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Preface

For a polytope P whose symmetry group is a reflection group W, a canonical
system of basic invariants for W plays an important role to determine if the
space of all P-harmonic functions coincides with the space of all W-harmonic
functions. The main purpose of this thesis is to describe explicit formulas for
a canonical system of basic invariants for a finite irreducible reflection group.

This thesis is mainly based on [17] and [18]. The paper [18] is a joint-work
with Norihiro Nakashima and describes formulas for canonical systems of fi-
nite Euclidean reflection groups. The paper [17] is a joint-work with Norihiro
Nakashima and Hiroaki Terao and proves the existence of canonical systems
for unitary reflection groups. These materials are included in the thesis with
a kind permission of those coworkers.
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Chapter 1

Introduction

In this chapter we give the definition of a canonical system for a finite reflec-
tion group. Throughout this paper, K denotes the real number field R or the
complex number field C and V' an n-dimensional vector space over K. Lehrer
and Taylor [15] describe the theory of unitary reflection groups in detail.

1.1 Finite reflection groups

In this section, we recall the definition of a reflection and the classification
of finite reflection groups.

Definition 1.1. A linear transformation s € GL(V) is a reflection (or a
pseudo reflection) if dimg Im(1 — s) = 1 and the order of s is finite. For
a reflection s, the hyperplane Ker(1 — s) is called the reflecting hyperplane
of s. A finite subgroup W C GL(V) is a finite reflection group if W is
generated by reflections. When K = R a reflection group is sometimes called
a Fuclidean reflection group and when K = C a reflection group is called a
unitary reflection group or a complex reflection group.

Let W C GL(V) be a finite reflection group. There exists a W-invariant
inner product (-,-), that is, there exists a bilinear form (-,-) : V. x V — K
satisfying the following:

(1) (u,v) = (v, u),
(2) (u1 + uz,v) = (u1,v) + (uz,v),
(3) (au,v) = alu,v),
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(4) (v,v) € Rand (v,v) >0,
(5) (v,v) =0 if and only if v = 0,
(6) (wu,wv) = (u,v)

for all u,uy,us,v € V,a € K and w € W, where @ = a when K = R or @
denotes the complex conjugate of @ when K = C.

Let s € W be a reflection and H the reflecting hyperplane of s. The
orthogonal complement H+ has dimension 1.

Definition 1.2. A generator a of H+ is called a root of the reflection s.
Let « be a root of s. For any u € H,
0= (u, ) = (su, sa) = (u, say).

Therefore sac € H+ = Ka. Hence a is an eigenvector of s. Assume that
sa = (a for some ¢ € K, # 1. An arbitrary vector v € V has a unique
decomposition

v = U+ aq,

where u € H and a € K. Since (u,a) = 0, we have a = éZZé Therefore

(v, &

sv=su+asa =u+ Caa =v— (1 —) a. (1.1)

(@, )

Proposition 1.3. Let sy, so be reflections with roots ay, g respectively. Then
s1 and sy commute if and only if Kay = Kas or (aq, as) = 0.

Proof. From (1.1), we have

o (1 (v, aq) o (1 (v, ag) N
S§251V = (1 Cl) <a1’a1> 1 (1 Cz) <a27a2> 2
HL= (1= )l sl

<0417041><0427042>
where s;a; = (o (i = 1,2). By symmetry a similar expression holds for
$152v. Therefore
s1 and sy commute
(v, aq)(a, ag)ag = (v, ag)(ag, aryay for any v € V
<Koy = Kag or (ag, ag) = 0.
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Proposition 1.4. Let s be a reflection with root o and U C V' a subspace.
Then U is s-stable, that is, sU = U if and only if « € U or o € U™,

Proof. Assume that sU = U. Then sU+ = U+. Write
a=ut+v (u€UweUr),
then
su+ sv = sa = (a = Cu—+ (v.

Since sU = U and sU+ = U+, we have su = Cu and sv = (v. By definition
dimg Im(1 — s) = 1, one of u and v must be 0 since ¢ # 1. Hence a € U or
ae UL

Conversely, assume that o € U+. Then the reflecting hyperplane of s
contains U. Therefore U is s-stable. If & € U then U* is s-stable so is
U. [

Proposition 1.5. Let U C V' be a W-stable subspace and W' C W the
subgroup generated by reflections with roots in U. Then W' is a normal
subgroup of W.

Proof. Let s € W' with root o € U. For any w € W we have

~1
-1 1 (w™v, ay)
slwwv)=w v—(1—-()———03.
( ) ( C) <OZ1,0(1> 1
Therefore
oy ey
(wsw™ v =v — ( C)—<wa1,wa1)w%
Thus wsw™! is a reflection with root wa. Since U is W-stable, we have

wa € U. By definition of W’ we can conclude that wsw=! € W’. Hence W’
is a normal subgroup of W. [

Definition 1.6. Let W C GL(V') be a finite reflection group. We say that W
is essential if VWV .= {v €V |wv=wv for all w € W} =0 and W is reducible
if W = W, x W, for some non-trivial reflection subgroups Wy, Wy C W.
When W is not reducible, we say that W is irreducible.

Proposition 1.7. The K[W|-module V' is irreducible if and only if W is
essential and irreducible.
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Proof. By Maschke’s theorem V' has the orthogonal decomposition
V=V"1Vv, L. - LV,

where V; (1 < i < k) are non-trivial irreducible submodules. Assume that
the K[W]-module V' is reducible. We may assume that W is essential and
k > 2. Let W; C W be the subgroup generated by reflections with roots in
V;. Then the following three conditions hold:

o When i # j, elements w € W, and w' € W; commute by Proposition
1.3.

e W =Wy---W; by Proposition 1.4.
o W, is a normal subgroup of W by Proposition 1.5.

Hence W = Wy x --- x Wy. Thus W is a reducible reflection group. Con-
versely, we may assume that W is essential and reducible. Then W has a
decomposition W = Wy x Wy, where W; and W5 are non-trivial reflection
subgroups. Let V; C V be the subgroup spanned by roots of reflections in
Wi. The subspace Vi is Wi-stable by Proposition 1.4. Since an element in W
and one in W5 commute, the subspaces V; and V5 are orthogonal by Propo-
sition 1.3. Hence V} is contained in the reflecting hyperplanes of reflections
in Wy. Therefore V; is also Ws-stable. Hence Vj is a non-trivial W -stable
subspace. Thus the K[W]-module V' is reducible. O

Irreducible finite Euclidean reflection groups were classified by Coxeter
[3] [4] in terms of Coxeter-Dynkin diagrams. They consist of four infinite
families A, By, D,,.Is(m), and six exceptional groups Eg, E7, Es, Fy, Hs, Hy.

