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1 Introduction

In this thesis we will treat with differential systems and exterior differential systems as-
sociated with second order partial differential equations. A differential system D on a
manifold M is a subbundle of the tangent bundle TM of M and an exterior differential
system J on a manifold X is a differential ideal of the algebra of all differential forms on
Y. These topics are roughly divided into two parts: partial differential equations of one
and more unknown functions.

In the former part we will study Monge-Ampere equations

(1.0.1) AZgx + 2BZey + Czyy + D + E(2Zxx2yy — 22,) = 0,

where the capital letters denote functions of variables x, y, z, zx, zy. Monge-Ampere
equations are described from viewpoints of differential system and exterior differential
system. These equations (generally, single second order partial differential equations
F(x,y,2,2x,2y,Zxxs Zxy»Zyy) = 0 of one unknown function with two independent vari-
ables) are expressed as differential systems (R, D); (R, D) is defined as the restriction
of the canonical system E of the Lagrange-Grassmann bundle L(J) over a 5-dimensional
contact manifold J, which is a geometric 2-jet bundle introduced by K. Yamaguchi ([ Yam82]),
to the hypersurface R of L(J) defined by the given equation. On the other hand, these
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equations are expressed as certain exterior differential systems Z on a 5-dimensional con-
tact manifold J, which is called Monge-Ampere systems. One of the specialty of Monge-
Ampere equations is that they can be considered on manifolds of less dimension than
the original. Indeed we can integrate solutions of Monge-Ampere equations in 5 variable
space (for example, see [For06], [Mon(07]). Both Monge-Ampere systems and differen-
tial systems derived from Monge-Ampere equations have Monge characteristic systems
M, which are differential systems of rank 2. These characteristic systems are utilized for
the above integral method, called Darboux’s method (see also [IL03]). We will study the
properties and relations of Monge characteristic systems of Monge-Ampere systems and
differential systems, and determine the condition for that a partial differential equation is
a Monge-Ampere equation by using these characteristic systems in Section 3.2. Note that
the characterization of Monge-Ampere equation was studied by R. Gardner and N. Kam-
ran in terms of differential invariants ([GK93]). Moreover, a generalization of hyperbolic
Monge-Ampere systems is considered, which is called a hyperbolic exterior differential
system ([BGHO95a]) and a hyperbolic differential system is also defined. Their Monge
characteristic systems is defined as a generalization of those of Monge-Ampere equa-
tions. We will generalize the results on Monge-Ampere equations and obtain a reduction
theorem in Section 4. Namely, it is known that the prolongation of hyperbolic exterior dif-
ferential systems and differential systems are hyperbolic differential systems ([BGH95a]).
Conversely, given a hyperbolic differential system, we will construct a hyperbolic differ-
ential system or exterior differential system on a manifold of smaller dimension whose
prolongation coincides with the given system under some conditions.

In the latter part we will study partial differential equations of m (> 2) unknown func-

tions. According to Realization Lemma, which is established by N. Tanaka ([ Yam82]),
any differential system corresponds to a system of differential equations of first order (Sec-
tion 2.2). Therefore partial differential equations of second order would be characterized
as a structure of differential systems with some conditions.
K. Yamaguchi characterized second and higher order partial differential equations of
one unknown functions in terms of differential systems, where this geometric structure
is called a PD-manifold ([ Yam82]). In contrast, we will characterize second order partial
differential equations of m (> 2) unknown functions in Section 5. We will give an ex-
ample of PD-manifolds of finite type and show that it is of irreducible type (I, S), which
is introduced by Y. Se-ashi ([Sa88]). Finally, from the viewpoint of parabolic geometry
([YYO07]), we will seek PD-manifolds associated with a simple graded Lie algebra of type
(X;,A1), but see that there do not exist such PD-manifolds.

Now let us describe the contents of each sections. In Section 2 we recall definitions
of differential systems and various systems, and the jet space (J(M,n),C) of first order.
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2 PRELIMINARIES

Differential systems play an important role with Realization Lemma in whole of this the-
sis, which is stated in Section 2.2. We describe a Monge-Ampere equation in terms of
differential systems in Section 3.1.1 and exterior differential systems in Section 3.1.2, and
define their Monge characteristic systems. We divide into the hyperbolic (Section 3.2.1)
and parabolic cases (Section 3.2.2), and calculate derived systems of Monge characteristic
systems and illustrate relations of their Monge characteristic systems (Theorem 3.3 and
Corollary 3.4 in hyperbolic case and Theorem 3.11 in parabolic case). In Section 3.3, uti-
lizing results in the previous section, we state the condition for that a given single second
order partial differential equation is Monge-Ampere equation in terms of Monge charac-
teristic systems (Theorem 3.12 and Theorem 3.17). Furthermore we consider hyperbolic
differential systems and exterior differential systems in Section 4. Section 4.2 describes
relations of Monge characteristic systems (Theorem 4.3 and 4.4) as in Section 3.2. In Sec-
tion 4.3 we state reduction theorems for hyperbolic differential systems, which is converse
to the prolongation theorem in [BGH95a]. Precisely, given a hyperbolic differential sys-
tem, we will determine the condition for that there exists a hyperbolic exterior differential
system or differential system whose prolongation coincides with the given system (The-
orem 4.5 and 4.6). In Section 5.1 we recall definitions and notions of jet space J2(M, n)
of second order, symbol algebras of differential systems and graded simple Lie algebras.
In Section 5.2 we characterize second order partial differential equations of m (> 2) un-
known functions in terms of differential systems (Theorem 5.3), called PD-manifolds of
second order. We show an example of a PD-manifold of finite type in Section 5.3. In
Section 5.4 we seek PD-manifolds of type (X;,A1) and determine a model equation for
classical type.
Throughout this thesis we always assume the differentiability of class C*.

2 Preliminaries

In this section we recall the definitions of various differential systems and Realization
Lemma, which are used in the whole of this thesis.

2.1 Differential systems and various systems

A differential system D or (M, D) is a subbundle of the tangent bundle 7 M of a manifold

M. A differential system D is locally defined by linearly independent 1-forms @*,. .., @"

as follows:



2.1 Differential systems and various systems

where r is the codimension of D. v is an integral element of the differential system D at a
point x € M if v is a subspace of T, M such that w“|, = 0 and dw?|, = 0foralll <a <r.
An integral manifold of the differential system D is a submanifold ¢ : N — M such that
Cw® = 0foralll < a < r. A function f on M is a first integral of D if df = 0
(mod D*), where D+ is the annihilater subbundle of 7*M defined by

D'(x)={weT:M|w(X)=0 for X e TxM} for xe M.

The k-th derived system 3% D is defined inductively as follows: If 9*~1 D is a differen-
tial system, then

0'D =0""'D+[0""'D, 0" D

where 9% D is the space of sections of 3 D and [ , ] is Lie bracket for vector fields, and we
put 9D = D for convention. Precisely, A% D is defined in terms of sheaves (see [ Yam82]).
When 0D coincides with D, D is said to be completely integrable.

The k-th weak derived system ® (D) of D is defined inductively by

0D =%V 4+ D, d% VD],

where 3D = D and ¥ D is the space of sections of 3V D. Let D-*+D = 9O D for
k > 0. Note that D=2 = 9D = 9'D. A differential system (M, D) is regular if D~*
is a differential system on M for all k£ > 2. For a regular differential system (M, D), it is
known that ([Tan70, Proposition 1.1], [Yam09, Section 2.4])

1. There exists a unique integer u > 0 such that
D=D'cD?2c...cpHlcpH=...=pk
forall k > u,
2. [D7P, D4 c DP9 forall p, g > 0,

where D77 is the space of sections of D™”. Note that D™# is the smallest completely
integrable differential system that contains D.
The Cauchy characteristic system Ch(D) of D is defined by

Ch(D)(x) = {XeD(x)IX_ndw“EO (mod wl,..., @") for 1 SaSr}

at each point x € R. If Ch(D) is a differential system, it is the largest completely inte-
grable system contained by D. Let p : R — M be a differentiable map between smooth
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2 PRELIMINARIES

manifolds R and M and assume p is of constant rank. Let C be a differential system on
M. Differential systems p-1(C) and Ker (p,) are defined as follows:

P HO)(x) = {X € TR | p.(X) € C(p(x)) },
Ker (p.)(x) = {X € TR | p.(X) =0},

for x € R. Note that Ker (p,) is completely integrable. Let p : P — Q be a submersion
between smooth manifolds P and Q. We say that a differential system D on P drops down
to Q if there exists a differential system C’ on Q such that p;1(C”") = D.

2.2 Jet space (J(M,n),C) of first order and Realization Lemma

Let M be a manifold of dimension m + n. Let denote J(M,n) be the Grassmann bundle
over M. Namely each fiber J(M,n), over x € M is the Grassmannian Gr(T\M,n) of
n-dimensional subspace of 7, M:

J(M.n) = ) I(M.n), SNy
xeM

where II is the canonical projection of J(M,n) onto M. The canonical system C on
J(M,n), which is a differential system of codimension 7, is defined by

C(u) =TI (u) for u e J(M,n)

where the right hand side means the inverse image of the n-dimensional subspace u of
Tti(wyM under the differential of IT at u.

Next we will give a canonical coordinate system (or inhomogeneous Grassmann coor-
dinate) (x!,...,x" z!,. .. ,zm,p%,. .p)of J(M,n). Letus fix a point u, of J(M,n). Let
(x',...,x",z%,...,2"™) be a coordinate system on a neighborhood U of T1(u,) such that
dxt,. .. dx" are linearly independent on u,. Let U be the set of all elements u € H‘l(U )
such that dx' A -+ A dx" |, # 0, which is a neighborhood of u,. We take functions p; for
l<a<mandl <i<nonU sothatdz?l,—Y; p’(u) dx'], = 0foru € Uand1 < b < m.
Thus we have achieved the coordinate system (o xh ,z’",p%,. ..,pi) on U. It
follows that the canonical system C restricted on U is defined by the 1-forms

n
(2.2.1) w’ =dz? - Zpi“dxi forl<a<m
i=1

and the Cauchy characteristic system of C is trivial, i.e. Ch(C) = {0}.
Through this thesis we utilize Realization Lemma ([ Yam82]):
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Realization Lemma. Let R and M be manifolds and a map p : R — M. Let D be a
differential system on R. Assume that p is of constant rank and F = Ker p, is a subbundle
of D of codimension n. Then there exists a unique map  : R — J(M,n) satisfying
p=Tloyand D =y (C). Indeed  is defined by

(2.22) ¥ (x) = p.((D(x))) for x €R

and satisfies
Ker (¢.)x = F(x) N Ch(D)(x).

Here, the right hand side of (2.2.2) means the image of the differential p. of the subspace
D(x) of TxR, which is considered as a point of J(M,n).

This Lemma also says “any differential system is considered as a system of differential
equations of first order.” In fact, for a given differential system (M, D), let us choose p
as the identity map id : M — M. Then ¢ : M — J(M,n) is defined as (2.2.2), where
n = rank D, and we have Ker (¢,) = {0}. Therefore M is immersed into J(M,n) and
v (C) = D.

3 Monge-Ampere equations

3.1 Preliminaries

In this section we will recall definitions and notations of Lagrange-Grassmann bundle
L(J), differential systems associated with single second order partial differential equa-
tions, exterior differential systems and Monge-Ampere systems.

3.1.1 Lagrange-Grassmann bundle over contact manifolds and single second order
partial differential equations

We will recall the definition of Lagrange-Grassmann bundle (L(J),E) over a contact
manifold (J,C) in order to treat with second order partial differential equations of one
unknown function geometrically ([ Yam82]).

Let (J,C) be a differential system of codimension 1, which implies that, for a point
u € J, there exists a 1-form 6 around u such that C = {# = 0} locally. Then (J,C) is
called a contact manifold if 6 A (d6)" is a volume form on J.
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3 MONGE-AMPERE EQUATIONS

Let (J,C) be a (2n + 1)-dimensional contact manifold. We now construct Lagrange-
Grassmann bundle L(J) over J and the canonical system E on L(J) as follows: let L(J)
be the space consisting of all n-dimensional integral elements of C, namely

Ly = Lo, Ty

xeJ

where L(J), is the Grassmannian of all Lagrangian (or Legendrian) subspaces of the
symplectic vector space (C(x),d6,) and II is the canonical projection. The canonical
system E on L(J) is defined by

E() =1 ) c T,(L(J)) for u € L(J).

We now take a coordinate system of L(J) as follows: let us fix a point u, € L(J). By
Darboux’s Theorem, there exists a canonical coordinate system (x1,...,X;,2,P15- - >Pn)
on a neighborhood U of Il(u,) € J such that § = dz — Y7, pidx’ and dxl Ao A
dx"|,, # 0. Let U be a neighborhood of u, that consists of all points u € 1)
such that dx' A --- A dx™|, # 0. Let pij for 1 < i, j < n be functions on U such that
dpilu — 2k Pik (1) dx*|, = 0 forall u e Uand1 < i < n. Since do|, = 0, we have
pij = pji- Thus we have obtained the coordinate system (X', 2, pi, i j(1<i<j<n))on

U, is called the canonical coordinate system of L(J). Then E is locally defined by

F={wg=w1=---=w, =0}

where @) = dz — 3\, prdx* and w; = dp; = 3} _, pidx* for 1 <i < n.

Let us consider a single second order partial differential equation of one unknown
function with two independent variables

(3.1.1) F(x,y,z,zmZy,Zxx’ny»Zyy) = 0.

Assume that the partial derivatives aa—F OF = _OF

~—, 3. 3. of the function F with respect to
x Xy Yy
Zxx> Zxy> Zyy are never simultaneously zero at each point. If we regard Equation (3.1.1) as

a submanifold

R={F(x,y,z,p,q,r,s,t) =0}

of L(J) over 5-dimensional standard contact manifold J = R® with coordinates (x,y,2,
p,q,r,s,t), the equation provides the differential system (R, D) that is the restriction D
of the canonical system E of L(J) to R. The assumption on F then implies that the
restriction of the projection I1 : L(J) — J to R is submersion. Generally, let J be a
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3.1 Preliminaries

contact manifold of dimension 5 and (R, D) a differential system on a hypersurface R of
L(J) defined by the restriction of the canonical system E of L(J)to R. Letp: R — J
denotes the restriction of I1 : L(J) — J and assume that p is submersion. If we write R
as

R={F(x,y,z,p,q,r,s,t) =0}

with the canonical coordinate system (x,y, z,p,q,r,s,t) of L(J), a 2-dimensional integral
manifold of D transverse to fibers of p is the graph of a solution of a single second order
partial differential equation F(x,Yy,z, g—fc, g—;, %, %, %) = 0. We will also call such
(R, D) a single second order partial differential equation in what follows.

Let (R, D) be a single second order partial differential equation and assume p : R —
J is submersion.

It is well-known that the structure equation of D is expressed as follows: let us fix a

point v, € R. If the equation R is hyperbolic around v,, the structure equation is

dwy = w' A w1 + W A ws (mod @),
dwi = w' Ay (mod @, w1, @2),
dwy = w? A 199 (mod @y, @1, @2),

where {wg, @1, w2, w!, W2, 711, T2} is a coframe around v, € R ([BCG*91, p.277]). If
the equation R is parabolic around v,,

dwy = w' A @ + W A ws (mod @),
dwi = w2 A 719 (mod wq,w1,w2),
dwy = wl A 119 + W2 A 799 (mod @wq, w1, w2),

where {wg, @1, @2, W', W2, M2, 122} is a coframe around v, € R ([BCG*91, p-275]).
Then, if R is hyperbolic or parabolic, the Monge characteristic system M; of (R, D)
are defined as

Mi:{wozwlsz:wi:m,-:O} fori=1,2
or
MZ{”(D'()Zw'l:”(D'Q:a)Q:JTlQ:O},

respectively ([ILO3, p.213]). Note that they are invariant under diffeomorphisms of R
preserving D.
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3 MONGE-AMPERE EQUATIONS

3.1.2 Exterior differential systems and Monge-Ampere systems

An exterior differential system on a manifold X is a differential ideal 7 on X, namely an
algebraic ideal of the differential algebra of differential forms on X closed under exte-
rior differentiation. Let 7 = {1/11,. ..» ¥ }qig denote an exterior differential system alge-
braically generated by differential forms ¢!, ..., ¥" and their derivatives dy/!,. .., dy".
Especially, we say that an exterior differential system is Pfaffian if the system is generated
algebraically by 1-forms and those exterior derivatives. A differential system corresponds
to a Pfaffian system.

Let 7 be an exterior differential system on 2. For a point p € X, an integral element v
of I at p is a subspace v of T,X such that |, = 0 for all € 1. An integral manifold of
an exterior differential system 7 on X is an immersed submanifold ¢ : M —— X such that
Gy =0forally € 1.

For a (classical) Monge-Ampere equation in coordinates description

(3.1.2) AZyx + 2BZyy + Czyy + D + E(2xx2yy — 23y) = 0,

where the capital letters denote functions of variables x, y, z, z,, zy, we consider the fol-
lowing exterior differential system

where 6 = dz — pdx — qdy and
(3.1.3) Y=AdpAdy+ B(dgAndy—dpAdx)—CdgAdx+ Ddx ANdy+ Edp A dg,

on the standard contact manifold J = R® with the standard coordinate system (x,y,2,p,q)-
Then a 2-dimensional integral manifold of 7 on which dx A dy never vanishes is locally
the graph of a solution of the Monge-Ampere equation (3.1.2).

