W1 ×W2, where each Wi is a reflection group on Vi (allowed to be the
unit group when Vi ⊆ V W ). Then

SW = S(V ∗
1 )

W1 ⊗K S(V ∗
2 )

W2 .

Hence without loss of generality we may assume that V is an irreducible
K[W ]-module to determine a system of basic invariants for W . Many re-
searchers determined systems of basic invariants explicitly (Coxeter [2], Lee
[14], Lehner and Taylor [15], Mehta [16], Saito, Yano and Sekiguchi [19],
Sekiguchi and Yano [20, 21] ). Determining systems of basic invariants is not
difficult for infinite families An, Bn, Dn, I2(m) and G(m, p, n) but determining
ones for exceptional groups needs further considerations.

1.3 Definition of canonical systems

For v ∈ V we define a K-linear map Dv : S → S to be the directional
derivative in direction v,

Dvf := lim
t→0

1

t
(f ◦ Ttv − f),

where Tv(u) := u + v. The operator Dv is a derivation of S, that is, Dv

satisfies

Dv(fg) = (Dvf)g + f(Dvg) (1.2)

for all f, g ∈ S. Note that

DvL = L(v) (1.3)

for all L ∈ V ∗ ⊆ S.

Definition 1.11. We denote by DS the commutative algebra which is gen-
erated by directional derivatives Dv (v ∈ V )　regarding the product as map
composition. An element of DS is called a differential operator.
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The linear map D : V → DS can be extended to a K-algebra isomorphism
defined by the linear extension of

D : S(V ) → DS

v1 ⊗ · · · ⊗ vk 7→ Dv1 · · ·Dvk .
(1.4)

A finite reflection group W acts on DS as

wDp := Dwp,

where w ∈ W and p ∈ S(V ) so that (1.4) becomes a K[W ]-algebra isomor-
phism.

Proposition 1.12. Let p ∈ S(V ), f ∈ S = S(V ∗), w ∈ W . Then

w(Dpf) = Dwp(wf).

Proof. Without loss of generality we may assume that p is homogeneous. By
induction on the degree of p it suffices to show that w(Dvf) = Dwv(wf) for
all p = v ∈ V . We have

w(Dvf) = lim
t→0

1

t

(
f ◦ Ttv ◦ w−1 − f ◦ w−1

)
= lim

t→0

1

t

(
f ◦ w−1 ◦ Ttwv − f ◦ w−1

)
= Dwv(wf).

Hence w(Dvf) = Dwf (wf).

Define a map ι : V → V ∗ by

ι(v) := ⟨·, v⟩,

where ⟨·, ·⟩ is the W -invariant inner product on V .

Proposition 1.13. The map ι is a W -invariant (anti)isomorphism, that is,
ι satisfying the following:

(1) ι(v1 + v2) = ι(v1) + ι(v2),

(2) ι(av) = aι(v),

(3) ι is bijective,
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(4) ι(wv) = wι(v)

for all v, v1, v2 ∈ V, a ∈ K and w ∈ W .

Proof. (1) For any u, v1, v2 ∈ V ,

ι(v1 + v2)(u) = ⟨u, v1 + v2⟩ = ⟨v1 + v2, u⟩V = ⟨v1, u⟩V + ⟨v2, u⟩V
= ⟨v1, u⟩+ ⟨v2, u⟩ = ι(v1)(u) + ι(v2)(u).

Therefore ι(v1 + v2) = ι(v1) + ι(v2).
(2) For any u, v ∈ V and a ∈ K,

ι(av)(u) = ⟨u, av⟩ = ⟨av, u⟩V = a⟨v, u⟩V
= a⟨u, v⟩ = aι(v)(u).

Hence ι(av) = aι(v).
(3) By (1) and (2) the subset Im ι ⊆ V ∗ is a subspace of V ∗. Hence it

suffices to verify that ι is injective. Assume that ι(v) = 0. Then ⟨v, v⟩ =
ι(v)(v) = 0, so that v = 0. Thus ι is injective.

(4) For any u, v ∈ V and w ∈ W we have

ι(wv)(u) = ⟨u,wv⟩ = ⟨w−1u, v⟩ = ι(v)(w−1u) = wι(v).

Hence ι(wv) = wι(v).

The map ι can be extended to a W -invariant (anti)isomorphism defined
by the linear extension of

S(V ∗) → S(V )
L1 ⊗ · · · ⊗ Lk 7→ ι−1(L1)⊗ · · · ⊗ ι−1(Lk)

Definition 1.14. We define a W -invariant (anti)isomorphism ∗ : S → DS

by

f ∗ := Dι−1(f),

where f ∈ S = S(V ∗).

Let e1, . . . , en be an orthonormal basis for V and x1, . . . , xn its dual basis.
Then we have

x∗
i = Dei =

∂

∂xi

.
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For convenience we put ∂i :=
∂
∂xi

. For a multi-index i = (i1, . . . , in) ∈ N0 :=
Zn

≥0 we write

xi := xi1
1 · · ·xin

n .

For a polynomial f =
∑

i aix
i ∈ S we have

f ∗ =
∑
i

ai∂
i,

where ∂ := (∂1, . . . , ∂n).

Proposition 1.15. For f ∈ S

f ∗xi − xif
∗ = (∂if)

∗.

as operators on S.

Proof. We may assume that f is a monomial. Since the operators xi and ∂j
commute when i ̸= j it suffices to show that

∂m
i xi − xi∂

m
i = m∂m−1

i

by induction on m.
Let m = 1 then for any f ∈ S

∂ixif = f + xi∂if.

Hence ∂ixi − xi∂i = 1 as operators on S.
For m ≥ 2

∂m
i xi = ∂i

(
∂m−1
i xi

)
= ∂i

(
xi∂

m−1
i + (m− 1)∂m−2

i

)
= (xi∂i + 1)∂m−1

i + (m− 1)∂m−1
i

= xi∂
m
i +m∂m−1

i

as operators on S. Therefore ∂m
i xi − xi∂

m
i = m∂m−1

i .
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Definition 1.16. Define a map (·, ·) : S × S → S by

(f, g) := f ∗g (f, g ∈ S)

and define a map (·, ·)0 : S × S → K by

(f, g)0 := (f, g)(0) = (f ∗g)(0) (f, g ∈ S).