Shepherd and Todd [22] classified irreducible finite unitary reflection
groups into 37 cases, three infinite families (symmetric, imprimitive, cyclic
) and 34 exceptional groups (denoted by Gy,...,G37). The three infinite
families are described by an infinite family G(m,p,n) depending on three
positive integer parameters with p dividing m.

Proposition 1.8 (Bourbaki [1]). Let V' be an Euclidean space and W C O(V)
a finite Euclidean reflection group. If V is an irreducible R[W]-module then
Endy (V) = R. Hence V is absolutely irreducible, that is, V Qg C is also
irreducible as a C[W]-module.
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Proposition 1.8 provides that each irreducible finite Euclidean reflection
group can be regarded as an irreducible finite unitary group. The correspon-
dence is listed below:

Infinite family Exceptional group
An G(l,l,n—i—l) E6 G35
Bn G(2, 1,7’L) E7 Gg@
Dn G(2,2,n) Eg G37
L(m) | G(m,m,2) || Fy Gog
Hj Gas
Hy G'so

1.2 Chevalley’s Theorem

Let S be the symmetric algebra S(V*) of the dual space V*. For any basis

x = (x1,...,x,) for V* we may regard S as the ring of polynomial functions
K[z] of V*. A finite reflection group W acts on S in a usual manner:
wf = fow?

for all w € W and f € S. Let SV be the ring of W invariants and SY its
irrelevant ideal, that is, the ideal generated by homogeneous invariants of
positive degrees. The following classical theorem is due to Chevalley [2].

Theorem 1.9 (Chevalley [2]). The following assertions hold:

(1) Let {fi,..., fm} be a minimal system of homogeneous generators of
SW. Then m =n and fi,..., [, are algebraically independent.
(2) There exist algebraically independent homogeneous invariants f1, ..., fn

of positive degrees such that
SW = K[fla s 7fn]

(3) The multiset of the degrees {deg fi,...,deg f,} is independent of a
choice of generators for SK/.
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Definition 1.10. The set of generators { f1,..., f,} in Theorem 1.9 is called
a system of basic invariants (or a basic invariants shortly) for W. The
multiset {deg fi,...,deg f,} is called the degrees of W.

Assume that V' is reducible as a K[IW]-module. Write V' = V; & V5, where
V; is a non-trivial K[W]-module. From the proof of Proposition 1.7, we have
W = W; x Wy, where each W is a reflection group on V; (allowed to be the
unit group when V; C VW). Then

Y = SV ok SO,

Hence without loss of generality we may assume that V is an irreducible
K[W]-module to determine a system of basic invariants for W. Many re-
searchers determined systems of basic invariants explicitly (Coxeter [2], Lee
[14], Lehner and Taylor [15], Mehta [16], Saito, Yano and Sekiguchi [19],
Sekiguchi and Yano [20, 21] ). Determining systems of basic invariants is not
difficult for infinite families A,,, B;,, Dy, I2(m) and G(m, p,n) but determining
ones for exceptional groups needs further considerations.

1.3 Definition of canonical systems

For v € V we define a K-linear map D,: S — S to be the directional
derivative in direction v,

o1
va = 1%;(.}607}1)_.]6)’

where T,(u) := u + v. The operator D, is a derivation of S, that is, D,
satisfies

Dy(fg) = (Duf)g + f(Dug) (1.2)
for all f,g € S. Note that
D,L = L(v) (1.3)
forall L € V* C 8.

Definition 1.11. We denote by Dg the commutative algebra which is gen-
erated by directional derivatives D, (v € V)Oregarding the product as map
composition. An element of Dy is called a differential operator.
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The linear map D: V — Dg can be extended to a K-algebra isomorphism
defined by the linear extension of

D:S(V) — Dy

Ul@...@vk — D'Ul'.'D’U <14)

-
A finite reflection group W acts on Dg as
wD, = Dy,

where w € W and p € S(V) so that (1.4) becomes a K[W]-algebra isomor-
phism.

Proposition 1.12. Letpe S(V),f € S=S(V*),w € W. Then

w(Dpf) = Dup(wf).
Proof. Without loss of generality we may assume that p is homogeneous. By
induction on the degree of p it suffices to show that w(D,f) = Dy, (wf) for
all p=v € V. We have
1 1 1
w(Dof) = lim+ (foTyow™ = fouw™)
. -1 -1
:1%2(.]6011] oﬂwv_fow )
= Dyp(wf).
Hence w(D, f) = Dy¢(wf). O
Define a map ¢: V. — V* by
L(U) = <',U>,
where (-, ) is the W-invariant inner product on V.

Proposition 1.13. The map ¢ is a W -invariant (anti)isomorphism, that is,
L satisfying the following:

(1) t(v1 + v2) = t(vy) + t(ve),
(2) t(av) = aw(v),

(3) v is bijective,
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(4) (wv) = wi(v)
for all v,vy,v9 € Via € K and w € W.

Proof. (1) For any u,vy,v3 € V,

L(Ul + UQ)(U) = <U,Ul + U2> = <Ul + UQ,U)V = <U1,U>V + <U2,U>V
= (v, u) + (vo,u) = t(vy)(u) + t(ve)(u).

Therefore (v + ve) = t(v1) + t(v2).
(2) For any u,v € V and a € K,

t(av)(u) = (u, av) = (av, u),, = av,u),

Hence t(av) = ac(v).

(3) By (1) and (2) the subset Im¢ C V* is a subspace of V*. Hence it
suffices to verify that ¢ is injective. Assume that ¢(v) = 0. Then (v,v) =
t(v)(v) =0, so that v = 0. Thus ¢ is injective.