Let J be a 5-dimensional contact manifold with contact form 6 and ¥ a 2-form on J
and suppose ¥ # 0 (mod 6, df). Then the exterior differential system

I ={0,Y}an

is called a Monge-Ampere system on J. By Darboux’s Theorem, there exists a coordinate
system (x,Vy,z,p,q) of J such that @ = dz — pdx —qdy and (3.1.3) holds. A 2-dimensional
integral manifold of a Monge-Ampere system on which dx A dy never vanishes is the
graph of a solution of a Monge-Ampere equation (3.1.2). For a point u € J, I is called
hyperbolic, parabolic or elliptic at u if 7, has two, one or no decomposable 2-covector,
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3.1 Preliminaries

modulo 6,, respectively. Since J is of dimension 5, a 2-covector (Y + 1d#0), is decom-
posable, modulo 6, if and only if (¥ + ﬂd@)g =0 (mod 6,). Then the relation

(3.1.4) (¥ +12dO)2 =Y, AV, + 22, AdO, + 1°d0, AdF, =0  (mod 6,)

yields a quadratic equation in the variable 4. Because a root of the quadric equation
satisfies (3.1.4), 1 is hyperbolic, parabolic or elliptic at u € J if the quadratic equation
has two, one or no real roots, respectively. If 7 has a decomposable 2-form w A 7, modulo
0, then a Monge characteristic system M of I is defined as

which is a differential system of rank 2 on J. Note that they are invariant under diffeo-
morphisms of J preserving 7.

Finally, we will see that, given a Monge-Ampere system 7, Monge-Ampere equation
(R, D) is obtained as the prolongation of I, and describe relations between the Monge
characteristic systems of 7 and (R, D).

Let 7 = {6, Y}qir be a Monge-Ampere system on J and let L(J) be the Lagrange-
Grassmann bundle over J. We obtain the prolongation (R, D) of I as follows: Let R
be the set of all 2-dimensional integral elements of 7, which is a subsheaf of J(J,2)
generally, where J(J,2) means the jet space of first order over J. Assuming R is a smooth
manifold, we can define the differential system on R as the restriction of the canonical
system (J(J,2),C) to R. Then (R, D) is called the prolongation of I (cf. [BCG91],
[ILO3]).

Let us fix a point v, € L(J) and take a coframe {0, w', w?, n1, m2} around u, = 7(v,)
such that

do = ' A+ 02 ATy (mod 6).

We may assume w! A w? l,, # 0. Let V be a neighborhood of v, such that W Aw?|, 20
for all v € V. Then we can take fiber coordinate functions a, b, ¢ on V such that

mily = a(v) wll, + b(v) W?,,
maly = b(v) Wy + c(v) W?,,

for v € V. Writing

(3.1.5)
‘P:Aﬂl/\w2+B(7r2/\w2—7r1 /\wl)—CNQ/\w1+Dw1/\w2+E7r1/\7r2,

12



3 MONGE-AMPERE EQUATIONS

where the capital letters denote functions around u,,, we have
Y|, = (Aa + 2Bb + Cc + D + E(ac — b*))(v) w* A 0?),.
Thus we have

R={veV|¥,=0)
(3.1.6) :{Aa+QBb+Cc+D+E(ac—b2):0},

which is a subvariety of L(J). Around each regular points of R, we may define D as the
restriction of E to R. In this thesis we call the prolongation (R, D) of I the corresponding
Monge-Ampere equation. In fact, as mentioned above, for a given Monge-Ampere system
I ={0,¥}qin, we can take a coordinate system (x,y, z,p,q) such that = dz — pdx — qdy
and set w! = dx, w? = dy, my = dp, mo = dq, and then we set given ¥ as in Equation
(3.1.5). Therefore we obtain the coordinate description (3.1.6) of the Monge-Ampere
equation R.

Let 7 be a Monge-Ampere system and (R, D) the corresponding Monge-Ampere
equation. Let H be a Monge characteristic system of 7. In the next section we will
show that there exists a Monge characteristic system M of (R, D) such that

M c p H(H).

We call M the corresponding Monge characteristic system of (R, D).

3.2 Properties and relations of Monge characteristic systems of Monge-
Ampere systems and equations

We will investigate relations between the Monge characteristic systems of Monge-Ampere
systems and those of the corresponding Monge-Ampere equations by describing these
structure equations in hyperbolic and parabolic cases individually. This observation will
be utilized for the characterization of Monge-Ampere equations in Section 3.3.

3.2.1 Hyperbolic case

First, we will choose a coframe adapted for a Monge-Ampere system. Let 7 = {60, ¥}qig
be a Monge-Ampere system and let (R,D) denote the corresponding Monge-Ampere
equation. Let us fix a point v, € R. Assume 7 is hyperbolic around u, = 7 (v,). Then
we can take different functions A7 and A9 around u, so that ¥ + 41d0 and ¥ + A2d0

are decomposable 2-forms, and hence take 1-forms w!, w?, JTi, 7T/2 around u, such that

13



3.2 Properties and relations of Monge characteristic systems

w' A n. =¥+ A4;df (mod ) fori = 1, 2. Since v, is an integral element of 7, we have
wl A 7y, = w? A 7 |y, = 0. Hence we may assume a)llvo # 0 and w2lvn # 0. Then
71y, is a multiple of w! |y, and mal,, is of wzlvo. Since w! A m = w? A nh = (A1 - A2)d6
(mod 6) and A1 — A3 # 0, we have

df=w' Am+ 02 AT (mod 6)
1 1
A1—A9 A1—-A2
around u,. Hence {0, w', w?, n1, m3} is a coframe around u,.
Next, we will choose a coframe adapted for (R, D). Let us take a neighborhood V of
2|, # 0 at each v € V and functions a, b, ¢ on V such that

where m = my, T = n),. Since 6 is a contact form, OANOI AW AT ATY 20

v, such that w! A w

mily = a(v) Wty + b(v) w?,,
7r2|v = b(v) w1|v + C(V) w2|v,

for v € V. Since w' A 1 |, = 0, we have b(v) = 0. Thus

D={wy=w; =w2=0},

where wg = p*0, w1 = p*m1 — ap*w!, o = p*ry — cp*w?.

Fori = 1, 2, we can write
dri=m A (A gy + Biw! + Ciw?) + 1 A (Eiw!' + F;w?) + G o' A w?,

3.2.7 .
( ) do'=mi A (Himy+ Lo + Jiw?) + 1 A (Kiw' + Li w?) + Ny o' A 02,

modulo 6, where each capital letter with an additional character indicates smooth func-
tions around u, on J. Let us omit the pullback p* in what follows. Then we have

dm — adw' = I w' A w?

o (mod wo, w1, w2),

dmy — cdw?® = Fgwl Aw

where '] = Ajac + Cia — Eic + G — Hya%c — J1a% + Kjac — Nya, Ty = Asac + Coa —
Esc + Go — Hyac? — Joac + Koc? — Noc. Therefore we obtain the following structure

equation:
dwy = w' A @] + w2 A w9 (mod w@y),

(3.2.8) dwi = w' Ay (mod w@q, @i, w2),
dwoy = w2 A 799 (mod wq, w1, w2),

where 711 = da + [} w2, 799 = dc — Ty w?.

14



3 MONGE-AMPERE EQUATIONS

Lemma 3.1.

(3.2.9) Mic p;YH) and OM; C p L (H)  fori=1, 2.

Proof. As we use the coframe {w(, @, @2, wl, w2, 111, o) taken above,

M; = {w0=w1 =wz=wi=ﬂii=0},
il (H) = {p'0 = o = p'mi =0
={w0=wi=wi:0}.
By (3.2.7) and (3.2.8), we have dwg = dw; = dw' = 0 (mod @, w1, @2, W', m;;). Thus
oM; C {wo =w; = :0} :p;1(7-(,-).

O

For a Monge characteristic system 7;, the system M; satisfying (3.2.9) is called the
corresponding Monge characteristic system.

Corollary 3.2. If H; has two independent first integrals, then M; also has at least two.

Here, “independent” means independence as function, namely there exists two first
integrals f1, fo of H; such that df| A dfs # 0.

Though we obtain this corollary from the structure equation (3.2.8), to obtain more
information, we need to analyze the structure equation in more detail:

Theorem 3.3. Let I be a hyperbolic Monge-Ampére system on a 5-dimensional contact
manifold J and let H, and Hsy denote the Monge characteristic systems of I, and let
(R, D) denote the corresponding Monge-Ampeére equation and My and Ms the corre-
sponding Monge characteristic systems respectively. Then, fori = 1, 2, IM;, 8> M; and
OH; are differential systems, and satisfy that codim 8> M; = 3 and
FM; < pIH(9H).
Proof. Letus choose the coframe {6, wl, w2, 1y, 1) and {wy, @1, W, WL, W2, M1, 79}
taken above. It follows from (3.2.7) that
drni= A w1 Awae + @1 A (Bjw' + (Ajic + C) w?)
+ @ A ((mAja + E) w' + F,w?)
+ (Ajac + Cia — Eic + G;) o' A w?
. (mod wyg)
do' = Hiwi A @y + @1 A ([ w! + (Hic + J;) w?)
+ @ A ((mHija + Kj) o' + L; w?)
+ (Hiac + J:a — Kic + N)) o' A w?

15



3.2 Properties and relations of Monge characteristic systems

and hence
dwi =w' Ami + @1 A ((Br — Lia) o' + (Arc + C1 — Hiac — Jia) w?)
+ @y A ((mAra + E1 + Hia? — Kia) w' + (Fi — Lia) w?)
+ (A1 — Hia) w1 AN @9 (mod wy),
dwsy = w2 A oo + w1 A ((BQ — Do) w! + (Agc + Cy — H2C2 — Joc) wz)
+ @y A ((mAsa + Ey + Hoac — Koc) w' + (Fo — Loc) w?)
+ (A2 — Hoc) wi A @9 (mod w@y),
where
m1 =da + (Alac + Cia — Eic+ Gy — H1a2c - ]1612 + Kjac — Nla) wz,
o9 = dc — (AQCIC + Coa — Eoc + Go — [fzac2 — Joac + K262 — NQC) a)l.
By definition, one Monge characteristic system is
H, = {H:wlzmz()}.
Since the structure equation of Hj is

do = w? A 9
dw' = —L1 02 A 79 (mod 6, w*, m1),
dm = —F| w® A 7y

the first derived system of Hj is
ot = (& =7 =0},

where @' = w! + L1 0, 71 = 1 + F, 0, and hence dH; is a differential system on J.

On the other hand, let us recall the corresponding Monge characteristic system
M1={w0:w12132:a)1:7r1120}.

Since the structure equation of M is

d’ZD’O =0

dzm =0

dwy = w2 A 799 (mod wy, w1, w2, w', m11),
do' =

dmi1 = —(A1a — E1 — Hiad? + Kia) w? A mao

16



3 MONGE-AMPERE EQUATIONS

the first derived system of M is
5M1 = {w'o=w'1 =a)1 =ﬁ11 ZO},

where 11 = 111 + (A1a — E; — Hia? + K1a) w2, and hence O M is a differential system
on R. Since

(1)2/\@'2

dW()
(3.2.10) dwi =—(F — Lia) w? A @y (mod @, @1, w),
dw! = -Li w? A wo

the second derived system of M; is

(3.2.11) My C {al =&l = 0},

1

where 15'1 = w1+ (F1 - Lla) wo, W= (1)1 + Liwy. We have

s ~1 1 —~1
w)=w +Liomg=w",
(3.2.12) pr@D) Lo

PN =wi+aw'+Floyg=@+ab,

and hence 92 M satisfies the inclusion
(3.2.13) *My ¢ pl(0HY) = {p'@' = pT =0}
Furthermore, since
dri1 = (acdAq + adCy — cdE1 + dGq — azcdHl - anJl + acdKy — adMy) A w?
modulo @y, @1, w!, 711, W2 A @a, and

dA| A w?=dCi A w?=dE] A w?=dGq A w?
=dHi ANw?=dh ANw?=dKi A2 =dM Aw?=0

modulo wy, wq, wa, w!, 711, we have
dmi1 =0 (mod @y, wl,wl,ﬁu,wQ/\wQ).

Thus 92 M; is a differential system and codim 9’M; = 3.
Similarly, we can prove the claims in the case of Hy and Ms. O

The following corollary is a key of characterization of Monge-Ampere equation (see
Theorem 3.12)

17



3.2 Properties and relations of Monge characteristic systems

Corollary 3.4.
0N (H;) = OM; + Ch(dD) fori=1,2.
From (3.2.10), (3.2.11), (3.2.12) and (3.2.13), we obtain the following corollary:
Corollary 3.5. If M; has three independent first integrals, then H; also has two.

Remark 3.6. As it is seen in Corollary 3.2, if H; has two independent first integrals, then
M also has at least two. However, it is not always true that H; also has two independent
first integrals if M; has two independent first integrals. For example, let us consider the
hyperbolic Monge-Ampere equation ([Boo59], [Gou90], [For06])

n
r—t——p:(),
X

where n is an integer. The Monge-Ampere system is
{0:dz—pdx—qdy,‘l’:dp/\dy+dq/\dx—@dx/\dy}diﬂv
X

and decomposable 2-forms are

np

¥+ do = (dp-T—dq——dx) A (dy F dx).

X

Then we have
d9:a)1/\7r1+a)2/\7r2,

where w1 = %(dx —dy), wa = %(dy +dx), m =dp—dqg - "TP dx, mo = dg + dp — % dx.
We obtain the derived systems O*H; for each i = 1, 2 as follows: Since the structure
equation of H; = {6 = w! = 1y = 0} is

do = w? A 79

dw! =0 (mod 6, wl, 1),
—n 2

dry = 52 w* Ay

the first derived system is
OH, = {a)l = :O},

where 77 = 11 — 5= 6. Since the structure equation of 9H is

d(.l)l = O 1
mod w-, ),
{ dm| = —”511);;2) w2 A0 ( v

18



3 MONGE-AMPERE EQUATIONS

O0H, is completely integrable if and only if n = 0 or —2.
On the other hand, let us recall the corresponding Monge characteristic system

Mlz{wozwlzng:wl:nu:O},

1

where @wg = p*0, w1 = p*m —ap*w", Wy = Py — c,o*a)2 and let us omit the pullback

p* in what follows. Then we have
dw :wl/\wl + CL)Z/\’ZD'Q,

n n
dwq :wl/\ﬂn—2—w1/\(w1+w2)—2—w2/\(w1+w2),
X X

n n
de:w2/\ﬂ22—2—w1A(a)1+w2)—2—7E2/\(w1+w2),
X X

n(a—c)

where 711 = da — 2—w o9 =dc + ”(a ©)

w'. Since the structure equation of M is

dwg= 0
dZD'l =0
dws = w? A 799 (mod wq, w1, w2, w?, m11),
dw' = 0

dm = —% a)2 N\ 1199
the first derived system is
0/\/[1 = {w'():w'l :wl Zfll ZO},
where 111 = 711 + 2 w9. Since the structure equation of I M; is
dwy = w? A w99
dwy = 5; w? A @y

dw! =0

d7T11 = —2—20) AP

1 —_—~
(mod @, w1, W, m11),

the second derived system is
My = {w'l =w!' =71, :O},

where @] = w1 — 5= wo, T} = 11 +3 2 @) =M1+ 3 2 @( + 5= @2. Since the structure
equation of 92 M is

dw' = ”(”+2) w? A @
(3.2.14) dw' = 0 (mod @}, w', 7)),
— 2 4
dnj, = %w A @
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3.2 Properties and relations of Monge characteristic systems

02 M is completely integrable if and only if n = —2 or 0.

Let us continue the calculation except for the case of n = —2 or 0. Equation (3.2.14)
implies

where 11 = = % @) =+ "(fx_f) wy — % w1 + % wo. Since we have

_n(n+4)(n—2)w2/\w N n+4)(n-2) 4

~ 1
dm = o 0 2 w* N\ w1 (mod w™),

82 My is completely integrable if and only if n = —4 or 2. In the other cases,
My = {w! = 0}.

The case of Hy and My are as follows: 0Hs = {w? = ), = 0}, where
), :7'[2—%9,311(1
nn+2) 4
—w

02 A 6.

dnsy =
On the other hand, we can obtain
My = {w’2 = w? = T, :O},

where @), = @3 — 5= @Wo, Ty = M2 + 5= W1 + 575 @0, and

2x 2x2
dw,Z = n(éf):f) wl A @o ( d ’ 2 ’ )
mod wsy, W , T .
_ nn+2)(n-4) 1 2° > 022
dnly, = 8+ w- A @)

If n # —2 and 0, we have
My ={w® =T =0},

n(n-2)
4x2

n—4

i WO*‘;_XWI_TWZ Then

=  _ v _n=4_ _
where 99 = 99 ox Wo = 722 +

_n(n +4)(n-2) Wl A w0+ (n+4)(n-2) !
8x3 4x2

A @9 (mod w2).

dmoo

Fori =1, 2, we have obtained
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3 MONGE-AMPERE EQUATIONS

Table 1: The Number of Independent First Integrals of Each Monge Characteristic System

the number of independent : the number of independent
n .
first integrals of M; : first integrals of H;
-2,0 3 2
-4, 2 3
the others 1

3.2.2 Parabolic case

First, we choose a coframe adapted for a Monge-Ampere system: Let 7 = {6, V}qig
be a Monge-Ampere system and let (R,D) denote the corresponding Monge-Ampere
equation. Let us fix a point v, € R. Assuming that 7 is a parabolic system around
u, = n(v,), we can take a function A around u, such that ¥ + Ad6 is a decomposable
2-form. Hence we may suppose that ¥ = w A 7 is a decomposable 2-form. By definition,
since the quadratic equation in a variable A given by

(¥ + 1d0)? = 20¥ A d6 + 1*dO A df = 0
has the multiple root 4 = 0, we have
YAdO=wArAdl=0.
This implies
dd=w' AT+wAm (mod 6),

where w! and 79 are 1-forms around u,. Because 6 is a contact form, 0 Aw! Ar Aw ATy #
0. Hence {0, w', w, 7, w2} is a coframe around u,. If wl,, and |, are simultaneously
never zero, we may assume w/|,, # 0. Since d6|,, = 0, it follows that w' A w |, must be
non-zero.

Namely, we may suppose w' A w l,, # 0 except for the case that both w|,, and x|,
vanish (see Remark 3.8 below).