Proposition 1.17. The map (·, ·) is a W -invariant sesquilinear map, that
is, the following hold:

(1) (f1 + f2, g) = (f1, g) + (f2, g) and (f, g1 + g2) = (f, g1) + (f, g2),

(2) (af, g) = a(f, g) and (f, ag) = a(f, g),

(3) w(f, g) = (wf,wg)

for all f, f1, f2, g, g1, g2 ∈ S, a ∈ K, w ∈ W .
The operator f ∗ is the adjoint operator of the multiplication-by-f map

with respect to (·, ·):

(4) (fg, h) = (g, f ∗h)

for all f, g, h ∈ S.
Moreover, if f, g ∈ S are homogeneous and have the same degree then

(5) (f, g) = (f, g)0.

Proof. (1) and (2) follow immediately from the linearity of differential oper-
ators and the (anti)linearity of the map ∗. To verify (3) we take f, g ∈ S and
w ∈ W . By Proposition 1.12 we have

w(f, g) = w(Dι−1(f)g) = Dwι−1(f)(wg) = Dι−1(wf)(wg) = (wf,wg).

(4) We have (fg, h) = (fg)∗h = g∗(f ∗h) = (g, fh).
(5) If f, g ∈ S are homogeneous and have the same degree then (f, g) is

a constant. Hence (f, g) = (f, g)0.

Proposition 1.18. The map (·, ·)0 is a W -invariant inner product on S,
that is, (·, ·)0 satisfies the following:

(1) (f, g)0 = (g, f)0,
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(2) (f1 + f2, g)0 = (f1, g)0 + (f2, g)0,

(3) (af, g)0 = a(f, g)0,

(4) (f, f)0 ∈ R and (f, f)0 ≥ 0,

(5) (f, f)0 = 0 if and only if f = 0,

(6) (wf,wg)0 = (f, g)0

for all f, f1, f2, g ∈ S, a ∈ K, w ∈ W .
The operator f ∗ is the adjoint operator of the multiplication-by-f map

with respect to (·, ·)0:

(7) (fg, h)0 = (g, f ∗h)0 and (g, fh)0 = (f ∗g, h)0.

for all f, g, h ∈ S.

Proof. (1) We may assume that f, g ∈ S are homogeneous. If deg f ̸= deg g
then (f, g)0 = 0 = (g, f)0. Assume that k := deg f = deg g and write

f =
∑
|i|=k

aix
i, g =

∑
|i|=k

bix
i,

where |i| := i1 + · · ·+ in. Then we have

(f, g)0 =

∑
|i|=k

ai∂
i

∑
|i|=k

bix
i

 =
∑
|i|=k

i!aibi, (1.5)

where i! := i1 · · · in. By symmetry a similar expression holds for (g, f)0.
Hence (f, g)0 = (g, f)0.

(2)(3) These conditions follow immediately from Proposition 1.17.
(4)(5) By expression (1.5) we have

(f, f)0 =
∑

|i|=deg f

i!|ai|2.

Hence (4) and (5) hold.
(6) We may assume that f, g ∈ S are homogeneous. If deg f ̸= deg g then

(wf,wg)0 = 0 = (f, g)0. Hence we may assume that deg f = deg g. Then
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(f, g)0 = (f, g) is a constant. Therefore (wf,wg)0 = (wf,wg) = w(f, g) =
(f, g)0.

(7) The first equality (fg, h)0 = (g, f ∗h)0 follows immediately from Propo-
sition 1.17(4). We shall prove the second equality. We may assume that f, g, h
are all homogeneous and deg g = deg f + degh since (g, fh)0 = 0 = (f ∗g, h)
if deg g ̸= deg f + degh. By Proposition 1.17(4)(5) we have

(g, fh)0 = (fh, g)0 = (h, f ∗g)0 = (f ∗g, h)0.

Definition 1.19. A system of basic invariants {f1, . . . , fn} is said to be a
canonical system of basic invariants (or canonical invariants shortly) if

(fi, fj) = 0 (i ̸= j). (1.6)

A canonical system of basic invariants {f1, . . . , fn} is normalized if

(fi, fi) = 1

for all i ∈ {1, . . . , n}.

This notion was introduced by Flatto [5, 6] and by Flatto and Wiener[7]
for the first time, but in a quite different manner. Later Iwasaki [8] formu-
lated it as in Definition 1.6, introducing the terminology ”canonical system”.
When K = R, according to [5, 6, 7] it was also proven that the existence and
the uniqueness (up to equivalence) of canonical systems, where two systems
{f1, . . . , fn} and {g1, . . . , gn} are equivalent if there exists A ∈ GLn(K) such
that

[f1 . . . fn] = [g1 . . . gn]A.

Canonical systems are determined explicitly by Iwasaki [8] for types
An, Bn, Dn and I2(m) and by Iwasaki, Kenma and Matsumoto [13] for types
H3, H4 and F4.

1.4 Steinberg’s Theorem

To state Steinberg’s theorem we introduce the notion of a W -harmonic poly-
nomial.
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Definition 1.20. We call Dp ∈ DS a W -invariant differential operator if
wDp = Dp for all w ∈ W .

Definition 1.21. A polynomial f ∈ S is W -harmonic if Dpf = 0 for all
W -invariant differential operator Dp without a constant term. The space of
W -harmonic polynomials is denoted by HW .

Let I := SSW
+ , where SW

+ is the irrelevant ideal of SW . Making use of the
sesquilinear map (·, ·) we may express

HW = {f ∈ S | (g, f) = 0 for all g ∈ I} . (1.7)

Let AW be the set of the reflecting hyperplanes of all reflections in W . For
any H ∈ AW we define a subgroup WH ⊆ W by the pointwise stabilizer of
H, that is,

WH := {w ∈ W | wv = v for all v ∈ H} .

For a root α of H (a generator of 1-dimensional subspace H⊥) we have

wα = ζwα (w ∈ WH)

for some ζw ∈ K× and this is independent of a choice of a root α. The
finiteness of W implies that ζw is a root of unity. Hence we have a group
inclusion

WH → µ(K),
w 7→ ζw

where µ(K) denotes the group of roots of unity in K. Therefore WH is a
cyclic group. Define eH to be the order of WH .

We define a polynomial ∆ ∈ S by

∆ :=
∏

H∈AW

LeH−1
H ,

where LH ∈ V ∗ satisfying KerLH = H.