(4) For any u,v € V and w € W we have

L(wo)(u) = (u,wv) = (wtu,v) = 1(v)(wu) = we(v).
Hence t(wv) = wei(v). O

The map ¢ can be extended to a W-invariant (anti)isomorphism defined
by the linear extension of

S(V*) = S(V)
Li®--®@L, — HL)®- @ (L)

Definition 1.14. We define a W-invariant (anti)isomorphism *: S — Dg
by

fo= Doy,
where f € S = S(V*).
Let eq, ..., e, be an orthonormal basis for V and z, ..., x, its dual basis.
Then we have
0
x; =D,
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For convenience we put 0; = 8%1-' For a multi-index @ = (iy,...,4,) € Ny =
n .
2%, we write
. 01 i
b=yt

For a polynomial f =Y. a;z* € S we have

where 0 == (0y,...,0,).
Proposition 1.15. For f € S
[rai—aif* = (0:f)"
as operators on S.
Proof. We may assume that f is a monomial. Since the operators z; and 0;
commute when i # j it suffices to show that
o'z — 1,0 = mo !

by induction on m.
Let m = 1 then for any f € S

Oiwif = f+ 2,0, f.

Hence 0;x; — x;0; = 1 as operators on S.
For m > 2

— 2,0+ moy!

as operators on S. Therefore Ox; — ;0" = md" .
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Definition 1.16. Define a map (-,+): S x S — S by

(f,9)=1f9 (f,9€5)
and define a map (-,-)o: S xS — K by

(f;9)0 = (f,9)(0) = (f"9)(0) (f,g€S9).

Proposition 1.17. The map (-,-) is a W-invariant sesquilinear map, that
is, the following hold:

(1) (fi+ f2,9) = (f1,9) + (f2,9) and (f, 1 + g2) = (f, 1) + (f, 92),
(2) (af,g9) =a(f,g) and (f,ag) = a(f,9g),
(3) w(f,g) = (wf,wg)

fO’I" all f)flaf?)gaglagQ S S,CL € Kaw € w.
The operator f* is the adjoint operator of the multiplication-by-f map
with respect to (-,-):

(4) (fg,h) = (g, /")

forall f,g,h € S.
Moreover, if f,g € S are homogeneous and have the same degree then

Proof. (1) and (2) follow immediately from the linearity of differential oper-
ators and the (anti)linearity of the map *. To verify (3) we take f,g € S and
w € W. By Proposition 1.12 we have

w(fv g) = w(DL_l(f)g) = ow_l(f)(wg> = DL_I(wf)(wg) = (wf7 U)g)

(4) We have (fg,h) = (fg)"h = g*(f*h) = (g, [h).
(5) If f,g € S are homogeneous and have the same degree then (f,g) is
a constant. Hence (f,g) = (f, 9)o- O

Proposition 1.18. The map (+,-)o is a W-invariant inner product on S,
that is, (-, +)o satisfies the following:

(1) (f,9)0 = (9. f)o,
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(2) (fi+ f2:9)0 = (f1,9)0 + (f2,9)o0.
(3) (af.g)o =al(f,g)o,

(4) (f;f)o € R and (f, f)o =

(5) (. flo = 0 if and only if f = 0,
(6) (wf,wg)o=(f,9)o

forall f, f1, fa,g€ S;a e KjweW.
The operator f* is the adjoint operator of the multiplication-by-f map
with respect to (+,+)o:

(7) (fg> h)O = (g,f*h)[) and (ga fh)O = (f*g7 h)O
forall f,g,h € S.

Proof. (1) We may assume that f, g € S are homogeneous. If deg f # degg

then (f,9), =0 = (g, f)o. Assume that k := deg f = degg and write

where |¢| :== iy + -+ + 7,. Then we have

(fgo={ D @ | | D ba' | = ilab, (1.5)

li|=k li|=k li|=k

where i! = i;---i,. By symmetry a similar expression holds for (g, f)o.

Hence (f,9), = (9, f)o-

(2)(3) These conditions follow immediately from Proposition 1.17.
(4)(5) By expression (1.5) we have

(f,Ho= Y ilal*

|i|=deg f

Hence (4) and (5) hold.
(6) We may assume that f, g € S are homogeneous. If deg f # deg g then
(wf,wg)o =0 = (f,g)o. Hence we may assume that deg f = degg. Then
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(f,9)0 = (f,g) is a constant. Therefore (wf,wg)y = (wf,wg) = w(f,g) =

(f7 g)O
(7) The first equality (fg, h)o = (g, f*h)o follows immediately from Propo-

sition 1.17(4). We shall prove the second equality. We may assume that f, g, h
are all homogeneous and degg = deg f + degh since (g, fh)o = 0 = (f*g, h)
if deg g # deg f + deg h. By Proposition 1.17(4)(5) we have

(g7fh)0 = (fh7g>0 = <h> f*g)[) = (f*ga h)O

]

Definition 1.19. A system of basic invariants {f1,..., f,} is said to be a
canonical system of basic invariants (or canonical invariants shortly) if

(fis ;) =0 (@ #J). (1.6)
A canonical system of basic invariants {fi, ..., f,} is normalized if
(fi, fi) =1

for all i € {1,...,n}.

This notion was introduced by Flatto [5, 6] and by Flatto and Wiener[7]
for the first time, but in a quite different manner. Later Iwasaki [8] formu-
lated it as in Definition 1.6, introducing the terminology ”canonical system”.
When K = R, according to [5, 6, 7] it was also proven that the existence and
the uniqueness (up to equivalence) of canonical systems, where two systems
{fi,..-, fn} and {g1, ..., gn} are equivalent if there exists A € GL,(K) such
that

fr oo ful =g - gn]A

Canonical systems are determined explicitly by Iwasaki [8] for types
A, By, Dy, and Iy(m) and by Iwasaki, Kenma and Matsumoto [13] for types
Hg, H4 and F4.

1.4 Steinberg’s Theorem

To state Steinberg’s theorem we introduce the notion of a W-harmonic poly-
nomial.
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Definition 1.20. We call D, € Dg a W-invariant differential operator if
wD, = D, for all w € W.

Definition 1.21. A polynomial f € S is W-harmonic if D,f = 0 for all
W-invariant differential operator D, without a constant term. The space of
W-harmonic polynomials is denoted by Hyy .

Let [ = SSY, where SV is the irrelevant ideal of S". Making use of the
sesquilinear map (-, -) we may express

Hy={feS|(g,f)=0forallgeI}. (1.7)

Let Ay, be the set of the reflecting hyperplanes of all reflections in W. For
any H € Ay we define a subgroup Wy C W by the pointwise stabilizer of
H | that is,

Wy ={weW]|]wv=viorallve H}.
For a root o of H (a generator of 1-dimensional subspace H1) we have
wa = (o (w e Wy)

for some (, € K* and this is independent of a choice of a root a. The
finiteness of W implies that (, is a root of unity. Hence we have a group
inclusion

where p(K) denotes the group of roots of unity in K. Therefore Wy is a
cyclic group. Define ey to be the order of Wy.
We define a polynomial A € S by

A= T] g
HeAw
where Ly € V* satisfying Ker Ly = H.