Secondly, let us take a neighborhood V of v, such that w! A w|, # 0 ateach v € V.
Since V|, = 0 for any v € V, we can take fiber coordinates a, b, ¢ on V such that

nly = a() !, + b(v) wl,,
7T2|v = b(V) wllv + C(V) wlv’
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3.2 Properties and relations of Monge characteristic systems

forv e V. Since w A |, = 0, we have a(v) = 0. Thus
D={wy=w =w2=0},

where @y = p*0, w1 = p'n — bp*w, Wy = p*my — bp*w!' — cp*w and let us omit the
pullback p* in what follows.
Putting

dr=nA(Ama+Bow' +Cw)+mA(Ew' + Fw)+ G Aw (mod )
mo ,
do=aAHm+Iw' +Jw)+mA Koo'+ Lo)+No' Ao

where each capital letter indicates smooth functions on J, we have
dn — bdw = —(Ab* + Bb + Ec — Fb— G — Hb® — Ib* — Kbc + Lb* + Nb) w' A w,

modulo @, @1, @w2. Hence we obtain the structure equation:

Lemma 3.7.
dog=w' AT +w A @y (mod @)
dw = w A 19 (mod @y, w1, @w2)
dwo = wl Ao+ w A T (mod w@q, @1, w2)

where 12 = db + (Ab?> + Bb+ Ec — Fb— G — Hb® — Ib* — Kbc + Lb? + Nb) w'.

Remark 3.8. If both w|,, and x|, vanish, it must satisfy wl A 1y l,, # 0. We consider a
neighborhood V of v, such that w! Amal, #0ateachv e V.

D={wy=w =w2=0},

where @y =0, w1 =1 —aw' — by, @y = w—bw' —cmy. Since w A |, = 0 for all
veV,RNV = {ac — b*> = 0} and hence v, is a singular point of R N V. Thus we omit a
point v, such that both w|,, and =|,, vanish.

Lemma 3.9.
M c p;H(H).
Proof. As we use the coframe taken above,

M={wy=w =w2 =w =m12},
Pl (H)={0=w=1=0)}

={wmy=w1=w=0},

and hence our assertion follows. O
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3 MONGE-AMPERE EQUATIONS

Corollary 3.10. If H has two independent first integrals, then M also has at least two.

In the same way as in the case of hyperbolic system, let us analyze the structure
equation in more detail:

Theorem 3.11. Let I be a parabolic Monge-Ampere system on a 5-dimensional contact
manifold J and let (R, D) denote the corresponding Monge-Ampere equation. Then it
follows that

(3.2.15) P H(H) = d(M + Ch(dD))

and the Monge characteristic system H of I is completely integrable if and only if the
Monge characteristic M of (R, D) is completely integrable.

Moreover, if M does not coincide with OM, and M is a differential system on R,
then it follows that

*M = p;H(H).
Proof. Let us choose a coframe {w(, w1, @2, wl, w, 19, oo} taken above. By defini-
tion,
H={0=w=1m=0}.
Since
dg =0
dw=—-Ew! A mo (mod 6, w, ),

dn=-Kw!' Amy

‘H is completely integrable if and only if £ and K vanish locally.
On the other hand, let us start with the Monge characteristic system

M={lwy=w1=wo=w=m2=0}.

of (R,D). Since

dBAw!=dF Aw' = dE A w! = dG A w! =dH A 0!
sdinwl=dLAw =dKAwt=dM Aw! = db A w! =0,

dA A w?

modulo @, @1, @2, w', T11, we have

drmia = (Kb - E) w' A 99 (mod @y, w1, w2, W, T12).

23



3.3 Characterization of Monge-Ampére equations

Since dwy = dw1 = dwo = dw =0 (mod @y, w1, w2, w, m12) and b is one of the fiber
coordinates, M is completely integrable if and only if £ and K vanish locally. Hence
second assertion follows.

Since dwy = dw) = dw = 0 and dwy = W' A 712 (mod @y, w1, W, W), first
assertion follows.

Moreover, let us suppose that M does not coincide with 9 M and d M is a differential
system on R. Then

OM={wyg=w1 =w2=w=0}.

Since the structure equation of M is

dw'o =0

dwl =0

Ay = 0\ A 11 (mod @, @1, w2, W),
dw=0

we have
02M:{w0:w1:w:0}.
Consequently, we have obtained

o lH) ={po=pw=pn=0}=0d’M.

3.3 Characterization of Monge-Ampeére equations

The results in the previous section guide us to consider the geometric characterization of
Monge-Ampere equations. In fact, let M; and Mz be Monge characteristic systems of a
hyperbolic equation (R, D). The differential systems d M; + Ch(dD) of corank 3 have the
possibility to be Monge characteristic systems of a hyperbolic Monge-Ampere system.
On the other hand, in parabolic case, the differential system d(M + Ch(dD)) of corank
3 has the possibility to be the Monge characteristic system of a parabolic Monge-Ampere
system.

3.3.1 Hyperbolic case

Let (R, D) be a hyperbolic equation and set D = {w( = @ = w2 = 0}. Let M; and My
denote Monge characteristic systems of (R, D).
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3 MONGE-AMPERE EQUATIONS

First, let us describe the structure equation of M;. We recall the structure equation of

D
dwy=w! A + w2 A wy
dw = w! Ay
dwo = a)2 A 7199

(mod @),
(mod @y, @1, @2),
(mod wq, w1, @w2),

and Monge characteristic systems M; = {wg = @ = w3 = w' =m; =0} fori =1,2.
Since M; is of rank 2 and dw( = dw; = 0, dwy = W AT (mod wo, w1, w2, W, 111),
the first derived system d M is of constant rank 3. Similarly, d M> is so. We can write

do' = w? A (hy 1y + ki 7m92)

dw? = W' A (ho 111 + ko 729)

Then since
0= d2w0
= —w' A (dw1 + @y A (ha m11 + kg m22))
0= d2w0
= —w? A (dwy + @1 A (hy Ty + ky m2))
we have
dwl = a)1 A1 — @2 A (h27T11 + k2 7T22)

dwo = a)2 Ao — w1 A (h1 w1+ ky m99)
Furthermore, since

0= d’*wy

= (—k1 + hg) w2 A TT11 N\ 99

we have k1 = ho. Replacing w! = kjws and w?

have
dwy=w! Ay + w2 A @y
dwq = ! A1 — kg wo A 99
(3.3.16) dws = w? A 99 — hy w1 A 711

do' = hy W? A1y
dw? = kg w! A 799
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1
(mod @, w1, w2, W),

2
(mod @y, @1, w2, ).

2
(mod @y, @1, W),

1
(mod @y, w2, w"),

(mod wq, w1, w' A w9, w? A w3),

(mod g, wa, w' A w1, w? A w1l).

1
(mod @y, w1, w2, W),

— how with w! and w? respectively, we

(mod @yg)

(mod wq, w1, w! A @9, w2 A w39)
(mod wq, wa, w! A, w2 A w3%)
(mod wq, w1, w2, w')

(mod @y, @1, w3, w?)



3.3 Characterization of Monge-Ampére equations

Then AM; + Ch(dD) = {wy = @; = w' = 0} and we can write those structure equations
as follows:

dwo = W% A @y

(3.3.17) dwi = —kg wg A 199 (mod @y, wl,wl),
dw! = h w? A w1 + @ A (Ay w11 + By m992)

dwy = w' Aoy

(3.3.18) dwy = —h1 @1 A i (mod @y, @2, w?).
dw? = ko wl A oo + @ A (A 11 + By mo9)

As it is seen in Corollary 3.4, for a hyperbolic Monge-Ampere system, pullbacks of
Monge characteristic systems H; coincide with dM; + Ch(dD), where M; is the cor-
responding Monge characteristic system of the corresponding Monge-Ampere equation
(R, D). Conversely, we obtain the next theorem:

Theorem 3.12. Let (R,D) be a hyperbolic equation and let My and My denote the
Monge characteristic systems of (R, D). If 0M1 + Ch(dD) drops down to J, or equiva-
lently, 0 My + Ch(AD) drops down to J, then there exists a Monge-Ampere system I such
that (R, D) coincides with the prolongation of I locally. Moreover, M + Ch(0D) and
0Ms + Ch(dD) are pullbacks of the Monge characteristic systems of the system I .

First, we prove the following lemma:

Lemma 3.13. Let (R, D) be a hyperbolic equation and let My and My denote the Monge
characteristic systems of (R,D). If 0M; + Ch(dD) drops down to J for alli = 1, 2,
there exists a Monge-Ampere system I such that (R, D) coincides with the prolongation
of I locally. Moreover, 0 M1 + Ch(0D) and 0 Mo + Ch(0D) are pullbacks of the Monge
characteristic systems of the system 1.

Proof. For a point v € R, we will construct a Monge-Ampere system 7 around p(v) € J
and a neighborhood V of v such that (R, D) coincides with the prolongation of 7 on V.
Let us fix a point v, € R.
Since IM;+Ch(0D) drops down to J foreachi = 1, 2, there exists 1-forms 711, w
around u, = p(v,) such that &' A &> l,, # 0 and

1

OM;+Ch(dD) = { p'0 = p'#; = p'&’ =0} fori=1,2.
Let V be a neighborhood of v, such that &' A @2, # 0 forallv € V.
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Let denote A, Ay and B non-zero functions on V such that v’ A @; = A;p*®' A p*7;
(mod @) and @wy = Bp*6. Then we have

. A A
p'do = El prOY A p* iy + EQ PrO% A p* ity (mod p*0).

This implies that there exists functions kl,kg around u, such that p*I%,- = % fori =1, 2,
and hence we have

do = (K1 o' Aty + (Ko@) ARe (mod 6).
Now let us consider the following hyperbolic Monge-Ampere system
1= {9,031/\7?1}(11& = {9,032/\7?2}(11&

and its Monge characteristic systems are H; = {6 = #; = @' = 0}. From the definition
of 7, each point of V is an integral element of 7. Namely (R, D) coincides with the
corresponding Monge-Ampere equation locally. O

Next, we show that, for a hyperbolic equation (R, D), Ch(dM; + Ch(dD)) coincides
with Ch(dD) if and only if Ch(d Mz + Ch(dD)) coincides with Ch(dD):

Lemma 3.14. Let (R, D) be a hyperbolic equation and let My and My denote the Monge
characteristic systems of (R,D). Then, Ch(OM; + Ch(dD)) coincides with Ch(dD) if
and only if Ch(0 Mz + Ch(dD)) coincides with Ch(0D).

Proof. From (3.3.17), if Ch(0 M1 +Ch(dD)) coincides with Ch(dD), we have hy = ko =
0. From (3.3.18), if Ch(d My + Ch(dD)) coincides with Ch(dD), we have h1 = ko = 0.
As we assume hq = ko = 0, it follows from (3.3.16), (3.3.17) and (3.3.18) that

dw) = w' Ay (mod @, w1, w! A e, W2 A w?),
dw' = w9y A (A1 711 + By ) (mod @y, w1, wb),
dwy = w? A 1y (mod @y, w2, ! A w1, W2 A w2),

dw25w1 A (A1 + Bamog)  (mod wy, ZD'Q,Q)Q).
Since dwg = dwi = d(w' A @2) = d(w? A @3) =0 (mod @y, @1, W2 A @y, wh),

0= dQZD'l

= —Bywg ATl A 99 (mod @, w1, w’ A w9, wl).

27



3.3 Characterization of Monge-Ampére equations

Since dw( = dw = dw' =0 (mod wy, @1, @2, W),
0 =d’w!
=-A w? A 11 A 799 (mod @y, w1, w2, wl).

Therefore, we have A; = B; = 0.
On the other hand, since dwg = dws = d(w' Aw1) = d(w?Aw1) =0 (mod o, @a, WA
2
w1y, W),

0 = d?’w?
= Ay w1 AT A o9 (mod @, wa, w' A w1, a)2).
Since dwy = dwy = dw? = 0 (mod @y, @1, @2, W?),
0 = d?’w?
EBle/\ﬂ'll/\ﬂzg (mod @y, ZD'l,’ZD'Q,CL)Q).

Therefore, we have Ao = By = 0.
Consequently, our assertion follows. O

Proof of Theorem 3.12. From Equation (3.3.17), if 0 M; + Ch(dD) drops down to J =
R/Ch(aD), Ch(d M1+ Ch(dD)) must coincides with Ch(dD). Similarly, from Equation
(3.3.18), if dMy + Ch(dD) drops down to J, Ch(d Mz + Ch(dD)) must coincides with
Ch(aD). Conversely, if Ch(dM; + Ch(dD)) = Ch(dD), or equivalently, if Ch(d My +
Ch(oD)) = Ch(aD), then dM; + Ch(dD) drops down to J fori = 1, 2. Thus IM; +
Ch(aD) drops down to J if and only if d My + Ch(dD) drops down to J. Consequently,
our assertion follows from Lemma 3.13 and this argument. O

Remark 3.15. O M; + Ch(dD) and hy, ks in the above proof are corresponding to the
M;-characteristic vector field systems Char(/r,dM;) and Monge-Ampere invariants intro-
duced in [GK93]. They characterize Monge-Ampere equation by the invariants. On the
other hand, we characterize Monge-Ampere equation by the property that I M; + Ch(dD)
should satisfy and find that these differential systems coincides with pullbacks of the
Monge characteristic systems of the corresponding Monge-Ampere system if (R, D) is a
hyperbolic Monge-Ampere system.

(o)

From Lemma 3.14, we can translate Theorem 3.12 into the following corollary:

Corollary 3.16. Let (R,D) be a hyperbolic equation and let My and My denote the
Monge characteristic systems of (R, D). If Ch(dM; + Ch(dD)) coincides with Ch(dD),
or equivalently, Ch(0Ms + Ch(0D)) coincides with Ch(dD), there exists a Monge-
Ampere system 1 such that (R, D) coincides with the prolongation of I locally.
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3 MONGE-AMPERE EQUATIONS

3.3.2 Parabolic case

In parabolic case, we obtain similar results to hyperbolic case. Unlike hyperbolic case,
as it is seen in Theorem 3.11, the regularity of the first derived system d M of the Monge
characteristic system M of a parabolic equation does not follow from the regularity of M.
In order to obtain a similar result to Corollary 3.16, we need a further assumption of the
regularity (see Theorem 3.18). The result for Goursat equation, i.e. a parabolic equation
whose Monge characteristic system is completely integrable (hence the assumption is
naturally satisfied) is particularly important.

First, let us describe the structure equation of M. We recall the structure equation of

D
dwo = 0! A w1 + w2 A @y (mod @),
dwqi = u)2/\7T12 (mod wq, @1, W3),
dwo = W A 19 + W2 A 799 (mod wq, w1, @2),

2

and the Monge characteristic system M = {wy = @] = @y = w* = m2 = 0}. As we

write dw? = w! A (hya + km39) (mod wo, @1, @2, W),
0 = d*wy
=—w!' A (dwi +wo A (hmg + km99)) (mod wq, w1, wz).
Thus we have
dw = w? A g —wa A (hmio + k mo9) (mod @y, @1, w' A @9, w? A w@39).

Since dw( = dw = d(w! A w2) = d(w? A @3) =0 (mod @y, @1, w2, W' A w?, W2 A
m12), we have

0= d*w
= 2kw!' A 19 A o9 — w? A dmig (mod wq, w1, w2, w' A w2, w? A m12)

and hence k = 0. Thus replacing w? — h w9 with w?, we have

dwo = w!' A w1 + w? A @3 (mod @),
dw = w? A1y (mod @y, @i, w! A @, w? A w3),
dw?=0 (mod wq, w1, @2, w2).

Then (M + Ch(dD)) = {w( = w1 = w? = 0} and we can write its structure equation as
follows:

dw'o =0
(3.3.19) dwi = Ew!' A @ (mod @y, w1, w2)

dw? =ws A (Amia + Brgg + Cwl)
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Furthermore, since

0= d*o
= —w? A (dm1a — Ew' A 799) (mod wq, w1, w2, w? A m12),
we have
(3.3.20) driz = Ew' Amyg  (mod @y, @1, @2, 0, 112).

Therefore the regularity of d M correspond to the regularity of the function E.

As itis seen in Theorem 3.11, for a parabolic Monge-Ampere system, the pullback of
the Monge characteristic system /H coincides with (M + Ch(dD)), where M is the cor-
responding Monge characteristic system of the corresponding Monge-Ampere equation
(R, D). Conversely, we obtain the following theorem:

Theorem 3.17. Let (R,D) be a parabolic equation. Let M denote the Monge char-
acteristic system of (R,D). If d(M + Ch(dD)) drops down to J, there exists a Monge-
Ampere system I such that (R, D) coincides with the prolongation of 1 locally. Moreover,
O(M + Ch(dD)) is the pullback of the Monge characteristic system of the system I .

Proof. For each v € R, we will construct a Monge-Ampere system / around p(v) and a
neighborhood V of v such that (R, D) coincides with the prolongation of 7 on V.

Let us fix a point v, € R. Since d(M+Ch(adD)) drops down to J, there exists 1-forms
7, w around u, = p(v,) such that w|,, # 0 and

d(M+Ch(dD)) ={p0=p'n=pw0=0}.

Let denote A and B non-zero functions around v, such that w?> A @1 = A p*® A p*7t
(mod @) and wy = Bp*6, then we have dwgAw’ Aw = AB p*(dOAOAR) (mod @y).
Since dwg A w? A w1 = 0 (mod @y), we have d0 A & A 7 = 0 (mod 6). Therefore,
there exists 1-forms &1, 75 around u, such that

A0 =0 N7+ O A 7y (mod 6).

Since 6 is a contact form, 1-forms 6, O, ©, #, 79 are linearly independent. We may
assume that ' A @ |,, # 0.

Let V be a neighborhood of v, such that O'ANd, #0forallv eV,

Now let us consider the following parabolic Monge-Ampere system

I ={6,wA7}ain

and its Monge characteristic system is H = {6 = 7 = o = 0}. From the definition
of 7, each point of V is an integral element of 7. Namely (R, D) coincides with the
prolongation of 7 locally. O
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3 MONGE-AMPERE EQUATIONS

Theorem 3.18. Let (R, D) be a parabolic equation. Let M denote the Monge character-
istic system of (R, D) and assume the first derived system O M of M is also a differential
system. If Ch(d(M + Ch(dD)))(v) contains Ch(0D)(v) at each point v € R, there exists
a Monge-Ampere system 1 such that (R, D) coincides with the prolongation of I locally.

Proof. 1t is sufficient to show that d(M + Ch(dD)) drops down to J if Ch(d(M +
Ch(aD)))(v) contains Ch(dD)(v) at each point v € R.