Definition 1.22. A polynomial f ∈ S is skew if wf = (detw)f for all
w ∈ W .

Proposition 1.23 (Steinberg [23]). The polynomial ∆ is skew, and every
skew polynomial is divisible by ∆.
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The skew polynomial ∆ is quite important to study W -harmonic polyno-
mials. Steinberg also proved the significant theorem below.

Theorem 1.24 (Steinberg [23]). The following hold:

(1) f ∈ I if and only if (f,∆) = 0,

(2) HW = DS∆.

By Theorem 1.24 we have an orthogonal decomposition

S = I ⊕HW (1.8)

Theorem 1.25 (Chevalley [2]). The space S/I affords the regular represen-
tation of W .

From (1.8) and Theorem 1.25 we can deduce

Proposition 1.26. The space HW of W -harmonic polynomials affords the
regular representation of W .



Chapter 2

Background

In this chapter we introduce the mean value property for polytopes and its
relation with the canonical system of basic invariants for a finite reflection
group.

2.1 The mean value property for a polytope

Let V be an n-dimensional Euclidean space. An n-dimensional convex poly-
tope is the convex hull of a finite set of points in V whose affine hull is the
entire space V . An n-dimensional polytope P is a finite union of n-dimensional
convex polytopes. For each k ∈ {0, 1, . . . , n}, the k-skeleton of P is the union
of all k-dimensional faces of P , which is denoted by P (k).

For a polytope P the symmetry group Γ(P ) of P is defined by

Γ(P ) := {σ ∈ GL(V ) | σP = P} .

Definition 2.1. Let P ⊆ V be an n-dimensional polytope and k = 0, . . . , n.
A continuous function f : V → R is said to be P (k)-harmonic if it satisfies
the mean value property:

f(x) =
1

|P (k)|

∫
P (k)

f(x+ ry)dµk(y)

for any x ∈ V and r > 0, where µk is the k-dimensional Euclidean measure
and |P (k)| := µk(P (k)) is the k-dimensional volume of P (k). The space of
all P (k)-harmonic functions is denoted by HP (k).

15
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Theorem 2.2 (Iwasaki [9]). Let P ⊆ V be an n-dimensional polytope and
k = 0, . . . , n. Then the following assertions hold:

(1) HP (k) is a finite-dimensional linear space of polynomials,

(2) A basis of HP (k) can be taken from homogeneous polynomials,

(3) HP (k) admits a structure of DS-module, where S = S(V ∗).

Let G ⊆ GL(V ) be a finite group. A polynomial f ∈ S is said to be
G-harmonic if

(g, f) = g(∂)f = 0

holds for any g ∈ SG
+ . Let HG denote the space of all G-harmonic polynomi-

als. Iwasaki [9] showed that

HΓ(P ) ⊆ HP (k). (2.1)

The inclusion (2.1) yields a problem to find sufficient conditions for the equal-
ity HΓ(P ) = HP (k).

2.2 Relation with a canonical system

Iwasaki [11, Theorem 1.1] stated a method to decide if the inclusion (2.1)
is actually an equality when P admits a finite reflection group W as its
symmetry group.

Theorem 2.3 (Iwasaki [11]). Let P ⊆ V be an n-dimensional polytope and
assume that W := Γ(P ) is a finite reflection group. Let {f1, . . . , fn} be a
canonical system of basic invariants for W . Assume that the degrees of W
are strictly increasing:

d1 < d2 < · · · < dn. (2.2)

Then for every integer k = 0, . . . , n, the equality

HW = HP (k) (2.3)

is equivalent to the condition∫
P (k)

fi(x)dµk(x) ̸= 0 (i = 1, . . . , n). (2.4)
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The symmetry group of a regular convex polytope is a finite irreducible
reflection group satisfying the condition (2.2). The equality (2.3) is proven for
regular convex polytopes except for measure polytopes (n-dimensional cubes)
by verifying the condition (2.4)[10, 13]. Iwasaki [12] verified (2.3) for measure
polytopes by using another method, hence for all regular convex polytopes.
The symmetry group of a regular convex polytope is an irreducible reflection
group of type An, Bn, F4, H3, H4 or I2(m). For polytopes admitting reflection
groups of the other types as their symmetry group, for example Gosset 421
polytope (admitting a reflection group of type E8), the problem to verify
(2.3) is still open.
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Chapter 3

Existence of a canonical system

This chapter is based on a joint-work with Nakashima and Terao [17]. Let V
be an n-dimensional vector space over K (K = R or C) and W an essential
irreducible finite reflection group of V . Existence of a canonical system was
proven by Flatto [5, 6] and by Flatto and Wiener[7] for K = R. In this
chapter we shall prove the existence including the case K = C.

3.1 Preliminaries

Let e1, . . . , en be an orthonormal basis for V with respect to the W -invariant
inner product ⟨·, ·⟩ on V , x1, . . . , xn the dual basis and ∂1, . . . , ∂n the corre-
sponding derivations. For S = S(V ∗) we define the module of regular 1-forms
Ω1

S as

Ω1
S := S ⊗K V ∗

equipped with the differential map d : S → Ω1
S defined by

df :=
n∑

i=1

∂if ⊗ xi =
n∑

i=1

(∂if)dxi.

Define

fω = f

n∑
i=1

gidxi :=
n∑

i=1

(fgi)dxi

19
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for all f ∈ S and ω =
∑n

i=1 gidxi ∈ Ω1
S. Thus Ω1

S has a structure of a graded
S-module. The differential map d satisfies

d(fg) = f(dg) + g(df) (3.1)

for all f, g ∈ S since

d(fg) =
n∑

i=1

∂i(fg)dxi =
n∑

i=1

(f∂ig + g∂if)dxi = f(dg) + g(df).

The reflection group W acts on Ω1
S as

wω :=
n∑

i=1

wgi ⊗ wxi,

where w ∈ W and ω =
∑n

i=1 gi ⊗ xi. Because of (3.1) and

d(wxi) = 1⊗ wxi = w(1⊗ xi) = w(dxi),

the differential map d is a K[W ]-homomorphism.
Define a K[W ]-homomorphism ε : Ω1

S → S by

ε

(
n∑

i=1

fidxi

)
:=

n∑
i=1

xifi.

Then the composition ε ◦ d is the Euler operator:

ε(df) =
n∑

i=1

xi∂if.