Definition 1.22. A polynomial f € S is skew if wf = (detw)f for all
weWw.

Proposition 1.23 (Steinberg [23]). The polynomial A is skew, and every
skew polynomial is divisible by A.
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The skew polynomial A is quite important to study W-harmonic polyno-
mials. Steinberg also proved the significant theorem below.
Theorem 1.24 (Steinberg [23]). The following hold:
(1) f eI if and only if (f,A) =0,
(2) Hw = DsA.
By Theorem 1.24 we have an orthogonal decomposition
S=1®Hw (1.8)

Theorem 1.25 (Chevalley [2]). The space S/I affords the reqular represen-
tation of W.

From (1.8) and Theorem 1.25 we can deduce

Proposition 1.26. The space Hy of W-harmonic polynomials affords the
reqular representation of W.



Chapter 2

Background

In this chapter we introduce the mean value property for polytopes and its
relation with the canonical system of basic invariants for a finite reflection

group.

2.1 The mean value property for a polytope

Let V' be an n-dimensional Euclidean space. An n-dimensional convez poly-
tope is the convex hull of a finite set of points in V' whose affine hull is the
entire space V. An n-dimensional polytope P is a finite union of n-dimensional
convex polytopes. For each k € {0,1,...,n}, the k-skeleton of P is the union
of all k-dimensional faces of P, which is denoted by P(k).

For a polytope P the symmetry group T'(P) of P is defined by

I(P) ={oceGL(V)|oP=P}.

Definition 2.1. Let P C V be an n-dimensional polytope and £k =0,...,n.
A continuous function f: V — R is said to be P(k)-harmonic if it satisfies
the mean value property:

1

flz) = B0 o [z +ry)dp(y)

for any x € V and r > 0, where iy, is the k-dimensional Euclidean measure
and |P(k)| == pr(P(k)) is the k-dimensional volume of P(k). The space of
all P(k)-harmonic functions is denoted by Hp().

15
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Theorem 2.2 (Iwasaki [9]). Let P C V be an n-dimensional polytope and
k=0,....,n. Then the following assertions hold:

1) Hpwy is a finite-dimensional linear space of polynomials,

( (k) y

(2) A basis of Hpu can be taken from homogeneous polynomials,
(3) Hpw) admits a structure of Dg-module, where S = S(V*).

Let G € GL(V) be a finite group. A polynomial f € S is said to be
G-harmonic if

(9:f) =9(0)f =0

holds for any g € Sf. Let H denote the space of all G-harmonic polynomi-
als. Iwasaki [9] showed that

Hrp) € Hpw)- (2.1)
The inclusion (2.1) yields a problem to find sufficient conditions for the equal-

ity Hr(p) = Hp(k).

2.2 Relation with a canonical system

Iwasaki [11, Theorem 1.1] stated a method to decide if the inclusion (2.1)
is actually an equality when P admits a finite reflection group W as its
symimetry group.

Theorem 2.3 (Iwasaki [11]). Let P C V' be an n-dimensional polytope and
assume that W = T'(P) is a finite reflection group. Let {f1,...,f.} be a
canonical system of basic invariants for W. Assume that the degrees of W
are strictly increasing:

di <dy <---<d,. (2.2)
Then for every integer k =0, ...,n, the equality
Hw = Hpw) (2.3)

is equivalent to the condition

/P(k) filx)dup(z) 0 (i=1,...,n). (2.4)
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The symmetry group of a regular convex polytope is a finite irreducible
reflection group satisfying the condition (2.2). The equality (2.3) is proven for
regular convex polytopes except for measure polytopes (n-dimensional cubes)
by verifying the condition (2.4)[10, 13]. Iwasaki [12] verified (2.3) for measure
polytopes by using another method, hence for all regular convex polytopes.
The symmetry group of a regular convex polytope is an irreducible reflection
group of type A,,, By, Fy, H3, Hy or I;(m). For polytopes admitting reflection
groups of the other types as their symmetry group, for example Gosset 49,
polytope (admitting a reflection group of type Eg), the problem to verify
(2.3) is still open.
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Chapter 3

Existence of a canonical system

This chapter is based on a joint-work with Nakashima and Terao [17]. Let V/
be an n-dimensional vector space over K (K = R or C) and W an essential
irreducible finite reflection group of V. Existence of a canonical system was
proven by Flatto [5, 6] and by Flatto and Wiener[7] for K = R. In this
chapter we shall prove the existence including the case K = C.

3.1 Preliminaries

Let eq, ..., e, be an orthonormal basis for V' with respect to the W-invariant
inner product (-,-) on V', xy,...,z, the dual basis and 0, ..., 0, the corre-
sponding derivations. For S = S(V*) we define the module of regular 1-forms
QL as

Q}g =Sk V*

equipped with the differential map d: S — Qf defined by

n

df => 0if @x; =Y (0:f)da;.
=1

=1

Define

n

Jw= fZgid% =Y (fgi)dx;

=1

19
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forall fe€ Sandw= > gidx; € Q5. Thus Qf has a structure of a graded
S-module. The differential map d satisfies

d(fg) = f(dg) + g(df) (3.1)
for all f,g € S since
d(fg) = 0i(fg)dwi = (fdig+ g0:f)dx; = f(dg) + g(df).
i=1 i=1
The reflection group W acts on 2} as
WW = ngi & wx;,
i=1
where w € W and w =Y | ¢ ® ;. Because of (3.1) and
dwz;) =1 Q@ wr; = w(l ® x;) = w(dx;),

the differential map d is a K[W]-homomorphism.
Define a K[W]-homomorphism e: Qf — S by

€ (i fzdl’z) = iwzfz
i=1 i=1

Then the composition € o d is the Euler operator:
e(df) = xi0if.
i=1

One can verify that for a homogeneous polynomial f € S

e(df) = (deg f)[.

We define a subspace y as below to show the existence of a canonical
system.