From Equation (3.3.20) and the assumption of the regularity of d M, E uniformly
vanishes or is not zero at each point of R. In the former case, M is completely integrable,
namely R is a Goursat equation. In the latter case, d M is of constant rank 3.

As E uniformly vanishes, since dw = w? A 12 (mod @y, w1, W A @3),

0= d2w1

EZUQ/\(—B7T12/\7T22+CLL)1/\7T12) (mod g, wl,wQ).

Therefore B and C vanish on R. Additionally, because the structure equation (3.3.19)
is satisfied and Ch(d(M + Ch(adD)))(v) contains Ch(dD)(v) at each point v € R, A
vanishes on R. Consequently, (M + Ch(dD)) is completely integrable and hence drops
down to J.

As E is not zero at each point of R, because the structure equation (3.3.19) is satisfied
and Ch(d(M+Ch(aD)))(v) contains Ch(dD)(v) at each point v € R, we get Ch(d(M+
Ch(aD))) = Ch(aD). Consequently, (M + Ch(dD)) drops down to J. O

Particularly we note that

Corollary 3.19. Let (R, D) be a Goursat equation and M the Monge characteristic sys-
tem of (R,D). Namely, M is completely integrable. Then (R,D) is a Monge-Ampére
equation if and only if d(M + Ch(0D)) is completely integrable.

Proof. 1f a Goursat equation (R, D) is a Monge-Ampere equation, from Theorem 3.11,
the Monge characteristic system H of the corresponding Monge-Ampere system 7 is
completely integrable, and equivalently p;'(H) = d(M + Ch(dD)) is completely inte-
grable. Conversely, if d(M + Ch(adD)) is completely integrable, Ch(d(M + Ch(dD))) =
(M + Ch(dD)) = {w( = @] = w? = 0} contains Ch(dD). Hence, from Theorem 3.18,
(R, D) is a Monge-Ampere equation. m|
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4 Hyperbolic exterior differential systems

4.1 Preliminaries

Let (R, D) be a differential system. (R, D) is a hyperbolic differential system of class n +
2 (n > 1) if, for a point u, € R, there exists a coframe {61,. .., 0,, &1, &2, wl, w?, 1, 19}
around u, such that

D={01=--=0,=61=6=0},
do1 =0
4.1.1) 1 df,=0 (mod 64,..., 0,, &1, £2).
dflzwl/\ﬂl
déy = w2 A 7o

By definition, the Cauchy characteristic system Ch(D) of a hyperbolic differential system
is trivial. For a hyperbolic differential system (R, D) with the structure equation (4.1.1),
Monge characteristic systems M;j and Ma are defined as

Mi={91='--=9n=§1=§2=wi=ﬂi=0},
which are well-defined differential systems of rank 2. They are invariant under diffeomor-
phisms of R preserving D.
An exterior differential system J on X is a hyperbolic exterior differential system of
class n (= 1) ([BGH95a)) if, for each point u, € X, there exists a coframe {61,..., 6,,
w', w?, m1, my) around u, such that 7 is generated algebraically by 1-forms 64,..., 8,

and the decomposable 2-forms w! Ay and w? A 7. Monge characteristic systems M
and My are defined as

Mi={91:---:6n:a)i:7ri20},

which are well-defined differential systems of rank 2. They are invariant under diffeomor-
phisms of X preserving 7.

It is known that the prolongation of a hyperbolic differential system and exterior dif-
ferential system is a hyperbolic differential system and therefore has the Monge charac-
teristic systems:

Theorem 4.1 ([BGH95a]). The prolongation of a hyperbolic differential system and ex-
terior differential system of class n is a hyperbolic differential system of class n + 2.
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4 HYPERBOLIC EXTERIOR DIFFERENTIAL SYSTEMS

We see easily that a hyperbolic Monge-Ampere system is a hyperbolic exterior dif-
ferential system of class 1 and the hyperbolic Monge-Ampere equation is a hyperbolic
differential system of class 3. Generally, so is a hyperbolic equation. Namely, the hy-
perbolic exterior differential system (resp. differential system) is a generalization of the
Monge-Ampere system (resp. hyperbolic equation). Therefore we may naturally think a
generalization of Theorem 3.3 and Corollary 3.4, which is discussed in the next section.

Finally, note that a hyperbolic, non-Pfaffian, exterior differential system has the fol-
lowing normal form (cf. (3.1.3)):

Theorem 4.2 ([SY]). Let I be a hyperbolic exterior differential system on R and (I%,IA))
its prolongation. Suppose I is not Pfaffian. Then there exists a coordinate system
X, ¥, 2, P> q, t1,- - ., t, in a neighborhood of such that

I =1{0,d0,Y, dt,,...,dt,} g,
where
0 = dz — pdx — qdy,
Y =AdpANdy—-B(dgNdy—-dpAdx)—CdgAdx+ Ddx ANdy+ Edp A dq.
Here, A, B, C, D, E are functions of variables x, y, z, p, q, t1,. .., ty.

From this theorem, we see clearly that a hyperbolic exterior differential system is a
generalization of Monge-Ampere system and is a second order partial differential equa-
tion of one unknown function.

4.2 Properties and relations of the Monge characteristic systems of
hyperbolic differential systems and exterior differential systems

The following theorem asserts the relations between Monge characteristic systems of a
given hyperbolic differential system and its prolongation:

Theorem 4.3. Let (R, D) be a hyperbolic differential system withdimR=n+6 (n > 1)
and (R, D) be the prolongation of (R, D), and p : R —> R be the canonical projection.
Let M; (resp. M;) fori = 1,2 be the Monge characteristic systems of (R,D) (resp.
(R,D)). Then M;, OM;, 8*M; and dM; are differential systems of rank 2, 3, 4 and 3
respectively, and satisfy
GMi C pll(Mi) (rank pll(Mi) —rank GMi =1),
*M; c pZH(OM;)  (rank pt(OM;) — rank 82M; = 1).
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4.2  Properties and relations of the Monge characteristic systems

Moreover, we have

(4.2.2) o (M) = OM; + Ch(8D).
Proof. Fixapointu, € R. By definition, there exists a coframe {61,. . ., 8,, &1, €2, wl, ...
around u, suchthat D = {6y =--- =0, =&, = & =0} and

do1 =0

d@n EO (HlOd 919--~99n’ é‘:la 52)

dé = wh Aw?

dfg = w? A CL)4

Now we will express the derived systems of Monge characteristic systems of (R, D) by
using this coframe.

Let v, be a 2-dimensional integral element of (R, D) at u,. Then there are four cases:
o' AWy, # 0, P AW, # 0, 0 A3, #0, w3 Awt, # 0. Without loss of
generality, we can assume w! A wzlvo # 0 since the case w! A w4lvo # 0 results in the
case w! A w?|,, # 0 if we replace w? and w? by w* and —w? respectively in the argument
below.

Assume w! A wzlvo # 0. Let U be a neighborhood of v, such that w!' A W?|, # 0 for
all v € U. Then we can introduce functions @ and a9 on U such that D is defined on U
by the 1-forms 04,..., 8,, &1, &2, and

771:w3—a1w1, n2=w4—a2w2.
For 1 <i < 4, writing
dw' = w' A (Jl-w2+K,-a)3+L,-a)4)

+w? A (M; w3 + N; cu4) + O; w3 A w! (mod 64,..., 0,, &1, &2),

with functions J;, K;, L;, M;, N;, O; on U, then we have

dn =wlAm

dns =w? Amy

} (mod 61,. .., Oy, &1, £2),

where
T = dOzl + (J3 - (M3 + Jl)al + Lyas + Mloz% + (03 - Ll)alag - 01&%&’2) w2,

o = dag + (—J4 + Myaq — (L4 - Jg)a’g - (04 + Mg)a’la’g + LQQ’% + 020’10’%) wl.

34



4 HYPERBOLIC EXTERIOR DIFFERENTIAL SYSTEMS

Thus the Monge characteristic systems Mi of (I%, 15) are defined as

~

Mi:{91='--=9n=§1=§2=771:772:wi=ﬂi:0}'

Since Ch(D) is defined by the 1-forms 61,..., 6,, &1, &2, wl,. .., w* we have do' =

(mod M) fori = 1, 2. By definition,

dry = (L3 + (03— Ly)ay — Ola/%) 9 A w? (mod /\;(f),
dmny = (Mg — (04 + Ma)as + 0203) T A w! (mod le)’

which imply
IMi={b1=--=6,=61=br=n=0' =71 =0 cp. My,
where

7 =m+ (Ls+ (03 —-Ly)a; — 01&%) n2,
o =mo + (Ms— (04 + Ma)ao + 0203) ni.

Since Ch(aﬁ) is defined by the 1-forms 64,. .., 6,, &1, €2, 1, 2, w!, w?, we obtain

OMi+Ch(@D) = {01 = =0, =1 =& =m =0 =0} = p]' (M.
Since
dé1=---=d,=0
d.fl =0
dés = w? Ao (mod (9Mf‘),
dni= (N3 — Niar) w? A
dwl= Ny w? A 172
we have

52M1C{91="'=9n=§1=§2=ﬁ1=@1=0},

where 71 = 71 — (N3 — N1a1) €2, @' = w! = Ny &o.
The following formulas are useful to calculate to drry: for the pullback F of a function
around u,, since dFF = 0 (mod 64,..., 0,, &1, &2, 11, N2, w!, w?), we have

dF A w? = dF A ne =0 (mod 64,..., 60, &1, &2, 11, wl, w? A 172)
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Moreover we have

dag = 79
dai Aw?=0 _
(mod 61,. .., Oy, €1, £, 1, W', 71, W2 A12).
dai Ana=0

Therefore we calculate
dﬁ'l = (L3 da’z + (03 - L1)a1 da’z — 010’% da’g) A w2 + (Lg + (03 — Ll)al — 010’%) dﬂg
= (L3 o+ (03 — L1)ay o — 01(1’% 77'2) Aw? + (L3 + (03 — Ly)ay — 01&’%) w? A D)
0

(mOd 919~ L) 9}1’ é:]_a 529 T’l’ wla ﬁ'la (,()2 A 772)

Thus 82M1 is a subbundle of T7U and rank 62M1 —rank 6M1 =1.
On the other hand, since

P (M) = {91 = =0,=6=6=0 :w3:O},
dés = w? A wt
do' =Ny w0 A o' (mod p; ' (M1)*),

dw® = N3 w? A w?

we obtain p;l(aMl) ={0=---=6,=¢& = w!l — N1 &g = w3 - N3 & = 0}. By
definition, we have

(Dl = wl - Nl 527
n1 =1n1— (N3 — Njay) &
= (W = N3 &) — a1 (w' = Ny &9),

which imply
pllOMy ={61= =6, =6 =M =0"=0}>M.
Similar arguments apply to the case i = 2. O

The same result holds for hyperbolic exterior differential system and is proven analo-
gously to Theorem 4.3 (cf. Theorem 3.3 and Corollary 3.4):

Theorem 4.4. Let 1 be a hyperbolic exterior differential system and (R,D) be the pro-
longation of I, and p : R —> R be the canonical projection. Let M; (resp. M;) for

36



4 HYPERBOLIC EXTERIOR DIFFERENTIAL SYSTEMS

i = 1,2 be the Monge characteristic systems of (R, D) (resp. (Ié,lA))). Then Mi, 5/\;(,3
0’ M; and dM; are differential systems of rank 2, 3, 4 and 3 respectively, and satisfy

IM; c pt(My)  (rank pt(M;) — rank OM; = 1),
O*M; € . (OM;)  (rank p; (M) —rank 6 M; = 1).
Moreover, we have

(4.2.3) oL (M;) = OM; + Ch(dD).

4.3 Reduction theorem for hyperbolic differential systems

In previous section we have shown some properties that Monge characteristic systems of
a hyperbolic differential system and exterior differential system should satisfy. Especially,
Equation (4.2.2) and (4.2.3) are useful to construct a hyperbolic one or exterior differential
system on a manifold of smaller dimension from a given hyperbolic differential system.

Theorem 4.5. For the prolongation (R, D) of a hyperbolic differential system (R, D) with
dimR = n+ 6 (n > 1), the Cauchy characteristic system Ch(0D) of the differential
system dD is a subbundle of D of rank 2, and 92D is the differential system such that
rank 92D — rank 4D = 2. Conversely, for a hyperbolic differential system (R, D) with
dimR = n+6 (n > 3), if Ch(dD) is a subbundle of D of rank 2, and if 0*>D is the
differential system such that rank 02D — rank 8D = 2, then (R, D) coincides with the
prolongation of the hyperbolic differential system (R/Ch(dD),dD) with an independence

condition on a neighborhood.

Proof. First we will show that differential systems d M; + Ch(dD) and d Ms + Ch(dD)
drop down to the quotient space R/Ch(dD) for the Monge characteristic systems M, of
(R,D). Using this, we will show that 0D also drops down and (R/Ch(dD),dD) is the
hyperbolic differential system we desire.

Fix a point 4, € R. There exists a coframe {61,. .., 0,, &1, &2, wl, w?, n1, 1y} around
u,suchthat D ={0, =-.-- =0, =&, = & =0} and
do; =0
9 d@nEO (mOd 913"'79117 é‘:l’ §2)'
dé = wl A
d§2 = (,()2 AN 9

37
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Writing
do =& N (Aia)1 + B;m +C,-a)2+D,-7r2)
+EANEQC+EM +Gio*+Him)+LE ANE  (mod 64, ..., 0,),

where A;, B;, C;, D;, E;, F;, G;, H;, I; denote functions around u, and calculating d*6; =0
(mod 64,..., 8,, &1, £2), we obtain

434
( ;ei)zfl AAiw' +Bim) +é A (Giw’ + Him) + &1 AE  (mod 61,..., 60,)
By the hypothesis Ch(dD) c D, we have Ch(dD) c {61 = --- =6, = & = & = 0}
Since

0=X.do; (mod (61)u,---» (On)u,)
(4.3.5) = - (Xs(Ai0' + Bim)) &1 - (Xa(Giw® + Him)) &

for X € Ch(dD)(u,), we have

(4.3.6)
Ch(@D) = {01 = =6, =é1=é=Aw +Bm =Gw' + Hm=0(1<i<n)}.

Since Ch(dD) is completely integrable and Ch(dD) c {&] = & = 0}, we have

OEdflel/\ﬂ'l

4.3.7
( ) 0=dés = w2 A 79

} (mod (Ch(6D))™h).

From (4.3.5), (4.3.6), and (4.3.7), there exist i, j such that
Ch(dD) c {6y = =0, ==& =A 0w +Bim =G’ +Him=0},

where (A;, B;) # 0 and (G;,H;) # 0 hold. Since Ch(dD) is of rank 2, this equality holds.
Namely

(438) Ch(@D)={61=---=6,=é1=¢&=Aw +Bm=Gjw+Hn=0}.

Then 1-forms

@' = A,-a)l + B; 1,

@2:ij2+Hj7r2, Ty =
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are linearly independent and satisfy, from (4.3.4) and (4.3.8),
d6; = E1 A (@i @) + & A (Brw0?)  (mod 61,..., b, €1 A E2)

where a;, f3; is functions around u,,. Then, since rank >D—rank D = 2, we may assume
that 01,. .., 6, satisfy

doy=---=db, o=
do,_1 = ol Y3 +i1 E1 N Er (mod 64,...,0,)
db, = 0® A éa+ I & A&

for some functions I; around u,. Since Ch(dD) = {01 =--- =0, = & = & = ol =@? =
0}, we can write

dé1 =@ " AT +E A (A1 7T + B Ta + CL @' + D1 @)

(mod 61,. .., 0,, £1),
do' = & N (Ey 7ty + FyL 782) + @2 A (hy 7y + ki 782) + G1 €2 A @

(mod 61,. .., O, &1, @Y,
dés =’ AT+ EL A (A7 + Ba 7o + Co @' + Doy @2)

(mod 64,..., 6,, &),

d?® =& A (Ezﬁl +F27?2)+a_)1 A (ho T +k2ﬁ2)+62§:1 Aat
(mod 61,. .., O, &2, @2),

where h;, ki, A;, Bi, Ci, D;, E;, F;, G; are functions around u,. Calculating d?¢; = 0 under
modulo 64,..., 6,, &1, &2, @', we obtain A; = —ky, Bo = —hs. Moreover, calculating
d%0,_;+o = 0 under modulo 61, . . ., 6, &1 N &g, ! ANE1, @2 A&, weobtain hy = k111 =
B =0, ko = hy + Iy = Ay = 0. Thus we conclude

d@lEO

db,_5 =0 (mod 64,...,6,)

db,_1 = (@' — k1 &) A &
db, = (0% = ha &1) A &
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dé) = (@' — k1 &) A (1 = C1 &) — D10 A& (mod 61, -+ ,0,, £1),
do' =& N(E\ 7+ Fi ) + ki@ ATa +GL@* Aéy (mod 6y, ,6,, &1, @),
dér = (@ —ha &) A (T — Do &1) — Cod A & (mod 61, -+ ,0,, &2),
d* = €1 N (Bamty + Fafio) + ho @' A7ty — Go@' Aé1 (mod 01, ,6,, &, @2).

Then, for the Monge characteristic systems M; of (R, D), we see that
OM;+Ch(@D) = {61 = =0, =& =0 =0},

where @' = @' — ki &, @% = @ — ho &1.
Next we will show that the Cauchy characteristic system of d M; + Ch(dD) coincides
with that of dD. Writing 71 = 71 — Cy & and 79 = 79 — D9 &1, we have

AR —-D1@*Aés (mod by,. .., 6, €1),

dfl =w A
dé‘QELDQ/\fTQ—CQ(I)l/\fl (mod 64,..., 0, &).
Since d@' = 0 (mod 61, ..., O,, &1, €2, @), we can write
dol =& A E\m+FiAs+G1@%)  (mod 6y,..., 60, &1, 60,
A’ =& N (Exfti + Fata + Go @) (mod 61,.. ., Oy, &, ).