One can verify that for a homogeneous polynomial f ∈ S

ε(df) = (deg f)f.

We define a subspace ΩW as below to show the existence of a canonical
system.
Definition 3.1. Define

ΩW := (HW ⊗K V ∗)W ,

FW :=
∞⊕
k=1

{
f ∈ SW

k | (g, f) = 0 for all g ∈ SW
ℓ with 0 < ℓ < k

}
,

where SW
k denotes the space generated by homogeneous invariants of degree

k and (·, ·) is the sesquilinear map defined by Definition 1.16.
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3.2 Main theorems

Our purpose in this chapter is to prove the theorems:

Theorem 3.2. We have dimK ΩW = dimK FW = n. The restrictions d|FW
:

FW → ΩW and ε|ΩW
: ΩW → FW are isomorphisms.

Theorem 3.3. Any orthogonal homogeneous basis for the vector space FW

is a canonical system of basic invariants for the reflection group W , and vice
versa. In particular there exists a unique canonical system up to equivalence.

First we shall prove the following lemma:

Lemma 3.4. The following hold:

(1) d(FW ) ⊆ ΩW and the restriction d|FW
is an injection,

(2) ε(ΩW ) ⊆ FW .

Proof. (1) Let f ∈ FW and g ∈ I. To prove df ∈ ΩW it suffices to show
that (g, ∂if) = 0 for all i ∈ {1, . . . , n}. We may assume that f and g are
homogeneous. If deg g ≥ deg f then (g, ∂if) = 0. Suppose deg g < deg f .
Then (g, ∂if) = ∂ig

∗f = 0 since f ∈ FW and d(Ω) ⊆ FW .
Suppose that df = 0 for a polynomial in FW . Then f is a constant. Since

every non-zero homogeneous polynomial in FW has positive degree, we can
conclude that f = 0 and d|FW

is injective.
(2) Let f ∈ ε(ΩW ) and g ∈ SW

+ with deg g < deg f . We may assume
that both of f and g are homogeneous. The polynomial (g, f) = g∗f is a
non-constant invariant since f, g are invariants with deg g < deg f . Hence
g∗f ∈ I. We shall prove that g∗f ∈ HW . Since f ∈ ε(ΩW ) we may write
f =

∑n
i=1 xifi for some fi ∈ HW . By Proposition 1.15 and Theorem 1.24 we

have

g∗f =
n∑

i=1

g∗xifi =
n∑

i=1

(xi(g
∗fi) + (∂ig)

∗fi) =
n∑

i=1

(∂ig)
∗fi.

Hence g∗f ∈ HW . Therefore g∗f ∈ I ∩ HW = 0. Thus (g, f) = g∗f = 0 and
f ∈ FW . Hence ε(ΩW ) ⊆ FW .
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Recall the orthogonal decomposition (1.8) S = I ⊕ HW . Let π the pro-
jection map from S to HW with respect to the decomposition S = I ⊕HW .
Define a K[W ]-endomorphism π̃ on Ω1

S = S ⊗K V ∗ by

π̃(
n∑

i=1

fidxi) :=
n∑

i=1

π(fi)dxi.

Then we have

Ker π̃ = I ⊗K V ∗ and Im π̃ = HW ⊗ V ∗.

For a system of basic invariants {h1, . . . , hn} we put

dhi = ηi + ωi,

where ηi ∈ (I ⊗K V ∗)W and ωi ∈ ΩW = (HW ⊗K V ∗)W

For each i ∈ {1, . . . , n} we define

gi := ε(ηi) ∈ SW , fi := ε(ωi) = (ε ◦ π̃)(dhi) ∈ FW ,

where fi ∈ FW follows from Lemma 3.4(2). Then we have

(deghi)hi = ε(hi) = gi + fi.

Lemma 3.5. The subset {f1, . . . , fn} ⊆ FW is a system of basic invariants.

Proof. We may write ηi =
∑n

j=1 gijdxj For every i, j ∈ {1, . . . , n} the poly-
nomial gij ∈ I. We may assume that {h1, . . . , hℓ} is a subset of the system
{h1, . . . , hn} consisting of invariants hj with deghj < deghi. Then there
exist polynomials gijk ∈ S such that

gij =
ℓ∑

k=1

gijkhk.

Then we have

gi = ε(ηi) =
n∑

j=1

xjgij =
n∑

j=1

ℓ∑
k=1

xjgijkhk.
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Since gi is invariant we have

gi = Av(gi) =
n∑

j=1

ℓ∑
k=1

Av(xjgijk)hk,

where Av is the averaging operator defined by

Av :=
1

|W |
∑
w∈W

w,

where |W | denotes the order of W . The invariants Av(xjgijk) are polyno-
mials in {h1, . . . , hℓ} so is gi. By induction on deghi all of {h1, . . . , hn} are
polynomials in {f1, . . . , fn}. Hence {f1, . . . , fn} is a generating system of
SW
+ . By Theorem 1.9 we can conclude that {f1, . . . , fn} is a system of basic

invariants.

We now prove Theorems 3.2 and 3.3.

Proof of Theorem 3.2. By Lemma 3.5 the space FW contains a system of
basic invariants. Hence dimKFW ≥ n. Lemma 3.4(1) implies dimK FW ≤
dimK ΩW . We shall show that dimKΩW = n. There exists a natural isomor-
phism

ΩW = (HW ⊗K V ∗)W ≃ HomK[W ](V,HW ). (3.2)

The dimension of HomK[W ](V,HW ) coincides with the multiplicity of V in
HW since V is (absolutely) irreducible by Proposition 1.8. From Proposition
1.26 the space of W -harmonic polynomials HW affords the regular repre-
sentation of W . Therefore the multiplicity of V in HW is dimK V = n, so
dimK ΩW = n. Thus the estimate n ≤ dimKFW ≤ dimK ΩW = n forces
dimK FW = dimKΩW = n. Hence the restriction d|FW

: FW → ΩW becomes
an isomorphism, since it is injective by Lemma 3.4(1). From Lemma 3.4(2),
we have ε(ΩW ) ⊆ FW . To show that ε|ΩW

: ΩW → FW is an isomorphism,
note that there is a commutative diagram

FW

d|FW ∼

��
∼

Euler op.