Definition 3.1. Define
Qw = (Hw ®k V*)Wa

[e.9]

Fw=E{fes (g.f)=0foralge S with0 <<k},
k=1

where S}V denotes the space generated by homogeneous invariants of degree
k and (-, ) is the sesquilinear map defined by Definition 1.16.
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3.2 Main theorems
Our purpose in this chapter is to prove the theorems:

Theorem 3.2. We have dimg Qw = dimg Fw = n. The restrictions d| g, :
Fw — Qw and €lq,, : Qw — Fw are isomorphisms.

Theorem 3.3. Any orthogonal homogeneous basis for the vector space Fy,
is a canonical system of basic invariants for the reflection group W, and vice
versa. In particular there exists a unique canonical system up to equivalence.

First we shall prove the following lemma:
Lemma 3.4. The following hold:
(1) d(Fw) C Qw and the restriction d|r,, is an injection,
(2) e(Qw) C Fw.

Proof. (1) Let f € Fw and g € I. To prove df € Qy it suffices to show
that (g,0;f) = 0 for all i € {1,...,n}. We may assume that f and g are
homogeneous. If degg > deg f then (g,0;f) = 0. Suppose degg < deg f.
Then (g,0;f) = 0;g* f = 0 since f € Fy and d(Q2) C F .

Suppose that df = 0 for a polynomial in Fy,. Then f is a constant. Since
every non-zero homogeneous polynomial in Fy has positive degree, we can
conclude that f = 0 and d|z, is injective.

(2) Let f € e(Qw) and g € SY with degg < deg f. We may assume
that both of f and g are homogeneous. The polynomial (g, f) = g*f is a
non-constant invariant since f, g are invariants with degg < deg f. Hence
g*f € I. We shall prove that ¢*f € Hy. Since f € €(Qy) we may write
f=>" xif; for some f; € Hy. By Proposition 1.15 and Theorem 1.24 we
have

gF = gwifi=Y (wlg f) + (0:9)" f:) = > _(0i9)" fi-
i=1 i=1 i=1
Hence g*f € Hy. Therefore g*f € INHy = 0. Thus (g, f) = g*f = 0 and
f € Fw. Hence ¢(Qw) C Fy.
O



22 Chapter 3. FExistence of a canonical system

Recall the orthogonal decomposition (1.8) S = I & Hw. Let 7 the pro-
jection map from S to Hy with respect to the decomposition S = I & Hyy .
Define a K[W]-endomorphism 7 on 2§ = S @ V* by

Zfzdxz = Z fz d$z

Then we have
Kerm=1I®gV*and Im7m = Hy Q V.
For a system of basic invariants {hy,...,h,} we put
dh; = n; + wi,

where n; € (I ®k V*)W and w; € Qu = (Hw ®x V*)W
For each i € {1,...,n} we define

gi=clm) €S, fi=clw)=(cor)(dh;) € Fw,
where f; € Fy follows from Lemma 3.4(2). Then we have
(degh;)h; = e(h;) = g; + fi.
Lemma 3.5. The subset {fi,..., fn} C Fw is a system of basic invariants.
Proof. We may write 1; = > 7_, gijdx; For every i,j € {1,...,n} the poly-
nomial g;; € I. We may assume that {hy,...,hs} is a subset of the system

hy,...,h,} consisting of invariants h; with degh; < degh;. Then there
g J g1 g
exist polynomials g;;; € S such that

¢
Gij = Z Gijk -
k=1

Then we have
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Since g; is invariant we have

n l

9 = Av(g:) = Y > Av(;gie)hu,

j=1 k=1

where Av is the averaging operator defined by

where |W| denotes the order of W. The invariants Av(z;g;;,) are polyno-
mials in {hq,...,he} so is g;. By induction on degh; all of {hq,...,h,} are
polynomials in {fi,..., f,}. Hence {fi,..., f.} is a generating system of
S¥. By Theorem 1.9 we can conclude that {fi,..., f,} is a system of basic
invariants. L

We now prove Theorems 3.2 and 3.3.

Proof of Theorem 3.2. By Lemma 3.5 the space JFy contains a system of
basic invariants. Hence dimg Fyr > n. Lemma 3.4(1) implies dimg Fyy <
dimg Q. We shall show that dimg €2y, = n. There exists a natural isomor-
phism

Qu = (Hw @k V)" =~ Homgpy (V, Hw). (3.2)

The dimension of Homgpy(V, Hw) coincides with the multiplicity of V' in
Hyy since V' is (absolutely) irreducible by Proposition 1.8. From Proposition
1.26 the space of W-harmonic polynomials Hy, affords the regular repre-
sentation of W. Therefore the multiplicity of V' in Hy is dimg V' = n, so
dimg Qy = n. Thus the estimate n < dimg Fiy < dimg Qy = n forces
dimg Fy = dimg Qu = n. Hence the restriction d| £, : Fiw — Qu becomes
an isomorphism, since it is injective by Lemma 3.4(1). From Lemma 3.4(2),
we have €(Qw) C Fi. To show that g, : Qw — Fw is an isomorphism,
note that there is a commutative diagram

Fw

Euler op.
dlFgy [0 R

QW —Fw
€|QW

Since d| 7, and the Euler operator in the diagram are isomorphic, so is €|q,, .
O
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Proof of Theorem 3.3. By Lemma 3.5, the vector space Fy contains a sys-
tem {f1,..., fn} of basic invariants for the reflection group W. This system
becomes a homogeneous linear basis for Fy, since dimg Fy = n by Theorem
3.2 and algebraic independence implies linear independence. Therefore any
homogeneous linear basis for Fy gives a system of basic invariants for WW.
Take an orthogonal homogeneous basis B for Fy,. Then B is a system
of basic invariants satisfying the condition (1.6). Therefore B is a canonical
system of basic invariants. In particular, a canonical system exists.
Conversely, let B be a canonical system. The condition (1.6) implies B C
Fw. Hence B is an orthogonal homogeneous basis for the vector space Fy.
In particular, there exists a unique canonical system up to equivalence. []

Corollary 3.6. Let m be the projection onto Hy, with respect to the decom-
position S = I S Hw and T := 1R ly«. For an arbitrary system {hy,..., h,}
of basic invariants, the orthogonalization of the system

{(co®)(dhy) |1 <i<n)

yields a canonical system of basic invariants.