By calculation of the following integrability conditions:

d2§-‘1 = (0 under modulo 64,..., 6,, &1, d)l, @° A &a,
d2§2 = (0 under modulo 61,..., 6,, &, @2, o' A &1,
d*>&' =0 under modulo 01,...,0,, &1, &9, ch,
d’@? =0 under modulo 01,...,0,, &1, &9, @2,
we have El = EQ = Fl = Fg = 0. Thus we achieve
do1 =0
d@n_g =0

{ db,-1=0 (mod 61,. .., 0,, &, &Y,

do, = (I)2 A &g

dé1=-D1 0% A &

do' = -G &% A &
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do; =0
do,_o=0
3 do, =o' A g (mod 64,. .., 0,, &, &2).
do,=0
déy=-Croo' A &
do? = -Goyd' A &

Thus we find Ch(OM; + Ch(dD)) = Ch(dD). Namely d M; + Ch(dD) drops down to
R/Ch(dD) foralli =1, 2.

Next we will show that the differential system dD drops down to R/Ch(dD) and will
be a hyperbolic differential system on it.

Let p be the canonical projection from R onto R/Ch(dD). By definition, fori = 1, 2,
there exist differential systems H; and C on R/Ch(dD) of corank n + 2 and n such that
P71 (H;) = OM; + Ch(dD) and p;'(C) = dD. Then they can be written as

Hi={01==0,=5=0 =0},
C={p®r=-=p0,=0},
where {@1,...,0,, Q, Q2 =, 55} is a coframe around o(u,) € R/Ch(dD). These
imply
dp'®, =0 (mod 64,...,6,)
PP AE)=0 (modBy,...,0, & AE&)

forl<l/<n-2andi=1,2. Since df; =0 (mod 6y,..., 6,), we may assume d®; = 0
(mod By,...,0,). By dh,_iso = &' A& +@% A& (mod 6y,.. ., 6,), we have

dp*@, 2 = Al p"(Q' ANE) + A2 p"(Q* AEy)  (mod p*@y,..., p°O,),

where Al.l, Al.2 are functions around u, satisfying det(A{ ) # 0. This implies that the
coeflicients Al.1 and Al.2 in the right hand sides can be written as the pullbacks of some
functions around p(u,). Thus C (= dD) is a hyperbolic differential system on R/Ch(dD)
and its Monge characteristic systems are ;.

Finally we will show that the prolongation of (R/Ch(dD),C) with an independence
condition coincides locally with the given system (R, D). By the hypothesis that Ch(dD) c
D is of corank 2, we can apply Realization Lemma to p : R — R/Ch(dD); we have a
unique map

Y : R— J(R/Ch(dD),2); vi— p.(D())
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such that IToy = p and D = ¢y 1(C*), where IT : J(R/Ch(8D),2) — R/Ch(dD) is the
canonical projection and C* is the canonical system on J(R/Ch(dD),2). Furthermore
is an immersion since Ker (¢.), = Ker (p.), N Ch(D) = {0}.

Here, since H; = {®; = --- =0, = &, = Q! = 0}, we may assume p*(Q; A Q)
and w! A w? are equivalent modulo 61, ..., 8,, &1, &2, up to scale. Then let (I?,IA)) denote
the prolongation of (R/Ch(dD),C) with the independence condition Q! A Q2. For any
v € R, by definition, it is easy to see that O;|y ) = dO;|,) = 0 and Ql A Q2 ly) #
0. Namely ¥ (v) is an element of R. By the structure equation of C, we find dim R =
dim(R/Ch(dD)) + 2 = dim R. Therefore (R, D) coincides locally with the prolongation
of (R/Ch(dD),C) with the independence condition Q! A Q2. ]

Theorem 4.6. Let (R, D) be a hyperbolic differential system with dimR = n + 6 (n >
1) and M; the Monge characteristic systems of (R,D) fori = 1, 2. If (R,D) is the
prolongation of a hyperbolic exterior differential system that is not Pfaffian, then Ch(0D)
is a subbundle of D, 0>D is the differential system such that rank 0>°D — rank 0D = 1,
and Ch(0M; + Ch(dD)) = Ch(dD) fori = 1, 2. Conversely, suppose that Ch(dD) is a
subbundle of D, and 6> D is the differential system such that rank 8°D — rank oD = 1. If
Ch(oM; + Ch(dD)) = Ch(dD), or equivalently, Ch(0 Mz + Ch(dD)) = Ch(dD), then
(R, D) coincides with the prolongation of a hyperbolic exterior differential system with
an independence condition on a neighborhood.

Proof. First we will show that differential systems dM; + Ch(dD) drops down to the
quotient space R/Ch(dD) for each i = 1, 2. Using these systems, we will construct a
hyperbolic exterior differential system we desire.

Let fix a point u, € R. There exists a coframe {61,..., 0,, &1, &2, wl, w?, 1, T}
around u, suchthat D ={6; =--- =6, =&, = & =0} and
d91 =0
y do,=0 (mod 91,...,0,,,51,52).
dé = w' A m
déy = w? A )

From the hypothesis Ch(dD) c D, analogously to the proof of Theorem 4.5, we obtain

(4.3.9)
d9; =& AN (A0 +Bim) +E AN Gi0? +Him)+LEANE  (mod 64, .., 6,),
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4 HYPERBOLIC EXTERIOR DIFFERENTIAL SYSTEMS

where A;, B;, G;, H;, I; are functions around u,,, and there exist i, j such that
Ch(dD) c {6y =+ =0, ==& =Aw +Bim =G’ +Him=0}

with (A;,B;) # 0 and (G, H;) # 0. Then, from the hypothesis rank %D —rank dD =1,
it is easy to see that Ch(dD) is of rank 2, which implies

(43.10) Ch(dD) = {6y = =0, =&1 =& =Aw' +Bim =Gjw’ +Himp=0}.

Then 1-forms

_ _ B; A;

o' = Ajw! + Bimy, T =—— d 2wl+ 3 l 5 71,
A+ B A7 + B

@2:jSu2+Hj7r2, g = / 2 / 2,

- W+ s
H? + G2 H? + G2
j j j j

are linearly independent and satisty, from (4.3.9) and (4.3.10),

(4.3.11) d9; = &A@ + & A L@ (mod O1,..., 0p, &1 A E2),
where «;, B8; are functions around u,. Then, by the hypothesis rank D — rank dD = 1,
we may assume that 61,. .., 6, satisfy

doi=---=d,.1 =0

} (HlOd 919 o 9071)5

do, @1A§1+d)2/\§2+l_§1/\§2

where [ is a function around u,. From (4.3.10), we can write the following:

dé1 =" AT +E A (A1 7T + B2 + CL @' + D1 @)

(mod 64,..., 0, &1),
do' =& N (E1 Tt + Fi ) + @2 A (711 + k1 7T2) + G &9 A @°

(mod 61,.. ., 0,, &1, @),
déy =@’ AT+ EL A (A7 + Ba 7o + Co @' + Doy @2)

(mod 64,..., 0,, &),
A’ =& N (Eomty + Fo o) + @' A (ho 11 + ko 72) + G2 &1 A @'

(mod 61,.. ., 0,, &, &%),

where h;, k;, A;, B;, C;, D;, E;, F;, G; (i = 1, 2) are functions around u,. Calculating
d?¢& = 0 (mod 64,...,0,, &, &, @), we obtain Ay = —ky, By = —ho. Moreover,
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4.3 Reduction theorem for hyperbolic differential systems

calculating d%0, =0 (mod 64,...,0,, &1 N &, ol A &1, @2 A £9), we obtain Ay = —hy,
I = k1 — ho, By = —k9, and C = D; = 0. Thus we conclude

d@lEO

(mod 64,...,06,),
d@n_l =0

do, = (@' — k1 &) A &1+ (@2 — ha é1) A &

dé1= (@' -k &) A (T - Cié) —kaéa ATy (mod 61,..., O, £1),
do' = & N(E1 7ty + FL 7)) + @2 A (1 7Ty + ki 712) + G1 @2 A &

(mod 61,..., 0,, &1, @Y,
déy = (@* —haé1) A (Ta—Daé)) —méAmy (mod 61,..., Oy, £2),
Ao’ = & N (BEo 7ty + Fofto) + @ A (ha Ty + ko 7T2) — Go &1 A !

(mod 61,.. ., O,, &, @2).

Then, for the Monge characteristic systems M; of (R, D), it is easy to see that
OM;+Ch(@D) = {61 = =0, =§=0"=0},
where o' = @1 — ki &2, @2 =a? - ho &1.
Next we show that &7 and k9 vanish around u,, if and only if Ch(dM; + Ch(dD)) =
Ch(adD), if and only if Ch(d My + Ch(dD)) = Ch(dD).

Setting 11 = 11 — 61 &g, o = Mg — DQ &1, we have

dflEU}l/\ﬁl_kQé‘:Q/\ﬁQ (mOd 61,"',9na§1),
dés=@* NAa—h1 & ARy (mod 6y,. .., O, &).

Since dQ =0 (mod 64,..., 6, &1, &9, @") fori = 1, 2, we can write

do' = @* ANFL+EN(E T+ Fiiy+G1d%)  (mod 01,..., 0, &1, 0"),
di? = ko' ANy +E N (Ea 7ty + Fofta + Go @) (mod 6y,.. ., 0,, &, &).
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4 HYPERBOLIC EXTERIOR DIFFERENTIAL SYSTEMS

and we have

dor=---=db,-1 =0

do, = & A

< &2 i (mod 61,. .., 6y, &1, &Y,
dé1 = —ko &o N 7o

dot Eh1a~)2/\ﬁ'1+52A(E17?1+F1ﬁ2+61a~)2)
doy=---=db, 1 =0

do, = o' A &

déy=-héAm

Aot = ko' AN+ &1 A (Ex 7ty + Fo 7o + G2 %)

(mod 61,. .., O,, &, ).

If Ch(0 M7+ Ch(dD)) or Ch(d My +Ch(dD)) coincides with Ch(dD), hy and ko should
vanish. If 4y and ko vanish, calculating d?¢; = 0 (mod 64,.. ., 0,, &1, @Y, &% A &) ;
d*w' = 0 (mod 8y,...,6,, &1, 0, &) ; d?& = 0 (mod 64,. .., 0,, &2, 0%, @ A £1),
and d?w? = 0 (mod 64,..., 0, &a, @2, £1), we obtain Ey = F| = E5 = F» = 0. Thus we
have found that Ch(0 M; + Ch(dD)) and Ch(d Ms + Ch(dD)) coincide with Ch(dD).

Next we construct a hyperbolic exterior differential system whose prolongation coin-
cides locally with the given system (R, D). Let p be the canonical projection from R to
R/Ch(dD). There exist differential system H; and C on R/Ch(dD) of corank n + 2 and
n such that p;1(H;) = dM; + Ch(dD) and p;'(C) = OD. Then they can be written by

%:{@1:...:®n:5i:9i:0},
C={p®=-=p0,=0},
with a coframe {@1,. .., 0,, Q!, Q% =, 25} around p(u,) € R/Ch(dD). These imply

dp*®; =0 (mod 64,..., 6,),
P AE)=0  (mod By,..., 0, 0 A&),

for/ =1,...,n—1andi = 1,2. Since df; = 0 (mod 64,..., 6,), we may assume
d®; =0 (mod O,...,0,). Bydo, ="' A& +@% Aéy (mod 64,.. ., 6,), we have

dp'®, = A1 p" Q' AE1) + A p"(Q° AE)  (mod pO,..., p'O,),

where A; and Ag are functions around u,. This implies that the coeflicients A; and A»
in the right hand sides can be written as the pullbacks of some functions around p(u,).
Putting

I={01.....0,, Q' AE|, QA By | ap,
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we can find that 7 is a hyperbolic exterior differential system on a neighborhood of
R/Ch(dD) and its Monge characteristic systems are 7;.

Finally we will show that the prolongation of 7 with a independence condition co-
incides locally with the given system (R, D). By the hypothesis that Ch(dD) c D is of
corank 2, we can apply Realization Lemma to p : R — R/Ch(dD); we have a unique
map

Y : R— J(R/Ch(4D),2); vi— p.(D())

such that IToy = p and D = ¢y 1(C*), where IT : J(R/Ch(8D),2) — R/Ch(dD) is the
canonical projection and C* is the canonical system on J(R/Ch(dD),2). Furthermore,
since Ker (¢.), = Ker (p.), N Ch(D) = {0}, ¥ is an immersion.

Here, since p; ' (H;) = dM; + Ch(OD), we may assume p*(Q; A Q2) and w' A w? are
equivalent modulo 61,. .., 6,, &1, &2, up to scale. Then let (Ié, D) denote the prolongation
of (R/Ch(dD),C) with the independence condition Q' AQ?. For any v € R, by definition,
it is easy to see that ©;| () = 0, d®;| vy = 0 and Q' A Q% |,y # 0. Namely ¥ (v) is an
element of R. By the structure equation of C, we find dim R = dim(R/Ch(oD)) + 2 =
dim R. Therefore (R, D) coincides locally with the prolongation of (R/Ch(dD),C) with
the independence condition Q! A Q2. O

5 Second order partial differential equations of m (> 2)
unknown functions

5.1 Preliminaries
5.1.1 Jet space (J2(M,n),C?) of second order

First we will recall the jet space (J 2(M,n),C?) of second order in order to treat with sec-
ond order partial differential equations of m (> 2) unknown functions ([Yam83]). For
convention, we put JO(M,n) = M and (J1(M,n),C") = (J(M,n),C), and write the pro-
jection IT : J Y M,n) — M as H(l]. Let Q' = Ker (Hé)*, which is the differential system
of codimension mn. Each fiber J2(M,n), of J2(M,n) over x € J'(M,n) consists of all
n-dimensional integral elements u of C! at x that is transverse to Q' (x) c T.JY(M,n),
namely N Q' (x) = {0}. J2(M,n) is the bundle of dimension n + m + mn +m - ,Ha, where
mHy = (m+"_1). The canonical system C? is defined by

n

C%(u) = (%) Y (u) for u e J*(M,n),

46



5 SECOND ORDER PARTIAL DIFFERENTIAL EQUATIONS OF M (> 2) UNKNOWN
FUNCTIONS

where H% - J2(M,n) — JY(M, n) is the canonical projection. For a point u,, € J2(M,n),
we have a canonical coordinate (xl,. Coxm b ,z’",p%,. ..,py) on a neighborhood U
of Hf(uo) in JY(M,n). Let U be a neighborhood of u, that consists of all points u €
[I-1(U) such that dx! A --- A dx"|, # 0. Letpl?lj forl <a<mand1l <i,j < nbe
functions on U so that dp?|, — ; p%(u) dx'|, = 0 foru e Uand 1 <b <m, 1 < j <n.
Since dw”|, = 0foru e Uand 1 < b < m, we have p = ph forl <b<m, 1 <ix
Jj < n. Thus (x’,z“,pf’,pf’j (1<a<m,1<i<j<n))formsa coordinate system on U,
which is called the canonical coordinate system of J?(M,n). The canonical system C2 on
U is given by

(5.1.1) CC={o'=af=001<a<ml<i<n},

n

where @? = dz% — Y| ptdx', w® = dp? — ¥}_, piakdxk‘

5.1.2 Symbol algebras of differential systems

We will recall the symbol algebra m(x) of a differential system (M,D) at x € M, in-
troduced by N. Tanaka ([Tan70]). Let (M, D) be a regular differential system such that
TM = D™*. We recall the symbol algebra m(x) of (M,D) at x € M. Let

-1
m) = Pop), 910 =DT(x), 9,(x)=DPX)/DP ) (p>1).
p=-h
Let m_, denote the projection of D™”(x) onto g_,(x). For X € g_,(x),Y € g_4(x), the
bracket product [X, Y] € g_(p+¢)(x) is well-defined by
[X. Y] = 7 pagy (X, Y]0),

where X and Y are vector fields taking values in D~” and D4 respectively such that
n_p(f( ») = X and ﬂ_q(Yx) = Y. Then m(x) is a nilpotent graded Lie algebra with this
bracket operation, such that dim m(x) = dim M and satisfies

9-p(x) = [-p+1(x), g-1(x)] for p > 1.

The graded Lie algebra m(x) is called the symbol algebra of (M,D) at x. Generally,
m = <0 9p is a fundamental graded Lie algebra of u-th kind if m is a nilpotent graded
Lie algebra such that g_, # 0 and g_; = 0 for all kK > y, and

9-p = [9-p+1, 9-1] for p> 1.
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For a fundamental graded Lie algebra m, (M, D) is of type m if the symbol algebra m(x)
of (M, D) is isomorphic to m at each x € M.

Conversely, given a fundamental graded Lie algebra m = @;_# gp of u-th kind, we
can construct a regular differential system (M (m),D,,) of type m, which is called the
standard differential system of type m: Let M (m) be the simply connected Lie group with
Lie algebra m. Then we define a left invariant subbundle D,, of TM (m) by g_;. Then
(M (m), Dy,) is a regular differential system of type n.

Letm = @p <o 9p be afundamental graded Lie algebra of u-th kind. The prolongation
g(m) = @peZ gp(m) of m is defined inductively as follows ([Yam93]):

g-p(m) =g, for p>0,
go(m) = {u c@o eq;

p<0

g (m) = {u e P oy @ [ (X, Y] = [u(X), ¥] + [X, u(Y)]} for k > 0.
p<0

w([X, Y]) = [u(X), Y] + [X, u(¥)] }

Now we will see that g(1m) is a graded Lie algebra. The bracket operation of g(m) is given
as follows: First, for ug, uj, € go, we define [uo, uj] € go by

[uo, up) (X) = uo(ug(X)) —uy(up(X)) for X € m.
Thus go(1m) becomes a Lie algebra with this bracket operation. Moreover, putting
[uo, X] = —[X, ug] = up(X) for uy € go(m) and X € m,

we see that EBP <0 9p(m) is a graded Lie algebra.

Similarly, for u; € gx(m) (k > 0) and X € m, we put [ug, X| = —[X, ux] = ug(X).
For u; € gx(m) and u; € g;(m) (k, [ > 0), by induction on the integer k + [ > 0, we
define [uk, ul] S gk+l(m) by

g, w)(X) = [ug, [w, X]] = [wr, [ug, X]] for X € m.

Then it follows easily that g(m) is a graded Lie algebra with this bracket operation.