""
ΩW

ε|ΩW

// FW

Since d|FW
and the Euler operator in the diagram are isomorphic, so is ε|ΩW

.
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Proof of Theorem 3.3. By Lemma 3.5, the vector space FW contains a sys-
tem {f1, . . . , fn} of basic invariants for the reflection group W . This system
becomes a homogeneous linear basis for FW , since dimK FW = n by Theorem
3.2 and algebraic independence implies linear independence. Therefore any
homogeneous linear basis for FW gives a system of basic invariants for W .

Take an orthogonal homogeneous basis B for FW . Then B is a system
of basic invariants satisfying the condition (1.6). Therefore B is a canonical
system of basic invariants. In particular, a canonical system exists.

Conversely, let B be a canonical system. The condition (1.6) implies B ⊆
FW . Hence B is an orthogonal homogeneous basis for the vector space FW .
In particular, there exists a unique canonical system up to equivalence.

Corollary 3.6. Let π be the projection onto HW with respect to the decom-
position S = I⊕HW and π̃ := π⊗1V ∗. For an arbitrary system {h1, . . . , hn}
of basic invariants, the orthogonalization of the system

{(ε ◦ π̃)(dhi) | 1 ≤ i ≤ n}

yields a canonical system of basic invariants.



Chapter 4

Explicit formulas for canonical
systems

This chapter is based on a joint-work with Nakashima [18]. Let V be an
n-dimensional vector space over K (K = R or C) and W an essential irre-
ducible finite reflection group of V . By Corollary 3.6 a canonical system may
be expressed by making use of an arbitrary system of basic invariants, but
this formula is not explicit because of abstractness of the projection π. In
this chapter we shall create a computable map which refines Corollary 3.6.

4.1 Preliminaries

Recall the W -invariant sesquilinear map (·, ·) : S × S → S defined by Defi-
nition 1.16. The restriction of (·, ·) to FW × FW is a inner product on FW

since for homogeneous polynomials f, g ∈ FW

(f, g) =

{
(f, g)0 if deg f = deg g
0 if deg f ̸= deg g

.

We introduce a sesquilinear map (·, ·) : ΩW × ΩW → S defined by(
n∑

i=1

fidxi,

n∑
j=1

gjdxj

)
:=

n∑
i=1

n∑
j=1

(fi, gj)(xi, xj) =
n∑

i=1

(fi, gi), (4.1)

where (·, ·) in the middle and the right hand is the sesquilinear map defined
by Definition 1.16. By Theorem 3.2, any element in ΩW is of the form

25
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df (f ∈ FW ). For any homogeneous polynomials f, g ∈ FW ,

(df, dg) =

(
n∑

i=1

∂ifdxi,
n∑

i=1

∂igdxj

)
=

n∑
i=1

(∂if, ∂ig)

=
n∑

i=1

(xi∂if, g) = (deg f)(f, g).

Hence the sesquilinear map (4.1) actually determines an inner product on
ΩW . For homogeneous elements ω1, ω2 ∈ ΩW satisfying degω1 ̸= degω2, we
have (ω1, ω2) = 0. Therefore

f ⊥ g if and only if df ⊥ dg

for homogeneous polynomials f, g ∈ FW and

ω1 ⊥ ω2 if and only if ε(ω1) ⊥ ε(ω2) (4.2)

for homogeneous elements ω1, ω2 ∈ ΩW .

Proposition 4.1. Let {ω1, . . . , ωn} be an orthogonal homogeneous basis for
ΩW . Then {ε(ω1), . . . , ε(ωn)} is a canonical system of basic invariants.

Proof. It follows from Theorem 3.2, Theorem 3.3 and (4.2).

4.2 Construction of canonical systems

We will construct a homogeneous basis for FW from arbitrary basic invari-
ants. The following map plays an important roll for the construction.

Definition 4.2. Define a linear map φ : S → S by

φ(f) = ((f,∆)∆) .

Proposition 4.3. The map φ has the following properties:

(1) φ is a K[W ]-homomorphism,

(2) φ is homogeneous and degree-preserving,

(3) Kerφ = I and Imφ = HW . In particular the restriction φ|HW
: HW →

HW is a K[W ]-isomorphism.
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(4) φ is a symmetric (Hermitian) transformation with respect to the inner
product (·, ·)0, that is,

(φ(f), g)0 = (f, φ(g))0, (f, g ∈ S).

In particular, φ : S → S can be diagonalized by homogeneous polyno-
mials.

Proof. (1) For any f ∈ S and w ∈ W ,

wφ(f) = w((f,∆),∆)

= ((wf, (detw)∆), (detw)∆)

= ((detw)(wf,∆), (detw)∆)

= (detw)(detw)((wf,∆),∆)

= ((wf,∆),∆)

= φ(wf).

(2) For any homogeneous polynomial f ∈ S,

degφ(f) = deg∆− deg(f,∆) = deg∆− (deg∆− deg f) = deg f.

(3) By Theorem 1.24,

f ∈ Kerφ ⇔ ((f,∆),∆) = 0 ⇔ (f,∆) ∈ I ∩K[∂]∆ = 0 ⇔ f ∈ I.

By Theorem 1.24 again, we have Imφ ⊆ HW . Since Kerφ = I we have
dimK Imφ = dimK HW . Then Imφ = HW and the restriction φ|HW

: HW →
HW is an isomorphism.

(4) We may assume that f, g are homogeneous polynomials having the
same degree. Put F := (f,∆) and G := (g,∆). Then

(f, φ(g))0 = (f, (G,∆))0 = (fG,∆)0 = (G, (f,∆))0 = (G,F )0.

By symmetry

(φ(f), g)0 = (g, φ(f))0 = (F,G)0 = (G,F )0 = (f, φ(g))0.

Thus φ is a symmetric (Hermitian) transformation with respect to the inner
product (·, ·)0.
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Remark. In the proof of (2) and (4), we did not use any property of ∆ other
than homogeneity. Hence (2) and (4) are true for φh(f) := ((f, h), h) with
any homogeneous polynomial h ∈ S.

The map φ induces a linear map φ̃ : (Ω1
S)

W → ΩW defined by

φ̃

(
n∑

i=1

fidxi

)
:=

n∑
i=1

φ(fi)dxi.

By Proposition 4.3, we have

Proposition 4.4. The following conditions hold:

(1) φ̃ is homogeneous and degree-preserving,

(2) Ker φ̃ = (I ⊗K V ∗)W and Im φ̃ = ΩW . In particular the restriction
φ̃|ΩW

: ΩW → ΩW is an isomorphism.