Chapter 4

Explicit formulas for canonical
systems

This chapter is based on a joint-work with Nakashima [18]. Let V' be an
n-dimensional vector space over K(K = R or C) and W an essential irre-
ducible finite reflection group of V. By Corollary 3.6 a canonical system may
be expressed by making use of an arbitrary system of basic invariants, but
this formula is not explicit because of abstractness of the projection 7. In
this chapter we shall create a computable map which refines Corollary 3.6.

4.1 Preliminaries

Recall the W-invariant sesquilinear map (-,-): S x S — S defined by Defi-
nition 1.16. The restriction of (-,-) to Fw X Fw is a inner product on Fyy,
since for homogeneous polynomials f, g € Fy

_J(f,9)0 if deg f=degyg
(f7g)_{0 if degf # degg

We introduce a sesquilinear map (+,-): Quw x Qu — S defined by

n n

(Z fldxlazg]dx]) = ZZ fl?.g] xl?'rj Z(fzagz>7 (41)
i=1 j=1

i=1 j=1 i=1

where (-, ) in the middle and the right hand is the sesquilinear map defined
by Definition 1.16. By Theorem 3.2, any element in 2y is of the form

25
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df (f € Fw). For any homogeneous polynomials f, g € Fyy,

(df,dg) = (Z 0; fd;, Z az-gdxj) = Z(aif, )

= (2:0:f,9) = (deg f)(f, 9)

=1

Hence the sesquilinear map (4.1) actually determines an inner product on
Q. For homogeneous elements wq,wy € Oy satisfying degw; # degws, we
have (wy,ws) = 0. Therefore

f L gifand only if df L dg
for homogeneous polynomials f, g € Fy and
wy L wy if and only if e(wy) L e(ws) (4.2)

for homogeneous elements wy,ws € Q.

Proposition 4.1. Let {wy,...,w,} be an orthogonal homogeneous basis for
Quw. Then {e(w1),...,e(wn)} is a canonical system of basic invariants.
Proof. 1t follows from Theorem 3.2, Theorem 3.3 and (4.2). O

4.2 Construction of canonical systems

We will construct a homogeneous basis for Fy, from arbitrary basic invari-
ants. The following map plays an important roll for the construction.

Definition 4.2. Define a linear map ¢: S — S by
o(f) = ((f,A)A).
Proposition 4.3. The map ¢ has the following properties:
(1) ¢ is a K|[W]-homomorphism,
(2) & is homogeneous and degree-preserving,

(3) Ker¢p =1 and Im ¢ = Hy . In particular the restriction ¢ly,, : Hw —
Hw is a K[W]-isomorphism.
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(4) ¢ is a symmetric (Hermitian) transformation with respect to the inner
product (-, ), that is,

(¢(f)ag)0 = (fa ¢<g))07 (fag € S)

In particular, ¢: S — S can be diagonalized by homogeneous polyno-
mials.

Proof. (1) For any f € S and w € W,

wo(f) = w((f,A),4)

((wf, (det w)A), (det w)A)
((detw)(wf, A), (detw)A)
= (detw)(detw)((wf, A), A)
= ((wf,A),A)

= o(wf).

(2) For any homogeneous polynomial f € S,
deg ¢(f) = deg A — deg(f, A) = deg A — (deg A —deg f) = deg .
(3) By Theorem 1.24,
feKerg s (f,A),A)=0< (f,A) e INK[D]A=0«& fel.

By Theorem 1.24 again, we have Im¢ C Hy,. Since Ker¢ = I we have
dimg Im ¢ = dimg Hy. Then Im ¢ = Hy and the restriction ¢|y,, : Hw —
Hy is an isomorphism.

(4) We may assume that f,g are homogeneous polynomials having the
same degree. Put F':= (f,A) and G = (g, A). Then

(f,0(9))o = (f, (G, A))o = (fG,A)o = (G, ([, A))o = (G, Fo.
By symmetry
(@(f),9)0 = (9,0(f))o = (F, G)g = (G, F)o = (f,0(9))o-

Thus ¢ is a symmetric (Hermitian) transformation with respect to the inner
product (-, )o. ]
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Remark. In the proof of (2) and (4), we did not use any property of A other
than homogeneity. Hence (2) and (4) are true for ¢,(f) = ((f, h), h) with
any homogeneous polynomial h € S.

The map ¢ induces a linear map ¢: (Q5)" — Qy defined by

By Proposition 4.3, we have
Proposition 4.4. The following conditions hold:
(1) b is homogeneous and degree-preserving,

(2) Iﬁerq; = (Tox V)Y and Im¢ = Qu. In particular the restriction
Blaw : Qw — Quw is an isomorphism.

(3) ¢ is a symmetric (Hermitian) transformation with respect to the inner
product (-,+): Qu X Quw — K, that is,
(&(M)WJQ) = (M;(B(M)), (w1, w2 € Q).

In particular, QE|QW: Qw — Quw can be diagonalized by homogeneous
elements.

Proof. (1) and (2) follow immediately by Proposition 4.3.
(3) Let wy,ws € Qu be homogeneous elements. If degw; # degwy then

(P(wr),w2) =0 = (wi, P(w2)).
When degw; = degws,

n

(é(wl%w) = <Z ¢(fi)dxi,Zgidxi> = (8(£),9:)o

=1

— Z(fu #(9:i))o = (Z fidx;, Z qs(gi)dq;i)
= (M;(M%)) .

Thus ¢ is symmetric (Hermitian). Il
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Proposition 4.5. There exists a canonical system {fi,..., fn} such that
dfy, ..., df, are eigenvectors of ¢.

Proof. Let Uy, be the subspace of {y consisting of homogeneous eigenvec-
tors of ¢ with degree d and eigenvalue A. By Proposition 4.4,

Qw = @ Uqx,
d\

where every X is real since ¢ is symmetric (Hermitian). We assume that
Uiy ay 7 Uiy n,- If dy # do, then Uy, », is orthogonal to Uy, r,. When Ay # Ao,
let wy € Uy, 2, and wo € Uy, »,. By Proposition 4.4 (3), we have

A1 (wy,we) = <gz~5(w1),w2> = <w17gz~5(w2)) = Ao (w1, ws) .