It is known that the structure of the Lie algebra A (M (m), D,,) of all infinitesimal
automorphisms of (M (m), D,,) can be described by g(m). Especially, A(M (m), D,,) is
isomorphic to g(m) when g(m) is finite dimensional. For detail, see [Tan70].
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5.1.3 Symbol algebra €2(n,m) of (J2(M,n),C?)

We will recall the symbol algebra €2(n,m) of the canonical system (J 2(M,n),C?) ([Yam82)).
Let M be a smooth manifold of dimension m + n and (J2(M,n),C?) the jet space of sec-
ond order. Let us take the canonical coordinate system (xt, 7, pl.“, plf’j 1<a<mlc<

i < j < n))on aneighborhood U as in Section 5.1.1. Then we have a local coframe

{wa,wf,dxi,dpfj(1Sa§m,1$i$j$n)},

where w® = dz® - 3" | pl.“dxi, w! =dp! - Y, pl?’kdxk. Let us take the dual frame of
this coframe

{aada

—,—,—,,—1§a§m,1§iS'Sl’l 2
dz¢" dpf " dx' (9pl.“j( / )}

where

Then we have

0 d 1 5\ 0 .1 .\ 0 0 d .0
o = (0= 50]) 4 (k- 500) 5 | | = O
pf, dxk 2°1) op¢ 2/ op§ opi’ dxk 0z¢
and
C2:<ia,i(13a3m,13isj3n)>,
(')pl.j dx!

3(1)C2:<%,%,%(1Sa§m,1§i§j$n)>,
i ij

dPC? =TJ*(M,n).

Thus we see that the symbol algebra of (J2(M,n),C?) is isomorphic to €2(n,m), which
is defined as follows([Yam82]): Let V and W be vector space of dimension n and m
respectively. Let

CHV,W) =€ e, 06, =W, 4 =WaV, ¢ =VaeWwaes* V.

The bracket operations of €2(n,m) is defined through the pairing between V and V* such
that V and W ® S?(V*) are abelian subspaces of (S%l.

49



5.1 Preliminaries

5.1.4 Graded simple Lie algebras

Let g be a simple Lie algebra over C. Let us fix a Cartan subalgebra b of g. Let @ be the
root system of g relative to h and choose a simple root system A of ®. Then we have the

root decomposition of g:
g= (EB g_a) ©he (@ ga),

aedt aed*

where ®* denotes the set of positive roots and g, = {X € g | [k, X] = a(h)X for h € b}
for « € ®. Let us take a non-empty subset A; of A. Then A; induces the following
gradation:

g=@9p, g_p=@g_a, go=(@g_a)@b€9(@ga), gp=@ga,

PEZL aed;, aed)a a'e(l)a aed;y,

where

l
(I)+:U(D+, ®;:{Q:Zniai€®+| an:p}.
p>0 i=1 ag€N]

Moreover, the negative part m = <0 9p of g is a fundamental graded Lie algebra,
namely m satisfies

9-(p+1) = [8-p, 6-1] for p > 0.
Let 0 be the highest root of ®*. Writing 6 = Zf.:l n;(0)a; for some n;(0) € Z>o, we have

p= > ),

apeA
where p denotes the lowest integer such that g, # 0 and g_(44+1) = 0, namely m is of u-th
kind.
When g is a simple Lie algebra of type Xj, let (X;,A1) denote the simple Lie algebra
g with the gradation defined by A;.
Conversely, it is known that the gradation of any simple graded Lie algebra over C is
obtained from some A; C A:

Theorem 5.1 ([Yam93]). Lerg = P ez, 9p be a simple graded Lie algebra over C satisfy-
ing 8—(p+1) = [9—p, 8-1] for p > 0. Let X; be the Dynkin diagram of g. Then § = @pez ap
is isomorphic to a graded Lie algebra (X;,A1) for some Ay C A. Moreover (X;, A1) and
(X1,A}) are isomorphic if and only if there exists a diagram automorphism ¢ of X; such
that (A1) = A].
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In Section 5.4 we will seek a simple graded Lie algebra that is isomorphic to the
prolongation of the symbol algebra of partial differential equations (or PD-manifolds
(R; D', D?)) of m (> 2) unknown functions.

5.2 Characterization of partial differential equations

Let M be a manifold of dimension m + n (m, n > 2) Let R be a submanifold of J2(M,n)
satisfying the condition

(R.0) p: R — JY(M,n) is submersion

where p is the restriction of the projection I : J 2(M,n) — JY(M,n) to R. This condition
implies that the system of second order differential equations R never contains equations
of only first order. Let ¢ : R — J?(M, n) be the inclusion. Let D! and D? be differential
systems on R defined by the pullback by ¢ of dC? and C? respectively. Let w!,..., @™
and w%,. .., @ be a 1-forms on J?(M,n) such that 3C? = {w® = 0 (1 < a < m)} and
C? = {w® = @! =0(1 <a<m,1<i<n)}. Thenitfollows from Condition (R.0) that
these forms @, @ are independent at each point on R and that

(5.2.2)
D'={w'=00<as<m)}, D'={o'=of!=00<as<ml<i<n)}.

Here, by our abuse of notation, we write (*@ as @. Thus we see that
(R.1) D' and D*are differential systems of codimension m and m + mn respectively.

From (5.1.1), there exist 1-forms w!,. .., " on R such that the forms w?, wlfl, and ' are

independent at each point and dw® = Y; w' A @ (mod @’ (1 < b < m)). Therefore we
have

(R.2) oD* c D'.

Since Ch(DY) = {w’ =@ =w' =0(1 <a<m,1<i<n),

(R.3) Ch(D") is a subbundle of D? of codimension n.

Since dw® Aw' A -+ Aw" =0 (mod @w? (1 < b < m))forl <a < m, wehave

(R.4) D' is of Cartan rank n.
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Applying Realization Lemma to p : R — J'(M,n) and D?, we obtain
(R.5) Ch(D") N Ch(D?) = {0}.

In fact, from Ker p, = Ch(D') c D?, we have the unique map ¥ : R — J(JY (M, n),n)
such that p = [T oy and D? = w;l(C), where I1 : J(J1(M,n),n) — JY(M,n) is the pro-
jection and C is the canonical system of J(J'(M,n)). By definition, for v € R, y(v) is n-
dimensional integral element of (J L(M,n),C") and transverse to Q! = Ker (Hé)*( p(v)).
Namely ¥ (v) € J2(M,n). By the uniqueness of ¢, we have ¢ = (. Therefore Ch(DH(v)N
Ch(D?)(v) = Ker p,(v) N Ch(D?)(v) = {0}.

Furthermore we will see that there exists an additional differential system F in the
following lemma:

Lemma 5.2. Let R be a manifold and D', D? differential systems satisfying four condi-
tions from (R.1) to (R.4). Then there exists a unique subbundle F of D of corank n such
that OF c D'. Moreover, we have F N D?* = Ch(D'). Furthermore, ifm >3, Fis

completely integrable.

Proof. D' and D? are locally expressed as follows:

Dlz{wlz---zwm:()}
DQ:{wlz---:wm:w%:---:wnm:O}
with linearly independent 1-forms ol,..., o™, w%,. .., @, Condition (R.2) implies
do?® =0 (modwb,wé’ (1 <b<ml<j<n))forl <a < m,and thus they

fo
are expressed as dw® = Y, ;7w A wj? (mod @{ (1 < ¢ < m,1 < k < n)). Since

Ch(D') c D?, for each point x and X € Ch(D!)(x), we have

0=X.dw* (modw}c,...,wm)

X
= Z ﬂZJ (X) wﬁ.’
b,j

Therefore, Ch(D') = {w® = wi = an =0 <a,b<m,1<1i,j<n)}. Onthe other
hand, from Condition (R.4), we can take 1-forms wl,.. ., w"sothat @l A -+ A @™ A
WA AW #E0and do AW A A" =0 (mod @w? (1 < b < m)). Substituting the
expression of dw into the second equation, we obtain an =0 (mod @w*, wi, wk (1<

¢ <m, 1 < k <n)). Thus, from Condition (R.3), we achieve

ChpH={w'=of{ =0 =00 <a<ml<i<n)}
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and the w*, @?, ' are linearly independent. This allows us to write d@w“ = ¥; ' A 718
(mod @’ (1 < b < m)). Since dw® = 0 (mod w?, wj? (1<b<m1l<j<n)),we
have 7¢ = 0 (mod @”, @,/ (1 < b < m,1 < j < n)), which implies Ch(D") c
(@ =w =00 <a<ml<i n)}. Therefore, for each point x and X €
Ch(DY(x), we have 0 = X, dw® = -3 ! (X) w; (mod wi (1 £ b £ m)) and thus
Ch(DY) = {w?® = m = w =0( <a<m1<i<n)} This follows us to write

<
<

m = Y A?bj wj.’ + Zj B}, w/ (mod @° (1 < ¢ < m)) with some functiops Afbj, B,
and that the @w“, 7/, ' are linearly independent. Substituting this into }; ' A 7f' =
(mod @?, wj.’ (1<b<m,1<j<n)), weobtain Bf, = Bf;. Replacing A}/ w;? by @?,

we achieve

(5.2.3) do'= ) W' Aw!  (mod ... @)

and find that the @w“, @/, w' are linearly independent.

Let F be a subbundle of D! of corank n defined by the w* and w', which satisfies
AF c D'. Now, let F be an another subbundle of D' of corank n satisfying dF c D
Write F = (=& =01 <a <m1 <i< n)} with some 1-forms &'. Since
OF c D', dw® = 0 (mod w?, &/ (1 < b < m,1 < j < n)). By Equation (5.2.3),
we have o' = 0 (mod w@?, wj?, @/ (1 <b<m,1<j<n)). This follows us to write

W'=Y, A;. O +Yp BZ wj.’ (mod @, @w§ (1l < ¢ < m, 1<k < n)) with some functions
A;, BZ. Substituting this into Equation (5.2.3), we have, for 1 < a < m, Béi = B;j and

B =0(b # a). It follows from m > 2 that B = 0for1 <a <mand 1<, j < n. Thus
we achieve F = F. From the expression of F, it easily follows that F N D? = Ch(D').
Assume m > 3. Since

0= d’w*

EZdwi/\wf‘ (mod @?, w/ (1 <b<m1<j<n)),
i

we have dw' = 0 (modwb,w;’,a)j(l <b<m,1<j<n)),forl<a<m1<i<n.
Form > 3, dw' = 0 (mod @’ w/ (1 < b < m,1 < j < n)), which implies that F is
completely integrable. O

Under certain assumptions, converse of the above discussion is true: Let D', D? be
differential systems on a manifold R satisfying the condition from (R.1) to (R.5) and the
condition

(R.6) F is completely integrable,
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where the differential system F is defined in Lemma 5.2. Condition (R.6) is satisfied
automatically from (R.1) to (R.4) unless m = 2. A triplet (R; D', D?) satisfying the con-
ditions from (R.1) to (R.6) is called a PD-manifold of second order. Then the following
theorem implies that a PD-manifold (R; D', D?)is locally embedded into (J 2(M,n),C?):

Theorem 5.3. Let (R; D', D?) be a PD-manifold of second order. Let F be the differen-
tial system on R in Lemma 5.2. Assume R is regular with respect to F, namely the space
M = R/F of leaves of the foliation is a manifold of dimension m + n such that each fiber
of the projection p : R — M is connected and p is submersion. Then there exists a local
embedding 1 : R — J2(M,n) such that p=1Iloctand D? = L;1(C2), where Il = Hf o Hé
and Hllz_l is the canonical projection of J*(M,n) onto J*"X\(M,n) for k = 1, 2.

JYIY (M, n),n) — J*>(M,n)

I3
JH(Q,n) JH (M, n)
v Mo ¢ I
R—— 0= R/Ch(D"Y) ——>=M=R/F

Proof. Let Q = R/Ch(D') be the space of leaves of the foliation. By the assumption on
R, R is regular with respect to Ch(D"') as well. Let p denote the canonical projection of
R onto Q. Since Ker p, = Ch(D') and Ch(F) = F > Ker p,, it follows that there exist
differential systems Cé and Fp on Q such that D! = p;l(Cé) and F = p;l(FQ). Fpisa
subbundle of Cé of codimension n and completely integrable. Let g denote the canonical
projection of Q onto M. By applying Realization Lemma to g, we find that there exists a
unique map ¢ : Q — J'(M,n) such that ¢ = Hé o ¢ and Cé = ¢! (CZ{/I), and, moreover,
that ¢ is immersion, where Clb is the canonical system on J LM, n). Since dim JY(M,n) =
m+n+mn = dimQ, ¢ is a local diffeomorphism, namely (J'(M,n),Cy,) and (Q,C})
are locally equivalent. By applying Realization Lemma to the map p, we find that there
exists a unique map ¢ : R — J(Q, n) such that p = Ty o ¢ and D? = y;1(C!), where
Iy : J 1(Q,n) — Q is the canonical projection. It follows from Ker p, = Ch(D') and
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(R.5) that ¢ is immersion. Finally we will show that /(v) is a n-dimensional integral
element of C}, and ¢ (v) N Ker (I1})..(¢(p(v))) for each v € R. Since ¥ (v) = p.(D*(v))
and Ch(D') is a subbundle of D? of codimension n, Y (v) is a n-dimensional integral
element of Cy. Since D*(v) N F(v) = Ch(D') and Ker (I1)): (¢(p(v))) = Fo(p(v)), we
have p; ! (y(v) N Ker (IT}).) = Ch(D"). O

5.3 Partial differential equations of finite type

We will seek an example of partial differential equations of finite type by utilizing funda-
mental graded Lie algebras, simple Lie algebras and representation theory.

5.3.1 Symbol algebra of PD-manifold (R; D!, D?)

We will define the symbol algebra s(x) = s_3(x) ® s_2(x) & s_1(x) of a PD-manifold
(R; D',D?) at a point x € R, following [Yam82]. Let us fix a point x € R and put
D! = D% D2 = D! and D=3 = TR. We set

s_3(x) = D2(x)/D7%(x),  s_2(x) = D?(x)/D'(x), s_1(x) =D (x).

The bracket operation of s(x) is defined as follows: Let m_, denote the projection of
D™P(x) onto s_,(x) for 1 < p < 3. For X € s_,(x),Y € s_,(x), the bracket product
(X, Y] € s_(p+q)(x) is well-defined by

[X’ Y] = 7T—([J+q)([)2’ Y]x),

where X and Y denote vector fields taking values in D and D4 respectively such that
7_p(Xy) = X and m_y(¥y) = Y. Let f(x) = Ch(D')(x). It follows from (R.3) that f(x)
is a subspace of s_1(x) of codimension n. For X € s_1(x), since dw“(X,Y) = 0 for all
Y € D'(x) if and only if [X, s_5(x)] = 0, we obtain

(5.34) f(x) ={X es_1(x) | [X,s5_2(x)] =0}.

Let w“, w! (1 < a < m,1 <i < n) denote 1-forms defining D! and D? as in (5.2.2).
Since they are the restriction of the defining 1-forms of C2, we see that s(x) is isomorphic
to a graded Lie subalgebra of €2(n,m) satisfying s_3(x) =~ 623, s5_9(x) = 622 and f(x) =
Ch(8C?)(x) N TyR.

We assume Ch(D') # {0}, namely f(x) # {0} at each point x € R in what follows.
If Ch(D') = {0}, applying Realization Lemma to the projection 7 : R — M = R/F
and D', we have a map ¢ : R — J'(M,n) such that & = Hé oy and D' =yl (ChH.
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Since Ker y.(v) = F(v) N Ch(DYH(v) = {0} for v € R and dim R = codim Ch(D') =
dim J'(M,n), R is locally diffeomorphic to J'(M,n). Therefore D? is completely inte-
grable if R is integrable.

Now we assume that there exists a n-dimensional integral element V of (R,D?) at
each point x € R such that

s-1(x) =Veoil),

where V is an abelian subalgebra in s(x). By fixing a basis of s_3(x), we identify s_3(x)
with a m-dimensional vector space W. It follows from V N f(x) = {0} and (5.3.4) that
s_9(x) is identified with W ® V* through the bracket product | , | : s_2(x) X s_1(x) —
s_3(x). Letu:f(x) m W® S2(V*) be a linear map defined by

u(f)vi,ve) = [[f, vi], vo] € s_3(x) =W for f €f(x) and vy, v2 €V,

which implies u(f)(vi,ve) = u(f)(ve,v1). Moreover, we see easily that yu is injective.
Thus, we obtain

s_3(x) =W, sox)=WeV, s (x)=Vaikx), f(x)cWeS3V".

In consequent two sections we will seek a PD-manifold (R; D', D?) of type s = s_3 &
5_o @ s_1 satisfying

(5.3.5) s_3=W, s 9 =WV, s 1=Ve&j

where W and V are vector spaces of dimension m and n, and f is a non-zero subspace of
W ® S2(V*). Here, especially we have dim s_o = dims_3 - (dims_; — dim f), which will
be utilized in Section 5.4.

5.3.2 Example of partial differential equations of finite type

We will consider an example of partial differential equations (R; D', D?) of finite type
and see that it has a pseudo-product structure of irreducible type (1, S) ([Sa88], [YY02]):

Example 5.4. Let us consider the following system of second order partial differential
equations of two unknown functions z', z2 with three independent variables x1, x2, X3 :
822a aQZa a?za 62Za

6x1(9x1 - 8)62(9)62 - (9)62(9)63 - 0)638)63

(5.3.6) =0 fora=1,2.
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Note that the system of equations of one unknown function
0%z 9%z 9%z 9%z

axlaxl - 8)62(9)62 - 5)628)63 - 3)630)63 Bl

is known as a model equation of type (A4,{a1,a2,a@4}) ([Yam09, Section 5.3]). The
system of equations (5.3.6) defines the submanifold R of J 2(R*,2) and differential system
D on R as follows:

R={ply=ply=ply=pls=0(a=12)}
D:{771:732:@%=W%:w§:w%:w§:w§:0}

where (xi,z“,pf,pfj (1 <a<21<i<j<3))isthe canonical coordinate system of
J2(R%,2) and
w! =d7' - p% dx! — p% dx? - p:)l’ dx3,
w? =dz® - p% dx! — p% dx? - pg dx3,
@ = dp% - P%z dx? — pig dx3,
@y =dpy — ppydx’,
@3 = dpy = pizdx’,
@i = dp} — Plydx® = piy dx®,
@) = dp; — piydx’,
w% = dp% - p%?) dx!.
We obtain the symbol algebra m(x) = m of (R, D) at each point x as follows:

m=g3®g2®3-1, g3=W, go=WeV', g1=Va&j,
f=zWelloe e oed) cWe SV,

where W and V is vector spaces of dimension 2 and 3 respectively, and {e', €2, €3} is a
basis of V*. Now we will see that the prolongation g(it) of m is isomorphic to a pseudo-
product GLA of irreducible type (I,S) for some simple graded Lie algebra I of depth 1
and irreducible [-module S.