(3) φ̃ is a symmetric (Hermitian) transformation with respect to the inner
product (·, ·) : ΩW × ΩW → K, that is,

(φ̃(ω1), ω2) = (ω1, φ̃(ω2)), (ω1, ω2 ∈ ΩW ).

In particular, φ̃|ΩW
: ΩW → ΩW can be diagonalized by homogeneous

elements.

Proof. (1) and (2) follow immediately by Proposition 4.3.
(3) Let ω1, ω2 ∈ ΩW be homogeneous elements. If degω1 ̸= degω2 then

(φ̃(ω1), ω2) = 0 = (ω1, φ̃(ω2)).

When degω1 = degω2,(
φ̃(ω1), ω2

)
=

(
n∑

i=1

φ(fi)dxi,

n∑
i=1

gidxi

)
=

n∑
i=1

(φ(fi), gi)0

=
n∑

i=1

(fi, φ(gi))0 =

(
n∑

i=1

fidxi,
n∑

i=1

φ(gi)dxi

)
=
(
ω1, φ̃(ω2)

)
.

Thus φ̃ is symmetric (Hermitian).
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Proposition 4.5. There exists a canonical system {f1, . . . , fn} such that
df1, . . . , dfn are eigenvectors of φ̃.

Proof. Let Ud,λ be the subspace of ΩW consisting of homogeneous eigenvec-
tors of φ̃ with degree d and eigenvalue λ. By Proposition 4.4,

ΩW =
⊕
d,λ

Ud,λ,

where every λ is real since φ̃ is symmetric (Hermitian). We assume that
Ud1,λ1 ̸= Ud2,λ2 . If d1 ̸= d2, then Ud1,λ1 is orthogonal to Ud2,λ2 . When λ1 ̸= λ2,
let ω1 ∈ Ud1,λ1 and ω2 ∈ Ud2,λ2 . By Proposition 4.4 (3), we have

λ1 (ω1, ω2) =
(
φ̃(ω1), ω2

)
=
(
ω1, φ̃(ω2)

)
= λ2 (ω1, ω2) .

Then (ω1, ω2) = 0. This means that Ud1,λ1 is orthogonal to Ud2,λ2 . Hence the
subspaces Ud,λ are orthogonal to each other.

The union of orthogonal bases for Ud,λ is an orthogonal basis for ΩW

consisting of eigenvectors of φ̃. Let {ω1 . . . , ωn} be such an orthogonal basis
for ΩW . Then ε(ω1) . . . , ε(ωn) is a required canonical system.

Theorem 4.6. For an arbitrary system of basic invariants {h1, . . . , hn}, the
system

{φ̃(dh1), . . . , φ̃(dhn)}

is a basis for ΩW . Therefore the orthogonalization of{
(ε ◦ φ̃)(dhi) =

n∑
j=1

xjφ(∂jhi)

∣∣∣∣∣ 1 ≤ i ≤ n

}
(4.3)

is a canonical system of basic invariants.

Proof. We can take a canonical system {f1 . . . , fn} satisfying that df1, . . . , dfn
are eigenvectors of φ̃ by Proposition 4.5. Let λ1, . . . , λn be the eigenvalues
of φ̃ corresponding to df1, . . . , dfn. All of these are nonzero since φ̃|ΩW

is an
isomorphism. Let d1 ≤ · · · ≤ dn are the degrees of W . We may assume
that deg fi = deghi = di. Let r be the multiplicity of di. Then we may
assume that di = · · · = di+r−1. We only need to verify that the linear
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independence of {φ̃(dhi), . . . , φ̃(dhi+r−1)} since homogeneous elements having
different degrees are orthogonal to each other.

For j = 0, . . . , r − 1, we may write

hi+j =
r−1∑
k=0

ajkfi+k + Pj(f1, . . . , fi−1), (4.4)

where Pj = Pj(f1, . . . , fi−1) is a polynomial in f1, . . . , fi−1 and ajk ∈ K. Since
{h1, . . . , hn} is algebraically independent, we have det[ajk] ̸= 0. The 1-form
dPj is in ker φ̃ = (I ⊗K V ∗)W since each term of Pj is a product of two or
more invariants in {f1, . . . , fr}. Applying φ̃◦d on the equality (4.4), we have

φ̃(dhi+j) =
r−1∑
k=0

ajkλi+kdfi+k. (4.5)

Therefore, φ̃(dhi), . . . , φ̃(dhi+r−1) are linearly independent since det[ajk] ̸=
0.

Corollary 4.7. Suppose that the degrees of W are all different. Then the
system (4.3) is a canonical system of basic invariants.



Chapter 5

Canonical systems for G(m, p, n)

For the infinite family of irreducible finite Euclidean reflection groups (of
types An, Bn, Dn, I2), Iwasaki [8] constructs explicit formulas for the canon-
ical systems. In this chapter, we construct explicit formulas for canonical
systems for unitary reflection groups G(m, p, n) by making use of a similar
method to Iwasaki’s one.

5.1 Preliminaries

For positive integers m,n, let µm := µm(C) be the cyclic group of m-th roots
of unity and Sn the symmetric group of degree n. The group Sn acts on µn

m

by changing coordinates. For a divisor p of m, define

A(m, p, n) :=
{
ζ = (ζ1, ζ2, · · · , ζn) ∈ µn

m | (ζ1ζ2 · · · ζn)m/p = 1
}
.

It is easy to show that A(m, p, n) is a subgroup of µn
m and is stable under

the action of Sn.

Definition 5.1. For positive integers m,n and a divisor p of m, we define a
group G(m, p, n) by the semidirect product of A(m, p, n) and Sn:

G(m, p, n) := A(m, p, n)oSn.

The group structure is given by

(ζ, σ)(ζ ′, σ′) = (ζ (σζ ′), σσ′) .

31
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For each permutation σ ∈ Sn, Eσ denotes the permutation matrix with
respect to σ. Note that both of diag(ζ) and Eσ are unitary matrices for
ζ ∈ µn

m and σ ∈ Sn. We define a map ρ : G(m, p.n) → Un(C) by

ρ(ζ, σ) := diag(ζ)Eσ.