Then (wy,ws) = 0. This means that Uy, , is orthogonal to Uy, »,. Hence the
subspaces Uy ) are orthogonal to each other.
The union of orthogonal bases for U, is an orthogonal basis for

consisting of eigenvectors of ¢. Let {w1 ..., w,} be such an orthogonal basis
for Q. Then e(w;)...,e(w,) is a required canonical system. ]
Theorem 4.6. For an arbitrary system of basic invariants {hs, ..., h,}, the
system

is a basis for Qu . Therefore the orthogonalization of

{(5 0 §)(dhi) =Y x;0(0;hi)

1< < n} (4.3)

is a canonical system of basic invariants.

Proof. We can take a canonical system { f; ..., f,} satisfying that dfy, ..., df,
are eigenvectors of ¢ by Proposition 4.5. Let Ap, ..., A, be the eigenvalues
of gz~5 corresponding to df, ..., df,. All of these are nonzero since g5|QW is an
isomorphism. Let d; < --- < d,, are the degrees of W. We may assume
that deg f; = degh; = d;. Let r be the multiplicity of d;. Then we may
assume that d; = --- = d;.,—1. We only need to verify that the linear
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independence of {¢(dh;), ..., ¢(dh;1,—1)} since homogeneous elements having
different degrees are orthogonal to each other.
For j =0,...,r — 1, we may write
r—1
hivj = ZajkfiJrk—i-Pj(fla---,fiq), (4.4)
k=0

where P; = P;(fi,..., fi-1) isa polynomial in fi,..., fi_1 and a;, € K. Since
{h1,..., hy,} is algebraically independent, we have det|a;;] # 0. The 1-form
dP; is in ker ¢ = (I @g V*)" since each term of P; is a product of two or
more invariants in {f1, ..., f,}. Applying ¢od on the equality (4.4), we have

r—1

P(dhisj) = Z @k Ai+kfitk- (4.5)

k=0

Therefore, ¢(dh;),...,¢(dhiy,_1) are linearly independent since det[a;;] #
0. O]

Corollary 4.7. Suppose that the degrees of W are all different. Then the
system (4.3) is a canonical system of basic invariants.



Chapter 5

Canonical systems for G(m,p,n)

For the infinite family of irreducible finite Euclidean reflection groups (of
types An, Bn, Dy, I5), Twasaki [8] constructs explicit formulas for the canon-
ical systems. In this chapter, we construct explicit formulas for canonical
systems for unitary reflection groups G(m,p,n) by making use of a similar
method to Iwasaki’s one.

5.1 Preliminaries
For positive integers m,n, let w,, = w,,(C) be the cyclic group of m-th roots

of unity and &,, the symmetric group of degree n. The group &,, acts on pu;),
by changing coordinates. For a divisor p of m, define

A(m,p,n) = {C = (C1, G, Ga) €l | (GGoo G)™P =1}

It is easy to show that A(m,p,n) is a subgroup of u and is stable under
the action of &,,.

Definition 5.1. For positive integers m,n and a divisor p of m, we define a
group G(m,p,n) by the semidirect product of A(m,p,n) and &,:

G(m,p,n) = A(m,p,n) x &,.
The group structure is given by
(¢ o) (¢, 0') = (C(a('),00").

31
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For each permutation o € G,,, E, denotes the permutation matrix with
respect to 0. Note that both of diag(¢) and E, are unitary matrices for
¢ € u and o0 € &,,. We define a map p: G(m,p.n) — U,(C) by

p(C,0) = diag(C) E.
Proposition 5.2. The map p is an injective group homomorphism.
Proof. For any (¢, 0),(¢",0') € G(m,p,n),

§((60)(¢0) = p(C(a¢"), 00)
= diag(¢(0¢")) Eor
= diag(¢) diag(c(')E, Ey
— ding(Q)E, ding(¢')Ey
= p(¢,0)p(¢, o).
Hence p is a homomorphism. Assume that p((, o) = diag(¢)E, = I. Then
diag(¢) = E,-1. Hence both of diag(¢) and E,-: are equal to the identity

matrix. Therefore ((,0) is equal to the identity of G(m,p,n). Thus the
homomorphism p is injective. []

Let V := C" and ey, ..., e, the standard basis for V. Let © = (z1,...,2,)
be the dual basis of eq,...,e, and S the ring of polynomial function C[z].
From the previous proposition, we can regard the group G(m,p,n) as a
subgroup of U(V) = U,(C). The group G(m,p,n) contains two kinds of
reflections:

(k=i
si,cekz{ge =) o C € ppn 1<i <,

er  (k#1)
Cej  (k=1)
Sijcer =14C e, (k=j) forCemp,, 1<i<j<n.
ex (k #1,5)

All reflections of G(m,p,n) are of types above and G(m, p,n) are generated
by those reflections (see for example [15]). Therefore the skew polynomial A
for G(m, p,n) is given by

A== I @G =T IT @ =a). 61)

1<i<j<n i=1 1<i<j<n
CEM,
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According to [15], a system of basic invariants for G(m, p,n) is given by

i x, i oim i xl(n—l)m) (21 -+~ x)™/P. (5.2)
i=1 i=1

i=1

Hence the degrees of G(m,p,n) are

m,2m,...,(n—1)m, nZ. (5.3)
p

When p = 1, replacing the invariant (z---2,)™ by >_._, 27", we have an-
other system of basic invariants for G(m, 17 n)

doam (1<i<n). (5.4)

5.2 Canonical systems for G(m,1,n)

In this section we set G == G(m, 1,n). Let {fi,..., f,} be a canonical system
for G. From (5.3), we may assume that deg f; = im. Since every f; is
homogeneous, we have

(deg f:) f; Z:cjafz

Hence it suffices to determine 0, f;, . . ., 0, f; to determine f;. From the proof
of Lemma 3.4(1), we have 0; f; € H¢. By Steinberg’s Theorem 1.24 (2) there
exists a homgeneous polynomial g;; € S such that

Ofi =gy (L<ij<n). (5.5)

From (5.1) the skew polynomial A for G(m,1,n) is given by

Let

G; = Stabg(z;) = {w € G | wz; = x;}.
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The subgroup G, is a reflection group isomorphic to G(m,1,n — 1). So the
order of GG; is independent of j. The skew polynomial A; for G; is given by

_ m—1 m m
Aj= Hl'k H (f" — 7").
1<k<n 1<k<t<n
k#j kt#g

Define the averaging operator Av; and the skew operator Sk; for G; by

1
AVj = m Z w,

weG;
1
Sk; = — Z (det w) 'w,
‘GJ| wGG]‘

where |G| is the order of G;. Applying Av; to (5.5), we have
0;fi = Av;(95;4)
1 *
|Gl

wEGj

1 *
’UJEG]'