Leta = sI(2,R) and b = sI(3,R). Let us fix a Cartan subalgebra h® of a (resp. h° of
b) and let ®° (resp. @) be a root system of a (resp. b) relative to h* (resp. H®). Let us
fix a simple root system A® = {a1} of ®* (resp. A® = {1, 82} of ®°). Then we have
D" = {+aq), D® = {+B1, £B2, £(B1 + B2)} and the root decomposition of a (resp. b)
relative to A® (resp. A®):

a=p"® P, b=1"e (Paj,

acd® Bed?
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where g% = {X € a | [H, X| = a(H)X (H € h)} (resp. 92) is the root space for @ € ®°
(resp. B € @°). Let A} = {a1} = A" and A} = {B;} C A". They define gradations of a
and b of depth 1 as follows:

a a
a=a_1®aSay, A1 = 04q,» Q0 =D,

D=Db1®bg®b,  bu=glg B9l 4.4, bL0=D @8, ®gp.

Let U be a vector space over R of dimension 2. Let | = [_1 @ [y @ [; be the reductive
graded Lie algebra of depth 1 defined by

[=a@b@gl(U), [o,al(L)]=[b,gl(U)]=0,
[11 =a:1 ®bsy, lp=ag® by ®gl(U).

Note that the semisimple ideal [ = L1 @ [l_1, 1] ® [} of | coincides with a & b, which is
not simple (cf. [Sa88], [YYO02]).

Let {w}} and {w}, @)} be fundamental weights relative to A® and A®. Let T° (resp.
T") be the irreducible a-module (resp. b-module) with highest weight @{ (resp. @s).
Then S = 7% ® T® ® U is a faithful irreducible [-module and decomposed as follows:

-1
S=)Ss, Ss=VeVeU S,=(eVeVyeV)sl,
p=—3

Sa=VieViel,

where V' = V(@$), V' = V(@ — a1), V) = V(@) & V(s - B2), V) = V(w) -
(B1 + B2)) and V(A1) is the weight space with weight A. Since dim S_3 = 2, dim S_o = 6
and dim[_; = 3, it follows from the property of S (see [Sa88, Proposition 4.3.1] or
[YYO02, Lemma 2.1 (4)]) that S_5 is isomorphic to W ® V*, where W = S_gand V = [_;.
Namely [_; & § is isomorphic to m. Moreover, by direct calculation, we can see that the
prolongation of m is isomorphic to [ & S.

5.4 Partial differential equations of simple type

We will seek a simple graded Lie algebra of type (X;,A1) that the negative part m is iso-
morphic to the symbol algebra of PD-manifolds of m (> 2) unknown functions. A neces-
sary condition for this is that m is of third kind and dim g_3 > 2. From extended Dynkin
diagrams (see Figure 5.1), the simple graded Lie algebras of type (X;,A1) satisfying this
condition are the followings: (A {a;,aj,ar)) (1 <i < j < k < 1,0, k) # (1,1)),
(Bi{an,ai)) B < i < D), (Cplai,ar}) 2 <@ < 1-1), (Dpfa,a)) B <0 <
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I =2), (Difai,ar}) 3 =i <1-2), (Eg,{as}), (Es,{a1,a3}), (E7,{as}), (E7,{as}),
(E7.{ag,ar}), (E7,{as,a7}), (Es,{az2}), (Es,{a7}), (Fy,{az2}), (G2, {a1}).

However, we will find that there exist no such simple graded Lie algebras. Precisely,
we state as follows:

Theorem 5.5. Let s = EB;—?, s, be a fundamental graded Lie algebra satisfying (5.3.5).
Then, for any simple graded Lie algebra g = @pez ap of type (X;,A1), s is never isomor-
phic to the negative part m = P p<09p of a. In other words, there are no PD-manifolds
of m (= 2) unknown functions of type s that the prolongation of s is isomorphic to some
simple graded Lie algebra.

Note that, among (X;,A1) listed above, (Cj,{aj,a;}) (2 <i <1-1), (D, {a;,a1}) (3 <
i <1-2),(Egs,{a1,a3}) and (E7,{ag,a7}) appeared in Theorem 2.3 (a) of [YYO07]. That
is, they are the prolongation of m = 1_; @ § for some pseudo-product graded Lie algebra
of type (1, S5). In the case of (C;,{a;,a;}) (2 <i<I[l-1)and (D;,{a;,a;}) 3<i<I-2),
according to Case (3) and (9) in Section 3 of [YYO07], since dimg_2 = dim[_;(= dim V)
and f = S_1, m cannot be isomorphic to s satisfying (5.3.5). In the case of (Eg, {a@1,a3}),
according to Case (2) in Section 4 of [YYO07], since dim g_3-(dim g_; —dimf)—dimg_o =
|3 ] (1D7] - [Pl — |@F| > 0, m cannot be isomorphic to s satisfying (5.3.5). In the case
of (E7,{ag,ar}), according to Case (4) in Section 4 of [YY07], since dimg_3- (dim g_1 —
dimf) —dimg_p = [OF]- (|O]| - Y7 - |®F| > 0, m cannot be isomorphic to s satisfying
(5.3.5).

Thus it is enough to investigate the other types: (A, {a;,aj,a}) (1 <i<j <k <
L, (i, k) # (1, D), (Bi{a,ai}) 3 <i <), (D far,ai}) 3<i=<1-2), (Es{as}),
(E7.{ash), (Er,{as}), (E7,{az,a7}), (Es,{a2}), (Es,{ar}), (F1,{az2}), (G2,{a1}).

Now we begin to prove Theorem 5.5 by contradiction. Let (X;,A1) be one of the other
types. Suppose that the negative part m = EBp<0 g, satisfies (5.3.5). Let ®; = {a € O |
g-¢ C f}. We divide each cases (X;,A1) into sequent subsections:
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Ay
1
a 2 2 2
B, : O ')
s Q-1 aj
-0
2 2 1
C: O O O O
-0 (05} 7] aj
1
2
1%
Dy : !
@2
-6
1 2
E6 : O
ay as
2 3 4 3 2 1
-0 aq asg lcm as g a7
2 Oaz
2 4 6 5 4 3 2
Es: O O O O O
aq s 104 as g a7 asg -6
3 Oaz
2 3 4 2
-0 ay @3 as @y
3 2
Gy: O====0—°0
ay @z -0

Figure 5.1: The Extended Dynkin Diagrams
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541 (Apfa;,aj,ar))-type (1 <i<j<k <[, @G k)+(1,1))

CD§:{ozp+---+a,-+---+aj+---+ak+---+aq|1§p§i,k3qﬁl},
<I)§:{cyp+---+a,-+---+aj+---+aq|1Spsi,j£q<k}
U{ap+---+a/j+---+a/k+---+a/q|i<p§j,k§q§l},
<D{:{ap+---+a,-+---+aq|1§p§i§q<j}
U{ap+---+aj+---+a/q|i<p§j§q<k}
U{a'p+---+ak+---+aq|j<p§k§q§l},
qbf:{ap+---+aj+---+aq|i<p§j§q<k}.
Then we have [®F| =i(l -k + 1), @] =ik —j)+ (G-I -k +1),|D]| =i(j —1) +
(G-ik—-j)+(k-j)l—-k+1)and dimf = (j —i)(k — j). Therefore,
D3] - (7| — dimf) — D5
=(-DE+DHG-DU-k+D)+itk=j)HU-k)(I-k+2)>0,
which implies that m cannot satisfy (5.3.5).
Now we will describe a model equation of the PD-manifold of type (A, {a;, @, a}).

We have the following matrix representation of a real form sl(/ + 1,R) = 6957:—3 gp of
(Ala{a/l"aj,a,k}):

olololo
olofolo .
g-3 = olololo ZeM(-k+1,i) ¢,
zlololo
0olofolo N
0]o0]olo || PreMk=ji),
g2 = ,
P 0100 Pye M(—k+1.j—i)
0 |P2]0]0
0 0 O 0 . o« . .
o, =) X]o]o]o X1 € M(j—i,i), Xo € M(l -k + Lk — ),
_1— ,
L A F e Mk =i =)
0 0|X210
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Ly | 00| 0 Lie M(@i,i), Lo e M(j—i,j —i),

g0 = 0 ]L210]0 LieMk-jk—j),Lae MI-k+1,01-k+1)
0|0 /Ls|0 ’ ’ : [
01010 Ly /| ZhitrLi=0

Qi:{tX|X€9—i} forl <i <3,

where M (a, b) denotes the space of all a X b matrices.
Now we recall the formula for the Maurer-Cartan form on M (m) by N. Tanaka in
Section 2.3 of [Tan70]:

Proposition 5.6. Let m = @;_3 ap be a fundamental graded Lie algebra of third kind
and (M (m), Dy,) the standard differential system of type m. Let u_, denote the projection
of monto §_p, for p = 1, 2, 3, which may be regarded as a §-,-valued function on m. Let
n-p be the §_,-component of the Maurer-Cartan form of M (m). Then n_, is expressed as
follows:

1 2 1
n-3=du_3— 3 [u_o, du_1] - 3 [u_1, du_s] + 8 [u_1, [u-1, du_1]],

1
(5.4.7) n_o=du_o— 5 [u_1, du_y],

n-1=du-1.

Here, M (m) is identified with m by f = p o S, where p denotes the projection of the
affine transformation group AF(m) of m onto m and S : M(m) — AF(m) is induced by
the injective homomorphism s of m into the Lie algebra af(m) of all infinitesimal affine
transformation of m defined by

s(X)(Y) = X + Z

p.q<0

q
pPtq

up(X), uq(Y)l em for X,Y em.

By definition, we have the standard differential system D,,, of type m as follows:
Dy ={n3=n2=0}.

With respect to the matrix representation of sI(/ + 1,R), we may write u_, as

0(0(01]0 010100 010|010

0(0(01]0 010100 X101 0/0
u-3 = ’ u-s = ’ u-1=

0(0(01]0 P 0]00 O |F| 010

Z,10(01]0 0P |00 010|X21]0
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Substituting them for the formula, we have

0 (0|00 O[O0 /|00
0 (0l0]0 O[O0 ]|0]O0
=3=1"0Tololo | 2=17e, 10 [0]0 |’
®|0]0|0 0 ®(0]0
and
Dy ={0)=0;=0,=0},
where
1 1 2 2
@Q =d7Z - §P2dX]_ + ngQP]_ - gXZdPI + gdPZXI

1 1
+ EXQ(FXm - dFXl) - E(XQdF - dXQF)Xl,
1 1
@1 = dPl - §FdX1 + §dFX1,

1 1
®y = dPs — §X2dF + §dX2F.

The exterior derivative of ®g is
1 1
d®g = —-dXo AN d (P1 + §FX1) -d (P2 - §X2F) AdXq.

Putting

. 1 - 1 N .

Py =P+ §FX1, Py = Py — §X2F, X1 = X1, X = —Xo,
we have

1 . . . 1 - . . 1. N 2. 4 2 .
@0 =d7Z - g(PQ + XQF) dX1 - ngQ(Pl + FXl) - §X2dFX1 + §X2dP1 + gdPgXl,

@, = dP, - FdXy,
0y = dﬁz — dXQF,

d@() = dXQ A dpl - dﬁg A Xm,
d@]_ = _dF/\ df(l?
d®, = dX> A dF.
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Digressing from determinating of the model equation, we now show theoretically that
(M (m), Dy,) is locally embedded into the 2-jet space (J 2(0,n), Cé) over some manifold
Q. From the structure equation of D,,, we have

0Dy = {0 =01},
(5.4.8) Ch(dDy) = {@) =01 =@y = dX; =dX, =0},

which are differential systems of codimension ng3 + no and n3 + ny + (n1 — f). Here, let
n; =dimg_; for 1 <i < 3and f = dimf. Putting

we see that F' is a completely integrable differential system of codimension ng + (n1 — f).
Let N = M(m)/Ch(dD,,) and Q = M(m)/F be spaces of leaves of the foliation. Let
iy M(m) — N and ry : N — Q be the projections. From (5.4.8), dD,,, and F drop
down to N. Since Ker (7y). = F is a subbundle of dD,, of codimension n1 — f, applying
Realization Lemma to 7y, we have yy : N — J 1(Q,n1 — f) as in the lemma. Since
Ker (n). = Ker () N Ch(dD,,) = {0}, Y is immersion. Note that dim J'(Q,n; —
f)—dim N = n3z(n; — f) — ny > 0. Since Ker (737), = Ch(dDy,) is a subbundle of D,
of codimension ny — f, applying Realization Lemma to my;, we have ¢y, : M(m) —
JY(N,n; - f) as in the lemma. Since Ker (). = Ker (mp) N Ch(Dy,) = {0}, ¥y is
immersion. Since Yy (v) = (wa): (D (v)) for v € M and (n); ' (C)) = D, Y (v)
is a (n1 — f)-dimensional integral element of Cé. Moreover, since (Yn), Lioh = F,
where Q! = Ker (Hé)* and Hé - JN(Q,n1 - f) — O the projection, we have ¢ (v) N
O (mp(v)) = {0}. Thus we have ¥y (v) € J2(Q,n1 — f).

Jl(Jl(Q’nl _f)»nl _f) éJQ(Qanl _f)

g
JHN, 1 = f) JHQ.mi = f)
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Now we return to the calculation of the model equation. From F = {Qg = dX; =
ng = 0}, we calculate

1. - 24 & 2.4 4
@0 =d (Z - §X2FX1 + §X2P1 + §P2X1) (mod FJ').
Putting Z=7- %f(gFXl + %f(gﬁl + %ﬁg)?l, we have achieved a normal form of D,,:

Oy = dZ — dXoPy — Pod X,
@, = dP, - FdX1,
@y = dPy — dX5F.

From now on, fix index ranges 1 < a, 8 < [,i+1 <mn<j,j+1<s,t<k,and
k+1<a,b<I[+]1. Setting

X1=0mM, Xo=Q%9, F=(f), Z=(@%, Pi=@), Py=(g%),

we have

) = (dzf = ) phxi = ) q,‘idy(’l) :
1 n a

,

O = dp;—Zf;dyz) :

S,

Oy = (dgl - f,;dy,“)
t

a,m

Therefore we have a model equation of (A, {aj,aj,ax}) (1 < i< j <k <1, @G, k) #
(1, 1)) as follows:

oz 07
Axé  Qy"
0z 8z(b, 0z ‘917;
ax¢ — axb avy  dyy

=0 fora#b,a#p,

0%z8 9%z8
ox¢oxy 7 Oyyoya
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5.4 Partial differential equations of simple type

For example, a model equation of type (A4, {a@1,@2,a3}) is

9%z, 3 9%z _ 0%z0

6x18x1 B 0)625)62 B axlaxl B

b

where x1, x2, x3 and z1, z2 are independent and dependent variables.

66



5 SECOND ORDER PARTIAL DIFFERENTIAL EQUATIONS OF M (> 2) UNKNOWN
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542 (B {a1,ai))-type 3 <i<)

<D§:{a1+~--+ap+2ap+1+--~+2a,~+-~~+2al|1Sp<i},

®gz{a1+~--+a,~+-~-+cxpIiSpsl}
U{a1+~~-+01i+-~~+ap+2a/p+1+~~-+2a/1|i$p<l}
U{ap+~--+01q_1+20/q+~~-+2a/l-+~--+2011|1<p<q$i},

(Df:{oz1+~--+ozp|1§p<i}
U{ap+~--+oz,~+~~-+ozq|1<p£i£q£l}

U{ap+~--+a,~+~~-+aq+2aq+1+--~+2al|1<p§q<l}.

Then we see that @; = (. In fact, for any a € (D“IL, there exists 8 € CI);r satisfying
@ + B € ®F according to the following list:

+ +
a € O] B €D
a1+ +a
! Lo Qpi1 + -+ @i + 20 + - + 20
p
1l<sp<i-1
aq + + ;1 @;_1 + 2a; + + 2

ap+-tai+ot+ay

ap+-taittagt2ag00 + -+ 20
1<p<g<)

Therefore (X, g_2] # 0 for all X € g_;. Namely f = {0}, which implies m cannot satisfy
(5.3.5).

Now we will describe a model equation of the PD-manifold of type (B;,{a1,a;}) (3 <
i <1I).Letn =2] +1 and let E} be the identity matrix of size k. We have

o(nR) = {X € gl(n.R) | '’XJ +JX =0},
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5.4 Partial differential equations of simple type

where

Then we have the following matrix representation of a real form o(n,R) = @i:_?) gp of

(Br, {a1,a;}):

0O 0 [0]0]O
0O 0 [0]0]O
g-3 = 0O 0 [0[0]0 ||ZeMi-1,1) ¢,
Z| 0 [0]0]0
0[-Z|0]|0]|0
010 0 [0]0
00| 0 |0]O Py e M(n-2i,1),
g9 = P10 0 [0]0 )
0 | Py 0 010 Py € D(i - 1,R)
0|0 |-P|0|O
010 0 0 |0
X100 0 10| Xe MG-1,1),
g1 = 0 [ Xo| O 0 |0 )
010|-Xs| 0 |0 XoeMn-2i,i—1)
0]0] 0 |-X11]0
Li| 0|0 0 0
0 |La| O 0 0 Li,LyeR, Loe M(Gi—-1,i—1),
gp = 010 |Ls|l O 0 )
01010 |—Ly| 0 L3 € o(n - 2i,R)
01010 0 |-Ly

6i={X|Xeq;| forl<i<3.