Proposition 5.2. The map ρ is an injective group homomorphism.
Proof. For any (ζ, σ), (ζ ′, σ′) ∈ G(m, p, n),

ρ((ζ, σ)(ζ ′, σ′)) = ρ(ζ(σζ ′), σσ′)

= diag(ζ(σζ ′))Eσσ′

= diag(ζ) diag(σζ ′)EσEσ′

= diag(ζ)Eσ diag(ζ ′)Eσ′

= ρ(ζ, σ)ρ(ζ ′, σ′).

Hence ρ is a homomorphism. Assume that ρ(ζ, σ) = diag(ζ)Eσ = I. Then
diag(ζ) = Eσ−1 . Hence both of diag(ζ) and Eσ−1 are equal to the identity
matrix. Therefore (ζ, σ) is equal to the identity of G(m, p, n). Thus the
homomorphism ρ is injective.

Let V := Cn and e1, . . . , en the standard basis for V . Let x = (x1, . . . , xn)
be the dual basis of e1, . . . , en and S the ring of polynomial function C[x].
From the previous proposition, we can regard the group G(m, p, n) as a
subgroup of U(V ) ∼= Un(C). The group G(m, p, n) contains two kinds of
reflections:

si,ζ ek =

{
ζei (k = i)

ek (k ̸= i)
for ζ ∈ µm/p, 1 ≤ i ≤ n,

si,j,ζ ek =


ζej (k = i)

ζ−1ei (k = j)

ek (k ̸= i, j)

for ζ ∈ µm, 1 ≤ i < j ≤ n.

All reflections of G(m, p, n) are of types above and G(m, p, n) are generated
by those reflections (see for example [15]). Therefore the skew polynomial ∆
for G(m, p, n) is given by

∆ =
n∏

i=1

x
m/p−1
i

∏
1≤i<j≤n
ζ∈µm

(xi − ζxj) =
n∏

i=1

x
m/p−1
i

∏
1≤i<j≤n

(xm
i − xm

j ). (5.1)
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According to [15], a system of basic invariants for G(m, p, n) is given by
n∑

i=1

xm
i ,

n∑
i=1

x2m
i , . . . ,

n∑
i=1

x
(n−1)m
i , (x1 · · ·xn)

m/p. (5.2)

Hence the degrees of G(m, p, n) are

m, 2m, . . . , (n− 1)m,n
m

p
. (5.3)

When p = 1, replacing the invariant (x1 · · · xn)
m by

∑n
i=1 x

nm
i , we have an-

other system of basic invariants for G(m, 1, n):
n∑

k=1

xim
k (1 ≤ i ≤ n). (5.4)

5.2 Canonical systems for G(m, 1, n)

In this section we set G := G(m, 1, n). Let {f1, . . . , fn} be a canonical system
for G. From (5.3), we may assume that deg fi = im. Since every fi is
homogeneous, we have

(deg fi)fi =
n∑

j=1

xj∂jfi.

Hence it suffices to determine ∂1fi, . . . , ∂nfi to determine fi. From the proof
of Lemma 3.4(1), we have ∂jfi ∈ HG. By Steinberg’s Theorem 1.24 (2) there
exists a homgeneous polynomial gij ∈ S such that

∂jfi = g∗ij∆ (1 ≤ i, j ≤ n). (5.5)

From (5.1) the skew polynomial ∆ for G(m, 1, n) is given by

∆ =
n∏

i=1

xm−1
i

∏
1≤i<j≤n

(xm
i − xm

j ).

Let

Gj := StabG(xj) = {w ∈ G | wxj = xj} .
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The subgroup Gj is a reflection group isomorphic to G(m, 1, n − 1). So the
order of Gj is independent of j. The skew polynomial ∆j for Gj is given by

∆j =
∏

1≤k≤n
k ̸=j

xm−1
k

∏
1≤k<ℓ≤n

k,ℓ ̸=j

(xm
k − xm

ℓ ).

Define the averaging operator Avj and the skew operator Skj for Gj by

Avj :=
1

|Gj|
∑
w∈Gj

w,

Skj :=
1

|Gj|
∑
w∈Gj

(detw)−1w,

where |Gj| is the order of Gj. Applying Avj to (5.5), we have

∂jfi = Avj(g
∗
ij∆)

=
1

|Gj|
∑
w∈Gj

(wgij)
∗w∆

=
1

|Gj|
∑
w∈Gj

(wgij)
∗(detw)∆

=
1

|Gj|
∑
w∈Gj

(
(detw)−1wgij

)∗
∆

= (Skj gij)
∗∆ (1 ≤ i, j ≤ n),

(5.6)

where the fourth equality follows from the fact that detw is a root of unity.
By Proposition 1.23, every skew polynomial Skj gij is divisible by the skew
polynomial ∆j. Hence there exists a Gj-invariant homogeneous polynomial
hij such that Skj gij = hij∆j. From (5.6), we have

−1 + deg fi = −(deghij + deg∆j) + deg∆.

Hence

deghij = 1− deg fi − deg∆j + deg∆

= 1− im− (n− 1)(m− 1)−m

(
n− 1

2

)
+ n(m− 1) +m

(
n

2

)
= (n− i)m.
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From (5.4), each hij is a polynomial of the Gj-invariants∑
1≤k≤n
k ̸=j

xℓm
k (1 ≤ ℓ ≤ n− 1).

For any positive integer ℓ, we have
∑n

k=1 x
ℓm
k ∈ I. Hence

hij ≡ cijx
(n−i)m
j (mod I)

for some constant cij ∈ C×. By Steinberg’s Theorem 1.24(1), the equality
(5.6) yields

∂jfi = (Skj gij)
∗∆ = (hij∆j)

∗∆ =
(
cijx

(n−i)m
j ∆j

)∗
∆.

Finally we need to determine the coefficients cij. Without loss of generality
we may assume that ci1 = 1. For j ≥ 2, let sj := s1,j,1. Then

sj∆j = (−1)#{k|1<k<j}∆1 = (−1)j−2∆1.

Therefore

∂1fi = sj(∂jfi) =
(
cijx

(n−i)m
1 (−1)j−2∆1

)∗
(−∆)

= (−1)j−1cij

(
x
(n−i)m
1 ∆1

)∗
∆ = (−1)j−1cij∂1fi.

Hence (−1)j−1cij = 1, namely, cij = (−1)j−1. We have concluded the follow-
ing theorem.