1

= e Z ((det w) twgi;)" A
w€Gj
= (Skj gi5)" A (1<i,5<n),

where the fourth equality follows from the fact that detw is a root of unity.
By Proposition 1.23, every skew polynomial Sk; g;; is divisible by the skew
polynomial A;. Hence there exists a G;-invariant homogeneous polynomial
hij such that Skj 9ij = hijAj- From (56), we have

—1+deg f; = —(degh;j + deg A;) 4+ deg A.
Hence

deghi; =1 —deg fi —deg A; + deg A
—1
zl—im—(n—l)(m—l)—m(n2 )—i—n(m—l)—l—m(;l)

= (n—1)m.
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From (5.4), each h;; is a polynomial of the G-invariants

inm (1<i<n-1).
1<k<n
ki

For any positive integer ¢, we have > ,_ ™ € I. Hence

hij = cijxgn_i)m (mod 1)

for some constant ¢;; € C*. By Steinberg’s Theorem 1.24(1), the equality
(5.6) yields

0 fi = (Skj gij)" A = (hi; )" A = (cz-jx?_i)mﬁj)* A.
Finally we need to determine the coefficients c¢;;. Without loss of generality
we may assume that ¢;; = 1. For j > 2, let s; == s1;1. Then
;A = (—1 )#I<k<T} A = (11724,
Therefore
O fi = s;(0fi) = (Cz‘jxgn_i)m(—l)j_%l)* (—4)
= (17 (o) A = (1O

Hence (—1)77'¢;; = 1, namely, ¢;; = (—1)7~'. We have concluded the follow-
ing theorem.
Theorem 5.3. Polynomials
fi=) (=1 "y (fvﬁ”‘“’”ﬁj) A (1<i<n)
=1

form a canonical system of basic invariants for G(m,1,n), where the skew
polynomials A, A; are defined by

A= Hac H (2t —xpt),

1<k<t<n
Hm I[ @-2m) (<j<n),
1<k<n 1<k<t<n

k#j k.t#j
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Corollary 5.4. Let W = G(1,1,n). Then W is a (non-essential) finite
Fuclidean reflection group of type A,_1. A system of canonical invariants
for W is given by

n

fi=> (=17 ey (2 A) A (1<i<n),

j=1
where the skew polynomials A, A; are defined by

A: H (ZL‘k—ZL'g),

1<k<t<n

A= H (xp — x0) (1<j<n).
1<k<t<n
k.t#£j

Corollary 5.5. Let W = G(2,1,n). Then W is an irreducible finite Fu-
clidean reflection group of type B,,. A system of canonical invariants for W
s given by

n

f=> 0 (B0 A (i<,

j=1
where the skew polynomials A, A; are defined by

A = H:Ek H )

1<k<t<n

HCEk H 2 —27) (1 <j<n).

1<k<n  1<k<t<n
k#j k.t#5

5.3 Canonical systems for G(m,p,n) with p > 1

Let m,n be positive integers and p > 2 a divisor of m. Throughout this
section we set G = G(m,p,n). Let fi,...,f, be a canonical system for
G(m, 1,n) given by Theorem 5.3. We shall prove the following theorem.

Theorem 5.6. The polynomials
f17 R f’n—la (xl e xn)m/p

form a canonical system of basic invariants for G = G(m,p,n).
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Proof. We only need to verify that fi,..., fo_1, (21 ---2,)™? form an or-
thogonal basis for Fg by Theorem 3.3. Set

gi :Zxém (1<i<n).
j=1

From (5.2) the polynomials g1, ..., gn_1, (21 - - - 2,)™/P form a system of basic
invariants for G and from (5.4) the polynomials ¢y, ..., g, form a system of
basic invariants for G(m,1,n). It is immediate that g (x---z,)™? = 0 for
i€{l,...,n—1} since p > 1. Hence (z, ---2,)"™? € Fg.

To show f; € Fo (1 <i<n—1) we need to verify that

gifi=0 (j<i) and (0 0,)""fi=0 (1<i<n-—1).

The former follows immediately since the system fi,..., f, is canonical for
G(m,1,n) and the polynomials ¢1, ..., g, form a system of basic invariants
for G(m, 1,n). To prove that the latter condition holds we have only to verify

Let ¢ be a primitive m-th root of unity. Since f; is a G(m, 1, n)-invariant, we
have

$jc(O1- - Onfi) = COL- -~ Onf; (1 <j<n).

Hence the polynomial 0 --- 0, f; is a skew polynomial for the cyclic reflec-
tion group (s;¢) of order m. From Proposition 1.23 the polynomial 0, - - - 9, f;
is divisible by the skew polynomial :E;-”_l for every j € {1,...,n}. There-
fore 0y ---0,f; is divisible by (z1---,)™ . For 1 < i < n — 1, we have
degdy -+ Onfi = im —n < n(m — 1) = deg(xy - - 2,)™ . Thus (5.7) holds.
Hence f; € Fg forie {1,...,n—1}.

Finally we show the orthogonality of f1, ..., fo_1, (21 - - - 2,)™?. The con-
ditions f*f; =0 (1 <4i,7 <n—1,i# j) follow from the orthogonality of
the system fi,..., fo. The conditions (9;---9,)™?fi=0 (1<i<n-—1)
are proved above. For i € {1,...,n — 1}, if degf; < deg(xy---x,)™?
then f/(zy---,)™? = 0 since f; is a polynomial in gi,...,g;. If degf; =
deg(xy -+ m,)™P then fi(zy---2,)™P = (01---0,)™Pf; = 0. If deg f; >
deg(xy - - - x,)™P then the condition f(zy---x,)™? = 0 is trivial. Thus the
orthogonality of the system fi,..., fo_1, (21 ---2,)™? has been proved. [J
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Corollary 5.7. Let W = G(2,2,n). Then W is an irreducible finite Fu-

clidean reflection group of type D,,. A system of canonical invariants for W
s given by

n

=301 (200A) A <i<n-),

j=1

fo= ()™

where the skew polynomials A, A; are defined by

A=TJz ] f-2D).
k=1

1<k<t<n

Nj=T] = J] @-2) (@<i<n).
1<k<n  1<k<t<n
k#j k. t#£35
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