With respect to the matrix representation of o(n,R), we may write the projection u_), :
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m-— g_, as

0O 0 [0]0]O 010 0 [0]0
0O 0 [0]0]O 010 0 [0]0
uz3=|( 0| 0 [0]0]0 [, uo=| P |0 0 [0/0 | (Py=-"Py),
Z| 0 [0]0]0 0O |P| O |O|O
0[-Z|{0]|0]|0 0|0 |-P|0|0O
010 0 0 |0
X110 0 0 |0
u-1 = 0 X2 0 0 0
00 |-Xy| 0 |0
010 0 |-X110
Substituting them for Formula (5.4.7), we have
0 0 [0/0(0 0 0 |00
0 0O |0/0(0 0 0 |00
n-z=1 0 0 (0|00 |, n-2=1 01| 0 0 |00 |,
Oy 0 |0/0]0 O 0 |00
0 |-©y|0|0|0 0 |-©,|0]|0
and
Dy ={0y=01=02=0},
where

1 1 2 2
@() =dzZ - ngXm - gth2P1 + thQdPI + gdP2X1

1 1
— étXQ(XQdX]_ — ngXl) + E(IXQdXQ — thQXQ)X]_,
1 1
® =dP; - §X2dX1 + 5dX2X1,

1 1
®9 = dPy + §tX2dX2 - §th2X2.
The exterior derivative of ®g is

1 1
d®y = —d (P2 + §’X2X2) ANdX1+dXo Nd (P1 + §X2X1) :
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5.4 Partial differential equations of simple type

Putting

. 1 . 1,

P =P+ §X2X1, Py = Py + §X2X2,
we have

1 - 1 N 1 2 n 2 .
@0 =d7Z - §(P2 + [XQXQ) dX1 — gthQ(Pl + XzXl) — gtxdeQ}(l + thQdPI + gdPgXl,

®; = dP; — X2dX1,
@2 = d}SQ - thZXZ,

dOg = —dpg ANdX1 + thg A d]sl,
d®; = —dXs A dX7,
d®y = d'Xo A dXs.

Digressing from determinating of the model equation, we now show theoretically that
(M (m), Dy,) is locally embedded into the 2-jet space (J 2(0,n), Cé) over some manifold
Q. From the structure equation of D,,, we have

0Dy ={0p =0},
(5.4.9) Ch(8Dy,) = {@0 =0, =0y =dX; = d'Xy = o} = {0},

which are differential systems of codimension n3 + ng and ns + no + ny. Here, let n; =
dimg_; for 1 <i < 3. Putting

F={0=dX;=dX; =0} ={0) = dX, =dXy =0},

we see that F' is a completely integrable differential system of codimension n3 + ny. Let
Q = M(m)/F be the space of leaves of the foliation. Let idy, : M(m) — M (m) and
o : N — Q be the identity map and the projection respectively.Since Ker (ng). = F
is a subbundle of dD,, of codimension n1, applying Realization Lemma to mp, we have
Yy : N — J(Q,n1) as in the lemma. Since Ker (yy). = Ker (7y) N Ch(dD,,) = {0},
¥y is immersion. Note that dim J'(Q,n1) — dim M (m) = dimg_3 - dimg_; — dimg_o =
i(i—-2)(n—=2i)+ %i(i—l) > 0. Since Ker (idys). = {0} is a subbundle of D,,, of codimension
ni, applying Realization Lemma to idy;, we have ¢ : M(m) — JY M (m),ny) as in
the lemma. Since Ker (Yy). = Ker (my) N Ch(Dy,) = {0}, ¥ps is immersion. Since
Yy (v) = (my)-(D(v)) for v € M(m) and (¢);1(Cé) = Dy, Yy (v) is a nq-dimensional
integral element of Cé. Moreover, since ¢, (Q') = F, where Q! denotes the kernel of
(I13)« and 1} : J'(N,n1) — N the projection, Y (v) N Q' (mp(v)) = {0}. Thus we
have yy (v) € J2(Q,n1).

70



5 SECOND ORDER PARTIAL DIFFERENTIAL EQUATIONS OF M (> 2) UNKNOWN
FUNCTIONS

JHINQ,n1),m) —— J*(Q,n1)

Now we return to the calculation of the model equation. From F = {®g = dX; =
dXo = 0} = {®g = dX; = d'X5 = 0}, we calculate

1 2 .2
@0 =d (Z - ng2X2X1 + th2P1 + §P2X1) (mod FJ').

Putting Z=7- %’XngXl + %’Xglsl + %132)(1, we have achieved a normal form of D,,:

©®y = dZ — d'Xo P, — PodX1,
®; = dP; — XodX1,
Oy = dPy — d'X>Xo.

Since (M (m), D,,) is embedded into the 2-jet space J 2(Q,ny), we should think 7;-dimensional
integral element and manifold where dX; and dX» are independent. However, by d®9 =
dXs A dX1, there are no integral elements and manifolds.

Now we generalize the above discussion as follows:

Proposition 5.7. Let m be a fundamental graded Lie algebra of third kind and (M (m), D)
the standard differential system of type m. Assume Ch(0D.,,) = {0}. Then (M (m),Dy,)

is locally embedded into a 2-jet space (J 2(Q,nQ),Cé) and furthermore (M (m), Dy,) has

no ng-dimensional integral elements and manifolds.

Proof. Letn_, be the g_,-component of the Maurer-Cartan form of M (m). From Formula
(5.4.7) in Section 5.4.1, we have the structure equation of D,y:

dn_3=-[n-1,1-2],
(5.4.10)

1
dn_o = —5[77—1, n-1},

71



5.4 Partial differential equations of simple type

Therefore we have dD,, = {n-3 = 0}. Let F = {n_3 = n—1 = 0}. It follows from the above
structure equation that F' is completely integrable. Let Q = M (m)/F be the space of
leaves of the foliation and 7 : M (m) — Q the projection. Applying Realization Lemma
to =, since Ker i, = F is a subbundle of dD,, of codimension n; = dim g_;, we have the
unique map ¥ : M(m) — JY(Q,n;) such that 7 = IIp o Yo and D, = (wQ)*_l(Cé),
where Ilp : J LM (@m),n;) — Q is the projection and Cp is the canonical system of
JY(0,n1). Then Yo is immersion since Ker (o). = F N Ch(dDy) = {0}. Applying
Realization Lemma to the identity map idy; : M(m) — M (m), since Ker (idy). is a
subbundle of D,, of codimension n;, we have a map ¥, : M(m) — JYM@m),ny).
Then ¢y, is immersion since Ker (Yy,). = Ker (idy ). N Ch(Dy,) = {0}. Since 0D, =
Wo)s 1(Cé), Yy (v) is a ni-dimensional integral element of Cé for v € M(m). Since
F = (:,bQ);1 (Ker (Ilp)+), we see that yp;(v) N Ker (Ilp). = {0} for v € M(m), which
implies ¢y (v) € J*(Q,n1). Namely M(m) is locally embedded into (J*(Q,n1),Cp).
Regarding M (m) as a submanifold of J 2(Q,ny1), we consider n;-dimensional integral
elements v with the independence condition 7_1|, # 0. However, it follows from dn_o =
—%[n_l, n-1] that D,, has no such integral elements. m|

JHINQ,m),m) —— J*(Q,nm1)

—

JHM (m),ny) JHQ,m)
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543 (D {an,ai))-type 3 <i<l—-2)

O {cxl+~--+ap_1+2a/p+--~+2a,-+-~~+2al_2+a/l_1+ozl|1<p§i},
®gz{a1+~--+a,~+-~-+apIiSpsl}
Ula1+-+ai+---+a-2+a;}
U{aq+-~-+cy,~+-~+a/p+2a/p+1+~-+2a/1_2+a1_1+a/1IiSpSl—?)}
U{a/p+~-+a/q_1+2a/q+-~-+2(yi+~--+2al_2+a/1_1+a/l|1<p<q£i},
d)f:{a1+~--+ap|13p<i}
U{ap+‘--+ai+~~-+cyq|1<p£i£q$l}
U{ap+‘--+ai+~~-+cyl_2+al|1<p£i}
Ulap+- - +ai+- - +a1+2a,+ -+ 202+ a1 +a; |
l<p<i<g<l-2}
Then we see that @; = (), which implies that m cannot satisfy (5.3.5).
Let (M (m), Dy,) be the standard differential system of type m. Since f = {0}, we have
Ch(dD,,) = {0}. Therefore, it follows from Propostion 5.7 that (M (m), D,;;) is locally

embedded into a 2-jet space (JQ(Q,nl),Cé) but D,, has no ni-dimensional integrable
elements and manifolds.
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5.4 Partial differential equations of simple type

544 (Eg, {as})-type

C1C3C4C5C
Let( 1 3c;1 o 6)denote the root ciaq1 + . .. + cgag of Eg.

@7 consists of the following roots:

12321 12321
1 2

@3 consists of the following roots:

01210 11210 01211 12210 11211 01221 12211

1 1 1 1 1 1 1
11221 12221
1 1

@7 consists of the following roots:

00100 01100 00110 00100 11100 01110 01100

0 0 0 1 0 0 1
go111 00110 11110 11100 01111 01110 O0O111
0 1 0 1 0 1 1
11111 11110 01111 11111
0 1 1 1

Then we see that ®; = 0, which implies that m cannot satisfy (5.3.5).

Let (M (m), Dy,) be the standard differential system of type m. Since f = {0}, we have
Ch(dDy,) = {0}. Therefore, it follows from Propostion 5.7 that (M (m), D,;,) is locally
embedded into a 2-jet space (J 2(Q,nl),Cé) but D,, has no nj-dimensional integrable
elements and manifolds.
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5.45 (E7,{a3})-type

€1 C3C4C5C6C
Let( 1 3c4 56 7)denotetherootclal+~~-+C7CY7 of E7,

@7 consists of the following roots:

134321 234321
2 2

@3 consists of the following roots:

122100 112110 012210 122110 112210 122210

1 1 1 1 1 1
123210 123210 012111 112111 012211 122111
1 2 1 1 1 1
112211 012221 122211 112221 122221 123211
1 1 1 1 1 1
123221 123211 123321 123221 123321 124321
1 2 1 2 2 2

@7 consists of the following roots:

010000 110000 011000 111000 011100 011000

0 0 0 0 0 1
111100 111000 011110 011100 111110 111100

0 1 0 1 0 1
11111 011110 111111 111110 O11111 111111

0 1 0 1 1 1
012100 112100 012110 112110 012210 112210

1 1 1 1 1 1
012111 112111 012211 122111 112211 012221

1 1 1 1 1 1
112221

1

Then we see that ®; = 0, which implies that m cannot satisfy (5.3.5).

Let (M (m), Dy,) be the standard differential system of type m. Since f = {0}, we have
Ch(dDy,) = {0}. Therefore, it follows from Propostion 5.7 that (M (m), D,,,) is locally
embedded into a 2-jet space (J 2(Q,nl),Cé) but D,, has no nj-dimensional integrable
elements and manifolds.
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5.4.6 (E7,{as})-type

@3 consists of the following roots:

123321 123221 123321 124321
1 2 2 2
@3 consists of the following roots:
012210 112210 122210 123210
1 1 1 1
112211 012221 122211 112221
1 1 1 1
123221 123211 123221
1 2 2

@7 consists of the following roots:

000100
0

000111
0

111110
0

111110
1

122100
1

001100
0

111100
0

111100
1

011111
1

112110
1

000110 011100
0 0
011110 011100
0 1
011111 011110
0 1
111111 012100
1 1
122110 012111
1 1

Then we have @; = (), which implies that m

5.4 Partial differential equations of simple type

134321
2

234321
2

123210
2

122221
1

012211
1

123211
1

001100
1

001110
1

001111
1

112100
1

112111
1

001110
0

001111
0

111111
0

012110
1

122111
1

cannot satisfy (5.3.5).

Let (M (m), Dy,) be the standard differential system of type m. Since f = {0}, we have
Ch(dD,,) = {0}. Therefore, it follows from Propostion 5.7 that (M (m), D,,) is locally

embedded into a 2-jet space (J2(Q,n1),Cé
elements and manifolds.

7

) but D, has no ni-dimensional integrable

6
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5.4.7 (E7,{a2,a7})-type

@3 consists of the following roots:

123211 123321 123221 123321 124321 134321
2 1 2 2 2 2

234321
2

@3 consists of the following roots:

go1111 o011111 111111 123210 012111 112111

1 1 1 2 1 1
012211 122111 112211 012221 122211 112221
1 1 1 1 1 1
122221 123211 123221 123321

1 1 1 1

@7 consists of the following roots:

000001 000000 001000 000011 011000 001100

0 1 1 0 1 1
ooo111 111000 011100 001110 001111 111100

0 1 1 1 0 1
011111 011110 111111 111110 012100 112100

0 1 0 1 1 1
012110 122100 112110 012210 122110 112210

1 1 1 1 1 1
122210 123210

1 1

Then we see that ®; = (), which implies that m cannot satisfy (5.3.5).

Let (M (m), Dy,) be the standard differential system of type m. Since f = {0}, we have
Ch(0dDy,) = {0}. Therefore, it follows from Propostion 5.7 that (M (m), D,;,) is locally
embedded into a 2-jet space (J 2(Q,nl),Cé) but D,, has no ni-dimensional integrable
elements and manifolds.
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54.8 (Eg,{a2})-type

C1C3Cq4CrCgqCT7C
Let(13c45678)

@7 consists of the following roots:

1354321
3

2465432
3

2354321
3

2454321
3

@3 consists of the following roots:

1232100
2

1232111
2

1233321
2

2343321
2

1232110
2

1233211
2

2343211
2

1344321
2

1232210
2

1232221
2

1343221
2

2344321
2

@7 consists of the following roots:

0000000
1
1111000
1
0111111
1
0122100
1
0122110
1
1232110
1
1221111
1
1122221
1

0010000
1
0111100
1
1111111
1
1221100
1
1221110
1
1232210
1
1122111
1
1232211
1

0110000
1
0011110
1
0121000
1
1122100
1
1122110
1
1233210
1
1222111
1
1222221
1

5.4 Partial differential equations of simple type

2464321
3

1233210
2

1243211
2

1243321
2

2354321
2

0011000
1
1111100
1
1121000
1
1222100
1
0122210
1
0121111
1
1122211
1
1233211
1

denote the root ciaq + - - - + cgag of Eg.

2465321
3

1243210
2

1233221
2

2343221
2

2454321
2

1110000
1
0111110
1
0121100
1
1232100
1
1222110
1
0122111
1
0122221
1
1232221
1

2465421
3

1343210
2

1343211
2

1343321
2

0111000
1
0011111
1
1221000
1
0121110
1
1122210
1
1121111
1
1232111
1
1233221
1

Then we see that ®; = (), which implies that m cannot satisfy (5.3.5).

Let (M (m), Dy,) be the standard differential system of type m. Since f = {0}, we have
Ch(aDy,) = {0}. Therefore, it follows from Propostion 5.7 that (M (m), D,,) is locally
embedded into a 2-jet space (J 2(Q,nl),Cé) but D,, has no nj-dimensional integrable
elements and manifolds.
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2465431
3

2343210
2

1243221
2

1244321
2

0011100
1
1111110
1
1121100
1
1121110
1
1222210
1
0122211
1
1222211
1
1233321
1
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FUNCTIONS

5.49 (Eg,{a7})-type

@3 consists of the following roots:

2465431
3

2465432
3

@3 consists of the following roots:

0122221
1

1233321
1

1244321
2

2354321
3

1122221
1

1243221
2

2343321
2

2454321
2

1222221
1

1233321
2

1344321
2

2454321
3

@7 consists of the following roots:

0000010
0
0111110
0
1111111
0
1221110
1
1232210
1
2343210
2
1222111
1
1233211
2

0000110
0
0011111
0
1111110
1
1122110
1
1232110
2
0121111
1
1122211
1
1243211
2

0000011
0
0011110
1
0111111
1
0122210
1
1233210
1
0122111
1
1232111
1
1343211
2

1232221
1

1343221
2

1354321
2

2464321
3

0001110
0
1111110
0
1111111
1
1222110
1
1232210
2
1121111
1
1222211
1
2343211
2

1232221
2

1243321
2

2344321
2

2465321
3

0000111
0
0111111
0
0121110
1
1122210
1
1233210
2
0122211
1
1232111
2

1233221
1

2343221
2

1354321
3

2465421
3

0011110
0
0111110
1
1121110
1
1222210
1
1243210
2
1221111
1
1232211
1

Then we see that ®; = 0, which implies that m cannot satisfy (5.3.5).

Let (M (m), D,,) be the standard differential system of type m. Since f = {0}, we have
Ch(dDy,) = {0}. Therefore, it follows from Propostion 5.7 that (M (m), D,;,) is locally
embedded into a 2-jet space (J 2(Q,nl),Cé) but D,, has no nj-dimensional integrable
elements and manifolds.
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1233221
2

1343321
2

2354321
2

0001111
0
0011111
1
0122110
1
1232110
1
1343210
2
1122111
1
1233211
1
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5.4.10 (Fy,{a2})-type

Let (c1 c2 c3cq) denote the root cray + - - - + cgaq of Fy.
@7 consists of the following roots:

1342 2342
@3 consists of the following roots:

1220 1221 1231 1222 1232 1242
®7 consists of the following roots:

0100 1100 0110 1110 0111 1111
0120 1120 0121 1121 0122 1122

Then we see that @; = @, which implies that m cannot satisfy (5.3.5).

Let (M (m), Dy,) be the standard differential system of type m. Since f = {0}, we have
Ch(aDy,) = {0}. Therefore, it follows from Propostion 5.7 that (M (m), D,,) is locally
embedded into a 2-jet space (J 2(Q,nl),Cé) but D,, has no ni-dimensional integrable
elements and manifolds.

5.411 (Ga,{a1})-type

We have @5 = {3a1 + 2a2, 3a1 + az}, ®F = {2a1 + a2}, @] = {a1, @1 + az}. Then
®; = (, which implies that m cannot satisfy (5.3.5). For more detail, we refer to [Car10],

[Tan70], and [ Yam93].
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