Theorem 5.3. Polynomials

fi =
n∑

j=1

(−1)j−1xj

(
x
(n−i)m
j ∆j

)∗
∆ (1 ≤ i ≤ n)

form a canonical system of basic invariants for G(m, 1, n), where the skew
polynomials ∆,∆j are defined by

∆ =
n∏

k=1

xm−1
k

∏
1≤k<ℓ≤n

(xm
k − xm

ℓ ),

∆j =
∏

1≤k≤n
k ̸=j

xm−1
k

∏
1≤k<ℓ≤n

k,ℓ ̸=j

(xm
k − xm

ℓ ) (1 ≤ j ≤ n).
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Corollary 5.4. Let W = G(1, 1, n). Then W is a (non-essential) finite
Euclidean reflection group of type An−1. A system of canonical invariants
for W is given by

fi =
n∑

j=1

(−1)j−1xj

(
xn−i
j ∆j

)∗
∆ (1 ≤ i ≤ n),

where the skew polynomials ∆,∆j are defined by

∆ =
∏

1≤k<ℓ≤n

(xk − xℓ),

∆j =
∏

1≤k<ℓ≤n
k,ℓ ̸=j

(xk − xℓ) (1 ≤ j ≤ n).

Corollary 5.5. Let W = G(2, 1, n). Then W is an irreducible finite Eu-
clidean reflection group of type Bn. A system of canonical invariants for W
is given by

fi =
n∑

j=1

(−1)j−1xj

(
x
2(n−i)
j ∆j

)∗
∆ (1 ≤ i ≤ n),

where the skew polynomials ∆,∆j are defined by

∆ =
n∏

k=1

xk

∏
1≤k<ℓ≤n

(x2
k − x2

ℓ),

∆j =
∏

1≤k≤n
k ̸=j

xk

∏
1≤k<ℓ≤n

k,ℓ ̸=j

(x2
k − x2

ℓ) (1 ≤ j ≤ n).

5.3 Canonical systems for G(m, p, n) with p > 1

Let m,n be positive integers and p ≥ 2 a divisor of m. Throughout this
section we set G := G(m, p, n). Let f1, . . . , fn be a canonical system for
G(m, 1, n) given by Theorem 5.3. We shall prove the following theorem.

Theorem 5.6. The polynomials

f1, . . . , fn−1, (x1 · · ·xn)
m/p

form a canonical system of basic invariants for G = G(m, p, n).
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Proof. We only need to verify that f1, . . . , fn−1, (x1 · · · xn)
m/p form an or-

thogonal basis for FG by Theorem 3.3. Set

gi :=
n∑

j=1

xim
j (1 ≤ i ≤ n).

From (5.2) the polynomials g1, . . . , gn−1, (x1 · · ·xn)
m/p form a system of basic

invariants for G and from (5.4) the polynomials g1, . . . , gn form a system of
basic invariants for G(m, 1, n). It is immediate that g∗i (x1 · · ·xn)

m/p = 0 for
i ∈ {1, . . . , n− 1} since p > 1. Hence (x1 · · ·xn)

m/p ∈ FG.
To show fi ∈ FG (1 ≤ i ≤ n− 1) we need to verify that

g∗j fi = 0 (j < i) and (∂1 · · · ∂n)m/pfi = 0 (1 ≤ i ≤ n− 1).

The former follows immediately since the system f1, . . . , fn is canonical for
G(m, 1, n) and the polynomials g1, . . . , gn form a system of basic invariants
for G(m, 1, n). To prove that the latter condition holds we have only to verify

∂1 · · · ∂nfi = 0 (1 ≤ i ≤ n− 1). (5.7)

Let ζ be a primitive m-th root of unity. Since fi is a G(m, 1, n)-invariant, we
have

sj,ζ(∂1 · · · ∂nfi) = ζ∂1 · · · ∂nfi (1 ≤ j ≤ n).

Hence the polynomial ∂1 · · · ∂nfi is a skew polynomial for the cyclic reflec-
tion group ⟨sj,ζ⟩ of order m. From Proposition 1.23 the polynomial ∂1 · · · ∂nfi
is divisible by the skew polynomial xm−1

j for every j ∈ {1, . . . , n}. There-
fore ∂1 · · · ∂nfi is divisible by (x1 · · ·xn)

m−1. For 1 ≤ i ≤ n − 1, we have
deg ∂1 · · · ∂nfi = im − n < n(m − 1) = deg(x1 · · ·xn)

m−1. Thus (5.7) holds.
Hence fi ∈ FG for i ∈ {1, . . . , n− 1}.

Finally we show the orthogonality of f1, . . . , fn−1, (x1 · · ·xn)
m/p. The con-

ditions f ∗
i fj = 0 (1 ≤ i, j ≤ n − 1, i ̸= j) follow from the orthogonality of

the system f1, . . . , fn. The conditions (∂1 · · · ∂n)m/pfi = 0 (1 ≤ i ≤ n − 1)
are proved above. For i ∈ {1, . . . , n − 1}, if deg fi < deg(x1 · · ·xn)

m/p

then f ∗
i (x1 · · ·xn)

m/p = 0 since fi is a polynomial in g1, . . . , gi. If deg fi =
deg(x1 · · ·xn)

m/p then f ∗
i (x1 · · ·xn)

m/p = (∂1 · · · ∂n)m/pfi = 0. If deg fi >
deg(x1 · · ·xn)

m/p then the condition f ∗
i (x1 · · ·xn)

m/p = 0 is trivial. Thus the
orthogonality of the system f1, . . . , fn−1, (x1 · · ·xn)

m/p has been proved.
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Corollary 5.7. Let W = G(2, 2, n). Then W is an irreducible finite Eu-
clidean reflection group of type Dn. A system of canonical invariants for W
is given by

fi =
n∑

j=1

(−1)j−1xj

(
x
2(n−i)
j ∆j

)∗
∆ (1 ≤ i ≤ n− 1),

fn = (x1 · · ·xn)
m/p

where the skew polynomials ∆,∆j are defined by

∆ =
n∏

k=1

xk

∏
1≤k<ℓ≤n

(x2
k − x2

ℓ),

∆j =
∏

1≤k≤n
k ̸=j

xk

∏
1≤k<ℓ≤n

k,ℓ ̸=j

(x2
k − x2

ℓ) (1 ≤ j ≤ n).
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